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ABSTRACT 

Multiphoton (MP) imaging with short-wave infrared (SWIR) excitation is one of the powerful 

techniques to achieve deep tissue imaging. Image quality of the MP microscope is improved with 

adaptive optics (AO) by compensating extrinsic aberration caused by transmission through a 

sample. However, the AO-MP microscope has issues, such as the requirement of a proper guide 

star and improvement of the detection and correction techniques of the extrinsic aberration. In 

this dissertation, three studies are provided to overcome these issues.  

The first study focuses on characterization of nonlinear emission from aggregated 50 nm 

gold nanoparticles (GNPs) excited by a femtosecond laser at 1560 nm, which are potentially 

attractive guide stars for the sensor-less AO microscopy with SWIR excitation. The study 

clarifies nonlinear emission characteristics of GNP aggregates, including emission spectra, 

power dependence, polarization properties, and relationships between brightness and 

morphology. A critical point in the discussion is SWIR fs excitation, because the previously 

proposed mechanism does not explain observed nonlinear emission properties with this source. 

Previously unknown results that are characteristics of nonlinear emission from GNPs are 

explained by plasmon enhanced polarized hot electrons.  

The second study presents application of phase retrieval for measurement and correction 

of extrinsic aberrations with random phase diversity and Gerchberg’s reconstruction algorithm. 

Optimum design parameters of the random phase patterns to improve accuracy and convergence 

are investigated with Fried’s parameter applied to Kolmogorov turbulence. A liquid crystal on 

silicon (LCoS) spatial light modulator (SLM) is used to experimentally generate random 

diversity as a demonstration of correcting extrinsic aberration. The results provide the first 

optimization study using an LCoS and the Gerchberg algorithm in a sensor-less AO application. 
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The third study presents a new single-shot phase retrieval technique called complex 

diversity. Multiple irradiance data are obtained by a computer-generated hologram (CGH) 

designed to generate multiple diffraction orders with different diversity values. Complex-number 

pupil filters containing both amplitude and phase values associated with the individual 

diffraction orders are determined by numerical propagation from the CGH, and they are used for 

reconstruction of the extrinsic aberration. The complex diversity technique estimates extrinsic 

Kolmogorov aberration better than conventional single-shot techniques for a distant point object.  
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CHAPTER 1  INTRODUCTION 

1.1 Motivation 

Multiphoton (MP) imaging with short-wave infrared (SWIR) excitation is one of the powerful 

techniques to achieve deep tissue imaging due to less scattering and less absorption [1–3]. Image 

quality of the MP microscope is improved with adaptive optics (AO) by compensating extrinsic 

aberration caused by transmission through a sample [4]. However, the AO-MP microscope has 

issues, such as the requirement of a proper guide star and improvement of the detection and 

correction techniques of the extrinsic aberration. In this dissertation, three studies are provided to 

overcome these issues, as shown in Fig. 1-1. The first study presents on characterization of 

nonlinear emission from gold nanoparticles (GNPs), which are potentially attractive guide stars 

when used with SWIR excitation. The second study focuses on optimization and application of 

phase retrieval with random phase diversity to sensor-less AO. The third study provides a new 

single-shot phase retrieval technique with complex diversity to overcome difficulties 

encountered with serial multiple-shot. 

 

Fig. 1-1. Motivation for this dissertation. 
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1.1.1  Bioimaging 

Bioimaging using optical methods is one of the most relied-upon tools in healthcare for diagnosis 

and treatment of human diseases [5]. Optical bioimaging covers a broad range of length scale, 

from submicron size to macroscopic-sized live biological species. Various optical principles and 

methods are used to enhance imaging. For optical biomedical imaging, fluorescent imaging is 

widely used, because it gives physiologic information about the sample. A variety of techniques 

have extended application of the fluorescent microscope. For example, the confocal microscope 

was invented to increase resolution and to obtain optical sectioning ability [6]. The structured 

illumination microscope (SIM) also provides enhancement of resolution and optical sectioning 

by utilizing patterned illumination [7]. Recently, intense research is performed for new imaging 

techniques to break through the diffraction limit resolution by utilizing unique optical properties 

of optical materials and fluorophores, such as a solid immersion lens (SIL) [8], saturated 

structured-illumination microscopy (SSIM) [9], stimulated emission depletion (STED) 

microscopy [10,11], stochastic optical reconstruction microscopy (STORM) [12], and 

photoactivated localization microscopy (PALM) [13].  

In spite of those great achievement, the optical microscope is still struggling from several 

drawbacks. For example, the photo bleaching effect of fluorophores limits useful experimental 

observation time. Usually, living materials cause huge wavefront distortions due to their 

complicated structure. Even though the confocal microscope rejects blurred light, it is difficult to 

observe a thick sample due to this degradation. To overcome those deficiencies, MP microscopy 

and AO are actively researched. As stated above, deep-tissue MP imaging is the original 

motivation for this work. 
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1.1.2  Deep tissue imaging with a multiphoton microscope and adaptive optics 

MP imaging is an area of active research that hopes to achieve clear imaging in thick tissue 

samples. In MP imaging, like with two-photon imaging, a sample absorbs two photons and emits 

a photon that has photon energy close to twice the excitation photon energy. Usually, the 

excitation wavelength is in the near infrared (NIR) or SWIR regions, and emission wavelength is 

in the visible region. SWIR excitation has the advantage that the tissue causes less wavefront 

distortion, scattering, and less absorption loss than at visible wavelengths, and higher-order 

nonlinear emissions, such as third harmonic generation (THG) and three-photon excited 

fluorescence, are located in the visible region, for which standard collection optics and detectors 

operating near maximum efficiency are used [14,15]. The use of longer excitation wavelength is 

an effective strategy for increasing the maximum imaging depth by reducing scattering of the 

excitation light by the tissue. Several examples show that deep tissue imaging is achieved with 

SWIR and NIR excitation using MP imaging [1–3]. The work described in this dissertation uses 

a SWIR excitation laser with wavelength λ = 1560 nm. However, application of the MP imaging 

is still limited due to extrinsic aberration caused by imaging through the sample itself. To 

compensate the extrinsic aberration, AO microscopes are actively studied.  

AO was originally invented for telescopes [16]. Now, the technique is being transferred 

to microscopy fields [4]. AO systems are categorized into two systems, depending on the 

detection scheme for the extrinsic aberration. The first type is sensor-based AO, and the second 

type is sensor-less AO. In the sensor-based AO system, the extrinsic aberration is detected by a 

wavefront sensor, such as a Shack-Hartmann sensor, and corrected by a spatial light modulator 

(SLM), such as a deformable mirror. Although sensor-based AO achieves precise and fast 
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correction, the necessary additional optical components in the system increase system 

complexity and cost [17]. Sensor-less AO is another approach to compensate the extrinsic 

aberration without additional wavefront sensor hardware. In this method, estimation and 

correction of the extrinsic aberration are performed from a measured irradiance data set and with 

the aid of computer processing. No additional wavefront sensor hardware simplifies the system, 

decreases the cost, and expands the application field. This dissertation describes use of a liquid 

crystal on silicon (LCoS) SLM in a sensor-less geometry. 

Nonetheless, there are still issues remaining in AO microscopy. For either sensor-based 

AO or sensor-less AO, a proper guide star is required, which is a reference point source to detect 

the extrinsic aberration caused by the sample itself. The guide star is an ideal point source, such 

that it is bright enough to be easily detected, stable for long measurements, and biofriendly for 

living tissues. Conventional fluorescent dyes have issues in photodamage and stability for long 

measurement. So, proper emissive materials are required. This dissertation investigates 

properties of emission from gold nanoparticles (GNPs) as potential guide stars. 

Another issue in the sensor-less AO system is improvement of the detection and 

correction techniques of the extrinsic aberration. Conventionally, several correction techniques 

have been proposed, like pupil segmentation, image based metrics, and phase retrieval [18]. 

Phase retrieval is a promising approach, because it is wavefront-based correction and uses a 

small number of acquisitions. However, this technique has issues with respect to processing time 

and accuracy. This dissertation describes the use of a relatively new phase retrieval method, 

called complex diversity. 
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1.1.3  Gold nanoparticles 

The optical properties of GNPs have long been a subject of theoretical and experimental 

interest [19], because of visible emission [20], brightness [21,22], no blinking, low photo 

damage [23,24], biocompatibility [25,26], and easy surface functionalization [25,27,28]. Many 

reports on imaging techniques with the GNPs show that the GNPs are useful contrast 

agents [21,22,25,26,29] 

Since optical luminescence of gold was first reported by Moordian [30], characteristics of 

the emission have been intensively studied. To date, it has been shown that GNPs have strong 

nonlinear effects, such as MP emission [22,24,31], second harmonic generation (SHG) [32], 

THG [33], and surface-enhanced Raman scattering (SERS) [26]. These unique properties arise 

from surface plasmon resonance (SPR), which is the collective oscillation of surface charge 

density induced by an incident electric field. SPR properties are influenced by local structures of 

the nanoparticles [34–37]. Thus, emission properties, such as emission spectrum, polarization, 

and brightness, depend on their morphologies and aggregate forms [35,36,38].  

Recently, nonlinear emission from GNPs excited by a SWIR femtosecond (fs) laser has 

been reported. Knittel et al. showed that gold nanostructures excited by a fs laser at 1560 nm 

exhibit a broadband nonlinear photoluminescence spectrum in visible region, and the different 

emission spectra between monocrystalline and polycrystalline are observed [38].  

Many studies have been done on the origin of nonlinear emission from gold nano 

particles [24,30,31,36,39–45]. Some researchers suggest that nonlinear emission from gold nano 

structures is caused by a sequential excitation process [39,44,45]. Recently, an emission 

mechanism of background emission in plasmon enhanced Raman spectroscopy has been 

proposed as electron Raman scattering [46,47]. Another possible explanation for the nonlinear 
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emission is hot electron intraband emission [48,49]. Although much research has been done on 

properties and physical mechanisms of the nonlinear emission from GNP aggregates, they are 

still not completely known. 

 

1.1.4  Phase retrieval 

Phase retrieval is a method of reconstructing the phase of a complex wave by processing 

irradiance measurements. The original phase retrieval algorithm is credited to Gerchberg and 

Saxton in 1972 [50], and Fienup generalized this algorithm by using finite support and non-

negativity constrains [51]. In subsequent years, accuracy and convergence were improved by 

implementing phase diversity [52], in which multiple phase retardations in the pupil are applied, 

and a phase estimate is found by requiring consistency for all irradiance measurements. The most 

commonly used diversity is defocus [52–54]. Other derivatives have been proposed, like 

translation diversity [55–57] and shifting illumination [58]. Recently, random phase diversity is 

actively studied, because it improves convergence and accuracy [59–62], and solves a dynamic 

range limitation [59,63]. However, random phase diversity patterns disperse incoming light over 

wide angular ranges. Thus, a proper design is required to achieve accurate and fast phase 

retrieval. Moreover, an application to AO systems has not been shown. 

 

1.1.5  Single-shot phase retrieval 

Although phase retrieval using the phase diversity is attractive because of its simplicity 

compared to complicated systems that involve interferometers or Shack-Hartmann sensors, it has 

drawbacks including the requirement of multiple image acquisitions (“shots”). Some of these 

issues have been overcome by single-shot phase retrieval techniques associated with various 
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diversities [64–69]. These single-shot techniques effectively achieve multiple image acquisitions 

with different phase diversity values through the use of special gratings designed to generate 

multiple diffraction orders that are detected simultaneously in a single image acquisition. Several 

diversity techniques, like defocus diversity [64,65], translation diversity [66], multiple 

illumination [67], and weakly scattering phase [68], were also realized with single-shot 

techniques by implementing Dammann gratings. Yao et al. also proposed a new phase grating 

designed to introduce different transmittance filters into the diffracted orders [69]. 

In either multiple-shot or single-shot techniques, each measurement is characterized by 

the filter applied to the pupil of the optical system that modifies the image distribution. For 

example, focus diversity applies quadratic phase filters with different peak phase values to each 

measurement. This filter must be known precisely for accurate phase reconstruction. However, 

for single-shot techniques, the effective filter applied to the diffracted orders and an accurate 

reconstruction algorithm that utilizes the effective filters have not been adequately discussed.  

 

1.2 Purpose of this study 

The goal of this dissertation is to supply indispensable knowledge and useful methods for a 

sensor-less MP-AO microscope. 

The first study focuses on characterization of nonlinear emission from aggregated 50 nm 

GNPs excited by a fs laser at 1560 nm, which are potentially attractive guide stars for the sensor-

less AO microscopy with SWIR excitation. The study clarifies nonlinear emission characteristics 

of GNP aggregates, including emission spectra, power dependence, polarization properties, and 

relationships between brightness and morphology. A possible mechanism for the emission is 

proposed.  
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The second study discusses on an application of phase retrieval for measurement and 

correction of extrinsic aberrations with random phase diversity and Gerchberg’s reconstruction 

algorithm. Optimum design parameters of the random phase patterns to improve accuracy and 

convergence are investigated with Fried’s parameter of the extrinsic aberration. A LCoS SLM is 

used to experimentally generate random diversity as a demonstration of correcting extrinsic 

aberration.  

The third study provides a new single-shot phase retrieval technique called complex 

diversity. Multiple irradiance data are obtained by a computer-generated hologram (CGH) 

designed to generate multiple diffraction orders with different diversity values. Accurate 

effective filters associated with the individual diffraction orders from the CGH are determined by 

numerical propagation. It is demonstrated that they must include both real and imaginary values 

rather than the common practice of specifying only the phase portion of the filter. A modified 

classical Fourier iterative algorithm is used for reconstruction of the extrinsic aberration in order 

to avoid noise amplification due to small amplitudes of the effective filters.  

 

1.3 Dissertation format 

This dissertation is a summary of published papers by the author, which are presented in the 

appendixes. The present study of CHAPTER 3 focuses on these appendixes, and additional 

discussions that are not included in the appendixes are also provided. The published papers are 

summarized as follows: The paper titled “Characterization of emission from aggregated gold 

nanoparticles excited nonlinearly by 1560 nm femtosecond laser” is published in Journal of 

Nanophotonics in October 2017. The paper titled “Optimization of random phase diversity for 

adaptive optics using an LCoS Spatial Light Modulator” is published in Applied Optics in 
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September 2019. The paper titled “Single-shot phase retrieval with complex diversity” is 

published in Optics Letters in November 2019. 

 

1.4 Dissertation contents 

The dissertation is organized as follows: CHAPTER 2 presents the background of this work, 

including gold nanoparticles (section 2.1) and phase retrieval (section 2.2). CHAPTER 3 

contains the present work, as well as extended materials that are not included in the published 

papers. CHAPTER 4 lists conclusions from this work. In the appendices, three published journal 

papers and a conference paper are provided.         
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CHAPTER 2 SCIENTIFIC BACKGROUND 

2.1 Gold nanoparticles 

2.1.1  Basic nature 

Gold nanoparticles (GNPs) are particles made of gold with a typical scale in the range of 1-100 

nm, whether the particles are dispersed in gaseous, liquid, or solid media [19]. The most popular 

shape is a sphere, but many other forms are synthesized, like nanorods [70], nanocubes [71], 

nanobranches [71], and aggregates [37]. GNPs are known as fascinating bio-markers because 

they are easily functionalized with chemical ligands [25] [28], and they are bio-friendly [25,26]. 

Recently, functionalized GNPs have been used in conjunction with tissue imaging, like cancer 

imaging [21,25,26], and for imaging blood vessels [22]. 

 

 

Fig. 2-1. Gold nanoparticle. 
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Fig. 2-2. 3D reconstructed three-photon luminescence image of PEG-1000GNR-stained mouse brain blood 

vessels [29]. 

 

The interesting colors observed with GNP solutions have led to extensive study of their 

optical properties. When the particle size is small enough, the color is ruby red as shown in Fig. 

2-3, due to strong absorption of green light at about 520 nm. As the particle size increases, the 

resonance wavelength-related absorption shifts to longer wavelengths, as shown in Fig. 2-4. Red 

light is then absorbed, and blue light is reflected, yielding solutions with a pale blue or purple 

color (Fig. 2-3). As particle size continues to increase, resonance wavelengths move into the 

infrared portion of the spectrum, and optical properties become toward the bulk limit. Those 

interesting spectroscopic properties originate from coherent oscillation of conduction band 

electrons induced by the illuminating external electromagnetic field, which is known as surface 

plasmon resonance (SPR). 
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Fig. 2-3. Colors of various sized monodispersed gold nanoparticles [72]. 

 

 

Fig. 2-4. Absorption spectrum of GNPs from Cytodiagnostics [72]. 

 

2.1.2  Surface plasmon resonance and optical properties 

SPR is collective oscillation of surface charge density induced by an incident electric field [19]. 

In a bulk gold, free electrons in the conduction band move without material boundary limitations. 

When the dimensions of the gold are reduced to the nanometer scale, boundary and surface 

effects become very important. An incoming light wave induces electron movement parallel to 

the electric field vector, and electrons are congested at the material boundary. A net charge 

difference between the nanoparticle boundaries gives rise to a linear restoring force to the 

system. As a consequence, a dipole oscillation of the electrons with a particular time period is 

created. This is known as a surface plasmon oscillation. When the size of nanoparticles 

increases, the oscillation periods become longer, which causes resonance wavelength shifts 

toward the longer wavelengths, as shown in Fig. 2-4.  
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Fig. 2-5. Illustration of SPR [73]. 

 

The relationship between SPR and morphology is interesting when the shape of the 

nanoparticle is anisotropic. For example, resonance wavelength of gold nanorods (GNRs) 

changes due to aspect ratios, and their colors vary from red to yellow (Fig. 2-6). The GNRs show 

different resonance wavelengths between their long axis and their short axis [74]. Thus, strong 

angular dependence of the incident polarization is observed [22,75]. Similar properties are shown 

for GNP aggregates. Chain-shaped GNP aggregates show long resonance wavelengths along 

their long axes, and strong angular dependence of excitation light was observed [36]. 

Aggregation size also affects the resonance wavelength, and colors change from red to deep 

violet (Fig. 2-7). Although the optical properties due to SPR are an important research field, 

there is another important physical phenomenon due to SPR, which is nonlinear emission that is 

enhanced by SPR.  
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Fig. 2-6. GNRs of different aspect ratios have different colors and tunable ultraviolet–visible–NIR spectra. 

Scale bars in the transmission electron micrographs at the top are 100 nm [27]. 

 

 

Fig. 2-7. Appearance of monodisperse GNPs and aggregates [76]. 
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2.1.3  Nonlinear emission and morphology 

GNPs are known as promising nonlinear probes. Boyd et al. firstly showed MP emission from 

smooth and rough surfaces of gold in 1986 [77]. More recently, it has been demonstrated that 

single GNPs exhibit two-photon emission and three-photon emission [24,78]. Research on their 

characteristics examined in this decade reveal that the nonlinear emission spectrum from a single 

GNP spans from the visible region to the NIR region [43]. Farrer et al. also demonstrated that 

three-photon emission from GNPs is generated efficiently with a 800 nm wavelength fs laser 

operating at power levels that are lower than those typically used for two-photon imaging of 

living cells, which can reduce phototoxicity for living tissue [24]. Results from a custom high 

numerical aperture (NA) MP microscope using a SWIR 1560 nm fs fiber laser has shown that 

GNPs exhibit nonlinear emission in the visible region [8]. 

 

 

Fig. 2-8. Emission spectrum from GNPs excited using 1560 nm fs pulses [8]. 

 

It has been shown that characteristics of nonlinear emission from GNPs depend on their 

morphology. Electromagnetic fields are enhanced at gaps between aggregated GNPs, and 

particle separations affect two-photon emission strength [34] and SHG [32]. Nah et al. showed 
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that a large number of aggregates exhibits considerably brighter two-photon emission, but the 

emission strength is not linear in the number of particles in the aggregates [35]. It has been 

shown that two-photon emission is affected by SPR due to aggregation [36]. Higher order 

nonlinear emission has been also investigated by Viarbitskaya et al. [37], who showed that three-

photon emission from aggregated GNPs is stronger than that from isolated GNPs, and emission 

spectra are the same in both cases. Knittel et al. showed that gold nanostructures excited by a fs 

laser at 1560 nm exhibit a broadband nonlinear photoluminescence spectrum in the visible 

region, and different emission spectra between monocrystalline and polycrystalline structures are 

observed [38]. Guan et al. examined characteristics of two-photon emission from dimers and 

trimers and showed that emission is affected by SPR changes due to aggregation [36]. Although 

these results indicate that GNPs are promising probes for this wavelength, detailed properties of 

the nonlinear emission and their physical mechanism are unknown until publication of the 

author’s work described in Appendix A.  

 

 

Fig. 2-9. Normalized scattering (blue) and two-photon luminescence (red) spectra of GNP monomer, dimer, 

and linear trimer [36]. 
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2.1.4  Previous studies on nonlinear emission mechanism 

Many studies are reported on the origin of nonlinear emission from GNPs [24,30,31,36,39–45]. 

Some researchers suggest that nonlinear emission from gold nano structures is caused by a 

sequential excitation process [39,44,45]. In that process, the first photon excites an electron in 

the sp conduction band above the Fermi surface via an intraband transition, leaving a hole in the 

sp conduction band below the Fermi level. Then, the second photon excites an electron from the 

d band to recombine with the sp hole in the conduction band. As a consequence, an electron–hole 

pair is generated, which can recombine and radiate.  

 

 

Fig. 2-10. Excitation schemes of sequential one-photon absorptions near the X and L symmetry points. Open 

and closed circles denote holes and electrons, respectively [45]. 

 

Recently, the mechanism of background emission in from plasmon-enhanced Raman 

spectroscopy has been discussed. One promising hypothesis is that GNP emission is due to 



31 

electron Raman scattering [46,47]. In this process, electrons around the Fermi level in a 

plasmonic metal structure are transiently excited to a virtual state, then relax to different state 

with an energy shift, which results in the broad-band emission.  

 

Fig. 2-11. Origin of anti-Stokes scattering background produced by inelastic light scattering (ILS) from the 

thermally excited electrons above the Fermi level (shaded red) [46]. 

 

Another possible explanation for the nonlinear emission is hot electron intraband 

emission [48,49]. When a large amount of electrons is excited by a fs laser in a time interval 

shorter than the electron-phonon relaxation time, the electron system reaches thermal equilibrium 

through electron-electron scattering, with the electron system and the lattice system having 

individual temperatures that are described by a two-temperature model [79]. Because of the 

intense excitation in a short time, the electron system reaches an effective temperature of more 

than 1000 K. Then, emission is generated by intraband recombination. In this process, the 

emission spectrum is determined by the thermal distribution of hot electrons. Haug et al. showed 

broad emission spectra in the visible and the NIR region from silver nanoparticle films and gold 

nanoparticle films excited by a 770 nm fs laser [48]. Although several publications report on the 
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nonlinear emission mechanism, physical mechanisms of the nonlinear emission from GNP 

aggregates produced by a SWIR laser are unknown until the author’s studies were published. 

 

 

Fig. 2-12. Simplified band diagram of silver, showing the interband transition, intraband transition, and 

electronic Raman process [49]. 

 

 

2.2 Phase retrieval 

2.2.1  Basic algorithm 

Phase retrieval is a method to obtain the phase of a complex wave by post-processing irradiance 

measurements. The first widely accepted method was invented by Gerchberg and Saxton (GS) in 

1972 [50]. This method is generally called as the GS algorithm, and derivatives have been 

widely applied to CGH design [80], X-ray crystallography [81], aberration measurement [56], 

ptychography [82], and many others. In the GS algorithm, input data are irradiance 

measurements at an image plane and a diffraction plane at a pupil plane in the imaging system. 

The square root of the measured irradiance is assigned to the amplitude of the complex field at 

the measurement plane. The algorithm, as illustrated in Fig. 2-13, is an iterative procedure [83]. 
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It starts by setting random phase values between pi and minus pi, which serve as the initial 

estimates of the phase at the sample plane. Then, the phase is combined with the amplitude to 

synthesize the estimation of the complex field at the image plane. The Fast Fourier Transform 

(FFT) generates the complex field at the pupil plane. The constraint at the pupil plane is applied 

by replacing the estimated amplitude with the measured amplitude. The inverse FFT provides 

mapping into the pupil plane, then the amplitude constraint is applied in the image plane by 

replacing the amplitude. These processes are repeatedly performed until an error metric falls 

under a threshold, or the iteration reaches a preset maximum number. 

 

 

Fig. 2-13. GS algorithm [50]. 

 

The original GS algorithm in [50] gives a good conceptual argument for why the GS 

algorithm converges. Fienup categorized the GS algorithm into an error-reduction 

algorithm [51]. In order to improve convergence and avoid stagnation, Fienup proposed a new 

algorithm called the hybrid input-output (HIO) algorithm. The first three operations are the same 

as the GS algorithm: Fourier transforming the input complex field g(x), satisfying the Fourier-
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domain constraint by replacing the amplitude, and an inverse Fourier transform resulting in the 

output complex field g’(x). Unlike the GS algorithm, shown in Fig. 2-14, the HIO algorithm 

forces the pupil plane constrains as expressed in Eq. (2-1). 

 
gk+1(𝑥) = {

𝑔𝑘(𝑥),              𝑜𝑢𝑡𝑠𝑖𝑑𝑒 𝑜𝑓 𝛾

𝑔𝑘(𝑥) − 𝛽𝑔𝑘
′ (𝑥), 𝑥 ∈ 𝛾

 (2-1) 

where γ is the set of pixels that violate additional constraints, and β is a constant feedback 

parameter which works well between 0.5 and 1. Generally, the HIO algorithm is more successful 

in terms of rapid convergence and accurate estimation than the error-reduction algorithm for 

single-irradiance-plane measurement problems. Both of the GS algorithm and Fienup’s 

algorithms are called Fourier iterative algorithms because they involve iterative Fourier 

transformation back and forth between the object and Fourier domains.  

 

 

Fig. 2-14. Hybrid input-output algorithm [51]. 

 

Other basic algorithms have been widely proposed since the GS algorithm was published. 

Many publications describe numerical optimization techniques for phase retrieval, including 
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steepest-descent [51], conjugate gradient search [56,84], simulated annealing [85], maximum-

likelihood estimation [86], and others. Although these numerical methods can be customized for 

complicated imaging systems, such as partially coherent systems [87] and multiplexed coded 

illumination [88], the algorithms are complicated, and calculation time is problem. Another 

technique of phase retrieval is solving the transport of intensity equation (TIE). Many solvers 

have been proposed for TIE [54,89], but some studies showed that accuracy of solutions are 

lower than for the Fourier iterative method [54,90] 

 

2.2.2  Diversity techniques 

Although the GS algorithm and the HIO algorithm pioneered phase retrieval from image-based 

irradiance measurements, they stagnate under certain conditions [54,91]. Those issues are 

improved by implementing phase diversity [52], in which multiple phase retardations in the pupil 

are applied and a phase estimate is found by requiring consistency for all irradiance 

measurements. The most common diversity is defocus [52–54,92,93]. Focus diversity applies 

quadratic phase retardation with different peak phase values at the pupil plane to each 

measurement. Other derivatives have been proposed, like aperture translation shown in Fig. 

2-15 [55–57], and shifting illumination shown in Fig. 2-16 [58]. With translation diversity, the 

pupil area is blocked and scanned by an aperture, and images are captured in each aperture 

position. With shifting illumination, illumination optics are scanned, and diffraction irradiance 

patterns from different sample regions are captured. Those techniques achieved reconstruction 

over a large phase image area. As applied to a computer-assisted phase microscope, this 

technique is called a ptychographic imaging and achieves resolution enhancement beyond the 

objective lens NA, as shown in Fig. 2-17 [82,88]. 
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Fig. 2-15. Translation diversity [56]. (a) A system configuration, (b) Aperture positions. 

 

 

 

Fig. 2-16. Shifting illumination [58]. 
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Fig. 2-17. High resolution Fourier ptychographic microscopy [82]. 

 

Several reconstruction algorithms have been proposed for use with phase diversity. One 

of the most powerful reconstruction algorithms is Gerchberg’s algorithm [94,95]. The goal of the 

algorithm is to estimate the pupil phase ϕex from multiple irradiance measurements. Following 

Gerchberg’s notation, irradiance images Ii (i = 1:N) generated from different phase diversities ϕi 

are called “phasorgrams.” The algorithm, as illustrated in Fig. 2-18, initializes with a constant 

zero phase estimate, i.e. no aberration ϕex(1)=0, and with unit amplitude As(1)=1. Image-plane 

values are indicated with a subscript x, and pupil-plane values are indicated with subscript s. The 

following steps proceed serially: (i) The known N random phase patterns ϕi are applied to yield N 

different total fields with phase (ϕex + ϕi) in the pupil; (ii) A fast Fourier transform Fx[ ] is used 

to calculate complex electric fields at the image plane; (iii) The calculated amplitudes |Uxi| are 

replaced with the measured phasorgram amplitudes √𝐼𝑖, while maintaining the calculated phase; 

(iv) An inverse fast Fourier transform Fξ
-1[ ] is applied to all field distributions to propagate them 

back to the pupil plane; (v) The known ϕi are subtracted from the phase of the individual 

resulting complex fields; and (vi) The complex fields from (v) are averaged to obtain the new 



38 

pupil phase estimate. A primary difference between this algorithm and others is the averaging of 

individual back-propagated pupil fields with Σ/N. Gerchberg described that the field average 

minimizes error of a single estimate from N phasorgrams [94]. The process from (i) to (vi) is 

defined as one iteration, and calculations are repeated until the mean error 휀 ̅between the 

measured phasorgrams and the synthetically generated irradiance distributions falls below a 

threshold or the maximum number of iterations is exceeded. As with [94,95], the algorithm is 

purportedly very robust and avoids stagnation issues.  Any type of phase diversity can be used, 

including defocus and random phase.  

 

 

Fig. 2-18. Gerchberg’s reconstruction algorithm for phase diversity. 
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2.2.3  Random diversity 

Recently, random phase diversity is an active area of research [59–62,94–98]. With random 

diversity, random phaser retardations, such as phase diffusers, are placed in an optical system as 

shown in Fig. 2-19, and multiple irradiance images corresponding to the random patterns are 

captured. There are several methods to obtain multiple phasorgrams. In reference [94], random 

patterns are changed for each measurement. In reference [96], an image sensor is axially shifted 

during the measurement with a single random phase modulation, as shown in Fig. 2-20, in which 

the speckle patterns are changed due to free space propagation. Those techniques improve 

convergence and accuracy, and solve the dynamic range limitation. The random diversity 

technique has been applied to wavefront sensing and fringe compensation, as shown in Fig. 

2-21 [59,97]. 

 

 

Fig. 2-19. Configuration of random phase diversity phase retrieval system [94]. 
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Fig. 2-20. Configuration of a random mask and axial shifts [96]. 

 

 

 

Fig. 2-21. Fringe compensation with phase retrieval [97]. 

 

Many applications using phase diversity are implemented with SLMs because of their 

flexibility and convenience [99,100]. The SLM enables accurate phase retrieval with no 

mechanical movement and no additional optical elements in the AO optical path.  
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Fig. 2-22. Phase retrieval with SLM [100]. 

 

2.2.4  Single-shot phase retrieval 

The most critical drawback in phase retrieval is the requirement of multiple image acquisitions 

(“shots”), which is not suitable in dynamic systems using adaptive optics. For example, photo 

damage can occur during the measurement in tissue imaging with a large dose from multiple 

exposures, and telescopes struggle with extrinsic aberration due to atmospheric turbulence that 

changes frame by frame during image acquisition. Single-shot phase retrieval techniques with 

special gratings have overcome this multiple-shot issue. Blanchard et al. pioneered the single-

shot technique with a distorted grating that introduces defocus into +/-1 diffraction 

orders [64,65]. As shown in Fig. 2-23, the distorted binary gratings placed in the pupil plane 

creates three images, which correspond to three different defocus images. By cropping those 

three images and applying the conventional phase retrieval post-processing, the extrinsic 

aberration is reconstructed. This technique was also realized with a distorted phase grating, and 

optical efficiency increased [101–103]. 
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Fig. 2-23. (a) Configuration of single shot phase retrieval with the distorted grating [65]. (b) Distorted 

grating [64]. 

 

Blanchard’s technique is categorized as single-shot phase retrieval with defocus diversity. 

Other single-shot techniques combined with other diversity implementations have been 

proposed. Pan et al. realized single-shot translation diversity by placing a cross grating in front 

of the object and detecting multiple diffraction orders at the image sensor [66]. The cross grating 

produces diffraction orders propagating in two dimensions that illuminate different areas of the 

object. The image sensor captures all transmitted light simultaneously, and conventional post-

processing reconstructs the object. Other diversity techniques, such as multiple illumination, and 

weakly scattering phase, were also implemented for single-shot techniques by Dammann 

gratings [67,68].  
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Fig. 2-24. Single-shot translation diversity [66]. 

 

 

 

Fig. 2-25. Single-shot phase retrieval with the Dammann grating and weakly scattering plate [68]. 

 

Yao et al. proposed a new phase grating designed to introduce different transmittance 

filters into the diffracted orders [69]. A special phase plate called coded splitting plate (CSP), 

which produces multiple diffraction orders modulated as designed, is placed behind the sample, 

and an image sensor captures the diffracted orders, as shown in Fig. 2-26(A). Yao designed the 

phase plate by the GS algorithm with a pure phase constraint at the phase plate and an amplitude 
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constraint at the diffraction plane, such that intermediate regions between the diffracted orders 

have zero values. Conceptual understanding is shown in Fig. 2-26(B). Measured irradiance 

patterns are divided into individual diffraction patterns, and the sample is reconstructed by the 

Fourier iterative method.  

 

 

 

Fig. 2-26. Single-shot phase retrieval with coded splitting phase grating. (A) Scheme of coded splitting 

method; (B) basic idea of fabricating the CSP [69]. 

 

In either the conventional phase retrieval technique or the single-shot phase retrieval 

technique, each measurement is characterized by the filter applied to the pupil of the optical 

system that modifies the image distribution. Conventional phase diversity techniques measure 

multiple irradiance images with different pupil filters in the pupil plane, as shown in Fig. 2-27. In 

single-shot phase retrieval, phase plates, such as the Damman gratings with the weakly scattering 

plates and the CSP, generate multiple diffraction orders with different effective pupil filters that 

create multiple images at different positions on an image sensor. In conventional phase diversity 

reconstruction algorithms, phase filters corresponding to the phasorgrams are the same as the 

ones used to generate the phasorgrams. On the other hand, the effective pupil filters applied to 
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individual diffraction orders in single-shot techniques are not obvious. Even though Yao’s CSP 

is designed from seed modulation objects, the true effective filters are not the same as the seed 

modulations, because the complex field modulation is not constrained in the design process. The 

reconstruction process requires accurate knowledge of the effective filters for each diffraction 

order for high quality reconstruction of the extrinsic phase. Moreover, Yao’s single-shot 

technique requires the diffracted orders to be completely separated at the image plane for post-

processing. In some applications, like imaging a star field with separated incoherent point 

sources, the separation between diffraction orders should be small to avoid overlaps between the 

phasorgram regions. In that case, a new single-shot technique, which works for small image 

areas, is required.  

 

 

Fig. 2-27. A concept of pupil filters in the conventional diversity. 
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CHAPTER 3 PRESENT STUDY 

In this chapter, detailed analysis and derivation of present work are presented as well as extended 

materials that are not included in the published papers provided in Appendices A, B, C, and D. 

Section 3.1 examines characteristics and physical mechanisms of nonlinear emission 

from aggregated 50 nm GNPs excited by a fs laser at 1560 nm. Significant contributions of this 

study are summarized as follows. 

➢ The characteristics of the nonlinear emission are revealed with single particle MP imaging as 

follows.  

⚫ A broad spectrum in the visible region. 

⚫ Quadratic exponential power dependence. 

⚫ Temporal decay with morphology changes between adjacent GNPs.  

⚫ A cos4 dependence of the incident polarization and linear emission polarization. 

⚫ Luminescence enhancement from large-number aggregates with an increased likelihood 

of photodamage. 

➢ A possible mechanism for the emission is that polarized hot electrons dominate the emission 

process. 

Section 3.2 presents optimized design and application of phase retrieval with random 

phase diversity for measurement and correction of extrinsic aberrations. The following items are 

main contributions for this study. 

➢ Random diversity estimates an extrinsic aberration with higher accuracy than defocus 

diversity.  
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➢ Optimum design parameters of the random phase patterns are determined using Fried’s 

parameter of the extrinsic aberration r0 to achieve high Strehl ratio (SR) and low-iteration-

number reconstruction in the AO application as follows, 

𝐿𝑠 =
𝑟0

4

𝐿𝑖 = 2
𝜆

𝑁𝐴

𝐷

𝑟0

 , 

where the size of super-pixel segments of the random phase patterns is Ls and the image area 

is Li. 

➢ AO experiments are conducted with an LCoS spatial light modulator, which confirms the 

simulation results. 

➢ Experimental errors slightly change the diversity selection rule. 

Section 3.3 provides a new single-shot phase retrieval technique called complex diversity. 

The algorithm and results are summarized as follows. 

➢ Multiple irradiance data are produced by a CGH. 

➢ Complex effective filters are extracted by numerical propagation from the CGH design. 

➢ The reconstruction is performed with a Fourier iterative algorithm modified with an area 

restriction to avoid noise amplification.  

➢ Improvement is verified by numerical simulations and AO experiments, and it exhibits a 

significant improvement in the range of small separation between 1st and 0th order diffraction 

spots.  
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3.1 Characterization of nonlinear emission from gold 

nanoparticles 

This section summarizes and reviews the results and discussions of the first research topic. The 

main body of this section consists of the author’s published paper in Appendix A 

“Characterization of emission from aggregated gold nanoparticles excited nonlinearly by 1560 

nm femtosecond laser,” and the author’s published conference paper in Appendix B 

“Characterization of multiphoton emission from aggregated gold nano particles.” Additional 

results are included from extended materials. 

In this study, nonlinear emission characteristics of GNP aggregates, including emission 

spectra, time dependence, power dependence, polarization properties, and relationships between 

brightness and morphology, are clarified, and a new discussion of the nonlinear emission 

mechanism is proposed. The detailed conditions of sample preparation and experiment are 

described in Appendix A and B. 

Samples are aggregates composed of 50 nm diameter GNPs (Sigma-Aldrich). The 

measurement geometry of a sample is shown in Fig. 3-1. GNP aggregates are formed by 

depositing a diluted and sonicated GNP colloidal solution on a silicon substrate and drying the 

deposits naturally under ambient conditions. The use of a both-sides-polished silicon substrate 

allows GNPs to be characterized separately with a SEM (Hitachi model S-3400N) and excited by 

a custom high NA MP microscope that focuses through the backside of the substrate [8]. 10 μm 

polystyrene particles (Phosphorex, Inc.) are used as positional reference markers.  
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Fig. 3-1. Schematic using a silicon sample substrate and an object-centric silicon solid immersion lens (SIL). 

The excitation laser is focused onto the sample surface through the SIL and the backside of the substrate. 

GNPs with diameters of 50 nm are placed on the top side of the silicon substrate. 

 

The experimental setup of the MP microscope is shown in Fig. 3-2. Because the detailed 

descriptions are provided in our group’s previous research [8] and Appendix A, only updates 

from reference [8] are described here. Two galvo mirrors are controlled to scan a focused laser 

on the sample in an area of 17 × 15 µm. Integration times in this experiment range between 2 

minutes and 10 minutes. A filter is used in the collection path to cut off THG generated from the 

silicon substrate. Laser polarization is controlled by a polarizer and a half-wave plate placed in 

the illumination path, and an analyzer in the collection path is used when measuring emission 

polarization. 

 

50nm GNPs

Al plate
Si substrate

10 um polystyrene 

particle

Si SIL Laser cone

MP emission

Sample stage
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Fig. 3-2. Microscope geometry. GM1 and GM2: Galvo mirrors, ND: Neutral density filter, BS: Beam splitter. 

An analyzer and a grating are inserted for polarization analysis and spectrum measurement, respectively. Two 

BSs and a mirror are inserted for alignment with a He-Ne laser, but they are extracted for measurement of 

GNP properties. 

 

MP emissions are correlated to GNP aggregate forms by pattern matching analysis. The 

pattern matching analysis is summarized in Fig. 3-3. A key point of the analysis is an 

optimization process to maximize the cross-correlation coefficient between a binary MP 

microscope image and the corresponding binary SEM image with respect to xy displacement, 

image rotation angle θ, and image magnification M. Detailed descriptions are provided in 

Appendix B. Once optimization is completed, emission spots are mapped onto the SEM image, 

which makes GNP ordering and emission properties of each aggregate unambiguously 

characterized and enables single-particle spectroscopy. Numbers in Fig. 3-3(c), 3(e), 3(g) and 

3(h) indicate corresponding positions, and Fig. 3-3(h) shows aggregate forms of individual GNP 

aggregates. This result shows that emission is obtained from aggregated GNPs, and emission is 
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not detected above the noise level from single GNPs. Noise level in these measurements is 47.4 

times weaker than the average emission power of dimers. 

 

 

Fig. 3-3. (a) A SEM image of GNPs distributed in a large area with magnification of 5000, and (b) expanded 

image. (c) MP microscope image corresponding to the SEM image shown in (a). (d) and (e) are binary images 

of (a) and (c), respectively. (f) Cross correlation of (d) and (e). (g) Result of the pattern matching. (h) SEM 

images for each emission. 

 

 Nonlinear emission properties are characterized as follows. First results are emission 

spectra. Fig. 3-4(a) shows emission spectra of a dimer, a triangle trimer, and a pentamer. Spectra 
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are normalized to their maximum values between 600 nm and 750 nm, and not corrected for the 

wavelength dependent efficiency of the detector and the grating. The filters cut the spectra under 

570 nm and over 850 nm. Spectral shapes of the dimer, the triangle trimer, and the pentamer 

closely resemble each other. These spectra are broader than two-photon emission spectra 

previously reported in the literature for single GNPs and GNP aggregates excited by a fs laser at 

780 nm [36]. It is also observed that most of the emission photons have higher photon energy 

than a two-photon process. The triangle trimer and the pentamer exhibit SHG peaks, which 

suggests that SHG emission is created with asymmetrical structures [104–106]. It is confirmed 

by SEM image before and after excitation that shape transformation resulting from the excitation 

process does not occur. 

 

 

Fig. 3-4. (a) Emission spectra of a gold nanodimer (red), a triangle trimer (blue), and a pentamer (purple). 

Excitation polarization is linear along the horizontal axis in the inset SEM images. Scale bars are 100 nm for 

insets. (b) Representative time dependences of emission from a GNP dimer (green dot) and a triangle trimer 

(blue circle). Solid lines are fitting curves with double exponential functions. Inset shows SEM images of a 

representative pre-excited triangle trimer (left) and a representative post-excited triangle trimer (right). Scale 

bars are 100 nm in the inset. (c) Logarithmic plots of emission power versus excitation power for four different 

dimers. Each colored mark is an emission from each dimer, and colored solid lines are linear fits. The slopes 

are 2.47 (blue circle), 1.62 (green cross), 1.44 (red dot), and 2.19 (light blue square), with an average value of 

1.93+/-0.48. 
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 Second results are temporal responses. Fig. 3-4(b) shows representative temporal 

response measured for GNP dimers and triangle trimers. Sharp decreases in emission are 

observed immediately after the excitation, then slow decays are observed. The data fit well to the 

double exponential function 

 

𝐼0 [exp (−
t

τ1
) + 𝑐 exp (−

t

τ2
)] , (3-1) 

where I0 is adjusted to produce unity value at t = 0. The parameters are obtained as listed in 

Table 3-1. To clarify the origin of this temporal decay, GNP aggregate forms before excitation 

and after excitation are compared. Aggregate forms of a pre-excited and post-excited triangle 

trimer shown in the inset show that gap areas between GNPs melt and are fused together as a 

result of excitation. This morphology change is likely due to field enhancement in the gap 

region, and leads to temporal emission decay. Similar temporal decay constants are observed for 

other dimers and trimers according to visual observation. 

 

Table 3-1. Fit parameters for time dependence. 

 

 

 Third results are excitation power dependence. Measurements are performed after the 

first decay to minimize temporal effects. Fig. 3-4(c) shows emission intensities versus laser 

power for four different GNP dimers. Line slopes vary from 1.44 to 2.47, and interestingly, the 

averaged value is 1.93 +/- 0.48. This result suggests that emission is a two-photon process.  

τ1 (min) τ2  (min) I 0 c

Dimer 1.7 121 0.79 0.27
Triangle 9.3 515 0.63 0.58
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Fourth results are polarization properties for both excitation and emission polarization. 

Fig. 3-5(a) shows emission power for five dimers measured as a function of incident polarization 

angle θ. Small negative values are due to statistical fluctuations in the background subtraction. It 

is observed that emission strongly depends on excitation polarization. Maximum power is 

obtained with polarization along the long axis (θ = 0°). Data are curve fit by a cosine function in 

the form 

 𝐼0[cos2𝛼(𝜃 + 𝛿) + Δ] , (3-2) 

where I0 is emission power at a resonance angle, δ is deviation of a resonance angle from the 

long axis of dimers, Δ is offset, and α is an exponent. The obtained parameters are listed in Table 

3-2. The exponent α ranges from 1.55 to 3.24, with mean and standard deviation equal to 2.40 

+/- 0.60. This equation is similar to the polarization dependence of two-photon luminescence 

previously reported from gold nanorods [107] and gold nanoclusters [36] which indicates that 

excitation photons are strongly coupled to longitudinal plasmon resonance modes. 

Fig. 3-5(b) shows detected emission power of three GNP dimers as a function of analyzer 

angle θ in the collection path. Similar to Fig. 3-5(a), the analyzer angle θ is measured with 

respect to the dimer long axis. Excitation polarization is fixed along the horizontal axis 

throughout this measurement, although the dimer long axes vary in orientation, as shown in Fig. 

3-5(c). Maximum collected intensity is obtained when the analyzer is parallel to the long axis (θ 

= 0°). Orientations of the long axes with respect to the incident linear polarization do not affect 

the maximum intensity angle, which indicates that emission polarization orientation is 

independent of the incident polarization. These data are fit to (3-2) with the result that α ranges 

from 1.05 to 1.21 with mean and standard deviation equal to 1.12 +/- 0.08, which indicates that 

emission from dimers is linearly polarized along the long axis. Other parameters are listed in 
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Table 3-3. Polarization dependencies for GNP triangle trimers are also characterized in 

Appendix A. 

 

 

Fig. 3-5. Polarization dependence for dimers. (a) Emission versus excitation polarization angle; (b) emission 

versus analyzer angle. Solid lines are curve fits and (c) SEM images. 

 

Table 3-2. Fit parameters for excitation polarization dependence. 

 

 

Table 3-3. Fit parameters for emission polarization dependence. 

 

α δ  (degrees) I 0 b

Dimer 1 2.50 -1 557 x 10 0.18

Dimer 2 2.25 -2 123 x 10
2

-0.03

Dimer 3 3.24 -6 522 x 10 0.23

Dimer 4 1.55 -3 714 x 10 0.02

Dimer 5 2.47 10 210 x 102 0.18

α δ  (degrees) I 0 b

Dimer 6 1.21 7 930 x 10 0.09

Dimer 7 1.11 0 619 x 10 -0.05

Dimer 8 1.05 2 179 x 102 -0.02
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Fifth results are relationships between brightness and morphology. Fig. 3-6(a) plots 

emission power of 69 dimers (II), 14 triangle trimers (IIIA), 3 chain-shaped trimers (IIIB), 8 

diamond-like tetramers (IV), and 9 aggregates with a larger number of aggregates including 

pentamers and hexamers (V+). SEM measurements show that some of the aggregates exhibit 

significant photo damage due to excitation, as shown in Fig. 3-6(b) and Fig. 3-6(c). Significant 

photo damage is defined as morphology change beyond the gap-closing effect shown in the inset 

of Fig. 3-4(b), where individual GNPs are no longer easy to recognize. Variation is observed in 

each category, which is due to slight differences in the size of GNPs and coupling distances 

between particles. Average emission power of triangle trimers (IIIA) is 1.5 times stronger than 

that of the dimers (II). All chain-shaped trimers (IIIB) exhibit significant photo damage, and 

emission average is 12.1 times stronger than that of dimers (II). A general trend is that damaged 

aggregates tend to have higher emission. Damaged diamond tetramers exhibit 17.5 times 

stronger average enhancement compared to non-damaged aggregates. Aggregates with higher-

particle count (V+) increase probability of damage, but they do not increase average emission 

intensity. 
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Fig. 3-6. Emission from each aggregate. Blue circles show emission from aggregates without significant 

damage and red circles show emission from aggregates with significant damage. Black cross marks show 

averaged values and black lines show standard deviations. Representative SEM images for significantly 

damaged aggregates in each category before excitation (b) and after excitation (c). 

 

From these five emission characteristics, nonlinear emission mechanism is now 

discussed. The excitation polarization dependence for GNP dimers indicates that longitudinal 

SPR modes are excited by the incident SWIR fs laser. Guan et al. [36] showed that longitudinal 

SPR modes of 90-nm GNPs appear at an excitation wavelength of 675 nm for dimers and at 750 

nm for chain-shaped trimers. Ghosh and Pal1 [19] showed that multiple aggregates cause further 

red-shifts of this longitudinal resonance peak. In the current measurement, this longitudinal 

resonance wavelength is close to the λ = 780 nm two-photon wavelength of the laser; thus, the fs 

laser excites longitudinal surface plasmons through a two-photon process. Because of the red-

shifts of the longitudinal resonance peak due to aggregation, two-photon absorption probability 

increases as the particle count increases, and it leads to emission enhancement with an increased 
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likelihood of photo damage for the chain-shaped trimer, diamond tetramer, and large-number 

aggregates.  

Measured emission power exhibits an average quadratic power dependence, which also 

indicates that excitation is a two-photon process. However, emission spectra in Fig. 3-4(a) show 

that a significant percentage of emission power corresponding to wavelengths with energies 

above the two-photon energy from 570 to 780 nm, so excitation and emission cannot be a simple 

two-photon process.  

A possible mechanism is a sequential excitation process [39,44,45]. In the current 

experiment, sp-d interband transition energy is higher than the excitation photon energy, but it is 

close to the two-photon excitation energy, which suggests that the excitation process could be a 

sequential excitation that consists of one-photon and two-photon excitation. However, the 

sequential excitation model is not consistent with some of our experimental results. First, 

Biagioni et al. showed that two-photon emission power follows a quadratic dependence upon the 

averaged excitation power from a rate equation, even though the excitation process is 

sequential [39]. Therefore, emission power should show a cubic dependence on excitation power 

in one-photon and two-photon sequential processes. Second, the sequential model cannot explain 

the experimental emission spectrum. The emission spreads broadly in the visible region, and it is 

broader than the SPR resonance peak shown in reference [36]. In addition, Kim et al. showed 

that emission from gold nano particles starts from around 400 nm, which is shorter than the 

three-photon wavelength of the 1560 nm excitation laser. [8] These short wavelength photons 

cannot be generated by one-photon and two-photon sequential excitation. Third, this model does 

not explain the polarization measurement. 
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Another possible mechanism is electron Raman scattering [46,47]. Even though this 

process explains background emission in surface-enhanced Raman scattering, thermally excited 

electron does not have enough energy for up-conversion from SWIR excitation to visible 

emission. 

Recently, hot electron intraband emission has been actively discussed [48,49]. In the 

current experiment, GNP aggregates exhibit broad spectra in the visible and NIR region, like 

Haug et al.’s results [48]. Haug et al. also showed that the emission power law exponent p with 

respect to excitation power is described as  

 

𝑝 =
ℎ𝑣

𝑎𝑘𝐵𝑇𝑒∗
 , (3-3) 

where h is Planck’s constant, 𝑘𝐵 is the Boltzmann constant, 𝑇𝑒
∗ is an effective electron 

temperature, v is an emission frequency, and a is an exponent of electron temperature with 

respect to excitation power described with the form 

 
𝑇𝑒
𝑎 ∝ 𝐸𝑒𝑥 . (3-4) 

Haug et al. showed that p ~ 2 at λ = 554 nm in their experiment, and estimated that 𝑇𝑒
∗ ~ 

2843 K and a ~ 4.57 from statistical analysis. From the excitation polarization dependence and 

the relationships between emission brightness and morphology, it can be understood that 

emission from GNP aggregates is produced by a two-photon excitation process in the current 

measurement, unlike Haug et al.’s results. Thus, Eq. (3-4) is modified. In the linear process, 

absorbed power 𝐸𝑎𝑏 is proportional to excitation power 𝐸𝑒𝑥, but 𝐸𝑎𝑏 is proportional to square of 

𝐸𝑒𝑥 in the two-photon process. Thus, Eq. (3-4) becomes, 

 𝑇𝑒
𝑎 ∝ 𝐸𝑎𝑏 ∝ 𝐸𝑒𝑥

2  , (3-5) 
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𝑇𝑒

𝑎
2 ∝ 𝐸𝑒𝑥 . (3-6) 

Therefore, Eq. (3-3) is modified to 

 

𝑝 =
2ℎ𝑣

𝑎𝑘𝐵𝑇𝑒∗
 . (3-7) 

Haug et al.’s showed that emission spectrum shapes are similar to a black body radiation 

spectrum. According to Wien’s displacement law, the effective electron temperature is given by 

 

𝑇𝑒
∗ =

𝑏

𝜆𝑚𝑎𝑥
 , (3-8) 

where b is Wien’s displacement constant and λmax is a peak wavelength in a black body radiation. 

By using peak wavelengths in our emission spectra at 700 nm, the electron temperature is 

estimated as 4140 K by Eq. (3-8), and the exponent p is estimated as 2.17 by Eq. (3-7). This 

number is consistent with our power dependence measurement, which suggests that emission is 

generated by hot electrons excited by a SWIR fs laser through a two-photon process.  

Measured emission polarization dependence plotted in Fig. 3-5(b) shows that emission 

polarization is oriented along the dimer long axis, which indicates that emission is generated by 

electrons oscillating along this axis. Thus, it is suggested that hot electrons oscillate along the 

long axis, so that the hot electrons are polarized. The excitation polarization dependence shows 

that the excitation fs laser generates longitudinal surface plasmons. This longitudinal mode loses 

its collective oscillation by electron-electron scattering, but their oscillation direction is 

effectively preserved during this process. The excitation and emission polarization properties are 

consistent with Borys et al.’s results [108] with the same silver nano structures sample as Haug 

et al.’s sample. However, unlike the previous results, the current measurements suggest that a 



61 

SWIR fs laser creates the polarized hot electrons in GNP aggregates through two-photon 

excitation of longitudinal surface plasmon modes. The proposal of polarized hot electrons is a 

new hypothesis in this field. 

 

 

Fig. 3-7. A concept image of polarized hot electron emission through two-photon excitation. 

 

 In addition to the study provided in the Appendix A and B, the thermal effect of GNP 

excitation on cells is discussed, since GNRs are tuned for photothermal therapy in some 

experiments [22]. 50 nm GNPs are deposited on a silicon substrate, and INS-832/3 cells are 

cultured on it as shown in Fig. 3-8. Epi images and MP images are obtained by the same MP 

microscope as shown in Fig. 3-2. The GNPs are excited by the 1560 nm fs laser focused on the 

top surface through a silicon SIL. The Epi images are monitored from the top (cell) side with a 

visible LED with center wavelength at 623 nm during the excitation. Comparison of two images 

in Fig. 3-9 taken before and 5 minutes after excitation shows that no measurable change of the 

cell activity is observed. Time sequential images are taken every 30 seconds and GIF animation 
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is created as shown in Fig. 3-10, which shows that the cells were actively moving and did not 

show any shape change. These unpublished results demonstrate that excitation of 50 nm GNPs 

do not kill cells, and it is reasonable to expect that GNPs will work as a guide stars in a tissue 

without producing photothermal damage. It should be noted that the experiment is conducted 

with a Si substrate that has higher thermal conductivity than a general glass plate for microscope 

imaging. To obtain a definite conclusion on the thermal effect associated with the nonlinear 

emission from GNPs, additional experiments should be performed in the future. 

 

 

Fig. 3-8. Schematic of the living cell sample with GNPs. RPMI: Roswell Park Memorial Institute medium. 

 

 

 

Fig. 3-9. Thermal effect of GNP excitation and emission in live cells on a silicon substrate. Epi images before 

excitation (a) and after 5 min excitation (b). (c) A magnified MP image. 
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Fig. 3-10. GIF animation of epi images during the GNP excitation. 

 

 

3.2 Optimization of random phase diversity 

This section summarizes and reviews the methods and results that are presented in the author’s 

published paper in Appendix C, “Optimization of random phase diversity for adaptive optics using 

an LCoS Spatial Light Modulator.”  

In this study, application of phase retrieval for measurement and correction of extrinsic 

aberrations with random phase diversity and Gerchberg’s reconstruction algorithm is presented. 

Optimum design parameters of the random phase patterns to improve accuracy and convergence 

are investigated with Fried’s parameter of the extrinsic aberration. Simulation analysis shows 

that the size of super-pixel segments of the random phase patterns and the cropped image area 

are determined by Fried’s parameter for high-Strehl-ratio and low-iteration-number 
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reconstruction. AO experiments with an LCoS spatial light modulator confirm the simulation 

results. 

Figure 3-11 illustrates the design of our random phase patterns, which are segmented into 

square super-pixel segments. Each super-pixel has a constant phase retardation for all of the 

LCoS pixels that are contained in it, as illustrated by the gray-scale shading in Fig. 3-11(a). The 

information in Fig. 3-11(a) is called the setup data cube, where planes are individual phase 

patterns ϕi displayed on the LCoS device. The N planes have a one-to-one correspondence to the 

i = 1:N phasorgram measurements √𝐼𝑖. Figure 3-11(b) illustrates the measurement data cube, 

where planes are individual phasorgram amplitudes √𝐼𝑖 calculated from the camera plane 

irradiance distribution. In this study, the design parameters of the setup data cube and the 

measurement data cube, which are Ls, Li, N, are optimized, and the choice of random or focus 

diversity is discussed. The detailed conditions of simulation and experiment are described in 

Appendix C.  
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Fig. 3-11. The design of random phase patterns ϕi: (a) The random phase setup data cube. The scalebar shows 

2 mm. (b) The measurement data cube. Each plane in (b) has one-to-one correspondence with a plane in (a). 

The scalebar shows 100 μm. 

 

First discussion is a comparison between random and defocus diversity. Comparisons are 

performed for ten different synthetic Kolmogorov phase disturbances, which are applicable in 

astronomy [109] and biological imaging [110], generated with Fried’s parameter r0 from 0.14D 

to 0.35D. The Kolmogorov phases are generated from approximate Kolmogorov power spectra 

that follow a -11/3 power law [111]. 9 out of 10 random diversity results exhibit SR~1, but only 

6 out of 10 defocus diversity results exhibit SR~1, as shown in Fig. 4 in Appendix C. Therefore, 

random diversity generally estimates ϕex with higher accuracy than defocus diversity with these 

parameters.  

Second, choices for Li are discussed. Most of the simulation conditions are the same as 

the first discussion, but a single Kolmogorov phase disturbance is used and random phase 

patterns are changed for all simulations. From the simulation results, it is shown that Li, which is 

the range of light scattering at the image plane, depends on two criteria. The first criterion is the 

diameter of the halo around the central spot Dh, and the second criterion is a maximum range of 
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light scattering due the array of super-pixels of the random phase patterns Dsamp. These 

conditions are written as Eq. (3-9) and shown by Fig. 3-12, 

 

𝐿𝑖 =

{
 

 2
𝜆

𝑁𝐴

𝐷

𝑟0
       𝑖𝑓  𝐿𝑠  ≥  𝑟0 / 4

1

2

𝜆

𝑁𝐴

𝐷

𝐿𝑠
       𝑖𝑓  𝐿𝑠  <  𝑟0 / 4

 (3-9) 

where λ is wavelength, NA is image side numerical aperture, D is the pupil diameter. The first 

equation corresponds to the first criterion and the second equation corresponds to the second 

criterion.  

 

Fig. 3-12. Li vs Ls. 

 

Third, phase retrieval performance is examined versus super-pixel size Ls and the number 

of random patterns N. To evaluate the convergence, results of SR vs iterations are fit by Eq. 

(3-10),  
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𝑆𝑅 = 1 − 𝑎exp [− (
𝑁𝐾

𝜏
)
2

] , (3-10) 

where Nk is the number of FFTs, a is a gain constant, and τ is a time constant. Gradients of the 

equation at Nk = τ are used as a quality metric for the calculation, where the gradient is written as 

 
𝑑𝑆𝑅

𝑑𝑁𝑘
|
𝑁𝑘=𝜏

=
2𝑎

𝜏
exp(−1). (3-11) 

As shown in Fig. 3-13(a), larger N and smaller Ls result in faster convergence. On the other hand, 

smaller N and larger Ls are not computationally efficient. Similar results are obtained with four 

different Kolmogorov disturbances. To evaluate computational burden with consideration of area 

Li
2, the gradients normalized by Li

2 are plotted in Fig. 3-13(b). The normalized gradients 

maximize around Ls = 0.5 mm, which is close to r0 / 4. Thus, the best phase retrieval 

performance is obtained with the following conditions for random diversity:  

 

𝐿𝑠 =
𝑟0

4

𝐿𝑖 = 2
𝜆

𝑁𝐴

𝐷

𝑟0

 . (3-12) 
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Fig. 3-13. (a) 2D map of averaged gradients with respect to Ls and N. A white area indicates that no 

improvement is obtained. (b) 2D map of averaged gradient normalized by the square of Li [mm]. 

 

 Phase retrieval performance is evaluated by experiment. The experimental setup is shown 

in Fig. 3-14. An example of retrieved phase is shown in Fig. 3-15(a) along with reference data 

measured with a commercial interferometer (Zygo, XPZ), as shown in Fig. 3-15(b). Both phase 

maps exhibit similar profiles. For quantitative evaluation, r0 values are calculated from variance 

of the phase data, where σ2 = 0.134(D/r0)
5/3 in units of rad2 [109]. The retrieved phase exhibits 

r0/D = 0.145, which compares within 10% of the interferometer measurement that exhibits r0/D 

= 0.133. 

 

Fig. 3-14. Experimental setup. 



69 

 

Fig. 3-15. Comparison of the estimated extrinsic aberration between the phase retrieval with the random 

diversity and the Fizeau measurement. 

 

AO experiments are performed, where measured irradiance patterns before and after 

correction are shown in Fig. 3-16. Comparing the measured images, it is clearly observed that 

AO correction improves the point image.  

 

 

Fig. 3-16. Measured irradiance patterns before and after correction. 
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AO experiments are performed with different sets of Li, N, and Ls. SR is improved as Li 

increases, and less improvement is observed for Li greater than Dh, as shown in Fig. 3-17(a). 

Figure 3-17(b) displays monotonous increase of the gradients of SR with respect to N. These two 

experimental results are consistent with the simulation results. AO performance is also 

experimentally evaluated with different Ls (D/8, D/4 and D/2), as shown in Fig. 3-17(c). 

Maximum computational speed is realized with the normalized gradient data and is obtained 

with Ls = D / 4. However, this result is not consistent with the simulation results that show Ls = r0 

/ 4 = 0.036D is the best condition. One possible explanation is that ideal random phase patterns 

ϕi on the LCoS have drastic phase changes at the boundaries between super-pixels. The LCoS 

might not be able to correctly display sharp boundaries due to fringing effects. Moreover, 

interpolation errors should be significant around the boundaries. Re-sampling of the random 

phase patterns during the reconstruction process generate interpolation errors at the boundaries 

between the square super-pixels of the random phase patterns. More boundaries are included in 

the incident beam area for smaller Ls; thus, performance decreases as Ls decreases.  

 

 

Fig. 3-17. AO results with different Li (a), N (b), and Ls (c). 
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The optimum design of the random phase patterns shown in this study is applicable to 

varieties of sensor-less AO systems with the LCoS; for example AO microscopes, AO 

telescopes, and AO ophthalmology. In addition to the benefits of the conventional sensor-less 

AO system, such as a simple setup and low cost, random phase diversity improves reconstruction 

accuracy and convergence speed.  

Fig. 3-13 shows another important result. As Ls increases, minimum N for reasonable 

computational time decreases, and the phase retrieval finally achieves adequate performance 

with N = 2. This result suggests that phase diversity with tiny SLM structures is attractive for 

single-shot phase retrieval.  

 

 

3.3 Single-shot phase retrieval with complex diversity 

This section reviews the methods and results of a new single-shot phase retrieval technique with 

complex diversity that are presented in the author’s published paper in Appendix D, “Single-shot 

phase retrieval with complex diversity,” and extended materials.  

The new single-shot phase retrieval technique proposed in this study is summarized in 

Fig. 3-18. The algorithm consists of three steps. The first step is design of the CGH, the second 

step is extraction of effective filters, and the third step is reconstruction of the extrinsic phase. 

The detailed descriptions are in Appendix D. The critical point in this technique is use of the 

complex filters. The complex filters are calculated from the CGH design by numerical 

propagation and applied in the reconstruction process. Unlike the conventional phase diversity 

technique, the effective filters provide exact modulations for individual diffraction lights 

including both amplitude and phase information, thus accurate reconstruction is achieved. The 
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reconstruction algorithm is basically same as Fig. 2-18 except in areas where amplitudes of the 

effective filters are smaller than a threshold value to avoid noise amplification (∑ ′ /𝑁′). An 

additional pupil constraint, such as an amplitude constraint with a source illumination irradiance, 

can be used for fast convergence. 

Fig. 3-19 shows simulation results. The detailed conditions of simulation and descriptions 

are provided in Appendix D. Phase retrieval is performed with the simulated camera-plane 

irradiance pattern shown in Fig. 3-19(b), which is generated with beam disturbed by a synthetic 

Kolmogorov phase disturbance shown in Fig. 3-19(a), and transmitted through the CGH and 

focused on the camera. Comparisons between retrieved phases shown in Fig. 3-19(c), with the 

reference extrinsic aberration shown in Fig. 3-19(a), indicate that complex diversity subjectively 

performs better than conventional diversity. As shown in Fig. 3-19(d), complex diversity exhibits 

from 1.5 to 8.6 times lower RMS errors than conventional diversity, and the improvements are 

relatively greater with shorter L, where RMS error is the root mean square of the residual phase 

between the reference phase and the estimated phase. As overlaps between phasorgrams increase 

for L shorter than Dsamp, the effective filters differ more from the seed filters. Therefore, the 

complex diversity technique works better than the conventional diversity technique in the range 

of the shorter L. In some applications, like imaging a star field with separated incoherent point 

sources, the separation L should be small to avoid overlaps between the phasorgram regions. In 

that case, the complex diversity technique has a significant advantage over using the seed filters 

in the reconstruction algorithm. 
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Fig. 3-18. Algorithm of single-shot phase retrieval with the complex diversity, and AO correction. 
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Fig. 3-19. Simulation results. (a) An extrinsic Kolmogorov aberration. (b) A simulated irradiance pattern at the 

image plane. The scalebar shows 100 μm. (c) Retrieved aberrations with Ls = D/16. The effective filters (top) 

and the seed filters (bottom). (d) Residual RMS. 

 

AO performance with complex diversity is performed with the same setup described in 

Appendix C. In the experiments, calibration of spot positions is performed before the 

measurement. Although the designed CGH pattern is known, center positions of the diffraction 

spots on the CMOS are unknown due to alignment errors. Even if the alignment is perfect, it is 

difficult to determine the center positions, because the spot images are disturbed by the CGH as 

shown in Fig. 3-19(b). Thus, the center positions must be calibrated before measurement. 

In the calibration process, a reference CGH is used. The reference CGH is designed by 

the same process in Fig. 3-18, except that seed filters are all flat phases. The designed reference 

CGH is displayed on the LCoS, and the irradiance pattern on the CMOS camera is captured. The 

reference CGH generates less disturbed spots on the same positions as the measurement CGH. 

Thus, it is easy to find the center positions from the captured image, which are referred by the 

reconstruction process. Fig. 3-20(a) shows a representative reference CGH, and Fig. 3-20(b) is a 

reference irradiance image. As shown in the supplemental Fig. 3-20(b), the center positions of 
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the diffraction spots are easily found. The positions of these spots are stored and loaded in the 

reconstruction process. 

 

 

Fig. 3-20. (a) A reference CGH. The scalebars show 500 μm. (b) A reference irradiance pattern. 

 

In the AO experiment, four diffracted orders are observed at the corners of a measured 

camera image. They are divided into four phasorgram subareas, as shown in Fig. 3-21(a). 

Exposure time is adjusted to make all the distributed phasorgrams within the dynamic range of 

the CMOS, even though the 0th order diffraction light is saturated. The extrinsic aberration is 

reconstructed from the four phasorgrams and the four effective filters. Fig. 3-21(b) shows 

corrected images with the estimated phases at iteration k. Before AO correction, a point image is 

totally disturbed due to the artificial Kolmogorov phase plate. As iterations increase, image 

quality is improved. After 10000 iterations, the corrected point images are almost identical to the 

image measured without the artificial Kolmogorov phase plate and the LCoS. As shown in Fig. 

3-21(c), peak values of the corrected spots rise with more iterations, and they saturate after 

10000 iterations. Those results show that the complex diversity technique works for sensor-less 

AO correction. 
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Fig. 3-21. Experimental results. (a) Four phasorgrams divided from a measured irradiance image. The scalebar 

shows 100 μm. (b) AO correction results. The top left is the image before correction, and the bottom right is 

the image without the LCoS and the artificial Kolmogorov phase plate. The others show the images corrected 

with the estimated phases at the iteration k. The scalebar shows 100 μm. (c) Peak values of the corrected spots. 

 

Retrieved phases are compared between the complex diversity technique and the 

conventional interferometric measurement. In this measurement, the CGH is designed from 8 

random phase filters with Ls = D/5, D = 6.9 mm, and the separation L = 1600 μm on the CMOS. 

Fig. 3-22(a) shows a captured irradiance image with the CGH and the artificial Kolmogorov 

phase plate. The image is divided into 8 phasorgrams, and the reconstruction with 8 effective 

filters retrieves the extrinsic aberration. In this experiment, a constraint on the complex field in 

the pupil plane, which replaces the values outside the pupil with zero, is used in the 

reconstruction to accelerate the convergence and improve the accuracy. Fig. 3-22(b) shows the 

retrieved phase, and Fig. 3-22(c) is a reference phase measured by a Fizeau interferometer 

(Zygo, XPZ). In comparison, the phase retrieved by complex diversity exhibits a similar profile 

to the reference phase. Due to unwrapping errors, drastic phase jumps appear in the retrieved 

phase. For quantitative evaluation, r0 values are calculated from variance σ2 of the phase data, 



77 

where σ2 = 0.134 (
D

r0
)
5 3⁄

 in units of rad2 [109]. The retrieved phase exhibits r0 = 0.869 mm, 

which compares well with the interferometer measurement that exhibits r0 = 0.872 mm. 

 

 

Fig. 3-22. Comparison between the complex diversity technique and a conventional interferometric 

measurement. (a) A captured image. (b) Phase retrieved by the complex diversity technique. (c) Phase 

measured by a Fizeau interferometer. The scalebars show 1 mm. 
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CHAPTER 4 CONCLUSIONS 

4.1 Summary of dissertation 

This dissertation presents indispensable knowledge and useful methods for a nonlinear 

microscope and a sensor-less AO microscope. The primary accomplishments of this research are 

characterization of nonlinear emission properties of GNPs and application and proposal of new 

phase retrieval techniques.  

First, nonlinear emission properties of 50 nm GNP aggregates including dimers, trimers, 

tetramers and aggregates with more than five particles are characterized under excitation by a 

femtosecond laser at 1560 nm. Aggregate forms are correlated with nonlinear emission images 

by SEM measurements and a pattern matching method. Spectroscopy for each aggregate reveals 

that emission has a broad spectrum in the visible region, and emission powers exhibit an average 

quadratic exponential power dependence. Emission exhibits temporal decay, which is caused by 

morphology changes between adjacent GNPs. For dimers, excitation polarization dependence of 

emission shows a cos4 dependence versus the angle of the incident polarization. Dimer emission 

polarization dependence indicates that emission is linearly polarized along the dimer long axis. 

Relationships between brightness and morphology indicate that large-number aggregates 

produce luminescence enhancement with an increased likelihood of photo damage. These results 

suggest that emission is generated by polarized hot electrons after excitation by two-photon 

absorption into longitudinal surface plasmon modes. 

 Second, application of phase retrieval for measurement and correction of extrinsic 

aberrations with random phase diversity and Gerchberg’s reconstruction algorithm is described. 

Optimization of sensor-less AO systems using LCoS SLMs is documented, which is of use in the 

design of these systems. Random diversity estimates the extrinsic aberration with higher accuracy 
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than defocus diversity. Simulation analysis shows that the size of super-pixel segments of the 

random phase patterns Ls and the image area Li are determined by the Fried’s parameter r0 for 

high SR and low-iteration-number reconstruction in the AO application, described as Ls = r0 / 4 

and Li = 2λD / (NA r0). AO experiments are conducted with an LCoS spatial light modulator, 

which confirmed the simulation results. Experimental error slightly changes the diversity 

selection rule suggested by simulation in that larger Ls shows better AO performance. 

 Third, a new phase retrieval technique called complex diversity is demonstrated, which 

produces multiple phasorgrams in a single-shot measurement using a CGH designed to generate 

multiple diffraction orders. Complex effective filters are extracted by numerical propagation 

from the CGH design. The reconstruction is performed with a Fourier iterative algorithm 

modified with an area restriction to avoid noise amplification. Improvement by the complex 

diversity technique is verified by numerical simulations and AO experiments. Numerical 

simulations show that the complex diversity technique estimates the extrinsic aberration better 

than conventional phase-only single-shot techniques, and the improvement is significant in the 

range of the small separation between 1st and 0th order diffraction spots. Experiments show that 

the complex diversity technique works for sensor-less single-shot AO correction.  

 

 

4.2 Future work 

Additional works are required to develop the nonlinear microscope with the sensor-less AO 

correction system.  
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1) Construction of an AO microscope system with GNP guide stars are required to 

demonstrate system applicability. Optical system and control system are necessary to be 

designed and developed.  

2) Calculation time for phase retrieval is required to be improved. CGH is able to 

generate any number of diffraction light. Optimization of CGH design will make large number of 

diffraction orders, and the use of them improves calculation time. 

 

The new complex diversity phase retrieval technique developed in this study can be applied to 

varieties of measurement and imaging fields.  

3) The wavefront of the excitation light in the MP microscope can be measured and 

corrected by complex diversity using GNP guide stars. The excitation wavefront is usually not 

able to be directly detected by the wavefront sensors because the sensor cannot be placed inside 

the sample. Phase retrieval with the GNP guide stars is one of the ways to indirectly detect the 

excitation wavefront at the sample plane, and the complex diversity technique can improve the 

measurement speed.  

4) The complex diversity technique can be extended to full-field AO correction.  

5) Combining with an RGB color image sensor, full color phase retrieval is expected. 

Because diffraction angles from the CGH are sensitive to the wavelength, complex diversity can 

achieve a more precise color separation than the conventional phase retrieval techniques. 
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APPENDIX-A MANUSCRIPT: CHARACTERIZATION OF EMISSION FROM 

AGGREGATED GOLD NANOPARTICLES EXCITED NONLINEARLY BY 1560 NM 

FEMTOSECOND LASER 

 

The following manuscript was published in Journal of Nanophotonics, Vol. 11, No. 4, pp. 

046007, in October 2017. 
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Abstract 

Nonlinear emission properties of aggregated 50 nm gold nanoparticles (GNPs) excited by a 

femtosecond laser at 1560 nm are characterized. Aggregate forms are correlated to emission by 

SEM imaging and pattern matching. Broad spectra in the visible region are obtained from 

aggregated GNPs, and their emission power exhibits a quadratic exponential power dependence 

and an exponential decay in time due to morphology change. Polarization analysis reveals that 

longitudinal plasmonic modes play important roles for nonlinear emission. Relationships between 

brightness and morphology show that a large number of aggregates produce luminescence 

enhancement, but with associated photo damage. It is proposed that characteristics of nonlinear 

emission from GNPs are explained by plasmon enhanced polarized hot electrons. 
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1. Introduction   

The optical properties of gold nanoparticles (GNPs) have long been a subject of theoretical and 

experimental interest, due to possible applications in nanotechnology.1 Their unique properties 

arise from surface plasmon resonance (SPR), which is collective oscillation of surface charge 

density induced by an incident electric field. SPR confines and enhances electromagnetic energy 

at a particle’s surface. Locally enhanced fields cause nonlinear phenomena, such as multi-photon 

emission (MPE),2–5 third-harmonic generation (THG),6 and surface-enhanced Raman scattering 

(SERS).7 In addition to these optical properties, GNPs are bio-friendly with low cytotoxicity, 

biocompatibility, and easy surface functionalization.8,9 These properties make GNPs very useful 

as contrast agents in biological and medical microscopy.7,10,11 

It has been shown that characteristics of nonlinear emission from GNPs depend on their 

morphology. For example, strong field enhancement occurs at gaps between aggregated GNPs, 

and the emission strength depends on particle separation.12 Viarbitskaya et al. demonstrated that 

three-photon emission from aggregated GNPs is stronger than that from isolated GNPs, and they 

observed that emission spectra are the same in both cases.13 It was demonstrated that nonlinear 

emission power depends upon the aggregate and crystalline structure.14,15 Guan et al. examined 

characteristics of two-photon emission from dimers and trimers and showed that emission is 

affected by SPR changes due to aggregation.16 These characteristics suggest promising ways to 

design emission properties by controlling nanostructure.   

Results from a custom high numerical aperture (NA) multi-photon microscope using a short-wave 

infrared (SWIR) 1560 nm fs fiber laser has shown that GNPs exhibit nonlinear emission in the 

visible region.17 Although results indicated that GNPs are promising probes for this wavelength, 



85 

detailed properties of the nonlinear emission and their physical mechanism are unknown. The 

SWIR excitation wavelength is convenient for deep-tissue biological application because of large 

imaging depth18–20 and availability of suitable optics.21,22 Although two-photon emission excited 

by a near-infrared (NIR) 785 nm fs laser from GNP dimers and trimers has been characterized by 

Guan et al.,16 properties and physical mechanisms of the nonlinear emission from GNP aggregates 

produced by a SWIR laser have not been reported.  

In this paper, excitation and emission properties of GNP aggregates excited by a compact short-

wave-infrared (SWIR) fs laser at λ = 1560 nm are discussed. The emission is observed with a 

custom high NA multi-photon microscope, and emission spots are mapped to scanning electron 

microscope (SEM) images through a pattern matching technique to reveal their structural forms. 

Our studies clarify nonlinear emission characteristics of GNP aggregates, including emission 

spectra, power dependence, polarization properties, and relationships between brightness and 

morphology. A critical point into a new discussion is SWIR fs excitation, because the previously 

proposed mechanism does not explain nonlinear emission properties with this source. A possible 

mechanism for the emission is that polarized hot electrons are associated in the emission process. 

 

2. Materials and methods 

Samples are aggregates composed of 50 nm diameter GNPs (Sigma-Aldrich). GNP aggregates are 

formed by depositing a diluted and sonicated GNP colloidal solution on a silicon substrate and 

drying the deposits naturally under ambient conditions. This process provides a simple way to 

prepare GNP aggregates including single particles, dimers, trimers, tetramers and higher particle 

count aggregates.23 The use of a both-sides-polished silicon substrate allows GNPs to be 

characterized separately with a SEM and excited by a high NA multi-photon microscope that 
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focuses through the backside of the substrate.17 10 μm polystyrene particles (Phosphorex, Inc.) are 

used as positional reference markers, so that sample regions are accurately co-located for both 

SEM and multiphoton microscope imaging.  

The multiphoton microscope is shown in Figure 1.17 The excitation source is a fiber-based fs pulsed 

laser (KPhotonics model CNT-1150-TK-A) producing 150 fs pulses with 50 MHz repetition rate 

at λ = 1560 nm with an average power of 70 mW. Excitation light is attenuated through a variable 

ND filter, so that average excitation power is between 3.6 mW and 8.7 mW at the sample. The 

laser is focused through the substrate to GNPs with a 0.8 NA IR objective lens (Olympus model 

LMPlan-IR 100X) combined with a hemispherical silicon solid immersion lens (SIL), which 

achieves 2.8 NA. The estimated irradiance at the sample is between 2.9 MW/cm2 and 6.9 MW/cm2. 

Two galvano mirrors placed at conjugate planes to the entrance pupil of the IR objective scan a 

focused laser on the sample in an area of 17 × 15 µm. The focus position along the optical axis is 

adjusted by a piezoelectric device on the substrate mount to achieve maximum excitation. 

Emission from the sample is collected by a 0.8 NA visible objective lens (Olympus model 

LMPlanFL 100X) and imaged onto a CCD (SBIG model ST-402ME) through a tube lens. Using 

a transmission blazed grating in the collection path, emissions from GNPs are spectrally dispersed 

on the CCD. Spectral data are extracted by image analysis.17 Integration times in our experiment 

range between 2 minutes and 10 minutes. A filter is used in the collection path to cut off THG 

generated from the silicon substrate. Laser polarization is controlled by a polarizer and a half-wave 

plate placed in the illumination path, and an analyzer in the collection path is used when measuring 

emission polarization. 

 

3. Results 
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A representative nonlinear microscope image is shown in Figure 2a. To reveal the number and 

ordering of GNPs at each emission point, the same region is observed with SEM imaging (Hitachi 

model S-3400N and S-4800) before and after excitation. By tracking 10 μm polystyrene particles 

(not shown in the figures), the SEM image is registered in the same region, and a pattern matching 

method is applied to correlate optical emission spots to the SEM image.24 Due to the large number 

of GNPs in the SEM image, the pattern matching is done computationally with a MATLAB 

program. The program contains an optimization processes to maximize the cross correlation 

coefficient between each binary microscope image and the corresponding binary SEM image with 

respect to xy displacement, image rotation angle, and image magnification. Once optimization is 

completed, emission spots are mapped onto the SEM image, which makes GNP ordering and 

emission properties of each aggregate unambiguously characterized. Figure 2b shows a 

representative SEM image of GNP aggregates in a marked region with a white square in Figure 

2a, and Figure 2c shows the number and ordering of each GNP aggregate at the optical emission 

spots. Because a large area has to be searched to find out the best matching between SEM image 

and MP, SEM resolution is reduced from the manufacture’s specification of 3 nm, but it is enough 

to identify aggregate number and orientation. Correlation results show that emission is obtained 

from aggregated GNPs, but emission is not detected above the noise level from single GNPs. Noise 

level in these measurement is 47.4 times weaker than the average emission power of dimers. 

Emission spectra of a dimer, a triangle trimer, and a pentamer are shown in Figure 3a. These 

spectra are not corrected for the wavelength dependent efficiency of the detector and the grating. 

Excitation laser polarization is set along the horizontal axis with respect to the SEM image. The 

scanning area is reduced around each aggregate for larger photon count during the measurement. 

Spectra are normalized to their maximum values between 600 nm and 750 nm. SEM images are 
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obtained before and after excitation to examine shape transformation resulting from the excitation 

process. Emission of the three GNP aggregates exhibit broad spectra starting at 570 nm, which is 

the cut on wavelength of the filter, to 850 nm. Spectral shapes of the dimer, the triangle trimer, 

and the pentamer closely resemble each other. These spectra are broader than two-photon emission 

spectra previously reported in the literature for single GNPs and GNP aggregates excited by a fs 

laser at 780 nm.16 It is also observed that most of the emission photons have higher photon energy 

than a two-photon process, which suggests that emission is a three-photon process. The triangle 

trimer and the pentamer exhibit second harmonic generation (SHG) peaks, which suggest that SHG 

emission is created with asymmetrical structures.25–27  

Temporal response is measured for GNP dimers and triangle trimers. Measurements start 

immediately after the initial irradiation, and data are collected every 2 minutes in the scanning area 

of 17 × 15 µm with excitation irradiance of approximately 4.3 MW/cm2. Emission intensities are 

obtained by spatially integrating over each emission spot. Representative time dependences of 

emissions from a GNP dimer and a triangle trimer are shown in Figure 3b. Sharp decreases in 

emission are observed immediately after the excitation, then slow decays are observed. As shown 

with solid lines, the data fit well to the double exponential function 

𝐼0 [exp (−
t

τ1
) + 𝑐 exp (−

t

τ2
)]. (1) 

I0 is adjusted to produce unity value at t = 0. To clarify the origin of this temporal decay, GNP 

aggregate forms before excitation and after excitation are compared. Aggregate forms of a pre-

excited and post-excited triangle trimer shown in the inset show that gap areas between GNPs melt 

and are fused together as a result of excitation. This morphology change is likely due to field 

enhancement in the gap region. The morphology change leads to temporal emission decay. Similar 

temporal decay constants are observed for other dimers and trimers according to visual observation. 
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Excitation power dependence of nonlinear emission is measured after the first decay to minimize 

temporal effects. Images are obtained with two filters; one cuts off light shorter than 570 nm, and 

the other cuts off longer than 775 nm. Emission intensities versus laser power for four different 

gold nano-dimers are shown in Figure 3c. Line slopes vary from 1.44 to 2.47, and the averaged 

value is 1.93 +/- 0.48. This result suggests that emission is a two-photon process, which is different 

from the implication from emission spectra shown in Figure 3a that emission is a three-photon 

process. To explain these two results, a new emission model is required.  

Dependencies of emission power with respect to polarization for both excitation and emission from 

dimers are examined. Figure 4a shows emission power for five dimers measured as a function of 

incident polarization angle θ. Polarization angle θ is measured starting at 0 from the dimer long 

axis, which is shown in an inset drawing, and it is rotated clockwise in 30 degree increments. Small 

negative values are due to statistical fluctuations in the background subtraction. It is observed that 

emission strongly depends on excitation polarization. Maximum power is obtained with 

polarization along the long axis (θ = 0°), and power decreases rapidly when the polarization angle 

changes from 0 to +/- 90°. To quantify the relationship between dimer orientation and incident 

polarization, data are curve fit by a cosine function in the form 

𝐼0[cos2𝛼(𝜃 + 𝛿) + Δ],  (2) 

where I0 is emission power at a resonance angle, δ is deviation of a resonance angle from the long 

axis of dimers, Δ is offset, and α is an exponent. The exponent α ranges from 1.55 to 3.24, with 

mean and standard deviation equal to 2.40 +/- 0.60. This equation is similar to the polarization 

dependence of two-photon luminescence previously reported from gold nanorods28 and gold 

nanoclusters,16 which indicates that excitation photons are strongly coupled to longitudinal 

plasmon resonance modes. 
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Figure 4b shows detected emission power of three GNP dimers as a function of analyzer angle θ 

in the collection path. Similar to Figure 4a, the analyzer angle θ is measured with respect to the 

dimer long axis, and the analyzer is rotated counterclockwise in 30 degree increments. Excitation 

polarization is fixed along the horizontal axis throughout this measurement, although the dimer 

long axes vary in orientation, as shown in Figure 4c. Maximum collected intensity is obtained 

when the analyzer is parallel to the long axis (θ = 0°). Orientations of the long axes with respect 

to the incident linear polarization do not affect the maximum intensity angle, which indicates that 

emission polarization orientation is independent of the incident polarization. These data are fit to 

Eq. (2) with the result that α ranges from 1.05 to 1.21 with mean and standard deviation equal to 

1.12 +/- 0.08, which indicates that emission from dimers is linearly polarized along the long axis. 

Polarization dependencies for GNP triangle trimers are shown in Figure 5. Figure 5a shows 

emission as a function of excitation polarization angle θ, with the triangle trimers. For this 

measurement, the polarization angle θ is defined with respect to the horizontal axis at θ = 0, as 

shown in the inset drawing of Figure 5a. Similar to GNP dimers, emission of triangle trimers 

exhibits a polarization dependence with respect to the excitation laser polarization. They exhibit a 

resonance angle, but resonance widths are larger than those of dimers. These data are fit to Eq. (2) 

with δ of 65 degrees for triangle trimer 1 and 103 degrees for triangle trimer 2. Directions with 

these angles are matched with long axes of one of the dimer pairs in the triangle trimers, as 

indicated in Figure 5c by the red arrows. Data fit to Eq. (2) show that (α, b) are (1.54, 0.19) for 

triangle trimer 1 and (1.62, 0.33) for triangle trimer 2, which are smaller than the average value of 

α = 2.40 for dimers.  The increased peak width could be due to superposition of emissions from 

multiple axes in the trimers, as evidenced by the relatively large values of Δ. 
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Figure 5b shows polarization dependence of emission for GNP triangle trimer 3 as a function of 

analyzer angle θ measured from the horizontal axis with the excitation polarization fixed 

horizontally. Emission exhibits a resonance angle, which indicates that the emission is polarized. 

The data are fit to Eq. (2) with α = 1 and resonance angle δ = 12 degrees indicated by the red arrow 

in Figure 5c. This result indicates that one axis of the trimer is primarily responsible for emission 

angular dependence. However, emission from all axes contribute to background emission, as 

evidenced by the large value of Δ = 0.78. 

In addition to spectral and polarization properties, emission power of five kinds of GNP aggregates 

are examined. Figure 6a shows emission power of 69 dimers, 14 triangle trimers, 3 chain-shaped 

trimers, 8 diamond-like tetramers, and 9 aggregates with a larger number of aggregates including 

pentamers and hexamers. Representative aggregate forms for each category are shown in Figure 

6b. Excitation irradiance is fixed for all aggregates at 4.3 MW/cm2, and measurement starts 

immediately after the first excitation to avoid ambiguity due to the time decay effect. Two colors 

in Figure 6a are used to show different aggregate conditions after measurement, because SEM 

measurements show that some of the aggregates exhibit significant photo damage due to excitation, 

as shown in Figure 6c. Significant photo damage is defined as morphology change beyond the 

gap-closing effect shown in the inset of Figure 3b, where individual GNPs are no longer easy to 

recognize. To distinguish emission between non-damaged GNPs and damaged GNPs, blue circles 

show emission power from non-damaged aggregates and red circles show emission power from 

damaged aggregates. Variation is observed in each category, which is due to slight differences in 

the size of GNPs and coupling distances between particles. Comparing between dimers and 

triangle trimers, average emission power of triangle trimers (IIIA) is 1.5 times stronger than that 

of the dimers (II). Three of the chain-shaped trimers (IIIB) are measured. All chain-shaped trimers 
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exhibit significant photo damage, and emission average is 12.1 times stronger than that of dimers. 

A general trend is that damaged aggregates tend to have higher emission. Interestingly, two of the 

diamond tetramers (IV) are not damaged, but four of them are damaged. Damaged diamond 

tetramers exhibit 17.5 times stronger average enhancement compared to non-damaged aggregates. 

Aggregates with higher-particle count (V+) increase probability of damage, but they do not 

increase average emission intensity.  

 

4. Discussion 

The excitation polarization dependence for GNP dimers indicates that longitudinal SPR modes are 

excited by the incident SWIR fs laser. Guan et al. shows that longitudinal SPR modes of 90 nm 

GNPs appear at an excitation wavelength of 675 nm for dimers and at 750 nm for chain-shaped 

trimers.16 Reference 1 shows that multiple aggregates cause further red-shifts of this longitudinal 

resonance peak.1 In the current measurement, this longitudinal resonance wavelength is close to 

the λ= 780 nm two-photon wavelength of the laser, thus the fs laser excites longitudinal surface 

plasmons through a two-photon process. Because of the red-shifts of the longitudinal resonance 

peak due to aggregation, two-photon absorption probability increases as the particle count 

increases, and it leads to emission enhancement with an increased likelihood of photo damage for 

the chain-shaped trimer, diamond tetramer and large-number aggregates. There is an aggregate for 

which emission is smaller than other damaged ones. Because complicated structures are formed 

through excitation, there should be a possibility that the aggregate is transformed to a non-resonant 

form, even though the morphology of the post-excited aggregate is related with original 

morphology. Relation between the post-excited form and its emission is an interesting question, 

but it is beyond the scope of this paper. 
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Measured emission power exhibits an average quadratic exponential power dependence, which 

also indicates that excitation is a two-photon process. However, emission spectra in Figure 3a show 

that a significant percentage of emission power corresponding to wavelengths with energies above 

the two-photon energy from 570 nm to 780 nm, so excitation and emission cannot be a simple two-

photon process.  

Many studies have been done on the origin of nonlinear emission from gold nanoparticles.2,3,5,16,29–

35 Some researchers suggest that nonlinear emission from gold nano structures is caused by a 

sequential excitation process.33–35 In that process, the first photon excites an electron in the sp 

conduction band above the Fermi surface via an intraband transition, leaving a hole in the sp 

conduction band below the Fermi level. Then, the second photon excites an electron from the d 

band to recombine with the sp hole in the conduction band. As a consequence, an electron–hole 

pair is generated, which can recombine and radiate. In the current experiment, sp-d interband 

transition energy is higher than the excitation photon energy, but it is close to the two-photon 

excitation energy, which suggests that the excitation process could be a sequential excitation that 

consists of one-photon and two-photon excitation.  

However, the sequential excitation model is not consistent with some of our experimental results. 

First, Biagioni et al. showed that two-photon emission power follows a quadratic dependence upon 

the averaged excitation power from a rate equation, even though the excitation process is 

sequential.35 Therefore, emission power should show a cubic dependence on excitation power in 

one-photon and two-photon sequential processes. Second, the sequential model cannot explain the 

experimental emission spectrum. The emission spreads broadly in the visible region, and it is 

broader than the SPR resonance peak shown in reference 16. In addition, Kim et al. showed that 

emission from gold nanoparticles starts from around 400 nm, which is shorter than the three-
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photon wavelength of the 1560 nm excitation laser.17 These short wavelength photons cannot be 

generated by one-photon and two-photon sequential excitation. Third, this model does not explain 

the polarization measurement. 

Recently, an emission mechanism of background emission in plasmon enhanced Raman 

spectroscopy has been discussed. One of promising hypotheses is electron Raman scattering.36,37 

In this process, electrons around the Fermi level in a plasmonic metal structure are transiently 

excited to a virtual state, then relax to a different state with an energy shift, which produces the 

broad emission. Even though this process explains background emission in surface-enhanced 

Raman scattering, thermally excited electrons do not have enough energy for upconversion from 

SWIR excitation to the visible emission shown in Figure 3a. 

Another possible explanation for this emission is hot electron intraband emission.38,39 When a large 

amount of electrons is excited by a fs laser in a time interval shorter than the electron-phonon 

relaxation time, the electron system reaches thermal equilibrium through electron-electron 

scattering, with the electron system and the lattice system having individual temperatures that are 

described by a two-temperature model.40 Because of the intense excitation in a short time, the 

electron system reaches an effective temperature of more than 1000 K. Then, emission is generated 

by intraband recombination. In this process, the emission spectrum is determined by the thermal 

distribution of hot electrons. Haug et al. showed broad emission spectra in the visible and the NIR 

region from silver nanoparticle films and gold nanoparticle films excited by a 770 nm fs laser.38 

In the current experiment, GNP aggregates exhibit broad spectra in the visible and NIR region, 

like Haug et al.’s results.  

Haug et al. also showed that the emission power law exponent p with respect to excitation power 

is described as  
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𝑝 =
ℎ𝑣

𝑎𝑘𝐵𝑇𝑒
∗ (3) 

where h is Planck’s constant, 𝑘𝐵 is the Boltzmann constant, 𝑇𝑒
∗ is an effective electron temperature, 

v is an emission frequency, and a is an exponent of electron temperature with respect to excitation 

power described with the form 

 𝑇𝑒
𝑎 ∝ 𝐸𝑒𝑥.   (4) 

Haug et al. showed that p ~ 2 at λ = 554 nm in their experiment, and estimated that 𝑇𝑒
∗ ~ 2843 K 

and a ~ 4.57 from statistical analysis. From the excitation polarization dependence and the 

relationships between emission brightness and morphology, it can be understood that emission 

from GNP aggregates is produced by a two-photon excitation process in the current measurement, 

unlike Haug et al.’s results. Thus, Eq. (4) is modified. In the linear process, absorbed power 𝐸𝑎𝑏 

is proportional to excitation power 𝐸𝑒𝑥, but 𝐸𝑎𝑏 is proportional to square of 𝐸𝑒𝑥 in the two-photon 

process. Thus, Eq. (4) becomes, 

     𝑇𝑒
𝑎 ∝ 𝐸𝑎𝑏 ∝ 𝐸𝑒𝑥

2  (5) 

     𝑇𝑒

𝑎

2 ∝ 𝐸𝑒𝑥. (6) 

Therefore, Eq. (3) is modified to 

     𝑝 =
2ℎ𝑣

𝑎𝑘𝐵𝑇𝑒
∗.  (7) 

Haug et al.’s showed that emission spectrum shapes are similar to a black body radiation spectrum.  

According to Wien’s displacement law, the effective electron temperature is given by 

     𝑇𝑒
∗ =

𝑏

𝜆𝑚𝑎𝑥
  (8) 

where b is Wien’s displacement constant and λmax is a peak wavelength in a black body radiation. 

By using peak wavelengths in our emission spectra at 700 nm, the electron temperature is estimated 

as 4140 K by Eq (8), and the exponent p is estimated as 2.17 by Eq (7). This number is consistent 
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with our power dependence measurement, which suggests that emission is generated by hot 

electrons excited by a SWIR fs laser through a two-photon process.  

Measured emission polarization dependence shown in Figure 4b shows that emission polarization 

is oriented along the dimer long axis, which indicates that emission is generated by electrons 

oscillating along this axis. Thus, it is suggested that hot electrons oscillate along the long axis, so 

that the hot electrons are polarized. The excitation polarization dependence showed that the 

excitation fs laser generates longitudinal surface plasmons. This longitudinal mode looses its 

collective oscillation by electron-electron scattering, but their oscillation direction is effectively 

preserved during this process. The excitation and emission polarization properties are consistent 

with Borys et al.’s results41 with the same silver nano structures sample as Haug et al.’s sample. 

However, unlike the previous results, the current measurements suggest that a SWIR fs laser 

creates the polarized hot electrons in GNP aggregates through two-photon excitation of 

longitudinal surface plasmon modes. 

Some researchers pointed out that size and shape are important factors for nonlinear emission 

properties.6,42 Gold nanorods and gold nanobranches have similar resonance peaks compared to 

aggregated gold nanoparticles, which suggests that these particles may have similar nonlinear 

emission properties. However, other research showed that a gap region plays an important role on 

absorption and emission properties.12 As shown in the Figure 3b, the gap closing decreases 

emission, which suggests that hot electrons around the gap region are primarily responsible for 

nonlinear emission. In this case, aggregation could be a critical factor to determine nonlinear 

emission characteristics. 

 

5. Conclusions 
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Nonlinear emission properties of 50 nm GNP aggregates including dimers, trimers, tetramers and 

aggregates with more than five particles excited by a femtosecond laser at 1560 nm are investigated 

and characterized. Aggregate forms are correlated with nonlinear emission images by SEM 

measurements and a pattern matching method. Spectroscopy for each aggregate reveals that 

emission has a broad spectrum in the visible region, and emission powers exhibit an average 

quadratic exponential power dependence. Emission exhibits temporal decay, which is caused by 

morphology changes between adjacent GNPs. For dimers, excitation polarization dependence of 

emission shows a cos4 dependence versus the angle of the incident polarization. Dimer emission 

polarization dependence indicates that emission is linearly polarized along the dimer long axis. 

Relationships between brightness and morphology indicate that large-number aggregates produce 

luminescence enhancement with an increased likelihood of photo damage. These results suggest 

that emission is generated by polarized hot electrons after excitation by two photon absorption into 

longitudinal surface plasmon modes.  
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Figures 

 

Figure 1. Microscope geometry. GM1 and GM2: Galvano mirrors, ND: Neutral density filter, BS: 

Beam splitter. An analyzer and a grating are inserted for polarization analysis and spectrum 

measurement, respectively. Two BSs and a mirror are inserted for alignment with a He-Ne laser, 

but they are extracted for measurement of GNP properties.  
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Figure 2. (a) Nonlinear microscope image of GNPs. (b) SEM image in a marked region with a 

white square in (a). (c) SEM images for each aggregate. Scale bars are 2 μm for (a), 200 nm for 

(b), and 100 nm for (c). 
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Figure 3. (a) Emission spectra of a gold nano dimer (red), a triangle trimer (blue), and a pentamer 

(purple). Excitation polarization is linear along the horizontal axis in the inset SEM images. Scale 

bars are 100 nm for insets. (b) Representative time dependences of emission from a GNP dimer 

(green dot) and a triangle trimer (blue circle). Solid lines are fitting curves with double exponential 

functions. The time constants are 1.7 minutes and 121 minutes for the dimer and 9.3 minutes and 

515 minutes for the triangle trimer. Inset shows SEM images of a representative pre-excited 

triangle trimer (left) and a representative post-excited triangle trimer (right). Scale bars are 100 nm 

in the inset. (c) Logarithmic plots of emission power vs excitation power for four different dimers. 

Each colored mark is emission from each dimer and colored solid lines are linear fits. The slopes 

are 2.47 (blue circle), 1.62 (green cross), 1.44 (red dot) and 2.19 (light blue square), with an 

average value of 1.93 +/- 0.48. 
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Figure 4. Polarization dependence for dimers. (a) Emission vs excitation polarization angle; (b) 

Emission vs analyzer angle. Solid lines are curve fits; (c) SEM images of dimer 6, 7, and 8. 
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Figure 5. Polarization dependence for triangle trimers. (a) Emission vs excitation polarization 

angle. (b) Emission vs analyzer angle. Solid lines are curve fits. (c) Corresponding aggregate forms. 

Red arrows show resonance angles. 
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Figure 6. (a) Emission from each aggregate. Blue circles show emission from aggregates without 

significant damage and red circles show emission from aggregates with significant damage. Black 

cross marks show averaged values and black lines show standard deviations. Representative SEM 

images for significantly damaged aggregates in each category before excitation (b) and after 

excitation (c). 
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Abstract 

Although gold nanoparticles (GNPs) are promising probes for biological imaging because of their attracting optical 

properties and bio-friendly nature, properties of the multi-photon (MP) emission from GNP aggregates produced by 

a short-wave infrared (SWIR) laser have not been examined. In this paper, characterization of MP emission from 

aggregated 50 nm GNPs excited by a femtosecond (fs) laser at 1560 nm is discussed with respect to aggregate 

structures. The key technique in this work is single particle spectroscopy. A pattern matching technique is applied to 

correlate MP emission and SEM images, which includes an optimization processes to maximize cross correlation 

coefficients between a binary microscope image and a binary SEM image with respect to xy displacement, image 

rotation angle, and image magnification. Once optimization is completed, emission spots are matched to the SEM 

image, which clarifies GNP ordering and emission properties of each aggregate. Correlation results showed that GNP 

aggregates have stronger MP emission than single GNPs. By combining the pattern matching technique with 

spectroscopy, MP emission spectrum is characterized for each GNP aggregate. A broad spectrum in the visible region 

and near infrared (NIR) region is obtained from GNP dimers, unlike previously reported surface plasmon enhanced 

emission spectrum. 

Keywords: Gold nano particle, Aggregation, Multi-photon, Solid immersion lens, Pattern matching.  

 

1. Introduction 

Multi-photon (MP) emission of gold nano particles (GNPs) makes them attractive for imaging and 

nanotechnology.1,2 Optical luminescence of gold was first reported by Moordian.3 This emission exhibited broadband 

luminescence at room temperature with an emission peak at 520 nm and an efficiency on the order of 10 -10. Boyd et 

al. showed MP emission from smooth and rough surfaces of gold in 1986.4 More recently, it has been demonstrated 

that single gold nanoparticles exhibit two-photon emission and three-photon emission. Research on their 

characteristics examined in this decade revealed that the nonlinear emission spectrum from single GNPs spans from 

the visible region to the near infrared (NIR) region.5 Farrer et al. also demonstrated that three-photon emission from 

GNPs is generated efficiently with a 800 nm wavelength femtosecond (fs) laser operating at power levels that are 

lower than those typically used for two-photon imaging of living cells, which can reduce phototoxicity for living 

tissue.6  

There are many examples of how the form of GNP aggregates is influential to MP emission. Electromagnetic fields 

are enhanced at gaps between aggregated GNPs, and particle separations affect two-photon emission strength.7 Nah 

et al. showed that a large number of aggregates exhibits considerably brighter two-photon emission, but the emission 

strength is not linear in the number of particles in the aggregates.8 It has been showed that two-photon emission is 

affected by surface plasmon resonance due to aggregation.9 Higher order nonlinear emission has been also investigated 

by Viarbitskaya et al. They showed that three-photon emission from aggregated GNPs is stronger than that from 

isolated GNPs, and emission spectra are the same in both cases.10 Recently, nonlinear emission excited by a short-

wave infrared (SWIR) fs laser has been reported. Knittel et al. showed that gold nanostructures excited by a fs laser 

at 1560 nm exhibit broadband nonlinear photoluminescence spectrum in visible region, and the different emission 

spectra between monocrystalline and polycrystalline are observed.11  

Applications of MP imaging with wavelengths in the NIR and SWIR are emerging. For example, the use of longer 

excitation wavelength is an effective strategy for increasing the maximum imaging depth by reducing scattering of 

the excitation light by tissue.12–14 NIR/SWIR excitation has the advantage that higher-order nonlinear emissions, such 

as third harmonic generation and three-photon excited fluorescence are located in the visible region, for which standard 
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collection optics and detectors operating near maximum efficiency can be used.15 The NIR multi-photon microscope 

was first developed with a Ti:sapphire laser, but it has been simplified by the advent of more compact and affordable 

fiber-based fs lasers in the NIR/SWIR regions made from reliable state-of-the-art telecommunications components.16 

Although our group showed that GNPs exhibit broad MP emission in the visible and NIR region by using a custom-

made high numerical aperture (NA) multi-photon microscope with a SWIR 1560 nm fs fiber laser,17 relationships 

between emission properties and morphology are still unknown. 

Here, GNP aggregates are excited by a 1560 nm fs laser, and the characteristics of MP emission are described with 

respect to the aggregate structure. Section 2 describes sample preparation and an experimental setup. The emission is 

observed by our high NA multi-photon microscope. Section 3 describes a correlation method to clarify relationships 

between emission and aggregate form. Emission spots are mapped to scanning electron microscope (SEM) images 

through a pattern matching technique. Section 4 lists the summary. 

 
 

2. Sample and experimental setup 

Figure 1 shows a measurement geometry of an sample. Samples are of 50 nm diameter GNPs (Sigma-Aldrich). A 

diluted and sonicated GNP colloidal solution is deposited on a both polished silicon substrate with 400 μm thickness 

and dried naturally under ambient conditions. Samples obtained through this method are called self-assembled GNPs, 

which provide single particles, dimers, trimers, and a large number of particle aggregates.18 Polystyrene particles with 

diameters of 10 μm (Phosphorex, Inc.) are also used as reference markers that make it easier to find the same 

observation region for both SEM and MP microscope imaging. A hemispherical solid immersion lens (SIL) is coupled 

to the bottom of the substrate with high-index immersion oil in a contact region. The excitation laser is focused on the 

GNP through the substrate and the SIL. The silicon substrate is glued on an aluminum plate to fix the sample on a 

microscope stage, and the aluminum plate is fixed on a sample stage by screws. 

 

 

 
Figure 1. Schematic using a silicon sample substrate and an object-centric silicon solid immersion lens (SIL).17 The excitation 

laser is focused onto the sample surface through the SIL and the backside of the substrate. GNPs with diameters of 50 nm are 

placed on the top side of the silicon substrate.  

 

 

Figure 2 shows our high NA multi-photon microscope.17 A fiber-based fs pulsed laser (KPhotonics model CNT-

1150-TK-A) producing 150 fs pulses with 50 MHz repetition rate at 1560 nm with an average power of 70 mW is 

used as an excitation laser. High NA illumination system with 2.8 NA is achieved by using the silicon SIL on a 0.8 

NA IR objective lens (LMPlan-IR 100X). The focused laser is scanned by two galvo mirrors placed at conjugate 

planes to the entrance pupil of the IR objective. A piezoelectric device is placed on the substrate mount to adjust the 

focus position along the optical axis and an IR camera is used for alignment. A visible LED provides epi-illumination 

which is useful to find a target region on the sample. The collection system has a 0.8 NA visible objective lens 

(LMPlanFL 100X) and a tube lens to image MP emission onto a CCD (SBIG model ST-402ME). Emission spectrum 

is obtained by inserting a blazed grating into the collection path, where a filter is also used to cut off THG generated 

from the silicon substrate. 

 

3. Results 

50nm GNPs

Al plate
Si substrate

10 um polystyrene 

particle

Si SIL Laser cone

MP emission

Sample stage
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GNP aggregate forms are characterized with SEM (Hitachi model S-3400N), and Figure 3(a) show a representative 

SEM image of GNP aggregates on the substrate. The number and ordering of GNPs at each point are revealed under 

high magnification, as shown in Figure 3(b). By tracking 10 μm polystyrene particles (not shown in the figures), MP 

emission is imaged in the same region by the MP microscope. Many GNPs including single GNPs, dimers, trimers, 

and a large number of aggregates are found in the observed area, although only 11 MP emissions are detected in the 

MP microscope image. To distinguish emissive GNPs and non-emissive GNPs, a pattern matching method is 

applied.19,20 Due to the large number of GNPs in the SEM image, a MATLAB program is coded to perform this pattern 

matching. The main processes are shown in Figure 3. First, binary images are generated from the SEM image and MP 

image (Figure 3(d) and (e)). Non-zero points in Figure 3(d) are corresponding to GNP positions in Figure 3(a), and 

those in Figure 3(e) are emission areas determined by MP emission positions in Figure 3(c) and Airy diameter of the 

collection objective. Second, cross correlation is calculated between these binary images, as shown in Figure 3(f). 

Third, the program searches a maximum value and its position in the cross correlation, which tells us a matching 

position between GNPs in the SEM image and the MP emissions. Fourth, the binary MP image is rotated by angle θ 

and magnified by M. Then, the second to fourth steps are repeated until cross correlation is maximized. Once 

optimization is completed, emission spots are mapped onto the SEM image, which makes the GNP ordering and 

emission properties of each aggregate unambiguously characterized. Numbers in Figure 3(c), 3(e), 3(g) and 3(h) 

indicate corresponding positions, and Figure 3(h) shows aggregate forms of each GNP. This result shows that emission 

is obtained from aggregated GNPs, but emission from single GNPs is under the noise level. 

By applying this correlation method to spectroscopy, we can obtain spectrum for each cluster. Emission spectra of 

a dimer is shown in Figure 4. The spectrum is not corrected for the wavelength dependent efficiency of the detector 

and the diffraction efficiency of the grating. Spectra are normalized to their maximum values. Emission exhibit broad 

spectra starting at 570 nm, which is the cut on wavelength of the filter, to 850 nm. This is broader than two-photon 

emission spectra previously reported in the literature for single GNPs and GNP aggregates excited by a fs laser at 780 

nm,9 but consistent with our previous report.17 

 

 

 

Figure 2. Microscope geometry. 

 

 

4. Conclusions 

MP emission properties of 50 nm GNP aggregates excited by a fs laser at 1560 nm are investigated with respect 

to their aggregate structure. Their aggregate forms are correlated with MP emission by SEM and a pattern matching 

method, which includes an optimization processes to maximize the cross correlation coefficient between a binary 

microscope image and a binary SEM image. Correlation results show that aggregated GNPs have stronger MP 
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emissions than single GNPs. Spectroscopy combined with the pattern matching reveals that dimer emission has a 

broad spectrum in the visible region and the NIR region, which is broader than previous report. 

 

 

 
 

Figure 3. (a) SEM image of GNPs distributed in a large area with magnification of 5000, and (b) expanded image. (c) MP 

microscope image corresponding to the SEM image shown in (a). (d) and (e) are binary images of (a) and (c), respectively. (g) 

Result of the pattern matching. (h) SEM images for each emission. θ is a rotation angle of MP image and M is magnification of 

MP image. 
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Figure 4. Emission spectrum of a GNP dimer. 
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Abstract: Phase retrieval is an attractive approach for sensor-less adaptive optics (AO) because of its relatively simple 

implementation. Recently, random phase diversity has shown fast convergence for phase retrieval algorithms. In this 

study, design optimization using random phase diversity is discussed with respect to a sensor-less AO system using a 

liquid-crystal on silicon (LCoS) spatial light modulator. The extrinsic phase disturbances studied are due to 

Kolmogorov turbulence. Simulation analysis shows that the size of super-pixel segments of the random phase patterns 

on the LCoS and the cropped image area of the phasorgrams are determined by Fried’s parameter for high Strehl ratio 

and low-iteration-number reconstruction. AO experiments with an LCoS spatial light modulator confirm the 

simulation results. 

 

1. Introduction 

Correction of extrinsic aberration in an imaging system through the use of adaptive optics (AO) is essential in 

applications like astronomy and biology [1,2]. The detection and measurement of the aberration is a key point relating 

to performance of the AO system. Although several types of instruments, like classical interferometers and Shack-

Hartmann sensors, have been exploited for phase aberration measurement, the necessary additional optical 

components in these systems increase system complexity and cost. Phase retrieval is an alternative approach that is 

attractive due to its simplicity. In this paper, we discuss an application of phase retrieval for measurement and 

correction of extrinsic aberrations that uses random phase diversity [3,4] and a reconstruction algorithm recently 

described by Gerchberg [5,6]. 

Phase retrieval is a method of reconstructing the phase of a complex wave by processing irradiance measurements at 

a focal plane. The first widely accepted method was invented by Gerchberg and Saxton (GS) in 1972 [7], then Fienup 

modified the GS algorithm by using finite support and non-negativity constraints in object space [8]. In subsequent 

years, accuracy and convergence were improved by implementing phase diversity [9], in which multiple phase 

retardations in the pupil are applied and a phase estimate is found by requiring consistency for all irradiance 

measurements. The most commonly used diversity is defocus [9,10]. Other derivatives have been proposed, like 

aperture translation [11–13] and shifting illumination [14]. Recently, random phase diversity is actively studied, 

because it improves convergence and accuracy [3,4,15,16] and solves a dynamic range limitation [3,17]. This 

technique has been used for wavefront sensing with fringe compensation [3, 18], and combined with spatial light 

modulators (SLMs) because of their flexibility and convenience [19]. However, random phase diversity patterns 

disperse incoming light over wide angular ranges. Thus, a proper design is required to achieve accurate and fast phase 

retrieval. Moreover, an application to AO systems has not been shown. 

In this study, design optimization of random phase diversity is discussed to improve accuracy and convergence. 

Simulation and experiment show that optimum design parameters of the random phase patterns are determined by 

Fried’s parameter of the extrinsic aberration. A liquid crystal on silicon (LCoS) SLM is used to experimentally 

generate random diversity as a demonstration of correcting extrinsic aberration. The LCoS enables accurate phase 

retrieval with no mechanical movement and no additional optical elements in the AO optical path.  

Section 2 describes the reconstruction algorithm and the design parameters of random phase diversity. Section 3 

describes diversity optimization through simulation. Section 4 shows experimental results, and Section 5 lists 

conclusions from this work. 

Theory and design 
A simplified system schematic is shown in Fig. 1. The first step in AO correction is to estimate the extrinsic aberration, 

as shown in Fig. 1(a). The complex field from an object that transmits through an aberrating medium illuminates the 
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LCoS at a pupil plane of the imaging system. Random phase patterns ϕi are displayed on the LCoS, which are generated 

by a computer and are uniformly distributed in the range of 0 to 2π phase values across the super-pixels. The fields 

modulated by the random phase patterns are focused onto a CCD camera through an imaging lens. N different random 

patterns (i = 1:N) are used to capture N different images. Following Gerchberg’s notation, irradiance images Ii 

generated from different random phase patterns on the LCoS are called phasorgrams [5,6]. Phase retrieval is calculated 

using the random phase patterns and the measured phasorgrams to estimate the extrinsic aberration ϕex. As shown in 

Fig. 1(b), AO correction is done by displaying the complex conjugate of ϕex on the LCoS to compensate the aberration. 

Then, a corrected image is measured and analyzed. 

 
Fig. 1. Concept schematics of the phase retrieval with LCoS. (a) Phase Retrieval, and (b) AO correction. 

 

The specific phase retrieval algorithm used in this study is an iterative Fourier method combined with field averaging 

[5,6]. One phasorgram is recorded for each LCoS phase pattern ϕi with measured irradiance distribution Ii. The 

algorithm, as illustrated in Fig. 2, initializes with a constant zero phase estimate, i.e. no aberration ϕex(1)=0 , for the 

extrinsic phase and with unit amplitude Aex(1)=1. Image-plane values are indicated with a subscript x, and pupil-plane 

values are indicated with a subscript s. The following steps proceed serially: (1) The known ϕi are applied to yield N 

different total fields with phase (ϕex + ϕi) in the pupil; (2) A fast Fourier transform Fx[ ] is used to calculate complex 

electric fields at the image plane; (3) The calculated amplitudes |Uxi| are replaced with the measured phasorgram 

amplitudes √𝐼𝑖, while maintaining the calculated phase; (4) An inverse fast Fourier transform Fξ
-1[ ] is applied to all 

field distributions to propagate them back to the pupil plane; (5) The known ϕi are subtracted from the phase of the 

individual resulting complex fields; and (6) The complex fields from (5) are averaged to obtain the new extrinsic 

aberration phase estimate. The process from (1) to (6) is defined as one iteration, and calculations are repeated until 

the mean error 휀  ̅between the measured phasorgrams and the synthetically generated irradiance distributions falls 

below a threshold or the maximum number of iterations is exceeded. After the final estimate for ϕex is retrieved, AO 

is applied with the LCoS, where the complex conjugate of the estimated ϕex is displayed on the LCoS to compensate 

the aberration. A corrected image is captured, and the measured spot distribution is evaluated. 
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Fig 2. Reconstruction algorithm. 

 

Fig. 3 illustrates the design of our random phase patterns, which are segmented into square super-pixel segments. Each 

super-pixel has a constant phase retardation for all of the LCoS pixels that are contained in it, as illustrated by the 

gray-scale shading in Fig. 3(a). The information in Fig. 3(a) is called the setup data cube, where planes are individual 

phase patterns ϕi displayed on the LCoS device. The N planes have a one-to-one correspondence to the i = 1:N 

phasorgram measurements √𝐼𝑖 . Fig. 3(b) illustrates the measurement data cube, where planes are individual 

phasorgram amplitudes √𝐼𝑖 calculated from the camera plane irradiance distribution. 

 
Fig. 3. The design of random phase patterns ϕi: (a) The random phase setup data cube. Gray-scale shading shows phase retardation. The scalebar 

shows 2 mm. All of the LCoS pixels in a square super-pixel segment have the same phase retardation; (b) The measurement data cube. Each 

plane in (b) has one-to-one correspondence with a plane in (a). The scalebar shows 100 μm. 

 

Several design parameters are investigated. An important design parameter of the phase pattern is the size Ls of the 

super-pixels. Small Ls causes high-angle diffraction that expands the phasorgram size. Large Ls causes too few phase 

modulations across the pupil, which degrades performance of the phase retrieval algorithm. A second design parameter 

is the number of random patterns N. Large N produces more data, but it also increases the computational burden and 

measurement time. Another important parameter is the cropped image area Li. Since the image sensor has much larger 

area than the phasorgram size in this application with a point-source object, the captured image is cropped to an 

adequate size Li. If Li is too small, information critical for the phase retrieval algorithm is lost. Tradeoffs associated 

with these parameters are discussed in the next section, with the goals of accurate phase estimation, good AO 

performance and low computational burden.  

Simulation 

This section describes simulations that narrow design choices for Ls, Li, N and the choice of random or focus diversity. 

In order to match experimental conditions, wavelength λ = 632.8 nm, image side NA = 0.0104, and the pupil diameter 

D = 6.9 mm, where D is shown in Fig. 3(a). The 1280x1024 image sensor has 5.2 μm square pixels. A synthetic 
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Kolmogorov phase disturbance, which is common in astronomy [2] and also applicable in biological imaging [20, 21], 

is the extrinsic aberration. First, a comparison is made between random and defocus diversity. Second, choices for Li 

is discussed. Then, the values of super-pixel size Ls and N are investigated. Finally, the optimal selection of those 

parameters is discussed. 

Random diversity is first compared to defocus diversity with N = 3. Phasorgrams are generated from two random 

phase patterns ϕi (i = 1,2) and one flat phase ϕ3 = 0 to form the random phase setup data cube. Phase retardation of 

each super pixel is determined by a uniform random number generator in the interval [0, 2π]. For the defocus diversity 

setup data cube, phasorgrams are generated with quadratic exit-pupil defocus aberration distributions with maximum 

values -2λ/NA2, 0, and 2λ/NA2 for i = 1,2,3, respectively. In all cases, extrinsic Kolmogorov aberration ϕex is estimated 

using the algorithm shown in Fig. 2. Then, adaptive optics is applied on the LCoS with the conjugate of ϕex, and Strehl 

ratio (SR) of the compensated spots are evaluated. Fig. 4 shows SRs at iteration number 200. Ten different synthetic 

Kolmogorov phase disturbances (K1-K10) are generated with Fried’s parameter r0 from 0.14D to 0.35D. Comparing 

SR between random diversity and defocus diversity, 9 out of 10 random diversity results exhibit SR~1, but only 6 out 

of 10 defocus diversity results exhibit SR~1. Therefore, random diversity generally estimates ϕex with higher accuracy 

than defocus diversity with these parameters. It is noted that K6 exhibits lower SR than the others cases studied. 

Although there seems to be a correlation between K and principal component values of the random diffusers, a 

conclusive relationship is not obtained.  

 
Fig. 4. Comparison of AO performance between random diversity and defocus diversity. SRs are shown with N = 3 after 200 iterations with 10 
different synthetic Kolmogorov phase disturbances (K1-K10). 

 

Next, the choice of image area Li is discussed. A single extrinsic Kolmogorov phase aberration is used, and N = 8. Fig. 

5(a) shows SR vs Li at 200 iterations. Larger cropped image area shows better SR, and SR ~ 0.9 at Li = 500 μm. For 

Li > 500 μm, less improvement is observed. SR is nearly independent of length Ls. The inset of Fig. 5(a) shows an 

irradiance pattern due to imaging a point source with no phase modulation on the LCoS, where the spread in irradiance 

is due to the extrinsic aberration. Scattering due to ϕex results in diameter Dh, the diameter of the halo around the 

central spot, where Dh ~ 500 μm in this simulation. Thus, Li is required to be larger than Dh to obtain maximum AO 

performance. The point image disturbed by Kolmogorov turbulence is roughly described by the diameter [2] 
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where C is a constant. In this simulation, the synthetic Kolmogorov turbulence has r0 /D ~ 0.27, thus C ~ 2 with the 

measured Dh ~ 500 μm.  

In order to determine Li under various conditions, both Dh and the super-pixel size Ls is considered. The array of super-

pixels with period Ls results in a maximum range of light scattering at the image plane of  
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which is greater than Dh if Ls < r0 / 4. Therefore, the cropped image size Li should be set equal to Dsamp if Ls < r0 / 4 

and equal to Dh if Ls ≥ r0 / 4. That is,  
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This condition is plotted in Fig. 5(b). When Ls is smaller than r0 / 4, the best Li is determined by the sampling condition. 

When Ls is larger than r0 / 4, the best Li is determined by Dh. 

 
Fig 5. (a) SR vs Li after 200 iterations with Ls = D/2, D/8, and D/16. A red line shows Li = 500 μm. Inset is an irradiance pattern with no random 

phase modulation. The scalebar shows 100 μm. Image scale is expanded. A red circle shows Li = 500 μm; and (b) Li determined by Eq. (2). 

 

Next, phase retrieval performance is examined versus super-pixel size Ls and the number of random patterns N. The 

simulation is repeated with five trials using five different random diversity distributions ϕi, using the same synthetic 

Kolmogorov phase disturbance. Fig. 6(a) shows SR vs the number of FFTs used with different Ls and N. SR is averaged 

over five trails at each point Nk on the horizontal axis, which is the number of FFTs used and is equal to the number 

of iterations k multiplied by N. The number of FFTs is used to quantify the computational burden. The extreme cases 

studied are when SR reaches to 1 in 200 FFTs with N = 8 and Ls = D / 32 and when SR does not converge with N = 4 

and Ls = D / 4. 

To evaluate convergence, SR vs number of FFTs is fit to the function 

2

SR = 1 exp
Nk

a


  
− −  

   
 , (4) 

where Nk is the number of FFTs, a is a gain constant, and τ is a time constant. Gradients of Eq. (4) at Nk = τ are used 

as a quality metric for the calculation, where the gradient is written as 

( )
 SR 2

exp 1
k

d a

dk  =

= −  . (5) 

Fig. 6(b) shows averaged gradients over five trails at each pixel in the graph. As shown in Fig. 6(b), larger N and 

smaller Ls result in faster convergence. On the other hand, smaller N and larger Ls are not computationally efficient. 

Similar results are obtained with four different Kolmogorov disturbances.  

Smaller Ls generates larger Dh with random diversity, as shown in Eq. (2), and the phase information is distributed 

over a larger pixel area. Similarly, a large amount of information with high N improves convergence. Thus, small Ls 

and large N are conditions for fast convergence.  

Although the small Ls exhibits fast convergence, it requires larger Li when Ls is smaller than r0 / 4, as shown in Fig. 

5(b), which increases the computational time. To evaluate computational burden with consideration of area Li^2, the 

gradients normalized by Li^2 are plotted in Fig. 6(c). The normalized gradients maximize around Ls = 0.5 mm, which 

is close to r0 / 4. Thus, the best phase retrieval performance is obtained with the following conditions for random 

diversity:  
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Note that r0 is unknown when the measurement is started. However, it can be roughly estimated from an initial 

measurement. 

 
Fig. 6. (a) SR vs the number of FFTs Nk with different Ls and N; (b) 2D map of averaged gradients with respect to Ls and N. A white area indicates 
that no improvement is obtained and (c) 2D map of averaged gradient normalized by the square of Li [mm]. 

 

2. Experiment 

The experimental setup is shown in Fig. 7. Light from HeNe laser is attenuated through an ND filter to avoid saturation 

on the image sensor. The linear polarization state of the laser is rotated by a λ / 2 plate to match it to the LCoS axis. 

The light illuminates a Kolmogorov phase plate in a plane conjugate to the LCoS after passing through a spatial filter 

and a polarizer. The Kolmogorov pattern is fabricated on a glass plate with a mask-less lithography technique [22]. 

The random phase pattern is displayed on the LCoS (Holoeye, PLUTO-NIR-010). The modulated light creates an 

irradiance pattern on the CMOS camera (Thorlabs, DCC-1545M) through an f = 330 mm imaging lens. As described 

in the simulation section, λ = 632.8 nm, pupil diameter D = 6.9 mm, and the image side NA = 0.0104. The phasorgram 

irradiance patterns generated with different random phase patterns are captured and stored for subsequent processing.  

 
Fig. 7. Experimental setup. 

 

Phasorgrams are captured with N = 8 and Ls = D / 4 and cropped to Li = 3881 μm side length of the square image area. 

The reconstruction process is performed with up to 5000 iterations. An example of retrieved phase is shown in Fig. 

8(a) along with reference data measured with a commercial interferometer (Zygo, XPZ), as shown in Fig. 8(b). Both 

phase maps exhibit similar profiles. For quantitative evaluation, r0 values are calculated from variance of the phase 

data, where σ2 = 0.134(D/r0)5/3 in units of rad2 [2]. The retrieved phase exhibits r0/D = 0.145, which compares within 

10% of the interferometer measurement that exhibits r0/D = 0.133.  

 
Fig. 8. Comparison of the estimated extrinsic aberration between the phase retrieval with the random diversity and the Fizeau measurement: (a) 

Phase retrieval; and (b) Fizeau measurement.  
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AO experiments are performed with different sets of Li, Ls, and N. The experiments are performed with the following 

steps: (1) capture phasorgrams, (2) phase retrieval, (3) display complex conjugated phase on LCoS, and (4) capture 

corrected point images. AO performance is evaluated with the SR, which is the ratio of the measured peak irradiance 

value over a simulated peak value calculated from the NA, wavelength and total integrated irradiance.  

First, AO performance is evaluated with respect to Li. Measured irradiance patterns before and after correction are 

shown in Fig. 9(a). Comparing the measured images, it is clearly observed that AO correction improves the point 

image. Fig. 9(b) shows SR vs Li. SR is improved as Li increases, and less improvement is observed for Li greater than 

Dh calculated from Eq. (1). These experimental results are consistent with the simulation results of Fig. 5.  

 
Fig. 9. (a) Measured irradiance patterns before and after correction; and (b) Measured SR vs Li with Ls = D/4 and N=8. An red line shows Li = Dh 

calculated by Eq. (1). 

 

Fig. 10 shows AO results with different N. SR vs the number of FFTs are shown in Fig. 10(a). SR does not exhibit 

perfect performance (SR = 1), even with 5000 iterations. In order to quantify the improvement, SR is fit to  

2

SR = exp
Nk

b a


  
− −  

   
 , (7) 

where b is the SR at infinite iterations, as shown in Fig. 10(a). Fig. 10(b) and Fig. 10(c) display a and gradients of SR. 

As N increases, a and the gradient also increase. In the experiment, aerial images are affected by external disturbances, 

such as LCoS fluctuation or laser fluctuation. Those experimental errors aggravate phase retrieval performance, but 

averaging multiple measurements limit severity of the disturbances. Thus, a larger number of phasorgrams can 

improve final SR, which is reflected in the experimental data in addition to algorithmic improvement. Large gradients 

are observed with large N, which is consistent with the simulation results of Fig. 6.  

 
Fig. 10. AO results with different N: (a) SRs vs the number of FFTs with N = 4, 5, 6, 7, and 8. Circles show measured SRs, and solid lines are fit 

results by Eq. (6); (b) a; and (c) gradients. 

 

AO performance is also experimentally evaluated with different Ls (D/8, D/4 and D/2), as shown in Fig. 11. Fig 11(a) 

shows SR vs number of FFTs, Fig. 11(b) plots a versus Ls, and Fig. 11(c) plots normalized gradients versus Ls. 

Maximum of a, and speed indicated with the normalized gradient are obtained with Ls = D / 4. However, this result is 

not consistent with the simulation results that show Ls = r0 / 4 = 0.036D is the best condition. One possible explanation 

is that ideal random phase patterns ϕi on the LCoS have drastic phase changes at the boundaries between super-pixels. 
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The LCoS might not be able to correctly display sharp boundaries due to fringing effects. Moreover, interpolation 

errors should be significant around the boundaries. Because the sampling pitch of the pupil plane in the reconstruction 

process is larger than that of the LCoS, re-sampling of the random phase patterns is required between measurement 

and post processing. The interpolation errors generated in the re-sampling processes are remarkable at the boundaries 

between the square super-pixels of the random phase patterns. More boundaries are included in the incident beam area 

for smaller Ls; thus, performance decreases as Ls decreases. 

 
Fig. 11. AO results with different Ls: (a) SRs vs the number of FFTs normalized by the square of Li with Ls = D/2, D/4, and D/8. Circles show 

measured SRs, and solid lines are fit results by Eq. (6); (b) a; and (c) gradients. 

 

The optimum design of the random phase patterns shown in this study is applicable to varieties of sensor-less AO 

systems with the LCoS, for example AO microscopes, AO telescopes, and AO ophthalmology. In addition to the 

benefits of the conventional sensor-less AO system, such as a simple setup and low cost, random phase diversity 

improves reconstruction accuracy and convergence speed. This improvement will sophisticate the conventional 

sensor-less AO systems and create better images.  

 

3. Conclusion 

Application of phase retrieval for measurement and correction of extrinsic aberrations with random phase diversity 

and Gerchberg’s reconstruction algorithm is described. Random diversity estimates the extrinsic aberration with 

higher accuracy than defocus diversity. Simulation analysis shows that the size of super-pixel segments of the random 

phase patterns Ls and the image area Li are determined by the Fried’s parameter r0 for high SR and low-iteration-

number reconstruction in the AO application, described as Ls = r0 / 4 and Li = 2λD / (NA r0). AO experiments are 

conducted with an LCoS spatial light modulator, which confirmed the simulation results. Experimental error slightly 

changes the diversity selection rule suggested by simulation in that larger Ls shows better AO performance. 
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APPENDIX-D MANUSCRIPT: SINGLE-SHOT PHASE RETRIEVAL WITH COMPLEX 
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The following manuscript was published in Optics Letters, Vol. 44, Issue 21, pp. 5108-5111, in 

November 2019. 
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The concept of complex diversity is introduced that 
adequately accounts for special considerations in the 
design of the system and the reconstruction algorithm for 
single-shot phase retrieval techniques. Complex-number 
pupil filters containing both amplitude and phase values 
are extracted by numerical propagation from a 
computer-generated hologram design, which generates 
multiple images in a single acquisition. The 
reconstruction is performed by a Fourier iterative 
algorithm modified with an area restriction to avoid 
noise amplification. Numerical simulations show that the 
complex diversity technique estimates extrinsic 
Kolmogorov aberration better than conventional single-
shot techniques for a distant point object. Experiments 
show that sensor-less adaptive optics correction is 
achieved using the complex diversity technique. 
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1. Introduction 
Phase retrieval is a technique to measure unknown extrinsic phase 
disturbances, which is attractive because of its simplicity 
compared to more complicated systems that involve 
interferometers or Shack-Hartmann sensors [1,2]. Phase retrieval 
drawbacks include the requirement of multiple image acquisitions 
(“shots”), low accuracy, and stagnation issues. Some of these issues 
have been overcome by single-shot phase retrieval associated with 
various diversities [3–5]. These single-shot techniques effectively 
achieve multiple image acquisitions with different phase diversity 
values through the use of special gratings designed to generate 
multiple diffraction orders that are detected simultaneously in a 
single image acquisition. In either multiple-shot or single-shot 
techniques, each measurement is characterized by the filter 
applied to the pupil of the optical system that modifies the image 
distribution. For example, focus diversity applies quadratic phase 
filters with different peak phase values to each measurement. This 
filter must be known precisely for accurate extrinsic phase 
reconstruction. However, for single-shot techniques, the effective 
filter applied to the diffracted orders and an accurate 
reconstruction algorithm that utilizes the effective filters have not 
been adequately discussed. In this paper, accurate effective filters 
are determined in a new diversity concept called complex diversity 

for single-shot phase retrieval, and an associated reconstruction 
algorithm is proposed. 

The original phase retrieval algorithm is credited to Gerchberg 
and Saxton in 1972 [1], and Fienup generalized this algorithm by 
using finite support and non-negativity constrains [2]. In 
subsequent years, accuracy and convergence were improved by 
implementing several different diversities, such as defocus 
diversity [6,7], translation diversity [8], shifting illumination [9], 
and random diversity [10,11]. However, these diversity 
techniques generally require multiple shots.  

Recently, single-shot phase retrieval techniques with special 
gratings have overcome this multiple-shot issue. Blanchard et al. 
pioneered the single-shot technique with a distorted grating that 
introduces defocus into +/-1 diffraction orders [3]. Then, 
straightforward implementation without energy loss was 
proposed with a spatial light modulator (SLM) [12]. Other diversity 
techniques, like translation diversity [4], multiple illumination [5], 
and weakly scattering phase [13], were also realized with single-
shot techniques by implementing Dammann gratings. Yao et al. 
also proposed a new phase grating designed to introduce different 
transmittance filters into the diffracted orders [14].  

Phase gratings and computer-generated holograms (CGHs) are 
attractive for distribution of multiple images on a camera plane in 
a single shot because they create multiple orders without power 
loss and are easily implemented with a SLM. However, the true 
effective filters applied to individual diffraction orders are not 
obvious. Even though the CGHs are designed from seed filter 
patterns, the true effective filters are not the same as the seed filters, 
because the complex field modulation is not constrained in the 
design process, as explained below. The reconstruction process 
requires accurate knowledge of the effective filters for each 
diffraction order for high quality reconstruction of the extrinsic 
phase.  

In this study, a new diversity concept is proposed to achieve 
accurate phase retrieval with a single-shot acquisition. Multiple 
irradiance data are obtained by a CGH designed to generate 
multiple diffraction orders with different diversity values. The 
effective filters associated with the individual diffraction orders 
from the CGH are calculated. It is demonstrated that the effective 
filters are extracted by numerical propagation, and they must 
include both real and imaginary values, which signify both 
absorption and phase shift versus position in the filter plane, rather 
than the common practice of specifying only the phase portion of 
the filter. We categorize this new concept of phase retrieval with 
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complex effective filters as complex diversity. A modified classical 
Fourier iterative algorithm is used for reconstruction of the 
extrinsic aberration in order to avoid noise amplification due to 
small amplitudes of the effective filters. The new diversity 
technique is evaluated by numerical simulations, and preliminary 
adaptive optics (AO) experiments with a synthetic extrinsic 
aberration and a liquid crystal on silicon (LCoS) SLM.  

This paper consists of the following sections. Section 2 
describes the concept and the principle of complex diversity. 
Section 3 describes simulation results, which indicate that the 
complex diversity technique estimates extrinsic aberration better 
than the conventional phase-only single-shot technique. Section 4 
shows experimental results. Section 5 lists primary conclusions 
from this work. 
 
2. Principle 
A. Concept of complex diversity 
Conventional phase diversity techniques measure multiple 
irradiance images with different filters in the pupil plane, as shown 
in Fig. 1(a). Following Gerchberg’s notation, the series of different 
irradiance images generated from different phase filters are called 
phasorgrams [15,16]. In this study, the CGH generates multiple 
diffraction orders with different effective filters that create 
multiple images at different positions on an image sensor, as 
shown in Fig. 1(b). By dividing the image, multiple phasorgrams 
are obtained from a single image acquisition. In conventional 
phase diversity reconstruction algorithms, phase filters 
corresponding to the phasorgrams are the same as the ones used 
to generate the phasorgrams. On the other hand, optimum 
effective filters for reconstruction are not obvious in single-shot 
techniques, since they require both amplitude and phase 
information. The following sub-sections describe design of the 
CGH, extraction of the effective filters, and the modified 
reconstruction algorithm. 
 

 

Fig. 1. A concept of the complex diversity. (a) Conventional diversity, 
(b) Complex diversity. 

 

B. CGH Design 
Our phase retrieval technique consists of three steps, as illustrated 
in Fig. 2. The first step is design of the CGH, which starts with setting 
up N seed filters that are proper for determining an extrinsic 
aberration. In principle, arbitrary modulations can be used as the 
seed filters. In this study, random phase seed filters are selected, 
because they show better performance for estimating Kolmogorov 
extrinsic disturbances than other forms of diversity [16]. 

Especially for single-shot techniques, it is important to keep the 
dynamic range of signal values for all phasorgrams at nearly the 
same levels, because exposure time and incident light power 
cannot be adjusted for the individual phasorgrams. With random 
phase diversity, generated phasorgrams exhibit similar peak 
values, unlike defocus diversity. The seed filters are converted to 
complex field phasorgrams by inverse fast Fourier transforms Fξ

-

1[ ]. Amplitudes of the complex fields of the N individual 
phasorgrams are mapped onto different positions in the image 
plane. This multiple-phasorgram amplitude distribution is the 
target amplitude for the CGH design. Conventional CGH design 
techniques, such as the Gerchberg-Saxton (GS) algorithm [1] and 
modified GS technique [17], can be used for this design. Constraints 
in the CGH design include a pure phase constraint in the pupil 
plane and the amplitude target distribution in the image plane. The 
designed CGH is displayed on the LCoS during the measurement. 
 
C. Extraction of effective filters 
The second step is extraction of the N complex effective filters. 
Although the CGH generates the same amplitude patterns as 
generated from individual seed filters, the field modulations 
introduced into the diffraction orders are not the same as the seed 
filters of the CGH, because the CGH design process does not 
constrain these field modulations. Thus, the actual effective filters 
must be extracted from the designed CGH.  

The complex field reflected from the CGH pattern is calculated 
in a computer by assuming illumination with a uniform plane-
wave amplitude. Then, the field is numerically propagated to the 
image plane by Fξ

-1[ ]. The complex field at the image plane is 
divided into N individual subareas corresponding to the 
phasorgrams by cropping data in the image plane, which results in 
a collection of phasorgrams. The phasorgram fields from the 
cropped subareas are individually propagated back to the pupil 
plane with fast Fourier transforms Fx[ ]. The resulting collection of 
N complex field patterns in the pupil plane are the effective filters; 

Ai, and ϕi (i=1:N), introduced to the individual diffraction orders. 
The design process and the extraction process are performed only 
one time when a new CGH is generated. Thus, these additional 
process steps do not increase computational time for the 
reconstruction.  
 
D. Reconstruction algorithm 
The third step is reconstruction. The experimentally measured 
single-shot irradiance pattern using the CGH and the extrinsic 
aberration ϕex is divided into N individual phasorgrams Ii, which 
are used in the reconstruction. The reconstruction algorithm in 
this study is an iterative Fourier method with field averaging 
proposed by Gerchberg [15,16], which is modified for complex 
diversity. It starts with setting an initial guess in the pupil plane as 
a flat phase, i.e. no aberration ϕex(1) = 0, for the extrinsic phase and 
with unit amplitude As(1)=1. Then, the following steps proceed in 
an iterative manner. (i) The effective filters are applied to yield N 
individual pupil fields by multiplying the complex transmission of 
the effective filter Aiexp(jϕi) by the estimate of the extrinsic phase 
distribution 𝑈𝑠̅̅ ̅ (k) = As(k)exp[jϕex(k)], where k is the number of 
iterations, and pupil-plane values are indicated with a subscript s. 
(ii) Fx[ ] generate N individual complex fields on the image plane. 
(iii) An amplitude constraint is applied by replacing the calculated 
amplitudes with the square root of the measured phasorgram set 

√𝐼𝑖 , while maintaining the calculated phase. (iv) Fξ
-1[ ] are applied 
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to the N fields to propagate them back to the pupil plane. (v) The 
resulting complex pupil fields are divided by the complex 
transmission of the effective filters, in order to form N individual 
estimates of the extrinsic phase. (vi) These N estimates are 
averaged to obtain the iteration’s final estimate of the extrinsic field, 
except in areas where amplitudes of the effective filters are smaller 
than a threshold value to avoid noise amplification (∑ ′ /𝑁′). In 
this study, the threshold value is set to 10% of the maximum 
amplitude. The process from (i) to (vi) is defined as one iteration, 
and iterations are repeated until the mean error 휀̅ between the 
measured irradiance pattern and the synthetically generated 
irradiance pattern falls below a target threshold value, or the 
iteration number reaches a pre-determined maximum. After the 
final estimate for ϕex is retrieved, the complex conjugate of the 
retrieved phase (-ϕex) is displayed on the LCoS to achieve AO 
correction for compensation of the extrinsic aberration.  
 

 

Fig. 2. Algorithm of single-shot phase retrieval with the complex 
diversity, and AO correction.  

 

3. Simulation 
To match the experimental conditions, simulations are run in 
which the wavelength λ is 632.8 nm and the image side NA is 0.01. 
The pixel size of the 1280 x 1024 image sensor is 5.2 μm. A 
synthetic Kolmogorov phase disturbance, which is applicable in 
astronomy [18] and biological imaging [19], is the extrinsic 
aberration, as shown in Fig. 3(a). It is generated from 
approximated Kolmogorov’s power spectrum that follows a -11/3 
power law [20]. The seed filters for the CGH design are random 
phase patterns with super-pixel segments, and N = 4 [16]. The CGH 

is designed by the modified GS algorithm [17] with the amplitude 
constraint at the image plane generated from the seed filters, and a 
pure phase constraint is implemented at the pupil plane. The 
effective filters are extracted from the designed CGH as described 
in Section 2. 

Fig. 3(b) shows a simulated irradiance pattern in the image 
plane. The reconstruction is performed with both the effective 
filters and the seed filters to show the improvement using complex 
diversity. Comparisons are made with different separations 
between 0th and 1st order diffraction orders, as indicated by L in 
Fig. 3(b), different sizes of the super-pixels Ls = D/5, D/16, and 
D/32 on a side, and where D is the diameter of the incident beam 
at the pupil plane. Fig. 3(c) shows retrieved phases with Ls = D/16. 
The top row contains retrieved phases by the complex diversity 
technique with different L values, and the bottom row shows 
retrieved phases with the conventional diversity technique. As 
compared with the reference extrinsic aberration shown in Fig. 
3(a), complex diversity subjectively performs better than 
conventional diversity. 
 

 

Fig. 3. Simulation results. (a) An extrinsic Kolmogorov aberration. (b) A 
simulated irradiance pattern at the image plane. The scalebar shows 
100 μm. (c) Retrieved aberrations with Ls = D/16. The effective filters 
(top) and the seed filters (bottom). (d) Residual RMS. 

 
Fig. 3(d) shows residual errors of the estimated aberrations. 

The residuals are evaluated by the root mean square (RMS) of the 
residual phase between the reference phase and the estimated 
phase. Complex diversity exhibits from 1.5 to 8.6 times lower RMS 
values than conventional diversity, and the improvements are 
relatively greater with shorter L. As shown in reference [16], the 
array of super-pixels with period Ls of the seed random phase 
patterns results in a maximum range of light scattering at the 
image plane of  

𝐷𝑠𝑎𝑚𝑝 =
1

2

𝜆

𝑁𝐴

𝐷

𝐿𝑠
, (1) 

where λ is wavelength, and NA is numerical aperture on the image 
side. Dsamp are calculated as 158 μm, 506 μm, and 1013 μm for Ls = 
D/5, D/16, and D/32, respectively. As overlaps between 
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phasorgrams increase for L shorter than Dsamp, the RMS error 
increases and effective filter results differ more from 
reconstruction with the seed filters. When the light distributions 
overlap from different seed filters as L decreases, it becomes more 
difficult for the standard phase diversity technique to separate 
information about the extrinsic phase. Therefore, the complex 
diversity technique works better than the conventional diversity 
technique in the range of shorter L. In some applications, like 
imaging a star field with separated incoherent point sources, the 
separation L should be small to avoid overlaps between the 
phasorgram regions. In that case, the complex diversity technique 
has a significant advantage over using the seed filters in the 
reconstruction algorithm. 
 
4. Experiment 
The experimental setup is the same as the author’s previously 
published research [16], which is a sensor-less geometry that does 
not require modification to use complex diversity. The extrinsic 
aberration is an artificial Kolmogorov phase plate generated by 
gray-scale lithography [21] placed in a plane conjugate to the LCoS. 
Incident light from HeNe laser illuminates the Kolmogorov phase 
plate, and the disturbed light is relayed to the LCoS. The CGH is 
displayed on the LCoS, and generated diffraction orders create 
multiple spots on the CMOS camera by an imaging lens. The CGH 
design process and the effective filter extraction process are the 
same as the simulation. The CGH is designed for spot separation L 
= 1600 μm on the image plane, and Ls = D/5. The reconstruction 
process estimates the extrinsic aberration from the measured 
single irradiance pattern, as described in Section 2. AO correction 
is achieved by displaying the complex conjugate of the retrieved 
aberration on the LCoS. 
 

 

Fig. 4. Experimental results. (a) Four phasorgrams divided from a 
measured irradiance image. The scalebar shows 100 μm. (b) AO 
correction results. The top left is the image before correction, and the 
bottom right is the image without the LCoS and the artificial 
Kolmogorov phase plate. The others show the images corrected with 
the estimated phases at the iteration k. The scalebar shows 100 μm. (c) 
Peak values of the corrected spots. 

 

Four diffracted orders are observed at the corners of a 
measured irradiance image. They are divided into four 
phasorgram subareas as shown in Fig. 4(a). Exposure time is 
adjusted to make the distributed phasorgrams within the dynamic 
range of the CMOS, even though the 0th order diffraction light is 
saturated. The extrinsic aberration is reconstructed from the four 
phasorgrams and the four effective filters. Fig. 4(b) shows 
corrected images with the estimated phases at iteration k. Before 
AO correction, a point image is totally disturbed due to the artificial 
Kolmogorov phase plate. As iterations increase, image quality is 
improved. After 10000 iterations, the corrected point images are 

almost identical to the image measured without the artificial 
Kolomogorov phase plate and the LCoS, which shows that the 
complex diversity technique works for sensor-less AO correction. 
As shown in Fig. 4(c), peak values of the corrected spots rise with 
more iterations, and they saturate after 10000 iterations. 
Retrieved phases are compared between the complex diversity 
technique and the conventional interferometric measurement, 
and reasonable matching is obtained. 
 

5. Conclusion 
In this study, a new phase retrieval technique called complex 
diversity is demonstrated, which produces multiple phasorgrams 
in a single-shot measurement using a CGH designed to generate 
multiple diffraction orders. Complex effective filters are extracted 
by numerical propagation from the CGH design. The 
reconstruction is performed with a Fourier iterative algorithm 
modified with an area restriction to avoid noise amplification. 
Improvement by the complex diversity technique is verified by 
numerical simulations and AO experiments. Numerical 
simulations show that the complex diversity technique estimates 
the extrinsic aberration better than conventional phase-only 
single-shot techniques, and the improvement is significant in the 
range of the small separation between 1st and 0th order diffraction 
spots. Experiments show that the complex diversity technique 
works for sensor-less single-shot AO correction.  
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