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Abstract
Parity-time (PT) symmetry gives rise to unusual phenomena inmany physical systems, presently
attracting a lot of attention.One essential and non-trivial task is the fabrication and design of the PT-
symmetric lattices in different systems.Here we introduce amethod to realize such a lattice in an
exciton-polariton condensate in a planar semiconductormicrocavity.We theoretically demonstrate
that in the regime, where lattice profile is nearly PT-symmetric, a polaritonwave can propagate at very
high velocity resulting from the beating of a ground state condensate created in the lowest energy band
at very smallmomentum and a condensate simultaneously created in higher energy states with large
momentum. The spontaneous excitation of these two states in the nonlinear regime due to
competition betweenmultiple eigenmodes becomes possible since the spectrumof nearly PT-
symmetric structure reveals practically identical amplification for Blochwaves from the entire
Brillouin zone. There exists awide velocity range for the resulting polaritonwave. This velocity can be
controlled by an additional coherent pulse carrying a specificmomentum.We also discuss the breakup
of the PT-symmetry when the polariton lifetime exceeds a certain threshold value.

Introduction

Quantummechanics has shown tremendous success in describingmicroscale particles and evenmacroscopic
objects. One of the physical axioms in quantummechanics is that theHamiltonian should beHermitian so that
the systemhas real eigenenergies and unitary time evolution.However, there existmany systems effectively
described by non-HermitianHamiltonians [1], for example, quantumparticles tunneling through a semi-
transparent barrier orwaves propagating in complex refractive index landscapes in optics. Generally the
eigenenergies are complex-valued for a non-HermitianHamiltonian. Recently, the physics of PT symmetry has
attracted a lot of attention in various systems. Originally proposed byBender andBoettcher [2] (see reviews
[3, 4]), PT-symmetric systems are described byHamiltonians that are invariant under the action of the PT
operator, where P is the parity operator, andT is the time-reversal operator. In these systems the energy
spectrummay be real despite the non-Hermiticity of theHamiltonian describing the systems. Such a PT-
symmetric system can experience a phase transition froman entirely real-valued eigenvalue spectrum to a
complex-valued onewhen the ratio between the imaginary part and real part of the complex potential exceeds a
certain critical value. This specific point, called symmetry breaking point or exceptional point [5], occurs when
both the eigenenergies and eigenvectors of the system coalesce.

Due tomathematical similarity between the Schrödinger equation and paraxial wave equation describing
propagation of light [6, 7], photonic or optical systems can be used to study PT symmetry, where the non-
Hermitian potential for light can be judiciously engineered by the fabrication ofmaterials with complex
refractive index. To achieve PT symmetry, the real part of the refractive index distribution has to be an even
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function in space and the imaginary part has to be an odd function. Then, in the PT-symmetric phase, themodes
have symmetricmodulus distributions and do not experience net gain or loss. Above the PT symmetry breaking
point, one state experiences net gain and another net loss. At the phase transition pointmany counter-intuitive
features are observedwhich cannot be found inHermitian systems, such as unidirectional transport of light
along a loss/gainmodulatedwaveguide [8, 9], loss-induced suppression and revival of lasing [10], enhanced
sensitivity of amicrocavity sensor [11, 12], singlemode lasing and the appearance of a vortex laser in a ring-
shapedmicro device [9, 13] (more examples are found in the review [14]).

Considerable progress has beenmade in the theoretical and experimental investigation of PT symmetric
photonic systems. Our aim in this work is to show that PT-symmetric lattices can be realized in polariton
systems, where they can lead to unusual dynamics of polariton condensates.We use exciton polaritons in a
planarmicrocavity to study PT symmetry in a 1Dperiodic lattice under optical pumping. Exciton polaritons
formdue to the strong coupling between quantumwell excitons and cavity photons, and they can undergo
condensation [15, 16] atmuch higher temperature [17] than cold atoms.However, due to the spontaneous decay
of polaritons, persistent optical pumping has to be used to sustain the population in polariton condensates. In
this case, the system is intrinsically driven-dissipative and non-Hermitian [18, 19]. Polaritons have both
photonic and excitonic components, that opens awealth of opportunities to tailor the complex potential and
investigate the nonlinear dynamics in polariton lattices [20–23]. Persistent Rabi oscillation [24] and
multistability of polaritons have been already predicted in PT symmetric coupledmicrocavities [25]. However,
the spatial evolution of polariton condensates in extended PT-symmetric lattices has never been proposed or
explored, although it is apparent that such latticesmay open new prospects for themanipulation of the polariton
waves.

In the present paperwe realize a PT-symmetric lattice for polariton condensates, using a spatially
periodicallymodulated optical pumpprofile togetherwith a periodicallymodulated external potential (for
example induced by the interference of two counter-propagating acoustic waves), see sketch infigure 1.Here we
demonstrate the general feasibility of an exactly PT-symmetric lattice.We also show that in the regimewhen the
lattice profile only slightly deviates from the ideal PT-symmetric landscape, when the constant background in
the periodic pump beamonly slightly exceeds the threshold for condensation, the lattice provides practically
identical gain for Blochmodes in the entirefirst Brillouin zone. The nonlinear competition between such
growingmodes excitedwith noisy input results in the formation of ground and excited polariton states at
differentmomentum values. The resulting beating of these condensate fractions generates a high-speed
polaritonwave. The velocity of the resultingwave can be optically controlled in awide range using an additional
coherent pulse.We also demonstrate that the PT-symmetry can be broken as the lifetime of polariton increases,
giving rise to an asymmetric spectrum.

Theoreticalmodel

The dynamics of a polariton condensate in semiconductormicrocavities at the bottomof the lower-polariton
branch can be described by a driven-dissipative Gross–Pitaevskiimodel, coupled to an equation for the density
of the exciton reservoir [26]:
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Figure 1. (a) Sketch of a planar semiconductor quantum-wellmicrocavity with excitation by a periodicallymodulated optical beam in
the presence of a periodic external potential, e.g. created by two counter-propagating acoustic waves. (b)Real part (VR) and imaginary
part (VI) of a complex external potential withV0=0.1 meV. (c)Band structure for the complex periodic potential in (b)with effective
mass = -m m10eff

4
e (me is the free electronmass). Real (cyan) and imaginary (pink) parts of the complex eigenvalues are shown.
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HereΨ(r, t) is the coherent polariton field and n(r, t) is the exciton reservoir density. The effectivemass of
polaritons ismeff. Due to thefinite lifetime of polaritons, the condensate has a decay rate γc=0.2 ps−1, and the
reservoir decays with γr=0.3 ps−1. The polariton condensate is replenished by the coupling to the reservoir
density n(r, t)with rateR=0.001 μm2ps−1, while the reservoir is excited by an incoherent pump P(r, t). The
interaction strength between polaritons is given by gc=10−5 meV μm2 and between polaritons and reservoir
by =g g2r c. In differentmaterials the interaction strengths and consequent nonlinearities can be significantly
different, with typical interaction strengths of 1–10 μeV μm2 in inorganicmaterials [27, 28] and of the order of
10−3μeV μm2 in some organicmaterials [29–31].Ve is an external potential which can be fabricated by different
techniques [32–35].

PT-symmetric lattice

Considering the 1D case, for our system the total external potential seen by the coherent condensate is given by
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with the real potential º +( ) ( ) ( )V x g n x V xr eR and the imaginary potential  gº -( ) ( ( ) )V x Rn x 2cI . In
general, both the real potential and the imaginary potential are related to the pumpprofile, resulting in that they
always have the same symmetry in the absence of the external potentialVe(x). However, when the external
potential is present andmuch stronger than the reservoir-induced one, i.e. ( ) ( )V x g n xe r , the situation can
change such thatVR andVI have different symmetries. Here, we use p=( ) ( )V x V x acos 2e 0 , which can for
example be realized by interference of counter-propagating acoustic waves (see figure 1(a)) [36]. To obtain an
anti-symmetric profile of the imaginary part of the potential, we apply a spatially periodic pump satisfying
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A

x a
A

P
2

sin 2
2

, 40 0
0

with lattice constant a=4 μm. Such an intensity profile can be created using three continuous planewaveswith
different angles of incidence.We note that for spatially homogeneous excitation the pump threshold for
condensation is g g=P Rc rthr . Approaching the linear case, that is when the pump intensity is just above the
condensation threshold, the steady-state reservoir density satisfies

g
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Substituting equations (4) and (5) into equation (3), the imaginary potential can then bewritten as
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which is anti-symmetric when the constant loss rate, γc, is compensated by the spatially homogeneous part of the
pump, i.e.

g g
+ = = ( )A

P
R

P
2

. 7c r0
0 thr

In the followingwe set ºA P20 thr and adjust the pump intensity by changing P0.
We start with the simplest case ofP0=0, corresponding to exact PT-symmetric lattice configuration. The

distributions of the resulting anti-symmetric imaginary potential and symmetric real potential, which satisfy the
PT-symmetry condition, are shown infigure 1(b). In this case the systempossesses only real-valued eigenvalues
(for the selected amplitudeA0) as shown infigure 1(c).

To create larger condensate densities, such that the nonlinearitymust be considered, an external pumpwith
P0>0 is required. Then, nonlinearity affects the distribution of the real potential as well as the imaginary
potential through depletion of the reservoir. It can be seen from equations (2) and (3) that if the external
potential (Ve) and the loss of the reservoir (γr) are not large enough, the total potential cannot satisfy a precise PT
symmetry anymore. The imaginary potential will be further away frombeing anti-symmetric when the density
of the condensate is larger. The resulting deviation of the imaginary potentials from a precise anti-symmetric
distribution p=[ ˜ ˜ ( )V V x asin 2I I0 with  g=Ṽ RA 4 rI0 0 ], defined as òD = -∣ ˜ ∣V V V xdI I I , over one period is
shown infigure 2(a). It is clear that the deviation increases with the intensity of the additional planewave and the
strength of the external potential.We note, however, that in the parameter range shown infigure 2(a) the
deviation does not exceed 0.1%of themagnitude of the imaginary part thatmeans that the profile of such lattice
remains close to the ideal PT-symmetric configuration. As a consequence in this regime the spectrumof the
structure enables excitation of the high-speed polaritonwaves.
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As shown infigure 2(b), when forP0>0 the condensationoccurs fromnoisy initial conditions and eventually
reaches stationary behavior, condensate fractions format the bottoms of both bands. Infigure 2(b) the spectrumof
the emerged condensate is superimposedon the eigenvalue spectrumof the nearly PT-symmetric linear lattice
calculated atP0>0 using the expression (3) and assuming Y =∣ ( )∣x 02 . The condensate in thehigher eigenstate is
k-symmetric, while the condensate in the ground state carries afinitemomentum, i.e. the spectrumslightly shifts
from k=0 tofinite k.We state that this is not an artifact, this also occurs in a very large calculation domainwith an
intensityfilter to theperiodic pump to avoid the influence of the boundaries.One can see fromfigure 2(b) that the
small deviationof the lattice profile fromexact PT-symmetric landscape caused byP0 results in the imaginary part
of the eigenvalue being lifted fromzero to a small positive valuewhich is practically identical for allmodes from the
first Brillouin zone. Subsequent nonlinear competition between thesemodes excited by the initial noisy input
typically results in theoutput containing excitations from twodifferent bands. For an initial noisewith zero average
momentum, the fractionof the condensate belonging to the lower band typically has zero averagemomentum kx as
shown infigure 2(f). In contrast, when initial noisy input carries non-zeromomentum, the output states can be
generated that are concentrated,within the lower band, aroundnon-zeromomentumvalues, as shown in
figures 2(e) and (g). It isworthmentioning that a homogeneous solutionwith afinite kx, corresponding to the sole
ground state, is unstable and then switches to the kx=0 solution [23]. Therefore, the presence of the excited state
obvious infigure 2(b) that competeswith the ground state atfinite kx value innearlyPT-symmetric structure seems
to be essential for stabilization of the latter.Coexistence of the ground and the excited stateswith different
momenta can also be attributed to thenonlinear character of gain, referring to the spontaneous scattering term
Y∣ ∣R 2 in equation (2) [37–39]. Interestingly, because of the interplay of the higher and ground state contributions, a

high-speed polaritonwave forms spontaneouslywith velocity of∼44 μmps−1 thatmoves to the left (see
figure 2(c)). Here the velocity of thiswave can be calculated by

w= D D = D D( ) ( )v k E k , 8x xg

with the energy difference of the two contributing statesΔE;−1.44 meV and themomentumdifference
D k 0.05x μm−1 fromfigure 2(c).

Figure 2(h) shows the dependence of the velocity of the resulting polaritonwave on themomentumof the
emerged ground state condensate. Increasing themomentum kx of the ground state condensate simultaneously
causes a shift of its energy to higher value.When the effectivemass of a polariton condensate is larger, thewave
propagates slower than that with a smaller effectivemass. This is because the energy difference between the
ground and the excited states for a larger effectivemass is smaller than that for a smaller effectivemass. Likewise,
if the polaritons have a small effectivemass ( - m10 5

e), the velocity of thewave can be very high,more than
150μm ps−1 at very small kx (kx=0.025 μm−1). Fromfigure 2(h)we can also conclude that there is a very
wide velocity range that can be obtained in a very small kxwindow.

Noisy initial conditions as discussed above cannot easily be controlled. In the followingwewould like to
explore the possibility to give the polariton condensate a desiredmomentumby application of a coherent pulse
after the initial formation of the condensate. The results are shown infigure 3. From initial noise a symmetric

Figure 2. (a)Deviation of the imaginary part of the potential per period from the corresponding exactly anti-symmetric distribution
versus P0 for different strengths of the external potential. (b)Real (cyan color) and imaginary (pink color) parts of the linear band
structure forV0=0.5 meV and P0=5 μm−2 ps−1 (Pthr=60 μm−2 ps−1). Included are the condensate spectra calculated from the
dynamics in (c) and (d). Time evolution of (c) the density of the polariton condensate and (d) the corresponding phase on long time
scales. The upper panel in (c) shows a 1D slice through the density (μm−2) at t=9 ps as indicated by the dashed line. (e)–(g)The
lowest energy band including examples of the ground state spectra of thefinal polariton distribution emerging in three cases of
randomly different noisy input. The spectra in the higher bands are the same as in (b). (e)Enlarged view of the dashed box region in
(b). (h)Velocities of polaritonwaves depending on ground state polaritonmomentum for different effectivemasses andfixed external
potential withV0=0.5 meV. For (a)–(g) = ´ -m m2 10eff

5
e.
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oscillating state (figures 3(a) and (b)) is created, where the ground state has a stronger contribution than the
excited states (figure 3(e)). At t=10 000 pswe apply a short 10 ps coherent pulse, which is resonant with the
lowest band, with a broad (near homogenous) spatial distribution. This pulse that carries afinitemomentum,
switches the condensate state from the symmetric initial oscillation to a unidirectionally propagating state. The
velocity of the resulting polaritonwave is related to the finitemomentum carried by the coherent pulse. For
example, a coherent pulse with kx=0.025 μm−1 (figures 3(c) and (f)) leads to the generation of an additional
condensate at kx=0.025 μm−1 (figures 3(d) and (g)). After the pulse is gone, the entire condensate in the
ground state is permanently switched to the statewithmomentumdictated by the coherent pulse.

Non-PT-symmetric lattice

Toprove the coexistence of the stable ground state condensate around k=0 and the excited state at the
boundaries of the Brillouin zone supported by PT-symmetry, we change the pump from spatially anti-
symmetric to symmetric. The result for a typical symmetric pump is shown infigure 4(a), which only allows
non-moving periodic solutions for the condensate. Figure 4(b) shows the corresponding band structure and
condensate spectrum. The change of the pumpobviously does not influence the real part of the band structure,
while the imaginary part infigure 4(c) is strongly altered. In this case, during the initial formation of the
condensate from initial noise, it simultaneously appears in the states at the center and at the boundaries of the

Figure 3.Optical control of the velocity. (a)Time evolution of the peak density of the condensate with a coherent pulse applied at
t=10 000 ps. (b)–(d)Time evolution of spatial profiles at different points in time in (a). (e)–(g)Real part of the linear band structure
and spectra for (b)–(d), respectively, withV0=0.5 meV,P0=5 μm−2 ps−1, and = ´ -m m2 10eff

5
e.

Figure 4.Non-PT symmetry lattices and PT symmetry breaking. (a)Periodic distributions of external potentialV (scale on the left),
pump profileP, and steady-state solution y∣ ∣2 (scale on the right in μm−2). (b)Real part of the linear band structure and the spectrum
of the solution in (a). (c) Imaginary part of the linear band structure in (b). (d)Real and imaginary parts of the potential for a polariton
lifetime γc=2 ps−1, calculated from equation (3)with n(x)=0. (e)Real (cyan) and imaginary (pink) parts of the linear band
structure for (d) including the polariton spectrum for (f). (f)Time evolution of the density and the phase of a stationary solution in the
presence of the complex potential (d). Here,V0=0.5 meV and = ´ -m m2 10eff

5
e.
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Brillouin zone.However, the states at kx=0 are quickly damped out due to the deep sink at k=0 (see the insert
offigure 4(c)). On long time scales only condensate in the states at the boundaries of the Brillouin remains as in
figure 4(b). That is why in a non-PT-symmetric case and for pump intensity close to the threshold two
condensate fractions can only simultaneously be stable when they have the samemagnitude ofmomentum [40].
A recent experimental work [41] demonstrates that in the non-PT-symmetry scenario only one of the two states
has been observed in onemeasurement when the pump intensity is just above the threshold, which agrees very
well with our numerical finding. Notice that when the pump intensity is strong the phase transition of polariton
condensates from p= k ax state to the ground state can also be observed [33, 42].

Previously, it has beenmentioned that even in the PT-symmetric case the eigenenergies can become
complexwhen the ratio of the amplitudes of the imaginary and real potentials exceeds a certain threshold value
[5]. In the present system, the depth of the imaginary potential in equation (6) can be adjusted by changing the
rateR/γr or γc. Here, we investigate PT-symmetry breaking by changing γcwithfixedR/γr. Increasing γc leads to
a stronger imaginary potential, significantlymodifying also the real part of the band structure. As γc becomes
larger at the point where the imaginary potential gets stronger than the real potential (figure 4(d)), the real parts
of the first and second band begin tomerge at the boundaries of the first Brillouin zone (figure 4(e)). At the same
time the imaginary parts of the band structure start to split, which shows the onset of PT-symmetry breaking. In
this case, the condensate solution (figure 4(f)) carries a homogeneous background and its density distribution
does not change over time, while the phase velocity is non-zero. This coincides with a highly asymmetric spectral
distribution inmomentum space as shown infigure 4(e).

Conclusion

In conclusion,wehave introduced amethod to realize a PT-symmetric lattice inpolariton condensates. The
method is basedon a spatially periodic pumpacting in a periodic external potential.WhenPT-symmetry is
realized, a spatially propagatingwave of polariton condensates is observedwith a velocity related to themomentum
of the condensate formed in the ground state. This velocity can beoptically controlled to have a specific value inside
awide velocity range. At theonset of PT-symmetry breaking,where the system’s eigenvalues becomecomplex
again, an asymmetric condensate solution is formedwith stationary density, but non-zerophase velocity.
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