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Abstract 

Broadband full-Stokes polarimetry can capture polarization images over a wide 

wavelength spectrum, for example visible spectrum (380nm to 740nm), near infrared 

spectrum (780nm to 2500nm) or both. In this dissertation, we discuss several topics on 

designing a broadband full-Stokes polarimeter and then demonstrate two polarimeters 

experimentally. 

We first study two theoretical problems, the first one is the optimized sensor design 

for color polarization imaging. This includes three parts, the tiling of N types of optical 

filters on a 2D rectangular grid that minimizes interpolation error, the choice of color 

filters and the choice of analyzers, to minimize the influence from noise on color 

polarization reconstruction.  

The second problem is how to design achromatic polarization elements. This is the 

key to enable broadband polarization measurement. We analyze a special case that uses 

two linear retarders of the same birefringent material and one linear polarizer to achieve 

an achromatic elliptical polarizer/analyzer. We also address several concerns on choosing 

the right achromatic analyzer design for polarimeters. 

Two types of RGB full-Stokes imaging polarimeter are constructed, calibrated and 

tested. The first one uses a beam splitter and two linear-Stokes cameras to form a 

division-of-amplitude polarimeter. The second type applies a patterned micro-retarder on 

a pixelated wire-grid micro-polarizer to form a division-of-focal plane polarimeter. Both 

can capture the intensity, color and polarization of an optical field in a single shot. 
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Chapter 1. Introduction 

1.1 Stokes vector, Poincaré sphere, and Mueller Matrix 

The polarization of light is the orientation of its electric field oscillation. It is usually 

characterized by the Jones vector when dealing with coherent light, or by the Stokes 

vector when dealing with incoherent light. When we measure the intensity response of a 

polychromatic light through horizontal linear analyzer, vertical linear analyzer, 45° linear 

analyzer, 135° linear analyzer, right circular analyzer and left circular analyzer, 

respectively, we will have six intensity measurements: IH, IV, I45, I135, IR, IL. The Stokes 

vector S and the normalized Stokes vector s can be then computed as: 

 

0

1 1 1 0

2 2 2 045 135
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1 1
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The polarization of any polychromatic light can be completely described by the Stokes 

vector. The S0 is the total intensity of the light. The S1 and S2 contain the information of 

the amount and orientation of linear polarization in this light. The S3 contains the 

information of the amount of circular polarization in this light.  

The degree of polarization (DoP), degree of linear polarization (DoLP), angle of linear 

polarization (AoLP), and degree of circular polarization (DoCP) can be derived from the 

Stokes vector: 
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The DoP ranges from 0, which means it is unpolarized, to 1, which means it is fully 

polarized. The DoLP ranges from 0, which means it has zero linear polarization tendency, 

to 1, which means it is fully linearly polarized. The AoLP ranges from -90° to 90°, 

indicating the orientation of linear polarization tendency. The DoCP ranges from -1, 

which means it is fully left-handed circularly polarized, to 0, which means it has zero 

circular polarization tendency, to 1, which means it is fully right-handed circularly 

polarized. When neither DoCP and DoLP is zero, the state is between linearly polarized 

and circularly polarized. It is then called elliptical polarization. 

The Poincaré sphere is a geometrical representation of the Stokes vector. In this 

representation, a polarization state can be represented by the point [s1, s2, s3] in 3D 

Cartesian coordinates. Therefore, all fully polarization states are located at a unit sphere, 

in which the linear polarization is located at the equator and the circular polarization is 

located at the pole. Figure. 1.1.1 (left) shows the location of several polarization states on 

the Poincaré sphere. 

 

Fig. 1.1.1 (Left) Location of 0°/45°/90°/135° linear polarization and right/left circular 

polarization on Poincaré sphere. (Right) The operation of a retarder can be described as a 

rotation transform about its fast axis. The red-blue arrow depicts the rotation. 

An important reason of the Poincaré sphere’s popularity is that the operation of an 

arbitrary retarder can be understood as a rotation transformation on a Poincaré sphere. 
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Considering a polarized light entering a linear retarder, if we represent the input 

polarization state and output polarization state by two points on the Poincaré sphere, of 

which the coordinates are the Stokes vector [s1, s2, s3], then the output state can be 

obtained by rotating the input state about the fast-axis (the eigenpolarization) by its 

retardance. Figure 1.1.1 (right) shows an example of the rotation transform by a quarter 

wave plate (90° retardance) with its fast axis at 45°. The horizontal linear polarization 

input, of which the coordinate on Poincaré sphere is [1 0 0], is rotated about the fast axis 

at S2 axis by 90°. The new coordinate after the rotation is [0 0 1], which is the north pole 

and represents right circular polarization. This result matches the common knowledge, 

that a linearly polarized light can be transformed into circularly polarized light through a 

quarter wave plate at 45°. 

The Mueller matrix describes the transformation of Stokes vector when the light goes 

through a polarization-altering element. The relation between input Stokes vector Sin, 

output Stokes vector Sout and the Mueller matrix M is: 

 

00 01 02 030 0

10 11 12 131 1

20 21 22 232 2

30 31 32 333 3

out in
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m m m mS S
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          (1.1.3) 

Here the first row of the Mueller matrix,  00 01 02 03m m m m , is called the analyzer 

vector. It determines how much light can passes through which depends on its 

polarization, since the dot product of analyzer vector and input Stokes vector is the output 

intensity (S0). 

  0 00 01 02 03 0 1 2 3

out in in in in inS A S m m m m S S S S = • = •     (1.1.4) 

Analyzer vector is important because most of the existing sensors are only able to 

measure the intensity directly. In order to measure the polarization, the light needs to go 

through different analyzer vectors before the intensity measurement at the detectors. The 

measured intensity shall be related to its polarization. That is the key principle of the 

polarimeter described in this dissertation. 

Polarimetry is the science of polarization measurements. It has many applications such 

as remote sensing, biomedical imaging, and interferometry, to name a few [1-10]. This 
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dissertation is mainly about broadband Stokes polarimetry, which means measuring the 

Stokes vector over a relatively wide spectrum. 

1.2 Polarimeters 

The Stokes vector can be estimated by N (N>=4) intensity measurements of light 

passing through different polarization elements. The measured intensity I can be related 

to the Stokes vector in matrix form. 
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Here S represents the Stokes vector, and I is an N-element vector that contains all 

measured intensities. The measurement matrix, denoted by W, is a N-by-4 matrix, with 

each row representing the analyzer vector of one measurement. Obviously, we need at 

least 4 measurements to solve all 4 unknowns in the Stokes vector. When N>4, the 

measurement is redundant, and the solution to the Stokes vector should be the best fit of 

the least squares problem. Therefore, we take the pseudo-inverse of the measurement 

matrix, and multiply it by I, to reconstruct the Stokes vector. 

 S W I+=   (1.2.2) 

Polarimeters are devices that measure the Stokes vector of incoming light. It can be a 

point polarimeter that measures only single beam. Or it can be an imaging polarimeter, 

when its detector is a focal plane array. In this case, image of the Stokes vector can be 

taken by putting the detector on the focal plane of an imaging lens. Polarimeters are 

classified by the way to measure intensity through varying analyzers. Details of these 

classification can be found in previous literatures [11,12]. Here we are just going to give 

a brief summary on that. 
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Fig. 1.2.1. Examples of the division of time (a), the division of amplitude (b), the division 

of aperture (c), and the division of focal plane (d) polarimeters. 

The simplest type of polarimeters is the division-of-time, in which intensity 

measurements through different polarization analyzer are made sequentially in time 

[13,14]. Figure 1.2.1 (a) shows an example of the division-of-time polarimeter, in which 

a rotating linear polarizer is put in front of the detector. The detector makes several 

intensity measurements when the polarizer is at different orientations. It is worth to notice 

that the rotating polarizer analyzes linear polarized light only. So, this polarimeter can 

only measure the linear polarization, which excludes the S3 in the Stokes vector. This 

type of polarimeter is often called the linear-Stokes polarimeter, compared to the full-

Stokes polarimeter that measures the full Stokes vector. In order to make this polarimeter 

into full-Stokes, the polarizer is fixed and a rotating waveplate is added before the 

polarizer. The rotating waveplate combined with the fixed polarizer becomes a variable 

circular/elliptical analyzer. The division-of-time polarimeter requires longer acquisition 

time and doesn’t work well for rapidly changing polarization signals. 
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The division-of-amplitude polarimeter and the division-of-aperture polarimeter make 

separate intensity measurements by splitting the incoming light into multiple optical 

paths, while different paths experience different polarization analyzations. The main 

difference between the two is that the division-of-amplitude uses multiple sensors to 

serve different optical paths [15], while the division-of-aperture uses a single sensor and 

divides the sensor into several domains [16-18]. Figure 1.2.1 (b) shows an example of the 

division-of-amplitude polarimeter that utilizes beam splitters to divide the incoming light 

into four paths, guide them into four different analyzers, and measure them separately. 

Figure 1.2.1 (c) shows an example of the division-of-aperture polarimeter that utilizes a 

diffractive element that diffracts the incoming light into four diffraction orders. The 

detector is divided into four domains to measure the four orders individually. The 

diffractive element can be polarization sensitive, such that the diffraction itself acts as an 

analyzer and each order selects different polarization. Or it can be non-sensitive to 

polarization, in this case additional analyzers should be added side by side between the 

diffractive element and the detector. Both the division-of-amplitude and the division-of-

aperture polarimeters require sensor alignment or image registration. 

The division-of-focal-plane polarimeter integrates micro-polarization analyzers into 

pixelated sensors, such that neighboring pixels have different polarization analyzers [18-

24]. This type of polarimeter will be mainly discussed in this dissertation. Figure 1.2.1 (d) 

shows an example of the division-of-focal-plane linear Stokes polarimeter. A micro linear 

polarizer array is added in front of the pixelated sensor. Each micro polarizer serves one 

pixel as the analyzer. The polarimeter becomes full Stokes if the linear polarizer is 

replaced as circular/elliptical analyzer. Compared to other types of polarimeter, it doesn’t 

require either long acquisition time or accurate image alignment. But it will take more 

efforts to fabricate such a pixelated polarization analyzer in micro scale. Also, when 

using this type in the imaging polarimeter, the instantaneous fields of view (IFOV) of 

neighboring pixels don’t overlap. This means these pixels are not looking at the exact 

same location on the object. This kind of error can be reduced by applying appropriate 

interpolation techniques, which will be discussed in the following chapter. 

In the first part of the dissertation, we will discuss the optimized design for a division-

of-focal plane polarimeter. This includes two parts, the tiling of different pixels and the 
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choice of color polarization filters. Then, we will talk about achromatic polarization 

elements, which are the key to enable broadband full-Stokes measurement. Finally, two 

approaches of RGB full-Stokes polarimeters are shown. The first one is the combination 

of division-of-amplitude and division-of-focal plane. While the second one is solely 

division-of-focal plane. We also include other interesting ideas of polarimeters in the 

Appendix, which have been validated by theoretical simulations but are not demonstrated 

by experiments yet. 
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Chapter 2: Optimized sensor design for color 

and polarization imaging 

2.1 Background 

Broadband full-Stokes polarimetry includes both the color measurement and the 

polarization measurement. The goal of broadband full-Stokes polarimetry is to measure 

the full Stokes vector on a wide spectrum range. This can be either measuring the overall 

Stokes vector integrated on the entire target spectrum or dividing the spectrum into 

several wavelength channels and measuring the Stokes vector of each wavelength 

channel. While the former measures polarization only, the latter further includes the 

measurement of color, in other words, multi-spectral measurement. Therefore, it is 

necessary to investigate the best way to measure both color and polarization. 

Without optical filters, conventional focal plane arrays (FPA), such as charge-coupled 

device (CCD) and complementary metal-oxide semiconductor (CMOS) device, have 

broad color response and are both color and polarization blind. For example, silicon 

sensor is sensitive from ultraviolet (~300nm) to near infrared (~1100nm) wavelength 

ranges. To create a color image, a color filter array (CFA) such as the Bayer filter mosaic, 

with red-green-blue (RGB) color filters, is often used in digital image sensors to measure 

colors [25]. To create a polarization image, a micro-polarizer mosaic, with linear, 

circular, or elliptical polarizer, is integrated with the digital image sensors to measure the 

Stokes vector [19-21,26,27]. Most existing designs are optimized to measure three colors 

and four polarization states, in other words, using three kinds of color filters to measure 

the color, and four kinds of analyzers to measure the Stokes vector. This can be further 

extended such that the number of color filters and analyzers is an arbitrary number N. For 

color measurement, that means dividing the spectrum into N bands and using N kinds of 

color filter to measure the intensity at each band. For polarization measurement, that 

means using N kinds of analyzers to measure the 4-element Stokes vector. The 

investigation of this extended topic can be generalized into two parts. The first part is the 

best tiling of N types of color polarization filters on a square grid. This is important when 

building a division-of-focal-plane color polarimeter. The second part is the optimized 
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selection of color filters and polarization analyzers. This part applies to all types of color 

polarimeter.  

In the following sections, we discuss these topics separately. In Section 2, the 

optimized tiling configuration for N filters are determined for N=2 to N=9 by minimizing 

the error of the bicubic spline interpolation and frequency domain aliasing. In Section 3, 

the optimized color-filter selections for N=2 to N=7 are presented. In Section 4, the 

optimized analyzer selections for N=4 to N=30 are presented, and the solutions are 

compared with the solutions of the Thomson problem. In Section 5, the results are 

applied to the design of a three colors full Stokes polarimeter. This design combines one 

layer of color filter array and one layer of analyzer array, both with an optimized tiling, to 

achieve a single-sensor solution. These designs have applications in multispectral 

imaging where many wavelength bands are sampled simultaneously [28] and in precision 

polarization imaging where multiple polarization states must be measured repeatedly to 

increase signal to noise ratio (SNR) [11]. The detection of color and polarization 

information in a single-sensor solution can be achieved by utilizing both CFA and micro-

polarizer array on a FPA. Such sensor design can lead to a compact, high speed and 

vibration-insensitive instrument that can simultaneously measure the complete Stokes 

vector at multiple wavelength bands. Applications of such an instrument include 

biomedical imaging, material characterization and classification and remote sensing.  

2.2 Tiling of N filters on a square grid 

In this section, we examine the problem of tiling N different type of filters. The filters 

can be color filter, polarization filter or both. A square grid is considered as the pixel in 

many existing FPA is designed to have a square arrangement. The N filters are tiled 

periodically to cover the entire FPA. A fraction of 1/N of the total number of pixel, 

representing each type of filter, is sampled on the square grid by putting one set of filters 

on the selected pixel (Fig. 2.2.1). The pixel pattern of each type of filter forms a two 

dimensional (2D) lattice. The sampling pattern is repeated for adjacent pixels and another 

set of filters is put in, until the entire grid is filled up with N different types of filters. For 

the purpose of our discussion, we assume the 2D lattice is infinite so the edge effect is 
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neglected. For each set of filters, data is only measured on the sampled pixels, and 

interpolation technique is required to reconstruct data on other pixels. The optimal tiling 

configuration is determined by minimizing the error of the interpolation. Here the 

standard technique of bicubic spline interpolation is used, which has been proved to give 

the smallest error compared to other interpolation techniques (bilinear, bicubic, and so 

on) [29]. For each type of filter, the sampled pixels can be connected by parallel lines, 

and cubic-spline interpolation is performed along these lines. A second cubic-spline 

interpolation is done in the orthogonal direction to recover the entire plane, based on the 

result of the first interpolation. Figure 2.2.1 shows two ways to do interpolation with the 

same sampling pattern, based on different connection lines. Hereby the interval of first 

cubic-spline interpolation is denoted by a, the second is denoted by b, and  N = ab. 

 

Fig. 2.2.1. Schematics of two different ways for interpolation with the same sampling 

method. The connection lines are represented by dashed lines. 

The error bound for bicubic-spline interpolation on rectangular grid has been analyzed 

in a previous paper [30]. The maximum deviation between original function f and 

interpolated function sf is related to the maximum value of original function’s derivatives 

and the interpolation intervals on x-axis and y-axis, which are hereby denoted by hx and 

hy. This relation is given by 
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Here k and l are the order of derivative. Eq. (2.2.1) can be re-written in the following 

form: 
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Although this equation is derived with rectangular sampling grid, it will be a good 

approximation for our case, since both cases perform two cubic-spline interpolations in 

orthogonal direction, and the only difference is between a rectangular grid and an 

arbitrary grid. The optimal tiling is found by minimizing the error of interpolation with a 

given N. For a general image, it is reasonable to assume that the local distribution of the 

image is approximately isotropic, which means the maximum derivative is identical in 

different directions, so the first term of the right side of Eq. (2.2.2) is proportional to 

a4+b4. Given that N is a constant, the second term of Eq. (2.2.2) is a constant. Therefore, 

the optimal tiling configuration should have a minimum value of a4+b4. 

 

Fig. 2.2.2. The optimized tiling configuration for N=2 to N=9. The direction of first 

interpolation is represented by a black arrow, while the second is represented by the white 

one. The unit cell is encircled by bold line. Note that the unit cell is not unique. There can 

be more than one unit cell for each N. Also, there are multiple solutions for N=4, 8, and 9. 
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For arbitrary N, the optimized solution can be obtained by calculating the a4+b4 of all 

possible sampling patterns and then finding the minimum one. Figure 2.2.2 gives the 

optimized tiling configuration for N=2 to N=9. At N=4, 8, 9, there are multiple solutions 

that have the same interpolation gap. 

Another way that may help to distinguish between these solutions is frequency domain 

analysis. This type of analysis has been used in filter array design for color and 

polarization imaging [31-37]. If the sampling pattern in Fig. 2.2.1 is regarded as a 2D 

lattice, then this sampling pattern can be defined by its lattice vector ,x ya a a =    and 

,x yb b b =   . Figure 2.2.3 shows two possible lattice vectors of the same sampling pattern. 

There are two requirements on lattice vector selection. One is that their coordinate 
xa , ya , 

xb , and yb  must be integers, since we are sampling on a square grid. Another is that the 

unit cell area, which is the cross product of two lattice vector, is equal to N, so the 

sampling pixels are 1/N of all pixels. This is written as:  

 
x y y x

a b N

a b a b N

 =

− =
  (2.2.3) 

 

Fig. 2.2.3. Schematics of two different ways to define the lattice vector of the same 

sampling method. 

The coordinate of all sampling pixels can be generated from every possible 

combination of multiples of two lattice vectors:  
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Here m and n are arbitrary integers. If we apply this sampling to a function f(x,y), then 

the sampled function can be written as:  
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Apply Fourier transform on it: 
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The result is the summation of a series of copies of ( , )F   , which is the frequency 

spectrum of f(x,y). The locations of these copies in frequency domain are the combination 

of multiples of the reciprocal lattice vector. In physics, the reciprocal lattice is the Fourier 

transform of another lattice. 
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Fig. 2.2.4. (Top) Three different sampling pattern for N=6. (Bottom) The reciprocal lattices 

show the locations of frequency spectrum copies in frequency domain. The shortest lattice 

vectors (the black arrows) are {[1/3, 0], [1/6, 1/2]}, {[1/3, 0], [0, 1/2]}, and {[1/6, 1/3], [-

1/3, 1/3]} respectively. The third lattice (the right most one) is found to have the largest 

gap between its reciprocal lattice points. 

Eq. (2.2.7) is one of the possible lattice vectors of the reciprocal lattice. Given this, we 

can draw the layout of the reciprocal lattice, which represents the location of frequency 

spectrum copies in frequency domain. Then the shortest possible lattice vector of this 

lattice is calculated and regarded as the gap between those copies. This process is 

illustrated in Fig. 2.2.4. Three different sample patterns of N=6 are transformed into their 

reciprocal lattices in frequency domain. In order to reconstruct f(x,y) from the sampled 

function, we want to maximize the gap between these frequency spectrum copies in order 

to avoid aliasing. Therefore, the optimization problem now becomes finding the lattice 

vector a  and b  that enables the largest reciprocal lattice gap, with the constraint that the 

vector elements are integers and satisfy Eq. (2.2.3). 
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Fig. 2.2.5. The tiling configuration optimized for minimum frequency domain aliasing for 

N=2 to N=9. The lattice vectors are represented by the two arrows. The unit cell is 

encircled by bold line. Note that both the lattice vector and the unit cell are not unique. 

Figure 2.2.5 gives the optimized tiling configuration that maximizes the reciprocal 

lattice gap and therefore minimizes the aliasing in frequency domain. Now the solution is 

unique for all N. These solutions are a sub-group of the solutions in Fig. 2.2.2. It resolves 

the solution degeneracy at N=4, 8, 9. These optimized tiling configurations with the 

interpolation style described in Fig. 2.2.2 are applied to several test images, along with 

other non-optimized configurations, to verify the performance of the optimal tiling. The 

criteria to choose non-optimized configuration is that the ratio between two interpolation 

gaps should not exceed 2. A commonly utilized measure of evaluating interpolation 

algorithms is the mean square error (MSE) 
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where Itrue(i,j) represents the value of the reconstruction point in original image, and 

Iinterpolated(i,j) represents the interpolated value of the reconstruction point after performing 

the interpolation.  
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Fig. 2.2.6. Images used for interpolation: (A) vegetables. (B) fruits and (C) chess pieces. 

The MSE of different tiling methods for the images: (D) vegetables, (E) fruits, and (F) 

chess pieces. The degenerate solution in Fig. 2.2.2 is indicated by green dots for 

comparison. 

Figure 2.2.6 shows the MSE curves of bicubic-spline interpolation for three different 

images with different tiling patterns from N=2 to N=9. As expected, MSE increases as 

non-optimized configuration is used and is found to vary roughly linearly with N. The 

MSE of the optimized tiling configuration is found to be the smallest in general, as shown 

by the red curve in Fig. 2.2.6. The degenerate solutions in Fig. 2.2.2 are very close to the 
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optimized solution in Fig. 2.2.5. This is expected since they have the same interpolation 

gap. Although calculation is performed up to N=9 in this paper, our conclusion is 

expected to hold true for larger value of N.  

One interesting finding is that our optimized solution for N=3 contradicts the widely 

used Bayer filter array for RGB color imaging. Figure 2.2.7 shows the comparison 

between two designs. The two tiling patterns are divided into the sampling lattices for 

red, green and blue and transformed into their reciprocal lattices respectively. Our 

optimized solution for N=3 is an asymmetric case, where the sampling interval at 135° is 

1.5 times of the interval at 45°. And the gap of reciprocal lattice in 45° is lower than in 

135°. However, in realistic scene the frequency spectrum is isotropic and usually has 

higher signal at lower spatial frequency. So, this asymmetric design avoids the chance of 

aliasing in 45° at the cost of higher chance of aliasing in 135°. As for Bayer filter array, 

the red and blue filters are tiled in a N=4 fashion while the green filters are tiled in N=2, 

and both are symmetric. Although the red and blue are slightly worse than the N=3 

design, the green gets much better. In general, the Bayer filter array is likely to have a 

smaller interpolation error than the N=3 optimized design. This comparison reveals a 

hidden assumption for our optimization, that the numbers of each type of filters are the 

same. In reality, these numbers can be different, and the optimization problem can be 

more complex. 

 

Fig. 2.2.7. Comparison between our optimized tiling for N=3 (left) and the Bayer filter 

array (right): (Top) The tiling patterns of our optimized tiling for N=3 (left) and the Bayer 

filter array (right). (Middle) The tiling is divided to the sampling lattices of red, green and 
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blue. (Bottom) The sampling pattern is transformed into its reciprocal lattice to show the 

locations of frequency spectrum copies. 

2.3 Optimized sampling of color spectrum using N measurements 

Traditional camera utilizes Bayer filter to obtain a color image. However, this kind of 

camera can only measure three wavelength bands, which represent red, green and blue 

lights. To capture a multispectral image, additional filters for different bands are required. 

In this section, the configuration of N color filters for optimized sampling of the color 

spectrum is presented. The optimized set of filters can be found by minimizing different 

noise components or by maximizing transmission. In general, the measurement noise has 

two components: a signal dependent part such as the shot noise of light and a signal 

independent part such as dark current noise and read-out noise [38]. The exact magnitude 

of the two noise components depends on the type of sensors and operating conditions. 

For the purpose of illustrating the different designs, the cases where only one component 

of the noise is dominant are considered. Our analysis can be easily extended to the case 

where the exact magnitudes of the noise components are known. 

 

Fig. 2.3.1. The transmission spectrum of N = 3 color filters and the corresponding 

transmission matrix. 

For the analysis of measurement of N spectral bands, the absorption spectrum of N 

filters can be expressed by an N-by-N transmission matrix [39]. Each filter corresponds to 
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one row in the matrix. A filter can absorb or transmit one specific band, which is 

respectively represented by 0 or 1 in a row component. The overlap of individual 

transmission band is assumed to be small. For more elaborate analysis, this number can 

be represented by a number between 0 and 1. Figure 2.3.1 shows an example of three-

band filters and the corresponding transmission matrix.  

By denoting the intensity passing through the nth filter by in, the intensity of the 

incoming nth band by bn, and the transmission matrix by T, the following equation relates 

the incoming and transmitted light at different bands.  
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B can be derived from I by multiplication with the inverse of transmission matrix, 
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When a signal independent noise, such as detector noise, is dominant, it is reasonable 

to assume that all measurements have the same noise variance, given by σ. It follows 

from Eq. (2.3.2) that the variance of bn is 
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Including all the components of B, the summation of all variances is 
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A detector noise factor (NFdetector) can be defined to be 
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Here the factor is related to the sum of the squares of all elements in the transmission 

matrix’s inverse and includes only the signal independent noise. An optimized 

transmission matrix can be found by minimizing the noise factor in Eq. (2.3.5). For a 
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given N, there are 2N )/(N!2
2

combinations of transmission matrices. MATLAB is used to 

find all unique transmission matrices for a given N, representing all possible absorption 

spectrums for N bands. The matrix with the minimum noise factor is found for the cases 

of N=2 to N=7, and the results are listed in Table 2.3.1. The optimized matrix for N=2 is 

a submatrix of the optimized matrix for N=3. This trend continues until N=6 and ends at 

N=7. 

Table 2.3.1. The transmission matrices for N=2 to N=7 optimized for detector noise factor 

N 2 3 4 

Optimized 

Transmission 

Matrix 
10

01
 

011

101

110

 

0101

1001

1110

0011

 

N 5 6 7 

Optimized 

Transmission 

Matrix 
11001

11010

01100

10100

00111

 

011101

101001

001010

110010

101100

000111

 

1010011

0110101

1101001

1100110

0111010

1011100

0001111

 

Alternatively, the optimized transmission matrix can be found for the case where the 

noise is dominated by photon shot noise. In this case, the noise variances of all 

measurements are no longer constant. Assuming that the incident light is equal for all 

bands, the result of the mth measurement will be proportional to the summation of all 

elements in the mth row of transmission matrix. Since the shot noise is proportional to the 

square root of intensity, Eq. (2.3.3) can be rewritten as 
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Similarly, by summing vn
2 for n=1 to N and then taking the average and square root, a 

noise factor for photon shot noise (NFsn) can be defined as 
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Again, MATLAB is used to calculate all combinations of transmission matrices for 

N=2 to N=7. The matrix with the minimum photon shot noise is found to be the identity 

matrix. In this configuration, each filter transmits only light for one specific band. The 

identity matrix represents a configuration with minimum amount of light transmission. 

Both the detector noise factor and shot noise factor for the identity matrix are N/1 . 

 

Fig. 2.3.2. Detector and shot noise factors are plotted as a function of N, the number of 

spectral band, for the case of minimum detector noise, minimum shot noise, and maximum 

transmission. 

The optimized transmission matrix can also be defined to be the configuration where 

the total amount of transmitted light is the highest. In this case, the figure of merit is 

given by the summation of all the elements in the transmission matrix. Thus, every row 

of the matrix should have as many ‘1’s as possible. To avoid a singular transmission 

matrix, only one row can have all its components to be 1, and other rows will have N-1 

‘1’s. The optimized transmission matrices in this case therefore have a general form, in 

which all off-diagonal elements and the first element are filled by 1 and others are filled 

by 0, 
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The detector noise factor and shot noise factor in this case are equal to 2/1/11 NN +−

and 2/2/11 NNN +−−  respectively. Figure 2.3.2 shows both the detector noise and shot 

noise factor curves for the configurations optimized for minimum noise factor, both Eq. 

(2.3.5) and Eq. (2.3.7), and optimized for maximum transmission. The curve for 

maximum transmission is always above the curve for optimized noise factor. 

2.4 Optimized sampling of Stokes vector using N measurements 

In addition to color, another important property of light is the polarization state, which 

can be described by the four component Stokes vector. The Stokes vector can be 

estimated by a minimum of four intensity measurements of light passing through 

different analyzers. Higher accuracy can be achieved by additional measurements. Figure 

2.4.1 shows two common types of imaging polarimeter. In the division of time 

polarimeter, images are taken sequentially as a retarder is being rotated in front of a fixed 

linear polarizer. The Stokes vector at each pixel is calculated by measurement of a 

minimum of four images taken at different retarder angle orientations at different time.  

In the division of focal plane polarimeter, a pixelated retarder and a linear polarizer are 

placed in front of the sensor array. A minimum of four types of micro-retarder is used, 

oriented at four different angles, to measure the Stokes vector locally. The Stokes vector 

at each pixel is calculated by using interpolated values of intensity measurement taken at 

adjacent pixels [29,40,41]. Both cases have the same feature of a fixed-polarizer, a fixed-

retardance, but variable fast-axis orientations. While it limits the freedom of analyzer 

choice on Poincaré sphere, the system complexity is substantially reduced so it is more 

fabrication friendly. This configuration is called the constrained-analyzer configuration. 

One can also increase the analyzer freedom to cover the entire Poincaré sphere by adding 

another layer of retarder or varying the polarizer axis. This configuration is called 

unconstrained-analyzer configuration. In this section, we examine the constrained-

analyzer configuration and unconstrained-analyzer configuration separately. The 

optimized results of both configurations are compared to each other and to the solutions 

of the Thomson problem. 
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Fig. 2.4.1. Two common designs of imaging polarimeter: (A) division of time. (B) division 

of focal plane. Both cases limit the freedom of analyzers but reduce the system complexity. 

As has been illustrated in Chapter 1, the relationship between the Stokes vector and 

the intensity measurement can be expressed as WSI = , where S represents the Stokes 

vector of incoming light, and I is an N-element vector representing the intensity that 

passes through N analyzers. The measurement matrix, denoted by W, is an N-by-4 matrix, 

with each row representing one polarizer. To estimate the Stokes vector from the 

measurement, a pseudo-inverse of W is adopted to achieve minimum least squares error. 

We then write the relation between I and S as: 

 IWS +=   (2.4.1) 

The difference between color measurement and polarization measurement is that all 

ideal analyzers with 100% diattenuation have the same 50% transmission for non-

polarized light. So, it is reasonable to assume that all intensity measurements have the 

same signal level when the input polarization is averaged over the entire Poincaré sphere. 

We then no longer need to worry about the difference between signal-independent 

detector noise and signal-independent shot noise. The noise factor is written in the same 

form used in Eq. (2.3.5):  

 

4 N
2

mn

m 1 n 1

(W )NF +

= =

= 
  (2.4.2) 

Here we neglect the constant N. This noise factor is commonly called EWV (equally 

weighed variance) in literature. It is equal to the sum of squares of all singular values of 
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W+, or the sum of squares of the all singular values inverse of W. The EWV can be 

understood as the total noise level of all reconstructed signal. 

Three figures of merit have been used in the literature [42,43], which are RAD 

(reciprocal absolute determinant), CN (condition number), and EWV (equally weighed 

variance), to describe the noise level of polarimeters. For all figures of merit, smaller 

value denotes a better design. The expressions of each are expressed in Eq. (2.4.3). Here, 

µ represents the singular value of the measurement matrix. While the EWV and RAD 

represent the total noise level of the entire Stokes vector, the CN focuses more on the 

balance of noise between the four individual elements in Stokes vector. 
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  (2.4.3) 

We start with the constrained-analyzer configuration, in which all analyzers have a 

fixed polarizer, a common retardance but different fast-axis angles as shown in Fig. 2.4.1. 

The linear polarizer is assumed to be horizontal. The kth row of the measurement matrix 

can be expressed by a function of the common retardance δ and the fast-axis angle of kth 

analyzer θk. This expression has been found to be proportional to [43] 

 
)]2sin()sin(),4sin()2/(sin),2(sin)cos()2(cos,1[ 222

kkkk  −+
  (2.4.4) 

Based on Eq. (2.4.4), MATLAB is used to find the optimized N-analyzer design for 

N=4 to N=30 by minimizing the three figures of merit respectively. The optimization 

variables are the common retardance and the fast-axis angles of the N analyzers. In other 

words, N analyzers are chosen from one constant retardance curve on Poincaré sphere as 

shown in Fig. 2.4.2. The MATLAB function fminuc is used for the optimization 

calculations. All parameters are floating points. The optimization is repeated 60 times 

with random starting points, and the solution which gives the minimal CN/EWV/RAD is 

adopted to be the global minimum. In our calculation, almost all 60 optimizations give 

the same minimal CN/EWV/RAD. We believe that the calculated optimization result is 
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the global minimum, since the same optimization style also provides the correct Thomson 

solutions. 

 

Fig. 2.4.2. Constant retardance curves on the Poincaré sphere. 

The optimization result shows that all three figures of merit produce the same result, 

except for the case of N=5. Table 2.4.1 summarizes the optimized retardance and fast-

axis angles for N=4 to N=7, including the results for the three figures of merit 

respectively when N=5. When 8N , the optimized designs are not unique anymore. Each 

optimization calculation gives a different result, and the results have the same retardance 

of 131.81 degree and a different fast-axis angle, although all of the results have the same 

value of figures of merit. Figure 2.4.3 shows the optimized designs for N=4 to N=30. 

Each point on the Poincaré sphere represents a measurement using a retarder of different 

angle. The optimized value for N=4 has been calculated by Sabatke et al. [43], which 

represents a regular tetrahedron on the Poincaré sphere. For 8N , only one of the 

optimized designs is presented. 

Table 2.4.1. The retardance and fast axis angles of the optimized N measurement designs 

N Retardance(degree) Fast axis angles(degree) 

4 131.81 ±74.88, ±38.31 

5(CN) 136.16 0, ±33, ±57 

5(EWV) 132.60 0, ±58.02, ±31.98 

5(RAD) 131.81 0, ±64.62, ±35.78 

6 131.81 ±10.08, ±36.78, ±59.62 

7 131.81 0, ±18.17, ±42.39, ±59.77 

8 or more 131.81 vary* 
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*Note that when N≥8, the number of optimized designs is infinite. 

 

Fig. 2.4.3. Optimized micro-polarizer designs (constrained-analyzer configuration) for 

N=4 to N=30. The polarizer is represented by blue spots on the Poincaré Sphere. The red 

curve represents constant retardance. 

The results for the constrained-analyzer configuration can be compared with the 

unconstrained-analyzer configuration where the analyzer can be any points on the 

Poincaré sphere. Figure 2.4.4 shows an example to achieve arbitrary analyzers using two 

retarders and one fixed linear polarizer. The retardances of both retarders are fixed but 

their fast-axis angles are rotatable. Since this configuration have more degree of freedom 

on its analyzer vectors, the measured Stokes vector may get smaller noise. 
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Fig. 2.4.4. Two retarders of adjustable fast-axis angles combined with one fixed linear 

polarizer enables the unconstrained-analyzer configuration. 

Optimization of the unconstrained-analyzer configuration is considered next. The 

optimization process is the same as the constrained-analyzer configuration, except that 

the optimization variables now become the azimuth and elevation angles of N analyzer 

vectors in spherical coordinate. The optimization results for N=4 to N=30 are listed in 

Table 2.4.2 and compared with the results of the constrained-analyzer configuration. 

Comparison shows that the optimized designs of both cases have the same 

CN/EWV/RAD. For practical implementation, the simpler constrained-analyzer 

configuration is sufficient to realize an optimized polarimeter. 

Table 2.4.2. The CN/EWV/RAD of the optimized designs of constraint-analyzer and unconstrained-

analyzer configuration 

N 

CN EWV RAD 

Constraint-

analyzer 

Unconstraint-

analyzer 

Constraint-

analyzer 

Unconstraint-

analyzer 

Constraint-

analyzer 

Unconstraint-

analyzer 

4 1.732  1.732  10.000  10.000  5.196  5.196  

5 1.794  1.794  8.119  8.119  3.373  3.373  

6 1.732  1.732  6.667  6.667  2.309  2.309  

7 1.732  1.732  5.714  5.714  1.697  1.697  

8 1.732  1.732  5.000  5.000  1.299  1.299  

9 1.732  1.732  4.444  4.444  1.026  1.026  

10 1.732  1.732  4.000  4.000  0.831  0.831  

11 1.732  1.732  3.636  3.636  0.687  0.687  

12 1.732  1.732  3.333  3.333  0.577  0.577  

13 1.732  1.732  3.077  3.077  0.492  0.492  
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14 1.732  1.732  2.857  2.857  0.424  0.424  

15 1.732  1.732  2.667  2.667  0.370  0.370  

16 1.732  1.732  2.500  2.500  0.325  0.325  

17 1.732  1.732  2.353  2.353  0.288  0.288  

18 1.732  1.732  2.222  2.222  0.257  0.257  

19 1.732  1.732  2.105  2.105  0.230  0.230  

20 1.732  1.732  2.000  2.000  0.208  0.208  

21 1.732  1.732  1.905  1.905  0.189  0.189  

22 1.732  1.732  1.818  1.818  0.172  0.172  

23 1.732  1.732  1.739  1.739  0.157  0.157  

24 1.732  1.732  1.667  1.667  0.144  0.144  

25 1.732  1.732  1.600  1.600  0.133  0.133  

26 1.732  1.732  1.538  1.538  0.123  0.123  

27 1.732  1.732  1.481  1.481  0.114  0.114  

28 1.732  1.732  1.429  1.429  0.106  0.106  

29 1.732  1.732  1.379  1.379  0.099  0.099  

30 1.732  1.732  1.333  1.333  0.092  0.092  

The optimized design can also be compared to the solution of the Thomson problem, 

which is a model of N electrons on a sphere. The Thomson problem is to find the position 

for each electron so that the electric potential energy is minimal [44]. The positions of all 

electrons form a symmetric polyhedron of large volume, and one conjectures that this 

configuration may also provide the optimized polarimeter design of the lowest noise, 

since it is true for the case of N=4. Figure 2.4.5 shows the solution of the Thomson 

problem for N=4 to N=30 calculated using MATLAB. The three figures of merit, CN, 

EWV and RAD, are calculated for both the optimized design (Fig. 2.4.3) and the 

Thomson solution (Fig. 2.4.5). A comparison between them is made in Fig. 2.4.6. The 

optimized design is same or better than the Thomson solution for all three figures of 

merit. To realize the Thomson solutions for N measurement of polarization state, more 

than one layer of retarder will generally be needed [45]; thus, the optimized constraint-

analyzer solution not only has better figures of merit but also a simpler retarder 

configuration, i.e. only a single retarder with constant phase at different orientations. 
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Fig. 2.4.5. Thomson solution for N=4 to N=30. 

 

Fig. 2.4.6. Comparison of two solutions for three figures of merit. (A) CN, (B) EWV, (C) 

RAD, (D) CN difference between optimized design and Thomson solution, (E) EWV 
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difference between optimized design and Thomson solution, (F) RAD difference between 

optimized design and Thomson solution. 

2.5 Design of an optimized three color full Stokes imaging polarimeter 

 

Fig. 2.5.1. Design of an optimized three color full Stokes camera. Left side is the optimized 

tiling pattern of the filter array for N=12.The direction of first interpolation is represented 

by a black arrow, while the second is represented by the white one. The unit cell is encircled 

by bold line. Right side is the structure of the camera made of RGB color filters and 

achromatic elliptical analyzers. 

The solutions for optimized sampling of color and full Stokes vector are presented in 

the previous sections. Here, an optimized design that combines the measurement of both 

color and Stokes vector is presented. A three colors full Stokes camera design is 

determined by minimizing the noise factor and the error of interpolation. While the three 

colors can represent any band in the electromagnetic spectrum, the design is ideal for 

imaging application in the visible spectrum. The design can measure the full Stokes 

vector of RGB light in a single frame. 

For each of the three colors, four analyzers are needed to measure the full Stokes 

vector. Hence, there are a total of 12 filters to tile in a two dimensional filter array. An 

optimized tiling for N=12 can be found based on the technique presented in Section 2. 

Each pixel includes a color filter and an analyzer. For the color filter, traditional cameras 

utilize RGB filters to measure a color image. The optimized configuration for minimum 

photon shot noise is the RGB configuration, whereas the optimized configuration for 

minimum detector noise is green & blue, red & blue, and red & green, which is the cyan-

magenta-yellow (CMY) configuration (Table 2.3.1). For the analyzer array, the optimized 
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configuration of the four analyzers has a common retardance at 131.81 degree and 

different fast-axis angles at ±74.88, ±38.31 degree, representing four elliptical polarizers 

(Table 2.4.1). The elliptical polarizers are achromatic and are designed to have a flat 

diattenuation across the visible spectrum [46]. Figure 2.5.1 shows the basic design of the 

polarimeter. The tiling pattern for 12 filters is found by minimizing the interpolation 

error. The structure of the camera is shown with a layer of RGB color filters and a layer 

of achromatic elliptical analyzers. The incoming light first goes through the color filter 

array and then the analyzer array to reach the pixel of the FPA. Bicubic spline 

interpolation can be used to calculate the full Stokes vector for each color at each pixel. 

It is worth to notice that this optimized design is only a theoretical proposal and is 

hard to demonstrate experimentally. The first problem is the achromatization of analyzer. 

This will be addressed in the following chapter. Secondly, although fabrication of 

patterned micro-scale retarder has been demonstrated recently, patterned micro-scale 

achromatic retarder will be more difficult, as this often involves stacking of multiple 

layers of birefringent materials. Finally, this design includes both a customized color 

filter layer and a customized analyzer layer. Since the fabrication of micro-scale color 

filter and micro-scale analyzer are totally different process, putting the two filters on the 

same substrate necessitates balancing the different materials and processing requirements. 

As a result, the in-lab demonstrated polarimeters in this dissertation do not utilize this 

design. Nevertheless, this chapter provides a comprehensive analysis on the performance 

of a color polarimeter and presents practical limits to an optimized design with constraint. 
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Chapter 3: Design of achromatic polarizers and 

analyzers 

3.1 Background 

To enable a broadband full-Stokes polarimeters, analyzers that sample the incoming 

polarization need to have the same polarization response over the target spectrum range. 

That is to say, its polarization behavior (for analyzers that means analyzer vector) should 

not depend on the wavelength. This feature is called achromaticity. With achromatic 

analyzers, we can measure the polarization of a wider spectrum, instead of only at one 

wavelength. This not only extends the detecting range, but also increases the amount of 

measured light and improves the signal-to-noise-ratio of the measurement. In this 

chapter, the design of achromatic analyzers is discussed. Meanwhile, the achromatic 

polarizers are also covered, since they are highly related to achromatic analyzers. Both 

types of optical filter serve as an important component for many instruments with 

applications in photography, spectroscopy, ellipsometry, microscopy, polarimetry, 

display, and remote sensing, to name a few. 

We first clarify the difference between polarizers, analyzers and retarders. Polarizers 

are optical filters that convert arbitrary input light into one specific polarization state. 

Analyzers have a polarization-dependent transmission. It has a maximum transmission 

for a specific polarization state, and a minimum transmission for its orthogonal 

polarization state. Retarders, often called as waveplates, introduce phase retardance 

between two orthogonal polarization states. Polarizers are frequently used to generate a 

certain polarization state, while analyzers are more suitable to measurement of the 

polarization state. Retarders can be applied on polarizers/analyzers to change the 

generated/analyzed polarization states. 

Several designs have been studied for achromatic and superachromatic quarter-wave 

and half-wave retarders using multi-layer films [47-57]. In Section 2, we consider the 

problem of designing an achromatic elliptical polarizer of arbitrary ellipticity. The 

achromatic elliptical polarizer consists of a multi-layer linear retarder and an achromatic 

linear polarizer, which can be either a linear or circular polarizer. In Section 3, we explain 
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how to easily convert the design of achromatic elliptical polarizers to achromatic 

elliptical analyzers. In Section 4, the fabrication and testing of the achromatic elliptical 

polarizer are presented. The measured performance of the polarizer is compared with the 

theoretical calculation. In Section 5, the tradeoff between the EWV and achromaticity is 

discussed. In the final section, generalization of the technique to better performance by 

addition of retarder layer is discussed, with particular emphasis on flatter wavelength 

response and larger operating wavelength range. 

3.2 Theory of achromatic elliptical polarizers 

In this section, we discuss the theory of designing an achromatic elliptical polarizer. 

By definition, analyzers are polarization elements that transmit a desired polarization 

state in maximum transmittance, while polarizers are polarization elements that generate 

a desired polarization state [12]. There are several main approaches to making an 

achromatic elliptical polarizer or achromatic waveplates. One approach uses negative 

dispersion materials [58] or form birefringence [59-61] to reduce the variation of 

retardance due to the wavelength change. Another approach uses helical materials with 

variable pitch, such as cholesteric liquid crystal polymer, to achieve a broadband circular 

polarizer [62,63]. This method is generally applicable to circular polarization only. The 

third approach stacks multiple layers of twisted LC and optimizes for the best 

achromaticity [55]. The fourth approach, known as Pancharatnam’s type, stacks multiple 

linear retarders of the same material [47,48]. Two achromatic solutions were discussed in 

Pancharatnam’s paper at 1955. One is how to make a super-achromatic circular polarizer 

by stacking three linear retarders of the same material and one linear polarizer. This 

solution is basically an extension of Destriau and Prouteau’s work published in 1949 

[49], in which an achromatic circular polarizer is made by stacking two linear retarders 

and one linear polarizer. The second solution is to stack three linear retarders of the same 

material to achieve an achromatic linear retarder. The topic of this section is a 

supplement to the first solution. That is stacking two layers of linear retarders and one 

linear polarizer to form an achromatic elliptical polarizer. This design is applicable to any 

elliptical polarization with arbitrary ellipticity, not just circular polarization. Thus, our 

technique is more general and can be applied to a broader range of applications. 
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Fig. 3.2.1. The schematics of an achromatic elliptical polarizer are shown with (a) a linear 

polarizer and with (b) a circular polarizer. 

Figure 3.2.1 shows our design schematics of a unidirectional, achromatic elliptical 

polarizer.  A bidirectional achromatic elliptical polarizer can be made by adding two 

similar retarder layers in front of the polarizer. Our design consists of two linear retarders 

and one achromatic linear or circular polarizer. The input light first passes the achromatic 

polarizer, which generates either linear or circular polarized light. The light then passes 

the two linear retarders, resulting in an elliptical polarized light. In general, each linear 

retarder has a different retardance but a fixed fast-axis orientation for different 

wavelength. By using two linear retarders, we show how to compensate for this 

variability and make the output polarization state nearly achromatic, in other words, as 

close as possible to the target elliptical polarization state. We apply our theory to an 

achromatic polarizer design for the visible band (λ = 450nm to 650nm). As the figure of 

merit of the performance of the achromatic elliptical polarizer, we use the following 

deviation function, 

 

( )2 2 2

1 2 3( ) - max ( ( ) - cos(2 )) ( ) ( ( ) - sin(2 ))

450 650
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= + +

    (3.2.1) 

where s(λ) = [s1(λ), s2(λ), s3(λ)] = [S1(λ)/S0(λ), S2(λ)/S0(λ), S3(λ)/S0(λ)] contains the last 

three components of the normalized Stokes vector of the achromatic elliptical polarizer 

output state at the wavelength λ, and S0, 1, 2, 3(λ) are the Stokes vector. starget = [cos(ε), 0, 

sin(ε)] contains the last three components of the normalized Stokes vector of the target 

elliptical polarization with elevation angle ε. 
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As has been pointed out in Chapter 1, the operation of a linear retarder in converting 

polarization states can be understood geometrically. If we represent the input polarization 

state and output polarization state by points on the Poincaré sphere, then the output point 

can be obtained by rotating the input point about vector [cos(2T), sin(2T), 0] by R degree, 

where T is the fast-axis angle with respect to the horizontal axis, and R is the retardance 

of the linear retarder. This behavior is illustrated in Fig. 3.2.2. An input broadband 

polarized light through a linear retarder forms an arc on the Poincaré sphere. 

 

Fig. 3.2.2. The schematics show the trajectory of the output state on the Poincaré sphere, 

when the input state passes through a linear retarder with fixed fast-axis orientation but 

varying retardances from 0 to 360 degrees. Each trajectory represents a different fast-axis 

orientation T. The input state is (a) s = [1, 0, 0] and (b) s = [ 2 3/  , 0, 1 3/ ]. 

We divide our analysis into two cases. In the first case, we consider the configuration 

of an achromatic elliptical polarizer using one linear polarizer and two linear retarders as 

shown in Figs. 3.2.1(a) and 3.2.3(a). The first retarder rotates the linear polarized (LP) 

light to Arc A. Considering the reverse direction, we see that the second retarder rotates 

the target state to Arc B. The length of the arcs is determined by the wavelength range. If 

both Arc A and Arc B exactly overlap each other, then the second retarder rotates Arc A 

back to the target point perfectly, and an achromatic elliptical polarizer is achieved. 

Geometrically, the two arcs can be nearly overlapping if they are tangent and bent in the 

same direction. This coincidence can be further improved by slightly shifting one arc 

toward the other. Once the gap between the midpoints of two arcs is equal to the gap 

between the endpoints, a maximal coincidence is achieved. 
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We observe in Fig. 3.2.2 that all circles are centered on the equatorial plane. Hence, 

these circles can only be tangent at the equator. Therefore, we can make the conclusion 

that the midpoints of Arc A and Arc B are both located at the equator. Based on this, the 

optimized design for the achromatic elliptical polarizer can be calculated in the following 

way. First, we define the unit thickness of one linear retarder as a retardance range of 

180-δ to 180+δ degrees in the visible band (λ = 450nm to 650nm), where δ depends on 

the material’s optical properties. Since the first retarder layer rotates the LP state, which 

is on the equator, to an arc, whose midpoint is also on the equator, the relative thickness 

of the first layer, t1, is equal to 1. The actual thickness depends on the material properties, 

which in our experiment are measured by a polarimeter, and is equal to the thickness of a 

retarder with an average retardance of 180 over the wavelength range of interest. 

Similarly, the second layer translates the target state into an arc, whose midpoint is also 

on the equator. Thus, the relative thickness of the second layer, t2, is equal to β/180°, 

where β is the rotation angle to rotate the target state to the equator. Figure 3.2.3(a) shows 

a schematic of Arc A and Arc B on the Poincaré sphere. 

 

Fig. 3.2.3. The geometry of overlapping arcs on a Poincaré sphere is shown for (a) an input 

state of linear polarized light and (b) an input state of circular polarized light. 

In 3D space, a circle of radius r centered at point C can be described by a parametric 

equation: 

 
( ) cos( )* sin( )*( )P t r t u r t n u C= +  +

  (3.2.2) 
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Here, n  is the unit normal vector to the plane of circle, and u  is any unit vector 

perpendicular to n , in other words, any unit vector on the plane of the circle. The 

parameter, t, is the angle between the line CP and the unit vector, u . The values of n , u , 

C , r and t for Arc A and B are given below. Here θ1,2 and t1,2 are the fast-axis orientation 

and thickness of the two retarder layers, and m1,2 are the distances from the origin to the 

centers of curvature of the two arcs. 
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Note that the m1 can be derived from θLP, which is the angle of the linear polarizer’s 

transmission axis respect to the horizontal. 
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Combining Eq. (3.2.2) and Eq. (3.2.3), we can find the coordinates of the midpoints 

and endpoints of two arcs. The coordinates of the midpoints of Arc A and Arc B are 

given by 
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The coordinates of the endpoints of Arc A and Arc B are given by 
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The midpoints and endpoints are all on the unit sphere, and the dot product of two 

points is a good figure of merit of the amount of gap between the two points. 
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When Arc A and Arc B achieve maximal coincidence, the gap between midpoints 

should be equal to the gap between endpoints. Hence, in the case of maximal 

coincidence, the two dot products are equal. 

 2(180- ) (180- ) (180) (180)A B A BP P t P P • = •
  (3.2.8) 

Combining Eq. (3.2.7) and Eq. (3.2.8), we have 
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Note that both t2 and m2 can be calculated from θ2 by simple geometric derivation. 
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Combining the Eq. (3.2.9) and Eq. (3.2.10), m1 can be expressed in terms of θ1 and θ2. 

Therefore, the dot product of the two midpoints is a function of only θ1 and θ2. 

 1 2(180) (180) ( , )A BP P G  • =
  (3.2.11) 

G(θ1,θ2) is a function of  the two fast-axis angles and has multiple local maximums. 

Our goal is to find the two arcs with the most overlap, and the solution of the problem 

can be found by maximizing G(θ1,θ2). The expression for G(θ1,θ2) is complicated and 

difficult to maximize analytically; however, the solution can be easily solved numerically 

by using MATLAB optimization toolbox. The only parameter in the optimization is δ, 

which depends on material properties of the linear retarders. Once θ1 and θ2 are 

determined, t2 can be calculated using Eq. (3.2.10), and θLP can be calculated using Eq. 

(3.2.4), Eq. (3.2.9) and Eq. (3.2.10). 
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We next consider the second case for the configuration of achromatic elliptical 

polarizers using one circular polarizer and two linear retarders as shown in Figs. 3.2.1(b) 

and 3.2.3(b). For this case, the first retarder rotates the circular polarized (CP) light to 

Arc C. Considering the reverse direction, we see that the second retarder rotates the target 

state to Arc B. The problem becomes maximizing the coincidence of Arc B and Arc C. 

Since the first retarder layer rotates the CP state, which is on the pole, to Arc C, of which 

the midpoint is on the equator, the rotation angle of the midpoint is 90 degrees, and the 

relative thickness is equal to 1/2. The relative thickness of the second retarder layer t2 is 

equal to β/180°, which is the same as the first case.  Figure 3.2.3(b) shows a schematic of 

Arc C and Arc B on the Poincaré sphere. For Arc C, the values of n , u , C , rC and tC are 

given as follows: 

 

   

 

1 1cos(2 ),sin(2 ),0 ,  0,0,1

0,0,0 ,  1,  90 - / 2 90 / 2

C C

C C C

n u

C r t

 

 

= =

= =   +
  (3.2.12) 

From Eq. (3.2.12), we can find the coordinates of the midpoints and endpoints of Arc 

C. The coordinate of the midpoint of arc C is given by 

 
 1 1(90) sin(2 ),-cos(2 ),0CP  =

  (3.2.13) 

The coordinate of the endpoint of Arc C is given by 

 1 1(90- / 2) [cos( / 2)sin(2 ),-cos( / 2)cos(2 ),sin( / 2)]CP      =
  (3.2.14) 

The dot products of midpoints and endpoints are 
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When the two dot products are equal, we obtain the following equation: 
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Since both t2 and m2 can be derived from θ2, using Eq. (3.2.10), Eq. (3.2.16) is simply 

a relation between θ2 and Δθ = θ1-θ2, and it can be rewritten in a simpler form to solve Δθ 

from θ2. 

 2 2 2( )cos[2 ] ( )sin[2 ] ( )a b c     +  =
  (3.2.17) 

Here, coefficients a, b and c are all functions of θ2. 
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The solution of this equation is 
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Similarly, by combining Eq. (3.2.15) and Eq. (3.2.19), we find that the dot product of 

the two midpoints is a function of only θ2. 

 2(180) (180) ( )A BP P H • =
  (3.2.20) 

As in the previous case, the problem now becomes one of maximizing H(θ2). Once the 

optimized θ2 is determined, θ1 can be derived using Eq. (3.2.19), and t2 can be derived 

using Eq. (3.2.10). After we have the optimized values of θ1, θ2, t1, t2 and θLP, we can 

assemble an achromatic elliptical polarizer using the retarder and polarizer layers with the 

calculated optimized angles and thicknesses. 

3.3 Conversion between achromatic elliptical polarizers and analyzers 

In the previous section we discuss how to enable an achromatic elliptical polarizer. 

This means the polarizance vector, which is the first column of the Mueller matrix, is 

achromatic. However, this doesn’t mean its analyzer vector is achromatic. So, it cannot 

be directly applied to our broadband full-Stokes polarimeter. This section will discuss 
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how to convert an existing achromatic polarizer design to make it an achromatic elliptical 

analyzer. 

Here we assume that the achromatic elliptical analyzers are made by a series of linear 

retarders followed by a linear polarizer. The incident light first transmits through these 

linear retarders and then through the linear polarizer. The Mueller Matrix can be 

calculated as follows: 

 2 2 1 1
( ) ( , ) ( , ) ( , )

analyzer LP LP LR N N LR LR
M M M M M      =

  (3.3.1) 

where MLP(θ) represents the Mueller matrix of a linear polarizer, which has its 

transmission axis oriented at an angle θ with respect to horizontal. MLR(δ, θ) represents 

the Mueller matrix of a linear retarder, which has its fast axis oriented at an angle θ with 

respect to the horizontal and its retardance equal to δ. The two Mueller matrices are given 

by 
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The transpose of Eq. (3.3.2) is 
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We find that the transposition of the analyzer’s Mueller matrix is actually a linear 

polarizer followed by a series of linear retarders, which is an elliptical polarizer. 

Realizing that the first row of the analyzer is achromatic, the first column of the 

transposed matrix is also achromatic. In other words, the polarizance of the elliptical 

polarizer is achromatic, which makes the polarizer an achromatic elliptical polarizer. 

Once we have an achromatic elliptical polarizer made by a linear polarizer followed by a 
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series of linear retarders, we can rotate each retarder by π/2, reverse the order of the 

polarizer and retarders, and finally get an achromatic elliptical analyzer which has an 

achromatic first row in its Mueller matrix. The analyzer can be then applied to a 

broadband full-Stokes polarimeter. 

Figure 3.3.1(a) shows a division-of-focal-plane broadband full-Stokes polarimeter 

using four elliptical analyzers. The advantage of this design is that the four elliptical 

analyzers form a regular tetrahedron on the Poincaré sphere, which minimizes the 

measurement noise [43]. Another advantage of this design is that the four elliptical 

polarizers are symmetrical and can be fabricated by conventional photoalignment 

technique [64,65]. The elliptical polarizer (EP) can be made by combining one linear 

polarizer and two linear retarders. Once we have the first elliptical polarizer (EP1), the 

second elliptical polarizer (EP2) can be obtained by rotating EP1 by 90 degrees. The third 

and fourth elliptical polarizer (EP3 and EP4) can be obtained by first flipping each layer 

of EP1 around the horizontal and then rotating it by +/- 45 degrees. The four elliptical 

polarizers can be combined to form a 2x2 macro pixel in a division of focal plane (DoFP) 

configuration as shown in Fig. 3.3.1(b). 

 

Fig. 3.3.1. (a) The regular tetrahedron adopted for a broadband full-Stokes camera is shown 

along with the Poincaré sphere. The coordinates of vertices 1, 2, 3, 4 are [ 2 3/ , 0, 1 3/ ], 

[ 2 3/− , 0, 1 3/ ], [0, 2 3/ , 1 3/− ], [0, 2 3/− , 1 3/− ] respectively. (b) A design of a 

DoFP broadband full-Stokes camera shows the array of four elliptical polarizers. The 

macro pixel of each layer is displayed on right. 
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Note that the feasibility of this polarimeter will depend on whether an accurate 

patterned retarder layer in the scale of the pixel is achievable. Therefore, this design 

won’t be implemented in the polarimeters described in following chapters, in which its 

pixel size is several microns. 

3.4 Fabrication and optical characterization of an achromatic elliptical 

polarizer 

In this section, we describe the process of fabricating an achromatic elliptical polarizer 

using liquid crystal polymer (LCP) as the retarder layer. The result of this section also 

holds true for the fabrication of achromatic elliptical analyzers. The LCP is RMM141C 

reactive mesogen manufactured by EMD Chemicals. The LCP is photo-aligned using 

ultraviolet light (UV) and a linearly photopolymerizable polymer ROP108 (LPP) made 

by Rolic Technologies to form a linear retarder layer [66,67]. Figure 3.4.1(a) shows the 

retardance curve of RMM141C (17% weight-to-weight ratio in toluene and spin coating 

at 8000rpm) as a function of wavelength. This retardance curve can be fit to the 

measurement results by using a theoretical retardance equation of LCP derived from a 

single-band birefringence dispersion model [68]. 
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Here, Δϕ is the retardance, Δn is the birefringence, C is a proportionality constant, t is 

the thickness, λ is the wavelength, and λ* is the mean resonance frequency of the band. 

Utilizing the measured retardance curve, the optimized achromatic elliptical polarizer, 

i.e. EP1, is found to have the following parameters: θ1=82.76°, θ2=3.48°, t1=1, t2=0.446, 

θLP=0.63°. Here t1=1 means that the film thickness satisfies the relation Δϕ ( λ = 450nm ) 

+ Δϕ ( λ = 650nm ) =  2π. 
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Fig. 3.4.1. (a) The retardance curve of liquid crystal polymer RMM141C is plotted as a 

function of wavelength. (b) The plot shows the deviation curve of the optimized achromatic 

elliptical polarizer made of RMM141C. (c) The curve of the optimized achromatic 

elliptical polarizer output state on the Poincaré sphere is shown for wavelength range from 

450nm to 650nm; (d) The magnified view of (c) is shown. The green dot is the target state. 

Figure 3.4.1(b) shows the deviation curve of the optimized achromatic elliptical 

polarizer. The deviation is defined as the absolute value of the difference between the last 

three components of the normalized Stokes vector of the achromatic polarizer’s output 

state and the last three components of the normalized Stokes vector of the target elliptical 

polarization state. The maximum deviation is 2.34% for 450 to 650nm. Figure 3.4.1(c) 

shows the trajectory of the output polarization state on the Poincaré sphere. The detail of 

the trajectory is shown in Fig. 3.4.1(d). 

Figure 3.4.2 shows a schematic diagram of the fabrication process of the achromatic 

elliptical polarizer. The fabrication process consists of three parts: (1) fabrication of the 

second retarder, (2) fabrication of the first retarder, and (3) integration of retarders with a 

wire-grid linear polarizer. The two retarders are made by LCP and LPP on a glass 

substrate. The broadband wire grid linear polarizer is a laminated film manufactured by 

Asahi Kasei (model WGF). Detailed steps are described below. 
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1. The LPP is spin coated on soda lime glass substrate at 2500rpm for one minute. 

The glass substrate is 1.5 inches in diameter and has a flat cut on the edge to help 

with the angle alignment. 

2. The substrate is hard baked at 170 ºC for 5 minutes and exposed under 10mW UV 

light at 365nm for 10 minutes with a UV linear polarizer on top in order to 

produce linearly polarized UV illumination (LPUV). The linear polarized UV light 

defines the fast-axis orientation of LCP.  

3. The LCP solution is made by adding RMM141C to toluene at a 17% weight-to-

weight ratio and then spin coated at 8000rpm for 30 seconds. The LCP aligns with 

the LPP and forms a linear retarder layer. The fast-axis orientation is defined by 

the orientation of anisotropically cross-linked LPP. 

4. The substrate is hard baked at 53 ºC for 5 minutes and exposed with 10mW UV 

light at 365nm for 2 minutes to cure the LCP. 

5. A 50nm silicon oxide layer is deposited onto the substrate using electron beam 

evaporation technique. The silicon oxide layer is used as isolation between the two 

linear retarder layers. The silicon oxide layer appears to reduce the retardance of 

the thin film by about 3 percent. 

6. The sample is characterized by an Axometrics polarimeter. A re-optimization is 

performed to determine the best fast-axis orientation for the second retarder layer 

based on the measured retardance. 

7. Steps 1 to 5 are repeated for the fabrication of the first retarder layer. The LCP 

solution for the first retarder is made by adding RMM141C to toluene at a 30% 

weight-to-weight ratio. The LCP solution is spin coated at 4000rpm for 30 

seconds. 

8. A wire grid linear polarizer film is oriented and put in the front of the two retarder 

layers. 
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Fig. 3.4.2. The schematic shows the fabrication process of an achromatic elliptical 

polarizer. 

The sample is characterized by an Axometrics Mueller matrix polarimeter. Figure 

3.4.3(a) shows the deviation curve of the sample and the comparison to the theoretical 

curve predicted by the optimization. The experimental result and theory prediction match 

well within measurement errors. Figure 3.4.3(b) shows the trajectory of the sample’s 

output state on the Poincaré sphere. Figure 3.4.3(c) shows the magnified view of the 

experimental curve. The sample has a maximum deviation of about 4% at for wavelength 

of 450nm to 650nm, which makes it a good achromatic elliptical polarizer. The 

theoretical design is expected to have 2.34% maximum deviation. The fabricated sample 

is about 2% higher than that. That can be due to the measurement noise, or the fabrication 

error. 
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Fig. 3.4.3. (a) A comparison of the deviation curve of the fabricated sample and theoretical 

prediction is shown. The bar represents the measurement error of the Axometrics 

polarimeter. (b) The trajectory of the sample’s output state is shown on the Poincaré sphere 

for wavelength range from 450nm to 650nm. (c) The magnified view of the trajectory in 

(b). The blue curve is the trajectory of theoretical prediction. The green dot is the target 

state. 

In real fabrication process, it is hard to control the thickness and angle of each layer to 

be exactly the same as the design. Here we take a Monte Carlo simulation to calculate the 

error arises from that. The variation of retarder layer thickness is uniformly randomly 

chosen within ±2%, which is a reasonable value for spin coating process. The variation of 

retarder and polarizer angle is randomly chosen within 1°. Figure 3.4.4 shows the 

maximum deviation histogram for 1000000 different designs using Monte Carlo 

simulation. The peak of the histogram gives ~5.5% maximum deviation.  
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Fig. 3.4.4. Histogram of maximum deviation from 1000000 times of Monte Carlo 

simulation. 

3.5 Tradeoff between EWV and analyzer vector variation 

One concern when designing achromatic analyzers for broadband polarimeters is to 

balance the achromaticity of analyzers and the performance of polarimeters. For 

achromatic analyzers that consists one linear polarizer and multiple linear retarder layers, 

its analyzer vector variation always increases as the target ellipticity increases. This 

phenomenal can be understood in a simple way. Since this type of achromatic analyzers 

tries to use multiple layers of linear retarder to transform a broadband linear analyzer to a 

broadband elliptical analyzer, the target ellipticity represents how far away this 

transformation goes from the equator to the pole. When the ellipticity increases, the 

transformation is harder and the outcome achromaticity will be worse. Meanwhile, a 

higher ellipticity means the analyzer is closer to the pole, which is the circular 

polarization, and further to the equator, which is the linear polarization. Therefore, the 

analyzer is more suitable for measuring the S3 and less suitable for measuring S1 and S2. 

We use the polarimeter described in Fig. 3.3.1 to illustrate this. The polarimeter uses 

four symmetric analyzers that uses the same design with the angle flipped and rotated to 
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realize the optimal regular tetrahedron on the Poincaré sphere. Once the analyzers are 

redesigned to a smaller ellipticity, the analyzers will get smaller analyzer vector variation, 

but the tetrahedron is compressed toward the equator. That means the polarimeter is more 

accurate on measuring S1 and S2 but less accurate on measuring S3. On the other hand, 

increasing the ellipticity of the analyzers squeezes the tetrahedron toward the pole and 

improves the accuracy of S3 measurement at the cost of lower accuracy of S1 and S2. 

EWV is used to evaluate the overall performance of the polarimeter. Fig 3.5.1 shows 

the curve of EWV and the maximum analyzer vector variation versus the elevation angle 

of the analyzer vector on the Poincaré sphere, for the polarimeter described in Fig. 3.3.1. 

The EWV is expected to reach minimum at the optimal regular tetrahedron and increases 

as the analyzer vector deviates from the optimal point. The maximum analyzer vector 

variation is roughly proportional to the elevation angle. 

 

Fig. 3.5.1. The EWV and maximum analyzer vector variation versus the elevation angle of 

the analyzer vector. 

As has been explained in Chapter 2, the EWV represents the noise amplification factor 

from raw intensity measurement to the Stokes vector reconstruction. When designing the 
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analyzers for the polarimeters, we want the EWV to be minimum. But what will be the 

impact of analyzer vector variation? Of course, we want it to be as small as possible. In 

subsequent paragraph, we are going to take a closer look on this. 

We know in Chapter 2 that the polarimeter takes a set of intensity measurements 

through different analyzers. The relation between measured intensities and the Stokes 

vector can be rewritten in matrix form by combining all N measurements together: 
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Here S represents the Stokes parameters, and I is an N-element vector that contains all 

measured intensities. The measurement matrix, denoted by W, is a N-by-4 matrix, with 

each row representing the analyzer vector of one measurement. To reconstruct the Stokes 

vector, we take the pseudo-inverse of the measurement matrix and multiply it by I. 

 S W I+=   (3.5.2) 

When using a polarimeter, the measurement matrix is first calibrated at a specific 

wavelength or use the theoretical designed value. The calibrated measurement matrix is 

used to reconstruct the Stokes vector of incoming light of arbitrary spectrum. This can be 

described as: 

 
( )' cal calS W I W W S+ += =

  (3.5.3) 

Here S and S’ represent the actual Stokes vector and reconstructed Stokes vector. Wcal 

is the calibrated measurement matrix. W is the real measurement matrix and depends on 

the spectrum of the incoming light. This spectrum-dependent measurement matrix 

variation increase as the analyzer vector has larger wavelength-dependent variation. To 

get an accurate reconstruction, we want the calW W+  as close to the identity matrix as 

possible. That is the motivation for minimizing the analyzer vector variation. 

To illustrate the impact of analyzer vector variation on Stokes vector reconstruction, 

we consider two polarimeters designed in the style described in Section 3 as the example. 
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Both polarimeters use four symmetric achromatic analyzers to realize four intensity 

measurements. The analyzers are designed for wavelength range of 450nm to 650nm and 

have elevation angles of 35.26° (Optimal) and 20° for the two polarimeters, respectively. 

The retarder material is the same as the one in Section 4. Figure 3.6.2 shows the 

measurement tetrahedron of the two polarimeters on the Poincaré sphere. While the green 

one is the optimized tetrahedron with smallest EWV, the blue one has a smaller analyzer 

vector variation. The EWV of the two polarimeters are 10 and 14.08, respectively. The 

maximum analyzer vector variations are 2.34% and 1.31%, respectively. 

 

Fig. 3.5.2. The measurement tetrahedron of the two polarimeters are plotted on the Poincaré 

sphere. Both polarimeters use four symmetric achromatic analyzers as described in Section 

3. The green one is the optimal tetrahedron using analyzers of 35.26° elevation angle. The 

blue one is a non-optimal tetrahedron using analyzers of 20° elevation angle. 

The two polarimeters use the measurement matrix with the designed value, to measure 

monochromatic polarized light at 650nm. The reason for choosing 650nm is that it is at 

the edge of the design wavelength and endures the maximum analyzer vector variation. 

The numerical form of Eq. (3.5.3) is computed to be 
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for the green polarimeter in Fig. 3.5.2, and 
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for the blue polarimeter in Fig. 3.5.2. 

Figure 3.5.3 shows the calculated error of Stokes reconstruction for all possible 

polarized incoming light. Due to the symmetry of the polarimeter design, the summation 

of all four intensity measurements is always equal to the S0, without regard to the 

wavelength. Therefore, the reconstruction errors of S0 are zero for both polarimeters. The 

S1 is underestimated or overestimated by 1.66% (green polarimeter) or 0.47% (blue 

polarimeter) when the incoming light is linearly polarized at 90° or 0°. The S2 is 

underestimated or overestimated by 1.66% (green polarimeter) or 0.47% (blue 

polarimeter) when the incoming light is linearly polarized at 135° or 45°. The S3 is 

underestimated or overestimated by 3.31% (green polarimeter) or 3.60% (blue 

polarimeter) when the incoming light is left circular polarized or right circular polarized. 

In general, the impact of analyzer vector variation depends on the spectrum shape and 

polarization state of the incoming light. 

We find out that the blue polarimeter has less reconstruction error on the linear 

polarization component of the Stokes vector. This is expected since it has less analyzer 

vector variation. But to our surprise, the two polarimeters have equal performance on S3 

reconstruction, even if the green one has twice the analyzer vector variation of the blue 

one. This is because the circular polarization measurement of blue polarimeter is more 

sensitive to the analyzer vector variation since its analyzer vector is further to the pole. 

For this particular case, the circular polarization measurement cannot be improved by 

lower down the analyzer vector toward the equator.  
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Fig. 3.5.3. The green polarimeter (top) and the blue polarimeter (bottom) in Fig. 3.6.2 ‘s 

reconstruction errors of S0, S1, S2, and S3 are plotted as a function of incoming polarization 

states. We assume the incoming light is monochromatic at 650nm. The incoming light is 

fully polarized with a fixed S0 = 1, such that the DoCP and AoLP are sufficient to define 

all four Stokes parameters. 

How about considering the EWV and analyzer vector variation together? This can be 

done by adding into a noise vector   on the intensity measurement at Eq. (3.5.3):  
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Here  is a 4-element vector, containing the noise of four intensity measurements, 

respectively. The noise can be viewed as signal-independent, since all 4 analyzers have 

the same average transmission and the four intensity measurements should have equal 

signal level. 
4I  is the 4 by 4 identity matrix. From Chapter 2 we know that  
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So, the term calW +  is the EWV-related error, which arises from the noise 

amplification in Stokes reconstruction. It only depends on the measurement matrix. The 

term ( )4calW W I S+ −  is the analyzer vector variation related error. It is both measurement 

matrix dependent and signal polarization dependent. When designing the achromatic 
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analyzers for a broadband polarimeter, the two errors need to be balanced to get a 

reasonable performance of the polarimeter. 

3.6 Discussion and conclusion 

In this chapter, a general theory of achromatic elliptical polarizers is presented. A 

sample consists of two-layer retarder and one-layer polarizer is fabricated and tested with 

performance agreed well with our calculation. A better performance of achromatic 

elliptical polarizer, i.e. a flatter wavelength response, can be achieved by adding a third 

retarder layer or additional retarder layers. In this case, the first retarder layer and the last 

retarder layer rotate the input state and the target state to an input arc and an output arc, 

respectively, and the remaining retarder layer or layers can be understood as 

transformations of arcs. These transformations should transform the input arc to a curve 

that matches the output arc. With addition of more retarder layers, more degrees of 

freedom are introduced, reducing the difference between the input and output arcs and 

resulting in a flatter wavelength response and a larger operating wavelength range. A 

three-retarder-layer solution for achromatic circular polarizer has been previously 

demonstrated by Pancharatnam [47]. In this final section, we explore the theoretical 

performance of achromatic elliptical polarizer with more than two retarder layers. 

MATLAB optimization toolbox is used to find the optimized design of three-layer 

retarder and four-layer retarder configuration, for visible band ( = 450nm to 650nm) and 

a wider band ( = 400nm to 1µm). The material for the retarder layer and the target state 

are the same as that in Section 4. For three-layer and four-layer configurations, 

geometrical analysis is so complicated that the number of optimization variables cannot 

be reduced into one or two, as in the case of the two-layer configuration. Instead, we 

directly optimize the thickness and fast-axis orientation for all retarder layers using the 

MATLAB optimization toolbox. Although we have performed the calculation using 

many iterations, we cannot ascertain that the results are the global minimum. The 

optimization results are likely to be local minimum, but they provide a general trend for 

addition of retarder layers and a good set of designs with low deviation. Figure 3.6.1 

shows the deviation curves of two-layer, three-layer and four-layer configuration. For 
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visible band, the maximum deviation is reduced from 2.3% to 0.3% and 0.04% by using 

three-layer and four-layer configuration, respectively. When the operating wavelength 

increases from 650nm to 1µm, the two-layer configuration has a high deviation of 12%, 

while the three-layer and four-layer have a better performance, with maximum deviation 

of 1% and 0.7%, respectively. Our calculations show the general trend that additional 

layers of retarder can flatten the deviation and increase the operating wavelength range of 

the achromatic elliptical polarizer. 

 

Fig. 3.6.1. The deviation curve of optimized 2, 3, 4 retarder layer configurations for 

wavelength range of (a) =450nm to 650nm and (b) =400nm to 1m 

In conclusion, we present one design approach for the achromatic elliptical polarizer 

and apply our design to broadband full-Stokes imaging. The achromatic elliptical 

polarizer is comprised of a minimum of two linear retarders and one linear or circular 

polarizer. An simple conversion between polarizers and analyzers is demonstrated. Our 

technique can be applied to the design of polarizers and analyzers of any ellipticity, 

including circular polarization. 
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Chapter 4: Division of amplitude RGB full-

Stokes imaging polarimeter 

4.1 Background 

In this chapter, an RGB full-Stokes imaging polarimeter is constructed and tested. 

This novel polarimeter design involves an arrangement combining both division-of-

amplitude and division-of-focal-plane configurations, and can capture the intensity, color, 

and polarization of an optical field simultaneously. 

Our RGB full-Stokes imaging polarimeter design is based on two custom color 

polarization cameras constructed by 4D Technology. The custom camera is a division-of-

focal-plane RGB linear-Stokes imaging polarimeter, realized by applying a wire-grid 

micro-polarizer array onto the traditional RGB Bayer sensor array, as shown in Fig. 4.1.1. 

Thus, the camera can capture both linear polarization information and color information 

of any target scene with appropriate demosaicing [25,29,40]. 

 

Fig. 4.1.1. The sensor array and Bayer color filter array of the color polarization camera 

have a 4.5µm pitch. The linear micro-polarizer array has a 9µm pitch. 

The color polarization camera uses a CMOS imaging sensor comprising 1200 by 1600 

total pixels of which 1082 by 1312 are usable pixels. The pitches of the Bayer array and 

the micro-polarizer arrays are 4.5µm and 9µm, respectively. The parallel transmission of 

the micro-polarizer array for linear polarized light is >70% over the visible band, and the 

extinction ratio is >25. The camera supports digital output up to 12 bits depth. The frame 

rate can reach 54fps. The camera can be connected and controlled by computers via a 

Gigabit Ethernet cable.  

4.2 Polarimeter design 
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In this work, we put an achromatic quarter wave plate (QWP), manufactured by 

Bolder Vision, in front of the first color polarization camera in order to capture circular 

polarization information. This color polarization camera is integrated with a second color 

polarization camera to form a division of amplitude RGB Full-Stokes imaging 

polarimeter. The system configuration is shown in Fig. 4.2.1. A non-polarizing cube 

beam splitter is utilized to divide the incoming light into two components. A glass 

compensating plate, with the same thickness as the achromatic QWP, is inserted in front 

of the second color polarization camera, to produce the same aberrations and images on 

the two cameras [69].  In addition, the cube beam splitter operates by the principle of 

frustrated total internal reflection (FTIR) to separate light [70], there exists a retardance 

between the output s- and p-polarized light. Figure 4.2.2 shows the retardance curve of 

the achromatic QWP and the transmittance path of the beam splitter. The lens interface is 

a Pentacon lens mount; an Arsat 30mm f/3.5 lens is used in the measurements. The lens 

has a long flange focal distance of 74.1mm, necessary for the beam splitter installation, 

and a large field of view for outdoor measurements. 

 

Fig. 4.2.1. The schematics of the RGB full-Stokes polarimeter. An external color filter is 

added to narrow the transmission band of each of the RGB color. 
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Fig. 4.2.2. The measured retardance curve of the achromatic QWP and the transmittance 

of the cube beamsplitter. 

4.3 Polarimeter assembly 

Accurate measurement of color and of the polarization state requires precise alignment 

of the two color polarization sensors and the calibration of all the pixels in each sensor. 

The alignment of the polarimeter is performed by using precision translation and rotation 

stages to adjust the camera position, so that the image of one camera’s sensor through the 

cube beam splitter matches perfectly with the other camera’s sensor, at sub-pixel 

accuracy. 

The alignment of the RGB full-Stokes polarimeter begins with fixing one color 

polarization camera with screws and epoxy and clamping another color polarization 

camera to a precision translation and rotation stage. The stage controls all six degrees of 

freedom of the camera position, which are rotation about the x, y, and z-axis, and 

translation at x, y, and z-axis. Here we define the optical axis as the z-axis and the x-axis 

as normal to the camera substrate. The setup is shown in Fig. 4.3.1. 



76 

 

 

Fig. 4.3.1. A photo shows the top view of the alignment experiment setup. 

The first step is adjusting the rotation about the x- and y-axis, so that the sensor of the 

clamped camera is parallel to the image of the fixed camera’s sensor viewed through the 

beam splitter. This is achieved by illuminating the polarimeter with a collimated beam. 

The collimated beam is reflected by the two sensors and results in two collimated beams 

coming back. The output beam passes through a positive lens and is focused on a focal 

plane, shown in Fig. 4.3.2. If the two sensors are parallel to each other, the two output 

beams are parallel and the focal points fall on the same position. In the experiment, the 

screws that control Camera 2’s rotation about the x and y-axis are adjusted so that the two 

focal points overlap each other. 

 

Fig. 4.3.2. A schematic shows the first step of the alignment process. 

The next step is adjusting the remaining 4 degrees of freedom, which is rotation about 

z-axis and translation of the x, y, and z-axes. In this step, the polarimeter is equipped with 
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an imaging lens, and a target with four small points is captured by the two cameras. The 

two cameras produce two images of the target. The remaining 4 degrees of freedom are 

adjusted to make the coordinates of the four points on the two images to be as close as 

possible. 

After all 6 degrees of freedom are optimized, the clamped camera is be fixed by 

screws and epoxy. The camera is fixed after the epoxy is cured and the clamp and 

adjustment stage are subsequently removed. The alignment performance is tested by 

measuring a 1951 USAF resolution test chart and by comparing the intensity profiles 

along different lines along the test chart image. The result of the alignment is shown in 

Fig. 4.3.3, which shows image of the test chart captured by two aligned cameras. The 

intensity profile is plotted along different resolution lines in the two images. It is shown 

that the intensity profile matches closely to sub-pixel resolution. 

 

Fig. 4.3.3. Alignment result using a USAF resolution test chart taken by the two color 

polarization cameras is shown on the left. Plots of the intensity profile along different lines 

(Line 1 to Line 4) of the captured images are shown on the right. 

The alignment offset value in pixels between the two cameras can be estimated by 

comparing the images from the two cameras. The image taken by Camera 1 in Fig. 4.3.3 

is rotated by different Δθ values about the center of the sensor and translated by different 

Δx and Δy values. A reconstructed image can be calculated using bilinear interpolation 
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after translation and rotation of the original image. The Mean Squared Error (MSE) 

between the reconstructed image and the image taken by Camera 2 can be calculated for 

different values of Δθ, Δx, and Δy. The smallest MSE is found for Δx =0.326 pixels, Δy 

=0.296 pixels, and Δθ =0.0294°, which provide an estimate of the alignment offsets 

between the two cameras. The MSE is defined by 
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where I1 and I2 represents the intensity values of the two images for comparison. 

4.4 Polarimeter calibration 

The aligned polarimeter is subsequently calibrated to measure the analyzer vector of 

each pixel. The analyzer vector describes how each pixel responds to different colors and 

polarizations of the input light. It is used in the reconstruction of the color and 

polarization image from the raw data and takes into account the variation of each pixel 

and the misalignment. 

As shown in Fig. 4.4.1, the Bayer filters have a broad transmission spectrum that 

overlap each other. Each color pixel has sensitivity of red, green, and blue light, resulting 

in crosstalk between different color channels. In other words, a measurement taken at one 

color channel includes some responses to light in the other two color channels. A 

calibration of the polarimeter color response is required to get a good polarization 

measurement in each individual color channel. This calibration is accomplished by 

modeling the pixel's response behavior such that every pixel of the polarimeter has a 

polarization response for each red, green, and blue channel. The polarization response of 

a pixel can be described as an analyzer vector. Eq. (4.4.1) described the relationship 

between the intensity value I, the analyzer vector A, and the input Stokes vector S of a 

pixel.  
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Here SRi, SGi, SBi are the Stokes vectors of the input light at red, green, and blue 

channels, where i=0,1,2,3 denotes the four Stokes parameters. ARi, AGi, ABi are the 

analyzer vectors of the pixel at red, green, and blue channels. 

The calibration of the RGB full-Stokes polarimeter is done at the wavelengths 460nm 

(B), 540nm (G), and 610nm (R), which are the peaks of the spectral response of the color 

sensor. To reduce the calibration error from the dispersion of the achromatic QWP and 

cube beam splitter, we put an external color filter in front of the beam splitter to narrow 

the response region of the polarimeter’s color sensor. The spectral response of the color 

sensor and the external color filter are shown in Fig. 4.4.1. Figure 4.4.2 shows the 

calibration setup. White light from a tungsten lamp is filtered by a bandpass filter and 

collimated by a positive lens. The collimated light can avoid oblique incidence on the 

sensor and increase the intensity of the light received by the sensor. The collimated light 

then passes through a fixed linear polarizer and rotatable achromatic QWP and is 

received by the polarmeter. For each wavelength, the polarimeter takes 18 intensity 

measurements with transmission axis of linear polarizer at vertical and fast axis of QWP 

at 0, 10, 20, …, 170 degrees. In total, there are 54 intensity measurements for the 54 input 

light states. The relationship between the intensity and the analyzer vector is given by 
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Here In and the nth column of matrix S represent the intensity value and input Stokes 

vector of nth measurement respectively. The analyzer vector of one pixel can then be 

calculated as 

 A IS+=   (4.4.3) 
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where S+ represents the pseudo inverse of the matrix S. The analyzer vector of each 

pixel can be used in the Stokes vector reconstruction from the raw image taken by the 

polarimeter. 

 

Fig. 4.4.1. The spectral response of the polarimeter’s color sensor and the transmission 

spectrum of the external color filter are shown. 

 

Fig. 4.4.2. The calibration setup of the RGB full-Stokes polarimeter is shown. 
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Fig. 4.4.3. Top: the histograms of the diattenuation of red (left), green (middle) and blue 

(right) pixels are shown. The dashed lines represent the average value. Bottom: the 

calibrated analyzer vectors of all red (left), green (middle), and blue (right) pixels of the 

polarimeter are plotted on the Poincaré sphere. The black dots represent the analyzer vector 

of the ideal case. 

 

Fig. 4.4.4. The misalignment between micro-polarizer array and color filter array causes 

the different diattenuation between three color channels. 

Figure 4.4.3 shows the computed analyzer vectors of all red, green, and blue pixels of 

polarimeter and the histograms of their diattenuation. The histograms show that the 

average diattenuation, indicated by the dashed line, of the blue, green, and red pixels are 

1.01, 0.96 and 0.89 respectively. However, the diattenuation of a wire-grid polarizer 

generally increases with longer wavelengths. One explanation for our observation is that 

there is an alignment offset between the micro-polarizer array and the Bayer array, shown 

exaggerated in Fig. 4.4.4, such that the red pixel is covered by four kinds of linear 

polarizers, while the green pixel is covered by two and the blue pixel is covered by one. 

Thus, the analyzer vector of red pixel is a mixture of four linear polarizers at different 
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orientations, leading to a smaller overall diattenuation. The observed variation of the 

histograms provides a sense of not only the spatial variation of the alignment between the 

micro-polarizer array and the Bayer array but also the calibration error resulting from the 

analyzer vector calculation process. In the Poincaré sphere plot, the analyzer vector for 

the ideal case is also shown in black dot. In the ideal case, the beam splitter should not 

have any polarizance effect, the QWP is a perfect achromat, and each pixel has an 

identical response. The orientation of the QWP’s fast axis is estimated to be at 

approximately 165° respect to horizontal. In the figure, we can see the analyzer vectors 

form 8 clusters, which corresponds to 8 types of red, green, and blue pixels inside a 4 by 

4 macro-pixel of the polarimeter. Note that the green channel has twice the number of 

pixels due to the Bayer filter’s arrangement. For convenience, we consider the 

measurements as 16 independent measurements and divide the analyzer vectors into 16 

clusters. The analyzer vector inside each cluster is averaged and combined to form the 

measurement matrix. The measurement matrix can then be used to estimate the noise of 

the Stokes vector reconstruction, i.e. the measurement of the Stokes vector. Here we use 

the CN (conditional number), EWV (equally weighed variance), and RAD (reciprocal 

absolute determinant), defined by 
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as the figure of merit [42]. These three parameters are related to the singular values µ 

of the measurement matrix of the Stokes vector. As has been explained in Chapter 2, they 

do not represent the intrinsic noise of the intensity measurement performed by the pixel. 

Instead they provide a sense of the noise amplification in the Stokes vector reconstruction 

process. In general, smaller values denote more accurate measurements. The singular 

values increase as the number of intensity measurement increases. Thus the RAD and 

EWV usually increase with more measurement, while the CN, which is the ratio between 

singular values, does not change. Table 4.4.1 summarizes the comparison of the three 

parameters for the polarimeter and for the ideal case. The polarimeter has slightly larger 

values of CN, EWV, and RAD than the ideal case, but their difference is not very large. 

Note that the green channel has a smaller EWV and RAD due to twice the number of 

green pixels in the Bayer filter arrangement. For comparison, the CN of two single 
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wavelength full-Stokes polarimeters designed by Myhre et al. and Hsu et al. are 3.2255 

[19] and 1.7321 [20] respectively. 

Table 4.4.1. Noise comparison between the polarimeter and the perfect case 

Figure 

of 

merit 

Polarimeter Perfect case 

Red 

channel 

Green 

channel 

Blue 

channel 

Red 

channel 

Green 

channel 

Blue 

channel 

CN 3.1809 2.7980 2.3598 2 2 2 

EWV 2.3805 0.9151 1.5236 1.3750 0.6875 1.3750 

RAD 0.1671 0.0293 0.0962 0.0884 0.0221 0.0884 

4.5 Stokes vector reconstruction 

The color and Stokes vector reconstruction can be divided into two steps. In the first 

step, missing intensity measurements are recovered at each pixel by bicubic-spline 

interpolation. For the RGB full Stokes polarimeter, there are two color polarization 

cameras. Each camera has a micro-polarizer array applied on top of the Bayer filter array. 

The micro-polarizer array contains polarizers at 0, 45, 90, 135 degrees and the Bayer 

filter array contains one red filter, one blue filter, and two green filters. Thus, there is a 

total of 2*4*4 = 32 intensity measurements performed by the two cameras for each set of 

16 pixels. However, only one intensity measurement is taken at each pixel, which is not 

enough to solve the Stokes vector at the three color channels. Therefore, for each set of 

pixels that performs one kind of measurements, we have to recover the measurements for 

the rest of the pixels using bicubic-spline interpolation. The analyzer vector of each 

measurement is also interpolated element by element. Figure 4.5.1 shows the 

interpolation methods for red, green, and blue pixels. For red and blue pixels, the bicubic-

spline interpolation is done along horizontal and vertical direction. For green pixels, the 

two green pixels inside a Bayer unit cell are regarded as two independent measurements 

and are interpolated separately. After the interpolation, we have 32 analyzer vectors and 

32 intensity measurements at each pixel. Better interpolation techniques can be applied to 

get smaller sampling error [71-73]. 
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Fig. 4.5.1. A schematic of the interpolation of the red, green, and blue pixels is shown. The 

dashed lines represent the direction of interpolation. Note that the green pixel is divided 

into two independent set of pixels which are interpolated separately. 

In the second step, the Stokes vector is calculated at each pixel. The 32 analyzer 

vectors are combined to form a measurement matrix W. The relationship between W and 

intensity measurements can be described as 
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Here S is the input Stokes vector and can be solved as 

 S W I+=   (4.5.2) 

where W+ is the pseudo inverse of the measurement matrix. 

An estimation of the polarimeter’s performance is made by illuminating the 

polarimeter with specific polarization states and reconstruct its Stokes vector. The setup 

is identical to the calibration setup illustrated in Fig. 4.4.2. Polarization states with 

different degree of circular polarization (DoCP) and degree of linear polarization (DoLP) 

at three color channels are generated by filtering white light with bandpass filters at 

460nm, 540nm, 610nm and sending the light through a fixed linear polarizer and a 

rotating achromatic quarter wave retarder. The FWHMs of the bandpass filter are 

approximately 10nm. The generated polarization states are characterized by both an 

Axometrics Mueller matrix polarimeter and our polarimeter. The DoLP and DoCP 

measured by the Axometrics polarimeter are considered as the measurement standard. 

The estimated accuracy of the Axometrics polarimeter is 3% and 1% for DoLP and DoCP 

measurements, respectively, based on measurements of air. The DoLP and DoCP 

measured by every pixel of our polarimeter are averaged and compared with the 
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Axometrics polarimeter measurements as an estimation of its accuracy. The standard 

deviation is regarded as the precision of the polarimeter. Figure 4.5.2(a) shows the 

average measurement of DoLP and DoCP performed by the polarimeter with a standard 

deviation error bar. The Axometrics polarimeter measurements are represented by the 

solid lines. Figure 4.5.2(b) shows the difference between the polarimeter measurements 

and the Axometrics polarimeter measurements. The error of DoLP and DoCP is seen to 

be less than 6.5% and 7.6%, respectively. Figure 4.5.2(c) shows the standard deviation of 

measurements of all pixels in our polarimeter. It is shown to be less than 14% for DoLP 

and 10% for DoCP. Sources of error include inaccuracy from the interpolation of the 

Stokes vector, sensor noise and mechanical precision in the control of the retarder angle 

which is estimated to be ± 0.25 °. 
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Fig. 4.5.2. The DoCP and DoLP are measured at different retarder orientations. (a) The 

solid line represents the DoCP and DoLP characterized by an Axometrics polarimeter. The 

solid dot and error bar represent the average DoCP and DoLP measurements and standard 

deviation of the RGB full-Stokes polarimeter, respectively. (b) The difference between the 

Axometrics polarimeter measurements and our polarimeter average measurements is 

plotted as a function of retarder angles. (c) The standard deviation of the RGB full-Stokes 

polarimeter measurements is plotted as a function of retarder angles. 

4.6 Results and conclusions 

 

Fig. 4.6.1. The RGB full-Stokes image of phone displays with an Android phone displaying 

a color target on the left, an iPhone displaying a color target in the middle, and paper color 

target on the right. 
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Fig. 4.6.2. The RGB full-Stokes image of a chopper wheel with circular polarizer placed 

at the inner wheel and linear polarizer placed at the outer wheel. 

  

Fig. 4.6.3. The RGB full-Stokes image of three beetles shows the exoskeletons acting like 

a reflective polarizer. 
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Fig. 4.6.4. The RGB full-Stokes image of several toys is shown. 

 

Fig. 4.6.5. The RGB full-Stokes image of a window building. The window is highlighted 

in the DoLP images. 
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Fig. 4.6.6. The RGB full-Stokes image of sky taken through a window shows the stress 

birefringence of the glass in the window. 

  

Fig. 4.6.7. The RGB full-Stokes image of the sky, clouds, and mountain is shown. 
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Fig. 4.6.8. The RGB full-Stokes image of cars in assorted colors is shown. 

Four indoor and four outdoor scenes are taken by the RGB full-Stokes polarimeter to 

demonstrate its performance. Their Stokes vector elements, DoLP, AoLP, and DoCP are 

plotted and shown above. The three Stokes parameters S1, S2, S3, can have negative 

values and cannot be displayed like the S0 image, in which black represents zero and 

higher brightness means larger intensity. Instead we use grey to represent zero, black to 

represent negative, and white to represent positive. In the DoLP and angle of linear 

polarization (AoLP) images, we use a color chart to display the linear polarization 

information, in which the hue represents the AoLP and the intensity represents the DoLP. 

Figure 4.6.1 shows the Stokes image of a color target displayed by an iPhone and an 

Android Phone respectively. The iPhone display has circular polarization while the 

Android Phone has linear polarization. 

Figure 4.6.2 shows the RGB full-Stokes image of a polarization wheel. The 

polarization wheel is covered with linear polarizers in the outer circle and circular 

polarizers in the inner circle. In the image, we see that the outer circle has large linear 

polarization while the inner circle has large circular polarization. 
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Figure 4.6.3 shows the RGB full-Stokes image of three beetles. The exoskeleton of the 

beetle is known to have circular polarization due to the chirality of the microstructure. In 

the image, we see both significant circular polarization and linear polarization. The linear 

polarization is due to the Fresnel reflection of the illuminating light. 

Figure 4.6.4 shows the RGB full-Stokes image of a set of toys. In the image we see 

some linear polarization due to the Fresnel reflection of the illuminating light. 

Figure 4.6.5 shows the Stokes image of an outdoor building. The window of the 

building has large linear polarization due to Fresnel reflection. 

Figure 4.6.6 shows the RGB full-Stokes image of stress birefringence. The image is 

taken by capturing the sky through a window. The sky is a linear polarized source while 

the window serves as a retarder due to its stress birefringence. When a linear polarized 

light passes through a retarder, the light is converted to elliptical polarization, which has a 

component of circular polarization. In the image, we see significant variation of DoCP, 

which indicates the stress distribution inside the window. 

Figure 4.6.7 shows the RGB full-Stokes image of the sky, clouds, and mountain. In 

the image, we see that the sky has linear polarization while the cloud and mountain does 

not. 

Figure 4.6.8 shows the RGB full-Stokes image of cars in assorted colors. The car has 

large linear polarization due to the Fresnel reflection on its smooth surface. The darker 

the car is, the smaller is the scattering light and the larger is the fraction of specular 

reflection. In the image we see that the black car has the largest DoLP while the white car 

has the smallest DoLP.  

The polarimeter has the capability of rapid continuous measurement to produce Stokes 

video. The acquisition of the video involves the synchronization of two cameras; the 

Stokes vectors at different color are reconstructed frames by frames. The two cameras are 

synchronized by using the MATLAB package "Image Acquisition Toolbox Support 

Package for GigE Vision Hardware" to control the cameras. The two cameras are 

connected to one computer via a Gigabit Ethernet Cable and a network switch. Multiple 
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camera parameters such as trigger delay and package delay are adjusted to achieve 

continuous and synchronous frames. 

In conclusion, we have constructed, calibrated, and tested a 2 mega-pixel RGB full-

Stokes imaging polarimeter that can capture intensity, color, and polarization of an 

optical field in one shot. The polarimeter is based on applying the division-of-amplitude 

technique to two division-of-focal-plane RGB linear Stokes polarimeters. The two RGB 

linear Stokes polarimeters are aligned by a translation and rotation stage to sub-pixel 

accuracy. The calibration of the polarimeter involves the characterization of both color 

and polarization responses of each pixel, allowing the polarimeter to reconstruct the color 

and polarization of the optical field at the same time. Bicubic-spline interpolation is used 

to calculate the RGB Stokes vector for each pixel from the raw measurements. Several 

indoor and outdoor scenes are captured to test the polarimeter’s performance. Our 

polarimeter can rapidly detect polarization signals of various natural scenes and can be 

used in many applications such as biomedical imaging and remote sensing. 
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Chapter 5: Division of focal plane RGB full-

Stokes imaging polarimeter 

5.1 Background 

In this chapter, a compact division-of-focal plane RGB full-Stokes polarimeter is 

assembled and tested. This polarimeter utilizes a single layer of micro-pixelated linear 

retarder based on low dispersive birefringent reactive mesogen. This instrument can 

measure the full-Stokes vector in the red, green, and blue channels in a single shot. 

Our division-of-focal plane RGB full-Stokes polarimeter is based on the color 

polarization sensor IMX250MYR recently developed by Sony Corporation [74,75]. 

Figure 5.1.1 shows its sensor layout. The sensor has a micro wire-grid polarizer array on 

top of the traditional Bayer color filter array, resulting in a color polarizer array that 

enables simultaneous color and linear-polarization measurements. Notably, this micro-

polarizer layer is formed under the on-chip micro-lens array, making the distance 

between polarizers and photo diodes extremely short. This integration reduces the 

incident angle dependence that exists in traditional linear polarization cameras, where the 

polarizer array is aligned and packaged on top of the sensor [19-21]. The pixel size of this 

sensor is 3.45µm. 

 

Fig. 5.1.1. The sensor layout of the Sony color polarization sensor IMX250MYR shows 

the locations of the RGGB Bayer filters and the wire-grid linear polarizers. 

5.2 Micro-retarder design 
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A customized micro-retarder layer is fabricated and placed on top of the sensor to 

extend its capability to measure all four elements in the Stokes vector. Figure 5.2.1 shows 

the cross-sectional view of the focal plane array, the ideal micro-retarder design and the 

corresponding measurement tetrahedron on the Poincaré sphere. The retarder design is a 

periodic two-strip structure that has a uniform linear retardance of 45° but orthogonal 

fast-axis orientation between the two micro strips. The strip width is twice the pixel size 

of the sensor. The fast-axis orientation is chosen to be the middle point of micro-polarizer 

angles, which are 22.5° and 112.5°, in order to minimize the equally weighted variance 

(EWV) of the measurement tetrahedron [42,43]. The EWV for this tetrahedron is 11, 

while the optimized case is 10. Ideally, the optimized tetrahedron can be achieved with a 

pixelated retarder, whose pixel size is equal to the pixel size of the color polarization 

sensor. However, such a small retarder pixel will be difficult to fabricate due to material 

and process constraints. 

 

Fig. 5.2.1. (Left) A customized micro-retarder array is put on top of the Sony color 

polarization sensor. (Middle) The ideal design of the micro-retarder layer is shown 

overlaying the RGGB Bayer and wire-grid polarizer filters. (Right) The corresponding four 

polarization measurements form a tetrahedron on the Poincaré sphere. 

The micro-retarder layer is fabricated by conventional photoalignment technique 

[64,65], in which a layer of birefringent reactive mesogen or liquid crystal polymer 

(LCP) is coated on a photoalignment layer that is pre-exposed by patterned linear 

polarized ultraviolet (UV) light. The orientation of the linear polarization defines the 

director orientation of coated LCP. At the boundary of the micro-strip, there will be a 

transitional region allowing the LCP director to switch its orientation continuously from 

the fast-axis angle of one strip to the fast-axis angle of another strip, i.e. from -22.5° to 

67.5°. 
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When the two strips have orthogonal fast-axis angles, degeneracy of transitional 

region can occur. Considering the ideal design in Fig. 5.2.2 as an example, at the strip 

boundary, the director of LCP can switch from -22.5° to 22.5° to 67.5°, or it can switch 

from -22.5° to -67.5° to 67.5°. Both cases have the same twisting force and same 

likelihood of occurring [76]. In the actual fabricated filter array, this degeneracy causes 

the formation of a singularity of LCP orientation at the strip boundary, resulting in 

alignment defects. These defects can be eliminated by removing this degeneracy. Figure 

3 shows the microscopic images of three two-strip micro-retarder arrays. Magnified 

images with arrows indicating the director orientations are shown below. The degeneracy 

causes two possible director orientations at the boundary, leading to alignment defects. 

As the fast-axis angle difference between two strips decreases, the density of defects also 

decreases. When the fast-axis angles are 70° apart, the defects simply disappear. 

 

Fig. 5.2.2. (Top) Images of micro-retarders are taken by a polarization microscope. 

(Bottom) Magnified regions with alignment defects are shown for different fast-axis 

angles. Dashed arrows represent the LCP director orientation. From left to right, the fast-

axis angle difference between two strips are 90°, 80°, and 70° respectively. 

Based on this observation, the micro-retarder design is modified so that the fast-axis 

angles are tilted to avoid orthogonal condition. The further the angles are apart from 

orthogonal, the less the defects are. Meanwhile, rotating the fast-axis angle also turns the 
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measurement tetrahedron away from the optimized one, resulting in EWV surge. Figure 

5.2.3 shows the EWV contour versus fast-axis angles of the two strips. In principal we 

want to trade the smallest EWV in return of the largest angle rotation from orthogonal. 

Figure 5.2.4 shows the modified design to use. The fast-axis angle is rotated by 10° for 

both strips, resulting in a 70° angle difference between the adjacent fast axis angles. The 

revised design improves the quality of LCP alignment and reduces the defect density at 

the cost of slightly increased EWV from 11 to 11.18. The revised design is used in the 

actual fabrication. 

 

Fig 5.2.3. The EWV contour versus fast axis angles of the two strips. 
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Fig. 5.2.4. The revised design of the micro-retarder layer is shown overlaying the RGGB 

Bayer and wire grid polarizer filters. (Right) The corresponding four polarization 

measurements of the revised design form a tetrahedron on the Poincaré sphere. 

Another important design parameter is the chromaticity of the micro-retarder. The 

dispersion of the retarder leads to a wavelength-dependent analyzer vector (the 1st row of 

Mueller matrix) for each pixel. Since the Sony color polarization sensor is responsive 

over the entire visible band, a chromatic analyzer vector will cause a major error in the 

measurement of the broadband Stokes vector. 

A negative dispersive LCP material, RMM1705 manufactured by EMD Chemicals, is 

chosen for micro-retarder fabrication to reduce this error. Figure 5.2.5 shows the 

retardance curve of RMM1705 along with the spectrum sensitivity of the Sony color 

polarization sensor IMX250MYR. The chromaticity of RMM1705 can lead to 14.9% 

maximal analyzer vector variation for two vertices in the measurement tetrahedron and to 

7.0% maximal analyzer vector variation in the other two vertices. This variation over the 

spectral band of 400nm to 700nm is then distributed or divided among the red, green, and 

blue wavelength bands, leading to an approximately 5% variation within each color band. 

The influence of analyzer vector variation has been discussed in Chapter 3. 
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Fig. 5.2.5. (Solid line) The measured linear retardance curve of RMM1705 is shown. (Dash 

line) The quantum efficiencies of Sony color polarization sensor IMX250MYR are shown 

for red, green, and blue pixels. 

5.3 Micro-retarder fabrication and polarimeter assembly 

The micro-retarder array is fabricated using conventional photoalignment techniques. 

RMM1705 is used as the LCP. A linearly photopolymerizable polymer (LPP) solution 

ROP108 manufactured by Rolic Technologies is used as the photoalignment material. 

One important advantage of this fabrication process is its simplicity and compatibility 

with most existing semiconductor manufacturing. Figure 5.3.1 shows a flow diagram of 

the fabrication process. The process consists of the following steps: 

1. The LPP solution is spin coated on a soda lime glass substrate at 2500 rpm for 1 

minute. The glass substrate is 4 inches in diameter and pre-deposited with 

aluminum alignment marks using standard photolithography and lift-off process 

[19]. 

2. The substrate is hard baked at 170°C for 5 minutes. 

3. The substrate receives selective 365nm UV exposure of 2J/cm2 using mask 

aligner. The UV light is linearly polarized at the desired micro-retarder fast-axis 

orientation. The pre-deposited alignment marks are critical for accurate patterning. 

4. The LCP solution is made by adding RMM1705 to chloroform at an 18% weight-

to-weight ratio. 
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5. The LCP solution is spin-coated on the LPP layer at 3000rpm for 30s. 

6. The substrate is hard baked at 56°C for 5 minutes. 

7. The substrate is cooled down at room temperature for 20 minutes. 

8. The LCP layer on the substrate is cured with UV light in nitrogen environment. 

After curing, a solid plastic thin film micro-retarder array is formed on the 

substrate. 

 

Fig. 5.3.1. The schematic shows the fabrication process of the micro-retarder array. 

In order to characterize the fabrication process, a micro-retarder array is first 

fabricated and characterized by an AxoStep, a Mueller Matrix Imaging Polarimeter 

manufactured by Axometrics Inc. The measurement is done at 550nm. Figure 5.3.2 

shows the microscopic image and cross-sectional plot of the measured linear retardance, 

circular retardance, and retardance orientation. The linear retardance and retardance 

orientation are as expected. Although there is some unexpected circular retardance due to 

director twisting [76], this does not increase the chromaticity of the retarder array. 



100 

 

 

Fig. 5.3.2. (From top to bottom) The linear retardance, circular retardance, and retardance 

orientation of the micro-retarder sample is measured using a Mueller Matrix imaging 

microscope. The microscopic images are shown on the left. The cross-section plot along 

the dash line is shown on the right. 

After the process is validated, the aforementioned procedures are applied to the 

fabrication of a micro-retarder array. The wafer substrate is then diced into rectangular 

dies by laser dicing techniques at Disco Hi-Tec America, Inc., San Jose, CA. The die 

with the least defects is chosen and bonded to a mounting frame controlled by a 6-axis 

stage. Circular polarized light at 632.8nm is illuminated through the mounted die to the 

Sony color polarization sensor. The pixel readout reaches a maximum modulation when 

the die is aligned properly to the sensor, and UV curing epoxy is then applied to glue the 

die onto the sensor. Figure 5.3.3(a) shows the final assembled polarimeter. Figure 

5.3.3(b) is a photo of a C-mount fisheye lens connected to the polarimeter. A steel ruler is 

laid on the side to show the scale, illustrating the compactness of the imaging system. 
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Fig. 5.3.3. (a) The front view of the assembled polarimeter shows the mounted micro-

retarder. (b) A top view is shown for an imaging fisheye lens connected to the polarimeter. 

5.4 Results 

The calibration process involves measuring the actual analyzer vector for each pixel of 

the sensor. The analyzer vectors of neighborhood pixels are then integrated to form a 

measurement matrix, which can be used to convert intensity measurements of individual 

pixels into Stokes parameters. The same calibration and reconstruction algorithm in 

details have been discussed in Chapter 4 and are not repeated here. 

Figure 5.4.1 shows the calibrated analyzer vector of all red, green and blue pixels of 

the polarimeter. The green pixels are divided into two types, which is the upper right 

pixel and lower left pixel in the Bayer color filter array, and are plotted separately. Each 

type of pixels has 4 groups of analyzer that form 4 clusters on the Poincaré sphere. The 

median points of the 4 clusters are connected to show the tetrahedron of the measurement 

matrix. The EWV of red, green (upper right), green (lower right), blue pixels are 22.20, 

18.19, 19.61, and 19.72 respectively. This is far away from the expected value of 11.18. 

There are several reasons for the discrepancy. The most important reason is that the 

liquid crystal polymer does not strictly follow the exposed LPP pattern. Instead its 

director will rotate smoothly to make a balance between the anchoring force from LPP 

and the twisting force from itself. That can be observed in the cross-sectional plot in Fig. 

5.3.2. Besides, the alignment between micro-retarder layer and Sony color polarization 

sensor is not perfect. These factors result in a mismatch between the theoretical design 

and the actual polarimeter. Nevertheless, this mismatch do not increase the pixel 
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chromaticity. The actual polarimeter is still good enough to realize RGB full-Stokes 

measurement. 

 

Fig. 5.4.1. The calibrated analyzer vectors of all red (upper left), green (upper right and 

lower right), and blue (lower right) pixels of the polarimeter are plotted on the Poincaré 

sphere. For each cluster there median point is connected to show the measurement 

tetrahedron. 

A white LCD screen is used as the target scene in order to estimate the accuracy of the 

RGB full-Stokes measurement. A Canon V6×17 TV zoom lens is installed to image the 

screen onto the sensor. Multiple images are taken with different f-number and exposure 

to evaluate its performance for different lens aperture size and signal-to-noise ratio. The 

LCD screen is linearly polarized at a specific orientation. Consequently, the polarimeter 

is expected to measure DoLP as 1, AoLP as a constant value, and DoCP as 0, for all three 

RGB bands. Figure 5.4.2 shows the histogram plot of the measured results after 

measurement matrix reconstruction. Table 5.4.1 summarizes the average and standard 

deviation of the measured DoLP, AoLP, and DoCP across the image, which provides 

estimates of the polarimeter’s accuracy and precision. 
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Fig. 5.4.2. Histogram plots of the Stokes reconstruction of an LCD screen are shown. Each 

row represents a different f/number and exposure. Red, green, and blue curves represent 

the measurement at the three respective color channels. Histograms of f/8 200ms and f/2 

29ms give about the same near-saturated brightness level. Similarly, histograms of f/8 

20ms and f/2 2.9ms give about the same under-exposed brightness level. 

Table 5.4.1. RGB full-Stokes measurement of LCD screen 

f-number f/2 f/8 

Exposure 29ms 2.9ms 200ms 20ms 

 Mean 

Standard 

Deviatio

n 

Mean 
Standard 

Deviation 
Mean 

Standard 

Deviatio

n 

Mean 
Standard 

Deviation 

DoLP 

Red 1.0160 0.0326 1.0206 0.0426 1.0345 0.0335 1.0401 0.0432 

Green 0.9895 0.0156 0.9980 0.0187 0.9957 0.0159 1.0048 0.0189 

Blue 1.0199 0.0270 1.0311 0.0367 1.0299 0.0262 1.0415 0.0365 

AoLP 

(°) 

Red 128.33 1.10 128.33 1.22 128.08 1.16 128.09 1.28 

Green 128.70 0.74 128.68 0.80 128.36 0.72 128.35 0.82 

Blue 128.00 1.86 128.27 2.64 127.83 1.90 128.09 2.48 

DoCP 

Red 0.0036 0.0497 0.0046 0.0631 -0.0012 0.0501 
-

0.0003 
0.0632 

Green 0.0080 0.0267 0.0086 0.0309 0.0131 0.0263 0.0145 0.0304 

Blue 0.0253 0.0670 0.0138 0.0925 0.0227 0.0668 0.0122 0.0941 

The LCD screen has expected values of DoLP = 1, DoCP = 0, and AoLP = a constant 

value. The deviation of the mean of the measurement from the expected value is an 

estimate of the accuracy. The standard deviation of the histogram is an estimate of the 

precision. 

Comparing the results at different f-numbers and different exposures, we see that the 

polarimeter’s performance does not change much with the size of the lens aperture. On 

the other hand, decreasing the integration time increases the standard deviation. At near-

saturated brightness level (f/2 29ms and f/8 200ms), the accuracy is within 0.0345 for 
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DoLP and 0.0257 for DoCP, respectively. This offset can be caused by the chromaticity 

of the micro-retarder filters. The precision is within 0.0335 for DoLP, 1.90° for AoLP, 

and 0.0670 for DoCP. The green channel has better precision since the number of green 

pixels is twice the number of red or blue pixels. When the polarimeter is under-exposed 

(f/2 2.9ms and f/8 20ms), the accuracy is kept within 4.15%. The precision is within 

0.0432 for DoLP, 2.64° for AoLP, and 0.0941 for DoCP. 

Four images of indoor and outdoor scenes are taken using the polarimeter. The 

polarimeter also has the continuous measurement capability to produce RGB Stokes 

video. Data reduction matrix method and bicubic-spline interpolation algorithm are 

adopted for the RGB full-Stokes reconstruction [12,29]. Other techniques such as 

Fourier-domain analysis and edge-detection interpolation can be applied to further 

improve the reconstruction accuracy [40,71-73]. The different images illustrate the utility 

of multi-spectral polarization imaging and are discussed as follows. 

Figure 5.4.3 shows a building with a large-area window. The building is surrounded 

by a clear sky, with the sun at the center of the picture and blocked by the building. In the 

Stokes image, the window has DoLP signal due to Fresnel reflection. A ring of peak 

DoLP is seen at the edge of the picture, and the variation of AoLP around the building 

points to the location of the sun. The observed polarization pattern matches the 

theoretical polarization pattern of the sky [77]. 

Figure 5.4.4 is a view of the sky through a window inside the Meinel building at the 

James C. Wyant College of Optical Sciences, University of Arizona. The linear polarized 

sky is converted into elliptical polarization due to the stress birefringence of the window. 

Variation of DoCP is seen in the Stokes images, indicating the distribution of stress 

inside the window. 

Figure 5.4.5 shows several small objects including black cylinder (left), white sphere 

(upper right), black sphere (middle right), and a beetle (lower right). The cylinder and 

sphere have some specular reflection and thus show linear polarization signal. The black 

objects have larger DoLP than the white one due to the Umov effect [78]. The AoLP 

image maps the surface normal orientation of the object. A large DoCP signal is seen at 

the beetle because of the chiral microstructures inside the beetle’s exoskeleton. 
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Figure 5.4.6 is a chopper wheel covered with circular polarizers in the inner circle and 

linear polarizers in the outer circle. In the Stokes image, we see that the outer circle has 

large DoLP and the inner circle has large DoCP. Also, the DoCP is maximum at the red 

channel and minimum at the blue channel due to the birefringence dispersion of the 

circular polarizer.  

 

Fig. 5.4.3. The RGB full-Stokes image of a building with large-area window surrounded 

by sky was taken using a Fujinon DF1.4HB-L1 fisheye lens. 

 

Fig. 5.4.4. The RGB full-Stokes image of the sky through a stress-birefringence window 

was taken with a Canon V6×17 TV zoom lens. 
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Fig. 5.4.5. The RGB full-Stokes image of small objects was taken using a Canon V6×17 

TV zoom lens. 

 

Fig. 5.4.6. The RGB full-Stokes image of a chopper wheel with circular polarizers in inner 

wheel and linear polarizers in outer wheel was taken using a Canon V6×17 TV zoom lens. 

5.5 Discussion and conclusion 

In this section, the performance and limitation of the instrument are discussed, and 

potential solutions to reduce measurement error are presented. The analyzer vector 

variation with wavelength is limited by the dispersion of the filter material. In this work, 

the dispersion is reduced by using a single layer of low dispersive LCP. While this 
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solution simplifies the fabrication process, the performance of the micro-retarder can be 

improved further by using multiple layers of the same LCP or a combination of high 

dispersive LCP and low dispersive LCP [47,48]. 

Measuring the polarization state is generally dependent on the angle of the incident 

light. One source of the angle dependency is the crosstalk between neighboring pixels. 

Ideally, when aligning the micro-retarder array to the Sony color polarization sensor, 

every pixel should be precisely aligned on top of each designated retarder. In addition, 

the gap between the retarder and sensor should be zero everywhere. However, there is 

inevitable stress and deformation in the micro-retarder glass substrate such that a zero 

gap is difficult to achieve. When the gap between the sensor and the micro-retarder is 

comparable to the pixel size, incident light ray, which is not normal to the sensor, can 

pass through a retarder layer of an adjacent pixel before reaching the pixel. This crosstalk 

between neighboring pixels increases as the incident light ray becomes more oblique or 

as the gap increases. One solution to reduce this crosstalk is to use an image space 

telecentric lens. Another solution is to use a lens with a large f-number. This type of 

crosstalk can also arise from a thick micro-retarder layer. 

After extensive calibration and testing, we observe a relatively small ray angle 

dependency in our instrument. We believe there are several reasons for this. First, the 

micro-retarder is made of a single layer of LCP with a small linear retardance around 45°. 

The thickness is relatively thin, of the order of 2 µm, compared to the 6.9 µm strip width. 

Second, the wire grid polarizer is directly under the on-chip lens array, and there is little 

crosstalk from the polarizer layer. Finally, the micro-retarder is a two-strip design. Pixels 

that are within a horizontal strip are covered by the same retarder, which eliminates the 

crosstalk between horizontal neighborhood pixels. 

Another type of angle dependency is the angle-dependent birefringence of the LCP. 

The LCP used here acts like a patterned A-plate. Its retardance and fast-axis orientation 

can change under different incident angle, leading to an angle-dependent analyzer vector. 

This dependency can be reduced by increasing the f-number or by using a wide viewing 

angle micro-retarder with C-plate LCP [51]. 
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The error induced by angle dependency can be estimated by looking at an image taken 

using a wide angle fisheye lens as observed in Fig. 5.4.3. The fisheye lens has a relatively 

shorter focal length compared to the zoom lens in Fig. 5.4.4-6. At the edge of the sensor, 

the ray angle can be larger, and this larger ray angle can induce substantial error. This 

error is seen in the DoCP image of Fig. 5.4.3, where significant DoCP signal, around 0.1 

to 0.2, appears at the edge of the picture. We believe this signal is not real since the clear 

sky has no circular polarization. 

Another concern on using fisheye lens is that at the edge of the field the refraction 

angle on lens surface is extremely large and comparable to Brewster’s angle. This will 

bring significant diattenuation, especially when the fisheye lens has dozens of lens 

element such that the refraction will happen multiple times. This brings fake linear 

polarization signal of the target scene. Details of this is included in Appendix C. 

In conclusion, we have demonstrated a compact division-of-focal plane RGB full-

Stokes polarimeter that can capture intensity, color, and polarization of an optical field in 

one shot. The polarimeter is based on applying a customized micro-retarder array to the 

Sony color polarization sensor. The micro-retarder array is a periodic two-strip structure 

made of low dispersive LCP. The filter is fabricated by conventional photoalignment 

technique. The polarimeter provides a resolution of 2056 × 2464 × 8-bit at 70 fps, or 12-

bit at 30 fps. Several images are captured to validate the polarimeter’s performance. Our 

polarimeter is able to rapidly detect color polarization signals of various natural scenes 

and thus can be utilized for a variety of polarimetric applications. 
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Chapter 6: Closing Remarks 

This dissertation consists of both theoretical and experimental components. The 

theoretical component, Chapter 2 and Chapter 3, presents the design and optimization 

methods for a broadband full-Stokes polarimeter. This can be further divided into 4 

topics. The first topic is the tiling of N different filters on a rectangular grid. The problem 

can be seen as how to best preserve a spatial-varying information with limited sampling 

points. This topic deals with division-of-focal-plane polarimeter only. The second topic is 

the choice of color filters for multi-spectral measurements. We optimize the best color 

filters for two cases, signal-independent detector noise dominant and signal-dependent 

shot noise dominant. The third topic is the choice of analyzers for polarization 

measurements. We optimize the best N-analyzer combination to measure the 4-element 

Stokes vector for different N. The fourth topic is the design of achromatic analyzers. We 

consider a special configuration of stacking two linear retarders and one linear/circular 

polarizer and give the corresponding geometrical illustration to simplify the optimization 

problem. For other configurations, a brute-force search algorithm is applied and 

discussed in the Appendix B. 

The experimental component of this thesis, Chapter 4 and Chapter 5, demonstrates 

two RGB full-Stokes polarimeters of different configurations. The polarimeter in Chapter 

4 uses a division-of-amplitude configuration. A beam splitter divides the incoming light 

into two paths. One path is measured by an existing RGB linear-Stokes camera. Another 

path first goes through an achromatic waveplate and then measured by another linear-

Stokes camera. The achromaticity of this polarimeter comes from a commercial multi-

layer achromatic waveplate. The polarimeter in Chapter 5 uses a pure division-of-focal-

plane configuration. A pixelated low dispersive linear retarder array is fabricated and 

applied to a commercial RGB linear-Stokes camera. The achromaticity of this 

polarimeter comes from the low-dispersive nature of the retarder material. This is in 

contrast to the multi-layer achromatic analyzer design discussed in Chapter 3. To 

incorporate the multi-layer achromatic analyzers into an experimental division-of-focal-

plane broadband full-Stokes polarimeter, a robust process is required to fabricate 

patterned multi-layer elements in the micro-scale. 
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For future work, we would like to construct a broadband division-of-focal-plane 

polarimeters using patterned multi-layer achromatic analyzers. A reliable process is 

proposed in the Appendix A. Unfortunately the experimental part of this is still in-process 

and unlikely to be finished in this dissertation. 
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Appendix A: Patterned achromatic polarization 

elements and broadband division-of-focal-plane 

polarimeters 

Achromatic polarization elements are essential in broadband full-Stokes polarimeters. 

To enable a division of focal plane broadband polarimeters, patterned achromatic 

polarization elements are required. The pattern size should be comparable to the pixel 

size to achieve a reasonable sampling pitch of polarization. In Chapter 5, we pattern a 

single layer low dispersive material on a photoalignment material that is selective 

exposed by linear polarized UV light (LPUV). Since in this case the suppression of the 

chromaticity comes from the intrinsic low dispersive nature of the material, the 

achromaticity of this design is limited by the material and unable to improve unless better 

material is invented. Alternative solution is required to achieve higher achromaticity on a 

wider spectrum range. 

Combination of multiple layers of birefringent material can substantially improve the 

achromaticity. In Chapter 3, a multi-layer unpatterned achromatic polarizer sample is 

demonstrated experimentally using photo-aligned liquid crystal polymer (LCP). The 

multi-layer achromatic polarizer is shown to be sensitive to fast-axis angle variation 

according to Fig. 3.4.4. We also know from Fig. 5.3.2 that when patterning the LCP to a 

selective-LPUV exposed LPP layer, the director of LCP won’t strictly follow the 

orientation defined by the LPP. Instead, the director will rotate gradually to balance 

between its elastic force and the anchoring force from LPP. This not only causes director 

orientation mismatch from the printed orientation on LPP, but also produces unexpected 

circular retardance due to director twisting. These offsets depend on many external 

factors such as the elastic constant and the anchoring force and are hard to predict 

theoretically. As a result, it is hard to ensure the experimental outcome to be exactly the 

theoretical design. For the unpatterned case in which LPP receives single LPUV 

exposure, the LCP director will all follows the anchoring direction of LPP and suffers no 

deformation. The balance between elastic energy and anchoring force no longer exists. 

Therefore, we are more confident that the experimental outcome will match the design. 
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Fig. A.1. The process flow of an etch-based patterned multi-layer achromatic polarization 

element. 

Here we propose another way to fabricate patterned multi-layer achromatic 

polarization elements by directional etching. Figure A.1 shows the process flow. Detailed 

steps are described below. 

1. A layer of LPP/LCP is fabricated using conventional photo-aligned LCP 

technique described in Chapter 3 and Chapter 5. The LPP receives single 

exposure of a uniform LPUV light. 

2. A layer of SiO2 is deposited as a barrier layer. 

3. Repeat Step 1 and Step 2 to get multi-layer of LPP/LCP. The last SiO2 layer 

should be at least 2 times thicker than previous coated SiO2 layers. 

4. Photoresist is coated on top and exposed with a patterned UV light. The exposed 

region is subsequently removed by developer solution. 

5. Directional plasma etching is applied to remove SiO2 that is not protected by the 

photo resist. The etching recipe is developed specifically for SiO2. This means it 
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will etch the SiO2 in a faster rate than the organic material such as photo resist, 

LPP and LCP. SiO2 that is protected by undeveloped photo resist is unetched and 

will subsequently act as protective mask for LCP and LPP. 

6. Another etching recipe is applied to remove unprotected LCP and LPP. This 

etching recipe is for organic material only. LCP/LPP protected by the SiO2 is 

kept. After that step, the topmost layer of LCP and LPP is patterned. 

7. Repeat Step 5 and Step 6 to get every LCP/LPP layer patterned. After that, a 

patterned multi-layer system is achieved. Regions of LCP that are covered by the 

protective SiO2 mask are protected and not etched, while other regions will be 

completely etched through, leaving a blank substrate. 

In this method, the patterning is completed by the selective etching instead of the 

patterned LPUV exposure on LPP. The LCP director will strictly follow the orientation of 

the LPUV orientation and therefore can be controlled accurately, making it possible to 

realize a multi-layer achromatic polarization element design without suffering from LCP 

alignment offset. 

 

Fig. A.2. A patterned achromatic linear retard is applied on a micro-polarizer array to 

enable a broadband division-of-focal-plane polarimeter. 
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The patterned multi-layer LCP can be then applied to the commercial micro-polarizer 

sensor to enable a pixelated achromatic analyzer array. Figure A.2 shows a broadband 

division-of-focal-plane polarimeter by applying a patterned multi-layer achromatic linear 

retarder on a micro-polarizer array. The multi-layer achromatic linear retarder is designed 

to have its fast axis at 22.5 degree. The micro-polarizer array consists of four wire grid 

polarizers at 0, 45, 90 and 135 degrees. The 0° and 45° micro-polarizer are covered by 

the unetched region of the patterned achromatic retarder, while the 90 and 135 micro-

polarizers are covered by the etched region. As a result, the pixels of 90 and 135 micro-

polarizers keep as achromatic linear analyzers, while the pixels of 0 and 135 micro-

polarizers are converted into achromatic elliptical analyzers by the unetched achromatic 

linear retarder. The four analyzers shall enclose a tetrahedron on the Poincaré sphere. The 

resultant EWV depends on the retardance of the achromatic linear retarder. The optimal 

EWV is 11 when the retarder is a quarter wave plate. 

Table A.1 and A.2 show two examples of using 3-layer patterned achromatic linear 

retarders to realize division-of-focal-plane polarimeters operating at 450nm to 650nm, 

and 450nm to 900nm, respectively. Here we use RMM141C as the LCP, which is the 

same material as has been used in Chapter 3. The designs use the Pancharatnam’s 3-layer 

solution for achromatic linear retarders [48], in which all 3 layers are of the same 

birefringent material, the 2nd layer is a half wave plate, and the 1st layer and 3rd layer have 

the same thickness and same fast-axis orientation. For the 450nm to 650nm polarimeter, 

the retarder is optimized to have 90° retardance to achieve optimal EWV. While for the 

450nm to 900nm design, the retarder is optimized to have 45° retardance so that the 

EWV is sacrificed in return of smaller analyzer vector variation. The 3-layer achromatic 

linear retarder is patterned by etching and applied on a micro-polarizer array. Figure A.3 

and A.4 shows the analyzer vector traces of the 4 pixels on the Poincaré sphere, and plots 

the analyzer vector variation of the four pixels versus wavelength. The maximum 

analyzer vector variation for the two pixels covered by the unetched multi-layer 

achromatic linear retarder is 3.41% and 6.58% for 450nm to 650nm polarimeter, 4.54% 

and 8.24% for the 450nm to 900nm polarimeter, respectively. The two pixels covered by 

the etched region, which is just a blank substrate, have zero analyzer vector variation.  
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Table A.1. Design of a division-of-focal-plane polarimeter (450nm to 650nm) 

  Pixel 1 Pixel 2 Pixel 3 Pixel 4 

Layer 1 

RMM141C 

Thickness Etched 0.6366 

Fast-axis 

angle (°) 

171.13 

Layer 2 

RMM141C 

Thickness 1 

Fast-axis 

angle (°) 

240.50 

Layer 3 

RMM141C 

Thickness 0.6366 

Fast-axis 

angle (°) 

171.13 

Micro-polarizer transmissive 

angle (°) 

90 135 45 0 

 

Resultant maximum analyzer 

vector variation 

0 0 3.41% 6.58% 

EWV 11 

One-unit thickness means the summation of maximum and minimum linear retardance at 

450nm to 650nm is equal to 360°, indicating the median retardance value is half wave.  

 

Fig. A.3. (Left) The analyzer vector traces of the four pixels in Table A.1 on the Poincaré 

sphere. (Right) The analyzer vector variation versus wavelength. 

Table A.2. Design of a division-of-focal-plane polarimeter (450nm to 900nm) 

  Pixel 1 Pixel 2 Pixel 3 Pixel 4 

Layer 1 

RMM141C 

Thickness Etched 0.5321 

Fast-axis 

angle (°) 

-14.05 
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Layer 2 

RMM141C 

Thickness 1 

Fast-axis 

angle (°) 

64.15 

Layer 3 

RMM141C 

Thickness 0.5321 

Fast-axis 

angle (°) 

-14.05 

Micro-polarizer transmissive 

angle (°) 

90 135 45 0 

 

Resultant maximum analyzer 

vector variation 

0 0 4.54% 8.24% 

EWV 19.97 

One-unit thickness means the summation of maximum and minimum linear retardance at 

450nm to 900nm is equal to 360°, indicating the median retardance value is half wave.  

  

Fig. A.4. (Left) The analyzer vector traces of the four pixels in Table A.2 on the Poincaré 

sphere. (Right) The analyzer vector variation versus wavelength. 
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Appendix B: Optimization algorithm for 

achromatic polarization elements 

This appendix includes the details of the optimization algorithm for multi-layer 

achromatic polarization elements, such as the achromatic elliptical polarizer and analyzer 

described in Chapter 3, or the achromatic linear retarder described in Appendix A. 

In Chapter 3, we discuss a special case that uses two layers of linear polarizers and one 

layer of linear polarizer or circular polarizer to achieve an achromatic polarizer/analyzer. 

For this special case, we do an analytical analysis using geometrical illustration and 

derive a series of conditions that the optimal solution must meet, such as the retarder 

layer closest to the linear polarizer layer must be a half wave plate. Providing this we are 

able to substantially reduce the number of optimization variables and simplify the 

optimization problem to maximizing the functions in Eq. (3.2.11) and Eq. (3.2.20). 

However, we don’t have such an analytical analysis for the general case that the 

number of layers is an arbitrary number N. Instead a brute-force search will be applied 

for this scenario, such that the thickness and angle of all layers are regarded as variables. 

Details of that is described below: 

Multi-layer achromatic polarization elements include two types of layer, linear 

retarder and linear polarizer. We rewrite the Mueller matrix of the two elements (Eq. 

3.3.2) here: 
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Here MLP(θ) represents the Mueller matrix of a linear polarizer, which has its 

transmission axis oriented at an angle θ with respect to horizontal. MLR(δ, θ) represents 

the Mueller matrix of a linear retarder, which has its fast axis oriented at an angle θ with 

respect to the horizontal and its retardance equal to δ. The only wavelength-dependent 

variable here is the retardance δ. It can be further decomposed into a wavelength-

independent thickness term t, and a wavelength-dependent retardance dispersion 

function. 

 
( ) ( )*t   =

   (B.2) 

The function ( )   is the retardance of a unit thickness layer. It is scalable when the 

definition of a unit thickness changes. Usually we keep this as a constant function after 

the material is given and vary the thickness only for different layers. So, the Mueller 

matrix of a linear retarder will be a function of the wavelength λ, the thickness t and the 

fast axis angle θ. 

For N-layer achromatic elliptical polarizers, the linear polarizer is put at the beginning, 

followed by N linear retarders. The overall Mueller matrix will be: 
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The polarizance vector is the first column of the Mueller matrix:  
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We estimate the L2 norm of the vector difference between the polarizance and the 

target polarizance and pick the maximum norm over the wavelength range as the merit 

function:  

 
( ) ( ) 01 1 1 2 2 1 1 2 2

max
, , , , , , , , , , , , , ,N N LP N N LPMerit t t t t P t t t P        = −

  (B.5) 
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For N-layer achromatic elliptical analyzers, we can optimize the corresponding 

achromatic polarizer design and convert it to the analyzer design using the method 

described in Chapter 3, Section 3. Or we can directly optimize the analyzer vector 

variation. The N-layer achromatic elliptical analyzer has the linear polarizer at the end 

and N linear retarders before it. The overall Mueller matrix is:  

 

( ) ( ) ( ) ( ) ( )1 1 2 2 ,1 1 1 ,2 2 2 ,

00 01 02 03

10 11 12 13

20 21 22 23

30 31 32 33
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m m m m
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m m m m
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The analyzer vector is the first row of the Mueller matrix:  
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We estimate the L2 norm of the vector difference between the analyzer vector to the 

target analyzed state, and pick the maximum norm over the wavelength range as the merit 

function: 

 
( ) ( ) 01 1 1 2 2 1 1 2 2

max
, , , , , , , , , , , , , ,N N LP N N LPMerit t t t t A t t t A        = −

  (B.8) 

N-layer achromatic retarders stack N linear retarders together. The overall Mueller 

matrix is:  
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The optimization target is a linear retarder of target retardance δ0 and target fast-axis 

orientation θ0. Its Mueller matrix M0 is defined in Eq. (B.1). We estimate the L2 norm of 

the difference matrix between the two and pick the maximum norm over the wavelength 

range as the merit function:  
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( ) ( ) ( )1 1 2 2 1 1 2 2 0 0 0 max

, , , , , , , , , , , ,N N Retarder N NMerit t t t M t t t M        = −
  (B.10) 

For all three cases, the merit will be a function of the thickness and angle of all layers. 

We then optimize that merit function to find the best value for the thickness and angle. 

The optimization is done using MATLAB optimization toolbox. The optimization is a 

brute-force search. Its return is supposed to be local minimum only. In order to find the 

possible global minimum, we run the optimization for tens of thousands of times and 

randomize the starting point for each time. The result will be tens of thousands of local 

minimums, and the one with the best merit function will be picked as the solution. 

Here we use the algorithm described above to optimize a short-wave infrared (SWIR, 

1000nm ~ 1600nm) division-of-focal plane polarimeter using 3-layer achromatic 

elliptical analyzers on a 0°/45°/90°/135° micro-polarizer array. The 4 symmetrical 

analyzers design described in Chapter 3, Section 3 is used to create the pixelated analyzer 

array from single analyzer design. Therefore, the problem is simplified into optimizing an 

achromatic elliptical analyzer of the target analyzed state 1 2 3 0 1 3 
 

/ / . 

RMM141C is used as the retarder material. One important limitation in this case is that 

the retardance in the SWIR wavelength is significantly lower than that in the visible 

wavelength. Since the conventional spin coating technique has a limit on the highest 

thickness one can get on single layer, it is hard to get very much retardance from single 

layer on SWIR. Therefore, we apply a thickness constraint on the optimization. The 

constraint is based on experimental data and is chosen to be 1.5, while one-unit thickness 

means the median retardance on visible is 180°. The optimization is run for 100000 

times. The best design is chosen as the final solution. This analyzer design is used as the 

Pixel 1 in the division-of-focal-plane polarimeter. The angle of each layer is rotated by 

90° to create Pixel 2. Pixel 3 and Pixel 4 are created by first flipping each layer around 

horizontal and rotating by ±45°. The final polarimeter design is shown in Table B.1. 

Figure B.1 shows its analyzer vector traces on the Poincaré sphere and the analyzer 

vector variation curve. The thickness constrained 3-layer design has a maximum analyzer 

vector variation of 2.23%. 

Table B.1. Design of a SWIR division-of-focal-plane polarimeter 
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  Pixel 1 Pixel 2 Pixel 3 Pixel 4 

Layer 1 

RMM141C 

Thickness 1.5 

Fast-axis 

angle (°) 
102.85° 12.85° 122.15° 32.15° 

Layer 2 

RMM141C 

Thickness 1.371 

Fast-axis 

angle (°) 
4.51° 94.51° 40.49° 130.49° 

Layer 3 

RMM141C 

Thickness 1.383 

Fast-axis 

angle (°) 
171.07° 81.07° 53.93° 143.93° 

Micro-polarizer transmissive 

angle (°) 

0 90 45 135 

 

Resultant maximum analyzer 

vector variation 

2.23% 2.23% 2.23% 2.23% 

EWV 10 

One-unit thickness means the median retardance on 450nm~650nm is 180°. The 

thickness is constrained to be less than 1.5 during the optimization. 

 

Fig. B.1. The optimized design of a SWIR polarimeter using thickness-constrained 3-layer 

achromatic elliptical analyzer. (Left) The analyzer vector traces of the four pixels on the 

Poincaré sphere. (Middle) The magnified view of the trace. The green dot is the target 

analyzed state. (Right) The analyzer vector variation as a function of wavelength. The four 

pixels have the same variation curve due to symmetry. 
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Appendix C: Diattenuation of fisheye lens 

In this appendix, we discuss the diattenuation from the lens refraction of fisheye lens. 

Imaging lenses use lens refraction to focus the incoming ray into the focal plane. The 

diattenuation from the refraction can be calculated from the Fresnel coefficient. For 

common imaging lens, the refraction angle is small compared to the Brewster’s angle and 

the diattenuation is negligible. For fisheye lens, whose field of view is higher than 180 

degrees, the incident angle of rays on lenses is extremely large and brings significant 

diattenuation. This will bring fake linear polarization signal of the scene on the final 

Stokes image. 

To estimate this, a Sony monochrome linear polarization sensor IMX250MZR is 

installed with the Fujinon DF1.4HB-L1 fisheye lens to capture an unpolarized scene. The 

fisheye lens is the same one used in Fig. 5.4.3. The unpolarized scene is achieved by 

covering the lens surface with a scattering napkin and illuminating it with an unpolarized 

light source. Figure C.1 shows the reconstructed images of S0, DoLP and AoLP of it. The 

DoLP reaches about 0.4 at the edge of the field. This is much larger than the polarimeter 

accuracy, as tabulated in Table 5.4.1. Therefore, the RGB Stokes data in Fig. 5.4.3 cannot 

be trusted at the edge of the field. 

 

Fig. C.1. Linear Stokes image of a scattering napkin illuminated by an unpolarized light 

source. The image is captured with the Fujinon DF1.4HB-L1 fisheye lens. 
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