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Information Theoretic Modeling and Analysis for
Global Interconnects With Process Variations

Stojan Z. Denic, Member, IEEE, Bane Vasic, Senior Member, IEEE,
Charalambos D. Charalambous, Senior Member, IEEE, Jifeng Chen, Student Member, IEEE, and

Janet M. Wang, Senior Member, IEEE

Abstract—As the CMOS semiconductor technology enters
nanometer regime, interconnect processes must be compatible
with device roadmaps and meet manufacturing targets at the
specified wafer size. The resulting ubiquitous process variations
cause errors in data delivering through interconnects. This paper
proposes an Information Theory based design method to accom-
modate process variations. Different from the traditional delay
based design metric, the current approach uses achievable rate
to relate interconnect designs directly to communication applica-
tions. More specifically, the data communication over a typical
interconnect, a bus, subject to process variations (“uncertain”
bus), is defined as a communication problem under uncertainty.
A data rate, called the achievable rate, is computed for such a
bus, which represents the lower bound on the maximal data rate
attainable over the bus. When a data rate applied over the bus is
smaller than the achievable data rate, a reliable communication
can be guaranteed regardless of process variations, i.e., a bit error
rate arbitrarily close to zero is achievable. A single communication
strategy to combat the process variations is proposed whose code
rate is equal to the computed achievable rate. The simulations
show that the variations in the interconnect resistivity could have
the most harmful effect regarding the achievable rate reduction.
Also, the simulations illustrate the importance of taking into
account bus parasitic parameters correlations when measuring
the influence of the process variations on the achievable rates.

Index Terms—Achievable rate, bit error rate process variations,
global interconnect, information theory.

I. INTRODUCTION

A PROPER design of on-chip and off-chip interconnects ap-
pears as one of the major issues in the development of new

VLSI technologies [1]–[3]. Since interconnect networks are one
of the key parts of new integrated circuit (IC) paradigms [such as
network-on-chip (NOC) and multi-core processors], unreliable
interconnects would affect the reliability of an IC as a whole.
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When a feature size of technology is below 65 nm, about 40%
of on-chip global interconnects may have performance varia-
tions larger than [1], [4]. For nontraditional nanoscale elec-
tronics, such as molecular or self-assembly, uncertainty in the
interconnect operation is present as well. This uncertainty orig-
inates from the inherent stochastic switching behavior of in-
terconnects. Hence, interconnects will have more process vari-
ability and thereby more nonuniform behavior across a chip.
In addition to nonuniform behavior, it is expected that future
nanoscale interconnects will be operating at reduced noise mar-
gins due to the low power requirement. As a consequence, an
error-free transfer of bits along the interconnects cannot be fur-
ther considered as granted.

The uncertainty introduced by process variability represents
a fundamentally new challenge for IC design. From the point of
view of interconnects, the presence of uncertainty due to process
variability means that interconnect parasitic parameters may de-
viate from their nominal values depending on, for example, the
interconnect location on the chip. When an interconnect is un-
derstood as a communication channel, this means that intercon-
nect communication channel characteristics can vary in an un-
predictable fashion making the task of reliable data communica-
tion very difficult. In information theory, this problem is called
a communication subject to uncertainty. In this paper, to ad-
dress the problem of communication over uncertain intercon-
nects, we propose an information theoretical technique known
as universal encoding/decoding which is introduced shortly.

There are currently two main complementary directions used
in coping with the uncertainties due to the process variations.
One applies the VLSI design tools (such as wire spacing, lay-
ering, shielding, buffer insertion, staggering, metal fill, and ac-
curate litho simulation [5]–[12]), while the other suggests the
implementation of signal processing techniques such as error
correction and constrained coding. We say that these two ap-
proaches are complementary since only one of them without
the other cannot resolve the problem of reliable data transmis-
sion over uncertain interconnects. For example, although the
VLSI design tools could be effective in reducing the effects
of crosstalk, radiation and process variations, they cannot com-
pletely remove the uncertainty, and therefore they cannot solely
provide the reliable transmission over the interconnects.

The techniques the VLSI designers use to deal with the un-
certainty can be summarized as follows: 1) compensate for it
later; 2) reduce the uncertainty itself; 3) reduce the uncertainty
effect; and 4) guardband against uncertainty (for more details
see [13]). Major limitations of the “compensate for it later” ap-
proach (which includes a post-process metal fill) are: correc-



tions are not completely doable, it destroys hierarchy since it
is used at the end of design, and post-process behavior is itself
uncertain. “Reduce the uncertainty itself” method implements
tools such as shielding and buffer insertion to compensate for
the uncertainty directly. Shielding reduces the crosstalk between
interconnects, while a buffer compensates for the signal attenu-
ation along the interconnects. The limitations of these methods
are: they require a detailed designer knowledge and the amount
of uncertainty reduction is not very clear. “Reduce the uncer-
tainty effect” methods apply techniques that will cover as many
different working conditions as possible. This approach is ro-
bust to many variations but the drawback is that design tools
are not well developed. “Guardband against uncertainty” is the
most commonly used approach. Its main weakness is that it can
be too pessimistic from the performance point of view if the de-
sign parameters are chosen too conservatively.

Previously mentioned approaches and methodologies are
usually either technology dependent or implementation de-
pendent. Further, the improvements of the CMOS fabrication
technology can hardly help reduce the variability because the
lithograph accuracy is approaching its sub-wavelength limit.
While there is no clear consensus on how far and how fast
the current copper/aluminium interconnect technology will
continue to scale and which of the emerging technologies
eventually enters production, it is certain that future nanotech-
nologies will have significant manufacturing defect rate.

Besides the above mentioned solutions, the interconnect re-
liability can be achieved by using an elegant, technology and
circuit implementation independent alternative: error-correction
and constrained coding. As shown by [14], coding has two im-
portant advantages over repeater/buffer insertion. First, coding
allows the data flow in both directions, whereas buffers in gen-
eral limit buses to operate in one direction. Second, instead of
increasing wire delays and power consumption like buffer inser-
tion, coding reduces both of them during the data transmission.

Error-correction and constrained coding has been earlier pro-
posed as solutions for several problems for on-chip and off-
chip interconnects. More specifically, error-correction and con-
strained codes are used to minimize the crosstalk between dif-
ferent lines of the bus [15], correct noise corrupted bits, improve
energy efficiency of the data transmission and deal with some
combination of the previous problems [16]–[22].

An assumption made by previous work on error-correction
and constrained coding for IC interconnects is that the com-
munication channel is perfectly known to the encoder and de-
coder. However, as discussed above, one cannot expect the per-
fect knowledge of interconnect parameters leading to the uncer-
tainty regarding its corresponding communication channel char-
acteristics. This can result in poor performance of proposed in-
terconnect communication schemes.

The main goal of this paper is to address the problem of con-
veying the data over uncertain interconnects for new VLSI tech-
nologies, focusing on the example of a specific interconnect,
i.e., a bus. Since, this is in essence the problem of data commu-
nication over uncertain channel, our approach applies the tools
of Communication and Information Theory and error control
coding. We are particularly interested in computing the quantity,
which is called the achievable data rate measured in bits per

second. The achievable data rate is a rigorously defined mea-
sure of transmitted information, and its importance stems from
the fact that it provides a lower bound on the data rate for reliable
transmission. If the data transmission rate over the intercon-
nect is smaller than , the reliable transmission of data can be
guaranteed [23]. This implies the use of error-correction codes
at the transmitting end of the bus, and decoding at the receiving
end to protect the data against the bus variability, crosstalk and
noise. The stress is on the word “reliably”, which means that if

then each data bit will be delivered to the other side of
interconnect with small probability of error, i.e., small bit error
rate (BER). In fact, a BER can be made arbitrarily small sub-
ject to certain conditions that will be explained shortly. For the
problem considered in this paper, gives a designer a sense of
how many bits can reliably be conveyed over the bus, regardless
of its variability.

The main contributions of this paper are as follows.
1) First, the bus will be modeled as an RC interconnect net-

work and described as a compound multiple-input–mul-
tiple-output (MIMO) communication channel [24]. A com-
pound model is standard in information theory. It is ap-
plied to address the issues of nonuniform communication
channel behavior. Thus, it is an appropriate model to cap-
ture the variability of interconnects across the IC. Instead
of representing the bus by only one fixed transfer function,
the bus will be described by the set of all possible transfer
functions determined by the variability of bus parasitic
parameters (R and C) that depend on the manufacturing
process. This set of all possible transfer functions repre-
sents one unique model called “Compound Bus” (CB). The
exact definition of the communication over a compound
channel or CB is the following: from the known set of all
possible buses pick one randomly and transmit the infor-
mation over that unknown bus. Thus, the set of buses is
known but the particular bus over which the transmission
is carried out is unknown.

2) A MIMO communication channel is used to capture the
crosstalk between bus lines.

3) For this bus model, the achievable data rate shall be
computed by using the mutual information (MI) [23].

4) We propose a practical data transmission strategy, which
accompanied with error-correction codes, enables reliable
transmission over the CB. Moreover, the proposed strategy
guarantees the existence of a single code (so-called uni-
versal code) which can be used over all buses from the CB
[25]. This approach mitigates a bus design and lowers the
cost of solution since it uses only one encoding/decoding
procedure for all buses on the chip regardless of their vari-
ability.

5) In addition, we identify a number of problems related to
data communication along the uncertain IC interconnects
which are of interest for future research.

This paper is organized as follows. Section II provides a back-
ground description of bus codes, data code rate, and bus com-
munication channel model. Section III introduces the variability
modeling for the bus interconnect. Section IV shows how the
achievable data rates can be computed by using the informa-
tion theoretic concept of the MI. Section V proposes practical



Fig. 1. � Bus lines with encoder and decoder.

communication strategy for attaining the achievable data trans-
mission rate. Section VI gives an example of a CB modeling
and computing achievable data transmission rate. Section VII
considers several practical error correction schemes and their
suitability for the CB in terms of their complexity. Section VIII
concludes this work with an elaboration with future research
directions.

II. BACKGROUND

A. Notation

Fig. 18 lists all the notations and parameter definitions used
in this paper. denotes the set of integers. denotes the set of
real numbers. denotes the set of complex numbers. denotes
the complex conjugate of the complex number . denotes
the transpose of the vector . denotes the Euclidean
norm of the vector . denotes the identity matrix of size .

denotes the complex conjugate transpose of matrix .
denotes the largest singular value of matrix . denotes
the expected value of the random variable . denotes
the variance of the random variable . denotes the
operation of convolution between two signals and .

denotes the -transform of a discrete-time
signal . denotes the discrete Fourier transform of
a discrete-time signal .

B. Basic Concepts

Consider a bus structure with parallel interconnects (see
Fig. 1) as a MIMO communication channel. A MIMO model
is used to take into account crosstalk among lines of the bus.
This model is supported, for instance, by the work done in [22].

Ideally, each line of the bus should convey a pulse repre-
senting a bit of information without any distortion as shown in
Fig. 2(a). Here, is the input signal to one line of the bus,
while is its output. Corresponding discrete-time represen-
tations of the continuous-time signals and are given in
Fig. 2(b). (Notice that while in the VLSI circuit design research
area, data propagation, and data are regarded as continuous in
time , in this case data information is represented by a
discrete-time model which is consistent with the sam-
pling of data bits at the bus end.)

While traveling along the bus, each pulse conveying a bit
of information, experiences different types of distortions such
as attenuation, noise, intersymbol interference, and crosstalk.
Fig. 2(c) illustrates one type of distortion caused by parasitic
parameters of the bus (such as capacitance). Here, one impulse
at the bus input at invokes a train of impulses at the bus
output. Hence, instead of having the zero output at the moments

Fig. 2. Continuous-time versus discrete-time bus representation.

due to the zero input for , the output consists
of the train of impulses. This kind of output of a system caused
by an impulse is called the impulse response. Non-ideal impulse
response introduces a distortion into transmitted signal called
inter-symbol interference. For example, imagine that the next
transmitted bit is 0 represented by . Then, since
is different from 0 (because of the impulse response caused by

), the transmitted bit can be erroneously rec-
ognized as 1. If, in addition, an additive noise is added to the
output, the reliable transmission of information along the bus
becomes even more complicated.

One way to protect data transmitted over the bus, is by em-
ploying an error-correction code. Roughly speaking, the role of
an error-correction code is to add redundant bits on the top of
data bits which enables a decoder at the other end of the bus
(see Fig. 1) to extract useful information regardless of distor-
tions. By introducing additional, redundant bits, high reliability
can be achieved which effectively reduces the data rate over the
bus. This is a price that has to be paid in order to reduce the
number of erroneously transmitted data bits, i.e., the BER. Next,
the process of encoding is described more formally.

In Fig. 1, an encoder maps the sequence of binary vec-
tors (useful data) to which is sent
over the bus. is defined by , where

. The input to the bus struc-
ture is the set of data , of bits

. Here, carries
voltage values that may be interpreted as logic value 0 or 1. The
output is a vector . The mapping
between sequences and , is carried out in
the following way. The encoder takes a block of data vectors

, , which
is called a source word and maps it into another block of length

, which is called a codeword. The
introduced redundancy is bits. Here, both and
are represented as discrete-time data vectors.

To measure the encoder’s performance, we use the code rate
defined as

(1)



Code rate has unit bits per second, and is a sampling in-
terval in seconds. A smaller value indicates faster transmis-
sion speed for data. The physical meaning of code rate is ob-
vious. Since there are vectors of size in the source word, the
number of all possible transmitted messages is . The number
of bits transmitted is therefore . A code rate is the
ratio between the number of useful data bits sent and the overall
time required for this information to be sent. If
is divided only by , this represents the number of bits sent
per one vector, or one sample as it is often called. The higher
the code rate is, the more efficient the encoder is. One of the
goals of this paper is to find an upper bound for when the bus
is subject to variability. This quantity is called the achievable
data rate which is a lower bound for the Shannon’s channel
capacity [23]. If we know then we will know what code to
choose for a particular channel. If , the probability that
a sent data bit, after decoding, will be erroneous can be make ar-
bitrarily small when the codeword length becomes very large.

Another important performance measure is the power used
for data transmission. Here

(2)

defines the average power used by the transmitted data .
This power is limited by , a user defined bound. In general,
we prefer to limit and minimize the power during the data
transmission.

As demonstrated in Fig. 1, a vector sequence is
the input of the bus. A sequence of matrices in the
time domain, , represents the impulse responses
of the bus. Entry in matrix with
models how th input affects the th output . Taking
an additive noise into consideration, the output of the bus
can be expressed as

(3)

The first term is the convolution of and
, while the second term is the additive white Gaussian

noise in our case. The choice of Gaussian noise in this case is
justified as follows. In a deep-submicrometer environment, a
large number of sources contribute towards overall noise that
affects the detection of bits at the end of the bus. Therefore, it
is difficult to characterize all noise sources and their distribu-
tions. That is why, we use the central limit theorem to repre-
sent the distribution of the overall noise by a Gaussian distribu-
tion as it has been done in [14]. Even, if this assumption is not
quite correct, from the information theoretical point of view, the
Gaussian noise represents the worst case noise in a sense that
such assumption produces the lower bound on achievable rate

.
If there is no interference between neighboring symbols

(i.e., ), the bus is described by

(4)

A corresponding presentation in the frequency domain can be
obtained by taking -transform of (3) giving

(5)

where
and . The -transform

is defined by

(6)

By substituting into (5), we get discrete Fourier trans-
form (DFT) representation

(7)

where is the normalized frequency; , and
is the continuous-time frequency. is related to the continuous-
time Fourier transform defined by

(8)

where is the continuous-time counterpart of the discrete-
time (sampled) signal . When (

is the Nyquist frequency), changes from to . Con-
sequently, the th output is given by

(9)
where , , , and are entries in

, , , and , respectively. Here, (5)
reveals three sources of uncertainty. One is the process variation
induced uncertainty on transfer function , the other is
the white noise and the third is given by the third term on the
right-hand side of (9) modeling the crosstalk. In the following
section, the uncertainty modeling will be considered in more
detail.

III. VARIABILITY MODELING

As discussed in the earlier sections, we can model the bus by
its transfer function . Without loss of generality, assume
that the noise spectrum remains the same across the bus.
The process variations, however, may cause the transfer func-
tion to vary from one location to the other along the bus
and throughout the IC. In this section, first it is shown how the
transfer function matrix can be constructed in terms of the
resistance–capacitance (RC) interconnect network to model the
bus, and secondly, the model, which includes bus variability and
utilizes previously constructed transfer function matrix , is
introduced.



A. Nominal Bus Model

To model a bus interconnect, we use the RC network model
found in [16], which is briefly described next. Introduce the ma-
trix given in Laplace domain by

...
...

...
...

...
... (10)

Here

(11)

(12)

(13)

where is the interconnect wire resistance, is the inter-
connect wire-to-substrate capacitance, and is the inter-wire
capacitance called the coupling capacitance. These parameters
are computed as follows:

(14)

(15)

(16)

is the resistivity of copper, is the wire width, is the sep-
aration between two wires, is the wire height, is the height
of the wire above the substrate, is the permittivity of the oxide
between wires, and is the length of the interconnect. A short
section of the bus (of length ) can be described by the MIMO
transfer function matrix

(17)

The transfer function matrix of longer interconnect is obtained
by multiplying transfer function matrices of shorter inter-
connects.

The variability of the bus characteristics as seen through the
variability of the transfer function matrix depends on the
variability of parasitic parameters , , and . According
to [4], in a 0.1- m technology, these parameters may vary as
follows:

30 m (18)

20 m (19)

15 m (20)

To illustrate and better understand how the process variability
affects the parasitic parameters , and , Fig. 3 is given
which depicts two bus interconnects with parameters that define
their geometry. The bus on the right is an ideal interconnect,
while one on the left suffers from the erosion. The erosion is
one type of process variabilities that occurs in the case of dense
array thin interconnects, and it is characterized by the oxide and
metal removal. The erosion results in effective decrease of the

Fig. 3. Example of process induced bus variability.

wire height leading to an increase of the wire resistance
and decrease of the coupling capacity . This shows that the
process variability can cause correlated variations of the para-
sitic parameter values. As noted in [4], the examples of param-
eters’ correlations are as follows.

1) Given a fixed wire pitch, the variation of the separation
between two wires is negative of the variation of the wire
width .

2) The wire height and the height of the wire above the
substrate are negatively correlated with a correlation co-
efficient of 0.5.

The effect of previous correlations are taken into account in
the case-study given in Section VI.

B. Compound Bus Model

In this section, we introduce the model which has been widely
used in control and information theory to describe the variability
in the frequency domain [25]–[27]. The model relies on the
normed linear space and norm (for precise definitions see
the Appendix). The norm is defined by using the singular
value decomposition (SVD) of the matrix. In essence, any ma-
trix assumes a decomposition , where

and are unitary matrices, and
is a diagonal matrix with positive entries representing
the singular values of . When is a transfer function ma-
trix of the communication channel, the entries of can be un-
derstood as the attenuation coefficients of the channel, while
and define the phase. When is scalar, the analogy is even
more clear since the singular value is equivalent to the modulus

of the transfer function . To understand why
the SVD is a natural way to model uncertainty, notice that the
Shannon’s capacity of communication channels defined by (3)
is directly related to the singular values of [28].

Now, since the manufacturing process variability determines
the variability of the bus parasitic parameters such as capaci-
tance and resistance, it determines the variability of the transfer
function matrix and the set of all possible frequency re-
sponses of the bus. Therefore, the model, which takes
into account the manufacturing process variability, is the set of
all possible transfer function matrices . One way to de-
scribe such a set (call it ) is to represent it by a ball in the fre-
quency domain by using space and norm such as (21),
shown at the bottom of the next page. The ball is centered
at a known transfer function , the so-called nominal
transfer function. The size of the ball is determined by a per-
turbation . The perturbation is defined by: 1) an
unknown matrix that takes care of the uncertainty in the



Fig. 4. Nyquist plot of variability modeling.

phase because and 2) a known scalar transfer func-
tion that defines radius. To understand why
defines the radius of the ball observe that a ball in the com-
plex domain is given by

(22)

Since we deal with matrices, to define the ball we need to use
matrix maximum singular value . Then the ball in the fre-
quency domain is given by

(23)

since , and
. At each frequency, the size of the set is deter-

mined by the radius .
To further clarify this point, we refer to Fig. 4 which shows the

Nyquist plot of a scalar transfer function . A Nyquist
plot is a imaginary part versus real part of a transfer function.
Each point on the graph corresponds to one frequency . The
length of the vector connecting the origin and any point on the
graph corresponds to a transfer function modulus (attenuation)
at some frequency , while the angle between the vector and
the positive real line corresponds to a phase. The perturbation
superimposes the variability at each frequency by a ball centered
at the apex of the vector with the radius determined by .
Thus, any point within the ball is possible because has
an unknown phase and . Based on Fig. 4, can
be seen as a tube around .

The definition of also implies

(24)

which gives an upper and lower bound on the singular values
(attenuation coefficients) of the transfer function matrices that
belong to . and are appropriately chosen

according to (17) to describe all possible matrices . Usu-
ally, is determined by the nominal values of the par-
asitic parameters of the bus, while follows from the
parasitic parameters variations.

IV. ACHIEVABLE DATA RATE OF THE BUS

In this section, the formula for computing the achievable data
rate is provided for the bus model described by (3) and (21).
It is assumed that the transmitted data sequence is
random as it is in reality. First, the definition of power con-
straint for random signals is introduced. Second, the formula
for the achievable data rate is given by the maximin optimiza-
tion problem where the objective function is the mutual infor-
mation (MI) rate. Third, the solution of the maximin optimiza-
tion problem is presented and the implications of solution are
discussed.

A. Power Constraint for Random Signals

Since we deal with the random signals, the power constraint
equivalent to (2) should be introduced. It is given in terms of the
power spectral density (PSD) matrix of denoted by .
PSD is related to its correlation function through
the inverse Fourier transform in the following way:

(25)

or for

(26)

Then, the power constraint is given by the set of PSD matrices

(27)

It is clear that

(28)

represents the average power of the transmitted data over all
bus interconnects.

B. Achievable Rate

The achievable rate subject to variability in the transfer func-
tion matrix described by (21) is going to be related to the
MI rate. A nice property of the MI rate formula used here is that
it is given in the frequency domain. This enables us to use a fre-
quency domain variability description, which is of a great prac-
tical importance. On the other hand, it should be observed that

(21)



the formula for the MI rate presented here makes an assump-
tion regarding the input signal , i.e., the input sequence 

is a discrete-time Gaussian stochastic process which
is different from a standard positive IC input consisting of 0 
and 1 s. Yet another problem is that 0 and 1 s are uniformly 
distributed. This is the reason we introduce an additional as-
sumption and give further explanations. To ensure ,
we assume that , have mean values

such that , . In
our case, we choose ensuring 99.99% positive values for

. Further, the application of the Gaussian input is justified
by the fact that a Gaussian distribution gives a tight lower bound
for the achievable rates subject to a discrete uniform input for
low to moderate SNRs (see [29]). This means, that the Gaussian
input provides a good estimation for the achievable rate for the
uniform input in the case of low SNRs. A low SNR condition
is true for new ICs since it is implied by a low power supply
demand.

In [27], the achievable rate subject to variability in the transfer
function matrix described by (21) is given by

(29)

where defined by

(30)
is the MI rate between and . is the
PSD matrix of the noise . The solution of (29) is given by
[27]

s.t. (31)

Here, and , , are diagonal entries
of PSD matrices and , respectively. is the
number of nonzero singular values of or the rank of

. are the singular values of .
Without loss of generality, it is assumed that is diagonal.
If this is not the case, then and can jointly be
treated as an equivalent channel assuming that the PSD of the
noise is an identity matrix.

The formula for the achievable rate suggests that the bus can
be decomposed into the parallel channels along the singular
values of the channel matrix as shown in Fig. 5. The
transmission along each singular value is possible if

is positive, which is denoted by a notation .
takes the value of an argument if the argument is positive; other-
wise, it is zero. Hence, the size of the set (or the uncertainty
set as it is often called), , determines how the achievable
rate is affected by the uncertainty in the manufacturing process.
The larger the uncertainty , the smaller the achievable
rate . If there is no uncertainty (the size of the uncertainty set

is zero), (31) reduces to the classical capacity of the

Fig. 5. Interpretation of � in terms of parallel channels.

MIMO communication channel [28]. If , the
channel disappears (see Fig. 5) because the th channel co-

efficient becomes zero.
The formula for the achievable rate given by (31) is in-

teresting for other reasons as well. Notice that (31) is given in
terms of the logarithm of the signal-to-noise ratio (SNR), i.e.,

, where

(32)
The numerator is the power of the received useful signal at the
th interconnect, and the denominator is the equivalent noise

consisting of the white noise for the th interconnect, and
the crosstalk from other interconnects as shown
in Fig. 5. Therefore, it follows that the crosstalk noise is zero
if there is no uncertainty. However, if there is uncertainty, the
channel gain will be diminished , and, in the same
time, the crosstalk noise will appear. In Section V, it will be
demonstrated how it is possible to eliminate the crosstalk noise
when there is no variability introduced by the manufacturing
process.

Remark 4.1: How should (31) be interpreted? If the data
transmission rate is smaller than , then there exists at
least one encoding/decoding procedure (so called universal
encoding/decoding) providing the probability of the decoding
error arbitrarily close to zero regardless of the bus variability
when the codeword length becomes very large. In other
words, the strength of the results stems from the fact that we
can apply only one code for any bus that comes from the set ,
and at the same time, we can guarantee the probability of the
decoding error arbitrarily close to zero. This is the simplest and
effective solution that one can have for this type of problems.
The pros and cons of the approach employed here will be
discussed in more detail in the next section.

Remark 4.2: Although the Gaussian input is the most optimal
input for the Gaussian noise, we cannot claim that the signals on
the IC have Gaussian distribution. Therefore, the future research
should address the problem of computation of the achievable
rates for the same channel model, but for different input distri-
butions such as uniform.



Fig. 6. Transmission scheme for uncertain channel matrix.

Remark 4.3: The unit of achievable rate given by (31) is bits
per sample. Here, “sample” refers to the value of the signal taken
at discrete-time moments which are seconds apart. To get the
achievable rate in bits per second, the value computed by (31)
should be multiplied by samples/s.

V. ATTAINING ACHIEVABLE RATE

When a MIMO channel is known, an efficient communica-
tion is achieved by decomposing the MIMO channel into the

scalar independent, parallel channels, where is the rank of
the transfer function matrix. “Independent” means that there is
no crosstalk among them. The idea is very simple; it consists
of finding singular value decomposition of the transfer function
matrix and using unitary ma-
trices and in processing the transmitted signal.
Since, for the bus with variability we do not know the channel
exactly, we apply the singular value decomposition on the nom-
inal channel . However, in
this case the SVD does not produce independent parallel chan-
nels because of the uncertainty caused by variability. There will
be some residual crosstalk that will be interpreted as an addi-
tional noise. Besides, the uncertainty will affect the channel co-
efficients, i.e., singular values, as explained in Section IV.

The strategy that attains the achievable rate (31) is the one
that finds the worst-case communication channel representing
the bus, and designs an encoder/decoder pair for this channel.
The worst-case bus occurs when the channel coefficients, in
terms of the singular values, take the smallest values for each
frequency (the attenuation is the largest) and when the equiv-
alent noise is the largest [see Section IV and (34)].
The reasoning behind this is the following: if the encoder and
decoder performs well over the worst-case channel, it will per-
form even better over “better” channels, having larger channel
coefficients and smaller noise. The rest of the section gives de-
tailed description of the optimal communication scheme.

The communication scheme that attains achievable rate (31)
is given in Figs. 6–8. First, the transmitted signal is pro-
cessed by the filter having the transfer function matrix
at the transmitter end of the bus (see Fig. 7), and processed by
the filter at its receiving end (see Fig. 8). ,

, are the entries of the th row of , repre-
senting the scalar filters with impulse responses . ,

, are the entries of the th row of , repre-
senting the scalar filters with impulse responses . Each
encoder output , , is convolved with to
contribute to its bus input. At each bus output, received signal

is convolved with to produce the th output of the
bus .

The matrices and can also be understood
as a part of equivalent communication channel defined by

Fig. 7. Signal processing at the transmitter’s end of the bus.

Fig. 8. Signal processing at the receiver’s end of the bus.

. Then, encoder/decoder pair sees the
equivalent channel given by

were , and
. contains diag-

onal, while contains off-diagonal entries of
, respectively. We can group further the first two terms,

which are diagonal matrices, that determine the th bus output
as the function of the th input solely. The third term is the
crosstalk coming from the inputs different from the th one.
The output of the th channel is represented in the frequency
domain by

(33)

Here, , , are the entries of . The
off-diagonal elements , , are absorbed into an
equivalent noise

(34)

Because , it follows . From
previous discussion, we can determine the worst-case commu-
nication channel representing the bus. The worst-case bus oc-
curs when the channel coefficient
is the smallest for each frequency (the attenuation is the largest)
and when the equivalent noise is the largest. This



will happen if and ,
, where . Then, the channel coeffi-

cients become , and the PSD of the noise is
given by . Thus, one can use

scalar error-correction codes, each tuned to the corresponding
worst-case channel , and the equivalent noise.
Since the codes work well for the worst case bus, it will work
even better for other transfer function matrices from the set .

Remark 5.1: There are a couple of practical questions that
should be addressed when the suggested method is applied to
deal with the crosstalk and uncertainty.

The first question is the choice of practical error-correcting
codes that are going to be employed. This depends on system pa-
rameters such as delay. Since the encoding and decoding proce-
dures introduce the delay, the designer would want to use short
codes and low-complexity encoders and decoders in order to
minimize overall system delay. However, we leave this ques-
tion for future research.

The other question is related to the cost of applied filters in
terms of power. From the point of view of information theory,
in [28], it is shown that applied filters do not affect the received
SNR. In other words, the performance of the overall commu-
nication system will not be tarnished by introducing filters
and .

VI. CASE-STUDY OF BUS ACHIEVABLE RATES

The following example illustrates the impact of different
types of uncertainties on the achievable transmission rate. It
is assumed that the bus consists of four parallel interconnects.
Although, this is not usually the case, we choose since
for larger , the achievable rate computation becomes more
numerically involved, and the choice of does not change the
conclusions we want to deliver.

Next, it will be demonstrated how it is possible to construct
the uncertainty set based on the introduced MIMO model
and values for parasitic parameters. To compute the nominal
matrix , we take the values m,

m and m, and use
(10)–(17).

We also compute the transfer function matrices for three other
scenarios: 1) m,

m; 2) m; m
and m; and 3)

m.
Denote the bus transfer function matrices for previous three

scenarios by , , and , respectively. They are
going to be used to construct three examples of uncertainty sets

.
In the simulations, we use 12 m and the relative per-

mittivity of [16].
Fig. 19 summarizes all parameters of transfer functions (tf)

used in the case-study.
In all three scenarios, we take into account correlation among

bus parameters. Scenario 1 shows the case when the space be-
tween two interconnects of the bus is smaller than the nominal,
implying that the interconnect width is larger than the nominal.
This uncertainty leads to the increase of and and decrease
in .

Fig. 9. Bode plots of the nominal bus and the bus with larger than nominal
� and � capacitances having length of 400 sections [(1,1) entries of transfer
function matrices].

Scenario 2, in addition to previous assumptions, treats the
case when the resistivity is larger by 15%. The main reason
for the resistivity uncertainty is that the metal used for inter-
connect is not a pure material, but a compound with the main
base of copper or aluminum. It is further surrounded by another
thin layer as the barrier layer. The overall resistivity is the av-
erage of all these materials. Further, as the wire size is scaled
down getting close to a metal grain size, the deposition process
itself becomes harder to control. That is another reason causing
a random variation of the resistivity. This uncertainty leads to
the increase of all three bus parasitic parameters.

Scenario 3 simulates the erosion illustrated by Fig. 3. This
uncertainty leads to the increase of and decrease of .

Figs. 9, 11, and 13 show the Bode plots of (1,1) entries of
the , , and , respectively, each accompanied
with (1,1) entry of the , where . It can be seen
that and introduce larger attenuation comparing
to . The same behavior is observed for all other diag-
onal entries of and that describe how the th entry
affects the th output of the bus. Further, Figs. 12 and 14 illus-
trate a typical characteristic of off-diagonal entries of
and . Namely, off-diagonal entries of and
experience larger crosstalk than . On the other hand,
Figs. 9 and 10 show that the transfer function matrix is
almost identical with the nominal . This can be under-
stood by noticing that the scenario 1 has opposite effects on the
parasitic parameters; although and are increased, is
decreased.

The previous analysis suggests that it is very important to take
into account the correlation of bus parameters when considering
the effect of the uncertainty on the bus performance. Also, it can
be seen that the resistivity can play a major role in defining the
bus performance subject to the uncertainty.

Further, we are going to deal with the 60-section-long bus,
and all transfer functions refer to that particular bus. To obtain
the transfer function matrices that correspond to discrete-time
domain, denoted by , , and (switching



Fig. 10. Bode plots of the nominal bus and the bus with larger than nominal
� and � capacitances having length of 400 sections [(1,2) entries of transfer
function matrices].

Fig. 11. Bode plots of the nominal bus and the bus with larger than nominal
resistivity � having length of 60 sections [(1,1) entries of transfer function ma-
trices].

from Laplace transform to transform), Tustin discretization of
the continuous-time transfer function matrices , ,
and , is carried out. The output of the system is sam-
pled with the sampling interval s. This sampling
interval has been chosen since from Fig. 11, it can be noticed
that attenuation of 10 dB is achieved between rad/s
and rad/s.

The frequency response matrix from is generated by
substituting with . When

, then , where is the Nyquist frequency.
Now, the uncertainty set is constructed in the following way.

To ensure that belongs to the uncertainty set , observe
that

Fig. 12. Bode plots of the nominal bus and the bus with larger than nom-
inal resistivity � having length of 60 sections [(1,2) entries of transfer function
matrices].

Fig. 13. Bode plots of the nominal bus and the bus subject to erosion having
length of 60 sections [(1,1) entries of transfer function matrices].

It is chosen that the size of the uncertainty set is equal
to for each frequency ,
thus to its lower bound, which represents the distance from the
nominal channel transfer matrix to the worst-case
matrix . Fig. 15 shows the frequency dependence
of the singular values of accompanied with the
size of uncertainty set . In fact, Fig. 15 depicts the
magnitudes of two transfer functions and
that correspond to the uncertainty sets constructed around

and , respectively. For all frequencies
demonstrating the larger distance from

to than from to .
The loss of achievable data rate due to the uncertainty can be
anticipated by observing that the achievable rate depends on
the difference between the singular values of and
the magnitude of the uncertainty set . The contribution
of each frequency to the achievable rate is measured by this



Fig. 14. Bode plots of the nominal bus and the bus subject to erosion having
length of 60 sections [(1,2) entries of transfer function matrices].

Fig. 15. Singular values of � and the sizes of uncertainty sets versus fre-
quency �.

difference. If for some frequency , the
contribution of this frequency is zero.

Fig. 16 shows the impulse responses of ,
and , which corre-

spond to the equivalent channel representation for ,
, and . A main observation is that the uncer-

tainty reduces the amplitude of the impulse response in the
vicinity of and broadens the impulse response for higher
values of . This affects the reliability of the transmission
in two ways: 1) due to the lower amplitude of the impulse
response in the vicinity of , the decision about the sent bit
at is more sensitive to the additive noise and 2) broaden
impulse response introduces larger inter-symbol interference
for subsequent bits making the decision regarding these bits less
reliable (see Fig. 2). Therefore, to improve the performance, a
communication technique for suppressing inter-symbol inter-
ference has to be employed.

Fig. 16. Impulse responses of the nominal and perturbed buses.

Fig. 17. Achievable rates for nominal bus and two CBs.

In Fig. 17, the achievable rates are plotted for the nominal
channel, and for the CBs when the worst-case channel matrices
are determined by and , respectively. The
noise PSD matrix is taken to be diagonal with diagonal
entries being equal and equal to 0.04 that make sense for the
power supply of 2 V. The plots reveal noticeable
reduction in the achievable rates when the uncertainty is de-
termined by the variation in the resistivity . For instance, for

17.85 dB, the achievable rate for the nominal channel
is bit/s, while for the based CB
is bit/s which corresponds to 15% loss. For

20 dB, the achievable rate for the nominal channel is
bit/s, while for the based CB is

bit/s corresponding to 23% loss.
Remark 6.1: The example reveals the weakness of universal

encoding approach. If only one universal code is to be used,
the price has to be paid in terms of the reduced achievable rate.
Another alternative approach for NOC advocated in [3] is the



Fig. 18. Notations and parameter definitions.

Fig. 19. Parameters of transfer functions.

use of feedback and automatic-repeat-request (ARQ) schemes.
However, this requires some kind of adaptivity of the encoding
procedure and complex decoding techniques since the channel
is not precisely known. Consequently, everything boils down
to what price one wishes to pay. Universal codes offer low
complexity but reduced achievable rate, while ARQ could give
higher achievable rate with increased complexity. At the end,
one might explore combinations of both techniques in addition
to manufacturing technology improvement to find an optimal
solution.

Remark 6.2: As pointed out in Section IV, (31) includes the
term describing the crosstalk noise. In Fig. 17, SNR is defined
as

(35)

where is primarily concerned with the thermal noise
and other noises which arise in electronic circuits excluding the
crosstalk noise. Thus, overall SNR will actually be smaller.

VII. ERROR CORRECTION CODES FOR CB

Consider the case of the bus consisting of 4 parallel inter-
connects which has been discussed earlier. The choice of error
correcting codes is constrained by a number of factors, fore-
most of which is the achievable data rate that upper bounds
the rate of the codes for achieving error free transmission over
the bus. For example, Fig. 17 suggests that between 12 and 14
dB, the achievable data rate is around bit/s. Here,
we are going to assume that this rate is equally divided to four
scalar error correcting codes, each operating on one line of the

bus. Actually, the encoders and decoders operate on the equiva-
lent channel shown in Fig. 6 which includes filters and .
Therefore, a code rate for each code should not be larger than

. One possible choice for the codes would be
a (63,7) Euclidian Geometry codes [30], whose code rate is

.
The choice of codes is also limited by complexity, delay and

power requirements, which often require the codes to have con-
flicting characteristics. For instance, codes with longer lengths
usually achieve better performance but at the cost of higher la-
tency and decoder complexity. In the following discussion, we
attempt to point out several examples of codes and decoders
with varied implementation complexities, which could be good
candidates for the CB.

For this high-speed application, it is generally suitable to
use codes of very small length to reduce latency and decoder
complexity. There exist numerous decoders that range from
very-low complexity to high complexity, whose performances
are usually proportional to their complexity. In general, de-
coders can be classified as low-complexity hard-decoders and
high-complexity soft-decoder. Among the simplest decoders
are one-step and multistep majority logic decoders (MLD)
[30], [31], which usually require only a few logic gates to
implement. These decoders are ideal candidates for extremely
high-speed applications that can be operated at 10–40 Gb/s,
though their performance pales in comparison to more sophis-
ticated decoding algorithms. Many well-known algebraic codes
like BCH, Reed–Muller codes and codes from finite geometries
can be decoded using such decoders [30]. The hardware cir-
cuitry for these codes consists of a set of multi-input XOR and
multi-input majority-logic gates. For example, a one-step MLD
for a (15,7) BCH code requires only four four-input XOR gates,
a four-input majority logic gate, and a 15-bit shift-register.
Multi-step MLD performs better than one-step MLD but are
marginally more complex. A two-step MLD for a (15,5) BCH
code requires only 36 four-input XOR gates, seven six-input
majority-logic gates, and a 15-bit shift register. There are many
low-rate very short codes that can be used with this class of
decoders.

Soft-decoders that make use of soft-values perform better
than hard-decoders by many orders of magnitude, but require
far more complex circuitry. Best performance for any code is
achieved by the optimal maximum a posteriori (MAP) decoder
[30]. Normally, it is impractical to implement this algorithm
for most codes. But it is possible to implement it for certain
very short codes. In [32], MAP decoder for a (8,4) Hamming
code is implemented on a 0.5 m CMOS technology with a de-
coder circuit size of 0.82 mm . Bit-rates at 2–10 Mb/s are sig-
nificantly lower than what is capable with hard-decoders. The
most important class of soft-decoders is the class of iterative
decoders, which are suboptimal, but of relatively lower com-
plexity than MAP decoders. Some of the best performances re-
ported so far are due to such decoders applied to a class of codes
called low-density parity-check (LDPC) codes. In [33], an it-
erative decoder for a (32,8) LDPC code is implemented on a
0.18 m CMOS technology requiring a core area of 0.57 mm
with a throughput of 6 Mb/s. For 65-nm CMOS technology, the



LDPC code implementation has 690 mW as power dissipation,
1 Gb/s as speed and 0.25 mm as the area based on values from
[34].

Finally, the overall complexity of the scheme also depends
on the encoder/decoder architecture over the bus lines. For
instance, the data through the bus lines may be transmitted by
independently encoding and decoding data in each bus line.
Alternately, a single stream of input data may be encoded and
transmitted by equally distributing over all four bus lines. Other
variations over this architecture are also possible. Again, the
type of architecture to be used is determined by the specific
system requirements.

VIII. CONCLUSION

New VLSI manufacturing processes inevitably introduce IC
interconnect variability. This paper considers several different
key issues such as: 1) modeling interconnect variability; 2)
measuring the variability effect on the interconnect perfor-
mance; and 3) proposing possible design solutions based on
the Information Theory concepts. We suggest frequency-do-
main variability modeling by using space norm. For this
model, the achievable data transmission rate is computed, and
encoding/decoding strategy is proposed that guarantees the
reliable transmission of information along the bus interconnects
regardless of their variability. We identified several problems
such as intersymbol interference and encoder/decoder com-
plexity that should be studied in the future research.

APPENDIX

To introduce the space and norm, we need the
notions of transfer function stability.

A transfer function is called stable if and only if all its
poles lie within the unit circle in the complex plain. If
is a matrix transfer function, is stable if and only if all its
entries are stable [26].

The space is the set of all stable transfer function
matrices.

The norm of the system given by the matrix
is computed as

(36)

where denotes the maximum singular value of the
matrix . In the case of the scalar , (36) reduces to

(37)

i.e., to the peak of the magnitude of the Bode plot of .
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