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ABSTRACT 

Humans maintain a symbiotic relationship with the billions of microbes that exist within and upon 

the body. The collection of microbes within the body can be considered as a second genome, 

providing a plethora of unique information about their host. High-throughput next generation 

sequencing technologies have allowed researchers to build microbial profiles based on microbial 

RNA sequences for individuals/patients, providing a rich avenue of data to be utilized in statistical 

models in various field including medicine and forensics.  In this dissertation, I present three novel 

projects which utilize next-generation sequencing based microbiome profiles. In the first project, 

I proposed a new approach based on microbiome dissimilarity measurements, with applications 

in forensic trace evidence analysis. This approach utilizes bootstrap Aitchison distances between 

communities to identify groups of microbial samples and improve current source tracking 

applications for evidence analysis by removing samples that are highly dissimilar to the evidence. 

The last two projects focus on detection of mediation effects when the microbes are treated as 

mediators in clinical mediation models. The second project aims to identify mediation of immune 

response genes on human gut inflammation non-parametrically by applying information theory 

concepts from machine learning. The third project expands the scope of mediation modeling by 

considering time series data in conjunction with mediation. Comprehensive simulation 

experiments show a drastic improvement in the detection of mediation effects compared to current 

standard methods for models which utilize microbiome as a mediator. 
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CHAPTER 1   Introduction 

1.1 Metagenomics Analysis and High-Throughput Sequencing 

Metagenomics is the study of genetic material sampled from a community or an 

environment, though metagenomics is most associated with the study of microbial genomics.  The 

term first arose in the late 1990s as next generation high-throughput sequencing technologies 

such as 454 Pyrosequencing were publicly released, allowing for faster and more robust DNA 

sequencing compared to the previous Sanger sequencing. With the advancement of high-

throughput sequencing, scientists can sequence thousands of reads in parallel allowing for 

metagenome wide association studies. Metagenome data can be used to construct microbial 

profiles for patients or environments to gain further insight into their behavior and impact. 

1.1.1 Microbial Profiles 

Several community profiling methods have been adopted for metagenomic analysis which 

can address specific questions or budget constraints.  The most generalized approach is known 

as fingerprinting. Fingerprinting utilizes physical properties of the DNA sample to form banding 

patterns of microbes for each sample without needing to construct sequence libraries. The most 

popular fingerprinting methods include denaturing gradient gel electrophoresis (DGGE) which 

separates DNA fragments by moving partially melted DNA molecules through a polyacrylamide 

gel [1], terminal restricted fragment length polymorphism (T-RFLP) which quantifies terminal 

fragment lengths after partial digestion [2]. Typically, these comparisons are made using PCR 

amplified regions of 16S rRNA. Fingerprinting was a popular alternative to sequencing due to 

being drastically cheaper and faster than sequencing methods [3]. However, since fingerprinting 

looks at the distribution of physical properties of microbes, most contain no information about 

which taxa are in the sample. Some fingerprinting methods with sequence tags such as single-

stranded conformational polymorphism (SSCP) which separates fragments by moving DNA 
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conformations through non-denaturing polyacrylamide gel electrophoresis [4], can be used to 

identify taxonomy if a full database of sequence lengths is available [3]. 

Microarrays are another popular alternative to high-throughput sequencing which utilizes 

probes designed to capture specific taxa or genes. The most common microarrays for 

metagenome studies include PhyloChip [5] which defines probes based on the Ribosomal 

Database Project (RDP) to cover known 16S rRNA profiles and GeoChip [6] which focuses on 

known functional genes. Pre-defined taxa limit the chances of artificial reads and can provide 

better control over the confidence of taxon alignment [7], but it cannot detect taxa which do not 

have a probe, potentially missing rare or unique species. 

High-throughput sequencing is the most flexible but computationally and financially 

expensive technology for constructing microbial community profiles. These sequencing methods 

fall into one of two categories: shotgun sequencing and marker gene sequencing. Shotgun 

metagenome sequencing is a basic approach which sequences all DNA in an environment. 

Special care must be taken in microbiome studies to remove any contaminating reads from host 

DNA. Phylogenetic profiles for the microbial community can be constructed by performing gene 

annotation with reference databases such as RefSeq [8] or through a number of de novo binning 

algorithms [9]. Alternatively, functional profiles can be constructed by matching reads to specific 

pathways or genes through databases such as KEGG [10]. With high sequencing coverage, 

whole genomes can be assembled using shotgun sequencing. For moderate coverage, a wider 

breadth of genes allows for higher specificity for identifying unique species and strains [11]. 

However, coverage will decrease as the number of unique taxa increases [12] which can lead to 

alignment failures for non-abundant species. 

Marker gene sequencing, sometimes referred to as metataxonomics, focus on universal 

genome regions. These include 16S for bacteria [13], 18S for eukaryotes [14], and ITS for fungi 

[15]. No such region exists for viruses. The use of marker gene sequences is particularly useful 

in host-associated microbiome studies since it can filter out any host contaminating biomass. 
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These universal regions work well for phylogenetic profiling because they contain hypervariable 

regions locked between conserved regions that can easily be targeted by universal primers [12]. 

rRNA makes up approximately 80% of bacterial RNA, which allows this approach to have high 

sensitivity in detecting even rare organisms [16,17]. Obtained sequences can be mapped to a 

phylogenetic tree such as with pplacer [18] or clustered to form operational taxonomic units 

(OTUs) such as with UCLUST [19]. However, numerous studies suggest that OTUs derived from 

16S provide poor taxonomic assignment rates below the genus level [20-22]. Regardless, 16S 

rRNA microarrays and marker gene sequencing remain the most popular methods for microbial 

profiling due to their relatively low cost and sensitivity. 

1.1.2 Applications in Microbiome Studies 

Prior to the advent of next-generation sequencing, microbiome studies relied on cultures. 

However, advances in metagenomics have shown that cultures are not sufficient for observing 

most species. Early studies into the human gut microbiome identified that approximately 80% of 

represented sequences were from species that had not been cultured [23]. Some estimates 

suggest that as little as 1% of all bacterial species can be cultured in a laboratory setting [24]. 

DNA sequencing for microorganisms was first explored by Sanger in 1977 utilizing Sanger 

sequencing on bacteriophage organelles [25]. The first whole genome assembly of bacteria was 

completed in 1995 and used shotgun sequencing to reconstruct the genome of Haemophilus 

Influenzae [26]. Within a few decades, improving technology and extensive collaboration including 

the NIH funded Human Microbiome Project (HMP) in 2008 led to rapid expansion in the quantity 

and quality of next generation sequencing reads. To date, more than 2200 bacterial genomes 

have been fully sequenced [27], while marker gene datasets such as SILVA contain millions of 

validated sequences for alignment [28]. 

Availability of metagenome data has had a marked impact in many fields of research, 

particularly in medicine and public health. Scientists have discovered strong relationships 
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between the human microbiome and the health of their host. In particular, the gut microbiome has 

shown to act as a marker for a large variety of metabolic and immune disorders including obesity 

[29-31], inflammatory bowel disease (IBD) [32-34], autism [35-36], diabetes [37-38], and more. 

Further research indicates functional relationships between the gut microbiome with the host 

immune system [39-40] and nervous system [41-42]. The microbiome can be influenced by 

antibiotics [43-44], supplements such as probiotics, prebiotics, or synbiotics [45] or can be directly 

influenced through inoculation [46-47] or transplantation [48]. This may allow preventative and 

clinical treatments to be developed which utilize the microbiome’s interaction with the host, though 

the efficacy of these methods thus far have been mixed [45,49].  

Development of targeted treatments will require a deeper understanding of how a 

microbiome forms, self-regulates, interacts with its host, and is altered by medication. Significant 

effort has been made to identify fundamental behaviors of the microbiome, including whether core 

microbiomes exists between individuals, whether profiles are consistent across time, and whether 

microbiomes are robust to perturbations. Efforts to identify core microbiomes have been mixed. 

High levels of inter-individual dissimilarity have been reported across various body sites [3,50], 

though strong overlap has been observed in some studies [38,51].  A large scale 2012 study into 

core microbes found 4 OTUs (Operational Taxonomic Units) that were present in all body sites 

for more than 95% of all subjects, with 7 OTUs present in more than 95% all stool samples. Some 

have considered that there exist enterotypes that are explained by the majority taxa [52], but 

classification models built using these enterotypes showed little effect [53]. Additionally, 

communities are relatively unstable across time. While taxon membership is consistent in the gut 

[54], the relative abundance of major taxa is not considered to be stable enough to form a 

consistent core microbiome at the individual level [55]. These properties change across body 

sites, for example on the palm where communities can be perturbed by washing or contact with 

surfaces [55,56]. However, temporal variation is much less than variation between subjects, 
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suggesting microbiomes are personalized [54-56]. This consistent behavior has laid the 

foundation for new projects which aim to identify individuals based on their microbiome [57-59]. 

Research suggests that the cause of metabolic and immune disorder is related to 

dysbiosis of the community, imbalances in the proportions of microbial species, rather than the 

effects of a specific species or gene function. Gut dysbiosis has been associated with a large 

variety of diseases including inflammatory bowel disease (IBD) [60], colorectal cancer [61], 

common variable immune deficiencies [62], cardiovascular disease [63], and more. Decreases in 

dominant flora can allow pathogenic and otherwise rare species to spread, changing the 

metabolic products in the environment and stimulating the host immune system [64]. For example, 

microbiome fluctuations have been shown to impact production of mucosal regulating products 

such as Immunoglobin A, G, and M. [61,65]. Disruptions in mucosal barriers in the gut can lead 

to intestinal inflammation and spikes in T-cell response [60]. These immune-microbiome 

interactions likely play a role in the pathogenesis of more serious diseases. The second phase of 

HMP, the integrative Human Microbiome Project (iHMP), includes three time series studies 

designed to look at the development and dynamics of the microbiome in Diabetes, IBD, and 

neonatal development in relationship with host gene expression levels and metabolite production. 

Results from IBD and Diabetes studies indicate a strong relationship between host gene 

expression and microbial profiles, as well as strong associations with dysbiosis with disease 

progression, yet causal behaviors remain unproven [34,66,67]. Until pathogenesis can be 

determined, creating functional microbial treatments will be difficult. 

1.1.3 Metagenomics Analyses and Challenges 

Widespread adoption of next-generation sequencing technologies in microbiome studies 

has bolstered the need for robust data management and statistical analysis tools to handle the 

errors and biases that arise during sample preparation and sequencing and the unique challenges 

of multivariate, multilevel (e.g. metagenomic, metabolomic, transcriptomic) data. In this section, 
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the scope will be limited to only down-stream analyses, after microbial profiles have been 

rigorously assembled and quality controlled.  

Microarray, marker gene, and shotgun sequencing techniques all rely on Polymerase 

Chain Reaction (PCR) to amplify DNA fragments extracted from the sample. However, some 

sequences can inhibit the initial phase of PCR [68], leading to higher rates of amplification for 

some species over others. PCR can also produce artifact reads, in which residual molecules from 

the chemical interactions can be introduced to the sample [69]. This can lead to some taxa to be 

recorded in our sample when they truly are not. Furthermore, the resulting sequence library size 

for each sample can be substantially different between samples [70], meaning certain samples 

will have higher number of reads and thus a higher abundance for all expressed genes or taxa. 

Overall, PCR is the leading source of bias in sample preparation [70]. Additional errors can occur 

depending on which sequencing approach is used. 16S marker gene sequencing can lead to 

increased chimeric sequences formed during PCR [71], biases due to 16S copy number variation 

[72], and misclassification from 16S lateral transfer [73] or OTU clustering failures. Recently, an 

alternative to OTU clustering, DADA2 [74], was developed for Illumina sequences by creating 

denoised sequences which has improved the misclassification rates for 16S reads. Still, 16S 

marker gene sequencing is not optimal for high resolution (i.e. species or strain) analysis due to 

the limited and repeated content of the 16S loci. Shotgun sequencing is less prone to these errors, 

but the alignment process is much more difficult since reads can be placed at any point along the 

genome, requiring significantly more material for accurate alignment. Non-overlapping sequences 

can be difficult to compare and overlapping sequences from different species can create chimeric 

contigs [75-76]. Shotgun sequences also contain contaminating sequences from the environment, 

namely the host in public health studies, and require accurate filtering to avoid significant biases 

[77]. The accumulation of technical biases and biological variation with unequal total reads 

between samples leads to issues of over-dispersion, where the variance of taxa abundances is 

much larger than would be expected under a standard population model. 
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In studies with a highly diverse metagenome or limited genetic material, sequencing may 

not have the coverage to consistently identify uncommon or rare taxa [78]. The inability to detect 

rare taxa is often referred to as under-sampling. These rare taxa will not be identified via 

sequencing and will be recorded as a zero in the microbial profile, yet these taxa may still exist in 

the population. This leads to an excess number of zero read counts in the data set, resulting in 

biased estimates for parametric statistical models. Nonparametric approaches which use ranks 

become inappropriate due to the large portion of mistaken zero values creating numerous ties. 

Since most taxa are expected to be rare and the community mostly composed of a few dominant 

taxa [50], the distribution of assigned counts will be strongly right skewed.   

Biostatisticians have attempted to correct for these properties through counts modeling 

with normalization transforms or counts based regression models. Traditional RNA sequencing 

(RNAseq) pipelines often incorporate transformations to correct for skew and unequal total reads 

such as reads per kilobase per million (RPKM) [79] or quantile normalization [80]. However, these 

normalization methods are not adequate for metagenome sequencing data where zero 

abundance and under-sampling is more likely to occur. Generalized count regression models 

such as Poisson regression and Negative Binomial regression can handle zero observations, and 

over-dispersion when using negative binomial, but will produce biased estimates due to under-

sampling over-representing the number of zeros. However, two-stage models can be defined to 

capture the effects of under-sampling. These two stage models can be categorized as hurdle 

models and zero-inflated models. In a hurdle model, the probability of a zero count is modeled 

separately from the nonzero counts. A Bernoulli model is first constructed to identify the probability 

that the response will be zero, and a zero-truncated model will be fit to non-zero counts. In a zero-

inflated model, the counts are considered a mixture of distributions, one which always takes a 

value of zero and one which follows a counts-based model. In summary, the first stage in the 

hurdle model examines the probability of all zeros while the zero inflated model examines the 

probability of only structural zeros. The resulting coefficients from these models are not 
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comparable unless the probability of structural zeros is equal across all samples [81]. In recent 

years, many zero-inflated models have been proposed to model microbiome abundance counts 

including Gaussian, log-normal, negative binomial, beta, and generalized Dirichlet models [82-

86]. These zero-inflated approaches are favored since they can directly estimate the probability 

of structural zeros.  

However, despite the advantages of these models in more accurately representing the 

technical errors, the construction of counts-based models has several limitations. First, the zero 

and non-zero components of the two-stage model are correlated. The probability of a taxon not 

being identified is proportional its true abundance [82]; taxa which are less abundant in the sample 

are more likely to be missed due to under-sampling. Second, taxa within the human microbiome 

are correlated, with a variety of microbes displaying mutualistic dependency and resource 

competition with one another [87]. Third, due to financial and technical limitations, the sample size 

for high-throughput sequencing studies is generally small. Even at lower taxonomic resolution, 

the number of parameters that must be estimated to model the microbiome is vastly greater than 

the sample size. Fourth, the microbial profiles generated through high-throughput sequencing 

represent a small view of the microbial community. It does not accurately represent the total 

abundance of each taxon in a sample; the counts obtained are constrained by the total number 

of sequenced reads. Instead, the microbial profile better represents the relative abundance of 

taxa. To control for unequal total reads, data is often transformed into compositional data by 

proportions, dividing counts by the total number of reads, or by rarefying, subsampling from each 

sample to guarantee an equal number of total reads. Either of these transformations put the data 

in a constrained space (e.g. sum of proportions is equal to one). Attempting to use non-

constrained modeling techniques has been shown to produce negative correlation biases and 

inflated false positive error rates in differential abundance analyses [88]. 

Recent advances have attempted to alleviate some of these modeling issues. Dirichlet 

Multinomial models have been proposed to model microbiome counts on a simplex space, 



15 

 

 

 

preserving the compositional constraints, by modeling count assignment as a multinomial process 

[86,89,90]. This multinomial structure provides a built-in covariance structure, which alleviates the 

computational complexity of estimating an unconstrained covariance structure, but the estimated 

covariances are suspect. In the multinomial setting, all covariance must be negative [86], yet 

research has shown that taxa can have both positive and negative correlation [87]. Alternatively, 

others have proposed using linear constraints on Gaussian and log-normal regression models 

using Lagrange multipliers to enforce compositional constraints [16,91] or reparametrizing the 

model to use log contrasts between taxa [92,93]. Some suggest that using a simple transformation 

such as centering log abundances will remove the simplex space feature and provide similar 

results [94]. To avoid issues of overfitting caused by the small sample size, most general and 

generalized regression models require regularization, usually ℓ1 (lasso) [16,91-93]. 

As discussed in Section 1.1.2, the host immune system can be impacted not only by the 

abundance of bacteria but also the stability of the community. Mean abundance statistics alone 

may not be enough for identifying impactful species. Changes in variance, over-dispersion, or 

under-sampling rates may also be important biomarkers or causal effects. Mean, dispersion, and 

presence rate changes have been tested using model-based methods individually [95] and 

simultaneously [96], yet these tests may not be possible depending on which model is used. 

Many researchers opt to look at microbial profiles from the community level, basing 

investigations and hypothesis tests on high level statistics. One such statistic is the alpha 

diversity, the diversity of microbes within a sample. Multiple alpha diversity statistics have been 

proposed based on different features of 16S marker gene sequencing data such as ACE and 

Chao1 [97] based solely on OTU richness (i.e. how many different taxa are in the sample), 

Simpson’s index [98] and Shannon diversity [99] which additionally consider OTU evenness (i.e. 

how even the proportions of microbes are), and Faith’s Phylogenetic Diversity (PD) [100] which 

additionally considers phylogenetic relationships between OTUs. Since the alpha diversity can be 

calculated for each sample individually, this alpha diversity can be used as a covariate in statistical 
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models to assess how species diversity impacts our response [16]. This approach may allow 

researchers to identify the effects of dysbiosis by observing cases of unusually low alpha diversity.  

Another high-level statistic is the beta diversity, the diversity of microbes between a pair 

of samples. Beta diversity is represented by a distance matrix containing dissimilarity distances 

between each pair of samples. The distance can be calculated using feature abundance as in 

Bray-Curtis [101] or presence absence as in Jaccard [102]. If phylogenetic trees are available for 

the sequencing data, this information can be included by using weighted UniFrac [103] for feature 

abundance or unweighted UniFrac [104] for presence absence. Comparison of beta diversity 

between groups of samples can be performed using a variety of statistical tests depending on 

what types of differences are informative. Differences of dispersion can be identified through 

PERMDISP [105] while differences in mean can be identified through PERMANOVA [106]. If any 

changes of distribution are important, the Mantel test [107] or ANOSIM [108] can be applied as 

an omnibus test for location, dispersion, and correlation [109].  

While these high-level statistics are better understood, they can only be used to make 

inferences about differences in the full community. Furthermore, the choice of metric used to 

calculate the diversity measurements can impact the result of any statistical model, so careful 

consideration must be made to determine which metric best fits the research question [11]. 

Though high-level statistics may be useful for classification, they do not provide enough resolution 

for establishing causality and developing targeted medication. 

 

1.2 Proposed Work 

In this document, I propose three novel analysis methods for microbiome studies with 

high-throughput sequencing metagenomic data.  
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1.2.1 Microbial Community Dissimilarity for Source Tracking with Applications in 

Forensic Study 

Trace evidence, as defined by the Federal Bureau of Investigation, refers to evidence 

transferred by a suspect to a crime scene [110]. More commonly this is used to refer to evidence 

that is minute or evidence where traditional fingerprinting methods are difficult or cannot be 

performed, but residual information may still be collected. This includes items such as hair, soil, 

fiber, glass, and other environmental objects commonly found at a crime scene. Modern 

approaches to DNA fingerprinting involve analysis of Short Tandem Repeat (STR) and Single 

Nucleotide Polymorphism (SNP) gene markers that utilize PCR amplification to reduce the effect 

of contamination and degradation [111]. However, in trace fingerprint samples, contaminants 

account for a vast majority of observed DNA. Microbial alternatives to DNA fingerprinting show 

promise in trace evidence analysis. Direct contact can transfer millions of microbes nearly 

instantaneously [112]. Microbial populations on items touched by hands have been found to be 

composed of approximately 60% to 70% of human skin-associated microbes [113]. Trace 

microbial profiles provide a rich avenue of exploration in tracking which suspects have had contact 

with trace evidence. 

Microbial source-tracking refers to statistical methods which aim to identify sources of 

(contaminant) microbes, i.e., source, in an observed microbial population, i.e., sink [113,114]. 

With a variety of high-throughput sequencing technologies, source-tracking methods have been 

employed by constructing microbial profiles using nucleotides, k-mers, or Operational Taxonomic 

Unit (OTU) counts as features. By treating suspect microbiomes as potential contaminant sources 

and the trace evidence as a sink, microbial source-tracking methods can be applied to forensic 

science. Marker gene sets and REP-PCR strain-specific analyses rely on the presence of 

microsatellites, species that are not shared between the sources, and location of specific markers 

[115-117] to identify sources. However, these methods are not appropriate in forensics studies. 



18 

 

 

 

First, microsatellites are chosen based on the measured sources and are not universal; there may 

be sources that were not collected that contain the chosen microsatellites. If an unmeasured true 

source contains microsatellite features chosen from measured sources that are not the true 

source, these measured sources will be incorrectly selected. Second, the time difference between 

sample collections could be large. As previously discussed, the temporal stability of the human 

microbiome may depend on the location that samples are taken. Microbiota in human gut, nose, 

and throat environments have been demonstrated temporally consistent [118, 119], yet the skin 

microbiome may not be consistent over time and is perturbed by common activity such as hand 

washing or contact with others [115, 59, 57]. A study in 2014 that attempted to identify individuals 

based on unique microbial features saw only 13% of species-based identifiers remained after 30+ 

days of initial selection [59]. Community-based source tracking utilizing the full microbial profile 

can help dilute the effect of fluctuations [114]. 

In 2011, a Bayesian method SourceTracker was proposed for community-based source 

tracking, which estimates contamination proportions using a mixture model of OTU profiles [113]. 

The use of Gibbs sampling allows a probabilistic approach to calculate the mixture proportions 

and simultaneously accumulates dissimilar OTUs into unspecified source components. In recent 

years, SourceTracker has been widely used in exploratory studies involving microbial 

fingerprinting via surface contact with varying degrees of accuracy [114,120, 121]. While Bayesian 

SourceTracker is capable of sensitivity adjustment through parameter tuning, it is not intended to 

test source selection and drastically increases computation times. Additionally, parameter tuning 

and Gibbs sampling are computationally expensive when working with large data sets. 

In 2019, another source tracking method, FEAST, was proposed using an expectation-

maximization with two parameter sets including mixture proportions and underlying relative 

abundance [122]. This approach functions similarly to the Bayesian SourceTracker except 

contains a much faster run time, reducing run times by a factor of 30 or more. However, like the 
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SourceTracker, it requires parameter tuning to achieve optimum performance and is not designed 

to select sources. 

To improve the precision, the pool of sources can be parsed to include only the sources 

that contribute to the sink.  In this study, we focus on developing source selection and proportion 

estimation techniques using gene marker OTU profiles. We propose two new methods for 

estimating the source proportions based on the ratio of ecological similarity between sources and 

the sink sample. The proposed methods are evaluated and compared with Bayesian 

SourceTracker and FEAST using comprehensive simulation studies. Methodology and simulation 

study results can be found in Chapter 2. 

1.2.2 An Information-based Approach for Mediation Analysis on High-dimensional 

Metagenomic Data 

The gut microbiome of an individual is highly personalized and can be affected by 

conditions within the body. Investigating how the microbiome and its host interact has become a 

research priority in several fields such as immunology [124,125], oncology [126], metabolomics 

[127-129], and more. One popular approach for modeling integrative data sets is through a 

mediation model. A mediation model aims to extract the mechanisms by which an exposure 

impacts the outcome variable by considering a set of potential variables which may mediate the 

effects. Identifying these mechanisms is a vital step in developing more effective medication and 

therapy which utilizes the host-microbiome interaction. 

Simple mediation models with only one exposure and one mediator have seen 

widespread use in psychology for several decades [129-130], with most recent notable 

development focused on models with multiple mediator variables [131]. However, the 

introduction of mediation models for biological data has introduced a host of additional 

challenges. 
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A simple mediation model aims to explain the mechanisms that underlay the relationship 

between an exposure variable (X) and a response variable (Y), through the inclusion a tertiary 

mediator variable (M) (Fig. 1.1). The total effect of the exposure variable can be decomposed into 

the direct effect, effect from exposure to response directly, and the indirect effect, effect of the 

exposure which is mediated by the mediator variable. 

 

Fig. 1.1: Panel model representation of a mediation model with a single 

exposure X, single mediator M, and single response Y, and the associated 

coefficients used for linear structural equation modeling. 

A mediation model is most commonly examined parametrically utilizing a linear structural 

equation model (LSEM): 

𝒀 = 𝜸′𝑿 +  𝜺𝒀     (1) 

 𝑴 = 𝜶𝑿 + 𝜺𝑴    (2) 

                              𝒀 = 𝜸𝑿 + 𝜷𝑴 + 𝜺𝒀         

= (𝜸 +𝜶𝜷)𝑿+ 𝜷𝜺𝑴 + 𝜺𝒀    (3) 

where 𝛾′ and 𝛾 represents the total effect and direct effect, respectively. Traditional testing of 

indirect effects models employs relationship criteria proposed by Baron & Kenny [132] which 

fundamentally tests whether an indirect effect exists through either the product 𝛼𝛽 = 0 or the 

difference between the total and direct effects 𝛾′ − 𝛾 = 0. In addition to the traditional mediation 

assumptions of causal direction, no unmeasured confounders or sequential confounders, and 
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non-additive effects [130,133,134], the LSEM approach requires standard regression 

assumptions such as linearity, no collinearity, known link function, exponential distribution of the 

error term, and sample size larger than parameter space. While the LSEM structure has seen a 

wide use and success in psychology applications where mediation analysis includes a single 

mediator and continuous exposure variables, in the context of host genomics and microbiome 

studies with counts data, many of these assumptions are likely to be violated. 

In response to these challenges, new statistical methods have been developed in the last 

few decades to apply mediation modeling approaches for neural and biological data. Boca et al. 

[135] constructed a distribution of the correlation between parameters by permuting the outcome 

in each of the LSEM equations. Huang et al. [136] utilized Monte-Carlo procedures to draw a 

distribution of mediation effect through ℓ2  penalized logistic regression models.  Huang et al. [137] 

performed an omnibus test by comparing ℓ1 normalized terms from three logistic regression 

models based on the structural equations model. Kim et al. [138] and Nguyen et al. [139] utilized 

binary exposure to generate natural direct and indirect effect measures via expectation 

differences. Zhang et al. [140] utilized minimax concave penalty regularized logistic regression 

models to estimate 𝛽 effect. Recently, Sohn et al. [93] proposed a causal composition mediation 

model (CCMM) specifically for microbiome mediators which utilized a bootstrap covariance matrix 

to perform log-contrast compositional regression. While these approaches may avoid concerns 

associated with the n>>p paradigm (i.e., sample size is larger than the parameter space), they 

often require a single exposure variable and a linear relationship between parameters. Many 

additionally enforce certain data structures such as binary exposures or continuous responses. 

In our research, we aim to evaluate the presence of indirect effects by proposing a 

nonparametric framework based on information transfer. While applications of information theory 

in biological context have been sparse, it has achieved some success in feature selection for gene 

expression data [141-142]. Recent advances in this field include alternatives for finding relative 
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contribution of variables using entropy methods. Radovic et al. [142] approached this problem by 

introducing a penalty term for mutual information shared between selected variables. Liu et al. 

[143] assigned a measure of feature quality by comparing conditional information of a variable on 

an outcome conditioned upon k-nearest-neighbor variables. By utilizing information-based 

methods, in our research, there is no need to assume underlying distributions or data structures 

of genomic/metagenomic data, or response variable (e.g., clinical outcome) while nonlinear or 

additive relationships between variables can be explored. 

1.2.3 Time Series Mediation Analysis on High-dimensional Metagenomic Data 

With modern advances reducing the cost of high-throughput sequencing technology, 

larger and more complete high-throughput sequencing datasets are being gathered for clinical 

research, including studies of behavior over time for multi –omics data. Currently, the Integrative 

Human Microbiome Project aims to record behavior over time for host biology and the 

metagenome for the onset of Inflammatory Bowel Disease and Type 2 Diabetes as well as for 

neonatal development. Time series multi –omics analyses are still underdeveloped, especially for 

studies involving microbiome data. 

In a time-series mediation model, the measurement at each time point must be 

considered. Any closed loop of three observations could be considered as a mediation model. 

This loop could be constructed from all measurements at a given time point (cross-section), or it 

could consist of measurements at different time points (cross-lagged). The structure of such 

models will depend heavily on the study design and the expected time required for the effect to 

occur. Simple time series mediation models with one exposure and one mediator have seen 

widespread use in psychology [144,145]. These simple time series mediation models are often 

evaluated using a panel models (Fig. 1.2), which fit separate models for each appearance of 

mediation. These models provide a granular look at the behavior of variables, allowing for 
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complex relationships that auto-regressive and longitudinal models may miss such as changes in 

direction or changes in effect size. 

 

Fig. 1.2: Panel model representation of a time series mediation model with a single 

exposure X, single mediator M, and single response Y at three time points. 

The most common model for simple time series mediation models is the cross-lagged 

panel model, popularized by Cole & Maxwell [146], which enforces a longitudinal structure by 

constructing panels using exposure, mediator, and response from sequential time points (i.e. 

using 𝑋𝑡−2 ,𝑀𝑡−1 , 𝑌𝑡). Recent extensions have been proposed for panel regression models by 

incorporating more robust regression methods such as quantile regression [147] and function 

response modeling [148]. Recently, a multilevel autoregressive mediation model (MAMM) was 

proposed a model to simultaneously estimate all regression coefficients in a cross-lagged panel 

model [149].  

Despite the cross-lagged model being the most popular, other types of models have been 

proposed for observing time series mediation effects. Latent growth curve models have also been 

proposed for time series mediation models, estimating a latent intercept and slope scores at each 

time point [150]. Relationships between latent slopes can be used to draw inferences about the 

trajectory of mediation effects [144, 151]. Similarly, latent difference score models have been 

used to model time series mediation, estimating latent differences between latent slopes, allowing 

for easy comparison in the change of means over time [152]. Zhao and Luo proposed a Granger 
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Mediation Analysis (GMA) [153] which extends the cross-sectional LSEM in equations (1-3) by 

considering all previously measured exposures, mediators, and responses as additional 

covariates. Zheng and van der Laan [154] extended natural direct and indirect effects previously 

used for simple mediation models [138, 139]. However, these approaches have all been 

developed for models with a single exposure and a single mediator. In multi -omics studies, we 

expect many potential exposures, mediators, and responses, and it may vary in whether this data 

is expressed as continuous values, integer values, discrete categories, or ordinal categories.  

In this study, we aim to expand our previous nonparametric mediation framework, NPEM, 

to allow analyses of high-dimensional, time series mediation models. In the NPEM framework, 

relationships are evaluated by using Shannon information in place of parametric regression 

models. This approach allows scientists to easily examine datasets with mixed data formats, and 

avoids assumptions about distributions, linearity, and non-additivity required by panel regression 

models. 

  



25 

 

 

 

CHAPTER 2   Microbial Community Dissimilarity for Source 

Tracking with Applications in Forensic Study 

2.1 Methodology 

Usually a sink sample is a mixture of two or more sources, clustering analysis may show 

the correlation between them. However, traditional distance-based clustering methods will 

associate sink sample with sources that are similar, which may not capture true sources. Consider 

the relationship of a sink sample, 𝐸𝑣, and four source samples as shown in Fig 2.1. A majority of 

the sink comes from source 1, with a minor proportion from source 3 (shown in the composition 

of colors). Using distance-based clustering, source 2 is incorrectly clustered due to its high 

similarity to a true source, source 1. Meanwhile, source 3 is failed to be captured since it is much 

different overall from the sink. That is, the source may be wrongly attributed when the decision is 

only based on the distance to the sink (Ev). Instead, the relationship with the sink should be 

compared to the relationship with other sources. 

 

Fig 2.1. Illustration of cluster-based source tracking. A visual representation of distance-

based clustering for sources and sink. The sink sample (Ev) is a mixture of S1 (majority) and 

S3 (minority). The clustering results show that it has a high relationship (solid line) with source 

S1 and some relationship (dashed line) with S2 and a small relationship (dotted line) with S3. 
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Each suspect is treated as a source and labeled as 𝑆𝑖. The evidence sample is considered as 

sink and labeled as 𝐸𝑣. We measure dissimilarity between two sources, represented by 𝐷𝑖 ,𝑗 for 

each pair of sources i and j.  

2.1.1 Relative Aitchison Difference 

If we assume that a true source will have a higher community similarity (lower dissimilarity) 

to the sink than to other unrelated sources, the difference can be used to measure the association. 

We construct a series of hypothesis tests to represent the possible outcomes for each source i 

given below: 

𝐻0 : 𝑆𝑖 is related to Ev  vs.  𝐻𝑎 : 𝑆𝑖 is not  related to Ev.  

That is,  

𝐻0 : 𝐷𝑖𝐸
2 − 𝐷𝑖𝑗

2 ≤ 0   vs.  𝐻𝑎 : 𝐷𝑖𝐸
2 − 𝐷𝑖𝑗

2 > 0, 

for all 𝑗 (𝑗 ≠ 𝑖). This test identifies whether the dissimilarity between the source and the evidence 

is smaller than the dissimilarity between unrelated sources. For the purposes of this study, the 

microbial profiles for sources are formed from rarefied OTU counts data such that the total number 

of observed microbes is equivalent amongst all sources. Aitchison Distance is used to measure 

the dissimilarity. Aitchison distance preserves the unit-sum property of compositional data, 

making it an ideal metric to use for comparison and clustering methods for counts or proportion 

data [155]. Aitchison distance can be calculated using 𝐾 OTU counts via the following equations: 

𝐴𝐷(𝑋𝑖 , 𝑋𝑗) = [∑ (log (
𝑥𝑖𝑘

𝑔(𝑋𝑖)
) − log (

𝑥𝑗𝑘

𝑔(𝑋𝑗)
))

2𝐾

𝑘=1
]

1
2

 

𝑔(𝑋𝑖) = (∏ 𝑥𝑖𝑘

𝐾

𝑘=1
)

1
𝐾
 

where 𝑥𝑖𝑘 represents the abundance of kth OTU in source i. Function 𝑔(𝑋𝑖) refers to the geometric 

mean of the sample for source i. The difference in dissimilarity is represented as the difference 

between two squared Aitchison distances. 
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Sources that are vastly different from the others may draw a disproportionate Aitchison 

distance due to the presence of microsatellite features. We propose a Relative Aitchison 

Difference to account for unusually large Aitchison distances and ensure the measure is on the 

same scale, [−1,∞), for all samples for further comparison:  

𝑅𝐴𝐷(𝑋𝑖) =
𝐴𝐷(𝑋𝑖 , 𝑋𝐸)

2 − 𝐴𝐷(𝑋𝑖 , 𝑋𝑗)
2̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

𝐴𝐷(𝑋𝑖 , 𝑋𝑗)
2̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  

where the average is taken across all other unrelated sources, 𝑗 = 1, … , 𝐽 and 𝑖 ≠ 𝑗.With this 

metric, the hypothesis test can be rewritten as follows: 

𝐻0 : 𝑅𝐴𝐷(𝑋𝑖) ≤ 0   vs.  𝐻𝑎 : 𝑅𝐴𝐷(𝑋𝑖) > 0. 

A distribution of RAD can be generated using bootstrap resampling, which resamples data with 

replacement. The significance of the test statistic indicates that the given source is much 

dissimilar to the sink than other sources and may be an important contributor to the sink sample. 

From here on, we will call this selection process RAD. 

RAD requires the other sources for comparison to be unrelated, which may not be true in 

real world studies. Some examples of related sources include samples at different locations on 

the same subject or subjects who come from the same household or otherwise have uncommonly 

similar profiles. To compensate for this possibility, we recommend performing hierarchical 

clustering to bin microbial samples. Consider once more our four sources scenario from Fig. 2.1. 

Sources 3 and 4 are more similar to one-another than with the sink, but collectively they are more 

similar to sink than any other source. Hierarchical clustering with a single link captures these 

groups which may be collectively similar to the sink while avoiding drifting centroids other average 

linkage methods may produce, e.g., the centroid moves towards sources 1 and 2. Since our 

comparison will be only towards the sink sample 𝐸𝑣, bins are determined by the first nodal 

connection to the sink sample and all sources in the connected branch are binned together. This 

binning process is demonstrated in Fig. 2.2. Additionally, the single link structure allows an easy 
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visual representation of which branches may be collectively similar to the sink. When the sink is 

closer than other sources, the link distances to other sources will be shorter than link distances 

when the sink is removed, as represented by the red arrows in Fig. 2.2. 

 

Fig 2.2. Illustration of mechanism of hierarchical cluster binning. Binning for the four 

sources scenario. The left dendrogram represents the connection between sources without 

considering the sink (Ev). The right dendrogram represents the changed relationships after 

the inclusion of the sink. Impacted branches are identified with an arrow, and resulting bins 

are circled. 

When multiple sources exist within a bin, the contributor to the sink may be any or all sources 

within that bin.  Relative Aitchison Difference is evaluated independently for each source within a 

bin, though all observations that are in the same bin as the current source are excluded when 

determining the average Aitchison difference. This means in the four sources scenario, we would 

not consider source 4 when evaluating the RAD for source 3 and vice-versa. In this example, the 

RAD for source 3 is calculated as follows: 

 

𝑅𝐴𝐷(𝑆3) =
𝐴𝐷(𝑆3 ,𝐸𝑣)−[

𝐴𝐷(𝑆3,𝑆1)+𝐴𝐷(𝑆3,𝑆2)

2
]

[
𝐴𝐷(𝑆3,𝑆1)+𝐴𝐷(𝑆3,𝑆2)

2
]

. 

2.1.2 RAD-Naïve Estimator 

Here we introduce a naïve approach for estimating mixture proportions based on the ratio 

of measured Aitchison difference introduced above. We use 𝐼𝑖
∗ to indicate whether the source 𝑖 
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was significant (1) or not significant (0). Proportions of microbes coming from a given source will 

be estimated by the ratio of mean relative Aitchison differences amongst all significant sources, 

as shown in the equation below: 

𝑃𝑖0 =
𝐼𝑖0
∗ ∗𝑅𝐴𝐷(𝑋𝑖0)

∑ (𝐼𝑗
∗∗(𝑅𝐴𝐷(𝑋𝑗))

𝐽
𝑗=1

. 

This method does not account for the possibility of missing sources and will overestimate the 

proportions if a true source is missing from the source pool. From here on, this method is referred 

to as RAD-Naïve. 

2.1.3 RAD-ST Estimator 

RAD may also be used as a preprocessing technique for Bayesian source tracking via 

Gibbs sampling. By eliminating non-important sources prior to sampling, we improve the speed 

and predictive accuracy of this method. For comparison purposes, we have chosen to use the 

conditional distribution used by Bayesian SourceTracker [4]: 

𝑃(𝑧𝑖 = 𝑣|𝑧¬𝑖 , 𝑥) = 𝑃(𝑥𝑖|𝑣) × 𝑃(𝑣|𝑥
¬𝑖) =∝ (

𝑚𝑥𝑖𝑣
+𝛼

𝑚𝑣+𝛼𝑚𝑣

) × (
𝑛𝑣
¬𝑖+𝛽

𝑛−1+𝛽𝑉
), 

where 𝑧𝑖 is a variable representing the assigned sink (note: here we use the same mathematical 

notations as in the original paper). Each individual sink count is represented by 𝑥𝑖. 𝑥
¬𝑖 represents 

the set of all other sink counts except for the current count. Here 𝑚𝑡𝑣  represents the number of 

sink counts from an OTU 𝑡 in a source 𝑣 ∈ {1… 𝑉}, while 𝑛𝑣  is the number of sink counts assigned 

to the source across all OTUs. Parameters 𝛼 and 𝛽 are imaginary prior counts to smooth the 

distribution and may be tuned to change sampling sensitivity. The application of Bayesian source 

tracking with RAD source reduction is referred to as RAD-ST. 

2.1.4 RAD-FEAST Estimator 

Similarly, RAD may also be used to limit the source pool of the FEAST expectation-

maximization algorithm [122]. The underlying model functions similarly to the Bayesian model 

used by Bayesian SourceTracker, where the results are optimized by the product of relative 
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abundance and mixture proportion. In this approach, the relative abundance for the sink is 

modeled: 

𝛽𝑗 =∑ 𝛼𝑖𝛾𝑖𝑗

𝐾+1

𝑖=1
 

where 𝛼𝑖 is the mixture proportion for source 𝑖 ∈ {1 …𝐾} (K is the number of known sources) and 

𝛾𝑖𝑗  is the relative abundance of each source for each OTU 𝑗 ∈ {1…𝑁}. The parameters are 

updated using the EM algorithm proposed by Shenhav et al. [122]. The application of expectation-

maximization with RAD source reduction is referred to as RAD-FEAST. 

2.2 Simulation Study 

All three methods are applied to OTU count profiles generated by 16S metagenomics 

sequencing. OTU data from a longitudinal study examining behavior of resident and household 

surface microbial communities by Lax et al. [13] was utilized. This OTU data was previously 

rarefied to 2500 counts per sample. Ten palm samples from the first time point were selected. 

Each palm sample will represent a source for the sink.  Our study will focus on scenarios where 

the sink is generated from a mixture of two to three sources. The remaining non-significant 

sources will be included in the source set. Sink samples were generated using several ‘true’ 

mixture models using mixture proportions provided in Table 2.1 using multinomial parametric 

resampling. Though other combinations of sources have been examined, the two mixtures 

mentioned in Table 2.1 will be used for demonstration. The RAD-naive, RAD-ST, and RAD-

FEAST will be compared to Bayesian SourceTracker using 100 resamples as well as FEAST with 

1000 expectation-maximization iterations. Parameter tuning for Gibbs sampling was run prior to 

proportion estimation. Furthermore, RAD methods are performed at a 5% family wise error rate 

adjustment (i.e. Bonferroni). 

Table 2.1: Settings of evidence mixtures  

 Two-source mixture Three-source mixture 

Trial Source B Source G Source B Source D Source G 
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1 90% 10% 60% 30% 10% 
2 80% 20% 50% 30% 20% 
3 70% 30% 40% 30% 30% 
4 60% 40% 33% 33% 33% 

 

2.3 Results 

The results of three-source mixtures are presented below. The results for two-source 

mixtures are in Appendix A. 

2.3.1 Three-source Mixtures 

Our first analysis focuses on mixtures of three sources without any missing sources. RAD 

source selections showed a distinct divide in p-value between sources found significant and those 

not. All significant p-values were at machine 0 while non-significant p-values were approximately 

1. Mean and standard deviation for estimated mixture proportions were calculated by compiling 

the results of twenty experimental replicates. Four error measurements were calculated and 

collected for each trial and replication to compare performance between the three-source-tracking 

approaches: 

(1) Root Mean Square Error (RMSE): 𝑅𝑀𝑆𝐸 = √
1

𝑛
∑ (𝑌𝑖 −𝑌�̂�)

2𝑛
𝑖=1  

(2) Relative Root Mean Square Error (RRMSE): 𝑅𝑅𝑀𝑆𝐸 = √
1

𝑛
∑ (

𝑌𝑖−𝑌�̂�

max (𝑌𝑖 ,𝑌�̂�)
)
2

𝑛
𝑖=1  

(3) Mean Difference (MD):  𝑀𝐷 =
1

𝑛
∑ |𝑌𝑖 −𝑌�̂�|
𝑛
𝑖=1  

(4) Average Residual Error (AVGRE): 𝐴𝑉𝐺𝑅𝐸 =
1

𝑛
∑

|𝑌𝑖−𝑌�̂�|

max (𝑌𝑖 ,𝑌�̂�)

𝑛
𝑖=1  

where 𝑌𝑖 represents the true mixture proportion and 𝑌�̂� represents the estimated mixture proportion 

for source i. RMSE and MD are absolute measures of error, and do not depend on the size of the 

true proportion. RRMSE and AVGRE are relative measures of error, where the errors are scaled 
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based on the true proportion. For sources with a true proportion 0, the denominator is set to be 

the estimated proportion measures.  

The results of proportion estimation for three-source mixtures (i.e., without any missing 

source) are provided in Fig 2.3. It can be seen that SourceTracker gives some proportion to the 

non-included sources (i.e., short green bars) as well as an unknown category (although there is 

no any missing source), which is reflected in the error metrics plots in Fig. 2.4.  The RAD-ST result 

is better than the SourceTracker for all error measurements since the un-important sources are 

already filtered out in the RAD selection step.  

When all sources are available (i.e., without any missing source), the addition of RAD 

source selection does not create noticeable improvement to FEAST model in terms of absolute 

error metrics (i.e. RMSE and MD). However, since FEAST always assigns some proportion to an 

unknown category, the relative error metrics (i.e., AVGRE and RRMSE) result in high values for 

FEAST while RAD-FEAST reduce the relative errors. RAD-Naïve performs robustly across all 

error metrics. Consistent conclusions are obtained from the results of two-source mixtures (see 

Fig A1, Fig A2, and Fig A3).  
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Fig 2.3. Plots of proportion estimates for three-source mixture by various methods. 

Comparison of true mixture proportion with estimated proportions of various mixture 

settings: (a) 60% - 30% - 10%, (b) 50% - 30% - 20%, (c) 40% - 30% - 30%, and (d) 33% 

- 33% - 33%. 
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Fig 2.4. Boxplots of proportion errors for three-source mixtures. Comparison of error 

measurements for SourceTracker (ST), FEAST, RAD-Naive, RAD-ST, and RAD-FEAST 

across various mixture settings: (a) Root Mean Square Error, (b) Relative Root Mean Square 

Error, (c) Average Residual Error, and (d) Mean Difference. 

 

As community similarity increases, source-tracking methods may struggle to pick up 

differences without satellite microbes. To compare how the methods perform as similarity 

between important sources increases, eleven source combinations were selected to span the 

range of Jensen-Shannon group wise divergences for all triplets (Fig. 2.5). These divergence 

rates spanned between 0.37 and 0.87. Three replicates were used for each triplet. Generally, 

RAD-FEAST and FEAST perform comparably best in terms of absolute error while RAD-Naïve is 

recommended if relative error is considered.  
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Fig 2.5. Three-source proportion errors by divergence. Comparison of error 

measurements for SourceTracker (ST), FEAST, RAD-Naive, RAD-ST, and RAD-FEAST for 

33% - 33% - 33% evidence mixtures with varying mixture sources representing differing levels 

of Jensen-Shannon divergence.: (a) Root Mean Square Error, (b) Relative Root Mean Square 

Error, (c) Average Residual Error, and (d) Mean Difference 

2.3.2 Three-source Mixtures with one missing source 

Our second analysis focuses on mixtures of three sources, but with the second minor 

source removed from the source pool. RAD source selection again showed a distinct divide 

between sources found significant and those not. All significant p-values were at machine 0 while 

non-significant p-values were approximately 1. Mean and standard deviation for estimated 

mixture proportions were calculated by compiling the results of twenty experimental replications. 

As before, RMSE, MD, RRMSE, and AVGRE were calculated and collected for each trial and 

repetition to act as a measure of performance to compare the three-source-tracking approaches. 

Since our pool does not contain all sources, the denominator in the RAD-Naive method does not 

represent all associated sources and will overestimate proportions (Fig. 2.6). As expected, RAD-

Naive has high error rates for all mixtures (Fig. 2.7).  
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When a source is missing, the Bayesian SourceTracker and FEAST both accumulate 

counts incorrectly to other sources, as seen with source of I and H (Fig. 2.6). The RAD-ST and 

RAD-FEAST show marked improvements over the original estimators. Particularly, RAD-FEAST 

performs best consistently across all settings and under various error measures (Fig. 2.7). 

 

Fig 2.6. Proportion estimates for three-source mixtures with a source missing.  

Comparison of true mixture proportion with estimated proportions of various mixtures when 
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the smallest component is missing from the source pool: (a) 60% - 30% - 10%, (b) 50% - 30% 

- 20%, (c) 40% - 30% - 30%, and (d) 33% - 33% - 33%. 

 

Fig 2.7. Proportion errors for three-source mixtures with a source missing. Comparison 

of error measurements for SourceTracker (ST), FEAST, RAD-Naive, RAD-ST, and RAD-

FEAST for various mixtures when the smallest component is missing from the source pool: 

(a) Root Mean Square Error, (b) Relative Root Mean Square Error, (c) Average Residual 

Error, and (d) Mean Difference. 

2.4 Discussion 

RAD testing was able to accurately detect which sources had non-zero mixture 

components for each sink/evidence. In this study, the true significant sources were selected in 

every replication with uncommon instances of selecting non-significant sources (Fig. A1, A2). 

Integrating RAD source selection in parameter estimation has shown a sizable improvement in 

predicted source proportions for Bayesian SourceTracker across all settings, with both the 

absolute and relative error rates decreased. RAD-FEAST showed strong improvements under the 

missing source scenario, where unusual OTUs were attributed to another source instead of 

unknown. 
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The RAD-Naïve method performs effectively for no-missing-source cases. It tends to over-

estimate larger/major proportions and under-estimate smaller/minor proportions. Due to the lack 

of proportion assigned to an unknown category, the relative error rates were smallest when all 

true sources are available. Alternatively, Bayesian SourceTracker, FEAST, RAD-ST, and RAD-

FEAST methods tend to under-estimate the true mixture proportions due to count accumulation 

into unspecified sources (i.e., the “unknown” category). In forensic practice, this feature is 

beneficial for its ability to consider the possibility of missing the true culprit from our source pool. 

Exploration across varying Jensen-Shannon divergence values revealed some trends 

among error rates as divergence increased. A negative relationship between performance and 

community divergence may be due to the limited divergence ranges covered by the ten palm 

samples from the original literature. Difficulties may arise when the divergence is small and within-

subject random count variances overshadow between-subject variance. When applying 

community-based microbial source-tracking in forensics, RAD will allow investigators to filter 

sources and receive estimates for proportions of microbes coming from likely sources. This 

technique, when combined with other forensic tools, will help investigate the likelihood that any 

given source is involved with the trace evidence, and by extension the crime. 
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CHAPTER 3   An Information-based Approach for Mediation 

Analysis on High-dimensional Metagenomic Data 

3.1 Methodology 

In this study, we will focus on using microbial taxa (e.g., species) as mediators for host 

gene expression. Recent research has discovered that the abundance and diversity of the 

microbiome can have an impact on the expression of human genes [156-158].  However, this 

method is very general and can be applied to other types of studies, e.g., genomic or epigenomic 

study, or even studies in other fields.  

Let us stay with discovering which microbial taxa mediate the effect of gene expression 

on a clinical outcome. We propose to achieve this by using a nonparametric framework based on 

information theory feature reduction techniques and termed as Nonparametric Entropy Mediation 

(NPEM). Information theory compares joint variation with the marginal variations to measure 

association between sets of variables. This can capture nonlinear and additive associations as 

compared to distance based and regression modeling approaches which can only capture linear 

correlation [159]. The information content of a data set can be measured using Shannon Entropy 

and Mutual Information (MI) [160]. Shannon entropy represents the uncertainty, potential 

information, from a random variable or random vector, and is defined as amount of information 

produced by a stochastic process: 

𝐻(𝑋) = −∑ 𝑝(𝑥) log 𝑝(𝑥)𝑥∈𝑋      (4) 

where 𝑝(𝑥) represents the probability of observing 𝑋 = 𝑥. Shannon entropy of a multivariate 

process between X and Y can be solved using joint Shannon entropy:  

𝐻(𝑋, 𝑌) = −∑ ∑ 𝑝(𝑥, 𝑦) log𝑝(𝑥, 𝑦)𝑦∈𝑌𝑥∈𝑋    (5) 

where 𝑝(𝑥, 𝑦) represents the probability of observing 𝑋 = 𝑥 and 𝑌 = 𝑦 (note: the notations X and 

Y here are just two common variables). In a multivariate process, when one variable (X) is known 
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but another variable (Y) is unmeasured, the remaining uncertainty is defined as the conditional 

entropy: 

𝐻(𝑌|𝑋) = −∑ ∑ 𝑝(𝑥, 𝑦) log𝑝(𝑦|𝑥)𝑦∈𝑌𝑥∈𝑋  .  (6) 

Mutual information (MI) is defined as the overlap of information produced by multiple stochastic 

processes:  

𝑀𝐼(𝑋; 𝑌) = ∑ ∑ 𝑝(𝑥, 𝑦) log
𝑝(𝑥,𝑦)

𝑝(𝑥)𝑝(𝑦)𝑦∈𝑌𝑥∈𝑋  .  (7) 

Mutual information can be used as a measure of dependency between the variables in a 

multivariate stochastic process. If the included variables are independent, the information metric 

is zero. This definition can be further extended to include a prior known variable (Z): 

𝑀𝐼(𝑋; 𝑌|𝑍) = ∑ ∑ ∑ 𝑝(𝑥, 𝑦, 𝑧) log
𝑝(𝑥,𝑦|𝑧)

𝑝(𝑥|𝑧)𝑝(𝑦|𝑧)𝑧∈𝑍𝑦∈𝑌𝑥∈𝑋 .        (8) 

When two or more variables are associated with a response variable (Y), a variables mutual 

information with the response may already exist within the Shannon information of another 

associated variable. To capture the unique mutual information a variable 𝑋, we additionally 

define the contributed information to be the mutual information of one variable given a set of 

measured variables (W): 

𝐶(𝑋,𝑌,𝑾) = 𝑀𝐼(𝑋; 𝑌) − ∑
𝑀𝐼(𝑋;𝑤)

||𝑾||
2𝑤∈𝑾   (9) 

To investigate the relationships between variables or sets of variables, we propose to 

construct the mediation model as a multivariate stochastic process generating the set of I genes 

(𝑿 = {𝑋1 ,… ,𝑋𝐼}), the set of J microbial taxa (𝑴 = {𝑀1 ,… , 𝑀𝐽}), and a clinical outcome Y 

(throughout the text of this paper we use bold symbols to represent sets of variables; otherwise, 

represents a single variable). If we maintain the causal direction and no intermediary confounding 

assumptions, we can examine the relationship between variables using the mutual information 

from the stochastic processes. To mimic current LSEM structure, we define 𝛾′ as a label of 

relationship between X and Y, 𝛼 as the relationship between X and M, and 𝛽 as the relationship 
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between M and Y when X is measured. Thus, we use these labels to represent the relationships 

between the variables based on the theory information in Figure 3.1. 

Consider the 𝛽 effect of a mediation model from M to y as the overlap in information 

contained by M and y. This 𝛽 effect can be decomposed into 𝛽1 representing the overlap of 𝛼 and 

𝛽, and 𝛽2 representing the unique information from M as shown in Fig. 3.1 such that 𝛽 = 𝛽1 + 𝛽2. 

Note that 𝛽2 represents the value 𝛽휀𝑀  in equation (3). If 𝛽2 ≠ 0, then it follows 𝛽 ≠ 0. Consider 

two possible outcomes when 𝛽2 = 0: 1) if 𝛽1 = 0 & 𝛽2 = 0, then M does not offer any information 

about y and there is no mediation effect. This is equivalent to 𝛽 = 0 and by extension 𝛼𝛽 = 0 in 

the LSEM framework; 2) if 𝛽1 ≠ 0 & 𝛽2 = 0, all information M provides about Y is also contained 

in X. Due to perfect collinearity, no conclusion can be drawn about the existence of mediation 

effects. For the purposes of our study, we will consider this scenario as not a mediation effect. 

Thus, the overlap of all variables is not sufficient and any scenario where 𝛽2 = 0 would not be 

considered a mediation effect. The existence of mediation effects can be captured by measuring 

𝛼 and 𝛽2. The two relationships 𝛼  and 𝛽2 as shown in Fig. 3.1 can be expressed in terms of 

mutual information as 𝑀𝐼(𝑿;𝑴), and 𝑀𝐼(𝑴; 𝑌) respectively. 

 

 

 

Fig. 3.1: Venn Diagram visual representation of information content and the areas 

representative of model effects, alpha represents the relationship (i.e., intersection) 

between the exposure (blue circle) and mediator (red circle), beta1 is the relationship 
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between all three variables, i.e., at the intersection of three circles, while beta2 

represents the relationship between the mediator and response (yellow circle) 

excluding the exposure, i.e.,  the area of intersection of red and yellow circles, but not 

in blue. Gamma prime is the overlap of blue and yellow circles, representing the total 

effect. 

In order to capture the effect of each gene or each taxon individually, we additionally 

consider collinearity between the variables. In this research the term taxon and OTU are 

exchangeable. We will use conditional information to measure the relationship between gene 𝑖 

and taxon 𝑗, 𝛼𝑖,𝑗, as 𝐶(𝑋𝑖 , 𝑀𝑗 , 𝑺) and the relationship between taxon 𝑗 and the response, (for the 

purpose of explanation we use one clinical response variable Y;  𝛽2𝑗 , as 𝐶(𝑀𝑗 , 𝑌, 𝑻), where S and 

𝑻 represent a subset of other genes and other microbial taxa, respectively. 

To solve the mutual information and contributed information metrics, we will employ kernel 

estimation to approximate the distribution of each variable or set of variables. To allow for varying 

data structures in a joint distribution, we employ kernel product estimation developed by Li & 

Racine [161]. The choice of kernel will depend on the structure of the data. For continuous data, 

the distribution will be approximated using a second order Gaussian kernel. The Gaussian kernel 

is a common choice due to its smoothness. Categorical data distributions will be approximated 

using an Aitchison-Aitken kernel to handle discrete entry frequencies. To avoid overfitting, 

bandwidths for kernels are approximated using Silverman’s Rule of Thumb [162]. 

 In high resolution sequencing studies, limited genetic material and PCR amplification 

biases can lead to some taxa with zero reads, even when those taxa exist within the sample. Yet 

these events are not independent because rare taxa are more likely to have zero counts 

simultaneously. This indicates both zeros which are true and zeros which are not true will still be 

informative. However, a concentration of counts at zero can lead to problems when estimating 

the distribution using a kernel estimator. Most notably, the decreased variance can lead to smaller 
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estimates for the kernel bandwidth and a large portion of the distribution will fall into negative 

values which have no logical interpretation. We propose two approaches for mediation testing 

using mutual information. In the simplest case, we use a single Gaussian kernel to estimate the 

distribution of taxa abundance. Mutual information will be calculated based on this single 

distribution.  We will refer to this single kernel approach as a univariate entropy measure. To 

better represent the microbiome data and avoid some of the potential pitfalls of kernel density 

estimation, we propose to decompose the microbiome data in two parts: presence-absence 

represented by an Aitchison-Aitken kernel and nonzero counts represented by a Gaussian kernel. 

Mutual information metrics can be calculated for both presence-absence and nonzero counts, 

providing two measurements for each mediator. We refer to this two-kernel approach as a 

bivariate entropy measure. 

3.1.1 Univariate Entropy Measure 

When calculating mutual information, ideally the information metric should be zero if the 

variables are independent; however finite sample sizes and bandwidth approximation for the 

kernel density estimates will lead to a bias in the observed information. We will assume that the 

true parameter space of mediators is small (i.e. only a few taxa mediate an effect). Under this 

assumption, a vast majority of the signals observed are due this bias effect. Therefore, we can 

search for information metrics which are substantially higher than the expected bias, as this 

indicates a true relationship between variables across sets. For a particular taxon (j) to be a 

mediating taxon, there must be significant relationships from at least one gene through it to the 

clinical response(s). Just like the regression model in equation (2) where all exposure variables 

X are included for each mediator variable M j,  𝛼𝑖 ,𝑗 (representing the relationship between the 

exposure variable Xi and mediator M j) must be evaluated across all exposures simultaneously 

within each fixed taxon 𝑗. For each fixed taxon j the hypotheses are: 

𝐻0 : 𝐶(𝑋𝑖 , 𝑀𝑗 , 𝑺) ≤ 𝜑𝛼,𝑗, ∀𝑖 ∈ {1, … , 𝐼}     𝑂𝑅     𝐶(𝑀𝑗 , 𝑌, 𝑻) ≤ 𝜑𝛽2 
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𝐻𝑎: ∃𝑖 ∈ {1, … , 𝐼}: 𝐶(𝑋𝑖 ,𝑀𝑗 , 𝑺) > 𝜑𝛼,𝑗     &     𝐶(𝑀𝑗 , 𝑌, 𝑻) > 𝜑𝛽2 

The parameters 𝜑𝛼,𝑗  and 𝜑𝛽2 represents the expected bias in mutual information with a 

fixed response 𝑀𝑗  and 𝑌 respectively. Since the mutual information score should be zero for 

independent random variables, the bias terms 𝜑𝛼,𝑗 and 𝜑𝛽2  are conservatively estimated as the 

mean contributed information scores for currently unselected genes and taxa respectively as 

defined below: 

𝜑𝛼,𝑗 = ∑
𝐶(𝑋𝑖 ,𝑀𝑗 ,𝑺)

||(𝑿−𝑺)||𝑋𝑖∈(𝑿−𝑺)
   (10) 

𝜑𝛽2 = ∑
𝐶(𝑀𝑗 ,𝑌,𝑻)

||(𝑴−𝑻)||𝑀𝑗∈(𝑴−𝑻)
  (11) 

where X-S represents a set of all genes which are currently unselected, and M-T represents a set 

of all taxa which are currently unselected. Within our definition, the contributed information and 

expected bias are both dependent on the components of set 𝑺 or 𝑻. We propose to iteratively 

select the best predictive gene or taxon and update 𝑺 or 𝑻 respectively after each selection by 

using a greedy search algorithm. Under this paradigm, we compare the largest contributed 

information to the average contributed information as defined in equations (10) and (11). This 

lends itself naturally to outlier detection tests which compare the maximum value to the mean to 

test for potential outlier points. Since there could be multiple features which contain true 

contributed information signals, we opt to use an iterative one-sided Extreme Studentized Deviate 

test (ESD) [163], which was developed for unusually high value detection. We evaluate a series 

of G statistics [163] as follows: 

𝐺 =
𝐶(1)(…) − 𝐶(… )̅̅ ̅̅ ̅̅ ̅

𝑠𝑑(𝐶(… ))
 

where 𝐶(1) represents the highest contributed information to be compared, either for the relation 

between taxon (j) and genes, or for the relation between the outcome and taxa. 𝐶(…)̅̅ ̅̅ ̅̅ ̅ stands for 

the average of contributed information and sd represents standard deviation. Under the null 

hypothesis, the 𝐺 statistic follows a t-distribution. However, since the contributed information could 
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change at each step, there is still uncertainty about when the hypothesis test on the t-distribution 

should be performed. Below, we provide Algorithm 1 which performs the hypothesis test at each 

iteration of the greedy search algorithm (NPEM:UV). At each step in the algorithm, the contributed 

information from each gene to a fixed taxon or each taxon to a fixed clinical outcome is re-

evaluated to identify the most informative feature. The highest value of contributed information is 

recorded, the hypothesis test is performed, and the selected feature is removed from the set of 

explanatory variables and added to the set of priors 𝑆 or 𝑇. A modified version which performs 

the hypothesis test after the greedy search algorithm has completed is provided in supplementary 

file as Algorithm 1’ (NPEM:UVS). The details and trade-offs of each algorithm are elaborated in 

the supplementary file.  

Algorithm 1: Non-Parametric Entropy Mediation: Univariate Test (NPEM:UV) 

Input: 𝑨 = {𝐴1 , 𝐴2 ,… , 𝐴𝐾}: Set of explanatory variables; B: Response variable 

1. Initialize an empty set W. 

2. Evaluate Contributed Information 𝐶𝑖 = 𝐶(𝐴𝑖 , 𝐵,𝑾) for each 𝐴𝑖  which is not in W. When W 

is empty, 𝐶𝑖 = 𝑀𝐼(𝐴𝑖 , 𝐵). 

3. Let 𝑪 denote the vector of the 𝐶𝑖 values, and 𝐶(1)  denote the largest Contributed 

Information. 

4. Calculate Grubb’s ESD Test Statistic: 𝐺 =
𝐶(1)−𝑪

𝑠𝑑(𝑪)
, where �̅� is the average value and sd 

represents standard deviation.  

5. Perform significance test with the distribution 𝑡𝑑𝑓−2 to obtain p-value, where df is the 

length of 𝑪. 

6. If the p-value is below a threshold (e.g., 0.05), move the variable 𝐴(1) corresponding to 

the largest value 𝐶(1) into set W. 

7. Repeat steps 2 through 6 until a specified threshold (e.g. 0.05) is reached or until two or 

fewer variables remain. 
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8. For the variables which do not belong to W, assign the p-value to be 1. 

9. Apply false discovery rate (FDR) correction to the resulting vector of p-values. 

 

This algorithm is general and can be applied to evaluate the significance of all 𝛼 and 𝛽2  

relationships defined in Section 3.1. For the 𝛼 relationship, 𝑨 is the full gene set 𝑿 and 𝐵 is 

an individual microbial taxon (𝑀𝑗 ), and the resulting p-value  𝑝𝛼,𝑗 is the minimum of the FDR 

corrected p-values. For the 𝛽2 relationships, 𝑨 is the set of all microbial taxa 𝑴 and 𝐵 is the 

clinical response (𝑌). 𝑾 is initialized as an empty set. The resulting p-value 𝑝𝛽,𝑗 is FDR 

corrected. To complete the hypothesis test for mediation effects, we composite the results 

with conservative measure 𝑝𝑗 = max( 𝑝𝛼,𝑗,  𝑝𝛽,𝑗), which represents the final p-value for 

testing the mediation effect of taxon 𝑗. 

 

3.1.2 Bivariate Entropy Measure 

 When we represent the abundance of each microbial taxon by decomposing the feature 

into presence-absence and nonzero counts, the conditional mutual information can be calculated 

for both presence-absence and nonzero counts individually. Our final decision will leverage both 

conditional mutual information scores. To test whether a relationship is significant or not, we 

propose a general hypothesis as follows: 

𝐻0 : ‖𝐶‖ ≤ 𝜑   𝑣𝑠.    𝐻𝑎 : ‖𝐶‖ > 𝜑 

where ‖𝐶‖ represents any norm or distance metric for the vector of two contributed information 

metrics 𝐶 from zero and nonzero counts. To account for the difference in scale and correlation 

between presence-absence and nonzero counts, we will utilize Mahalanobis distance [164]: 

𝑀𝐷(𝐶) = √(𝐶 − 𝜇)
′
Σ−1(𝐶 − 𝜇) 
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Where 𝜇 represents the vector of means for 𝐶 and Σ represents the covariance of the two 

contributed information scores in 𝐶.The mahalanobis distance is distance metric which projects 

data along its principal components. Each axis is re-scaled to ensure a mean value of zero and 

variance of 1. By projecting the two contributed information scores onto their principal 

components, we no longer need to consider correlation between scores. We can now rewrite our 

hypothesis using the distance from expected bias: 

𝐻0 : 𝑀𝐷(𝐶) = 𝜑 vs. 𝐻𝑎: 𝑀𝐷(𝐶) > 𝜑 

As in the univariate case (i.e., do not separate the zero and nonzero counts for each taxon) in 

subsection 2.2.1, for a taxon to be a mediating taxon, there must be a significant mediation 

structure or bridge from at least one gene and then through the taxon to the clinical response. For 

each fixed taxon j, the hypotheses are as follows: 

𝐻0 : 𝑀𝐷(𝐶𝛼,𝑖,𝑗⃑⃑⃑⃑ ⃑⃑⃑⃑ ⃑⃑ ) = 𝜑𝛼,𝑗, ∀𝑖 ∈ {1, … , 𝐼}      𝑂𝑅     𝑀𝐷(𝐶𝛽2 ,𝑗
⃑⃑ ⃑⃑ ⃑⃑⃑⃑ ⃑) = 𝜑𝛽2 

𝐻𝑎: ∃𝑖 ∈ {1, … , 𝐼}: 𝑀𝐷(𝐶𝛼,𝑖,𝑗⃑⃑⃑⃑ ⃑⃑⃑⃑ ⃑⃑ ) > 𝜑𝛼,𝑗       &     𝑀𝐷(𝐶𝛽2 ,𝑗
⃑⃑ ⃑⃑ ⃑⃑⃑⃑ ⃑) > 𝜑𝛽2  

Since the Mahalanobis projection has two dimensions (i.e., for zero and nonzero parts), 

we compare the Mahalanobis distance to the Chi-square distribution with 2 degrees of freedom 

to identify unusually high conditional mutual information values [165]. We provide Algorithm 2 

below which performs the hypothesis test at each iteration of the greedy search algorithm 

(NPEM:BV). A modified version which performs the hypothesis test after the greedy search 

algorithm has completed is provided in Appendix B as Algorithm 2’ (NPEM:BVS).The algorithm 

follows the same logic as the univariate case, except we evaluate the contributed information 

twice, once for the presence-absence data and once for nonzero counts data, with the most 

informative feature decided by the feature with the largest Mahalanobis distance. The details for 

obtaining the final p-values are the same as the univariate test approach. 

Algorithm 2: Non-Parametric Entropy Mediation: Bivariate Test (NPEM:BV) 

Input: 𝑨 = {𝐴1 , 𝐴2 ,… , 𝐴𝐾}: Set of explanatory variables; B: Response variable 
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1. Initialize an empty set W. 

2. For each mediator, decompose into presence-absence and nonzero count (𝑍, 𝑀′) 

3. Evaluate Contributed Information for both parts (e.g.𝐶𝑖⃑⃑⃑⃑ = {𝐶𝑍 = 𝐶(𝐴𝑖 , 𝑍,𝑾), 𝐶𝑀′ =

𝐶(𝐴𝑖 , 𝑀′,𝑾)}) for each A𝑖  which is not in W.  

4. Evaluate the Mahalanobis distance for each vector of contributed information scores 𝐶𝑖⃑⃑⃑⃑ . 

5. Move variable 𝐴𝑘  into set W. 

6. Calculate the Chi-squared Test Statistic: 𝜒2 = 𝑀𝐷(𝐶(1)⃑⃑⃑⃑ ⃑⃑⃑⃑ ) 

7. If the p-value is below a threshold (e.g., 0.05), move the variable 𝐴(1) corresponding to 

the largest Mahalanobis distance 𝑀𝐷(𝐶(1)⃑⃑ ⃑⃑⃑⃑ ⃑⃑ ) into set W. 

8. Repeat steps 3 through 7 until a specified threshold is reached (e.g. 0.05) or until two or 

fewer variables remain. 

9. For the variables which do not belong to W, assign the p-value to be 1. 

10. Apply FDR correction to the resulting vector of p-values. 

3.2 Data 

3.2.1 Simulation Studies 

To evaluate the performance of NPEM, we compare our method to the existing methods, 

nonparametric permutation test, MedTest [135], and a method developed to handle SNP counts 

data, Integrative Genome Wide Association Study, iGWAS [137]. We simulate biological data for 

a dichotomous clinical outcome (e.g., healthy or diseased) under various model settings. Gene 

expression data was simulated for 300 genes using a normal distribution. The first 150 were 

generated using a standard deviation of 0.5, and the second half with 2.0. Taxon counts were 

generated for OTU bins using a negative binomial distribution with excess zeros added weighted 

by the log ratio of abundance to mean (see Appendix B). The relationships between variables are 

presented in Table 3.1 below.  
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Table 3.1: Existence of relationships for combinations of gene and OTU indices. True 

mediation effects require 𝛾′, 𝛼,  and 𝛽2 relationships (highlighted in the table entries). That is 

the OTUs 1~10 are the true mediators for the genes 1~20, and OTUs 151~160 are the 

mediators for genes 151~170. The rest OTUs are not.  

 Low Expression 
𝜎 = 0.5 

High Expression 
𝜎 = 2 

 Genes 
1-20 

Genes 
 21-150 

Genes 
151-170 

Genes  
171-300 

OTUs 1-10 𝛾′, 𝛼,𝛽2 𝛽2 𝛾′, 𝛽2  𝛽2 

OTUs 11-20 
 𝛾′, 𝛼   𝛾’  

OTUs 21-30 𝛾′, 𝛽2 𝛽2 𝛾′, 𝛽2  𝛽2 

OTUs 31-150 
𝛾′  𝛾′  

OTUs 
151-160 

𝛾′, 𝛽2 𝛽2 𝛾′,𝛼, 𝛽2 𝛽2 

OTUs  
161-170 

𝛾′  𝛾′, 𝛼  

OTUs  
171-180 

𝛾′, 𝛽2 𝛽2 𝛾′, 𝛽2 𝛽2 

OTUs  
181-300 

𝛾′  𝛾′  

  

Three separate simulation studies are performed to examine the behaviour of NPEM 

under different scenario settings: 

(i) The first study looks at the performance of different models with various sample size 

(40 and 80 per group) and excess zero probabilities at a high level (80%) or low level 

(50%) for a total of four data scenarios. The signal strength is fixed at 50%, which is 

defined as follows: 

signal strength =
𝛿

𝜎
 

where 𝛿 represents the average difference between healthy and diseased groups and 

𝜎 represents the standard deviation of the noise.  
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(ii) In practical studies, the signal strength is unlikely to be large for each taxon. We 

investigate how these methods perform as signal strength decreases by varying signal 

strength between 50% and 10%. In this simulation, we also vary the excess zero 

proportions between high (80%) and low (50%), with a fixed sample size 40 per group.   

(iii) For further investigation, we observe the effects by increasing the over-dispersion 

of taxon counts. The over-dispersed counts are modeled using a negative binomial 

model with the dispersion parameter as follows: 

𝜅 =
𝑐

√𝜆+1
. 

where 𝜆 represents the mean count and the constant c is set to 1000 for high dispersion and 

100 for low dispersion. We fix the sample size to be 40 per group and the excess zero 

proportion at high (80%) to capture the worse-case. Signal strength ranges from 10% to 50% 

as in simulation (ii).  

For each data scenario a total of 20 data sets are generated and evaluated. The results of the 

simulation studies are presented in Section 3.3.1. 

3.2.2 Clinical Pouchitis 

Pouchitis, inflammation of a post-operation ileal pouch, affects almost half of all ileal 

pouch-anal anastomosis recipients, with up to 20% of these patients developing chronic pouchitis. 

We apply NPEM to pouchitis patient data from Morgan et al. [34], including host gene expression, 

microbial abundance, and clinical diagnosis, to investigate the relationship of the host gene 

expression and microbiome. While extensive research has shown host gene expression and the 

microbiome can influence pouchitis, the causal mechanisms and interactions are not studied well, 

and the authors only found weak association between host and microbiome’s effects on the 

clinical diagnosis. 

The clinical data includes samples from 219 patients with information about body location, 

inflammatory score, antibiotic use, and clinical diagnosis of ‘No Pouchitis’, ‘Acute Pouchitis’, 
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‘Chronic Pouchitis’, ‘Crohn’s Disease-Like’, and ‘Familial Adenomatous Polyposis’. For 

comparison purposes, we have limited our study to patients with either ‘No Pouchitis’ or ‘Acute 

Pouchitis’ diagnoses, and no prescribed antibiotics given. This results in an effective sample size 

of 101 patients. Gene expression data was recorded from a microarray with 33,297 genes. 

Transcripts were filtered to remove genes with no annotation, and a log-2 fold change with a 

conservative cut-off of 0.15 was used to trim the gene set. After filtering, 1103 genes remained. 

High throughput next-generation sequencing microbiome abundance data recorded 293 

operational taxonomic units (OTUs) at the genus level. OTUs that were absent in over 90% of 

patients were removed, resulting in 103 OTUs. The results of applied analyses are presented in 

Section 3.3.2. 

3.3 Results 

3.3.1 Simulation Studies 

Using a cut-off of a 5% false discovery rate, NPEM algorithms prove to have higher power 

than the previous nonparametric MedTest, while the iGWAS fails to discover any significant 

mediators (Fig. 3.2). From the study (i) where the signal strength is set high, we find that the UV 

version of the univariate approach consistently performs the best and the UVS does not perform 

as well as other NPEM algorithms. Particularly, for a high proportion of zeros and small sample 

size the UV surpasses the others. As the signal size decreases from 50% to 10% (Fig. 3.3), the 

performance of this univariate test decreases, regardless the levels of proportion of zeros. 

However, the bivariate approach maintains better performance. In particular, the single test (BVS) 

of the bivariate approach is the most consistent and has the highest power when the proportion 

of zeros in the dataset is high; for a lower proportion of zeros the BV approach is recommended. 

For the over-dispersion study (i.e., setting iii), the lower the over-dispersion, the higher the 

power (Fig. 3.4). Regarding the comparison of methods, the UV approach always outstands when 

the signal strength is higher, regardless the over-dispersion levels; the BVS is always the superior 
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when the signal size is lower. Under simulation setting (i) and using an adjusted p-value cut-off at 

0.05, the false positive rates are well controlled for all methods (Fig. 3.5). The false positive results 

for settings ii) and iii) are consistent with setting (i) and are available in Appendix B. 

 

Fig. 3.2: Power plots for simulation studies (i). Sample sizes (40 & 80 per group) and 

proportions of zero (Low vs. High), with a fixed high signal strength.  

 

Fig. 3.3: Power plots for simulation studies (ii). Signal strength (50% & 10%) and 

proportions of zeros (Low vs. High), with a fixed sample size.  
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Fig. 3.4: Power plots for simulation studies (iii). Over-dispersion (Low & High) and 

signal strength (50% & 10%), with a fixed sample size and a fixed proportion of zeros.  

 

Fig. 3.5: False positive rate plots for simulation studies (i). Sample sizes (40 & 80 per 

group) and proportions of zeros (Low vs. High), at a fixed signal strength.  

3.3.2 Clinical Pouchitis 

Due to zero proportions ranging from 20% to 90%, moderate sample size, and small 

expected signals in the pouchitis OTU data, we applied the proposed approach BVS on this 

dataset. Six mediating OTUs were detected at a FDR of 0.05 cutoff and the corresponding genera 
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are summarized in Table 3.2. To visualize the relationship between the detected OTU (at the 

taxonomic level of genus) and their significantly associated genes, a network plot is provided in 

Fig. 4.6. 

Table 3.2: Top 6 selected Genera with adjusted P-values from NPEM:BVS algorithm. 

Genus Adjusted p-value 

Spirochaeta 4.13E-05 

Adlercreutzia 1.96E-04 

Propionibacterium 2.15E-04 

Scardovia 2.86E-03 

Stenotrophomonas 8.34E-03 

Fusobacterium 8.91E-03 

 

While research on how bacteria impact the body is still ongoing, the selected microbial 

genera are well known to be related to intestinal health. Fusobacterium and stenotrophomonas 

are well known to be pro-inflammatory [163,167], while propionibacterium has recently been found 

to regulate inflammatory response [168,169]. Fusobacterium and aldercreutzia are also found to 

relate to the health of the host mucosal wall [166]. Degraded mucosal wall may lead to greater 

risk of infections due to bacteria growing in the folds of the intestinal wall. Scardovia and 

spirochaeta have been commonly discovered to be associated with ulcerative and ischemic colitis  

[167,170,171], two of the primary diseases resulting in ileal pouch-anal anastomosis. Though the 

exact mechanisms are yet understood, these choices correlate to existing findings and suggest 

further research is necessary. 
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Fig. 3.6. Network plot for the detected genera and associated genes in the Acute 

Pouchitis study. 

 

When looking at the selected genes, we see a few unique patterns. Several genes, 

particularly in Scardovia and Stenotropohomonas are only located on the Y chromosome. Patient 

gender was not included in the provided metadata, so we were not able to test whether this effect 

is somehow related to gender or the specific gene. Many selected genes are in the Caspases 

(CASP) or Small Nucleotide RNA C/D Box (SNORD) groups. CASP genes regulate inflammation 

response [172], which is what we expect. The SNORD gene group regulates expression of other 

gene groups. Recent research has found correlation between SNORD-116 segments and gut 

metabolism [173]. These genes may be a prime candidate for future research. 
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3.3 Discussion 

In this chapter, we propose a nonparametric entropy model to discover significant 

mediation pathways for microbial mediators. This method is flexible for varying data structures, 

capable of handling continuous, discrete, and mixed data structures for any variable within the 

model. Though we only discuss continuous and categorical data here, ordinal data may be used 

in the model by applying a modified Wang-van Ryzen kernel as proposed by Li & Racine [161] or 

any other appropriate kernel type. Through simulation studies, we have shown that NPEM 

outperforms the existing nonparametric test and counts-based regression model. In application, 

our method identifies unique mediation pathways undiscovered in the original report relating 

inflammatory bacteria to host gut health.  

The performance of NPEM depends on the data characteristics and selected test statistic. 

The signal strength in the data is the largest factor separating the performance of the univariate 

and bivariate options. The bivariate one is recommended for weak signal size. For the test statistic 

selection, the poor performance of a singular Grubb’s test is expected; the Grubb’s test is 

designed to select singular outliers, thus requires sequential selection. Comparison between the 

bivariate Chi-squared tests is not straightforward since the correlation structure is re-evaluated at 

each step of the sequential selection algorithm. The proportion of zeros in the data also affects 

the test selection. When the excess zero proportion is high, a singular test performs stronger than 

a sequential test. It is important to recognize that the Mahalanobis distance metric does not 

consider directionality, and unusually low signals may also be selected. A detailed check may be 

helpful when the noise signals are large. 

The alternative causal compositional mediation model, CCMM [193] was attempted, 

however, due to the high proportion of zeros and large number of taxonomic units in our 

experiment, the CCMM algorithm failed to converge. In toy data experiments with no zero counts, 

CCMM displays higher power in mediating taxa, however it produces much higher false positive 
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rates for associations between host gene expression and taxonomic abundance since the method 

does not correct for correlation between exposures. The NPEM methods perform much stronger 

at detecting the correct associations for this path (𝛼). CCMM is proposed for continuous response, 

though theoretically a logit link function could handle a binary response. 

The performance of our model may be improved through further tuning. The Gaussian 

kernel is chosen for approximating log-expression density functions for its smooth and continuous 

properties. Other kernel types may provide a more accurate fit of the true distribution. Further 

research is necessary to conclusively decide on the optimal kernel structures for any given 

dataset. Additionally, the information metrics may be more accurately estimated by implementing 

leave-one-out cross-validation at the cost of decreased computation speed. However, this 

research will be the first research to explore the mediation effect from a brand-new point of view, 

an information-based theory.  
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CHAPTER 4   Time Series Mediation Analysis on High-

dimensional Metagenomic Data 

4.1 Methodology 

Consider a simplified form of the panel model in which the effects from 𝑋 to 𝑀 and from 𝑀 to 𝑌 

are fixed to be equivalent at all time points. Under this constraint, the linear structural equations 

model is simplified to series of vector autoregressive (VARX-1) models: 

𝑌𝑡 = 𝑔′𝑡 + 𝛾
′𝑋𝑡 + 𝜑𝑌𝑡−1 + 휀𝑡   (12) 

𝑀𝑡 = 𝑎𝑡 + 𝜏𝑀𝑡−1 + 𝛼𝑋𝑡 + 휀𝑡
∗    (13) 

𝑌𝑡 = 𝑔𝑡 +𝜑𝑌𝑡−1 + 𝛾𝑋𝑡 +𝛽𝑀𝑡 + 휀𝑡  (14) 

To reinterpret these relationships in a Shannon information context, we will consider the full 

mediation model at a given time point as a stochastic process generating the set of set of I genes 

(𝑿𝒕 = {𝑋𝑡,1 ,… , 𝑋𝑡,𝐼}), the set of J microbial taxa (𝑴𝒕 = {𝑀𝑡 ,1 ,… ,𝑀𝑡 ,𝐽}), a clinical outcome 𝑌𝑡, and 

the previous record of the clinical outcome 𝑌𝑡−1 (throughout the text of this paper we use bold 

symbols to represent sets of variables; otherwise, represents a single variable), represented in 

Fig. 4.1 below. To determine the effects of the set of genes and taxa on our clinical outcome, we 

must first consider the information that is retained across time. This can be done by considering 

the conditional distribution of the response 𝑓(𝑌𝑡|𝑌𝑡−1). From equation (14) above, it follows that 

𝑓(𝑌𝑡|𝑌𝑡−1) ∝ 𝛾𝑋𝑡 + 𝛽𝑀𝑡. The two relationships 𝛾′ and 𝛽 shown in Fig. 4.1 can be expressed in 

terms of the conditional mutual information as 𝑀𝐼(𝑿𝒕 ; 𝑌𝑡|𝑌𝑡−1) and 𝑀𝐼(𝑴𝒕 ; 𝑌𝑡|𝑌𝑡−1) respectively. A 

similar stochastic process can be constructed for each mediator 𝑀𝑡,𝑗  to express the relationship 

𝛼𝑗  in terms of the conditional mutual information 𝑀𝐼(𝑿𝒕 ; 𝑀𝑡,𝑗|𝑀𝑡−1,𝑗) if we assume each mediator 

is independent of past measurements of other mediators. 
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Fig. 4.1: Venn Diagram visual representation of information content and the areas 

representative of model effects for the full model (equation 14). Beta represents the 

relationship between the mediator (red oval) and response (yellow oval) excluding the 

retained information (black oval), i.e., the area of intersection of red and yellow ovals, 

but not in black. Gamma prime is the overlap of the exposure (blue oval) and 

response, excluding retained information, and represents the total effect of the 

exposure. 

However, our interest lies in identifying the information from a specific gene or taxa. In 

Chapter 3, we defined contributed information as the mutual information of one variable given a 

set of variables based on the existing minimum-redundancy penalty developed by Radovic et al. 

[142]. Here, we refine the minimum-redundancy to penalize redundant mutual information rather 

than redundant Shannon information by penalizing only the Shannon information contained within 

all the exposure, the prior variables, as well as the response. This added restriction eliminates 

unnecessary penalties that may arise due to feature interactions that are unrelated to the 

response. We redefine contributed information for any general exposure 𝑋, response 𝑌, and prior 

set 𝑊 as follows: 

𝐶(𝑋,𝑌,𝑊) = 𝑀𝐼(𝑋; 𝑌) − ∑
𝑀𝐼(𝑋,𝑌,𝑤)

||𝑊||2𝑤∈𝑊   (15) 
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𝑀𝐼(𝑋, 𝑌, 𝑤) = 𝑀𝐼(𝑋; 𝑌) − 𝑀𝐼(𝑋;𝑌|𝑤)   (16) 

To account for information retained from previous time points, we additionally define conditional 

contributed information for any general exposure 𝑋, response 𝑌, prior set 𝑊, and fixed condition 

𝑍 as follows: 

𝐶(𝑋,𝑌,𝑊|𝑍) = 𝑀𝐼(𝑋; 𝑌|𝑍) − ∑
𝑀𝐼(𝑋,𝑌,𝑤|𝑍)

||𝑊||2𝑤∈𝑊   (17) 

𝑀𝐼(𝑋, 𝑌, 𝑤|𝑍) = 𝑀𝐼(𝑋; 𝑌|𝑍) − 𝑀𝐼(𝑋; 𝑌|(𝑤,𝑍)) (18) 

We apply this new definition for our time series model. The relationship between gene 𝑖 

and taxon 𝑗 is expressed as 𝐶(𝑋𝑡 ,𝑖 ,𝑀𝑡 ,𝑗|𝑀𝑡 ,𝑗−1 , 𝑺) and the relationship between taxon and the 

response as 𝐶(𝑀𝑡 ,𝑗, 𝑌𝑡|𝑌𝑡−1 , 𝑻), where 𝑺 and 𝑻 represent a subset of other genes and microbial 

taxa respectively. We specify this new model with conditional contributed information as the Non-

Parametric Entropy Model – Time Series (NPEM-TS). 

4.1.1 Adaptive Kernel Product Density Estimation 

To get kernel density estimates for mixed data structures, we incorporate a balloon 

adaptive bandwidth [174,175] with kernel product density estimation proposed by Li & Racine 

[161]. Under the kernel product framework, a kernel density estimator can be broken down into 

the product of individual kernels of each dimension for each observation: 

𝑓�̂�(�⃑�) =
1

𝑁
∑ ∏ 𝐾𝑑(𝑦𝑑 − 𝑥𝑛,𝑑 , 𝜃𝑛,𝑑)𝐷
𝑁
𝑛=1   (19) 

where 𝑓𝜃  is the density estimation for any point �⃑�, 𝑛 = 1, … , 𝑁 is the sample index, 𝑑 = 1, … , 𝐷 

represents the dimensions of �⃑�, 𝐾𝑑 is the density function for the kernel for dimension 𝑑, and 𝜃𝑛,𝑑 

represents the set of additional parameters required for the kernel for dimension 𝑑 at sample 𝑥𝑛  

For each dimension, a different kernel can be chosen, allowing for flexibility to data which may 

have different data types in each dimension, such as a mixture of continuous and discrete. For 
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continuous kernels, a bandwidth for the kernel must be chosen. If the distribution of that dimension 

is expected to be Gaussian in shape, Silverman’s rule of thumb [162] can be used to estimate the 

optimal bandwidth. 

ℎ�̂� = 𝜎(𝑥𝑑) (
4

(𝐷+2)𝑁
)

1

(𝐷+4)
  (20) 

where 𝜎(𝑥𝑑) represents the standard deviation of 𝑥𝑑. 

If a distribution is expected to deviate from a Gaussian curve, such as having a skew or 

unusually large tails, Silverman’s rule of thumb will no longer be optimal. Large tail distributions 

can be more accurately estimated by using balloon adaptive bandwidths. Balloon adaptive 

bandwidth is a procedure which weights the bandwidth of each kernel inversely to the probability 

density of the kernel’s center point estimated by an initial kernel density estimate with equal 

bandwidths [174,175]. In areas of high density, this leads to short bandwidths with visible peaks 

in the distribution. In areas of low density, this leads to long bandwidths, allowing for elongated 

tails to form. For our kernel density estimator, we replace the global bandwidth with the point 

specific adaptive bandwidth calculated using the formula below. 

ℎ𝑛,�̂�
∗
= ℎ�̂� (

(𝑓ℎ̂(𝑥𝑛,𝑑))

𝑔(𝑥𝑑)
)

−1

2

   (21) 

where 𝑔(𝑥𝑑) represents the geometric mean of 𝑥𝑑. 

4.1.2 Univariate Conditional Entropy Measure 

When calculating mutual information, ideally the information metric should be zero if the 

variables are independent; however finite sample sizes and bandwidth approximation for the 

kernel density estimates will lead to a bias in the observed information. We will assume once 

more that the true parameter space of mediators is small (i.e. only a few taxa mediate an effect) 

and search for information metrics which are substantially higher than the expected bias. For a 
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taxon (j) to be a mediating taxon, there must be significant relationships from at least one gene 

through it to the clinical response(s) during the same time point. Just like the regression model in 

equation (13) where all exposure variables 𝑿𝑡  are included for each mediator variable 𝑀𝑡 ,𝑗 and 

𝑀𝑡−𝑗 ,  𝛼𝑖,𝑗 (representing the relationship between the exposure variable 𝑋𝑡,𝑖 and mediator 𝑀𝑡 ,𝑗) 

must be evaluated across all exposures simultaneously within each fixed taxon 𝑗. For each fixed 

taxon j the hypotheses are: 

𝐻0 : 𝐶(𝑋𝑡,𝑖 ,𝑀𝑡 ,𝑗, 𝑺|𝑀𝑡 ,𝑗) ≤ 𝜑𝛼,𝑗, ∀𝑖 ∈ {1, … , 𝐼}     𝑂𝑅     𝐶(𝑀𝑡 ,𝑗, 𝑌𝑡 , 𝑻|𝑌𝑡−1) ≤ 𝜑𝛽2 

𝐻𝑎: ∃𝑖 ∈ {1, … , 𝐼}: 𝐶(𝑋𝑡 ,𝑖 ,𝑀𝑡 ,𝑗, 𝑺|𝑀𝑡 ,𝑗) > 𝜑𝛼,𝑗     &      𝐶(𝑀𝑡 ,𝑗, 𝑌𝑡 , 𝑻|𝑌𝑡−1) > 𝜑𝛽2 

The parameters 𝜑𝛼,𝑗  and 𝜑𝛽2 represents the expected bias in mutual information with a 

fixed response 𝑀𝑡 ,𝑗 and 𝑌𝑡 respectively. The bias terms 𝜑𝛼,𝑗  and 𝜑𝛽2 are conservatively estimated 

as the mean conditional contributed information scores for currently unselected genes and taxa 

respectively as defined below: 

𝜑𝛼,𝑗 = ∑
𝐶(𝑋𝑡,𝑖 ,𝑀𝑡,𝑗,𝑺|𝑀𝑡,𝑗)

||(𝑿−𝑺)||𝑋𝑖∈(𝑿−𝑺)
   (22) 

𝜑𝛽2 = ∑
𝐶(𝑀𝑡,𝑗,𝑌𝑡,𝑻|𝑌𝑡−1)

||(𝑴−𝑻)||𝑀𝑗∈(𝑴−𝑻)
   (23) 

where X-S represents a set of all genes which are currently unselected, and M-T represents a set 

of all taxa which are currently unselected. As in Chapter 3.1, we propose to iteratively select the 

best predictive gene or taxon and update 𝑺 or 𝑻 respectively after each selection by using a 

greedy search algorithm.  

For increased accuracy when multiple features which contain true contributed information 

signals, we opt to use a generalized Extreme Studentized Deviate test (gESD) [176], which 

identifies outlying groups of points. This test differentiates itself from the traditional ESD test in 

that, for each iteration, a series of test statistics are generated for up to the top 𝑣 = 1,… , 𝑉 

features. This vector of test statistics can be used to identify at which point outlying observations 
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begin. Since we expect very few significant mediators, we set the number of tested features 𝑉 to 

be 20% of the total feature space. We evaluate a series of R statistics [176] as follows: 

𝑅𝑣 =
𝐶(𝑣)(… ) − 𝐶(𝑣+1:𝑁)(… )̅̅ ̅̅ ̅̅ ̅̅̅ ̅̅ ̅̅ ̅̅

𝑠𝑑(𝐶(𝑣+1:𝑁)(… ))
 

where 𝐶(𝑣)  represents the 𝑣 𝑡ℎ ordered conditional contributed information to be compared, either 

for the relation between taxon (j) and genes, or for the relation between the outcome and taxa. 

𝐶(𝑣+1:𝑁)(…)̅̅ ̅̅ ̅̅ ̅̅̅ ̅̅ ̅̅ ̅̅  stands for the average of conditional contributed information for all conditional 

contributed information scores lower than 𝐶(𝑣) and 𝑠𝑑  represents standard deviation for all 

conditional contributed information scores lower than 𝐶(𝑣) . Under the null hypothesis, the 𝑅 

statistic follows a t-distribution where the degrees of freedom depend on the value of 𝑣. A p-value 

is generated for each 𝑅 statistic, and the lowest p-value is used to represent the probability that 

the maximum conditional contributed information is an outlying value. Below, we provide 

Algorithm 3 which performs the hypothesis test at each iteration of the greedy search algorithm 

(NPEM-TS:UV). At each step in the algorithm, the conditional contributed information from each 

gene to a fixed taxon or each taxon to a fixed clinical outcome is re-evaluated to identify the most 

informative feature. The highest value of conditional contributed information is recorded, the 

gESD test is performed, and the feature with the maximum conditional contributed information is 

removed from the set of explanatory variables and added to the set of priors 𝑆 or 𝑇. A modified 

version which performs the hypothesis test after the greedy search algorithm has completed is 

provided in supplementary file as Algorithm 3’ (NPEM-TS:UVS). The details and trade-offs of 

each algorithm are elaborated in Appendix C.  

Algorithm 3: Non-Parametric Entropy Mediation: Univariate Test (NPEM-TS:UV) 

Input: 𝑨𝒕 = {𝐴𝑡 ,1 , 𝐴𝑡 ,2 ,… , 𝐴𝑡 ,𝐾}: Set of explanatory variables at the current time point; 𝑨𝒕−𝟏 =

{𝐴𝑡−1,1 ,𝐴𝑡−1,2 ,… ,𝐴𝑡−1,𝐾}: Set of explanatory variables at the previous time point; B: 

Response variable 
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1. Initialize an empty set W. 

2. Evaluate conditional contributed information 𝐶𝑖 = 𝐶(𝐴𝑡 ,𝑖 ,𝐵𝑡 ,𝑾|𝐵𝑡−1) for each 𝐴𝑖  which is 

not in W. When W is empty, 𝐶𝑖 = 𝑀𝐼(𝐴𝑡,𝑖 , 𝐵𝑡|𝐵𝑡−1). 

3. Let 𝑪 denote the vector of the 𝐶𝑖 values, and 𝐶(𝑣)  denote the 𝑣 𝑡ℎ largest conditional 

contributed information. 

4. Calculate gESD Test Statistics: 𝑅𝑣 =
𝐶(𝑣)−𝑪

𝑠𝑑(𝑪)
, where �̅�  is the average conditional 

contributed information for all conditional contributed information scores lower than 𝐶(𝑣)  and 

sd represents standard deviation.  

5. Perform significance test with the distribution 𝑡𝑑𝑓−𝑣−1  to obtain p-values for each R 

statistic, where df is the length of 𝑪. 

6. If the smallest p-value is below a threshold (e.g., 0.05), move the variable 𝐴(1) 

corresponding to the largest value 𝐶(1) into set W. 

7. Repeat steps 2 through 6 until a specified threshold (e.g. 0.05) is reached or until two or 

fewer variables remain. 

8. For the variables which do not belong to W, assign the p-value to be 1. 

9. Apply false discovery rate (FDR) correction to the resulting vector of p-values. 

 

This algorithm is general and can be applied to evaluate the significance of all 𝛼 and 𝛽2  

relationships defined in Section 4.2. For the 𝛼 relationship, 𝑨𝒕 is the full gene set 𝑿𝒕  and 𝐵𝑡 

& 𝐵𝑡−1 are an individual microbial taxon (𝑀𝑡 ,𝑗) and its previous value (𝑀𝑡−1,𝑗) respecitvely, 

and the resulting p-value  𝑝𝛼,𝑗 is the minimum of the FDR corrected p-values. For the 𝛽 

relationships, 𝑨𝒕 is the set of all microbial taxa 𝑴𝒕  and 𝐵𝑡 & 𝐵𝑡−1 are the clinical response 

(𝑌𝑡) and its previous value (𝑌𝑡−1) respectively. 𝑾 is initialized as an empty set. The resulting 

p-value 𝑝𝛽,𝑗 is FDR corrected. To complete the hypothesis test for mediation effects, we 
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composite the results with conservative measure 𝑝𝑗 = max( 𝑝𝛼,𝑗,  𝑝𝛽,𝑗), which represents 

the final p-value for testing the mediation effect of taxon 𝑗. 

 

4.1.3 Hurdle Univariate Conditional Entropy Measure 

For estimating zero-inflated distributions, we propose a hurdle log-normal kernel. A hurdle 

model fits two separate and independent models for the zero values and nonzero values. A 

Bernoulli model is used to select whether a response will be zero or not, and a zero-truncated 

model is used to generate nonzero values. To maintain a continuous probability density function, 

the zero-truncated model will be represented by a log-normal distribution, which can take any 

value greater than zero. The probability density for any nonzero count will be determined by log-

normal distribution while the probability density for any zero counts will be determined by a binary 

distribution. For each observed point 𝑥𝑖, the probability density at point 𝑦𝑖  is given by the kernel 

below.  

𝐾𝐻𝐿𝑁(𝑦𝑑 − 𝑥𝑖,𝑑) =

{
 
 

 
 0

0

𝑦𝑑 ≤ 0

∃! {𝑥𝑖,𝑑 , 𝑦𝑑 } = 0

1 𝑦𝑑 = 𝑥𝑖,𝑑 = 0

1

𝑦𝑑
[

1

hd√2𝜋
𝑒

−(log(𝑦𝑑)−log (𝑥𝑖,𝑑))
2

2ℎ𝑑 ] 𝑦𝑑 > 0, 𝑥𝑖.𝑑 > 0

 (24) 

The bandwidth for each kernel of the zero-truncated model will be fit using adaptive bandwidths 

based on only non-zero counts.  

ℎ𝑑 = 𝜎(log (𝑥𝑑
′ )) (

4

(𝐷+2)𝑛
)

1

(𝐷+4)
 𝑓𝑜𝑟 𝑥𝑑

′ = {𝑥𝑑 > 0} (25) 

ℎ𝑛,�̂�
∗
= ℎ�̂� (

(𝑓ℎ̂(𝑥𝑛,𝑑))

𝑔(𝑥𝑑
′ )

)

−1

2

  (26) 
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These kernels can be applied to the kernel product estimator to allow joint probability density 

functions to be estimated for vectors containing a mixture of hurdle, continuous, and discrete 

random variables. In this scenario, we will apply the hurdle log-normal kernel for the taxon 

abundance data and the Gaussian kernel for log gene expression and clinical response. 

One potential shortcoming of using a hurdle kernel for selecting significant features is that 

the information content provided by zero counts and nonzero counts are likely different in scale. 

For large proportions of zeros, observing a zero count provides very little information about the 

response. To account for this difference, we weight each observed contributed information score 

by the inverse of the proportion of counts which are nonzero. Evaluation of mediation effects is 

performed using Algorithm 3, represented as NPEM-TS:HV, and Algorithm 3’, represented as 

NPEM-TS:HVS. 

4.1.3 Bivariate Conditional Entropy Measure 

Such as in the cross-section analysis in Chapter 3.1.2 each microbial taxon can be 

decomposed into the feature into presence-absence and nonzero counts, and the conditional 

contributed information can be calculated for both presence-absence and nonzero counts 

individually. Our final decision will leverage both conditional mutual information scores using a 

general hypothesis as follows: 

𝐻0 : ‖𝐶𝑡⃑⃑ ⃑⃑ ‖ ≤ 𝜑𝑡    𝑣𝑠.    𝐻𝑎 : ‖𝐶𝑡⃑⃑ ⃑⃑ ‖ > 𝜑𝑡  

where ‖𝐶𝑡‖ represents any norm or distance metric for the vector of two contributed information 

metrics 𝐶𝑡 from zero and nonzero counts. As in Chapter 3.1.2, Mahalanobis distance is used in 

place of the norm. For a taxon to be a mediating taxon, there must be a significant mediation 

structure or bridge from at least one gene and then through the taxon to the clinical response. For 

each fixed taxon j, the hypotheses are as follows: 
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𝐻0 : 𝑀𝐷(𝐶𝑡,𝛼,𝑖,𝑗⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ) = 𝜑𝛼,𝑗, ∀𝑖 ∈ {1, … , 𝐼}      𝑂𝑅     𝑀𝐷(𝐶𝑡,𝛽2 ,𝑗
⃑⃑ ⃑⃑ ⃑⃑⃑⃑ ⃑⃑ ⃑⃑ ) = 𝜑𝑡,𝛽2 

𝐻𝑎 : ∃𝑖 ∈ {1, … , 𝐼}: 𝑀𝐷(𝐶𝑡,𝛼,𝑖,𝑗⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ) > 𝜑𝛼,𝑡,𝑗       &     𝑀𝐷(𝐶𝑡,𝛽2 ,𝑗
⃑⃑ ⃑⃑ ⃑⃑⃑⃑ ⃑⃑ ⃑⃑ ) > 𝜑𝛽2 ,𝑡 

We compare the Mahalanobis distance to the Chi-square distribution with 2 degrees of 

freedom to identify unusually high conditional contributed information values [165]. We provide 

Algorithm 4 below which performs the hypothesis test at each iteration of the greedy search 

algorithm (NPEM-TS:BV). A modified version which performs the hypothesis test after the greedy 

search algorithm has completed is provided in supplementary file as Algorithm 4’ (NPEM-

TS:BVS). The algorithm is like Algorithm 2 in Chapter 3.1.2, except the information retained from 

the previous time point is considered through the conditional contributed information score. 

Algorithm 4: Non-Parametric Entropy Mediation: Bivariate Test (NPEM-TS:BV) 

Input: 𝑨𝒕 = {𝐴𝑡 ,1 , 𝐴𝑡 ,2 ,… , 𝐴𝑡 ,𝐾}: Set of explanatory variables at the current time point; 𝑨𝒕−𝟏 =

{𝐴𝑡−1,1 ,𝐴𝑡−1,2 ,… ,𝐴𝑡−1,𝐾}: Set of explanatory variables at the previous time point; B: 

Response variable 

1. Initialize an empty set W. 

2. For each mediator, decompose into presence-absence and nonzero count (𝑍𝑡 , 𝑀t
′) 

3. Evaluate Contributed Information for both parts (e.g.𝐶𝑖⃑⃑⃑⃑ = {𝐶𝑍 = 𝐶(𝐴𝑡 ,𝑖 , 𝑍𝑡 ,𝑾|𝑍𝑡−1),𝐶𝑀′ =

𝐶(𝐴𝑡 ,𝑖 , 𝑀𝑡
′ , 𝑾,𝑀′𝑡−1)}) for each A𝑖  which is not in W.  

4. Evaluate the Mahalanobis distance for each vector of contributed information scores 𝐶𝑖⃑⃑⃑⃑ . 

5. Calculate the Chi-squared Test Statistic: 𝜒2 = 𝑀𝐷(𝐶(1)⃑⃑⃑⃑ ⃑⃑⃑⃑ ) 

6. If the p-value is below a threshold (e.g., 0.05), move the variable 𝐴(1) corresponding to 

the largest Mahalanobis distance 𝑀𝐷(𝐶(1)⃑⃑ ⃑⃑⃑⃑ ⃑⃑ ) into set W. 

7. Repeat steps 3 through 7 until a specified threshold is reached (e.g. 0.05) or until two or 

fewer variables remain. 
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8. For the variables which do not belong to W, assign the p-value to be 1. 

9. Apply FDR correction to the resulting vector of p-values. 

 

4.2 Simulation Study 

To evaluate the performance of NPEM-TS, we perform three simulation studies examining 

the behavior of each algorithm under different settings. Due to the lack of time series mediation 

methods for high dimensional data, we compare our method to a VARX-1 model estimated using 

a Lasso penalty. We simulate biological data for a continuous clinical outcome under various 

model settings. Log gene expression data was simulated for 100 genes using a VAR-1 model. 

The first 50 were generated using a standard deviation of 0.5, and the second half with 2.0. Taxon 

counts for OTU bins were generated using a negative binomial distribution with excess zeros 

added weighted by the log ratio of abundance to mean (see Appendix C). The relationships 

between variables are presented in Table 4.1 below. 

Table 4.1: Existence of relationships for combinations of gene and OTU indices. True 

mediation effects require 𝛾′, 𝛼,  and 𝛽 relationships (highlighted in the table entries). That is 

the OTUs 1~10 are the true mediators for the genes 1~10, and OTUs 51~60 are the mediators 

for genes 51~60. The rest of the OTUs are not.  

 Low Expression 

𝜎 = 0.5 

High Expression 

𝜎 = 2 

 Genes 

1-10 

Genes 

 11-50 

Genes 

51-60 

Genes  

61-100 

OTUs 1-10 𝛾′,𝛼, 𝛽 𝛽 𝛾′, 𝛽  𝛽 

OTUs 11-50 𝛾′  𝛾′  

OTUs 

51-60 
𝛾′, 𝛽 𝛽 𝛾′, 𝛼, 𝛽 𝛽 
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OTUs  

61-100 
𝛾′  𝛾′  

  

Three separate simulation studies are performed to examine the behaviour of NPEM-TS 

under different scenario settings: 

(i) The first study looks at the performance of different models with various sample size 

(40 and 80 per group) and excess zero probabilities at a high level (80%) or low level 

(50%) for a total of four data scenarios. The signal strength is fixed at 50%, which is 

defined as follows: 

signal strength =
𝛿

𝜎
 

where 𝛿 represents the average coefficient of 𝛼 or 𝛽 groups and 𝜎 represents the 

standard deviation of the noise.  

(ii) In practical studies, the signal strength is unlikely to be large for each taxon. We 

investigate how these methods perform as signal strength decreases by varying signal 

strength between 50% and 10%. In this simulation, we also vary the excess zero 

proportions between high (80%) and low (50%), with a fixed sample size 40 per group.   

(iii) For further investigation, we observe the effects by increasing the over-dispersion of 

taxon counts. The over-dispersed counts are modeled using a negative binomial model 

with the dispersion parameter as follows: 

𝜅 =
𝑐

√𝜆 + 1
 

where 𝜆 represents the mean count and the constant c is set to 1000 for high dispersion 

and 100 for low dispersion. We fix the sample size to be 40 per group and the excess 
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zero proportion at high (80%) to capture the worse-case. Signal strength ranges from 

10% to 50% as in simulation (ii).  

For each data scenario a total of 20 data sets are generated and evaluated. The results of the 

simulation studies are presented in Section 4.3. 

4.3 Results 

Using a cut-off of a 5% false discovery rate, the results of all NPEM-TS algorithms are 

compared to a VARX-1 lasso-regression model (Fig. 4.2). From the study (i) where the signal 

strength is set high, we find that the hurdle log-normal kernel (HV) version of the univariate 

approach consistently performs well with high power. Particularly, for a high proportion of zeros 

and small sample size the UV surpasses the others. As the signal size decreases from 50% to 

10% (Fig. 4.3), the performance of the Gaussian kernel begins to surpass the hurdle kernel 

regardless the levels of proportion of zeros. For the overdispersion study (i.e., setting iii), a higher 

dispersion decreases the accuracy of all methods (Fig. 4.4). Overall, the signal strength has the 

largest impact on model performance. The false positive rates are controlled for all methods (Fig. 

4.5), though some instances of a univariate gaussian or hurdle kernel surpass the 5% threshold. 

The false positive results for settings ii) and iii) are consistent with setting (i) and are available in 

the Appendix C.  

Overall the gaussian and hurdle log-normal univariate kernel methods have the highest 

sensitivity when the hypothesis test is evaluated at each step of the greedy search algorithm. The 

alternative algorithms in comparison perform poorly. The bivariate methods also tend to perform 

poorly under all scenarios. 
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Fig. 4.2: Power plots for simulation studies (i). Sample sizes (40 & 80 per group) 

and proportions of zero (Low vs. High), with a fixed high signal strength.  

 

Fig. 4.3: Power plots for simulation studies (ii). Signal strength (50% & 10%) and 

proportions of zeros (Low vs. High), with a fixed sample size.  
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Fig. 4.4: Power plots for simulation studies (iii). Over-dispersion (Low & High) and 

signal strength (50% & 10%), with a fixed sample size and a fixed proportion of 

zeros.  

 

Fig. 4.5: False positive rate plots for simulation studies (i). Sample sizes (40 & 80 

per group) and proportions of zeros (Low vs. High), at a fixed signal strength.  
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4.4 Discussion 

In this chapter, we extended NPEM to incorporate time series information to discover 

significant mediation pathways for microbial mediators. Though we only discuss continuous data 

here, discrete and ordinal data may be used in the model by applying the appropriate kernel type 

as described in Chapter 3. Through simulation studies, we have shown that NPEM-TS provide 

accurate selection of true mediation signals in comparison to a lasso auto-regressive model. 

However, this approach is easily extended for mediation with time-varying effect sizes or lagged 

effects by measuring a granular conditional contributed information score for a series of panels, 

similar to other panel model analyses [146,149-153]. 

The performance of NPEM-TS depends on the characteristics of the data. The signal 

strength is the largest factor impacting performance, with a hurdle kernel performing well for high 

signal strength and a gaussian kernel performing best for low signal strength. For time series 

data, the bivariate approach which worked well for single time point analyses in Chapter 3 could 

no longer accurately identify mediation signals. This is likely due to the additional condition applied 

for the conditional contributed information scores. When OTUs which are under-sampled to zero 

are likely to stay under-sampled at the next time point, the information for the presence-absence 

kernel retained from the previous time point is very large, resulting in small conditional contributed 

information scores for any OTU feature.  

The gESD allows for a more robust significance test compared to the ESD test used in 

Chapter 3; however, it still relies on the number of true significant features being small. 

Additionally, for the alternative algorithms which select features after completion of the greedy 

search algorithm, the conditional contributed information scores may decrease as more features 

are selected, leading to a long skew of contributed information scores instead of a sharp 

separation. The gESD may struggle to identify where outliers begin in this scenario, resulting in 

poor power when the lowest significant feature is not easily separable from noise. Comparison 
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between the bivariate Chi-Square tests is not straightforward since the correlation structure is re-

evaluated at each step of the sequential selection algorithm. These shortcomings can be avoided 

by implementing a permutation testing approach at the expense of increased computational 

requirements. The NPEM-TS algorithm was developed and executed in a statistics focused 

programming language, R.  The R language is not computationally efficient for mass parallel 

computations required for NPEM-TS to be applied in a permutation setting. Further development 

will be necessary to remove assumptions of sparsity from this approach. 

The choice of kernel used for density estimation may also impact the result of NPEM-TS. 

Other kernel types chosen for the continuous distribution or the truncated portion of the hurdle 

kernel may more accurately estimate the true distribution. Further research is necessary to 

conclusively decide on the optimal kernel structures for any given dataset. 
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CHAPTER 5   Conclusions and Future Work 

5.1 Conclusions 

Rapid advancements in next generation sequencing technology has allowed researchers 

to more easily and more cheaply construct sequencing based microbial profiles. The 

microbiome offers a unique opportunity to introduce less invasive diagnosis, treatment, or 

identification options for patients and to understand how microbes in the body interact with their 

host and impact their host’s health. However, current limitations in sequencing technologies can 

lead to unique statistic challenges due to high biological and technical variation, high 

dimensionality, and count based structure. 

In this dissertation, I presented new statistical methods to avoid many underlying 

assumptions and utilize the strength of the microbiome. RAD utilizes community-wide 

comparisons to identify similar microbial communities and avoid inconsistencies produced by 

satellite-based and sampling-based algorithms used source tracking methods. This suspect 

selection approach improved the accuracy of source tracking estimation by eliminating source 

microbiomes that are highly dissimilar to the evidence. NPEM and NPEM-TS utilize a novel 

approach to mediation modeling by identifying strong Shannon information signals, avoiding 

many of the false assumptions required by regression-based models.  These models proved to 

have significantly higher power than standard non-parametric and parametric models for 

mediation models with microbiome mediators. 

5.2 Future Work 

RAD is a straightforward approach for comparing microbial profiles, and several 

improvements can be made to improve its stability. In practice, a lot of time could have passed 

since a suspect contacted the evidence. The long-term behavior of human contaminant 

microbes on trace evidence is not well researched. Ideally, features which are more stable can 
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be given more weight in the dissimilarity measurements. Additionally, in practice there are likely 

multiple pieces of evidence which can be used for tracking, such as mud, hair, or fingerprints. 

Microbial samples can also be taken from multiple locations on the body. A model which can 

incorporate multiple dissimilarity measurements simultaneously would provide more confidence 

in its conclusion. Lastly, when multiple suspects have very similar communities, such as if they 

are family, using dissimilarity alone may not distinguish which family member contacted the 

evidence. In this circumstance, giving additional weight to rare features may provide clearer 

results. 

NPEM and NPEM-TS rely on strong assumptions of causal direction and sparsity of true 

mediation effects. Causal direction for mediation models at a single time point could be 

analyzed given a nonsymmetrical information metric. For time series models, NPEM-TS could 

be expanded to represent a wave model, a cross-lagged model in which 𝑋𝑡−1 affects 𝑀𝑡  and 

𝑀𝑡−1 affects 𝑋𝑡. Assumptions on sparsity can be alleviated by implementing a permutation test 

as discussed in Chapter 4.4. 

NPEM and NPEM-TS could also be improved by reducing the bias in information 

measurements by more sophisticated estimation algorithms and better kernel density estimates. 

Alternative estimation methods such as leave-one-out cross-validation or Monte-Carlo 

integration could improve estimation at the cost of increased computation speed. Additionally, 

evaluating bounds on the expected biases could provide an alternative approach to the 

hypothesis test. 
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Appendix A   Microbial Community Dissimilarity for Source 

Tracking with Applications in Forensic Study: Supplementary 

Material 

A.1 Two Sample Mixtures 
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Fig. A1. Two-source Proportion Estimates. Comparison of true mixture proportion with 

estimated proportions of for various mixtures: (a) 90%-10%, (b) 80% - 20%, (c) 70% - 

30%, (d) 60% - 40%. 

 

 

Fig. A2. Proportion errors for two-source mixtures. Comparison of error 

measurements for SourceTracker (ST), FEAST, RAD-Naive, RAD-ST, and RAD-FEAST 

of for various mixtures: (a) Root Mean Square Error, (b) Relative Root Mean Square Error, 

(c) Average Residual Error, (d) Mean Difference. 
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Fig. A3. Proportion errors for two-source mixtures by divergence. Comparison of 

error measurements for SourceTracker (ST), FEAST, RAD-Naive, RAD-ST, and RAD-

FEAST for 70% - 30% evidence mixtures with varying mixture sources representing 

differing levels of Jensen-Shannon divergence: (a) Root Mean Square Error, (b) Relative 

Root Mean Square Error, (c) Average Residual Error, and (d) Mean Difference. 
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Appendix B   An Information-based Approach for Mediation 

Analysis on High-dimensional Metagenomic Data: 

Supplementary Material 

 

B.1 Single Test Alternative Algorithms 

Since the contributed information can change at each step of the greedy search algorithm, our 

result depends on when the hypothesis test is performed. If the hypothesis is tested at each 

step of the greedy search algorithm, as in the UV & BV algorithms provided in the manuscript, 

there may remain features in our set which have a true mediated effect, thus our bias is 

overcorrected, and our test is conservative. This could lead to a lower test power if there are 

many true mediators. As more features are added to the prior sets S & T, the scale of the 

penalty term for contributed information can fluctuate. If the hypothesis is tested only once after 

the greedy search algorithm has assigned all contributed information scores, as in the UVS & 

BVS algorithms, the bias would be reduced by the penalty, but the standard deviation of scores 

could be inflated due to differences in scale. This could also lead to a lower test power when 

there is high variation between mediators. Here we offer alternative algorithms which use a 

single test after the greedy search algorithm is complete. 

Algorithm 1’: Non-Parametric Entropy Mediation: Univariate – Single Test 

(NPEM:UVS) 

Input: 𝑨 = {𝐴1 , 𝐴2 ,… , 𝐴𝐾}: Set of explanatory variables; B: Response variable 

1. Initialize an empty set W and 𝑪∗ . 

2. Evaluate Contributed Information 𝐶𝑖 = 𝐶(𝐴𝑖 , 𝐵,𝑾) for each 𝐴𝑖  which is not in W. When W 

is empty, 𝐶𝑖 = 𝑀𝐼(𝐴𝑖 , 𝐵). 
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3. Let 𝑪 denote the vector of the 𝐶𝑖 values, and 𝐶(1)  denote the largest Contributed 

Information. 

4. Calculate Grubb’s ESD Test Statistic: 𝐺 =
𝐶(1)−𝑪

𝑠𝑑(𝑪)
, where �̅� is the average value and sd 

represents standard deviation.  

5. Perform significance test with the distribution 𝑡𝑑𝑓−2 to obtain p-value, where df is the 

length of 𝑪. 

6. If the p-value is below a threshold (e.g., 0.05), move the variable 𝐴(1) corresponding to 

the largest value 𝐶(1) into set W and record the contributed information into set 𝑪∗ . 

7. Repeat steps 2 through 6 until a specified threshold (e.g. 0.05) is reached or until two or 

fewer variables remain. 

8. Calculate Grubb’s ESD Test Statistic: 𝐺 =
𝑪∗(1)−𝑪

∗̅̅ ̅

𝑠𝑑(𝑪∗ )
, where 𝑪∗̅̅  ̅is the average value and sd 

represents standard deviation. 

9. Remove the value 𝑪∗(1) from set 𝑪∗  and record the p-value for the associated variable. 

10. Repeat steps 8 and 9 until a specified threshold (e.g. 0.05) is reached or until two or 

fewer variables remain. 

11. For the variables which have not been selected, assign the p-value to be 1. 

12. Apply false discovery rate (FDR) correction to the resulting vector of p-values. 

 

Algorithm 2`: Non-Parametric Entropy Mediation: Bivariate – Single Test (NPEM:BVS) 

Input: 𝑨 = {𝐴1 , 𝐴2 ,… , 𝐴𝐾}: Set of explanatory variables; B: Response variable 

1. Initialize an empty set W and 𝑪∗ . 

2. For each mediator, decompose into presence-absence and nonzero count (𝑍, 𝑀′). 

3. Evaluate Contributed Information for both parts (e.g.𝐶𝑖⃑⃑⃑⃑ = {𝐶𝑍 = 𝐶(𝐴𝑖 , 𝑍,𝑾), 𝐶𝑀′ =

𝐶(𝐴𝑖 , 𝑀′,𝑾)}) for each A𝑖  which is not in W.  
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4. Evaluate the Mahalanobis distance for each vector of contributed information scores 𝐶𝑖⃑⃑⃑⃑ . 

5. Move variable 𝐴𝑘  with the highest Mahalanobis distance into set W and record the vector 

of contributed information scores into set 𝑪∗. 

6. Calculate the Chi-square Test Statistic: 𝜒2 = 𝑀𝐷(𝐶(1)⃑⃑⃑⃑ ⃑⃑⃑⃑ ) 

7. If the p-value is below a threshold (e.g., 0.05), move the variable 𝐴(1) corresponding to 

the largest Mahalanobis distance 𝑀𝐷(𝐶(1)⃑⃑ ⃑⃑⃑⃑ ⃑⃑ ) into set W. 

8. Repeat steps 3 through 7 until a specified threshold is reached (e.g. 0.05) or until two or 

fewer variables remain. 

9. Evaluate the Mahalanobis distance for each vector of contributed information scores 𝑪∗. 

10. Calculate the Chi-square Test Statistic: 𝜒2 = 𝑀𝐷(𝑪(𝟏)
∗⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ) 

11. Remove the vector 𝑪∗(1) from set 𝑪∗ and record the p-value for the associated variable. 

12. Repeat steps 9 through 11 until a specified threshold (e.g. 0.05) is reached or until two 

or fewer variables remain. 

13. For the variables which have not been selected, assign the p-value to be 1. 

14. Apply FDR correction to the resulting vector of p-values. 

 

B.2 Data Simulation Formulae 

Log gene expression data was generated for 300 genes using a linear model as follows. 

𝑋𝑖,𝑘 = 𝜇 �̅� + 𝛿𝑖
𝑋𝐼𝑘 + 휀𝑖,𝑗  

𝜇 �̅� = 𝑈(6,8)  

𝜎𝑖 = {0.5 𝑖 ≤ 150
2 𝑖 > 150

}  

𝐼𝑘 is sampled from {0,1} 

𝛿𝑖
𝑋 = ±(𝜎𝑖) ∗ signal strength, for significant genes in the gamma model (sign is sampled 

randomly), 0 otherwise 
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The distribution of 휀𝑖 was generated using a Gaussian copula with correlation structure 𝛴𝑋 and 

marginal distributions 휀𝑖
∗~𝑁(0,𝜎𝑖). 

𝛴𝑋 = {
1 𝑙 = 𝑚

𝜔𝑙 ,𝑚 𝑙 ≠ 𝑚
}  

20 combinations of significant genes in either the gamma or alpha model were randomly 

sampled, for these combinations, 𝜔𝑙 ,𝑚 is sampled from {0.2,0.5,0.8}. 𝜔𝑙 ,𝑚 = 0 otherwise. 

휀𝑖,𝑗 was sampled form the resulting distribution. 

𝑀𝑗 ,𝑘
∗ ~𝑁𝐵(𝑚𝑒𝑎𝑛 = 𝜆𝑗,𝑘 , 𝑑𝑖𝑠𝑝𝑒𝑟𝑠𝑖𝑜𝑛 =

𝑐

√𝜆𝑗,𝑘 + 1
) 

𝜆1,𝑗,𝑘 = log(4 + 𝛼𝑋𝑡,𝑘)  

20 combinations of significant genes in either the gamma or alpha model were randomly 

sampled, for these combinations, 𝜔𝑙 ,𝑚 is sampled from {0.2,0.5,0.8}. 𝜔𝑙 ,𝑚 = 0 otherwise. 

Correlation structure imposed by a copula. Excess zeros added afterwards based 𝜋 weighted by 

the ratio of count vs mean count. 

 

B.3 Type I Error Plots 
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Fig. B.1: False positive rate plots for simulation studies (ii). Signal strength (50% 

& 10%) and excess zero counts (Low: 50%, High 80%), fixed sample size and 

over-dispersion. 

 

Fig. B.2: False positive rate plots for simulation studies (iii). Over-dispersion (Low 

& High) and signal strength (50% & 10%), fixed sample size and excess zero 

counts. 
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Appendix C   Time Series Mediation Analysis on High-

dimensional Metagenomic Data 

C.1 Single Test Alternative Algorithms 

 

Algorithm 3: Non-Parametric Entropy Mediation – Time Series: Univariate – Single 

Test (NPEM-TS:UVS) 

Input: 𝑨𝒕 = {𝐴𝑡 ,1 , 𝐴𝑡 ,2 ,… , 𝐴𝑡 ,𝐾}: Set of explanatory variables at the current time point; 𝑨𝒕−𝟏 =

{𝐴𝑡−1,1 ,𝐴𝑡−1,2 ,… ,𝐴𝑡−1,𝐾}: Set of explanatory variables at the previous time point; B: 

Response variable 

1. Initialize an empty set W. 

2. Evaluate conditional contributed information 𝐶𝑖 = 𝐶(𝐴𝑡 ,𝑖 ,𝐵𝑡 ,𝑾|𝐵𝑡−1) for each 𝐴𝑖  which is 

not in W. When W is empty, 𝐶𝑖 = 𝑀𝐼(𝐴𝑡,𝑖 , 𝐵𝑡|𝐵𝑡−1). 

3. Let 𝑪 denote the vector of the 𝐶𝑖 values, and 𝐶(𝑣)  denote the 𝑣 𝑡ℎ largest conditional 

contributed information. 

4. Calculate gESD Test Statistics: 𝑅𝑣 =
𝐶(𝑣)−𝑪

𝑠𝑑(𝑪)
, where �̅�  is the average conditional 

contributed information for all conditional contributed information scores lower than 𝐶(𝑣)  and 

sd represents standard deviation.  

5. Perform significance test with the distribution 𝑡𝑑𝑓−𝑣−1  to obtain p-values for each R 

statistic, where df is the length of 𝑪. 

6. If the smallest p-value is below a threshold (e.g., 0.05), move the variable 𝐴(1) 

corresponding to the largest value 𝐶(1) into set W. 

7. Repeat steps 2 through 6 until a specified threshold (e.g. 0.05) is reached or until two or 

fewer variables remain. 
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8. For the variables which do not belong to W, assign the p-value to be 1. 

9. Apply false discovery rate (FDR) correction to the resulting vector of p-values. 

 

Algorithm 4’: Non-Parametric Entropy Mediation – Time Series: Bivariate – Single 

Test (NPEM-TS:BVS) 

Input: 𝑨𝒕 = {𝐴𝑡 ,1 , 𝐴𝑡 ,2 ,… , 𝐴𝑡 ,𝐾}: Set of explanatory variables at the current time point; 𝑨𝒕−𝟏 =

{𝐴𝑡−1,1 ,𝐴𝑡−1,2 ,… ,𝐴𝑡−1,𝐾}: Set of explanatory variables at the previous time point; B: 

Response variable 

1. Initialize an empty set W. 

2. For each mediator, decompose into presence-absence and nonzero count (𝑍𝑡 , 𝑀t
′) 

3. Evaluate Contributed Information for both parts (e.g.𝐶𝑖⃑⃑⃑⃑ = {𝐶𝑍 = 𝐶(𝐴𝑡 ,𝑖 , 𝑍𝑡 ,𝑾|𝑍𝑡−1),𝐶𝑀′ =

𝐶(𝐴𝑡 ,𝑖 , 𝑀𝑡
′ , 𝑾,𝑀′𝑡−1)}) for each A𝑖  which is not in W.  

4. Evaluate the Mahalanobis distance for each vector of contributed information scores 𝐶𝑖⃑⃑⃑⃑ . 

5. Calculate the Chi-square Test Statistic: 𝜒2 = 𝑀𝐷(𝐶(1)⃑⃑⃑⃑ ⃑⃑⃑⃑ ) 

6. If the p-value is below a threshold (e.g., 0.05), move the variable 𝐴(1) corresponding to 

the largest Mahalanobis distance 𝑀𝐷(𝐶(1)⃑⃑ ⃑⃑⃑⃑ ⃑⃑ ) into set W. 

7. Repeat steps 3 through 7 until a specified threshold is reached (e.g. 0.05) or until two or 

fewer variables remain. 

8. For the variables which do not belong to W, assign the p-value to be 1. 

9. Apply FDR correction to the resulting vector of p-values. 

 

C.2 Data Simulation Formulae 

Log gene expression data was generated for 100 genes using a linear model as follows. 

𝑋1,𝑖,𝑘 = 𝜇 �̅� + 휀1,𝑖,𝑘  
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𝑋𝑡,𝑖,𝑘 = 𝑋𝑡−1,𝑖,𝑘 + 휀𝑡 ,𝑖,𝑘  

𝜇 �̅� = 𝑈(6,8)  

𝜎𝑖 = {0.5 𝑖 ≤ 50
2 𝑖 > 50

}  

The distribution of 휀𝑖 was generated using a Gaussian copula with correlation structure 𝛴𝑋 and 

marginal distributions 휀𝑖
∗~𝑁(0,𝜎𝑖). 

𝛴𝑋 = {
1 𝑙 = 𝑚

𝜔𝑙 ,𝑚 𝑙 ≠ 𝑚
}  

20 combinations of significant genes in either the gamma or alpha model were randomly 

sampled, for these combinations, 𝜔𝑙 ,𝑚 is sampled from {0.2,0.5,0.8}. 𝜔𝑙 ,𝑚 = 0 otherwise. 

휀𝑖,𝑗 was sampled form the resulting distribution 

 

𝑀𝑡 ,𝑗,𝑘
∗ ~𝑁𝐵(𝑚𝑒𝑎𝑛 = 𝜆𝑡,𝑗,𝑘 , 𝑑𝑖𝑠𝑝𝑒𝑟𝑠𝑖𝑜𝑛 =

𝑐

√𝜆𝑡 ,𝑗,𝑘 + 1
) 

𝜆1,𝑗,𝑘 = log (
4+𝛼𝑋𝑡,𝑘

𝐿𝐶,𝑗
)  

𝐿𝐶 sampled from (1,2,4) 

𝜆𝑡 ,𝑗,𝑘 = log (𝑒𝑥𝑝(𝜆𝑡−1,𝑗,𝑘)+
𝛼𝑋𝑡 ,𝑘

𝐿𝐶,𝑗
)  

20 combinations of significant genes in either the gamma or alpha model were randomly 

sampled, for these combinations, 𝜔𝑙 ,𝑚 is sampled from {0.2,0.5,0.8}. 𝜔𝑙 ,𝑚 = 0 otherwise. 

Correlation structure imposed by a copula. Excess zeros added afterwards based 𝜋 weighted by 

the ratio of count vs mean count. 
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C.3 Type I Error Plots 

 

Fig. C.1: False positive rate plots for simulation studies (ii). Signal strength (50% 

& 10%) and excess zero counts (Low: 50%, High 80%), fixed sample size and 

over-dispersion. 
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Fig. C.2: False positive rate plots for simulation studies (iii). Over-dispersion (Low 

& High) and signal strength (50% & 10%), fixed sample size and excess zero 

counts. 
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