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On Trapping Sets and Guaranteed Error Correction
Capability of LDPC Codes and GLDPC Codes

Shashi Kiran Chilappagari, Member, IEEE, Dung Viet Nguyen, Student Member, IEEE,
Bane Vasic, Senior Member, IEEE, and Michael W. Marcellin, Fellow, IEEE

Abstract—The relation between the girth and the guaran-
teed error correction capability of �-left-regular low-density
parity-check (LDPC) codes when decoded using the bit flipping
(serial and parallel) algorithms is investigated. A lower bound on
the size of variable node sets which expand by a factor of at least
���� is found based on the Moore bound. This bound, combined
with the well known expander based arguments, leads to a lower
bound on the guaranteed error correction capability. The decoding
failures of the bit flipping algorithms are characterized using the
notions of trapping sets and fixed sets. The relation between fixed
sets and a class of graphs known as cage graphs is studied. Upper
bounds on the guaranteed error correction capability are then
established based on the order of cage graphs. The results are ex-
tended to left-regular and right-uniform generalized LDPC codes.
It is shown that this class of generalized LDPC codes can correct a
linear number of worst case errors (in the code length) under the
parallel bit flipping algorithm when the underlying Tanner graph
is a good expander. A lower bound on the size of variable node
sets which have the required expansion is established.

Index Terms—Bit flipping algorithms, error correction capa-
bility, fixed sets, generalized low-density parity-check (LDPC)
codes, low-density parity-check (LDPC) codes, trapping sets.

I. INTRODUCTION

W E study lower and upper bounds on the guaranteed
error correction capability of iterative hard decision

decoding algorithms for decoding low-density parity-check
(LDPC) codes [1] and generalized low-density parity-check
(GLDPC) codes [2]. The decoding algorithms that we consider
in this paper belong to the class of bit flipping decoders [3],
[4]. We consider two classes of codes: 1) left-regular LDPC
codes and 2) left-regular and right-uniform GLDPC codes
(also known as Tanner codes, henceforth referred to as regular
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GLDPC codes)1. The bounds we derive are functions of the
column weight and girth of the underlying Tanner graph and
(in the case of regular GLDPC codes) the error correction ca-
pability of the component-code. For the regular GLDPC codes,
we also find the expansion required to guarantee correction of a
linear number of errors under the parallel bit flipping algorithm,
as a function of the column weight of the Tanner graph and the
error correction capability of the component-code.

A. Previous Work

Gallager proposed two binary message passing algorithms,
namely Gallager A and Gallager B, for decoding of LDPC codes
over the binary symmetric channel (BSC) [1]. He showed that
for column weight and row weight , there exist

regular LDPC codes for which the bit error probability
asymptotically tends to zero, whenever we operate below the
threshold. The minimum distance was shown to increase lin-
early with the code length, but correction of a linear number of
errors (in the code length) was not shown. When we say that an
algorithm will correct a linear number of worst case errors for a
code of length , we mean that for some constant ,
the algorithm corrects any arbitrary error pattern with up to
errors. Zyablov and Pinsker [3] showed that, asymptotically the
parallel bit flipping algorithm can correct a linear number of er-
rors for almost all the codes in the regular ensemble with .
Sipser and Spielman [4] used expander graph arguments to ana-
lyze two bit flipping algorithms, serial and parallel. Specifically,
they showed that these algorithms can correct a linear number
of errors if the underlying Tanner graph is a good expander.
Burshtein and Miller [5] applied expander based arguments to
show that message passing algorithms can also correct a linear
number of errors when the degree of each variable node is more
than five. Feldman et al. [6] showed that the linear program-
ming decoder [7] is also capable of correcting a linear number
of errors. Recently, Burshtein [8] showed that regular codes with
variable nodes of degree four are capable of correcting a linear
number of errors under the parallel bit flipping algorithm.

Tanner studied a class of codes constructed based on bipartite
graphs and short error correcting codes [2]. Tanner’s work is
a generalization of the LDPC codes proposed by Gallager [1]
and hence the name GLDPC codes. Tanner proposed code
construction techniques, decoding algorithms and complexity
and performance analysis to analyze these codes and derived
bounds on the rate and minimum distance for these codes.
Sipser and Spielman [4] analyzed a special case of GLDPC

1Precise definitions will be given in Section II and we follow standard termi-
nology from [1] and [2]
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codes (which they termed as expander codes) using expansion
arguments and proposed explicit constructions of asymptot-
ically good codes capable of correcting a linear number of
errors. Zemor [9] improved the fraction of correctable errors
under a modified decoding algorithm. Barg and Zemor in [10]
analyzed the error exponents of expander codes and showed
that expander codes achieve capacity over the BSC. Janwa and
Lal [11] studied GLDPC codes in the most general setting by
considering unbalanced bipartite graphs. Miladinovic and Fos-
sorier [12] derived bounds on the guaranteed error correction
capability of GLDPC codes for the special case of failures only
decoding.

It is well known that a random graph is a good expander with
high probability [4]. However, the fraction of nodes having the
required expansion is very small and hence the code length to
guarantee correction of a fixed number of errors must be large.
Moreover, determining the expansion of a given graph is known
to be NP hard [13], and spectral gap methods cannot guarantee
an expansion factor of more than 1/2 [4]. On the other hand,
code parameters such as column weight and girth can be easily
determined or are assumed to be known for the code under con-
sideration. In fact, Tanner derived bounds on the minimum dis-
tance of left-regular, right-uniform GLDPC codes as a function
of the minimum distance of the component-code, the column
weight and girth of the graph [2]. For LDPC codes, Orlitsky et
al. derived bounds on the size of the minimum stopping sets [14]
as a function of girth and column weight [15].

B. Overview of the Results

In this paper, we adopt an approach similar to Tanner which
is based on the girth of the underlying Tanner graph. We de-
termine the size of variable node sets in a -left-regular Tanner
graph which are guaranteed to expand by a factor of at least

, based on the Moore bound [16, p.180]. By using the well
known relation between the expansion of the Tanner graph and
the error correction capability, we establish lower bounds on the
guaranteed error correction capability. Our results show that, for
a given column weight, the error correction capability grows ex-
ponentially in girth. However, we note that since the girth grows
logarithmically in the code length, this result does not show that
the bit flipping algorithms can correct a linear fraction of errors.

To find an upper bound on the number of correctable errors,
we study the size of sets of variable nodes which lead to de-
coding failures. A decoding failure is said to have occurred if the
output of the decoder is not equal to the transmitted codeword.
By saying that a decoding algorithm for a code with column
weight and girth is not guaranteed to correct errors, we
mean that there exists a code with column weight and girth
for which the algorithm fails to correct an error pattern with
errors. The conditions that lead to decoding failures are well un-
derstood for a variety of decoding algorithms such as maximum
likelihood decoding, bounded distance decoding and iterative
decoding on the BEC. However, for iterative decoding on the
BSC and the additive white Gaussian noise channel (AWGNC),
the understanding is far from complete. Two approaches have
been taken in this direction, namely trapping sets [17] and pseu-
docodewords [18]. We adopt the trapping set approach in this
paper to characterize decoding failures. Richardson introduced

the notion of trapping sets to estimate the error floor on the
AWGNC [17]. In [19], trapping sets were used to estimate the
frame error rate of column-weight-three LDPC codes. In this
paper, we study combinatorial objects known as fixed sets and
their relation to trapping sets. We then find bounds on the size of
fixed sets, which lead to upper bounds on the guaranteed error
correction capability.

For the regular GLDPC codes, we study the parallel bit flip-
ping algorithm and derive the expansion sufficient to guarantee
correction of a linear number of errors. Using the same approach
as in LDPC codes, we then derive lower bounds on the number
of variable nodes that are guaranteed to achieve the required ex-
pansion. Finally, we derive bounds on the sizes of fixed sets and
consequently the upper bounds on the guaranteed error correc-
tion capability.

The rest of the paper is organized as follows. In Section II,
we provide a brief introduction to LDPC codes, decoding al-
gorithms and trapping sets. In Section III, we prove our main
theorem relating the column weight and girth to the size of vari-
able node sets which expand by a factor of at least . We
derive bounds on the size of fixed sets based on cage graphs
in Section IV. We discuss numerical results in Section V. In
Section VI, we prove that the parallel bit flipping algorithm for
regular GLDPC codes can correct a linear number of errors in
the code length if the underlying Tanner graph is a good ex-
pander. We conclude with a few remarks in Section VII.

II. PRELIMINARIES

In this section, we first establish the notation and then proceed
to give a brief introduction to LDPC codes and hard decision de-
coding algorithms. We then give the relation between the error
correction capability of the code and the expansion of the un-
derlying Tanner graph. We finally describe trapping sets for the
algorithms.

A. Graph Theory Notation

We adopt the standard notation in graph theory (see [20] for
example). denotes a graph with set of nodes
and set of edges . When there is no ambiguity, we simply
denote the graph by . An edge is an unordered pair
of nodes and is said to be incident on and . Two nodes

and are said to be adjacent (neighbors) if there is an edge
incident on them. The order of the graph is and

the size of the graph is . denotes the set of neighbors
of . The degree of , , is the number of its
neighbors. A node with degree one is called a leaf node. A graph
is -regular if all the nodes have degree . The average degree

of a graph is the average over for all . The
girth of a graph , is the length of smallest cycle in .
A bipartite graph is a graph with two sets
of nodes; variable (left) nodes and check (right) nodes and
edge set . Nodes in have neighbors only in and vice versa.
A bipartite graph is said to be -left-regular if all variable nodes
have degree , -right-regular if all check nodes have degree

and regular if all variable nodes have degree and all
check nodes have degree . The girth of a bipartite graph is even.
Note that while the same letter is used to denote bipartite



graphs, they are distinguished by the manner in which the set
of nodes is specified.

B. LDPC Codes and Decoding Algorithms

LDPC codes [1] are a class of linear block codes which can be
defined by sparse bipartite graphs [2]. Let be a bipartite graph
with two sets of nodes: variable nodes and check nodes.
This graph defines a linear block code of length and dimen-
sion at least in the following way: The variable nodes
are associated with the coordinates of codewords. A vector

is a codeword if and only if for each check
node, the modulo two sum of its neighbors is zero. Such a graph-
ical representation of an LDPC code is called the Tanner graph
of the code [2]. An regular LDPC code has a Tanner
graph with variable nodes each of degree (column weight)
and check nodes each of degree (row weight). This code
has length and rate [1]. The bi-adjacency matrix
of gives a parity check matrix of . In this paper, we assume
that there are no multiple connections between a variable node
and a check node in the Tanner graph of a code or in other
words the Tanner graphs considered in this paper are simple.

We now describe a simple hard decision decoding algorithm
known as the parallel bit flipping algorithm [3], [4] to decode
LDPC codes. As noted earlier, each check node imposes a con-
straint on the neighboring variable nodes. A constraint (check
node) is said to be satisfied by a setting of variable nodes if the
sum of the variable nodes in the constraint is even; otherwise
the constraint is unsatisfied.

Parallel Bit Flipping Algorithm

• In parallel, flip each variable that is in more unsatisfied
than satisfied constraints.

• Repeat until no such variable remains.

Note that when is even, a variable node that receives
flip messages is not flipped. A serial version of the algorithm
is also defined in [4] and all the results in this paper hold for
the serial bit flipping algorithm also. The bit flipping algorithms
are iterative in nature but do not belong to the class of message
passing algorithms (see [5] for an explanation). In general, we
assume that the parallel bit flipping algorithm is run for a max-
imum number of iterations.

C. Expansion and Error Correction Capability

Sipser and Spielman [4] analyzed the performance of the bit
flipping algorithms using the expansion properties of the under-
lying Tanner graph of the code. We summarize the results from
[4] below for the sake of completeness. We start with the fol-
lowing definitions from [4].

Definition 1: Let with . Then every
set of at most nodes expands by a factor of if, for all sets

such that

We consider bipartite graphs and expansion of variable nodes
only.

Definition 2: A graph is a expander if it is a 
regular bipartite graph in which every subset of at most an 
fraction of the variable nodes expands by a factor of at least .

The following fact from [4] relates the expansion and error 
correction capability of an LDPC code with Tanner 
graph when decoded using the parallel bit flipping decoding 
algorithm.

Fact 1: [4, Theorem 11] Let be a
expander over variable nodes, for any . Then, the simple
parallel decoding algorithm will correct any
fraction of errors after iterations.

Notes:
1) The serial bit flipping algorithm can also correct

fraction of errors if is a expander.
2) The results hold for any left-regular code as expansion is

needed for variable nodes only.
From the above discussion, it is observed that finding the
number of variable nodes which are guaranteed to expand by a
factor of at least , gives a lower bound on the guaranteed
error correction capability of LDPC codes.

D. Decoding Failures and Trapping Sets

We now characterize the failures of the bit flipping decoders
using the notions of trapping sets [17], inducing sets and fixed
sets [21]. While we only use the notion of fixed sets throughout
the paper, we introduce other definitions for the sake of com-
pleteness of discussion. We adopt the the definitions of the
terms eventually correct variable nodes, trapping sets and
failure sets from [17]. When the channel and the decoder sat-
isfy certain symmetry conditions (see [22] for details), we can
assume, without loss of generality, that the all zero codeword
is transmitted. We make this assumption throughout the paper.
The support of a vector , denoted by

is defined as the set of all variable nodes for which
. Since the transmitted codeword is assumed to be the

all-zero-codeword, the support of the input to the decoder is
simply the set of variable nodes initially in error. A variable
node is said to be corrupt if it is different from its original sent
value. In our case, a variable node is corrupt if it is 1.

Let denote the input to the bit flipping decoder (serial or
parallel) and denote the codeword estimate of the decoder
at the end of th iteration. A variable node is said to be even-
tually correct if there exists a positive integer such that for
all with , . For an input , the failure set

is defined as the set of variable nodes that are not even-
tually correct. The decoding on the input is successful if and
only if . If , then we say that is a trap-
ping set and is an inducing set. The size of an inducing
set is its cardinality. It should be noted that a trapping set can
have multiple inducing sets associated with it. While the above
notions of inducing and trapping sets are fundamental in char-
acterizing the decoding failures, the definitions do not lead to
the formulation of necessary and sufficient conditions for a set
of variable nodes to be a trapping/inducing set for the parallel
bit flipping algorithm. We therefore define fixed sets, for which
such conditions can be derived.
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Fig. 1. (a) A bipartite graph �. (b) � : The reduced bipartite graph of �.

Definition 3: [21] Let be the set of corrupt variable nodes at
the beginning of a decoding iteration in the bit flipping (serial or
parallel) algorithm. is a fixed set if the set of corrupt variable
nodes at the end of the iteration is . A vector with

is called a fixed point.

It is clear from the above definition that if the input to the
decoder is a fixed point, then the output of the decoder is the
same fixed point. It follows that if is a fixed point and

, then is a trapping set as well as an inducing
set. A fixed set is always a trapping set, but a trapping set need
not be a fixed set. It is clear that if the Tanner graph of a code

has a fixed set of size , then the code cannot correct all error
patterns with up to errors. We use this fact to establish upper
bounds on guaranteed error correction capability.

III. COLUMN WEIGHT, GIRTH, AND EXPANSION

In this section, we prove our main theorem which relates the
column weight and girth of a code to its error correction capa-
bility. We show that the size of variable node sets which have the
required expansion is related to the well known Moore bound
[16, p. 180]. We start with a few definitions required to estab-
lish the main theorem. In this section, denotes a node (a vari-
able node in case of bipartite graphs), denotes an even degree
check node in a bipartite graph and denotes an odd degree
check node in a bipartite graph.

A. Definitions

Definition 4: The reduced graph of a
bipartite graph is a graph with vertex set
and edge set given by

c is a leaf node

In other words, the reduced graph of a bipartite graph is ob-
tained by removing all leaf check nodes from the graph. Fig. 1(a)
shows a bipartite graph and Fig. 1(b) shows the corresponding
reduced graph. From the definition it follows that

(1)

(2)

Lemma 1: with equality
.

Proof: See Appendix A.

Fig. 2. (a) A bipartite graph �. (b) � : The � � � augmented graph of �.

Fig. 3. (a) A graph �. (b) � : The edge-vertex incidence graph of �.

Definition 5: Let be a bipartite graph such
that . The augmented graph of is a
bipartite graph with vertex set and
edge set given by

where and

where and

In other words, the augmented graph of a bipartite graph
is obtained by adding leaf check nodes such that every variable
node in the resulting graph has degree . This is illustrated in
Fig. 2.

Definition 6: [4, Definition 4] The edge-vertex incidence
graph of a graph is the
bipartite graph with vertex set and edge set

is an endpoint of

It can be seen that the edge-vertex incidence graph of a graph
can be interpreted as follows: consider each edge in the original
graph to be associated with a check node in the edge-vertex inci-
dence graph. The neighbors of this check node are the endpoints
of the corresponding edge in the original graph. Fig. 3 depicts
a graph and its corresponding edge-vertex incidence graph. The
following facts follow from the above definition.

Facts:
1) The edge-vertex incidence graph is right-regular with de-

gree two.
2) .
3) .



Fig. 4. (a) A bipartite graph �. (b) � when � is chosen as the root node
for the check �. (c) � when � is chosen as the root node for the check �.

Definition 7: An inverse edge-vertex incidence graph
of a bipartite graph is a graph with

vertex set and edge set which is obtained from the re-
duced graph of the bipartite graph as
follows. For every , label one node as a root
node. Then

is a root node, for some

The check nodes in are removed along with their unique
edge. Fig. 4 shows a bipartite graph and two possible inverse
edge-vertex incidence graphs. We characterize the important
properties of the inverse edge-vertex incidence graph in the fol-
lowing lemma.

Lemma 2:
i) Given a graph, the inverse edge-vertex incidence graph

may not be unique.
ii) .

iii) .
iv) with equality .

Proof: See Appendix B

Notes:
1) The term inverse edge-vertex incidence is used for the fol-

lowing reason. Suppose all checks in have degree two.
Then the edge-vertex incidence graph of is .

2) All the statements of Lemma 2 hold even if the graph
has multiple connections between its nodes.

B. The Moore Bound and Expansion

We now establish a lower bound on the size of variable node
sets that expand by a factor of at least in a -left-regular
Tanner graph. We begin with a lemma which gives a bound on
the number of nodes in a graph with average degree and girth

. From the definition of the average degree of a graph, it follows
that

(3)

Lemma 3: [23] The number of nodes in a graph of
girth and average degree at least satisfies

where

odd

even

Note that for -regular graphs, is an integer and the above
bound is known as the Moore bound [16, p.180]

Lemma 4: Let be a -left-regular
bipartite graph with . Then for all ,
any set of variable nodes in expands by a factor of at least

.
Proof: Let denote the subgraph

induced by a set of variable nodes . Since is -left-
regular, . Let be the reduced
graph of . From (1) and (2), we have

(4)

Since , we have

(5)

We need to prove that .

We begin with the following lemmas.

Lemma 5: Let denote the maximum number of edges
in an arbitrary graph of order and girth . Then, for all

Proof: Since , by Lemma 3, for all
, the average degree of a graph with nodes and

girth is less than . By (3), we have

Lemma 6: The number of edges in , the reduced graph of
, cannot exceed i.e.,

(6)

Proof: The proof is by contradiction. Assume that
. Consider , an inverse edge vertex

incidence graph of . From Lemma 2 (iv), we have

This is a contradiction as is a graph of order and girth at
least and therefore, .

Lemma 7: For some integer , let

(7)
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Then,

Proof: Substituting (7) in (5), we have

(8)

Now, by Lemma 2 (iii), we have

(9)

But we have

(10)

Substituting (10) and (7) into (9), we get

(11)

Substituting (11) and (8) in (4), we get

The lemma now follows as

and therefore

Remark: The reader would notice that in the proof of Lemma
4, we have implicitly assumed that the girth of the subgraph
is . However, in general we have the girth .
This does not affect the statement of Lemma 4, as the entire
proof can be rewritten in terms of leading to the conclusion
that for all , any set of variable nodes in
expand by a factor of at least . Since , we have

and therefore Lemma 4 holds for all
2.

We now state our main theorem.

Theorem 1: Let be an LDPC code with -left-regular
Tanner graph with and girth . Then the
bit flipping algorithm (serial or parallel) can correct any error
pattern of weight less than .

2We would like to thank the reviewer for pointing out this subtlety in the proof

Proof: The Theorem is now a consequence of Lemma 4
and Fact 1.

IV. CAGE GRAPHS AND TRAPPING SETS

In this section, we first give necessary and sufficient condi-
tions for a given set of variables to be a fixed set. We then pro-
ceed to define a class of interesting graphs known as cage graphs
[24], [25] and establish a relation between cage graphs and fixed
sets. We then give an upper bound on the error correction capa-
bility based on the orders of cage graphs. The proofs in this sec-
tion are along the same lines as in Section III. Hence, we only
give a sketch of the proofs.

Theorem 2: Let be an LDPC code with -left-regular
Tanner graph . Let be a set of variable nodes with induced
subgraph . Let the checks in be partitioned into two dis-
joint subsets; consisting of checks with odd degree and
consisting of checks with even degree. Then is a fixed set
for the bit flipping algorithm (serial or parallel) : (a) Every
variable node in has at least neighbors in , and (b)
No checks of share a neighbor outside .

Proof: We first show that the conditions stated are suffi-
cient. Let be the set of corrupt variable nodes at the begin-
ning of an iteration. The only unsatisfied constraints are in .
By the conditions of the theorem, we observe that no variable
node is involved in more unsatisfied constraints than satisfied
constraints. Hence, no variable node is flipped and by definition

is a fixed set.
To see that the conditions are necessary, observe that for

to be a fixed set, no variable node should be involved in more
unsatisfied constraints than satisfied constraints.

Remark: Theorem 2 is a consequence of Fact 3 from [17].
To determine whether a given set of variables is a fixed set, it
is necessary to not only know the induced subgraph but also
the neighbors of the odd degree checks. However, in order to
establish general bounds on the sizes of fixed sets given only
the column weight and the girth, we consider only condition a)
of Theorem 2 which is a necessary condition. A set of variable
nodes satisfying condition a) is known as a potential fixed set. It
is worth noting that a potential fixed set can always be extended
to a fixed set by successively adding a variable node till condi-
tion b) is satisfied.

We now use the understanding of the notion of potential fixed
set to establish upper bounds on the guaranteed error correction
capability. Suppose there exits a -left-regular graph of girth

with variable node set that satisfies the condition a) of
Theorem 2. Then, it is possible for a code with -left-regular
Tanner graph of girth to contain a fixed set of size . In
other words, there exists at least one code with a -left-regular
Tanner graph of girth that contains a fixed set of size . The
bit flipping decoder for this code is not guaranteed to correct all
error patterns with up to errors.

We now define a class of graphs known as cage graphs and
show how potential fixed sets can be constructed from the cage
graphs.



Fig. 5. (a) The ��� �� cage graph, also known as the Peterson graph. (b) A
potential fixed set of size �� for a code with Tanner graph of column weight
� � � and girth �� � ��.

Definition 8: [24] A -cage graph, , is a -reg-
ular graph with girth having the minimum possible number of
nodes.

A lower bound, , on the number of nodes in
a -cage graph is given by the Moore bound.

Lemma 8: The set of variable nodes in the augmented graph
of the edge-vertex incidence graph of a cage graph
is a potential fixed set for a -left-regular Tanner graph of girth

.
Proof: For the sake of simplicity of notation let

denote a cage graph, denote
the edge-vertex incidence graph of and denote the
augmented graph of . Since is a cage graph, we have

. First, observe that is a -left-reg-
ular bipartite graph with variable node set and girth and
each check node in has degree two. It then follows that the
bipartite graph is a left-regular graph with variable node
set and girth . Furthermore, every variable node in has

even degree check node neighbors (in the graph ).
Hence, by Theorem 2, is a potential fixed set.

Fig. 5 shows how a potential fixed set can be obtained from
a cage graph. The cage graph depicted in Fig. 5(a) is the
cage graph (it is the unique cage graph), also known as the
Peterson graph. Fig. 5(b) shows a potential fixed set for a code
with Tanner graph of column weight five and girth ten.

Theorem 3: There exists an LDPC code with -left-regular
Tanner graph with and girth for which the bit flipping
algorithm (serial or parallel) fails to correct errors.

Remarks:
1) In order to use the Moore bound in Lemma 4, we needed

or in other words . The discussion in
this section however require cage graphs of degree .
Since cage graphs exist for , we require .

2) For Tanner graphs with and and girth , the
corresponding cage graphs are simply cycles of length .
The -augmented graph of the edge-vertex incidence graph
of a simple cycle is a potential fixed set for and

. Since, a code with Tanner graph of girth always
has a cycle of length , it follows that there always exists
a potential fixed set of size . In fact, for a code with
or 4, and Tanner graph of girth greater than eight, a cycle

of the smallest length is always a fixed set (see [21] for the
proof).

V. DISCUSSION

The bounds derived in this paper are similar to the bounds
derived by Tanner [2] on the minimum distance and by Orlitsky
et al. [15] on the minimum stopping set size. In [2] and [15] it
has been shown that the minimum distance and the minimum
stopping set size also grow exponentially with the girth. The
bounds derived in this paper also indicate that the guaranteed
error correction capability for codes with column weight greater
than four grows exponentially with the girth of the Tanner graph.
For codes with -left-regular Tanner graphs, the guaranteed
error correction capability grows linearly with the girth. How-
ever, since the girth of the Tanner graph grows logarithmically
with the code length, all the results do not establish the ability to
correct a linear number of errors. While such bounds are not the
best possible theoretical bounds, they are important as they do
not rely on random graph arguments or ensemble analysis. The
bounds depend on two parameters namely, the column weight
and the girth of the Tanner graph and both the parameters can be
determined for a given code with complexity in the code length.

Table I provides the lower and upper bounds on the error cor-
rection capability for a range of values of and girth . From
the table, one observes that the lower bounds derived appear
to be very weak (especially for higher values of and ) and
that the LDPC codes, in practice, correct more errors than the
provided bounds. This can be attributed to the fact that an ex-
pansion factor of is a sufficient condition for error cor-
rection and not necessary. In fact, careful analysis of specific
cases might lead to better bounds. Also, the presence of very few
harmful subgraphs can affect the expansion of a graph. In fact,
in some cases the lower bounds derived in this paper can be tight
(this point is elucidated in Example 1). The Tanner graphs con-
structed in practice, in general, do not contain such graphs and
achieve sufficient expansion over larger sets of variable nodes.
Avoiding a few extremal graphs can increase the size of vari-
able node sets that have an expansion factor of at least .
Extremal graphs avoiding three, four and five cycles have been
studied in great detail (see [26], [27]) and these results can be
used to derive tighter bounds when the girth is eight, 10, or 12.

The upper bounds presented should be interpreted with cau-
tion. We have shown that for a -left-regular Tanner graph of
girth , a potential fixed set with variable nodes
can be constructed from a cage graph. This how-
ever does not imply that every -left-regular Tanner graph has
a fixed set of size . It only means that it is possible
for a given -left-regular Tanner graph of girth to contain a
fixed set of size . We also do not claim that it is
the smallest possible potential fixed set. However, we point out
the following facts. The order of a cage graph
satisfies . For the values of and

which meet the lower bound, is in fact a lower
bound on the size of the smallest possible potential fixed set.
The discussion of these bounds is beyond the scope of the cur-
rent work.

We also see that there is a considerable gap between the upper
and lower bound. The reason for this gap is that, if the size of
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TABLE I
LOWER AND UPPER BOUNDS ON THE GUARANTEED ERROR CORRECTION

CAPABILITY OF �-LEFT-REGULAR LDPC CODES

the smallest fixed set is , it does not imply the correction of all
error patterns with up to errors. We illustrate this point
with an example.

Example 1: Consider the potential fixed set of a 5-left-reg-
ular Tanner graph of girth 8 shown in Fig. 6(a). The subgraph
shown is the 5 augmented graph of the edge-vertex incidence
graph of cage. Assume that no three check nodes in the
subgraph share a variable node neighbor outside the subgraph.
Now assume that the variable nodes , and are initially
in error and all other variable nodes are correct. Observe that

, and are connected to all unsatisfied checks, whereas
the variable nodes , and are connected to three unsat-
isfied checks each. By the rules of the parallel bit flipping al-
gorithm, it can be seen that the variable nodes , , , ,

and are flipped and no other variable node is flipped. At
the end of first iteration , and are in error. After the
first round of decoding, we see that , and are con-
nected to five unsatisfied checks and , and are con-
nected to three unsatisfied checks and hence, , , , ,

and are flipped. So, at the end of any iteration, either
, and are in error or , and are in error. In this

case, the parallel bit flipping algorithm cannot correct three er-
rors. According to the terminology, we note that ,

are inducing sets and is a
trapping set. It is also worth noting that if all the variable nodes
in are initially in error, then the set of
variable nodes in error does not change as iterations progress
and by Definition 3, is a fixed set.

This example also shows that the lower bound for and
, reported in Table I is tight. The exact relation between

the size of the smallest fixed set and error correction capability
still remains an open problem.

Table I also list the values of . It can be seen that all
set of variable nodes of size less than expand by a factor
of at least and hence provides a lower bound on the
minimum distance as well as the minimum stopping set size. It
is interesting to note that at high values of and , the size of
a potential fixed set is much less than .

Fig. 6. Illustration of oscillations in the bit flipping decoder. In this figure, a
light-gray � represents a correct variable node, a dark-gray � represents a cor-
rupt variable node, a dark-gray represents an unsatisfied check node and a
light-gray represents a satisfied check node. (a) The set of corrupt variables
�� � � � � � at the beginning of the first iteration. The check node neighbors of
� � � and � are all unsatisfied. (b) The set of corrupt variables �� � � � � � at
the beginning of the second iteration.

VI. GENERALIZED LDPC CODES

In this section, we first consider the parallel bit flipping de-
coding algorithm for regular GLDPC codes. We then establish a
relation between expansion and error correction capability. We
also establish a lower bound on the number of variable nodes
that have the required expansion. We then exhibit a fixed set
and as a consequence show that the bound on the required ex-
pansion cannot be improved when is even. We also establish
bounds on the size of trapping sets.

GLDPC codes are also a class of codes defined on bipartite
graphs. In GLDPC codes, the neighboring variable nodes at each
check node are constrained to be a codeword from some block
code (known as the component code). While a large class of
codes can be defined in such a manner, we restrict our attention
to codes that are defined by left-regular Tanner graphs and the
component code is the same for all the check nodes. Such codes
are generally referred to as Tanner codes or regular GLDPC
codes [2]. We state the formal definition of GLDPC codes by
adopting the terminology from expander codes [4].

Definition 9: [4, Definition 6]: Let be a regular bipar-
tite graph between variable nodes and
check nodes . Let be a function de-
signed so that, for each check node , the variables neighboring

are . Let be an error correcting
code of block length . The GLDPC code is the code of
block length whose codewords are the words



such that, for , is a codeword
of .

The terms column weight, row weight, check nodes, vari-
able nodes and trapping sets mean the same as in case of LDPC
codes.

A. Decoding Algorithms

Tanner [2] proposed different hard decision decoding algo-
rithms to decode GLDPC codes. We now describe an iterative
algorithm known as parallel bit flipping algorithm originally de-
scribed in [2], which is employed when the component-code is
of minimum distance at least and capable of cor-
recting errors.

Parallel bit flipping algorithm: Each decoding round consists
of the following steps.

• A variable node sends its current estimate to check nodes.
• A check node performs bounded distance decoding on the

incoming messages. If a codeword is found, then for all
variable nodes which differ the codeword, the check node
sends a flip message. If no codeword is found, then the
check node does not send any flip messages.

• A variable node flips if it receives more than flip
messages.

Remarks: Since bounded distance decoding is performed at
each check node, if a codeword is found then there can be at
most variable nodes which differ from the codeword. Hence,
the maximum number of flip messages a check node can send
in one iteration is . Also, note that if is even then a variable
node that receives flip messages is not flipped.

The set of variable nodes which differ from their correct value
are known as corrupt variables. The rest of the variable nodes
are referred to as correct variables. Following the algorithms,
we have the following definition adopted from [4]:

Definition 10: A check node is said to be confused if it sends
flip messages to correct variable nodes, or if it does not send flip
message to corrupt variable nodes, or both. Otherwise, a check
node is said to be helpful.

Remarks:
1) For the parallel bit flipping decoding algorithm, a check

node with sub-code of minimum distance at least
can be confused only if it is connected to more than

corrupt variable nodes.
2) The parallel bit flipping algorithm is different from the al-

gorithm presented by Sipser and Spielman in [4] for ex-
pander codes, but is similar to the algorithm proposed by
Zemor in [9]. However, we note that the codes considered
in [9] are based on -regular bipartite graphs and are a spe-
cial case of doubly generalized LDPC codes [28], where
each variable node is also associated with an error cor-
recting code.

3) Apart from helpful checks and confused checks, Sipser and
Spielman defined unhelpful checks. However, our defini-
tion of confused checks includes unhelpful checks as well.

4) Miladinovic and Fossorier in [12] considered a decoding
algorithm where the decoding at every check either re-
sults in correct decoding or a failure but not miscorrection.
While this assumption is reasonable when the sub-code is
a long code, it is not true in general. We however, point out
that the methodology we adopt can be applied to this case
as well.

5) The work by Sipser and Spielman [4], Zemor [9], Barg and
Zemor [10] and Janwa and Lal [11] focused on asymp-
totic results and explicit construction of expander codes.
The proofs and constructions are based on spectral gap and
as noted earlier, such methods cannot guarantee expansion
factor of more than 1/2. Our proofs require a greater ex-
pansion factor.

B. Expansion and Error Correction Capability

We now prove that the above described algorithm can correct
a fraction of errors if the underlying Tanner graph is a good
expander.

Theorem 4: Let be a regular GLDPC code with a
-left-regular Tanner graph and -error correcting compo-

nent-code . Let be a expander where

Then the parallel bit flipping decoding algorithm will correct
any fraction of errors.

Proof: Let be the number of variable nodes in . Let be
the set of corrupt variables at the beginning of a decoding round.
Assume that . We will show that after the decoding
round, the number of corrupt variables is strictly less than .

Let be the set of corrupt variables that fail to flip in one
decoding round, and let be the set of variables that were orig-
inally uncorrupt, but which become corrupt after one decoding
round. After one decoding round, the set of corrupt variables is

. In the worst case scenario, a confused check sends
flip messages to the uncorrupt variables and no flip message to
the corrupt variables. We now have the following lemma.

Lemma 9: Let be the set of confused checks, then

(12)

Proof: The total number of edges connected to the corrupt
variables is . Each confused check must have at least
neighbors in . Let be the set of helpful checks that have at
least one neighbor in . Then,

(13)

By expansion,

(14)

By (13) and (14), we obtain
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We now prove that . The proof is by contra-
diction. Assume that . Then there exists a subset

such that . We observe that a variable
node in can have at most neighbors that are not in .
Also, a variable node in must have at least neigh-
bors in , and hence can have at most neighbors
that are not in . Let be the set of neighbors of

. Then

(15)

Substituting (12) into (15), we obtain

Now

which is a contradiction, as and therefore
(by the expansion property in hypoth-

esis).

Remark: The above theorem proves that the parallel bit flip-
ping algorithm can correct a fraction of errors in linear number
of rounds (in code length). However, if we assume an expansion
of , it can be shown that the number of errors decreases
by a constant factor with every iteration resulting in convergence
in logarithmic number of rounds.

The following lemma establishes a lower bound on the
number of nodes in a left-regular graph which expand by a
factor required by the above algorithm.

Lemma 10: Let be a -left-regular bipartite graph with
. Then for all , any set of

variable nodes in expands by a factor of at least , where

Proof: The proof is similar to the proof of Lemma 4. Fol-
lowing the notation from Lemma 4, we note that for all

,

Since , we have

Note that the above theorem holds when .

TABLE II
LOWER BOUNDS ON THE GUARANTEED ERROR CORRECTION CAPABILITY OF

�-LEFT-REGULAR, RIGHT-UNIFORM GLDPC CODES

Theorem 5: Let be a regular GLDPC code with a
-left-regular Tanner graph and -error correcting compo-

nent-code . Let . Then the parallel bit flipping
algorithm can correct any error pattern of weight less than

.

Table II provides lower bounds on the guaranteed error cor-
rection capability of GLDPC codes as a function of the column
weight, girth and the error correction capability of the compo-
nent code.

C. Fixed Sets of GLDPC Codes

We now exhibit a fixed set for the parallel bit flipping algo-
rithm. By examining the expansion of the fixed set, we show
that the bound given in Theorem 4 cannot be improved when
is even.

Theorem 6: Let be a regular GLDPC code with a
-left-regular Tanner graph and -error correcting compo-

nent-code . Let be a set consisting of variable nodes with
induced subgraph with the following properties: (a) The de-
gree of each check in is either 1 or ; (b) Each variable node
in is connected to checks of degree and
checks of degree 1; and (c) No checks of degree
share a variable node outside . Then, is a fixed set.

Proof: Observe that all the checks of degree in
are confused. Further, each confused check does not send flip
messages to variable nodes in . Since any variable node in is
connected to confused checks, it remains corrupt. Also,
no variable node outside can receive more than flip
messages. Hence, no variable node which is originally correct
can get corrupted. By definition, is a fixed set.

It can be seen that the total number of checks in is equal to
. Hence, the set of variable nodes



Fig. 7. Illustration of a fixed set for a GLDPC code with a Tanner graph of
regular left degree 5 and a single error correcting component code. In this figure,
a dark-gray � represents a corrupt variable node, a light-gray represents a
helpful check node and a dark-gray represents a confused check node.

expands by a factor of when is even.
Hence, the bound given in Theorem 4 cannot be improved in
this case.

A set of variable nodes is a potential fixed set for a left-reg-
ular, right-uniform GLDPC code if the subgraph induced by the
set of variable nodes is such that every variable node is con-
nected to at least check nodes of degree at least . Let

denote a regular bipartite graph of girth
with the least number of variable nodes and let

denote this least number. By using arguments similar to the ones
in Section IV, we can see that it is possible to construct a po-
tential fixed set for a GLDPC code with left-regular Tanner
graph of girth and error correcting component code from

. Fig. 7 shows a fixed set for and
and constructed from . The above ob-

servations lead to the following theorem.

Theorem 7: There exists a GLDPC code with a -left-regular
Tanner graph of girth and error correcting compo-
nent code for which the parallel bit flipping algorithm fails to
correct errors.

VII. CONCLUDING REMARKS

We derived lower bounds on the guaranteed error correc-
tion capability of left-regular LDPC codes and regular GLDPC
codes by finding bounds on the number of nodes that have the
required expansion. The bounds depend on two important code
parameters namely: column weight and girth and in the case
of regular GLDPC codes on the error correction capability of
the component code. The results can be extended to message
passing algorithms as well. Our approach can be used to derive
bounds on the guaranteed erasure recovery capability for iter-
ative decoding on the BEC by finding the number of variable
nodes which expand by a factor of . In [15], the bounds on
the guaranteed erasure recovery capability were derived based
on the size of the smallest stopping set. Both approaches give
the same bounds, which also coincide with the bounds given by
Tanner [2] for the minimum distance. Results similar to the ones

reported by Miladinovic and Fossorier [12] based on the size of 
generalized stopping sets can also be derived.

APPENDIX

A. Proof of Lemma 1

Proof: Since is a bipartite graph,

Observe that , hence

with equality .

B. Proof of Lemma 2

Proof:
i) For a check node , different choices of

may results in different inverse edge-vertex inci-
dence graph as, for example, in Fig. 4.

ii) The proof is by contradiction. Assume that
. Let the set of variable nodes

form the shortest length cycle, in .
From the definition of , it can be seen that there exist
check nodes not necessarily distinct, such
that there exists a path in . This
implies that contains a cycle of length less than or equal
to , which is a contradiction.

iii) Consider and let
. It

can be seen that since for any choice
of the root node , there are choices
of such that and . Therefore

On the other hand,

Therefore .
iv) This is a consequence of iii) and Lemma 1.
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