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Abstract 

Decisions about the permitting of new groundwater extractions often depend on the 

perceived impact of those withdrawals on groundwater levels in wells and flow in nearby 

streams. Owing to subsurface abnormalities and varying hydraulic flow conditions that can occur 

in the subsurface, there is much uncertainty when assessing possible impacts. Using an ensemble 

modeling approach can better inform these decisions, which quantifies both the most likely 

outcome, and the associated uncertainty given, limits on subsurface hydrogeologic information. 

The ensemble approach encompasses the uncertainty that is possible in the domain by varying 

parameters in the model. Each model in the ensemble is weighted to a degree that reduces the 

uncertainty of future predictions, thereby improving decision making. Groundwater levels in 

wells are one of the most common hydrologic measurements, but it can be prohibitively 

expensive to drill wells to add new observation points to inform decision making. Time-lapse 

gravity measurements provide a proxy method to gain insight into the subsurface hydrologic 

conditions. While gravity measurements are less direct than groundwater levels, it can be 

considerably less expensive to add monitoring points. In this study, an ensemble of models is 

developed for a synthetic catchment. Forecasts of drawdown in one well due to the addition of 

another well are the prediction of interest (POI). This POI is then converted to a utility value to 

maximize the satisfaction for decision making. The accuracy and uncertainty of the forecasts are 

calculated with and without added observations (water levels and gravity). This is investigated 

for the addition of another well at three different locations. The result is a panel of maps of the 

basin showing the relative expected value of an added observation at each location for improving 

the satisfaction of decision-makers. This panel can be used to choose among monitoring well or 

gravity measurement locations before data are collected, dependent on the location of the 

additional well. The same approach can be extended to consider multiple measurements of 

different types. 
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1. Introduction 

1.1 Model/Data Description 

In this study, the projected value of additional data is investigated.  The analyses are 

completed using a synthetic watershed.  The hydrologic setting of the watershed (Figure 1) 

represents a typical closed basin.  Precipitation occurs in the high elevation region.  ET occurs in 

the low elevations and is concentrated along a stream corridor that runs through the center of the 

watershed.  The outflow boundary is represented as constant head.  All other boundaries are no 

flow. The subsurface and topography have some structure, forming a bowl that pinches out at the 

high elevation end.  There are three subsurface layers.  The top and bottom layers are isotropic 

and have the same properties.  The middle layer can be anisotropic and is laterally discontinuous; 

it has different hydraulic properties than the other layers. Streamflow is generated by 

groundwater discharge if and where conditions support it; but, depending upon the boundary 

conditions and parameter values, there may be no flow in the stream. 

The model domain is represented by a 50 by 50 horizontal grid; each grid cell is 1000 

meters on a side. The porosity and specific yield of the model cells are assumed to be 0.1.  The 

following parameters are varied to generate an ensemble of models: the baseline K value of all 

layers (K_T) ; the ratio of K in the vertical direction(K_z)  to K_T of the middle layer; the 

recharge rate occurring in the mountains; the evapotranspiration rate in the valley (ET_V); the 

ratio of the ET in the riparian area (ET_R) compared to ET_V; and lastly, the ratio of the K of 

the streambed (K_S) to the K_T.  The ratio of K in the horizontal direction(K_y/K_x) is fixed at 

1.  Ranges and units of these parameters are reported in Table 1. 

 

Figure 3- Structure of model schematic (The red dot is the 1st location; the yellow dot represents the 2nd alternative Ag well and 
the green dot represents the 3rd  Ag well location) Modified from Chloe Fandel. 
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 Using this model, the impacts of a proposed agricultural well on an existing Town well 
are examined.  The location and pumping rate of the ‘Town’ well are fixed.  Different locations 
of the ‘Ag’ well are considered (Figure 1).  Three steady state stress periods are considered: an 
initial condition with neither well pumping (NTNA: No Town, No Ag); a period with only the 
Town well pumping at 1500 m3/day (YTNA: Yes Town, No Ag); and a period with added 
pumping from the Ag well at 4500 m3/day (YTYA: Yes Town, Yes Ag). A large ensemble of 
models is formed by randomly selecting the value of each variable parameter from among five 
values covering their defined ranges. 

Table 2-Hydrologic model parameter values and units. 

Parameters 

Varied Low Ranges High Units 

K_T 5 10 25 20 100 m/day 

K_z/K_T middle 1.0E-06 1.0E-04 1.0E-02 1.0E-01 1.0E+00 - 

Recharge Rate 1.0E-05 2.0E-05 3.0E-05 4.0E-05 5.0E-05 m/day 

ET_V rate 1.0E-06 5.0E-06 1.0E-05 5.0E-05 1.0E-04 m/day 

ET_R/ET_V 1.0E+00 1.5E+00 2.0E+00 2.5E+00 3.0E+00 - 

K_S/K_T 1.0E-02 5.0E-02 1.0E-01 5.0E-01 1.0E+00 - � = ������	
� ������
�
��, �� = ����������
���
� 

 Each MODFLOW model is run for each of the three steady state stress periods 
representing the past (pre-development), current (to the current time), and future (including the 
proposed well).  A three-part method is used to determine if a model is behavioral, all using the 
second stress period results representing the current conditions in the watershed. The first test 
that a model requires is that the maximum streamflow along the stream is less than 2000 m3/day 
in column 35 of the model. It is reasoned that flow greater than this limit is far higher than the 
easily observed ‘normal’ flow in the river.  The second test requires that the maximum 
streamflow in column 35 is greater than 10 m3/day. Again, it is assumed that flow lower than this 
threshold does not agree with casual observation of the streamflow conditions.  Finally, the 
model must have a minimum groundwater depth over the first layer that is less than 3 meters. 
This criterion must be met to support ensure the survival of the riparian habitat along the stream. 
These criteria represent simple ‘reality checks’ for the models.  There is an additional, similar 
requirement that the addition of the Ag well does not cause an increase in the groundwater level 
throughout the model.  This criterion represents a simple mass balance validity check that would 
be performed by a hydrogeologist.  If a model does not meet all these criteria, it is considered a 
nonbehavioral model and it is removed from the ensemble. Our analyses were based on an 
ensemble of 100 parameter sets, 19 of which resulted in nonbehavioral models, leaving an 
ensemble of 81 models when the proposed Ag well was located at the red dot (case 1); 11 
nonbehavioral for the case 2 Ag well, located at the yellow dot; and 17 nonbehavioral models for 
case 3, with the Ag well at the green dot. 

The same conceptual/structural model was used for all simulations, only the parameter 

values were changed.  For simplicity, we refer to the ensemble of sets of parameter values as the 

model ensemble and each set of parameter values as a model.  Each model can be used to predict 

the impact of a proposed Ag well on the Town well.  For this study, we assume that the actual 

conditions in the watershed are bounded by the model ensemble.  Therefore, the range of 
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possible impacts of a proposed well is defined by the range of model-predicted impacts.  The 

specific questions addressed in this study are: 

1. If only one observation location can be added, which location is best able to 

constrain the model ensemble to define the true impact of a proposed Ag well?  

This is assessed based on the importance of the prediction error as interpreted 

through a stakeholder’s utility function. 

2. How do water levels, collected in an observation well, compare to gravity 

measurements collected at the ground surface for constraining the predicted 

impacts of Ag well pumping? 

Previous research related to this topic has shown that hydrological models provided 

powerful technical support to decision-makers struggling to manage aquifer recharge to support 

baseflows in a river [Lacher 2014]. This was done by creating predictive simulations, including 

maps stream flow capture due to pumping and of stream flow restoration due to managed aquifer 

recharge [Lacher 2014]. Pool demonstrated that water-level change might not be a reliable 

indicator of aquifer-storage change for alluvial aquifer systems and gravity measurement can be 

beneficial depending on subsurface characteristics. Gravimeter data as a calibration constraint 

has been proven to improve the model results substantially in terms of predictive capability and 

variation due to its capacity to integrate over different storage components and a larger area 

[Creutzfeldt 2010]. The response at the 1 µGal level can extend hundreds of meters away from 

the pumping well [Damiate 2006]. Christiansen et al demonstrated that time‐lapse gravity data 

can be combined with hydraulic head data in a coupled hydrogeophysical inversion to decrease 

parameter correlation in groundwater models [Christiansen 2011]. K and Sy fields estimated by 

joint inversion of the gravity and head data set from sequential injection tests in unconfined 

aquifers were shown to be superior to those from the hydraulic tomography based on head data 

alone [Tsai 2017]. 

2. Gravity Impact From A Change In Water Level In A Cell In A Hydrologic Model 

The simulated water level that would be measured at a location is represented by the head 

in the shallowest layer in a model cell at each of the three steady state conditions.  In this study, 

we do not consider measurement error associated with instrumentation, operator, or well 

installation.  The change in water level represents a change in storage in the subsurface.  In this 

section, the relationship between this storage change and the change in gravity at the ground 

surface is explained. 

2.1 Gravity Introduction 

The equation for gravitational attraction between two point masses is: 

� = �∗��∗����       (1) 

Where G equals the gravitational constant 6.67408 ∗ 10%&& '(
)*∗+,, , M1 and M2 are the 

masses, and r is the distance between the centers of mass of the two objects. When this is applied 

to gravity measuring devices placed on the land surface, the mass of the device can be 
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considered to be one/unity So, M1 is considered the mass of the all the material pulling against 

the measurement devices and M2 is the ignored mass of the device.  

Figure 2- Cartoon illustrating the radius and simplified model system. 

Time lapse-gravity observations can be related to changes in water storage based on a key 

assumption that most of the mass change is due to a change in the amount of water in storage. It 

should be noted that our analysis ignores changes in water content in the vadose zone. Gravity is 

sensitive to all storage changes between the land surface and the water table. This effect can be 

minimized by installing the gravimeter in a way that shallow subsurface water contents 

variations are reduced. This is typically done by surrounding the gravimeter with impervious 

area. But, for practical applications, this is a source of measurement error for gravity methods.  

With the assumptions given, the gravity measured at a point due to a change in water storage in a 

single subsurface model cell is: 

- = �∗����       (2) 

�� = �. = /. ∗ 0.      (3) 

0. = ∆2 ∗ 34 ∗ 56 − 89:;<�= ∗ >?     (4) 

>? = @A�A;BC4 AD ?<EBF? , 0. = 0AGF?< AD .:C<�, /. = H<I;BC4 AD .:C<� @ �K °   
where r is the distance from the point of measurement to the centroid of the volume within 

which water storage changed in a model cell (Figure 2).  Considering a measurement point 

located at X0, Y0, Z0 and a volume of aquifer that is water saturated centered at Xc, Yc, Zc, the 

length of the separation vector, r, is: 
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� = M5NA − NO=� + 5QA − QO=� + 58A − 8O=�
    (5) 

8R = 6S89:;<��       (6) 

Note that the vertical centroid for the rectangular grids used in our model is the midpoint 

between the water table elevation and the base of the cell (Equation 6).   

2.2 Gravity Cross Sections  

All mass exerts a force on the instrument and the resulting gravity vector is three 

dimensional. There are practical limits as to how densely gravity change can be mapped, making 

the designs of gravimeters focus on set limits. The design of most gravimeters results in only the 

vertical component of gravity being measured.  Specifically, gravimeters use the vertical 

extension of a sensitive spring, the vertical acceleration of a mass in a vacuum, or the force 

required to levitate a sphere within a magnetic field to infer the force of gravity [Kennedy 2018].  

Therefore, to represent the response of a gravimeter, the vertical component of gravity, gz, 

exerted at a measurement location by each cell in the model is calculated as:  

-T = M58A%8O=�� ∗ �∗���       (7) 

One advantage of gravity is that the forward model is much simpler than most other geophysical 

methods.  In particular, the total contribution of the water stored in the subsurface on the vertical 

gravity measured at a location, (i,j), is a simple sum of the contributions from each block of 

water (e.g. model cell).  Specifically, for each instrument location, the mass of the water stored 

in each cell (note that water levels only change in the top layer in our simulations), M(x,y), is 

combined with the distance between the instrument and the cell, r(x,y), and the cosine of the 

angle from the vertical, represented by the vertical distance divided by the total distance between 

the instrument and the cell.    

-T5B, U= = ∑ M58A5B,U=%8O52,4==��52,4= ∗ �∗�52,4=�52,4=�     (8) 

This calculation is repeated for each surface cell to create a map of the gravitational 

attraction as measured by a gravimeter at each location on the ground surface due to water stored 

in the shallowest layer.  To better understand the response of a gravimeter, consider the spatial 

sensitivity of the instrument.  To illustrate this, consider a 2D vertical slice.  Each cell has a unit 

thickness into the page and the volumetric water content is 0.1 cm3/cm3.  The natural log of the 

vertical gravity contribution from each cell (Figure 3) shows the pattern of gravimeter sensitivity. 

The sensitivity increases as a series of circular areas, all of which are tangent at the instrument.  

This shows the potential error that can be imparted by shallow water content changes, in the zone 

of very high instrument sensitivity.  It also shows that instrument sensitivity approaches a 

uniform value at depth.  But, more generally, it shows that the specific location of the instrument 

with respect to each cell must be considered to accurately represent a gravimeter response.  

While it is not apparent from this figure, it is also important to note that the gravimeter 

sensitivity does not depend on the distribution of mass.  That is, this spatial sensitivity is 
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universally applicable, regardless of the subsurface conditions.  This differs from most 

geophysical instruments, contributing to the relative simplicity of gravimeter forward modeling. 

 

Figure 3- Basic XZ gravity contribution map from point masses(m/s2). 

2.3 Gravity Response Of A Rectangular Prism

 

Figure 4-Rectangular prism schematic (Modified from Banerjee). 

The previous analysis, leading to Equations 3-8, is based on representing water stored in 

a cell based by a point mass at the center of each rectangular block. Given that the instrument 

sensitivity varies with location, it has been argued that this simplification could introduce error 

[Leirião 2009].  To examine this potential error, we compared the calculated response based on 

this simplification with an explicit calculation of the gravity response from a discrete rectangular 

prism. The gravitational attraction due to a rectangular prism with a uniform water content is 

[Banerjee 1977]: 

∆- = �∆/ ∑ ∑ ∑ WBUXY∆TX Z[\]Z^ _ ∆2B∗∆4U∆TX∗`BUXa − ∆2B ∗ bcde`BUX + ∆4Uf − ∆4U ∗�Xg��Ug��Bg� bcde`BUX + ∆2Bfh     (9) 



15 
 

∆ij = 5ij  −  ik=, ∆∆∆∆lm = 5lm  −  lk=, ∆∆∆∆no = 5no  −  nk=   (10) 

`BUX = p∆2B� + ∆4U� + ∆TX�     (11) 

WBUX = 5−�=B ∗ 5−�=U ∗ 5−�=X
     (12) 

Equations 9-12 are used to calculate the gravity contribution over the domain shown in Figure 3.  
The difference between the gravity calculated for a prism compared to that found by assuming a 
point mass at the centroid of a rectangular prism illustrates the error associated with this 
assumption (Figure 5). There are interesting patterns in the log error, which may be due to 
rounding errors or the location of gravimeters at the centers of surface cells. Based on the f2 
metric [Forsberg 1984], the calculations in this analysis must use the prism formula even though 
the errors in the vertical plane of unit thickness cells are close to zero. Leirião et al mention the 
use the MacMillan formula, but due to the size of each cell horizontal dimensions of each cell 
compared to the vertical, the prism formula must be used.  

 

Figure 5-Gravity differences between using a point mass compared to a rectangular prism.  

2.4 Advantages of Gravity Measurement 

Hydrogeology is characterized by a lack of data, often due to the high cost of installing 

monitoring wells.  This limitation has been a major reason that geophysical methods have 

become an increasingly common element of hydrologic investigations.  These indirect methods 

usually offer greater spatial coverage with lower cost, with the limitation that the measurements 

must be interpreted to relate them to hydrogeologically meaningful information.  Practically, 
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gravimeters have the advantage of not requiring any permitting, unlike a monitoring well 

[Kennedy 2016]. 

The cost and reliability of gravimeters depends on which of the three main types of 

gravimeters is used for the study. Relative gravity meters, the least expensive of the three types, 

are portable point source gravity measurement instruments. These cost approximately $100,000 

and weigh around 12 pounds for modern instruments. One advantage of relative meters is that 

their small size makes it very easy to carry them to remote places. One limitation of relative 

meters is their sensitivity to noise: even wind can make it almost impossible to get reliable data. 

Relative meters are also subject to drift (temporal changes in the instrument response 

characteristics), which requires that base stations be reoccupied frequently to improve 

measurement accuracy. Present day relative gravity meters have resolutions of approximately 1 

µGal (1*10-8 m/s2) [Blainey 2007]. 

Absolute gravity meters measure the acceleration of a mass falling in a vacuum, using a 

laser interferometer to measure distance and an atomic oscillator to measure time [Kennedy 

2018]. They cost around $400,000 and are semi-mobile, meaning that they can be transported by 

car. These instruments need a larger power source, which is why they are not as mobile as the 

relative gravity meters, but they do provide a direct measurement of the force of gravity at that 

location. These instruments are not susceptible to drift; however, it is still necessary to correct 

for tidal influences and other factors. Absolute gravity meters have resolutions between 0.01 and 

0.1 µGal [Blainey 2007]. 

Superconducting gravity meters are fixed in place because they require AC power. 

Superconducting gravity meters are extremely accurate, measuring with parts-per-billion 

accuracy, and they show very low drift over many years [Goodkind 1999]. Because these 

instruments are essentially immobile, they cannot provide extensive spatial coverage.  

Superconducting gravimeters also cost approximately $400,000. This makes them more 

expensive than a typical monitoring well. But, superconducting meters can be moved to another 

location, meaning that the capital cost is not lost if the measurement location proves to be 

uninformative. Due to known drifts in superconductor gravity measurement, the resolution of 

these measurements is still between 0.01 and 0.1 µGal [Camp 2005]. 

For this study, the gravity response, like the water level, is considered without any added 

measurement error. To extend this to a specific gravimeter type, an appropriate level of error 

should be added.   

3. Methods 

 The objective of this research is to propose the optimal location of a measurement to 

improve our prediction of the impact of an added Ag well.  The measurements considered are 

either drawdown or gravity change at some location in the domain. Specifically, we consider that 

measurements are made before and after the installation of the Town well (between NTNA and 

YTNA).  The goal is to use these past-to-current changes to identify the best place to make 

observations to constrain current-to-future forecasts.   
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3.1 Utility 

The goal of this study is to identify an added observation that will be most valuable for a 

stakeholder.  This requires that the stakeholder identify a hydrologic impact and that they place a 

value on the forecast.  For this study, the impact of the Ag well is defined as the difference 

between the steady state head values (drawdown) at the Town well between the second and third 

steady state conditions (before and after addition of the Ag well). Note that the Town well is 

actively pumping during both of these periods. Therefore, the forecast of interest is the additional 

drawdown at the Town well caused by pumping in the Ag well.   

From a hydrologic perspective, the value of an observation can be defined based on the 

magnitude of the predicted additional drawdown at the Town well.  This thesis describes an 

ensemble approach to define the value of information of proposed observations based on this 

criterion.  But, the ultimate goal of the work is to provide an approach to identify the value of 

observations to stakeholders.  This requires that the forecasted drawdown be converted to a 

stakeholder value, or preference.  This is achieved through the definition of a utility function.  

The use of a utility measure reflects the idea that a stakeholder’s perceived importance of a 

prediction may depend nonlinearly on the prediction.  For example, the Town may not be 

concerned about drawdowns that are projected to be less than one meter.  However, a drawdown 

of ten meters may indicate that the Town would have to drill a new supply well, representing a 

significant cost.  To represent the concept of a utility function as a rationale that is used to 

summarize the preferences of a stakeholder [Chakrabarti 2010], we propose a very simple 

dependence of utility on the prediction of interest (POI), which is the additional drawdown at the 

Town well due to pumping in the Ag well: 

qCBGBC4 = �r%@st�r      (13) 

Specifically, the POI is the drawdown between the two steady state conditions that 

represent the effects of pumping in the Ag well (YTNA and YTYA).  The utility value is 

normalized to range between 1 and 0 for additional drawdown values of 0 and 10 meters (No 

simulations resulted in drawdowns greater than 10 meters). Using this utility function, higher 

predictions of drawdown will have a lower utility for the Town and the models with the lowest 

predicted additional drawdown will have the largest utility for the Town.  

Utility, as defined by Equation 13, is a continuous function of the POI.  For clarity, many 

of the visualizations used to interpret the results in this study are based on dividing the model 

ensemble into models of concern (MOCs) and all other models.  Models of concern are those 

that lead to a stakeholder utility below some user-defined threshold.  The specific definition of an 

MOC is explained later, in Section 3.4.  The definition of an MOC depends on the additional 

drawdown due to pumping. To avoid repeating figures, MOC designations are used in presenting 

the head and drawdown patterns in Figures 6-8 before they are fully explained in Figures 9-11. 

3.2 Head Distributions 

The head distributions for the first steady state stress period (No Town No Ag, NTNA) 

are shown for a single model in the left column of Figure 6. The domain of the model, in plan 
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view, is 50 by 50 grid squares. The horizontal black is the location of the stream (row 26). The 

head values are shown as a color flood. The top left panel of head distributions is generated with 

the 9th model in the ensemble that is not an MOC (Other model 9, or O9). The bottom left panel 

of head distributions relates to the 9th MOC model (M9). Corresponding head distributions are 

shown for the YTNA (Figure 7) and YTYA conditions (Figure 8).  There is no clear visible 

difference between the head distributions for O9 and M9 for the NTNA conditions.  For YTNA, 

the MOC model shows more distinct drawdown around the Town well.  Similarly, the cone of 

depression around M9 is much steeper than for O9.  This may indicate that conditions that lead 

to steeper cones of depression result in worse conditions for the stakeholder, resulting in a model 

being designated as an MOC.  But it is difficult to trust a comparison based on a single pair of 

models. For YTYA, there are very different head distributions for the O9 and M9, again showing 

a steeper cone of depression at the added Ag well for the MOC model. But this result is, again, 

based on only a single pair of models. 

To minimize the variability inherent in a single model, we examined the mean of the head 

distributions over the entire ensemble (top row) and considering only the MOCs (bottom row); 

these are shown as the middle column of Figures 6 through 8 for NTNA, YTNA, and YTYA, 

respectively. The results support those shown for a single model: there is no difference for the 

NTNA conditions, but there is, on average, a steeper cone of depression for the MOC models 

with the difference between the head in the pumping well and its immediate surrounding twice as 

large for the MOC models. Another difference is that the MOCs have a higher average head near 

the left boundary. This is best seen in the range of the color bars for Figures 6 and 7. Because the 

criterion for an MOC, set by the Town, is based on the added drawdown caused by the Ag well, 

it is unclear how this difference is related to a model being deemed an MOC.  

Relying on the average head distributions over the entire ensemble or over the MOCs 

reduces the effects of model-to-model variability.  However, it is also important to know how 

representative the mean maps are for each group of models.  To examine this, we plotted the 

standard deviation of the head at each location over the ensemble and over only the MOCs.  

These results are shown in the right column; as for the other columns discussed, results 

considering all models are in the top row and the MOC-only results are in the bottom row.  In 

general, the standard deviation plots indicate that model-to-model variability is relatively small 

and consistent for both model groups.  It is zero, by definition, at the constant head boundary and 

is approximately 3-4 along the left boundary.  The only exception is that there is a relatively high 

standard deviation of the water level in the Ag well over the MOCs (bottom right panel, Figure 

8).  In all cases, the standard deviation is very small at the Town well, where the stakeholder’s 

utility will be calculated. (Note the panel layout used for Figures 6-8 is adopted throughout the 

thesis to aid in comparisons.)   
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Figure 6-Maps showing head under NTNA (No Town, No Agriculture) pumping conditions (Pre-development) for: top left) a 
single non-MOC model, top middle) mean of ensemble of models, top right) standard deviation of the ensemble of models, 

bottom left) a single MOC model, bottom middle) mean of MOC models, bottom right) standard deviation of MOC models. Area 
axes units are in 1000’s of meters.

 

Figure 7-Maps showing head under YTNA (Yes Town, No Agriculture) pumping conditions (Post-development) for: top left) a 
single non-MOC model, top middle) mean of ensemble of models, top right) standard deviation of the ensemble of models, 

bottom left) a single MOC model, bottom middle) mean of MOC models, bottom right) standard deviation of MOC models. Area 
axes units are in 1000’s of meters. 
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Figure 8-Maps showing head under YTYA (Yes Town, Yes Agricultural) pumping conditions (Future-Projections) for: top left) a 
single non-MOC model, top middle) mean of ensemble of models, top right) standard deviation of the ensemble of models, 

bottom left) a single MOC model, bottom middle) mean of MOC models, bottom right) standard deviation of MOC models. Area 
axes units are in 1000’s of meters. 

3.3 Drawdown From Ag Well 

The results of each model can be used to calculate several drawdown maps. Figure 9 
shows the drawdown between YTNA and YTYA, isolating the impact of adding pumping in the 
Ag well. Results for a single model (left column) and the mean over the ensemble or the MOCs 
(middle column) show the same patterns, differing only in the magnitudes of drawdown. 
Drawdown calculated using Model O9 is only a third of that calculated with Model M9. The 
spatially distributed standard deviations of the drawdown over ensemble and over the MOCS are 
very similar as well, even showing a comparable range of values. Of particular importance, the 
standard deviations of the drawdown at the Town well are very low for both model sets.  
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Figure 9- Drawdown (Difference between YTNA and YTYA) for: top left) a single non-MOC model, top middle) mean of 

ensemble of models, top right) standard deviation of the ensemble of models, bottom left) a single MOC model, bottom middle) 
mean of MOC models, bottom right) standard deviation of MOC models. Area axes units are in 1000’s of meters. 

3.4 Definition Of An MOC 

The overall objective of this study is to determine the value of observations for improving 
the basis for a stakeholder’s decisions.  In a decision context, this can be represented as a simple 
binary choice: is a stakeholder likely to be happy or unhappy with the projected outcome of 
adding the Ag well.  To express this as a binary classification, a stakeholder would have to 
choose a level of utility that is acceptable.  For this study, we arbitrarily set a utility threshold of 
less than or equal 0.9 to identify a model as an MOC using equation 13.  That is, the Town 
would be likely to oppose the addition of the Ag well if the best representation of the hydrologic 
system forecast a utility of 0.9 or less (1m of drawdown or more). All the models, applied to Ag 
well location 1, are shown in decreasing order of utility and divided into MOCs and other models 
on Figure 10. This classification was applied when constructing Figures 6-9 and is adopted 
throughout the thesis for all models related to Ag well location 1. MOCs and other models are 
redefined based on the results of the models when applied to the other Ag well locations.  
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Figure 10-Utility of models (Models sorted by the magnitude of utility from Ag well at location 1). 

3.5 Drawdown From The Town Well 

The aim of this investigation is to determine whether it is possible to identify 

observations that could have been made before a proposed Ag well is pumped to determine 

whether that well will cause unacceptable additional drawdown at the Town well. The POI 

occurs in the future (Figure 9), but the data that can be collected must be from the past and 

present. First, we consider the drawdown between NTNA and YTNA (Figure 11) as the available 

data. For a pair of single models (left column – all models, top, and MOC, bottom), the MOC 

models show considerably more drawdown near the Town well.  This is also shown when 

considering the means over the entire ensemble (center, top) and the MOCs (center, bottom): The 

Town well shows much more drawdown and a more extensive cone of depression for the MOCs. 

The standard deviation distributions show similar patterns and magnitudes, suggesting that there 

is slightly more variability among MOCs than over the entire ensemble. The important 

conclusion from the drawdown maps is that it is not immediately obvious where measurements 

of the impact of drawdown due to the Town well should be collected to discriminate MOCs from 

other models.  Rather, there are general differences between the magnitude of drawdown over 

the domain when comparing MOCs and other models.  
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Figure 11- Drawdown (difference between NTNA and YTNA) for: top left) a single non-MOC model, top middle) mean of 

ensemble of models, top right) standard deviation of the ensemble of models, bottom left) a single MOC model, bottom middle) 

mean of MOC models, bottom right) standard deviation of MOC models. Area axes units are in 1000’s of meters. 

3.6 Truth Model Procedures 

 For a real-world modeling application, the goal would be to find a model or an ensemble 

of models that best represents the actual hydrologic system.  For a real system, data would be 

collected in the form of a pumping test to determine the hydraulic conductivity, or seepage pan 

measurements to determined surface/ground water exchange, or a series of water level 

measurements in wells. There are plenty of other physical measurements that can be made that 

are not mention here. Because this is a virtual study, there is no true condition for reference.  

Rather, we choose the true condition by selecting one set of parameter values and assuming that 

the structure of the model is correct.  To avoid biasing the results through the arbitrary choice of 

this truth model, we consider many different truth models and base discussions on their collected 

results.  Specifically, one behavioral model from the ensemble is chosen to represent reality as 

the ‘truth model’.  That model is removed from the ensemble and the calculations are completed.  

This is repeated for each behavioral model in the original ensemble. The steps of this process are 

described below.   

Step 1: Select Ag well location, run 100 unique models, and remove nonbehavioral models  

The analysis is conducted for a specific, proposed Ag well location.  As described above, 

nonbehavioral models are identified and removed from the ensemble. 

Step 2: Select a model to be the truth model and calculate the YTNA-NTNA drawdown maps 
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One model is chosen to represent the truth and it is removed from the ensemble.  All three 

steady state conditions (NTNA, YTNA, and YTYA) are run for the truth model for the 

selected Ag well location.  For example, Figure 12 shows the truth model drawdown 

between YTNA and NTNA with model 4 chosen as the truth condition.  This drawdown 

map is also calculated for every other model, forming the model ensemble.  

 

Figure 12- Truth map drawdown for model O4 on left (m) and gravity change(µgals) on right (Values calculated from differences 
between NTNA and YTYA). Area axes units are in 1000’s of meters. 

Step 3: Select an observation location  

The goodness of fit of each model can be determined based on comparing its predicted 

drawdown with that of the truth model for each observation location. For each location in the 

domain, the difference in the drawdown calculated at that location for the Truth model (St) 

and each other model (Sk) is calculated.    

Step 4: Square the difference (Dk) 

The drawdown differences (uX − uC) are squared to make them all non-negative and to 

weight outliers more heavily. This results in one value per truth model per model in the 

ensemble per location in the XY domain. 

HX = 5uX − uC=�
      (14) 

Step 6: Find the inverse of DK  

Taking the inverse of DK creates a common metric that can be used to calculate the 

likelihoods of each model for each possible observation location. The inverse is used to 

indicate that a higher mismatch represents a lower goodness of fit. There is one value of the 

inverse of Dk, referred to as iDk, per location in the XY plane per truth model per model in 

the ensemble. 
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BHX = �HX      (15) 

 
Step 7: Normalize iDk over ensemble for each truth model at each point in xy plane 

Once the value of iDk is calculated for each location in the domain, it is normalized by the 

sum of iDk over the ensemble, so that it sums to 1 and can therefore be used as a model 

likelihood metric. We refer to this normalized value as the model likelihood:  

vCX5B,U= = BHCX5B,U=∑ BHCX5B,U=X      (16) 

There is one value of the likelihood for each model in the ensemble per truth model for each 

location in the xy plane. The likelihood values sum to one when summed over all models in 

the ensemble for a given truth model at a single location. That is, once a truth model and 

measurement location are identified, the likelihoods can be defined for all models in the 

ensemble. A different measurement location and/or truth model will result in different model 

likelihoods that still add to one. 

 

Step 8: Finding the L-weighted POI(L_POIt(i,j)) over the ensemble for each possible 

observation location  

The model likelihoods can be used to weight the value of a prediction of interest (POI) made 

by each model. That is, for a given truth model and a given selected measurement location, 

model likelihoods can be defined, and these likelihoods can be used to define a likelihood-

weighted prediction over the ensemble.  The equation used to calculate the L_POIt(i,j) is: 

w_yz{C5j, m= = ∑ vCX5B, U= ∗ @stXX     (17) 

The L_POIt(i,j) has one value for every point in the XY plane for each truth model.  

 

Step 9: Repeat step 8, but calculate the likelihood-weighted utility rather than the likelihood-

weighted POI   

w_|C5j, m= = ∑ vCX5B, U= ∗ qX     (18) 

The L_Ut(i,j) has one value for every point in the XY plane for each truth model.  Note that, 

for this study, there is a linear relationship between the utility and the POI (Equation 13).  

Therefore, L_POI can be interpreted using the utility function to determine L_U and vice 

versa.  However, it is often the case that the utility is a nonlinear, even a discontinuous, 

function of the POI that is investigated in section 6.  Therefore, the more general procedure is 

implemented here. 

Step 10: Finding the likelihood-weighted error (POI or U) of every location 

}w_yz{C5j, m= = :9;5w_yz{C5j, m= − @stC=    (19) 
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The above equation is only for the POI error but if the L_Ut(i,j) and Ut can be easy put in to 

replace L_POIt(i,j) and POIt.  

Step 11: Repeat steps 2-8 for every truth model.   

Step 12: Repeat steps 1-9 for each Ag well location. 

This multistep, convoluted process may be hard to visualize. Figure 13 provides a schematic 

of the workflow leading to L_POIt(i,j) for one selected truth model and Ag well location.   

 

 

Figure 13-Steps to calculating likelihoods and POIs. 

 

4. Drawdown Results  

4.1 Likelihood-Weighted POI’s 

L_POIt(i,j) maps for the Ag well at location 1 show the benefits that result when using 

likelihoods (Figure 14). The left column shows the results when considering a single truth 

model; either an MOC as the truth model (bottom) or a non-MOC truth model (top). These 

figures may be difficult to interpret, at first. Consider one location on the plot. To calculate the 

value at that location, it is assumed that the drawdown between YTNA and NTNA is known 
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(generated by the truth model). That is, these past and present observations at a given location in 

the domain are assumed to be available to use to constrain our forecast of the impacts of adding 

pumping in the Ag well. The mismatch between the predicted drawdown (YTNA and NTNA) 

made by each model (excluding the truth model) and that provided by the truth model (a 

surrogate for a measured pair of values at the selected location) is used to determine the 

likelihood of each model, as described above.  Then, the additional drawdown at the Town well 

due to operating the Ag well is calculated for each model (between YTYA and YTNA). The 

additional drawdown value calculated by each model is multiplied by the likelihood of that 

model. This product is summed over all models in the ensemble to find the likelihood weighted 

additional drawdown given an observation at that location.  This value is plotted at the selected 

observation location. This is repeated for every location in the domain to produce a map of the 

likelihood-weighted POI as a function of the location of an added observation. To reiterate, these 

are not plots of spatially distributed drawdown, like Figures 9 or 11.  Rather, they are maps of 

the influence of each observation location on the accuracy of the inferred added drawdown 

(YTYA versus YTNA) at the Town well. For truth model O4, the added drawdown is 0.87 meter 

at the Town well. Comparing this to the plotted values, it is clear that the likelihood weighted 

additional drawdown is well predicted given a single observation located at most locations in the 

domain. In contrast, when considering the MOC truth model (M4) with 2.73 meter of drawdown, 

there are locations that a single observation would lead to very high overestimation and a very 

low underestimation for the additional drawdown (bottom, left panel). This indicates that the 

location of an observation might be much more important for discounting an MOC than a 

general value-of-data analysis might indicate.  

The results shown in the left column of Figure 14 only apply to a single MOC or non-

MOC truth model. To avoid high dependence on the specific truth model chosen, the results can 

be interpreted over an ensemble of truth models. The center top panel shows the results of 

averaging the results over all truth models (top) and over only the MOC truth models (bottom). 

In contrast to the single-model results (left column), the results are quite similar for the two 

model sets. Specifically, on average, the spatial pattern of predicted additional drawdown at the 

Town as a function of where data are collected is similar for the MOC truth models and the 

entire ensemble. However, by definition, the MOC truth models result in larger predicted 

additional drawdown.  Note that each truth model results in a different ‘true’ drawdown at the 

Town well.  So, unlike the results shown in the left column, there is no value to compare to the 

average results in the center column. 

The mean results (center column) minimize the dependence on which specific truth 

model is considered. However, if this were to be applied at a real site, there would only be one 

reality. So, it is important to know how representative the mean results are to individual 

realizations.  To illustrate this, the standard deviation of the inferred value of the added 

drawdown at the Town well is shown for each measurement location in the right column. As for 

the center column, the top right panel shows the standard deviation at each point over all truth 

models; the bottom right shows the standard deviation over only the MOC truth models. Unlike 

the mean response (center column), the standard deviation has similar ranges but very different 

patterns for the two model sets.  
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Figure 14-Likelihood-weighted POI maps using water levels for: top left) a single non-MOC model, top middle) mean of 
ensemble of models, top right) standard deviation of the ensemble of models, bottom left) a single MOC model, bottom middle) 
mean of MOC models, bottom right) standard deviation of MOC models. The scale of POI is in meters. Area axes units are in 

1000’s of meters. 

4.2 Likelihood-Weighted POI Error 

It is difficult to draw conclusions from the results shown on Figure 14 because each truth 

condition leads to a different drawdown at the town well.  Therefore, the mean and standard 

deviation are influenced by both the variation among truth models and the influence of the 

choice of observation location. Therefore, it is more useful to consider the error in the predicted 

additional drawdown, which removes the truth-model variability.  An optimal measurement 

location would add to a low prediction error with low variation over the truth models. As 

described above, the error for each truth model can be calculated as the absolute value of the 

difference of L_POI for one truth model (e.g. Figure 14, left column) and the known POI, 

calculated using the truth model (0.87 meters for Model O4, 2.73 meters for Model M4).  

To reiterate, the value indicates the error in estimating the additional drawdown at the 
Town well as a function of the location of an observation for a given truth model and Ag well 
location.  The POI errors are shown as a function of the location of an observation on Figure 15, 
following the same convention of defining the six panels as used for Figure 14. That is, the top 
left plot is determined by taking the absolute value of the differences of the true additional 
drawdown at the Town well from truth model O4 and each value shown on the top left panel of 
Figure 14. As a result, the pattern is identical, but the value can be understood immediately as the 
prediction error when conditioned by an observation at each location in the domain. The bottom 
left panel shows the results obtained by taking the difference between the actual POI from the 
MOC truth model M4 and the results on the bottom left panel of Figure 14.  Here, the results are 
clearly more useful for assessing the value of observations. Whereas Figure 14 shows that there 
is higher drawdown closer to the wells, Figure 15 shows that the highest error occurs when 
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observations are made farther from the wells – as might be expected. The real advantage of 
considering the POI error is revealed by the center and right columns, representing the average 
and standard deviation over the truth models. The patterns are strikingly similar for all truth 
models (top) and MOC truth models (bottom).  This indicates that the optimal location of a 
monitoring point does not depend on whether the specific condition is best represented by an 
MOC model or a non-MOC model. This, of course, is quite useful given that the nature of the 
real world (MOC or non-MOC) is not known before data are collected.  These results suggest 
that, for the problem considered here (for Ag well location 1), an observation should be collected 
in the top right part of the domain, where both the mean error and standard deviation over the 
truth models are low.  In deciding on a specific location to collect data it would be unwise to rely 
on overly precise interpretation of the values shown on Figure 15 – these will depend on the 
specific models in the ensemble.  Rather, these maps should be used as a general guide for well 
placement, selecting locations with low mean and standard deviation (center and right columns) 
for all models and, especially, for MOCs.   

 

 

Figure 15-Likelihood-weighted absolute POI error at the Town well using water levels for: top left) a single non-MOC model, 
top middle) mean of ensemble of models, top right) standard deviation of the ensemble of models, bottom left) a single MOC 

model, bottom middle) mean of MOC models, bottom right) standard deviation of MOC models. The scale is in meters of error. 
Area axes units are in 1000’s of meters.   

5. Gravity Results 

 The procedures leading to Figure 15 can be applied to any observation that can be 

predicted based on a hydrologic model or a hydrologic model coupled with a forward instrument 

response model. Here, we show the POI error map, equivalent to Figure 15, when considering a 

single gravity measurement at each location in the domain. Model likelihoods are calculated 

based on the gravity change measured between YTNA and NTNA. These likelihoods are used to 

calculate the likelihood weighted POI, which is used to calculate the POI error.     
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5.1 Likelihood-Weighted POI Error Based On Gravity  

The panels in Figure 16 correspond exactly to those in Figure 15, including the use of the 

same single truth models for the left column: O4 and M4. The patterns are similar and different 

when considering water levels (Figure 15) or gravity (Figure 16). This is to be expected because 

the two measurement types represent different spatial averages of the hydrologic responses. But, 

the plots both have large impacts from the cells in close proximity to the measurement location. 

There is considerably less ‘structure’ in the gravity plots. This is not surprising, given that 

gravity represents a spatially averaged response. Interestingly, the optimal location for a gravity 

observation, like that for a water level observation, is in the upper right corner of the domain.  

Measurements further from the Town well show higher mean error and variability.  Water levels 

show relatively high error and variability for measurements on the opposite side of the stream, 

possibly showing the influence of the stream on the value of information collected between 

NTNA and YTNA for inferring the influence of pumping from a well operated during the YTYA 

period. This variability is not seen for the gravity measurements. 

 

 

Figure 16-Likelihood-weighted POI error panels using gravity change likelihoods for: top left) a single non-MOC model, top 
middle) mean of ensemble of models, top right) standard deviation of the ensemble of models, bottom left) a single MOC model, 
bottom middle) mean of MOC models, bottom right) standard deviation of MOC model. Errors are in meters. Area axes units are 

in 1000’s of meters. 
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5.2 Comparing Gravity And Water Level Error Predictions 

 

Figure 17-Comparison error panel for: left) mean of ensemble of models using gravity, middle) mean of ensemble of models 
using water levels, right) difference between left and middle plot. Scale is in meters of error. Area axes units are in 1000’s of 

meters. 

 To compare the value of information of the water level and gravity observations with no 

error added more quantitatively, they are shown side by side in Figure 17 together with their 

difference (gravity minus water level) in the far right panel. Because the analysis produces 

results in the units of the POI, they are the same for both measurement methods. The error 

difference shows that the methods produce very similar results: within 0.3 m of error in the 

predicted additional drawdown. This suggests that gravity measurements may be as good as 

water level measurements depending on the acceptable range of error. More specifically, this 

indicates that the spatial averaging inherent in gravity observations does not reduce their ability 

to constrain hydrologic models for the case study examined when compared with water levels. 

The question remains whether reasonable measurement errors associated with the two 

measurement methods would prefer one over the other. 

6. Utility Maps 

 It is clear that a stakeholder would want to have the most accurate possible prediction of 

the additional drawdown caused by a proposed Ag well in order to make the best-informed 

decision about licensing it. However, in some cases, different levels of predicted additional 

drawdown have unequal importance to stakeholders; this may lead to different levels of 

importance for the same error in predicted additional drawdown depending upon the absolute 

magnitude of the prediction. For example, overpredicting the additional drawdown by 50 cm 

might lead to missed economic opportunities, while underpredicting by the same amount might 

lead to costly degradation of the Town’s water supply well field. Or, overpredicting the 

drawdown may be unimportant if the predicted drawdown is far from a level that would impact 

the operation of the town well; but, it may be very important if the predicted error would make 

the difference between no impact and a noticeable degradation of the Town well’s performance. 

Only the stakeholder can determine the relative importance of different outcomes. In this study, 

we use a utility function to relate a predicted outcome (the POI) to stakeholder utility. Generally, 

these functions describe the preferences of a consumer in terms of how much utility (net benefit, 

satisfaction, etc.) he or she gets from any specific outcome [Chakrabarti 2010]. A utility function 

can be made for every interested party of the investigation; for this case we only consider the 
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Town’s decision. The utility function (Equation 13) is based on the predicted additional 

drawdown at the Town well due to the Ag well pumping. We intentionally chose a simple 

function to define the utility for this investigation. The utility function defined by equation 13 is 

not used due its linear relationship with the POI values. That is, the change in utility per change 

in POI is constant for all values of POI.  If equation 13 was used, the resulting utility error maps 

would show the same patterns compared to the POI error maps previous seen. The following 

procedures are written in a way that can be applied to a utility function of any form, including 

one with complicated nonlinear or discontinuous dependencies. Note that for continuity with the 

previous discussions, models are identified as MOCs in the same manner as they were above.  

Functionally, this means that a threshold was chosen and applied to the revised utility function so 

that the populations of MOC and other were unchanged. 

1) Define the utility function for the Town: 

For a real case, the stakeholders might be presented with different possible outcomes of 

allowing a well to operate in their watershed. These might include both costs (including 

operational, environmental, and opportunity costs) and benefits. Importantly, there must be a 1:1 

mapping of some level of satisfaction and the hydrologic outcome(s) predicted by the models. 

Utilities can be expressed in monetary amounts, which may simplify negotiations among 

stakeholders, but that is not required. The process of formulating a utility function is beyond the 

scope of this thesis. For this study, we simplify this greatly and assume the following utility 

function (Figure 18). 

  

Figure 18- Utility Truth function graph for the Town. 



33 
 

qCBGBC4��FC~5X= = �−r. r� ∗ @st5X= + �. r,                      @st5X= < r. K−r. �� ∗ @st5X= + �. �,        r. K ≤ @st5X= ≤ �. K−r. r� ∗ @st5X= + r. �,                     @st5X= > �. K         (20)                  

Here, k represents a model in the ensemble. The POI is still the additional drawdown at 

the Town well due to the proposed pumping in the Ag well. We have considered POI values that 

range from 0 to 10. It is physically unreasonable to have negative additional drawdown due to 

the addition of a well; none of our simulations showed additional drawdowns in excess of 10 

meters. Using this multi-linear function, each model’s predicted additional drawdown can be 

converted to a utility. This function, from the Town’s viewpoint, states that there is an added 

pumping cost associated with each additional unit of drawdown, but there is a severe cost 

associated with drawdown below 0.5 meters. This might represent having to re-drill supply wells 

if the water levels were lowered below the intake screens. The key difference between this utility 

function and that described by Equation 13 is that the change in utility for a given change in POI 

depends on the absolute value of the POI. The utility error is calculated as the difference between 

the likelihood weighted predicted utility and the actual utility determined by the truth model 

using equation 20. This approach is implemented in a manner that is similar to that described 

above for the POI error. Namely, for a given observation location, the utility of each model in the 

ensemble is multiplied by its likelihood (gravity or water level based) and summed to give the 

likelihood weighted utility related to that observation location.   

qCBGBC45B, U, C= = ∑ vCX5B,U= ∗ qCBGBCB<;5X, s?BC XC=X   (21)    

The absolute value of the difference between the likelihood weighted utility and the true utility 

of the model, represents the ‘cost’ of the inaccuracy of the hydrologic location given data at a 

specific location.   

qCBGBC4���A�5B, U, C= = |qCBGBC45B, U, C= − qCBGBC4��FC~5C=|                (22) 

Finally, the mean and standard deviation are calculated over the truth models (all, or MOC-only) 

as for the preceding figures. From this point on, all utility values and error are calculated using 

equation 20. 

6.1 Utility Error Maps 

By following the same procedure as was used for the POI and POI error, we can produce 

equivalent maps for the utility error associated with each observation location for water levels 

(Figure 19) and gravity (Figure 20). Using the revise, multi-linear utility function stresses the 

importance of drawdowns between 0.5 to 1.5 meters. Analyzing Figure 19, starting with the top 

left panel, the utility error when selecting truth model O4 is typically very low. The error is also 

low over the bottom left panel, for truth model M4. However, observations collected in the lower 

left quadrant of the domain show higher error. The mean utility error plot over the ensemble (top 

middle), provides an estimate of the expected utility error if we have no information about the 

true condition. The right boundary has a higher error since the head values are constant along 

that boundary. The optimal observation location is above and to the right of the town well for Ag 

well location 1. Interestingly, the same region is identified as optimal for the mean of the MOC 
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truth models. The top and bottom panels on the right show the standard deviation over the entire 

ensemble and over only the MOCs. In this case, the region with the lowest standard deviation, 

for both model sets, is identical to the area with the lowest mean error.  This is important because 

it indicates that the mean error can be applied with some confidence to any individual truth 

model.  In contrast, if the mean value was low, but the standard deviation was high, then it would 

indicate that some truth conditions would have very high utility errors associated with a selected 

observation location, even though the average utility error is low.   

 

 

Figure 19- Likelihood-weighted utility error maps using the likelihoods calculated from water level changes for: top left) a single 
non-MOC model, top middle) mean of ensemble of models, top right) standard deviation of the ensemble of models, bottom left) 
a single MOC model, bottom middle) mean of MOC models, bottom right) standard deviation of MOC models. Area axes units 

are in 1000’s of meters. 

 Figure 20 shows the same results presented in Figure 19 but based on gravity 
measurements. The top left and middle left panels show the interesting ‘stripes’ of higher and 
lower utility error, which we cannot fully explain. Unlike the results for water level observations, 
the lower left part of the domain has areas of relatively lower error for both model sets (MOC 
and other).  When averaged over all models, most of the domain has very low utility error, 
except fora few points in the center of the domain. These points of higher utility error are not 
present for the MOC truth models. Finally, considering the standard deviation, it becomes 
apparent that the area of optimal measurement, for both model sets, is very similar to that 
identified for water levels. That is, the area with consistently low mean error and standard 
deviation over the model sets is above of the town well. It is interesting to point out that the 
MOC subset has a lower utility error. This may be due to the lower utility assigned to these 
models which would make sense since all of them will have lower utilities making the estimate 
of their utilities low also. This results in a low utility error.    
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Figure 20- Likelihood-weighted utility error maps using the likelihoods calculated from gravity changes for: top left) a single 
non-MOC model, top middle) mean of ensemble of models, top right) standard deviation of the ensemble of models, bottom left) 
a single MOC model, bottom middle) mean of MOC models, bottom right) standard deviation of MOC models. Area axes units 

are in 1000’s of meters. 

6.2 Comparison Panels Water Levels Versus Gravity 

Figure 21 compiles the utility errors for water levels and gravity. Viewing them together, 

it is even more apparent that the same optimal locations (low mean and standard deviation) are 

chosen for both measurements. It is unclear why this area is optimal. It may be that this region of 

the domain is impacted by pumping from both wells and it is not strongly influenced by recharge 

from the stream or the agricultural field. Regardless of the reason, this is a useful result for 

planning either a monitoring well installation or a gravity survey. It is interesting to note that this 

optimal location would likely not be selected based on hydrogeologic intuition. Rather, one 

might expect that the aquifer properties would be most evident in the drawdown farther from the 

constant head right boundary and that information between the Town and proposed Ag well 

locations would be preferred. In addition, it is hard to imagine how intuition alone would point to 

the areas of smallest variation in utility error over the two models sets. Finally, the relative utility 

errors for gravity and water levels would be difficult to predict without having completed this 

analysis. It may be expected that a gravity measurement would lead to higher utility error than a 

water level measurement (compare the top and bottom middle panels). But, as seen above, the 

spatial averaging by the gravity method does not seem to cause a very large additional utility 

error. In comparison, more of the domain has smaller standard deviations in utility error when 

based on water levels than on gravity (compare the top and bottom right panels). This is also true 

for the subset of MOCs.  
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Figure 21- Comparison of utility error using water levels (WL) versus gravity (G). The means of gravity (bottom) and water level 
(top) are in the middle. The standard deviation of the ensemble of truth models for both gravity (bottom) and water level (top) are 
on the right. The means of the MOCs for gravity (bottom) and water levels (top) are on the left. Area axes units are in 1000’s of 

meters. 

6.3 The Value Of Data 

 One of the goals of this analysis is to determine how one observation location can be 

added which will be able to constrain the model ensemble to define the true impact of a proposed 

Ag well. With this being said, we would like to know how well we can predict the impact of the 

Ag well without any data from the past and only using the prediction from our models. Since 

there is no data to define the model likelihoods, it is assumed that every model has an equal 

likelihood. (Note that the Truth model selected is still excluded from the weighting of equal 

likelihoods). This results in a single baseline value of the utility error prediction. For Ag well 

location 1, the mean utility error of the ensemble with no data is 0.2689. Using only the subset of 

MOC truth models, the mean utility error without data increases to 0.6161. The utility error 

would be the same as making this level of error in the added drawdown. This could mean that we 

think the Ag well would cause 0.5 meters of drawdown, but it could be upwards of 2-3 additional 

meters given how far the utility error can be off. This relates back to the utility function curve 

and explaining that if a utility value without any data is chosen, then solving for how much that 

value can vary from the true value, given the constant likelihoods, is encompassed by an error 

that can be 2-3 meters off when converting it back to POI units (see Appendix A.1 for 

Clarification).  

 Knowing the utility errors for all models and for the MOCs, we can calculate the benefits 

of having either type of observation at a given location as  
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H:C:0:GF< = �<:IqCBGBC4���A�5�A H:C:= − �<:IqCBGC4���A�5�:C<� v<�<G A� ��:�BC4= 

(23) 

 The data value, defined using Equation 23, is displayed in Figure 22. The top left panel of 

Figure 22 shows the value of having a single water level measurement for all truth models. The 

bottom left panel shows the same results for a gravity measurement. The right panels show 

corresponding data value for the MOC truth models.  The first result is that an added observation 

typically adds value. However, note that the utility function could be cast in monetary terms, in 

which case a stakeholder could decide whether the added (monetary) value of the observation 

was worth the cost. The second important finding is that the value of an observation is higher if 

the real condition is an MOC model. This makes sense and is not surprising, but it is a useful 

confirmation of the sensibility of the approach. The patterns of data worth can be combined to 

show that there is a region up and to the right of the town well that has the highest data value. 

Finally, the results indicate that gravity observations are comparable to water levels, when a 

deciding location is needed.   

 

Figure 42-The value of observation for: top left) a water level observation (WL) for the ensemble of models, top right) a water 
level observation for the MOC  models, bottom left) a gravity observation (G) for the ensemble of models, bottom right) a gravity 

observation for the MOC models. Area axes units are in 1000’s of meters. 

6.4 Alternative Well Locations 
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 The analysis presented in this thesis is intended to be general. It can be applied to any 

hydrologic model, any stakeholder decision that relies on that model, any stakeholder utility 

function, and any proposed measurement that can be modeled with a hydrologic model and, as 

necessary, a coupled instrument response model.  However, the analyses are also specific. The 

results apply to the specific hydrologic model (here including the location of the Town and Ag 

wells), stakeholder POI and utility function, and measurement considered. We have shown how 

the analysis can be applied to two different measurement types. Now we consider the results 

when considering two alternative Ag well locations.  As shown on Figure 1, there were three 

possible Ag well locations. The preceding discussion provided a detailed account of the steps 

needed to produce value of observation plots for proposed Ag well location 1.  For the other two 

Ag well locations, we only show the value of observation when considering a water level 

measurement and a gravity measurement. This is done for both the average of the ensemble 

(Figure 23) and for the MOCs (Figure 24). 

 

Figure 23- Value of observations over the ensemble for: top left) a water level observation (WL) for Ag well location 1, bottom 
left) a gravity observation (G) for Ag well location 1, top middle) a water level observation for Ag well location 2, bottom 

middle) ) a gravity observation for Ag well location 2, top right) a water level observation for Ag well location 3,bottom right) a 
gravity observation for Ag well location 3. Area axes units are in 1000’s of meters. 
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Figure 24- Value of observations over the MOCs for: top left) a water level observation (WL) for Ag well location 1, bottom left) 
a gravity observation (G) for Ag well location 1, top middle) a water level observation for Ag well location 2, bottom middle ) a 

gravity observation for Ag well location 2, top right) a water level observation for Ag well location 3,bottom right) a gravity 
observation for Ag well location 3. Area axes units are in 1000’s of meters. 

The value of an observation has strikingly different patterns depending upon the location 

of the Ag well. This emphasizes the point that this analysis, while general, must be conducted for 

a specific question. There are some general common features. In particular, there is a semicircle 

with the focal point at the Town well, with a greater value for data. If an observation was to be 

made using water levels, it should be within this area and not on the ring of low data value very 

close to the Town well. The semicircle is more distinct for Ag well locations 2 and 3, but it is 

evident for all locations and both model sets. The semicircle also does not depend on the 

measurement type (exception of the MOC model for gravity since the scale is not visible to the 

degree that the semicircle will appear). There is no consistent location for an optimal location to 

measure the water level among the three Ag well locations for all models or the MOC truth 

models (top 3 panels of Figure 23 and 24). But, in general, an observation above and to the right 

of the Town well is recommended. The patterns within these results are not easily explained and 

warrant more investigation. But they make it clear that the identification of optimal measurement 

locations, even for a relatively simple problem, involve complex considerations that are likely 

impossible to state based on simple rules of thumb.  The analyses also confirm that adding data 

to the base condition typically has value There are fewer single water level locations that are 

highly effective for case 2, more for case 3 and the most for case 1.  This likely has to do with 

the configuration of the Ag and Town wells.  

The results for the value a gravity observation (bottom panels of Figures 23 and 24) are 

similar. The figures are separated like this to keep the scales consistent since the MOC models 

have a different value of data compared to the ensemble. Ag well 1 has strikingly uniform value 

of observations over the bulk of the domain for the ensemble and the MOCs. Ag well 2 for 
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gravity has a ring pattern around the town well present in the water level-based observation. Ag 

well 2 also has locations of strongly negative values of data for gravity. Observations of gravity 

and water levels at wells resulting in positive correlation of gravity and water-level changes 

using linear regression have beneficial results, but poor correlation, noting the proximity of wells 

and recharge sources, has resulted in unreliable results [Pool 2008]. Ag well 3 shows 

intermediate values between Ag well 1 and 2. The structure in the lower left part of the domain is 

also relatively constant among all three Ag well locations. There is the same progression of 

decreasing value of an observation from case 2, better for 3 and, the best 1. For case 1 and 3, the 

value of a gravity observation on average is better than a water level measurement. This is likely 

due to the spatial averaging of gravity, which may be an advantage when the Ag well is close to 

the Town well. That is, the region of impact from the Ag well decreases making a single water 

level measurement far from that limited area much less useful. Gravity, on the other hand, 

regardless of the location should detect this change at a larger magnitude due to its spatial 

influence. It is interesting and not clear as to why gravity has some areas of very high negative 

values of data. It is difficult, at this point, to describe a clear pattern of where high value gravity 

data are location.  

When comparing optimal regions for a measurement for the two measurement types, the 

regions that would be recommended would be above the Town well within the upper curve of the 

semicircle observed on the water level panels. This location has been proved based on all the 

panels and the selection of model types to be optimal primarily based on water levels. This 

location is optimal because it is located far from the stream and it is close to the Town well. The 

water levels here should have impacts only from the Town well which would improve our 

prediction on how the town well will be impacted when an Ag well is added. This would also be 

true for a gravity observation at this location even though gravity does sample over a larger area.  

7. Discussion, Limitations, And Future Work 

This study presents an initial investigation of a novel approach to assessing the value of 

data for constraining model-based predictions. The method is based on an ensemble modeling 

approach and is focused on identifying observations that are most likely to provide useful 

information for water-resources decision makers. The approach is general: it can be applied to 

any model, any user-specific definition of utility, and any observations that can be related to 

model-derived forecasts.  

The approach is applied here based on having no initial data and considering adding a 

single observation – either a water level or a ground-based gravity method. The approach could 

be applied with existing data, considering the updated model likelihoods with an added 

observation. It could also be used to identify sets of observations to add. But this would require 

considerably more computational effort because many combinations of observations would have 

to be assessed. It would also be very difficult to visualize the results on a site map. Finally, the 

results considered here are based on error-free virtual data. The analyses could be repeated for 

different levels of measurement error; but this would also require considerably more 

computational effort because multiple error realizations would have to be used for each model 

used in this study.   
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With the preceding caveats in mind, there are some general conclusions that can be 

drawn from this study. First, the method appears to provide useful, nonintuitive information 

about the value of added data. The results seem reasonable, showing that value of information is 

relatively high near the Town well and that the pattern and magnitude of value of data based on 

utility error differences depends on the specific case (Ag well location in this study). The results 

show that, not accounting for measurement error, gravity measurements are comparably as useful 

as water levels. This is an important finding that has not been demonstrated clearly in the 

literature. In fact, for the case examined, it appears that the spatial smoothing of gravity 

observations may confer an advantage, especially regarding the identification of a common 

location that can be applied to all three Ag well locations. Taken together, these point out that 

this analysis could be a particularly useful tool for exploring the value of different types of direct 

and indirect data. It would be especially interesting to find ways to do this efficiently enough to 

investigate sets comprised of different data types 

Future extensions of this work should focus on considering more realistic hydrogeologic 

conditions and measurement error characteristics. The first could be accomplished by 

considering multiple hydrogeologic structures as well as different parameter value sets. In 

addition, fully transient models could be considered rather than three steady state stress periods. 

The computational burden could be reduced by only treating a subset of the models as truth 

models. It may also be useful to create more complex truth models while only including simpler 

models in the ensemble, representing the common simplification of reality of applied hydrologic 

models.  

Measurement error is commonly treated by generating multiple error realizations, adding 

them to the error-free virtual observations, and assessing the value of information with the added 

error. Because the results may depend on the specific error realizations, and because we hope to 

compare multiple measurement locations, it will require considerable effort to complete this 

efficiently. Another possibility is to consider the measurement error to represent a ‘detectability 

limit’. In this way, measurements would be rounded to the nearest multiple of the measurement 

error and used in the analysis. This has not yet been tested, but it may be an appropriate 

simplification for the general recommendations that are the intended output of this analysis. The 

most difficult step for extending this method is the consideration of adding multiple 

observations. It would not be difficult to consider time series rather than a single observation: the 

likelihood would just be based on the summed squared error over a sequence of observations 

rather than for a single value. However, it is more difficult to consider multiple locations. For 

this analysis, we considered 2500 potential measurement locations. If we considered sets of three 

observations, it would require repeating the calculations about 15 billion times. This is clearly 

impractical without a large amount of computing power. So, extending to multiple observations 

will require a clever simplification. One option is to add observations sequentially.  Each 

additional observation will update the likelihood of each model that will be calculated based on 

that observation and all previously selected observations. Another option is to conduct an initial 

analysis to assess the correlation of observations, choosing to only consider sets of observations 

with low correlation.   
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8. Appendix 

A.1-Figures of Aid 

 

Figure A.1- Aid to explanation of potential extra drawdown. 

A.2- Model Generation Code (Python) 

 github.com/tduded/Modelgenerationcode 

A.3- Model Analysis Code (MATLAB) 

  github.com/tduded/MATLABGravityandWaterLevels 
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