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Summary: This document describes how to develop size-frequency distribution plots for craters 

and boulders on Bennu. 

 

Assumptions: 

    Measurements are made on images and/or image mosaics that have already been 

calibrated.  Calibration assumes: 

    Pointing/location calibration 

    Radiometric calibration (although this isn’t as necessary, and could be skipped for time-

critical size-frequency distribution measurements) 

    Use of a display program that has the following capabilities: 

    Display individual images, either in their acquisition geometry or reprojected onto the shape 

model 

    Change the contrast and zoom 

    Mark the long and short axes of a feature (crater or boulder), either by using two straight lines, 

or by an ellipse, or by a polygon 

    Calculate the center point of the marked feature (the intersection of two lines, or the center of 

an ellipse, or the geometric center of the polygon) 

    Store the dimensions and location of the measurements in a text file that can be read by an 

analysis program 

    Measure the area of the region examined 

 

 

1. Description of Crater Measurement & Size Frequency Distributions 

 

Crater and boulder measurement involves identifying and measuring the locations and diameters 

of all these features within an image or image mosaic.  The ability to view images and/or image 

mosaics, and mark features, is provided by either J-Asteroid or by the Small Body Mapping 

tool.  The measurements should include at least the long and the short axis of a feature; this 

enables analysis of ellipticity for craters, and block angularity for boulders; see the Data Product 

Descriptions for crater/boulder maps for more details.  A typical implementation of the 

measurement effort is to display images on a computer screen, with the ability to adjust 

magnification and brightness/contrast, and mark feature location, diameter, height/depth, and 

other key morphological features; these data are stored in an ascii file (e.g. CSV or tab-

delimited) and easily imported to a variety of analysis tools. 

 



Over a given diameter range, the frequency of crater and boulder diameters is well-approximated 

by a power-law distribution, which is commonly expressed in cumulative or differential 

forms.  The cumulative form is: 

N=cD^(-a) 

where N is the cumulative number of objects larger than a diameter D, and c and a are 

constants.  The differential form is: 

∆N=kD^(-b) ∆D 

Where ∆N is the number of objects in the diameter range from D to D+∆D, and k and b are 

constants.  The differential form is the derivative of the cumulative form.  A convenient method 

to characterize such data is to linearize it by transforming it into log-space, which for the 

cumulative form would be: 

log〖N=log〖c-a logD 〗 〗 

Which has the form y=mx+b_i, where logD is the independent variable, logN is the 

dependent variable, logc is the intercept, a is the slope.  Because of the large range of 

diameters, and large range of N across diameters, it is convenient to display (plot) the data in 

log-log form as well.  These are what’s known as size-frequency (SFD) distributions, the number 

of objects as a function of size for a population of objects (i.e. craters or boulders). 

 

A third version of an SFD is known as the relative, or R-plot, which is the differential version of 

the data normalized to a -3 exponent, i.e. a population that has a -3 differential exponent would 

appear as a horizontal line in the R-plot.  The value of the R-plot is several fold: the vertical 

position of a data point in the R-plot is directly understandable in terms of spatial density (higher 

R-values correspond to higher spatial density) and feature saturation (the state at which the 

addition of a feature of a given size to the existing population will, on average, cover up a pre-

existing feature of a similar size), the R-value highlights deviations in the power-law behavior 

that may be indicative of physical processes, and on a purely practical level, the R-value is a 

more compact means of displaying the data. 

 

See Figure 1 for plots of the cumulative, differential, and R-versions of the same data. 



 

 



Figure 1: Three different types of size-frequency distributions for the same data (measurements 

of craters in a Galileo image of Callisto).  (A) Cumulative plot, which is Log(Nc/A) vs. D, where 

Nc/ is the cumulative number of craters with diameters ≥ D, and A is the area of the region 

measured.  The cumulative version provides the “smoothest” representation of the data and the 

least sensitive to binning, and is the version used when converting crater populations to age 

estimates.  (B) Differential plot, which is (ΔN/(A ΔD)) vs. D, where ΔN is the number of craters 

in each diameter bin, A is the area of the region measured, and ΔD is the width of the diameter 

bin.  The slope is ~1 unit steeper than the cumulative version, and the “roll-over” at small sizes 

due to incompleteness is clearly identifiable.  (C)  Relative plot, which is the differential 

distribution normalized to a -3 exponent, or (ΔN/(A ΔD D-3)) – a -3 differential power-law 

would appear as a horizontal line.  Variations from a “pure”, single-exponent power-law are 

much more pronounced, and the vertical location of the data is more easily understood in terms 

of spatial density.  “Saturation”, the state at which there are so many objects on the surface that 

adding a new object will, on average, cover up a pre-existing object of the same size, typically 

occurs between R=0.1 and R=0.2. 

  

 

Figure 2: an example of boulder measurements done with the Small Body Mapping tool.  The 

boulders' long and short axes are measured and displayed as an ellipse. 

 

The following sections detail the steps taken to progress from measuring an image to producing 

the final data set for the image. 

 



The method of creating a size-frequency distribution is as follows: 

    Sort the data set by diameter 

    Assign reference diameters, i.e. “diameter bins”, at which to evaluate the cumulative or 

differential values 

    The typical diameter increment is √2, so if D1 = D, then D_2=√2 D_1, D_3=√2 D_2=2D_1, 

etc. 

    For each bin, define a representative diameter for that bin, such as a weighted mid-point, with 

the weighting defined by the expected power-law exponent; i.e. Dmid = Di + (Di+1 – Di)/b 

    For cumulative distribution: Evaluate the number of objects at a given bin size and larger 

    For differential distribution: evaluate the number of objects within each bin size 

    Further normalize the differential values by the bin width, ΔD 

    Calculate error bars, which are ±√(N_i ) for each bin 

    Normalize each bin and the error bars by the area of the measured region 

    The resulting cumulative size-frequency distribution plot is (Ni/A) vs. Di, where Ni is the 

cumulative number of objects with diameters ≥ Di, and A is the area of the region measured 

    The resulting differential size-frequency distribution plot is (ΔNi/(A ΔD) vs. Di, where ΔNi is 

the number of objects at between Di + ΔD, and A is the area of the region measured 

2. Data Analysis 

 

The plots of the measured SFD provide an immediate, visual sense of the population; a more 

quantitative description requires numerical fitting to the data.  There are two aspects of this 

fitting that deserve more discussion: (1) binning the data, and (2) error analysis. 

 

Binning the data 

Large-diameter considerations.  Any population that roughly follows a power-law with a 

negative exponent (e.g. craters and boulders) has more small objects than larger 

objects.  Because of the nature of a cumulative data set, each bin size always has at least one 

object.  However, this is not the case for the differential population.  When binning the data for 

small sizes, there are sufficient numbers of objects within each bin increment to provide a 

statistically meaningful number of objects in that bin (excluding resolution effects at the smallest 

sizes, more on that below).  At progressively larger sizes, there are fewer and fewer objects, and 

at the very largest bin diameter(s) that capture the upper-range of the population, there may be 

only one object in a bin, and/or there may be a bin that happens to have zero objects that is 

bordered by bins with only one or two objects. 

 

Bins with zero craters, bordered by bins with non-zero craters, must be revised before fitting the 

data.  This is an important step, provided it is done correctly. The wrong way to do this is simply 

to drop the bin, because a diameter-bin with zero craters actually has useful implications. A way 

around this is to combine the zero-count bin with an adjacent bin (either the adjacent larger bin 

or the adjacent smaller  bin). The new bin has a larger diameter range and the same number of 

craters, resulting in a lower vertical location in the incremental plot. This preserves the 

information content that “there are fewer craters in this diameter range”.  There may be one or 

more iterations necessary to define the bin sizes to address the “zero-bin” case.  The largest 

diameter bin with ≥ 2 objects sets the upper-size limit for the power-law fit. 

 

Small diameter considerations (i.e. completeness).  As feature diameters approach sizes 



measured in just a few pixels, one class of object becomes difficult to distinguish from other 

other classes of objects.  This results in an incomplete catalogue of the small features (craters or 

boulders).  The onset-diameter of this ambiguity is known as the completeness limit.  A common 

method to determine the completeness limit is to empirically identify the diameter at which 

crater density begins to decrease relative to the trend seen at larger sizes (see 

Figure~\ref{fig:sample.plots}).  The diameter at which this occurs is a function of the image 

parameters such as phase angle, incidence angle, and scene content (see Appendix), and so can 

be different between different data sets; however, a common threshold for the completeness limit 

is 4-5 pixels.  Because we expect excellent image quality for OSIRIS-REx (e.g. little or no 

compression effects, good SNR, good viewing geometry), the completeness limit should be as 

good as this empirically-derived rule-of-thumb, and with careful analysis, may be closer to 3 

pixels.  If a roll-over in the SFD is observed in the 3-5 pixel range, then that sets the minimum-

size limit for the power-law fit. 

 

(A corollary to the roll-over diameter, given good image quality, is that if there is a “roll-over” in 

the population of objects at, say, 10 pixels, that roll-over will likely reflect an actual change in 

the population as opposed to a completeness-limit effect.) 

 

The upper- and lower-limits of the data range define the range over which to fit an SFD. 

 

Error Estimation 

Image characteristics and human inconsistencies combine to make crater measurements 

Incomplete at small diameters and subject to variation.  The finite resolution of images (digital or 

otherwise) limits the smallest features visible, and human perception is never entirely objective 

nor consistent.  This section summarizes the quantitative assessment of errors inherent in crater 

measurement, both the purely statistical errors associated with the assumed distribution of crater 

diameters as well as the systematic errors of human measurement.   

 

Primary cratering is a discrete process because there can exist only an integer number of 

events.  Assuming a random impacting population, the number of impacts per unit area is a 

Poisson random scatter process.  Thus discussion of error analysis necessarily begins with the 

Poisson distribution.  The probability of N-events occurring given a mean µ is: 

P(N=k)=(μ^k e^(-μ))/k! 

A convenience of the Poisson distribution is that a single measurement provides an estimate of 

the mean and standard deviation, where µ = N is the mean and σ=√N is the standard 

deviation.  In the case of the differential format for the crater size distributions, the mean for 

each diameter-bin is the number of craters in that bin, Ni, and the standard deviation is √(N_i ). 

 

Systematic error is a consequence of the “human factor”, i.e. two people may not measure 

exactly the same population, either in number or in size for a particular feature.  The best means 

to estimate this systematic error is to select one or more “calibration scenes” that are then 

measured by at least two independent researchers.  If the resulting power-laws fall within the 1σ 

error bars of one another, then the image content is of sufficient clarity – and the researchers 

have sufficiently consistent identification methods – that the statistical error will dominate over 

the systematic error.  Generally we expect this to be the case for the high-quality images 

acquired during the various mission phases; however, as a part of operations preparation, a series 



of training and calibration measurements on representative data sets (e.g. Itokawa, Eros, and 

some planetary surfaces) should occur.  In flight, if there are problems with the cameras, 

unforeseen challenges to operations, or circumstances drive the need for pushing the 

completeness limit below the ~5 pixel criterion, then it is possible that systematic differences 

introduced by different researchers will dominate the statistical error.  In this case, the magnitude 

of the error can be approximated by the difference between the two measurements (Bierhaus 

2003). 

 

3. Methods to fit a Power-Law 

 

Because of the large range of diameters, and large range of N across diameters, it is convenient 

to display the data in log-log form.  As a result, one might expect that a simple linear fit to the 

log form of the data would provide a good model fit.  However, there are a number of problems 

associated with fitting Poisson distributed data in this linear-log space, see Bierhaus (2003) for 

details. 

 

One way to circumvent the many problems associated with the linear-fit is to use non-linear 

fitting algorithms that calculate c and a (cumulative SFD), or k and b (differential SFD), in their 

“native” power-law space, rather than in log-log space.  A standard for implementing non-linear 

fits is the Marquardt (also known as the Levenberg-Marquardt) method.  Bevington and 

Robinson (1992) and Press et al. (1986) provide excellent discussions of the Marquardt 

method.  This technique minimizes χ2 values through an iterative process.  Depending on 

proximity to convergence, the algorithm will search the parameter space by using either a 

gradient method (if it is far from convergence) or by assuming χ2 is approximately quadratic 

(when it is near convergence).  A power-law fitting routine is available in Fortran, or through 

existing analytical packages (e.g. Mathematica, Excel). 

 

 

Appendix 

 

To enable useful crater measurement, an image must meet certain requirements in compression, 

geometry, and resolution.  Compression and geometry are factors in 

overall image resolution, but contribute in other manners as well.  These image characteristics, 

combined with image content (the nature of the surface --- flat, bumpy, lineated, etc.), affect 

crater identification and measurement.  Further, even when an image possesses an ideal set of 

parameters for crater measurement, there are other factors that contribute to the uncertainty, 

primarily the sensitivity of the human measurerer as a function of sleep (or lack thereof), 

etc.  The primary image characteristics that control the ease and accuracy of feature 

measurement are viewing geometry, lighting angle, compression, and scene content, all of which 

contribute to the completeness limit. 

 

Viewing geometry describes the relationship between the locations of the spacecraft and target 

object, not only in proximity but in orientation as well.  The perspective of the target surface 

changes considerably if the spacecraft targets an area directly below (nadir-pointing) compared 

with targeting an area on or near the horizon (limb-pointing).  Nadir-pointing images usually 

have equal resolutions between both dimensions (x,y) in the 



image, and have uniform resolutions across the entire image/mosaic of images.  They can also be 

accurately approximated as planar (treating that portion of the three-dimensional, curved surface 

as two-dimensional).  In contrast, limb images are foreshortened in one (or more) direction, 

reducing the resolution in the foreshortened axis, and one cannot approximate these surfaces as 

planar without serious errors in measuring image area and spatial relationships between objects 

in that image.  Oblique viewing angles also distort shapes --- for example, turning circular 

objects into elliptical ones --- and in general can exaggerate one-dimension while minimizing 

another.  Clearly, then, nadir-pointing or only mildly oblique geometries are most favorable for 

crater identification, meaning that 

the horizontal and vertical resolutions should be similar. Further, higher-resolution images cover 

small regions and thus the imaged regions can be approximated as planar; their resolutions for 

each axis remain constant over the image.  Emission 

angle is the angle between the surface-normal and the detector; low emission-angle indicates the 

viewing geometry is close to nadir-pointing, increasing emission angles indicate increasingly 

oblique viewing geometries. 

 

Lighting geometry controls our perception of topography, either flattening a mountainous terrain 

into indistinguishable blandness at high-sun angle (i.e. sun overhead), or causing nearly smooth 

terrain to appear strikingly three-dimensional as slight topographic variations are alternatively 

illuminated or shadowed by a neighbor at low-sun angle.  Although one can think of craters as 

circles, they are inherently three-dimensional.  Indeed, it is the third-dimension that allows one to 

distinguish a crater from a rounded hill; the same is true for boulders, the topographic indicators 

are simply reversed.  A low Sun casts shadows that enable one to evaluate whether or not a 

surface feature has positive or negative relief.  The incidence angle is the angle between the 

surface normal and the Sun; a low incidence angle means the Sun is almost overhead relative to 

the surface, while a high incidence angle means the Sun is near the horizon.  Accurate crater 

measurement requires low sun (higher incidence angle) images, because that geometry causes 

the crater topography to stand out clearly. 

 

Another angle that describes the viewing/lighting geometry is the phase angle, which 

is the sun-target-spacecraft angle.  These three points form a plane that isn't necessarily the same 

as either of the planes occupied by the emission or incidence angles, which are both measured 

with respect to the surface normal.  The phase angle describes whether the detected light is either 

back-scattered (phase $< 90^{\circ}$), or forward-scattered (phase $> 90^{\circ}$). 

 

Compression can turn an otherwise striking image into an inscrutible sample of modern digital 

art.  High-compression images is not a concern for OSIRIS-REx, since images are not 

compressed before transmission to ground. 

 

Finally, image content can influence the ability to detect small features.  High-frequency surface 

features can mask craters/rocks whose diameters are similar to the wavelength of the 

features.  However, because the area occupied by craters and boulders is proportional to the 

diameter squared, once the diameter exceeds any small-scale wavelength the craters quickly 

become identifiable from the background. 

 


