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Abstract

Large asexual populations often have complicated evolutionary dynamics due to their

large influxes of beneficial mutations. Competition among the lineages that arise

leads to the loss of many beneficial mutations, a phenomenon known as clonal in-

terference. Several alleles and loci are involved in this process, which has made the

study of asexual adaptation with clonal interference challenging to undertake. Trav-

eling wave models in population genetics overcome these challenges, and over the last

two decades, their application has significantly advanced our understanding of asex-

ual adaptation, with several key results that shed light on how population parameters

shape rates of adaptation, levels of genetic diversity and the structures of genealogies.

In this work, I develop and discuss the application of two novel traveling models that

build on the work of Desai and Fisher [1]. The first is a two-dimensional traveling

wave that describes asexual adaptation with two fitness-associated traits. Analysis

and simulations of this model are given in chapters two and three, along with a brief

discussion of two major results: (1) the long-term features of trait interactions from

clonal interference appear like functional constraints, and (2) the stalling of evolu-

tion in a trait from clonal interference with another is dependent on both selection

coefficients and mutation rates. The second model discussed in this work includes

a traveling wave over absolute fitness space to study the fitness dynamics responsi-

ble for long-term persistence and extinction in large asexual populations. In chapter

four, I provide a brief overview of the model’s construction with details surrounding

key assumptions needed to appropriately describe absolute adaptation; analysis and

results obtained from approximations to this model are subsequently presented.
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Chapter 1

Introduction

The development of population genetics by Fisher, Haldane, and Wright was a ma-

jor advance in the study of evolutionary biology, as it brought the reconciliation of

Darwinian selection and Mendelian genetics [2]. Population genetics provided the

conceptual foundations needed to describe how natural selection shapes the genetic

composition of populations. Adaptation subsequently came to be defined as the

process in which a beneficial mutation (or an existing allele) increased in frequency

through natural selection. Thus, models of adaptation in classical population genetics

began with establishing the dynamics of how new beneficial mutations spread (reach

a frequency of one), and the factors that determine the rate at which they do so.

1.1 Fundamentals of adaptation in classical population ge-
netics

Adaptation occurs when there is a rise in the frequency of new beneficial mutations

through natural selection. The dynamics of this process were elaborated on by Fisher,

Haldane, and Wright, through the use of replicator equations involving key popula-

Allele
Relative
fitness

Frequency

a wa = 1 pa(t)

A wA = 1 + sA pA(t)

Table 1.1. Population genetic parameters for a haploid population with two alleles
a and A under selection. Changes in frequencies are determined by the relative
fitness values assigned, with allele A being favored by selection (sA > 0). Frequencies
are expressed as being time-dependent to indicate that they change each generation
(t = 0, 1, 2, ...) due to selection.
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tion genetic parameters. As an example, we can consider a population of haploid

individuals with a single locus containing one of two possible alleles, a or A, with

A being derived from a through mutation. To model the dynamics of selection, we

must specify relative fitness values for each allele, as given in Table 1.1 above. Allele

frequencies in each generation t are then given by

pa(t+ 1) =
wa

w̄
pa(t)

pA(t+ 1) =
wA

w̄
pA(t),

(1.1.1)

where w̄ = pa(t)wa + pA(t)wA is the mean relative fitness of the population in gen-

eration t. A quantity of key importance is the selection coefficient sA appearing in

the relative fitness of A, and it measures the increase in A’s frequency per generation

from selection when the allele A is rare (pA � 1). This can be seen by rewriting the

expression for pA in Equation (1.1.1) to obtain

∆pA
pA

=
pA(t+ 1)− pA(t)

pA(t)
=
wA − w̄
w̄

=
sA
w̄

(1− pA(t)) ≈ sA. (1.1.2)

Equations (1.1.1) express the discrete-time dynamics of selection. In continuous-time,

the changes in allele frequencies are given by

1

pA(t)
· dpA(t)

dt
= sA(1− pA(t))

1

pa(t)
· dpa(t)

dt
= −sA(1− pa(t)),

(1.1.3)

A fixes in the population (pA ≈ 1) over a period of time that is proportional to 1/sA in

both the discrete- and continuous-time formulations. The spread of allele A increases

the population’s mean relative fitness by sA.

For adaptation to continue, new beneficial mutations must continue to appear. In

a population of size N with beneficial mutation rate U (per birth per generation),

NU new beneficial mutations are expected to occur each generation. However, not

all mutant lineages are destined to spread from selection. Stochastic fluctuations



12

from genetic drift in the initial growth phase of new mutant lineages can lead to

their extinction. The probability that a mutation’s lineage is not lost to drift is

called the probability of establishment, where establishment means that the number

of allele copies has grown sufficiently large to ensure that they will continue to increase

through selection. The probability of establishment is also known as the probability

of fixation, denoted πfix, in models where establishment guarantees that the allele will

fix in the population, as is the case with the two-allele model above. Estimates of πfix

generally find that πfix ∝ s for a simple model like our haploid example above [3, 4, 5],

and thus, πfix(s) is used to indicate its dependence on the selection coefficient. πfix(s)

will also depend on the genetic background of the mutation if populations contain

genetic variation in fitness, as is the case when the influx of beneficial mutations is

large.

1.2 Adaptation with multiple beneficial mutations spreading

Adaptive evolution can be significantly more complex with numerous beneficial mu-

tations increasing in frequency at the same time. The dynamics of selection involve

key genetic interactions that alter the fate of beneficial mutations. For example, we

can consider a modification of the haploid population discussed in the previous sec-

tion, but defined with two linked loci and two alleles having relative fitness values

given in Table 1.2 below. Two alleles are said to be linkage disequilibrium when their

observed frequency differs from their expected frequency under the assumption of an

uncorrelated association between them. If we consider the alleles A and B, then their

observed frequency is pAB, and their expected frequency is pA · pB if uncorrelated.

The degree of linkage disequilibrium between A and B is given by their coefficient of

linkage disequilibrium DAB = pAB − pA · pB. Similar coefficients are defined for the

other allele pairings {ab, aB,Ab}.
Linkage disequilibrium causes selection at loci to interfere, an effect known as
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Genotype ab Ab aB AB

Frequency pab pAb paB pAB

Relative fitness 1 wA wB wAwB

Allele a A b B

Frequency pa pA pb pB
Relative fitness 1 wA = 1 + sA 1 wB = 1 + sB

Table 1.2. Population genetic parameters for a haploid population with two linked
loci and two alleles at each locus. Selection coefficients for alleles A and B, sA and
sB, are positive. Allele frequencies are given by summing up genotype frequencies
that contain the respective allele, e.g. pA = pAb + pAB.

Hill-Robertson interference [6]. To see how this occurs, we can consider selection

for the alleles A and B in the two-locus two-alleles haploid population above. The

dynamics of pA can be derived from the replicator equations for genotype frequencies,

e.g. pab(t+ 1) = wA·wB

w̄
pab(t), leading to the expression

∆pA =
wa − w̄1

w̄
pA +

sB
w̄
DAB +

sAsB
w̄

papAB

≈ sA
w̄
pA +

sB
w̄
DAB,

when pA � pa and sAsB � 1. Here, w̄1 = pa + pAwA is the mean relative fitness

at the first locus. The term sA
w̄
pA represents selection for A relative to a at the first

locus, as in Equation (1.1.2), while sB
w̄
DAB corresponds to the interference caused by

selection for B at the second locus, and arises from linkage disequilibrium between

A and B. If A and B are new beneficial mutations, then DAB = −pA · pB < 0 and

selection for B impedes selection for A. Tracking the fate of individual beneficial

mutations becomes analytically impractical as the effects of Hill-Robertson interfer-

ence increase in complexity. This presents a serious challenge when attempting to

model adaptation in large asexual populations, where multiple beneficial mutations

are frequently appearing.

The lack of recombination in asexuals implies that new beneficial mutations ap-

pearing at the same time will have to compete to fix in the population because each
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Figure 1.1. Muller diagram depicting clonal interference. Horizontal axis measures
the passage of time and the vertical axis measures the relative size of a clonal lineage.
The beneficial mutation A appears first on some initial genetic background (white)
and begins to spread in the population (yellow). New mutations B and C appear
later, but prior to A fixing. C clonally interferes with A and B, leading to their loss.
Mutations D and E appear next on genetic backgrounds carrying C. The lineage
of CD is eliminated by descendants of CE, leading to the loss of the D mutation.
Clonal interference continues to occur among the beneficial mutations that follow.

one will give rise to a clonal lineage of its own. Mutations that have smaller s values,

or occur on inferior genetic backgrounds, are outcompeted and lost (see Figure 1.1),

resulting in clonal interference [7]. Fewer beneficial mutations contribute to adapta-

tion in the presence of clonal interference, and determining which ones do becomes

a daunting task with classic approaches like those discussed above. Nonetheless, un-

derstanding how clonal interference impacts rates of adaptation in large asexuals has

been of key interest in evolutionary biology due to its connections to the evolution of

sex [8, 9]. Progress in this area of research came with the development of traveling

wave models in population genetics.

1.3 One-dimensional traveling waves in population genetics

One-dimensional traveling wave models provide novel frameworks for describing the

dynamics of asexual adaptation. The advantage of these models comes from several
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key assumptions that allow the treatment of clonal interference and resulting multi-

locus dynamics associated with the large influxes of beneficial mutations, while also

avoiding the complications discussed in the previous section. The approach of these

models begins with considering how a population’s relative fitness distribution change

over time from selection, beneficial mutations and genetic drift [10, 11, 1, 12, 13, 14,

15, 16]. The relative fitness distribution is derived from dividing up the population

into fitness classes, which are subpopulations comprised of individuals with the same

relative fitness. This yields a discrete distribution over relative fitness space, similar

to the distribution shown in Figure 1.2. Beneficial mutations with the same selective

advantage s are not distinguished from one another. This ensures that a beneficial

mutation occurring on individual with fitness X, either produces a new individual in

an existing fitness class at X+s, or gives rise to a new fitness class at X+s. Selection

reduces the abundances of fitness classes below the population mean relative fitness

value, and increases abundances of fitness classes above it. Beneficial mutations also

add new fitness classes ahead of the distribution, allowing the distribution to advance

in relative fitness space. The long-run rate of adaptation will correspond to how fast

the wave advances once there is balance between selection and beneficial mutations.

Several variations on the traveling wave framework exist that include distinct

assumptions about the distribution of fitness effects [14], the presence of deleterious

mutations [17], architecture of genomes [16], and the relative strength of mutations

compared to selection [13]. We consider an extension of the traveling wave model

developed by Desai and Fisher [1].

In their approach, Desai and Fisher assume a population of fixed size N , with

beneficial mutation rate U (per birth per generation). All beneficial mutations are

assumed to have the same selective advantage s. The set of parameters are assumed

to satisfy 1 � Ns � N and U/s � 1. The fixed s assumption provides a simple

correspondence between the number of mutations i an individual carries and their

relative fitness is. Fitness classes can then be identified by how far ahead (or behind)
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Figure 1.2. A one-dimensional traveling wave with dynamics depicted. A fitness
distribution is formed by grouping individuals into fitness classes (bins). Abundances
of fitness classes change over time due to selection, beneficial mutations, and genetic
drift. The relative fitness distribution travels to the right as a result of selection and
the appearance of new fitter classes from beneficial mutations. Selection decreases
abundances below the mean of the distribution and increases abundances above the
mean. Beneficial mutations on the fittest genetic background produce new fitness
classes at the right of the distribution, known as the “nose.”

they are from the mean fitness of the populations īs in terms of mutational steps k

(i.e. ks = d(i− ī)es).
The long-run rate of adaptation will correspond to how fast the relative fitness dis-

tribution advances when selection and beneficial mutations are in balance. Therefore,

the rate at which new fitness classes appear and go on to establish in the population

essentially determines the rate of adaptation.

Desai and Fisher [1] model the dynamics of a newly appearing fitness classes at

the “nose” of the distribution qs as a branching process receiving new mutations from

the fitness class below at (q − 1)s. Beneficial mutations occurring in fitness classes

below (q − 1)s are lost to clonal interference, and thus ignored.

The leading class qs begins with one individual, after which its growth is domi-

nated by drift and incoming mutations. This stochastic growth phase continues until

the fitness class grows large enough (∼ 1/qs) to ensure that growth is dominated by
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selection, at which point change in the abundance of the fitness class becomes deter-

ministic. Desai and Fisher [1] refer to the transition from stochastic to deterministic

dynamics as “establishment.”

When selection and beneficial mutations are in balance, the time τest it takes

for a fitness class to establish is also the time required for the mean relative fitness

population to advance by s. Thus, a newly established fitness class at the front will

only be (q − 1)s away from the mean. Its size at that point is sufficiently large to

produce beneficial mutations into the class ahead (U/s� 1). Desai and Fisher obtain

the mean time to establishment in terms of the width of the distribution qs. This

allows them to match the distribution’s mean rate of fitness increase from selection

and the rate at which new classes establish, subsequently providing the mean rate of

adaptation (Equation (1.3.1)) in terms of the population parameters.

v(U, s;N) =
s2(2 log(Ns)− log(s/U))

log2(s/U)
. (1.3.1)

Desai and Fisher’s traveling wave framework provides a model of asexual adapta-

tion with clonal interference, but with one trait: relative fitness. In chapters two and

three, I discuss extensions of this model to a two-dimensional traveling wave capable

of describing adaptation with two relative fitness components, each corresponding to

a fitness-associated trait. The results described in these chapters have several im-

portant connections to evolutionary quantitative genetics, and more specifically, the

theory of adaptation with multiple quantitative traits. I discuss the background to

these in the next section.

1.4 Adaptation with multiple quantitative traits

Quantitative genetics considers the evolution of polygenic traits exhibiting continuous

variation, i.e. quantitative traits. The phenotypic values z of such a trait are assumed

to have a normally distributed genetic component g (g ∼ N(µ, σ2
A)) and a normally



18

distributed environmental component e (e ∼ N(0, σ2
E)), so that z = g + e. The

two components are assumed to be independent in the simplest case. Then z ∼
N(µ, σ2

A + σ2
E), and the population mean phenotype will be z̄ = µ.

The response of z to selection is characterized by the Breeder’s equation, written

as R = h2S. Here R is change in the mean phenotype of the population, S is the

selection differential, and h2 = var(g)/var(z) = σ2
A/(σ

2
A + σ2

E) is the narrow sense

heritability. The Breeder’s equation has a natural extension to multiple traits, known

as Lande’s equation or the multivariate Breeder’s equation [18, 19]. In the case of

two quantitative traits, it can be written in matrix form as

[
∆z̄1

∆z̄2

]
=

[
var(g1) cov(g1, g2)

cov(g2, g1) var(g2)

] [
β1

β2

]
. (1.4.1)

The matrix of variances and covariance above is known as the G-matrix. β is the

selection gradient and an analog to the the term S/var(z) in the univariate Breeder’s

equation. Lande’s expression captures genetic interactions between traits that appear

as covariance terms. Genetic covariances can be due to underlying alleles that affect

both traits (pleiotropy), or associations between alleles of the two traits (linkage

disequilibrium) that cause values in one trait to be associated with certain values in

the other.

Knowledge of both the G-matrix and selection allows short-term prediction of

adaptation involving multiple quantitative traits, but in the long-run, genetic vari-

ances and covariances can change. The course of adaptation over longer timescales

could be predicted if G were known to be stable, assuming β’s are known as well.

Historical trajectories of adaptive evolution could also be inferred with knowledge of

G in the past [20, 21]. Thus, several models of G’s dynamics have been put forth to

examine the stability of G subject to various evolutionary processes [22, 23, 24, 25,

26, 27, 28].
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Chapter 2

A two-dimensional traveling wave with

symmetric traits

2.1 The dynamics of the G-matrix in a two-dimensional trav-
eling wave

We developed a two-dimensional traveling wave model to examine the evolution of the

G-matrix with two fitness components. Each trait was assumed to have a beneficial

mutation rate Uk, and each beneficial mutation increases fitness by sk. We assumed

identical parameters for each fitness-associated trait (U1 = U2 and s1 = s2). No

pleiotropy was included in the model to focus on how genetic correlations change

due to changes in linkage disequilibrium. Deleterious mutations were also excluded.

The fitness contributed by each component rk (k = 1, 2) to an individual’s fitness

will depend on the number of beneficial mutations that have accumulated in that

component; the total fitness of an individual is r1 + r2. This allows us to specify

classes, analogous to fitness classes, consisting of individuals with the same number

of mutations in each trait, i.e. individuals with identical (r1, r2).

The set of classes {nij} yields a distribution over a two-dimensional space (see

Figure 2 in Appendix A), and each axis corresponds to the contribution of a fitness

component to total fitness. Less-fit classes in the lower-left decrease in abundance

due to selection, and fitter classes in the upper-right increase in abundance due to

selection. Beneficial mutations produce new classes along the boundary of the distri-

bution towards the upper-right, as well. We simulated the two-dimensional traveling

wave model using the existing Matlab code from Pearce and Fisher [16]. Pearce and

Fisher developed a model of evolution for two chromosomes in rapidly adapting asex-

ual populations. While their model is similar to our own two-dimensional traveling
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wave model, their analysis and results focus on determining changes in total genetic

diversity from adaptation with re-assortment. We do not include re-assortment in

our model, and instead focus on the evolution of fitness components, as opposed to

chromosomes.

To examine how the G-matrix changes as the wave evolves, we calculated variances

(var(rk), k = 1, 2) and covariances (cov(r1, r2)) from the set of class frequencies,

pij = nij/N . In addition, we found the associated eigenvectors and eigenvalues of

G to consider their dynamics as the wave evolved via selection, mutation and drift.

We modified Pearce and Fisher’s code to track changes in variances and covariance

between fitness components, along with the eigenvalues and eigenvectors of G.

Our results were compared to the Charnov-Charlesworth model from evolution-

ary quantitative genetics [25, 24], which demonstrates how long-term features of ge-

netic correlations are shaped by functional constraints (pleiotropy). The Charnov-

Charlesworth model predicts that genetic correlations between two fitness-associated

traits will be negative in the long-run (see 1.4). The G-matrix is expected to exhibit

a stable orientation with stable magnitudes (i.e. stable eigenvectors and eigenvalues)

at equilibrium, when mutations and selection are in balance.

We found that the G-matrix for fitness components of rapidly adapting asexual

populations exhibit many of the same features predicted by the Charnov-Charlesworth

model, despite the lack of pleiotropy. On average, genetic variances are large, genetic

covariances are also large and negative, and the orientation of G remains stable over

time. However, G’s components were highly stochastic and consequently unstable

over the timescales of selection (see Figure 5A, Appendix A). Our results show that

stochasticity in variances and covariances were due to changes in the width of the

distribution along the directions of increasing fitness and the associated perpendicular

neutral direction. Genetic variance along these two directions are associated with

G’s two eigenvalues. The first principal eigenvalue measured genetic variance along

the neutral direction, was highly unstable and responsible for large swings in the
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magnitudes of G’s components. The second eigenvalue measured genetic variance

along the direction of selection is maintained by beneficial mutation-selection balance,

and thus, much more stable (see Figure 5C, Appendix A).

We solved for the average dynamics of G using the expected time to coalescence

for randomly chosen individuals to solve for the expected genetic variance in a trait.

This allowed for expected covariances to be determined as well, yielding the formulas

below for var(rk) and cov(r1, r2) in terms of the population parameters N , U , and s,

var(rk) ≈ v1

2

(
1 + ln(s/2U) +

s√
2πv1

)

cov(r1, r2) ≈ v1

2

(
1− ln(s/2U)− s√

2πv1

) (2.1.1)

where v1 = 1
2
v(2U, s;N) is the expected rate of adaptation in the first fitness compo-

nent (v1 = v2), and v is the expected rate of adaptation given in Equation (1.3.1).

2.2 Contributions to work presented in Appendix A

In the work presented above, I was responsible for the development of the two-

dimensional traveling wave model. This consisted of specifying the two-dimensional

relative fitness space, and the governing dynamics for abundances of classes. Mathe-

matical analysis of the model, and in particular, the identification underlying quanti-

tative genetic concepts, were carried out by myself with feedback from Joanna Masel,

Jason Bertram, J. Bruce Walsh, and Ben Good. I established the mathematical

derivations to demonstrate the connection between linkage disequilbria and trait co-

variances in our model. Subsequent suggestions from Joanna and Jason provided the

connections between the work and the study of G in evolutionary quantitative genet-

ics. I carried the subsequent literature search for existing work on G to compare with

our findings, with additional suggestions from Bruce Walsh. Solutions for the steady

state variances and covariances were obtained thanks to the helpful suggestions of
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Ben Good. Specifically, Ben indicated how genetic variances could be accessed using

the time to coalescence in rapidly adapting populations.

Initial simulations of the model were done in Mathematica using modified code

developed by Joanna Masel and Jason Bertram for simulations of a one-dimensional

traveling wave. I extended this code to allow for adaptation with multiple traits,

and implemented the selection dynamics for our model. Further into the project, I

switched to simulations using Matlab code developed by Pearce and Fisher [16]. I

modified the code to track the dynamics of G. Analysis and development of the results

were carried out by myself with feedback from Joanna Masel and Jason Bertram.
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Chapter 3

A two-dimensional traveling wave with

asymmetric traits

3.1 Adaptation with asymmetric fitness components

Standard evolutionary theory regards natural selection as the sole cause of adaptive

phenotypes. Other evolutionary processes, such as mutations and genetic drift, are

assumed to be incapable of matching the properties of organisms with demands of

their environments. This assertion has its roots in the Modern Synthesis of the mid-

twentieth century [29, 30], which put forth the idealization of natural populations as

“gene pools” providing the limitless supplies of genetic material for selection to mold

new adaptive phenotypes from. This process is never constrained by the availability

of variation, and processes that generate it, because variation is assumed to be present

a priori. Therefore, bias in the introduction of genetic variation cannot impact which

outcomes result from adaptation.

Many natural populations lie far from the “gene pool” idealization, which brings

into question the assertion of selection’s preeminence in adaptation. When standing

genetic variation is absent altogether, which adaptive phenotypes spread via selection

will be driven by the timing and frequency of new beneficial mutations. This fact was

demonstrated mathematically in the seminal work of Yampolsky and Stoltzfus [31],

who examined adaptation in the origin-fixation regime where beneficial mutations

are rare (NU � 1). The authors showed that the ratio of rates of evolution at

loci in a simple two-locus two-allele model depends on the product of selection-bias

and mutation-bias. A consequence of this is that loci associated with alleles having a

smaller selective advantage, but larger beneficial mutation rates, can evolve as fast (or

faster) than the alternative loci associated with selection-favored alleles; Yampolsky
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and Stoltzfus call this “mutation-biased adaptation.”

Large asexual populations have large influxes of beneficial mutations (NU � 1),

leading to both the presence of standing genetic variation and extensive clonal inter-

ference. Thus, similar to the “gene pool” scenario, it has been assumed that natural

selection will fix superior alleles with the greatest selective advantage, regardless of

differences in mutation rates [32]. But simulations by Yampolsky and Stoltzfus [31]

with NU ≥ 1 — while not accounting for the full clonal interference dynamics —

suggest that mutation-biased adaptation can occur in these regimes, contrary to ex-

pectations.

The potential for mutation-biased adaptation in large asexual populations has

important implications for evolutionary theory. There has been contentious debate

about the need for an Extended Evolutionary Synthesis (EES) that calls for stronger

roles of other evolutionary processes in adaptation [33, 34]. If mutation-biased adap-

tation does extend into regimes with clonal interference, then this could require a

reevaluation of the exclusivity of natural selection’s role in adaptation across life.

Large asexual populations represent a vast and diverse group of organisms, including

past and extant microbes. For this reason, we used the two-dimensional travelling

wave model of Gomez et al. [35] to study clonal interference between fitness com-

ponents to examine how differences in parameters U and s determine the rates of

evolution in those fitness components, instead of for loci as done by Yampolsky and

Stoltzfus [31].

3.2 Mutation-biased adaptation in the presence of clonal in-
terference

We studied the potential for mutation-biased adaptation with clonal interference by

measuring the relative sensitivity of adaptation to selection coefficients and mutation

rates across adaptive regimes. We applied the concept of elasticities, used widely in
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Economics (price elasticities), to measure and compare relative changes in v resulting

from relative changes in s and U . s- and U -elasticities of v(U, s), denoted Es and

EU (see Equation (1), Appendix B), provide a way of quantifying how much more

important selection is to adaptation over mutations by considering the ratio Es/EU .

We calculated Es/EU across three different regimes of adaptation using known

formula for v(U, s) [3, 1, 13]. The three regimes include the origin-fixation regime

(NU log(Ns) � 1), the multiple mutations regime (NU log(Ns) ≥ 1 and U � s),

and the diffusive mutations regime (NU log(Ns) ≥ 1 and U ≥ s). Es/EU = 2 in

the origin-fixation regime, indicating that selection is only twice as important for

adaptation as mutations when there is no clonal interference. Es/EU increases to

10 in the multiple mutations regime with clonal interference, but reverted back to a

value of 2 in the diffusive mutation regime, despite clonal interference.

Adaptation’s increased responsiveness to mutation rates in the diffusive mutations

regime, where Es/EU = 2 as in the origin-fixation regime, suggested that mutation-

biased adaptation was possible with clonal interference. To confirm this, we simulated

the evolution of two clonally interfering traits using the two-dimensional traveling

wave model described in Section 2.1. We first considered two traits whose values of

U and s put them along the same v contour; the first had a higher s than the second

and the second had a higher U than the first. We compared changes in the rates of

adaptation of each trait vi (i = 1, 2) from clonal interference with one another. Our

simulations showed that both traits evolved at approximately the same rate when their

respective s and U were chosen from the same contour in the region of parameter space

corresponding to the diffusive mutations regime. These results indicate that mutation-

biased adaptation can occur in the diffusive mutations regime with moderate levels

of mutation bias to compensate for differences in selection coefficients of traits, i.e.

mutation favored traits (higher U) can evolve as fast as selection favored ones (higher

s). Moreover, we found that clonal interference between traits from different regimes

did not lead to dramatic differences in rates of adaptation, suggesting that differences
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in U among traits, along with differences in s, both matter overall.

Next we examined the extent to which evolution in a trait is halted by clonal inter-

ference with another, a phenomena described as “evolutionary stalling” by Venkataram

et al. [36]. We simulated two trait evolution, but fixed the selection and mutation

parameters of the first trait to examine how its rate of adaptation decreases as a

function of the selection and mutation parameters of the second. Results in Figure

4 of Appendix B show this relationship using three different (s, U) values for trait

one, all of them from the same v contour but each corresponding to one of the three

regimes of adaptation. These results demonstrate that the trait with (s, U) values

lying on a higher v contour stalls the evolution of the trait whose (s, U) values are

on a lower v contour. Consequently, the change in a trait’s rate of adaptation due

to clonal interference only depends on the the relative values of v(U, s) of each trait

when they evolve independently of one another, with little further information from

the differences in their s and U values. Combining these results with our analysis

using elasticities provides conditions under which mutation-biased adaptation is pos-

sible across all regimes. Specifically, mutation-biased adaptation occurs when the

relative size of mutation bias (Uhigh − Ulow)/Ulow is larger than the relative size of

selection bias (shigh − slow)/slow multiplied by Es/EU .

Following these simulations and analysis, we gathered examples of mutation-biased

adaptation from the literature [37, 38], summarized in Table 1 of Appendix B, to

consider their respective regimes and estimates of mutation bias strength. Several

cases lie in the multiple mutations regime with clonal inteference. High levels of

mutation bias are found (10-10,000 fold difference among beneficial mutation rates)

among these examples, as expected given that Es/EU = 10 in this regime. Among

the examples, we also identified one case of adaptation involving mutator strains of

E. coli that is potentially in the diffusive mutations regime.
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3.3 Contributions to the work presented in Appendix B

In the work described above, Joanna Masel, Jason Bertram and I were responsible for

developing the mathematical characterization of the three regimes using elasticities.

Joanna came up with the idea of comparing graphical features of v-contours to study

dependence of adaptation on selection and mutations across the different regimes.

Jason and I subsequently introduced the concept of elasticities as a way to measure

the sensitivities of adaptation to mutations and selection and interpret our graphical

results. I carried out the mathematical analysis that provided the parameterizations

needed to calculate elasticities in the each regime.

Simulations used to examine adaptation with one trait, and two asymmetric traits,

were based on modified Matlab code used in work for Appendix A, originally devel-

oped by Pearce and Fisher [16]. I also developed an optimization routine to numeri-

cally estimate the v contours in Figure 2 of Appendix B with my simulations of the

traveling wave model. However, measurements of v from simulations included signif-

icant amounts of noise due to the highly stochastic dynamics of the traveling wave.

Therefore, I applied a Robbins-Monro stochastic approximation algorithm in the opti-

mization routine to account for noise in v when identifying contours (vtarget = v(U, s)).

I subsequently carried out the simulations that generated the results in Figures 3-4

of Appendix B, using results in Figure 2 of Appendix B.

Lastly, the research and compilation of work presented in Table 1 of Appendix

B was carried out by myself with guidance and feedback from Joanna Masel, Jason

Bertram and Arlin Stoltzfus.
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Chapter 4

A traveling wave in absolute fitness space with

diminishing returns epistasis

4.1 Modeling adaptation with absolute fitness

Traveling wave models [11, 1, 12] of asexual adaptation consider fitness distributions

over relative fitness space and assume constant population size; this makes them

unable to describe the fitness dynamics that determine a population’s long-term vi-

ability. Relative fitness measures the “fraction” of surviving offspring an individual

contributes to the next generation, and therefore, adaptation in the relative fitness

sense does not drive changes in population size. Instead, it is necessary to consider

changes in absolute fitness — the difference between birth and death rate per capita

per generation b− d — to understand how populations remain viable through adap-

tive evolution. For this reason, we developed a traveling wave model over absolutes

fitness space based on the work of Desai and Fisher [1].

We formed a fitness distribution composed of fitness classes {i}, as in [1], by

grouping individuals based on absolute fitness. In our model, we specified absolute

fitness as the difference b(1−N/κ)− di, where b(1−N/κ) is the density dependent

birth rate per capita per generation, di is the death rate per capita per generation

shared by all genotypes in fitness class i, N is the total population size and κ is the

carrying capacity. In our model, we assumed that beneficial mutations descreased the

death rate of individuals, shifting them from fitness class i to fitness class i− 1. The

dynamics of the fitness distribution due to selection, mutations and environmental

degradation combined our described in Appendix C (see Methods) and result in a

traveling wave that resides between an optimal absolute fitness and zero absolute

fitness (see Figure 1, Appendix C).
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Empirical evidence shows that rates of adaptation generally decline as populations

become better adapted [39]. Two hypothesis are often invoked to explain this phe-

nomenon: the “running out of mutations” hypothesis and the “diminishing returns

epistasis” hypothesis. In the “running out of mutations hypothesis,” the accumulation

of beneficial mutations depletes their supply, leading to smaller beneficial mutation

rates U as genotypes become fitter. With diminishing returns epistasis, beneficial

mutation rates remain constant, and instead, the selection coefficients s of beneficial

mutations become smaller as more beneficial mutations accumulate. We considered

both hypotheses in our work and defined fitness class specific beneficial mutation

rates Ui and selection coefficients si for each scenario (see Methods and Supplement

A, Appendix C).

We analyzed the long-term dynamics of our traveling wave model using continuous

time Markov chain approximations whose state spaces were defined as the set of fitness

classes. Thus, two distinct state spaces were examined to approximate adaptation in

the “running out of mutations” and the “diminishing returns epistasis” scenarios (see

Methods and Supplement C, Appendix C). Jumps to higher states (increasing fitness)

have transition probabilities that scale with the rate of adaptation ∝ vi, while jumps

to lower states (decreasing fitness) have transition probabilities that scale with the

rate of environmental degradation 1/T . Consequently, larger rates of environmental

degradation 1/T will overwhelm adaptation, while smaller values of 1/T can allow

sufficient adaptation to evade extinction.

4.2 Patterns of long-term persistence

Our analysis of the Markov chain approximations revealed two regimes of adapta-

tion for both running out of mutations and diminishing returns epistasis; these were

distinguished by plotting the set of transition probabilities over the absolute fitness

axis (see Figure 3A and Figure S2 in Supplement, Appendix C). The first regime
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was associated with larger values of 1/T ensuring a greater propensity for jumps to

lower fitness classes at every state. The second regime arose for smaller values of

1/T , which allowed adaptation to outpace environmental degradation over regions of

state space. This gave rise to a stable attractor in the Markov chain (Figure 3A and

Figure S2 in Supplement, Appendix C) where populations could persist, leading to

extinction times that were significantly larger (Figure 3B, Appendix C).

The predicted fitness dynamics of the Markov chains for “running out of muta-

tions” and “diminishing returns epistasis” were nearly identical. We solved for the

quasi-stationary distributions in both Markov chains to examine the fraction of time

populations spent over specific regions of absolute fitness space prior to extinction (see

Figurw S2 and S3 in Supplement of Appendix C). The two distributions peak near

the stable attractors of each Markov chain, which are located at approximately the

same point in absolute fitness space. As a result, adaptation in both models is largely

indistinguishable. Stronger epistasis does, however, lead to noticeable differences in

the quasi-stationary distributions near the perfectly adapted state, but populations

are rarely in these states to begin with, so these differences have no impact on the

expected extinctions times as shown in the comparison of the two models in Figure

S1 in Supplement of Appendix C.

4.3 Contributions to work presented in Appendix C

The development, analysis, and simulations of the absolute fitness traveling wave

under the “running out of mutations” hypothesis were done by Joanna Masel and

Jason Bertram. My contributions consisted of formulating a version of the model

with “diminishing returns epistasis.” I carried out the analysis and simulations of the

stochastic processes approximation of the model in the successional regime. My re-

sults are presented in Figures S1-S3 in the Supplement for Appendix C. My discussion

of these figures was added to the Supplement, edited by Jason for context.
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Conclusion

The two-dimensional traveling wave model provides an excellent framework to explore

additional questions at the interface of classical population genetics and quantitative

genetics. In particular, quantitative genetics has primarily focused on adaptation in

larger organisms, such as plants and animals, and so, the concepts of trait evolution

are largely applied with radically different assumptions that are less suited or inap-

propriate for microbes. Adaptation in the latter group of organisms tends to be rapid,

and strongly tied to population genetic phenomena that are not easily described in the

quantitative genetics setting. But as we have shown, the two-dimensional traveling

wave model facilitates the application of quantitative genetic principles to microbes.

This allows us to consider many of the evolutionary questions regarding traits that

have been previously posed for plants and animals, as we did here with the evolution

of G and the characterization of mutation-biased adaptation in asexuals.

In addition to possible applications discussed above, the two-dimensional traveling

model has an immediate application in extending the work done for Chapter 4, which

examined adaptation in one absolute fitness traits. In asexuals, adaptation in strictly

relative fitness traits — traits that only the improve competitive ability of organisms

and not their suitability to environments (i.e. absolute fitness) — can clonally inter-

fere with adaptation in absolute fitness traits. This interference will be examined in

future work using our two dimensional framework combined with a variable density

lottery model developed by Bertram and Masel [40] that effectively integrates the two

kinds of traits.
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[21] Mattieu Bégin and Derek A Roff. The constancy of the g matrix through species
divergence and the effects of quantitative genetic constraints on phenotypic evo-
lution: A case study in crickets. Evolution, 57(5):1107–1120, may 2003. ISSN
0014-3820. doi: 10.1111/j.0014-3820.2003.tb00320.x.

[22] Russell Lande. The genetic covariance between characters maintained by
pleiotropic mutations. Genetics, 94(1):203–215, 1980. ISSN 0016-6731.

[23] Russell Lande. The genetic correlation between characters maintained by se-
lection, linkage and inbreeding. Genetical Research, 44(3):309–320, 1984. ISSN
0016-6723. doi: 10.1017/s0016672300026549.

[24] Eric L Charnov. Phenotypic evolution under {F}isher’s fundamental theorem of
natural selection. Heredity, 62(1):113–116, 1989.

[25] Brian Charlesworth. Optimization models, quantitative genetics, and mutation.
Evolution, 44(3):520–538, 1990.



34

[26] Adam G Jones, Stevan J Arnold, and Reinhard Bürger. Stability of the G-
matrix in a population experiencing pleiotropic mutation, stabilizing selection,
and genetic drift. Evolution, 57(8):1747–1760, 2003. ISSN 00143820, 15585646.

[27] Adam G Jones, Stevan J Arnold, and Reinhard Burger. Evolution and stability
of the G-matrix on a landscape with moving optimum. Evolution, 58(8):1639–
1654, aug 2004. ISSN 0014-3820. doi: 10.1554/03-651.

[28] Adam G Jones, Stevan J Arnold, and Reinhard Bürger. The mutation matrix and
the evolution of evolvability. Evolution, 61(4):727–745, 2007. ISSN 1558-5646.

[29] Julian Huxley. Evolution. The modern synthesis. New York; London: Harper &
brothers, 1943.

[30] Arlin Stoltzfus and David M McCandlish. Mutation-biased adaptation in Andean
house wrens. Proceedings of the National Acadamy of Sciences, 112(45):13753–
13754, nov 2015.

[31] Lev Y Yampolsky and Arlin Stoltzfus. Bias in the introduction of variation as
an orienting factor in evolution. Evolution & Development, 3(2):73–83, 2001.

[32] Erik I Svensson and David Berger. The Role of Mutation Bias in Adaptive
Evolution. Trends in Ecology & Evolution, 34(5):422–434, 2019. doi: 10.1016/j.
tree.2019.01.015.

[33] Kevin Laland, Tobias Uller, Marc Feldman, Kim Sterelny, Gerd B. Müller, Armin
Moczek, Eva Jablonka, and John Odling-Smee. Does evolutionary theory need
a rethink? - POINT Yes, urgently. Nature, 514(7521):161–164, 2014. ISSN
14764687. doi: 10.1038/514161a.

[34] Kevin Laland, Marcus W Feldman, Kevin N Laland, Tobias Uller, Marcus W
Feldman, Kim Sterelny, Gerd B Mu, Armin Moczek, Eva Jablonka, and John
Odling-smee. The extended evolutionary synthesis: Its structure, assumptions
and predictions. Proceedings of the Royal Society B: Biological Sciences, 282
(1813):20151019, aug 2015. ISSN 0962-8452. doi: 10.1098/rspb.2015.1019.

[35] Kevin Gomez, Jason Bertram, and Joanna Masel. Directional selection rather
than functional constraints can shape the G matrix in rapidly adapting asexu-
als. Genetics, 211(2):715–729, 2019. doi: https://doi.org/10.1534/genetics.118.
301685.

[36] Sandeep Venkataram, Ross Monasky, Shohreh H Sikaroodi, Sergey Kryazhim-
skiy, and Betul Kacar. Evolutionary stalling in the optimization of the transla-
tion machinery. bioRxiv, page 850644, 2019.



35

[37] Arlin Stoltzfus. Reactionary fringe meets mutation-biased adaptation. 1.
The empirical case, 2019. URL https://sandwalk.blogspot.com/2019/06/

reactionary-fringe-meets-mutation_26.html.

[38] João V Rodrigues and Eugene I Shakhnovich. Adaptation to mutational inac-
tivation of an essential gene converges to an accessible suboptimal fitness peak.
eLife, 8, 2019. doi: https://doi.org/10.7554/elife.50509.

[39] Daniel B Weissman and Oskar Hallatschek. The rate of adaptation in large
sexual populations with linear chromosomes. Genetics, 196(4):1167–1183, 2014.

[40] Jason Bertram and Joanna Masel. Density-dependent selection and the limits of
relative fitness. Theoretical Population Biology, 129:81–92, 2019.

https://sandwalk.blogspot.com/2019/06/reactionary-fringe-meets-mutation_26.html
https://sandwalk.blogspot.com/2019/06/reactionary-fringe-meets-mutation_26.html


36

Appendix A

Directional selection rather than functional

constraints can shape the G matrix in rapidly

adapting asexuals
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ABSTRACT Genetic covariances represent a combination of pleiotropy and linkage disequilibrium, shaped by the population’s
history. Observed genetic covariance is most often interpreted in pleiotropic terms. In particular, functional constraints restricting
which phenotypes are physically possible can lead to a stable G matrix with high genetic variance in fitness-associated traits
and high pleiotropic negative covariance along the phenotypic curve of constraint. In contrast, population genetic models of
relative fitness assume endless adaptation without constraint, through a series of selective sweeps that are well described
by recent traveling wave models. We describe the implications of such population genetic models for the G matrix when
pleiotropy is excluded by design, such that all covariance comes from linkage disequilibrium. The G matrix is far less stable
than has previously been found, fluctuating over the timescale of selective sweeps. However, its orientation is relatively stable,
corresponding to high genetic variance in fitness-associated traits and strong negative covariance - the same pattern often
interpreted in terms of pleiotropic constraints but caused instead by linkage disequilibrium. We find that different mechanisms
drive the instabilities along versus perpendicular to the fitness gradient. The origin of linkage disequilibrium is not drift, but small
amounts of linkage disequilibrium are instead introduced by mutation and then amplified during competing selective sweeps.
This illustrates the need to integrate a broader range of population genetic phenomena into quantitative genetics.

KEYWORDS clonal interference; polygenic adaptation; stochastic processes; trait correlations; life history traits

Introduction

Natural selection acts on multiple traits simultaneously. The
mean trait value in a population can change either because of
direct selection on trait X, or because of selection on trait Y plus
a genetic correlation between X and Y (Lande 1979; Lande and
Arnold 1983). These genetic correlations are described by the
G matrix, which specifies both additive genetic variances and
covariances. For example, in the case of two traits, each deter-
mined by an additive genetic component and an environmental
component (X = AX + EX and Y = AY + EY), then G is given
by

G =


 σ2

X = var(AX) σXY = cov(AX , AY)

σXY = cov(AY , AX) σ2
Y = var(AY)


 .
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When the G matrix is stable, it is possible to infer past selection
gradients (Lande 1979) and forecast future trait evolution (both
direction and rate; Via and Lande 1985; Arnold 1992; Björklund
1996; Schluter 1996; Teplitsky et al. 2011, 2014). However, mea-
surement of the G matrix has not come into widespread use
for this purpose, perhaps in part because its stability cannot
be assumed a priori. Theoretical models (Turelli 1988; Burger
and Lande 1994; Jones et al. 2003, 2004), comparative studies
(Björklund et al. 2013; Waldmann and Andersson 2000), and
experimental evolution (Wilkinson et al. 1990; Shaw et al. 1995;
Phillips et al. 2001) have all demonstrated that rapid change in
the G matrix is possible. How stable G is in natural populations
remains an open question (Steppan et al. 2002; Arnold et al. 2008).

Comparative studies suggest that at least certain aspects of G
might be stable (Arnold et al. 2008). Early statistical approaches
that compared the magnitudes of the individual variance and
covariance elements suffered from multiple comparisons and
lacked power (Shaw and Billington 1991; Brodie 1993; Carr and
Fenster 1994; Roff and Mousseau 1999; Shaw and Billington
1991). Moreover, even statistically significant differences needed
to be interpreted in the context of G’s geometric structure. More
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recent methods examine common principal components of G
matrices and test for similarity in geometric shape, size and ori-
entation, providing more biologically interpretable information
(Arnold and Phillips 1999; Phillips and Arnold 1999). These
methods suggest that the orientations of G matrices are often
preserved between closely related populations (Arnold et al.
2008).

II

Tr
ai

t 
2

Trait 1

I

Figure 1 The Charnov-Charlesworth model, illustrated for
selection on two traits subject to functional constraint. Func-
tional constraint prohibits phenotypes above and to the right
of the blue line. Fitness contours are shown as red ellipses,
with highest fitness at the center. The population is initial-
ized with trait values far from constraint (I). Selection then
moves the population closer to the optimum, but functional
constraint prevents the population from evolving past the blue
line and it settles in mutation-selection balance at (II). Mu-
tations with negative pleiotropy can be close to neutral and
maintain trait variation along the line of functional constraint,
while mutations affecting only one trait tend to reduce fitness
and are purged.

Our focus here is on traits highly correlated to fitness. Many
of these are life history traits, which can also be highly corre-
lated with one another. Specifically, they are often subject to
constraints, e.g. acquisition vs. allocation, or competing alloca-
tions. The Charnov-Charlesworth model (Figure 1) describes
how functional constraints among life history traits shapes ge-
netic covariances (Charnov 1989; Charlesworth 1990; Walsh 2018,
Chapter 35, Page 23). Functional constraints, where it is physi-
cally impossible for a phenotype to be simultaneously good in
all trait dimensions (or more loosely, constraint-breaking muta-
tions are vanishingly rare), can be visualized as a surface in trait
space. Selection will quickly bring a population to this surface,
but it may spread out along it when different points have similar
overall fitness. From the population’s position along the surface,
mutations can either decrease fitness in all dimensions (and be
quickly lost), or they can increase fitness in some dimensions
while decreasing it others (and potentially be retained as nearly

neutral); mutation from the front is thus interpreted as subject
to a pleiotropic trade-off. In this model, the cause of negative
covariance among adaptive life history traits is constraint, and
the stability of the constraint surface along which the spread
occurs is thus thought to be the cause of the stable orientation of
the G matrix.

In the alternative scenario that we consider here, there are no
functional constraints on what trait values are possible. Indeed,
we model the case of no pleiotropy, where each mutation affects
only one fitness-associated trait. Every mutation creates a small
amount of linkage disequilibrium; if the mutation is favored by
selection, this linkage disequilibrium can be amplified by expo-
nential growth of the mutant genotype, provided that there is
insufficient recombination to interrupt this process. This ampli-
fied linkage disequilibrium then contributes to trait covariance
if the alleles in linkage disequilibrium affect different traits. If
there are multiple favored genotypes, each having an advantage
in a different trait, then they may sweep simultaneously. We will
show that during this process, there will be negative covariance
between different fitness-associated traits. Instead of a physi-
cally impassable curve of phenotypic trade-off with negative
covariance along it, we have a traveling wave with negative
covariance (Figure 2). In this scenario, genetic correlations are
due to linkage disequilibrium instead of to pleiotropy, the latter
being absent from the model by construction.

Pleiotropy, rather than linkage disequilibrium, is often as-
sumed to be the cause of most genetic correlations (Lande 1980a;
Wagner 1989; Schluter 2000). Historically, a dominant role for
pleiotropy was favored by the Edinburgh school of quantita-
tive genetics, who argued that recombination would quickly
eliminate linkage disequilibrium (Falconer 1993; Fox and Wolf
2006, Chapter 20), particularly in the randomly mating animal
populations that the Edinburgh school focused on (Lande 1979,
1980b; Arnold et al. 2008; Robertson 1963). In contrast, quanti-
tative geneticists in the alternative, Birmingham school largely
worked on inbred lines of plants, where the effects of linkage dis-
equilibrium were impossible to ignore (Robertson 1963; Mather
and Jinks 2013, Page 25). As the Edinburgh view became more
influential, models for the long-term evolution of the G matrix
focused on genetic correlations that are derived from pleiotropy
(Lande 1980a; Wagner 1989; Jones et al. 2003, 2004). We know
far less about the dynamics of genetic correlations arising from
linkage disequilibrium. Here we will show how completely dif-
ferent processes can give rise to similar patterns as the Charnov-
Charlesworth model illustrated in Figure 1.

Here, we focus on asexual populations, because they are
subject to the strongest linkage disequilibrium due to lack of re-
combination. Indeed, empirical studies of G in life history traits
among the parthenogenetic soil-dwelling nematode Acrobeloides
nanus demonstrate large instabilities in G (Doroszuk et al. 2008).
More definitively implicating linkage disequilibrium, Pfrender
and Lynch (2000) measured temporal instability in the G matrix
for life history traits of Daphnia pulex, and found a buildup of
covariance during asexual propagation that disappeared upon
sex. Another reason to focus on asexuals is that relatively asex-
ual microbes numerically dominate the biosphere, impacting all
fields of biology (McFall-Ngai et al. 2013).

To study the effects of linkage disequilibrium on G, we have
to consider explicit alleles or genotypes, not just quantitative
traits. Beneficial mutations are discrete not infinitesimal, and
appear on distinct genetic backgrounds. Selective sweeps com-
pete with one another, causing beneficial mutations to be lost in
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a process known as “clonal interference”. Clonal interference
slows adaptation (Hill and Robertson 1966) unless recombina-
tion brings beneficial mutations together in the same genotypes,
reducing negative linkage disequilibrium between them (Fisher
1930; Muller 1932). Many classical models of clonal interfer-
ence considered only two loci each with two alleles, or excluded
drift (Felsenstein 1974). More recently, traveling wave models
have been developed to describe clonal interference among large
numbers of loci, arising at arbitrary mutation rates (Rouzine et al.
2003; Desai and Fisher 2007; Park et al. 2010; Good et al. 2012;
Neher et al. 2010; Fisher 2013; Rouzine and Coffin 2010, 2007;
Rouzine et al. 2008). These models show that clonal interference
can have an enormous impact on adaptation rates.

To date, traveling wave models have treated only the evolu-
tion of “fitness”; we adapt them to also consider the evolution
of individual fitness-associated traits and their correlations. We
begin with Desai and Fisher’s (2007) framework of fixed popu-
lation size N and beneficial mutations at rate U, each with the
same selection coefficient s. This yields the rate of adaptation
(Desai and Fisher 2007, Equation 41)

v(U, N, s) ≈ s2 2 ln(Ns)− ln(s/U)

ln2(s/U)
. (1)

Equation (1) holds when NU & 1/ ln(Ns) and U/s � 1 (the
“concurrent mutations regime” where beneficial mutations ap-
pear rapidly relative to the time required for any one of them to
fix).

By Fisher’s fundamental theorem, v(U, N, s) approximately
equals the additive genetic variance in fitness σ2; the approxi-
mation is due to the neglect of mutational flux (Desai and Fisher
2007). Thus, when there is only one adaptive trait, that trait’s ad-
ditive genetic variance is given by v(U, N, s). With two adaptive
traits, Equation (1) still gives the overall fitness variance σ2, but
does not give its decomposition into the variances and covari-
ance, i.e. it does not give the G matrix. Consider just two traits,
each experiencing beneficial mutations at rate U. The overall
adaptation rate is v(2U, N, s), and so by symmetry, adaptation in
each trait alone occurs at rate v1 = v(2U, N, s)/2. This is lower
than the rate v(U, N, s) that would occur if the other trait were
not evolving. We do not know from this how the reduction in
trait-specific adaptation rate is distributed in v1 = σ2

1 + σ1,2 (see
Appendix A for the derivation of this analog to the multivariate
breeder’s equation). What is more, this distribution of adapta-
tion rate reduction between σ2

1 and σ1,2 might change over time
i.e. G may not be constant.

Here we analyze a two-dimensional traveling wave model of
asexual adaptation, and find that linkage disequilibrium alone,
in the absence of pleiotropy, leads on average to greatly elevated
variance of fitness-associated traits and to strong negative co-
variance between them. The G matrix arising in this way has
a strong bias toward an orientation reflecting the direction of
selection, rather than the nature of functional constraints, but
its elements are highly unstable over the timescale of selective
sweeps.

Materials and Methods

We consider an asexual haploid population of fixed size N evolv-
ing in continuous time. There is no pleiotropy (each mutation
affects only one trait), and there is no epistasis. To keep the
model as simple as possible, we assume that there are two traits,
each with the same rate of beneficial mutations U, and that each
mutation has the same fitness benefit s.

We do not consider deleterious mutations (see Discussion).
All individuals that have accumulated i mutations in the first
trait and j in the second have the same Malthusian relative fitness
ri,j = is + js. We refer to a set of individuals with the same i
and j as a “class” and denote their abundances and frequencies
by ni,j and pi,j respectively. The population’s mean fitness is
r̄ = īs + j̄s, where ī and j̄ are the mean numbers of beneficial
mutations (Figure 2, red dot). Equally fit classes lie on a fitness
isoclines (Figure 2, red line). The selective advantage of an
individual in class (i, j) with respect to an average individual in
the population is si,j = ri,j − r̄.

Figure 2 Representative two-dimensional genotype distribu-
tion. Individuals with equal numbers of beneficial mutations
in each trait are combined into classes (squares). Abundances
of the bulk (grayscale squares) behave deterministically, while
abundance of the stochastic front (light and deep blue squares)
behave stochastically. The fittest genotypes in the population
(deep blue squares) are referred to as the high-fitness front.
The red dot marks the class with approximately average num-
bers of beneficial mutations in each trait. Equally fit classes lie
along fitness isoclines, which are the lines parallel to the red
line shown. In asexuals, beneficial mutations must occur on
the fittest genetic backgrounds in order to contribute to the
adaptive process. These mutations are represented by arrows
from the bulk into the stochastic front. Classes in the stochas-
tic front become part of the bulk once their abundances have
become sufficiently large, advancing the stochastic front to
include new classes. As classes below the population mean
fitness isocline decline and those above increase exponentially,
a two-dimensional traveling wave is produced. Simulation
parameters: N = 109, s = 0.02, and U = 10−5.

We restrict our attention to the large N regime in which most
classes are so large that their frequency grows or declines approx-
imately deterministically due to selection (N � 1/s). We refer
to these classes as the “bulk” (Figure 2, grayscale squares). How-
ever, higher fitness mutant lineages arising along the already
high-fitness “front” of the population will start with a single indi-
vidual, and initially behave stochastically (Figure 2, blue squares;
arrows show mutations). Mutations creating new classes at the
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front will often go extinct before attaining appreciable frequen-
cies, but some will make it to high enough abundances that they
begin to grow deterministically. The transition from stochastic
to deterministic behavior is called “establishment” and roughly
corresponds to the lineage reaching abundance ni,j > 1/si,j (De-
sai and Fisher 2007). Beneficial mutations that are not at the
front are swamped by deterministic exponential dynamics and
can be ignored.

Beneficial mutations at the front create new genetic variation,
while selection in the bulk eliminates it. As the abundance of
classes above and to the right of the red line grow in Figure 2, and
those below and to the left decline, a two-dimensional traveling
wave results, with the red line itself traveling diagonally up and
right. The distribution of abundances within the bulk is the
outcome of previous establishments at the front. Stochasticity in
mutation and establishment at the front is thus propagated into
the bulk (Hallatschek 2011; Fisher 2013; Desai et al. 2013; Pearce
and Fisher 2018) and hence into the G matrix.

We simulate the dynamics of the two-dimensional traveling
wave in discrete time using Matlab code developed by Pearce
and Fisher (2018). They use a conservative threshold of ni,j >
10/s for considering a class to be in the deterministic bulk for
which stochastic fluctuations in growth can be ignored.

In the bulk, the growth (or decline) of a class due to selection
is calculated according to

ñi,j(t + 1) = ni,j(t)esi,j .

Following selection, abundances are adjusted for mutational
flux, yielding

n∗i,j(t + 1)= (1− 2U)ñi,j(t + 1)+

+U
(

ñi−1,j(t + 1) + ñi,j−1(t + 1)
)

.

Outside of the bulk, to capture stochasticity due to drift and
mutation, abundances are sampled from a Poisson distribution
with mean n∗i,j(t + 1). The classic Wright-Fisher model entails
binomial sampling, but Poisson sampling is more convenient
and a close approximation. Individuals with selective advantage
s reproducing with birth rate 1 + s and death rate 1. Thus, each
time step represents one generation.

To enforce a constant population size, abundances are
rescaled by setting

ni,j(t + 1) = Round

[
n∗i,j(t + 1)

(
N

∑ n∗i,j(t + 1)

)]
.

Simulations were initialized with monoclonal populations of
size N and relative fitness set to zero. Parameter value ranges for
s and U were informed by values obtained during experimental
evolution: U ∼ 10−5 and s ∼ 0.02 for Saccharomyces cerevisiae
(Desai et al. 2007) and U ∼ 10−5 and s ∼ 0.01 for Escherichia coli
(Perfeito et al. 2007). Levy et al. (2015) used more sophisticated
barcoding techniques to estimate the distribution of fitness ef-
fects for beneficial mutations in S. cerevisiae. Most lineages that
established had selection coefficients in the range 0.02− 0.05
with corresponding beneficial mutation rates on the order of
∼ 10−5. Although population sizes for E. coli during infection
can be as large as ∼ 1012 (König et al. 1998; Wilson and Gaido
2004), we used smaller sizes of N ∼ 107 − 1011 in our simula-
tions. Before collecting data, we allowed the simulation to run
for 5,000 generations to achieve beneficial mutation-selection
balance.
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Figure 3 Clonal interference is substantial with even just a sec-
ond adaptive trait. (A) The rate of adaptation of a focal trait
as a function of the total number of traits undergoing adap-
tation, from Equation 2. The x-axis shows the total number
of traits (including trait one) on a log scale. For k = 1, trait
one evolves alone and there is no reduction, while for k = 2,
trait one evolves at 62.2% of the rate that it would if it were
not subject to clonal interference with a second trait. Steeply
diminishing effects are seen with the addition of more traits.
While the adaptation rate eventually asymptotes to zero for
high k in Equation (2), note that this expression is only valid
when kU/s � 1. (B) Clonal interference between two traits
is substantial and depends little on U and s, except in the top
left corner where kU/s � 1 has broken down. Contour lines
are labeled as the rate of adaptation in a focal trait relative to
the rate that would be achieved in the absence of clonal in-
terference with a second trait, matching the second point in
(A). N = 109 throughout and the points in (A) used s = 0.02,
U = 10−5.

We calculate trait means r̄1 = ∑i,j pi,jis1 and r̄2 = ∑i,j pi,j js2,
variances σ2

1 = ∑i,j pi,j(ri − r̄1)
2, σ2

2 = ∑i,j pi,j(rj − r̄2)
2, and

covariance σ1,2 = ∑i,j pi,j(ri − r̄1)(rj − r̄2). There are no envi-
ronmental effects in our model. Because there is no epistasis,
r̄ = r̄1 + r̄2, and the instantaneous rate of adaptation of the
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Figure 4 Variance σ2
1 of a focal trait (cyan; simulated circles and Eq.(3)a solid line), the magnitude of its covariance |σ1,2| with the

other trait (magenta; simulated circles and Eq.(3)b solid line), and the trait’s contribution to adaptation v1 (blue; simulated circles
and Eq. (1) solid line), averaged over 1.5× 106 generations. The y-axis is normalized relative to what the variance of the focal trait
would be in the absence of the second trait; observed variance is always greater than this. While on its own, increased variance
would accelerate adaptation, negative covariance more than cancels this out (|σ1,2| > σ2

1 − v(U, N, s)) for a net reduction in the trait-
specific adaptation rate below the value of v(U, N, s) that would be seen in the absence of clonal interference. For the parameter
values not being varied on the x-axis, s = 0.02, U = 10−5 and N = 109.

population is v(2U, N, s) ≈ σ2
1 + σ2

2 + 2σ1,2.
Our simulations were carried on a desktop linux machine

running Matlab 2018a. Our version of the Pearce and Fisher
(2018) simulation code, together with Python scripts to generate
figures, is available at https://github.com/MaselLab/Gomez_et_al_
2018.

Results

1. Clonal interference is substantial even for only two traits

As discussed in the Introduction, adding a new fitness-
associated trait reduces the rate of adaptation in a focal trait
from v(U, N, s) to v1 = v(2U, N, s)/2. Generalizing to k traits,
each with equal U and s, from Equation (1) we have

v1(U, s, N; k)
v(U, N, s)

≈1
k

ln2[s/U]

ln2[s/(kU)]

ln[N2s(kU)]

ln[N2sU]
. (2)

Each additional trait increases clonal interference on the focal
trait by a diminishing amount, with curvature apparent even
with respect to the logarithm of the number of traits (Figure 3).
This suggests that much can be learned even from the simplest
case of clonal interference between only two fitness-associated
traits.

2. The mean effect of clonal interference on G

The reduction in v1 due to clonal interference can be broken
down into the effects on variance and on covariance, v1 = σ2

1 +
σ1,2, with clonal interference affecting the two components of
G. We find that the reduction in v1 is driven by high levels of
negative covariance (Figure 4, magenta circles). This negative
covariance slows the removal of additive variance from the
population, causing variance to be substantially higher (Figure
4, cyan circles). Negative covariance both cancels out the effect
of the increased variance on the rate of trait change, and goes
beyond it to cause the overall reduction in v1 to levels below
v(U, N, s). While variances and covariance depend on s and U,

the effects cancel out such that the reduction in v1 is insensitive
to all three parameters.

Appendix B uses the fitness-class coalescent developed by
Walczak et al. (2012) to derive approximate analytic expressions
for the expected values of σ2

1 and σ1,2

σ2
1
v
≈ v1

2v

(
1 + ln(s/2U) +

s√
2πv1

)
(3a)

σ1,2

v
≈ v1

2v

(
1− ln(s/2U)− s√

2πv1

)
(3b)

Equation 3 shows a good fit to simulations in Figure 4A-C.
Importantly, clonal interference in a rapidly adapting pop-

ulation can explain the common observation of high genetic
variance in two fitness-associated traits combined with strong
negative covariance between them, even in the complete absence
of pleiotropic trade-offs imposed by functional constraints. This
is striking, because under the Charnov-Charlesworth model,
this is interpreted as evidence for constraint-driven trade-offs.

3. Variances and covariances are unstable
Figure 4 shows temporally-averaged variances and covariance.
These values are highly unstable over time (Figure 5A). Indeed,
the instability is so pronounced that variances and covariances
in Figure 4 show significant noise, due to the difficulty in getting
a good estimate of the mean even when averaging over a long
time period. This is compatible with the fact that substantial
instability in G has been observed empirically (Pfrender and
Lynch 2000; Doroszuk et al. 2008).

Indeed, our simulations predict far greater instability than
previously reported. Instability has been quantified in terms of
change in the sum of the two variances. In previous simulations,
this sum had a range of 80% of its mean over a period of 4000
generations (Jones et al. 2012). The same quantity in our simu-
lations had a range of 192% of its mean over that same period
of time. Our simulations also exhibited a much larger range for
the inverse eccentricity of G (where eccentricity is defined by
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the ratio of G’s smallest and largest eigenvalue λ2/λ1), 320%
of the mean inverse eccentricity in contrast to 125% for Jones
et al. (2012). What is more, the simulations of Jones et al. (2012)
were performed with N = 1024 while ours were performed
with N = 109, and the way in which genetic drift enters that
model means that unlike in our model, increasing N would
substantially reduce the instability.

Variances and covariances are dominated by the distribu-
tion of abundances among the most abundant or “dominant”
genotypes. When we collapse the two-dimensional distribu-
tion into a one-dimensional traveling fitness wave, as shown in
Figure 6A, the set of dominant genotypes are found primarily
within the peak, which have approximately completed their ex-
ponential growth and are about to begin declining in frequency.
This single one-dimensional “fitness class” consists of all the
genotype classes that lie along a diagonal fitness isocline. The
fluctuations of the G matrix can be understood by focusing on
the distributions of frequencies within diagonal isoclines.

As discussed in the introduction, negative covariance in our
model arises from the amplification of linkage disequilibrium
generated by the beneficial mutations producing the fittest geno-
types. Negative covariance thus originates with the stochastic
dynamics of the high-fitness front. The relative ratios among
high-fitness front classes are approximately “frozen” during the
amplification that takes place after establishment, because bene-
ficial mutations that occur after establishment of the high-fitness
front (Figure 2, pale blue squares) contribute little to the relative
frequencies of classes along a fitness isocline (Desai et al. 2013).
As a result, the relative frequencies along a diagonal after estab-
lishment (Figure 6A, top green) are later found in the dominant
classes (peak in Figure 6A, bottom green) once the traveling
wave has moved that far.

The average time required for the high-fitness front to become
the dominant group is given by the mean sweep time (Fisher
2013; Desai and Fisher 2007, Page 1178)

τSW ∼ ln(s/U)/s. (4)

Figure 6B plots the correlation between covariances in the bulk
and covariances in the high-fitness front as a function of the
time offset between the two. The correlation peaks with ap-
proximately 66% of fluctuations in bulk covariance measured
explained by the value of covariance at the high-fitness front τSW
generations ago, confirming that fluctuations in G are primarily
caused by changes in the distribution of relative frequencies of
classes within successive high-fitness fronts. These have some
short-term stability, because establishment times in the new front
depend on the feeding classes that were part of the previous
front. We shall see below that the instability of the components of
G is driven primarily by fluctuations in the leading eigenvalue.

4. The orientation of the G matrix is mostly stable, while differ-
ent forces drive the instability of the two eigenvalues
The eigenvalues and eigenvectors of G have been used to sum-
marize its shape, size and orientation. Specifically, the orienta-
tion of G is specified by its eigenvectors, ranked by their eigen-
values, where each eigenvalue quantifies the genetic variance
along its respective eigenvector. Each eigenvector can be speci-
fied by m angles relative to the m trait axes. Because the eigenvec-
tors form an orthonormal set and thus each gives information
about the others, only m(m − 1)/2 angles are needed for the
matrix as a whole (Hohenlohe and Arnold 2008). Empirical com-
parisons of related populations often find that the orientation of
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Figure 5 Behavior of G over time. (A) Variance of trait one
(σ2

1 , dashed line), its covariance with trait two (σ1,2, dotted
line), and its contribution to adaptation (v1, solid line). Vari-
ances of σ2

1 (1.307) and σ1,2 (1.02) are about four times larger
than the variance of v1 (0.27) (units of v(U, N, s)2). (B) The
magnitude of the angle between the second eigenvector of G
and direction of selection (vector (1, 1)) is on average 7.2o for
the time period shown. Its grand mean is 0 and deviations
from this mean orientation are usually small. (C) Normal-
ized eigenvalues of G, λ2 and λ1, measure genetic variation
along the direction of selection and the perpendicular “neu-
tral direction”, respectively. Normalization disguises the fact
that λ̄1 ∼ 5× λ̄2; as a result, it is fluctuations in λ1 that drive
those in variances, covariance, and angle. Fluctuations in λ2
have a different cause and are uncorrelated. Spikes in λ1 are
due to enlargement of the high-fitness front, followed by its
collapse (colored lines mark time points at which the 2D distri-
bution is shown in Figure 7). Simulation parameters: s = 0.02,
U = 10−5 and N = 109.
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Figure 6 The G matrix is dominated by the highest abundance classes, whose composition reflects the previous distribution of
classes along the high-fitness front. (A) Each fitness class combines all genotypes along the same fitness isocline (diagonal in Figure
2). The two-dimensional traveling wave in two-dimensional trait space can thus be projected onto a one-dimensional traveling
wave in fitness space. Shading indicates the distinct genotypes defined in 2-dimensional trait space. Selection makes the most
abundant fitness class exponentially larger than other fitness classes, meaning that the distribution of distinct genotypes within
a single fitness class dominates the variances and covariances of the population as a whole. As the peak shifts from one fitness
class to the next, variances and covariances may change substantially. (B) The correlation over time between covariance within the
high-fitness front and covariance within the peak classes is highest with a time offset equal to the mean sweep time τSW given in
Equation (4) (the average time required for the front to become the peak; dashed line). This is because the distribution of genotypes
within a fitness class was set during the stochastic phase, and simply propagated deterministically until this fitness class became
the most abundant. The dynamics of the stochastic front explain 66% of fluctuations in the covariance detected in the bulk after τ̄SW
generations.

G is stable even when its individual elements are not (Arnold
et al. 2008).

For a two dimensional trait space, one can give the orienta-
tion of G using a single angle. Prior work on only two traits has
used the angle between the first eigenvector and an arbitrary
trait axis (Jones et al. 2003, 2004, 2007; Guillaume and Whitlock
2007; Revell 2007), or the angle between where the first eigen-
vector begins and where it is later (Björklund et al. 2013). We
instead measure the orientation of G as the angle between G’s
second eigenvector and the direction of selection (1, 1). By sym-
metry, the expectation of this angle is zero, with the expected
eigenvectors of G being (1,−1) (first eigenvector) and (1, 1) (sec-
ond eigenvector). The magnitude of the angle’s deviation from
zero indicates the degree of instability in orientation, with 45o

corresponding to a random matrix orientation. Since selection is
identical on both traits, the vector (1, 1) in our two-dimensional
trait space represents the direction of selection. To generalize our
measure of orientation to more dimensions, we would measure
the angle between the vector (1, ..., 1) and whichever eigenvector
is most closely aligned with this direction. We expect that this
eigenvector will have the smallest eigenvalue since selection
removes most genetic variation along in the direction of the vec-
tor (1, ..., 1). We find that the angle measuring G’s orientation

remains relatively stable. In Figure 5B the magnitude of this
angle averages 7.2o, which means that G remains closely aligned
with the perpendicular “neutral” direction. This suggests that
any observed stability in the orientation of G could reflect stabil-
ity in the direction of selection of a traveling wave, rather than
stability of functional constraints.

Figure 5C shows the behavior of the two eigenvalues, λ1 and
λ2. The smaller eigenvalue λ2 measures genetic variation in the
direction of selection, and λ1 measures genetic variation perpen-
dicular to it, oriented along isoclines. Stochasticity in the speed
at which the high-fitness front advances drives fluctuations in
λ2, while fluctuations in the width of the high-fitness front drive
fluctuations in λ1. In simulations, λ1’s average value over the
period of the simulations was five times larger than the average
λ2. It is the dynamics of λ1 that correspond to the fluctuations
seen in σ2

1 and σ1,2. In contrast, the dynamics of λ2 correspond
to the overall adaptation rate v1 + v2, and to some extent also
v1 = σ2

1 + σ1,2 alone. This explains why, in our simulations, the
variance in the time series of genetic variances and covariance is
about four times larger than the variance in the time series data
for v1 (Figure 5A).

As a new high-fitness front forms, it tends to be one class
longer than the last front (Figure 2, dark blue classes), which
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Figure 7 Expansion and collapse of the high-fitness front depicted with snapshots (A-F) of the two-dimensional distribution, cor-
responding by color to vertical lines in Figure 5C. Snapshots are approximately τSW apart (∼ 690 generations), in each case one
generation before the first still higher fitness genotype appears by mutation. Squares with blue outlines are in the stochastic growth
phase, and are fed mutations from classes along the fitness isocline indicated by the black line. (A) A narrow high-fitness front fol-
lowing a recent minor collapse, concentrated in two adjacent squares without outlines. (B) Even as genetic variation in the bulk
declines, it increases within the narrow high-fitness front, breaking apart into two dominant segments. (C) The segments stochasti-
cally converge again, allowing for later widening of the front. (D) The width of the high-fitness front reaches a maximum, although
maximum covariance will occur only τSW generations later. The lower right portion of the front is moving ahead of the top left
section, setting it up for later collapse. (E) λ1 is at a local maximum, and the front is collapsing. The portion of the bulk no longer
connected to the high-fitness front declines. (F) The high-fitness front collapses further as one segment continues to dominate its ad-
vances. Genetic variance in the neutral direction drops and causes negative covariance to decrease. Simulation parameters: s = 0.01,
U = 10−5 and N = 109.

will eventually increase λ1. When there is little variance in abun-
dance among classes in the old front, beneficial mutations are
fed into the new front at approximately the same rate, except
for the two edge classes, which are fed at half the rate. Despite
this disadvantage, classes at the edges do not on average take
twice as long to establish, because the classes that feed them are
growing exponentially. The probability that both edge classes
establish before the next advance is therefore greater than the
probability that neither will, creating an intrinsic tendency to-
ward expansion of the high-fitness front (see Pearce and Fisher
(2018) for a more detailed analysis of the front dynamics).

Over time, the abundances among classes in the front diverge
stochastically. Small variations in abundance caused by stochas-
tic establishment times change the rate at which beneficial muta-

tions are fed into the next front, and thus cause establishment
times to vary even more in the next front (Desai and Fisher 2007,
Appendix D). Eventually, the differences in establishment times
are large enough for the front to become segmented into com-
peting sections that race to advance first. The winning section
goes on to form a new and smaller front, as illustrated in Figure
7D to Figure 7E.

Following collapse to a new, small front, variation in abun-
dance among front classes is low, allowing for front expansion
to resume until variation grows high enough to cause the front
to collapse again. The high-fitness front cycles through phases
of expansion and collapse (Figure 5C and Figure 7).

A different (and previously described; Desai and Fisher 2007)
process drives fluctuations in λ2, namely instabilities in the
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rate at which the front advances, rather than instabilities in
the width of the front. The value of λ2 is closely related to
the distance si,j between the high-fitness front and the mean
population fitness. Since the front advances stochastically, it
will sometimes advance faster than the population mean fitness,
temporarily increasing si,j. This causes the front to accelerate,
because fitness classes along the front will have a greater fitness
advantage, and therefore produce more mutants with greater
chance of establishment. Thus, si,j is dynamically unstable in the
short-term, and so too is λ2. Eventually, fluctuations in si,j that
accelerate the front also begin to accelerate the rate of adaptation
in the bulk, once classes in the front become the dominant group
τSW generations later. si,j then decreases, causing the front’s rate
of advancement to decrease as well; this stabilizes si,j over the
longer term.

Discussion

Clonal interference in rapidly adapting asexual populations in-
creases genetic variance in fitness-associated traits and creates
strong negative genetic covariances between them, even in the
total absence of pleiotropy. These effects are driven by linkage
disequilibrium introduced by beneficial mutations at the high-
fitness front and then amplified during selective sweeps. While
the overall pattern is of high variance and strongly negative
covariance, and the orientation of G is stably aligned with the
direction of selection, the magnitudes of these G matrix elements
are unstable over the timescale of selective sweeps. This pattern
of wildly unstable magnitudes has been observed empirically in
asexuals (Pfrender and Lynch 2000; Doroszuk et al. 2008); here
we capture it for the first time in a formal model. This resulted
in much larger instabilities in G’s components than had been
found in previous models (Jones et al. 2012).

While this is a proof of principle work, we can nevertheless
make a first attempt at qualitative predictions. The phenomenon
described here predicts large fluctuations in the magnitude of G
elements over a characteristic timescale of selective sweeps. In
contrast, models in which adaptation has hit a wall of functional
constraint predict small fluctuations only.

The effects of deleterious mutations and recombination
In our model we made a number of simplifying assumptions.
Two seem worthy of discussion: our neglect of deleterious muta-
tions and of recombination. Deleterious mutations are undoubt-
edly common in all species, and even microbes can occasionally
undergo recombination. However, we do not believe that a
fuller treatment of either would lead to qualitatively different
results from those presented here, which all rely on the same
basic dynamic of the selective amplification of beneficial muta-
tions at the high-fitness front. Deleterious mutations generally
do not prevent new and fitter genotypes from appearing and
sweeping. So long as these sweeps occur, the amplification of
stochastically created linkage disequilibrium would continue
to produce instabilities in G. The net behavior of G will be a
combination of the dynamics we describe due to sweeps and the
dynamics due to contributions from stabilizing selection at the
trait level (as discussed in the Introduction). The contribution of
this paper is to characterize the effect of sweeps on G, as a novel
phenomenon.

Similarly, recombination will only eliminate the basic dynam-
ics behind our findings if it is strong enough to eliminate linkage
disequilibrium between genotypes generated by different benefi-
cial mutations. Recombination, like mutation, can produce new

fitness classes at the high-fitness stochastic front when. These
too are amplified by subsequent selection, with qualitatively
similar dynamics to the sweeps initiated by beneficial mutations
as described by our model. With recombination, the genome
will fragment into independently evolving linkage blocks, with
an effective mutation rate U/(RTc) where recombination is rep-
resented as a larger total map length R, and Tc is the coalescence
time (Neher et al. 2013; Good et al. 2014; Weissman and Hal-
latschek 2014). So long as NU/(RTc) � 1/ ln(Ns), we expect
partial selective sweeps and large negative correlations within
linkage blocks, with negligible covariance across blocks. How-
ever, while the dynamics we describe will still occur, because
genome-wide variance but not covariance scales with the num-
ber of linkage blocks, this will significant reduce the amount of
covariance in G. While this reduces the scope of our findings,
map length R may be negligibly small in the facultatively sexual
world of microbes.

Linkage disequilibrium in other models for G

Two previous quantitative genetic models have traced the impact
of linkage disequilibrium on G. First is the Bulmer effect (Bulmer
1971; Walsh and Lynch 2018, Chapter 16). This describes the
fact that selection which perturbs a previously stable state can
generate linkage disequilibrium faster than it changes allele
frequencies, at least when the number of loci contributing to
a quantitative trait is large. This perturbation effect applies to
much shorter timescales than the long-term steady state linkage
disequilibrium considered here.

Second, Lande (1984) found conditions under which stabi-
lizing selection on traits can create large and stable genetic cor-
relations at equilibrium, via linkage disequilibrium. Selective
sweeps do not routinely occur under stabilizing selection, but
dominate in our regime. Because they amplify the stochasticity
of mutation, they are responsible for the large instabilities in G
seen in our work but not found in Lande’s. While many traits
are undoubtedly both polygenic and under stabilizing selection
(Charlesworth et al. 1982; Haller and Hendry 2014), it is also true
that genomic evidence has made it clear that selective sweeps
are abundant, even in sexual populations (Kern and Hahn 2018),
and can make large contributions to linkage disequilibrium.

Balance of forces versus mutation-driven evolution

Genetic variances and covariances are affected by selection, mu-
tation, drift, recombination and migration (Walsh and Lynch
2018). These evolutionary processes have been historically
viewed as “forces” acting on allele frequencies in the population
(Gillespie 2010) and used to explain a variety of evolutionary
phenomena. Past work on the G matrix has used the forces
view both to gain intuition (Arnold et al. 2008), and to calcu-
late equilibrium values of genetic variances and covariances
(Lande 1975, 1980a, 1984; Tallis and Leppard 1988; Charnov
1989; Charlesworth 1990; Houle 1992).

The metaphor of “forces” evokes vectors that can be added.
Equilibria of allele frequencies and related properties correspond
to vectors that sum to zero. The classic example is a deleterious
allele in balance between the force of mutation and the force
of selection. The forces view has been criticized as a poor de-
scription of random genetic drift, which describes Brownian
motion rather than a vector (Walsh 2000; Matthen and Ariew
2002; Walsh 2004), but it is still possible to talk about expected
allele frequencies in balance between e.g. mutation, selection,
and drift. A second, more serious critique is that mutation is not
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only a (very weak) vector acting on existing allele frequencies, it
also controls which alleles exist to have their frequencies acted
upon (Yampolsky and Stoltzfus 2001; Stoltzfus 2006).

In our context, interactions between evolutionary processes
exhibit net effects that cannot be decomposed into independent
vectors. This provides a third reason why the metaphor of evo-
lutionary processes as vectors/forces is inappropriate. In our
model, the most important stochastic “force” is not random
genetic drift, but the introduction of beneficial mutations (com-
bined with their establishment in the presence of drift). Each
beneficial mutation appears on one genetic background, in com-
plete linkage disequilibrium with all other loci. The contribution
of this linkage disequilibrium to genetic covariance is small,
because the allele frequency of a mutant initially present in a
single individual is small. However, selection can dramatically
amplify the magnitude of this linkage disequilibrium. The am-
plification of stochastic effects at the high-fitness front cannot
be understood by a model of adding vectors, but arises through
non-linear amplification. Fisher (2011) uses the metaphor of the
mutational nose leading the dog to describe this scenario, whose
effects on linkage disequilibrium are described by Garcia et al.
(2018). No matter how big the total population is, the fittest sub-
group steering the evolution of the population will always be
small and hence stochastic, and its stochastic fate will eventually
shape the entire population.

Quantitative genetics versus population genetics

Our model differs in several important ways from previous
quantitative genetic approaches. First, we assume no functional
constraint nor other form of pleiotropy. Second, we assume
no recombination, in contrast to quantitative genetic models
that normally assume so much recombination such that linkage
disequilibrium is negligible.

Third, most previous models used to simulate the stability
of G have considered traits under stabilizing selection (Wagner
1989; Jones et al. 2003; Guillaume and Whitlock 2007; Revell 2007).
A partial exception is Jones et al. (2004, 2012), who simulated
a shifting optimum phenotype. While the moving optimum
mathematically enters the model in the same way as stabilizing
selection, it can mimic directional selection when the optimum
is far from the population. However, their simulations focused
on the regime where the population included the optimal phe-
notype. This ruled out the possibility of a stochastic nose and
the amplification dynamics that we describe here. While the sit-
uation they considered was thus very different, they also found
that directional selection increased genetic variances, and was re-
sponsible for stability in G’s orientation. However, their genetic
covariance was positive, rather than negative, as a consequence
of the shape of the phenotype-fitness map in their model.

The selective sweeps that are key to the phenomena we de-
scribe here are generally absent from most quantitative genetic
models. Models for adaptation range on a spectrum from pop-
ulation genetics to quantitative genetics. Population genetic
models include more details about allele and genotype frequen-
cies and their temporal behavior. Quantitative genetic models
are derived from population genetics, omitting details of genetic
architecture in order to focus on statistical properties. More re-
cently, population genetic details (in particular, a more discrete
i.e. non-infinitesimal view of genes) have been essential to mak-
ing progress in the historically quantitative genetic domain of
QTLs and GWAS (Caballero et al. 2015; Simons et al. 2018). A
deeper synthesis of the two approaches is not yet achieved.

Our model incorporates features from both methodologies.
We specify discrete genotypes and track changes in their abun-
dances, allowing us to model the establishment process and
subsequent selective amplification of the linkage disequilibrium
it produces, which translates into trait covariance under clonal
interference. We used this to derive traditional quantitative ge-
netic properties: traits, their genetic variances, and covariance.
We found a classic pattern of high genetic variances and negative
covariance in fitness-associated traits, but in our case it was not
due to functional constraints. We also found that G is unstable
over the timescale of selection, meaning that estimates of the
G matrix are not likely to yield quantitatively accurate predic-
tions for the long-term evolution of fitness-associated traits in
the regimes considered here. Our work demonstrates the need
to view adaptive scenarios from both a population genetic and
quantitative genetic perspective, to better understand adaptive
processes in traits that lie in between Mendelian and quantitative
extremes.
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Appendix A

In our model of equal selection on two traits, the rate of adaptation in trait 1 is the sum of its genetic variance and genetic covariance,
i.e. v1 = σ2

1 + σ1,2. Here we derive this expression, which is analogous to the multivariate breeder’s equation but in continuous time
and for a discrete genetic basis, from our definitions of mean fitness for each trait, r̄1 and r̄2, and the deterministic expressions for
changes in genotypes abundances (see Methods). When the population is at capacity ( ∑i,j ni,j(t) ≈ constant N), genotype frequencies
within the bulk change according to the ODE

dpi,j

dt
≈ pi,j(ri,j − r̄).

Substituting this into the time derivative of mean fitness in trait r̄1 yields

v1 =
dr̄1
dt

= ∑
i,j

dpi,j

dt
is = ∑

i,j
pi,j(ri,j − r̄)is.

Substituting (ri,j − r̄) = (i− ī)s + (j− j̄)s in the expression above gives

v1 = ∑
i,j

pi,j(i− ī)is2 + ∑
i,j

pi,j(j− j̄)is2 = σ2
1 + σ1,2.

This can also be done for the second trait to get v2 = σ2
2 + σ1,2, and thus, the total rate of adaptation must be

v(2U, N, s) ≈ σ2
1 + σ2

2 + 2σ1,2.

Appendix B

The trait identity of each mutation (i.e., whether it influences trait 1 or 2) is a neutral marker in the present model. The differences
between pairs of individuals in a single trait k = 1, 2 can be analyzed using a coalescent framework. Suppose that individual i has
ni mutations separating it from its common ancestor with individual j, and individual j has nj mutations. Then we define indicator
variables Ik,i(l) and Ik,j(l) that tell us whether mutation l occurred in trait k or not, so that the difference between the value of trait k in
individual i vs. in the common ancestor is s ∑ni

l=1 Ik,i(l). We then express the variance σ2
k in one fitness-associated trait in terms of two

randomly drawn individuals i and j:

σ2
k =

1
2

E



(

s
ni

∑
l=1

Ik,i(l)− s
nj

∑
l=1

Ik,j(l)

)2



The factor of 1/2 comes from the fact that the expected squared difference of independent and identically distributed random variables
X and Y is equal to twice the variance of either since E[(X−Y)2] = Var(X) + Var(Y) = 2Var(X). Rearranging,

σ2
k =

s2

2
E



(

ni

∑
l=1

Ik,i(l)−
nj

∑
l=1

Ik,j(l)

)2



=
s2

2

(
E

[
ni

∑
l=1

ni

∑
m=1

Ik,i(l)Ik,i(m)

]
+ E

[ nj

∑
l=1

nj

∑
m=1

Ik,j(l)Ik,j(m)

]
− 2E

[
ni

∑
l=1

nj

∑
l=1

Ik,i(l)Ik,j(m)

])
.

Calculating the expectations of these sums across binomial distributions of n trials, each with success probability 0.5, provides

σ2
k =

s2

2

(
E
[

1
4
(n2

i + ni)

]
+ E

[
1
4
(n2

j + nj)

]
− 2E

[
1
4

ninj

])

=
1
8

(
s2E[(ni − nj)

2] + s2E[ni + nj]
)

.

We note that the first term s2E[(ni− nj)
2] = E[(sni− snj)

2] = Var(sni) +Var(snj) = 2σ2 ≈ 2v(2U, N, s), where σ2 is the total variance
in fitness and hence yields Fisher’s Fundamental Theorem. The second term E[ni + nj] is the average total pairwise heterozygosity at
positively selected sites for two randomly selected individuals, Π. Substituting these into the expression for σ2

k yields

σ2
k =

1
8

(
2v(2U, N, s) + s2Π

)
=

v(2U, N, s)
4

(
1 +

s2

2v(2U, N, s)
Π
)

.
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We obtain the covariance, σ1,2, using symmetry (σ2
1 = σ2

2 ) and solving for σ1,2 in the expression v(2U, N, s) ≈ σ2
1 + σ2

2 + 2σ1,2 to obtain

σ1,2 =
1
2

v(2U, N, s)− σ2
k =

v(2U, N, s)
4

(
1− s2

2v(2U, N, s)
Π
)

. (5)

A expression for Π is given by (Desai et al. 2013, Equation 30), derived from the fitness-class coalescent of Walczak et al. (2012).
Expressed in terms of v(2U, N, s), we have

Π =
2v(2U, N, s)

s2

(
ln(s/2U) +

s√
π v(2U, N, s)

)
.

Substituting for Π into the expressions for σ2
k and σ1,2 provides

σ2
k =

v(2U, N, s)
4

(
1 + ln(s/2U) +

s√
π v(2U, N, s)

)
.

σ1,2 =
v(2U, N, s)

4

(
1− ln(s/2U)− s√

π v(2U, N, s)

)
.

Finally, dividing both sides by v = v(U, N, s), and noting that 2v1 = v(2U, N, s), yields Equation 3. If we introduce the concept of
additive genic variance VA (additive genetic variance in fitness in the absence of linkage disequilibrium (Walsh and Lynch 2018, Page
550), then we can express trait variance and covariance in an alternative form. The comparison between σ2 and VA (i.e. fitness variance
in the presence vs. absence of linkage disequilibrium) has been used by Good et al. (2014) and Sohail et al. (2017) to quantify linkage
disequilibrium. It can be expressed in terms of pairs of fitness-associated alleles (Lynch and Walsh 1998, Page 102) as

σ2 −VA = 2 ∑
l1 6=l2

α(l1)α(l2)Dl1,l2 ,

where l1 and l2 are segregating fitness-associated alleles, the α’s are the average effects of allelic substitution, and the Dl1,l2 are the
coefficients of linkage disequilibrium. The expected heterozygosity Π can be written as

Πs2

2
= ∑

l
s2E[ fl(1− fl)]

where the sum is over all segregrating sites l and fl is the frequency at site l. The right hand side is the additive genic variance in
fitness, VA (Good et al. 2014; Walsh and Lynch 2018). We substitute both v(2U, N, s) = σ2 and Πs2

2 = VA into Equation 5 to obtain

σ2
k

σ2 =
1
4

(
1 +

VA
σ2

)

σ12
σ2 =

1
4

(
1− VA

σ2

)
.

This describes how trait variances and covariances depend on linkage disequilibrium, which is quantified by the ratio VA/σ2.
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Abstract

The Extended Evolutionary Synthesis invokes a role
for development in shaping adaptive evolution, which
in population genetics terms corresponds to mutation-
biased adaptation. Critics have claimed that clonal in-
terference makes mutation-biased adaptation rare. We
consider the behavior of two simultaneously adapting
traits, one with larger mutation rate U , the other with
larger selection coefficient s, using asexual traveling
wave models. We find that adaptation is dominated
by whichever trait has the faster rate of adaptation v
in isolation, with the other trait subject to evolutionary
stalling. Reviewing empirical claims for mutation-biased
adaptation, we find that not all occur in the “origin-
fixation” regime of population genetics where v is only
twice as sensitive to s as to U . In some cases, differences
in U are ten times larger than differences in s, causing
mutation-biased adaptation to occur even in the “multi-
ple mutations” regime. Surprisingly, when U > s in the
“diffusive-mutation” regime, the required sensitivity ra-
tio is also only two, despite pervasive clonal interference.
Given two traits with identical v, the benefit of having
higher s is surprisingly small, occurring largely when one
trait is at the boundary between the origin-fixation and
multiple mutations regimes.

1 Introduction

What shapes the course of adaptive evolution? The neo-
Darwinian position was that natural selection is pre-
eminent; variation is plentiful and appears in gradual
increments, providing raw material that natural selec-
tion can shape in any way. The idea that biases in the
introduction of variation had a significant influence on
the course of evolution was mocked as “the revolt of
the clay against the power of the potter” [1]. This se-
lectionist view persisted through the Modern Synthesis
[2], following the metaphor of populations as vast “gene
pools” with ample amounts of genetic variation already
available for natural selection to act on. With abundant

1masel@email.arizona.edu, Dpt. Ecology & Evolutionary Bi-
ology, University of Arizona, 1041 E Lowell St Tucson AZ 85721
USA.

mutations each of tiny effect already present and avail-
able to recombine to produce any possible phenotype,
bias in variation was thought irrelevant.

While the influence of mutation bias on neutral evo-
lution was later acknowledged as part of Neutral The-
ory, selectionism with respect to the course of adaptation
is still upheld by advocates for “Standard Evolutionary
Theory”, on the grounds that other evolutionary pro-
cesses like mutation, drift, and migration, are random
with respect to the adaptive direction favored by selec-
tion [3]. In contrast, advocates for an “Extended Evolu-
tionary Synthesis” invoke a significant role for develop-
mental processes [4, 5, 6], which shape the phenotypic
effects that mutations are more or less likely to have. Ex-
changes between the two camps have been heated [5, 7].

A role for differences in beneficial mutation rates
in shaping the nature of adaptations that evolve has
been called “survival of the likeliest” [8], or “first-
come-first-served” [9]. Here we refer to it as mutation-
biased adaptation. This phenomenon now has sub-
stantial empirical support [10]. Evidence for adapta-
tion aligned with mutation bias has been found during
the experimental evolution of microvirid bacteriophage
[11, 12], Escherichia coli [13], and Pseudomonas aerug-
inosa [14, 15]. Studies of parallel adaptation in natural
populations also reveal patterns suggestive of mutation
bias, e.g. in sodium pump ATPα1 adaptations enabling
the consumption of glycosine toxins by insects [15], an-
tibiotic resistance in Mycobacterium tuberculosis [9], and
hemoglobin adaptations for high altitude in birds [16].

A formal population genetic description of mutation-
biased adaptation was given by Yampolsky and Stoltz-
fus [17] for the case where the product of the bene-
ficial mutation rate U and the population size N is
small. In this “origin-fixation” or “strong-selection
weak-mutation” parameter regime, each adaptive muta-
tion is either lost or fixed before the next appears [17, 8].
Mutations of each kind appear at their own character-
istic mutation rate U , and fix with probability propor-
tional to the selection coefficient s [18]. Differences in
mutation rate and differences in selection thus have ex-
actly equal quantitative influence on the flux of adaptive
mutations, which is proportional to UNs.

Yampolsky and Stoltzfus [17] originally considered a
simple sign epistatic landscape of two loci each with two

1
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alleles, beginning in a valley, such that mutating to reach
one peak precluded reaching the other, and found muta-
tion bias even when simulating scenarios with UN > 1.
However, sign epistasis is not required to argue on the
basis of the sensitivities of the flux of adaptive mu-
tants to U and to s [19]. The theoretical argument
for mutation-biased adaptation in this case is, however,
strongly dependent on the assumption that the influx of
adaptive mutations is small, such that UN log(Ns)� 1.
When two adaptive mutations escape drift to reach ap-
preciable frequencies at the same time, clonal interfer-
ence will favor the fixation of the one with higher s [20].
For this reason, previous theoretical arguments in favor
of mutation-biased adaptation have been restricted to
the parameter regime UN log(Ns) � 1, and the phe-
nomenon has been criticized on this basis [3]. However,
clonal interference may occur in at least some of empir-
ically documented cases of mutation-biased adaptation
[14, 21, 12]. There is therefore a need for theory to
understand how mutation-biased adaptation might be
possible in the presence of clonal interference.

Models that have previously been used to dismiss
mutation-biased adaptation when UN log(Ns) ≥ 1 [3]
are simple, and do not capture the multi-locus com-
plexities included in more recent traveling wave models
of population genetics [22, 23, 24, 25]. Here we build
on a recent two-dimensional travelling wave model [26]
to formally investigate the circumstances under which
mutation-biased adaptation can occur.

2 Materials and Methods

(a) Elasticities

We quantify the sensitivity of a population’s rate of
adaptation v to changes in U and s by computing elastic-
ities, a metric in common usage in economics (e.g. price
elasticity) and applied mathematics, but not in evolu-
tionary biology. Elasticity is the percent change in a
function’s output due to a percent change in its input.
Given the function v(U, s), the U -elasticity EU and s-
elasticity Es of v are

EU =
∆uv/v

∆U/U
Es =

∆sv/v

∆s/s
, (1)

where ∆uv = v(U + ∆U, s)−v(U, s) and ∆sv = v(U, s+
∆s) − v(U, s). The ratio Es/EU measures the relative
sensitivity of adaptation to selection versus mutation.

Consider the origin-fixation regime (figure 1a), where
the rate of adaptation is

v(U, s) = UN ×
(

1− (1 + s)−2

1− (1 + s)−N

)
× s (2)

for a population of size N . Here UN is the total in-
flux of beneficial mutations per generation and [1− (1 +
s)−2]/[1− (1 + s)−N ] ≈ 2s is the fixation probability of
each mutation [27, Equation 2]. Thus, approximately
UN × 2s mutations are expected to fix in the popula-
tion each generation, with each increasing relative fit-
ness by s, yielding Eq. (2). The U - and s-elasticities of
v in the origin-fixation regime are EU ≈ 1 and Es ≈ 2
since ∆uv/v ≈ ∆U/U and ∆sv/v ≈ 2∆s/s. The latter
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Figure 1: Contribution of mutation fluxes to adaptive evo-
lution in three regimes of adaptation: (a) origin-fixation
regime, (b) multiple mutations regime, and (c) diffusive-
mutation regime. In all three regimes, the mean fitness moves
to the right (adaptation) due to selection. In (a) and (b),
changes in fitness class abundances are dominated by selec-
tion (green arrows). Mutation fluxes are negligibly small by
comparison, except at the front (blue arrow) where they have
the crucial role of producing new fitter lineages, allowing the
travelling fitness wave to continue. In (c), mutation fluxes
when U � s increase fitness variance throughout the popu-
lation (blue double-sided arrow).

expressions follow from applying the first order Taylor
approximations

∆uv ≈
∂v

∂U
∆U ≈ N2s2∆U

∆sv ≈
∂v

∂s
∆s ≈ UN4s∆s,

and dividing through by v ≈ UN2s2.

In the origin-fixation regime, in which there is no
interference between the adaptation of different traits,
mutation-biased adaptation will occur when relative dif-
ferences in U (∆U/U) exceed relative differences in s
(∆s/s) by at least a factor of Es/EU ≈ 2. In the two sec-
tions below, we present analytical expressions for v(U, s)
in two more parameter value regimes, allowing us to ap-
ply an elasticity-based analysis to them to identify where
the influence of mutation and selection on adaptation
rates is comparable.
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(b) Multiple mutations regime analytics

When beneficial mutations are more common
(UN log(Ns) ≥ 1), there is competition among
lineages, each of which may have accumulated multiple
beneficial mutations. The probability of fixation is then
no longer a simple function of the selection coefficient
of the focal mutation alone, but instead depends on the
presence of other beneficial mutations. The resulting
complexities change the relationship between v and the
parameters N , U and s.

In the staircase model (Desai et al. 28; figure 1b),
beneficial mutations appear at rate U per birth and each
confer a relative fitness advantage of s (one “step” on the
staircase). The population is divided into fitness classes
that are composed of individuals with the same number
of (interchangeable) beneficial mutations, and hence the
same fitness.

Populations in the multiple mutations regime
(UN log(Ns) ≥ 1) will consist of many fitness classes.
A traveling fitness wave results from beneficial muta-
tions adding new fitness classes and selection changing
genotype frequencies and eventually culling the least fit
classes [23]. A new fitness class appears by mutation at
the “nose” of the travelling wave, initially populated by
few individuals relative to their selective advantage Q
over mean population fitness, subject to branching pro-
cess dynamics dominated by random genetic drift. How-
ever, if a new class reaches a size of n > 1/Q, growth
due to selection becomes approximately deterministic.
Deterministic classes can be modeled using exponential
growth equations, simplifying the analysis of the travel-
ing wave and allowing for efficient numerical simulation
as described below in the Subsection Simulations.

Under the assumption that U � s, Desai and Fisher
[23, Eq. 41] obtained

v(U, s;N) ≈ s2 log(N2sU)

log(s/U)
, (3)

from which the ratio Es/EU can be calculated.

(c) Diffusive-mutation regime analytics

When U � s, the mutational fitness flux between
neighbouring fitness classes becomes comparable to the
change in fitness class abundance due to selection, break-
ing down the distinction between deterministic estab-
lished fitness classes and the stochastic nose. This causes
Eq. (3) to break down.

A useful simplifying assumption in this “diffusive-
mutation” regime (figure 1c) is to set the beneficial and
deleterious mutation rates equal, so that mutation bias
or “pressure” [29, 30] alone in the absence of selection
does not drive the fitness distribution forward. Muta-
tional steps then follow unbiased random walks with
equal chance of reducing or increasing fitness by s. The
resulting symmetric mutational diffusion process creates
fitness variance which selection acts on to drive the wave
forward. The diffusion coefficient for this mutational dif-
fusion process is D = Us2/2, because the variance in the
position of the mutational walk is s2 per step, and mu-
tations occur at rate U . The dependence of v on U and

s is then approximately given by [Appendix F in ref 25]

v(U, s;N) ∼ D2/3 log
(
ND1/3

)1/3

. (4)

Note that due to the logarithmic second term, the rate
of adaptation (variance of the fitness distribution) is ap-
proximately proportional to D2/3. As we will see, this
substantially alters the relative roles of mutation and
selection, compared to the multiple mutations regime.

(d) Simulations

The analytical, elasticity-based analysis described above
considers evolution in one trait only. But when there
is clonal interference, i.e. outside the origin-fixation
regime, traits with different U and s do not evolve inde-
pendently.

We therefore also simulate the simultaneous evolution
of two traits (k = 1, 2), with beneficial mutations of
fitness effect sk appearing at rate Uk, using an exten-
sion of the method of Gomez et al. [26]. We consider
strong selection relative to population size, such that
1/N � sk ≤ 1. With no pleiotropy or epistasis in this
model, Malthusian fitness is ri,j = is1 + js2 for an in-
dividual with i beneficial mutations in trait k = 1 and
j beneficial mutations in trait k = 2. We group indi-
viduals with the same numbers of beneficial mutations
into classes denoted by subscripts (i, j), with abundances
and frequencies at time t given by ni,j(t) and pi,j(t) =
ni,j(t)/

∑
i′,j′ ni′,j′(t), respectively. Thus, the selective

advantage of an individual in class (i, j) is Qi,j(t) =
ri,j − (

∑
i,j ni,j/N)r̄(t) where r̄(t) =

∑
i,j pi,j(t)ri,j is

population mean fitness. Selection according to Qi,j en-
sures logistic regulation of population size [31, page 27].
The set of abundances forms a two-dimensional distri-
bution in (i, j) space.

Given abundances ni,j(t) at generation t, we calculate
the abundances at generation t+ 1 in three steps. First,
we calculate the expected change due to selection as

ñi,j(t) = ni,j(t)
NeQi,j(t)

∑
i′,j′ ni′,j′(t)e

Qi′,j′ (t)
.

Second, we determine the expected net flux of muta-
tions ∆uñi,j into class ñi,j . We also include deleterious
mutations in our simulation; these occur at the same
mutation rate Uk and decrease fitness by sk, yielding

∆uñi,j(t) = U1 [ñi−1,j(t) + ñi+1,j(t)]

+ U2 [ñi,j−1(t) + ñi,j+1(t)]

− 2(U1 + U2)ñi,j(t)

Expected abundances after selection and mutation are
n∗i,j(t) = ñi,j(t) + ∆uñi,j(t). In the last step we set
abundances of deterministic classes (n∗i,j > 1/Qi,j) to

ni,j(t + 1) = Round
[
n∗i,j(t)

]
, while classes that grow

stochastically (n∗i,j ≤ 10/Qi,j) are instead sampled from
a Poisson distribution with mean n∗i,j(t).

We implemented the simulation method described
above using Matlab code originally developed by Pearce
and Fisher [32], modified by Gomez et al. [26] to deal
with two traits, and here modified to allow those traits
to have distinct mutation rates and selection coefficients.
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When simulating the evolution of one trait for com-
parison with theoretical predictions for v(U, s) given by
Eq. (2), Eq. (3) and Eq. (4), we simply set s2 = 0 and
U2 = 0. We numerically determined v(U, s) values by
applying iterative root-finding methods that allow for
noise in v(U, s) [33]. Time-averages of rates of adapta-
tion were taken over runs lasting 1-2 million generations
to ensure convergence, with burn-in periods of 5,000 gen-
erations.

Our code ran on Matlab 2016R installed on a desk-
top computer running Linux. All scripts used to gen-
erate our results are available at https://github.com/
MaselLab/Gomez_et_al_2020.

3 Results

(a) Elasticities suggest mutation-biased
adaptation in the diffusive-mutation
regime
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Figure 2: Contour lines of v(U, s) in U -s parameter space
reveal the possibility of mutation-biased adaptation being
just as easy in the diffusive-mutation regime as in the origin-
fixation regime. (a) shows distinct v contours and (b) shows
contours of the same v given different values of N . Re-
gions of U -s parameter space in (a) are labeled to indi-
cate where UN log(Ns) < 1 (origin-fixation; aqua blue),
s > U ≥ 1/N log(Ns) (multiple mutations; yellow), and
U ≥ s (diffusive-mutation; neon green). In (b), these regime
boundaries are not shown since they depend on N .

To visualize the relative influence of mutation and
selection on the rate of adaptation v, we plot contour

lines of constant v(U, s) in U -s parameter space (fig-
ure 2), as obtained from analytical theory (Section 2.2;
colored piecewise curves) and numerical simulations (col-
ored points). The slopes of these contours as shown in
log-log space are closely related to the ratio of elasticities
Es/EU , discussed in the Methods as a metric of the rel-
ative sensitivities of the adaptation rate to the selection
coefficients and appearance rate of beneficial mutations.
As shown in the Appendix, we have

lim
∆v→0

Es

EU
= − s

U

dU

ds

∣∣∣∣
v(U,s)=constant

. (5)

Thus, steeper contours in figure 2 imply that selection
has a greater effect on v.

The slopes of the contours depend on which of the
three parameter regimes of U and s described in the
Methods applies, as shown as background color in fig-
ure 2a for different values of v (figure 2a) and N (fig-
ure 2b). In the origin-fixation regime (aqua), simulation
confirm that Es/EU ≈ 2, as previously obtained ana-
lytically. As expected from clonal interference, selec-
tion becomes more important (v contours become much
steeper, as high as Es/EU ≈ 10) in the multiple muta-
tions regime (yellow region, figure 2).

However, surprisingly — and in contrast to arguments
suggesting that mutation-biased adaptation is impossi-
ble with clonal interference [3] — for sufficiently high
mutation rates, the steepness of the contour lines de-
clines and we return to Es/EU ≈ 2 (green diffusive-
mutation region, figure 2a). This regime could be
thought of as a “gene flood” of new mutations, in con-
trast to the “gene pool” analogy of standing genetic vari-
ation in the Modern Synthesis. The modest slope is a
result of the fact that v ∝ (Us2)2/3 (Eq. (4)). While this
differs from origin-fixation formula v ∝ Us2, due to the
presence of the 2/3 exponent, the ratio of elasticities for
v ∝ (Us2)2/3 is nevertheless identical to that of v ∝ Us2.
We see this by solving for U in v ∝ (Us2)2/3, which pro-
vides U ∝ v3/2s−2. Applying Eq. (1) to U ∝ v3/2s−2

then provides

Es

EU
≈ − s

v3/2s−2

(
−2v3/2s−3

)
= 2,

as in the origin-fixation regime.
The origin of the v ∝ D2/3 dependence in Eq. (4) can

be seen directly from the diffusive nature of mutations
in the U � s regime. In the bulk of the population, the
steady-state abundance n of a fitness class with fitness
x relative to the population mean changes according the
the diffusion equation ∂n(x)/∂t = D∂2n(x)/∂x2 + xn.
Taking the first moment gives v = σ2, where σ is
the standard deviation in fitness (Fisher’s Fundamental
Theorem). Similarly, taking the second moment gives
D ∝

∫
x3n(x)dx = µ3σ

3 where µ3 is Pearson’s mo-
ment coefficient of skewness of the steady-state fitness
distribution n(x). Therefore, v ∝ (D/µ3)2/3, with a
skew factor that depends more weakly on the parame-
ters (Eq. (4)).

(b) Clonal interference creates little bias
between two traits of equal v

Our single-trait analysis described above shows the ex-
istence of a parameter regime in which the rate of adap-
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Figure 3: Heat map showing relative rates of adaptation in two simultaneously adapting traits, both of whose values of U and
s would in isolation produce the same rate of adaptation v = 5.3 × 10−5. Axes are labeled by color to show the regime (from
figure 2a) that a trait would be in were it evolving on its own. Darker cell color indicates how much faster the selection-favored
trait (v1) evolves relative to the mutation-favored trait (v2). Cell values in the lower left are redundant and not shown, as these
would amount to switching trait labels. The fact that ratios are near 1 makes stochasticity difficult to eliminate.

tation is sensitive to the mutation rate even in the pres-
ence of clonal interference, suggestive of mutation-biased
adaptation. But as previously discussed (see Materials
and Methods), clonal interference may alter how differ-
ences in s and U shape the course of adaptation, and
this must be fully accounted for.

We do this by simulating the simultaneous evolution
of two fitness-associated traits, each of which would on
its own evolve at the same rate as the other ({s,U} val-
ues corresponding to the purple dots in figure 2). We
then measured the reduction of a trait’s rate of adap-
tation due to clonal interference with the second trait.
Specifically, we calculated the rate of adaptation for the
higher-s trait v1 and divided it by the rate of adapta-
tion of the higher-U trait v2, and examined how this
ratio changed across parameter space (figure 3). A ra-
tio higher than one indicates the degree to which clonal
interference makes selection more important than indi-
cated by the one-trait elasticity analysis. When both
traits are in the origin-fixation regime, we see v1/v2 ≈ 1,
as expected in the absence of clonal interference (fig-
ure 3; pale color in the aqua blue vs. aqua blue lower
right).

Surprisingly, we see even smaller deviations from
v1/v2 = 1 when both traits fall within the diffusive-
mutation regime (pale color in the neon green vs. neon
green upper left of figure 3 never exceeds v1/v2 = 1.09).
Our finding of Es/EU ≈ 2 already suggested susceptibil-
ity to mutation-biased adaptation; here we see that this
persists even when clonal interference is fully accounted
for.

Indeed, deviations from v1/v2 = 1 are mild through-
out, with the highest value of 1.77 observed when the
high-s trait is near the boundary between origin-fixation

and multiple-mutation regimes. At this maximum value,
adaptation in the mutation-favored trait still accounts
for 36% of the total rate of adaptation. Clonal interfer-
ence thus has a limited ability to block mutation-driven
adaptation, beyond that captured by the sensitivity of v
to s.

(c) Evolutionary stalling is driven by
differences in v not s

The previous section shows that two traits with the same
independent rate of evolution v, but drastically different
values of s and U , will continue to adapt at similar rates
even in the presence of clonal interference. Next we ask
how clonal interference operates between two traits that
differ not only in their values of s and U , but also in
their values of v.

Venkataram et al. [34] has claimed that “evolutionary
stalling” will occur in whichever trait has smaller s. In
other words, only the trait with the largest s will con-
tinue to adapt significantly, and traits with only small-s
beneficial mutations available will effectively stop adapt-
ing. This argument implicitly assumes either that traits
have comparable U , or that differences in U are not im-
portant for evolutionary stalling because it is driven by
clonal interference.

To test whether evolutionary stalling occurs, and if so
whether the identity of the dominant trait depends on s
alone, we quantify how a focal trait’s adaptation suffers
from clonal interference from a second trait, as a func-
tion of that second trait’s value of s and U (figure 4).
The top, middle, and bottom panels of figure 4 show fo-
cal traits with the same v taken from the origin-fixation,
multiple-mutations, and diffusive-mutation regimes, re-
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Figure 4: The trait with larger v is little affected by clonal
interference with another trait, while that with smaller v
stalls. The focal trait, shown as a dot, would have the same
value of v1 = 5.31 × 10−5 in each of the three panels, if it
were evolving on its own. The focal trait falls into the origin-
fixation regime, multiple mutations regime, and diffusive-
mutation regime in the top, middle, and bottom panel, re-
spectively. Colors show the extent to which adaptation in the
focal trait slows down as a function of the selection coefficient
s2 and mutation rate U2 of a second clonally interfering trait.
The theoretical v contour for v = 5.31 × 10−5 from figure 2a
is shown as a black piecewise curve in each panel. v1 transi-
tions from a negligible impact of clonal interference from trait
two (dark red region) to having its evolution nearly halted
by evolution in trait two (dark blue region). The decline in
v1 follows patterns set by v-contours, not s2 or U2, indicat-
ing that the rate of adaptation of trait two, when evolving
independently, determines the decline in v1 from clonal in-
terference between traits. In all panels N = 109.

spectively (open circles). These three panels are striking
in their similarity. Adaptation in the focal trait is essen-
tially unaffected by clonal interference from a trait with
smaller v, but severely affected by a trait with larger v.
In other words, we see marked evolutionary stalling that
depends on v.

Under a distribution of beneficial effect sizes, adap-
tation depends on the probability of fixation as a func-
tion of s, which is dominated by an exponential term
exp(sTc) involving the expected time to coalescence Tc
[35, 36]. Tc is also the sweep time, and hence closely

related to rate of adaptation. In our model, the rate
of adaptation is driven by the trait with the largest
v. Thus, v may simply be an accessible heuristic for
a deeper mathematical dependence on Tc. The fact that
the functional form of the probability of fixation is expo-
nential in Tc explains why the drop in trait one’s adap-
tation shown in figure 4 is so dramatic.

4 Discussion

When two adaptive traits evolve together, adaptation
is dominated by whichever has the higher rate of adap-
tation v in isolation, not by whichever has the higher
selection coefficient s. If differences in v among fitness-
associated traits were dominated by differences in s, then
this would be a distinction without a difference. But if
differences in U are sufficiently large relative to differ-
ences in s, then mutation-biased adaptation will occur.
How much larger differences in U need to be is well sum-
marized using simple equations for the adaptation rate v,
and depends on which parameter value regime the pop-
ulation is in. For both the origin-fixation regime with
UN log(Ns) � 1, and the diffusive-mutation regime
with U > s, differences in U need to be twice as large
as differences in s. For values of U in the multiple mu-
tations regime between the two, ratios of as much as 10
might be required. Our theoretical calculations in the
multiple mutations and diffusive-mutation regime are for
the strong linkage disequilibrium produced in asexual
microbes — in the absence of strong linkage disequi-
librium in more sexual populations, the origin-fixation
regime is likely a good approximation.

(a) Empirical examples

Table 1 summarizes a variety of proposed empirical ex-
amples of mutation-biased adaptation. In Table 1 we
attempting to quantitatively estimate N , s and U where
possible, and if not to qualitatively assess which param-
eter value regime applies, as well as to infer what we
can about missing parameter values from the evidence
for mutation-biased adaptation.

Note that many but not all of these argue on the basis
of transition : transversion ratio [15, 9, 12, 39]. Accord-
ing to a selection-driven model, in which each mutation
is equally likely to be beneficial, adaptive point muta-
tions should have a 1 transition : 2 transversion ratio.
However, the mutational spectrum is biased toward tran-
sitions, and so an excess of transitions is evidence for
mutation-biased adaptation.

The first two entries in Table 1 are expected to lie
in the origin-fixation regime, albeit for different reasons.
N is likely reasonably small for the natural bird popu-
lations studied by Storz et al. [16]. While N is much
larger for the natural viral populations studied by Willis
and Masel [40], the rate U of the beneficial de novo birth
of new overlapping genes is likely so low that UN � 1.
There were 5 times more birth events in the +1 read-
ing frame, which has more and longer ORFs, than there
were in the +2 reading frame, on which the genetic code
bestows a tendency toward the favored protein prop-
erty of high intrinsic structural disorder. Neither study
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System/Organism Natural 
/ Lab

Population
size (𝑵𝑵)

Selection
coeff. (𝒔𝒔)

Beneficial
mut. rate (𝑼𝑼)

Regime Estimated 
mutation bias

Comment

70 avian taxa; Hb-O2 affinity 
adaptations to elevation
Storz et al. [16]

natural small to moderate moderate 
to large

small because 
few genes

OF 6 fold for 
mutations

Excess of CpG adaptive mutations compared 
to number predicted by null model where CpG 
status irrelevant to adaptation

De novo gene birth in 
overlapping reading frame in 
80 capsid viral species
Willis & Masel [40]

natural large unknown tiny OF 
because 
tiny 𝑈𝑈

> 465: 92 = 5 Mutation bias greater if longer ORFs are more 
likely to be adaptive

Meta-analysis of adaptive 
mutations
Stoltzfus & McCandlish [15] 

natural 
& lab

mixed mixed mixed Mixed, 
OF + 
MM

3 − 7 fold for 
mutations, 

2 − 4 fold for 
unique mutations 

Excess transitions

M. tuberculosis; antibiotic
resistance
Payne et el. [9]  

natural 
clinical 
isolates

large large
100 fold 

increase in 
MIC

small
10−9 − 10−7

OF or 
MM

1.6 − 41.6 fold
for mutations 

Excess transitions for 9 out of 11 different 
antibiotics

P. aeruginosa; antibiotic
resistance
MacLean et al. [14] 

lab 104 − 109 0.12
− 0.96

8.3 × 10−10

− 2.5 × 10−8
OF or 
MM

Allele-specific
mutation rate 

varies by 30 fold

In 11 adaptive mutations, chances of evolving 
correlated with respective mutation rates [10], 
and uncorrelated with selection coefficients

ssDNA bacteriophages ID8, 
ID11, NC13, WA13; phage 
growth 
Sackman et al. [12] 

lab 105 − 109 0.11
− 0.64

1.1 × 10−3 −
5.3 × 10−3

(total mut. rate)

OF or 
MM

24 fold for 
mutations, 

11 fold for unique 
mutations

Excess transitions

ssDNA bacteriophage ID11; 
phage growth 
Rokyta et al. [11]

lab 104 − 108 0.11
− 0.39

1.1 × 10−3 −
5.3 × 10−3

(total mut. rate)

OF or 
MM

8 − 9 fold among 
relative mutation 

rates

OF model used to estimate relative mutation 
rates. Ranking of s differs from [12].

HIV-1; evolved in cultures of 
human T-cells
Bertels et al. [39]

lab 1 × 103

−6 × 106
large high MM 5 fold for

mutations,
6 fold for unique 

mutations

Excess transitions

E. coli; evolved with DHFR 
inhibited using antibiotic
Schober et al. [37]  

lab 6 × 106

−7.2 × 108
large high MM unavailable Mutations rewiring broken metabolic network 

to less efficient configuration favored over 
those restoring original efficient configuration

E. coli; adaptation following 
inactivation of DHFR
Rodrigues et al. [38]

lab 1.6 × 107

−4.8 × 107
large small MM unavailable Mutations rewiring broken metabolic network 

to less efficient configuration favored over 
those restoring original efficient configuration

E. coli; antibiotic resistance 
Couce et al. [13]

lab 7.2 × 107

−3.6 × 109
large 

0.00158
−1

high
3 × 10−4

−1 × 10−2

MM or 
DM

100 − 300 fold 
(𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥) ,

500 − 10,000 fold
(𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥)

Different mutational profiles of 𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥
(elevates transversions, excl. usual transition
adaptations) v. 𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥 (elevates transitions)

Table 1: Empirical examples of mutation-biased adaptation. In Couce et al. [13], antibiotic concentrations were titrated to allow
proliferation of E. coli. The beneficial mutation rate for [13] was assumed to be 3% of the total point mutation rate in the mutator strain
studied. The population sizes reported for Schober et al. [37] and Rodrigues and Shakhnovich [38] are CFU values calculated from the
optical densities (OD600) reported in their papers. We used the formula CFU = OD600 · (8× 108) · volume, where volume refers to culture
volume (ml) in a turbidostat [37], or fresh media volume in 96-well flat-bottom plates [38]. The factor 8×108 is the scaling constant yielding
CFU/ml = OD600 · 8× 108.

quantified differences in U or s — instead, differences in
occurrence, i.e. in v/s, were counted.

In a meta-analysis of 15 studies (10 natural and 5 ex-
perimental) of different taxonomic groups, potentially
representing a mixture of origin-fixation and multiple
mutations regimes, Stoltzfus and McCandlish [15] de-
tected a 3-fold excess of transitions among all natural
adaptive point mutations, representing a 2-fold excess
of unique adaptive mutations, in excess of the expected
1:2 ratio. In experimental cases, 7-fold and 4-fold ex-
cesses, respectively were seen.

All the remaining entries in Table 1 involve micro-
bial experimental evolution, which generally takes place
in the multiple mutations regime [41, 42, 43], although
we are not able in all cases to rule out the possibility
that bottlenecks create more of an origin-fixation regime.
Given that these studies report large differences between
mutation rates, compatible with Es/EU in the range be-
tween 2 and 10, mutation-biased adaptation can take
place even in the multiple mutations regime.

Both Rodrigues and Shakhnovich [38] and Schober
et al. [37] examined experimental evolution to recover

from a genetic loss, and found it to be mutationally eas-
ier to inactivate more loci, rewiring metabolic pathways
in the process, than to recover the efficiency of the orig-
inal pathway. This is mutation-biased adaptation to the
detriment of long-term adaptation.

In contrast, Venkataram et al. [34] partly disabled
the translational machinery and then observed the ac-
tive evolution of this seemingly “stalled” complex as it
evolved to recover. But as adaptive improvements ac-
cumulated, diminishing returns epistasis led to a drop
in s to the point that evolution again stalled. This was
interpreted in terms of a dominant role for clonal in-
terference and s in determining which modules would
undergo adaptation. Our theoretical results support the
concept of the stalling of a less-important module, but
on the basis of differences in v instead of differences in
s.

The only candidate for the diffusive-mutation regime
in table 1 is Couce et al.’s [13] experiments with two mu-
tator strains of E. coli, i.e. with artificially high U . One
mutator strain (∆mutH) has transition rates 100-300
times larger than wild-type [44, 45], the other (∆mutT)
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has transversion rates 500-10,000 times larger than wild-
type [44, 46]. These high mutation rates make U > s
and hence the diffusive-mutation regime a possibility, al-
though not certain.

These empirical examples of mutation-biased adapta-
tion collectively span two or even three regimes of adap-
tation, and in particular, include evolution experiments
known to include rampant clonal interference in the mul-
tiple mutations regime. Mutation-biased adaptation in
this regime requires large mutation bias relative to selec-
tive differences. Unsurprisingly, where relative mutation
rates have been quantified, biases of appropriate magni-
tude were found. We can therefore infer in cases where
relative mutation rates are not known, but mutation-
biased adaptation has been documented in the multi-
ple mutations regime, that similarly large mutation bias
must exist. Thus, one reason that mutation-biased adap-
tation may be more widespread than previously claimed
[3] is that differences in U can be much larger than dif-
ferences in s.

(b) Variation in s

We have assumed throughout that all beneficial muta-
tions affecting the same trait have the same selection
coefficient. Good et al. [35] and Good and Desai [36]
have shown that when there is a continuous distribution
of fitness effects (DFE), one obtains effective parame-
ters U∗ and s∗ provided that the beneficial DFE decays
faster than exponentially. These effective parameters
correspond to the typical beneficial mutations that drive
adaptation, and provide expressions v(U∗, s∗) similar in
form to Equations (2)-(4). This suggests that the results
of our analysis are also likely to apply using U∗ and s∗

instead of U and s.

(c) Deleterious mutations

For mathematical convenience in the diffusive-mutation
regime, we assumed throughout that the deleterious
mutation rate is equal to the beneficial mutation rate.
In fact, deleterious mutations are much more common.
Representing this asymmetry would have no effect on
the dynamics of adaptation in the origin-fixation regime.
In the other two regimes, assuming symmetry in effect
sizes, larger deleterious mutation rates would primarily
alter the shape of the traveling wave [23, 47, 36], rather
than alter v. Deleterious mutations do contribute to v
when their effect sizes are smaller, but do so in a lin-
ear manner, resulting in v = vb − vd [36]. Our analysis
then has its basis in (vb), such that the elasticities we
calculate should remain valid.

(d) Conclusion

Both selective advantages s and beneficial mutation
rates U determine adaptation rates, which in turn de-
termine which trait will dominate the adaptive process.
Differences in U need to be 2 to 10 times as large,
depending on the parameter value regime, in order to
swamp differences in s. Both molecular and developmen-
tal biases can create such large differences in U , leading
to mutation-biased adaptation. Diverse case studies sug-
gest that mutation bias significantly shapes which adap-

tations occur, even in populations with strong clonal in-
terference. While adaptation does not occur without
natural selection, which adaptation occurs among the
many possibilities has more complex causes.
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Appendix
Here we derive Eq. (5), which states that the derivative of the
contour of v gives the ratio of elasticities. Consider the solution
U(s) to the equation v(U(s), s) = vc (vc constant), where Eq. (2),
Eq. (3), and Eq. (4) give v(U, s) in their respective regimes. Im-
plicit differentiation of both sides of v(U(s), s) = vc with respect
to s, and application of the chain rule provides

∂v

∂U

dU

ds
+

∂v

∂s
= 0.

Multiplying this expression by
(∆s)2

Uv
dU
ds

gives

0 =

(
∆s

v

∂v

∂U

)(
∆s

U

dU

ds

)
+

(
∆s

v

∂v

∂s

)(
∆s

s

)(
s

U

dU

ds

)
. (6)

For small changes in the selection coefficient ∆s, ∆U
U
≈ ∆s

U
dU
ds

,
and consequently

∆uv

v
≈ ∆s

v

∂v

∂U
and

∆sv

v
≈ ∆s

v

∂v

∂s
.

In addition,
d(logU)

d(log s)
=

s

U

dU

ds
(7)

also holds, where
d(log U)
d(log s)

is the slope of the v contour in the

log(U)− log(s) plane. Substituting for these terms in Eq. (6) and
rearranging provides

−d(logU)

d(log s)
= lim

∆v→0

(
∆sv
v

)
/
(

∆s
s

)

(
∆uv
v

)
/
(

∆U
U

) .

The left side is the slope of a v contour line in logU vs. log s space,
scaled by −1 and evaluated at s, while the right side is the ratio
Es/EU in Eq. (5). This establishes Eq. (5). It is worth noting
that relative changes are approximately equal to changes in the
logarithm of a quantity for small changes, eg. ∆s/s ≈ ∆ log s.
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Population genetics struggles to model extinction; standard models track the relative rather than absolute fitness of genotypes,

while the exceptions describe only the short-term transition from imminent doom to evolutionary rescue. But extinction can

result from failure to adapt not only to catastrophes, but also to a backlog of environmental challenges. We model long-term

adaptation to long series of small challenges, where fitter populations reach higher population sizes. The population’s long-term

fitness dynamic is well approximated by a simple stochastic Markov chain model. Long-term persistence occurs when the rate

of adaptation exceeds the rate of environmental deterioration for some genotypes. Long-term persistence times are consistent

with typical fossil species persistence times of several million years. Immediately preceding extinction, fitness declines rapidly,

appearing as though a catastrophe disrupted a stably established population, even though gradual evolutionary processes are

responsible. New populations go through an establishment phase where, despite being demographically viable, their extinction

risk is elevated. Should the population survive long enough, extinction risk later becomes constant over time.

KEY WORDS: Cost of selection, eco-evolutionary dynamics, genetic load, Red Queen, reverse-time Markov chain.

Extinction has historically been viewed in two different ways

(Maynard Smith 1989; Raup 1994; MacLeod 2014): the “catas-

trophic” view, which revolves around sudden, severe disturbances;

and the “gradualist” view, which emphasizes long-term evolution-

ary processes such as failure to adapt to slowly deteriorating cir-

cumstances. While catastrophes are bound to to occur eventually,

and present an obvious danger when they do, the threat posed by

cumulative changes in the environment (both biotic and abiotic) is

no less serious. Although the deleterious effects of these changes

can be partly mitigated by physiological or behavioral adaptation,

if they are not offset by evolutionary adaptation, and begin to

accumulate, extinction is inevitable (Bürger and Lynch 1995).

The catastrophic and gradualist views are not mutually ex-

clusive. A population’s vulnerability to additional disturbances

depends on its current burden of adaptive failures or “lag load”

(a measure of the fitness distance between the mean fitness and

a perfectly adapted genotype; Maynard Smith 1976), which may

have accumulated gradually. Thus, even in cases where extinction

is proximately caused by major disturbances, long-term evolution

may have exerted a strong influence on the extinction process.

Yet relatively little is known about gradual extinction processes

(Bürger and Lynch 1995), especially when compared to the

celebrity of catastrophes in paleontology (Raup 1994; MacLeod

2014) and conservation biology (Barnosky et al. 2011).

We identify three main existing classes of gradual extinc-

tion model (Table 1). First, applying classical population genetics

theory, Haldane (1957) gave the first quantitative theoretical pre-

dictions of the time scales and risks associated with long-term

evolution by considering the number of deaths attributable to se-

lection during a single selective substitution—the “cost” of selec-

tion. Measured as a proportion of population size (N ), this gives

an estimate of the fitness reduction during substitution (“substitu-

tional load”), or the number of generations needed for substitution.

While not directly predicting extinction risk, substitutional load

arguments attempt to identify limits to the rate of adaptation.

Second, probably the most well-known model of gradual ex-

tinction is Bürger and Lynch’s quantitative genetics model of sta-

bilizing selection on a single trait, where environmental change is

2 0 4
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Table 1. Comparison of this paper with related models.

Approach Genetics

Fitness-
dependent
population size

Fitness-dependent
mutation rate Extinction predictions

Quantitative genetics
(Bürger and Lynch 1995)

Small effects at a large
number of loci.

No No Critical rates, extinction
times

Substitutional load
(Haldane 1995)

Single locus substitution No No Number of selective
deaths required for
substitution

Adaptive dynamics
(Dieckmann and Ferrière
2004)

No explicit genetics Yes No Evolutionary suicide
(qualitative)

Traveling wave (relative
fitness) (Desai and Fisher
2007)

Linkage disequilibrium No No N/A

This article Linkage disequilibrium Yes Yes Critical rates, extinction
times

represented by change in the optimal trait value (Bürger and Lynch

1995; Gomulkiewicz and Houle 2009). Population size is finite, so

extinction will occur eventually because of demographic stochas-

ticity, regardless of environmental change. However, extinction

occurs much more rapidly when the environmental change rate

exceeds a critical value at which the mean phenotype lags so far

behind its optimum that demographic decline ensues (mean abso-

lute fitness falls below one). Bürger and Lynch (1995) calculated

this critical environmental change rate as well as times to extinc-

tion, although individual-based simulations were needed for most

of their predictions.

Third, the adaptive dynamics approach has been used to ex-

plore the consequences of feedbacks between evolution and ecol-

ogy in communities of evolving species (Dieckmann and Ferrière

2004). Adaptive dynamics describes evolution as a sequence of

“trait substitutions,” in which one species at a time in a commu-

nity is invaded by an adaptive mutant (each species has a single

trait value), moving the community from one ecological equi-

librium to a neighbouring one. The consequences for extinction

can be dramatic; species may drive themselves extinct via trait

substitution sequences (“evolutionary suicide”), even in the ab-

sence of abiotic environmental change or evolutionary change in

other species (Ferrière and Legendre 2012). The published extinc-

tion predictions of adaptive dynamics have so far been primarily

descriptive (Ferrière and Legendre 2012).

Here, we present a new model of long-term adaptation and ex-

tinction that builds upon and extends previous work. Like Bürger

and Lynch (1995), we assume that extinction is driven by gradual

environmental deterioration. Extinction can be avoided by evolu-

tionary adaptation, which depends on genetic and demographic

factors. However, our model is based on population genetics rather

than quantitative genetics, and is not restricted to quantitative

traits. As a result, individual mutations can have large or interme-

diate effects in our model rather than only modifying quantitative

trait loci of small effect; the former are known to be important

drivers of adaptation (Orr 2005).

Similar to adaptive dynamics, we recognize the importance

of feedbacks between long-term evolutionary changes and the

short-term demographic response of the population. We restrict

our attention to changes in the focal population size N without

modeling the complex response of entire ecological communities.

Poorly adapted populations will generally have fewer individu-

als, which reduces adaptive mutant production and increases the

chance of further fitness decline, reminiscent of a “mutational

meltdown” (Lynch et al. 1993). However, in low fitness popula-

tions, more beneficial mutations will be available (there are more

problems to be addressed). Each beneficial mutation will also

have a greater effect compared to when fitness is high (diminish-

ing returns epistasis; Wiser et al. 2013).

Our model is based on Desai and Fisher’s (2007) asexual

traveling wave model, under which the steady-state adaptation

rate is determined by a balance between selection and beneficial

mutations. In that model, as in most population genetic models,

N is constant over time and evolution occurs along a relative

fitness axis; thus extinction is impossible. To model extinction, we

replace relative fitness with a simple model of density-dependent

absolute fitness, so that N changes dynamically. The beneficial

mutation rate is assumed to depend on absolute fitness. In addition,

we introduce a Markov chain approximation for the population’s

long-term evolution, which is considerably simpler than the full

traveling wave model.

We use our model to explore a few basic questions about

long-term evolution: (1) What are the conditions for long-term

persistence, and are persistence times predicted from our micro-

evolutionary model consistent with macro-evolutionary persis-

tence times in nature? (2) What is the distribution of extinction

EVOLUTION FEBRUARY 2017 2 0 5
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Environmental change  → + 1

Muta�ons 
at rate 

12…

Fitness 
class 

Selec�on

ln( )

0

Mutant 
establishment

Demographics

Figure 1. Absolute fitness classes i representing fitness incre-

ments of size s, with abundances ni . Environmental deteriora-

tion intermittently reduces population fitness by s. Fitness classes

grow or decline relative to each other depending on whether their

fitness is respectively greater or smaller than the mean fitness

i (small vertical arrows). Population size N changes dynamically

with fitness (double-headed vertical arrow). At the nose of the

distribution, mutant establishment is stochastic (hatched bar). The

fittest established class is j , and mutants are qj = i − ( j − 1) fit-

ness classes away from the mean (their fitness advantage is qj s).

The extinction threshold ie is shown with a vertical dashed line.

times? (3) Should we expect to be able to distinguish gradual

from catastrophic causes of extinction based on observations of a

population’s behavior prior to extinction?

Model
Following Desai and Fisher (2007), the population is divided

into discrete fitness classes differing by multiples of a constant

fitness increment s (Fig. 1). Population size N is assumed to be

large enough that the abundances of most fitness classes behave

deterministically. Desai and Fisher’s (2007) model is formulated

in terms of relative fitness, and N is constant. We instead use a

simple logistic model of absolute fitness,

1

ni

dni

dt
= b

(
1 − N

κ

)
− (d + is). (1)

Here ni is the abundance of fitness class i (so that N = ∑
i ni ),

b is the intrinsic birth rate, d is the mortality rate of perfectly

adapted (i = 0) individuals, and is is the additional mortality

associated with fitness class i . The indices i count the number of

fitness classes from perfection, and can therefore be interpreted

as a measure of lag load for each fitness class (Maynard Smith

1976). κ is the maximum possible population size without deaths,

representing territorial or resource limitations. Henceforth, the

index i will be used to refer to any possible fitness class, which

could be empty, while j will be used to refer specifically to the

most fit class that has abundance large enough that it behaves

approximately deterministically according to eq. (1) (Fig. 1).

κ is distinct from the maximum achievable abundance (the

carrying capacity), where births balance deaths (d N/dt = 0). If

all individuals are in the same fitness class j , the carrying capac-

ity is K j = (b − d − js)κ/b, which decreases with decreasing

fitness. The population is not viable if deaths exceed births at

low population density, that is d + is > b for all occupied fitness

classes. This defines an extinction threshold ie ≈ (b − d)/s, given

by the i where d + is first exceeds b.

We only consider beneficial mutations, and all mutations

have the same fitness effect s irrespective of genetic background.

We assume that the beneficial mutation rate in fitness class i is Ui

per birth, where U is a constant. This represents a “running out of

mutations” effect, where there are more ways for genetic novelty

to improve fitness in poorly adapted genotypes (and no ways to

improve a perfect genotype). We return to our running out of mu-

tations assumption, specifically how it differs from diminishing

returns epistasis, in the Discussion.

There is no sex, so mutations only matter in the leading deter-

ministic class j , producing mutants that appear in the stochastic

“nose” j − 1. Mutations on poorer genetic backgrounds— away

from the nose— are doomed to be outcompeted by nose mutants

(multiple-mutations interference; Desai and Fisher 2007). Thus,

the only relevant mutation rate in our model is that feeding the

nose, U j .

Mutant lineages initially have low abundance (starting from

a solitary mutant), and are therefore strongly affected by demo-

graphic stochasticity. Only some mutant lineages avoid going

extinct in the initial stochastic phase and attain a large enough

abundance that they grow deterministically according to eq. (1) (a

process called “establishment”). The probability of establishment

at the nose, denoted p j−1, is approximately q j s/(d + js) for most

mutations (Appendix A), where q j = i − ( j − 1) is the number

of fitness classes that the nose is ahead of the mean (Fig. 1).

However, p j−1 can be substantially smaller if environmental

change occurs during the establishment process. The calculation

of p j−1 in this case is discussed in Appendix A.

Once a mutant lineage is established, it becomes the new

most fit established class with dynamics governed by eq. (1). The

initial abundance for deterministic growth ν, which is applied

at the time that the mutation occurs, is a random variable that

represents the stochasticity in the time that the mutant lineage

takes to establish. The cumulative density function for ν is given

by Uecker and Hermisson (2011, eq. 40)

P(ν ≤ ν0) = 1 − e−ν0 p j−1 , (2)

so that the mean of ν is 1/p j−1 (also see Desai and Fisher 2007,

eq. 16).

Note that there is a clean separation between the determin-

istic bulk obeying eq. (1), with fittest class j , and the stochastic
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nose in fitness class j − 1, as shown in Figure 1. This clean sepa-

ration holds when establishing mutants make up a small fraction

of the population (Ns � 1), and U j is small enough that mu-

tant lineages rarely produce double-mutants before establishment

(birth rate × U j � s; Desai and Fisher 2007), as we assume here.

Environmental deterioration occurs in discrete events where

the entire fitness distribution is shifted backwards by one fitness

class (i → i + 1 for all of the population’s fitness classes). These

events are assumed to follow a Poisson process with mean time T

between successive changes. Thus, in addition to being a measure

of lag load, i can also be interpreted as the number of environ-

mental challenges facing the individuals in fitness class i . In this

interpretation, the linear dependence of the mutation rate U j on j

can be interpreted as saying that each environmental deterioration

event opens up a fixed number of possible beneficial mutations

that address the environmental challenge.

Environmental challenges may be biotic or abiotic in our

model; fitness differences simply represent differences in mor-

tality without specifying causes. We could easily attribute fit-

ness differences in eq. (1) to births or a mixture of births and

deaths instead, but this would not substantially alter our model’s

behavior.

Results
The model described above is simulated numerically (implemen-

tation is summarized in Supplement A). In addition to these simu-

lations, we show that the population’s long-term evolution can be

approximated with a much simpler discrete-time Markov chain

(MC) with state variable given by j .

MARKOV CHAIN APPROXIMATION

Our model has two distinct adaptive regimes: the “successional”

regime, and the “multiple mutations” regime. We first describe

our MC approximation in the “successional” regime, where fix-

ation (the growth of a newly established mutant to a frequency

of 1) is much faster than the typical time between mutant estab-

lishments. The population spends most of the time in equilibrium

with all individuals in one fitness class j (N ≈ K j ), waiting for

adaptive mutant establishment or environmental change. Adap-

tive advances occur at a mean rate v j equal to the equilibrium

birth rate K j b(1 − K j/κ) multiplied by the mutation rate U j and

establishment probability p j−1,

v j = K j b(1 − K j/κ)U jp j−1. (3)

Our MC approximation amounts to taking regular “snapshots” at

intervals given by the characteristic fixation time (Appendix B).

In the vast majority of snapshots, the population will be in equi-

librium, and will jump between fitness classes with per-snapshot

probabilities proportional to 1/T for environmental change j →
j + 1, and v j for adaptive mutant fixation j → j − 1. These are

the MC transition probabilities. The extinction threshold ie is

an absorbing state because the corresponding N = 0 equilibrium

is attained within a single iteration (the scenario where the ex-

tinction threshold has been crossed but the population manages to

recover by producing higher fitness individuals with i < ie, called

“evolutionary rescue,” is not possible in our MC approximation).

In the “multiple mutations” regime, fixation is slower than the

rate of mutant establishment, and there is standing fitness variation

(q j > 1). By invoking beneficial mutation-selection balance, the

adaptation rate and q j can be approximated analytically for a

given j (since j determines the mutation rate, population size,

and establishment probability), giving (Appendix C; Desai and

Fisher 2007)

q j ≈ 2 ln(K j s)

ln (s/U j)
, v j ≈ 2 ln(K j s) − ln(s/U j)

ln2(s/U j)
s. (4)

This is a straightforward generalization of eqs. (40) and (41) in

(Desai and Fisher 2007), which assumed constant mutation rate,

population size, and establishment probability.

Unlike the successional regime MC approximation, adapta-

tion cannot be treated as memoryless (independent of the pop-

ulation’s history) in the multiple mutations MC approximation.

The mutant-generating class j grows over time, and thus so does

the overall rate of mutant production at the nose. Consequently,

mutant establishment is much less likely shortly after the previous

establishment, while n j is still small. Moreover, previous growth

at the nose is not “forgotten” when environmental changes occur.

Thus, mutant establishments occur more regularly than memory-

less events with mean rate v j . To circumvent this problem, we use

two different MC approximations to bound the actual behavior of

the multiple mutations regime. In the first, we ignore memory so

that v j from eq. (4) is the j → j − 1 transition probability, analo-

gous to the successional case (Fig. 2 A). In the second, we assume

that mutant establishment occurs periodically at given intervals

(Fig. 2 B). Each iteration of the periodic-adaptation MC repre-

sents the time between mutant establishments 1/v j , and exactly

one establishment happens every iteration. Multiple environmen-

tal changes can occur each iteration. Note that the memoryless

and periodic-adaptation MC chains differ only in whether or not

adaptation is memoryless: in both cases, the transition probabil-

ities are memoryless, as they must be in a Markov chain. The

mathematical details of our MC approximation are given in Ap-

pendix B.

EXTINCTION TIMES

Long-term evolution is primarily controlled by the difference be-

tween the opposing rates of environmental change 1/T and adap-

tation v j , where v j tends to zero at perfection j = 0 (no beneficial

EVOLUTION FEBRUARY 2017 2 0 7
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Figure 2. In addition to simulations of the traveling wave model

illustrated in Figure 1, two Markov chain approximations are used

to model long-term evolution. (A) Memoryless adaptation with

j → j − 1 transition probability proportional to v j where j is the

fittest established class, and v j is given by eq. (3) (successional

regime) and eq. (4) (multiple-mutations regime). (B) Periodic adap-

tation in the multiple mutations regime, where each iteration rep-

resents the establishment timescale 1/v j . Exactly one adaptation

event occurs each iteration, but a variable number of environmen-

tal change events can occur.

mutations) and extinction j = ie (N = 0), and exhibits a peak

between these extremes (Fig. 3 A). Figure 3 B shows the pre-

dicted pattern of time to extinction te versus T (time is measured

in generations, implemented by setting d = 1). When environ-

mental change is relatively rapid (T < 150), the population can-

not keep up with environmental deterioration (1/T > v j for all

j), and extinction occurs rapidly (thousands of generations). Mod-

estly slowing environmental change (T = 180) allows the pop-

ulation to beat the environment (1/T < v j ) over part of the fit-

ness domain, dramatically increasing the mean and variance in te
(compare Bürger and Lynch 1995, Fig. 1B). This sudden transi-

tion to long-term persistence occurs at T ≈ 160. Figure 3 is in

the multiple mutations regime; the successional regime gives es-

sentially identical results, except with lower persistence times for

given T (since, by definition, there are far fewer adaptive mutants

establishing).

The mean extinction times 〈te〉 predicted by our MC ap-

proximations (Appendix B) closely follow the full simulation

results (Supplement A) in Figure 3 B. The periodic-adaptation

MC performs better than the memoryless MC, confirming the

importance of mutant establishment “memory” in the multiple

mutations regime.

Figure 4 A shows the distribution of extinction times for

a population with low initial fitness jinitial/ ie = 0.8 (compare

Bürger and Lynch 1995, Fig. 4). This could represent a newly

establishing population at the start of peripatric speciation, for

example. As expected, the distribution is sharply peaked near

zero, reflecting a high risk of early extinction. The distribution

also has a long tail (Fig. 4 A inset), reflecting cases where the

A

B

Figure 3. Time to extinction te increases abruptly with increas-

ing T . (A) As T increases, the population transitions from “al-

ways losing” to “sometimes winning.” Arrows show mean direc-

tion of fitness change near points where 1/T = v j ; j/ ie ≈ 0.4

is an “attractor.” (B) Comparison of simulated te and mean te
predicted from MC approximations (Appendix B). Parameters:

b = 2, d = 1, U = 10−6, s = 0.02, κ = 4 × 106, jinitial/ ie = 0.4 (mul-

tiple mutations regime).

population manages to reach the stable “attractor” at j/ ie ≈ 0.4

(Fig. 3 A). Once the attractor is reached, long-term persistence is

possible.

The tail of the distribution of te is exponential (Fig. 4 A

inset), indicating that within the long-term persistence regime,

extinction risk is effectively constant over time. The reason for

this constant risk is that the population remains near the attractor

for most of its existence. When extinction does occur, it is due to an

abnormally rapid sequence of environmental changes and/or slow

sequence of mutant establishments rather than a gradual erosion

of fitness. The resulting decline in fitness is rapid compared to

the mean persistence time. Figure 5 shows the average decline in

fitness immediately prior to extinction obtained by averaging over

simulated trajectories in the full model as well as a backward-time
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Figure 4. The distribution of extinction times for fixed T is not ex-

ponential, but has an exponential tail. Main figure: te from memo-

ryless MC simulations (histogram; same parameters as Fig. 3 except

jinitial/ ie = 0.8) compared with the corresponding (same mean)

exponential distribution (curve). Inset: same simulations omitting

the initial spike of rapid extinction te < 4 × 105 (histogram). Curve

shows exponential distribution with mean given by MC mean te
(using eq. (B2)) assuming jinitial/ je = 0.4 (the attractor in Fig. 3).

Figure 5. For persistent populations, fitness declines rapidly at

the time of extinction compared to mean te. Shown is the expec-

tation of j for the backward-time trajectory immediately preced-

ing extinction, using both backward-time memoryless MC (Sup-

plement B) and averaging over simulated trajectories in the full

model. Mean persistence time is ≈ 2 × 106 generations. Same pa-

rameters as Figure 3 with T = 180.

variant of our MC approximation (Supplement B); moving from

the attractor to the extinction threshold only takes around 1% of

mean persistence time.

This explains why the memoryless MC performs poorly com-

pared to the periodic-adaptation MC after the transition to persis-

tence (T > 160), but not before it (T ≈ 100): after the transition,

large fluctuations in the number of adaptive establishments are

much more likely when establishments are memoryless. Before

the transition, there is no attractor, mean time to extinction is

determined by the average decline in fitness due to the fact that

1/T < v j (specifically, 〈te〉 = jinitial/(1/T − v j )), and fluctua-

tions are only of secondary importance.

Discussion
It is difficult to directly compare our predictions with fossil data

because we have only considered a single population adapting

to local environmental changes. Fossil extinction times also re-

flect larger scale processes in which environmental heterogeneity,

range shifts, and migration are potentially important. Neverthe-

less, population-level processes should have a strong influence at

larger spatial and temporal scales, particularly for species with

relatively small ranges.

For concreteness, consider the example of mollusc species,

which feature prominently in the fossil record, and can have tiny

geographic ranges (Stanley 1986). A representative generation

time for fossil mollusc species is on the order of 10 years (Powell

et al. 2011). With this generation time, our extinction time pre-

dictions (Fig. 3) are easily large enough to be consistent with

typical fossil species persistence times of several million years

(Raup 1994). For the parameter values in Figure 3, the shortest in-

terval between environmental changes consistent with long-term

persistence is T ≈ 160 generations, or approximately a 2 × 103

years between 2% increases in mortality rate (since d = 1 and

s = 0.02). By comparison, the major glacial cycles in the last

1 million years occurred at intervals of roughly 105 years (Au-

gustin et al. 2004). Thus, in the absence of adaptation, the mortal-

ity rate would roughly double over the course of a major glaciation

cycle. This rate of environmental change is certainly gradual com-

pared to catastrophes such as the aftermath of bolide impacts, but

is still rapid enough to present a significant threat to long-term per-

sistence. Accordingly, the long-term persistence of our population

is not a trivial consequence of a negligible environmental threat.

Our population size, which is order 106 individuals (except when

close to extinction), is considerably smaller than is typical for ex-

tant molluscs (Stanley 1986), and can be viewed as a conservative

lower bound (in any case, v j only increases logarithmically with

N in eq. (4)). These results provide a rare bridge between micro-

evolutionary population genetic models and macro-evolutionary

phenomena

The fossil record contains many instances of abundant,

widely distributed species that have suddenly disappeared. This

is commonly cited in support of a catastrophic view of extinction

(Raup 1994). In contrast, Darwin seems to have regarded sudden

disappearance as a fossilization artifact, holding that species

typically disappear gradually “first from one spot, then from

EVOLUTION FEBRUARY 2017 2 0 9

70



J BERTRAM ET AL.

another, and finally from the world” (Darwin 1859, p. 317),

driven by interspecific competition (Raup 1994). Thus, there is no

need to “invoke cataclysms to desolate the world” (Darwin 1859,

p. 73). These viewpoints share the questionable assumption that

sudden disappearance— assuming it is not an artifact— indicates

a severe, sudden driver of extinction. This clearly need not be true

in light of the suddenness of extinction in our gradualist model

(Fig. 5), which would appear as a long period of relatively stable

abundance followed by sudden disappearance. Sudden disap-

pearance is driven entirely by gradual evolutionary processes, not

the one or few extreme environmental changes that characterize

catastrophes. In a sense it is still a “catastrophe” — an abnor-

mally large fitness fluctuation— but this fluctuation reflects poor

adaptive performance just as much as environmental pressure.

Thus, sudden disappearance alone does little to distinguish

between catastrophic or gradual extinction scenarios. The case

for a catastrophic interpretation is much stronger if many thriving

taxa disappear synchronously (mass extinction), but this excludes

much of the fossil record of extinction (Raup 1994), which could

therefore plausibly be driven by gradual processes instead.

Long-term evolution in the vicinity of a fitness attractor is a

form of Red Queen evolution in which fitness gains are continually

thwarted by environmental deterioration, resulting in effectively

stagnant mean absolute fitness (Van Valen 1973). As a conse-

quence, persistent populations will have exponentially distributed

times to extinction te, because extinction risk will be essentially

independent of population age (ignoring short-term fitness fluc-

tuations). However, if fitness is initially low, say because young

populations tend to be colonizers in unfamiliar environments, then

the risk of early extinction will be elevated (Fig. 4), and older

populations will be less extinction-prone than younger ones. In-

triguingly, fossil genera do exhibit reduced extinction risk with

age, even after controlling for geographic range and species rich-

ness (Finnegan et al. 2008). Our results raise the possibility that

population-level evolutionary processes contribute to this pattern

(even without major differences in mutation rate or population

size), provided that the predicted initial elevation of extinction

risk lasts long enough to leave a fossil signature.

It is interesting to consider the role of genetic load in our

model, since different interpretations of load have featured promi-

nently in previous discussions about adaptation rates and ex-

tinction risk. In particular, substitutional load arguments directly

contributed to the formulation and popularity of neutral theory

(Kimura et al. 1968), but their interpretation was controversial.

Kimura argued that most substitutions must be neutral because

a many-locus version of Haldane’s single-locus substitution im-

plies extremely large substitutional loads. However, calculating

a cost of selection in this way presumes that the perfect geno-

type (i.e., with the fittest allele at all loci considered) is present

in the population (Ewens 2004, p. 78). This effectively conflates

the relative substitutional load (proportional to the fitness of the

fittest genotype present minus mean fitness; Crow 1968) with

absolute lag load (proportional to the fitness of the perfect geno-

type minus mean fitness; Maynard Smith 1976). In our model,

the substitutional load is q j s, a crucial determinant of the rate of

adaptation v j , while the lag load is is, a measure of extinction

risk. The two are interdependent. In mutation-selection balance

this follows immediately from eq. (4): for given population pa-

rameters, the steady-state values of q j depend on j (and therefore

mean fitness i). Or, looking at it another way, the fitness advan-

tage of new mutants q j s determines v j , which in turn determines

the location of the fitness attractor (and if one exists). Interdepen-

dence between these relative (substitutional) and absolute (lag)

loads is a natural consequence of evolution on an absolute fit-

ness axis driven by relative fitness differences. Substitutional

and lag load can therefore be seen as complementary—but not

independent—aspects of a population’s long-term evolutionary

status.

Our model is superficially similar to models of mutation load

accumulation (Lynch et al. 1993; Kondrashov 1995), where, in-

stead of environmental change, deleterious mutations gradually

erode fitness. However, the effects of accumulating deleterious

mutations throughout the population is potentially considerably

more complicated, and much weaker, than the population-wide

fitness deterioration induced by environmental shifts. For the large

asexual populations considered here, provided that the deleteri-

ous mutation rate Ud is not very large (Ud/s � 1), deleterious

mutations have little effect on the overall rate of fitness gain re-

gardless of their fitness effect (Desai and Fisher 2007). If Ud is

large enough, a reversible Muller’s “ratchet” will begin to turn,

shifting the entire population one fitness class at a time, much like

environmental change. However, either Ud would need to be very

large or N very small for this mutation-induced deterioration to

overpower beneficial mutant establishment and pose an extinction

risk (Whitlock 2000; Jiang et al. 2011; Goyal et al. 2012).

Some of the results presented here were anticipated by

Bürger and Lynch (1995), particularly the pattern shown in Fig.

3 B. A major focus of their analysis is what determines the

critical rate of environmental change consistent with persistence

(1/T = max j v j in our model). Their modeling assumptions are

quite different from ours: sex is obligate with free recombination,

and population size is small (at most 512 individuals) and

effectively constant (except after the population crosses the

extinction threshold). Consequently, their population has very

little linkage disequilibrium, and N is so small that genetic drift

and demographic stochasticity are important factors. Our pop-

ulation has high linkage disequilibrium, and N is large enough

that stochasticity only plays a role in the establishment of new

beneficial mutations. Our approaches can therefore be viewed

as complementary, but given the drastic difference in population
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sizes, it is hard to compare any of their specific predictions

to ours.

Probably the biggest limitation of our model is that there is no

genetic recombination. Sexual recombination is nearly universal

among fossil species and the macroorganisms of interest to conser-

vation biologists. This makes no difference for small populations,

which are in the successional regime regardless of recombina-

tion. But for large populations, recombination substantially in-

creases the rate of adaptation v j (Neher et al. 2010; Weissman and

Barton 2012). For relatively simple models of recombination, this

increase is fairly well understood (Neher et al. 2010; Weissman

and Barton 2012; Neher et al. 2013). Changing v j does not alter

the basic qualitative features of our model, particularly the cen-

tral role of the fitness attractor, but would affect the quantitative

predictions of persistence for given population parameters.

We have assumed that evolution slows down as the popula-

tion approaches perfection because the availability of beneficial

mutations is limited, represented by the fitness-dependent mu-

tation rate U j (running out of mutations (RM)). An alternative

mechanism for slowing evolution is that beneficial mutations are

less effective on fitter genetic backgrounds (diminishing returns

epistatis (DR)). Since the relative importance of these alterna-

tives is unresolved (Wiser et al. 2013; Good and Desai 2015),

we checked whether our model is sensitive to the choice of RM

versus DR (Supplement C). Even for relatively strong DR, the

main effect of using DR instead of RM is causing v j to have a

greater peak value that occurs at lower fitness. This does not alter

our conclusions.
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Appendices
A: STOCHASTIC MUTANT ESTABLISHMENT

Here, we summarize how the establishment probability p j−1 for

a new mutant in fitness class j − 1 is calculated.

The mutant lineage’s abundance is modeled with a

continuous-time birth-death process with time-dependent per-

capita birth λ(t) = b(1 − N (t)/κ) and death μ(t) = d + ( j(t) −
1)s rates (eq. 1), where the time dependence of j indicates that the

initial fitness class of the mutant is j − 1, but will change to j if

the environment deteriorates. This yields (Uecker and Hermisson

2011, eq. 16)

p j−1 = 2

[
1 +

∫ ∞

tm

(λ + μ)e− ∫ t
tm

(λ−μ)dt ′
dt

]−1

, (A1)

where tm is when the mutant is born.

For mutants that are undisturbed by environmental change

while attempting to establish, we have births ≈ deaths (Appendix

C), and λ − μ ≈ q j s. Equation (A1) can then be evaluated analyt-

ically, yielding p j−1 ≈ q j s/(d + js) (Haldane’s formula). This is

the establishment probability used for our MC approximations.

Environmental change increases the mortality rate of each

fitness class by s. Since the population will almost always be in

demographic equilibrium before an environmental change (births

≈ deaths; see Appendix C), each fitness class’s death rate will ex-

ceed its birth rate by s immediately after an environmental change.

In particular, the mutant’s fitness advantage will be reduced by

s in eq. (A1), but will be rapidly restored to q j s as N falls to

its new carrying capacity and births balance deaths again. The

numerical implementation of eq. (A1) in this case is discussed in

Supplement A.

B: MARKOV CHAIN APPROXIMATIONS

First, we discuss the MC approximation for the successional

regime. The number of adaptive mutant establishments ka that

occur over the time required for fixation of a newly established

mutant t f when the population is in fitness class j is Poisson dis-

tributed with mean t f v j , where v j is given by eq. (3) and t f v j � 1

(eq. C1 ). Thus, Prob[ka = 0] ≈ 1 − t f v j , Prob[ka = 1] ≈ t f v j

and Prob[ka > 1] ≈ 0. Similarly, t f � T (we are not interested

in the case where T is much smaller than 1/v j , which im-

plies catastrophically fast environmental deterioration), and the

probabilities that ke environmental changes occur in t f gener-

ations are Prob[ke = 0] ≈ 1 − t f /T , Prob[ke = 1] ≈ t f /T, and

Prob[ke > 1] ≈ 0.

The above probabilities for ka and ke can be used to define

the transition probabilities in an MC with iteration time of t f and

states 0 ≤ j ≤ ie. For simplicity, we instead use an MC with an

iteration time of one generation, and transition probabilities

P( j → j + 1) = Prob[ke = 1]Prob[ka = 0] = 1/T

P( j → j − 1) = Prob[ke = 0]Prob[ke = 1] = v j

P( j → j) = 1 − 1/T − v j . (B1)

This MC does not have the same intuitive interpretation in terms

of “snapshots” taken at intervals sufficient to ensure fixation has

enough time to occur, but it behaves essentially identically because

fixation takes more than one generation (there are simply more

iterations between transitions).

The MC for memoryless adaptation in the multiple muta-

tions regime can be derived in the same way, where the fixation

time t f is replaced by the time required to restore the steady-state

distribution following mutant establishment at the nose. Again,

this iteration time can be replaced by a single generation itera-

tion time, yielding eq. (B1) as before, except that v j is given by

eq. (4) instead of eq. (3).

In the MC for periodic adaptation in the multiple muta-

tions regime, the iteration time is the mean establishment time

1/v j . One adaptive establishment occurs each iteration. The

overall transition probabilities are then obtained from a Pois-

son distribution for the number of environmental change occur-

rences ke per iteration, which has rate parameter 1/v j T . Thus,

P( j → j − 1) = Prob[ke = 0], P( j → j) = Prob[ke = 1], and

so on.

For the memoryless MC approximations (in both the suc-

cessional and multiple mutations regimes), the mean number of

iterations 〈te( j)〉 to get from state j to the absorbing state ie can

be obtained by iterating the chain once to obtain a system of linear

equations

〈te( j)〉 =
j+1∑

i= j−1

P( j → i)〈te(i)〉 + 1, te(ie) = 0. (B2)

For the periodic-adaptation MC, each iteration represents a state-

dependent time increment 1/v j , and eq. (B2) becomes

〈te( j)〉 =
iext∑

i= j−1

P( j → i)〈te(i)〉 + 1/v j , te(ie) = 0. (B3)

Equations (B2) and (B3) can be solved numerically using stan-

dard built in routines for example numpy.linalg.solve in Python

(analytical solution is straightforward, but the resulting solution

is cumbersome; Ewens 2004, eq. 2.161).
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C: ADAPTATION IN THE MULTIPLE MUTATIONS

REGIME

Here, we derive the population’s rate of adaptation v j and the lead

of the nose q j in the multiple mutations regime eq. (4). We also

introduce the concept of demographic equilibrium, a prerequisite

for this derivation.

The multiple mutations regime is contrasted with the succes-

sional regime, which is characterized by such long intervals be-

tween mutation establishments that the most fit established class

j will fix (reach frequency ≈ 1) well before the next mutation

establishes. Suppose that the population is in equilibrium in fit-

ness class j + 1 when a new mutant lineage establishes in fitness

class j . Then the new mutant will initially grow exponentially

at rate s, with mean starting population size 1/p j . The time t f

required for the new mutant to fix then satisfies est f /p j ≈ K j ,

so that t f ≈ ln(K j s)/s. For successional behavior, t f must be

much smaller than the time required for the next beneficial mu-

tant to establish, which can be approximated by 1/v j using eq.

(3) (this is a conservative lower bound assuming that the growing

mutant lineage has already reached its fixation abundance K j ).

Thus, the successional regime occurs when (Desai and Fisher

2007)

t f ≈ ln(K j s)/s � 1/v j . (C1)

The multiple mutations regime occurs when mutant lineages

establish so frequently (due to high mutation rate or large N )

that eq. (C1) is violated. The successional equilibrium N ≈ K j

is then never realized, but the population will usually be in a

state of approximate demographic equilibrium N ≈ K , where

K = ∑
i Ki ni/N is the time-dependent population average of

the fitness-class-specific carrying capacities Ki (henceforth, over-

lines will denote population averages). This demographic equilib-

rium holds because N changes much faster than K (demography is

much faster than evolution). With the exception of environmental

change events, K changes at a rate of

d K

dt
= − sκ

b

di

dt
, (C2)

where i obeys Fisher’s theorem di/dt = −s(i − i)2 (this version

of Fisher’s theorem is easily derived from eq. (1); see Kimura

et al. 1968, p. 10). Thus, d K/κdt is typically of order s2 be-

tween environmental disturbances. By comparison, immediately

following an environmental change, N returns to the new value

of K at exponential rate s (d N/Ndt = −s at the moment after

the change), much faster than the change in K of order s2. Con-

sequently, the per-capita birth rate is approximately b(1 − K/κ)

(except in short intervals following environmental change). In the

remainder of this Appendix, we assume that this demographic

equilibrium holds.

In the multiple mutations regime, mutant establishment fol-

lows an inhomogeneous Poisson process driven by mutations in

the fittest established class j . Over the time interval required

for the next mutant to establish, the growth in fitness class j

is approximately exponential with rate (q j − 1)s (after the next

establishment this growth rate will start to decline appreciably

— see below) and expected starting abundance 1/p j (eq. (2)).

Thus, the expected number of mutant lineages that will have es-

tablished after time t is U jb(1 − K/κ)p j−1
∫ t

0 e(q j −1)st ′
/p j dt ′ ≈

U jb(1 − K/κ)
∫ t

0 e(q j −1)st ′
dt ′ (we have used the demographic

equilibrium value for p j−1 ≈ q j s/(d + js); see Appendix A).

Setting this expected number equal 1, we can solve for the

typical time t required for a newly established nose to pro-

duce the next mutant lineage that establishes, denoted test .

This gives test = ln[(q j − 1)s/U jb(1 − K/κ) + 1]/(q j − 1)s ≈
ln[s/U j]/(q j − 1)s where O(1) terms inside the logarithm have

been ignored (it will become clear below that q j is ∼ O(1)).

Thus, test only depends weakly on j over the scale of the pop-

ulation’s fitness variation q j (from eq. (4), q j is ∼ O(1) for the

parameter regime considered here), but varies significantly over

the entire fitness domain (ie ≈ (b − d)/s is typically ∼ O(10) or

∼ O(102)).

Any given fitness class keeps growing after its initial estab-

lishment until it is the most abundant fitness class, with abun-

dance of order K . During this process, the mean fitness i ad-

vances, and the fitness class’s fitness advantage—and growth

rate—declines. In steady state, this decline in fitness advantage

can be approximated as a sequence of discrete decreases of mag-

nitude s occurring once every test generations (Desai and Fisher

2007). Thus, the most recently established mutant, which has

a mean initial abundance of 1/p j , grows at rate (q j − 1)s for

test generations, then (q j − 2)s for another test generations, and

so on, until it has abundance K and no fitness advantage. Thus,

K ≈ exp((q j − 1)stest + (q j − 2)stest + . . .)/p j . Solving for test ,

this implies that the mean fitness advances at a rate of approx-

imately s2q j (q j − 1)/2 ln(K j s) (again neglecting O(1) terms in

the logarithm). In steady state, this must match the rate of ad-

vance of the nose s/test ; setting them equal gives eq. (4), where

v j = 1/test .
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Fig. S1: Mean extinction times for weak DR (R = 0.97) are similar to those for RM. Stronger DR (R = 0.94) causes a more substantial discrepancy.
Same parameters as Fig. 3.
Fig. S2: For weak DR (R = 0.97), RM and DR models behave similarly aside from greater DR v j .
Fig. S3: Same as Fig. S2 but with stronger diminishing returns (R = 0.94).
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Supplement667

A: Numerical implementation of full simulation668

Here we summarize how the full traveling wave model, illustrated in Fig. 1,669

is implemented numerically.670

Eq. (1) is a system of coupled, nonlinear ODEs describing the dynamics671

of the bulk of the population. For numerical efficiency, we solve this system672

over the set of roughly 2q � ie non-empty abundance classes (ni < 1 is673

regarded as empty), where the set of non-empty classes changes over time674

and must be updated dynamically. We start by solving Eq. (1) for these675

classes from t = 0 up to the first environmental change at t = T1, where T1676

is sampled from an exponential distribution with mean T .677

Using the resulting solution, we determine the time tm until the next678

mutant is produced by the fittest established class j. These births follow679

an inhomogeneous Poisson process with dynamic rate parameter Ujb(1 −680

N(t)/κ)nj(t). To sample tm, we sample a normalized waiting time τ from an681

exponential distribution with rate parameter equal to unity, and then find682

the equivalent waiting time until the next mutation (in generations) for the683

inhomogeneous Poisson process by solving684

τ =

∫ tm

0

Ujb(1−N/κ)njdt (C3)

for tm.685
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If tm is smaller than T1, we check whether the variant will establish, which686

occurs with probability pj−1 (Appendix A). The numerical evaluation of Eq.687

(A1) is computationally expensive, so we use the following approximation688

scheme:689

1. If the mutant does not arise near an environmental change event, de-690

mographic equilibrium implies pj−1 ≈ qs/(d+ js).691

2. If an environmental change occurred shortly before tm, the mutant692

lineage’s fitness advantage is reduced by s (Appendix A). We check for693

this scenario as follows. The lineage’s fitness advantage takes s/[d(λ−694

µ)/dt|t=tm ] generations to change by s. The disturbance from a recent695

environmental change is important if this timescale is comparable to696

or shorter than the decay timescale ∼ 1/qs of the integral in Eq. (A1).697

We then evaluate Eq. (A1) analytically assuming constant-N as for the698

case of demographic equilibrium, except that N is averaged over the699

interval (tm, tm + qs).700

3. If the next environmental change is going to occur soon after tm, the701

value of pi is sensitive to the timing of the change and must be evaluated702

numerically. To do this, we solve equation Eq. (1) in an interval after703

T1.704

The relative error of the resulting approximation for pi rarely exceeds 10%.705

If it is determined that the lineage does establish, at time tm we remove706

any fitness classes with abundance < 1 and add the new fitness class with707
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initial population size ν sampled from Eq. (2). We then repeat the above,708

starting with solving Eq. (1) over the interval from tm to T1.709

If tm exceeded T1, we remove any fitness classes with ni < 1 at T1 and710

repeat the above starting with solving equation Eq. (1) over the interval from711

T1 to the next sampled environmental change time T2.712

The algorithm terminates if all fitness classes are removed; te is defined713

as the time when N = 1.714
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B: Duration of observable progression to extinction715

Here we analyze the population’s behavior in the period immediately pre-716

ceding extinction using our MC approximation. This analysis supplements717

the simulation results shown in Fig. 5.718

We run our MC backwards starting at time te, conditional on extinc-719

tion occurring at te. The reverse time process is constructed as follows. Let720

Y0, Y1, . . . , Yte denote the sequence of random variables describing repeated721

iteration of the reverse-time process i.e. Yτ = Xte−τ where X0, X1, . . . , Xte722

are the random variables for repeated forward-time iteration up to time te723

and τ measures time before te. Then, in the absence of conditions on when724

extinction occurs, the standard expression for backward-time transition prob-725

abilities holds:726

P̂τ (i→ j) = Prob[Yτ+1 = j|Yτ = i] =
pj(te − τ − 1)

pi(te − τ)
P (j → i), (S1)

where pi(t) = Prob[Xt = i] and P denotes forward-time transition probabil-727

ities (Appendix B).728

To ensure that extinction occurs at time te, all three terms in Eq. (S1)729

must be made conditional on te. For i, j 6= ie, pi(te − τ) becomes730

Prob[Xte−τ = i|te] =
Prob[te|Xte−τ = i]

Prob[te]
pi(te − τ), (S2)

41

Page 41 of 50

79



For Peer Review
 O

nly
and similarly for pj(te − τ − 1), whereas P (j → i) becomes

Prob[(Xte−τ = i|Xte−τ−1 = j)|te]

=
Prob[te|Xte−τ = i]

Prob[te]
P (j → i). (S3)

Thus, the conditional reverse time transition matrix for i, j 6= ie is

P̂τ (i→ j|te) =
Prob[te|Xte−τ−1 = j]

Prob[te]
P̂τ (i→ j) (S4)

For our problem of reconstructing the pre-extinction behavior of popu-731

lations which persist for long times, the reverse time transitions Eq. (S4)732

are independent of τ to an excellent approximation. Long-term persistence733

implies that in the period preceding extinction, the forward-time process has734

had enough time to reach quasi-equilibrium (i.e. the probability of finding735

the chain in a given state conditional on non-extinction is independent of736

the initial state — the initial state has been “forgotten”). Then P̂τ (i → j)737

becomes738

P̂ (i→ j) =
pj(te − τ − 1)

pi(te − τ)
P (j → i) = c

mj

mi

P (j → i) (S5)

where mj is the quasi-stationary probability of being in state j (i.e. mj =739

limt→∞mj(t) where mj(t) = Prob[Xt = j|not extinct]), and c = 1/(1 −740

∑
i 6=ie miP (i→ ie)) is a normalization constant. The quasi-stationary distri-741

bution mj can be obtained by repeated iteration of the forward-time process742
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using the fact that mj(t) = pj(t)/(1− pie(t)).743

The term Prob[te|Xte−τ−1 = j]/Prob[te] in Eq. (S4) is more troublesome.744

It must equal 1 if τ is sufficiently large and j is sufficiently distant from ie,745

since then the condition Xte−τ−1 = j has no bearing on the risk of extinction746

at the distant time τ in the future. To gain some insight into when this747

breaks down, we can rewrite the term as748

f(τ, j)∑
i f(τ, i)mi

(S6)

where f(τ, k) = Prob[te, Xte−τ−1 = j|not extinct]. In other words, the ratio749

deviates from 1 when f(τ, j) deviates from its expectation with respect to750

the quasi-stationary distribution. The greatest potential deviations occur751

at j values near the extinction threshold ie where mj is essentially zero i.e.752

precisely those states incompatible with long-term persistence. Specifically,753

if f(τ, j) is localized at these values, say because τ is so small that extinction754

is imminent, the deviation from 1 may be quite large. But clearly this only755

applies to τ values that are tiny compared to the duration of the fluctuating756

traversal process from the fitness attractor to ie. For essentially all values of757

τ , the deviation can never be so large as to counteract its multiplication by758

the corresponding near-zero values of mj in Eq. (S4). Accordingly, this term759

can be set to 1 to an excellent approximation.760

Fig. 5 shows the expected behavior of the fittest established class j761

immediately preceding extinction using the reverse-time transition matrix762
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P̂ (i→ j) to calculate the reverse-time state probability distribution pj(te −763

τ |not extinct) (we use the memoryless adaptation approximation for P (j →764

i) to avoid the complication of variable size iteration times). For comparison765

between MC and simulations, we shift the simulation expectation horizon-766

tally so that for both the MC and simulations, τ = 0 when i = ie. This767

accounts for the time it takes for the population to die off after crossing the768

extinction threshold ie in the simulations, which is not accounted for in the769

MC approximation.770
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C: Running out of mutations vs. diminishing returns771

epistatis772

Here we show that a variant of our MC approximation (Appendix B) which773

uses a diminishing returns (DR) instead of a running out of mutations (RM)774

mutation model produces similar long-term behavior.775

To model DR, we replace the fixed fitness increment s with geometric776

increments si ∝ R−i (0 < R < 1) (Fumagalli et al., 2015), where si is the777

fitness increment between classes i and i+1, and the mortality rate in fitness778

class i is d+
∑i−1

k=0 sk. Smaller R represents stronger diminishing returns.779

With the change from s to si, it is no longer possible to keep the fitness780

effect of environmental deterioration independent of i as it is for RM. Envi-781

ronmental change shifts the population backwards by some integer amount,782

say k(i), and in general the resulting change in fitness (si+si+1+. . .+si+k(i)−1)783

will not be the same for all i no matter how k(i) is chosen. We determine784

k(i) numerically by minimizing the difference between the resulting fitness785

change and a “goal” environmental change fitness effect s/T .786

The DR mutation rate U∗ is independent of fitness. For comparison with787

RM, U∗ is set equal to the RM beneficial mutation rate Uj averaged over the788

RM quasistationary distribution mj (see text after Eq. (S5) in Supplement789

B).790

Fig. S1 compares RM and DR mean extinction times as a function of791

T , making the appropriate changes to Eq. (4) for the DR case. DR extinc-792
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tion times tend to be larger (for given s/T ), because si > s when i is closer793

to extinction than perfection. This has multiple effects, increasing the es-794

tablishment probability, the size of each fitness jump, and the strength of795

selection in the bulk of the population. This has a powerful combined ef-796

fect at low fitness, which outweighs the linear (successional), or sub-linear797

(multiple mutations) low-fitness benefit of greater mutational availability Uj.798

When diminishing returns is weak (R = 0.97), RM and DR are very799

similar (Fig. S2). Fixing T for RM, and bringing the RM and DR fitness800

attractors into approximate agreement by reducing T in the DR model (T =801

151 compared with T = 180 for RM), the net rate of fitness increase is similar802

over most of the fitness domain, and the quasistationary distributions almost803

coincide. Thus, the difference between these models is primarily a rescaling804

of the adaptation rate vj.805

For stronger diminishing returns (R = 0.94), the discrepancy is more806

substantial (Fig. S3). Apart from the fact that a larger change in T is807

required to bring the fitness attractors together (T = 125 compared with808

T = 180 for RM), the shape of vj is significantly different over the entire809

fitness domain, with DR vj several times larger than RM vj near extinction.810

The quasistationary distributions have similar shapes, although in the DR811

case this corresponds to far fewer fitness classes — a dense cluster of classes812

at high fitness is essentially unreachable. This has the effect of “smoothing”813

the transition to persistence (Fig. S1) in much the same way that increasing814

s in the RM model does: the fitness attractor becomes less and less relevant815
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Fig. S1: Mean extinction times for weak DR (R = 0.97) are similar to those
for RM. Stronger DR (R = 0.94) causes a more substantial discrepancy.
Same parameters as Fig. 3.

the fewer states there are in its vicinity to act as a basin of attraction.816

However, this also implies that long-term evolution is driven exclusively by817

large effect mutations, which is probably not realistic. Correcting for this818

by appropriately increasing ie for the DR model would again restore the819

basic qualitative structure of our long-term extinction model, particularly820

the central role of the fitness attractor. Thus, even fairly strong DR does not821

substantially alter our predictions.822
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Fig. S2: For weak DR (R = 0.97), RM and DR models behave similarly
aside from greater DR vj. For comparison, we offset the higher DR vj by
adjusting T (DR T = 151, DM T = 180). (a) Net rate of fitness increase (i.e.
vj minus environmental deterioration rate) is similar except at high fitness.
DR is discontinuous due to the fitting procedure for environmental deterio-
ration fitness jumps. (b) With the vj offset, quasistationary distributions are
essentially the same. Same parameters as Fig. S1 (apart from T offset).
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Fig. S3: Same as Fig. S2 but with stronger diminishing returns (R = 0.94).
Now RM and DR models differ more substantially. As in Fig. S2, we offset
vj by adjusting T (DR T = 125, DM T = 180). Otherwise same parameters
as Fig. S2.
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