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Abstract 

 

In this study, a comparison of experimental and computational results for the 

Richtmyer-Meshkov instability in a shock tube at the University of Arizona with a 

diffuse interface is carried out. Two turbulence models, the K-L-a and K-L-a-V 

models, are used to obtain the computational data using 1D simulations. The models 

are optimized for a new set of membraneless experiments performed in the 

University of Arizona vertical shock tube. The varied parameters are 𝐿0, the initial 

turbulent length scale, and 𝛼𝑏, the Rayleigh-Taylor bubble growth parameter. One 

parameter, the Richtmyer-Meshkov growth exponent 𝜃, was adjusted from a value of 

0.25 to 0.5 to match the experimental setup. The experiments used to calibrate these 

models used membranes to initially separate the two gases in the shock tube. The 

presence of a membrane affects the development of the fluid instability and 

turbulence. However, the model has an option to model a diffuse interface. It was 

therefore desired to determine if this model can accurately model the membraneless 

experiments by utilizing this diffuse interface modeling. 

 Many different optimization parameter pairs were tested and the goodness of 

fit to the experimental data was calculated. The diagnostic metrics used to evaluate 

the goodness of fit were the width of the turbulent mixing region and the turbulent 

kinetic energy (TKE) over time. Experimental data with both high and low 

amplitude initial perturbations were used. The best fits for each of these metrics are 

presented. It was found that the parameters that provided the best fits for these 

experiments did not match the model defaults. When 𝛼𝑏 is not changed from its 

default value of 0.06, it was found that the model fits the data well before reshock, 

but overpredicts the post-reshock growth of both mixed width and TKE. Better fits 

were found when 𝛼𝑏 was able to vary over a range of [0.02,0.06] and 𝐿0 was varied 

as well. For the best fits, the values of 𝛼𝑏 were not the same for the high and low 

amplitude cases. The best fit values of 𝛼𝑏 did agree when comparing mixed width 

and TKE in the high amplitude case, but not for the low amplitude case. A value of 

𝛼𝑏 = 0.025 was found to work for all metrics fairly well. Although this did not 
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provide the best fit overall, it did provide a reasonable fit for both the low and high 

amplitude cases. It should be, however, expected that there is a relationship between 

𝛼𝑏 and the amplitude of the initial perturbation.  
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1. Introduction 

 

1.1.  Rayleigh-Taylor and Richtmyer-Meshkov Instabilities 

The mixing of fluids is an important phenomenon that occurs in nature. Therefore, it 

is important to understand the physics of fluid mixing and the resulting instabilities 

when they occur in different engineering and scientific applications. Fluid mixing 

can occur in a variety of ways. For example, when two fluids of different densities 

are separated by an interface under constant acceleration, such as from gravity, such 

that the denser fluid lies above the lighter fluid. The buoyancy forces that arise will 

cause the heavy fluid to fall and the lighter fluid to rise, resulting in fluid mixing. 

These are the conditions of the Rayleigh-Taylor instability (RTI). This phenomenon 

was first described in 1883 by the British scientist Lord Rayleigh [1] and G.I. Taylor 

later continued the work on this instability in 1950 [2]. 

Along the interface of the two fluids, vorticity is produced by the baroclinic 

torque resulting from the interaction of the density gradient at the interface with a 

hydrostatic pressure gradient due to gravity. The three-dimensional vorticity 

equation governs the production and development of vorticity: 

Dω

Dt
=

∂�⃑⃑⃑� 

∂𝑡
+ (�⃑� ∙ ∇⃑⃑ )ω⃑⃑ =

1

ρ2 ∇⃑⃑ ρ × ∇⃑⃑ p + (ω⃑⃑ ∙ ∇⃑⃑ )u⃑ − ω⃑⃑ (∇⃑⃑ ∙ u⃑ ) + ∇ × (
∇∙𝜎

ρ
) + ∇ × (

ψ

ρ
)   (1.1) 

In this equation is the vorticity field �⃑⃑� = ∇ × �⃑� ,  the velocity field �̅�, the fluid 

density 𝜌, the pressure 𝑝, time 𝑡, the viscous stress tensor 𝜎𝑖𝑗, and the body force 𝜓. 

There are several contributions to vorticity in this equation. The baroclinic torque 

production term, 
1

ρ2 ∇⃑⃑ ρ × ∇⃑⃑ p, relates how the misalignment of the pressure and 

density gradients leads to production of vorticity. This misalignment is a very 

important part of the physics, and it is the main mechanism by which vorticity is 

produced. This misalignment is introduced through an initial perturbation at the 

interface of the two fluids. The vortex stretching term, (ω⃑⃑ ∙ ∇⃑⃑ )u⃑ − ω⃑⃑ (∇⃑⃑ ∙ u⃑ ), produces 

vorticity when the vorticity field and velocity gradients are not perpendicular. The 
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vortex compression term, ∇ × (
∇∙𝜎

ρ
), is the contribution to vorticity from the effects of 

compressibility of the fluids. The last term, the body force term, ∇ × (
ψ

ρ
), shows the 

contribution to vorticity from the body forces acting on the fluids. 

Richtmyer-Meshkov instability (RMI) is related to RTI, but instead of a 

constant acceleration, the mixing is caused by an impulsive acceleration, such as that 

caused by a shock wave. RMI was predicted by the American physicist Robert D. 

Richtmyer in 1960 [3]. Later, in 1969, this instability was confirmed experimentally 

by E. E. Meshkov [4]. A notable difference from RTI is that, in the absence of a large 

stabilizing body force, RMI will continue to grow, regardless of the direction of the 

acceleration (heavy to light or vice versa). This is in contrast to RTI, which will only 

grow when the acceleration is from the heavy to light fluid, which is the unstable 

direction. This difference is important because in many cases the shock wave can be 

reflected back and cause a second shock to interact with the mixing layer, causing 

additional growth and mixing. This is often referred to as reshock, and is important 

in shock tube experiments, as well as in several applications of RMI. An illustration 

of the effects of the shock wave in RMI is seen in Figure 1.1. Across the shock wave, 

there is a change in pressure, and across the interface of the two fluids, there is a 

change in density. When the shock wave passes through the initially perturbed 

interface, the misalignment of the pressure and density gradient vectors creates 

motion in the fluid, and vorticity is deposited along the interface. The initial 

perturbation is very important to the development of the fluid motion, as a perfectly 

flat interface will not produce aligned pressure and density gradients and thus no 

vorticity. 

 



18 

 

 

Figure 1.1: An illustration of the Richtmyer-Meshkov instability and the effects of 

the shock wave on the interface. 

A characteristic of RMI is the development of mushroom-shaped structures at 

the interface. A series of images demonstrating the development of these structures , 

obtained by Collins and Jacobs [5], is shown in Figure 1.2. As the light fluid 

penetrates into the heavy fluid, one can see it create “bubble” structures, while the 

heavy fluid creates “spikes” as it penetrates into the light fluid. 

 

Figure 1.2: PLIF images taken by Collins and Jacobs [5] showing the development of 

RMI over time. The light fluid on top is shown in blue and the heavy fluid on bottom 

is shown in red. The shock wave is coming from the top. 
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As time progresses, these coherent structures continue to grow and eventually 

break down due to secondary Kelvin-Helmholtz instability, forming smaller scale 

structures. One important factor in the development of this instability is the density 

of the two fluids involved. This density difference is characterized by the 

dimensionless Atwood number 

𝐴 =
ρ1−ρ2

ρ1+ρ2
       (1.2) 

where 𝜌1 is the density of the heavier fluid and 𝜌2 is the density of the lighter fluid. A 

larger value of 𝐴 will result in a larger instability, as the penetration distance of the 

heavy fluid into the light is observed to grow with 𝐴 [6]. In addition to the Atwood 

number, the initial conditions in general have a significant effect on the growth of the 

mixing layer [7]. The equation describing the height of the bubble is 

ℎ𝑏 = 𝛼𝑏𝐴𝑔𝑡2       (1.3) 

where 𝛼𝑏 is the dimensionless RTI bubble growth parameter and is a measure of the 

growth of the bubble structure at the interface of the two fluids [8]. 

For the Richtmyer-Meshkov instability, the rate of growth is given by the non-

dimensional exponent 𝜃. The theoretical limit of this growth exponent is 𝜃 =
2

3
 [7], 

which would occur when the Atwood number is small (i.e., a Boussinesq fluid, 

where the density differences can be neglected when describing the dynamics, except 

from the contribution from gravity) and there is no energy dissipation to reduce the 

growth. Many factors can affect the rate of this growth, such as the initial conditions. 

In addition, the growth exponent of the bubble and spike structures is not always the 

same, and the Atwood number also has an effect on these growth exponents. The 

approximate relationship between these values was found experimentally by 

Dimonte and Schneider [9] as 

𝜃𝑠 = 𝜃𝑏 (
1+𝐴

1−𝐴
)
0.21± 0.05

= 𝜃𝑏 (
𝜌2

𝜌1
)
0.21±0.05

,  for 0.15 ≤ 𝐴 ≤ 0.96   (1.4) 

where 𝜃𝑏 = 0.25 ± 0.05. The observation of two different growth rates implies a 

nonlinear nature for the development of this instability. 
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These fluid instabilities can be found in a variety of technological applications 

and in nature [10]. One such example where RTI can be observed is in clouds, as 

shown in Figure 1.3. Here, the characteristic mushroom-shaped structures can be 

seen as the denser water-laden air moves into the lighter air which surrounds the 

cloud. 

 

Figure 1.3: Cirrus clouds showing RTI in the mushroom structures on the bottom 
side (Source: [10], photograph by Prof. David Jewitt, UCLA). 

Richtmyer-Meshkov instability can be seen in nature in places such as 

nebulae. The Crab Nebula (shown in Figure 1.4) is a fine example of RMI, as well as 

other related fluid instabilities, in action. RMI can be observed in the filament 

structures throughout the nebula, which are the result of the mixing of different 

stellar gases. 



21 

 

 

Figure 1.4  An image of the Crab Nebula from the Hubble Space Telescope. Source: 

http://www.nasa.gov/sites/default/files/images/430453main_crabmosaic_hst_big_
full.jpg. 

One area of application where understanding RMI is important is the attempt 

to create a sustainable fusion reaction [10]. At the Lawrence Livermore National 

laboratory, the National Ignition Facility (NIF) runs inertial confinement fusion 

(ICF) experiments using the indirect-drive method [11]. In these experiments, a test 

capsule is used which has a fuel pellet with an ablative coating suspended inside. The 

fuel pellet contains a deuterium/tritium (DT) mixture of fuel, with DT gas in the 

center. A schematic is shown in Figure 1.5. An array of lasers illuminate the interior 

surface of the hohlraum chamber. The gold surface of the hohlraum then emits x-

rays which impinge upon and ablate the surface of the fuel pellet, which causes the 

ablating gases to expand outward while also creating an inward pressure. The inward 

pressure causes the implosion of the pellet, where a hotspot forms, surrounded by the 

denser fuel, in the center of the pellet. This can potentially lead to the ignition of a 

fusion reaction. However, ignition has not yet been reached in NIF and many 

challenges remain.  

One of the many challenges that remain unresolved in ICF is to overcome the 

energy loss resulting from the mixing of the fuel with the shell material. Richtmyer-
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Meshkov instability is one of the main causes of this mixing due to the presence of 

incident (from the laser radiation) and reflected (from the center of the capsule) shock 

waves. Also, during the implosion process, RTI can result from the deceleration of 

the interfaces as they approach the capsule center. Due to difficulties such as these, 

ICF experiments have not yet achieved net-positive energy generation. Better 

understanding of these instabilities would allow for reducing the loss of energy and 

thus improve the prospects of reaching net-positive energy production. Of course, 

this is just one aspect of the physics that requires better understanding, but each step 

forward brings one closer to the goal. 

 

 

Figure 1.5: Schematics showing two setups for inertial confinement fusion. On the 

left is pictured the indirect-drive method, which utilizes a hohlraum to reflect the 

laser beams as x-rays. On the right is pictured the direct drive method, where the 

lasers ablate the surface directly (Image source: [12]). 
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1.2. Previous Work and Motivations 

Research into RMI and RTI is an ongoing endeavor that encompasses theoretical, 

computational, and experimental approaches. Each of these approaches have their 

advantages and disadvantages, and all are needed in order to obtain better 

understanding of the fluid physics. The experimental approach for studying RMI 

often involves the use a shock tube. This is an experimental apparatus where the 

interface between two gases is impacted by a shock wave. The shock wave is formed 

by pressurizing a chamber, often sealed by a diaphragm, and then puncturing the 

diaphragm, so that the resulting pressure difference causes its formation. The shock 

wave then travels down the shock tube towards the interface of the two fluids being 

tested. Creating the interface separating the two gases is one area of difficulty in the 

experimental setup. Until the shock impacts the gases, they must remain separated. 

In addition, an initial perturbation needs to be imposed on this interface. There is 

more than one way to create this fluid interface, and different groups have utilized 

different methods. 

Experimental investigations of RMI using shock tubes were first performed by 

Meshkov in 1969 [4]. In these experiments, a membrane was used to separate the 

two gases in the shock tube and form the interface. Since then, work in this area has 

continued. A notable set of RMI experiments, also using a membrane to create the 

interface, was performed in the 1990s by Vetter and Sturtevant [13] using air and 

SF6. Schlieren photography was used to photograph the interface of the two gases 

where RMI occurred. From these photographs, measurements of the growth of the 

mixing layer width of the turbulent mixing zone (TMZ) were obtained. 

Another experimental study that used the membrane-separation technique is 

more recent and was performed by Leinov et al. [14] in which they studied RMI with 

shock Mach numbers in the range of 1.15 to 1.45. They also used schlieren and 

obtained plots of the growth of the mixing layer width over time and compared their 

results to those predicted by computational models.  
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The experiments of Vetter and Sturtevant and Leinov et al. have been used to 

inform the development of computational models, including the ones used in this 

study. Morgan and Wickett have used the K-L-a model (see section 2.2) to model 

these experiemtns [15]. It should be noted that the Vetter and Sturtevant experiments 

used a sharp interface, but Morgan and Wickett modeled the interface as a diffuse 

interface. Additionally, it is important to note that these experiments are only a small 

sampling of RMI experiments and there are many other studies that utilize other 

experimental techniques. One notable difference in experimental setup involves the 

state of the interface. The Vetter-Sturtevant and Leinov et al. experiments both used 

a membrane to separate the interface of the two gases, but other experimental studies 

have created a membrane-free interface. 

At the University of Arizona (UArizona), the team led by Dr. Jeffrey Jacobs 

uses a shock tube that has a diffuse interface. Other groups that use a diffuse interface 

include the teams led by Ricardo Bonazza at the University of Wisconsin, Devesh 

Rajan at Georgia Tech, and Kathy Prestridge at LANL. In the UArizona shock tube, 

the membraneless interface is created by holes in the test section which allow the two 

gases to escape and create a location where the interface can form. The gases are 

then flowed from opposite directions, with air coming from the top, entering below 

the diaphragm, and SF6 entering the bottom of the test section. 

Recently, Sewell conducted experiments in the UArizona shock tube [16]. A 

diagram showing the setup of these experiments is given by Figure 1.6. The shock 

Mach number was M=1.177. The gases used were air and SF6, which have a pre-

reshock Atwood number 𝐴 = 0.67. Both low and high amplitude initial 

perturbations were used in these experiments. The primary diagnostic for extracting 

data from the flow was Particle Image Velocimetry (PIV). The data collected 

included the evolution of both mixed width and turbulent kinetic energy (TKE) over 

time. Additionally, the RMI growth exponent, 𝜃, was calculated to be 𝜃 ≈ 0.5.  



25 

 

 

Figure 1.6: Diagram showing the UArizona shock tube used by Sewell [16]. 

 

The difference in methods for forming the interface in RMI experiments is an 

important factor in understanding the results. The membrane has a definite effect on 

the evolution of the experiment, and these types of experiments produce lower 

growth than membraneless experiments do [17] [18]. The membrane experiments 

lack short-wavelength components of the initial perturbation. Membraneless 

experiments, due to the ability to have a diffuse interface and the lack of a supporting 

grid that reduces the presence of longer wavelengths, potentially result in initial 

perturbations having longer wavelength components resulting in broader bandwidth 

[19].  

On the computational front, there has been much work done on turbulence 

modeling. Two families of models presently used in the study of RMI are the K-L 

model and the K-𝜖 model. The models used in this study are based on the K-L model 

which has been in development and use for some time. In this model, the first 

transport equation calculates, K, the kinetic energy per unit mass and the second 

calculates, L, the turbulent eddy length scale. Rotta [20] is attributed with developing 

the length scale equation used in the development of this model. The K-L model has 
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been applied to many different situations, including modeling ICF experiments and 

other applications of RTI and RMI.  

The K-L model has been applied to ICF experiments because the L profile can be 

related to the initial interface perturbation, directly corresponding to the surface 

roughness of the ICF capsule [21]. The K-L turbulence model was developed by 

Dimonte and Tipton [8]. This model is built upon the standard K-L model and the 

buoyancy-drag model for RTI and RMI and, as such, it has terms that describe 

buoyancy and drag, as well as turbulent transport. It utilizes self-similarity and, for 

complex flows, is solved numerically using an arbitrary Lagrangian-Eulerian (ALE) 

code. It has number of unknown coefficients, which are determined by experimental 

data and analytical and numerical solutions. 

Another relevant turbulence model is the K-𝜖 model. This model utilizes the 

turbulent kinetic energy, K, and the dissipation rate of TKE, 𝜖, as a basis for 

calculating the length and time scales [21]. K-𝜖 models have also been improved and 

multi-component RANS K-𝜖 models have been used to simulate RMI mixing [22]. 

These have shown good agreement with experiment.  

At Lawrence Livermore National Laboratory, the ALE hydrodynamic code 

ARES implements the K-L-a, K-L-a-V, and other models to study RTI, RMI, and 

other instabilities.  Recently, an option to enable the simulation of a diffuse initial 

interface in ARES was added. This allows the comparison and simulation of a wider 

variety of experiments and configurations. 

The K-L-a and K-L-a-V models implemented in ARES used the membrane-based 

experiments, such as those performed by Vetter-Sturtevant and Leinov et al., to 

calibrate their parameters, but it is important to also take the membraneless 

experiments into account. Some computational models have been applied to these 

experiments. Schilling, Latini, and Don [23] [24] have applied the weighted 

essentially nonoscillatory (WENO) method to the experiments by Collins and Jacobs 

[5] to investigate the physics of reshock and mixing. 
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The goal of this study is to compare the K-L-a and K-L-a-V models and apply 

them to the conditions of the experiments conducted at the University of Arizona 

with the diffuse initial interface option enabled. This study attempts to fit these two 

models to the experiments of Sewell [16] by changing and optimizing a few of the 

parameters. These models and the optimization parameters that are adjusted are 

discussed in the next section. 
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2. Computational Model and Optimization Methodology 

 

2.1.  Model Introduction and Background 

The two computational models used in this study are two 1-D turbulence models 

designed specifically for predicting Rayleigh-Taylor and Richtmyer-Meshkov 

instabilities. They are stated as being Reynolds-averaged Navier-Stokes (RANS) 

models, but this is technically not true, as the molecular viscosity and diffusion terms 

are omitted. The two models are extensions of a more basic model, the K-L model 

[8]. The present study uses the K-L-a model [15] and K-L-a-V model [25]. These 

models both operate using a self-similarity simplification.  

In the following equations, variables with an overbar denote a Reynolds average 

of that variable, while a tilde above denotes mass-weighted (Favre) average.  For a 

given variable, these averaging techniques can be related using the expression 

𝑓 = 𝑓̅ + 𝑓′ = 𝑓 + 𝑓′′,       (2.1) 

where the Reynolds average is the integrated time average over a time period 𝑇, 

𝑓̅ =
1

𝑇
∫ 𝑓(𝑡)𝑑𝑡

𝑇

0
,        (2.2) 

the Favre average is the integrated mass average over a time period 𝑇, 

𝑓 =
∫ 𝜌(𝑡)𝑓(𝑡)𝑑𝑡

𝑇

0

∫ 𝜌(𝑡)𝑑𝑡
𝑇

0

.        (2.3) 

The two averaging methods can be related using the following expression: 

𝑓 =
𝜌𝑓̅̅ ̅̅

�̅�
.         (2.4) 

The Reynolds and Favre fluctuating components are f ′ and f ′′, respectively. 
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2.2. The K-L-a Model 

The K-L-a model (called model 5 in ARES) was developed using the compressible 

fluid dynamics equations for a multicomponent, nonreactive gas mixture [15]. It 

adds a third equation to the K-L model which calculates the transport of turbulent 

mass flux, 𝑎𝑗 given by the transport equation: 

�̅�
𝐷𝑎𝑗

𝐷𝑡
= 𝐶𝐵

2𝑏
𝜕�̅�

𝜕𝑥𝑗
+ 𝜏𝑖𝑗

𝜕�̅�

𝜕𝑥𝑖
− 𝐶𝑎�̅�𝑎𝑗

(2𝐾)
1
2

𝐿
+

𝜕

𝜕𝑥𝑖
(

𝜇𝑡

𝑁𝑎

𝜕𝑎𝑗

𝜕𝑥𝑖
)   (2.5) 

 

which must be solved along with 

 

𝐷𝜌

𝐷𝑡
= −𝜌

𝜕�̃�𝑖

𝜕𝑥𝑖
           (2.6) 

𝜌
𝐷�̃�𝛼

𝐷𝑡
=

𝜕

𝜕𝑥𝑖
(

𝜇𝑡

𝑁𝑌

𝜕�̃�𝛼

𝜕𝑥𝑖
)          (2.7) 

�̅�
𝐷�̃�𝑗

𝐷𝑡
= �̅�𝑔𝑗  −

𝜕�̅�

𝜕𝑥𝑗
+

𝜕

𝜕𝑥𝑖
(�̅�𝜏𝑖𝑗)        (2.8) 

�̅�
𝐷�̃�

𝐷𝑡
= −𝑎𝑖

𝜕�̅�

𝜕𝑥𝑖 
− �̅�

𝜕�̃�𝑖

𝜕𝑥𝑖
+ 𝐶𝐷

�̅�(2𝐾)
3
2

𝐿
+

𝜕

𝜕𝑥𝑖
(

𝜇𝑡

𝑁𝑒

𝜕�̃�

𝜕𝑥𝑖
)     (2.9) 

�̅�
𝐷𝐾

𝐷𝑡
= 𝑎𝑖

𝜕�̅�

𝜕𝑥𝑖
+ �̅�𝜏𝑖𝑗

𝜕�̃�𝑖

𝜕𝑥𝑗
− 𝐶𝐷

�̅�(2𝐾)
3
2

𝐿
+

𝜕

𝜕𝑥𝑖
(

𝜇𝑡

𝑁𝑘

𝜕𝐾

𝜕𝑥𝑖
)    (2.10) 

�̅�
𝐷𝐿

𝐷𝑡
=

1

3
�̅�𝐿

𝜕�̃�𝑖

𝜕𝑥𝑖
+ 𝐶𝐿�̅�√2𝐾 +

𝜕

𝜕𝑥𝑖
(

𝜇𝑡

𝑁𝐿

𝜕𝐿

𝜕𝑥𝑖
)     (2.11) 

 

to obtain the model solution, where 

 

𝐷

𝐷𝑡
≡

𝜕

𝜕𝑡
+ �̃�𝑖

𝜕

𝜕𝑥𝑖
          (2.12) 

�̅�𝐾 ≡
1

2
 𝜌𝑢𝑖

′′𝑢𝑖
′′̅̅ ̅̅ ̅̅ ̅̅ ̅         (2.13) 
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�̅�𝜏𝑖𝑗 ≡ −𝜌𝑢𝑖
′′𝑢𝑗

′′̅̅ ̅̅ ̅̅ ̅̅ ̅ = 𝐶𝑑𝑒𝑣(2𝜇𝑡𝑆�̅�𝑗) −
2

3
�̅�𝐾𝛿𝑖𝑗      (2.14) 

𝑎𝑖 ≡ −𝑢𝑖
′′̅̅̅̅           (2.15) 

𝑏 ≡ −𝜌′ (
1

𝜌
) ′

̅̅ ̅̅ ̅̅ ̅̅ ̅
         (2.16) 

𝜇𝑡 = 𝐶𝜇�̅�𝐿√2𝐾         (2.17) 

𝑏 = �̅� (
∑

𝑉𝛼
𝜌𝛼+𝑐�̅�𝛼

∑
𝑉𝛼𝜌𝛼
𝜌𝛼+𝑐�̅�𝑎

) − 1        (2.18) 

𝑆�̅�𝑗 =
1

2
(
𝜕�̃�𝑖

𝜕𝑥𝑗
+

𝜕�̃�𝑗

𝜕𝑥𝑖
) −

1

3

𝜕�̃�𝑘

𝜕𝑥𝑘
 𝛿𝑖𝑗       (2.19) 

 

There are many coefficients in these equations and what follows is their 

description as given in Morgan and Wickett [15]. In these equations, L is the 

turbulence length scale, 𝜇𝑡 is the turbulent dynamic viscosity, 𝑡 is time, 𝑥𝑖 is the 

spatial dimension vector, 𝑔𝑖 is the gravitational acceleration vector, 𝑝 is the static 

pressure, 𝑒 is the specific internal energy, 𝑌𝛼 is the scalar mass fraction of component 

𝛼, 𝐾 is the turbulent kinetic energy, 𝜌𝛼 are the component partial densities, and 𝑉𝛼 

are the component volume fractions. There are also several model coefficients set 

through similarity analysis, where the scalar equation has a solution of the form 

𝑌(𝑥, 𝑡) = 0.5[1 − 𝑥/ℎ(𝑡)] and the energy equation has a solution of the form 

𝑒(𝑥, 𝑡) = 𝑒0 + 𝑒1𝑓(𝑥, 𝑡). The model constants are 𝐶𝜇, 𝐶𝑎, 𝐶𝐵, 𝐶𝐷, 𝐶𝐿, 𝑁𝑎, 𝑁𝑒, 𝑁𝑘, 𝑁𝐿, 

𝑁𝑌, and 𝑐.  Additionally, 𝐶𝑑𝑒𝑣 is a multiplier on the deviatoric component of the 

Reynolds stress tensor, and 𝑛 is a decay constant. The equations relating these model 

constants are 

𝑛 =
2𝐶𝐷

𝐶𝐿+𝐶𝐷
          (2.20) 

𝑁𝑒 = 2𝑁𝐿            (2.21) 

𝐸𝑘

𝛥𝑃𝐸
=

8𝑁𝐾𝛼𝑏

𝐶𝐿𝐶𝜇
          (2.22) 

𝑏 =
𝐴2

𝑎−𝐴2
𝑓          (2.23) 
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𝐶𝐵 =
4𝛼𝑏(1+2

𝐶𝐷
𝐶𝑙

)

√
𝐶𝜇𝐶𝐿
𝑁𝑘

 
         (2.24) 

𝐶𝐷

𝐶𝐿
=

2−3𝜃

4𝜃
          (2.25) 

In this model, there are several coefficients that are constrained by default. 

The two parameters that are most important to the current study are the RTI bubble 

growth parameter, αb, and the RMI growth exponent, θ. The default values for these 

are αb = 0.06 and θ = 0.25. The other parameters are determined using self-

similarity. Using equations 2.24 and 2.25, an equation for 𝛼𝑏 and 𝜃 can be derived: 

𝛼𝑏 =
𝐶𝐵

4(1+2
2−3𝜃

4𝜃
)
 √

𝐶𝜇𝐶𝐿

𝑁𝐾
        (2.26) 

To validate the model, it was compared against the experimental data from 

Vetter-Sturtevant [13] and Leinov et al. [14] that were discussed earlier. In Figure 

2.1, three plots showing a comparison done by Morgan and Wickett [15] between the 

K-L-a model and these experiments are shown. 

 

 

Figure 2.1: Plots showing the mixed width of the model calculated for three different 

shock tube experiments. The model is shown by the solid line and the experimental 

data points are given by the dots. The corresponding experiments are: (a) Leinov et 

al. experiment 1570, test section = 23.5 cm, (b) Vetter-Sturtevant experiment 85, Test 

section = 60 cm, (c) Vetter-Sturtevant experiment 87, Test section = 49 cm. (Source: 

Figure 4 from [15].) 
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2.3. The K-L-a-V Model 

 The K-L-a-V model [25] (called model 8 in ARES) builds on the K-L-a model 

by adding a fourth equation for the transport of the variance of the mass fraction of a 

given gas species α, which is denoted by 𝑉α = 𝑌α
′′𝑌α

′′̃ . This is given by 

�̅�
𝐷𝑉𝛼

𝐷𝑡
= 𝐶𝑉1𝜇𝑡

𝜕�̃�𝛼

𝜕𝑥𝑖
 
𝜕�̃�𝛼

𝜕𝑥𝑖
− 𝐶𝑉2�̅�

√2𝑘

𝐿
𝑉𝛼 +

𝜕

𝜕𝑥𝑖
(

𝜇𝑡

𝑁𝑉

𝜕𝑉𝛼

𝜕𝑥𝑖
).    (2.27) 

 

As this model is an extension of the K-L-a model, some of the model equations are 

similar, but there are differences. The following equations, along with the above 

transport equation, describe the model: 

𝐷𝜌

𝐷𝑡
= −𝜌

𝜕�̃�𝑖 

𝜕𝑥𝑖
           (2.28) 

𝜌
𝐷�̃�𝛼

𝐷𝑡
=

𝜕

𝜕𝑥𝑖
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𝜇𝑡

𝑁𝑌

𝜕�̃�𝛼

𝜕𝑥𝑖
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�̅�
𝐷�̃�𝑗

𝐷𝑡
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𝜕�̅�
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There are several model coefficients set through similarity analysis, which are 𝐶𝜇, 𝐶𝑎, 

𝐶𝑏, 𝐶𝐵, 𝐶𝐷, 𝐶𝐿1, 𝐶𝐿2, 𝐶𝑉1, 𝐶𝑉2, 𝑁𝑎, 𝑁𝑒, 𝑁𝑘, 𝑁𝐿, 𝑁𝑉, 𝑁𝑌, and 𝐶𝑑𝑒𝑣. One advantage the 

K-L-a-V model has over the K-L-a model is that it results in a significant reduction in 

error when comparing with LES simulations for a reacting RT mixing layer [25].  
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2.4. Optimization and Comparison Parameters 

In the K-L-a and K-L-a-V models, there are many adjustable coefficients and 

parameters. In this study, the main parameters that were used to optimize the model 

are 𝛼𝑏, 𝐿0, and 𝜃. 𝛼𝑏 is the Rayleigh Taylor growth parameter and is a measure of 

the growth of the “bubble” structure at the interface of the two gases. 𝐿0 is the initial 

turbulent length scale, and 𝜃 is the Richtmyer-Meshkov growth exponent. Although 

𝐿0 has units of length, it is non-physical, and is used as a tuning parameter for the 

model. 

In the present study, one important change that was made over the previous 

study by Morgan and Wickett [15] was that the value of 𝜃 was changed from 0.25 to 

0.5 in order to more accurately model the experiments that were being compared 

against here, because the calculation of 𝜃 for the experimental data in the shock tube 

was found to be approximately 0.5 [16].  

In order to compare the experimental and computational data, there must be 

a quantity that is easily obtainable in both. In the previous study by Morgan and 

Wickett [15], the mixed width was used to compare the experimental and 

computational results. Mixed width is the distance along the shock tube axis defining 

the extent where the two fluids mix. In the present study, the mixed width diagnostic 

is also used. However, it was desired to have additional ways to compare the two 

sets of results. The Sewell data set included data of both the mixed width and 

turbulent kinetic energy (TKE) over time [16]. TKE is the fluid kinetic energy 

generated by the turbulent mixing of the two fluids. As TKE is an important 

characteristic of the flow, it is a very good quantity for a model to be able to predict, 

so that is why it was also added as a comparison quantity in this study. The way in 

which these comparison metrics are obtained is described in section 3.2. 

The effects of changing the optimization parameters vary, with some of the 

parameters having a greater effect than others. Several sensitivity studies were 

performed on the optimization parameters and they were compared to the 

experimental data with both low and high amplitude initial perturbations. 
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Figure 2.2: Plot of the sensitivity study of αb on mixed width. 

 

Figure 2.3: Plot of the sensitivity study of αb on TKE. 

 

The first parameter tested in the sensitivity study was the RTI growth 

parameter, 𝛼𝑏. For the mixed width, shown in Figure 2.2, 𝛼𝑏 has a significant effect 

on the computed results, both in the pre- and post-reshock regions. As 𝛼𝑏 increases, 
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the growth of the computed mixed width over time increases. In the TKE plot, 

shown in Figure 2.3, there is a similar effect in that increasing 𝛼𝑏 results in increased 

computed TKE. In both plots, the greatest effect occurs in the development after 

reshock. 

 

Figure 2.4: Plot of the sensitivity study of 𝐿0 on mixed width. 

  

Figure 2.5: Plot of the sensitivity study of 𝐿0 on TKE. 
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The next parameter tested was 𝐿0. The mixed width comparison is shown in 

Figure 2.4 and the TKE comparison is shown in Figure 2.5. With everything else 

held constant, 𝐿0 does influence the results, although this effect is not nearly as 

significant as 𝛼𝑏 over the same range of [0.02,0.06].  

 

 

Figure 2.6: Plot of the sensitivity study of 𝜃 on mixed width. 
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Figure 2.7: Plot of the sensitivity study of 𝜃 on TKE. 

 

The next parameter that was tested was 𝜃, which is the RM growth exponent. 

In the mixed width plot shown in Figure 2.6, increasing 𝜃 has a significant effect on 

both pre- and post-reshock behavior. The pre-reshock growth becomes steeper with 

increasing 𝜃. After reshock, 𝜃 affects the amount of curvature of the growth, with 

higher 𝜃 becoming increasingly more linear.  

In the TKE plot shown in Figure 2.7, 𝜃 has a significant effect on the decay of 

TKE after the first shock, with a higher 𝜃 resulting in larger TKE values prior to 

reshock. Once reshock occurs, larger 𝜃 values cause a smaller initial increase in TKE 

and a smaller decay. The lowest 𝜃 shows a large peak followed by a steep decay. One 

interesting occurrence to note is that there is a change in the post-reshock behavior of 

TKE between 𝜃 = 0.55 and 𝜃 = 0.6. The trend of increasing final TKE magnitude 

with increasing 𝜃 no longer occurs when 𝜃 = 0.6, and the final TKE magnitude is 

less than that of 𝜃 = 0.55. This may be because 𝜃 = 0.6 is very close to the 𝜃 = 2 3⁄  

limit. This is significant because 𝜃 = 2 3⁄  implies no dissipation, making TKE 

constant. A value greater than 2 3⁄ , implies that TKE is growing, which is 

unrealistic.   
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There are some other parameters in the model that can be varied, but their 

effects are not as important as the other parameters. One of these additional 

parameters that was examined was the RTI energetics ratio, or as it is called in the 

code, energy ratio. This is a measure of the fraction of potential energy that is 

converted to kinetic energy and is given by equation 2.22. 

   

 

Figure 2.8: Plot of the sensitivity study of the energetics ratio on mixed width. 
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Figure 2.9: Plot of the sensitivity study of the energetics ratio on TKE. 

 

Figures 2.8 and 2.9 show the effect of changing the energy ratio. From these 

two plots, one can conclude that the energy ratio parameter does not have a large 

effect on the results from the model simulations. There does not seem to be any large 

noticeable effect on pre-reshock TKE. 

In the model, there is a pair of parameters that two different studies have used 

different values for. The first study was that of Dimonte and Tipton [8] and the 

second is that of Morgan and Greenough [26]. The parameters are the viscosity term 

model constant 𝐶𝜇, and the dissipation term model constant 𝑑𝑡, which is the 

parameter in ARES that adjusts the dissipation of TKE into internal energy.  

According to Morgan and Wickett [15], 𝐶𝜇 is a free parameter in the model when the 

deviatoric stress tensor is not included, which means 𝐶𝑑𝑒𝑣=0, and the scaling is 

accounted for by the diffusion constants in the model.  

Dimonte and Tipton set the coefficients as 𝐶𝜇 = 1 [8] (so 𝐶𝜇√2 = 0.1.414)  

and 𝑑𝑡 = 3.5. The values used by  Morgan-Greenough (also used by Morgan and 

Wickett) were adjusted to allow for future studies to include the deviatoric stress 
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tensor, in which case 𝐶𝑑𝑒𝑣 ≠ 0. The Morgan-Grrenough values are 𝐶𝜇√2 = 0.288 

and 𝑑𝑡 = 1. The effect of changing the coefficient set can be seen in figures 2.10 and 

2.11. There is a noticeable difference between the two coefficient sets, the most 

apparent change is that the Morgan-Greenough scaling predicts a lower mixed width 

for the same input parameters compared with the Dimonte-Tipton scaling. 

 

Figure 2.10: Plot showing the use of the Dimonte-Tipton coefficient set. 𝐿0 = 0.03, 

𝛼b = 0.05. 
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Figure 2.11: Plot showing the use of the Morgan-Greenough coefficient set. 

 𝐿0  = 0.03, 𝛼b = 0.05 

The turbieform flag sets the form of the turbulent internal energy sink term. 

When the flag is set to 0, the energy sink term takes the form 𝑈𝑠𝑖𝑛𝑘 = 𝑎𝑖 ∙ ∇𝑝 such 

that the contributions from this term are canceled out in the calculations, which 

simplifies the simulation. When it is set to 1, the contributions of the internal energy 

sink term will be included in the calculations as 𝑈𝑠𝑖𝑛𝑘 = 𝑝∇ ∙ 𝑎𝑖. This adds some 

complexity to the simulation in ARES. Figure 2.12 shows a result when turbieform is 

turned off and Figure 2.13 shows the result when turbieform is turned on. The effect 

is small, but noticeable. One effect where the change is noticeable is that the mixed 

width magnitude near the time of reshock is lower with turbieform off, shown in 

Figure 2.12, than it is when turbieform is turned on, shown in Figure 2.13. The 

default for the K-L-a and K-L-a-V models is to have turbieform turned off. In this 

study, when comparing with the experimental data from the Jacobs shock tube, 

turbieform was turned on in order to capture the physics more accurately. 
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Figure 2.12: Plot showing the case with turbieform turned off. 𝐿0 = 0.2, 𝛼b = 0.031 

 

Figure 2.13: Plot showing the case with turbieform turned on. 𝐿0 = 0.2, 𝛼b = 0.031 
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2.5. Simulation Setup and Model Adjustments 

The simulations performed in this study are set up to model the vertical shock 

tube used at the University of Arizona. These experiments use a flow of the two 

gases along with a series of exit holes in the test section to create a diffuse interface. 

The geometry of the simulated shock tube was based on the real shock tube used in 

the Sewell experiments [16]. The simulated shock tube has a section which is filled 

with air, and another which is filled with SF6, separated by an interface where they 

meet. In the setup of the simulation in ARES, the diffuse interface option is enabled. 

This setup, including the diffuse interface, is seen in Figure 2.14. 

As mentioned before, the value of 𝜃 used in the model simulation was changed 

from a value of 0.25 to 0.5 in order to better match the 𝜃 values found in the Sewell 

experiments. Additionally, 𝛼𝑏 was not constrained to be the model default of 0.06 

but was allowed to vary over a range from [0.02,0.06] which is the nominal range of 

𝛼𝑏 found in RTI experiments [10].  
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Figure 2.14: A pseudocolor plot showing the initial distribution of the gases in the 

simulated shock tube. The diffuse interface can be seen where the two gases meet. 
This graphic was obtained using the VisIt software [27]. 

 

2.6. Schilling 𝐿0 Calculation Method 

An additional idea used in this study was to relate 𝐿0 to a physical quantity 

obtainable from the initial perturbations used in the experiments. Although 𝐿0 has 

units of length, it does not directly correlate with an actual physical length. 

Discussions were held with Dr. Oleg Schilling of Lawrence Livermore National 

Laboratory, who has developed a K-𝜖 model [22]. The equations that determine the 

initial conditions of the model are outlined below. The initial turbulent kinetic 

energy dissipation rate, 𝜖(𝑥, 0) is given by: 

𝜖(𝑥, 0) = 𝐾(𝑥, 0)𝜔       (2.35) 

where 𝐾(𝑥, 0) is the initial turbulent energy which can be expressed as 
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𝐾(𝑥, 0) = 𝐾0(𝐴𝑣1)
2        (2.36) 

and ω is the linear growth rate 

𝜔 =
2𝜋

𝜆𝑟𝑚𝑠
|𝐴|𝛥𝑣 = 𝑘𝑟𝑚𝑠|𝐴|𝛥𝑣.     (2.37) 

Here, 𝐾0 is a small initial seed for the TKE, 𝐴 is the post-reshock Atwood number, 𝑣1 

is the initial shock speed, 𝜆𝑟𝑚𝑠 is the rms wavelength, 𝑘𝑟𝑚𝑠 is the rms wavenumber, 

and Δ𝑣 is the the change in the interface velocity due to the passage of the shock. The 

initial turbulent kinetic energy dissipation rate can be related to an initial turbulent 

lengthscale, 𝐿(𝑥, 0), by: 

𝜖(𝑥, 0) =
𝐶𝜖𝐾(𝑥,0)

3
2

𝐿(𝑥,0)
       (2.38) 

where 𝐶𝜖 is a model constant to be specified. 

Combining equations 2.35 and 2.38 gives 

𝐿(𝑥, 0) =
𝐶𝜖𝐾(𝑥,0)

1
2

𝜔
.      (2.39) 

This equation can be used to obtain an informed value of the initial length scale 

based on the physical quantities of the initial turbulent energy, 𝐾(𝑥, 0) and the linear 

growth rate 𝜔. There are some values that need to be determined before the 

calculations. The first is the initial TKE seed of 𝐾0. Figure 2.15 [22] shows the effect 

of varying 𝐾0 in comparison to models and experiment: 
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Figure 2.15: Plot showing model results using various values of 𝐾0 values compared 

with experiment and other models. (from [22]). 

 

In the present study, a value of 𝐾0 = 0.05 was chosen because this 

corresponds to a best estimate of a fit between the experimental data points, the BHR 

model, and the self-similar solution. For the experiments modeled in this study, the 

two gases are air and SF6, giving an Atwood number of 𝐴~0.67. The value of Δv will 

be equal to the interface velocity following shock interaction, 𝑣1, which in the Sewell 

experiments is 65 m/s. Finally, the value of the rms wavelength, 𝜆𝑟𝑚𝑠, must be 

determined. Figure 2.16 [16] shows the initial perturbation spectra providing values 

of perturbation wavelength, 𝜆. 
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Figure 2.16: A plot showing values of perturbation wavelength, 𝜆, for the high and 

low amplitude cases (from [16]). 

An example calculation of an 𝐿0 value using this method where 𝐶𝜖 = 1 is: 

𝐾(𝑥, 0) = 𝐾0(𝐴𝑣1)
2 = 0.05 (0.67 × 65

𝑚

𝑠
)
2

= 94.83 (
𝑚

𝑠
)
2

 

𝜔 =
2𝜋

𝜆𝑟𝑚𝑠

|𝐴|𝛥𝑣 =
2𝜋

0.0158 𝑚
|0.67| 0.65 

𝑚

𝑠
= 17,318.53 𝐻𝑧 

𝐿0 =
𝐶𝜖𝐾(𝑥, 0)

1
2

𝜔
=

[94.83 (
𝑚
𝑠
)
2
]

1
2

17318.53 𝐻𝑧
= 0.00274 𝑚 = 0.274 𝑐𝑚 
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3. Data Processing and Analysis 

 

3.1.  Python Code 

Python was used to create a program to parse, organize, and analyze the data 

obtained from the ARES simulations. It automatically processes any number of tests. 

It reads a csv file containing the optimization parameters and model used for each 

test in order to create a list of associated data files to import into the program to plot 

and compare. The data files created by the ARES code are Ultra files, an LLNL data 

and graphics format. As these files are a more archaic format, there was not a readily 

available way to extract the data. As a result, part of the python program is designed 

to take these files, and extract each output parameter from the test. To do this, it 

reads across columnwise, line by line, and parses the information into data lists that 

can be used by the program. In addition, the program imports the experimental data 

points for later use for comparing with the simulation data. 

 For each simulation test, the various output variables are plotted versus time 

and the mixed width and TKE plots are compared with the corresponding 

experimental data. In addition, values of the RM growth exponent, 𝜃, were extracted 

from the simulation curves using curve fitting for both the mixed width and TKE 

data. These 𝜃 extractions are discussed in section 3.4. 

Organizing the data was one of the major challenges that had to be addressed. 

There are many parameters and diagnostics that are used and calculated for each 

test, but they are only useful if they are able to be associated with their specific test, 

of which thousands were run. To solve this problem, the program organizes all of the 

plots for each test in a specific folder titled with the relevant identifying parameters. 

In addition, it sorts the data by the model, either K-L-a or K-L-a-V, and which 

experimental data set that the tests are being compared with, and it puts the 

simulated data into different ‘bins’. These bins, now containing all of the relevant 

data, such as the mixed width, TKE, extracted 𝜃 values, etc., along with identifying 
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information are then able to be processed one at a time in order to calculate the 

goodness of fit for each test. 

In some cases, such as when performing a sensitivity study, it was desired to 

see the results of several different tests on a single plot. The program creates these 

types of plots in order to identify the effects of changing certain parameters. 

Examples of these types of plots can be found in Section 2.4, which were helpful in 

determining which parameters were important to change and which were not. 

In order to compare the experimental and simulation data of each individual 

test, the data values at corresponding times must be found in both data sets. To find 

the comparison data points, a specific data point from the simulated data was found 

to match with each experimental point in time. The times sometimes did not match 

exactly, so a small window of time was used to find a time that was close enough for 

the comparison to be valid. For this purpose, a window of ± 5 𝜇𝑠 was used, as it was 

determined that this value would be large enough to ensure a time match without 

being too large. Each data point is stored once found, and the program creates 

separate comparison lists for the pre-reshock, post-reshock, and combined regions. 

Once all the simulation comparison points are obtained and stored, the calculation of 

the goodness of fit between the simulated and experimental data is made. 

Once the values to compare were found, a diagnostic was needed to calculate 

the goodness of fit. The quantitative measurement used to determine the goodness of 

fit was obtained using the Pearson chi-squared (𝜒2) test [28] [29]. This is discussed in 

section 3.3. In this study, the quantities that are compared are the mixed width and 

TKE values. These diagnostic metrics are discussed in section 3.2. The goodness of 

fit is calculated in the pre- and post-reshock regions separately, as well as combined 

across the whole time period. Once the 𝜒2 values for all tests have been calculated, 

the lowest value overall for each metric is found, which corresponds to the best fit for 

that metric. The parameter pairs that obtained the best fit choices and the associated 

𝜒2 value for each region are all written to a csv file containing the results of the 

comparison. 
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As two models are being tested, it is important to compare the best fit choices 

from each model to find which model is the best overall. To do this, the best choices 

from each model are collected and then the best overall 𝜒2 is chosen for each 

parameter in the pre-reshock, post-reshock, and combined regions. After this, these 

best choices for each model and the best overall are written to a csv file. 

It is important to be able to see the goodness of fit for each pair of the 

optimization parameters, 𝐿0 and 𝛼𝑏, but it can be difficult to interpret the 

relationship between the parameters and the fit when utilizing tabular data alone. In 

order to easily see how the parameter pair choice and 𝜒2 value relates for each 

metric, graphical plots were utilized. One of the plots used is a surface plot showing 

the calculated 𝜒2 values in the 𝐿0-𝛼𝑏 space. Below is an example of one of these 

plots. 

 

Figure 3.1: An example of a surface plot showing the relationship between 𝜒2 and 𝐿0 

and αb for the low amplitude mixed width case. Brighter regions indicate better 

goodness of fit. 

  

While these surface plots can give a high-level overview of the general trend of 

the relationship between the parameter pairs and goodness of fit, it obscures the 

values of the individual tests. Thus, in addition to the surface plots, 2D scatter plots 
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were created to show the goodness of fit calculated for each parameter pair. An 

example of one of these plots is shown in Figure 3.2. This type of plot is more useful 

for determining which pairs provide good fits and which do not, and which areas 

would be good places to refine the search by performing more tests. 

 

Figure 3.2: An example of a scatterplot showing the goodness of fit (𝜒2) values for 

each test. Brighter values correlate to a better goodness of fit. This is a plot for the 

low amplitude mixed width comparisons. 

  

3.2.  Diagnostic Metrics 

In order to determine how well the experimental data and the simulation results 

matched, it was necessary to compare values that were able to be obtained in both. 

The two diagnostic metrics used in this study for comparison were the mixed width 

and TKE values over time. 

The first diagnostic used in this study to compare the data sets is mixed width. 

Two methods were used to calculate the mixed width from the simulation. The first 

of these used the mass fraction data. Using the locations of the 1-99%, 2-98%, and 5-

95% thresholds of the presence of one gas species in the other, the width of the 



52 

 

mixing region over time was obtained. The second method utilized was to calculate 

the mixed width using the TKE width. The width was calculated by the positions 

where the average TKE crosses a certain low threshold at each time step. This was 

done because the experimentally obtained values of mixed width by Sewell [16] were 

calculated using the TKE. 

The second diagnostic used to compare the simulation with experimental data 

was the time dependent integrated TKE in the mixing layer. In order to match the 

TKE data obtained by Sewell, the average TKE value across the simulated test 

section at each time step was used. Other methods of measuring the simulation TKE 

were attempted, such as taking the maximum value TKE, but the method of taking 

the average TKEs was selected because the magnitudes of these TKE values matched 

those of the Sewell data much better than the other methods, which were orders of 

magnitude different.  

 

3.3.  Goodness of Fit Calculation 

In order to calculate a quantitative value of the goodness of fit of the simulation data 

to the experimental data, the Pearson’s 𝜒2 method was used. This method was 

chosen because it is able to give a quantitative measurement of how well expected 

values compare to observed values [28] [29]. 

𝜒2 is defined as 

𝜒2 = ∑
(𝑥𝑖−𝑚𝑖)

2

𝑚𝑖

𝑘
𝑖=1        (3.1) 

where 𝑥𝑖 is the experimental data point, and 𝑚𝑖 is the particular simulation value. 

When the calculated 𝜒2 value is small, there is a good relationship between the two 

quantities being tested. If the value is large, there is a poor relationship between these 

quantities. It should be noted that 𝜒2 is a dimensional quantity. 
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3.4.  Extracting Values of 𝜃 

It is also desirable to extract values of the RM growth exponent 𝜃 from the pre- and 

post-reshock regions of the mixed width and TKE curves. This was done by curve 

fitting the simulated results using [7] 

ℎ − ℎ0 = 𝐶1(𝑡 − 𝑡0)
𝜃     (3.2) 

𝑇𝐾𝐸 = 𝐶2(𝑡 − 𝑡0)
𝑝       (3.3) 

where 𝑝 is related to 𝜃 by 

𝑝 = 3𝜃 − 2         (3.4) 

and where ℎ is the mixed width, ℎ0 is the initial mixed width, 𝑡 is time, 𝑡0 is the 

initial time, 𝑝 is the decay exponent of the total fluctuating kinetic energy, and 𝐶1 

and 𝐶2 are constants. 

Using these relationships, 𝜃 can be obtained from the curve fits using 

𝜃 =
ln(h−h0)−𝑙𝑛(𝐶1)

ln(𝑡−𝑡0)
      (3.5) 

for the mixed width, and  

𝜃 =
1

3
 (

ln(TKE)−ln(𝐶2)

ln(𝑡−𝑡0)
+ 2)       (3.6) 

for the TKE. 

In the Python code developed for this study, the curve fit function from the 

Scipy library was used. The initial guesses of 𝐶1, 𝐶2, ℎ0, and 𝑡0 have a considerable 

effect on the results, so they had to be chosen carefully. In addition, leaving too 

many of these parameters undefined decreased the effectiveness of the curve fitting 

function in certain cases, in that it sometimes failed to converge. Therefore, the 

degrees of freedom of the problem were reduced by constraining some of parameters 

in certain situations.  

For the extraction of 𝜃 using the mixed width data, the pre-reshock region 

was fairly robust, so none of the parameters had to be constrained, and 𝑡0, ℎ0, and 
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𝐶1were all free. However, in the post-reshock region, the curve fitting function 

sometimes failed to converge, so 𝑡0 and ℎ0 were constrained to be the first values 

after reshock, and only 𝐶1 was left to vary. Figure 3.3 shows an example of the curve 

fits, with the orange line showing the pre-reshock curve fit and the green line 

showing the post-reshock curve fit. The location for the post reshock 𝑡0 and ℎ0 is 

given by the red dot after reshock, which is the sharp drop in the mixed width around 

4500 𝜇𝑠. 

 

Figure 3.3: Plot showing results of curve fitting and 𝜃 calculation for the high 

amplitude mixed width data. 𝐿0 =  4.6, 𝛼b =  0.014. The orange curve is the pre-

reshock curve fit and the green is the post-reshock curve fit. 

 

For fitting TKE, 𝑡0 was constrained, so the curve fitting function only had to 

work with 𝐶2 and 𝑝. In this case, 𝑡0 was constrained to be 0 for the pre-reshock 

region, and 𝑡𝑟𝑒𝑠ℎ𝑜𝑐𝑘 for the post-reshock region; 𝑡𝑟𝑒𝑠ℎ𝑜𝑐𝑘 was found by searching 

along the curve and finding the location after the drop in magnitude due to reshock 

and right before the slope begins to increase again. An illustration of this is shown in 

Figure 3.4. 
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Figure 3.4: Plot showing results of curve fitting and 𝜃 calculation for the high 

amplitude TKE data. 𝐿0 =  0.02, 𝛼b =  0.025. The orange curve is the pre-reshock 

curve fit and the green is the post-reshock curve fit. 

 

In Figure 3.4, 𝑡𝑟𝑒𝑠ℎ𝑜𝑐𝑘 is shown by the red crosshair where the large jump occurs 

in TKE. The red dots indicate the locations of the beginning and end of the 

simulation data being used in the curve fitting function. The blue line shows the 

simulation result and the curves corresponding to the calculated 𝜃 values in the pre-

reshock and post-reshock regions are shown by the orange and green lines, 

respectively. 
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4. Results and Discussion 

 

In this section, the simulated results using the K-L-a and K-L-a-V models are 

compared with experimentally obtained data. In the ARES code, the K-L-a model is 

designated as model 5 and the K-L-a-V model is designated as model 8. The first set 

of experiments that the models are compared with are those which the models were 

originally calibrated against. 

 

4.1.  Comparison to Previous Work 

The models used in the present study were tested against the Vetter-Sturtevant [13] 

and Leinov et al. [14] experiments mentioned earlier. The following plots will show 

the fits that were chosen for these experiments by the Python code developed in this 

study. A value of 𝛼𝑏 = 0.06 was chosen by Morgan and Wickett [15], so this is the 

value that was used for these comparisons. 

The first experiment that was simulated is the one by Vetter and Sturtevant. The 

results are shown in Figure 4.1. The second experiment used for comparison is the 

one by Leinov et al., shown in Figure 4.2, using a test section length of 23.5 cm at 

M=1.2. Both of these two experiments fit very well with the predictions of the 

model, just as they did in the study done by Morgan and Wickett [15]. The plot 

showing their comparison to these experiments is shown in Figure 4.3. From figures 

4.1 and 4.2, it can be observed that the model agrees very well with the Leinov et al. 

experiments. For the Vetter-Sturtevant experiments, the results are similar, but 

Morgan and Wickett use a different data set than is used in this study and their 

simulation does not run for as long a time as in the present study. 
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Figure 4.1: Comparison of experimental and simulation data of a M=1.5 Vetter-

Sturtevant experiment. 𝐿0 =  0.01, 𝛼b =  0.06, K-L-a model. 

 

 

Figure 4.2: Comparison of experimental and simulation data of a M=1.2 Leinov et 

al. experiment in a 23.5 cm test section. 𝐿0 =  0.0003, 𝛼b =  0.06, K-L-a model. 
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Figure 4.3: Plot showing the plots from the Morgan-Wickett paper [15] for the (a) 

Leinov et al. M=1.2, 23.5 cm test section experiment and (b) The Vetter-Sturtevant 

M=1.5 experiment. (Fig. 4 from [15]). 

 

4.2.  Experimental Comparisons of Mixed Width and TKE: Overall Best Fit 

In this section, the Sewell experimental data [16] is compared with the simulation 

results. The two main parameters 𝐿0 and 𝛼𝑏 are unconstrained within the range of 

𝛼𝑏 = [0.02,0.06] and values of 𝐿0 up to 9. The best individual pair is chosen for each 

metric in each amplitude regime. 
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Figure 4.4: Plot showing the mixed width simulation results of the best fit parameter 

pair compared with experiment in the low amplitude regime. 𝐿0 =  0.2738, 𝛼b =
 0.029, K-L-a-V model. 

 

 

Figure 4.5: Plot showing the mixed width simulation results of the best fit parameter 

pair compared with experiment in the high amplitude regime. 𝐿0 =  1.95, 𝛼b =  0.02, 

K-L-a-V model. 
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Figures 4.4 and 4.5 show the best fits for mixed width for the low and high 

amplitude experimental data. These plots show that the model agrees quite well with 

the experimental data. A difference in the chosen parameters for the low and high 

amplitude cases can been seen. There is a significant difference in the value of 𝐿0 in 

each case, in that 𝐿0 is nearly an order of magnitude greater in the high amplitude 

case. This is expected, as the value of 𝐿0 is expected to correlate to some initial 

length scale. Also, 𝛼𝑏 is larger in the low amplitude case than in the high amplitude 

case, which may be due, in part, to it balancing with the change in 𝐿0. In both cases, 

model 8 (K-L-a-V) obtained the best fit. 

 

 

Figure 4.6: Plot showing the TKE simulation results of the best fit parameter pair 

compared with experiment in the low amplitude regime. 𝐿0 =  0.0017, 𝛼b =  0.034, 

K-L-a-V model. 
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Figure 4.7 : Plot showing the TKE simulation results of the best fit parameter pair 

compared with experiment in the high amplitude regime. 𝐿0 =  0.02, 𝛼b =  0.025, K-

L-a-V model. 

 

Figures 4.6 and 4.7 show the best fits for the low and high amplitude TKE 

measurements. In this case, there are values that can again be found that generally 

provide good agreement with the experimental data. However, one obvious area 

with poor agreement is the pre-reshock region of the low amplitude TKE plot. One 

likely reason why the model is not able to obtain good agreement in this region is 

due to the fact that the model assumes that the flow is turbulent at that time. 

However, during the Sewell experiments, it is likely that the flow was not fully 

turbulent when the experiment was using the low amplitude initial conditions. In 

comparison, when the experiment has high amplitude initial conditions, the model 

agreement is quite good. It is because of this reasoning that one should not expect the 

model to accurately predict the actual TKE for pre-reshock flows with low amplitude 

initial conditions.  

Of course, when one has only two options, low and high amplitude, one can 

observe the effects in both cases, but what happens in the transition from low to high 

is unclear. This would also be of interest to explore, and it would provide useful 
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information about the effects of initial conditions and turbulence production. 

Quantifying a range of what is considered a “low” or “high” amplitude initial 

condition and exploring the transition range would help illuminate the limits of these 

models in this context and may provide useful information for other applications. 

Another measurable quantity that was created was the mixed width based on 

the width of the TKE distribution. The Sewell experiments [16] calculate mixed 

width using the measurement of TKE width, but the standard method to calculate 

mixed width in the models used in this study uses the mass fraction profile. It was 

desired to have an additional measurement of mixed width that more closely 

matches the experimental method used by Sewell. Therefore, figures 4.8 and 4.9 

show the simulated measurements of this TKE-based mixed width, which is obtained 

by calculating the width of TKE above a low threshold of 10−9 𝑐𝑚2/𝜇𝑠2 . 

 

 

Figure 4.8: Plot showing the TKE-based mixed width simulation results of the best 

fit parameter pair compared with experiment in the low amplitude regime. 𝐿0 =  1.2, 

𝛼b =  0.02, K-L-a-V model. 
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Figure 4.9: Plot showing the TKE-based mixed width simulation results of the best 

fit parameter pair compared with experiment in the high amplitude regime. 𝐿0 =  2.9, 

𝛼b =  0.02, K-L-a-V model. 

 

One quality that is immediately apparent about this metric is the increase in 

the oscillatory nature of the model curve, more so than was observed in the mass 

fraction based mixed width. In addition, the parameters that were obtained as the 

best fit overestimate the mixed width when compared to the experimental values in 

the high amplitude case and pre-reshock low amplitude case and do not follow the 

curvature very well in the post-reshock low amplitude case. In general, the behavior 

of this metric appears to be worse than the mass fraction based mixed width 

measurement and it does not appear to have any inherent advantage over the mass 

fraction width or to reflect the behavior of the data any better. For these reasons, it 

seems that this TKE-based mixed width metric would need to be modified before it 

could be deemed useful. 
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Table of overall best fit parameters 

  Low amplitude  High amplitude 

Parameter 
𝐿0 

(cm) 𝛼𝑏 𝜒2 Model 
𝐿0 

(cm) 𝛼𝑏 𝜒2 Model 

MW 1 (1-99% mf) 0.2738 0.029 6.104 cm 8 1.95 0.02 13.58 cm 8 

MW 4 (TKE Based) 0.5 0.031 6.48 cm 8 2.9 0.02 21.2 cm 8 

TKE 0.0017 0.034 

4.02E-08 

(
cm

𝜇𝑠
)
2
 8 0.02 0.025 

1.69E-08 

(
cm

𝜇𝑠
)
2
 8 

Table 4.1: Table of overall best fit parameters. 

 

Table 4.1 summarizes the best-fit parameters for each case. The table shows that 

for the overall best fits, the K-L-a-V model (model 8) provided the best fits when both 

optimization parameters were left unconstrained. Also, from the table it can be 

observed that there is a correlation between 𝐿0 and the initial perturbation amplitude. 

The higher amplitude cases use a higher value of  𝐿0 to obtain the best fit. 

Conversely, a lower value of 𝛼𝑏 is used to obtain the best fit for the high amplitude 

case compared to the low amplitude case. In all cases, the value of 𝛼𝑏 chosen is on 

the lower end of the [0.02,0.06] range, and is much lower than the value of 𝛼𝑏 =

0.06 chosen by Morgan and Wickett [15]. Thus, it was desired to see if a reasonable 

fit could still be obtained using the model default 𝛼𝑏 = 0.06. This study is performed 

in the next section. 

 

4.3.  Study of 𝛼b Constrained to Model Default of 0.06 

In the model, although it is able to be changed, 𝛼𝑏 is set as 0.06 by default, which is 

the value chosen by Morgan and Wickett [15]. It was desired to see if a good fit 

could be obtained using this value for the Sewell experiments. The value of 𝜃 for 

these tests is still held at 0.5, which is not the model default 𝜃 = 0.25, since the 

experimental values of initial 𝜃 were calculated to be about 0.5. Figures 4.10 through 

4.13 show the best fit choice using 𝛼𝑏 = 0.06. 
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Figure 4.10: Plot of low amplitude mixed width with the model default αb = 0.06, 𝐿0 

=  0.02, K-L-a-V model. 

 

 

Figure 4.11: Plot of high amplitude mixed width with the model default αb = 0.06 

and 𝐿0 =  0.1, K-L-a-V model. 
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Figure 4.12: Plot of low amplitude TKE with the model default αb = 0.06 and 𝐿0 =
 0.0017, K-L-a-V model. 

 

 

Figure 4.13: Plot of high amplitude TKE with the model default αb = 0.06 and 𝐿0 =
 0.0017, K-L-a-V model. 
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Table of best fit parameters for constrained  
𝛼𝑏=0.06 (Model Default) 

  Low amplitude High amplitude 

Parameter 𝐿0 (cm) 𝜒2 Model 𝐿0 (cm) 𝜒2 Model 

MW 1 (1-99%) 0.02 18.44 cm 8 0.087 57.21 cm 8 

TKE 1.70E-03 1.62E-07 (
cm

𝜇𝑠
)
2
 8 0.0017 2.11E-07 (

cm

𝜇𝑠
)
2
 8 

Table 4.2: Table of best fit parameters for constrained αb = 0.06 (model default). 

 

Table 4.2 shows the best-fit parameters of this constrained αb study. From these 

plots, it can be observed that the fit is fairly good pre-reshock, but the model 

overpredicts both mixed width and TKE in the post-reshock region. This shows that 

for the Sewell experiments 𝛼𝑏 = 0.06 is too large to find a good fit. This also shows 

that the default model does not appear to be able to predict every experiment 

accurately and that it needs to be modified to fit the experiment. This could be due to 

many reasons. One obvious reason is the differences between the experiments used 

to calibrate this model (Vetter and Sturtevant [13] and Leinov et al. [14]) and the 

Sewell experiments [16] that we are considered here. The membraneless interface 

may have a substantial impact on the development of the fluid dynamics. If this is 

the case, this may at least partially explain why the default model, which was 

calibrated using experiments that utilized a membrane to separate the two gases, 

does not immediately work for experimental datasets that utilize a membraneless 

interface. It is, however, desired to find some value of 𝛼𝑏 that can be used to 

accurately predict any experimental dataset. 

 

4.4.  Study Using a Fixed Value of 𝛼b 

As 𝛼𝑏 = 0.06 does not appear to be a good value for the Sewell experiments, it was 

decided to attempt to find another value of 𝛼𝑏 that could be held constant and would 

provide reasonable agreement with all tested metrics. At least one fitting parameter is 

needed, so L0 is not constrained in this study. After looking at the previous best fit 

results, it was determined that values of 𝛼𝑏 = 0.025 and 𝛼𝑏 = 0.020  would be good 
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values to use, as they are in the range of 𝛼𝑏 that have provided best fits. The first 

value that will be considered is 𝛼𝑏 = 0.025 and is shown in figures 4.14 through 

4.17. In general, the fits for 𝛼𝑏 = 0.025 are reasonable, except for the high amplitude 

post-reshock mixed width case which is overpredicted. In both of the mixed width 

cases, the post-reshock slope of the model does not quite match that of the trend of 

the experimental data points. 

 

Figure 4.14: Plot of low amplitude mixed width with αb = 0.025, 𝐿0 =  0.4384, K-L-

a-V model. 
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Figure 4.15: Plot of high amplitude mixed width with αb = 0.025, 𝐿0 =  1.35, K-L-a-

V model. 

 

 

Figure 4.16: Plot of low amplitude TKE with αb = 0.025, 𝐿0 =  0.02, K-L-a-V model. 
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Figure 4.17: Plot of high amplitude TKE with αb = 0.025. 𝐿0 =  0.02, K-L-a-V model. 

 

The next value that will be considered is 𝛼𝑏 = 0.020 and is shown in figures 

4.18 through 4.21. These are also reasonable fits, although the low amplitude post-

reshock slope does not follow the experimental data and the fits for the TKE data are 

not as good as the 𝛼𝑏 = 0.025 fits. 
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Figure 4.18: Plot of low amplitude mixed width with αb = 0.020. 𝐿0 =  0.8, K-L-a-V 

model. 

 

 

Figure 4.19: Plot of high amplitude mixed width with αb = 0.020, 𝐿0 =  1.95, K-L-a-

V model. 
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Figure 4.20: Plot of low amplitude TKE with αb = 0.020. 𝐿0 =  0.0017, K-L-a model. 

 

 

Figure 4.21: Plot of high amplitude TKE with αb = 0.020. 𝐿0 =  0.045, K-L-a-V 

model. 
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Two additional values of 𝛼𝑏 were included in the study, one of which is below 

the nominal range of 𝛼𝑏 = [0.02,0.06]. These additional values are 𝛼𝑏 = 0.022, 

which is between the two values tested above, and 𝛼𝑏 = 0.015. Compilation plots 

showing all of these tests on each metric are shown below. Figures 4.22 and 4.23 

shows the comparison of the low and high amplitude mixed width data respectively. 

In these comparison plots, the mixed width values obtained for the best fits for these 

values of 𝛼𝑏 are very similar, although the one using the low value of 𝛼𝑏 = 0.015 is 

lower in post-reshock (though this low value is outside the nominal range of 𝛼𝑏). 

 

Figure 4.22: Compilation plot showing all of the best fit low amplitude mixed width 

tests for specific 𝛼𝑏 values. 
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Figure 4.23: Compilation plot showing all of the best fit high amplitude mixed width 

tests for specific 𝛼𝑏 values. 

 

Figures 4.23 and 4.24 show the comparison of the low and high amplitude 

TKE data for these tests. A vastly larger difference is seen in the TKE metrics when 

𝛼𝑏 is changed, especially in the pre-reshock region. Also, there appears to be step-like 

behavior right after reshock for the test with 𝛼𝑏 = 0.015 which is not seen in the tests 

within the nominal range of 𝛼𝑏. 
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Figure 4.24: Compilation plot showing all of the best fit low amplitude TKE tests for 

specific 𝛼𝑏 values. 

 

Figure 4.25: Compilation plot showing all of the best fit high amplitude TKE tests for 

specific 𝛼b values. 
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Table of best overall fit parameters for different 𝛼𝑏 constraints 

 Low amplitude MW 1-99% High amplitude MW 1-99% 

𝛼𝑏 𝐿0 (cm) 𝜒2(cm) Model 𝐿0 (cm) 𝜒2 (cm) Model 

0.025 0.4384 6.59 8 1.35 16.01 8 

0.022 0.2738 6.88 5 0.4384 26.34 5 

0.02 0.4384 7.46 5 1.95 21.2 8 

0.015 1.2 9.4 5 4.6 11.7 8 

 Low amplitude TKE High amplitude TKE 

𝛼𝑏 𝐿0 𝜒2 (
cm

𝜇𝑠
)
2
 Model 𝐿0 𝜒2 (

cm

𝜇𝑠
)
2
 Model 

0.025 0.02 5.49E-08 8 0.02 1.69E-08 8 

0.022 0.0017 6.48E-08 5 0.058 2.29E-08 8 

0.02 0.0017 5.71E-08 5 0.045 2.67E-08 5 

0.015 0.5 1.14E-08 8 0.5 7.63E-08 8 

Table 4.3: Table of best overall fit parameters for different 𝛼b constraints. 

 

Table 4.3 summarizes the results of this fixed 𝛼𝑏 study. From the table, it can 

be seen that the high and low amplitudes and mixed width and TKE metrics do not 

appear to have a common value of 𝛼𝑏 that provides a universal best fit for each case 

simultaneously, although 𝛼𝑏 = 0.025 is close. The value of 𝜒2 becomes increasingly 

worse when decreasing the value of 𝛼𝑏 for the low amplitude mixed width and high 

amplitude TKE metrics. The general trend of the high amplitude mixed width and 

low amplitude TKE metrics are the opposite, although the 𝜒2 value of 𝛼𝑏 = 0.025 

for these metrics is lower than the next value of 𝛼𝑏. It should also be noted that 

model 8 (K-L-a-V) did not always provide the best fit, and that model 5 (K-L-a) 

provided a better fit for certain 𝛼𝑏 constraints. 

 

4.5.  Study of Calculated 𝐿0 Values 

The following plots show the results of using specific values of 𝐿0 calculated using 

the equations derived from the K-𝜖 modeling discussed in section 2.6. The first value 

to be considered, shown in figures 4.26 through 4.29, is 𝐿0 = 0.058 cm, coming from 

a value of 𝜆 = 0.005 m. This value of 𝐿0 works fairly well in the low amplitude 
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mixed width case, but not very well for the high amplitude mixed width case, as the 

post-reshock slope does not match the experimental data well. For the TKE metric, 

the post-reshock fit is in fair agreement, but the pre-reshock values do not fit the data 

well, although good agreement is not expected in the low amplitude case. 

 

Figure 4.26: Plot of low amplitude mixed for 𝐿0 = 0.058, 𝛼b =  0.027, K-L-a model. 
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Figure 4.27: Plot of high amplitude mixed for 𝐿0 = 0.058, 𝛼b =  0.035, K-L-a model. 

 

 

 

Figure 4.28: Plot of low amplitude TKE for 𝐿0 = 0.058, 𝛼b =  0.024, K-L-a-V model. 
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Figure 4.29: Plot of high amplitude TKE for 𝐿0 = 0.058, 𝛼b =  0.022, K-L-a-V model. 

 

Results from the next value of 𝐿0 = 0.087 cm are shown in figures 4.30 

through 4.33. The results of this value of 𝐿0 are similar to that of 𝐿0 = 0.058 in that 

the low amplitude mixed width plot matches experiment well, but the other plots do 

not. Figures 4.34 through 4.37 show all of the tests for the calculated 𝐿0 values for 

each metric together for comparison. 
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Figure 4.30: Plot of low amplitude mixed width for 𝐿0= 0.087, 𝛼b =  0.026, K-L-a 

model. 

 

 

Figure 4.31: Plot of high amplitude mixed width for 𝐿0 = 0.087, 𝛼b =  0.034, K-L-a 

model. 
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Figure 4.32: Plot of low amplitude TKE for 𝐿0 = 0.087, 𝛼b =  0.023, K-L-a-V model. 

 

 

Figure 4.33: Plot of high amplitude TKE for 𝐿0 = 0.087, 𝛼b =  0.025, K-L-a-V model. 
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Figure 4.34: Compilation plot showing all of the best fit low amplitude mixed width 

tests for calculated 𝐿0 values. 

 

 

Figure 4.35: Compilation plot showing all of the best fit high amplitude mixed width 

tests for calculated 𝐿0 values. 



83 

 

 

Figure 4.36: Compilation plot showing all of the best fit low amplitude TKE tests for 

calculated 𝐿0 values. 

 

 

Figure 4.37: Compilation plot showing all of the best fit low amplitude TKE tests for 

calculated 𝐿0 values. 
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Table of best fit parameters and models for calculated 𝐿0 values 

  Low amplitude MW 1-99% High amplitude MW 1-99% 

𝐿0 𝛼𝑏 𝜒2 (cm) Model 𝛼𝑏 𝜒2 (cm) Model 

0.058 0.027 6.7 5 0.035 34.65 5 

0.087 0.026 6.61 5 0.034 32.25 5 

0.1733 0.032 6.3 5 0.031 28.15 5 

0.2738 0.029 6.1 8 0.029 25.26 5 

0.4384 0.025 6.59 8 0.027 22.67 5 

  Low amplitude TKE High amplitude TKE  

𝐿0 𝛼𝑏 𝜒2 (
cm

𝜇𝑠
)
2
 Model 𝛼𝑏 𝜒2 (

cm

𝜇𝑠
)
2
 Model 

0.058 0.024 6.37E-08 8 0.022 2.29E-08 8 

0.086 0.023 6.85E-08 8 0.022 2.76E-08 8 

0.1733 0.023 6.85E-08 8 0.022 2.76E-08 8 

0.2738 0.02 8.88E-08 8 0.02 5.02E-08 8 

0.4384 0.02 1.02E-07 8 0.02 6.82E-08 8 

Table 4.4: Table of best fit parameters and models for calculated 𝐿0 values. 

  

Table 4.4 summarizes the results from this section. From this table and the 

previous plots, these calculated 𝐿0 values work fairly well for the low amplitude 

mixed width metric, but not very well for the other metrics. Many of the best fits 

were obtained using model 5 (K-L-a). All of the high amplitude mixed width best fits 

used this model, as well as the smaller values of 𝐿0 for the low amplitude mixed 

width. 

 

4.6. Extraction of 𝜃 

One additional goal of this study was to extract values of the RM growth exponent, 

𝜃, from the simulation curves. This was done using both the TKE and mixed width 

data. Figures 4.38 through 4.41 show the results of the 𝜃 extractions using curve 

fitting for the overall best fits. 
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Figure 4.38: Plot showing the 𝜃 extractions and corresponding curves for pre-reshock 

(orange) and post-reshock (green) for the low amplitude mixed width best fit. 𝐿0 =
 0.2738, 𝛼b =  0.029, K-L-a-V model. 

 

 

Figure 4.39: Plot showing the 𝜃 extractions and corresponding curves for pre-reshock 

(orange) and post-reshock (green) for the high amplitude mixed width best fit. 𝐿0 =
 1.95, 𝛼b =  0.02, K-L-a-V model. 
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Figure 4.40: Plot showing the 𝜃 extractions and corresponding curves for pre-reshock 

(orange) and post-reshock (green) for the low amplitude TKE best fit. 𝐿0 =  0.0017, 

𝛼b =  0.034, K-L-a-V model. 

 

 

Figure 4.41: Plot showing the 𝜃 extractions and corresponding curves for pre-reshock 

(orange) and post-reshock (green) for the high amplitude TKE best fit. 𝐿0 =  0.02, 𝛼b 

=  0.025, K-L-a-V model. 
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Extracted 𝜃 values 

Metric pre-reshock post-reshock 

Low Amplitude MW 0.58 0.7 

High Amplitude MW 0.56 0.7 

Low Amplitude TKE 0.52 0.54 

High Amplitude TKE 0.52 0.53 

Table 4.5: Table showing the extracted 𝜃 values for each metric. 

  

Table 4.5 summarizes these results. In the pre-reshock region, the extracted 

values of 𝜃 mostly agree with each other, although the mixed width values are higher 

than those obtained from the TKE curves. However, in the post-reshock region there 

is disagreement. Both mixed width extractions are much higher than the TKE 

extractions and they are also above the 2/3 threshold, which is not realistic as this 

implies that TKE is increasing. A possible cause of this is could be that the choice of 

the initial width and time values, ℎ0 and 𝑡0, in the curve fit for 𝜃 using mixed width 

are not optimal (see eq. 3.2). The extracted  𝜃 values were found to depend on 

chosen values for ℎ0 and 𝑡0. Ideally, these values would be obtained by finding a 

virtual origin point that would correctly correspond to the post-reshock growth. The 

method employed to extract 𝜃 values did not do this, so this would be an area of 

improvement. 

 

4.7.  𝜒2 in 𝐿0 −𝛼b Space 

In this section, scatter plots of the 𝜒2 values are shown in order to provide a high-

level overview of regions in the 𝐿0 − 𝛼𝑏 space where good parameter pairs are 

located. In these plots, each dot corresponds to a single simulation with the given 

(𝐿0, 𝛼𝑏) pair. The colors are indicative of the value of 𝜒2, with a brighter color 

corresponding to a lower 𝜒2 which means better agreement with the experimental 

data. Figures 4.42 and 4.43 show a relatively broad range of each parameter. From 

these plots, it is clear that lower values of 𝛼𝑏 are favored in both the high and low 

amplitude cases. One interesting point to note is that the favored values of 𝐿0 differ 
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between the two cases. This was noted earlier in the previous studies, but it is more 

easily apparent in these plots. In figures 4.44 and 4.45 the range of the parameters is 

further restricted to observe the differences of the two amplitude regimes in more 

detail. 

 

Figure 4.42: A scatter plot showing the 𝜒2 values for various (𝐿0, αb) for the low 

amplitude mixed width data. Brighter areas have better agreement (lower 𝜒2). 

 



89 

 

 

Figure 4.43: A scatter plot showing the 𝜒2 values for various (𝐿0, αb) for the high 

amplitude mixed width data. Brighter areas have better agreement (lower 𝜒2). 

 

  

 

Figure 4.44: A scatter plot showing the 𝜒2 values for various (𝐿0, αb) for the low 

amplitude mixed width data for a lower 𝐿0  range. 
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Figure 4.45: A scatter plot showing the 𝜒2 values for various (𝐿0, αb) for the high 

amplitude mixed width data for a lower 𝐿0 range.  

 

From these scatter plots, one can see that there are several pairs of 𝑎𝑏 and 𝐿0 

that provide reasonable 𝜒2 values. One can also see that the ideal locations are not 

the same for the low and high amplitude cases. While lower values of 𝛼𝑏 are, in 

general, better, the corresponding 𝐿0 values do not agree for both cases. In general, 

the high amplitude cases do better using higher 𝐿0 values than the low amplitude 

cases. However, it appears that there are a few areas of overlap. Values of 𝛼𝑏 below 

0.04 and below 𝐿0 = 1.0 seem to be places where this overlap occurs. This region is 

examined closer in figures 4.46 and 4.47. In these plots, it appears that the two 

amplitude regimes do not seem to agree too closely when it comes to best-fit 

parameter pairs. The most promising region of overlap appears to be the region 

where 𝐿0 = [0.6,0.8] and  𝛼𝑏 = [0.02,0.03].  However, the data in this region is fairly 

sparse, so the precise location is difficult to determine. 
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Figure 4.46: A closer view of the low amplitude mixed width in the region of 

overlap. 

 

 

Figure 4.47: A closer view of the high amplitude mixed width in the region of 

overlap. 
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When restrcting the study to this region, the best fit parameter pairs were 

(𝐿0, 𝛼𝑏) = (0.6,0.025) for low amplitude and (𝐿0, 𝛼𝑏) = (0.8,0.03) for high 

amplitude. Figures 4.48 and 4.49 show results using 𝛼𝑏 = 0.025 for both the low and 

high amplitude experiments to find the best fit plots in this region. 

 

Figure 4.48: A plot of low amplitude mixed data using αb = 0.025, 𝐿0 =  0.6, K-L-a-V 

model. 
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Figure 4.49: A plot of high amplitude mixed data using αb = 0.025, 𝐿0 = 0.8, K-L-a-

V model. 

  

Here, a reasonable fit is found, though the pre-reshock region of the high 

amplitude plot is slightly underpredicting compared to most of the data, though one 

test did have values that are low. The post-reshock data fits better. For the low 

amplitude mixed width, the post-reshock slope does not quite match the 

experimental data, but the pre-reshock data is in fairly good agreement. The 

corresponding TKE plots for this value of 𝛼𝑏 do not show as reasonable an 

agreement when restricted to this 𝐿0 range. These are shown in figures 4.50 and 4.51. 

For this restricted 𝐿0 range, this pre-reshock fit is very poor, The post-reshock data is 

at a reasonable magnitude but the curve shape does not fit the data very well. If the 

𝐿0 range is allowed outside of the [0.6, 0.8] range to be 𝐿0 = 0.02, a much better fit 

for the TKE data is obtained, as was seen earlier in the overall best fit study. It may 

not be possible to match specific values or small ranges of 𝐿0 for both mixed width 

and TKE, as it appears the optimal ranges of each metric does not overlap, but more 

experiments that collect TKE data should be modeled to ensure that there is not a 
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problem with the calculation of TKE in the simulation or determine if there is some 

error or difference in the collection of the experimental TKE data. 

 

Figure 4.50: A plot of low amplitude TKE using αb = 0.025, 𝐿0 =  0.6, K-L-a-V 

model. 

 

 

Figure 4.51: A plot of high amplitude TKE using αb = 0.025, 𝐿0 =  0.6, K-L-a-V 

model. 
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Overall, this is a fairly reasonable compromise for having a single value of 𝛼𝑏. 

If more tests were run in this region, it is possible that the fit could be improved. 

Previously, in the constant 𝛼𝑏 test conducted in section 4.4, a value of 𝛼𝑏 = 0.025 

was also found to provide a fairly good fit for both mixed width and TKE values, 

although these fits are not as good when 𝛼𝑏 is allowed to be different for the low and 

high amplitude cases. The following table shows the results of this section. 

Summary of Best Fits for 𝛼𝑏 = 0.025, 𝐿0 = [0.06,0.08] 

  Low amplitude MW 1-99% High amplitude MW 1-99% 

𝛼𝑏 𝐿0 𝜒2 Model 𝐿0 𝜒2 Model 

0.025 0.6 7.63 8 0.8 20.54 8 

  Low amplitude TKE High amplitude TKE 

𝛼𝑏 𝐿0 𝜒2 Model 𝐿0 𝜒2 Model 

0.025 0.6 5.49E-08 8 0.6 1.69E-08 8 

Table 4.6: Table summarizing the results of the study of constant αb  in the 

region of possible overlap between high and low amplitude experiments. 

 

A similar study can be done for the TKE comparison. A similar method of 

locating regions of the best fit were used. The scatter plots for the range of values for 

TKE are shown in figures 4.52 and 4.53. In Figure 4.52, The best fits for the low 

amplitude data are obtained from the very low values of 𝐿0 and 𝛼𝑏 = [0.03,0.04]. In 

Figure 4.53, the best fit range is from 𝐿0 = [0.02,0.06] and 𝛼𝑏 = [0.02,0.025]. The 

best fit chosen previously in the overall study is within this range. The very low value 

of 𝐿0 also appears to provide a reasonable fit, but it is not the optimal location. If 

there was to be a value of 𝛼𝑏 used for both low and high amplitude TKE, 𝛼𝑏 = 0.035 

appears to be a good candidate when using this low 𝐿0 calue. Plots showing this are 

shown in figures 4.54 and 4.55. 
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Figure 4.52: 𝜒2 values for small range of (𝐿0, αb) for the low amplitude TKE data. 

 

 

Figure 4.53: 𝜒2 values for small range of (𝐿0, αb) for the high amplitude TKE data. 
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Figure 4.54: A plot of high amplitude TKE using αb = 0.035 𝐿0 =  0.0017, K-L-a-V 

model. 

 

 

Figure 4.55: A plot of high amplitude TKE using αb = 0.035, 𝐿0 =  0.0017, K-L-a-V 

model. 

 



98 

 

This value of 𝛼𝑏 provides a reasonable fit for both TKE cases in the post-

reshock case, but the pre-rehock region does not match as well, as the high amplitude 

region underpredicts the values of TKE. This value of 𝐿0 is significantly lower than 

the value of 𝐿0 = 0.02 that provided the best high amplitude TKE fit previously, so 

that is likely why. Extending this value of 𝛼𝑏 = 0.035 to the mixed width case, and 

limiting the range of 𝐿0 up to 0.02, the best fit plots in this region for mixed width are 

obtained. These are shown in figures 4.56 and 4.57.   

 

 

Figure 4.56: A plot of low amplitude mixed width using αb = 0.035, 𝐿0 =  0.02, K-L-

a-V model. 
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Figure 4.57: A plot of high amplitude mixed width using αb = 0.035, 𝐿0 =  0.02, K-L-

a-V model. 

 

 The fit for the low amplitude case in Figure 4.56 is fairly reasonable, though 

slightly underpredicted. If the value of 𝐿0 is larger, the fit is improved, as this lower 

value is not optimal. For the high amplitude plot, shown in Figure 4.57, the fit is not 

very good. The pre-reshock value are underpredicted and the slope of the post-

reshock data does not match very well. A value of 𝐿0 this low and a value of 𝛼𝑏 this 

high does not accurately predict the high amplitude TKE behavior. 

From these two studies using the scatter plot with both the mixed width and 

TKE data, it appears that there is no universal overlap where one can restrict the 

values of 𝛼𝑏 and 𝐿0 to small ranges or singular values and have them provide a 

reasonable fit for both mixed width and TKE in both the high and low amplitude 

cases. As expressed earlier, one would not necessarily expect to find a singular value 

of 𝐿0 to work for both the low and high amplitude cases, but one would expect that a 

singular parameter pair could be found that works with both the mixed width and 

TKE metrics. However, it appears that this is not the case. One can see this by 
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examining the scatter plots of mixed width and TKE side by side, shown in figures 

4.58 and 4.59.  

 

Figure 4.58: 𝜒2 values for a range of (𝐿0, αb) for the high amplitude mixed width data. 

 

Figure 4.59: 𝜒2 values for a range of (𝐿0, αb) for the high amplitude TKE data. 
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From these two plots, it can be observed that the optimal ranges of the 

parameters do not match very well. If the two quantities were both expected to 

reflect the behavior of specific parameter pairs for the physics of an experiment, one 

would expect to see much closer agreement between the two metrics. As this is not 

the case, it may be either that the calculation of one of the quantities is not accurate, 

that there is a mismatch between the experimental and simulated values, or that 

there was an error in the experimental data collection. If there was an error in one of 

the quantities in the simulation result, it would likely be TKE, as this was 

implemented for the present study and the only experiment that it has been 

compared with has been the Sewell experiments. It would be good to compare with 

additional experiments that gathered TKE measurements to refine this calculation of 

TKE from the simulations and to ensure that it is accurate. 
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5. Conclusions 

 

From the results obtained in this study, it appears that, while the K-L-a and K-L-a-V 

models work very well for the experiments they were developed for and calibrated 

with, they do not appear to work very well for the Sewell experiments without 

significant modification. This is likely also true for other membraneless experiments. 

Better fits were obtained by modifying the default values of 𝜃 and 𝛼𝑏. However, 

trying to find a single 𝛼𝑏 value for the high and low amplitude experiments proved 

difficult, although 𝛼𝑏 = 0.025 is a good compromise value. While it does not provide 

the best overall fit for any of the metrics, the fit using 𝛼𝑏 = 0.025 is fairly good for all 

metrics. If additional tests were done around this area in 𝐿0 − 𝛼𝑏 space, a better fit 

may be able to be found. However, since the low amplitude case appears to not be 

fully turbulent until after reshock, attempting to find a value of 𝛼𝑏 that works for 

both cases may not be particularly useful. 

 In general, the K-L-a-V model was able to obtain better fits than the K-L-a 

model for all quantities, except in some cases due to constraints on the optimization 

parameters. In these cases where the K-L-a model obtained the best fit, if the search 

in the parameter space is refined it may be found that model 8 (K-L-a-V) is able to 

obtain the best fits in these cases as well, as in these cases the available parameter 

pair choices were coarse. 

The reason that 𝛼𝑏 is not the same for the low and high amplitude cases may 

be because 𝛼𝑏 is linked with the initial perturbation, which is sensible, as the growth 

of the instability does depend on the initial state of the interface before shock impact. 

From this, one may need to use different values of 𝛼𝑏 depending on whether the 

initial perturbation amplitude is high or low or somewhere in between. 

The attempt to relate 𝐿0 to physical quantities met with some success. 

However, the calculated values only provided a good fit for the low amplitude mixed 

width case. It is clear that more work is required if this concept is to be applied to the 
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other quantities. It is possible that, if this area is explored more, the equations for 

calculating 𝐿0 could be used in the high amplitude case as well.  

One important finding in this study was the lack of overlap for the optimal 

parameter pair choice for the mixed width and TKE quantities in 𝐿0 − 𝛼𝑏 space. 

When a specific value of 𝛼𝑏 was constrained, the chosen value of 𝐿0 for the best fit 

did not match between TKE and mixed width. The scatter plots also showed the lack 

of overlap between the two metrics. One would expect the mixed width and TKE 

quantities to choose a similar parameter pair if they are both supposed to reflect the 

experiment accurately. This suggests that there might be an error somewhere, either 

in the gathering of the experimental data, or in the calculation of the simulated 

quantities, or perhaps some kind of mismatch between the experimental and 

simulated values. The most likely cause is an error in the simulated TKE calculation, 

as this was newly implemented for this study and has only been tested against the 

Sewell experiments, so it may not be accurate. 

The results presented in this thesis are useful in several ways. First, they show 

that the K-L-a and K-L-a-V models are able to be used, to some extent, outside of the 

experimental cases they were developed for. However, they also highlight that their 

usefulness is limited and requires modification of the models. This shows that these 

models either need to be updated to work with additional experiments. Perhaps a 

new model could be developed that takes membraneless experiments into account. 

The experiments used to develop these models only cover a small set of 

variations, which may be why these models do not work outside of these contexts. If 

it is desired to make a model that is more widely applicable, it would need to use 

many different experiments in its development, calibration, and validation. The 

results of this study show that it would be important to use experiments such as the 

Sewell experiments that have been more recently performed with different 

techniques, such as the membraneless interface, instead of using only experiments 

such as the Vetter-Sturtevant [13] and Leinov et al. [14] experiments. Adding these 

experiments to the model development and calibration may improve the applicability 
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and capability of the models and may bring more insight and predictability to these 

turbulent instabilities. 

5.1.  Future Work 

The results of this study provide some areas for additional investigation and research. 

One step would be to expand this study to include other experiments that utilize 

membraneless interfaces. It appears this may be an important factor in the 

development of the instability, so it would be good to obtain experimental data from 

multiple groups in order to provide a thorough survey of these types of setups. 

Modifying the existing models, or developing a new model to work membraneless 

experiments would also be useful, as it appears that the K-L based models may not 

work well with these types of experiments at present. 

In addition, it may be helpful to explore the use of other models, such as the 

K-𝜖 model, to compare with membraneless experiments in order to see if they are 

able to model the data better. As the K-𝜖 model was not tested in this study, it is not 

known if this model will be able to model membraneless experiments better or worse 

than the K-L-a and K-L-a-V models. In any case, it would be good to look into the 

use of the K-𝜖 model. 

The attempt to relate 𝐿0 to physical quantities still needs additional work to be 

used. One area of improvement could be to improve the choice of 𝐾0 and 𝜆𝑟𝑚𝑠. The 

equations used may also need to be modified with some kind of scaling factor, 

though this may be unnecessary. 

An additional area of future study is to improve the TKE-based measurement 

of mixed width that was attempted in this study. Currently, it appears that this metric 

requires more work in order to be useful, but it is possible that, if refined, it may be a 

more accurate reflection of some experimentally obtained mixed width 

measurements, such as those obtained by Sewell.  

Comparing this model to other experimentally obtained values of TKE would 

be very useful. Refining the simulated TKE calculation would be an area of 

improvement. Ensuring that it is accurate, and determining the cause of the 
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mismatch in the optimal parameter pairs between TKE and mixed width would be 

an important next step. 

One area that was found to be intriguing was the difference between the high 

and low initial amplitude experiments and the way that the optimization parameters 

varied between the two cases. It is suspected that there is a relationship between the 

amplitude of the initial perturbation and the growth parameter 𝛼𝑏. Finding this 

relationship would be useful in modeling further experiments. Along with this, it 

would be important to explore and quantify the ranges of “low” and “high” 

amplitude perturbations, as well as the transition or “medium” range between the 

two extremes.  
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