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ABSTRACT 
Machine learning (ML) is now being applied to wireless communications to optimize existing 
communication techniques. GNU Radio, an open-source developmental toolkit used to model 
communication systems, however, has seen few machine learning techniques implemented in its library. 
Real time simulators, like GNU Radio, are critical in verifying the performance of communication systems. 
One aspect of communication theory that can be improved by machine learning is adaptive equalization. 
Specifically, machine learning can be used to adjust the type of adaptive equalizer algorithm as well as the 
structure of an equalizer (i.e. taps, step size, filter type, etc.) to determine optimal equalizer parameters 
for current channel conditions. This process is referred to as cognitive equalization. The objective of this 
research is to demonstrate how cognitive equalization algorithms can be implemented in GNU Radio along 
with channel model blocks as tools for further validate the cognitive equalizers. This is valuable for 
analyzing modern equalization techniques in various channel conditions and communication scenarios. 
 
When a signal is passed from transmitter to receiver, the channel effects on the signal can be drastic. This 
is especially apparent in high frequency (HF) communications (3 MHz to 30 MHz) where the effects are 
caused by reflections of the transmitted signal across the ionosphere. One consequence caused by the 
ionosphere is that the signal will take multiple paths when arriving at the receiver. Due to the various 
propagation paths, several components of the signal will arrive at the receiver at different times, causing 
multipath. Furthermore, signal fading can be observed when multiple paths are taken by the signal during 
transmission and the arriving signal is summed at the receiver and cancellation occurs. Channels will often 
introduce noise to the signal and cause inter-symbol interference (ISI), which will create errors in signal 
recovery. Inter-symbol interference, multipath, and fading, will result in a corrupted signal which will be 
difficult for the receiver to interpret.  
 
This corrupted signal can be reconstructed at the receiver with the aid of an equalizer. Equalization can 
be used to optimize the signal recovery in various communication systems by removing the impairments 
caused by the channel from the received signal. The equalizers implemented in this work utilize a least 
mean square (LMS) algorithm to update the associated tap values, making them a form of adaptive 
equalizers. Both linear and non-linear adaptive equalizers were implemented in GNU Radio, and the 
implementation is discussed further in this work. 
 
An additional enhancement that can be made to improve the effectiveness of the equalizers is to utilize 
reinforcement learning algorithms to vary the structure of the equalizer. The reinforcement learning 
algorithm will update the structure based on the incoming signal’s channel effects in attempt to lower the 
error rates.  The use of a reinforcement learning algorithm in changing an attribute of a communication 
system based on the channel conditions is referred to as a cognitive engine. These cognitive engines can 
change the actual structure of the equalizer by changing the number of parameters, such as the number 
of taps and step size. Alternatively, the adaptive algorithms utilized within the equalizer only change the 
coefficient value of the taps. The benefit of implementing cognitive engines in GNU Radio is it enables the 
optimal equalizer parameters to be learned for a specific set of channel conditions in real time. 
Additionally, the implementation of these cognitive communication systems sets the stage for future 
development with the incorporation of real hardware. This will allow us to conduct real-time tests with 
true over-the-air experiments. This work details the implementation of three cognitive engines and three 
different channel models within GNU Radio.  
 
The contributions of this thesis include the development and deployment of three LMS adaptive 
equalizers into the GNU Radio library. This development included various validation tests conducted to 
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guarantee the functionality of these equalizers. These tests included analyzing the convergence trends 
posed by the LMS algorithm for the tap coefficient values and the changing bit error rate (BER) for several 
SNR values. Contributions related to the design of the Watterson channel model have also been included 
in this work. Following the implementation of the adaptive equalizers, we then deployed a cognitive 
engine block into GNU Radio, which utilizes the epsilon greedy RL algorithm. This algorithm was tested 
prior to implementation and further validated with the previously implemented adaptive equalizers. The 
CE and equalizers were then tested together to ensure that the CE does in fact improve the performance 
of the equalizers by changing the structure of each equalizer based on the current channel conditions.  
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CHAPTER 1: INTRODUCTION 
 

1.1. PROJECT OVERVIEW 
The primary purpose for this project is to create and implement various cognitive elements of a 
communication system into GNU Radio, an open-source software defined radio (SDR) toolkit [2]. The 
main purpose for this project is to use a cognitive engine to find the optimal structural parameters for 
an adaptive equalizer to better reconstruct a distorted signal. Distortion in this context occurs when 
the signal is transmitted through a particular channel.  By deploying these designs into GNU Radio, it 
provides deeper means of testing, and future opportunities to exploit this work outside of a simulation 
platform. The cognitive communication system includes various cognitive equalizers working to 
reverse unwanted channel effects seen in the received signals. A block diagram of the system is shown 
below in Figure 1.  
 
The first half of this research consisted of completing the verification portion of the adaptive 
equalizers, the cognitive engine and the channel models. The second portion of this research included 
implementing these elements in GNU Radio. GNU Radio also allowed for further validation of the 
project elements in a modular environment. There are multiple algorithms already implemented in 
GNU Radio; some of these preexisting modules were utilized in our full system, such as the vector 
source, noise source, and both the FIR and IIR filters used to model particular channel conditions. The 
algorithms in GNU radio are referred to as blocks or modules and any new blocks created by the 
community are specified as out-of-tree (OOT) blocks.  Figure 1 below shows the out-of-tree blocks 
implemented into GNU Radio’s library in this work.  
 
The objective of this research is to show how pairing reinforcement learning techniques with common 
communication system elements can improve the performance at the receiving end of 
communication systems. Particularly, in this work we pair a reinforcement learning (RL) algorithm, 
called Epsilon Greedy, with an adaptive equalizer, and use this RL algorithm to optimize the structure 
of the adaptive equalizer based on the current channel conditions. Some benefits of this pairing 
include the efficiency of adaptive equalization research, the optimization of the adaptive equalizers’ 
structure, and the cognitive equalizer’s overall performance. Cognitive equalization is desirable 
because the reinforcement learning technique can determine a more optimal equalizer structure, 
which might not be known a priori because the channel characteristics are unknown. Once this 
optimal structure for an equalizer, based a given channel, has been selected then the adaptive 
equalizer is able to more easily reconstruct the signal while still updating tap values based on its 
adaptive algorithm, in our case, least mean squares (LMS).  
 
The coupling of a cognitive engine (reinforcement learning block) and an equalizer is called a cognitive 
equalizer; throughout the rest of this document the pair of these will be described as such. Validation 
of this work includes using multiple channel models to corrupt a given signal and the cognitive 
equalizer adjusting its structure based on the varying channel effects to recover the corrupted signal.  
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Figure 1: System Block Diagram 

1.2. GNU RADIO 
GNU Radio is an open-source developmental toolkit used to model and evaluate the performance of 
various communication systems. It is widely used in hobbyist, academic and commercial 
environments to support both wireless communications research and real-world radio systems [2]. 
GNU Radio modules are primarily written in C++ or Python, depending on the application. Due to the 
modularity and the vast number of scenarios that can be simulated in GNU Radio, it is an extremely 
valuable tool. GNU Radio is used for modelling and evaluation by manipulating data streams at the 
transmitter and/or receiver end of a system. Additionally, GNU Radio is commonly used with real 
hardware to conduct over-the-air (OTA) experiments [21].  
 
GNU Radio is commonly used in Linux or Unix operating systems; although there is support for GNU 
Radio in Windows and Mac operating systems. The signal processing, utility libraries and hardware 
interface blocks that are already available in GNU Radio make this open source software extremely 
desirable. Each flowgraph, or application, is made up of various modules, called blocks. The 
connection between each block is called a port. Within GNU Radio, a programmer can create custom 
blocks, called out-of-tree (OOT) blocks or modules. The entire flowgraph is formed by connecting the 
ports of the various OOT and/or already-implemented blocks to each other. Some advantages of the 
GNU Radio toolkit are shown below from [15]:  

• C++ / Python: “The primitive signal processing blocks are implemented in C++. All graph 
construction, policy decisions and non-performance critical operations are performed in 
Python. All of the underlying runtime system is manipulable from Python” [15]. 

• Fixed and Variable Rate Blocks: “In addition to working with synchronous data flows, 
the system supports variable rate blocks. This feature is essential for variable rate 
compression and decompression and some synchronization strategies” [15]. 

• Easy of Configuration: “The parameters of signal processing blocks may be modified at 
runtime. In addition, the topology of the signal processing graph itself may be modified 
as needed” [15]. 
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• User Interface: “Graphical user interfaces (GUIs) are built using any toolkit accessible 
from Python. We recommend the wxPython toolkit to maximize cross platform 
portability. Widgets are provided for visualizing data streams in the time and frequency 
domains (e.g., multi-channel digital oscilloscope, FFT)” [15]. 

• Blocks: “Input to and from files, TCP, high speed A/D’s, D/A’s, sound cards, all kinds of 
filtering, NCO’s, VCO’s, modulators, demodulators, forward error correction, etc. The 
libraries provided with GNU Radio are extensive, and depending upon the application, an 
end user might not need to write a single signal processing block” [15]. 

The research discussed in this thesis entails a suite of various equalizers paired with a cognitive engine. 
This concept is valuable for testing, analysis, and performance demonstration of modern equalization 
and machine learning techniques. This effort is also valuable because these blocks have the potential 
to be used with other GNU Radio blocks and/or other applications in wireless communications. Part 
of our motivation for implementing these elements into GNU Radio is the opportunities it provides 
for future work. Now that GNU Radio has a cognitive equalizer block implemented into its library, this 
work can be evolved to allow for real-time signals on a USRP for example, to further investigate the 
benefits of cognitive equalizers. Additionally, these OOT machine learning blocks employed in this 
work can be used with other blocks already available to the public in the GNU Radio library.  

By adding these OOT blocks to GNU Radio extensive validation testing is essential. This is because the 
simulations run in GNU Radio provide a much stronger measurement of robustness in the design as it 
generally has samples coming in and out of blocks at various rates and stream sizes. For example, the 
transmitted data sequence fed to the channel model is passed in packet streams. These incoming 
streams can vary in length; by varying the input sequence, the limitations of the cognitive equalizers 
and their timing can be better understood. These challenges and limitations are discussed in detail in 
section 4.2. 

1.3. ADAPTIVE EQUALIZATION 
The High frequency (HF) band is the range of radio frequencies between 3 and 30 MHz [10], [26].  
Radio waves in this band can be reflected back to Earth by the ionosphere. To put this in perspective, 
the ionosphere is the last layer an astronaut will pass through before leaving the earth atmosphere. 
The ionosphere is roughly 46 miles above the Earth’s surface and ends over 600 miles above Earth 
[14]. This is important because the ionosphere can be used as a medium for propagation; for example, 
the electromagnetic waves sent out from a radio will bounce off the ions that make up this 
atmospheric layer and make their way back to Earth.  
 
Signals in HF communication can travel much farther than other frequency bands. Due to the ionic 
characteristics of this atmospheric layer, communication between two points without a direct line of 
sight is possible, and they are possible without the need for expensive transmission infrastructure. 
This sort of communication is critical in various applications including military, hobbies, avionics, and 
emergency situations [9]. Although HF communications can provide an inexpensive medium for 
communication across long distances, it can have some unwanted effects in data transmission. When 
the transmitted signal is received at the receiver it often is corrupted due to the effects from the 
ionosphere. This corruption can be inter-symbol interference, jitter, delay, or noise. These 
unfortunate effects caused by the ionosphere drive us to employ equalizers at the receiver to recover 
the transmitted signal and remove unwanted atmospheric properties.   
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Equalizers have been studied for ages. They are able to reconstruct signals suffering disturbances from 
the transmission medium. In more recent studies, various algorithms have been pieced into 
equalizers, making them more efficient and productive in their recovery abilities. Standard equalizers, 
or filters, can recover a distorted signal, without any special adaptations, very well if the channel 
effects are not time varying (i.e. time-invariant) [5]. For example, even if the specific channel 
characteristics are unknown, or if the frequency response characteristics are time-invariant the 
equalizer can be tuned and adjusted based on those characteristics and the impacted signal can be 
salvaged [3]. However, most channel effects are time-variant; both or one of the communication 
end(s) being mobile, scattering of waves, interference and more can cause this. For time varying 
channel effects, an equalizer cannot just be preset, it needs to be able to adapt its parameters during 
the transmission of data [3]. An equalizer that is able to adjust its tap coefficients is commonly referred 
to as an adaptive equalizer. 
 
There is a great deal of research in adaptive equalization being conducted in wireless communications. 
As previously mentioned, the benefit of adaptive equalizers is their ability to update their parameters 
during the transmission of data. Namely, to allow the system to actively try to recover the signal even 
if the signal has been exposed to multiple types of channel effects during transmission. Adaptive 
equalizers perform well when attempting to remove adverse channel effects, however, if the channel 
conditions are extremely poor, the equalizer may actually propagate the error and will not be 
sufficient in recovering the original signal. An example of this error propagation is shown in section 
3.3.3. 
 
In this work, three types of adaptive equalizers were designed and implemented into GNU Radio. 
These equalizers are a Linear Equalizer, Decision Directed, and a Decision Feedback Equalizer. Each of 
the three equalizers adaptively updates the values of the filter coefficients with the least mean square 
(LMS) algorithm. The LMS adaptive algorithm can improve the performance of the equalizer by 
training the filter on a given dataset and updating the values of the taps after each iteration to reduce 
the error. Depending on the type of equalizer, the tap values may continue adapting during the testing 
phase or freeze based on the training phase’s final optimization. Regardless, the adaptive equalizers 
are best suited for time-varying channel characteristics, and they can further be improved by being 
paired with a cognitive engine, especially when the optimal equalizer structure for a particular channel 
is unknown.  

1.4. COGNITIVE ENGINES 
A cognitive engine can simply be considered as a mechanism to facilitate the discovery of an optimal 
structure of a freestanding element in a system [28]. In this case, the cognitive engine is used as a 
driver for the structure of an adaptive equalizer. The cognitive engine can obtain a near optimal 
number of taps and step size for the adaptive equalizer and these values will lead to better 
reconstruction of the distorted signals. Furthermore, what this means for the user is the 
reinforcement learning algorithm will learn the optimal set of parameters for a specific set of channel 
conditions without any prior knowledge of the channel, which then results in improved performance 
over a standalone adaptive equalizer. Once the near optimal structure of the filter is determined, the 
adaptive equalizer is then better suited to tackle the channel characteristics, further lowering the 
error rates.  

The cognitive engine will use reinforcement learning techniques to makes these decisions. 
Reinforcement learning techniques are defined as machine learning concepts concerned with taking 
certain actions in order to maximize reward [1]. Epsilon Greedy is an example of a simple 
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reinforcement learning technique. Generally, the epsilon greedy algorithm will alternate (at a rate of 
the input parameter ε), between randomly choosing an action and choosing an action based on 
maximizing the reward [7], [8]. This algorithm is used herein for optimizing the structure of the 
equalizer to further lower the bit error rate (BER) which increases the performance of signal 
reconstruction; where the bit success rate is used as the reward.  

As previously mentioned, GNU Radio has seen very little reinforcement learning algorithms employed 
in its library. These algorithms can drastically improve the performance of not only equalizers, but 
signal processing blocks, real-world audio processing, satellite tracking, radar systems and various 
other applications [22]. The equalizers (filters) simulated in this work are adaptive equalizers that 
exploit the LMS algorithm. After these filters were verified against other research results and various 
performance validation tests, they were then coupled with the epsilon greedy cognitive engine. The 
epsilon greedy algorithm is able to continuously update the structure of the equalizer, even after the 
tap coefficients have converged to a near optimal value. This periodic structure change allows the 
equalizer to remove the unwanted channel effects without any prior knowledge of the channel 
characteristics; whereas the tap coefficient updates computed by the LMS algorithm are conducted 
after the channel characteristics are observed at the equalizer.   

1.5. CHANNEL MODELS 
As mentioned previously, HF communications are extremely common due to its affordability and lack 
of need of infrastructure. However, the source of the various HF communication benefits is also the 
culprit of several unwanted channel effects. In order to begin testing the adaptive equalizers we had 
to implement an HF channel models to train and test the adaptive equalizers. Once these channel 
models were validated, they were eventually implemented into GNU Radio for further testing and to 
finalize the full cognitive system. One of the most common HF channel models is the Watterson 
model. The Watterson Channel model is a model developed by Clark Watterson in 1970 [13]. His 
technique included taking various measurements of ionosphere propagation and analyzing the effects 
these have on signal transmission. Because the Watterson model was validated with real ionospheric 
measurements, it is commonly used as an HF channel model in research and academia. The Watterson 
channel model is available in MATLAB, which although provided us with a baseline expectation of the 
channel model performance, did not meet our needs because we needed to have an implementation 
done in GNU Radio (whose custom blocks are implemented in either C++ or Python). 
 
Prior to implementing the Watterson model, we used a simple FIR filter to model ISI and then added 
AWGN to generate a simpler channel model. After validating the adaptive equalizers’ performance 
with the FIR channel model, an IIR channel model was implemented. The details of these channel 
models are discussed in sections 1.5.2 and 1.5.3 of this document. The Watterson model causes 
multipath which results from the transmitted signal arriving at the receiver by different paths at 
different delays. These multipath characteristics can result in some portions of the received signal 
being cancelled out by a delayed incoming version of the same signal; this is called signal fading. The 
Watterson model has a more complicated structure due to it incorporating multipath/fading in 
addition to AWGN and ISI. 
 

1.5.1. WATTERSON CHANNEL MODEL 
The Watterson model is complex and is made up of several components which are required to 
properly model specific channel conditions/characteristics. The main components of this channel 
model include a tapped delay line (TDL), gaussian filter and an additive white gaussian noise 
(AWGN) generator. The construction of each of these components is well documented in the  
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literature, but the validation of the model requires not only a deep understanding of the theory 
behind the channel effects, but also some statistical analysis. Due to the  independent Gaussian 
processes that are ultimately filtered and form the TDL gain coefficients, the Watterson model is 
statistically characterized by the Rayleigh distribution.  

In this channel model, the TDL simulates multiple path delays seen from a transmitted signal being 
propagated against the Earth’s ionosphere and arriving at the receiver in multiple pieces, (i.e. 
multipath). The random processes that make up the complex gain coefficients of the TDL are 
modeled by filtering AWGN through a gaussian filter. There were three validation tests completed 
for the Watterson model to ensure that the delay and Doppler spread functionalities worked 
correctly as well as to verify the statistical behavior of the model.  

1.5.2. FIR CHANNEL MODEL 
Generally, the purpose of filtering is to improve the quality of a signal for example: to remove 
noise from a signal or separate two or more signals that may be combined together. Digital filters 
are used in many applications like data compression, biomedical signal processing, image 
processing, data processing, digital audio systems and communication systems [13]. However, 
because filters can change the input signal characteristics, they can be used to model channel 
effects as well. By filtering a digital signal with a finite impulse response (FIR) filter, depending on 
the tap coefficients of the FIR filter, the FIR filter can be used to inject noise into the input signal 
[16]. 
 
Some common factors that can be implemented with a FIR filter include ISI, jitter and attenuation. 
FIR filters differ from infinite impulse response (IIR) filters in their behavior and design [41]. FIR 
filters are not dependent on the output of the filter when filtering. Because of the non-recursive 
behavior of FIR filters, they are not typically as efficient as an IIR filter. What this means in the 
design of a FIR filter is that they likely require more taps than an IIR filter. In the transfer function 
of the FIR filter equation, the denominator is set to one, indicating that no feedback effects are 
applied to the input signal, hence no recursion occurs during filtering. The numerator of the 
transfer function provides the feedforward tap gains. The net effect of a FIR filter in our case, as 
a channel model, is to generate a signal with a particular amount of distortion, which is dependent 
on the tap gain values. [13] 
 
The FIR Channel model is one of the more simpler channel models to design. What makes the FIR 
channel model ideal for verifying the equalizer performance is that it usually changes linearly over 
time. The FIR filter has a fixed set of taps that are applied to the signal. Once the equalizer is able 
to learn how to effectively reverse these effects, the performance is extremely good. One of the 
channel models used in this thesis was a FIR filter with coefficients specified from [3]. These 
coefficients were consistent with [3] to provide verification of the equalization techniques in GNU 
Radio against the working results of [3].  

 

1.5.3. IIR CHANNEL MODEL 
An infinite impulse response (IIR) filter varies from a FIR in several ways. IIR filters have, as the 
name states, an infinite impulse response. These filters have recursive difference equations, 
meaning that the filter equation in the time domain uses portions of the filter output to complete 
the filtering. An IIR filter is much faster computationally but can sometimes be unstable. 
Additionally, an IIR filter has nonlinear phase. In this work an IIR filter was also used in GNU Radio 
to help validate the performance of the adaptive equalizers. The filter coefficients were fed to an 
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already designed GNU Radio block and represent ISI affecting the input signal. A more detailed 
discussion on the design and validation is provided in Section 2.3. 

 

1.6. LITERATURE REVIEW  
There is a lot of research in the realm of wireless communications. HF communications require 
utilization of the ionosphere which can cause significant distortion to transmissions. As machine 
learning techniques (ML) are growing in their ability, modern techniques commonly pair these ML 
techniques with widely known communication system elements. Additionally, in order to accurately 
validate the performance of these systems, accurate channel models are required to represent over 
the air transmissions in a simulation environment.  
 
Over the past 50 years, several pieces of literature have explored the use of adaptive equalization. 
Adaptive equalization is commonly used to adapt the tap coefficients of an equalizer to mitigate time-
varying properties of a channel. These properties include Doppler spread, multipath and fading. In the 
late 1980’s work was conducted on a decision feedback equalizer to compare the results of a least 
mean square (LMS) adaptive algorithm’s performance against a fast-recursive least squares (FRLS) 
adaptive algorithm [34]. This work showed promising results for the wireless communications field. 
The FRLS adaptive algorithm yielded superior performance when rapid fading conditions were 
observed, however at fading rates above 1 Hz neither adaptive algorithm provided low error rates 
[34]. Various other authors have conducted experiments with adaptive algorithms such as the 
generalized least squares lattice algorithm (GLSLA) [35] and recursive least squares (RLS) estimation 
[36] have been employed. In order to decrease training time, other work has presented using adaptive 
filter with averaging (AFA) over the RLS algorithm to observe quicker convergence rates and lower the 
computational complexity [40]. The use of adaptive algorithms with equalizers has proven to be 
effective in removing unwanted ISI and fading channel effects from transmissions [33]. 
 
“Machine learning-based channel estimation and equalization methods may improve the robustness 
and bit error rate (BER) performance of communication systems” [37]. Modern research has shown 
the significance in designing machine learning-based equalization methods; however, these systems 
are much more complex than standard or adaptive equalization. Research has been conducted in this 
area to assess the benefits of these schemes and their ability to reverse common channel effects, such 
as fading. The literature in this area has shown success, however, the deployment of these methods 
require more robust infrastructure to house these methods. For example, to training a deep neural 
network (DNN) on a particular channel requires high computational complexity, but it provides 
promising results [37].  
 
Furthermore, work has been conducted to employ deep learning techniques to decoders to learn and 
reverse complicated encoder functions [38]. This method requires accurate models of complicated 
channels with various distortions. The Watterson channel model was successful in modelling 
ionosphere effects but failed to provide “detailed guidelines on the design of the model” [18]. Other 
work has suggested the significance in creating standards to harmonize each Watterson model 
implementation [4], [18]. In order to meet the demand of HF system designers, other channel models 
have been proposed and validated against a midlatitude radio link with a channel evaluation system 
[39]. Some issues that arise when designing a channel model include the complexity of gathering 
sufficient over-the-air data, characterizing it, and utilizing the gathered data to create an accurate 
representation of the unpredictable effects caused by the ionosphere.  
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1.7. THESIS STRUCTURE 
The detailed discussion of this work begins with the design and implementation of three channel 
models. These channel models include one OOT GNU Radio block, the Watterson model, and the 
design and parameter adjustment of FIR and IIR filters. A brief overview of the design and technical 
background of the FIR and IIR filters is discussed. The Watterson channel model design is much more 
complex, and the full design and implementation is detailed. Each channel model used for validation 
of the entire system went through its own validation testing; this is discussed after the overview and 
design of each channel model.  
 
The next section in this thesis is related to the adaptive equalizers. All three adaptive equalizers have 
their own subsection. Each subsection is organized with three main topics: technical design, GNU 
Radio implementation, and the results of the design and implementation. The technical design portion 
will discuss the theory and mathematical formulas used to drive the implementation of each adaptive 
equalizer, all of which is derived from various literature and academia. The GNU Radio 
implementation subsection provides a brief discussion on the block parameters and the challenges 
faced during implementation. The results section will discuss the validation tests applied to each 
adaptive equalizer and the performance rating compared to other research and literature.  
 
Section 0 begins to detail the cognitive portion of this work. This section provides a technical 
discussion of the Epsilon Greedy design and structure. It also provides some background and theory 
related to the algorithm. A subsection of this portion includes the GNU radio implementation notes 
and challenges. Lastly, the results of the cognitive engine are discussed in the final subsection, 4.3. 
 
The final technical section of this document focuses primarily on the results of the full cognitive 
communication system. This section does not have a technical design subsection, as the majority of 
the technical design has already been discussed in previous sections. It does contain information 
regarding the GNU Radio implementation and final flowgraphs. The results section provides a deep 
dive of the various scenarios tested within GNU Radio. The final results section is divided into 
subsections, each pertaining to a particular channel model. Each channel model subsection showcases 
a particular equalizer and a subset of the extensive validation testing conducted on the full cognitive 
system. Lastly, this document concludes with some final words regarding the work completed and 
future directions.  In the appendix links to the GitLab server where the source code is housed is 
provided. 

 

  



20 
 

CHAPTER 2: CHANNEL MODELS 
2.1. WATTERSON MODEL 
The Watterson model is a frequently used channel model to represent ionospheric effects on 
transmitted signals. This model is very common in simulation because it is not deterministic and 
therefore produces a different output for each realization of the channel. A brief overview of the 
ionosphere and the effects it can have on transmissions is discussed in section 1.3. The purpose of the 
Watterson model in this work is to simulate the changing properties of the ionosphere and the effects 
these properties have on HF data transmission. The key channel characteristics of the model include 
time delay spread, Doppler spread, fading, and multipath. 
 
One common result of data transmission through the ionosphere is time delay spread. When data is 
passed through the ionosphere, scattering of the signal can occur resulting in several time-delayed 
versions arriving at the receiver. As described in [30], time delay spread is described by the time it 
takes for the first and last signal to reach the receiver.  For example, when a signal is transmitted 
without a direct line of sight (LOS) in the HF band, it arrives at the receiver in multiple pieces after 
making several reflections across the ionosphere. In this work, the delay spread parameter, 𝑡𝑠, 
represents the time between these pieces.   
 
Doppler spread is another common phenomenon resulting from ionosphere transmissions. It is 
analogous to the delay spread discussed above but is used to describe the frequency delay of the 
signal rather than the time delay. Although the input to a channel is generally a single frequency, the 
output can be made up of several different frequency components [12]. The various frequency 
components of the channel output are caused by the time variation in the channel response. The 
Doppler spread is a measure of how much the spread of  the signal frequency is with respect to time 
[3]. Basically, when multiple reflections occur on the signal, each reflection will vary in frequency and 
amplitude because the ionosphere is not uniform in nature; therefore, the reflections will spread out 
around the main signal transmission, causing Doppler spread [4]. In this work, we denote the Doppler 
spread as 𝑓𝑗, which has units of Hz.  

 
Fading is another channel characteristic seen at the receiver caused by a transmitted signal being 
reflected off of a moving object or portion of the ionosphere [4]. When a signal bounces off the 
ionosphere, it creates multiple complex vectors of the signal; these vectors are then summed at the 
receiver in attempt to reconstruct the signal. The imaginary component of these vectors can add 
destructively or constructively to the received signal; the power level of the received signal may be 
significantly reduced, or significantly increased, depending on the complex portion of the received 
vectors [3]. 
 
Fading effects are commonly broken into two types, frequency nonselective (flat) and frequency 
selective fading [3], [4]. When the amplitude and phase change of the transmitted signal are 
considered constant through the entire bandwidth of the signal, it is assumed to be a flat fading effect; 
or thought of another way, when all frequency components of the transmitted signal fade 
simultaneously. Conversely, if the amplitude and phase shifts of the transmitted signal are not 
constant through the entire bandwidth, it is considered to be a frequency selective fading model [3]. 
 
As previously discussed, multipath is commonly seen when a signal takes more than one path to get 
from the transmitter to the receiver. These multiple paths are caused by the ionosphere bouncing the 
transmitted signal to earth, and back up to the atmosphere multiple times before arriving at the 
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receiver [4]. When creating models with multipath, it is important to understand that the number of 
paths that it takes to get from the transmitter and receiver will vary. Also, careful consideration must 
be given to the fact that when multipath occurs, a delayed version of the signal at the receiver could 
be summed with a previous version of signal and cancel out symbols within the data, resulting in 
fading. To determine the number of paths, the simulation must take into account the delay spread 
(𝑡𝑠)  and the bandwidth (𝑊) of the signal. With these parameters, a more accurate multipath model 
can be formed. HF communications, as previously mentioned, do not require expensive infrastructure 
to transmit signals long distance because it can utilize the ionosphere, but it comes at the cost of 
severe distortion seen in the transmitted signal. In this chapter we describe our implementation of 
the Watterson channel model based on [3],[4],[11], [18], and [23]. Unfortunately, as mentioned in 
[18], [29], various other authors have attempted to implement the Watterson model, but the specific 
design details of the model are not standardized and therefore very between each implementation.   
 
 

2.1.1. TECHNICAL DESIGN 
To implement the Watterson model, considerations must be given to each affect one is trying to 
model and the components that can model these effects. For example, a Tapped Delay Line (TDL) 
is commonly utilized to model multipath. Doppler spread is commonly modeled with a bivariate 
gaussian power spectrum formed by combining the multipath and Doppler spread affects. Further 
information is provided on the design and implementation of these elements below.  
 
The Watterson model is made up of several components as shown in Figure 2. However, in [4] 
they utilized a USRP radio to transmit and receive data, which is why it is shown in the figure. Our 
implementation is strictly done in software. The gaussian filter depicted below is used generate 
complex tap gain coefficients. The tapped delay line and Gaussian Filter are complicated 
components of the model, which can have significant impacts on the performance if not 
implemented according to the specifications set in [18].  

 

Figure 2: Block Diagram of Watterson Model from [4] 
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2.1.1.1. TAPPED DELAY LINE 
A common model for multipath is a tapped delay line (TDL). The TDL is made up of delays and 
taps which are uniformly spaced and based on the bandwidth (𝑊), the maximum number of 
multipath signal components (𝐿), and the delay spread (𝑡𝑠) [3]. The time resolution (𝑇𝑟) 

provides the spacing between taps in the TDL, where 𝑇𝑟 = 
1

𝑊
, or the inverse of the bandwidth 

[3]. Each tap in the TDL is a complex, random Gaussian process which is simulated by filtering 
independent realizations of AWGN through a Gaussian filter, where the number of 
realizations is dependent on how many paths there are [3]. Two independent realizations are 
required per path because there is a real and imaginary element of each random Gaussian 
process. A gaussian filter implies that the frequency power spectrum of the filtered output is 
Gaussian in shape [18]. The following equation generated from [3] represents the total length 
of the TDL,  

 𝑇𝑚 = 𝐿 ∗ 𝑇𝑟   (1) 

where the value of 𝐿 represents the maximum number of multipath signal components. By 
plugging in the inverse bandwidth for the time resolution (𝑇𝑚) can be written in terms of the 
multipath components and the bandwidth as 𝐿/𝑊. The number of non-zero tap gains in the 
TDL is dependent on how many total paths that are described by the channel behavior; 
although there are 𝐿 taps in the model, the number of paths indicates how many of them are 
non-zero. For this work, we specified a two-path propagation model, resulting in two non-
zero taps; however, the out-of-tree (OOT) block allows for the user to change the number of 
paths.  

An input signal is fed to the TDL, which then delays the signal for a given period of time. The 
delay spread ultimately determines the number of time resolutions for a given delay. A 
standard TDL line is depicted below in in Figure 3.  

 

Figure 3: Tapped Delay Line model for time-variant multipath 

channel from [3] 
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Understanding how to set-up the TDL is a critical piece of the Watterson model. Based on 
Figure 3, if we were trying to model a two-path propagation, with a bandwidth of 4 kHz, and 
a delay spread of 0.5 ms between the paths, the model would have 2 taps based on the 
following 

 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑇𝑎𝑝𝑠 =
𝑡𝑠

𝑇𝑟
=

0.0005

(1/4000)
 =  2. (2) 

 
Figure 4 below shows how the TDL would look according to this example. 

2.1.1.2. COMPLEX TAPS 
Each nonzero tap in the TDL is multiplied by an independent complex tap coefficient. The 
values of the tap coefficients are determined by feeding additive white gaussian noise 
(AWGN) into a Gaussian filter [4]. Other literature, ([12], [18]) has shown there are various 
filters that can be used to generate the complex taps, however based on [4] for consistency, 
we utilize a Gaussian filter. The results of this filtering generate the tap gain coefficients for 
the TDL. For each path specified in the channel model, independent complex tap coefficient 
vectors should be generated. Figure 5 below models how the tap coefficient vectors are 
generated. 
   

There are two AWGN random processes generated because both the real and imaginary 
portions of the tap coefficient vectors are independent from one another. For example, in a 

Figure 4: Example TDL with two paths from [3] 

Figure 5: Complex tap gain coefficient generation 

from [17] 
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two-path model, four total realizations of AWGN, 𝑞𝑟,𝑚 and 𝑞𝑖,𝑚 should be generated; two for 
the first set of complex tap coefficients and two for the second set. The AWGN streams are 
fed to Gaussian filter with the following equation from [4],  
 

 ℎ𝑛(𝑡) = 𝑘𝑒−(𝜋𝑓𝑗𝑛𝑇𝑠)2
 , −𝑁 ≤ 𝑛 ≤ 𝑁  (3) 

where 𝑘 is a constant coefficient to ensure a gain of 1. The length of the filter, 𝑁, should be 
designed long enough to include the tail ends of the Gaussian function. According to [18], 
which [4] also refers to, they should include small values that are at least 1% of the largest tap 
value. The parameter 𝑓𝑗 is the Doppler spread. The value of 𝑇𝑠 is simply the sampling period, 

which is the inverse of the sampling frequency. When specifying the sampling frequency 𝑓𝑠, it 
must meet the Nyquist limit and therefore be greater than or equal to two times the 
bandwidth of the system. Since the value of 𝑘 is used to keep the power gain constant with a 
value of one, the equation for it can be derived by calculating the power of the output of the 
Gaussian filter. Following the algebra and simplifications of [4], the final equation for 𝑘 is 
shown below.  
 

 
𝑘 = √

𝑓𝑠

2𝑓𝑑√
𝜋

2

 . 

 

(4) 

 
Additionally, to avoid extremely long lengths of the Gaussian filter, interpolation can be used 
to alter the lengths of the tap gain coefficient function. By utilizing a smaller sampling 
frequency, the length of 𝑁 will decrease [4]. This is because the value of ℎ𝑛(𝑡) is dependent 
on the sampling period, so when the sampling frequency is decreased, the sampling period is 
increased, and therefore the value of ℎ𝑛(𝑡) is decreased. The reduced sampling frequency is 

written as 𝑓𝑑, and the decimation parameter can be formulated as, 𝐷 =  
𝑓𝑠

𝑓𝑑
. By utilizing 𝐷 in 

the equation for 𝑘 as done in [4],  
 

 
𝑘 = √

𝐷

2√
𝜋

2

  , 

 

(5) 

the equation is simplified.  
 

Finally, after the Gaussian filter output is calculated, the first random process of filtered 
AWGN is summed with the second filtered random process; where the second realization is 
multiplied by an imaginary component, 𝑗. The summation of these real and imaginary parts 
make up the tap coefficient vector, which is utilized in the TDL as the tap gain coefficients. 

 

2.1.1.3. INTERPOLATION 
Interpolation is one of the final blocks that make up the Watterson channel model. 
Interpolation of the Gaussian filter output is critical in this work because it allows for the 
Gaussian filter to be shorter in length which avoids increased computational complexity. 
Interpolation is used to allow the size of the Gaussian filter to be smaller, by decreasing the 
sampling frequency of the system, and then interpolating the output back up to the model’s 
sampling frequency.  
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The first step in interpolation is to upsample the tap gain vector. To upsample the Gaussian 
filter output, zeros are added between samples of the filter output to increase the sampling 
rate to match the system sampling rate. The addition of these zeros will distort the original 
signal which requires the upsampled tap gain vector to be filtered with a FIR filter to remove 
this distortion. The FIR filter is able to smooth out the transition between the true samples 
and the zeroes, making the interpolated signal a better representation of the original signal. 
In order to maintain the correct sampling frequency between the complex taps vector and 
the input signal, 𝐹 − 1 zeroes must be added to every sample of the tap vector, where, 𝐹 
indicates the interpolation factor. The interpolation factor can be found with the following 
equation,  

 
 

𝐹 =
𝑓𝑑

𝑓𝑠
 , 

    

(6) 

 
 and 𝑓𝑑 and 𝑓𝑠 indicated the decimated and system sampling frequency, respectively. Then, 

the upsampled signal must be passed through a low-pass filter with a cutoff frequency of 
1

2𝐹
, 

which is derived from the cutoff frequency of a low-pass filter being described by the 
following equation from [31] 
 

 𝑤𝑐 =
𝜋

𝐹
 , 

    

(7) 

and the analog equivalent to this is  
 

 𝑤𝑐 = 2𝜋𝑓𝑐 , (8) 

and by plugging in 𝑤𝑐 and solving for 𝑓𝑐 we get the following  
 

 
𝑓𝑐 =

1

2𝐹
 . 

   

(9) 

When interpolating the Gaussian filter output, it is important to remember that the factor at 
which you decimate the signal, 𝐷, is used in the value of 𝑘 to ensure that the filter’s power 
gain stays constant at a value of one. Changing the sampling frequency of the Gaussian filter 
output directly affects the complex tap coefficient values. However, the changing of these 
values should be smoothed by the FIR filter following the upsampling.  
 

2.1.1.4. WATTERSON MODEL SPECIFICATIONS [18] 
According to the ITU F.520 recommendation, the good, moderate and poor channel 
conditions are summarized with the following table [19].  
 

Table 1: Watterson Model Parameters based on ITU Recommendation F.520-2 [19] 

Parameter Symbol Good Moderate Poor 

Doppler Spread (Hz) 𝑓𝑗 0.1 0.5 1.0 

Path Delay (ms) 𝑡𝑠 0.5 1.0 2.0 
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These specifications, created in [18], are an attempt to provide a tighter definition of a 
Watterson model to provide less performance deviations amongst different 
implementations. The relevant ones to our software implementation are discussed below.  
 

1) Multipath should be modelled with a tap delay line (TDL) as described in 2.1.1.1. 
2) Each path should be normalized by calculating the total power for each path’s 

coefficient vector and setting total power equal to 1.0. 
3) The complex fading taps for the TDL are generated by filtering AWGN through a 

Gaussian filter.  
4) The filter used for the TDL tap generation should have a Gaussian shaped power 

spectrum. 
a. Twice the standard deviation of the power spectrum should equal the desired 

Doppler spread.  
b. Equation (3) should be used to compute the Gaussian filter taps, where the 

value for 𝑇𝑠 is based on the sampling rate of the model.  
c. The length of the Gaussian filter is recommended to be large enough such 

that the smallest tap value included is at least 1% of the largest tap value.  
d. The Gaussian filter should be symmetrical about 0.  
e. The Gaussian filter should also be power normalized to 1.0 and scaled by gain 

computed in (5) for each path.  
5) “Fading taps must be computed at least 32 times faster than the desired fade rate” 

[18].  
6) Since the Gaussian filter is based on a time domain version of a Gaussian shaped 

power spectrum with a size from -∞ to +∞, the filter length is truncated. The 
truncation will result in a decimated version of the fading taps. Fading taps should be 
interpolated to at least the sampling frequency of the input signal to reduce any large 
discontinuities in the output of the simulator. 

7) Additive White Gaussian Noise (AWGN) should be the noise source in the channel 
model 

 

2.1.2. VALIDATION 1: PDF OF RAYLEIGH DISTRIBUTION 
The first validation test (from [4]) for the Watterson channel model is the verification that the 
sampled output of the channel model behaves as a Rayleigh distribution. This validation test was 
set up by sending a single-tone input into the channel model, without adding white Gaussian noise 
to the output of the TDL. The Doppler spread for this test was set to 50 Hz. Once the output of 
the channel model is sampled, the probability density function (PDF) of the output should match 
a Rayleigh distribution. A Rayleigh distribution PDF is defined by [32] as 
 

 
𝑝𝑧(𝑧) =

2𝑧

𝑃𝑟
𝑒

−
𝑧2

𝑃𝑟  
(10) 

 
where 𝑃𝑟 is the power of the signal [4], [32]. 𝑃𝑟 can be further evaluated as from [32]  
 

 𝑃𝑟 = 2𝜎2 (11) 

and 𝜎 can be written in terms of the Doppler spread, 𝑓𝑗, as 
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𝜎 =  

𝑓𝑗

2
 .  

  

(12) 

 Then, the final equation for the PDF of a Rayleigh distribution can be written as 
 

 
𝑝𝑧(𝑧) =

4𝑧

𝑓𝑗
2 𝑒

−
2𝑧2

𝑓𝑗
2
 . 

(13) 

 
The PDF of the theoretical response is shown in Figure 6 below.  

The PDF of the sampled output is shown below in Figure 7.  
 

Figure 6: PDF of Theoretical Channel Response 

Figure 7: PDF of Sampled Channel Output of Watterson 

Model 
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When comparing the theoretical PDF and the actual PDF of the channel response, one noticeable 
difference is the higher frequency of the sampled channel output magnitude values. The reason 
that the frequency is much higher for the sampled channel model output is because the frequency 
of each particular magnitude was not normalized.  Although this plot was not normalized to match 
the theoretical response, the fitted curve does match a Rayleigh distribution which provided 
confidence in the fading components of the Watterson model. What this verification test shows 
is that when the complex, Gaussian tap gains are multiplied with a single-tone input, the results 
match a Rayleigh fading distribution.   
 

2.1.3. VALIDATION 2: CROSS-CORRELATION TIME SPREAD 
The second validation test of the Watterson model was to investigate the cross correlation of 
three different channel conditions, shown in Table 1, and observe their cross-correlation peaks to 
ensure the path delay of each channel condition is correct. The setup of this validation test is from 
[4], which involves sending a wide spectrum AWGN signal through the channel. The wide band 
AWGN was then cross correlated with the channel model output.  
 
Cross correlation is defined as the measurement of two or more sets of data relative to one 
another and describes the similarity between one another. It is commonly used to compare 
multiple sets of data and objectively determine how well they match up with one another, and at 
what point the best match occurs [22]. This matching of data will help validate the delay spread 
simulated by the channel model. The delay spread creates shifts seen at the output of the channel, 
and when this output is correlated against the input, two peaks will be formed separated by a 
distance equivalent to twice the delay spread. By looking at the cross correlation we can see when 
the output data best matches the input data, and how much time is between these correlations 
[20]. The cross correlation is measured from peak-to-peak and helps to further validate that the 
delay spread is being accurately simulated in the channel model. The verification test results from 
[4] are shown below to be compared with the results captured in this work.  
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In [4], they conducted this verification test using a spectrum analyzer; however, we implemented 
this verification test in Python prior to implementing the channel model into GNU Radio. The x-
axis in Figure 9 is in seconds, unlike the x-axis in Figure 8 which is in milliseconds. Our results are 
shown below. Although the peaks in Figure 9 are not as clearly defined as they are in [4], they are 
still observable and helped  validate the model prior to implementing into GNU Radio. The results 
shown below in Figure 9 show three different tests. The topmost plot shows the cross correlation 
of a wide band AWGN input with the channel output. This test was conducted with a Doppler 
spread of 0.1 Hz, based on the good channel conditions recommended in Table 1. The next two 
plots show the Doppler frequency for the moderate and poor channel conditions also specified in 

Figure 8: Cross correlation test results from [4] for good, moderate and poor channel conditions 
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Table 1. The peak to peak distance indicates the delay spread between the channel input and 
output. It is clear based on these results that the channel model is injecting the specified delay 
spread to the input signal correctly.  

 

 

2.1.4. VALIDATION 3: FREQUENCY SPREAD 
The final validation test, prior to implementing the Watterson channel model into GNU Radio is 
the verification of the frequency spread, guided by the same test in [4]. Now that we know the 
channel model is able to accurately delay the input signal and that the fading characteristics follow 
a Rayleigh distribution, we now look at the second input parameter to the model, the Doppler 
spread 𝑓𝑗. This test consisted of inputting a sine wave at different Doppler spreads and observing 

the frequency spectrum of the channel output. The first important aspect of this test is verifying 
that the distribution of the spectrum matches the channel model’s spectrum, in this case it should 
be Gaussian. The second verification to observe is that as various Doppler spread values are fed 
to the model, the width of these curves should be changing proportionately to 𝑓𝑗. In Figure 10 

below, [4] verified the frequency spread with three different values of 𝑓𝑗: 25 Hz, 50 Hz and 100 

Hz. The top left plot is the frequency spectrum of the input sine wave. Based on these plots, it is 
clear that as the Doppler spread is increased, the width of the peaks increase.  

Figure 9: Cross correlation test results from Watterson channel model implementation for good, moderate and poor channel conditions 
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Again, in this validation test from [4], they tested the model’s functionality by feeding a sine wave 
into a USRP simulator and analyzing the output on a spectrum analyzer. In our case, we did not 
have the model implemented into GNU Radio yet, so our tests were conducted in a Python script. 
Because we were not able to validate the frequency spectrum plots with a spectrum analyzer, we 
had to validate this test on lower frequency spreads. This is shown below in Figure 11. As shown 
in the bottom-rightmost plot of Figure 11, once the frequency spread increases above ~10 Hz, the 
frequency spectrum changes behavior and multiple side lobes are observed. Although this may 
seem concerning, in Figure 10 these tests were conducted on a spectrum analyzer which has much 
more precision than we are able to observe in software. Furthermore, we are primarily concerned 
with running our simulation with Doppler spread values provided in Table 1, which range from 0.1 
Hz to 2 Hz.  The success of these validation tests helped to solidify the performance of the channel 
model prior to GNU Radio implementation, discussed in the next section. The results from this 
validation test are shown below in Figure 11. The four Doppler spreads used are described with 
the vector 
 

𝒇𝒋 =  [0.1, 3, 6, 12] . 

Figure 10: Frequency Spread Validation Test Results from [4] 
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Lastly, after seeing the performance of the output frequency spectrum at 12 Hz we decided to run 
a sanity check of the Doppler spread effects. We decided to plot the similar channel conditions in 
MATLAB and capture the frequency spectra at these conditions and compare them to our channel 
output. MATLAB’s Watterson channel model allows the user to specify the channel conditions 
based on hardcoded channel conditions, so we chose to test the frequency spectrum of the Low-
Latitude Disturbed (𝑓𝑗 = 0.1 Hz), the Mid-Latitude Quiet (𝑓𝑗 = 1 Hz) and Mid-Latitude Disturbed (𝑓𝑗 

= 2 Hz) conditions. The results are shown below in Figure 12. As observed, the results of our 
channel model are quite comparable to the frequency spectrum of MATLABs channel model 
output.  
 

Figure 11: Channel Model Frequency Output Spectra with Doppler Spread Values of  0.1, 3, 6, and 12 Hz 
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2.1.5. GNU RADIO IMPLEMENTATION 
Following the completion of the verification tests mentioned in the previous section, the 
Watterson channel model was then implemented into GNU Radio. Once the channel model was 
implemented into GNU Radio it was tested with the verified adaptive equalizers discussed in 

Figure 12: MATLAB Channel Output Frequency Spectrum vs. Implemented Python Model Output Frequency Spectrum 
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chapter 3. Unfortunately, the Watterson channel model was not producing the expected outputs. 
What we observed was that the equalizer was unable to recover the transmitted signal; the bit 
error rate (BER) output from the equalizer was between 0.3 and 0.5. After comparing these results 
to the MATLAB Watterson model implementation, significant differences in performance were 
seen. This indicated that the channel effects of the implemented Watterson model were 
incorrect.  
 
In order to try to fix the Watterson model implementation, several debugging efforts were made. 
The first step was to verify the requirements set by [18] were being met. The first requirement is 
that the Gaussian filter  should have a power spectrum that follows a Gaussian curve. It would 
have a power spectrum with twice the standard deviation equal to the user selected Doppler 
spread. This is shown below in Figure 13 where we set the Doppler spread to 1 Hz. The figure 
below has a y-axis in decibels and the x-axis is frequency. Due to the long length of the Gaussian 
filter, the final plot has to zoomed to see the correct power spectrum. 

After validating the Gaussian filter, the next step was to validate the convolution of the Gaussian 
filter and the AWGN. This convolution represents the gaussian filter output (i.e. complex tap gain 
function). The power spectrum of the filter output should be in the form of a bivariate Gaussian 
curve ([4], [24], [25], and [27]) as shown in Figure 164. Each peak in the spectrum should be 
centered around the ordinary and extraordinary magneto-ionic components of the path (i.e. ±𝑓𝑗), 

according to [4]. In Figure 164, these ordinary and extraordinary magneto-ionic components are 
denoted as 𝑠𝑖𝑎 and 𝑠𝑖𝑏. Prior to convolving the AWGN with the Gaussian Filter taps, the Gaussian 
filter should be power normalized to one and the length should be shortened. The truncation of 
the Gaussian filter taps is required to make the tap gain functions more computationally efficient. 
Furthermore, the Doppler spread is injected into the input through this filter’s coefficients, 
however, the tails of the Gaussian filter power spectrum are especially long and the Doppler 
spread can be applied as long as the filter coefficients are truncated to a length where the 1% of 
the largest filter tap is included within the final length. In our case, this length used was 43 taps. 

Figure 13: Power Spectrum of Gaussian Filter (Normalized and Zoomed) 
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Unfortunately, this bivariate Gaussian power spectrum was never achieved. The closest results 
are shown below in Figure 15. Here, the Doppler spread was set to 1 Hz, but as the marker 
indicates, the peaks of the curve are centered about 3 Hz and -3 Hz, rather than the expected 
peaks at -1 Hz and 1 Hz. This is concerning and resulted in the Watterson channel model not 
providing the expected channel characteristics (i.e. Doppler spread and delay spread). The 
performance of the channel model is random and the equalizer, although it is adaptive, struggles 
to find correct symbols values. The output of the channel model will frequently be amplified in 
magnitude and is generally around the range of ±4. Additionally, because the implemented 
equalizers in this work are adaptive, when the channel model output has amplified the input signal 
greater than 2 times the original amplitude, the error calculation to update the taps will propagate 
in the system causing catastrophic results.  

Figure 15: Power Spectrum of Gaussian Filter Output (Tap Gain 

Function) with Doppler Spread = 1Hz 

Figure 14: Power Spectrum of Tap Gain Functions from [4] 
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Given that the Watterson channel model was to be utilized in this work as another metric to test 
the cognitive equalizers, the implementation of this particular model was halted and is to be 
continued in future work. Before discussing the final implementation of our channel models, it’s 
valuable to discuss the areas to be investigated in the current Watterson implementation for 
future work. The gain of the Gaussian filter function is described in equations (4) and (5). It is 
worth verifying that the total power gain after utilizing this gain coefficient is actually 1 and 
adjusting as necessary. Additionally, a complete analysis of the filter truncation and its effect 
would be worthwhile. Furthermore, an analysis of the interpolation of the Gaussian filter output 
would be valuable. Interpolation is discussed previously in section 2.1.1.3, and is required to bring 
the tapped delay line (TDL) complex coefficients back up to the sampling frequency after the 
Gaussian filter is decimated. Although all the theoretical validation tests were passed as shown in 
sections 2.1.2-2.1.4, the final implementation of the Watterson channel model was more complex 
than anticipated and requires further analysis of the components aforementioned. 
 
Based on the performance of our implementation of the Watterson model, we chose to use 
MATLAB’s version of the model instead. The initial implementation of the Watterson Channel 
model prior to incorporating the cognitive engine is shown below in Figure 17. The GNU Radio 
library contains a Wav File Source block which can be used to import a .WAV file from MATLAB, 
parse the data, and utilize the data as a stream. The Wav File Source block will open a .wav file 
that is in the current directory of the flow graph and output the data as a float. For the 
implementation of the MATLAB Watterson model, we ran the channel model script with mid-
latitude quiet (i.e. good channel conditions per Table 1) and generated 100,000 distorted samples. 
The real and imaginary components of the output were then saved to two separate files. The files 
were then converted from a stream to a vector to then be combined to form a complex number 
using the Magnitude and Phase to Complex block. Additionally, we also saved the input to the 
MATLAB channel model (a BPSK signal of length 100,000) to a .WAV file as well. The original 
symbols are necessary for the equalizer to calculate the bit error rate and report the performance 
to the cognitive engine for equalizer structure adjustment in the future.  
 
The Watterson channel model implementation was completed for all three adaptive equalizers, 
the linear, decision directed, and decision feedback equalizer. The BER and mean square error 
results are detailed in the final chapter of this thesis. Furthermore, the Watterson channel model 
is also used to corrupt the input signal in the final cognitive equalization flow graph; the results 
are also discussed in the final section of this thesis.  
 

Figure 17: Initial Implementation of Watterson Channel Model from MATLAB in GNU Radio 
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2.2. FIR CHANNEL MODEL 

2.2.1. OVERVIEW 
As discussed in the Introduction, FIR filters can be used to model ISI, jitter and attenuation. The 
objective of this thesis is to show the benefits of a cognitive equalization system, and the first step 
in this objective is to create and validate adaptive equalizers. In this work, we used the FIR filter 
to initially test and validate our adaptive equalizers. The adaptive equalizer performance was 
measured based on the performance of [3]’s implementation and the FIR filter coefficients were 
taken directly from [3]. A detailed analysis of the results of the FIR filter with each adaptive 
equalizer can be found in a later discussion in chapter 3. 
 
The FIR channel model is ideal for verifying the equalizer performance because it usually changes 
linearly over time. Because the FIR filter has a fixed set of taps the equalizer is able to learn how 
to effectively reverse these effects. After the equalizer has been exposed to the channel 
conditions caused by the FIR filter in the training sequence, it can adaptively reverse these effects 
in the testing sequence.  
 

2.2.2. GNU RADIO IMPLEMENTATION 
The GNU Radio implementation of the FIR filter channel model was completed in two steps. In 
the initial implementation, the FIR channel model was included in the adaptive equalizer block. 
This is discussed in further detail in chapter 3. The final implementation is shown below in Figure 
18. This block diagram in GNU radio is referred to as a flowgraph. The flowgraph shown below 
starts with a Constant Source block on the left-hand side. This block indicates to the Modulated 
Vector Source block which phase-shift keying modulation to use. In this case the constant source 
value is set to two indicating that the Modulated Vector Source block will produce a binary phase-
shifted keying (BPSK) vector that is complex in nature and made up of -1s and 1s. In GNU Radio, 
the library already contains a Python Module block which is commonly used to create simple 
blocks on the fly. It is standard practice in GNU Radio to create your own out-of-tree (new) blocks 
for heavy signal processing/data processing applications, but for simple designs or quick Python 
function calls, the Python module can be used.  
 

Once the BPSK vector has been generated it needs to be routed to the FIR filter and the equalizer. 
The Channel Model block is a standard GNU Radio library element. This block can be provided 
with a noise voltage which is calculated from the desired SNR value by 

Figure 18: FIR Filter Channel Model Implementation in GNU Radio 
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 𝑆𝑁𝑅 = 10 log10

𝑆

𝑁
  dB 

 
(14) 

 
where 𝑆 represents the signal voltage and 𝑁 represents the noise voltage. Based on [3], the SNR 
initially used for the adaptive equalizer validation was 37dB. An SNR of 37dB has an approximate 
noise power of 2−4, if the signal power is assumed to be 1. The only other parameter that was 
altered in the Channel Model block was the taps. The taps were also generated based on 
recommendation from [3] and are explicitly described in section 3.1.3.  The Modulated Vector 
Source block output is also provided to the adaptive equalizer so the original input stream can be 
used for error calculations; however, the equalizer expects that the signal prior to being passed 
through the channel will be a float. Based on the input type specified by the equalizer, the real 
portion of the Modulated Vector Source output is retained and fed to the equalizer through the 
Complex To Float block and the complex portion containing all ±0𝑗s is discarded with the Null 
Sink. 
 
This final implementation of the FIR filter channel model verified was against [3]. The same 
validation setup for the adaptive linear equalizer, discussed in 3.1.3, can be used to ensure the 
FIR filter is working as expected as well. Although it is not explicitly stated in the adaptive linear 
equalizer results section, the implementation depicted by Figure 18 was indeed validated as 
described in that section. The results of the Channel Model block implementation and the FIR 
filter incorporation within the equalizer block are identical because they utilize the same Python 
scipy.signal.lfilter function to model the FIR filter.   
 

2.3. IIR CHANNEL MODEL 

2.3.1. OVERVIEW 
The final channel model implemented in this work is the IIR filter channel model. The IIR filter is 
similar to a FIR filter in step response but has some key differences. The difference in the 
construction of each of these filters is subtle. When working in the Z-domain, the transfer function 
of a FIR filter does not have a denominator (it is set to 1). Because of this, the FIR filter is inherently 
stable, regardless of the numerator values. Conversely an IIR filter always has denominator 
coefficients. These coefficients make the IIR filter recursive, meaning that the output of the filter 
is dependent on previous or future outputs of the filter. Furthermore, IIR filters can be preferred 
over FIR filters because at the cutoff frequency the transition region is much sharper. In this work, 
a sharper cutoff frequency indicates that an IIR filter channel model will have a much quicker 
computation speed than a FIR filter.  
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2.3.2. GNU RADIO IMPLEMENTATION 
The GNU Radio implementation of the IIR filter channel model is shown below in Figure 19. The 
implementation of the IIR filter is almost identical to the FIR filter implementation. The flowgraph 
shown below starts with a Constant Source block on the left-hand side. This block indicates to the 
Modulated Vector Source block which phase-shift keying modulation to use. In this case the value 
is set to two, so the Modulated Vector Source block will produce a binary phase-shifted keying 
(BPSK) vector.  

 
Once the BPSK vector has been generated it needs to be routed to the IIR filter and the equalizer. 
The IIR Filter block is a standard GNU Radio library element that takes in two parameters: 
feedforward and feedback taps. These taps correspond to the numerator and denominator of the 
IIR filter’s transfer function, respectively. The Modulated Vector Source block output is also 
provided to the Adaptive equalizer as in the FIR filter implementation. 
 
The IIR filter coefficients used in the subsequent experiments were chosen based on [32]. These 
filter coefficients were chosen in [32] randomly to test the performance of various adaptive 
equalizers. Based on this paper, we were able to get comparable results when we utilized our 
Linear LMS equalizer with the taps described by the following transfer function from [32] 
 

 
𝐻(𝑧−1) =  

𝐵(𝑧−1)

𝐴(𝑧−1)
=  

1 − 0.5𝑧−1 + 0.14𝑧−2 + 0.1𝑧−3

1 − 0.3𝑧−1 + 0.22𝑧−2 + 0.1𝑧−3
  . 

    

(15) 

 
The final results of the IIR filter’s impact on the adaptive and cognitive equalizers performance is 
discussed in the final chapter of this thesis.  

 
 
 
 
 
 

  

Figure 19: IIR Filter Implementation in GNU Radio 
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CHAPTER 3: GNU RADIO IMPLEMENTATION OF ADATPIVE EQUALIZERS 
3.1. ADAPTIVE LINEAR EQUALIZER 

3.1.1. TECHNICAL DESIGN 
“The most common type of channel equalizer used in practice to reduce inter-symbol interference 
(ISI), is a linear FIR filter with adjustable coefficients”[3]. A linear equalizer is a simple filter design 
which receives an un-equalized input, multiplies elements of that input by 2𝐾 +  1 taps, where 
the ISI vector should have length 2𝐾 +  1. The 2𝐾 +  1 products are then summed together, 
resulting in an equalized output. The adaptive algorithm that was used to update the tap 
coefficients of the adaptive equalizers discussed here is the least mean square (LMS) algorithm. 
The LMS algorithm is used to optimize the filter coefficient values by finding the least mean square 
of the error signal. An equalizer with an adaptive algorithm for parameter adjustment, is 
commonly referred to as an adaptive filter. An example of such is the linear transversal filter is 
shown below in Figure 20 from [3]. 
 

 
Figure 20: Linear Transversal Filter from [3] 

 
Prior to discussing the LMS adaptive algorithm used for tap gain adjustment, it is important to 
understand how a linear equalizer works. The filter tap coefficients of this equalizer determine 
the performance of signal reconstruction during the equalization process. Depending on the value 
of the tap gains, the noisy input signal will be altered in a way that should ideally remove the 
channel effects. There are several types of equalizers, a zero-forcing equalizer for example, has 
knowledge of the transmitter and receiver frequency responses to cancel out the ISI seen at the 
filter input. Another type of equalizer is the minimum mean-square error (MMSE) equalizer which 
attempts to minimize any un-removed ISI power and additive noise observed at the output of the 
equalizer [3]. These various equalizer types change the structure of the equalizer and the 
performance results. In this work, we primarily focus on the MMSE criterion and attempt to 
minimize any residual ISI and AWGN at the output.  
 
The filter tap gains are the only parameters that the adaptive algorithm can change. In simple 
terms, the LMS algorithm process is trained on a known data set (i.e. training sequence) and 
adjusts the tap coefficient values based on the error calculated against the equalized output and 
the known input. Furthermore, the taps are altered and continuously updated in order to reduce 
the error. Although the training error can be used as a performance benchmark, it cannot be used 
to validate the performance of the adaptive equalizer. After the training portion is complete, the 
tap gain values are frozen, and those fixed coefficients are used for testing to validate the adaptive 
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algorithms performance. The following paragraphs discuss the theory behind the LMS algorithm 
and Figure 21 provides a visual to describe the mathematical concepts.  
 

 
As previously stated, the filter tap coefficients are updated based on the LMS algorithm, which 
require the error to be minimized. This minimization is achieved through iteratively changing the 
tap gain coefficients based on the gradient vector. A simple way of describing this convergence is 

that the tap gain values vector, 𝒄𝒌, starts as an initial guess of each element in the array, denoted 

as 𝑐0. Next, the derivative of the mean-square error (MSE) of each coefficient in 𝒄𝒌 is computed, 
and this vector of derivates is denoted as gk, also known as the gradient. The more iterations 
completed, the smaller gk becomes, meaning the following convergence trend is observed: 
  

 𝒈
𝒌

→  0 𝑎𝑠 𝑘 →  ∞  , and therefore, 𝒄𝒌  →  𝒄𝒐𝒑𝒕 (16) 

 

where 𝒄𝒐𝒑𝒕 denotes the optimal tap gain vector. Based on [3], the coefficient vector is updated 

by  
 �̂�𝒌+𝟏 =  �̂�𝒌 −  𝛥𝒈

𝒌
 , (17) 

 
the convergence observation, (16), is logical. However, for our implementation of this adaptive 

filter, we utilize an estimated value of the gradient vector, �̂�𝒌, because the channel characteristics 
are changing with time. Such time variations in the channel response require that the tap 
coefficients adapt with time and therefore 𝑐𝑜𝑝𝑡 varies with time. Thus, the true tap coefficient 

adjustment is expressed as the following based on [3] 
 

 �̂�𝒌+𝟏 =  �̂�𝒌 −  𝛥�̂�
𝒌

 . (18) 

Figure 21: LMS Adaptive Linear Equalizer from [3] 
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The estimated gradient, �̂�𝒌, can be estimated by vector 𝒚𝒌 being multiplied by the current signal 

error, 𝑒𝑘. Vector 𝒚𝒌 is a vector of size 2𝐾 + 1 elements corresponding to sections of the distorted 

signal. At every iteration, the vector 𝒚𝒌 of received signal values is shifted. The estimated gradient 
is defined as the opposite of this product to ensure that each tap coefficient is changed in the 
opposite direction of its corresponding gradient components, i.e. to minimize the estimate. The 
gradient estimate is given in [3] as 

 �̂�
𝒌

=  −𝑒𝑘𝒚𝒌 (19) 

 

It is important to note that 𝒚𝒌 is a vector of filter inputs with a size of 2𝐾 + 1 elements, where 
the size follows the number of tap coefficients used by the filter. This vector is critical for the 
adaptive filtering because it “windows” through the entire input stream, selecting 2𝐾 + 1 bits at 
a time, multiplying each with the corresponding tap coefficients, and summing the entire vector 
together, resulting in an equalized bit. This process is repeated for every bit in the input stream 

data as vector, 𝒚𝒌 , where the vector is shifted one bit at a time to filter the first bit. Another way 

to think of this filtering is as a matrix multiplication of a row vector of inputs [𝒚
𝒌

] by a column 

vector of tap coefficients [𝒄𝒌]. The error signal, 𝑒𝑘, is defined as the difference between the 

expected output, 𝑎𝑘, and the output of the equalizer, 𝑧𝑘, as follows, from [3]  
 

 𝑒𝑘 = 𝑎𝑘 − 𝑧𝑘 . (20) 
 

The gradient vector, which is used in the updated coefficient calculation for the adaptive filter, is 
scaled by a user-defined step size, Δ, to ensure convergence of the iterative procedure [3]. By 
writing the estimated gradient vector in terms of the error, the final update equation for the filter 
tap coefficients is shown below in Equation (21), from [3]. 
 

 �̂�𝒌+𝟏 =  �̂�𝒌 −  𝛥𝑒𝑘𝒚𝒌 (21) 
 

Because an estimate of the gradient vector is used in (21), the algorithm is called a stochastic 
gradient algorithm. It is also known as the Least Mean Square (LMS) algorithm [3]. 
 
During the training portion of the simulation, the adjustable coefficients are continuously 
changing based on the adaptive algorithm being used, in this case, LMS. The updated tap 
coefficient values should converge after a few hundred samples have been passed through the 
filter, to a near optimal value. Once the training portion of the filtering is complete, the testing 
phase begins. In the testing phase of the linear transversal filter, the tap coefficients are frozen 
and do not change. The filter is no longer adaptive during the testing phase and simply verifies 
the performance of the filter.  
 
During the testing phase, the linear filter uses a slicer, or sometimes referred to as a detector, to 
decide the value to assign for the equalized output. The slicer essentially estimates what the 
original symbol value was prior to the channel effects. The estimation of the original bit value is 
based on the minimum distance between the original symbol value options and the current 
equalized output value. If the incoming data is a BPSK modulated signal, for example, the slicer 
would look at the current equalizer output value and select an updated output value based on 
the minimal distance between that observed value and the BPSK constellation (i.e. +1, -1).  In this 
case, if the observed filter output were -0.891, the equalizer would assign that bit value to be -1 
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because the distance between -0.891 and -1 is smaller than the distance between -0.891 and +1. 
This slicer method can be used for other modulation schemes as well, and the distance calculation 
can vary based on the estimation scheme employed. For this work, we focus primarily on a BPSK 
modulated signal.  

 

3.1.2. GNU RADIO IMPLEMENTATION 
To create a proper GNU Radio block, the first step is to create a running python script. Since it is 
much easier to design the main source code in your favorite debugging tool, that should be 
accomplished first. In our case, the equalizer main source code was written in Python and tested 
thoroughly in Visual Studio (VS) code. According to [15], basic signal processing blocks are 
implemented in C++ while the flowgraph creation, policy decisions and non-performance critical 
operations are performed in Python. Although C++ is usually used for signal processing blocks in 
GNU Radio, because the equalizers are receiving synchronous data packets, meaning the size of 
the data is fixed for each packet, the timing concern that usually drives the usage of C++ is not an 
issue. The distorted signal arrives at the equalizer with some fixed size and the equalization is 
complete for the entire size before the next distorted signal arrives.  

The GNU Radio implementation of the adaptive linear filter took a few iterations to complete. The 
first implementation of the equalizer is shown below in Figure 22. This initial implementation 
attempted to plot the mean squared error (MSE) of the equalizer output to validate the tap 
update algorithm in the training portion of this flow graph. The equalized signal was generated 
from the Linear Equalizer block, then subtracted from the input data source with the Subtract 
block. This difference was then squared with the Multiply block and then fed to a time sink to plot 
the MSE. Regrettably, due to GNU Radio only passing data synchronously, the error calculation 
between the input Vector Source block and the output of the Linear Equalizer block is delayed by 
the equalizer computation, causing the MSE calculation to be inaccurate. As shown in the figure 
below, the data from the vector source block arrives at the Subtract block prior to the equalizer 
finishing its computation; causing the MSE to be erroneous. By generating the equalized signal 
and manipulating it as shown in Figure 22, the training and testing portions of the algorithm were 
not verified. 

 
Ultimately, this issue was overcome by incorporating an ‘Output’ option into the equalizer’s block 

graphical user interface (GUI). This ‘Output’ option allows the user to select whether they would 

like to output the MSE (training), BER (testing) or the standard equalized output. This change 

allowed for further validation testing to be observed. Some other block options the user can 

specify are structural components of the equalizer, such as the number of taps and step size. 

These values can have enormous impacts on the equalizer’s performance depending on the 

channel characteristics, but this will be further discussed in chapter 4. Also, the user can specify 

Figure 22: Initial Implementation of Linear Equalizer 
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the training percent to be utilized with the LMS adaptive algorithm. Generally, the training portion 

can be computationally expensive, but the more training conducted, the better the performance.  

Related to the selection of the training percent, one distinction that is not so relevant for the FIR 
channel model (because the tap coefficients are fixed) but does play a role in the Watterson 
channel model, is that the training and testing portions of the data should be transmitted through 
the same channel realization. That is, the channel model realization should affect the entire 
packet of data to provide accurate testing sequence results. In the case of the Watterson model, 
since the channel characteristics experience random fluctuations between realizations the 
training will not be useful if the training and testing data experience different realizations of the 
channel. In the case of the FIR filter, the channel characteristics are stable because the filter 
coefficients are constant.   
 
The final flow graph of the adaptive equalizer is shown below in Figure 23. The two different port 
colors shown in Figure 23 indicate the data type of the stream. For example, the orange port of 
the Vector Source output indicates that this stream is declared to be a 32-bit float, while the blue 
port at the output of the Channel Model block indicates a 32-bit complex stream. Another aspect 
of the design progression to note is the Linear Equalizer block shown in Figure 22 initially had the 
FIR channel model incorporated within the block itself. This was done initially to control and 
isolate the validation testing of the Linear Equalizer prior to modularizing the full system. In the 
final flow graph of the adaptive Linear Equalizer, the Watterson Channel model block is illustrated, 
but both the FIR and IIR channel model blocks have been generated in this work as well. The 
following subsection discusses the results and performance of the Linear Adaptive equalizer with 
the FIR channel model; this channel model was selected for the initial validation of the equalizer 
because the FIR channel model was used in [3]. The final chapter discusses the results and 
performance of the Linear Adaptive equalizer with the IIR and Watterson channel models.    

 
Figure 23: Final Adaptive Linear Equalizer Implementation 

3.1.3. RESULTS 
When installing a new block in GNU Radio, one of the first choices a programmer needs to make 
is the decision to use quality assurance (QA) codes or not. As this is developmental research, the 
QA codes are highly recommended. What the QA code allows the user to do is to test the block 
prior to run-time. The QA code tool has access to GNU Radio libraries and blocks so you can build 
the entire flow graph in a Python environment, and run it as if it were actual run time, but vary 
the parameters, add print statements, plot using Matlibplot or other Python libraries, and even 
attach debuggers such as gdb if necessary. Most of the initial results were completed in the QA 
tool environment because the validation trends we needed to observe prior to importing the 
block occur within the first hundred samples. Since the flow graph has a constant stream of data 
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while running, seeing characteristics like convergence trends or BER performance based on 
several different SNR values is difficult.  

 
The validation test of this application of the Adaptive Linear Equalizer was compared directly 
against an illustrative problem from [3]. We implemented an Adaptive Linear Equalizer into GNU 
Radio and fed the equalizer a signal passed through the FIR channel model. The purpose of this 
test is to see the convergence characteristics of the MSE during the training phase. The 
experiment was conducted by sending in 1000 distorted samples through the equalizer and 
calculating the MSE for each sample. This was then repeated 1000 times to get the average MSE 
for each sample. The size of the input signal was 1000 samples, and 500 of them were used for 
training. However, the training percent in this experiment is deliberately specified to show the 
convergence of the taps during the training period. The number of taps set for the equalizer was 
11. Since the MSE convergence trend is the goal in this experiment, the SNR was set to be high 
with a value of 37dB.  Also, the SNR was chosen on the premise of remaining consistent with the 
test set up of [3]. The channel characteristics (i.e. ISI) was provided to the FIR filter as the following 
vector: 
 

𝒙 =  [0.05, − 0.063, 0.088, − 0.126, − 0.25, 0.9047, 0.25, 0, 0.126, 0.038,
0.088] . 
 

The step size, ∆ , which determines the convergence characteristics of the tap optimization was 
altered over three different runs to verify the LMS algorithm on the training data according to the 
following vector 
 

∆  =  [0.115, 0.09, 0.045] 
 
Figure 24 shows the mean squared error (MSE) of the training data output from the linear filter 
at these various step sizes. When the step size is larger, the filter is able to converge faster; 
however, the weights derived from this convergence will provide a larger error compared to a 
smaller step size. This is attributed to the fact that the smaller step size will be iterating through 
more tap weight coefficients options and will have the opportunity to fine tune the coefficient 
values. Although the coefficient values are more fine-tuned and have a lower error, a lower step 
size requires more time for the weights to converge. These tradeoffs can be seen in Figure 24 
below; which shows validity of the LMS algorithm.  
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3.2. ADAPTIVE DECISION DIRECTED EQUALIZER 

3.2.1. TECHNICAL DESIGN 
A similar adaptive filter used for equalization of time varying signals is a Decision Directed (DD) 
equalizer. The DD equalizer has the same structure as a linear equalizer, however, the main 
difference between these two adaptive filters is the testing phase. The training portion of the DD 
equalizer performs identically to the adaptive linear filter described above. However, during the 
testing phase, rather than freezing the tap coefficients, the DD continues to update the tap 
coefficient values based on the adaptive algorithm being used with the filter, in this case LMS.  
The structure of the DD equalizer is shown below in Figure 25.  
 

Figure 25: Decision Directed Equalizer Block Diagram [3] 

Starting from left to right of Figure 25, first, we have an input data source with a BPSK modulation, 
(i.e. [-1, 1]). The first block in this figure represents the channel model, 𝐻𝑡𝑐(𝑧). The arrow going 
through the next block is a common symbol that represents an adaptive algorithm. In this case 
the adaptive algorithm is the LMS algorithm. The abbreviation FFE (used in Figure 25) means Feed 
Forward Equalizer. This portion of the diagram,  𝐻(𝑧), is basically the linear equalizer shown in 
Figure 21. As previously mentioned, the biggest distinction between the Linear equalizer and the 

Figure 24: Convergence Characteristics of LMS Algorithm with a 

Linear Equalizer 
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DD equalizer is that the taps continue to be updated even after the training sequence has been 
processed. The third block in the block diagram represents the slicer. As described in the Linear 
Equalizer section, the slicer assigns the output value to a point on the constellation based on its 
minimum distance.  Lastly, the error is calculated between the equalizer output and the slicer’s 
decision; this is then fed back to the adaptive algorithm and is used to update the tap gain 
coefficients during the testing phase.  
 

3.2.2. GNU RADIO IMPLEMENTATION 
The initial implementation of the DD adaptive equalizer is shown below in Figure 26. Similar to 
the adaptive Linear Equalizer block, the first implementation of the GNU Radio DD equalizer block 
had the FIR channel model incorporated within the block itself. This was done initially to control 
and isolate the validation testing of the DD Equalizer prior to modularizing the full system. 
 

Figure 26: Initial Implementation of Decision Directed Adaptive Equalizer 

The final flow graph of the DD adaptive equalizer is shown below in . The two different port colors 

shown in Figure 23 indicate the data type of the stream. For example, the orange port of the Vector 

Source output indicates that this stream is declared to be a 32-bit float, while the blue port at the output 

of the Channel Model block indicates a 32-bit complex stream. In the final flow graph of the adaptive DD 

Equalizer, the Watterson Channel model block is illustrated, but both the FIR and IIR channel model 

blocks have been utilized in this work as well. The next section of this report will discuss the results and 

performance of the DD adaptive equalizer with the FIR channel model.  The final chapter discusses the 

results and performance of the DD Adaptive equalizer with the FIR, IIR and Watterson channel models.  

 

 

3.2.3. RESULTS 
Similar to the linear adaptive equalizer, the validation test of this application of the adaptive DD 
equalizer was compared directly against an illustrative problem from [3]. The distorted signal is 

Figure 27: Final Adaptive Decision Directed Equalizer Implementation 
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based on the same FIR filter described in section 3.1.3. Again, the purpose of this test is to see the 
convergence characteristics of the MSE during the training phase. The experiment was conducted 
by sending in 1000 channel affected samples through the equalizer and calculating the MSE for 
each sample. This was then repeated 1000 times to get the average MSE for each sample. The 
size of the input signal was 1000 samples, and 500 of them were used for training. However, the 
training percent in this experiment is deliberately specified to show the convergence of the taps 
during the training period. The number of taps set for the equalizer was 11. Since the MSE 
convergence trend is the goal in this experiment, the SNR was set to be high with a value of 37dB.  
Also, the SNR was chosen on the premise of remaining consistent with the test set up of [3]. Since 
we are not investigating the testing output in this test, the training percent is not significant, but 
for full disclosure, the training percent in this case was set to 50%. The channel characteristics, or 
ISI, was provided to the FIR filter as the following vector 
 

𝒙 =  [0.05, − 0.063, 0.088, − 0.126, − 0.25, 0.9047, 0.25, 0, 0.126, 0.038,
0.088] . 
 

The step size, ∆ , which determines the convergence characteristics of the tap optimization was 
altered over three different runs to verify the LMS algorithm on the training data according to the 
following vector 
 

∆  =  [0.115, 0.09, 0.045] 
 

Similar to section 3.1.3, Figure 28 shows the mean squared error (MSE) of the training data output 
from the DD filter at these various step sizes. When the step size is larger, the filter is able to 
converge faster; however, the weights derived from this convergence will provide a larger error 
compared to a smaller step size. This is attributed to the fact that the smaller step size will be 
iterating through more tap weight coefficients options and will have the opportunity to fine tune 
the coefficient values. Although the coefficient values are more fine-tuned and have a lower error, 
a lower step size requires more time for the weights to converge. These tradeoffs can be seen in 
Figure 28 below; which shows validity in the LMS algorithm.  
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Note that the training data MSE of the linear and DD adaptive filters are identical. This is another 
indication of a successful experiment because the only difference between the linear equalizer 
and the DD is that the linear equalizer locks the optimal tap coefficient vector once the training 
period has ended. The DD on the other hand continues to update the tap gain coefficient vector 
even during the testing phase. Since both experiments were performed on the same channel, with 
the same parameters, during the training phase, it is expected that the MSE results would be the 
same.  
 

3.3. ADAPTIVE DECISION FEEDBACK EQUALIZER 

3.3.1. TECHNICAL DESIGN 
The final equalization technique discussed herein is a Decision Feedback Equalizer (DFE). The DFE 
is a nonlinear filter designed for removing time-varying ISI from the received signal. Due to the 
structure of the equalizer, consisting of a feedforward and a feedback filter, it is suited best to 
remove ISI caused by previously filtered symbols, on the current symbol [3]. The feedforward filter 
is identical in form to the linear equalizer described above. The feedback filter functions similarly 
to the linear filter as it also has adjustable tap coefficients, but the input is a set of previously 
detected symbols. Previously detected symbols in this case is referring to the output of the 
detector. This feedforward and feedback design is shown in Figure 29. The output of the feedback 
filter is subtracted from the output of the feedforward filter to form the input to the detector [3].  
 

 

Figure 28: Convergence Characteristics of LMS Algorithm with a Decision 

Directed Equalizer 

Figure 30: Decision Feedback Equalizer (DFE) [3] 
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A closer look at the DFE shows the similarities of the feedforward and feedback filters with the 
linear filter described in section 3.1. The detailed diagram of an adaptive DFE is shown below in 
Figure 31. 
 

Based on Figure 31, the mathematical representation of the difference between the outputs of 
the feedforward and feedback filters from [3] is shown below 
 

 

𝑧𝑚 =  ∑ 𝒄𝒏

𝑁1

𝑛=1

𝒚(𝑚𝑇 − 𝑛𝜏) −  ∑ 𝒃𝒏

𝑁2

𝑛=1

�̂�𝒎−𝒏 .  
(22) 

 

 
where the first summation corresponds to the feedforward filter, and the second to the feedback 
filter. The vector 𝒄𝒏 is the feedforward tap gain coefficient vector with a size of N1, and 𝒃𝒏of size 
N2 is the tap coefficient vector for the feedback filter. Because this is still an adaptive 
implementation of this equalizer, both coefficient vectors, 𝒄𝒏 and  𝒃𝒏 are continuously updated 
based on the minimization of the error by the LMS algorithm during the training process.  
Although the LMS algorithm isn’t shown in Figure 31, you can see that the calculated error based 
on the difference between the filter and slicer outputs is utilized to update the tap coefficients. 
In our case, the adaptations of the tap gain coefficients are calculated in the DFE according to 

equation (21), where the error is calculated based on the difference of the input signal and 𝑧𝑚. 

Figure 31: Adaptive Decision Feedback Equalizer [3] 



51 
 

 
 

Then, the update tap value is then based on the product of the error, the step size, and the 
previously detected symbols.  
 
Aside from the LMS algorithm, the remaining elements of the DFE include the  𝑦(𝑚𝑇 − 𝑛𝜏) term, 

which corresponds to the input stream. As the figure depicts,  �̂�𝒎−𝒏, where n increments up to 
N2, is a vector made up of the previously detected symbols. These symbols are then filtered by 

the feedback filter based on the tap coefficients in 𝑏𝑛  .  The input to the detector, 𝑧𝑚, is then 
calculated based on the difference between the feedforward and feedback filter outputs.  Based 
on zm, described above by equation (22), the detector determines the final output based on the 
closest distance to the input signal. Due to the nonlinearity of the detector behavior and the fact 
that the output of the detector feeds the feedback filter, the DFE is considered to be a nonlinear 
equalizer. 

 

3.3.2. GNU RADIO IMPLEMENTATION 
The GNU Radio implementation of the DFE was very similar to the DD and Linear adaptive 
equalizers. In the process of implementing the DD and Linear equalizers, there was a much steeper 
learning curve on the initial implementations of the linear and DD equalizers. By the time the DFE 
was being implemented into GNU radio it went through fewer iterations of implementation. The 
initial implementation of the DFE is shown below in Figure 32. Similar to the other adaptive filter 
OOT blocks, the first implementation of the DFE has the FIR channel model incorporated into the 
block Again, this was done initially to control the experiments being conducted on the equalizer 
to verify its performance prior to modularization.  

 
The final flow graph of the DFE adaptive equalizer is shown below in Figure 33 as in prior cases. 
The two different port colors shown in Figure 33 indicate the data type of the stream. For 
example, the orange port of the Vector Source output indicates that this stream is declared to be 
a 32-bit float, while the blue port at the output of the Channel Model block indicates a 32-bit 
complex stream. In the final flow graph of the adaptive DFE Equalizer, the Watterson Channel 
model block is illustrated, but both the FIR and IIR channel model blocks have been utilized in this 
work as well. The next section of this report will discuss the results and performance of the DFE 
Adaptive equalizer with the FIR channel model.  The final chapter discusses the results and 
performance of the DD Adaptive equalizer with the FIR, IIR and Watterson channel models. 

Figure 32: Initial Implementation of Adaptive Decision Feedback Equalizer 
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3.3.3. RESULTS 
The validation test of this application of the adaptive decision feedback equalizer was compared 
directly against an illustrative problem from [3], just as previously conducted for the adaptive 
linear and decision directed equalizers. We implemented an adaptive DFE into GNU Radio and fed 
the equalizer a distorted signal based on a FIR channel model. The purpose of this test is to see 
the convergence characteristics of the MSE during the training phase. The experiment was 
conducted by sending in 1000 channel effected samples through the equalizer and calculating the 
MSE for each sample. This was then repeated 1000 times to get the average MSE for each sample. 
The size of the input signal was 1000 samples, and 500 of them were used for training. However, 
the training percent in this experiment is unnecessarily specified since we are concerned with the 
convergence of the taps during the training period. The number of feedforward taps was set to 
be 11 and the feedback taps was set to 3. Since the MSE convergence trend is the goal in this 
experiment, the SNR was set to be high with a value of 37dB.  Also, the SNR was chosen on the 
premise of remaining consistent with the test set up of [3]. The channel characteristics, or ISI, was 
provided to the FIR filter as the following vector 

 

𝒙 =  [0.05, − 0.063, 0.088, − 0.126, − 0.25, 0.9047, 0.25, 0, 0.126, 0.038,
0.088] . 
 

The step size, ∆ , which determines the convergence characteristics of the tap optimization was 
altered over three different runs to verify the LMS algorithm on the training data according to the 
following vector 
 

∆  =  [0.115, 0.09, 0.045] 
 

Figure 33: Final Adaptive Decision Feedback Equalizer Implementation 
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Figure 34 shows the mean squared error (MSE) of the training data output from the DFE filter at 
these various step sizes. When the step size is larger, the filter is able to converge faster; however, 
the weights derived from this convergence will provide a larger error compared to a smaller step 
size. This is attributed to the fact that the smaller step size will be iterating through more tap 
weight coefficients options and will have the opportunity to fine tune the coefficient values. 
Although the coefficient values are more fine-tuned and have a lower error, a lower step size 
requires more time for the weights to converge. These tradeoffs can be seen in Figure 34 below; 
which shows validity in the LMS algorithm.  

 
One important distinction between the DFE and the two linear filters discussed in the previous 
sections is error propagation, caused by the nonlinearity of the DFE. The DFE is highly dependent 
on the detector’s success. If the detector is not performing well, the feedback filter will be unable 
to remove ISI. Once this happens, error propagation can quickly occur and cause catastrophic 
results. This phenomenon can be seen in Figure 35. This figure shows how quickly error can 
propagate in the DFE. Based on the figure, when the step size was 0.115, an optimal tap gain value 
was missed due to the step size value being larger, and therefore resulted in massive error 
propagation within the system. However, for the smaller step size, 0.045, the system was able to 
control the tap gains and performance. The experimental design difference between Figure 34 
and Figure 35 was using a feedforward tap length of 11 and a feedback length of 11 (instead of 
3), while all other design parameters remained the same. A simple adjustment of the tap length 
can have grave impacts on the performance. The results shown below also help to justify the 
importance of cognitive equalizers, i.e., altering the number of taps and/or step size based on 
current channel conditions. This is further discussed in the next section.  

Figure 34: Convergence Characteristics of LMS Algorithm with a Decision Feedback Equalizer 
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To further explore the performance of the DFE, another experiment was conducted. This 
validation test was also conducted in a similar fashion as an illustrative problem from [3]. In this 
validation test, a Monte Carlo simulation, similar to the MSE experiment, was conducted to 
determine the error of probability for the equalizer (also known as BER) as a function of the SNR. 
The SNR values used are described in this vector:  
 

𝑺𝑵𝑹 =  [2, 4, 6, 8, 10, 12, 14]. 
 
The simulation was performed for 100,000 transmitted symbols for each SNR value. The first 
20,000 symbols were used to train the equalizer. Finally, the BER per SNR value was then averaged 
over 100 iterations. The feedforward taps were set to 3 and feedback were set to 2, respectively. 
The step size was set to 0.045. The ISI channel characteristics are given by the following vector: 
 

𝑰𝑺𝑰 =  [0.407, 0.815, 0.407] 
 
The simulation was conducted for both the DFE and the Adaptive Linear equalizer. The purpose 
of running this experiment with both adaptive equalizers is to showcase the DFE’s performance 
and efficiency due to its nonlinearity. The probability of error calculation is 
 

 
𝑃𝑟𝑜𝑏. 𝑜𝑓 𝐸𝑟𝑟𝑜𝑟 =  

∑ 𝐼𝑛𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑏𝑖𝑡𝑠

∑ 𝑇𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑏𝑖𝑡𝑠 𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑒𝑑
   , 

(23) 
 

 

Figure 35: Error Propagation during MSE Convergence with an Adaptive Decision Feedback Equalizer 
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where the bits are applied from the detector’s output during the testing portion. Based on Figure 
36 below, it is clear, that as the SNR is increased, the DFE performs much better than the linear 
equalizer. The structure of the DFE, having both feedforward and feedback filters allow for any 
incorrectly classified bits to be corrected prior to the slicer’s decision. This experiment helps to 
finalize the performance validation of the adaptive DFE since the observed results are based on 
the test data output and not the training data.   

 
Figure 36: BER vs SNR for Decision Feedback Equalizer 
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CHAPTER 4: COGNITIVE ENGINE - EPSILON GREEDY 
A Cognitive Engine (CE) is defined in [28] as an agent that implements the intelligence and adaptive 
capabilities of a cognitive radio. Cognitive radios are an active research area in wireless communications. 
The cognitive engine with machine learning is one implementation of a cognitive radio, which are 
essentially radio systems that employ powerful machine learning techniques to improve the performance 
of communication system elements. One benefit of using a CE with various communication systems is that 
the CE makes decisions based on its experiences and observations as well as being able to supervise its 
own performance [28]. Pairing a CE with an adaptive equalizer is highly desirable (i.e. cognitive equalizer). 
By using a cognitive equalizer, the performance of an equalizer increases dramatically because the 
equalizer is able to adapt its structure based on the current channel conditions, without any prior 
knowledge.  
 
Adaptive equalizers are necessary to reverse channel effects because they can update the taps in real-
time. However, after the training period is complete, the adaptive equalizer has no knowledge of the 
incoming signal and cannot update its tap gain values. By employing a CE with an adaptive equalizer, the 
CE is able to learn and adjust the number of taps, rather than the actual values of the taps, to a more 
optimal size to help the adaptive algorithm perform better. When a CE is employed in this system, a 
researcher does not need to change the structural parameters of the equalizer, the CE will do the work 
for them; however this work done by the CE does require multiple transmissions of data to learn the 
optimal equalizer parameters (i.e. the exploration cost). Depending on the application, the fact that CEs 
are able to conduct this optimal parameter search without prior knowledge of the channel can be worth 
the exploration cost induced by the CE. Furthermore, the CE’s optimal structure decision combined with 
the adaptive tap adjustment should provide greater equalization performance compared to just adaptive 
equalization on its own.  
 

4.1. TECHNICAL DESIGN 
Now that the reasoning behind the implementation of a cognitive equalizer is better understood, we 
are now in a position to discuss how a cognitive equalizer is designed. As there has been a significant 
volume of research regarding machine learning/reinforcement learning in recent years, there are 
several algorithms that can be used as the cognitive engine. In this work we chose to use an ε-greedy 
algorithm. The choice for this lies heavily on the simplicity of the algorithm. A great source for 
understanding bandit algorithms and how to design them is [6]. The following definitions from [6] will 
be used frequently in this section when discussing the ε-greedy algorithm.  
 

• “Reward: A quantitative measure of success” [6]. In this work, the reward during execution of 
the cognitive equalizer is the BER.  The lower the BER, the higher the reward.  

• “Arm: What options are available to us? What actions can we take? We’ll refer to the options 
available to us as arms” [6]. The arms can vary, depending on what the user chooses to input 
into the OOT block, however it is generally a vector consisting of the number of taps or the 
value of step size. The arms will be discussed in more detail in section 4.2. 

• “Bandit: A bandit is a collection of arms” [6]. For this work, the bandit is the tap length and 
step size of the adaptive equalizer working with the algorithm. 

• Exploitation: Playing/pulling the arm with the highest estimated value based on the average 
reward [6]. The estimated value is determined by the average reward from previous plays; a 
higher reward is a higher estimated value for a given arm. However, in this work, since we are 
basing the reward off of the BER, i.e. a lower value reward indicates a higher estimated value 
of the arm. 



57 
 

 
 

• Exploration: Playing/pulling any arm that may or may not have the highest estimated value 
[6]. Exploration simply occurs whenever exploitation does not. 

• “Explore/Exploit Dilemma: The observation that any learning system must strike a 
compromise between its impulse to explore and its impulse to exploit” [6].  
 

The ε-greedy algorithm is a modest algorithm that trades off exploration and exploitation. The value 
of the parameter ε represents the probability of when the algorithm will explore various arms. 
Exploring various arms means randomly choosing any arm, where the randomness is determined by 
the following probability,  
 

 𝑃(𝑎) =  1
𝐴⁄   

(24) 

  
where 𝑎 is any arm, and 𝐴 represents the total number of arms. The value of 1- ε refers to the odds 
of when the algorithm will exploit various arms. Exploiting meaning choosing the option with the 
highest quantitative reward, in our case, the lowest BER. For this work, we assumed the BER to be 
available to the CE during run time. In future work, another quantitative value that could be 
substituted as the reward for the CE is the average minimum distance (i.e. accumulated average of 
slicer decisions). This attribute would be better suited for real-time data transmission because 
generally in real-world applications the receiver does not have immediate access to the originally 
transmitted signal. For now, an example from [6] was modified to describe our use case of the ε-
greedy algorithm will help to solidify the understanding of this algorithm.  
 

Improving Performance of an Adaptive Equalizer by Changing the Structure (Step Size): 
 
In this example, we are unsure if our adaptive equalizer will perform better with a step size of 0.1 
or 0.045. As previously mentioned in section 3.1.3, there are trade-offs in step size selection. 
Ideally, one of these step sizes will results in better performance from the equalizer than the other. 
In this case, the performance of the equalizer is being measured by the BER. The lower the BER, 
the better the equalizer is performing. The ε -Greedy algorithm attempts to find the best step-size 
using the following procedure (shown in Figure 37 from [6]), which is applied to every input to 
equalize:  

• When a new sequence of distorted data arrives at the receiver, the ε -Greedy algorithm will 
first decide to explore or exploit. This decision is based on the value of ε. If ε is set to be 0.3 for 
example, it will choose to explore about 30% of the time and exploit (1- ε) about 70% of the 
time.  

•  If the ε -Greedy algorithm has chosen to exploit, the algorithm will look at the previous BERs 
for both step size options and select the step size with the lowest BER (highest reward). 

• On the other hand, if the ε -Greedy algorithm has chosen to explore, it will then randomly 
choose a step size. The randomness of this choice is dependent on the number of options it 
has. In this case, we only have two options so the algorithm will choose either step size with a 
probability of 50%. If there were additional options available to the algorithm, it would choose 
a step size based on equation (24) above. 
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A key element of the ε -Greedy algorithm is the ε value. This value can be user selected. There are 
benefits to choosing a large value of ε, or a small value. When ε is small, it will focus more on 
exploiting good performing options. On the other hand, when ε is larger, it will explore more 
options and therefore will be less likely to get fixated on a sub-optimal option and can likely find 
the best option out of all available choices. The value of ε is more critical for larger sets of arms, 
in fact, with a very large number of options it is generally best to set ε larger than it was in this 
example.   

 

4.2. GNU RADIO IMPLEMENTATION 
The GNU Radio implementation of the CE was much more complex than the adaptive equalizer 
implementation. In this section we will discuss how the out-of-tree (OOT) block was implemented into 
GNU Radio and the challenges of this implementation. We will also discuss the OOT block itself and 
the options the user has when using this block in GNU Radio.  
 
As mentioned above in section 1.2, GNU Radio passes data between blocks as a stream. These streams 
vary in size and sample rates. Although the sample rate can be specified, the stream length to achieve 
these rates will vary in size. GNU Radio passes data in this manner to minimize data movement and 
have less overhead when running a simulation. Unfortunately, because of this minimization of 
overhead processes, feedback loops are difficult to implement. Feedback loops require that you 
process a single, or specified set of samples at a given time. This manner of processing for feedback 
loops is extremely time consuming and given that speed is one of the key pillars of GNU Radio 
development, GNU Radio was not designed to handle loops [29]. One work-around is to use message 
passing in GNU Radio. Additionally, other work [28] has shown that utilizing databases and updating 
data that needs to be looped to an outside entity and importing the data back into the simulation is 
another way to implement looping features. In our work, we used the message passing feature in GNU 
Radio.  
 
The interface for message passing in GNU Radio is dependent on queuing the messages. This works 
through message queues, which hold a number of incoming messages, even messages from multiple 
blocks, and post the message queue to the intended recipient(s) [30]. For the implementation of the 
CE, the ε-greedy algorithm needs to be aware of the current BER for the current equalizer structure. 
The awareness of the CE requires that the adaptive equalizer outputs the BER as an input to the CE 

Figure 37: The Epsilon Greedy arm selection process from [6] 
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and the CE outputs a structural decision (i.e. number of taps and/or step size) as an input to the 
adaptive equalizer. For these reasons, looping is necessary when implementing a CE to update the 
structure of an adaptive equalizer in real-time. 
 
Ultimately, the way this looping was accomplished was by passing the data corresponding to the 
structural options through the GNU Radio message ports between the CE and adaptive equalizer. The 
data was formatted into a dictionary, with each available arm containing three associated attributes. 
A dictionary in python is simply just a collection of keys (i.e. the available options) and values (i.e. 
attributes). The block’s GUI allows for the user to provide a range of arms (number of taps and/or step 
sizes) to the OOT block, which then initializes a dictionary containing three attributes per parameter 
arm. The keys associated with each value are: 
 

1. The average BER 
2. Flag to determine if this arm was currently pulled (selected) by the CE 
3. A count of the number of times that arm has been pulled (selected) by the CE. 

 
By building the dictionary with these attributes, the CE has access to the necessary information to 
decide on an arm, and the equalizer has access to the necessary information to update its structure 
based on the chosen arm. Again, because the information exchanged between the CE and the 
equalizer is both an input and an output to both blocks, it is passed as a message and not as standard 
GNU Radio data. 
 
Message passing within GNU Radio requires a message handler function within the block source code 
to decide what to do with the incoming and outgoing message data. Additionally, multiple messages 
from any block in the flow graph can be passed between blocks, and if two blocks pass a message to 
the same port, a message queuing system is used to order the incoming messages. These message 
ports are not synchronous, however, and can be transmitted between blocks at any time depending 
on the payload; conversely, stream data is always synchronous. This non-synchronous behavior of 
message passing requires additional logic to be implemented into the source code.  
 
When messages are passed in GNU Radio, the arrival time of the message is arbitrary and not 
dependent on the data. Therefore, the messages could arrive in the queue before or after the data. 
This inconsistent behavior made the timing quite significant. Logical statements had to be added to 
both the CE and the equalizer blocks to account for this unpredictability in message arrival time. The 
GNU Radio scheduler is set to always handle incoming data when it arrives in the block (i.e. 
synchronous data streaming). The logic that was added was a wait state within the block, which 
temporarily halts any computation until it receives the structural information from the CE. This was 
done with a GNU Radio consume function. Essentially, the consume function tells the scheduler that 
we are done with the current input items and will exit the work function (i.e. the main function in the 
block source code for data processing). The work function will not be entered for data processing until 
the structure of the equalizer has been updated by the CE. Since a message can arrive at any time 
during the run cycle, the work function within both the adaptive filters and the CE was reformatted 
to continuously check for a message from the handler. This consume function is repeatedly used until 
the message_received flag is activated. Once a message has been received, the work function is then 
initialized and can begin processing the data passed across the message socket. 
 
One significant difference between the CE and adaptive equalizer implementation is that the CE block 
is not receiving or transmitting any real data streams, it’s input and output ports are only message 
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ports. Because of this, the CE did not require the consume function to be used as the equalizers did. 
If there is not a message in the CE queue, the work function will not begin; since there is not any data 
being transmitted to the block, the work function will never be triggered out of sequence.  
 
Before addressing the block parameters, we assigned for the CE, we will discuss how the reward 
calculation was done in more detail. For each stream received at the equalizer, a particular percentage 
of that stream is testing data (i.e. the testing sequence) and the BER can be calculated for that portion 
of symbols. The BER is the total number of incorrectly classified signals out of the total length of the 
testing sequence. In order to calculate the reward for each arm, an average must be taken during the 
CE simulation. The reward in our implementation is the BER, although it seems counterintuitive. In 
this work, we consider that when the reward is lower the performance of the arm is better. The 
average reward is the sum of all the reported BERs each time the CE selects an arm out of the total 
number of times a particular arm was selected. Mathematically, the reward is 
 

 
𝑟𝑛 =  

∑ 𝐵𝐸𝑅𝑛
𝑁
𝑛=1

𝑁
   

(25) 
 

 
 

where 𝑁 is the total number of times the CE has pulled a given arm and 𝐵𝐸𝑅𝑛 is the BER for a given 
pull. The current BER (𝐵𝐸𝑅

𝑛
) is defined as the total number of correctly classified bits out of the total 

tested bits (i.e. the size of the test sequence). Although equation (25) seems simple, the value of 𝑁 is 
frequently changing. Any time an arm is pulled, the average reward must be recalculated. During the 
initial implementation of this reward update equation, the complexity of this calculation was 
overlooked. Anytime an arm is pulled by the CE, the CE has access to the previous average reward of 

that arm, 𝑟𝑛−1, the number of times it has been pulled, 𝑁, and a flag determining if it is the current 
arm. Since the number of times an arm is pulled will increment with every pull, using the first two 
attributes of an arm, an updated reward equation can be achieved with 
 

 
𝑟𝑛 =

𝑟𝑛−1 ∗ (𝑁 − 1) +  𝐵𝐸𝑅𝑁

𝑁
 

(26) 
 

 
 
where 𝑟𝑛−1 is the previous pulls reward, and 𝑁 − 1 is the previous number of pulls on the arm. The 
following three equations help derive (26) by showing that the updated reward equation is still in fact 
just a simple average of the BERs. Equation (26) can be rewritten as  
 

 

𝑟𝑛 =

∑ 𝐵𝐸𝑅𝑛
𝑁−1
𝑛=1

𝑁 − 1  ∗ (𝑁 − 1) +  𝐵𝐸𝑅𝑁

𝑁
  . 

(27) 
 

 
And now that the denominator (or total number of pulls) from the previous reward has been cancelled 
out by the (𝑁 − 1) term, equation (28) is beginning to look more like an average  
 

 
𝑟𝑛 =

∑ 𝐵𝐸𝑅𝑛
𝑁−1
𝑛=1  +  𝐵𝐸𝑅𝑁

𝑁
  . 

(28) 
 

 
Finally, by bringing the 𝐵𝐸𝑅𝑁 term within the summation, we can see that the average reward update 
equation is still just an average of the reward.  
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𝑟𝑛 =
∑ 𝐵𝐸𝑅𝑛

𝑁
𝑛=1

𝑁
  . 

(29) 
 

 
Although the updated reward equation (26) is more complicated than (25), the other option was to 
dynamically allocate memory within the dictionary for the reward attribute and have it grow in size 
with each new reward calculation.  
 
The last topic in the GNU Radio implementation of the CE is the block parameters themselves. In order 
to be able to initialize the dictionary containing all the necessary information for CE functionality, the 
block was implemented with the user options depicted in Figure 38. By looking at the Number of Taps 
bandit for example, the user can specify the minimum number of taps, the maximum number of taps 
and the delta tap size used to determine how many arms between the minimum and maximum 
number are provided. In literature, a common method of handling multiple bandits with a signal 
cognitive engine is to generate the full set of combinations for each bandit into separate arms. The 
benefit of doing this, is the reward value assigned to each combination is for that combination as a 
whole. This is the way our CE has been designed. One drawback to this method is the number of arms 
the CE has available could be thousands, if not tens of thousands. For example, with the CE making 
structural decisions on the DFE, the dictionary containing each combination could easily contain over 
15,000 entries. Based on Figure 38, the initial dictionary would look similar to Table 2. 
  

 
 
 

Figure 38: Epsilon Greedy block user parameters 
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Table 2: Example Epsilon Greedy dictionary based on given user parameters 

Arms Average Reward Number of Pulls ‘Current’ Flag 

Taps Step 

size 

3 0.001 0 0 0 

3 0.011 0 0 0 

3 0.021 0 0 0 

… … … … … 

3 0.1 0 0 0 

5 0.001 0 0 0 

5 0.011 0 0 0 

… … … … … 

7 0.001 0 0 0 

7 0.011 0 0 0 

7 0.021 0 0 0 

7 0.031 0 0 0 

 

4.3. RESULTS 
The best way we found to document the performance of the epsilon greedy algorithm and the CE as 

a whole was to create a flow graph in GNU Radio with a validated adaptive equalizer and monitor the 

decisions made by the block. We created a flow graph where the bandit is the number of taps, the 

arms are the vector 

𝒂 =  [3, 5, 7, 9, 11] , 

and the value of epsilon is varied according to the following 

𝝐 =  [0.1, 0.3, 0.5, 0.7, 0.9] . 

The specified channel model in this performance evaluation is the FIR filter with the following 
coefficients from [3] 
 

𝒙 =  [0.05, − 0.063, 0.088, − 0.126, − 0.25, 0.9047, 0.25, 0, 0.126, 0.038, 0.088] . 

The SNR was set to be 10dB. The training percent was 20% for the LMS algorithm. The number of 

iterations this experiment was 250, where each iteration sends a new frame of data consisting of 3500 

samples. Each frame contains a training signal based on the training percent times the total frame 

length; the remainder of the frame is used for testing. After 250 iterations, the CE has already decided 

on what it believes is the optimal arm.  

This experiment was conducted for each of the three adaptive equalizers. The final technical section 

of this thesis details the results of the full cognitive system for each equalizer and channel model; the 

results in this section are very similar, so we will only discuss one scenario here. To show the 

performance of the CE block, the flowgraph shown in Figure 39 was used.  
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The progression of the CE performance is shown in Figure 401-Figure 45. As shown, when the value 
of ε is smaller, the CE will choose the best performing arm many more times than when ε is smaller. 
After the first couple of hundred iterations, the CE converges at a choice, and the flowgraph will 
output parameter value recommendations for the filter. The decisions for each frame of data made 
by the CE are presented in tabular and graphical form for each value of ε. Based on the following 
outputs, you can see that the lower ε is, the less exploring the CE does. This means that what the CE 
believes is the optimal arm, will be chosen many more times than the other available options. As ε 
increases the CE will pull more arms, resulting in a more balanced spread of counts across the arms. 
For example, in Figure 401, ε = 0.1; therefore, the CE is exploring only 10% of the time. Based on the 
data in the figure, it believes 11 taps is the optimal arm, and it chose this arm much more frequently 
then it chose any other arm.  
 
However, on the contrary, looking at Figure 45 where ε = 0.9, it is clear that each arm was chosen 
many more times than in Figure 401. When epsilon is increased, the CE will explore more, which will 
result in a much higher frequency of the high spikes seen below in Figure 45. The reason for this higher 
frequency of spikes is because if the CE is exploring for the majority of the iterations, it will frequently 
be picking non-optimal arms (i.e. accruing a high BER). Thus, the exploration results in a plot 
fluctuating in magnitude much more frequently than when it is exploiting the best option and 
continuously picking the optimal arm. Another interesting data point is that the recommended arm 
shown in Figure 44 does not match the other recommendations in this experiment. This result 
indicates that exploring too often can result in the CE deciding on a less optimal arm. Although Figure 
44 does not imply good performance, a higher epsilon greedy can be desirable when there are many 
parameter options because it can explore more arms and reduces the chance of skipping the optimal 
set of parameters.  

Figure 39: Flowgraph of Epsilon Greedy Block with a Linear Adaptive Equalizer 
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Figure 42: Epsilon Greedy Output with Linear Equalizer (Epsilon = 0.3) 

Figure 41: Epsilon Greedy Output with Linear Equalizer (Epsilon = 0.1) 
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Figure 44: Epsilon Greedy Output with Linear Equalizer (Epsilon = 0.7) 

Figure 43: Epsilon Greedy Output with Linear Equalizer (Epsilon = 0.5) 

Figure 45: Epsilon Greedy Output with Linear Equalizer (Epsilon = 0.9) 
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CHAPTER 5: COMPREHENSIVE ADAPTIVE AND COGNITIVE 
EQUALIZATION SYSTEM AND RESULTS 

The final results section of this thesis documents the validation of the full system. In previous sections 
of this thesis, particular elements of the system were individually validated prior to full 
implementation. The previous sections covered the validation of each adaptive equalizer, and the 
performance of the cognitive engine (CE) while using the linear equalizer and FIR channel model. The 
first subsection below addresses the cognitive equalizers’ performance against the FIR channel model. 
The following subsections repeat similar MSE adaptive convergence and BER vs. SNR tests for the IIR 
and Watterson channel models, since these tests have not already been discussed. Following the 
discussion of each adaptive equalizer’s performance with the Watterson and IIR channel models, the 
full cognitive equalization system results are presented. These final results include the performance 
of a chosen adaptive equalizer recovering a distorted signal from the channel model while the CE 
works in parallel to optimize the structure of the equalizer. Since some tests are already discussed in 
other sections, Figure 46 provides a pictorial view of the various validation tests conducted in this 
work and where they are discussed in this thesis.  
 

 
Figure 46: Validation Testing on each element of the Cognitive Equalization system and Full System Validation 

 

5.1. FIR FILTER CHANNEL MODEL RESULTS WITH COGNITIVE ENGINE 
The results of the FIR filter channel model prior to incorporating the cognitive engine are analyzed in 
the results subsection of each adaptive equalizer and cognitive engine (sections 3.1.3, 3.2.3, and 
3.3.3). The current section will focus solely on the results of the FIR filter channel model in conjunction 
with each adaptive equalizer and the ε-greedy cognitive engine. One benefit of the FIR channel model 
is that the FIR filter block is already available in GNU Radio. Furthermore, because the adaptive 
equalization validation tests used the FIR filter and correlated directly with the results observed in [3], 
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the FIR filter is assumed to be validated sufficiently for direct use with the full cognitive system. For 
these reasons, the results in this section focus only on the FIR filter channel model with the full 
cognitive system and do not discuss any prior validation tests. Since it is a simple channel that the 
adaptive equalizers can successfully recover corrupted symbols from, the FIR channel provides a 
baseline test of the cognitive equalization system.  

 
The full cognitive equalization system set up is shown below in Figure 47. This flowgraph is similar to 
the systems described in earlier sections of this thesis however, the CE is now attached to the 
equalizer in a loop fashion. Notice, in this figure, the linear adaptive equalizer is shown. We generated 
a similar flowgraph depicting the full cognitive equalization system for the DD and DFE adaptive 
equalizers as well, but they were omitted to limit redundancy. The dotted lines between the CE and 
the equalizer represent message streams, whereas the solid lines represent data streams. The BPSK 
Vector Source block is used to generate a random steam of BPSK symbols. The Channel Model block 
is a preexisting block in GNU Radio libraries and represents the FIR channel model.  
 
Some important aspects of the setup of the flowgraph are discussed below: 

1. The range of parameters for the CE to change (i.e. min/max/delta number of taps and/or 
min/max/delta step sizes) must be the same between the CE and the equalizer. 

2. The output parameter of the equalizer must be set to BER (key = 1) since this is the reward 
criteria utilized by the CE. 

3. The Periodic Message Source block is the flag that symbolizes that the flowgraph has started, 
indicating to the CE that the dictionary containing all the arm information should be initialized. 
The Periodic Message Source block should have the user parameters set to the value shown 
in Figure 47 to ensure the CE receives the proper initialization message.  

4. The value of epsilon should be set between [0, 1]. 
5. The value of the training percent of the equalizer should be set between [0, 1]. 
6. The CE’s output should be routed to the equalizer’s input port, and the equalizer’s output 

should be routed to the CE’s input port as shown in Figure 47. 
7. The Constant Source block should be set to 2. This indicates to the Vector Source to generate 

a BPSK signal.  
 
The results of the CE’s decision over time are displayed in the GNU Radio terminal at the bottom of 
Figure 47. In this particular case, the FIR channel model characteristics are described by the following 
vector from [3]:  

 

𝒙 =  [0.05, − 0.063, 0.088, − 0.126, − 0.25, 0.9047, 0.25, 0, 0.126, 0.038, 0.088] . 
 
The SNR is approximately 33 dB. The value of ε was set to be 0.7, which means it will explore for 
approximate 70% of the iterations. Although it still converges on a decision, the total number of 
selections of each arm shown in the terminal output indicates that the CE frequently explored the 
non-optimal arms as well. A deeper discussion of the CE’s decision-making processes is discussed in 
4.3. Based on the terminal output, the optimal configuration of the equalizer is to utilize 5 taps. The 
Parameter to Change field in the CE can be set to any of the predetermined options for the linear 
equalizer: taps, step size, or taps and step size. In this case the CE just determined the optimal number 
of taps. In the next discussion in this section, the CE was set to change the step size and taps both.  
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After the flowgraph shown above was ran, another experiment was conducted to compare the 
performance of each adaptive equalizer with the CE and without the CE. It is important to note the 
method in which these plots were generated. When starting a flowgraph in GNU Radio, the simulated 
data is transmitted as a constant data stream; because of the continuous behavior of the system, 
updating the AWGN SNR in real time requires message passing infrastructure to be added to the noise 
source block to trigger a real-time SNR update. Due to time constraints of this work, altering the 
AWGN SNR in real time in GNU Radio was not feasible. Also, this update would primarily be used for 
the validation test described below, making the efforts less valuable. The results presented below 
were generated by running the GNU Radio scenario shown in Figure 47 multiple times for various SNR 
values, extracting the final structural decision from the CE (ε = 0.3), and utilizing the recommended 
structure in a controlled testing platform. Since the FIR filter channel has set filter coefficients, the 
channel characteristics do not change with each realization and therefore running the flowgraph over 
multiple SNR values is allowable.  
 
The controlled platform for these tests was the QA code file associated with each adaptive equalizer 
block. In the QA code file, all the blocks depicted in Figure 47 can be connected via Python source 
code instead of the GUI. This allows for the experiment to be controlled to a set number of iterations 
and repeated for each SNR. We conducted this experiment for several SNR values for both fixed and 

Figure 47: Full Cognitive Equalization System for Linear LMS Equalizer with FIR channel model 
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cognitive equalizers and plotted the probability of error for each. These results are critical for 
measuring the overall performance of the cognitive equalizers and are shown below for the FIR filter. 
In subsequent sections the IIR filter and Watterson channel model results are discussed. The CE 
implementation described in Figure 47 does update the equalizer structure in real time, but the 
validation test setup is time consuming to implement, hence why the QA code was used. The ISI used 
to describe the channel is provided with the following vector from [3]: 
 

𝑰𝑺𝑰 =  [0.407, 0.815, 0.407]. 
 
The channel characteristic of this test match the experiment conducted in [3]. We exposed 10,000 
data points to the channel described above and used 20% of the input data to train the equalizers. 
The BER observed for each SNR value was averaged over 1000 independent trials. The step size for 
the fixed parameters was set to 0.01 for each equalizer. The linear and DD equalizers have 5 taps. The 
DFE has 5 feedforward taps and 3 feedback taps. The CE has an ε value of 0.3, to encourage more 
exploiting. We plotted the average BER for both the fixed and cognitive equalizers. The results are 
shown below in Figure 48.  

 
   
 

The adaptive equalizers will adjust the tap coefficients during the training phase, and once the testing 
phase begins the CE will have access to the BERs to make structural decisions. After a few hundred 
iterations of each SNR the CE will converge to a near-optimal equalizer structure and the equalizer is 
updated accordingly. In Figure 48 above, because the FIR channel is a simpler channel, the CE seems 
to have less of an impact than other channel models discussed in this work. Plot (a) drops below 10−3 
at 10 dB and this is the converged BER value. The cognitive equalizer performs better than the fixed 
linear equalizer at larger SNRs. In plot (b), the cognitive DD equalizer outperforms the cognitive linear 
equalizer just slightly by achieving a lower BER at 12 dB. The DD continues to update the tap 
coefficient values during the testing phase, which could cause this behavior. Again, the same trend is 
seen where the final converged BER of the cognitive equalizer is less than the fixed equalizer. The 
cognitive DFE shows the best performance as it decreases below 10−3 at 8 dB, and this is consistent 
with the results observed in section 3.3.3. The cognitive equalizer again performs similar to the fixed 
equalizer at lower SNRs but shows better error rates as the SNR is increased. Together, Figure 48 

Figure 48: Probability of Error for Adaptive Equalizers with a FIR channel model (a) = Linear LMS, (b) = DD LMS, (c) = DFE LMS 
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shows the impact the real-time structural changes have on performance when channel characteristics 
change with time. Furthermore, they follow the expected results based on the type of equalizer.   

 

5.2. IIR FILTER CHANNEL MODEL RESULTS 
The validation tests discussed in this section are for the IIR Filter channel model. The validation tests 
are broken up into two subsections. The first subsection refers to the basic verification of the IIR filter 
channel model prior to incorporating the cognitive engine (CE). The second subsection addresses the 
full system results where each adaptive equalizer is paired with the CE block in GNU Radio. The results 
discussed in this first subsection are based on the following flowgraph shown in Figure 49. The 
flowgraph was ran in real time and the BERs are printed to the terminal; however, because the flow 
graph runs with constant streaming data, the convergence characteristics of both the MSE and BER 
are hard to capture in one screen from the Time Sink block. The final convergence of the MSE and 
BERs shown in the plots of Figure 50, Figure 51, and Figure 52 were obtained through the QA code, 
which allows you to connect the block ports in Python and utilize the Matplotlib library, rather than 
the GUI. Lastly, although Figure 49 shows the adaptive DFE, all three adaptive equalizer flowgraphs 
were tested and analyzed. The flowgraph below is used to model the final setup, the parameters are 
varied depending on the current test being conducted. A detailed description of the construction of 
Figure 49 can be found in section 2.3.2. 
 

 

5.2.1. IIR CHANNEL MODEL RESULTS WITHOUT COGNITIVE ENGINE IMPLEMENTATION 
To first verify the adaptive equalizers’ performance with the IIR channel model prior to CE 
implementation, similar tests as discussed in the results section of the adaptive equalizers is used. 
These tests include the MSE convergence test, which analyzes the averaged squared error during 
the training portion of the equalization. The second test monitors the bit error rate during the 
testing phase against various SNR values. 
 

5.2.1.1. ADAPTIVE FILER CONVERGENCE TEST RESULTS 
The first adaptive equalizer tested with the IIR channel model is the linear LMS adaptive 
equalizer. The tap coefficients used with the IIR filter are provided from [32] and have the 
following transfer function 

 
𝐻(𝑧−1) =  

𝐵(𝑧−1)

𝐴(𝑧−1)
=  

1 − 0.5𝑧−1 + 0.14𝑧−2 + 0.1𝑧−3

1 − 0.3𝑧−1 + 0.22𝑧−2 + 0.1𝑧−3
  . 

    

(30) 

Figure 49: GNU Radio Flowgraph of IIR Filter and Adaptive Equalizers 
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2000 samples were affected by the channel characterized by (30). 50% of the data was used 
for training; however, since we are only analyzing the MSE for the training sequence, the 
training percent only needs to be large enough to be able to show tap convergence. Once the 
convergence of the taps is seen, the remaining signal data does not provide valuable 
information for this test. The 1000 training sequence test is then repeated over 1000 
iterations and averaged for each step size. Finally, to make our set up comparable to [32] we 
conducted the test twice for two different SNR values, 15 dB and 25 dB. The step sizes used 
are  
 

∆  =  [0.115, 0.09, 0.045] 
 
 The number of taps was set to 3. The final MSE results are shown below in Figure 50.  
 

According to [32] and based on Figure 50 above, the input to the equalizer is severely 
corrupted when compared to the FIR filter effects. This severe corruption results in higher 
MSE rates than what was observed with the FIR filter. However, our results do perform 
comparably to the adaptive filters shown in [32]. Although the MSE is not approaching 10−2 
as it was in the FIR filter validation, most of the expected trends are seen. Based on Figure 50, 
the high step sizes converge faster, and the lower step size converges slower. However, the 
final converged value is almost identical regardless of the step size, which is unexpected. To 
improve these results, a larger training sequence could be used, or this could lead to the 
conclusion that for this particular channel there is a limit to the reconstructive abilities of the 
equalizer. In [32], three difference adaptive equalizers are tested against this channel. These 
equalizers are a Zero-Forcing Recursive Least Squares (RLS), Minimum Mean Square Error 
(MMSE) RLS and a MMSE LMS equalizer. The comparable results from [32] are shown below 
in Figure 51. The left plot has an SNR value of 15 dB and the right plot uses SNR of 25 dB.  

Figure 50: Convergence Characteristics of LMS Algorithm with a Linear 

Equalizer for an IIR Channel Model (a) SNR = 15 db and (b) SNR = 25 db 
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Based on our results shown in Figure 50, our adaptive linear equalizer converges just above 
10−1 for an SNR value of 15 dB and just below 10−1 for an SNR value of 25 dB. These results 
are comparable to the results shown above from [32] in Figure 51 for the MMSE-LMS 
equalizer. 
 
The next two plots showcase the tap convergence for the decision directed (DD) and decision 
feedback equalizer (DFE) for the IIR filter described by (30). The decision directed equalizer 
was ran with 3 taps and the DFE had 3 feedforward and 2 feedback taps. The step size for 
both of these tests were consistent with the linear equalizer ranging from 0.115 to 0.045. The 
results of the decision directed equalizer are identical to the linear equalizer. Again, this is 
because during the training portion of the signal recovery, the DD and linear equalizer are 
identical. The only difference between these two filters is that the DD continues to adaptively 
update the tap coefficients during the testing phase. Furthermore, for consistency, we 
retained the same tap value for the DD as used with the linear equalizer, so it is expected that 
the results are the same. Based on Figure 52, the DFE performs comparably to the linear and 
DD LMS filters, but slightly better in the 25 dB case. The MSE rates approach  10−2. This makes 
sense because the DFE is non-linear in structure and is able to remove lingering ISI in the signal 
with its feedback taps.  

  

Figure 51: Convergence Characteristics of Adaptive Equalizers from [32] 



73 
 

 
 

5.2.1.2.  BER VERSUS SNR TEST RESULTS 
The next test used to analyze the performance of the equalizers with the IIR filter is based on 
the bit error rate (BER) vs SNR trends. This test was previously conducted for the decision 
feedback equalizer with the FIR channel model. The test set up for the IIR filter channel model 
closely follows this test. We conducted a Monte Carlo simulation by transmitting 10,000 
symbols for each SNR value. As previously mentioned, the IIR channel is more complex than 
the FIR channel model so the SNR values were updated accordingly and are shown below:   
 

𝑺𝑵𝑹 =  [4, 6, 8, 12, 14, 16, 18, 20, 25, 30, 35]. 

Figure 52: Convergence Characteristics of LMS Algorithm with a Decision Directed Equalizer for an IIR Channel Model (a) SNR = 15 

db and (b) SNR = 25 db 

Figure 53: Convergence Characteristics of LMS Algorithm with a Decision Feedback 

Equalizer for an IIR Channel Model (a) SNR = 15 db and (b) SNR = 25 db 
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With a training percent of 20%, the first 2,000 symbols were used to train the equalizer. 
Finally, the BER per SNR value was then averaged over 100 iterations. The step size was set to 
0.045. Again, the taps for the linear and DD adaptive equalizers was set to 3. The DFE 
feedforward and feedback taps were set to 3 and 2, respectively. The channel characteristics 
are provided in (30). The results of this simulation for the Linear, DD and DFE adaptive filters 
are shown below.  

 
As indicated by Figure 54, the linear equalizer has steep drop is BER around 12 dB. This same 
trend is also observed in the DD equalizer. In fact, the DD and Linear equalizer perform very 
similar in this test as well. Again, this can be explained because the structure of the equalizer 
is the same for these. However, the DD continues to update the taps during the testing phase 
which could explain the better performance seen in Figure 55 between 14-16 dB, where the 
BERs appear to be more stable and decreasing. Overall, the performance of these two 
equalizers is very comparable. They both have a quick decrease in BER as the SNR increases. 
The final converged BER is around 10−2.  

Figure 54: BER vs. SNR for Linear Adaptive Equalizer with IIR Filter 

Figure 55: BER vs. SNR for DD Adaptive Equalizer with IIR Filter 
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The above plots above provide a good indication that the adaptive equalizers are sufficient in 
reconstructing signals exposed to an IIR channel model. Figure 56 below shows the BER for 
the DFE adaptive equalizer over the same SNR spread. The final convergence of the BER for 
the DFE is much lower than the linear and DD. For SNR values smaller than 18 dB, the DFE 
performs very similar to the linear and DD equalizers.  This experiment helps to finalize the 
performance validation of the adaptive equalizers with the IIR filter channel model.  

 

5.2.2. IIR CHANNEL MODEL RESULTS WITH COGNITIVE ENGINE IMPLEMENTATION 
The final flow graph of the full cognitive equalization system with the IIR channel model is shown 
below in Figure 57. This flowgraph has the same setup requirements mentioned in section 5. In 
Figure 57, the Parameters to Change field in the CE block is set to update the feedforward, 
feedback and step size. Therefore, the CE will choose an arm (i.e. a particular combination of these 
parameters) and analyze the BER provided by each combination to decide on an optimal 
structure. An in-depth discussion of this process can be found in section 4.2. The final CE decision 
is provided to the equalizer which then outputs a single BER based on the combination. This BER 
is then used to update the reward of the tested arm according to (26).  The IIR channel model is 
defined by the following transfer function: 
 

 
𝐻(𝑧−1) =  

𝐵(𝑧−1)

𝐴(𝑧−1)
=  

0.1 − 0.5𝑧−1 + 0.14𝑧−2 + 0.1𝑧−3

0.2 − 0.3𝑧−1 + 0.22𝑧−2 + 0.1𝑧−3
  . 

    

(31) 

Figure 56: BER vs. SNR for DFE Adaptive Equalizer with IIR Filter 
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The terminal output from this test was too large to capture in the screen as the flowgraph so the 
final CE results are displayed in Figure 58. In this case, the dictionary contains 490 different arms 
(combinations of feedforward taps, feedback taps, and step sizes). Due to the size of the 
dictionary, we were not able to capture the entire dictionary, however, we were able to capture 
some of the pulled arms for reference. Figure 58 shows the CE working in GNU Radio and changing 
the equalizer structure in real time. The first column of the dictionary indicates the arms, the 
second column indicates the BER, and the last column shows the number of times the CE has 
selected a particular arm. Based on Figure 58, some exploiting of a good arm can be observed as 
the CE has chosen to pull the 3 feedforward, 8 feedback, and 0.081 step size arm 26 times.  

  

Figure 57: Full Cognitive Equalization System for Linear LMS Equalizer with FIR channel model 
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After the final cognitive equalization system flowgraph was implemented into GNU Radio, further 
testing was done to compare the fixed adaptive equalizers against the cognitive equalizers with the 
IIR channel model. The CE was set to change the taps (feedforward and feedback for the DFE) and the 
step size of each equalizer. We exposed 10,000 data points to the channel described above and used 
20% of the input data to train the equalizers. The BER observed for each SNR value were averaged 
over 1000 independent trials. The SNR values have a shorter range in this test, as we were just trying 
to show the cognitive equalizers improved performance. The SNR values range from 2 dB to 12 dB 
and increment by 2 dB. The linear and DD fixed adaptive equalizers had 5 taps and a step size of 0.01. 
The DFE equalizer had 5 feedforward taps, 3 feedback taps, and a step size of 0.01.  The same transfer 
function as described above in (31) was used for these tests. These results are shown below in Figure 
59.  
 
The results in Figure 59 are comparable to the previous results shown in Figure 544-56 for the given 
SNR range. Based on the plots below, the DFE outperforms the linear and DD cognitive equalizers. It 
converges to a similar BER as the linear and DD when the SNR is greater than 8 dB. The DD and linear 
cognitive and fixed equalizers converge around 10 dB. Another interesting artifact observed in the 
results is the cognitive equalizers behavior at lower SNR values. For this particular channel, the CE 

Figure 58: CE decision for LMS DFE and IIR Channel Model 
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performs almost identical to the fixed equalizer when the SNR is low. An explanation for this could be 
that when the channel SNR is this low, even having the optimal equalizer structure does not impact 
the performance nearly as much as when the SNR is larger. When the SNR is below 8-10 dB, the 
channel effects with the AWGN may be too detrimental to the original signal that the equalizer 
(cognitive or fixed) has difficulty recovering the signal. 
 

 

5.3. WATTERSON CHANNEL MODEL RESULTS 
This validation tests discussed in this section are for the adaptive equalizers’ performance against the 
Watterson channel model. The validation tests are broken up into two subsections. The first 
subsection refers to the basic verification of the Watterson channel model prior to the cognitive 
engine (CE) implementation. The second subsection addresses the full system results where each 
adaptive equalizer is paired with the CE block in GNU Radio. The results discussed in section are based 
on the following flowgraph, Figure 60. When flowgraph is started, the BERs are printed to the display 
terminal in GNU Radio. However, the QT GUI Time Sink will show a constant stream of data as the 
corrupted signal is recovered, in real time. This sink is not sufficient to display the verification results 
we are looking for, so the QA code was utilized to generate the plots in the following subsections.  The 
final convergence of the MSE and BERs shown in the plots below were obtained by utilizing the Python 
Matplotlib library in the QA code. As far as data processing is concerned, the QA code is equivalent to 
utilizing the GNU Radio GUI but allows us to stop the processing and plot the data to observe the 
convergence characteristics of the system.  

Figure 59: Probability of Error for Adaptive Equalizers with an IIR channel model (a) = Linear LMS, (b) = DD LMS, (c) = DFE LMS 



79 
 

 
 

5.3.1. WATTERSON CHANNEL MODEL RESULTS WITHOUT COGNITIVE ENGINE 
IMPLEMENTATION 

To verify the adaptive equalizers against the Watterson model prior to incorporating the CE, 
similar tests as discussed in the results section of the adaptive equalizers is used. These tests 
include the MSE convergence test which analyzes the squared error during the training portion of 
the equalization. The second test monitors the bit error rate during the testing portion against 
various SNR values. 

 

5.3.1.1. ADAPTIVE TAP CONVERGENCE TEST RESULTS 
The Watterson model in MATLAB requires the user to specify the channel conditions. The 
channel conditions are based on the ITU standard described in Table 1. In these simulations, 
we assume the good conditions (i.e. mid-latitude quiet conditions in MATLAB). Just as the FIR 
and IIR filter validation tests were conducted, 1000 samples were affected by the channel and 
the training percent is 50%.  
 
Every time a signal is exposed to the Watterson model, the channel characteristics change. 
This is due to the ionospheric properties simulated in the model. Unlike the FIR and IIR filters, 
the taps of Gaussian filter within the Watterson model are not fixed. For this test, only one 
realization of the model is discussed; however, we did generate multiple realizations of the 
channel in this work and verify that the results for each realization were similar in 
performance. The MSE test was repeated on the same channel realization (i.e. one WAV file) 
for each iteration. Similar to above, we tested with 1000 samples and repeated the test 1000 
times. Due to the complexity of the Watterson channel model lower step sizes were used. The 
step sizes used are  
 

∆  =  [0.09, 0.05, 0.01] 
 
Eleven taps were used for the linear adaptive filter. Similarly, as the MSE convergence test of 
the FIR filter, the SNR was set to 37dB.  The final MSE results for the linear adaptive filter with 
the Watterson channel model are shown below in Figure 61.  

Figure 60: GNU Radio Flowgraph of Watterson Channel Model and Adaptive Equalizers 



80 
 

 

Based on the results of Figure 61, the MSE results are less indicative of good performance. 
Although the trend is downward, the step size is not impacting the performance as it did for 
the FIR and IIR filter channel models. The step size of 0.01 seems to perform better than the 
0.09 and 0.05 step sizes for the majority of the iterations, however there is not a clear 
convergence value here. These results indicate that the LMS Linear equalizer has difficulty 
adjusting its taps based on the channel characteristics. However, the Watterson model is a 
much more destructive channel model as it incorporates phenomena like doppler shift, fading 
and multipath.  
 
The last plots in this section are the tap gain convergences of the DD and DFE adaptive 
equalizers. The DD had 11 taps and the DFE had 11 feedforward and 3 feedback taps, 
respectively. The DD equalizer has the same MSE as the adaptive linear equalizer.  

Figure 61: LMS Linear Equalizer with Watterson Channel Model (SNR = 37 dB) 
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Figure 63 above does show a better convergence than seen in the linear and DD MSE results. 
Although the MSE is not as low as expected it seems to be trending downward. After seeing 
the results for the adaptive equalizers against this channel model, several additional 
realizations of the channel were generated for comparison. The results of these various 
realizations with the same channel conditions showed the same behavior. 

Figure 63: LMS DFE Equalizer with Watterson Channel Model (SNR = 37 dB) 

Figure 62: LMS DD Equalizer with Watterson Channel Model (SNR = 37 dB) 
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5.3.1.2. BER VERSUS SNR TEST RESULTS 
The next test used to further validate the Watterson channel model is based on the bit error 
rate (BER) vs SNR trends. This test was previously conducted for the decision feedback and 
linear equalizer with the FIR filter. Since the Watterson model produces a difference 
realization of the channel characteristics with each iteration, and because the model is being 
imported into the flowgraph as a file, only one individual channel realization is used (i.e. one 
.WAV file). A single .WAV file containing 10,000 corrupted samples was used. The SNR spread 
for this test is larger than the previous tests; we were unsure of the behavior of the system 
and wanted to be sure to capture all of the pertinent data. As seen in the results below, the 
BER is relatively high for SNR values less than 18 dB, but as the SNR increases, the BER easily 
gets to the 10−2 and 10−3 range. The SNR values used in this test are:   
 

𝑺𝑵𝑹 =  [6, 8, 10, 12, 14, 16, 18, 20, 25, 30]. 
 
With a training percent of 20%, the first 2,000 symbols were used to train the equalizer. 
Finally, the BER per SNR value was then averaged over 100 iterations. The step size was set to 
0.045. The linear and decision directed equalizers had 5 taps and the DFE had 3 feedforward 
taps and 2 feedback taps. The channel characteristics in the MATLAB model were set to mid-
latitude quiet (i.e. Doppler and time spread values found in the first row of Table 1). The 
results of this simulation for the Linear, DD and DFE adaptive filters are shown below.  
  

   

The results of the BER vs. SNR plots discussed in this section are interesting. The Linear 
equalizer did show an overall decreasing trend as the SNR increased, however there were 
some SNR values where the BERs did not decrease, but slightly increased around 16 dB. This 
is indicative of the linear LMS equalizer struggling to recover the distorted signal. However, 
once the SNR is increased above 16 dB, the performance is improved greatly. The BER 

Figure 64: BER vs. SNR for Linear LMS Equalizer with Watterson Channel Model 
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converges around 25 dB. This is higher than usual, but given the characteristics of the 
Watterson model, it is expected. When this plot is compared to the DD equalizer BERs shown 
below in Figure 65, a slight upward trend around 14 dB - 16 dB is also observed. The slight 
increase is much less pronounced than the linear equalizer.  Although the linear and DD 
equalizers have the same filter structure, this continuous update of the tap gain values slightly 
improves the performance of the equalizer.  
 

  

  
Finally, the LMS DFE is evaluated. Figure 66 below shows the BER of the LMS DFE. The 
performance of the DFE is much better than the DD and linear equalizers. The same general 
instability between 10 dB and 20 dB is seen in the plot below, however, the BER is much lower. 
The convergence of the BER of the DFE occurs at 20 dB instead of 25 dB for the linear and DD 
equalizers. The rapid decrease in BER at 10 dB for the DFE indicates the performance power 
of this equalizer. 

Figure 65: BER vs. SNR for DD LMS Equalizer with Watterson Channel Model 
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5.3.2. WATTERSON CHANNEL MODEL RESULTS WITH COGNITIVE ENGINE 
IMPLEMENTATION 

 
The final validation tests of this thesis included implementing the adaptive equalizers with the CE 
and Watterson model in GNU Radio. The flowgraph for this is shown below in Figure 57. The same 
setup requirements as discussed in the cognitive FIR/IIR results sections apply here. Based on the 
flowgraph shown below in Figure 67, the DD LMS equalizer’s structure was optimized by the CE. 
The CE was user-specified to change the taps and step size. The output dictionary is too long to 
display, but the terminal output is similar to Figure 58. The following tests help to further validate 
the cognitive equalizers performance against the Watterson channel model.  

Figure 66: BER vs. SNR for DFE LMS with Watterson Model 

Figure 67: Flowgraph of LMS DD with CE and Watterson channel model 
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Currently, the GNU Radio implementation of the Watterson model with the cognitive engine 
utilizes a source file of 10,000 channel effected symbols. The data is passed from the .wav file to 
the equalizer in streams. The stream size is arbitrary and is chosen by GNU Radio based on 
optimizing the flowgraph at run time. Because of the inconsistency in stream length during run 
time, this allows the equalizer to be presented with multiple length-varying streams which are 
then divided into training and testing portions based on the user’s selection of the training 
percent. These GNU Radio logistics provide a more robust testing platform for the cognitive 
equalizers. 

 
The following plots showcase the performance of the cognitive equalizers against fixed equalizers. 
The linear and DD fixed equalizer had tap lengths of 11. The DFE had 11 feedforward and feedback 
taps. All three fixed equalizers had a step size of 0.01. The Watterson channel model realization 
was generated in MATLAB with channel characteristics of mid-latitude quiet conditions, based on 
the first row of Table 1. The Watterson model is a more complex channel model. The final results 
shown below in Figure 68 do have higher error probabilities than other channel models. Future 
work in this area could also include adding more robust equalizers into the GNU Radio library to 
test against the Watterson channel model. Fortunately, the results below do indicate that the 
cognitive equalizer indeed performs better than the fixed equalizer.  
 
Based on (a) of Figure 68, both the cognitive and fixed linear equalizers had difficulty recovering 
the corrupted signal from the Watterson channel model. Although the BER is trending down as 
the SNR increases, there seems to be some instability in the error rates between 8 dB and 15 dB 
is more noticeable in the adaptive linear filter. Part of the instability observed in (a) can be caused 
by the complex fading and multipath characteristics caused by the Watterson model. In the linear 
(a) and DD (b) plots, the cognitive equalizer actually performs worse than the fixed equalizer for 
SNR values less than 5 dB. This trend is not seen for the cognitive DFE (c), however.  
 
The cognitive DFE converges at a lower BER than both the linear and the DD, however the fixed 
DFE performs worse than the fixed linear and DD equalizers. We have considered these results 
and determined that these are based on the sub-optimal structure of the fixed DFE chosen in this 
test. This behavior is expected and helps to validate the full system. After seeing these results, 
further investigation was conducted on the Watterson model and [9] conducts a similar test in 
MATLAB. The results are shown in Figure 69. In [9], BER vs. SNR tests were conducted on three 
different Watterson channel conditions. We pulled the mid-latitude quiet results and compared 
them with ours. The cognitive and fixed equalizer in this case was an adaptive DFE. According to 
Figure 69, the same interesting behavior occurs between 10 dB and 15 dB.  The results shown in 
Figure 69 have smaller step values between each SNR, which help to smooth the results. Also, in 
[9], a smaller SNR spread is used. Furthermore, since every Watterson channel model realization 
provides different channel characteristics, results will always differ between each realization. 
Regardless of these differences, the overall trends between Figure 68 and Figure 69 are 
comparable. 
 
 
 



86 
 

  

Overall, the results in this section do indicate that the cognitive equalizers outperform the fixed 
equalizers. There is still future work to be conducted, possibly with more robust equalizers and 
adding more time-varying channels into the GNU Radio library. However, the results displayed in 
this section help to solidify the performance of these cognitive equalizers.  

  

Figure 68: Probability of Error for Adaptive Equalizers with a Watterson channel model (a) = Linear LMS, (b) = DD LMS, (c) = DFE LMS 

Figure 69: Probability of Error for LMS DFE fixed vs. Cognitive, 

Watterson mid-latitude quiet conditions, from [9] 
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CHAPTER 6: CONCLUSION AND FUTURE DIRECTION 
This work has introduced the idea of pairing cognitive engines with adaptive equalizers as methods for 
improving HF communications. The need for implementing cognitive equalizers is crucial for real-world 
experiments which have tougher channel conditions; furthermore, the implementation of this work into 
GNU Radio provides means for other researchers/professionals alike to utilize the tools created herein for 
their own applications. There is much significance of cognitive equalization in HF communications. HF 
communications primarily have characteristics similar to the ionosphere and are therefore frequently 
changing. Depending on the time of day, or weather conditions outside, a transmitted signal may show 
more negative channel effects once arriving at the receiver.  
 
In this work we have verified the deployment of three adaptive equalizers in GNU Radio. Each equalizer 
utilizes the LMS adaptive algorithm. We have also implemented a cognitive engine into GNU Radio which 
has the infrastructure to pass structural decisions to each equalizer. The results of this work were able to 
show that a cognitive equalizer performs better than a fixed equalizer under specific changing channel 
conditions. We were also able to validate the performance of the adaptive equalizers through various 
MSE and BER validation tests. Lastly, we also began the Watterson channel model implementation. The 
framework and strong theoretical background is complete, along with a deep understanding of the 
performance and validation requirements of this model.  
 
Some future directions that can be investigated next include finalizing the implementation of the 
Watterson channel model into GNU Radio. Once this block is added to the GNU Radio library, the ability 
to change the channel conditions in real time will be feasible. Changing the channel conditions in real 
time, with or without the Watterson channel model block will require the channel block to contain 
message ports and utilize the message passing functionality in GNU Radio. Or this could be accomplished 
initially with multiple different channel effected signal files being loaded into the flowgraph and a random 
seed will flag the file source to utilize a different file. Furthermore, once the Watterson channel model is 
added as a GNU Radio out-of-tree (OOT) block, the block could have a fluid functionality allowing the user 
to select different channel conditions the block could toggle through those options. There will need to be 
a controller block implemented to trigger the condition changes and post messages to each channel 
block’s queue.  Furthermore, by implementing this block more robust testing can be conducted on the 
Watterson model because corrupted samples will not need to be imported into the flowgraph for each 
test and will be generated in real time.  
 
To generate a more complete cognitive equalizer library, additional adaptive equalizers could also be 
added to GNU Radio, such as turbo, or blind equalizers. Their performance could be evaluated and likely 
show more distinct improvements between fixed and cognitive equalizers. On the same note, additional 
CEs could be added to GNU Radio to observe an increase in performance. Lastly, now that the 
infrastructure is available, true over the air tests with USRPs can be conducted with the cognitive 
equalizers and GNU Radio.  
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APPENDIX 
The main source code for each GNU Radio block discussed in this thesis can be found on GitLab. The gr-
modtool in GNU Radio was used to help guide the creation of these blocks. Each block has an associated 
recipe required by Pybombs to complete the final installation into the GNU Radio library. The address for 
each OOT block and their recipes can be found in the table below.  
 

Out-of-tree GNU Radio Block GitLab Repository 

Linear (LMS) Equalizer https://git.engr.arizona.edu/bose-reserach-gr-

linearLMS 

Decision Directed (LMS) Equalizer https://git.engr.arizona.edu/bose-reserach-gr-

ddLMS 

Decision Feedback (LMS) Equalizer https://git.engr.arizona.edu/bose-reserach-gr-

dfeLMS 

Epsilon-Greedy Cognitive Engine https://git.engr.arizona.edu/bose-reserach-gr-

eGreedy 

Watterson Model (Incomplete) https://git.engr.arizona.edu/bose-reserach-gr-

watterson 

Recipes https://git.engr.arizona.edu/bose-reserach-

equalizer-recipes 
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