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Abstract

We characterize the luminosity distribution, halo-mass dependence, and redshift evolution of red galaxies in galaxy
clusters using the SDSS Data Release 8 redMaPPer cluster sample. We propose a simple prescription for the
relationship between the luminosity of both red central and red satellite galaxies and the mass of their host halos,
and show that this model is well fit by the data. Using a larger galaxy cluster sample than previously employed in

the literature, we find that the luminosities of red central galaxies scale as (logL) o< Ay log(Mago,), With

Ap = 0.39 £ 0.04, and that the scatter of the red central galaxy luminosity at fixed M>gop (Clog2m) 18 O.23f8:82 dex,

with the error bar including systematics due to mis-centering of the cluster finder, photometry, and photometric
redshift estimation. Our data prefers a positive correlation between the luminosity of red central galaxies and the
observed richness of clusters at a fixed halo mass, with an effective correlation coefficient desr = 0.36°317. The
characteristic luminosity of red satellites becomes dimmer from z = 0.3 to z = 0.1 by ~20% after accounting for
passive evolution. We estimate the fraction of galaxy clusters where the brightest red galaxy is not the central to be
Pgne ~ 20%. We discuss implications of these findings in the context of galaxy evolution and the galaxy—halo
connection.

Unified Astronomy Thesaurus concepts: Galaxy evolution (594); Large-scale structure of the universe (902);
Galaxy dark matter halos (1880); Galaxy clusters (584)
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CrossMark

RedMaPPer: Evolution and Mass Dependence of the Conditional Luminosity Functions

1. Introduction

Galaxy clusters form from the peaks of the matter density
field, making them interesting objects to study both cosmolo-
gically and astrophysically. Cosmologically, the abundance of
clusters is sensitive to structure formation, and the redshift
evolution of the abundance function is a powerful probe of the
dark energy equation of state. Astrophysically, the crowded
environments of galaxy clusters provide an important labora-
tory for studying galaxy formation and evolution. Galaxies that
fall into clusters make a distinct transition from star-forming to
quenched as their gas and dark matter are stripped away (e.g.,
van den Bosch et al. 2008; Peng et al. 2010; Wetzel et al. 2012;
Wu et al. 2013). Some of the galaxies are even entirely
destroyed, with their luminous matter dispersed into the intra-
cluster light or accreted onto the central galaxy of the cluster
(Conroy et al. 2007; Watson et al. 2012; Zhang et al. 2019¢). A
close examination of the luminosity distribution of galaxies in
galaxy clusters and their redshift evolution enables us to test
how these processes occur.

In the current paradigm of structure formation, all galaxies
are assumed to form inside dark matter halos. Therefore, it is
natural to assume that the properties of galaxies are connected
to the properties of the dark matter halos they live in. As
summarized in Wechsler & Tinker (2018), various models have
been proposed to describe the connection between galaxies and
dark matter halos. These models range from models in which
one directly simulates or parameterizes the physics of galaxy
formation, to empirical models that assume an ad hoc
functional form for the galaxy—halo connection that is
constrained from data. Here, we focus on a purely empirical
approach related to the halo occupation distribution (HOD),

which associates the distribution in the number of galaxies of a
given property to the mass of their host halos. The conditional
luminosity function (CLF) is a more detailed version of the
HOD model that parameterizes the galaxy occupancy of halos
as a function of galaxy luminosity and/or stellar mass and/or
color. There are now many empirical constraints on the CLF
(Lin et al. 2004; Yang et al. 2008, 2009; Hansen et al. 2009;
Cacciato et al. 2013; Zhang et al. 2019b). Precise and accurate
measurement of the CLF model parameters can shed light on
various astrophysical effects, such as the strength of active
galactic nucleus (AGN) feedback (Kravtsov et al. 2018) and the
redshift evolution of cluster galaxies (Zhang et al. 2019b). This
measurement also provides a direct constraint on the galaxy—
halo connection, facilitating cosmological studies that use
galaxies as tracers of the dark matter density field. These
studies also enable us to constrain the scatter of luminosity—
halo-mass relations (Yang et al. 2009; Kravtsov et al. 2018),
and to predict the rate at which the central galaxy of a halo is
not the brightest galaxy within that halo (Skibba et al. 2011;
Lange et al. 2018).

The parameters of CLF models have been inferred from a
combination of galaxy clustering, galaxy—galaxy lensing, and
galaxy luminosity distribution measurements (e.g., Cacciato
et al. 2013), as well as from direct measurement from groups
and cluster catalogs (Lin et al. 2004; Yang et al. 2008, 2009;
Hansen et al. 2009). Each of these methods presents its own set
of systematics and limitations. Studies based on galaxy
clustering are mostly sensitive to low-mass systems, and
therefore fail to provide a tight constraint on the CLF of
massive systems. Direct measurements using cluster or group
catalogs must rely on an accurate calibration of the observable—
halo-mass relation, and require proper modeling of possible
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correlation between observables; these correlations have
generally not been included in previous work. Finally, direct
measurements are also sensitive to systematics associated with
cluster finding.

In this paper, we measure the red galaxy CLF using the
Sloan Digital Sky Survey (SDSS; Aihara et al. 2011)
redMaPPer cluster catalog (Rykoff et al. 2014). Relying on
the cluster mass calibration of Simet et al. (2017) used in the
cosmological analysis of the sample presented in Costanzi et al.
(2019b), we fit for the mass dependence of the red galaxy CLF.
We marginalize over the possible correlation between obser-
vables, and account for what we expect are the primary
systematics in this data set, namely photometric biases,
centering errors in the redMaPPer catalog, and cluster
photometric redshift uncertainty. Importantly (see, e.g.,
Smith 2012a), our fits rely on the full covariance matrix across
bins of luminosity in our data vector. We constrain how the
CLF of massive halos depends on halo mass and redshift, and
use our results to predict the rate at which the brightest galaxy
in a halo is not the central galaxy.

This paper is laid out as follows. In Section 2, we present the
data sets used in this analysis, including a brief overview of the
redMaPPer algorithm (Section 2.1), and the calibration of
cluster membership using SDSS and Galaxy and Mass
Assembly survey (GAMA) spectroscopy (Section 2.2). We
describe an empirical correction we apply to bright SDSS
galaxies in Section 2.3. We explain our approach for obtaining
the CLF from the redMaPPer data, and describe our estimate of
the covariance matrix in Section 3. In Section 4, we present our
model of the CLF. We address possible systematics in
Section 5. We summarize our key results in Section 6, and
discuss their implications in Section 7. In particular, we
investigate the relationship between the cluster central galaxy
and the brightest cluster galaxy (BCG) in Section 7.2. Section 8
summarizes our conclusions.

Throughout this paper, we assume that H, is
68.2km s~ ' Mpc~! and set & = Hy/(100 km s~ Mpc™!) to
0.682. Where necessary, we assume a flat A CDM cosmology
with €2,, = 0.301, as in the Dark Energy Survey (DES) Y1
cosmology result (Abbott et al. 2018). Through our the paper,
we define halo mass as My, wWhere My, = %ﬂ'RSOObZOOpm,
and Ry is the radius at which the averaged enclosed density of
the halo is 200 times larger than the mean density of the
universe p,.

2. Data

The analysis is performed on SDSS DRS data (Rykoff et al.
2014), which covers approximately 10,405 deg”® with an i-band
depth of ~20.9. When calculating the CLF, we use absolute
magnitudes derived from the KCORRECT code of Blanton &
Roweis (2007), k-corrected to z = 0.3 with a fixed red galaxy
template. We then convert this absolute magnitude into solar
luminosities, and we use this i-band solar luminosity for all
calculations of the CLF. We do not correct galaxy luminosities
for passive evolution when estimating the CLF.

We use data from the GAMA survey (Driver et al. 2011) to
calibrate the likelihood of a photometric galaxy being a
spectroscopic cluster member, as discussed in Section 2.2 and
described in detail in a related paper (Rozo et al. 2015a).
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2.1. redMaPPer

Cluster finding is performed using the red-sequence-based
cluster finder redMaPPer (Rykoff et al. 2014; Rozo &
Rykoff 2014), which identifies galaxy clusters as overdensities
of red-sequence galaxies. Importantly, redMaPPer includes a
probabilistic assignment of galaxy membership, allowing
straightforward incorporation of uncertainty regarding whether
a galaxy is or is not a red galaxy in a particular cluster. We
further discuss these probabilities in Section 2.2. However, it is
important to note that this catalog only includes red galaxies;
thus, the CLFs presented in this paper are for red galaxies only.
As shown in Wetzel et al. (2013), more than 80% of the
centrals and 50% of the satellites existing in the mass and
luminosity range considered in this paper are quenched; thus,
the results presented here represent the properties of the
majority of the cluster galaxy population, but the details will
clearly differ compared to the full cluster galaxy population.

In this paper, we consider the redMaPPer v5.10 cluster
catalog derived from the SDSS DRS8 data set (Rozo et al.
2015a). The depth of DRS allows us to select a volume-limited
cluster catalog out to a redshift z < 0.3. The redshift limit
corresponds to the redshift at which the luminosity threshold of
0.2L" used by redMaPPer crosses the survey depth. Here, L* is
the passively evolving characteristic luminosity of cluster
galaxies assumed by redMaPPer in its filtering process. The
final sample contains 7016 clusters with A > 20 in the redshift
range of 0.1 < z < 0.3.

2.2. Probabilities with redMaPPer

For every galaxy in the vicinity of a galaxy cluster, the
redMaPPer algorithm estimates the probability that the galaxy
is a cluster member on the red sequence. Comparison of the
photometric probabilities with spectroscopic data from SDSS
(Aihara et al. 2011) and GAMA (Driver et al. 2011) led Rozo
et al. (2015b) to derive small corrections to the original
membership probabilities. The analysis in this work relies on
these improved membership probabilities.

In addition to providing galaxy membership probabilities,
redMaPPer also assigns cluster centers in a probabilistic
fashion. While most clusters have a single bright galaxy
clearly located at the cluster center, for others it is not possible
to unambiguously identify a unique central galaxy. Conse-
quently, redMaPPer provides a list of possible central galaxies,
each tagged with the probability of it being the central galaxy
of the cluster. Many clusters have more than a single high-
probability center: about 63% (34%) of clusters in our DR
sample with A > 20 have at least two galaxies with a greater
than 1% (10%) probability of being the central galaxy. This
necessitates approaching the problem of cluster membership
and cluster centering in a probabilistic way, especially when
investigating the properties of central galaxies. In our fiducial
analysis, we assume that the redMaPPer centering probability
estimates are correct (Rozo et al. 2015a), and model the
resulting ensemble properties in order to constrain the behavior
of central galaxies in massive cluster halos. We discuss how
this assumption affects our results in Section 5, and discuss
how to incorporate this effect into our error budget.

2.3. Photometry with redMaPPer

Galaxy luminosities in the SDSS redMaPPer catalog were
calculated based on the SDSS CModel magnitudes, which are
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Figure 1. Difference between SDSS CModel and PyMorph photometry as a
function of redshift in three different magnitude bins. The blue symbols
represent red central galaxies, the green symbols represent red satellites, and
the orange symbols represent the brightest red satellite galaxies (BSGs) in each
cluster. Again, we find that the correction for the BSGs is fully consistent with
the correction for other red satellite galaxies, providing further evidence for the
fidelity of central galaxy identification. We find no redshift dependence in the
photometry difference for samples in the brightest magnitude bins (bottom
panel), and mild redshift dependence for fainter samples (top two panels).
Since high redshift samples are prone to selection effects and correcting those
effects is beyond the scope of this paper, we adopt an empirical redshift cut at
z = 0.17 while calculating the empirical photometry correction.

known to underestimate galaxy brightness for massive galaxies
(Bernardi et al. 2013). This bias depends on galaxy luminosity
and type (Bernardi et al. 2017) and thus has a large impact on
the inference of the galaxy luminosity function. To account for
this, Meert et al. (2015) performed an improved photometric
measurement (PyMorph magnitude hereafter) on SDSS DR7
spectroscopic targets. We rely on the Meert et al. (2015)
measurement to develop an empirical correction for the SDSS
photometry of each redMaPPer galaxy.

The empirical correction is calculated as follows. First, we
select galaxies that have good measurements of total i-band
magnitude (without flag above 20) in the catalog described in
Meert et al. (2015) and Meert et al. (2016). For each galaxy, we
take the “best model” magnitude (PyMorph) described in Meert
et al. (2015), which is estimated from a combination of Sérsic
and Sérsic—Exp profile fits. Second, we cross-match the above
catalog to redMaPPer member galaxies by matching galaxies
within 3” and redshift differences within 0.03. Here, we assume
that member galaxies have the same redshifts as reported in the
redMaPPer catalog. Third, we compute the difference between
the SDSS CModel magnitude and PyMorph magnitude. We
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Figure 2. Difference between SDSS CModel and PyMorph photometry as a
function of SDSS CModel for clusters with A > 20 and 0.1 < z < 0.17. The
blue symbols represent red central galaxies, the green symbols represent red
satellites, and the orange symbols represent the BSGs in each cluster. We find
that the correction for the BSGs is fully consistent with the correction for other
satellite galaxies, providing further evidence for the fidelity of central galaxy
identification. The blue and green lines show the empirical correction we obtain
by fitting Equations (1) and (2) to the points, using the parameters summarized

in Table 1. This correction is applied to the full samples in the analysis.

look for any redshift dependence of this magnitude difference
in three absolute magnitude bins (Figure 1). We notice that at
the faintest absolute magnitude bins, the difference between
CModel and PyMorph becomes significant at z > 0.17. The
samples with PyMorph measurements are selected to be
brighter than m, = 17.77, because this is the lower limit
for completeness of the SDSS Spectroscopic Survey (Meert
et al. 2015). The magnitude cut m, = 17.77 corresponds to
M, = —21.81 at z=0.17, which lies within the faintest
magnitude bin in Figure 1. Therefore, the redshift dependence
we find in Figure 1 is likely due to the incompleteness of the
sample. To account for this selection effect, we adopt an upper
redshift cut at z = 0.17 and a lower redshift cut z = 0.1 (to
match the redMaPPer selection). After this step, we obtain
18,430 matched galaxies, including 1516 galaxies that are the
most probable central galaxies in their host clusters. We
compute the mean difference between the CModel and
PyMorph magnitude as a function of CModel magnitude for
both red central and red satellite cluster galaxies. As shown in
Figure 2, this difference depends on whether a galaxy is a
central or a satellite. The result is consistent with what Bernardi
et al. (2017) found. We further check the difference for the
brightest red satellite galaxies (BSGs) and find that they are
consistent with the full population of red satellite galaxies. This
gives further evidence for the fidelity of central galaxy
identification. Finally, we fit empirical central and satellite
correction models to the observed magnitude differences. The
correction models take the following form:

Central:
Am = A.(Mcmodel + 22.5) + B, (1)
Satellite:
Am = A;(Mcmodel — Bs)s if Mcmodel < By
= G, if Mcmodel > By, )

where Am is McModel —"'PyMorph-
The best-fit parameters for the model are listed in Table 1.
We apply this correction to every redMaPPer galaxy based on
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Table 1
Values of Empirical Photometry Correction Parameters
Equation
Parameters Values Reference(s) Description
A. —0.11059319 1) Slope of Correction
B. 0.148793%7 (1) Normalization of
Correction
Ay —0.092:9:3%¢ ) Slope of Correction
B, —21.9640%¢ ) Cutoff of Correction
C, —0.00993%3 0)) Constant after Cutoff

the combination of central and satellite correction models,
weighting by the probability of a galaxy being a central.

We discuss the impact of this photometric correction on our
result in Section 5.

3. Measurement of the CLF

We measure the CLF & in bins of redshift and cluster
richness \. The CLF & is further separated into two parts: the
satellite CLF, ®,, and the central CLF, ®,. For the central CLF,
we weigh our sum using the centering probabilities pee,, the
probability that a given galaxy is a central galaxy. For the
satellites, we use the membership probabilities p e, multiplied
by 1 —pcen to account for the probability that a given galaxy is a
satellite member galaxy, and not the central.

Expressing the CLF for a single bin with all clusters in
Amin < A < Amax and Zmin < 2 < Zmax, W€ Write:

Ziecluslerszjegalaxies in ipcen,j
NyAloglL

O.(L) = 3)

q)s(L) _ Eiecluslerszjegalaxies in ipmem,j(1 - pcen,j) ) (4)
NaAlogL

Here, N, is the number of clusters with richness and redshift
in the bins being considered. We measure the CLF in four
evenly spaced redshift bins ranging from z = 0.1 to z = 0.3,
and five richness bins, A = [20, 25], [25, 30], [30, 40], [40,
60], and [60, 100].

The resulting CLFs are shown in Figure 3 along with the
fitted model described in Section 4.

To determine the covariance matrix of the central CLF data,
we consider both a theory-based covariance matrix and a
jackknife estimate. In Appendix D, we show that

1. The theoretical and numerically regularized jackknife
covariance matrices yield consistent parameter constraints.

2. The posterior is not sensitive to the choice of fiducial
parameters used to generate the theoretical covariance
matrix. Consequently, holding the covariance matrix
fixed in our analysis is well justified.

For satellites, some of the assumptions in the derivation of
the theoretical covariance of the central CLF data break. Since
we have shown that the jackknife resampling method yields
parameter constraints consistent with our theory covariance
matrix, we rely on the jackknife covariance matrix for the
analysis of the satellite CLF.

Finally, we emphasize that while we consider the full
covariance matrix of the luminosity function in each redshift
and richness bin, we do not consider the cross covariance

To et al.

matrix between redshift and richness bins. Since our results are
measured in wide redshift and richness bins, we expect the
covariance matrix of the luminosity function between redshift
and richness bins to be relatively small compared to the
covariance matrix of the luminosity function in the same
redshift and richness bins. Thus, we set those off-diagonal
terms to be zero and leave further treatments of the full
covariance matrix to future studies.

4. Modeling the CLF

As in numerous previous studies (e.g., Yang et al. 2005), we
divide the CLF into two parts. Given a mass of the cluster, the
central galaxy distribution &, is assumed to follow a log-
normal distribution. We assume the satellite CLF &, is
described by a modified Schechter function with characteristic
luminosity L', normalization ¢*, faint-end slope c, and bright-
end slope . All together, our CLF model takes the form

D(LIM) = D(LIM) + D(LIM), ®)
1 (InL — InL,)?
e (LIM) = 76Xp(——), (6)
\2mot, 2011,
M) (L) LY
s = () P(‘(L—) ) @

where L and L. are functions of halo mass.

Note that ®.(L|M) is unit normalized. This reflects the fact
that the survey depth of SDSS is sufficient to resolve the central
galaxy of every cluster in our sample.

4.1. Richness—Mass Relation

Halo mass is not an observable. To tie the measured
luminosity function to the mass of host halos, we adopt the
richness—mass relation measured for the same cluster sample by
Costanzi et al. (2019b). Here, we briefly summarize this
relation, and discuss how to incorporate it into the model of the
CLF in the next two subsections.

The richness—mass relation is modeled as the convolution of
the two probability distributions:

P(AopslM, z) = fd)\lruep()\obsl)\lruea P (MuelM) dAiue,  (8)

where the probability P (Agps| Aues ) models observational
noise and projection effects. The observational noise is
measured by injecting 10,000 synthetic clusters into the SDSS
data set of known richness and measuring their recovered
richness (Costanzi et al. 2019a). In contrast, projection effects
depend on the large-scale structure of the universe and
therefore cannot be properly quantified by randomly injected
clusters. Instead, Costanzi et al. (2019b) calibrate this effect
using N-body simulations populated with galaxies using a
simple mass—richness relation. For details of this calibration,
we refer the reader to Costanzi et al. (2019a).

The second term in the integral accounts for the intrinsic
relation between cluster richness and cluster mass. Different
parameterizations have been tested by Costanzi et al. (2019b);
none had a significant effect on the cosmological constraints.
Here, we adopt the model in which P (Ayu|M) is a log-normal
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Figure 3. CLF as a function of redshift z and richness . Richness increases from top to bottom, and redshift increases from left to right. The solid black points and
black triangles with error bars represent the measured luminosity functions of the red centrals and red satellites, respectively. The solid blue line is the fit we obtain for
the red central part of the model, and the dashed red line is the fit for the red satellites. The dashed, vertical black line shows the value of 0.317L*, corresponding to
0-2L:§dm + 0.2 dex, which is the lower bound of the data being considered in the model. Not all bins used in the fitting are shown; bin edges in redshift are z = [0.1,
0.15, 0.2, 0.25, 0.3] and the bin edges in richness are A = [20, 25, 30, 40, 60, 100].

distribution with

<)\true|M> = )\O(M/M*)a
0% =0he + (AwuelM) — 1)/ AuelM)?, ©)

where the pivot point M is set to 10"***1~ M.
With this richness—mass relation in hand, we now describe
our model of CLFs.

4.1.1. Central Model

We first write down the most general model for the central
galaxy luminosity function:

L, )\
<I>C<L|A>:%,

In Amax
n(L, A):fl N fn(M)P()\, LIM)dMd In )\,

In Amax In L pax
n(A):f] fn(M)P()\, LIM)dMd In Ld In \

n Amin In L min

(10)

where P (A, L|M) is the joint probability of richness and central
galaxy luminosity. n(M) is the Tinker halo-mass function
(Tinker et al. 2008) calculated using the HMFcalc tool (Murray
et al. 2013) at the mean redshift of each redshift bin.

P(\, LIM) can be further decomposed into P(L|\, M)
P(\M), where P(A|M) is the same as Equation (8) evaluated
at the mean redshift of each individual redshift bin.

We model P(L|\, M) as

—(InL — (InL M, \))?

1
exp )
\2mod 2070,

(InL M, Ny =(InLJM) + der(In X — (In \)(M)),

P(LIN, M) =

1D

where (InL.|M) is the mean log central galaxy luminosity of
halos with mass M, oy, is the scatter of the log central galaxy
luminosity at a fixed halo mass, and (In A) (M) is the mean log
richness of halos with mass M, which can be calculated by
integrating In A over P(A|M) given by Equation (8). d.¢ in
Equation (11) describes the possible correlation between
central galaxy luminosity and richness at a fixed halo mass.
A positive d.g indicates that the luminosity of a central galaxy
would be larger than the mean at a fixed halo mass if the
richness of the cluster is also above the mean.

It may seem odd to introduce d., instead of using the
correlation coefficient itself; i.e., one may be tempted to replace
detr BY 1oL, /0y We have opted not to do so because the
scatter relation degr = r0inz, /0w is specific to a log-normal
model assuming mass-independent scatter. The d.¢ parameter-
ization retains the linear shifts in the expectation values
expected from sensitivity of L. to richness within a more
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Table 2
Central CLF Parameters
Parameters OlogL dogr logLy AL By X2 (dof)
Units log L., /h? log L., /h? log L, /h? log L, /h?
Equation Reference(s) 6) (11 (12) (12) (12)
Values 0.2175% 0.365917 10.7210:93 0.3979%4 1.107938 302.8 (252.3)

general setting. In particular, note that der = O implies that L.
is independent of richness at a fixed halo mass.

Finally, following other CLF studies, we further relate the
mean log luminosity of red central galaxies (InL.|M) to the
mass and the redshift of their host halos using a power-law
relation,

(InL M) =1InL. + AL In M

piv

+ By In(1 + 2). (12)

Here, M is the cluster halo mass, and M,;, is the pivot mass
set to 1.57 x 10"“h~'M,, throughout this paper. A; and In Lo
are two parameters that define the power-law relation between
the red central galaxy luminosity and the host halo mass. By,
describes the redshift evolution.

We use Markov Chain Monte Carlo (MCMC; using the
EMCEE package provided by Foreman-Mackey et al. 2013) to
fit the five parameters in central CLF model, specifically,
OlogL» deft, 10g Leo, Ar, and By. We run chains using flat priors
on each of the parameters, with the condition that o7 is
positive. The model is fit to our measured CLF, which spans
four redshift and four richness bins. The fit parameters are
summarized in Table 2 and are shown in Figure 5. As a
consistency check, we also perform a fit to each individual
redshift bin. The result is shown in Figure E1 and summarized
in Table E1. We found no evidence that the simultaneous fits
are driven by a single anomalous redshift bin.

4.1.2. Satellite Model
As before, the satellite CLF can be written as

(LX) = M, (13)
n(A)

where n(L, \) is the number density of satellite galaxies of
luminosity L in clusters of richness A. Recall that the satellite
luminosity function of a halo of mass M is assumed to take a
Schechter form according to Equation (7). We must, however,
account for the fact that we bin in clusters of richness; in
general, ®(L|M) = B;(L|M, N\). Since richness is the number
of satellite galaxies, it is obvious that &, and A must be
correlated: richer clusters must have more satellite galaxies by
definition. To account for this covariance, we assume that
richness correlates with the amplitude of the luminosity
function, but not with its shape. That is, we assume that the
luminosity function is always a Schechter distribution with the
same faint-end and bright-end slopes for all clusters. Likewise,
the characteristic luminosity L* depends only on mass.
However, the amplitude of the luminosity function ¢* does
depend on the cluster richness. In fact, we expect these two to
be nearly perfectly correlated. Let then ®(L|¢,) be the
luminosity function with amplitude ¢*, and let P (¢, A|M)
be the probability that a cluster has richness A and satellite

amplitude ¢*. We have then
n(L, \)
n(\)

’\max " . .
L ax [[do* [ am n(0)P @, NM(LIG)

D(LIN) =

f:“m dAfdaﬁ*fdM n(M)P(&*, AM)
(14

Again, we can decompose P(¢*, A|M) into P(¢*|\,
M)P(A\M). In the limit that ¢* and X are perfectly correlated,
we have

P&\ M) = 6(In¢* — (Ing*|M) — B(InA — (In A|M))),

1
B= [l - ——. (15)
Ulzn)\<)‘|M>

The value of the coefficient B in the above equation is
determined by setting the correlation coefficient between ¢,
and ) to unity. Specifically,

. (In¢* — (Inp*|M))(In X — (In \|M))

Oln A Oln ¢*

2
:hzl' (16)

Oln \Oln ¢*

In solving for the coefficient B above, we assume that the
scatter in In ¢, is identical to the scatter in In A up to Poisson
fluctuations, so that

1

A ——— 17
On A M) a7

2
Uln¢* =

The end result is that the satellite luminosity function takes
the form

S A [aM n(M)P(&¥, NM)B(LIG*)
min , (1 8)
)‘max
fA " dX [ [dM n(M)P(¢*, \IM)
where ¢, = elnds M)+ 1=1/(07, \(AIM) (n A= (In A\|M)) The expecta-
tion value of ¢* at a fixed mass is then given by a power law,

O(LIN) =

(Ingp*|M) =1n¢, + AyIn M

piv

+BsIn(l +2) (19

while the characteristic luminosity L is a deterministic function
of mass,

InL*(M) = InLy + Ay In M

piv

+ BrsIn(1 + 2). (20)

The faint-end and bright-end slopes « and (3, respectively, are
independent of host halo mass.
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Table 3
Satellite CLF Parameters
Parameters log ¢, Ay log Ly A a g By B, x? (dof)
Units log((logL)™")  log((logL)y™')  logLs/h*>  logL./h? logL.,/h*>  logLg/h?
Equation Reference(s) ™), (19) (19) ™), (20) (20) @ @ (20) (19)
Values —2.22+132 0.88+0:01 6.2410%  —0.01500 1363042 0287005 2397031 —0.87117  372.1 (383.6)

Similar to central CLF, we use MCMC (EMCEE; Foreman-
Mackey et al. 2013) to fit the eight parameters of our satellite
CLF model, log ¢, A, log Ly, A,, o, B, By, and By. We run
the chain using flat priors on each parameter, except for 5 and
log ¢,,. For (3, we require the bright-end slope to be positive,
and for log ¢,, we assume a flat prior with range [—3.9, 2.2].
This prior is based on the measurement in Bernardi et al.
(2013), which measured the mean number of galaxies per unit
volume and luminosity in the universe. With this measurement,
we conservatively assume that the cluster size is 0.5-1.5 Mpc
and that the average galaxy density in a cluster is between 1
and 1000 times larger than the galaxy density of the universe,
leading to the ¢, prior above. It may seem odd that we need a
prior on ¢y, but this can be understood as follows. While ¢,
characterizes the amplitude of the luminosity function, the data
only constrains the satellite CLF for L > 0.2L", the luminosity
threshold of redMaPPer. This allows for considerable uncer-
tainty in the extrapolation to low luminosities, leading to strong
degeneracies between ¢, and the bright- and faint-end slopes of
the luminosity function (see Figure 6.) The prior on ¢
truncates these degeneracies, preventing us from reaching
unphysical conclusions.

We compute the satellite CLF in four evenly spaced redshift
bins within z = 0.1-0.3 and fit the model for all four redshift
bins simultaneously. Table 3 summarizes the fit parameters; the
result is shown in Figure 6. As a consistency check, we also
perform a fit to each individual redshift bin. The result is shown
in Figure E2 and summarized in Table E2. We found no
evidence of our results being driven by a single anomalous
redshift bin.

Appendix B details how we validate our models for both
central and satellite galaxies through the use of synthetic mock
catalogs.

5. Systematics
5.1. Photometry

As discussed in Section 2.3, we de-bias the SDSS
luminosity estimates of bright galaxies by calibrating against
Pymorph magnitudes. To derive systematic uncertainty in our
CLF parameters associated with the above de-biasing, we
repeat our analysis without applying the systematic de-biasing
detailed in Section 2.3. We adopt half of the shift in the
recovered parameters between our analysis with and without a
systematic correction as the systematic uncertainty associated
with the SDSS photometry. Note however that the best-fit
values are those reported when applying the correction in
Section 2.3. We investigate the impact of this correction on
the scatter of central galaxy luminosity oy, in Appendix A.

5.2. Centering Performance of redMaPPer Cluster Finder

Although we weight each central galaxy candidate by the
probability P, that the galaxy is the correct cluster center,

biases in P, will necessarily introduce systematic errors into
our galaxy luminosity estimates. Zhang et al. (2019a) find that
about 70% of the redMaPPer clusters are well centered at the
most probable central galaxy reported in redMaPPer. However,
the mean probability of the most probable centrals in
redMaPPer is 86%, which indicates that the redMaPPer
centering probability is biased. To quantify the resulting
systematic uncertainty, we decrease the largest centering
probability of each cluster in the redMaPPer catalog by 16%
and increase the second largest centering probability by 16%.
We remeasure the CLF, and we refit our model. We then quote
half of the difference between the best-fit parameters with and
without centering correction as the systematic error.

We are uncertain of which direction that mis-centering shifts
our parameters to. For instance, if mis-centering happens by
randomly centering on satellite galaxies, one would expect the
presence of mis-centering to lead to an increase in the scatter of
the central galaxy luminosity. However, if mis-centering
happens preferentially in clusters where the central galaxy is
faint, and the incorrectly chosen center is bright, then we would
expect mis-centering to decrease the apparent scatter in
luminosity at a fixed halo mass. Because of the lack of clear
directionality, we shift the best-fit value to the middle of the
best-fit values from both of our analyses (with and without the
P.., corrections). Note that this implies that either limit (no
correction, or full correction) is one systematic error away.

5.3. Other Systematics

The next systematic error we consider is the assumption that
the conditional luminosity parameters are independent of
cosmological parameters. Future work will fit the mass—
richness relation measured by weak lensing analysis as well
as CLF simultaneously to properly marginalize over cosmolo-
gical parameters. We quantify this systematic error by
computing the difference in the CLF model at the best-fit
CLF parameters, assuming DES Y1 cosmology (Abbott et al.
2018) and Planck cosmology (Planck Collaboration et al.
2014). We find that the difference is at 0.1% and 10% of the
statistical error for centrals and satellites, respectively; thus, we
conclude this systematic is subdominant relative to our total
error budget.

Another possible systematic is the completeness of the
survey, particularly as it impacts the faint-end slope of the CLF.
However, we do not expect that survey completeness is likely
to impact our result. Specifically, while we fit a CLF model to
the measurement, we restrict the fit region to luminosity above
0.2L*, which is equivalent to logL = 9.5log(Ly /h?). At
z = 0.3, this corresponds to m; = 20.56, which is somewhat
brighter than the magnitude at which the survey becomes
incomplete (roughly m; =~ 20.8). Therefore, we expect the
effect of incompleteness on our results to be negligible.

An obvious possible source of systematic uncertainty is our
reliance on photometric cluster redshift estimates. However, as
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Figure 4. Summary of the relative importance of different components in our
error budget. Each column corresponds to one parameter of the model. The
colors correspond to different components: statistical error (blue), photometry
systematic (orange), redshift systematic (pink), and centering systematic
(green). For the satellite CLF, the purple region shows the unknown
systematics, which we input by hand as 40% of the statistical error to ensure
an acceptable x°.

shown in Rykoff et al. (2014), redMaPPer redshifts are both
highly accurate and precise, with ~0.01 scatter and an even
lower bias. To quantify this, we shift the mean redshift of the
cluster in each bin by 0.01 and redo the fitting. We see no
difference in the final result and conclude that this systematic is
not relevant for our study.

Combining all systematic errors into our error budget, we
assume that all systematics (photometry, centering, and
photometric redshift) are mutually independent and indepen-
dent from the statistical error. With this assumption, we
quantify the impact of each type of systematic on the CLF
parameters as a Gaussian random variable. The mean is set by
the offset of the best-fit CLF parameters due to the relevant
systematic, and the covariance is set by the product of the
parameter correlation function scaled by the systematic error.
We then draw samples from the multivariate Gaussian
distribution and apply them to each step of the MCMC chain
before we quantify the marginalized 1o error of each
parameter. Figure 4 summarizes the relative importance of
different sources of systematics on our error budget for each
CLF parameter.

6. Results

We constrain the CLFs of the red central and satellite
galaxies. Our CLF model for red central galaxies consists of
five parameters: Oiog 1, desr, 10g Leo, Az, and B;. The parameter
o0g . describes the scatter of red central galaxy luminosity at a
given host halo mass, and d.g describes the correlation between
red central galaxy luminosity and the richness of the host halo.
The parameters log L.y, Az, and B; describe the power-law
relation of mean red central galaxy luminosity and the mass and
redshift of their host halos: log L represents the normalization,
A, represents the mass dependence, and B; represents the
redshift dependence. Our CLF model for red satellite galaxies
consists of eight parameters, log ¢, Ag, log Ly, As, o, 3, By,
and B,. log ¢,, A,, and B, describe the power-law dependence
of the normalization of the red satellite galaxy luminosity
function to the mass and redshift of their host halos. log Ly, Ay,
and Bj, describe the power-law dependence of the character-
istic luminosity of red satellite galaxies to the mass and redshift
of their host halos. When constructing our luminosity
functions, we conservatively exclude data below 0.317LF,

To et al.

corresponding to 0.2L%,. + 0.2dex, to ensure the satellite

samples are complete above this cut.

The MCMC contours for the model parameters describing
red central and satellite galaxies are shown in Figures 5 and 6,
respectively, with the posteriors summarized in Tables 2 and 3.
Our centrals and satellites models yield X2 = 302.8 and 729.3,
with effective degrees of freedom (dof) 252.3 and 383.6,
respectively. We refer the reader to Appendix C for details on
how we determine the degrees of freedom in our fit. The fit to
the red central galaxies is marginally acceptable, and we leave
it as is. By contrast, the fit to the red satellite galaxy population
is not statistically acceptable. However, the model provides an
accurate description of the data, with residuals at the ~12%
level. The bad y? reflects the incredibly small error bars in our
measurement. At low luminosities, the error bars in the red
satellite luminosity function approach 5%. Since we are content
to achieve a description of the data that is accurate at the ~10%
level, we simply increase the error bars in the red satellite
luminosity function measurements by 40%, which leads to
X°/dof = 1. Effectively, we are assuming there are un-
modeled effects that explain the modest but statistically
significant differences between our model and the data, and
we are marginalizing over these effects.

6.1. Fit for Red Central Galaxies

6.1.1. The Galaxy Luminosity—Halo-mass Relation of Red Central
Galaxies

As expected, the red central galaxy luminosity increases
moderately with halo mass. Marginalizing over all systematics,
we find a slope A; = O.39f8:8§. Since the mass dependence of
the red central galaxy luminosity depends on how the
luminosity is measured (Zhang et al. 2016), making an
apples-to-apples comparison of our results to those in the
literature is crucial. We expect the most straightforward
comparison we can make is to the measurement in Kravtsov
et al. (2018), where they find that their measurement of central
galaxy magnitude is similar to that in Meert et al. (2015).
Kravtsov et al. (2018) find that the central galaxy luminosity of
a cluster increases with halo mass with a power of 0.4 as
determined using 30 X-ray clusters. Assuming that the mass-to-
light ratio is constant for central galaxies in redMaPPer-like
clusters (Shan et al. 2015), our result is consistent with these
results.

We also measure the dependence of red central galaxy
luminosity on redshift. We find B, = 1.10733. Aside from the
actual growth of central galaxies, the measurement also
contains pseudo-evolution (Diemer et al. 2013), the change
of halo mass due to the evolution of the mean matter density of
the universe, and passive evolution, the change in galaxy
luminosity due to the stellar evolution. We find that the pseudo-
evolution contributes B; = 0.23 for halos at our pivot mass
M = 157 x 10"h~'M_, as estimated using the COLOSSUS
package (Diemer 2018) and our best-fit slope A;. To calculate
passive evolution, we use the EZGAL package (Mancone &
Gonzalez 2012) with a Chabrier initial mass function
(Chabrier 2003) and a simple stellar population model (SSP;
Conroy et al. 2009; Conroy & Gunn 2010) to produce stellar
population templates. We assume a formation redshift at z = 2
with an exponential decaying star formation history (e folding
time=0.1), and consider a range of metallicity values from
Z=0.05—-04Z, (Kunth & Ostlin  2000). Under these
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Figure 5. Sixty-eight percent contours for the red central CLF parameters. For a list of the best-fit values and the marginalized 1o constraints, see Table 2. Moving
from left to right, the first parameter shown is oiog 7, the scatter in dex of the red central galaxy luminosity at a fixed host halo mass. The value of d¢ describes the
possible correlation between the red central galaxy luminosity and the richness A of the cluster at a given host halo mass. Note that d is correlated with other CLF
parameters, and that positive values of d. are preferred. log L. is the typical red central luminosity at the pivot mass, in L, /h%. A, gives the power-law relationship
between the red central luminosity and host halo mass. As expected, this relationship has a significant positive slope. B; is the redshift evolution of red central
galaxies’ luminosities. Different colors indicate 68% contours including different sources of systematics.

assumptions, passive evolution contributes B; = 0.57-1.09 for
halos at our pivot mass. After accounting for both pseudo-
evolution and passive evolution, the remaining redshift
evolution is characterized by an effective slope
B, = 0.04703]. This value is statistically consistent with the
determination of Zhang et al. (2016).

Finally, we measure 0iog; = 0217093, with the error bar
dominated by the centering systematic (as shown in Figure 4).
When comparing our result to other values in the literature, it is
important to emphasize that this value corresponds to scatter in
central galaxy luminosity given mass and richness, not just mass.
Under the assumption that the richness—mass relation follows a
log-normal distribution with scatter of 0.3 dex, we can derive the
scatter of central galaxy luminosity at a fixed halo mass
Olog LIM = 0237093 Although this estimate is statistically
consistent with that presented in other studies (Yang et al.
2009; Cacciato et al. 2013; Kravtsov et al. 2018), the scatter we
obtained is lo to 20 higher than measurements based on
clustering analyses (Cacciato et al. 2013; Reddick et al. 2013).

OlogL = 0.211303 if we assume no scatter in the richness—mass relation.

This is possibly because the aforementioned studies are based
on the Blanton luminosity function (Blanton et al. 2005), which
has been demonstrated to be too steep at the bright end due to
the issue of background subtraction (Bernardi et al. 2013). The
underestimated number of galaxies with high luminosity would
result in a smaller inferred scatter in those studies and is likely
the reason that our analysis infers a larger scatter than studies
based on the Blanton luminosity function.

6.1.2. Correlation between Richness and Central Galaxy Luminosity

Our model infers a positive correlation between the richness
of galaxy clusters and the luminosity of the red central galaxy
when holding the halo mass fixed. The measured effective
correlation parameter d.g; is 0.357015. The positive value is
hard to explain by observational systematics: one would expect
that cluster finders would underestimate the number of satellites
when the central galaxy is too bright, which would result in a
negative correlation. The positive correlation also has the
opposite sign as the prediction of halo properties based on
concentration dependence. For example, Mao et al. (2015)
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Figure 6. Sixty-eight percent contours for the red satellite CLFs. For a list of the best-fit values and the marginalized 1o constraints, see Table 3. Moving from left to
right, the first parameter shown is log ¢, the normalization of the red satellite CLF at the pivot mass. A, is the power of the evolution of the normalization ¢* with host
halo mass. In L is the characteristic luminosity of the red satellite CLF Schechter function at the pivot mass. The parameter A; is the power-law evolution of the
characteristic red satellite luminosity with host halo mass. Note that this value is close to zero. « is the faint-end slope of the red satellite CLF, while (3 is the bright-end
slope of the red satellite CLF. B, s denotes the redshift evolution of the characteristic luminosity Ly, and B, denotes the redshift evolution of the normalization log ;.

Different colors indicate 68% contours including different systematics.

showed that halos with high concentrations have fewer
satellites, and Lehmann et al. (2017) showed that halos with
high concentrations should host brighter galaxies to explain the
galaxy clustering and satellite fraction measurements. Combin-
ing these two, we would have expected the effects of halo
concentration would lead to a negative correlation between
central galaxy luminosity and richness of host halos.

One possible explanation for this positive correlation is that
the projection effect is correlated with the formation history of
the halos. Early-forming halos tend to live in denser regions,
thus having a larger projection effect that boosts the richness A
of clusters. Also, in the current paradigm of galaxy formation
and evolution, early-forming halos tend to have brighter
centrals (Lin et al. 2013; Zhang et al. 2016). These two effects
would manifest as a positive correlation between central

10

galaxies’ luminosities and the richness of host halos at a fixed
halo mass. This interpretation raises the possibility of enabling
us to suppress the impact of projection effects in photometric
richness estimation by exploiting the central galaxy luminosity.
We leave pursuing this intriguing possibility to future work.

6.2. Fit for Red Satellite Galaxies

We find that the characteristic luminosity L* describing the
red satellite CLF depends only weakly on host halo mass,
consistent with the findings of Hansen et al. (2009). However,
we find a strong redshift dependence of the red satellite CLF.
Our measured power-law redshift dependence parameter By is
2.397021. Similar to the redshift scaling of central galaxies, this
value also contains the contribution of pseudo-evolution and
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passive evolution. The combination of these two effects would
contribute B;; = 0.56-1.08. Therefore, our measurement
points to red satellites getting dimmer by 25% to 35% between
z = 0.3 and z = 0.1, corresponding to ~2.1 Gyr of evolution.
The dimming of red satellite galaxies can be interpreted as
arising from tidal stripping of red satellite galaxies as they fall
into clusters. In related work, Tollet et al. (2017) used subhalo
abundance matching to assign stellar masses to subhalos at
infall. They then compared the resulting galaxy distribution to
the conditional stellar mass function at redshift zero to infer that
galaxies lose 20%—25% of their stellar mass over ~1.3 Gyr.
The two inferred mass-loss rates are comparable.

We also find the bright-end slope of the red satellite
luminosity function deviates from a Schechter function. The
measured bright-end slope 3 is 0.2870:03, which is consistent
with the findings in Bernardi et al. (2013).

As shown in Figure 3, we notice that our red satellite CLF
model does not describe the luminosity function well below
log L = 9.5k~ 'M. However, since this luminosity range is
below our luminosity cut, we cannot distinguish between the
possibility that it is due to the failure of our model, and the
possibility that it is due to incompleteness of the measurement
at this luminosity range. We leave further investigation to
future study.

7. Discussion

We divide our discussion into two sections. We first discuss
the inferred mean luminosity—halo-mass relation and then
discuss the relationship between centrals and satellites.

7.1. Mean Luminosity Host Halo-mass Relation

One of the key results of this paper is an accurate
measurement of the relation between mean galaxy luminosity
and halo mass. To compute the mean galaxy luminosity, we
integrate the CLF in this work and in the literature from
log L = 9.8 M, to log L = 14h~'M. We compare our result
to closely related work (Hansen et al. 2009) that used a
different cluster catalog. To make an apples-to-apples compar-
ison, we apply the photometry correction described in
Section 2.3 to their data, and shift the pivot mass in Hansen
et al. (2009) by 18% upward to account for the mass bias
described in Rozo et al. (2009). As shown in Figure 7, we find
that our result is consistent with the measurement of Hansen
et al. (2009) after applying a correction on photometry with the
method described in Section 2.3. However, our results properly
marginalize over the possible correlation between cluster
observables and account for a variety of systematic effects
that have not been previously addressed in the literature.

We also compare our results to predictions from subhalo
abundance matching (SHAM). We produce SHAM catalogs
using the Rockstar (Behroozi et al. 2013) halo catalog of the
Multidark Plank (Klypin et al. 2016) 1h~'Gpc? simulation box.
We adopt the parameterization of Lehmann et al. (2017),
matching galaxy luminosity to v, = Vi (Vnax /Wir)®» With
a = 0.57, the best-fit value in Lehmann et al. (2017). Finally,
we abundance match the halo-mass function to the Bernardi
et al. (2013) luminosity function following a process identical
to that of Reddick et al. (2013).

For the abundance matching model, we assume three
different values of scatter between galaxy luminosity and v,:
0.21 (the best-fit value of the central CLF), 0.18 (1o low), and
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Figure 7. Mean luminosity as a function of host halo mass. The solid lines
correspond to red central galaxies while the dashed lines correspond to red
satellites. While calculating the mean luminosity of the satellites, we adopted
an additional luminosity cut at logL = 9.8L./h* to avoid the 0.317L*
selection while counting satellites. The black line corresponds to the best-fit
value inferred from our model with the gray region denoting the 1o error. As a
comparison, we overplot Hansen et al. (2009)’s best-fit value (blue line) with
the 1o error shown as the blue shaded region. As mentioned in Section 6.1.1,
different photometry definitions result in different luminosity—mass relations.
To make an apples-to-apples comparison, we apply the correction described in
Section 2.3 to Hansen et al.’s (2009) best-fit value. We also overplot Kravtsov
et al.’s (2018) result as the brown line with the shaded region denoting the 1o
error. Since Kravtsov et al.’s (2018) measurement uses stellar mass and ours
uses luminosity, we assume a constant mass-to-light ratio to overplot their
result. The mass-to-light ratio is chosen so that Kravtsov et al.’s (2018)
measurement matches our measurement at My, = 10'*3M,, /h. Finally, we
overplot the prediction of subhalo abundance matching with three values of
scatter corresponding to the best-fit (red), upper-lo (green), and lower-1o
(magenta) values of our model. We find that our result is in general consistent
with the subhalo abundance matching prediction.

0.24 (1o high). As shown in Figure 7, the abundance matching
result is highly sensitive to the assumed scatter, but is broadly
consistent with our measurement. The fact that the subhalo
abundance matching results with input from the total galaxy
luminosity function match the red central and red satellite CLF
data is an interesting, highly nontrivial self-consistency test of
both the SHAM framework and our own measurements.

7.2. Central and Brightest Cluster Galaxies

Some previous studies have suggested that the BCG may be
nothing more than the brightest outlier of the satellite
distribution (e.g., Paranjape & Sheth 2012, and references
therein). Other work (Lin et al. 2010; More 2012) indicates that
at least in very massive clusters, the BCG is clearly distinct
from other galaxies and cannot be defined simply as the
brightest galaxy in the population drawing from a single
distribution. One natural explanation is that BCGs are central
galaxies that follow a luminosity distribution that is distinct
from that of the satellites. However, studies have also shown
that not all central galaxies are BCGs. For example, Lange
et al. (2018) found that Pgnc, the probability that a brightest
halo galaxy is not a central galaxy, is roughly 40%. Under-
standing the origin of this probability is obviously related to
our understanding of galaxy formation and evolution, and is a
critical component of many cosmology analyses relying on an
accurate understanding of the galaxy—halo connection
(Leauthaud et al. 2012; Li et al. 2014; Lange et al. 2018).
However, despite many measurements of Pgnc in the cluster
mass regime, measurements do not in general agree with each
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other. Skibba et al. (2011) indicates that, depending on mass, as
many as 40% of all BCGs are not located at a cluster’s center.
Recently, Lange et al. (2018) also found that ~40% of the
BCGs are not the central galaxies of their host halos, and that
this fraction is strongly dependent on the host halo mass.
However, Hoshino et al. (2015) considered the galaxy
correlation function by directly counting the luminous red
galaxies in the redMaPPer catalog. They found a much lower
Pgne than Skibba et al. (2011) and Lange et al. (2018), with
Pene = 20%. One critique of Hoshino et al. (2015) is that they
are measuring Pgnc in richness, not mass, and assuming a
different correlation between observables could lead to a bias
on the constraint of Pgnc. Since our CLF model inferred the
luminosity—halo-mass relation by marginalizing possible
observable correlations, we can predict the appropriate value
for Pgnc given our data.

We first define a lower limit of L,;, for our integrations,
where Ly, < Ly and L, < Ly, and the specific value of
L, Will not have any significant impact on our results. Thus,
we can determine the expected number of red satellites brighter

than L ;,:
) = [
L

min

dL(L). (2D

With this as our normalization, we can express the
probability distribution for a single red satellite galaxy brighter
than L,;, drawn from this Schechter function as:

It follows that the probability that this single satellite galaxy
is brighter than the central galaxy may be given by:

P(L,> L) = foo

log L,

F(Ly) = (22)

P(L)dL. (23)
Next, we must consider the case of a cluster, which has N red

satellite galaxies. The probability that at least one of these

satellites is brighter than the central galaxy is given by:

PlIL;>LIN)=1—- (1 — P(L; > L)V, 24)

which is one minus the probability that all red satellites are
dimmer than the central.

Finally, we must also account for the fact that our earlier fits
implied a correlation between the central luminosity and the
cluster richness A, which will be proportional to the number of
red satellite galaxies in the cluster. We expect the probability of
having a central galaxy in the cluster within the mass range
considered here to be very close to 1. Therefore, the number of
red satellites in each cluster is A — 1. With all of the pieces
together, our final Pgnc(M) reads:

o0

PoncM) = [

In Lin

P(G1Ly> L) — 1, M)P(O\, LM).  (25)

Figure 8 shows the Ppnc predicted by our CLF model
compared to published work. Our value for Pgnc is ~10%—-20%
lower than that of Lange et al. (2018). Nevertheless, due to the
large uncertainties in both measurements, the two values are
statistically consistent with one another. One of the main
differences between our analysis and their work is that we adopt
an empirical correction to the central and satellite galaxies’
luminosities due to biases in the SDSS magnitudes of

dInL. x Y57,
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Figure 8. Comparison of the probability that the BCG is not the central galaxy,
as a function of host halo mass. The black line corresponds to the predictions
from our CLF fits assuming z = 0.2. The blue line is the measurement from
Lange et al. (2018), and the orange dotted—dashed line is the measurement from
Hoshino et al. (2015). We also overplot the prediction of subhalo abundance
matching with three values of the scatter corresponding to the best-fit (red),
upper-1o (magenta), and lower-1o (green) values of our model. We find that
our result is in general consistent with the subhalo abundance matching
prediction, but that it is somewhat lower than that found by Lange et al. (2018).
We postulate that the difference of Pgnc might come from the difference in
photometry. To demonstrate this point, we modify the central galaxies’
luminosities so that they are consistent with the SDSS DR7 photometry (see
Section 7.2 for details). The corresponding Pgnc is shown as the brown line,
with the error bar representing the 1o uncertainty.

bright galaxies. This correction makes central galaxies even
brighter (Figure 2), and therefore tends to make Pgnc
smaller. To demonstrate this point, we construct a map from
PyMorph luminosity to the SDSS DR7 luminosity by abundance
matching the Bernardi luminosity function (Bernardi et al. 2013)
to the Blanton luminosity function (Blanton et al. 2005). We
then draw 500 Monte Carlo realizations of galaxy clusters for
each mass bin according to our CLF model. We then modify the
central galaxies’ luminosities based on the map we constructed
and measure Pgnc. The result is shown as the brown line in
Figure 8. Furthermore, Lange et al. (2018) adopted a CLF that
assumes that L (M) = 0.562L..,(M). This implies that the
ratio of A; to A, should be 1.78. However, in our best-fit model,
this ratio is much larger. The fact that central galaxies are
relatively brighter than red satellite galaxies in higher mass halos
makes Pgnc smaller for high mass halos.

We also check our results against the SHAM prediction as
implemented using the method described in Section 7.1. We
find that our measurement is consistent with the abundance
matching prediction, another reassuring instance of internal
self-consistency.

8. Summary and Conclusions

We derive a model for the red central and satellite CLF of
redMaPPer clusters, and use it to analyze the SDSS redMaPPer
cluster catalog. The large number of SDSS redMaPPer clusters
and the relatively well-understood richness—mass relation
enables a detailed analysis of the CLF, which then yields a
tight constraint on the galaxy luminosity—halo-mass relation.
Here, we highlight a few of the unique features of this paper
compared to the existing literature. First, our model takes into
account possible correlations between galaxy luminosities and
richness of redMaPPer clusters at a given halo mass. Second,
we consider full bin-to-bin covariance matrices of CLFs while
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deriving the likelihood of this analysis. Third, we incorporate a
correction to SDSS DR8 photometry to make it consistent with
results from Bernardi et al. (2013). Forth, our error bar accounts
for what we expect are the primary systematics in redMaPPer
cluster samples: photometric biases, centering error, and cluster
photometric redshift uncertainty.

Our main results and conclusions can be summarized as
follows:

1. The characteristic luminosity L™ of red satellites is very
weakly dependent on host halo mass, whereas the central
galaxy luminosity increases significantly with host halo
mass, with a power-law slope of ~ 0.39 + 0.04. This is
consistent with the findings in Hansen et al. (2009) and
Kravtsov et al. (2018) but with higher precision.

2. We measure the scatter of central galaxy luminosities at
fixed Mooop, finding Oiog 111 = 0.2370:03. This is constrained
over the mass range Moo, ~ 10"*A~ M, — 1050 M.

3. We infer a positive correlation between central galaxy
luminosity and the richness of host halos at a fixed halo
mass. We measure the effective correlation dey = 0.367017.
This positive correlation increases the mass dependence of
the central galaxy luminosity relative to a model in which
this correlation is absent.

4. The redshift evolution in the luminosity of central
galaxies is consistent with the expectations of pseudo-
evolution + passive evolution. By contrast, red satellite
galaxies are dimmed by an amount that is clearly in
excess to that predicted by those two effects alone. We
interpret this dimming as evidence of tidal stripping of
red satellite galaxies.

5. The probability Pgnc that a cluster’s brightest galaxy is
not the central galaxy is roughly 20%. We note that this
inference is sensitive to the photometry of bright galaxies.

6. We quantify the dominant systematics in this analysis and
summarize their relative contribution to our final error
budget (Figure 4).

In future work, we expect to expand the measurements of these
samples. In particular, an examination of the radial distribution
of galaxies in clusters (e.g., Hansen et al. 2009; Budzynski
et al. 2012; Tal et al. 2013) will help us to understand the
processes surrounding the accretion of satellite galaxies. This
cluster catalog may also be used to investigate the magnitude
gap (Tavasoli et al. 2011; Hearin et al. 2013; Deason et al.
2013) and how the central and brightest satellite galaxies are
related to each other. The magnitude gap has previously been
associated with the assembly history and formation time of the
host halo, and may in turn provide access to these properties of
redMaPPer clusters. Moreover, a similar analysis of this paper
can be done on redMaPPer clusters identified in the DES. With
deeper images, such an analysis will provide powerful
constraints on the evolution of the galaxy luminosity—halo-
mass relation, thus shedding light on mechanisms of cluster
formation. Finally, the cluster cosmology analysis usually
assumes that galaxy clusters correspond to dark matter halos in
the simulation. However, it is not hard to believe that
the performance of the optical cluster finder depends on the
properties of red galaxies in massive halos. That is to say, the
amount of redMaPPer clusters at a given redshift and richness
might depend not only on cosmological parameters but also on
the parameters of the CLF. It is then natural to jointly constrain
CLF parameters as well as cosmological parameters in the
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cluster abundance analysis. We believe that with the recent
development of emulator techniques, such an analysis is
feasible in the near future.
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Appendix A
Impact of the Photometry Correction on oo

In Section 5.1, we do not shift the best-fit parameters to
account for the systematic due to photometry, since we believe
the parameters obtained after the photometry correction
are closer to the truth. It is clear that the mean value of the
luminosity—halo-mass relation is closer to the truth after we
apply the photometry correction using the method described in
Section 2.3. However, whether such a correction also corrects
the scatter in the luminosity—halo-mass relation is not obvious.
Therefore, in this section, we build a toy model to demonstrate
that the scatter ojog 7, in galaxy luminosities with the correction
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Figure Al. Histogram of the scatter of central galaxies’ luminosities generated
by 1000 independent realizations from the procedure described in Appendix A.
The green and blue histograms show the scatter of central galaxies’
luminosities with and without the photometry correction, respectively. The
orange vertical line indicates the true oioe; in the simulation described in
Appendix A

described in Section 2.3 is closer to the true value of i1
compared to the one without such a correction.

First, we generate 7016 fake central galaxies with absolute
magnitude M. drawn from a Gaussian distribution with
mean = —23.5 and scatter = 0.2 dex. Then, we mimic the
observational effect by adding a random variable d to describe
the difference between the observed absolute magnitude
My,s and the true absolute magnitude M,.. Inspired by
Figure 2, we assume that d is a random variable with mean
= —0.1Myye — 2.10 and scatter 0.01. The scatter is set to the
median of the i-band 1o uncertainty of the central galaxies in
our sample. The observed magnitude is then defined as
Mops = Miye + d.

Second, we fit a linear function to the My, — M. Versus
M, relation to mimic the process of the correction described
in Section 2.3. To be consistent, we randomly select 1516
galaxies out of the 7016 fake central galaxies to obtain this
correction. We then apply this correction to M, to obtain
M orrecica- We measure the scatter of M recieq and Mg to see
which is closer to the scatter of the true magnitude 0.2.

We repeat the above procedure 1000 times and show the
result in Figure Al. As shown in the figure, we demonstrate
that the photometry error can lead to a bias on 047, and our
correction can fix this bias.

Appendix B
Validation of the Analysis Pipeline Using Synthetic
Catalogs

We validate our analysis framework by placing CLF
constraints on a set of synthetic catalogs, whose CLF
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parameters are known a priori. We decide not to use an N-
body simulation because our model does not include clustering
of clusters. Thus, a randomly distributed halo catalog is
sufficient for this validation. By generating halos from a
defined halo-mass function, we are able to produce a large set
of simulations, thereby making this validation test more
statistically significant.

To construct the synthetic catalogs, we first generate halos
from a Poisson draw of the Tinker halo-mass function (Tinker
et al. 2008) and randomly place those halos on a 10,405 deg”
sky. We then assign a true richness to each halo using a log-
normal distribution, and calculate the observed richness using
the P(Aops| \ue) relation described in Section 4.1. For each
halo, we populate the central galaxy luminosity using a log-
normal model with mean following the power-law relation as
described in Equation (6). We then populate satellite
luminosities using Equation (7). Note that by populating halos
this way, we implicitly assume there is no correlation between
central galaxies’ luminosities and the richness of a cluster at a
fixed halo mass. Therefore, this validation test also serves as a
null test of the analysis pipeline.

We generate 100 simulations with the parameters: ojoy,
degr, log Lo, AL, Ay, log Ly, «, = [0.254, 0, 10.722, 0.318,
10.222, —1.084, 0.974]. The satellite parameters log ¢ and A,
are derived from the constraint that the richness of a cluster
equals the number of satellites in the cluster plus one.

Given the synthetic catalogs, we measure the CLF following
the same procedure described in Section 3. To avoid statistical
noise and to put a stringent test on our analysis pipeline, we use
the mean of the measurements on 100 simulations as our data
vector and adopt the theory covariance matrix (Appendix D) to
calculate likelihoods.

Figures B1 and B2 show the constraints we obtained by
running our analysis pipelines on the synthetic data for centrals
and satellites, respectively. We find that our fiducial model
successfully recovers our input CLF parameters. In Figure B1,
we also fit our synthetic catalogs with a model assuming that
the richness—mass relation follows a log-normal distribution.
We first constrain the richness—mass relation by fitting a log-
normal distribution. We then modify the P (A, L|M) term in our
model to be a multivariate log-normal distribution with a
correlation coefficient ». We find that the log-normal model
leads to a bias of the posterior, especially in the r, log L.
panel. To better quantify this bias, we approximate the
posterior distribution by a multivariate normal distribution
and calculate the probability of a random draw having a larger
posterior than the posterior evaluated at the input CLF
parameters. We find that this probability is 0.211 for our
fiducial model and 0.999 for the log-normal model, indicating a
significant bias on the posterior introduced by the assumption
that the richness—mass relation follows a log-normal
distribution.
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Figure B1. Sixty-eight percent parameter constraint (blue) obtained by running our analysis on mock data generated following the procedure described in Appendix B.
The input parameters of generating these mocks are shown as the black dashed lines. As a comparison, we overplot the contours by assuming the A—M relation
following a log-normal distribution with constant scatter plus a Poisson term. For the second parameter, we plot d.¢ for our fiducial model, and r for a model assuming
P(\, LIM) following a multivariate log-normal distribution.
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Appendix C
Model’s Degrees of Freedom

We calculate the degrees of freedom in the analysis to assess
the goodness-of-fit of the model. Normally, the degrees of
freedom are defined as the length of the data vector minus the
number of parameters in your model. As pointed out in Andrae
et al. (2010), this is no longer true for nonlinear models, as is
the case for this paper. To quantify the effective degrees of
freedom, we generate 100 mocks from the best-fit model. For
each mock, we apply a mask to the mock data vector and fit
the model to obtain the minimum 2. Because we fit the same
model to different mocks, we expect the number of effective
free parameters of the model to stay the same. To constrain
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the number of effective free parameters, we use the likelihood,

log L(vei) = Y log x> (X7, Ni — Verr), (C1)

where i runs through 100 mocks. x(x, b) indicates the
probability of x for a x* distribution with degrees of freedom
b. X? indicates the least X,<2 for mock i, while N; is the number
of data points. v.g denotes the number of effective parameters
of the model. Figure C1 shows the result for centrals and
satellites. In the main text, the effective number of degrees of
freedom is used to calculate the degree of freedom to quantify
the goodness-of-fit of the model, with the degrees of freedom
equal to the number of data points subtracted by v
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Figure C1. Posterior distribution of the number of effective parameters of central (top panel) and satellite (bottom panel) models without redshift evolution parameters
(BL, By, By,). The histogram is obtained by fitting x> for 100 mocks generated from the best-fit value.

Appendix D
Covariance Matrix

D.1. Theoretical Covariance Matrix of Central CLF

Here, we derive the bin-to-bin covariance matrix for the
luminosity function in a single redshift and richness bin. This
covariance matrix is adopted in our fiducial analysis. To derive
the covariance matrix, we follow the formalism of the halo
model, in which galaxies are located in dark matter halos. Dark
matter halos are then biased tracers of the dark matter density
fields, with bias depending on their mass. The dark matter density
fields are Gaussian realizations of the matter power spectrum,
which depends on cosmological parameters. To simplify our
analysis, we further make the following assumptions:

1. Each galaxy cluster has one and only one central.

2. The properties of galaxies only depend on the physical
properties of the host galaxy cluster in which they reside.

3. The number of galaxy clusters per volume per richness
bin follows a Poisson distribution.

4. Each galaxy cluster is associated with a unique dark
matter halo.

Following Equation (3), we then write the central galaxy CLF
estimator as

Z,NdNig(Ly)

b(L,, \) = ,
oL N Na(MAL,

(D1)

where N,; is the number of galaxy clusters, Nf (L,) is the
number of galaxies in cluster i with luminosity greater than L
and less than L, + AL,

The mean of this estimator can be written as

; S NS (L)
L,N) = (=2 |
b - ()

w

(D2)

where in the above, (...),p, denotes the average over the
ensemble. Here, we follow the formalism in Smith (2012), which
separated this process into three stages: g represents averaging
over processes of populating galaxies into halos; P denotes
averaging over processes of populating halos on a given dark
matter density field; and s represents averaging over Gaussian
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sampling of the matter power spectrum within the survey
volume. In other words, these three averaging processes represent
averaging random processes of populating galaxies given a
matter power spectrum under the assumption of the halo model.

Since we assume that the properties of galaxies only depend
on the physical property of the host galaxy cluster, we can
simplify Equation (D2) as

9 _ Z,Nd <]Vlg (Lu)>g
(0 D) < Na(MAL, [,
[ NS
\ AL/,
_Ng(Lu)
_—AL . (D3)

1

Note that in the second line, we identify (N*(L,)), = N2(L,).
We then compute the covariance matrix of this estimator
COWy ), 9Ly N) = (O VO N) = (0 Lys )
(¢(L,, A)). First we focus on the first term. Inserting
Equation (D1), we have
> . (D4)
P,s

SN NS (L) NS (L)),
Na(M\?AL,AL,
Now, we focus on the inner bracket (Nf(L,)Nf (L,)),. First,
from our assumption that the properties of galaxies only
depend on the physical property of the host galaxy cluster, we
identify <]vig(L/1,)1ng(L1/)>g = <]Vig(Lp,)>g <]ng(Lu)>g» if i =J.
Also, under the assumption that each galaxy cluster has one
and only one central, the term i = j, it = v is zero. For the
remaining term i = j, u = v, we identify

(dL)PL)) = <

(NE(LONE (L)) = (NF (L))
= <]V,g (L,u,)>g

= N&(Ly), (D5)

where in the second line, we adopt the assumption that the
number of central galaxies in a galaxy cluster is one. In short,
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Figure D1. Constraints on central CLF parameters using a fiducial covariance matrix (orange) and covariance matrix based on the CLF model centered at the
maximum posterior (green dashed line). Here, we only perform this analysis on clusters in the first redshift bins of the main analysis, namely z = 0.1-0.15. Since
covariance matrices in different redshift bins are generated independently, an analysis on a single redshift bin is sufficient for this test. The dashed line indicates the
fiducial parameters used to generate theoretical covariance. The agreement of constraints indicates that there is little dependence of the constraint on the choices of

fiducial values used to generate the covariance matrix.

the inner bracket term can be written as

(Mg(L;L)N]g(L,u»g = fiJNg(Lu)Ng(LV) + 6iJ6u,VNg(Lu)a (D6)
where we use a modified Levi-Cevita symbol ¢;; = 1 if i = j
and 0 otherwise.

Inserting Equation (D6) back into Equation (D4), we have
(W L,)
B <ziNclszcwei,,Ng(L,»NHLI,) + 618N (L) >
P,s

Na(M\)?AL,AL,

[ (NaN)? = Na(W)NEL)NE(Ly) + Nay(N)§,,NE(Ly,)
N Na(N?AL,AL, .

1
- ALAL,

1
1 - N8(L,)N8(L,
< e >P’s (L)N2(L,)

1
8
+ <Nc1()\) >P’SN (Lh)éu,u]-

D7)
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Combining Equation (D3) and Equation (D7), we obtain the
covariance of the central CLF estimator used in this paper,

C(D Ly N)s G(Lyy V)

1 1
 ALAL [< O >P’SN8(LH>N8<LD>

1
o
+ <Nd( 5 >P’SN8<LH) . ]

We further assume that N,;(\) follows a Poisson distribution,
which implies that (1/Ny(\)) = 1/(Ny()\)). We can further
simplify our equation of covariance as

C(@ WLy Ny &Ly V)

(D8)

1 1
= — 8(L,)N8(L
ALu ALI/( <Ncl()‘)>P,sN ( M) ( V)
1
b N2 | D9
(NaV)p.s ) ] i
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Figure D2. Comparison between the theory covariance matrix and jackknife estimated covariance matrix. Top left: correlation matrix of the theory covariance matrix.
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the jackknife covariance matrix after they have been rotated into the eigen-space of the theory covariance matrix. Bottom right: the correlation matrix of the jackknife
covariance matrix after rotation into the eigen-space of the theory covariance matrix. See Appendix D.3 for more detailed descriptions.

Following Hansen et al. (2009), we choose the parameter
sets Oiogr, 7, log Lo, Ay = [0.44, 0, 25.0, 0.3] as our fiducial
parameters to generate theoretical covariance matrices. We
show in Figure D1 that the choice of fiducial values does not
affect the posteriors at the accuracy of this analysis.

D.2. Covariance Matrix from Jackknife Resampling Method

As a comparison, we construct an empirical covariance
matrix from the jackknife resampling method. We first divide
the survey region into Ny simply connected patches using a
k-means algorithm.® We then remove one patch at a time and
compute the CLF of galaxies in the remaining patches. We use
®; to denote the luminosity function measured after removing
the i-th patch. The covariance matrix is given by

c =M= s - oy, - B,
ljk

(D10)

where ® is the mean of ®,. We choose Ny to be 150, thus each
jackknife patch comprising ~8 x 8 deg® on the sky. At z = 0.1,

® hitps:/ /github.com/esheldon/kmeans_radec
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the lowest cluster redshift in this analysis, the jackknife region is
~50 x 50 Mpc®. We do not expect a significant correlation
between clusters at this scale; therefore, each jackknife region
could be considered independent. As a robustness check of the
analysis, we verify that the result changes negligibly by varying
Nj from 100 to 150.

We notice that the jackknife estimation is a noisy estimator of
the covariance matrix, and the inverse of a noisy covariance
matrix is a biased estimator of the inverse of the covariance
matrix. Various methods have been proposed to regularize the
covariance matrix (Pope & Szapudi 2008; Paz & Sanchez 2015;
Friedrich & FEifler 2018). Here, because the number of jackknife
regions is much larger than the number of entries in our data
vector, we adopt a cut on the eigenvalues of the covariance
matrix. Specifically, we perform singular value decomposition on
the jackknife covariance matrix, and calculate the cumulative
eigenvalues. We then truncate the last 0.5% of the cumulative
eigenvalues before we invert the covariance matrix.

D.3. Covariance Discussion

Figure D2 demonstrates the difference between the theor-
etical covariance matrix Cipeory and the jackknife estimated


https://github.com/esheldon/kmeans_radec
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Figure D3. Sixty-eight percent and 95% contours of the central CLF parameters. Both lines correspond to CLF data in the z = [0.1, 0.15] bin, but fitted with different
covariance matrices: the blue line represents constraints from using a fiducial covariance matrix and the green line represents constraints from using an empirical
covariance matrix constructed using the process described in Appendix D.2. The agreement of constraints indicates little dependence of the constraint on the choices
of covariance matrix and justifies the use of an empirical covariance matrix for satellite CLFs.

covariance matrix Cjackknife- 1h€ top two panels show the
correlation matrix Of Ciheory and Cjackinifes respectively. It is
hard to compare these two matrices directly, since there is noise
in the jackknife covariance matrix. However, one could expect
that the eigenvectors with largest few eigenvalues are less
susceptible to the noise; hence, we can make a better
comparison of the covariance matrices by rotating Cjackknire
into the eigen-space of Cieory-

If they are consistent, the rotated Cjckknite should be almost
diagonal and the diagonal value is similar to the eigenvector of
the theoretical covariance matrix. In the lower left panels of
Figure D2, we show the comparison of the diagonal term of the
rotated Cjackknite and the eigenvector of the theoretical
covariance matrix. The lower right panel shows the correlation
matrix of the rotated Cjackknite- We note that the eigenvalue of
Ciheory and the diagonal term of the rotated Cjiciknife are
consistent. Moreover, the correlation matrix of the rotated
Ciackknife 1 almost diagonal. Therefore, we conclude that Cypeory
and Cjackknife are consistent with each other.

Though we construct a reasonable theoretical covariance
matrix for central CLFs, constructing the same thing for
satellites is much harder. Constructing the covariance matrix
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for satellite CLFs requires the knowledge of the correlation of
satellite luminosity within the same host halos, which would
require a much more detailed model of the halo galaxy
connection and is beyond the scope of this paper. Instead, we
use the empirical covariance matrix constructed using the same
procedure as described in Appendix D.2. To demonstrate the
validity of using this covariance matrix, we show in Figure D3
that the central CLF parameters obtained from this covariance
matrix are consistent with the parameters obtained from the
theoretical covariance matrix. Therefore, we expect the
empirical covariance matrix to not introduce a significant bias
on our inferred satellite CLF parameters.

Appendix E
CLF of Individual Redshift Bins

We check whether our result is dominated by a single
redshift bin and check unknown systematics by performing the
fitting in each of four redshift bins individually. In this analysis,
we ignore the redshift evolution parameters for centrals By and
satellites By.. The result is summarized in Tables E1 and E2. A
comparison to the joint fit is shown in Figures E1 and E2.
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Figure E1. Validation of redshift evolution of the CLF model, for central galaxies. Parameters fitted in individual redshift bins are shown with solid points and 1o
error bars including systematics. The solid lines are the results of CLF fits to all four redshift bins simultaneously, including redshift evolution where appropriate. The

color band represents the 1o error including systematics.
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Figure E2. Validation of redshift evolution of the CLF model, for satellite galaxies. Parameters fitted in individual redshift bins are shown with solid points and 1o
error bars including systematics. The solid lines are the results of CLF fits to all four redshift bins simultaneously, including redshift evolution where appropriate. The
color band represents the 1o error including systematics. Note that the log ¢, panel only shows the parameter range allowed by the prior of the analysis.

Table E1
Central CLF Parameters for Individual Redshift Bins
Redshift Bins OlogL dosr logLy A
Units log L, /h? log L., /h? log L, /h?
Equation Reference(s) 6 11 12 12
0.1 <z<0.15 0217003 032104 1078998 0357908
0.15<z<02 0.2019:93 0. 45*82;‘ 10.78+9: }_% 0.3970%
02<z<025 0.2175% 0.421024 10.805:9¢ 0.40733%8
025 < z<03 0.201002 0.397046 10.85t8,?3 0.40+99
Table E2
Satellite CLF Parameters for Individual Redshift Bins
Redshift Bins log ¢, Ay log Lyo Ay o B
Units log((log L)™! log((log L)™! logL.,/h? logL.,/h?
Equation Reference(s) 7, 19 19 7, 20 20 7 7
0.1 <z<0.15 —3.1512%8 0.8175%4 6.827) 13 —0.0110:%¢ 0.86793¢ 0.3075%
0.15<z<02 ~3.184377 o.sstg_gg 7221098 fo.otg_g; 0.98t8_22 0.3253%7
02 <z<025 —2.54+136 0.89+0.92 6.3471% 0.0070:03 1.08793 0311006
025<2z<03 —2.62t%ﬁz‘g 0.963% 7.09508 —0.0370% 1.0215022 0321042
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