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ABSTRACT 

Wide field of view (FOV) optical systems allow imaging of large scenes for panoramic photos, 

surveillance and reconnaissance, or survey missions such as monitoring changes of the earth 

surface related to global warming.  Many current wide field of view systems allow significant 

optical distortion simplifying the optical design while also allowing compatibility with small, 

current-technology focal plane arrays.  These optical systems are typically refractive, like a fish-

eye lens, which has certain downsides such as: limited spectral range, higher absorption, and 

increased thermal sensitivity.  It is also common for wide FOV systems to sacrifice spatial 

resolution and signal to noise ratio (SNR) in order to maintain a compact system size.  The 

aperture-FOV product, known as throughput, is generally difficult to increase beyond current 

practice, thus increasing the FOV often comes at the expense of aperture size.   

This dissertation explores new all-reflective optical designs, system configurations, and 

applications for wide FOV, high throughput systems with near zero or positive beneficial 

distortion.  These all-reflective, off-axis, unobscured designs utilize freeform mirrors, which 

allow additional freedom in optical surface form required for precise distortion control over a 

wide field.  Even an optical system with no internal distortion produces distorted images of the 

earth due to its convex curvatures.  The optical system can be designed with positive distortion to 

counter the negative distortion of the curved-earth to produce images with constant resolution.   

Four new optical designs are given in this dissertation that are novel because they are all-

reflective and have and extreme combination of wide FOV and zero to positive image distortion.  

These 4 designs have the following f/#, EFL, FOV, and distortion:  1) f/3, 2.6 inch EFL, 120° x 

4° FOV, 0% distortion, 2) f/2.5, 2.5 inch EFL, 70° x 4° FOV, +13% distortion, 3) f/2.5, 2.2 inch 

EFL, 90° x 12° FOV, 0% distortion, and 4) f/2.5, 2.2 inch EFL, 60° x 20° FOV, 0% distortion.  
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These designs are ideal for mid-wave and long-wave infrared systems, not only because they are 

all-reflective, but they also feature an exit pupil for a cold stop to reduce thermal background 

signal.   

Optical design software reports Zernike polynomial aberrations vs field, but the polynomial is 

contaminated by higher order aberration terms inherent in wide FOV designs.  A method is 

shown to convert Zernike polynomials to monomial aberrations which provide a more direct 

understanding of the design’s aberration behavior.  This process is essential to measure 

aberration nodes, relating to Nodal Aberration Theory, for wide FOV systems.  Distortion in 

bilaterally symmetric optical systems (off-axis reflective designs) such as smile, keystone, and 

anamorphism are calculated per surface and their wavefront field maps are analyzed.  An in-

depth study of all possible 3-mirror design configurations is given highlighting new design 

possibilities.  Scanning optical systems, such as push-broom and whisk-broom satellite sensors 

are compared using a satellite sensor system model that includes orbital mechanics.  It is shown 

that a wide FOV, small entrance pupil, mechanically simpler push-broom system, can have better 

performance than current-practice narrow FOV, moderate aperture, whisk-broom sensors.   

The optical designs in this dissertation have large AΩ product (throughput) requiring large or 

multiple FPAs.  The FPAs needed for these designs are not readily available with today’s 

technology.  These designs also require large freeform mirrors that may be challenging for 

fabrication and alignment.  However it is not the goal of this dissertation to balance optical 

design with practical or economical FPA, mirror fabrication, and alignment.  Instead the goal is 

to present a series of progressive optical systems that can be made possible with cutting edge 

FPA and mirror fabrication technology.  It is hoped that the optical designs described in this 



15 

 

dissertation can be used in a future satellite sensor or other application benefiting from an all-

reflective, wide FOV system with zero or positive image distortion. 
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1. INTRODUCTION 

1.1. OVERVIEW 

This dissertation is dedicated to modern optical system design and image distortion control of 

wide-field-of-view (WFOV), reflective, off-axis telescopes used in a scanning system.  An off-

axis telescope eliminates the central obscuration in traditional reflective telescopes, allowing for 

superior performance in terms of image quality and throughput, especially in the infrared.  

Unlike conventional aspheric or conic mirrors, freeform mirrors are not symmetric about any 

single axis and have a surface shape that is a function of at least two variables.  When used in 

off-axis systems, freeform mirrors allow enhanced aberration control.  Distortion is a unique 

aberration in that it does not cause image blurring, but instead causes image warping.  In WFOV 

optical designs controlling distortion is especially challenging because it results in a large spread 

of ray angles at the image and a large FPA.  4 unique telescopes with precise distortion control 

have been designed and analyzed in terms of: image distortion, image and pupil aberrations, 

aberration nodes, relative illumination, and freeform mirror sag.  Trade studies have been 

performed to measure the cost of distortion control to other aberrations.  2 WFOV designs with 

near zero distortion are shown below in Figure 1. 
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Figure 1.  2 new WFOV designs with near-zero distortion. f/2.5, 2.2 inch EFL, 60° x 20° 

FOV (top) and f/2.5, 2.2 inch EFL, 90° x 12° FOV (bottom) 

Applications are described and modelled for these telescope designs in polar-obit, scanning 

satellite sensors utilizing distortion control to maintain more uniform ground sample distance 

(GSD) on the curved earth’s surface.  Using a system model that includes orbital mechanics is 

used to show the benefits of WFOV systems to SNR and NEdT.  An example wide field of view 

sensor in polar orbit, generated using Satellite Tool Kit (STK) is show below in Figure 2 [1]. 
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Figure 2.  110° FOV sensor in polar orbit (generated in STK) 

1.2. CHAPTER SUMMARIES 

This dissertation is organized into 12 sections.  Section 2 is a unique discussion of aberrations: 

their effect on a system, how they are quantified analytically, how they can be corrected during 

design, and limitations to aberration correction.  More detailed discussions are given on the 

aberrations of distortion and field curvature.  Different definitions of effective focal length (EFL) 

are discussed and their relation to distortion.  

Section 3 expands on aberration theory related specifically to bilaterally symmetric (plane 

symmetric) optical systems.  Aberration field maps are generated for 3 types of bilateral 

symmetric distortions: anamorphism, keystone, and smile.  These distortion coefficients are also 

calculated per surface and verified in a few simple mirror design systems.   

Section 4 examines 3-mirror design forms, explaining why this optical configuration is the 

simplest mirror system capable of correcting all Primary aberrations.  All possible configurations 

of 3-mirror designs are analyzed in terms of mirror power sign, pupil locations, Petzval sum, 
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telecentricity, and design history.  This reveals that there are some possible 3-mirror 

configurations that have not been designed yet.   

Section 5 discusses optical system design related to wide FOV scanning EOIR (electro-optical 

infrared) sensor systems.  2 important types of scanning systems for earth imaging are explained: 

whisk-broom and push-broom systems.  A sensor model that includes radiometry and orbital 

mechanics is used to compare and contrast optical systems associated with whisk-broom and 

push-broom systems.  It is shown that a WFOV push-broom system, with no moving parts, can 

have equal SNR with a much smaller entrance pupil compared to a whisk-broom sensor.   

Section 6 explains and quantifies image distortion that occurs external the optical system, due to 

the earth’s curvature.  It is shown that an optical system can be designed with positive curvature 

to counter the negative curvature of the earth, to produce constant spatial resolution.  The 

magnitude and direction of this distortion is derived as a function of sensor altitude and FOV.   

Section 7 discusses freeform optics, why they are unique and how they benefit optical systems.  

A basic off-axis mirror design is used to compare the benefits of a freeform mirror to simpler 

mirror shapes: polynomial asphere, conic, and spherical.   

Section 8 presents a new design of a 4-mirror, 120° FOV, f/3, 0.87 inch entrance pupil diameter 

(EPD), with nearly zero distortion and a real exit pupil.  Standard performance metrics are shown 

such as RMS wavefront error vs FOV, spot diagrams, and distortion, along with mirror sag 

profiles.  A new method is shown to calculate distortion per surface.  In a WFOV design, the % 

distortion per surface can take on large positive and negative values, which are balanced to 

minimize the final distortion at the image.  Another new method is given to decompose Zernike 

polynomial coefficients into Zernike monomials coefficients.  This is necessary because low 
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order aberrations (ex: coma, astigmatism, spherical aberration) are only described by the 

monomial coefficients, but they are contaminated, in a sense by higher order terms in the Zernike 

polynomials.  This is important and WFOV designs that have high order aberrations where the 

Zernike polynomial does not represent the basic monomial aberrations.  Examining aberration 

nodes based on Zernike polynomials alone will give false nodes in the presence of higher order 

aberrations.  Also a different approach to calculating relative illumination (RI) is given as a 

function of pupil magnification, pupil aberrations, and % distortion. 

Chapter 9 discusses the cost or trade-offs between image distortion and wavefront error.  A few 

basic mirror systems are used to study the cost of reducing distortion on wavefront error.  It is 

shows that freeform mirrors do not directly improve distortion, but instead directly improve 

wavefront.  Since there is a trade off between wavefront and distortion, a freeform mirror system 

allows lower distortion for a given wavefront error. 

Chapter 10 presents a WFOV design with the exact amount of positive distortion to counter the 

earth’s curvature from a standard polar orbit altitude.  This design has a 70x4° FOV, f/2.5 with 1 

inch EPD.  The distortion is +13% at the edge of field using the EFL = y/tan(θ) definition.  

Standard performance metrics, Zernike monomial vs field plots, and mirror sag profiles are 

given. 

Chapter 11 presents additional optical designs with a wider FOV in the plane of symmetry at the 

cost of smaller FOV out of plane.  These designs could be used in common staring systems (non-

scanning) where a 2D scene is images in a snapshot.   

Chapter 12 is a conclusion that summarizes the original aspects of this dissertation. 
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2. ABERRATIONS 

2.1. WAVEFRONTS AND RAYS 

A primary goal in optical design, besides producing a layout that meets the first order 

requirements (aperture size, focal length, FOV, etc.), is controlling image aberrations.  

Wavefront aberrations (W) are different forms of departure from the ideal spherical or planar 

wavefront and cause image blurring.  A converging spherical wavefront focuses to a point 

forming a perfect image while a planar wavefront represents a perfect collimated beam.  Each 

image point (field) and wavelength has its own unique wavefront so a single lens imaging an 

extended scene has infinite wavefronts.  All optical systems have aberrations even with perfect 

fabrication as it is only possible to design a system with zero wavefront error at one image point.  

Aberrations are deviations from the ideal wavefront and exist in every optical design. 

 

Figure 3.  Wavefront error relative to reference sphere at pupil and ray error at image 

Aberrations often shown in form of 1D wave fan or 2D wavefront profile.  Ray coordinate error 

at image results in blurring and is proportional dW/dy and dW/dx. 

 

y

z

- Ideal (reference) wavefront
- Aberrated wavefront

Pupil Image
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Figure 4.  Example 2D wavefront plots (1 field, 3 wavelengths) 

For the complex electric field (U), wavefront (W) is multiplied by the wave vector (k = 2π/λ) 

then added to other terms inside the exponent.  This can be seen as a small change to the optical 

path length (z) as a function of X and Y. 

𝑈 = 𝑒𝑥𝑝{𝑖 [𝑘𝑧 −  𝑤𝑡 +  𝑘𝑊(𝑥, 𝑦)]} 

The equation above is commonly used in interference and diffraction calculations.  Plugging this 

into the equation for Fresnel diffraction gives the resulting electric field after propagation to 

some distance.  A simplified version of the Fresnel diffraction equation, called Fraunhofer 

diffraction, occurs after the light has propagated past the Rayleigh range (zR = π a2/λ) or far field, 

where a is the aperture radius.  When W = -(x2+y2)/2R indicating a spherical converging 

wavefront of radius R then Fresnel diffraction becomes Fraunhofer diffraction at distance R.  

This is why the Fraunhofer diffraction accurately describes the electric field at the focus of the 

lens even if the propagation distance (focal length) is small. 

2.2. CONFOCAL IMAGING SYSTEMS 

A spherical mirror or lens surface does not create a spherical wavefront.  Ironically a spherical 

mirror creates spherical aberration which causes the wavefront to depart from the perfect sphere.  

W(y) W(x)

Pupil (x)Pupil (y)
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The optical mirror surface that inputs a collimated beam and reflects a converging spherical 

wavefront is a parabola.  If the input beam is diverging from a point, then the ideal mirror surface 

is an ellipse.  Lastly, if the input beam is converging to a point, then the ideal mirror surface is a 

hyperbola.  This is illustrated below in Figure 5 for concave mirrors giving the rules for the conic 

constant (k).   

 

Figure 5.  Conic mirrors forming perfect image points 

For convex mirrors forming a virtual focus, the same conic constant rules apply.  If the object-

side focus and image-side focus are both real or both virtual, then an ellipse forms a perfect 

image.  However if either the object-side or image-side focus is real and the other is virtual, then 

a hyperbola is needed to form a perfect focus.  An oblate ellipse (k > 1) does not form a perfect 

point focus and is only used to correct spherical aberration from a spherical mirror. 

A system can be composed of conic mirrors that are all perfectly confocal along the OAR (on-

axis field) [2].  For example a 2-mirror system with collimated input can form a perfect point 

Parabola

k = -1 

Ellipse (prolate)

-1 < k < 0

Hyperbola

k < -1
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image on-axis with a concave parabolic M1 and convex hyperbolic M2.  Other 2-mirror conic 

combinations are shown below in Table 1. 

Table 1.  2-mirror conic configurations for perfect confocal imaging with collimated input 

M1 power M2 power Relayed image M1 conic M2 conic 

Positive Negative No Parabola Hyperbola 

Negative Positive No Parabola Ellipse 

Positive Positive No Parabola Hyperbola 

Positive Positive Yes Parabola Ellipse 

2.3. PERFECT IMAGING OVER A FIELD  

Addressing the first question: Why can’t a single mirror focus without aberration for multiple 

fields?  The ideal mirror surface that focuses a collimated input beam to a point is a simple 

parabola.  No other surface, including freeform mirrors, can focus a collimated beam to a point.  

So for the on-axis field, the ideal surface is a centered parabola.  For an off-axis field (collimated 

beam at an angle relative to the mirror), the ideal mirror surface that focuses to the same point on 

the image as the first parabola, is also a parabola.  But in order for it to focus to correct location 

on the image it must be decentered and is known as an off-axis parabola (OAP).  This is 

illustrated below for the 2 fields in Figure 6. 

 

Figure 6.  Perfect imaging for 2 fields is a discontinuous mirror 
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The mirror M2 for field 2 is tilted by the same angle as the field so its vertex is normal to the 

field angle.  The rotation vertex is the aperture stop, not the center of curvature.  The mirror M2 

then was shifts in both Y and Z axes so both mirror M1 and M2 intersect and have the same 

surface normal at the chief ray.  This makes the chief ray reflect to the same image points 

regardless of which mirror it intersected.  Even if the stop is placed at center of curvature, 

rotating parabolas about this center does not create a continuous surface as a sphere would. 

So a single mirror can create a perfect un-distorted image for multiple discrete field points.  This 

mirror would have a series of ridges in it between beam footprint locations from each field.  

Because of these surface ridges, the mirror cannot form a perfect image for a continuous field 

(FOV). 

2.4. PRIMARY ABERRATIONS 

Wavefront aberrations can be separated into multiple distinct shapes that are the result of unique 

interactions between the rays and the optical surfaces.  Different types of aberrations are 

generally independent from each other, although they can be coupled in certain circumstances.   

The wavefront function (W) gives departure from ideal as function pupil radial vector (ρ) and 

field vector (H).  For axially symmetric optical systems, H only needs to be along one axis, 

typically this is selected as the y-axis.   

 

Figure 7.  Schematic to describe Primary aberrations 

H
ρ

θ

Pupil
Field y
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Now aberrations can be written as a function of H, ρ, or H·ρ to describe a certain wavefront 

shape and how its magnitude changes with field.  Since the field was selected to be along the Y-

axis the wavefront has no dependence on X or sin(θ) at the pupil.  This is the wavefront 

function… 

𝑊 = 𝑤𝑗𝑛𝑚 𝐻
𝑗𝜌𝑛𝑐𝑜𝑠𝑚(𝜃) 

Here W is wavefront error in μm, H is the normalized field height or angle, ρ is the normalized 

pupil radius that goes from 0-1, and  is the pupil polar angle from the y-axis (same axis that the 

field is in).  There are 5 primary aberrations in axially symmetric systems given below in Table 

2. 

Table 2.  Primary aberrations 

Name Monomial Coefficient 
Field curvature (H·H)(ρ·ρ) = 𝐻2𝜌2 W220 
Distortion (H·H)(H·ρ) = 𝐻3𝜌 𝑐𝑜𝑠(𝜃) W311 
Coma (ρ·ρ)(H·ρ) = 𝐻𝜌3𝑐𝑜𝑠(𝜃) W131 
Spherical aberration (ρ·ρ)(ρ·ρ) = 𝜌4 W040 
Astigmatism (H·ρ)(H·ρ) = 𝐻2𝜌2𝑐𝑜𝑠2(𝜃) W222 

 

These aberrations are independent and can be summed in the wavefront function… 

𝑊 = 𝑤040 𝜌
4 + 𝑤222 𝐻

2𝜌4𝑐𝑜𝑠2(𝜃) + 𝑤311 𝐻
3𝜌 𝑐𝑜𝑠(𝜃) + 𝑤220𝐻

2𝜌2 + 𝑤131𝐻𝜌3𝑐𝑜𝑠(𝜃) 

These 5 aberrations are also called 4th order aberrations because the exponent does not exceed 4.  

They accurately describe the wavefront function for simple lenses systems.  However in more 

complex lenses like a zoom-lens or a fish-eye lens, higher order aberrations also exist.  An 

example of a 6th order aberration is spherical aberrations that goes as the 6th order of pupil radius 

W060. 
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Due to axial symmetry, this aberration function contains only axial symmetric terms: 𝐻2, 𝜌2, and 

𝐻𝜌 𝑐𝑜𝑠(𝜃) or even terms.  There cannot be odd, assymetric terms.  For example lets say we tried 

to write a distortion term that varies quadratically W211 instead of cubic with field W311.  The 

linear terms in distortion 𝜌 𝑐𝑜𝑠(𝜃) indicate a tilted wavefront that is not axially symmetric.  So in 

the hyperthetical wavefront function W211 if the field (H) is negative then the wavefront tilts in 

the same direction for equal and opposite fields (H = ± 1).  This is only possible for an 

asymmetric optical system.  In bilateraly symmetric optical systems, the wavefront function can 

also contain odd terms like 𝐻3, 𝜌3. 

2.5. DISTORTION 

Distortion is a unique aberration in that is causes image warping without blurring.  Distortion 

causes image warping in that the image points do not map to the object points simply with 

magnification.  Typically a small amount (say 1%) of distortion is tolerated.  Many commercial 

cameras with wide FOV, allow a significant (>1%) distortion and compensate for it in image 

processing.  These designs typically have negative distortion which causes IFOV to increase with 

the 3rd order of field, relaxing the need for a large FPA to see a wide FOV.  Since the distortion 

is axially symmetric about the field center, the main issue in photography, is the barrel shaped 

warping.  In image processing, the pixels are re-mapped and interpolated to reducing the 

warping.  However, since IFOV has been increased, this generally causes a loss in spatial 

resolution.   
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Figure 8.  Example fish-eye lens with negative (barrel) distortion 

A single lens with the aperture stop on the lens produces no distortion.  But as the aperture stop 

is shifted away from the lens, distortion develops.  If the stop is moved to the object side of the 

lens, this creates negative (barrel) distortion.  If the stop is moved instead towards the image side 

of the lens, this creates positive (pincushion) distortion.  This is illustrated below in Figure 9.  

Put another way, if a lens system with positive distortion is flipped so the object becomes the 

image, then the distortion sign is also flipped resulting in negative distortion. 

 

Figure 9.  Stop location effects on distortion for single lens.  Negative or barrel distortion 

(top) and positive or pin-cushion distortion (bottom)  

In an axially symmetric system of spherical lenses or mirrors, distortion is caused from spherical 

aberration of the chief ray.  A thin lens or curved mirror with the stop on the lens produces no 

Stop

Stop
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distortion since the chief ray is not bent.  Also a symmetric optical system produces no distortion 

since the aberrations from each optic after the stop are equal and opposite of the distortion from 

the optics before the stop.  This symmetry cancellation is a feature of “odd aberrations” also in 

Coma and Lateral Color. 

Because distortion is proportional to FOV, it is more prevalent in WFOV optics.  WFOV optics 

are typically designed with a negative-powered lens in front (object side) and the aperture stop 

buried within the lenses as shown below in Figure 10.  The negative first lens is to essentially 

“funnel” the WFOV into the rest of the optics, reducing the chief ray angles but increasing the 

marginal ray heights according to the Lagrange invariant.  Paradoxically in a fish-eye lens, the 

first surface of the first lens typically has moderate positive power as seen in Figure 8.  However 

the second surface has stronger negative power for net negative power.  The reason for the 

positive power on the first surface is to the convex surface create more uniform angle of 

incidence (AOI) thru the field.  Since a convex mirror has negative power whereas a convex lens 

surface has positive power, a WFOV system with a negative 1st mirror achieves both goals of 

uniform AOI and the funneling effect simultaneously.   Away from the aperture stop, in a WFOV 

system, the optics’ diameters are driven by the chief ray height, not the marginal ray height, so 

reducing the chief ray angles allows for smaller diameters optics.  Although this reduces optics 

size downstream, it also results in large negative distortion produced by the first negative lenses.   
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Figure 10.  Lagrange invariant funnel effect of WFOV system using a negative 1st lens 

Distortion as a percentage is measured as the ratio of error in chief ray location (x’-x’0) to the 

nominal chief ray location (x’0)… 

𝐷𝑋 =
𝑥′ − 𝑥′0

𝑥′0
 

We can also write percent distortion in terms of local focal length (fX).  Distortion changes the 

image coordinate (x’) for a given object angle (θX) resulting in focal length variation through 

field… 

 𝑓𝑋 =
𝑥′

tan (𝜃𝑋)
 

Plugging that into the distortion equation, tan (𝜃𝑋) cancels out so distortion can also be written in 

terms of local focal length (fX) and paraxial focal length (fX0)… 

𝐷𝑋(𝜃𝑋) =
𝑓𝑋(𝜃𝑋) − 𝑓𝑋0

𝑓𝑋0
 

Because distortion can be associated with a change in focal length, it can also be seen as a 

change in magnification with field (x is object height, z is object distance)… 

𝑚(𝜃𝑋) =
𝑥′

𝑥
=

𝑧′

𝑧
=

𝑓𝑋(𝜃𝑋)

𝑧
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The equations above were all shown for distortion along the X-axis.  We could also write the 

same equations for the Y-axis.  Since it is a vector, the net distortion combining both axes in the 

image plane … 

�⃗⃗� = 𝐷𝑋�⃑� + 𝐷𝑌�⃑� 

Separating the individual components of distortion in the X and Y directions and setting them to 

some value is important for designs with beneficial distortion.  However are more common goal 

is to simply set the net distortion and magnitude to zero.  The magnitude of the 2D distortion 

vector is… 

𝐷 = |�⃗⃗� | = √�⃗⃗� ∙ �⃗⃗� = √𝐷𝑋
2 + 𝐷𝑌

2 

Distortion as an aberration is a wavefront error and an associated ray error at the image.  The 

effect can be illustrated with just the chief ray as shown below in Figure 11.  The wavefront is 

still spherical but is tilted relative to the ideal reference sphere.  This tilted wavefront then 

focuses to a different point than the reference sphere does, resulting in ray error. 

 

Figure 11.  Distortion wavefront error (W) and associated ray error (ε) 

Let’s examine how the local EFL with field angle for a system with zero distortion.  The paraxial 

chief ray location on the image follows the relation… 

ε

W
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𝑥′ = 𝑓 tan(𝜃) 

where x’ is the ray coordinate on FPA, f is focal length and θ is field angle.  For zero distortion 

of a flat scene onto a flat FPA, the real chief ray locations (x’,y’) must follow this relation.  An 

optical system with constant focal length with this definition will result in a rectilinear image; 

that is straight lines in the object map to straight lines in the image.   

The derivative of x’ tells us how the field angle changes with x’… 

𝑑𝑥′

𝑑𝜃
=

𝑓

𝑐𝑜𝑠2(𝜃)
 

𝑑𝜃 =
𝑑𝑥′

𝑓
𝑐𝑜𝑠2(𝜃) 

This indicates that θ decreases with x’ by the factor cos2(θ).  IFOV is the FOV of one pixel.  If 

dx’ is a constant pixel pitch, then dθ is independent field of view (IFOV)… 

𝐼𝐹𝑂𝑉 =
𝑝𝑥

𝑓
𝑐𝑜𝑠2(𝜃) 

𝐼𝐹𝑂𝑉 = 𝐼𝐹𝑂𝑉0 𝑐𝑜𝑠
2(𝜃) 

So for zero distortion of a flat scene onto a flat FPA, IFOV decreases with field by the factor 

cos2(θ).  Furthermore, the IFOV at 45° is half of the IFOV at 0°.  An optical system with positive 

distortion has IFOV decreasing at even a faster rate with field. 
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Figure 12.  IFOV is reduced at edge of field for constant rectilinear EFL. 

An alternative EFL definition is the following… 

𝑥′ = 𝑓 θ 

This results in a constant IFOV with FOV and the image projection is called equidistant which is 

not rectilinear [3].  An optical system with this projection will appear to have negative (barrel) 

distortion because θ < tan(θ) resulting in a compressed image.   

 

Figure 13.  Relation between f tan(θ) and f θ projections 

The introduction of a freeform mirrors generally does not provide a direct benefit to reducing 

distortion.  Instead freeform mirrors provide a direct benefit to wavefront control, which in turn 

allows the designer to give back to distortion control.  The unique shape of the freeform mirrors 

is not needed to control the angle of the chief ray for zero distortion, instead it is used to control 

the marginal rays from each field.  However if a finite, non-radial, distortion is desired in the 

optical design, then freeforms are needed.  For example to produce anamorphic distortion in a 

lens system, a cylindrical lens can be places at an intermediate focus.   
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Basic distortion is one of the 5 primary aberrations also known as 𝑊311  in the equation below.  

The resulting ray errors in each axis (εX, εY) are also shown for distortion, using the 

approximation where F is f-number.  We can see that distortion causes a ray error in the y-axis 

only, parallel to the field, but has no pupil position dependence.  So all rays in the pupil, for a 

given field angle, will focus to the same “wrong” location, but still as a sharp image. 

𝑊 = 𝑤𝑗𝑛𝑚 𝐻
𝑗𝜌𝑛𝑐𝑜𝑠𝑚(𝜃) 

                       𝑊311 = 𝑤311 𝐻
3𝜌  𝑐𝑜𝑠(𝜃)    𝑑𝑖𝑠𝑡𝑜𝑟𝑡𝑖𝑜𝑛 

휀𝑦 = −2𝐹
𝛿𝑊

𝛿𝑦
= −2𝐹 𝑤311 𝐻

3 

휀𝑥 = −2𝐹
𝛿𝑊

𝛿𝑥
= 0             

The Seidel aberration coefficients are calculated for each surface using the marginal ray angle 

and height (u,y), chief ray height and angle (�̅�, �̅�), surface radius of curvature (R) and index (n) 

on both sides of the surface.  Then the distortion from each surface summed to obtain the total 

image distortion.  The Seidel coefficient for basic distortion is… 

𝑤311 = ∑ −
1

2
�̅� [�̅�𝑦 𝛥 (

1

𝑛2
) − (Ж− �̅�𝑦)�̅�𝜑]

𝑠𝑢𝑟𝑓𝑎𝑐𝑒𝑠

 

𝐴 = 𝑛𝑢 +
𝑛𝑦

𝑅
     �̅� = 𝑛�̅� +

𝑛�̅�

𝑅
 

Ж = 𝑛�̅�𝑦 − 𝑛𝑢�̅�     𝜑 =
𝛥𝑛

𝑅
 

Using YNU raytracing the marginal ray height y can be written in terms of the marginal ray 

height in the first surface (y1).  This coefficient is the only one of the primary aberrations that 
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only contains terms linear in y1.  So when the ray error is calculated with F = f/2y1 the y cancels 

out and the coefficient is only a function of chief ray height.  This is expected because distortion 

is an aberration of the chief ray not of the marginal ray. 

For a glass plate with no optical power (𝜑 = 0), the above equation is non-zero for the left 

term… 

𝑤311 = −
1

2
(𝑛�̅�)2𝑦 𝛥 (

1

𝑛2
) 

In collimated space, the distortion produced by the first and second surfaces of the plate will 

cancel due to opposite signs of the 𝛥(1 𝑛2⁄ ) term.  But in a converging beam, there is a slight 

difference in �̅� resulting in residual distortion.  This equation also implies that the image 

distortion produced by a glass plate is independent on its location within a converging beam. 

We can also see from the full Seidel coefficient equation that distortion is zero for a mirror at a 

pupil or stop because both �̅� = 0 in the right term and 𝛥(1 𝑛2⁄ ) = 0 in the left term.  However 

for a refracting surface of a lens 𝛥(1 𝑛2⁄ ) is not zero, so a lens surface at a pupil or stop does 

produce distortion.  For a thin lens, the distortion from the second surface is equal and opposite 

of the distortion from the first surface.  Distortion is also zero for a thick lens that straddles a 

pupil.  For a thick lens with first surface at a pupil, the second surface produces some 

cancellation of the distortion from the first surface, but the net distortion from the lens is not 

zero. 

Distortion from a refracting surface at a pupil can be illustrated with an immersion lens (a lens 

with thickness that extends to the image).  The paraxial (non-distorted) image height is 𝑥′ =

𝑓 tan(𝜃).  Yet for an immersion lens, Snell’s lay can be applied to show the real ray image … 
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𝑥′ = 𝑛 𝑓 tan[𝜃2] 

𝑥′ = 𝑛 𝑓 tan [𝑎𝑠𝑖𝑛 (
sin (𝜃)

𝑛
)] 

Where 𝜃2is the chief ray angle inside the immersion lens.  This is less than 𝑓 tan(𝜃) resulting in 

negative distortion.  Percent distortion from the immersion lens can be calculated using this real 

ray height along with the paraxial ray height. 

 

Figure 14.  Distortion from immersion lens (top) and thick lens (bottom), same curvature 

and both have 1st surface at stop 

In more compex optical systems, the 4th order terms above may not accurately describe the 

wavefront function and higher order terms are needed.  The 6th order distortion terms is 𝑤511  

and the equation for the aberration coefficient is not trivial [4].  There are additional types of 

distortion in bilaterally symmetric optical systems.  For example Keystone (W21110 ), Smile 

(W20001), and Anamorphism (W10011). 
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Consider what is the ideal concave mirror that creates zero distortion with the stop out front.  

Since an ellipse mirror provides perfect imaging for a finite object distance, one may consider 

placing an ellipse with the 1st focus at the stop.  In this case, the ellipse mirror creates a perfect 

point image of the stop to the exit pupil.  However because the ellipse does not image perfectly 

for infinite object distance, there is resulting distortion at the image plane.  This is shown below 

in the left side of Figure 15.  In this example, the mirror radius of curvature is 100 mm and the 

stop is 120 mm to the left of it.  A conic mirror by itself cannot eliminate distortion.  The ideal 

mirror to minimize distortion is an even polynomial asphere surface.  The ideal asphere 

minimizes the chief ray error at the image but results in large ray error at the exit pupil. 

 

Figure 15.  Chief ray intersection at image and exit pupil for ellipse mirror (left) and ideal 

asphere (right) 

Below in Figure 16 is an overlay of 3 different mirror shapes all with the same base radius: 

sphere, ellipse, and ideal asphere to minimize distortion.  Only spherical aberration can be 

completely eliminated using conic surfaces.  Like all field-dependent aberrations, using a conic 

or aspheric surface can only minimize distortion, but not eliminate it. 

Ideal 

asphere

Perfect 

mirror
Ellipse

Ellipse mirror Ideal asphere

Exit 

pupil

Stop Image
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Figure 16.  Chief ray and mirror profiles: sphere, ellipse, and ideal asphere for zero 

distortion 

2.6. PETZVAL SUM 

The primary aberration W222 field curvature is proportional to the sum of the optical powers from 

each element in an optical system.  To have a flat field image, the sum of the optical powers 

must be zero, which requires a combination of positive and negative elements.  The Petzval sum 

gives the curvature (1/inch) of the image.  The general equation for Petzval sum as a function of 

the radius of curvature (R), and the index of refraction before and after the surface (𝑛𝑖 , 𝑛𝑖
′)… 

𝐶𝑃𝑒𝑡𝑧𝑣𝑎𝑙 = ∑ 
𝑛𝑖

′ − 𝑛𝑖

𝑛𝑖
′ 𝑛𝑖  

(
1

𝑅𝑖
)

𝑖

 

For a thin lenses it can be written as a sum of the power (φ = 1/f) divided by the index if 

refraction (n)… 

          = ∑
𝜑𝑖

𝑛𝑖
𝑖

 (𝑙𝑒𝑛𝑠) 

For a mirror n = -1 so the equation further simplifies… 

Ellipse

Ideal 

asphere

Sphere
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                        = −∑𝜑𝑖

𝑖

 (𝑚𝑖𝑟𝑟𝑜𝑟) 

A positive powered lens will have an image that curves towards the lens while a positive mirror 

the image curves away from the mirror.  Positive lenses and negative mirrors both make negative 

field curvature.  So an optical system with only positive mirrors and positive lenses can have 

zero field curvature. 

The ideal way to correct field curvature in a mirror system is to use both positive and negative 

powered mirrors to reduce the Petzval sum.  However it can also be made very low by balancing 

4th order field curvature W220 with 6th order field curvature W420 [4]. 

𝑊𝐹𝑖𝑒𝑙𝑑 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 = 𝑊220 +𝑊420 +⋯ 

                                                  = 𝑤220𝐻
2𝜌2 +𝑤420𝐻

4𝜌2 +⋯ 

Thus field curvature can be eliminated at the edge of the field if W220 = - W420.  6
th order field 

curvature W420 can be produced by an aspheric surface with no base curvature.  So field 

curvature can be reduced in a system with moderate Petzval sum by using aspheric surfaces that 

produce higher order curvature of opposite sign.  Since higher order field curvature has a 

different field dependence, it cannot be cancelled perfectly and there will be residual field 

curvature.  The addition of aspheric terms may introduce 6th order astigmatism which separates 

the field curves in the tangential and sagittal axes.  In a sense this reduces the curvature of, but 

also blurs, the Petzval surface.  This is shown below in Figure 17 where the x-axis is field 

curvature or image sag in inches and the y-axis is image height also in inches. 
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Figure 17.  Field curvature for single concave mirror (left) and with aspheric plate (right) 
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3. BILATERAL SYMMETRIC ABERRATIONS 

3.1. BILATERAL SYMMETRIC WAVEFRONT FUNCTION 

Optical systems that have bilateral symmetry are symmetric about a horizontal plane but not 

about a vertical plane.  Tilting or decentering powered mirrors creates an off-axis system where 

the optical axis ray (OAR) is constrained to a 2D plane (XZ plane).  This is the plane of 

symmetry as the system is a mirror image of itself thru this plane. 

The magnitude and orientation of the wavefront is now a function of the 2D field vector H = Hx 

+ Hy in the XY plane.  This is illustrated below in Figure 18.  Due to the bilateral symmetry, the 

wavefront is proportional to either H (radial) or Hx (along x-axis) but never proportional only to 

Hy.  This allows us to write the wavefront function with new terms (H·i) and (ρ·i) where H is the 

field vector, ρ is the pupil vector, and i is the unit vector parallel to the YZ plane of symmetry 

[5].   
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Figure 18.  Bilaterally symmetric system coordinate reference, OAR is in XZ plane, field is 

in XY plane 

The wavefront functions for bilaterally symmetric systems takes the following general form for 

any aberration… 

𝑊 = 𝑤2𝑘+𝑛+𝑝,2𝑚+𝑛+𝑞,𝑛,𝑝,𝑞 (𝐻 ∙ 𝐻)𝑘(𝜌 ∙ 𝜌)𝑚(𝐻 ∙ 𝜌)𝑛(𝐻 ∙ 𝑖)𝑝(𝜌 ∙ 𝑖)𝑞 

Different aberrations take on different values of the exponents: k, m, n, p, q. This alters the 

wavefront magnitude and orientation as a function of the field vector (H).  The term (H· ρ), 

which is familiar to primary aberrations, has a slightly more complex meaning for bilaterally 

symmetric systems.  This term indicates the wavefront is aligned radially with the H vector.  So 

the wavefront orientation changes with the field vector angle (α).  The magnitude of the 

wavefront is (radially) proportional to H. 

φ

α
β

H

i

ρ

x

y

M1

M2

M3

z

x
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The term (H·i) indicates the wavefront is proportional to the field x-coordinate, but says nothing 

about the wavefront orientation.  The term (ρ·i) indicates the wavefront is aligned along the X-

axis, but says nothing about the field dependence.   

A complete list of 4th order bilaterally symmetric aberrations in given below in Table 3.  This 

includes the axially symmetric primary aberrations.  Columns are also includes that indicate if 

the aberration has axially symmetry and if it causes image blurring.  If there is no image blurring 

then it is a type of distortion.  A bilaterally symmetric optical system composed of freeform 

mirrors does not introduce new aberrations than these.  The freeform system may also have 

higher (6th) order aberrations if it accompanied by wider FOV, but Table 3 still describes the 4th 

order aberrations for traditional or freeform optical systems. 
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Table 3.  Bilaterally symmetric aberrations 

Wavefront aberration 

function Name 
Axial 

symmetry 
Causes 

blurring 
W_20000 (H·H) Quadratic piston  X 
W_02000 (ρ·ρ) Defocus   
W_11100 (H·ρ) Magnification  X 
W_10010 (H·i) Linear piston X X 
W_00001 (ρ·i) Field displacement X X 
W_22000 (H·H)(ρ·ρ) Field curvature   
W_31100 (H·H)(H·ρ) Cubic distortion  X 
W_13100 (ρ·ρ)(H·ρ) Linear coma   
W_30010 (H·H)(H·i) Cubic piston X X 
W_12010 (ρ·ρ)(H·i) Field tilt X  
W_21110 (H·ρ)(H·i) Quadratic distortion 2 X X 
W_20001 (H·H)(ρ·i) Quadratic distortion 1 X X 
W_02001 (ρ·ρ)(ρ·i) Constant coma X  
W_11101 (H·ρ)(ρ·i) Linear astigmatism X  
W_10011 (H·i)(ρ·i) Anamorphism X X 
W_40000 (H·H)(H·H) Quartic piston  X 
W_04000 (ρ·ρ)(ρ·ρ) Spherical aberration   
W_22200 (H·ρ)(H·ρ) Quadratic astigmatism   
W_20020 (H·i)(H·i) Quadratic piston X X 
W_00002 (ρ·i)(ρ·i) Constant astigmatism X  

 

The vector form of each term can be rewritten in polar coordinates… 

(𝐻 ∙ 𝐻) = 𝐻2 

(𝜌 ∙ 𝜌) = 𝜌2 

(𝐻 ∙ 𝜌) = 𝐻 𝜌 𝑐𝑜𝑠( 𝛼 − 𝛽) 

(𝐻 ∙ 𝑖) = 𝐻 𝑐𝑜𝑠(𝛼) 

(𝜌 ∙ 𝑖) =  𝜌 𝑐𝑜𝑠(𝛽) 

Resulting in the following wavefront function… 

𝑊 = 𝑤2𝑘+𝑛+𝑝,2𝑚+𝑛+𝑞,𝑛,𝑝,𝑞 (𝐻
2)𝑘(𝜌2)𝑚(𝐻 𝜌 𝑐𝑜𝑠( 𝛼 − 𝛽))

𝑛
(𝐻 𝑐𝑜𝑠(𝛼))

𝑝
(𝜌 𝑐𝑜𝑠(𝛽))

𝑞
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For the set of 4th order bilaterally symmetric aberrations, there are 4 distortion terms: primary 

cubic distortion, quadratic distortion 1 and 2, and anamorphism.  Quadratic distortion 1 and 2 are 

also known as Smile and Keystone distortion respectively.  Tilting the object or FPA from its 

nominal angle results in Keystone distortion (w21110) and Field tilt aberration (w12010).  If the FPA 

is not normal to the OAR this does not cause distortion as some authors have mentioned [45].  

For example the image formed from an off-axis parabola (OAP) is parallel to the mirror vertex 

but the angle between the OAR and the image depends on the off-axis distance.  Furthermore, 

tilting the FPA does not cause the aberration (w11100) known as magnification error, sometimes 

confusingly caused tilt.  Each wavefront from the aberration known as magnification error w11100 

is tilted but the tilt orientation points radially along the field vector. 

Since distortion is a tilted wavefront with constant slope the gradient (∇⃗⃗ 𝑊) is not a function of 

the pupil vector (ρ).  This allows the wavefront function field maps to be displayed with a single 

vector representing the entire wavefront slope orientation and magnitude. 

3.2. THE FIELDS OF SMILE, KEYSTONE, AND ANAMORPHISM 

Quadratic distortion 1 (also known as smile distorion) has a wavefront orientation set by (ρ·i) 

causing it to always align parallel to the X-axis regardless of the field coordinates (H).  However 

the magnitude of the wavefront is proportional to (H·H) which grows radially with H2.  The 

wavefront field map and wavefront gradient maps for Quadratic distortion 1 are shown below in 

Figure 19.  The gradient field of quadratic distortion 1 is 

∇⃗⃗ 𝑊 = (
𝜕

𝜕𝜌
�̂� +

1

𝜌

𝜕

𝜕𝛽
�̂�) [𝑤12101𝐻

2𝜌 cos(𝛽)] 

= 𝑤12101𝐻
2 [cos(𝛽) �̂� − sin(𝛽) �̂�] 
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= 𝑤12101𝐻
2 �̂� 

 

 

Figure 19.  Wavefront field map (left) and gradient map (right) for quadratic distortion 1 

Quadratic distortion 2 (also known as keystone) has a different wavefront orientation.  The (H·ρ) 

causes the wavefront to always align radially, parallel to the field vector.  But the magnitude of 

the wavefront is set by (H·i) which grows in proportion to x-direction of the field (Hx) only.  The 

wavefront field map and wavefront gradient maps for Quadratic distortion 2 are shown below in 

Figure 20.  The gradient field for quadratic distortion 2 is… 

∇⃗⃗ 𝑊 = (
𝜕

𝜕𝜌
�̂� +

1

𝜌

𝜕

𝜕𝛽
�̂�) [𝑤21110𝐻

2𝜌 cos(𝛼) cos(𝜑)] 

= 𝑤21110𝐻
2 cos(𝛼) cos(𝜑) �̂� 

 

Hy

Hx
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Figure 20.  Wavefront field map (left) and gradient map (right) for quadratic distortion 2 

Anamorphism distortion is a difference in magnification or EFL between the X and Y axes.  The  

(H·i) indicates that the wavefront is proporational to the field in the X-direction only (Hx).  The 

(ρ·i) indicates that the wavefront is tilted also in the X-direction only.  The wavefront field map 

and wavefront gradient maps for Quadratic distortion 2 are shown below in Figure 21.  The 

gradient field for quadratic distortion 2 is… 

∇⃗⃗ 𝑊 = (
𝜕

𝜕𝜌
�̂� +

1

𝜌

𝜕

𝜕𝛽
�̂�) [𝑤11011𝐻𝜌 cos(𝛼) cos(𝛽)] 

= 𝑤11011𝐻 cos(𝛼) [cos(𝛽) �̂� − sin(𝛽) �̂�] 

= 𝑤11011𝐻 cos(𝛼) �̂� 

 

Hy

Hx
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Figure 21.  Wavefront field map (left) and gradient map (right) for Anamorphism 

3.3. CALCULATING KEYSTONE AND SMILE IN OFF-AXIS MIRROR SYSTEMS 

Aberration coefficients to calculate the bilateral symmetric aberrations are similar to the Seidel 

coefficients, but include the angle of incidence (I) of the optical axis ray (OAR) [5].  These 

equations are written in the form for mirrors by setting ∆(u/n) = 2x/R, where R is the radius of 

curvature of the mirror… 

𝐽1 = −
𝑥2

𝑅
𝑠𝑖𝑛2(𝐼) 

𝐽2 = −𝑛 𝐴 
𝑥2

𝑅
 𝑠𝑖𝑛(𝐼) 

𝐽3 = −2 𝑛 Ж 
𝑥

𝑅
 𝑠𝑖𝑛(𝐼) 

The J1 and J2 terms are attributed to field-constant astigmatism and coma respectively.  The 

aberration coefficients for Anamorphism, Smile and Keystone are then written as a function of 

J1, J2, and J3 … 

Hy

Hx
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𝑤11011 = ∑[2(
�̅�

𝑥
) 𝐽1]

𝑖
𝑖

 (𝐴𝑛𝑎𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚) 

𝑤21001 = ∑[(
�̅�

𝑥
)
2

𝐽2 + (
�̅�

𝑥
) 𝐽3]

𝑖𝑖

 (𝑆𝑚𝑖𝑙𝑒 𝑑𝑖𝑠𝑡𝑜𝑟𝑡𝑖𝑜𝑛) 

𝑤21110 = ∑[2(
�̅�

𝑥
)
2

𝐽2]
𝑖𝑖

(𝐾𝑒𝑦𝑠𝑡𝑜𝑛𝑒 𝑑𝑖𝑠𝑡𝑜𝑟𝑡𝑖𝑜𝑛) 

Where x is the marginal ray coordinate relative to the OAR.  This implies that anamophism is 

directly related to field-constant astigmatism while Keystone is directly related to field-constant 

coma.  Since x is relative to the OAR, instead the marginal ray height in the y-axis could be used 

with similar accuracy.  Like the Seidel coefficient for distortion, these coefficients only contain 

terms that are linear in x1 (marginal ray height on first surface), which then cancels out in the ray 

error calculation. 

The coefficients for J4 and J5 are excluded here because they do not contribute to distortion for 

mirror systems.  The index of refraction (n) is positive when light travels from left to right and is 

negative when travelling from right to left or after each odd reflection.  This makes the quantity 

∆(1/n) = -2 and the quantity ∆(1/n2) = 0 setting the coefficients J4 = -J3/2 and  J5=0 respectively. 

When the mirror is tilted but centered on the OAR, then I is relative to the mirror vertex.  When 

the mirror is also decentered relative to the OAR, then the local angle of incidence of the OAR is 

used.  This is shown below in Figure 22. 
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Figure 22.  Angle of incidence (I) for aberration coefficients.  Mirror tilted (left), Mirror 

decentered (right). 

A spherical mirror with aperture stop out front that is either tilted or decentered has all 3 bilateral 

symmetric distortions: Anamorphism, Smile and Keystone.  The anamophism is typically much 

larger than the Smile and Keystone.  A tilted or decentered spherical mirror produces nearly the 

same distortion as long as the angle (I) is the same.  This is shown below in Figure 23 with 

anamorphism removed. 
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Figure 23.  Spherical mirror tilted (top) or decentered (bottom) with distortion maps (100x 

scale factor) 

Although the designs in Figure 23 have large spherical aberration, this does affect distortion 

which is only a function of the chief ray.  These designs have very low (<0.1%) primary 

distortion.  The wave aberration coefficients for these designs are calculated in Table 4 along 

with the resulting image distortion.  3 rays are needed for the calculation: marginal ray, chief ray, 

and OAR.  The calculate results in 0.29% net distortion which matches closely with the Zemax 

model of 0.28%. 

Stop

z

y

x

y
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Table 4.  Distortion calculation for deceneter spherical mirror 

 
 

Using the calculated coefficients for Smile and Keystone from Table 4, the 2D field wavefront 

and distortion vector maps are modeled below in Figure 24.  The vector map matches well with 

those from Zemax in Figure 23. 

R inch -100 EFL inch 50

I deg 11.55 f/# -- 5

u -- 0 HFOV deg 1

u bar -- 0.01746 h' inch 0.87275

x inch 5 ∆h' = 2 f/# wRSS inch 0.00250

x bar inch 0.83742 % Distortion (calculated) -- 0.29%

Ж inch 0.08728 % Distortion (Zemax) -- 0.28%

A -- -0.04908

J1 inch 0.00910

J2 inch -0.00234

J3 inch 0.00167

J4 inch -0.00083

J5 inch 0

w11011 (Anamorphism) inch 0.00305

w21001 (Smile) inch 0.00021

w21110 (Keystone) inch -0.00013

RSS of Smile, Distortion inch 0.00025
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Figure 24.  Wavefront field map (left) and gradient map (right) calculated for decentered 

spherical mirror 

Like other aberrations, Smile and Keystone can be positive or negative for different mirrors.  

This allows for possible reduction or cancellation of the distortion.  It is usually impractical to 

have the distortion aberration coefficients to nearly cancel given the limited number of design 

variables.  However allowing the mirror M2 to tilt away from the original M1-M2 parent axis 

make the sin(I) a variable to control Smile and Keystone distortion.  This angle is positive on M1 

and negative on M2 allowing cancellation of the distortion aberration coefficient since sin() is an 

odd function.  A simple 2-mirror design to illustrate this effect is shown below in Figure 25.  

Here M1 and M2 are both decentered together, then M2 is independently tilted to minimize 

Smile distortion.  

Hy

Hx
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Figure 25.  Decentered 2-mirror system with tilted M2, distortion map (100x scale factor) 

The aberration coefficients were calculated in Table 5 for each mirror using the 3 rays (marginal 

ray, chief ray, OAR).  This 2 mirror system with optimized M2 tilt to minimize Smile distortion 

has only 0.04% distortion (calculated).  The Zemax model result was slightly higher at 0.07%.  

The Zemax model also include primary distortion resulting in a slightly higher net distortion.  

The aberration coefficient diagram per mirror and total is shown below in Figure 26. 

Table 5.  Distortion calculation for off-axis 2-mirror system 

 

Stop

M1 M2

n -- 1 -1 EFL inch 100

R inch -100 100 f/# -- 10

I deg 11.5481 -10.5538 HFOV deg 1

u -- 0.0000 0.0126 h' inch 1.74551

u bar -- 0.0175 0.0000 ∆h' = 2 f/# wRSS inch 0.00078

x inch 5.0000 2.3780 % Distortion (calculated) -- 0.04%

x bar inch 0.8374 0.8653 % Distortion (Zemax) -- 0.07%

Ж inch 0.0873 0.0873

A -- -0.0490 -0.0360

J1 inch 0.0100 -0.0019

J2 inch -0.0025 0.0004

J3 inch 0.0017 -0.0008

J4 inch -0.0009 -0.0004

J5 inch 0 0

w11011 (Anamorphism) 0.0034 -0.0014

w21001 (Smile) inch 0.0002 -0.0002

w21110 (Keystone) inch -0.0001 0.0001

w11011 (Anamorphism)

Sum w21001 (Smile) inch

Sum w21110 (Keystone) inch

RSS of Smile, Distortion inch

-0.000003

-0.000039

0.000039

0.001975
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Figure 26.  2-mirror system Smile and Keystone aberration coefficients per mirror and 

total 

If the system is confocal using conic mirrors, then there are zero aberrations on-axis.  So any 

field-constant aberrations are zero.  Since Anamophism is directly related to field-constant 

astigmatism and Keystone is directly related to field-constant coma, Anamorphism and Keystone 

are zero in a confocal system.  However Smile distortion still remains.  So it is common for well-

designed 3-mirror systems to still have residual Smile distortion. 
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4. OFF-AXIS 3-MIRROR DESIGN FORMS 

4.1. 3-MIRROR DESIGN OVERVIEW 

A single mirror has 2 variables radius of curvature and an aspheric/conic departure on that 

radius.  These variables can be used to 1) set the focal length and 2) correct one aberration: 

spherical aberration. The total size or length is set by the focal length.  A 2-mirror system adds 3 

more variables (5 total), the radius on M2, the asphere on M2, and the spacing between M1 and 

M2.  Now this can correct 2 aberrations plus field curvature if it is focal and control its size [6].  

The 2 aberrations can be astigmatism or coma, but not both.  If it is afocal and has magnification, 

then there will always be residual field curvature because the 2 mirrors have different focal 

lengths.  Using 2 mirrors allows size control as the focal length can be longer than the distance 

from M1 to focus (telephoto) or shorter (inverse-telephoto).  Alternatively a 2-mirror 

Schwarzchild design can correct 4 primary aberrations (all except primary distortion) but does 

not allow size control [7].  A 3-mirror system adds 3 more variables and has the additional 

capability of correcting all 5 primary aberrations along with control of the exit pupil location 

(real, virtual, etc.).  Field curvature can be corrected if it is either focal or afocal.  Although 

primary distortion can be corrected in the 3-mirror designs, when they are off-axis there are 

additional types of distortion (Keystone, Smile, 6th order).  So a 4th mirror is needed to correct for 

general distortion in off-axis and/or WFOV designs.  This is summarized below in Table 6. 
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Table 6.  Multi-mirror aberration correction capability 

      

  1-mirror 2-mirror 3-mirror 4-mirror 

 Variables 2 5 8 11 

1 Focal length    

2 Size control    

3 Exit pupil location    

4 Spherical aberration    

5 Astigmatism    

6 Coma    

7 Field curvature    

8 Distortion, primary    

9 Distortion, general    

 

This variable/constraint relation was demonstrated for a 2-mirror and 3-mirror design below in 

Figure 27.  Both designs are f/10, 100 inch EFL, 2 deg half FOV, use conic mirrors, and 

constrained to be less than 40 inches long.  These designs clearly not practical due to a large 

obscurations which could be alleviated by making them off-axis, but are shown here for 

demonstration only.  On the right side are the 5 primary aberrations by surface, showing that the 

2-mirror design still has uncorrected astigmatism and distortion.  The 2-mirror design also has no 

exit pupil, which is not possible unless both mirror are positive which would then create large 

field curvature.  The 3-mirror design has zero primary aberrations and a real exit pupil.  This 

demonstrates that the number of primary aberration that can be controlled is equal to the number 

of free variables in a design and additional variables are still needed to set focal length, size, and 

pupil location. 
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Figure 27.  2-mirror (top) and 3-mirror (bottom) designs with primary aberrations by 

surface 

In a 3-mirror system the variables are: the 3 mirror radii, the 3 mirror conic terms, and 2 mirror 

spacing, gives 8 variables.  However usually it is beneficial to keep M1 and M3 near the same 

plane for mounting, so the mirror spacing is limited, reducing the number of variables to 7.  

4.2. 3-MIRROR DESIGN CONFIGURATIONS 

Field curvature is a primary aberration that can only be correct by setting the Petzval sum to 

zero.  This requires at least one negatively (N) powered mirror.  The location of these negative 

mirror(s) as M1, M2, or M3 sets the fundamental configuration of a 3-mirror imager [8].  With 3 

mirrors and 2 possible power signs (P or N) for each mirror, that gives 23 = 8 possible 

configurations of power-distribution.  However we eliminate the configurations NNN because it 

cannot form a real image and PPP because it cannot have zero Petzval sum, leaving 6 

configurations (PNP, NPP, PPN, NNP, NPN, PNN). 

M1 M2 Sum

M3

Exit pupil

3-mirror

2-mirror M1

M2

M1

M2

M3
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For each design configuration mentioned above there are also options for the entrance pupil and 

the exit pupil to be either real or virtual.  A real exit pupil can be very beneficial as a location for 

a cold stop to limit thermal background in an IR system.  Because the fields converge at the exit 

pupil this is also the ideal location for a beamsplitter.  A real entrance pupil is often required for 

an optical system that must view thru a window or port.  For a system to have both real entrance 

and exit pupils requires a relayed image.  The optics form a real, internal image of the object but 

not the pupil, thus reversing the order of object-stop to pupil-image.  This is shown below in 

Figure 28 for a simplified thin-lens layout.  The internal image is also beneficial in providing a 

location for a field stop to reduce stray light.   

 

Figure 28.  Thin-lens layout of TMA with real entrance and exit pupils 

The configuration of real entrance and exit pupil can also be achieved with just 2 positive mirrors 

but that will not have zero Petzval sum.  The negative M2 is ideally placed near the intermediate 

image acting somewhat as a field lens, having minimal effect on the effective focal length. 

So there are 4 additional pupil configurations for each power-distribution configuration, resulting 

in 6·4 = 24 total configurations.  A summary table of these design configurations along with the 

Virtual image of stop

M1

M2

M3

Stop
Exit pupil

Intermediate 

image
Image
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designer and applicable patent or reference paper is below in Table 7.  This applies only to 

imaging (focal) systems that are off-axis in aperture and/or field and are unobscured.   

Table 7.  3-mirror design configurations 

 

Table 7 applied only to unobscured, focal 3-mirror designs.  Before the unobscured 3-mirror 

designs, the first 3-mirror design (although obscured) appears to be by Paul in 1935 [9] while the 

first unobscured 2-mirror design appears to be by Schiefspiegler in 1953 [10].  Combing these 

designs, the first unobscured 3-mirror design patent appears to be by Offner [11] in 1972.  This 

design was afocal (so it is excluded in above table) with real entrance and exit pupils.  However 

there is no mention of pupils in the patent.  The first patented unobscured, focal mirror system 

was by Wetherell [12] in 1980 but was limited to VIS systems due to lack of exit pupil.  Cook 

[13] realized the benefits of a relayed image and provided the TMA design in 1981 with real 

Config 

# M1 M2 M3

Entrance 

pupil Exit pupil

Relayed 

stop

Possible 

pupils

Possibe 

zero 

Petzval 

Possible 

telecentric & 

zero Petzval Designer Year Patent #

1 P N P Real Real Yes Yes Yes N/A Cook 1981 4,265,510

2 P N P Real Virtual No Yes Yes Yes Cook 1988 4,733,955

3 P N P Virtual Real No Yes Yes N/A Cook 2012 8,248,693

4 P N P Virtual Virtual No Yes Yes Yes Wetherell 1980 4,240,707

5 N P P Real Real Yes Yes No N/A

6 N P P Real Virtual No Yes Yes Yes Sasian 2008 SPIE paper

7 N P P Virtual Real No Yes Yes N/A Cook 1992 5,173,801

8 N P P Virtual Virtual No Yes Yes Yes Hallam 1986 4,598,981

9 P P N Real Real Yes Yes No N/A Korsch 1986 4,632,521

10 P P N Real Virtual No Yes Yes Yes*

11 P P N Virtual Real No Yes Yes N/A

12 P P N Virtual Virtual No Yes Yes No

13 N N P Real Real Yes No N/A N/A

14 N N P Real Virtual No Yes Yes Yes

15 N N P Virtual Real No Yes Yes N/A Cook 2010 7,703,932

16 N N P Virtual Virtual No Yes Yes Yes Sasian 2008 SPIE paper

17 N P N Real Real Yes No N/A N/A

18 N P N Real Virtual No Yes Yes Yes Cook 2014 8,714,760

19 N P N Virtual Real No Yes Yes N/A

20 N P N Virtual Virtual No Yes Yes No

21 P N N Real Real Yes No N/A N/A

22 P N N Real Virtual No Yes Yes No

23 P N N Virtual Real No Yes Yes N/A

24 P N N Virtual Virtual No Yes Yes No

* requires distance stop
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entrance and exit pupils.  The WALRUS (Wide Angle Large Reflective Unobscured System) 

design utilize a negative M1 allowing for a wider FOV.  This design was patented by Hallam 

[14] in 1986, but Williams [15] showed its design prior in an OSA meeting in 1978.  The designs 

by Sasian [16] are considered to be extensions of the Schwarzschild 2-mirror design, and less 

related to the WALRUS because they contain an internal image, unlike the WALRUS which 

contains an internal aperture stop.  Although the PNP design with real entrance and exit pupil 

was also patented by Korsch in 1978 [17], it is excluded here because it is on-axis in aperture 

resulting in an obscuration.  There are additional design forms resulting in alternate 

configurations of power-distribution and pupil locations by Cook [18, 19, 20, 21, 22] and by 

Korsch [23]. 

The PNP design form is the only one possible to have real entrance and exit pupils and zero 

Petzval sum.  The design forms with a single positive mirror (NNP, NPN, PNN) are not possible 

to have a relayed image.  Thus these design forms cannot have a real entrance and exit pupil.  

The other designs with 2 positive mirrors (PPN, NPP) can achieve the real pupils, but cannot 

simultaneously have zero Petzval sum.  One could also consider design forms with a relayed 

image but with a virtual entrance pupil.  

In Table 7 when the exit pupil is listed as virtual, there are actually 3 additional types 

(telecentric, hypercentric, and endocentric) [24].  The telecentric condition is another useful 

design form with the exit pupil located at infinity resulting in parallel chief rays incident on the 

image.  There are a few benefits of telecentricity: a multi-layer-dieletric (MLD) coating that is 

sensitive to angle of incidence (AOI) can be placed over the image and will have constant AOI 

for each pixel.  Also the Offner spectrometer with aperture stop on the grating, is telecentric, thus 

also requires telecentric fore-optics to avoid vignetting.  A design that is hypercentric is useful 
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for coupling to another system that has a real exit pupil.  For example the fore-optics may have a 

real exit pupil, thus the aft-optics or spectrometer must then by hypercentric for proper pupil 

matching to avoid vignetting [25]. 

For the 3-mirror design to be telecentric, the stop must be imaged to M3’s paraxial focal plane.  

When M3 is negative, the pupil must be projected beyond M3 to its virtual focus.  To achieve 

telecentric image space with a negative M3, requires a real entrance pupil and a positive M2. 

To test each design configuration in Table 7 for the possibility of zero Petzval sum or 

telecetricity, thin lens designs were made in Zemax.  Using Zemax’s design optimization is a 

more effective method to check for these conditions than to solve for it analytically.  The design 

variables shown below in Figure 29 were focal length of each lens (f1, f2, f3) and mirror spacing 

(t1, t2).  Then design constraints in the merit function were applied: focal length signs (P or N), 

zero Petzval sum, and either real or telecentric exit pupil.  If all constraints were achieved (zero 

merit function) then that configuration is possible.   

 

Figure 29.  Variables in 3-mirror design (mirrors shown as lenses) 

These configurations can also be analyzed analytically but the resulting equations cannot be 

simplified.  The equation for image and exit pupil locations (tImage, tXP) relative to M3 can be 

solved using Gaussian reduction or YNU raytracing.  The condition for real exit pupil is 𝑡𝑋𝑃 <

𝑡𝐼𝑚𝑎𝑔𝑒   & 𝑡𝑋𝑃 > 0.  The condition for telecentric exit pupil is 𝑡𝑋𝑃 = −∞.  For a design with a 
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positive M1, negative M2, and variable power M3 (PNx), graphs of image and exit pupil 

locations vs M3 focal length are shown below in Figure 30 (left) along with of the Petzval 

curvature (right).  In this example t0, t1, t2, and f1 are all 1 inch, f2 = -0.4 inch.  This shows 

there is a value for M3 focal length (0.7 inch) that results in zero Petzval sum and also has 𝑡𝑋𝑃 <

𝑡𝐼𝑚𝑎𝑔𝑒   & 𝑡𝑋𝑃 > 0 resulting in a real exit pupil.  A similar graph is shown below in Figure 31 for 

negative M1, positive M2, and variable power M3 (NPx).  In this example t1 and t2 are 1 inch, t0 

= -1.3 inch, and f1 and f2 are -1.3 inch and 3 inch respectively.  This also shows there is a value 

for M3 focal length (2 inch) that results in zero Petzval sum and also has 𝑡𝑋𝑃 < 𝑡𝐼𝑚𝑎𝑔𝑒   & 𝑡𝑋𝑃 >

0 resulting in a real exit pupil.   

  

Figure 30.  Exit pupil and image locations (left) and Petzval sum (right) vs M3 focal length 

for PNx configuration 
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Figure 31 Exit pupil and image locations (left) and Petzval sum (right) vs M3 focal length 

for NPx configuration 

Row 10 from Table 7 identifies a 3-mirror configuration with zero Petzval sum that hasn’t been 

design yet: the PPN with real EP and virtual XP.  This design form has the potential to be very 

compact and also use small aperture mirrors.  A new design of this form with 4 inch EP diameter 

and 4° FOV is shown below in Figure 32. 

 

Figure 32.  PPN 3-mirror design f/5, 4° FOV, 20 inch EFL 
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5. OPTICAL SYSTEM DESIGN 

5.1. SENSOR DESIGN PARAMETERS 

Optical system architecture involves modelling, analysis, trade studies, and selection of a set of 

electro-optical parameters to meet the requirements for a particular mission.  Top-level mission 

requirements for spatial or spectral resolution, coverage rate, and SNR can be translated to 

lower-level optical design requirements such as FOV, IFOV, f/#, transmission, and wavefront 

error.  Further mission requirements related to dynamic range and temporal resolution can be 

translated to detector requirements such as electron well depth, number of bits, and frame rate.  

Once a set of optical requirements has been derived, a design form can be selected.   

Optical design forms can be categorized by their FOV, f/#, and entrance pupil diameter (EPD).  

An optical design form can be distinguished on paper by its FOV and f/# only but without sense 

of its real size.  However a certain design form cannot simply be scaled up to EPD, keeping FOV 

and f/# constant, for 2 primary reasons: the geometric spot size also scales with size decreasing 

resolution and the larger system may result in an unreasonably large FPA.  The concept of 

optical throughput (or etendue) equates the aperture area, FOV solid angle product at the 

entrance pupil to the FPA or image area, f/# solid angle product at the image… 

𝐴𝐸𝑛𝑡𝑟𝑎𝑛𝑐𝑒 𝑝𝑢𝑝𝑖𝑙 𝛺𝐹𝑂𝑉 = 𝐴𝐼𝑚𝑎𝑔𝑒  𝛺𝑓/# 

 

Figure 33.  Etendue illustration between entrance pupil and image 

Entrance pupil Image

 𝛺𝐹𝑂𝑉  𝛺𝑓 #⁄
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This implies that one could reduce the FPA size by increasing 𝛺𝑓/# = 𝜋/(4 F2) where F = f/#.  

For a given aperture diameter, increasing 𝛺𝑓/# requires reducing the EFL.  This would increase 

IFOV for a given pixel size and there are practical limitations of about f/1 – f/3 due to 

aberrations incurred when the surface’s radius of curvature is small.  Previous authors have 

plotted optical design forms by their FOV and f/# [26].  However, for a given f/# there are many 

design forms with varying FOVs.  WFOV designs are typically associated with fast f/# because 

of the short EFL needed to fit the field onto a reasonably sized FPA.  A more distinct plot of 

design forms can be made by plotting designs forms by their FOV and EPD, as shown in Figure 

34 below.  This more clearly shows the limitations of small EPD for a system driven by WFOV 

and the limitation of narrow FOV for a system driven by large aperture.  The dashed line 

indicates an approximate fit on the log-log graph.  Design forms that are above this line are more 

challenging as they combine WFOV and moderate aperture size.  The Kepler space telescope 

appears as an outlier on this plot, well above the curve fit.  However it achieves large FOV 

aperture product with a segmented FOV: using an array of field lenses optimized for each FPA 

with small gaps between each FPA. 
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Figure 34.  Optical design forms by full FOV and entrance pupil diameter 

Recent advancements in FPA technology have allowed arrays in the 10-50 Megapixels in the 

VNIR, 2-5 Megapixels in the MWIR, and around 1 Megapixel in the LWIR.  This has enabled 

optical systems with simultaneously large FOV and small IFOV.  Combined with fast frame rate, 

these optical systems combined high spatial and temporal resolution with fast scene coverage 

rates.  However even with the latest FPA advancements, it is more often the FPA, not the optical 

design that limits both FOV and IFOV.  With development in freeform optics, optical systems 

can now be designs with combined large FOV and large aperture.  However this in-turn requires 

a physically large FPA and high data rates if the moderate spatial resolution is maintained. 

The diffraction limited angular resolution (θ) is limited by the aperture diameter (D) to be θ = 

λ/D.  This small angle can be considered as an angular resolution element.  At the image plane, 

this diffraction resolution element (also called spot size) is now d = λ f / D = F λ.  To ensure that 

the pixels do not further limit the resolution, they should sample this resolution element at 2x its 

spatial frequency.  The ratio of the spot size to the pixel size (px) is known as the Q factor.   
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𝑄 =
𝐹 𝜆

𝑝𝑥
 

For Nyquist sampling of the diffraction limited resolution, Q = 2.  There is no advantage to 

further increasing Q > 2 as this would be needless oversampling.  Practically Q  > 1.5 is usually 

adequate as can be seen in the pixel MTF curves below.  A system with Q=2 has maximum 

spatial resolution for a given aperture size but then, for a given FPA size, limits the FOV.  For a 

particular design, if FOV is more important than spatial resolution then the system can be 

designed with a smaller Q number.  Another benefit of lower Q is that also implies faster f/#, 

higher image irradiance, thus higher SNR.  For constant aperture size, decreasing the EFL, 

decreases Q, increases FOV and IFOV.  For a constant EFL, increasing the aperture size, 

decreases Q and increases SNR.  A system designed with Q=1 is often a good compromise of 

spatial resolution, FOV, and SNR.  If the system is not designed to have maximum spatial 

resolution and instead to have large IFOV and/or large FOV along with high SNR then Q can be 

very low. 

As mentioned earlier, most optical systems have either a large FOV or a large aperture, but rarely 

both.  Combining large FOV and aperture results in a large FPA.  This also results in a large data 

rate, unless the IFOV is also large (less pixels).  The required FPA size 𝑑𝐹𝑃𝐴 can be shown as a 

function of FOV, aperture diameter (D) and f/# (F)… 

𝑑𝐹𝑃𝐴 = 2 𝐹 𝐷 𝑡𝑎𝑛 (
𝐹𝑂𝑉

2
)  

= 2 (
𝑄 𝑝𝑥

𝜆
)  𝐷 𝑡𝑎𝑛 (

𝐹𝑂𝑉

2
) 
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Since Q is usually constrained for spatial resolution, we can see that the FPA size is proportional 

to the aperture, FOV product.  A system with large aperture FOV product is also challenging for 

the optical design.  As FOV increases, so does higher order aberrations and as overall size is 

scaled up, so does the geometric aberration spot size.  A third metric that makes an optical design 

challenging is the pupil offset distance along the optical axis.  An optical design may need the 

entrance pupil further out front so the fields pass thru a window or another optical system.  So a 

single composite metric that can be used to assess the difficulty of an optical design is the 

product of aperture diameter, FOV, and pupil offset. 

From the equations above, we can that if we scale down pixel size (px), EFL, and aperture this 

will decrease FPA size and hold Q, FOV, and IFOV constant.  This would be equivalent to 

simply shrinking the entire system, including the pixels.  Since f/# would stay constant, image 

irradiance would also be constant, but the smaller pixels would collect less flux (Watts).  So for a 

given integration time, the scaled down system would have a lower signal and SNR.  FPA 

manufacturers are continuously being pushed for smaller pixels because 1) this can allow for 

high spatial resolution (if not already diffraction limited) and 2) this allows for smaller optical 

systems.  However, for a given integration time, a relatively larger optical system, scaled up in 

all dimensions, with correspondingly larger pixels will have higher signal and SNR. 

For a given aperture size, if EFL and pixel size are scaled up together, there will be no change to 

Q, FOV, IFOV, or SNR.  Although the larger EFL is more challenging to keep the system as 

compact, this allows some relief for the FPA manufacturer who is constantly driving for smaller 

pixels.  Scaling up EFL and pixel size together is illustrated below in Figure 35. 
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Figure 35.  2 optical systems with equal Q-number, IFOV, and SNR (white grid represents 

pixel array) 

The current latest technology in MWIR/LWIR low noise, high frame-rate FPAs have a pixel unit 

cell size of 20 µm in a 1280x720 array [27].  These arrays have an active area composed of the 

semi-metal HgCdTe which has a variable band gap by adjusting the ratio of Cd to Hg, putting 

high responsivity in the MWIR or LWIR spectral regions [28].  With 20 µm pixels used at 9 µm 

wavelength and a Q=1.8 for max spatial resolution, this corresponds to an f/4 optical system.  

Given a limited aperture size, this also sets the design EFL.  With this modest f/#, aberrations can 

be held low over a wide FOV.  However current FPA manufacturers are pushed to further reduce 

pixel size down around 10 µm in effort to allow more compact systems [29].  This would require 

an f/2 optical system in the LWIR to maintain diffraction-limited instead of pixel-limited 

resolution.  With this fast f/# the optical design becomes challenging to maintain low aberrations 

over a wide FOV.  To support wider FOV optical systems, FPA manufactures should focus effort 
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on increasing the total number of pixels in the array (example: 2048x2048, 4096x2048 arrays), 

instead of reducing pixel size.   

The relationships governed by Q-number and FOV are summarized in Table 8 below with 

further description in bullets below the table.  Blue cells highlight an input parameter that was 

changed from the (baseline) top row.  Bold cells indicate a parameter that was calculated. 

Table 8.  Sensor system trades table 

 

Aperture 
diam. EFL 

Wave-
length 

Pixel 
pitch 

Pixels 
in row f/# Q 

FPA 
size FOV IFOV 

Relative 
SNR 

 in in um um -- -- -- mm deg urad -- 

1 1 4 9 20 1000 4 1.8 20 11 200 1.0 

2 1 2 9 20 1000 2 0.9 20 22 400 2.0 

3 1 2 9 10 1000 2 1.8 10 11 200 1.0 

4 2 4 9 20 1000 2 0.9 20 11 200 2.0 

5 0.5 2 9 10 1000 4 3.5 10 11 200 0.5 

6 0.5 2 9 20 1000 4 1.8 20 22 400 1.0 

 

1. Baseline system with Q=1.8, 11 deg FOV, and 200 urad IFOV 

2. Decreased EFL from baseline, results in better SNR, but also larger FOV and IFOV 

3. Same as (2) but also decreased pixel pitch, results in identical performance to baseline 

4. Increases aperture from baseline, results in better SNR, and no change to FOV and IFOV 

5. Scaled down all parameters from baseline, results in worse SNR, but no change to FOV and 

IFOV 

6. Same as (5) but kept baseline pixel pitch, restores SNR to baseline, but FOV and IFOV 

increased 

From Table 8, row 5 we can see that scaling down all dimensions of the sensor, including the 

pixel size, results in lower SNR.  Row 3 also points out that, scaling the EFL and pixel size in 

equal proportions results in no change to: Q, IFOV, FOV, FPA size, or SNR.   
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5.2. SCANNING OPTICAL SYSTEMS 

Satellite camera’s in polar-orbit rotate around the earth collecting images at a certain coverage 

rate.  Opposed to a starring sensor, these satellite sensors typically build up images by scanning a 

1D array to build up a 2D image.  The scanning motion is dependent on the velocity of the 

satellite.  There are two primary types of scanning satellite sensors in terms of how they scan: 

push-broom and whisk-broom.  Figure 36 below shows these two types of scanning systems 

where “track” here is the satellite velocity vector.  A push-broom system has no moving parts but 

requires a large FOV.  The scanning motion is provided simply by the satellite’s velocity over 

the earth.  On the other hand, a whisk-broom system requires a scanning mechanism, either a 

single flat mirror in front of the telescope, or the telescope itself.  Instead of rotating the entire 

sensor with FPA and electronics, typically only the telescope or fore-optics rotates, while the aft-

optics is stationary and some type of derotation or beam stabilization optics are used in between.  

The scanning motion for a whisk-broom system is perpendicular to the satellite velocity vector. 

 

Figure 36.  Diagram of push-broom (left) and whisk-broom (right) optical systems 

The FPA in scanning optical systems is used differently than starring systems.  In a scanning 

system, instead of using a 2D array of pixels, a single 1D column of pixels can be used to capture 

a 2D image.  This column of pixels captures different parts of the scene at different times as it is 
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scanned.  A scanning multi-spectral or hyper-spectral optical system can use a 2D pixel array and 

separating wavelength for each pixel column.  This can be achieved with a diffraction grating or 

with spectral filters.   

When a detector element is scanned during its integration time, this results in a loss of spatial 

resolution known as scan smear.  Scanning causes a stretching of the resolution element (pixel) 

along the scan axis.  The MTF of due to square finite pixel size (px) is… 

𝑀𝑇𝐹𝑃𝑖𝑥𝑒𝑙 = 𝑠𝑖𝑛𝑐(𝑝𝑥 · 𝜉) 

The projected scan smear onto the FPA is the product of the EFL, scan rate (�̇�) and the 

integration time (tInt).  This product is used to calculate the MTF due to scan smear… 

𝑀𝑇𝐹𝑆𝑐𝑎𝑛 𝑠𝑚𝑒𝑎𝑟 = 𝑠𝑖𝑛𝑐(𝐸𝐹𝐿 · �̇� · 𝑡𝐼𝑛𝑡 · 𝜉) 

Total system MTF is the product of component MTFs.  There are additional MTF terms due to 

diffraction, wavefront error, and scan rate error.  Figure 37 below shows only the MTF terms due 

to pixel size and scan smear. 

𝑀𝑇𝐹𝑇𝑜𝑡𝑎𝑙 = ∏𝑀𝑇𝐹𝑖
𝑖
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Figure 37.  MTF from pixel size and scan smear 

Since scan smear causes a resolution stretching only along the scan axis, this will cause square 

pixels to give rectangular resolution elements.  To restore square resolution elements in a 

scanning system, the detector elements can be rectangular to allow for square pixels after scan 

smear, as shown below in Figure 38. 

 

Figure 38.  Rectangular detector scans during integration-time for square pixel 

Although whisk-broom systems require a scanning mechanism and more complex optical system 

to stabilize the image, they also allow an optical system with smaller FOV.  The small FOV is 

rapidly swept across the earth surface to make a larger field of scan (FOS).  Comparing a whisk-

broom and push-broom system of equal coverage rates and GSD, they will also have the same 

data rate.  The pixel sample rates of a whisk-broom system is much faster because it has less 

pixels.  The push-broom system allows for slower sample rates at the cost of more requiring 

more pixels.  The sample frequency (fS) of a scanning system controls both the spatial resolution 
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and the SNR.  Maximum Integration time allowable is the sample period (1/fS) but is typically a 

smaller to allow for signal read out and pixel reset.  Although the whisk-broom sensor has faster 

sample rates, they can have equal GSD because the scan rate is also faster.  The pixel sample rate 

(fS), in Hz, for a push broom system, is simply the satellite track velocity (vTrack) divided by the 

GSD… 

𝑓𝑆 =
𝑣𝑇𝑟𝑎𝑐𝑘

𝐺𝑆𝐷
 (𝑃𝑢𝑠ℎ 𝑏𝑟𝑜𝑜𝑚) 

For a whisk-broom system the sample rate also a function of the track direction (FOVTrack).  A 

scan must make a full 360° revolution in the time it takes the satellite to move entire FOV along 

track… 

𝑓𝑆 =
𝑣𝑇𝑟𝑎𝑐𝑘

𝐺𝑆𝐷
(

360°

𝐹𝑂𝑉𝑇𝑟𝑎𝑐𝑘
) (𝑊ℎ𝑖𝑠𝑘 𝑏𝑟𝑜𝑜𝑚) 

So a whisk-broom sensor must have a sample rate that is 360°/FOVTrack faster than the equivalent 

push-broom sensor.  If the scanning motion is a raster scan, instead of full revolutions, then 360° 

is replaced by the sensor’s FOS reducing the required sample rate.  Although scanning in full 

revolutions has dead time, not viewing the scene, it is usually preferred as it allows for a constant 

scan rate without accelerations increasing longevity of the scanner mechanism.  This brief dead 

time, not viewing the scene can also be used for calibration [30]. 

In a whisk-broom system, instead of rotating the entire sensor, which would be clearly 

impractical from an electronics and cabling perspective, only the telescope (fore-optics) or a 

single flat mirror will rotate.  If the flat scanning mirror is in front (object side) of the optical 

system, this requires it to have a larger aperture than the telescope itself.  Alternatively, rotating 

the entire fore-optics assembly and keeping the aft-optics (imager) stationary requires additional 
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optics to stabilize or derotate the image.  If the scanning mirror’s rotation axis is parallel to the 

optical axis, this causes image rotation.  So the scanning motion of whisk-broom system may 

involves separating the fore-optics and aft-optics.  More general scanning systems can scan in 2 

axes, referred to as the Azimuth and Elevation.  The image rotation angle (φ) is related to the 

scan mirror rotation and orientation shown in equation and Figure 39 below [31]… 

𝜑 =  𝛼 + atan [tan(𝛼) sin(𝜃)] 

 

Figure 39.  Image rotation is a function of scan mirror orientation 

Here the mirror is nominally at 45° AOI and θ is the elevation rotation of ray2 relative to its 

nominal angle.  α is the Azimuth rotation of the scan mirror around the ray1.  From the equation 

we can see that if α = 0, then φ = 0 for any value of θ.  This implies there is no image rotation if 

the mirror rotates about an axis perpendicular to ray1 or ray2.  If θ = 0, then φ = α and the image 

rotates 1:1 with mirror Azimuth rotation. 

A general comparison between whisk and push-broom sensors is shown below in Table 9.  

Although a push-broom system requires an optical system with large FOV, large FPA, and larger 

Primary mirror than its entrance pupil, it has no moving parts, a single optical assembly, a 

stationary image and a longer integration time. 

α

θ

ray1

ray2
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Table 9.  Comparison between Whisk and Push-broom sensors 

Whisk-broom systems Push-broom systems 

Scanning mechanism No moving parts 

Small FPA Large FPA 

Small FOV Large FOV 

Short integration time Longer integration time 

Fore and Aft optics assemblies Single optical assembly 

Primary mirror same size as entrance pupil Primary mirror larger than entrance pupil 

Usually requires image derotation optics Stationary image 

 

5.3. TIME DELAY INTEGRATION 

Another method of using a 2D pixel array with a scanning system in known as TDI for Time 

Delay Integration, shown below in Figure 40.  In a TDI system, the signal from the 1st pixel row 

is added to the signal from the 2nd pixel row a sample delay time apart.  The time delay (td) 

between samples must be set to td = IFOV/ω where (ω) is the scan angular velocity in rad/s.  So 

the signal from adjacent columns adds signal only when the rows are viewing the same point on 

the scene.  The net signal from point x (Sx) is the sum of signals from each row at different 

sample times xt.  The TDI action of summing rows is nearly equivalent to having a longer 

integration time, increasing the total signal and SNR.   
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Figure 40.  Time Delay Integration (TDI) illustration, 3x3 array push-broom system.  

It is not exactly equivalent to having a longer integration time because uncorrelated read noise 

(𝑁𝑅𝑒𝑎𝑑) adds in quadrature for each TDI row.  The total read noise after 𝑁𝑇𝐷𝐼 rows is then 

𝑁𝑅𝑒𝑎𝑑√𝑁𝑇𝐷𝐼.  If the signal and SNR from a single pixel is S1 SNR1 respectively, then the SNR 

accounting for both Shot noise and read noise is… 

𝑆𝑁𝑅 =
𝑆1𝑁𝑇𝐷𝐼

√𝑆1𝑁𝑇𝐷𝐼 + 𝑁𝑅𝑒𝑎𝑑√𝑁𝑇𝐷𝐼 
 (𝑇𝐷𝐼) 

=
𝑆1

√𝑆1 + 𝑁𝑅𝑒𝑎𝑑 
√𝑁𝑇𝐷𝐼 

= 𝑆𝑁𝑅1√𝑁𝑇𝐷𝐼 

Clearly adding pixels to the array and resampling the scene 𝑁𝑇𝐷𝐼 times is going to boost SNR.  

So a more relevant comparison is if the same TDI pixel array were instead used to stare at the 

scene with 𝑁𝑇𝐷𝐼 times longer integration time.  Lets say that for the array used in a stare mode, 

each pixel has an integration time 𝑡𝐴𝑟𝑟𝑎𝑦.  In TDI mode each pixel row has a much shorter 

x1 y1 z1 x2 y2 z2 x3 y3 z3

𝑆𝑥 = 𝑆𝑥1+ 𝑆𝑥2+ 𝑆𝑥3 = ∑𝑆𝑥 

 

𝑡

𝑆𝑦 = 𝑆𝑦1 + 𝑆𝑦2 + 𝑆𝑦3 = ∑𝑆𝑦 

 

𝑡

𝑆𝑧 = 𝑆𝑧1 + 𝑆𝑧2 + 𝑆𝑧3 = ∑𝑆𝑧 
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integration time. 𝑡𝐴𝑟𝑟𝑎𝑦/𝑁𝑇𝐷𝐼 because each TDI pixel must see the same point on the scene in the 

total time 𝑡𝐴𝑟𝑟𝑎𝑦. 

It is beneficial to have a longer continuous integration time as this would only results in a single 

realization of read noise.  The SNR for a staring system accounting for both Shot and read noise 

is… 

𝑆𝑁𝑅 =
𝑆1𝑁𝑇𝐷𝐼

√𝑆1𝑁𝑇𝐷𝐼 + 𝑁𝑅𝑒𝑎𝑑 
 (𝑆𝑡𝑎𝑟𝑒) 

The ratio of SNR for stare to TDI is then… 

𝑆𝑁𝑅𝑇𝐷𝐼

𝑆𝑁𝑅𝑆𝑡𝑎𝑟𝑒
=

√𝑆1 +
𝑁𝑅𝑒𝑎𝑑

√𝑁𝑇𝐷𝐼

√𝑆1 + 𝑁𝑅𝑒𝑎𝑑

< 1 

For a staring array to cover a large area, it also must be used in a type of scanning mode, referred 

to as step-stare.  Although the TDI mode has a lower SNR than staring mode, the TDI mode 

allows for smooth continuous scanning of a scene.  This decreases complexity of the scanner 

mechanism and can increases coverage rates compared to step-stare mode. 

Since the integration time per pixel is much lower in TDI mode, this allows it to see much 

brighter scenes without saturating.  If the staring array mentioned above was just below 

saturation at integration time 𝑡𝐴𝑟𝑟𝑎𝑦, the TDI array using an integration time of 𝑡𝐴𝑟𝑟𝑎𝑦/𝑁𝑇𝐷𝐼 has 

𝑁𝑇𝐷𝐼 times lower signal, but slightly lower SNR.  So the equivalent TDI array could view a 

scene that is 𝑁𝑇𝐷𝐼 times brighter without saturation. 
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5.4. SYSTEM PERFORMANCE MODEL 

A sensor performance model is used to determine what system design parameters are required to 

achieve certain performance metrics.  This model is specific for EOIR (electro-optical infrared) 

satellite sensors in polar orbit and is used here to compare and contrast system impacts of a 

whisk-broom vs push-broom scanning systems.  It is shown that a push-broom system, with a 

larger FPA but much smaller entrance pupil diameter and no moving parts, can achieve equal 

resolution and coverage rates as a whisk-broom system. 

The model inputs top-level parameters of the: optical design, detector array, scene radiometry, 

satellite orbit, and scanning configuration.  Primary performance metrics such as: spatial 

resolution, SNR, and NEdT, and data rate are top-level requirements.  The model then be used to 

flow down top-level requirements to derived requirements for each sub-system.  The model 

parameters used for requirements flowdown are shown below in Figure 41. 

 

Figure 41.  Example sensor system requirements flow-down 

System requirements Units

Ground sample distance (GSD) m

Coverage rate 1/day

Wavelength band μm

SNR or NEdT mK

Dynamic range --

Optical requirements Units

FOV deg

IFOV μrad

Entrance pupil diameter inch

Focal length inch

Transmission %

Wavefront error waves

Distortion %

Detector requirements Units

Pixel size / pitch μm

TDI rows --

Bit depth --

Electron well --

FPA temperature K

Sample rate Hz

Integration time ms

Operational requirements Units

Orbit altitude km

Scan rate rad/s

Data rate Mb/s
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Ideally there will be few top-level requirements, giving the contractor freedom in the design.  

Below is a description of some of these requirements.  Spatial resolution can be defined as the 

projection of a pixel on the ground, called the ground sample distance (GSD).  Coverage rate 

here is the number of times per day full earth coverage is achieved.  For other sensors that take 

many days to achieve full earth coverage, coverage rate can be given in km2/hr.  These 2 

parameter alone can be used to derive sensor requirements such as FOV, IFOV, FOS, focal 

length, pixel pitch, orbit altitude, and scan rate.  Requirements on wave bands, SNR (signal to 

noise ratio), and NEdT (noise equivalent delta temperature) can be used to determine the 

sensor’s entrance pupil diameter, optical transmission, FPA temperature, and integration time.  

SNR is more commonly used for wave bands in the VNIR-SWIR whereas NEdT is usually used 

for MWIR-LWIR.  Requirements on dynamic range define the radiance difference between 

bright scenes that must not saturate the sensor and dim scenes that are still detectable with 

adequate SNR.  This is used to define the detector’s bit depth, electron well, and number of TDI 

rows (if necessary).  The model is used with a set of parameters representing a VIIRS-like 

whisk-broom sensor and an equivalent pushbroom sensor [30].  As mentioned earlier, the whisk-

broom system has much faster integration times then an equivalent push-broom sensor, due to 

scanning it’s relatively smaller number of pixels to cover the large FOS.  Figure 42 below shows 

the integration time (in ms) vs GSD for these 2 types of sensors.  For both sensors, the 

integration time is set to 30% of the sample period.  VIIRS has FOVTrack = 0.82° thus it requires 

360°/0.82° = 439x shorter integration time than a whisk-broom equivalent sensor. 
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Figure 42.  Integration time vs GSD for both sensor types (Whisk-broom FOVTrack = 0.8°) 

The short integration time of the whisk-broom system can be compensated for by increasing the 

aperture size or GSD.  VIIRS has about a 7.5 inch diameter aperture, along with its relatively 

large GSD of 370 m results in adequate SNR and NEdT.  However a much smaller entrance 

pupil diameter could be used on a push-broom system to achieve the same sensitivity.  The 

signal (S) on a pixel in photo-electrons is proportional to the product of the sensors aperture area, 

integration-time, and IFOV.  Here L is the scene radiance is W/(m2 sr) already integrated over 

some spectral band, D is aperture diameter, TOptics and TAtm is the optics and atmosphere 

transmission, QE is the detector quantum efficiency, h is Planck’s constant and c is the speed of 

light… 

𝑆 =
𝜋

4
𝐿 𝐷2 𝐼𝐹𝑂𝑉2 𝑡𝑖𝑛𝑡𝑇𝑜𝑝𝑡𝑖𝑐𝑠𝑇𝐴𝑡𝑚𝑄𝐸 (

𝜆

ℎ𝑐
) 

When the signal is high the noise is dominated by Shot noise which goes as the square root of the 

number of photo-electrons.  Thus the SNR is… 

𝑆𝑁𝑅 =
𝑆

√𝑆
= √𝑆 

0.001

0.01

0.1

1

10

100

0 50 100 150 200 250 300 350 400

Integration 
time (ms)

GSD (m)

Push-broom

Whisk-broom



83 

 

The NEdT is a function of the SNR, radiance L and the derivative (dL/dT) taken at some value 

of T… 

𝑁𝐸𝑑𝑇 =
𝐿

𝑆𝑁𝑅
(
𝑑𝐿

𝑑𝑇
)
−1

 

The SNR and NEdT is proportional to the square root of aperture, integration-time, IFOV 

product.  So for equal sensitivity the longer integration time of the push-broom system allows it 

to have √360° 𝐹𝑂𝑉𝑇𝑟𝑎𝑐𝑘⁄ = 21 times smaller aperture diameter.  This indicates push-broom 

system with an only 0.4 inch entrance pupil diameter (EPD) would have equal SNR and NEdT to 

VIIRS.  This is illustrated below in Figure 43.  Further details of this sensor model are in  

 

Figure 43.  NEdT vs EPD for both sensor types 

The input and output parameters of the sensor model are summarize below in Table 10.  The first 

2 columns compare a (whisk-broom) VIIRS representative system to an equivalent push-broom 

system (called Push-broom VIIRS).  The waveband selects is equivalent to VIIRS M14 band 8.3-

8.7 μm.  However, unlike band M14, the spatial resolution is equivalent to a VIIRS imaging 

band (ex: I4, I5).  The entrance pupil diameter (EPD) on the Push-broom VIIRS has been 

adjusted to give equal SNR and NEdT to the whisk-broom VIIRS.   
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The 3rd column titled “Proposed design A” is based on a completed 120° FOV sensor with 0.87 

inch EPD shown in section 8.  This design would far exceed the SNR and NEdT of the systems 

shown in the first 2 columns, however this design has zero distortion, thus would not have 

constant GSD on the curved earth’s surface.   

The 4th column titled “Proposed design B” is based on a completed 70° FOV sensor with 1 inch 

EPD shown in section 10.  This design has the positive distortion necessary to counter the earth’s 

curvature producing constant GSD throughout the FOV.  It also has improved SNR and NEdT 

over VIIRS.  However, because the FOV is only 70 deg, it only achieves 42% earth coverage per 

day and takes about 2.4 days to for full earth coverage.  With 70 deg FOV daily full earth 

coverage can be achieved at 2300 km altitude orbit or full coverage every 2 days at 1000 km 

altitude.  Higher altitude would also increase the GSD for these given sensor parameters, but the 

IFOV could be adjusted to achieve a certain resolution.  This altitude is within the Van Allen 

radiation belts so spacecraft hardening would be necessary [32].  The equations for coverage rate 

are shown in Appendix A. 
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Table 10.  Sensor system model parameters 

 

VIIRS

Push-broom 

VIIRS

Proposed 

design A

Proposed 

design B

Sensor parameters

Sensor type -- Whisk-broom Push-broom Push-broom Push-broom

Orbit altitude km 828 828 828 828

Full FOV deg 110 110 110 70

Entrace pupil diameter inch 7.5 0.4 0.87 1

f/# -- 6 3 3 3

GSD m 370 370 250 220

Swath width on curved earth km 2837 2837 2837 1201

EFL inch 45.0 1.2 2.6 3.0

IFOV urad 447 447 302 266

Pixel pitch um 511 14 20 20

Wavelength um 8.50 8.50 8.50 8.50

Q -- 0.1 1.9 1.3 1.3

Transmission, sensor -- 0.7 0.7 0.7 0.7

Transmission, atmosphere -- 0.8 0.8 0.8 0.8

Orbit parameters

Orbital period s 6088 6088 6088 6088

Satellite angular velocity mrad/s 1.032 1.032 1.032 1.032

Earth surface velocity at equator km/s 0.464 0.464 0.464 0.464

Track velocity km/s 6.583 6.583 6.583 6.583

Distance between swath centers (nadir to nadir) km 2824 2824 2824 2824

Swath overlap between orbits km 13 13 13 -1623

Swaths per day -- 14 14 14 14

% earth daytime coverage per day -- 100.5% 100.5% 100.5% 42.5%

Number of days required for full earth coverage -- 1.0 1.0 1.0 2.4

Distortion parameters

GSD at edge of scan (if constant EFL = y/tan(θ) ) m 667 667 450 245

Distortion required for constant GSD (EFL = y/tan(θ)) % 80% 80% 80% 11%

Radiometry parameters

Radiance 290K blackbody integrated 8.3-8.7 um W/(m^2 sr) 2.4 2.4 2.4 2.4

Earth emissivity -- 0.8 0.8 0.8 0.8

Detector parameters

Bits -- 12 12 12 12

readout fraction of integration time -- 0.700 0.700 0.700 0.700

QE -- 0.60 0.60 0.60 0.60

Bands or TDI rows (used for data rate) -- 1 1 1 1

Push-broom system parameters

Number of pixels per row* -- N/A 4296 6359 4598

Total FPA width (all FPAs) if push-broom inch N/A 3.4 7.5 4.2

FOV along track deg 0.8 N/A N/A N/A

Number of pixels per column -- 32 N/A N/A N/A

Track overlap fraction -- 0.01 N/A N/A N/A

Scanner rotational period (360 = full revolution) deg 360 N/A N/A N/A

Scan velocity on ground km/s 2861 N/A N/A N/A

Scan rate rad/s 3.455 N/A N/A N/A

sample rate hz 7733 18 26 30

integration time ms 0.039 16.9 11.4 10.0

Data rate Mb/s 0.9 0.9 2.0 1.7

Energy per pixel per int time Joules 2.37E-13 3.7E-13 5.4E-13 4.8E-13

Photons per pixel per int time -- 1.0E+07 1.6E+07 2.3E+07 2.1E+07

SNR from shot noise -- 2468 3068 3706 3517

NEdT mK 16 13 10 11

Whisk-broom system parameters

Signal parameters
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6. OPTICAL ORTHORECIFICATION 

Image orthorectification is the process of correcting an image for the object’s topology, the 

cameras distortion, and/or the tilt angle between the camera and the object.  Orthorectification is 

typically performed in image processing, similar to distortion correction.  When there is 

significant distortion the image can be rectified for aesthetics and to measure distances, but 

cannot recover the loss in spatial resolution due to GSD growth.  Ideally the orthorectification 

process can be achieved optically as the image is formed then spatial resolution can be preserved. 

Imaging the earth from above, from either aircraft or satellite sensors/camera, can result in image 

distortion.  This is not due to optical effects inside the sensor, but instead is due to the orientation 

of the object/surface relative to the sensor.  There are two distinct causes of image distortion 

when viewing the earth from above: 1) distortion when looking away from nadir as this creates a 

tilted image even if the earth was flat, and 2) distortion from the curvature of the earth (if you 

believe the earth isn’t flat).  These two distortions can also combine.  The optical conditions that 

create these image distortions are shown below in Figure 44. 
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Figure 44.  (from top) standard imaging, tilted camera (Scheimpflug condition), curved 

object, tilted camera and curved object 

Ideally, to create an image with no distortion, the object is flat and oriented normal to the line of 

sight (LOS) of the sensor.  However if the object is tilted relative to the LOS, then the image is 

tilted relative to the lens shown as dashed lines (--) in center of Figure 44.  This is known as the 

Scheimpflug principle.  The dashed lines also illustrate how the image tilt angle may be 

determined from the object tilt angle by drawing 3 lines that all intersect: the tilted object, a line 

going thru the center of the lens, parallel to the lens, and the tilted image.  Since the FPA is 

parallel to the lens there will be a tilt error in one axis of the image.  This is known as keystone 

distortion and is caused here by conditions external to the optics.  Keystone distortion can also 

occur internal to the optics as a type bilateral symmetric aberration (W21110). 
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Depending on the camera’s hyperfocal distance, the tilted object may cause portions of the object 

to be out of focus.  If the object is beyond the hyperfocal distance, the entire tilted object will 

remain in focus, but will be have keystone distortion.  For a diffraction limited optical system, 

the hyperfocal distance is equal to D2/λ, where D is the aperture diameter.  So for a satellite 

camera in polar-orbit, imaging in the VIS (0.5-1 μm) the earth is past the hyperfocal distance and 

always be in focus for any aperture less than 28 inches diameter. 

The bottom two graphics of Figure 44 illustrates the distortions caused by curved earth.  For a 

perfect lens with no internal distortion, the convex earth’s surface creates negative or barrel 

image distortion.  This can be attributes to the increasing projection of ground sample distance 

(GSD) as FOV increases.  If the earth surface has a grid of lines, the grid appears denser with 

field.  To counter this negative external distortion, the optical system can be designed with equal 

and opposite (positive) distortion.   

So for satellite sensors viewing the curved-earth, a certain amount of distortion can be beneficial 

in maintaining a constant GSD.  The GSD is the projection of a pixel onto the ground.  A flat 

FPA, with constant pixel pitch, maintains constant GSD onto a flat scene.  But if the scene is 

curved, as is the earth, then the GSD increases with field angle, reducing spatial resolution.  

Example orbits (polar-orbit and geostationary-orbit) are shown below in Figure 45.  These 

sketches are to-scale in terms of orbit altitude, earth radius, and FOV.  The example polar orbit is 

830 km altitude and ±55° FOV, while the GEO-orbit is 35,000 km altitude and ±17° FOV. 
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Figure 45.  FOV projected onto curved earth, polar-orbit (to scale) 

 

Figure 46.  FOV projected onto curved earth, GEO-orbit (to scale) 

As mentioned earlier, a push-broom optical system can be designed with positive distortion to 

counter the earth’s curved surface.  Also a 2D TDI pixel array can be used in this system to 

increase SNR and dynamic range or to provide multi-spectral images.  However if the positive 

distortion designed into the optical system is not exactly matched to the negative distortion from 

the earths curved surface, there will be a pixel misregestration or blurring among TDI rows.  This 

error is equivalent to having any amount of radial primary distortion when TDI imaging a flat 

scene.  For a flat scene, the distortion in the cross-track axis must be constant with field in the 

track axis.  If instead the distortion varied radially from field center as in primary distortion then, 

then the cross-track field points would not overlap along a TDI row, resulting in misregistration 

or blurring.  A similar error occurs if the time delay or scan rate is not correct and is known as 
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band to band misegistration in multispectral systems.  Keystone distortion along the track axis in 

push broom systems (scan axis for whisk-broom systems) also produces this TDI error.  Smile 

distortion generally does not produces a TDI error since all pixels will still have the same cross-

track coordinate. 

 

Figure 47.  TDI misregistration from primary distortion imaging a flat scene 

The method of introducing positive internal distortion to balance the distortion from the curved 

earth can only be applied to a push-broom type imaging system.  This is because, in a push-

broom system, the required distortion vs field is constant for a given orbit.  On the other hand, in 

whisk-broom system, the sensor LOS is scanned or swept, so the relative tilt of the earth surface, 

and resulting keystone distortion changes with field.  To counter the keystone distortion in a 

whisk-broom system would require rapidly changing the internal distortion inside the optical 

system.  This could be done for a whisk-broom system, perhaps with a tilting mechanism on the 

FPA.   

6.1. DISTORTION TO COUNTER CURVED EARTH 

As mentioned earlier, a push-broom type imaging system can be designed to counter the barrel 

distortion of the curved earth’s surface.  The GSD for a given sensor altitude, IFOV, and field 

Track

TDI pixel 

misregistration
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angle can be calculated using the geometry shown in Figure 49.  Here (h) is the sensor altitude, 

(R) is the radius of the earth and (θ) is the sensor field angle.   

   

Figure 48.  Geometry to calculate the projected distortion of earth’s surface 

In Figure 48, the goal is to write an equation that gives the arc length (s) in terms of sensor field 

angle (θ).  This can then be differentiated to obtain the changing GSD with field for a given pixel 

size.  We start by using the law of sines to write an equation for (α) the angle between the sensor 

and the center of the earth, as viewed from a point on the earth… 

α =  π − asin [(
𝑅 + ℎ

𝑅
)  sin (𝜃)] 

Then setting the sum of the 3 angles of the triangle to π allow us to solve for (φ), the angle 

between the sensor and a point on the earth as seen from the center of the earth… 

𝜑 =  π − α −  θ 

                                       = −θ +  asin [(
𝑅 + ℎ

𝑅
)  sin (𝜃)] 

Now we can write the arc length (s)… 

h

s

α

Φ

R

θ

Sensor

h’
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𝑠 = 𝑅 𝜑 

= 𝑅 [−θ +  asin [(
𝑅 + ℎ

𝑅
)  sin (𝜃)]] 

Taking the derivative of the arc length with respect to (θ)… 

𝑑𝑠

𝑑𝜃
= 𝑅

[
 
 
 

(ℎ + 𝑅) cos (𝜃)

𝑅√1 −
(ℎ + 𝑅)2𝑠𝑖𝑛2(𝜃)

𝑅2

− 1

]
 
 
 

 

Finally we can write the GSD in terms of the derivative above and the IFOV… 

𝐺𝑆𝐷 = (
𝑑𝑠

𝑑𝜃
) 𝐼𝐹𝑂𝑉 

Note that the IFOV itself can vary due to internal distortion of the optical system.  If the system 

has constant focal length (f) where f = x/tan(θ), then IFOV increases as cos2(θ).  A sensor with 

constant focal length under this definition and with an on-axis IFOV0 would have a GSD that 

further decreases with field according to… 

𝐺𝑆𝐷 = (
𝑑𝑠

𝑑𝜃
) 𝐼𝐹𝑂𝑉0 𝑐𝑜𝑠

2(𝜃) 

Instead if the sensor had constant focal length defined is f = dx/dθ indicating zero distortion has 

constant IFOV, we would drop the cos2(θ) factor. 

We can then calculate the ideal % distortion (DIdeal) of an optical system to counter this external 

distortion.  The required distortion is calculated as the ratio of GSD at nadir (GSD0) to that of the 

GSD vs field.  For example, if the GSD on the curved earth is twice as large as would be on a flat 

earth, this would ideally require an optical system with +100% distortion at that field angle.   
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𝐷𝐼𝑑𝑒𝑎𝑙 =
𝐺𝑆𝐷(𝜃) − 𝐺𝑆𝐷0

𝐺𝑆𝐷0
 

The ideal distortion vs field angle for both Polar-orbit and Geo-orbit is shown below in Figure 

49.  We can see that the ideal distortion grows asymptotically when the field angle line of sight 

(LOS) approaches the tangent of the earth surface.  The ideal distortion grows much faster for a 

sensor in Geo-orbit because the entire earth is only about 16° in diameter.  From polar-orbit, the 

earth is over 120° in diameter. 

    

Figure 49.  Ideal distortion for constant GSD for polar-orbit and GEO-orbit (left) and 

geometry (right) 

This indicates that a sensor in polar-orbit with a full field of view of 60° has an ideal distortion of 

+7% to counter the external distortion of the earth’s surface.  This number increases rapidly with 

FOV as a sensor with 110° FOV has an ideal distortion of +80%.  Note these distortion numbers 

are based on the focal length definition of f = x/tan(θ).  If instead we used the definition f = 

dx/dθ, indicating zero distortion has constant IFOV, then the ideal distortion would be much 

higher.   
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6.2. KEYSTONE DISTORTION AND PIXEL AGGREGATION IN WHISKBROOM 

OPTICAL SYSTEMS 

When the object is tilted relative to the optic’s line of sight (LOS) this causes keystone 

distortion.  If the object is curved, this further stretches the keystone distortion.  For a whisk-

broom optical system, the distortion along each axis is different because the LOS is tilted in only 

one axis (scan axis).  This also applies to any sensor that has a permanent LOS tilt relative to 

nadir.  For example the Corona reconnaissance satellite system had a pair of whisk-broom 

panoramic cameras to also measure topology: one looking forward +15° from nadir and one 

looking backwards -15° from nadir [33].  This creates a combined keystone and barrel distortion.   

In the scan axis, the earth curves away from the camera stretching out the GSD similar to as 

described above for the push-broom system.  The difference is that the in the whisk-broom 

system, since the LOS is scanned, the IFOV is constant with FOV.  This results in no cos2(θ) 

fall-off of the GSD.   

𝐺𝑆𝐷𝑆𝑐𝑎𝑛 = (
𝑑𝑠

𝑑𝜃
) 𝐼𝐹𝑂𝑉0 

where (ds/dθ) is the same as derived above.  However in the track axis, keystone distortion 

dominates, and can be calculated based on the varying distance between the satellite and ground 

along the LOS (h’) shown above in Figure 48.  The varying distance h’ can be derived using the 

law of cosines… 

ℎ′ = √(ℎ + 𝑅)2 + 𝑅2 − 2 (ℎ + 𝑅) 𝑅 cos (𝜑) 

Then the track GSD is simply the product of h’ and the IFOV… 

𝐺𝑆𝐷𝑇𝑟𝑎𝑐𝑘 = ℎ′ ∙ 𝐼𝐹𝑂𝑉0 
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So unlike the push-broom system that has distortion symmetry about nadir, the whisk-broom 

system has asymmetric distortion due to scanning in one axis. 

 

Figure 50.  Distortion in track and scan axis for whisk-broom system in polar-orbit 

This is actually not favorable because the GSD grows too large near the end of scan (EOS) 

causing a loss in spatial resolution.  To mitigate this GSD growth, some systems combine pixels 

near nadir, then un-combine the pixels near EOS.  This is known as pixel aggregation.   

The keystone distortion in a whisk-broom system results in a loss of spatial resolution further 

away from nadir (increasing scan angle).  This loss of spatial resolution for larger scan angles 

can be partially correct using the concept of pixel aggregation.  Pixel aggregation or binning is 

when pixels are combined to produce a larger composite pixel.  By aggregating many pixel-

samples at nadir and reducing the aggregated pixels as scan angle grows down to a single pixel at 

edge of scan, the GSD can be made more uniform with field.  Pixel aggregation is a general loss 

of information near nadir, but is often necessary to reduce data rate downlink from the satellite 

still allowing constant spatial resolution.  Figure 51 below is the pixel aggregation scheme used 
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by the Raytheon VIIRS satellite sensor (3 pixels aggregated from nadir to 32°, 2 pixels 

aggregated from 32° to 45°, no aggregation from 45° to end of scan) [34]. 

    

Figure 51.  Pixel aggregation in scan axis to maintain more uniform GSD with field for a 

whisk-broom system in polar-orbit 

6.3. OPTICAL DESIGN WITH BENEFICAL DISTORTION 

Wide field optical systems have been designed with beneficial distortion by L. Cook of 

Raytheon.  One design is a 4 mirror imager, rear-stop, ±30°, f/3.3, 3.3 inch entrance pupil system 

while maintaining positive distortion in a push-broom system to counter the earth’s convex 

surface [35].  This results in an approx. 10.8 inch EFL and 12.6 inch long image.  Another design 

is a 5 mirror, real entrance and exit pupil, with anamorphic EFL for a push-broom system with 

constant forward or side-look tilt relative to nadir[36].  The EFL in one axis is twice as long as 

the other axis.  In some sense we can also view this as distortion as one axis may be distorted 

relative to the other, although it does not change with field here.  Both these designs induce 

distortion into the optical system in attempt to maintain constant GSD. 
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Both these designs use off-axis, aspheric, axially symmetric mirrors (not freeform).  Applying 

freeform mirrors to these types of designs allows greater distortion control over a wider field 

while also maintaining the same image quality and f/#.   

For a given design, the magnitude of distortion can vary depending on the definition of EFL.  In 

these patent designs, the local EFL definition is used (EFL = ∆x/∆θ) resulting in higher reported 

distortion compared to the rectilinear EFL = x/tan(θ). 

Figure 49 implies that a sensor in polar-orbit with a full field of view of 70° has an ideal 

distortion of +13%, using the rectilinear EFL = x/tan(θ) definition, to counter the external 

negative distortion of the earth’s convex surface.  This is achieved in the following design in 

section 10. 
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7. FREEFORM OPTICS 

7.1. FREEFORM OPTICS OVERVIEW 

Traditional optics, including conics and higher order aspheres, have an axis of symmetry.  That 

axis may be tilted or decentered in an off-axis system.  A freeform optical surface is defined as 

having no axis of symmetry.  Unlike an axial symmetric surface that is only a function of one 

variable (r) a freeform surface requires at least two variables.  Two common types of freeform 

surfaces are: 1) Zernike polynomials which use the polar coordinates r and φ and 2) XY 

polynomials which use the Cartesian coordinates x and y.  Zernike polynomials are commonly 

used to describe wavefront shapes at the exit pupil, but are now also used to describe freeform 

surface shapes.  Zernike polynomials are a complete set in that, given enough terms, it can 

describe any arbitrarily complex, continuous surface.  The same applies to XY polynomials 

which implies that either freeform type can be used to describe the same surface.  However one 

type of freeform can be more efficient and require less terms to describe a particular surface.  For 

example, if the desired optical surface has mostly cylindrical symmetry (toroidal), then the XY 

polynomial would be more efficient, requiring less terms to accurately define the surface. 

There are a few reasons why freeform optics have not been traditionally used until the past 

decade or so.  Firstly traditional optical systems are axially symmetric.  Photography lenses, 

telescope lenses, and telescope mirrors traditionally have an axis of symmetry (resulting in an 

obscuration for mirror systems).  So using a freeform optic with these systems would break the 

beneficial symmetry.  Changing the shape to benefit the X-axis field can instead be to radially 

axis (r).  Freeform mirror instead benefit systems that are off-axis that already have an inherent 

asymmetry [37].  Off-axis systems have aberrations that are different functions of the X and Y 
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axes, even when using axially symmetric optics, due to the tilt and/or decenter of the optics along 

one axis. 

 

Figure 52.  Exaggerated freeform mirror,  

The second reason why freeform optics hasn’t been developed until recently is the difficulty in 

manufacturing.  Customary optic fabrication machines cut and polish the surface by spinning it 

about an axis.  Freeform optics fabrication requires high-tech machines with additional degrees 

of freedom during the cutting process.  Figure 53 below shows the parameters used during 

freeform mirror fabrication.  The machine holding the mirror to rotate the optic about the Z-axis 

(C-angle rotation), the cutting tool will move along Z, and the part is adjusted along X [38].  For 

slow-tool-servo (STS), used to fabricate rotationally symmetric mirrors, the Z-axis of the tool is 

held constant during rotation of the mirror’s C-angle.  In fast-tool-servo (FTS), which is used to 

fabricate freeform mirrors, the Z-axis of the tool is a function of the C-angle.  The B-angle of the 

tool can be used to orient the tool parallel to the mirror’s local surface normal. 
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Figure 53.  Freeform mirror fabrication, dynamic parameters 

7.2. FREEFORM MIRROR BENEFITS 

A single concave spherical mirror with a FOV will produce all primary aberrations.  Adding a 

conic term can eliminate one aberration (sphereical aberration).  Adding aspheric polynomial 

terms can reduce, but not eliminate, other aberrations.  Adding a freeform Zernike polynomial 

terms can simply further reduce aberrations beyond what the asphere mirror could achieve.  This 

is illustrated in the example below where an off-axis (decentered) concave mirror, shown below 

in Figure 54, was optimized to reduce both wavefront error and distortion for the 4 surface types: 

Zernike, Asphere, Conic, and Spherical.  The asphere mirror has up to 12th order even 

polynomial terms variable.  The Zernike mirror has terms up to z19 (trefoil2) and includes all 

variable terms from the asphere and conic mirrors.  The mirror has a 100 mm EFL with 25 mm 

diameter stop that is 100 mm in front of the mirror, making it telecentric, and is decentered by 20 

mm.  The 1D FOV is in the x-axis, out of the symmetry plane. 
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Figure 54.  Simple off-axis f/4 concave mirror used to examine benefits of freeform shape 

Distortion and RMS wavefront error are minimized in the optimization for each mirror type.  

This optimization was also repeated over different FOVs: 2°, 6°, and 12°.  Results of the FOV-

average wavefront error and distortion for the 4 surface types and 3 FOVs are shown below in 

Figure 55 below shows that as the FOV grows, the Zernike mirror maintains lower WFE and 

distortion than the other mirror types.  But for the for the small 2° FOV, the WFE is dominated 

by spherical aberration and which 3 of 4 mirrors (all except the spherical mirror) can correct.  

The spherical mirror in this configuration has only slight increase in WFE in going to the larger 

FOV because the stop near, or halfway to, the natural stop position, where field-dependent 

astigmatism and coma are minimized [39].  For this design, the natural stop position is at the 

center of curvature of the mirror, 200 mm in front of the mirror.  Figure 56 below shows that 

distortion is slightly reduced using the Zernike mirror for widest 12° FOV, but has generally the 

same distortion for smaller FOV. 
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Figure 55.  FOV-average wavefront error for the 4 surface types and 3 FOVs 

 

Figure 56.  FOV-average distortion for the 4 surface types and 3 FOVs 
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8. 120° FOV 4-MIRROR DESIGN 

8.1. DESIGN OVERVIEW 

Adding a fourth mirror to a TMA allows additional variables which can be applied to further 

constraints and performance improvements.  Another benefit of having an even number of 

mirrors is that the output ray can be roughly parallel and in the same direction to the input ray.  

This allows the subsequent optics or FPA to be located on the opposite side from the entrance 

aperture.  A 4-mirror design can be referred to simply as a four mirror anastigmatic (FMA), 

although the term FMA may indicate a particular design that includes both a real entrance and 

exit pupil.  Wide FOV designs with a negative M1 and virtual entrance pupil (featured below), 

can also be referred to generally as WALRUS type designs.  In the TMA design forms shown 

previously, we saw in all forms that each mirror has negative or positive power.  But in an FMA, 

usually there is one mirror that is nearly flat as either M2 or M3.  In essence an FMA is a TMA 

with an added corrector plate.  This conceptual relationship between a TMA and FMA also 

enables the straightforward design of an FMA from a base TMA.  A fold mirror is added to the 

TMA, then aspheric variables are added to the new flat mirror and the system is reoptimized.  

Prior to optimization, the design constraints may be adjusted as we expect improved 

performance. 

A freeform FMA was design with a FOV of 120° x 4°, with a 0.86 inch entrance pupil diameter 

and nearly zero distortion.  This design was based on a previous innovative patent by Lacy Cook 

at Raytheon [40].  The patent design utilized rotationally symmetric mirrors so changing the 

mirrors to freeform allowed for many improvements such as: FOV, entrance pupil, image 

quality, and distortion control.  As mentioned previously, bilaterally symmetric mirror systems 
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generally allow greater FOV in the in the symmetric axis, leading to the rectangular FOV.  

Figure 57 below shows the FMA top view with full 120x4° FOV (left) and just on axis (0°,0°) 

field (right).  The FMA in the left figure has clear aperture trimmed to only capture rays whereas 

the right figure shows untrimmed apertures.  Showing the untrimmed apertures is useful to see 

the parent axes and relative tilt and decenter of each mirror.  Figure 58 below shows the side 

view where we can see the large 120° FOV.  In this view we can see aperture stop between M4 

and the image and also shows the aspheric shape of each mirror.   

 

Figure 57.  4-mirror design f/3, 2.6 inch EFL, 120° x 4° FOV, 0% distortion (top view).   
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Figure 58.  4-mirror design f/3, 2.6 inch EFL, 120° x 4° FOV, 0% distortion (side view) 

This WFOV design could have great utility as a push-broom, TDI-sensor system from satellite 

polar orbit or from aircraft/UAV.  This FMA design could also be used as the fore-optics to a 

hyperspectral system, although that wouldn’t utilize the full 4° in-plane FOV since that would be 

limited by the spectrometer slit.  This could also be used as an infrared-search and track (IRST) 

system staring at the entire colatitude sky volume. 

As FOV increases it becomes challenging to maintain zero or positive distortion.  Most fish-eye 

lenses have significant negative distortion which effectively reduces the image size for a given 

FOV.  This 120° x 4° reflective design maintains near-zero distortion (< 1 %) from the f tan(θ) 

condition.  Similar to fish-eye lenses, the first optic has negative power and is much larger than 

the entrance pupil.  The design parameters are shown below in Table 11. 

M1
M2

M3
M4

Image

z

x

20 in

Stop



106 

 

Table 11.  WFOV FMA design parameters 

FOV (full) 120 x 4 deg 

EPD 0.87 inch 

f/# 3 

FPA size 9 x 0.2 inch 

Mirror powers  N, 0, N, P 

Wavefront field avg (RMS @ 1um) 0.07 waves 

Primary mirror height 42 inch 

Secondary mirror height 24 inch 

Pupil mag (XP/EP) 2.6 

Pupil circularity, on-axis 99.8% 

Smile angle, output 0.6 deg 

Max distortion 0.3% 

Max Zernike term used 26 

Filename FMA 120x4deg f2.5 v2 (0.85in EPD).zmx 

 

The design focal length and aperture are typically selected based on system design parameters as 

discussed in section _.  This system was designed to be f/3 and the entrance pupil was made as 

large as possible to still maintain image quality thru the WFOV.  There is real exit pupil which is 

also the aperture stop of the system.  As mentioned previously, the real exit pupil allows a cold 

stop, essential for any MWIR or LWIR system.  The resulting EPD is 0.86 inch which would 

result in 226 μrad IFOV for a LWIR system with Q=1.8 with 15 μm pixels.   

Each mirror in this design is a freeform, as they do not contain an axis of symmetry.  

Furthermore each mirror is tilted and decentered from their relative parent axes.  This allows 

additional design freedom/variables to achieve the WFOV and near-zero distortion.  The 

freeform shapes and the mirror tilt and decenters allowed in the design are limited to maintain 

bilateral symmetry.   

Since this design has the aperture stop on the exit pupil and no there is no other pupil, a typical 

forward raytrace can be challenging for any optical software.  This is because the chief ray from 
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each field must go thru the center of this stop and requires a raytrace just to find the starting ray 

angle and height.  During design, this considerably slows down the optimization and at times 

may even be unable to trace rays thru the system as the surface shapes become complex.  So a 

solution for rear-stopped designs is to layout the design in reverse to so the rays trace from the 

image directly to the stop, then thru the optics to object space.   

A system with WFOV and an exit pupil has large chief ray angles incident in image space.  The 

wider the range of angles incident on a mirror, the more challenging it is to control aberrations.  

Pupil magnification is the ratio between the exit pupil diameter (XPD) to the entrance pupil 

diameter (EPD).  The optical invariant or etendue (Ж) tells us that the product of the chief ray 

angle and chief ray height is constant at pupil locations.  So we can reduce the chief ray angles if 

we increase their height at a pupil (increase pupil diameter).  Thus increasing the size of the XPD 

(higher pupil magnification) effectively decreases the FOV in image space.  Figure 57 shows the 

EPD and XPD with resulting pupil magnification of about 2.5x.  So the object space FOV of 

±60° is reduced to ±23.4° in image space. 

Another consequence of this very WFOV is the large FPA.  This 120° FOV design has an EFL 

of about 2.6 inch resulting in an FPA size of about [2 · 2.6 inch · tan(60°) = 9 inch] which is 

about 10x larger than the EPD.  For a given FOV, the only way to reduce the ratio of FPA size to 

EPD is with faster f/#.  The ratio of FPA size to EPD is equal to [2 · f/# · tan(θ)] where θ is the 

half FOV.  This f/3 design is already fast for MWIR and LWIR systems.  The FPA size could be 

reduced by simply reducing the overall size of the system, but this would reduce spatial 

resolution if pixel size is constant (IFOV increase).  However this design was pushed to the 

maximum entrance pupil diameter possible to also maintain image quality and distortion control.  

Reducing the overall size so the system to fit a smaller FPA is basic and there is no cost to image 
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quality or distortion.  But for a system that must maintain WFOV and low IFOV, the current 

design is needed.  A single FPA that is 9 inches long is certainly unreasonable, so instead 

multiple TDI FPAs are stacked together.  Since the pixels cannot go all the way to the physical 

edge of the FPA and to avoid gaps, the FPAs are placed in a checkerboard pattern with slight 

overlap as shown below in Figure 59. 

 

Figure 59.  Example checkerboard FPA layout with slight overlap 

The mirror powers of this system, starting from M1, are N, 0, N, P.  M2 has very little curvature 

and is mostly a corrector plate.  The petzval sum is very small at about 0.01/inch giving an image 

radius of curvature of about 100 inches.  As with most WFOV designs, M1 is strongly negative 

and is balanced by the strong positive power of M4.  Other methods exist to correct field 

curvature as described by Wang [1] such as higher order field curvature, balancing with 

astigmatism, and oblique spherical aberration.  Although in this design, since we have 4 mirrors, 

field curvature is corrected classically by minimizing the Petzval sum. 
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8.2. OPTICAL PERFORMANCE 

Image quality is diffraction limited at 1 μm wavelength through the 120x4° FOV.  The 

wavelength 1 μm is reference wavelength to use for wavefront, although the all-reflective design 

can be used at any wavelength.  Figure 60 below shows the spot diagrams (left) for X field 

angles (0, 11, 21, 30, 38, 44, 49, 53, 57, 60°) and Y field angle (-2, 2°).  A black circle around 

each spot indicates diffraction limited performance (80% Strehl ratio or 0.072 waves RMS).  

Since this design is reverse raytraced from the image to afocal object space, the spot sizes are in 

angular unit (radians) in object space.  On the right is the RMS wavefront error at 1 μm vs X 

field from 0-60°.  The black line indicates diffraction limited performance.   

 

Figure 60.  Spot diagrams for 120° FOV design (box size 0.5 mrad, black circle is 

diffraction limit at 1 μm) 
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Figure 61.  RMS wavefront vs X-field (image height, inches), black line is diffraction limit 

@1μm 

This design maintains neat zero distortion throughout the WFOV.  Most WFOV designs tend 

toward negative distortion (barrel distortion) because that relaxes/reduces the image size and 

chief ray angles in image space.  This is apparent in most Fish-eye lenses.  Lower (or negative) 

distortion reduces FOV or range or ray angles seen by the last optic.  This also be achieved with 

high pupil magnification.  In order to maintain constant spatial resolution throughout the FOV, 

distortion (from the x = f tan(θ) condition) must be held to zero.  Note this is actually 

tan(60°)/60° = 65% from the  x = f θ condition.  In this design, distortion was constrained at 

certain field points, thus has some residual variation of about ± 0.3 % over the 60° half field, as 

can be seen below in Figure 62. 
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Figure 62.  Local EFL and distortion vs X-field 

Since this design was originally based on patent US8023183, the two are compared below in 

Table 12 in terms of design parameters and performance.  The FMA design for this dissertation 

has a number of improvements: the FOV in the asymmetric axis was increased by 4x, the overall 

size was scaled up from cm to inch (2.54 size increase) which includes the entrance pupil, and 

the local distortion (f θ) was increased by about 2x to maintain zero f tan(θ) distortion.  Although 

increasing the overall size is generally not desirable, this is a more challenging design because 

scaling all dimensions from one design causes the entrance pupil, EFL, and spot sizes all 

increase by the same proportion. 
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Table 12.  Design comparison, Patent US8023183 vs this (subject) FMA 

  Patent US8023183 Subject FMA 

Mirror powers  N, N, N, P N, N, N, P 

f/# 3 3 

FOV 120 x 1 deg 120 x 4 deg 

EPD 0.87 cm 0.87 inch 

Wavefront (RMS @ 1um) 0.15 waves 0.08 waves 

Primary mirror height 42 cm 40 inch 

Secondary mirror height 19 cm 24 inch 

Pupil mag on-axis (XPD/EDP) 3.17 2.58 

Pupil circularity 96% 96% 

Smile fraction 4.5E-06 7.2E-05 

Max distortion (local EFL ratio) 2x 4.3x 

Max Zernike term used 0 26 

8.3. MIRROR SURFACE SAG 

Mirror sag profiles help visualize the shape of the optical surface.  For a spherical surface, an 

approximation of the sag is given by z = y2/2R, where R is the radius of curvature and y is the 

distance from the optical axis.  The sag profile can be a 1D slice thru the center of the mirror or a 

2D profile of the entire mirror.  The 1D sag profile is useful to compare multiple mirrors on the 

same plot, as in Figure 63 below.  We can see the mirror M1 has the largest total sag and is also 

the largest mirror of the four.  M1 is also clearly not spherical in shape as the sag has more of a 

V-shape.  The sag for M2 has a zero derivative about 75% of the way to its edge, then has an 

inflection point and begins curving the other direction.  This indicates M1 and M2 have clearly 

aspherical profiles. 
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Figure 63.  Mirror 1D sag profiles for FMA 

In off-axis systems like this FMA, the 2D sag profile reveals the bilaterly symmetry and 

indicates the location of the mirror vertex.  Figure 64 below shows the sag profile for each mirror 

in the FMA with spherical radius removed.  The spherical radius is typically the dominant shape 

in sag profiles, so removing it brings out the aspheric and Zernike profiles.  Sag profiles in the 

left column show the asphere and Zernike terms.  Sag profiles in the right column show the 

Zernike terms only (asphere terms also removed).   
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Figure 64.  Mirror sag profiles, spherical radius removed, Asphere and Zernike terms 

(left), Zernike terms only (right) 

In Figure 64, the Zernike only profiles (right column) appear very similar to the asphere and 

Zernike profiles (left column).  This indicates that Zernike terms dominate the sag profile over 

asphere terms.  The sag departure from spherical ranges from about 10-180 mm.  M2 has the 

largest departure from sag (about 180 mm) making it more flat than its base sphere.  This is a 

case of the spherical departure reducing sag. 
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8.4. DISTORTION PER SURFACE 

As with other aberrations, each mirror contributes a certain amount of distortion which can be 

summed to give the net image distortion.  So individual mirrors may have produce a large 

%distortion, but it may be opposed or cancelled by distortion of the opposite sign on another 

mirror.  Figure 65 below shows the % distortion per mirror along with the cumulative distortion.  

Since this design is a reverse raytrace, the cumulative distortion is shown staring with M4.  Once 

the chief ray has reflected from M1, the distortion has diminished.   

 

Figure 65.  Distortion per mirror and cumulative at edge of field (±60°) 

Distortion per surface was not calculated the typical way using Seidel aberration coefficients, as 

those only apply to on-axis systems using spherical optics.  Since this design uses freeform 

mirrors that are both decentered and tilted, another method was developed.  The method goes as 

follows:   

1. The last mirror, M1, was removed so the system now just consists of mirrors M4, M3, 

M2.  The image plane (surface 0) is preserved so the chief ray paths are unchanged from 

the full system.   
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2. Now the system has finite conjugates, so the paraxial object-side focus location is found 

using Zemax optimization.  Figure 66 below right shows the system without M1.  The 

dashed line is the new object-side paraxial focus. 

3. The chief ray height (REAX) at the object-side focus is measured. 

4. The paraxial chief ray height (PARX) for this same field angle is measured.  This ray is 

traced thru the system using a YNU raytrace, where tan(θ) = θ and the mirror’s power 

acts on ray only at its vertex plane. 

5. Distortion of this 3 mirror system (M4, M3, M2) is then measured as D432 = (REAX – 

PARX) / PARX. 

6. Steps 1-5 are repeated, after deleting M3 and measuring distortion D43.  Then the process 

is repeated again after deleting M3, leaving only M4, and measuring D4. 

7. Now we have measured cumulative distortions (D4321, D432, D43, D4) as the chief ray 

is reflected from each mirror.  To convert cumulative distortion to per-mirror distortion… 

D3 = D43 – D3 

D2 = D432 – D43 

D1 = D4321 – D432 

This method was verified for a simpler on-axis, all spherical lens system using Zemax’s Seidel 

ray error coefficients.  The relative distortion per surface matched between the Seidel numbers 

and the calculation above. 
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Figure 66.  Chief ray in full system (left) and traced to new focus with M1 removed (right) 

8.5. PUPIL ABERRATIONS 

In this design, the circular aperture stop is the exit pupil, but the entrance pupil dimensions are 

not constrained.  For a WFOV design this often results in pupil aberrations.  In general pupil 

aberrations are an issue for: pupil matching and vignetting of multiple systems and relative 

illumination.  Although pupil aberrations and image aberrations are related [41], a system can 

have high pupil aberrations but still maintain very low image aberrations and vice versa.   

For example, a single plano-convex lens with only the on-axis (0°) field can be corrected for 

spherical aberration using an asphere on surface one.  If the stop is on surface two, then the 

entrance pupil will have pupil distortion (�̅�311).  In this case pupil distortion is not due to image 

coma, but is instead just due to the change in marginal ray angle between image (u’) and object 

space (u).  This is also proportional to the Lagrange invariant (Ж)... 

�̅�311 = 𝑊131 + 
1

2
Ж (𝑢′2 − 𝑢2) 

This example of pupil distortion when pupil coma is zero is shown below in Figure 67.   
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Figure 67.  On-axis pupil distortion (left) with zero image coma 

This FMA design has significant pupil coma causing the pupil to stretch in only one axis creating 

an elliptical pupil.  Pupil coma is related to image distortion and the change in chief ray angle.  

For this design, image distortion is nearly zero yet there is still significant pupil coma due to the 

change in chief ray angle between image (�̅�’) and object space (�̅�).  This can also be written in 

terms of pupil magnification (m) 

�̅�131 = 𝑊311 + 
1

2
Ж (�̅�’2 − �̅�2) 

           = 𝑊311 + 
1

2
Ж �̅�2(𝑚𝑝

2 − 1) 

Similar to the relation above between nonzero pupil distortion with zero image coma, a system 

can have nonzero pupil coma with zero image aberration due to non-unity pupil magnification.  

Contrastingly to the pupil distortion equation, the pupil coma equation above includes the chief 

ray angle (�̅�), which is zero on-axis.  So pupil coma will be zero on-axis and grow with field.  

This is shown below in Figure 68 for two example fish eye lens designs.  The design on the left 

has mP=3 and we can see enlargement of the entrance pupil with field due to pupil coma.  The 

design on the right has mP=1 and there is no entrance pupil growth with field.  Both designs have 

approximately equal focal length. 
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Figure 68.  Fish eye lens with mP = 3 (left) and with mP = 1 (right), illustrating difference in 

entrance pupil coma 

In the above equations, Ж cancels out when calculating the the transverse ray error at pupil (Δρ⃗ ).  

These pupil aberration equations can be applied per surface or to the system using rays at 

entrance and exit pupil.    

These equations give entrance pupil aberration for zero aberration on the exit pupil.  This directly 

applies to rear-stopped systems and assumes that the rear-stop has zero aberrations.  Positive 

pupil coma implies entrance pupil growth, or more generally, that the entrance pupil becomes 

relatively larger than the exit pupil.  So for from stop systems, the sign flips and positive pupil 

coma implies a reduced exit pupil size. 

Pupil coma (�̅�131) (pupil enlargement) grows with either image distortion (𝑊311) or pupil 

magnification (𝑚𝑝).  So if 𝑚𝑝=1 then a front stop systems with +distortion have reduced exit 

pupil size.  A rear stop systems with +distortion have increased exit pupil size.  Pupil coma really 

is just conservation of optical throughput thru field for systems that have either pupil 

magnification or distortion.  For systems with 𝑚𝑝=1, pupil size change is show graphically 
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below in Figure 69 and for real lenses in Figure 70 (EP = entrance pupil, XP = exit pupil, First 

column: front stop, Second column rear stop, Top row: + distortion, Bottom row: - distortion). 

               

 

Figure 69.  Illustration of pupil size change for front-stop and rear-stop systems with 

positive and negative distortion 

 

Figure 70.  Real lenses with pupil size change for front-stop and rear-stop systems with 

positive and negative distortion 
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This 4-mirror design has an entrance pupil major-diameter growth of 134% from 0.86 to 2.01 

inch and a minor-diameter growth of 89% from 0.86 to 1.62 inch.  In Figure 71 the beam 

footprint on the top-right is at the aperture stop showing the evenly spaced grid points.  The 

beam footprint on the bottom-right is at the entrance pupil and we can see the stretched and 

distorted grid points resulting from pupil aberrations.  This can also be seen in the raytrace 

diagram on the left where at the stop the rays are evenly spaced, yet at M1, the rays have unequal 

spacing. 

 

Figure 71.  Pupil aberrations increasing EPD with field 

Like fish-eye lenses, this design has a small pupil to optic diameter ratio on the 1st optic (M1 

here).  To support the WFOV yet still maintaining a gradual bending of the chief ray, the mirrors 

grow in size going from the image to object-space.  Since wavefront error is only proportional to 

surface figure error (irregularity) over the pupil diameter, this system can maintain low 

wavefront error with a moderate amount of figure error on M1.  However, unlike a mirror near 

an aperture stop, surface figure error on M1 will change the distortion.  Figure 72 shows the 

relative size of the beam footprints or EPD on half of M1 aperture.  We can also see the lateral 

M1 
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shifting of the beams in Y as the field grows in X.  This design maintains low smile distortion, 

but the beams create a smile pattern on M1.  The clear aperture of M1 can be curved to reduce its 

overall size following the dashed lines in Figure 72. 

 

Figure 72.  Footprints on half of M1 thru 60x4° field 

8.6. ZERNIKE VS FIELD (ZVF) PLOTS 

Fitting the Zernike polynomials to the wavefront as a function of field angle indicates the type of 

residual aberrations that remain and provides insight on individual aberration balancing by the 

design [42].  It is also an indication of the complexity of the surface shapes in their aberration 

correct in terms of spatial frequency.   Due to the lens’ axial symmetry, many Zernike terms are 

zero.  In an axially symmetric system, the only asymmetry produced in each wavefront is due to 

the asymmetry of each individual field angle.  The wavefront from a field angle will have plane 

symmetry.  However in a bilaterally symmetric design, there is already asymmetry within the YZ 

plane, so an X-field will produce wavefront profiles that have no plane of symmetry.  This is 

illustrated below in Figure 73.  For the axially symmetric lens (top), the wavefront’s plane of 

symmetry is indicated with a dashed line. 
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Figure 73.  Example wavefront symmetry and resulting Zernike term symmetry in an axial 

vs bilateral symmetric systems 

In an on-axis system, like the fish-eye lens, individual aberrations generally increase 

monotonically with field, as indicated by the field dependence of primary aberrations.  However 

in more complex designs, there are additional aberrations types called bilateraly symmetric 

aberrations.  These aberrations can have the same wavefront shape as the primary aberrations but 

with a different field dependence.  For example quadratic astigmatism is a primary aberration 

and Constant or Linear Astigmatism is a bilateral symmetric aberration [5].  This aberrations 

with different field dependence can balance each other producing “nodes” where the aberration 

returns to zero.  In an axially symmetric system, these nodes are circular in the XY field maps.  

Although this is not the same type of node as in Nodal Aberration Theory (NAT) which 
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identifies non- axially-symmetric nodes in non-axially-symmetric systems [43].  These nodes are 

generally points or lines in the XY field.  The nodes from NAT are produced by offsetting the 

aberration field center (H=0) for each mirror to some new angle (H=σ) resulting in aberrations 

proportional to the offset field (H – σ).  When different mirrors (i) have different offsets (σi) the 

aberrations from each mirror sum and can produce certain non-zero field angles with balanced 

(zero) aberrations. 

An example of an aberration field node that can exist for an axially symmetric system is the 

following: Astigmatism initially rises quadratically with field (H2) according to the primary 

aberration term (W222 (H·ρ)2).  For a single lens, this would rise monotonically with field without 

levelling off.  But for an optimized, multi-element lens, the initial astigmatism can be countered 

by higher order astigmatism (W242 (H·ρ)2 (ρ ·ρ)) of the opposite sign.  For astigmatism, since it 

is an even aberration, this balancing of a single aberration is only possible using lenses of both 

positive and negative powers.  Contrarily coma, which is an odd aberration, can be balanced with 

only positive lenses if they are symmetric about the aperture stop.  This flips the sign of the chief 

ray angle of incidence on the lens after the ray passes to the opposite side of the optical axis.   

Equations exist to calculate bilaterally symmetric aberrations for off-axis systems with tilted 

optics [5].  However calculating the bilateral symmetric aberrations for systems with decentered 

optics is very challenging.  Alternatively individual aberrations can be measured by polynomial 

fitting of the wavefront as a function of field angle.  Commercial raytrace software has a function 

called Zernike vs Field (ZvF) which provides the wavefront Zernike coefficients thru field.  For 

systems with mostly low order aberrations, the individual Zernike coefficients are accurate to 

describe individual aberrations.  For example, for a single lens, the Zernike coefficient Z5 (ρ2 

cos(2φ))  gives an accurate magnitude of astigmatism in the X-axis.  However for systems with 
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many optics, there are higher order aberrations and the low order Zernike terms are no longer 

accurate to describe single aberrations.  This is because higher order Zernike terms, which take 

on non-zero values when higher order aberrations are present, also contain low order terms.  So 

in a sense, the high order Zernike terms contaminate the low order terms.  The higher order 

Zernike terms are mixed/summed with lower order terms to minimize the RMS wavefront error 

for that term. 

Zernike terms are sum of lower and higher order terms (polynomial).  This causes an issue for 

interpretation of individual wavefront forms (example: Astigmatism, Coma, Trefoil).  Previous 

authors emphasize the value in plotting individual aberration terms vs field angle in 1D or 2D to 

find aberration nodes using Zernike coefficents [44, 45].  However these methods do not appear 

to correctly sum the higher order Zernike terms to produce a pure monomial aberration term.  

Those methods are only accurate for very simple optical systems with no higher order 

aberrations. 

The example below demonstrates combining Zernike terms to produce aberration terms that is 

purely one form (ex: Astigmatism with only 𝜌2 called 𝑊𝑎𝑠𝑡𝑖𝑔1 here). 

This is the method to convert Zernike polynomials to Zernike monomials.  The monomial term is 

more similar to primary aberrations but not exactly since the primary aberrations do not have 

terms for X vs Y astigmatism, Trefoild, etc.  Also primary aberrations describe the field 

dependence of the wavefront which Zernike terms do not.  For example W220 field curvature has 

a wavefront shape that is really just defocus like Z4 (2𝜌2 – 1) but instead gives the magnitude of 

defocus with field (field curvature is defocus that grows quadratic ally with field (H) like H2). 
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The first 3 Fringe Zernike terms for Astigmatism in the horizontal plane are (𝑍5, 𝑍12, 𝑍21).  The 

total Astigmatism of these 3 terms can be summed… 

         𝑊 = 𝑍5 + 𝑍12 + 𝑍21 

= [𝑧5𝜌
2 + 𝑧12(4𝜌

4 − 3𝜌2) + 𝑧21(15𝜌
6 − 20𝜌4 + 6𝜌2)] cos(2𝜑) 

The terms can be regrouped by their order of 𝜌 

= [(𝑧5 − 3𝑧12 + 6𝑧21) 𝜌
2 + (4𝑧12 − 20𝑧21) 𝜌

4 + 15 𝑧21 𝜌
6] 𝑐𝑜𝑠(2𝜑) 

= 𝑊𝑎𝑠𝑡𝑖𝑔1  + 𝑊𝑎𝑠𝑡𝑖𝑔2  + 𝑊𝑎𝑠𝑡𝑖𝑔3  

This defines 3 new Astigmatism terms that are a sum of Zernike terms, yet are pure (monomial) 

in their order of 𝜌 

𝑊𝑎𝑠𝑡𝑖𝑔1 = (𝑧5 − 3𝑧12 + 6𝑧21) 𝜌
2 cos(2𝜑) 

𝑊𝑎𝑠𝑡𝑖𝑔2 = (4𝑧12 − 20𝑧21) 𝜌
4 cos(2𝜑) 

𝑊𝑎𝑠𝑡𝑖𝑔3 = 15 𝑧21 𝜌
6 cos(2𝜑) 

Note that limiting the total astigmatism to 𝑍21 here is an approximation.  Total accuracy would 

require an infinite sum of all the higher order Zernike terms.  A general equation can be written 

in matrix form to convert from Zernike polynomial coefficients to Zernike monomial aberration.  

Pervious authors have written the conversion equation for Standard Zernike terms with the 

double index (n,m) scheme [46, 47].  Here it is written for Fringe Zernike terms with single 

index resulting in a more simplified form… 

𝑊𝑖 = ∑𝐴𝑖 𝑗

𝑗

∙ 𝑍 
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 𝑊𝑖 is the monomial aberration (ex: Focus, Astigmatism in X-axis, etc.) 

Z is the Nx1 vector of Zernike coefficents, output from Zernike fitting software (ex: Zemax) 

𝐴𝑖 𝑗 is the conversion matix where i is the row that corresponds to a particular monomial 

aberrations 𝑊𝑖 and j is the column for each Zernike coefficient.  A portion of this matrix is 

shown below in Table 13. 
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Table 13.  Conversion matrix (𝑨𝒊 𝒋) for Zernike polynomial to monomial 

Monomial Aberration z1 z2 z3 z4 z5 z6 z7 z8 z9 z10 z11 z12 z13 z14 z15 z16 z17 z18 z19 z20 z21 z22 z23 z24 z25 z26 z27 z28 z29 z30 z31 z32 z33 z34 z35

ρ^2 Focus 1 2 -6 12 -20

ρ^2  cos(2φ) AstigX 1 1 -3 6 -10

ρ^2  sin(2φ) AstigY 1 1 -3 6 -10

ρ^3  cos(φ) ComaX 1 3 -12 30 -60

ρ^3  sin(φ) ComaY 1 3 -12 30 -60

ρ^4 Spherical 1 6 -30 90

ρ^3  cos(3φ) TrefoilX 1 1 -4 10

ρ^3  sin(3φ) TrefoilY 1 1 -4 10

ρ^4  cos(4φ) QuadrafoilX 1 -5

ρ^4  sin(4φ) QuadrafoilY 1 -5

ρ^5  cos(5φ) PentafoilX 1 1

ρ^5  sin(5φ) PentafoilY 1 1

ρ^4  cos(2φ) AstigX 2 4 -20 60

ρ^4  sin(2φ) AstigY 2 4 -20 60

ρ^5  cos(φ) ComaX 2 10 -60 210

ρ^5  sin(φ) ComaY 2 10 -60 210

ρ^6 Spherical 2 20 -140

ρ^5  cos(3φ) TrefoilX 2 5 -30

ρ^5  sin(3φ) TrefoilY 2 5 -30

ρ^6  cos(4φ) QuadrafoilX 2 1 6

ρ^6  sin(4φ) QuadrafoilY 2 1 6

ρ^7  cos(5φ) PentafoilX 2

ρ^7  sin(5φ) PentafoilY 2

ρ^6  cos(2φ) AstigX 3 15 -105

ρ^6  sin(2φ) AstigY 3 15 -105

ρ^7  cos(φ) ComaX 3 35 -280

ρ^7  sin(φ) ComaY 3 35 -280

ρ^8 Spherical 3 70

ρ^7  cos(3φ) TrefoilX 3 21

ρ^7  sin(3φ) TrefoilY 3 21

ρ^8  cos(4φ) QuadrafoilX 3

ρ^8  sin(4φ) QuadrafoilY 3

ρ^9  cos(5φ) PentafoilX 3

ρ^9  sin(5φ) PentafoilY 3

ρ^8  cos(2φ) AstigX 4 56

ρ^8  sin(2φ) AstigY 4 56

ρ^9  cos(φ) ComaX 4 126

ρ^9  cos(φ) ComaY 4 126
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The conversation matrix is sparse in that most of the elements are zero.  Since this is based on 

the single-index form Fringe Zernike coefficents, there is some ambiguity in the ordering of both 

the Zernike coefficients and the monomial aberrations.  This matrix is ordered to include all 1st  

order terms including Quadrafoil 1 and Pentafoil 1 first before going onto 2nd order terms like 

Astigmatism 2, Coma 2.  The matrix shown above is also limited to only 35 Zernike coefficients 

(z35 max), which is still very accurate for even complex optical systems, however there are still 

not enough terms shown to describe Quadrafoil 3 or Pentafoil 2 or 3.  Now we can use this 

matrix equation, along with the software-output Zernike coefficients of a complex optical design, 

to fully describe all monomial aberrations as a function of field angle.  

For the Fish-eye lens shown above in Figure 73, the Zernike polynomial vs field plots are given 

below in Figure 74 and the Zernike monomial vs field plots are in Figure 75.  A little circle 

indicates where the Zernike curve passes thru zero aberration hence a node.  Although as 

mentioned earlier, this node really only indicates zero aberration in the Zernike monomial plots 

since higher order aberrations interfere with the low order terms in the Zernike polynomial plots.  

In Figure 74 we can see that the most Zernike terms increase or decrease monotonically with 

field.  However the Z8 coma term (3ρ3  - 2ρ) cos(φ)) has a node where the aberration term goes 

to zero.  In Figure 75 the “ComaY 1” curve is nearly identical to the Z8 coma curve in Figure 74.  

That is because this fish-eye lens does not have strong high order aberrations, thus the lower 

order Zernike terms are accurate in describing individual aberrations. 

We can see the astigmatism Z5 curve begins to roll over but doesn’t make it back to zero with 

this FOV limit.  The lower order terms Z4-Z12 have the highest magnitude as expected since this 

lens does not have high order asphere (nor freeform) surfaces.  As explained earlier, and shown 

in this plot, many Zernike terms are zero due the lens’ axial symmetry.  A few terms (Z4 focus, 
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Z11 spherical aberration, Z22 spherical aberration2) begin with a nonzero aberration |W(H=0)| > 

0, which is expected since these terms as primary aberrations are field invariant. 

   

 

Figure 74.  Zernike polynomial vs field, Fish-eye lens 
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Figure 75 Zernike monomial vs field, Fish-eye lens 

After reviewing typical behavior of the ZvF plots for an axial symmetric system, now we turn to 

the more complex bilaterally symmetric FMA design from Figure 57.  For the FMA, the Zernike 

polynomial vs field plots are given below in Figure 76 and the Zernike monomial vs field plots 

are in Figure 77.  As mentioned earlier, since the FMA design is bilaterally symmetric, any 

Zernike term may exist in the wavefront.  Also due to bilateral symmetry, there exists many 

more aberration types (ex: W12101 linear astigmatism or W03001 constant coma).  So on-axis 

(zero field) there can be a finite value for a wavefront shape (like coma) that is typically always 

zero on axis.  However, the wavefront shape on-axis must be bilaterally symmetric like the 

optical system.  We see this as terms like Z5 and Z8 are zero on-axis.  These terms are also zero 
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on the freeform mirror surfaces or else they would break the bilateral symmetry.  Also apparent 

in Figure 76 is the more complex shape of the ZvF curves that could only be fit by a high order 

polynomial.  For a bilateral symmetric system, nodes may occur due to Nodal Aberration Theory 

(NAT) [43].  There is generally no overlap among the ZvF curves nor the node location as the 

aberrations develop independently within the optical system.  The spatial frequency of the ZvF 

curves increases with field for all of the lower order Zernike terms Z4-Z8. 

Unlike the Fish-eye design, the FMA design has very different curves for Zernike polynomials in 

Figure 76 vs Zernike monomials in Figure 77.  This is expected behavior since the FMA has 

higher order aberrations that interfere with the lower order Zernike polynomial terms.  So for the 

FMA design, only the Zernike monomial plots are accurate for determining aberration nodes.  

There are generally less nodes in the Zernike monomial plots 
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Figure 76.  Zernike polynomial vs X-field, FMA design 
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Figure 77.  .  Zernike monomial vs X-field, FMA design 

Table 14 below gives the number of nodes for each Zernike monomial aberration for both the 

Fish eye lens and the FMA designs.  As mentioned previously, some of the Zernike terms are 

zero for the Fish-eye lens due to its symmetry and the X-field used here.  However the FMA can 

have non-zero values for any Zernike monomial due to its bilateral symmetry.  This shows that 

the Fish-eye design has no more than one node for each aberration, most aberrations have zero 

nodes.  However for the FMA, there are many more nodes, with AstigY 1 having 5 nodes.   
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Table 14.  Number of nodes per monomial aberration, FMA vs Fish-eye lens 

 

8.7. RELATIVE ILLUMINATION 

Relative illumination is the normalized irradiance at the image plane given an extended uniform 

object.  For a single lens, with the stop on the lens thus zero distortion and constant exit pupil 

size, the relative illumination goes as RI = cos4(θ’) where θ is the chief ray angle in image space 

[48].  Relative illumination is only a function of image space parameters: exit pupil size and 

chief ray angle.  When pupil aberrations are present and the exit pupil is not constrained by a 

stop, the exit pupil size and shape may vary with field angle affecting relative illumination.  

However for designs like the above FMA, where the exit pupil is the aperture stop (rear-stop), 

the exit pupil diameter is fixed.  So for a rear-stopped system, the relative illumination is only a 

function of image chief ray angle, which is affected by distortion.  Positive (Pin-cushion) 

distortion increases θ’ more than would be without distortion.  So the fall-off still goes as 

cos4(θ’), however if we plot relative illumination as a function of object space angle (θ), then the 
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positive distortion causes faster fall-off (worse illumination).  Contrarily, negative (barrel) 

distortion causes relative illumination reduces the fall-off (better illumination) when plotted as a 

function of object space angle (θ). 

Pupil magnification is defined as mP = XPD/EPD where XPD is exit pupil diameter and EPD is 

entrance pupil diameter.  The Lagrange invariant (Ж = n�̅�𝑦 − 𝑛𝑢�̅�) relates the beam diameter at 

a pupil to the chief ray angles thru that pupil.  Thus pupil magnification also relates the image 

chief ray angle (θ’) relative to the object chief ray angle (θ)… 

𝑚𝑃 =
𝑋𝑃𝐷

𝐸𝑃𝐷
=

tan (𝜃)

tan (𝜃′)
 

Then relative illumination can be written as a function of object space angle (θ).   

𝑅𝐼 = 𝑐𝑜𝑠4(𝜃′) 

                               = 𝑐𝑜𝑠4 [𝑎𝑡𝑎𝑛 (
tan (𝜃)

𝑚𝑃
)] 

This indicates that increasing pupil magnification increases relative illumination (decreases fall-

off) because it decreases the image-space chief ray angles.  Increasing the pupil magnification is 

also beneficial in a WFOV design to reduce aberrations produced by the last optics.  

Furthermore, pupil magnification can be written as focal length (f) and pupil location relative to 

the front principle plane (zP) using the Gaussian image equation. 

1

𝑚𝑃
=

𝑧𝑃
𝑓

+ 1 

% distortion (D) can be written in terms of and paraxial focal length (f0) and local focal length 

f(θ)… 
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𝐷(𝜃) =
𝑓(𝜃) − 𝑓0

𝑓0
 

Solving for f(θ) and plugging back into the equation for pupil magnification (mP)… 

1

𝑚𝑃
=

𝑧𝑃
𝑓0(𝐷(𝜃) + 1)

+ 1 

= (
𝑧𝑃
𝑓0

+ 1 + 𝐷(𝜃)) (
1

𝐷(𝜃) + 1
) 

Then defining a paraxial pupil magnification (mP0) different from local pupil magnification (mP) 

1

𝑚𝑃
= (

1

𝑚𝑃0
+𝐷(𝜃)) (

1

𝐷(𝜃) + 1
) 

where the paraxial quantities are… 

1

𝑚𝑃0
=

𝑧𝑃
𝑓0

+ 1 

Finally relative illumination (RI) can be written as a function of object space angle (θ), paraxial 

pupil magnification (mP0), and % distortion (D)… 

𝑅𝐼 = 𝑐𝑜𝑠4 [𝑎𝑡𝑎𝑛 (tan (𝜃) (
1

𝑚𝑃0
+ 𝐷(𝜃)) (

1

𝐷(𝜃) + 1
))] 

Figure 78 below are plots of relative illumination vs object space angle for various values of 

distortion and pupil magnification.  All plots have pupil magnification values of 2 and 3.  The 

top two plots have increasing (positive or pin cushion) distortion but of different magnitudes.  

The bottom two plots have decreasing (negative or barrel) distortion but of different magnitudes.   
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Figure 78.  Relative illumination as a function of pupil magnification and % distortion 

An interesting feature of this equation is that if the paraxial pupil magnification is unity (mP0 = 1) 

then distortion cancels out and the relative illumination is not a function of distortion.  Recall this 

equation was derived from Gaussian imaging equations and does not account for other 

aberrations, except for distortion.  Therefore the equation is approximate in presence of other 

aberrations.  However in general distortion is zero when pupil magnification is unity and 

astigmatism is zero per surface.  This is consistent with the relative illumination’s invariance on 

distortion when mP0 = 1.  This can be seen in the equations that relate image aberrations, pupil 

aberrations, and object shift parameter (S) [49]… 
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𝑊222
∗ = 𝑊222 + [2𝑊311 +

1

2
Ж ∆(�̅�2)] 𝑆 + 4�̅�040𝑆

2 

where the object shift parameter is defined per surface in terms of the chief ray heights (�̅�), 

marginal ray height before and after object shift (y) and (y*) respectively. 

𝑆 =
𝑦∗ − 𝑦

�̅�
 

The object shift equation for 𝑊222
∗  applies per surface but can also apply to an optical system.  

Applying it to an optical system, ∆(�̅�) is then the change in chief ray angle between object space 

and image space.  When pupil magnification mP0 = 1 that implies that ∆(�̅�) = 0.  Also when 

astigmatism is zero on each surface, then 𝑊222
∗ = 𝑊222 = 0 for all values of S.  We also must set 

the pupil spherical aberration (also known as pupil walking) to zero (�̅�040 = 0) which is 

approximately true for most systems.  The resulting equation is then  

0 = 𝑊311 𝑆 

which indicates that net distortion 𝑊311 = 0. 

Thus a system with unit pupil magnification, zero net pupil spherical aberration and zero 

astigmatism per surface has zero net distortion. 

Although this FMA design has a growing entrance pupil with field due to coma, this does not 

result in increased illumination as some authors mention [50].  Relative illumination is 

proportional only to image space parameter: the exit pupil size and chief ray angle in image 

space.  Since this design has a rear-stop, the exit pupil diameter is fixed for all field angles. 
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This FMA design has a pupil mag of about m = 2.6 and a nearly zero distortion D = 0 resulting 

in relative illumination at 60° field angle of cos4(atan(tan(60°)/2.6)) = 47%.  The relative 

illumination curve is shown below in Figure 79. 

 

Figure 79.  Relative illumination for FMA 
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9. THE COST OF DISTORTION CONTROL 

Optical systems typically allow some amount of distortion (example < 1%) with the primary goal 

of reducing wavefront error.  Alternatively if the primary goal was to minimize distortion, then 

wavefront error will typically be higher.  Given a certain number of design parameters, not all 

goals can be met simultaneously.  To control distortion, there is a cost to wavefront error (WFE).   

The following section explores the cost of distortion control and the benefits of freeform mirrors 

on 3 simple reflective imager designs.  Rodgers [37] performed a similar analysis but provides 

only a single number when adding freeforms; the distortion reduction.  Instead of simply giving 

the distortion drop when adding freeform mirrors, here plots are generated of distortion vs WFE 

with and without freeform mirrors.  This is done by parameterizing the weighting factors on 

distortion merit function and re-optimizing the design multiple times.  The designs were kept 

simple so the design optimization could be robust upon changes to the merit function.   

9.1. DISTORTION VS WFE, OFF-AXIS CONCAVE MIRROR 

To study the trade-offs between wavefront error and distortion a simple optical system was 

modelled consisting of a concave mirror and an aperture stop to the left, which creates distortion.  

This is shown below in Figure 80.  The mirror was decentered enough so the focus is outside of 

the incoming collimated beam, similar to an off-axis parabola (OAP).  The ± 10 deg FOV is then 

in the axis perpendicular to the plane of symmetry.  

Both wavefront error and distortion metrics were in the merit function.  The optimization was 

performed 4 times with increasing weighting factor on the distortion metric, adjusting the 

balance between wavefront error and distortion.   
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We are also interested in seeing how freeform mirrors alters this balance.  So this was performed 

with separate models where the mirror was either an asphere (even polynomial) or a freeform 

mirror.   

 

Figure 80.  Off-axis mirror to assess wavefront/distortion trade-off, top view (left), side 

view (right) 

For each weighting factor on the distortion, the design was reoptimized, then the maximum 

distortion and average RMS wavefront error (@0.55 μm) were plotted.  The average and 

maximum values are over the FOV.  This was also repeated after moving the mirror further to 

the right away from the aperture stop.  The resulting plot is shown below in Figure 81. 
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Figure 81.  Wavefront error vs distortion trade-offs for example off-axis Asphere and 

Zernike mirror 

It is apparent from Figure 81 that the Zernike mirror has significantly lower wavefront error than 

the asphere mirror for a given % distortion.  Alternatively, for a given wavefront error, the 

Zernike mirror produces significantly lower distortion.  Although the wavefront error is high in 

this example due to the single mirror and the moderate FOV, the analogy can be applied to more 

complex designs.  If a design using aspheres has wavefront error that meets specification, but 

distortion does not, freeform mirrors can be applied in the design and higher weighting placed on 

the distortion metric.   

Also from the plot, we can see the curves flatten out with increasing distortion not allowing the 

wavefront error to be reduced much further.  This is due to a limit on how low wavefront can be 

thru the FOV, a property of any optical system.  To achieve this lower limit on wavefront error, 

the distortion weighting factors were set very low, causing high distortion.   
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The dashed lines on the plot are when the mirror is further away from the stop, which in general 

creates more distortion and wavefront error.  This produces a mostly vertical shift between the 

plots and the Zernike mirror sees an approximate equal effect to the asphere mirror. 

When the distortion weighting factor is high, forcing very low distortion, we can see that the 

plots the asphere and Zernike mirrors begin to converge.  This is consistent with the conjecture 

that the freeform mirror does not benefit distortion directly in this case.  Instead the freeform 

mirror benefits wavefront error directly which can then be loosened in order to tighten distortion.  

9.2. DISTORTION VS WFE, OFF-AXIS CORRECTOR PLATE 

The model above was of a single concave mirror that focused the incident collimated beam and 

simultaneously controlled aberrations.  Another scenario is a two mirror system with an off-axis 

concave mirror like above, but purely spherical, followed by a nearly-flat corrector plate.  The 

corrector plate can be either an asphere or a freeform and is allowed to decenter during 

optimization.  This is shown below in Figure 82.   

 

Figure 82.  Two mirror system to assess wavefront/distortion trade-off, top view (left), side 

view (right) 

For this model, instead of shifting the aperture stop to two different locations, the corrector plate 

was shifted.  This allows us to observe if the corrector plate is more effective when it is closer to 
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the image.  Plotting the results of increasing weighting factors on the distortion merit function for 

both types of corrector plates: asphere and Zernike, and with the corrector plate in two different 

locations is shown below in Figure 83.  For both types of corrector plate, we see that having it 

closer to the image (dashed lines) is more beneficial in reducing distortion and wavefront error.  

As expected, the Zernike corrector plate (blue lines) perform better than the asphere mirror 

(orange line) due to the additional freedom of surface form.  There is lower limit of wavefront 

error regardless of the location of the corrector plate.  This lower limit is lower for the Zernike 

corrector plate. 

 

Figure 83.  Wavefront error vs distortion trade-offs for example two mirror systems 

9.3. DISTORTION VS WFE, 2MA 

The following example illustrates the indirect effect that freeform mirrors have on distortion 

control.  This is an off-axis 2 Mirror Anastigmatic (2MA) with the stop on mirror 1 (M1) as 

shown below in Figure 84.  The design has a 20 mm entrance pupil diameter (EPD), is f/5, with a 
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12° full FOV in only the X-axis.  Distortion can only be produced by mirrors that are away from 

the stop so the image distortion is only contributed from M2.   

 

Figure 84.  2MA top view (left), side view (right) 

As with the previous example designs, plots distortion vs RMS WFE @0.55 μm were plotted by 

parameterizing the weighting factors on the distortion merit function and re-optimizing.  Initially 

the design has both mirrors as aspheres.  Each mirror is allowed to tilt and decenter, but the chief 

ray intersection points M1, M2, and the image are constrained in the YZ plane.  Then Zernike 

(freeform) variables were added to M1 and the plot was regenerated.  This process was also 

repeated to make M2 freeform, keeping M1 aspheric.  These 3 plots are shown below in Figure 

85.   
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Figure 85.  Distortion vs WFE, 2MA design 

Similar to the examples above, the plots all have negative slope, as distortion is reduced, 

wavefront error increases.  One may naively guess that adding freeform variables to M1 would 

not help distortion since M1 is at the aperture stop.  However we can see from Figure 85, that 

when M1 is freeform, the distortion vs WFE curve is shifted down.  So when M1 is converted 

from asphere to freeform, the design can either have lower WFE and equal distortion or lower 

distortion and equal WFE.  So here we see that freeform mirrors indirectly reduce distortion. 

Figure 85 also shows that converting M2 to freeform instead of M1 results in even lower 

distortion for a given WFE.  This indicates that, although adding a freeform near the stop helps 

distortion, adding a freeform away from the stop is even better for distortion control. 
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10. 70° FOV 4-MIRROR DESIGN WITH BENEFICIAL 

DISTORTION 

10.1. DESIGN OVERVIEW 

The following FMA design is f/2.5 with 70° deg full FOV and 2.5 inch EFL and has positive 

distortion to counter the negative distortion of the curved earth from polar orbit.  Like the 120° 

deg FOV design above, all mirrors are freeform, the petzval sum is nearly zero, the aperture stop 

is the exit pupil, the first mirror is negative (convex), and it has large pupil magnification.  These 

are all necessary conditions for a WFOV system with precise distortion control that can operate 

in the VIS through LWIR.  Figure 86 and Figure 87 below show the FMA design indicating each 

mirror, image and stop location. 

 

Figure 86.  4-mirror design f/2.5, 2.5 inch EFL, 70° x 4° FOV, +13% distortion (top view) 
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Figure 87.  4-mirror design f/2.5, 2.5 inch EFL, 70° x 4° FOV, +13% distortion (side view) 

The design parameters are summarized in Table 15.  Like fish eye lenses, Mirror M1 is the 

largest at about 27 inch height.  The pupil magnification is 2.8 which reduces the FOV in image 

space, reducing aberrations and increasing relative illumination.  The on-axis pupil is 90% 

circular but becomes elliptical near the edge of field due to pupil coma.  Most design parameters 

are very similar to the 120° FOV design except for three main attributes: 1) this design has a 

slightly larger entrance pupil diameter, 2) yet the overall size is smaller due to the smaller FOV 

and corresponding smaller mirror M1 and 3) this design has significant positive distortion. 
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Table 15.  70° FOV FMA design parameters 

FOV (full) 70 x 4 deg 

EPD 1 inch 

f/# 2.5 

FPA size 4 x 0.2 inch 

Mirror powers  N, 0, N, P 

Wavefront field avg (RMS @ 1um) 0.07 waves 

Primary mirror height 27 inch 

Secondary mirror height 13 inch 

Pupil mag (XP/EP) 2.8 

Pupil circularity, on-axis 90.8% 

Smile angle, output 0.6 deg 

Max distortion 13% 

Max Zernike term used 26 

Filename FMA 70x4deg v1c (1in EPD).zmx 

 

As mentioned earlier it is challenging for a design that has both positive distortion and also low 

wavefront error.  This was only possible by reducing the FOV compared to the 120° FOV 

design.  WFOV designs generally resist positive distortion and actually trend to negative 

distortion because that reduces the FOV in image space.  Positive distortion causes the local EFL 

to increase with field, further increasing the size of the FPA for a given FOV.  Allowing negative 

distortion makes the design less challenging, but then causes a loss is spatial resolution as the 

FOV grows.  This design set 4 control points along the FOV to constrain the distortion to values 

determined by the orbit calculation discussed earlier.  Figure 88 below shows the distortion along 

the X-field compared to the ideal distortion for constant GSD in polar-orbit.  We can see that at 

the edge of the field, the design distortion matches ideal, but comes slightly short thru the field.  

This residual error would result in non-linear, slight variations of GSD with FOV.  There will 

inevitably be some residual GSD variation due to the finite number of control points used to 

constrain distortion. 

 



151 

 

 

 

 

Figure 88.  FMA design distortion and ideal distortion for constant GSD in polar-orbit 

Since distortion is a vector at each field point, it is also important that the distortion increases 

with X and also points in the X-direction.  The distortion functions in raytrace software do not 

give distortion in each direction separately so a custom function was written for this design.  If 

instead, the distortion was radial from field center, this would cause TDI registration error during 

scanning.  The distortion here is calculated using EFL in the X-axis according to… 

𝐷𝑋 =
𝑓𝑋(𝜃) − 𝑓𝑋0

𝑓𝑋0
 

where… 

𝑓𝑋(𝜃) =
𝑥

tan (𝜃𝑋)
 

𝑓𝑋0 = 𝑓𝑋(𝜃 = 0.001°) 
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The cross section of the mirror sag profiles is shown below in Figure 89.  We can see that M1 

has a very non-spherical shape.  Unlike the 120° FOV design, the sag profiles for all these 

mirrors do not have any inflection points.  Mirror M4 has the strongest curvature and is the only 

mirror with positive power. 

 

Figure 89.  Mirror 1D sag profiles for FMA 

10.2. OPTICAL PERFORMANCE 

This design is mostly diffraction limited though the 70x4° FOV except for near the corners.  Spot 

diagrams below in Figure 90 show the spots are mostly contained within the black circles 

indicating diffraction limited RMS diameter at 1 μm wavelength.  The image coordinates, 

indicating FOV point, are given at the top of each spot diagram.  Figure 91 further below shows 

the RMS wavefront error continuous with X-field also showing a black line for diffraction 

limited performance at 1 μm.  The curve rises slightly above diffraction limited performance near 

the edge of field. 
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Figure 90.  Spot diagrams for 70° FOV design (box size 0.3 mrad, black circle is diffraction 

limit at 1 μm) 

 

Figure 91.  RMS wavefront vs X-field (image height, inches), black line is diffraction limit 

@1μm 

To analyze how individual aberration vary with field, Zernike monomial vs field (ZvF) plots 

were generated using the matrix calculation discussed earlier.  Recall this method converts 

Zernike polynomial fits, output from raytrace software, to Zernike monomial fits.  This 

eliminates the cross coupling among terms when higher order aberrations are present.  Figure 92 
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below shows these monomial ZvF plots for the first 35 Zernike aberrations.  There are a few 

nodes where the aberration goes back to zero but generally less nodes than the 120° FOV design.  

This is expected since there are less higher order aberrations in the smaller FOV.  The largest 

aberrations are Coma X1 and Coma X2 which are nearly equal and opposite magnitude.   

 

  

Figure 92.  Zernike monomial vs field, 70° FOV FMA design 

make heading level1 appendix with sensor model equations 
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11. 2D FOV TRADE STUDY 

Off-axis mirror systems naturally allow a wider FOV perpendicular to the plane of symmetry.  

There are 2 main reasons for this 1) the FOV in this axis is symmetric so any design optimization 

performed in the +field applied to both ± field and 2) there are no mirror obscurations in this axis 

that would cause vignetting since the field is comes out of the plane that contain the mirrors.  

These feature have enabled the WFOV designs shown previously.  Also when used in a scanning 

system, the imager generally doesn’t need a wide FOV in both axes.  The FOV along the scan 

axis is used for TDI or multi/hyper-spectral pixels.  However for a common staring system, that 

is perhaps on a static platform or does not have a scanning mechanism, relies on taking a 2D 

snapshot of the scene all in one instant.  So it is generally beneficial to have a moderate sized 

FOV in both axes for a starring system.  Using the same base 4-mirror design form shown 

previously, a trade study is performed on FOV aspect ratios, increasing the FOV in the symmetry 

plane and decreasing the FOV out of plane.  The following designs have <1% distortion over 

their wide FOV. 

11.1. 90X12° FOV DESIGN 

A design with 90x12° still has a very wide aspect ratio (7.5:1) but can be useful for panoramic 

video.  For example this FOV could be for an airborne IR camera that can keep search on the 

entire sky volume for other aircraft.  Searching for other aircraft at co-altitude (air to air search) 

typically requires at least 10° FOV in the elevation (aircraft pitch) axis [51].  This FOV 

configuration could also be used as step-stare push-broom scanner where a scanning mirror, 

either in front of the system or at the exit pupil, steps back and forth in the track axis, countering 
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the platform’s track motion, to hold the FOV stationary on the ground during the integration 

time.  The optical design is shown below in Figure 93 and Figure 94. 

 

Figure 93.  4-mirror design f/2.5, 2.2 inch EFL, 90° x 12° FOV, 0% distortion (top view) 

 

Figure 94.  4-mirror design f/2.5, 2.2 inch EFL, 90° x 12° FOV, 0% distortion (side view) 
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Similar to the previous designs, this system has a large pupil magnification reducing the FOV in 

image space and improving relative illumination.  This design has approximately similar 

dimensions in terms of mirror height and FPA length, to the 70° FOV design with positive 

distortion.  Like the preceding designs we can also see from Figure 94 the growing pupil coma 

(increasing pupil height) with field to maintain near-zero distortion with positive pupil 

magnification.  Image quality was maintained below diffraction limit at 1μm average thru the 

FOV.  Design parameters and spot diagrams are given below in Table 16 and Figure 95. 



158 

 

Table 16.  90x12° FOV design parameters 

FOV (full) 90 x 12 deg 

EPD 0.86 

f/# 2.5 

FPA size 4.3 x 0.5 inch 

Mirror powers  N, 0, N, P 

Wavefront field avg (RMS @ 1um) 0.1 

Primary mirror height 26 inch 

Secondary mirror height 16 inch 

Pupil mag (XP/EP) 2.4 

Pupil circularity, on-axis 69.8% 

Smile angle, output 0.5 deg 

Max distortion 0.6% 

Max Zernike term used 26 

Filename FMA f2.5 0.85in EPD 90x12 deg v1.zmx 

 

 

Figure 95.  Spot diagrams for 90x12° FOV design (box size 0.5 mrad, black circle is 

diffraction limit at 1 μm) 
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11.2. 60X20° FOV DESIGN 

The following design further increases the FOV in the plane of symmetry to 20° while relaxing 

the FOV out of plane to 60°.  Pushing the FOV even wider in the plane of symmetry requires 

shifting M1 further down (away from M3) to avoid vignetting.  This also points the on-axis (0,0) 

field in a more downward diagonal direction relative to the OAR in image space.  The optical 

design is shown below in Figure 96 and Figure 97.  Design parameters and spot diagrams are 

shown further below in Table 17 and Figure 98. 

 

Figure 96.  4-mirror design f/2.5, 2.2 inch EFL, 60° x 20° FOV, 0% distortion (top view) 
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Figure 97.  4-mirror design f/2.5, 2.2 inch EFL, 60° x 20° FOV, 0% distortion (side view) 
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Table 17.  60x20° FOV design parameters 

FOV (full) 60 x 20 deg 

EPD 0.86 

f/# 2.5 

FPA size 2.5 x 0.8 inch 

Mirror powers  N, 0, N, P 

Wavefront field avg (RMS @ 1um) 0.1 

Primary mirror height 16 inch 

Secondary mirror height 10 inch 

Pupil mag (XP/EP) 2.4 

Pupil circularity, on-axis 86.0% 

Smile angle, output 0.12 deg 

Max distortion 0.6% 

Max Zernike term used 26 

Filename FMA f2.5 0.85in EPD 60x20 deg v1.zmx 

 

 

Figure 98.  Spot diagrams for 60x20° FOV design (box size 0.5 mrad, black circle is 

diffraction limit at 1 μm) 
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12. CONCLUSION 

Wide FOV, all-reflective optical systems have been designed with emphasis on distortion 

control.  4 new optical designs are shown that are novel because they all-reflective, wide FOV, 

with zero to positive image distortion.  An optical system with positive distortion is more 

challenging to design than with negative distortion, and requires a larger FPA, but enables a 

satellite sensor with constant spatial resolution when imaging the curved earth.  An application 

for these systems, as a push-broom satellite sensor in polar orbit, has been modeled giving 

expected performance in terms of: coverage rate, SNR and NEdT.   

Distortion aberration theory is examined for bilaterally symmetric reflective systems.  The 

specific distortion aberrations of smile, keystone, and anamorphism are calculated for basic off-

axis mirror systems along with aberration field maps.  The distortion calculations based on 

aberration theory correlate will with Zemax models.  Imaging the curved earth from above 

results in distortion that can be corrected for in the optical design.  The amount of positive 

distortion required of the optical design to counter the negative distortion from the curved earth 

is calculated as a function of altitude and FOV.  It is shown why a 3-mirror system is the 

simplest design configuration that can correct all 5 primary aberrations.  A detailed survey on all 

possible 3-mirror design configurations is given, showing that there are possible configurations 

that have not been designed yet.  Zernike polynomial aberrations reported by optical design 

software, are not indicative of individual aberrations in wide field of view designs since the 

polynomial is contaminated by higher order terms.  A matrix method is shown to calculate the 

individual monomial aberrations given the set of Zernike polynomials.  System applications for 

these optical designs as scanning satellite sensors, has been analyzed using a system performance 

model that includes orbital mechanics.  It is shown that a wide FOV push-broom system, that is 
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mechanically simpler, can have equal or better SNR and NEdT, using a much smaller entrance 

pupil diameter.  The push-broom system allows for longer integration time, but requires wide 

FOV for equal coverage rates compared to current whisk-broom systems.  It is hoped that the 

optical systems described in this dissertation can be used for a future satellite sensor or another 

application that would benefit from an all-reflective, wide FOV system with zero or positive 

image distortion. 
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APPENDIX A. SENSOR MODEL DETAILS 

A.1. SENSOR-ORBIT CALCULATIONS 

The ground sample distance (GSD) is the projection of an IFOV (or pixel) onto earth’s surface 

from satellite altitude (h)… 

𝐺𝑆𝐷 = ℎ ∙ 𝐼𝐹𝑂𝑉 

The swath width (W) is the projection of the FOS (for whisk-broom) or FOV (for push-broom).  

Since this can be a large angle, earth’s curvature is accounted for using the arc length, where R is 

the radius of the earth and 𝜑 is the angle from the center of the earth to the edge of field (derived 

in section 6.1)… 

𝑊 = 2 𝑅 𝜑 

Using the earth’s gravitational constant (μ = 3.986 E14 m3/s2), the satellite’s orbital period (T) 

is… 

𝑇 = 2𝜋√
(𝑅 + ℎ)3

𝜇
 

The satellite’s angular velocity (ω) and projected linear velocity at the earth’s surface (vT) along 

track are… 

ω = 2𝜋 𝑇 

𝑣𝑇 = 𝜔 𝑅 

The earth’s orbital linear velocity (vE) at the equator is… 
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𝑣𝐸 =
2𝜋 𝑅

23.93 ℎ𝑜𝑢𝑟𝑠
 

The nadir-to-nadir distance between swath centers at the equator is… 

d = 𝜔 𝑣𝐸  

Overlap between swaths along the scan-axis is… 

OL = 𝑊 − 𝑑 

If the overlap between swaths is positive then the sensor will have full coverage of the earth at 

least once per day.  If the overlap is negative, then it will take more than one day to achieve full 

earth coverage. 

The number of complete orbits per day is… 

N =
23.93 ℎ𝑜𝑢𝑟𝑠

𝑇
 

The fractional earth’s coverage per day at the equator is… 

C =
𝑁 𝑊

2𝜋𝑅
 

If C<1 then the number of days required to achieve full earth coverage is 1/C 
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APPENDIX B. MATLAB CODE 

B.1. ZERNIKE ABERRATION POLYNOMIAL TO MONOMIALS 

% inputs: excel file of Zemax Zernike polynomial coeffs vs field 

% outputs: graphs of Zernike monomial coeffs vs field, locates aberration nodes and marks them on 

plot.  Also outputs table of number of nodes per monomial aberration 

% Zemax ZvF file must contain all zernikes z1, z2, etc.. 

clear; clc; close all 

  

poly2mono = importdata('Zernike polynomial to monomial.xlsx'); 

abb_name = poly2mono.textdata(2:end,5); 

z_coeffs = poly2mono.data(:,4:end); %shift twice since excel concatenate column 

z_coeffs(isnan(z_coeffs)) = 0; 

  

a = xlsread('Zemax\WFOV designs\70 deg FOV\ZvF_Fringe_70deg_v1c.xlsx'); 

z_axislim = [-1.8 1.8]; 

a = a(2:end,:); %remove 1st row from data, zernike term label 

x = a(:,1); 

efl = 2.5;  %use only when field is image height, not fish eye lens 

x = 180/pi*atan(x/efl); %convert image height to obj angle 

 

 

%-------------------------------------------------------- 

z_term = 1:35; %if term is limited sum will not be correct in presense of high order abberration 

x_interp = linspace(min(x),max(x),2000);  %interp for zero crossing 

  

% z_plot = 1:38; %max is #rows in matrix, mono abbs 

% z_plot = 1:6; 

% z_plot = 7:12; 

% z_plot = 13:19; 

z_plot = 20:27; 

  

xlabel4plot = 'Field angle (deg)'; 

nField = size(a,1); 

  

%% 

close all 

colors = hsv(length(z_plot)); 

% colors = colors/1.5; %darken colors 

  

try colors((colors(:,1) > 0.6) & (colors(:,2) > 0.6),:); 

    colors((colors(:,1) > 0.6) & (colors(:,2) > 0.6),:) = [0 0 0]; %replace yellow 

catch 

end 

  

for ii = 1:length(z_term); legendlabel{ii} = ['z' num2str(z_term(ii))]; end 

  

zern = a(:,2:max(z_term)+1); %zern coeffs from zemax 

  

for ii = 1:nField 

    for jj = 1:length(abb_name) 

        %     z_mono(jj,ii) = sum(z_coeffs(jj,z_start:size(zern,2) + z_start - 1)*zern(ii,:)'); 

%multiply poly2mono matrix with zern vector, then sum 

        z_mono(jj,ii) = sum(z_coeffs(jj,1:size(zern,2))*zern(ii,:)'); %multiply poly2mono matrix 

with zern vector, then sum 

    end 

end 

  

for jj = 1:length(z_plot) 

     

    z_mono_interp = interp1(x,z_mono(z_plot(jj),:),x_interp); 

     

    zci = @(v) find(v(:).*circshift(v(:), [-1 0]) <= 0);  %weird func that finds zeros 

    %     x_zero = zci(z_mono(jj,:)); 
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    x_zero = zci(z_mono_interp); 

     

     if ~isempty(x_zero) 

        % remove last zero if its not a node 

        if abs(z_mono_interp(x_zero(end))) > .01; 

            x_zero = x_zero(1:end-1); 

        end 

        % remove first zero if first point 

        if x_zero(1) == 1 

            x_zero = x_zero(2:end); 

        end 

        % remove all zeros if all points are zero, must be last if 

        if length(x_zero) > length(x)-10; 

            x_zero = []; %make empty 

        end 

    end 

     

    nodes(jj,1) = length(x_zero); 

     

    h(jj) = plot(x_interp,z_mono_interp,'color',colors(jj,:)); 

    hold on 

    plot(x_interp(x_zero),z_mono_interp(x_zero),'o','color',colors(jj,:)) 

    hold on 

     

end 

legend(h,abb_name(z_plot)); 

xlabel(xlabel4plot) 

ylabel('Wavefront error (waves @1um)') 

grid on 

legend boxoff 

ylim(z_axislim) 

B.2. BILATERALLY SYMMETRIC DISTORTION FIELD MAPS 

% inputs: aberration coeffs for: smile, keystone, anamorphism 

% outputs: wavefront field maps of net aberration field in either wavefront 

% or vector/gradient maps 

% gradient maps take longer and require less pupil points 

% beta is pupil vector angle from x-axis. phi = alpha - beta 

clear; clc; close all 

  

w_smile    = 1.6; %aberration coeffs (waves). 

w_keystone = -1; 

w_anamorph = 0; 

  

% [Hx,Hy] = meshgrid(-1:1); 

[Hx,Hy] = meshgrid(-3:3); 

  

% pupil = -1:0.01:1; %use this for distortion wavefront field maps 

pupil = -1:1; %use this for distortion vector/gradient maps 

  

[x,y] = meshgrid(pupil); 

  

for hx = 1:size(Hx,1) 

    for hy = 1:size(Hy,1) 

         

        if (Hy(hy,hx) >= 0) && (Hx(hy,hx) < 0)    %quad 2 %converts angle to 0-360 deg 

            alpha(hy,hx) = pi + atan(Hy(hy,hx)/Hx(hy,hx)); 

        elseif (Hy(hy,hx) < 0) && (Hx(hy,hx) < 0) %quad 3 

            alpha(hy,hx) = pi + atan(Hy(hy,hx)/Hx(hy,hx)); 

        elseif (Hy(hy,hx) < 0) && (Hx(hy,hx) > 0) %quad 4 

            alpha(hy,hx) = 2*pi + atan(Hy(hy,hx)/Hx(hy,hx)); 

        else                                    %quad 1 

            alpha(hy,hx) = atan(Hy(hy,hx)/Hx(hy,hx)); 

        end 

        alpha(isnan(alpha)) = 0; 

         

        for ii = 1:length(pupil) 
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            for jj = 1:length(pupil) 

                 

                r(ii,jj) = sqrt(x(ii,jj)^2 + y(ii,jj)^2); %always >0 

                 

                if (y(ii,jj) >= 0) && (x(ii,jj) < 0)    %quad 2 %converts angle to 0-360 deg 

                    beta(ii,jj) = pi + atan(y(ii,jj)/x(ii,jj)); 

                elseif (y(ii,jj) < 0) && (x(ii,jj) < 0) %quad 3 

                    beta(ii,jj) = pi + atan(y(ii,jj)/x(ii,jj)); 

                elseif (y(ii,jj) < 0) && (x(ii,jj) > 0) %quad 4 

                    beta(ii,jj) = 2*pi + atan(y(ii,jj)/x(ii,jj)); 

                else                                    %quad 1 

                    beta(ii,jj) = atan(y(ii,jj)/x(ii,jj)); 

                end 

                 

                 

                W_smile(ii,jj,hy,hx) = (Hx(hy,hx)^2 + Hy(hy,hx)^2)*r(ii,jj)*cos(beta(ii,jj)); 

%quad dist 1 

                 

                W_keystone(ii,jj,hy,hx) = Hx(hy,hx)*sqrt((Hx(hy,hx)^2 + 

Hy(hy,hx)^2))*r(ii,jj)*cos(alpha(hy,hx) - beta(ii,jj));  %quad dist 2 (H cos(alpha) = Hx) 

                 

                W_anamorph(ii,jj,hy,hx) = Hx(hy,hx)*r(ii,jj)*cos(beta(ii,jj));  %anamorphism (H 

cos(alpha) = Hx) 

                 

                W(ii,jj,hy,hx) = w_smile*    W_smile(ii,jj,hy,hx) +... 

                    w_keystone* W_keystone(ii,jj,hy,hx) +... 

                    w_anamorph* W_anamorph(ii,jj,hy,hx); 

                boxlims = 18; 

                 

                 

                if r(ii,jj) > 1 %zero outside unit circle 

                    W(ii,jj,hy,hx) = NaN; 

                end 

                 

            end 

        end 

        [px(:,:,hy,hx),py(:,:,hy,hx)] = gradient(W(:,:,hy,hx)); 

        vector_size(:,:,hy,hx) = sqrt(px(:,:,hy,hx).^2 + py(:,:,hy,hx).^2); 

    end 

end 

vector_size_max = nanmax(nanmax(nanmax(nanmax(vector_size,[],3),[],4),[],2)); 

  

%% 

figure('position',[100 100 500 500]) 

for hx = 1:length(Hx) 

    for hy = 1:length(Hy) 

        subplot_tight(length(Hx),length(Hy),hx + length(Hx)*(hy - 1),0) 

        imagesc(pupil,pupil,W(:,:,hy,hx)) 

        caxis([min(min(min(min(min(W))))) max(max(max(max(max(W)))))]) 

        axis equal tight 

        axis off 

    end 

end 

% h = colormap(parula); 

  

myColorMap = parula; 

% myColorMap((myColorMap(:,1) > 0.5),2) = (myColorMap((myColorMap(:,1) > 0.5),2) + 0)/2; 

myColorMap(1,:) = [1 1 1]; 

colormap(myColorMap); 

  

%% 

figure('position',[100 100 500 500]) 

for hx = 1:length(Hx) 

    for hy = 1:length(Hy) 

        subplot_tight(length(Hx),length(Hy),hx + length(Hx)*(hy - 1),0) 

        quiver(pupil,pupil,px(:,:,hy,hx),-py(:,:,hy,hx),'-

k','autoscale','off','maxheadsize',2,'clipping','off') %flipped y-sign to match imagesc 

        axis equal tight 

        axis off 

        xlim([-boxlims boxlims]); ylim([-boxlims boxlims]) 
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    end 

end 

 

B.3. RELATIVE ILLUMINATION VS PUPIL MAGNIFICAITON AND 

DISTORTION 

% inputs: distortion at edge of field, pupil magnification 

% outputs: relative illumination plots 

clear; clc; close all 

  

theta = [0:40]'*pi/180; 

mp = [2 3]; 

D_max = [.2]; 

colors = hsv(length(mp)); 

  

for mm = 1:length(mp); legendlabel{mm} = ['mp = ' num2str(mp(mm))]; end 

  

for mm = 1:length(mp) 

    for dd = 1:length(D_max) 

         

        D(:,dd) = (theta/max(theta)).^2*D_max(dd); 

        theta_p(:,mm,dd) = atan(tan(theta).*(1/mp(mm) + D(:,dd))./(D(:,dd) + 1)); 

        RI(:,mm,dd) = (cos(theta_p(:,mm,dd))).^4; 

         

    end 

end 

  

for mm = 1:length(mp) 

  

plot(theta*180/pi,squeeze(RI(:,mm,:))); 

hold on 

  

end 

% plot(theta*180/pi,D,'--','color',colors(mm,:)) 

plot(theta*180/pi,D,'--k') 

  

xlabel('Object space angle (deg)'); ylabel('RI') 

grid on 

% legend(hh,legendlabel) 

legendlabel = [legendlabel 'distorion']; 

legend(legendlabel) 

  

B.4. YNU RAYTRACE OF 3-MIRROR SYSTEM 

% inputs: thin lens prescription for 3 lens system, 

% ouputs: plots of image and exit pupil locations and petzval sum vs lens 3 EFL 

% currently variable is lens 3 EFL (f3), but it could be any parameter 

clear; clc; close all 

  

% t0 = 1; %inch (stop to M1) 

% t2 = 1; %inch (m2 to m3) 

% f1 = 1; 

% f2 = -0.41; 

% t1 = 1;  

% f3 = [-1:.01:3]; 

  

t0 = -1.5; %inch (stop to M1) 

t2 = 1; %inch (m2 to m3) 

f1 = -1.3; 

f2 = 3; 

t1 = 1;  
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f3 = [-3:.01:4]; 

  

  

%% calc exit pupil location 

u = 0.1; %unitless tan(theta) CR angle, any nonzero value works 

y0 = 0; %chief ray starts at y=0 at stop 

  

y1  = y0  + u *t0; 

u1 = (u  - y1/f1); 

  

y2  = y1 + u1*t1; 

u2 = (u1 - y2/f2); 

  

y3  = y2 + u2*t2; 

u3 = (u2 - y3./f3); 

  

% yxp = y3 + u3*txp; 

  

txp = -y3./u3; %exit pupil location 

  

%% calc exit image location 

u = 0; %marg ray is collimated into TMA 

y0 = 1; %any nonzero value works 

  

y1  = y0  + u *t0; 

u1 = (u  - y1/f1); 

  

y2  = y1 + u1*t1; 

u2 = (u1 - y2/f2); 

  

y3  = y2 + u2*t2; 

u3 = (u2 - y3./f3); 

  

% yxp = y3 + u3*txp; 

  

timage = -y3./u3; %image location 

  

%% petz sum 

phi_petz = 1/f1 + 1/f2 + 1./f3; 

phi_petz(phi_petz == Inf) = NaN; 

  

plot(f3,txp,f3,timage) 

xlabel('f3 (inch)') 

ylabel('distance from M3 (inch)') 

grid on 

legend('exit pupil location', 'image location') 

% ylim([max(min(txp),min(timage)) min(max(txp),max(timage))]) 

ylim([-10 10]) 

grid on 

  

figure 

plot(f3,phi_petz,'k') 

grid on 

xlabel('f3 (inch)') 

ylabel('Petzval curvature (1/inch)') 

ylim([-5 5]) 

 

B.5. MTF PLOTS OF PIXEL SIZE AND SCAN SMEAR 

% inputs: pixel size, scan rate, scan rate, sample time 

% outputs: MTF plots  

% integration smear is constant with EFL change since product scan rate*EFL is constant 

clc; clear; close all 

  

px = 0.435; %mm (SCAN) 

efl = 1140; %mm 

scanrate = 3.52; %rad/s 
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% scanrate = 3.56; %rad/s J3 

sampletime = 88.259e-6; %s 

rms = 2; %rms wavefront error (waves) 

wav = .600e-3; %mm 

fno = 6; 

n = 3; %bumps on wavefront 

  

sampledist = scanrate*sampletime*efl; %mm 

  

spfreq_cutoff = 1/(px); %1/mm 

spfreq = linspace(0.01,spfreq_cutoff,100); %1/mm at FPA (CodeV outputs) 

  

spfreq_cutoff_diff = 1/(fno*wav); %1/mm 

mtf_px = sinc(px*spfreq); 

mtf_integ = sinc(sampledist*spfreq); %integration smear 

mtf_oqf = exp(-(2*pi*rms)^2*(1-exp(-2*n^2*(spfreq/spfreq_cutoff_diff).^2))); %not plotted 

mtf_total = mtf_px.*mtf_integ; 

  

%% 

close all 

plot(spfreq,mtf_px,spfreq,mtf_integ,spfreq,mtf_total,'linewidth',1.5) 

xlabel('(\xi) Image spatial freq (1/mm)') 

ylabel('MTF') 

grid on 

legend('MTF from pixel size','MTF from scan smear','MTF total') 

xlim([0 2.3]) 
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APPENDIX C. ACRONYM LIST 

AOI angle of incidence 

BBR band to band registration 

CTE coefficient of thermal expansion 

EFL effective focal length 

EP entrance pupil 

EPD entrance pupil diameter 

F/# focal number 

FFOV full field of view 

FMA four mirror anastigmat 

FOR field of regard 

FOV field of view 

FPA focal plane array 

GEO geostationary orbit 

GSD ground sample distance 

HFOV half field of view 

IFOV independent FOV 

LOS line of sight 

LWIR long wave infrared 

M1, M2, M3 mirror 1, 2, 3 

MLD multi layer dielectric 

MTF modulation transfer function 

MWIR mid wave infrared 

NAT nodal aberration theory 

NEdT noise equivalent delta temperature 

OAP off axis parabola 

OAR optical axis ray 

OPL optical path length 

PNP positive, negative, positive 

PSF point spread function 

Q Q number 

QE quantum efficiency 

RMS root mean square 

SNR signal to noise ratio 

TDI time delay integration 

TMA three mirror anastigmat 

VIIRS visible infrared radiometer system 

VIS visible 

WFE wavefront error 

WFOV wide FOV 

XP exit pupil 

ZvF zernike vs field 
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