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ABSTRACT. We introduce a class of UV-regularized two-body interactions for fermions in R¢ and
prove a Lieb-Robinson estimate for the dynamics of this class of many-body systems. As a step
toward this result, we also prove a propagation bound of Lieb-Robinson type for Schrédinger op-
erators. We apply the propagation bound to prove the existence of infinite-volume dynamics as a
strongly continuous group of automorphisms on the CAR algebra.

1. INTRODUCTION

The goal of this paper is to study propagation estimates for interacting fermion systems in R%,
d > 1, and to apply them to construct the infinite-volume dynamics for a class of such systems as
a strongly continuous one-parameter group of automorphisms of the standard CAR algebra. We
introduce a class of short-range, UV-regularized two-body interactions for which this is possible.
Without the use of a UV cut-off of some kind, such a result cannot be expected to hold. See,
for example, the discussion in | , Introduction to Section 6.3]. Nevertheless, as Sakai notes
in the last paragraph of his book | ], constructing the dynamics for interacting systems is
one of the most important problems. To address this problem, a common approach is to consider
the dynamics in representations of the algebra of observables associated with a class of sufficiently
regular states. This is not our approach here. Instead we introduce a UV regularization of the
interactions. This allow us to construct the infinite system dynamics as automorphisms of the
CAR algebra of observables that depend continuously on time. A typical situation where it is
advantageous to consider the dynamics on the observables algebra of the infinite system is in non-
equilibrium statistical mechanics, where until now one would either use a quasi-free dynamics (as,
e.g., in| ]) or work in a lattice setting where UV regularization is provided by the lattice (see,
e.g., | ) , , ], and [ ) | for the original and fundamental
existence result for quantum spin systems.).

One broad class of models in which UV degrees of freedom are naturally absent are mean field
models and related limiting regimes and the dynamics of such models have been studied including
in infinite volume. For example, well-posedness for the Hartree equation in infinite volume, which
describes the mean field limit | ], has been proved by Lewin and Sabin in | ].

The regularization we adopt in this paper is smearing the interactions by Gaussians parame-
terized by ¢ > 0 in such a way that the pair interaction between point particles is recovered in
the limit 0 — 0 (See Appendix A for a proof). Formally, in second quantization, this leads to a
Hamiltonian of the form

(L) HE = [ (VaVa +Viaads+ 5 [ [ W - a2 (@alefatedody,
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where V' is an external potential such as a smooth periodic function, and W is a short-range two-
body interaction. We defer stating precise conditions on V' and W until Section 2. The smearing is
only needed in the interaction and one can take for 7 an L!'-normalized Gaussian of width o and
centered at z € R%. The parameter o can be interpreted as the size of the particles and, as discussed
in Appendix A, restricted to the N-particle Hilbert space, for any finite number of particles IV, in
either a finite or infinite volume, the dynamics converges to the standard Schrodinger dynamics
generated by the self-adjoint Hamiltonian Hpy given by

N

(1.2) Hy = (0 + V() + > Wilae — ).

k=1 1<k<I<N

Having a state-independent definition of the dynamics has both conceptual and practical ad-
vantages. From early on it was realized however that the subtle, non-robust, property of (thermo-
dynamic) stability may be an obstacle to using perturbation series to define Heisenberg dynamics
for infinite systems in the continuum [ |. Therefore, it is not surprising that attempts were
made to construct toy models of interacting theories for which stability could be proved. An early
example is | ]. In | | an infinite-volume dynamics for interacting fields is obtained using
relativistic locality (Minkowski space). The only previous Euclidean construction of infinite-system
dynamics on the CAR algebra over L?(R?) that explicitly considers a regularized pair interaction,
as far as we are aware, is by Narnhofer and Thirring | ]. In that work the authors were moti-
vated by the desire to preserve the Galilean invariance of the dynamics, which led them to employ
a somewhat contrived UV regularization. The smearing of the form (1.1) used here is, we believe,
more natural and likely to faithfully reproduce the low-energy physics.

Before summarizing our results, we point out that defining a dynamics on the CAR algebra over
L?(R%) is by itself not the issue. Including pair interactions in a densely defined self-adjoint Hamil-
tonian on Fock space has been accomplished a long time ago. The corresponding one-parameter
group of unitaries can be used to define a dynamics as a group of automorphisms on the bounded
operators on Fock space, which includes the CAR algebra. This dynamics, however, is in general
not strongly continuous. This is because the commutator of the unregularized interaction term with
a creation or annihilation operator is unbounded.

Our proof of convergence of the thermodynamic limit of the infinite-volume dynamics hinges
on a propagation estimate of Lieb-Robinson type | ] for systems in which the interaction is
only active in a bounded volume A, with estimates that are uniform in A. Let 7/*(-) denote the
Heisenberg evolution with the interactions restricted to A (see (2.19) for the precise definition) and
define the one-particle Schrédinger evolution in the usual way:

(1.3) fr=e AT e L2(RY), teR.

Lieb-Robinson Bound for Schrodinger operators. Let V be given as the Fourier transform
of a finite Borel measure of compact support on R%. For ¢ > 0 and = € R?, denote by % the L!
normalized Gaussian on R? with mean x and variance o. Then, there exist constants C;, Cs, C3 > 0,
such that for all f € L?(R%) and ¢ € R one has

. C
(14) ‘<€—zt(—A+V)f, sog)‘ < CleCQM In |¢| / dy e—ﬁ‘x—m !f(y)!
R4

A more detailed estimate and explicit constants are given in Proposition 3.2 and Corollary 3.3.
For discrete Schrodinger operators on graphs a Lieb-Robinson type propagation estimate holds for
any real-valued diagonal potential | ].
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Let TtA, be the Heisenberg dynamics generated by Hy in (1.1) for bounded A C R¢, and ¢ € R.
We will prove the following result as Theorem 2.5.

Propagation Bound for many-body fermion dynamics. Let W € L®(R?) be real-valued
and satisfying W (—z) = W(z) and |W(z)| < Ce= !, for some C,a > 0. Then, there exist
continuous functions C(t),a(t) > 0 such that for all bounded and measurable A C R, and f,g €
L' (R%) N L2(RY), one has the following bounds:

(1.5) {7 (a(f)), a*(g)} — (e A )| < || £ 11 [lglleC e ®dlsurp(h.supp(a))
(16) [ @) (@)} < 1 FllallgllieCee®dtmmp sumnts)
where d(supp(f), supp(g)) denotes the distance between the essential supports of f and g.

Explicit forms of C(t) and a(t) are given in Theorem 2.5. This Lieb-Robinson type bound
provides localization estimates for general elements in the CAR algebra by the usual algebraic
relations in the same way as for lattice fermion systems as in | , , ]

As an application of this propagation bound above, which is of independent interest, we then
prove the existence and continuity of the infinite systems dynamics. See Theorem 2.7 for the
precise statement. There are other approaches to proving the convergence of the dynamics in the
thermodynamic limit. Using propagation bounds, however, yields a short and intuitive proof.

Strongly continuous infinite-volume dynamics. There exists a strongly continuous one-
parameter group of automorphism of the CAR algebra over L*(R?), {7 }icr, such that

(1.7) Jm, i (a(f)) = me(a(f)), for all f € L*(RY).

The strategy for proving existence of the thermodynamic limit of the Heisenberg dynamics using
propagation bounds appears to be quite general and has been employed successfully for lattice
systems [ , , ]. This method works whenever the interactions restricted to a
bounded region are described by a bounded self-adjoint operator. It is worth noting that the free
part of the dynamics does not require a cut-off for this result to hold. Due to its uniformity in A,
the propagation bound (1.5) extends to the infinite system dynamics.

Several generalizations of the propagation bounds could be considered. For Schrédinger oper-
ators, we expect that the restrictions on V' can be relaxed. The many-body bounds are derived
here for regularized pair interactions only. Our approach can handle k-body terms with virtually
no changes. A different type of extension of obvious interest would be to consider fermions in an
external magnetic field. In contrast, constructing the many-body dynamics for boson systems one
has to face an additional element of unboundedness that has long been understood to force one to
consider a weaker topology to express the continuity in time | |. Already for boson lattice sys-
tems, such as oscillator lattices, Lieb-Robinson bounds can be derived but one finds bounds that are
no longer in terms of the operator norm of the observables | , ]. Such bounds can
nevertheless still be used to prove the existence of infinite-systems dynamics | |. Another
approach to define the dynamics of infinite oscillator lattices was developed by Buchholz [ ],
who constructs a strongly continuous dynamics on the Resolvent Algebra | ].

The existence of propagation bounds of Lieb-Robinson type and the strongly continuous infinite-
volume dynamics for many-body systems with Hamiltonians of the form (1.1) provide a new avenue
for applications. For example, if we choose for V' a periodic potential, such that —A 4V has a band
structure with a gap, the non-interacting many-body ground state at suitable fermion density is
gapped. We expect this gap to persist in the presence of interactions as in (1.1) with W sufficiently
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small. Stability of the ground state gap has been proved for broad classes of lattice systems
[ , , , , , , , , , ]. We believe
that an analogous result for the continuum systems studied in this paper is now within reach.

2. MODEL AND STATEMENT OF MAIN RESULTS

Let d > 1 and take A to be the Laplace operator on R%. For any real-valued V & LOO(Rd), we
will denote by

(2.1) Hi=-A+V

the corresponding (self-adjoint) Schrodinger operator with domain H?(R%) C L2(R?), see | ]
for more details. As required, we will impose further conditions on V, e.g. see (2.11).

Our goal is to analyze a class of operators on the fermionic Fock space. We will follow closely
the notation in | |, see specifically Section 5.2.1, and refer the reader there for more details.
Let us denote by

o0
(22) %v— — @ (LQ(Rd)@)n),

n=0
the anti-symmetric Fock space (Hilbert space) generated by L?(R%). In the above, L?(R%)®" is short
for @7_, L2(R?) and (-)~ denotes anti-symmetrization. For each f € L?(R%), take a(f) € B(F™),
the bounded linear operators over §—, to be the annihilation operator corresponding to f, and
denote by a*(f), its adjoint, the corresponding creation operator. It is well-known that these
creation and annihilation operators satisfy the canonical anti-commutation relations (CAR)

(2.3) {a(f).a(g)} =0 and {a(f),a*(9)} = (f,g)1 for all f,g € L*(R?)

where {A, B} = AB + BA denotes the anti-commutator, (-,-) the scalar product in L?(R%), and 1
is the identity acting on §~. In addition, one has that

(2.4) la* () = lla(H)ll = [Ifllz  for all f € L*(RY)

where here, and in the following, || - ||, will refer to the LP-norm for p € [1,00] and || - || will denote
the operator norm.

The models we will consider are defined in terms of a particular class of annihilation and creation
operators. Let o > 0, take z € R%, and consider the Gaussian wo R? — R with
1 _ly==?

5 (y) = We

(2.5) for all y € R?.

We say that 7 is centered at 2 € R? with variance 0. We have chosen an L'-normalization, i.e.
2|l =1 for all z € R%. Given (2.4), it is clear that for any z € R?,

(2.6) la* (D% = la@DI* = %113 = (4mo?) = =: C,

where we have introduced the notation C, > 0 as this quantity will enter our estimates frequently.

For any bounded and measurable set A C R%, we will analyze the operator
(2.7) HY =dI'(Hy) + W§

acting on §, where dI'(H;) denotes the second quantization of Hj, again see [ | for the
definition, and the interaction WY is given by

(28) Wi =5 [ [ dedyWaema (e (e ateg ()
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where Wy : R? x R? — R has the form Wx(z,y) = xaxa(z,y)W(z — y) for some real-valued
W € L=®(R?) and xaxa(z,y) denotes the indicator function of the set A x A. In this case, for each
fixed o > 0 and any A C R? that is bounded and measurable, we have that

1
dmo?

1 1 d
(2.9) wgl < te2 / / de dy [Wa (2, 9)| < » W ol AP
2 ]Rd ]Rd 2

where |A| denotes the Lebesgue measure of A. Thus for bounded W, W{ € B(F™~) for each choice
of 0 >0 and A C R? as above. We conclude that, in these cases, HY is a well-defined self-adjoint
operator on the anti-symmetric Fock space §~.

As we progress, more assumptions will need to be made on W. For ease of later reference, we
state them here.

Assumption 2.1 (On W). Let W : R? — R satisfy
(i) W € L>®(R?) is real-valued;

(i1) W is symmetric, i.e. W(—x) = W (x) for almost every x € R%;
(iii) W is short-range, i.e. there are positive numbers a and cy for which

(2.10) (W ()| < ewe ! for almost every x € R?.

2.1. Bounds on the propagator of one-particle Schrédinger operators. In this section, we
derive propagation bounds for one-particle Schrédinger operators with the form H; as in (2.1). To
make a precise statement, we require the following from the potential V.

Assumption 2.2 (On V). Let V : R? — C have the form

(2.11) V(z) = / dp(k) e
R4

where p = Borel(R?) — R is a Borel measure on R? satisfying:

(i) w has support contained in a ball, i.e. there is some M > 0 and suppu C B(0);
(ii) p = pt—p~ where ut and p~ are non-negative finite measures on Borel(R?), i.e. p*(RY) <
0o. We set |u| =pt +p=
(iii) p is even, i.e. u(A) = u(—A) for all A € Borel(R?).

Under these assumptions, V' is the Fourier transform of a signed, compactly supported, finite
measure i, which is real-valued and bounded. Two parameters that will appear in estimates are
C), and M, to characterize V. They need not be chosen optimally but should satisfy

(2.12) /R dlpl(x) < Gy, sup{JK| | € supp(lul)} < M.

Two classes of examples of potentials V' satisfying Assumption 2.2 are the following.

(i) Let V satisfy Assumption 2.2 and suppose the corresponding measure x has a density f € L'(R%).
Then, these assumptions imply that f has compact support, that f(x) = f(—=x), and that

(2.13) V(z) = /R | dk f(k)e e,

For example, our class of potentials V includes V (z) = sinc¥(x) for all k € N for which the density
is the k-fold convolution of the indicator function f(y) = 11— 1j(y)-
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(ii) Let V satisfy Assumption 2.2 and suppose the corresponding measure p satisfies: There is some
N € N, points {a,}_, in R? and numbers {b,}_; in R for which

1 N

(2.14) p(d) =5 > bn(0a,(A) +6-a,(A)) for any A € Borel(R%).

n=1

Here 4.y denotes the Dirac measure. This form gives rise to potentials V' with
N
(2.15) V(z) = Z by, cos(ay, - x).
n=1

The main result of this section is:

Theorem 2.3 (Lieb-Robinson bound for Schrédinger operators). Let V' satisfy Assumption 2.2 and
consider the Schrodinger operator Hi = —A + V' as defined in (2.1). Then there exist constants
C1,C9,C5 > 0 depending on d, s, and o such that the estimate

. N CF T
(2.16) (™ f, 00| < CleC”““'t/ dye = p(y))
R4

holds for allt € R and f € L*(R?).

The constants C7,Cy, and Cs are derived in the proof of Corollary 3.3.

Remarks 2.4. (i) Theorem 2.3 relies, in general, on the smoothness of the class of test func-
tions py that we used to probe the locality properties of the dynamics. For example, we can see from
an explicit computation in the case of V.= 0, that the exponential decay does generally not hold
when the Gaussians is replaced by a non-smooth functions such as, for example a characteristic
function. Using the formula

et D)y () = Lt~k
(217) D) = s [ e T ),

valid for t # 0 and general ¢» € L'(RY) N L2(RY), a straightforward calculation, in the case d = 1,
shows that the leading behavior of |(e*it(*A)X[_171})(aﬁ)|, fort >0 and |x| large is given by

—it(—A t o
D@~ 2L e L

(ii) In the case V =0 and for the Gaussians ¢, another explicit computation (see e.g. | ,
Sec. 7.3]), shows that

_172\chyl2
1 e 8t24204

)(@)] = (2m)4/2 (482 + o4)d/4"

(2.18) ‘ (e*it(*A)goZ

Using this form one immediately sees that an estimate analogous to (1.4) holds with a Gaussian
distance dependence of the kernel.

(iii) In view of the first two remarks it is clear that Theorem 2.3 is far from optimal. It is also
likely that similar bounds hold for a broader class of potentials V.
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2.2. Lieb-Robinson bounds and the thermodynamic limit. Our next results concern Lieb-
Robinson bounds for the Heisenberg dynamics associated to the operator Hf defined in (2.7). We
begin by recalling the notion of dynamics on Fock space.

As before, let B(F~) denote the bounded linear operators on §~. For each o > 0 and any
bounded, measurable A C R, we define the Heisenberg dynamics associated to HY for each t € R
as the map 7 : B(§~) — B(F~) defined by

(2.19) M (A) = e HE Ae X for all A € B(F7).
We note that although TtA (A) depends on o, we have suppressed this in our notation.

We will analyze this dynamics on the CAR algebra generated by the set {a(f),a*(f) : f €
L?2(R%)}. Again, we refer to | , Sec 5.2] for more details. In particular, we will focus our
attention to operators A = a(f) € B(F~) for some f € L*(R?).

Let us also recall the free dynamics, i.e. the case where W =0 and there is no interaction. We
will denote this well-studied, free dynamics of the CAR algebra by

(2.20) ! (a(f)) = T Hg(f)e~ ™M) f e [2RY), teR.
A straight forward calculation shows

(2.21) T?(a(f)) = a(ft) where fr =e Ly,

Our goal is to examine the behavior of TtA as A tends to R?, and in particular, we wish to establish
the existence of a dynamics in this thermodynamic limit. To do so, we regard TtA as a perturbation
of the infinite volume free dynamics Tt@ on the finite volume A. In this case, the key to constructing
the thermodynamic limit is an appropriate form of the Lieb-Robinson bound. To express the

Lieb-Robinson bound for this model, we find it convenient to introduce the non-negative function

(2.22) FM(f.9) = I (a(),a*(9)} = {7 (a(f)), a* (@)} + {7 (a( ), al9)

Iteration is at the heart of most Lieb-Robinson bounds, and in the present context, our proof will
show that the function FtA above iterates more simply than either term on the right-hand-side of
(2.22). In any case, we find the following Lieb-Robinson bound.

Theorem 2.5 (Lieb-Robinson bound). Fiz o > 0. Let V satisfy Assumption 2.2, W satisfy
Assumption 2.1, and for each t € R and any bounded, measurable set A C R%, denote by TtA the
dynamics associated to HY as defined in (2.19). For any f,g € LY(R%) N L2(RY), the bound

ctlz

A s _ xdye” T T
(22 FA(F9) < D@EO = 1) [ [ dadye 5 @)ty

holds for functions D(t) ~ e<IIHl Py 4 polynomial of degree 6d+1 in |t|, and ¢; ~ # Ezxplicit

values for these functions are given in Section /, see specifically Lemma 4.3 and Lemma 4.4.
Remark 2.6. Here it is crucial to subtract the free time evolution

(2.24) {0 (f)),alg)} = (i, )1

since |(ft,g)| does not, in general, decay exponentially; see Remark 2.4 (i).

Our main application concerns the existence of a dynamics in the thermodynamic limit. In
Section 5 we show how the following theorem is a consequence of the A-independent bounds proven
in Theorem 2.5.
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Theorem 2.7. Under the assumptions of Theorem 2.5 there exists a strongly continuous one-
parameter group of automorphisms of the CAR algebra over L?(RY), {ri}icr, such that for all
f € L2(R?) and any increasing sequence (A,,) of bounded subsets of RY such that U,A,, = R?,

(2.25) Tim ™ (a(f)) = 7(a(f)

in the operator norm topology, with convergence uniform in t in compact subsets of R.

3. LIEB-ROBINSON BOUND FOR SCHRODINGER OPERATORS. PROOF OF THEOREM 2.3

In this section we use the notation Hy = —A and H; = —A + V. To prove Theorem 2.3 we will
use a Dyson series expansion for e?*/1:

ot t
(3.1) e L — g=itHo 4 (_j)n Z/ dt,, - - / ’ Aty e~ it=tn)Hoy/ o=iltn—tn—1)Hoys . y/git1Ho
n=1"0 0

Since V' is bounded (by Assumption 2.2), this series is absolutely convergent in norm. We are
interested in estimating ‘(e*’tHl (,DZ)(J:‘)‘, where ¢ is the Gaussian function given in (2.5). Using
the Fourier representation of V' (2.11), the integrand of the n-th term in the expansion (3.1) applied

to ¢f can be expressed as follows:

(3'2) (e—i(t—tn)HoVe—i(tn—tn—l)Hov .. VeitlHO(pZ) (.CL‘)
— | du(k) -- / Ap(k1) AL, oo by by KLy ooy Koy 4, ).
R4 Rd
where
(33) A(tb IO N S D Y, :C) = (e_i(t_tn)HOane_i(tn_tnil)HOVk’n—l e VkleitlHOSOZ) (ZL‘)

—ik-x

Here V}, is the multiplication operator by Vi (z) =e and |p| = pt 4+ p.
Lemma 3.1. Letn € N. For all ki,....kn,y,x € Rd, t>t, > ..>t1 >0 one has

2 ! 2
| o i@ 2 St —t) T k|

(34) ‘A(t17"'7tn7t>k17"‘7kn>y7aj)‘ - (27T)d/2 (4t2+0'4)d/4 Y
where we use the conventions t,+1 =1t, to =0 and Z?’:l = 0. Furthermore,
_02\m—yl2
1 e 8t24204

(3.5) |(e7 007 (2)] =

(27)d/2 (442 4 g4)d/4"

Proof. Let F be the unitary Fourier transform on R? and F* be its inverse then we obtain
(3.6)  A(t1,...tn,t, k1, .o, kn,y, @) = (FrFe Wt F Fy Fr o FV, FrFe Mo F* Fol) (2).

Now, for all t € R, k € R and ¢ € L2(R%) we have Fe o F*yp = ¢=i)*typ and FV, F*p = h(-—k).
Therefore,

1 ) n » - - N2 . n
Aty tp, b k1, ok, y, ) = e /Rd di et [ et ) (k=S50 k) (Feg) (k=" k),
1=0 j=1
where we use the convention that Z;L:n 4+1 = 0. Next we use that
1 gy _CIkP
(.7'—902)(]{) = (27r)d/2e kY=
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and perform a change of variables to obtain

(3.7)
iy 5 kj(z—y) ) n ) 2 22
A(tl, tna t, kh s kna v, .CC) — eJlj/ dk ezk~(z—y) H e_l(tl+1_tl)‘k+23':1 k‘j‘ o \2k| ’
(2m)4 R4 =0

where we use the convention 2221 = 0. Multiplying out |k + Zé‘:1 kjf = |k|* + 2k - Zé’:1 k; +

l
P
o2 k|2

‘A(tl’ vl to k1, o ks, 1;)' = W‘ /d dk ezk-(l*y)efl‘kpte—% Zz:o(tl+1—tl)22:1 k-kj e~ T3
R

k; 2, using >0 o (tiy1 — t1) = tpg1 — to =t and taking the absolute value give

Now, a calculation shows that for any ¢ > 0 and a,b € R

cb?

]_ . 2 . 6_4(a2+c2)
3.8 ’ dk ikb ,—k*(ct+ia)| _ )
(3.8) (2m)1/2 /]R e e (4(a? + c2))1/4
Hence,
1 1 I . :
(3.9) |A(t1,...tn,t,kl,...,kn,y,x)‘ _ o 5rzoT ‘( Y)—2 37 (b —t) S5y ‘

(27)4/2 (442 + o4)d/4 ’
which proves (3.4). Identity (3.5) follows from an explicit calculation using the integral kernel of

e~ o see e.g. | , Sec. 7.3]. O

With this lemma we have arrived at the following estimate. For t € R and z,y € R?, we have

—itHy —itHg o 1 1 -
B10) [ = )0 < o G g O [l [ i)

|t| t2 o2 n ! 2
< / dtn - / dty i eV 2Tt B b,
0 0

where, as before, we use the convention 22:1 = 0. By estimating the RHS of this estimate, we
will obtain the following proposition. Recall the definitions of C, and M in (2.12).

Proposition 3.2. For allt € R and =,y € RY, we have

i 1 _oPle—yl? 1 —le—wlgy le—ul )
—itH —th 2804 (oCult] _ 4[e[M 2 Cult|
|(€ - O) ’ — d/2 4t2 +o )d/4 (6 s (6 . 1)+ /727_‘_6 AMCut et )
Using (3.5) to bound |e~ %0 @7 ()], it is then straightforward to obtain an estimate for le~iH o5 (z)].

In our application, however, the following simplified estimate is easier to use.

Corollary 3.3. There exist constants C1,Co, and Cs, such that for allt € R and z,y € R?, we
have

lz—y]
Calt|In [t|—C3 12

(3.11) }eiitngo‘;(x)‘ < Cie

Proof of Proposition 3.2. Note that, as expected from translation invariance, the RHS of (3.10)
depends only on x — y. Therefore, w.l.o.g., we can assume y = 0. Let I,,, n > 1, denote the n-th
term of the sum in the RHS of (3.10):

‘tl t 02 n 2
(3.12) In:/ d\u\(lﬁ).../ d!u!(kn)/ dtn---/thl @77&524—204‘(JE*y)*QZl:O(tlJrl*tl)Z§'=1kj‘ )
R R 0 0
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Given 2 € RY, t € R, we split the sum over n in (3.10) as follows:

||

No o]
(3.13) By=Y I,, B = I,,, with Ny = [ } :
2 2 (4[t]M)

n=Np+1

where [a] denotes the integer part of a and M is as in (2.12).

First, if =l > 1, the first sum is non-empty and we estimate its terms as follows.
>to=0

(4]¢[M)

n < |z|/(4|t| M), and note that for k; € By (0) with1 < j <l <nand |t| =t,41 >, > ...

n l n
(3.14) ‘ S (i1 — 1) ZkJ’ < Mn'S (ti1 — 1) = Mnlt].
1=0 j=1 1=0
Therefore,
n l , 1 )
(3.15) |x_2l§:%(tl+l —tl);kj‘ 2 Z!x\ :

and therefore

02|22 No C”tn
(3.16) By < e 2%+8a7 Zi

n=1

o2|x|?
<e 274807 (e Cultl _ 1)
n!

Let

To estimate the terms in Bj, note that the integrand in (3.12) is bounded by 1. Therefore, using

C,, defined in (2.12),

oo
(¢ \t\ (Culth™ ™ o
(3.17) B < < eCultl,
2 (No + 17

Stirling’s formula yields for all m > 1 the bound

1 1
3.18 — < —emmmim,
(3.18) ey

Using this and No + 1 > |z|/(4|t|M), we obtain

__l=| lz|
4\t|M(ln IMCpi2 1)EC’H|t|

(3.19) By <

\/7

If (4\|t|]‘\/[) < 1, By = 0 and we estimate B as in (3.19) with Ny = 0.

The proposition is proved by combining the estimates (3.16) and (3.19).

O

Proof of Corollary 3.53. We may again restrict ourselves to the case y = 0. Proposition 3.2 and

(3.5) together immediately give the estimate

}efthl 0' ‘ 1 1
T (2m)/2 (442 + ot)d/4
_ _o?af? __o2af? _ e g
X |e 821207 4+ ¢ 32024807 (eCult\ _ 1) 4 e AMIt]

V2r

n—lzl
4MCpt
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The last term in the square bracket is the estimate (3.19) for By, which we can simplify by con-
< €2. In the first case, we

sidering two cases for (z,t) € R, namely ; el > e and

||
INC, 2 AMC 2

have
|z]

e AltIM +Cultl
V2T

On the other hand, if 4M‘a(;| = < e?, we use the inequality e #% < ee for all u > 0, to obtain

(3.20) By <

_ =l 2
(3.21) B, < 126iee20u|t|<lncut|+1>+cu|t6 et
s

By bounding By by the sum of the RHSs of (3.20) and (3.21) and making a few more easy simpli-
fications we arrive at the following bound:

—itHy ‘ 1
SO - 27T0'2)d/2
ol | e Y 11 Cutln Cult+1)+Cplel Ty te?
X |e 32t2+804 nlth o — o Afe[m TR e plt(In Gy ullle 4MCpt
27 2

To estimate the Gaussian decay of the first term between the square brackets by a simple ex-
ponential, we use that for all v € R, u?> > u — 1/4. Furthermore, since ulnu > u — 1, we also

have
Cultl < HCLIH I Cult]

Using this and replacing the constant prefactors by their maximum, we find

o' T |z
e~ itH1 3 (1] < 27m2 - slztL4e? 20t ] +2) (e T Lemar 4e 4Mcut2)_
Finally, we use the estimate
, o? 1 1 1
mm{ 2 1 ’ 2} YRS
32t2 + 8o 4tM’ AMC,t t2(55 +4MC),) + 4tM + 802
S 1
= 42032 2 2
t2(5 +4MCy +2) + 2M? 4 8o
1 1
(3.22) >

32 +4AMC, +2(M?+1) + 80212 + 1
to bound the sum of three exponentials by
_Ca el 1
3¢ 241, with O3 = 53 .
3 +4MC, 4 2(M? + 1) + 802

It is now straightforward to find suitable values for C; and C5 for which the bound given in the
corollary holds. O

4. MANY-BODY LIEB-ROBINSON BOUND. PROOF OF THEOREM 2.5

The main goal of this section is to prove Theorem 2.5. We do so in three steps. First, in
Section 4.1 we establish a basic estimate which facilitates an iteration scheme; this is the content
of Lemma 4.1. Next, in Section 4.2, we estimate a kernel function which, among other things,
ultimately justifies the convergence of our iteration, see Lemma 4.2 and Lemma 4.3. Finally, in
Section 4.3 we perform the iteration and verify the bound claimed in Theorem 2.5.
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4.1. A Preliminary Bound. In this section, we provide an estimate on the basic quantity of
interest in Theorem 2.5. Let us briefly recall the set-up. We have fixed ¢ > 0, taken V and
W satisfying Assumption 2.2 and Assumption 2.1 respectively, and introduced, see (2.22), the
non-negative function

(4.1) FMNf,9) = {7 (a(f), a*(9)} = {7 (al @)}] + {7 (a* (£), a* (9)}]

for any bounded, measurable set A C R?, ¢t € R, and functions f, g € LQ(Rd). Our first estimate is
as follows.

Lemma 4.1. Under the assumptions described above, for any t > 0, we find that

t
FMRe) < G [ s [ doKis (Rl et

t
(4.2 +Cy [ds [ doKi(fo)FNeRg)
0 R4
where Cy > 0 is as in (2.6) and with kernel function Ki(f,x) given by
(4.3) Ki(f,w) = Wl £, 00 + 2 (W] (e £ 07 ) ().

Proof. We begin by recalling a useful perturbation formula. Fix a bounded, measurable set A C R?
and take o > 0, t > 0, and f € L2(R?). In this case,

(4.9 () = el +i [ dsed ([WEAL ()]
a proof of which can be found in , Prop. 5.4.1]. Note that

Wi, 7 /R L drduWata,y) [o"(eD)a" (g bal).al )]
(145) =5 [, | ety Wae.0) [0 (220 (25). o)) alials2)

where we have set f; = e #H1 f and used (2.3). Further calculating, we find

[a"(¢2)a"(¢5), alfi-s)] =a™(¢7) {a"(¢]), alfims) } — {a"(¥]), alfi-s)} a™(¢])
(4.6) =(fi—s, P)a’(¥7) = (fis, p2)a" (oy)-

Using now the symmetry of W, we obtain
{ralf)),a*(9)} = {7 (a(f)), a*(9)}
=i [Las [ drdy Wate ) iea o) {72 (@620 7 ) 72 (a2 ()
With the anti-commutator relation
(4.7) {ABC,D} ={A,D}BC — A{B,D}C + AB{C, D},
the norm bound

|t a0 (@)} = () a (@)}

<Cr (s [ [ ardyiwia = llth-ses)
(4.8) < (|[{r2a*(02)), a* () }]| + {7 aleD)), a*(9) }]] + [[{r(al¢D)), a*(9)}]])
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readily follows. Here we have used the bound |Wy(x,y)| < |W(z — y)| for all z,y € R%. Similar
arguments yield the bound

{7 (@* (), a*(9)}]

<Gy [ [ [ dady Wi =)l
(1.9 < ({r @ @ma @} + [ e () a* @)} + [ {7 (aleo). @)}

Our goal, as in most Lieb-Robinson bounds, is to derive bounds which can be iterated. Since
neither (4.8) nor (4.9) iterate separately, we bound their sum, i.e. the function F(f, g) introduced
in (4.1) above. Recalling that {2(a(f)),a*(9)} = (f1, ¢)1, we find

t
FMf.9) < C, / ds / / dady W (z — )| (frsr 23)]
0 R2 JRA . '
x (2FM¢3, 9) + 2/(e 02, g) + FA (97, 9) + (e M47, g)))
t .
(410) =Cy [as [ drKi(ra)(FNE0)+ e 2],

where we have introduced K;(f,z) as in (4.3). This is the claim in (4.2). O

Looking at the bound proven in Lemma 4.1, in particular (4.2), it is natural to begin an iteration.
To ensure convergence, we first provide an estimate on the kernel function K(f,z).

4.2. Estimating the Kernel. In this section, we provide two useful apriori estimates on the
kernel function Ky(f,z) defined in (4.3) of Lemma 4.1. First, we estimate this function for general
f € L?(RY), this result is stated in Lemma 4.2 below. In Lemma 4.3, we provide a similar estimate
in the special case that f is a Gaussian.

Before we prove our first estimate, it will be convenient to introduce the following notation. For
any r > 0, set G, : R? = R to be

(4.11) Gr(z) = el for all z € R?.
Lemma 4.2. Let t >0, f € L2(RY), and x € R%. We have
(4.12) Ki(f.a) < Pi(6)e® ™ (G, % | f1) ()

where Gy, is as in (4.11) with

B aCls

a2+ 1)+ C3

and Py : R — (0,00) is the polynomial of degree 2d given by

(4.14) Pi(t) = C1(2ew D2(4by) ™4 + | W||1) .

Here C1,C5,C5 > 0 are as in the proof of Theorem 2.3, a and cw are as in (2.10), and D3 > 0 is
as in Lemma B.1.

(4.13) Aby

Proof. We first note that

(4.15) Ko(f,2) < [Wli(ef = [fD (@) +2((IW] * &) * | f]) (@)
which may be further estimated as in (4.12).
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Now, for ¢t > 0, we recall the bound in (1.4):

) _93 g,
416) e ] < e [y B ) = G 1))
R
where we use the notation in (4.11) and set
Cs
4.17 =
(4.17) ‘e

In this case, the bound
Ki(f,2) = (W™ £, 00|+ 2(W] * (e f, 7)) ()
(4.18) < Cre W1 (G, # |f]) () + 201 (W] 5 (G, %[ 1)) (@)

is clear. Moreover, the exponential decay of W, see (2.10) in Assumption 2.1, implies

(W1 (Gau #11D)(@) < ew [ dze=(Guy # |11)(2)

(4.19) < ow 5 dz /Rd dy e—4bt|l—z|e—4bt|2—y|‘f(y)‘

where we have used (4.13), and in particular, that 4b; < min{a, a;}. By Lemma B.1 there is D3 > 0,
depending only on d, such that

D2
4.9 d —4bt|w—z| ,—4bt|z—y| 3 —bilz—y| )
(4.20) /Rd ze e < (4bt)de
We conclude that
D3
(4.21) (W] (Ga, % f])) () < wa(th *|fD ()
and note that (4.12) follows from the point-wise bound G, (z) < Gy, (). O

We now turn to the special case of a Gaussian.
Lemma 4.3. Lett >0, 0 > 0, and 2,y € RY. We have
(4.22) Ki(¢3,y) < Pa()e™ ™G, (2 — y)
where G, is as in (4.11) with
B aCsy

16(a(t? + 1) + C3(1 + ac?))
and Py : R — R is the polynomial of degree 4d given by

1
eso? D3

(2mo2)d/2 Pi(t) (4ep)d”

Here we use freely the notation established in Lemma /.2.

(4.23) ¢t

(4.24) Py(t) =

Proof. Applying Lemma 4.2 and the simple bound u? > u — 1/4, for all u € R, we find that
Ki(¢h,y) < Pu(t)e ™ (G, * 07)(y)

1
(4.25) = me@tl Int| dz e btly—2lg— Iz;éz\ .
o Rd
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Recalling also Lemma B.1, the bound

_lz—=| 1 .4
4.26 d —bt|y—=| 2 < D3 —ct|lz—y|
(4.26) /Rd ze e 202 < 3(4Ct) e ,
follows from the estimate

1

4.97 dey < mi {b—}
( ) c; < min < by 5,7
This proves the assertion. ]

4.3. Iterating the Bound. In this section, we will iterate the bound proven in Lemma 4.1, i.e.
(4.2), and complete the proof of Theorem 2.5.

We first note that iteration of (4.2) produces, for any N € N, a bound of the form

N
(4.28) FMf9) <D anlt, f,9) + Ry(t, f,9)
n=1
where for each 1 < n < N the terms

t t1
an(t, f,9) _C;‘/ dtl/ day Kt—h(fvxl)/ dtz/ dxg Ky 4, (07, ,72) -+
0 Rd 0 Rd

tn—1 .
(429) [t [ oK el )

and similarly, the remainder is given by

t t1
Ry(t, f,9) _Cév/ dtl/ day Kt—tl(faml)/ dt2/ dwg Ky 4, (05, 72) - -
0 Rd 0 Rd
tN-1 A
(430) X A dtN /]‘Qd de Kthl—tN (@gN_lawN)FtN (¢gN7g)

Next, we estimate the terms a, (¢, f, g).

Lemma 4.4. Lett > 0 and n € N. We find the following bound

Py(t)™ _ctlz—yl
(431) ot 9) < DO [ o [ aye " r@llot)
where Py : R — R is a polynomial in t of degree 6d + 1 with
Co
(4.32) P3(t) = w and D(t) = CleCzDgwecztllnt\ )

cf P(t)

All quantities appearing above are as in Lemma 4.2 and Lemma /.5.

Proof. Fix t > 0. For our estimate, it will be convenient to recall some bounds from Section 4.2.
First, let f € LQ(Rd) and z € R%. Lemma 4.2 shows that for 0 < ¢; < t,

Kin(fx) < Pit=t)e00m(Gy s |f])(a)
< PG s [ f)(a)

(4.33)

where we have used that P; is increasing in ¢ and that b;—s, > by > ¢;. Next, an application of
Lemma 4.3 shows that for any 0 <t; <t;_; <tandall z,y € Rd,

Ki, o, (00y) < Palty 1 — tj)eCQ(tjflfthln(tjflftj)|GCtj717tj (z —v)
(434) S P2(t)ec2(tj—1_tj)|hl(t]'—l_tj)‘Gct (:L‘ — y)
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Here we used that the polynomial P»(t) is increasing in ¢ and the function ¢; is decreasing in ¢.
Similarly, arguing as in (4.16), we see that

(4.35) (="Ml g)| < Cre®mlnil(Gy, x|gl)(wn) < CLe® NGy, x |g]) (2n)

forany 0 <t, <tand x, € R%. As a final observation, note that for parameters 0 = t, 11 < t, <
o<ty <tj < - <t <tp =t, we have the bound

n+1 n+1

D (=)t — )] <D (o1 — t) (o1 — t)1{tj1 — 85 > 1} +n+1

Jj=1 Jj=1

<lntl{t>1}t+n+1

(4.36) <tllnt|+n+1,
where 1{-} stands for the indicator function, we used that z|Ilnz| <1 for all z € (0, 1], and in the
argument of the In, we use the bound ¢;_1 —t; < ¢, for j = 1,...,n 4+ 1, to produce a telescopic
sum.

Putting all this together we find that
[ fn= Co S (51 —t5)| In(tj—1—t;
an(t, f,g) < CLOTP(t)Pa(t)"™ / dty - - / dt,eP? 251 ==t Inltj—1=t)]
0 0
X o dry--- /Rd dﬂj‘n(Gct * |f|)($1)Gct($l - 1'2) T Gcz (:En,1 - J"n)(GCt * |g|)(l’n)
CIC‘?PI (t)PQ (t)nfleCQt\ lnt|e(n+1)6’2 L

n!

(1.37) < [ 401G 7)) Gy ¢ Gy ¢l )

IN

The latter integral can be further estimated as

/ 02(Go, # | [1)(&)(Goy -+~ % Goy * gl)(z) = / 0z f(2)](Ge, % - % Go, * |g) (@)
R4 Rd

g (Ds\" _etlayl
o | = do | dye” 7 [f(x)|lg(y)]-
Cy Rd Rd

by using the point-wise estimate in Lemma B.1 on the n + 1-fold convolution of G, with itself.
This is the bound claimed in (4.31). O

IA

(4.38)

We can now complete the proof of Theorem 2.5.

Proof of Theorem 2.5. Given (4.28) and the estimate in Lemma 4.4, i.e. (4.31), it is clear that we
need only show that the remainder term Ry (), see (4.30) goes to zero as N — oo. We will see
that this is the case uniformly for ¢ in compact sets.

Fix T > 0 and let t € [-T,T]. We argue as in the proof of Lemma 4.4. The only differ-
ence between the term an(t, f,g) and Ry(t) is the final factor in the integrand: more precisely,
[(e=nvH10 | g)| is replaced with thj‘v(gogN, g). In this case, the naive bound

(4.39) F{ (97:9) < 6ll¢Z, ll2llgll2 = 61/Collgll2
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will suffice. In fact,

Ry(t) < 6v/ColgllCYPL(t)Po(t)¥ /0 - /0 T e O St s t)
X /Rd dxy - /Rd den(Ge, * | f1)(21)Ge, (1 — 22) - - G, (N1 — TN)
< 6@\\9\\2C§P1(t)P2(t)N_1€CQtln“eNCQj\];!
(4.40) X | dan(Ge, * - % Ge, x| f]) (2n).

Rd
Now, another application of Lemma B.1 demonstrates that

[ daGanesGuxlfhe) < [ do [ dylGaneGedlo = n)If)

D3\ N d _ctlz—yl
— ) et | dx | dyem T |f(y)]
Ct Rd Rd

D3\
(4.41) . (d) N Goyallalf s

t
where here we have used that f € L'(R?) N L2(R9). Since all the quantities in these estimates are
explicit, it is clear that

(4.42) lim sup Rpy(t)=0
N=0¢e[—1/1]

which completes the proof of Theorem 2.5. O

5. THE INFINITE-SYSTEM DYNAMICS. PROOF OF THEOREM 2.7

Our proof of Theorem 2.7 will make essential use of the following direct consequences of the
propagation bounds of Theorem 2.5.

Let V and W satisfy Assumptions 2.2 and 2.1, respectively. Then, there exist continuous func-
tions C(-),a(-) > 0, such that with ¢Z the Gaussians introduced in (2.5), and f € L?(RY) of
compact support, denoted by supp(f), we have

(5.1) {7 @), a (@)} < £l eCUDealthdure(n.2

where a™ (-) refers to either an annihilation or creation operator, compare with (1.5). This estimate
follows from Theorem 2.5 and Theorem 2.3 where we again use arguments as in (4.25) and (4.26).

Apart from this key estimate, the proof below uses a combination of several ideas introduced in

[ ? ’ ’ ]

Proof of Theorem 2.7. We first prove (2.25) for f € L?(R%) of compact support, say suppf C X C
R?, for some compact X. Let (An)n>1 be an increasing sequence of bounded, measurable sets such
that |J,, A, = R%. To show that (2 (a(f)))n>1 is Cauchy, uniformly in ¢ € [=T, T] for T > 0, note
that, for any A,, C A, the operator

WS- R, = [y W - e (e (9 aeJa(e?)
A XA \Am XA,
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is bounded by our assumptions. Hence, the generator of the strongly continuous dynamics TtA” is
a bounded perturbation of the generator of TtAm. In this case, we can apply the same perturbation
formula as in (4.4) to compare the two dynamics. The following identity then holds

(5.2) 7 (a(f) — 7 (alf))
/ dS/A T Lt (lo"tera”(ehalepateg). nis al)] )
Note the identity

@ (e (¢)ale a9, m (alf)] :a*(wi)a*(tﬂ‘;)a(%){ (#5) i (al ) |
a(¢D)a*(9g) {aleg), miu(alf >>}a<
+a(e5) {a" (), al)) } alealed)

(5.3) — {2, () } a* (eg)alealed).

Bounding (5.2) in norm, applying (5.1), and using the symmetry of W, we then find for any 7" > 0
constants C' and b > 0, such that for every t € [-T,T] and every n > m,

©7)

(5-4) I (@l ) =7 (a( )]l < C\|<P8||§!f\1/ dady [W (x — y)[e” 100,
A XA \Am X Am

which converges to 0 as n > m — oo since |W(x — y)|e X ¢ L1(R??). This shows that for
compactly supported f, the sequence (7" (a(f)))n>1 is Cauchy (in norm) uniformly for t € [—T',T).
Thus, the limit exists and gives rise to an isometry from P., the set algebraically generated by
{a(f ) “(f) : f € L*(RY) of compact support}, into A(L?(R?)). Equation (5.2) can be applied
to see this limit is independent, of the sequence (A,). As P. is dense in A(L%(R?)), this isometry
extends uniquely to a homomorphism, 7, of A(L?*(R%)). It is straightforward to verify that 7,07, =
Tt+s and, in particular, that 7_; is the inverse of 7. Hence, {7y | t € R} is a one-parameter group
of automorphisms of the CAR algebra.

To prove the strong continuity in ¢, it suffices to note that, for f € L?*(R?) and of compact
support, the continuity of ¢ — 7" (a(f)) — 72(a(f)) carries over to the limiting function ¢ —
mi(a(f)) —7(a(f)) due to the uniform convergence on compact intervals. Then, since 7 is already
known to be strongly continuous, 7¢(a(f)) must be too. Finally, an £/3 argument shows that the

strong continuity extends to the full CAR algebra. (|

APPENDIX A. CONVERGENCE OF THE ¢ — 0 LIMIT

We prove that, for any fixed finite number of fermions, the UV-regularized dynamics converges
to the standard one as o tends to 0. For this we consider arbitrary, not necessarily bounded,
measurable A C R;. When A is not bounded, the interaction operator Wy is generally unbounded.
Therefore, we start by providing a more careful definition of H{. Note that (2.8) defines a bounded

operator ng on the n-particle subspace (LQ(Rd)‘@”)* for each n. Define the operator W/(\];n on
(L2(R4)®™)™ to be multiplication by the function > 1<k<i<n Wa(zg — x1). For o > 0, define

n

(Al) Hlﬂ’b + WX;n - Z(_Ak + V(xk» + WX;n
k=1
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acting on (L*(R%)®")". For real-valued V, W € L>(R?) this operator is self-adjoint on the domain
D(Hy,,) = (H*(RY)®™)~. With o > 0, let H be the operator acting on Fock space by
oo
ch\r = @(Hl;n + W/C\r;n)
n=0

with domain

D(HY) = {(¢n) €T : ¢n € D(H1;n) and Z [(H1n + WX,n)¢n”% < oo}

n=0
This operator is well-known to be self-adjoint, see e.g. | , Exercise 5.43].
Theorem A.1. For real-valued V,W € L®(R?), take Hy as in (2.1). Then, for any measurable
set A C R4
H{ — HY
in the strong resolvent sense as o | 0.

Using a slight modification of | , Thm VIII.20(a)], the above theorem readily implies:

Corollary A.2. Fort € R we denote by US(t) = e "HX and U(t) = e HY the unitary groups
generated by HY and HR, respectively. Then

lim U3 ()0 = U ()0
for each ¥ € F, uniformly for t in compact subsets of R.

Remark A.3. Theorem A.1 and Corollary A.2 apply more generally to any self-adjoint operator
Hi.

Proof of Theorem A.1. We start by reducing the proof Theorem A.l to what is essentially the
2-particle situation. Recall that for o > 0,

oo
H/C\r = @(Hl;n + WX;n)'
n=0
For each n, let D, = (S(R?)®")~ be the antisymmetrized n-fold tensor product of the Schwarz
space S(RY), where S(RY)®" = XS (R9) is the set of finite linear combinations of functions 1)

of the form ¥(z1,...,zn) = Y1(z1) - - - Yp(y), with each 1; € S(R?). Since S(RY) is a core for Hj,

D,, is a core for Hy,, by the Corollary to | , Thm VIIL.33]. It follows that D, is a core for
Hy. + WX;n for every o > 0. If
(A.2) D™ ={(¢n) €T :¢n €D, and IN with 1, =0Vn > N},

then it is not difficult to see that D~ is a core for HY for every o > 0 (this is essentially Example
2in | , Sec VIII]).

As is well-known, strong resolvent convergence follows from strong convergence on a common
core, see e.g. | , Thm VIII.25(a)], and thus to prove Theorem A.1, it suffices to establish that
(A.3) lim Hvy = H3

al0
for every 1 € D™. Given the form of D™, see (A.2), it is clear that (A.3) will follow if
(A4) li?& WE. 0= WX;H@Z) for every ¢ € D, .
ag.
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We need only prove (A.4). To this end, let b*(-) and b(-) denote the creation and annihilation
operators on the full Fock space § = @52, L*(R%)®"; for any f € L*(RY) and ¢ € L?(R%)®",

(YY) (21, ey Tn_1) = /11 y def(x)(z, 21, ..., Tp_1)

and

O (V) (@1, s Tpg1) = V4 1f (@1)P(22, .o Tny1).
For any f,g € L?(RY), the operator b*(f)b*(g)b(g)b(f) is reduced by the n-particle subspace,
therefore for o > 0 we may define

1o 1 x( O\pL¥( O o o
Wea= [, [ dady Walo )b (020" ()bl )b(02)
Rd JR4

which is a bounded operator on L2(R%)®". Also define ng by

n(n —1)
2
for h € L?(R%)®". With these definitions, for every o > 0,

®p_, L2(RY)

(W/[a;nh’)(x17"'7x71) = WA(xlaxQ)h(xlﬂ“'7xn)

wWg., = A Wg..
A; Ml @p, L2y

where A, is the antisymmetrization projection L?(R%)®" — (L*(R%)®")~. We conclude that: if we
prove that limg o Wg, ¢ = ngzp for every 1 of the form ¥ (zy,...,x,) = ¥1(x1) - - - Yn(xy,), where
Y1, .oy ¥y € S(RY), then (A.4) follows. Moreover, since for every o > 0 VNVXm acts nontrivially only
on the first two particles, it will suffice to prove that WX;2 — Wgﬂ strongly as o | 0.

Let 0 > 0 and introduce the function ®7 : R — R by setting

1
(A.5) 7 (2y) = B W) = 5 mge =T for any 0,y € B,

It is clear that ®° is L'-normalized, and moreover, a simple calculation shows that for ¢ € L?(R??),
(WRo0) (21, 22)
= [, dadudzrdza W) (er, 22)% (2)65, (2)2, (6,0
= (7 x (WA(D % 9))) (21, w2).
We are now ready to conclude the proof of the theorem.
Let ¢ € S(RY)®2, Then
Wiat = 7% (WA (D7 % 19)) = 7 s (Wath) + @7 5 (Wp (@7 + ¢ — )

The first term above converges to the desired limit. In fact, convolutions with appropriately scaled
L*-functions converge in LP-norm, see e.g. | , Thm 8.14 a)], and thus since 1 € L?(R?),

O 5 (Wrth) — Wayp  in L2(R*) as 0 — 0.
We handle the remainder with Young’s inequality, i.e. the bound
D75 (Wa (D7 % b — ) [l2 < [R7[L[[WA (D7 % b = )l < [[W[ool| D7 * ¢ — 9|2
A further application of [ , Thm 8.14 a)] shows that
lim [|®° — =0
lim |97+ ¢ — 92

which proves the result. U
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APPENDIX B. SEVERAL FOURIER TRANSFORMS

In this section we aim at proving the following Lemma:

Lemma B.1. Leta > 0, n € N withn > 2, and x € R%. If Go(z) = eI, then there exists a
constant D3 > 0 such that

(B.1) (Go % Gg* -+ % Gy)(x) < (%>nade*%ﬂ.

n—1 convolutions

To prove this, we first compute several Fourier transforms. We let F denote the unitary Fourier
transform and F* its inverse.

Lemma B.2. Let a > 0 and Go(x) = e~%%. Then for € € RY
e

(BQ) (]:Ga) (5) - \/77‘_ (a2 +C;2)d;1’

where I' denotes the Gamma function.

Proof. Let ¢ € R%. We compute using the spherical symmetry of G,

1 —alx| ,—ix
(;Ga)<§) = (27[_)(1/2/Rd dxe | |e 3

(B.3) =16 [ et Tt e
where J,(y) denotes the Bessel function of first kind. Computing this integral using | , Sec.
6.621 eq. 1] gives
2d/2p(@) a
(B.4) FGa)(§) = 2 ,
e VT (@)
which is the assertion. ]
Lemma B.3. Leta > 0, £ € R? and
a
(B.5) Ho(§) = ————
(a2 + |g2) %"
Then for n € N we obtain
2—(d2+1)n ad—(dQ—l)n $| d(n—21)+n Kd(n71)+n (a|$’)
& n _ 2
(B.6) (F*H})(z) = F((lgd)") ,

where T' denotes the Gamma function and K, (y) the modified Bessel function.

Proof. We compute, using again the Fourier transform for spherically symmetric functions,

. a® 1 w 1x€
1@ = o [ € () ¢

2-q [ d 1 %
(B.7) - a"|x|2/ drrs Jd;gqu( ,
0 2

(l2+7’2
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where J,(y) is the Bessel function of first kind. Integrating the latter with the help of | , Sec.
6.565 eq. 4], gives

(d+1)n d—(d—1)n d(n—1)4n
(B.8) (7 D) (2) 27 e T Bl F Koy (ol
. a )\ L) =

()

Hence, from Lemma B.2 and Lemma B.3 we obtain

(D)2 a5l * % Kuunen (ale)
* n _ 2
(B.9) F ((fGa) )(x) = w”/QF((dgl)n)
Lemma B.4. Let n > 0. The modified Bessel function K,, satisfies for y > 0 the bound
4y
(B.10) 0< Ky(y) < Ee aL(n).

Proof. We write the modified Bessel function K, as

(B.11) K,(y) = / dt eV <sh® cosh(nt),
0
see | , Sec. 8.432 eq. 1]. Using 3e” < cosh(z) < e” valid for all z > 0, we obtain
0o 0o ot 0o w
(B.12) / dt eV <h®) cosh(nt) < / dte™ 'z e = / due 2 u ",
0 0 1

where we performed the change of variables u = e’ in the last line. Now, for v > 1 and y > 0 we
have e~ 3 < e ie~ 1 and therefore

o0 _uy —1 _Y¥ o C ) —1
due 2 u" ' <e 1 due 24"
1 0

n 00 AN
(B.13) = ei/ due "y’ ! = —67%11(17).
Yl 0 Yl

Proof of Lemma B.1. Starting with (B.9) and using Lemma B.4 we obtain,
(Go % Go % -+ % Go)(x) = (2m) " V2F((FG,)") (x)
(S L M ] e L

- P ()

(B.14) < D=

for some explicit constant D3 > 0 depending on d, where we used that (2/ ﬂ'd)% <1 and

F( d(n721)+n) §
H(@)

(B.15)

This gives the assertion. 0
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