
Energy-optimal trajectory problems in relative
motion solved via Theory of Functional Connections

Item Type Article

Authors Drozd, Kristofer; Furfaro, Roberto; Schiassi, Enrico; Johnston,
Hunter; Mortari, Daniele

Citation Drozd, K., Furfaro, R., Schiassi, E., Johnston, H., & Mortari, D.
(2021). Energy-optimal trajectory problems in relative motion
solved via Theory of Functional Connections. Acta Astronautica,
182, 361-382.

DOI 10.1016/j.actaastro.2021.01.031

Publisher Elsevier Ltd

Journal Acta Astronautica

Rights © 2021 IAA. Published by Elsevier Ltd. All rights reserved.

Download date 26/05/2023 22:32:44

Item License http://rightsstatements.org/vocab/InC/1.0/

Version Final accepted manuscript

Link to Item http://hdl.handle.net/10150/657192

http://dx.doi.org/10.1016/j.actaastro.2021.01.031
http://rightsstatements.org/vocab/InC/1.0/
http://hdl.handle.net/10150/657192


Energy-Optimal Trajectory Problems in Relative Motion Solved via1

Theory of Functional Connections2

Kristofer Drozda, Roberto Furfaroa,b, Enrico Schiassia, Hunter Johnstonc, Daniele Mortaric3

aSystems & Industrial Engineering, University of Arizona, Tucson, AZ 857214
bAerospace & Mechanical Engineering, University of Arizona, Tucson, AZ 857215

cAerospace Engineering, Texas A&M University, College Station, TX6

Abstract7

In this paper, we present a new approach for solving a broad class of energy-optimal trajectory problems in8

relative motion using the recently developed Theory of Functional Connections (TFC). A total of four problem cases9

are considered and solved, i.e. rendezvous and intercept with fixed and free final time. Each problem is formulated10

using an indirect approach which casts the optimal trajectory problem as a system of linear or nonlinear two-point11

boundary value problems for the fixed and free final time cases, respectively. Using TFC, we convert each two-point12

boundary value problem into an unconstrained problem by analytically embedding the boundary constraints into a13

“constrained expression.” The latter includes a free-function that is expanded using Chebyshev polynomials with14

unknown coefficients. Regardless of the values of the unknown coefficients, the boundary constraints are satisfied15

and simple optimization schemes can be employed to numerically solve the problem (e.g. linear and nonlinear least-16

square methods). To validate the proposed approach, the TFC solutions are compared with solutions obtained via17

an analytical based method as well as direct and indirect numerical methods. In general, the proposed technique18

produces solutions to machine level accuracy. Additionally, for the cases tested, it is reported that computational19

run-time within the MATLAB implementation is lower than 28 and 300 milliseconds for the fixed and free final time20

problems respectively. Consequently, the proposed methodology is potentially suitable for on-board generation of21

optimal trajectories in real-time.22

Keywords: Spacecraft relative motion; Energy-optimal Control; Theory of functional connections; Indirect method;23

least-squares24

1. Introduction25

Rendezvous and Close Proximity Operations (RCPOs) are critical maneuvers that are implemented to execute26

guided relative motion between spacecraft [1]. Examples of missions that utilize RCPOs include: re-supply of orbital27

platforms or stations, repair of spacecraft in orbit, exchange of crew in orbital stations, assembly in orbit of larger28

units, and retrieval (i.e., capture and return to ground of spacecraft). In general, these types of maneuvers refer to29

those needed by a chaser spacecraft (deputy) to reach a target, a chief spacecraft for rendezvous or a predetermined30

state around the chief for close proximity operations. The necessity of RCPOs for many space missions is why NASA31

has made their design a key technology for advancing the agency’s endeavors in space [2].32

When the deputy and chief spacecraft are on neighboring near-circular orbits, the relative motion between them33

can be effectively described by the linear Clohessy-Wiltshire (CW) equations of motion [3]. The CW equations are34

commonly used during the preliminary design of RCPOs for Earth orbiting satellites because much of them happen35

to be in near-circular orbits, like those in LEO and GEO. As such, a plethora of research on the optimization of lin-36

ear rendezvous trajectories has been conducted over the past five decades. An early pioneering work on trajectory37
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optimization was conducted by Lawden [4], where he introduced primer-vector theory for bang-bang maneuvers and38

provided the first-order necessary conditions for fuel-optimal control. Subsequent researchers then applied Lawden’s39

theory to the design of fuel-optimal trajectories governed by the CW equations. Jezewski developed an efficient40

method for analytically computing optimal N-impulse trajectories based on boundary conditions [5], while Prussing41

proved there exists a maximum number of impulses equal to the number of specified final state variables for mini-42

mizing fuel [6]. Prussing, with the help of Clifton, also showed that the necessary conditions provided by Lawden43

were both necessary and sufficient for fixed-time problems given that the primer-vector along the entire flight path44

was never greater than unity [7]. Carter then built upon the work by Prussing and Clifton by presenting new necessary45

and sufficient conditions that require information about the primer-vector at only a few specific points [8].46

When the ratio between the thrusting duration and orbital period of the spacecraft is not minuscule, an RCPO ma-47

neuver cannot be accurately modelled via impulses. Instead, a finite-thrust maneuver model is needed. Carter made48

many advancements as a result of his extensive research on finite-thrust optimal rendezvous problems. He derived a49

general state transition matrix for a variety of linear terminal rendezvous problems [9], and analyzed the affects of50

power-limited rendezvous with thrust bound constraints [10] and thrust saturation [11]. Other researchers have also51

sought to apply finite-thrust trajectories in conjunction with others for more complex linear rendezvous problems.52

Lembeck and Prussing investigated combining an impulse and low-thrust maneuver for avoiding an incoming object53

and then sequentially maneuvering back to the initial orbit [12]. Also, Guelman and Aleshin proposed a two-stage54

solution for the terminal approach direction rendezvous problem that consisted of bounded acceleration and fixed-55

time [13]. Apart from operating in an environment governed by linear equations of relative motion, the works on56

finite-thrusting rendezvous problems just discussed makes use of the indirect method for calculating the thrust mag-57

nitude and direction necessary to perform an RCPO. For information on rendezvous problems governed by non-linear58

equations of motion and utilize control effort computed by means other than the indirect method, e.g., direct method,59

we refer the reader the survey by Yazhong et al.[14]60

Optimal control problems (OCPs) for spacecraft trajectories that minimize the expelled propellant of low-thrust61

electric engines can be thought of as energy-optimal because these types of engines are “power limited.” The opti-62

mization criteria solving these OCPs can be derived with the calculus of variations or, alternatively, via the application63

of the Pontryagin Minimum Principle [15]. This process, referred to as the indirect method, converts the optimization64

problem into a two-point boundary value problem (TPBVP) that must be solved. Analytical solutions for this TPBVP65

(the optimal trajectory that satisfies the necessary conditions) can be obtained in special cases, like low-thrust contin-66

uous energy-optimal trajectories governed by the CW equations when final time is known [12, 16]. However, when67

the length of low-thrusting time is unknown and whose optimal value must be found, the TPBVP for energy-optimal68

rendezvous with CW dynamics is non-linear and an analytical solution does not exist. Thus, the non-linear TPBVP69

must be solved numerically. Several numerical schemes exist for solving the equations derived from the indirect70

method, e.g., indirect shooting and collocation methods. Each of these has their pros and cons, and will be discussed71

in Section 2. In this manuscript we demonstrate how a newly proposed numerical method, the Theory of Functional72

Connections (TFC) [17], can be utilized to solve energy-optimal control problems in relative motion.73

At its core, TFC is a mathematical framework that performs functional interpolation. This is accomplished by TFC74

via the construction of functionals, functions of functions, which represent the family of all possible functions that75

satisfy some user-defined constraints. On the seminal paper on the topic [17], Mortari coined the term “constrained76

expression” for these functionals. The creator of TFC, Dr. Daniele Mortari, calls these functionals constrained77

expressions. Influenced by this work, Leake, Johnston, & Mortari [18] were able to identify a generalized framework78

for these constrained expressions allowing for a seamless derivation of constrained expressions of n-dimensions. The79

univariate version of this expression is,80

y(t) = g(t) +

k∑
j=1

φ j(t) ρ j(t, g(t)) (1)

where g(t) is a free function. Additionally, φ j(t) are switching functions: by definition, they are a function that is equal81

to 1 when evaluated at the constraint they are referencing, and equal to 0 when evaluated at all other constraints. The82

switching functions are composed of a set of mutually linearly independent functions called support functions, sk(t),83

with unknown coefficients αi j such that, φ j(t) = si(t)αi j. Furthermore, ρ j(t, g(t)) are called projection functionals,84

since they are derived by setting the constraint function equal to zero and replacing y(t) with g(t).85
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The constrained expressions obtained from this method can then be used to transform the constrained optimization86

problem into an unconstrained one, which reduces the entire solution search space to just the space of admissible87

solutions, i.e., those fully complying with all constraints. This can be accomplished by expanding the free function88

by a set of basis functions, like Fourier series or orthogonal polynomials (e.g., Legendre or Chebyshev polynomials),89

whose coefficients are found by direct application of a least-squares algorithms. Regardless of the type of constraints90

(i.e., initial-, boundary-, or multi-value) if the problem is linear, then the problem can be solved by a linear least-91

squares approach [19]. It follows that if the problem is nonlinear, an iterative least-squares process is used to converge92

to the solution [20].93

In Mortari et al. [19, 20], it was shown that the TFC method can be used to numerically estimate linear and94

nonlinear ordinary differential equation solutions with machine-level error in milliseconds. For this reason, TFC is95

an appealing choice for many different real-time aerospace applications. For instance, this technique has already96

been successfully applied for solving a few aerospace OCPs, including energy-optimal [21] and fuel-optimal landing97

trajectories on large planetary bodies [22]. In this work we continue application of TFC for solving aerospace OCPs,98

but for a different class of problems. More specifically, we utilize TFC to solve four low-thrust OCPs in relative99

motion, following CW dynamics. Since we are assuming the spacecraft makes use of an electric propulsion device,100

each OCP is constructed to minimize the energy generated by the propulsion1. The four optimal control problem101

cases we solve are the following:102

A. fixed time of flight rendezvous103

B. fixed time of flight intercept104

C. free time of flight rendezvous105

D. free time of flight intercept106

Importantly, we solve intercept problems (final velocity allowed to vary) to demonstrate TFC’s ability to solve107

differing constraints with similar performance. The manuscript is organized as follows. In Section 2 a step by step108

review for solving an arbitrary BVP with TFC is presented, along with an explanation on how TFC is different from109

current state-of-the-art numerical methods for solving OCPs. In Section 3, the necessary and sufficient conditions110

for optimality pertaining to each case are derived, i.e., the TPBVPs made up of states and costates are constructed.111

Afterward, in Section 4, the the TFC step by step guide presented earlier is used to solve each low-thrust OCP in112

relative motion. Lastly, the numerical results are then presented and discussed in Section 5. The TFC solutions for113

each case are compared with those from other state-of-the-art methodologies commonly employed to solve OCPs114

(e.g., psuedospectral methods and LQR). Note that the TFC solutions for Cases A and B are compared with analytical115

solutions as well, while the TFC solutions for Cases C and D are compared with a combination of single shooting and116

the analytical method.117

2. The Theory of Functional Connections118

For the convenience of the reader, the TFC approach applied to a general single vector second-order TPBVP in119

the time domain is briefly presented here. Furthermore, to avoid any lingering confusion the reader may have with120

TFC and existing numerical methods for indirect control, an in depth review is provided as well.121

2.1. TFC Step by Step Guide for Solving a General Second-Order TPBVP122

The vector differential equation of a typical second-order TPBVP can be implicitly expressed as follows,123

Fi

(
t, y j(t), ẏ j(t), ÿ j(t)

)
= 0 subject to:


y j(t0) = y0 j

y j(t f ) = y f j

ẏ j(t0) = ẏ j0

ẏ j(t f ) = ẏ f j

(2)

1Minimization of energy for electric propulsion systems is synonymous with the minimization of propellant (fuel) used.

3



for i, j = 1, 2, 3 and over the domain t ∈ [t0, t f ]. In this differential equation, the solution is the unknown vector124

equation y j(t). Additionally, the distinction between the index i and j represents the fact that the ith differential125

equation can be a function of all j components of y j(t). As previously shown, the constrained expression can be126

represented by Eq. (1). Since in this problem the constraint type is the same for each vector component, we can127

simply rewrite Eq. (1) as,128

y j(t, g j(t)) = g j(t) + φ1(t)ρ1 + φ2(t)ρ2 + φ3(t)ρ3 + φ4(t)ρ4 (3)

where the projection functionals are simply,129

ρ1(t, g j(t)) = y0 j − g j(t0)
ρ2(t, g j(t)) = y f j − g j(t f )
ρ3(t, g j(t)) = ẏ0 j − ġ j(t0)
ρ4(t, g j(t)) = ẏ f j − ġ j(t f )

(4)

and the switching functions are derived in the following manner. First, one must choose the support functions sk(t).
For these specific constraints, the support functions are defined in the same manner as Ref. [22], where sk(t) = t(k−1).
Now, the definition of the switching functions is used to produce a set of equations. For example, the first switching
function has the four equations,

φ1(t0) = 1, φ1(t f ) = 0, φ′1(t0) = 0, and φ′1(t f ) = 0,

These equations are expanded in terms of the support functions,

φ1(t0) = (1) · α11 + (t0) · α21 + (t2
0) · α31 + (t3

0) · α41 = 1

φ1(t f ) = (1) · α11 + (t f ) · α21 + (t2
f ) · α31 + (t3

f ) · α41 = 0

φ′1(t0) = (0) · α11 + (1) · α21 + (2t0) · α31 + (3t2
0) · α41 = 0

φ′1(t f ) = (0) · α11 + (1) · α21 + (2t f ) · α31 + (3t2
f ) · α41 = 0

which can be written in matrix form as, 
1 t0 t2

0 t3
0

1 t f t2
f t3

f
0 1 2t0 3t2

0
0 1 2t f 3t2

f



α11
α21
α31
α41

 =


1
0
0
0

 .
The same is done for the other three switching functions to produce the following set of equations,130 

1 t0 t2
0 t3

0
1 t f t2

f t3
f

0 1 2t0 3t2
0

0 1 2t f 3t2
f



α11 α12 α13 α14
α21 α22 α23 α24
α31 α32 α33 α34
α41 α42 α43 α44

 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (5)

Eq. (5) can easily be solved by matrix inversion in order to obtain the switching functions.131

φ1(t) =
1

(t f − t0)3

(
− t2

f (3t0 − t f ) + 6t0t f t − 3(t0 + t f )t2 + 2t3
)

φ2(t) =
1

(t f − t0)3

(
− t2

0(t0 − 3t f ) − 6t0t f t + 3(t0 + t f )t2 − 2t3
)

φ3(t) =
1

(t f − t0)2

(
− t0t2

f + t f (2t0 + t f )t − (t0 + 2t f )t2 + t3
)

φ4(t) =
1

(t f − t0)2

(
− t2

0t f + t0(t0 + 2t f )t − (2t0 + t f )t2 + t3
)

(6)
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These switching functions, Eq. (6), and projection functionals, . (4), are used in Eq. (3), causing the boundary con-132

straints of Eq. (2) to be effectively embedded within the constrained expression.133

Next, we need to transform the constrained TPBVP, represented by Eq. (2), into an unconstrained unconstrained134

problem by substituting Eq. (3) into the Fi vector differential equation. The vector differential equation is then trans-135

formed into a new one we define as F̃i, which is only a function of the independent variable t, the free-functions g j(t),136

and their derivatives,137

F̃i

(
t, g j(t), ġ j(t), g̈ j(t)

)
= 0 for i, j = 1, 2, 3 (7)

This vector differential equation in Eq. (7) is unconstrained because the boundary conditions are embedded within the
switching function and projection functional structure. To solve Eq. (7) numerically, the free function g j(t) is then
expressed as an expansion of orthogonal polynomials,

g j(t) = ξT
j h(z)

where h(z) is an expansion of some m known basis, and ξ j are m × 1 vectors of unknown coefficients. The domain
of the basis functions z and the problem domain t are usually not coincident and must be mapped which can be done
using the simple linear equations,

z = z0 + c(t − t0) ←→ t = t0 +
1
c

(z − z0)

where c is a mapping constant that is,

c :=
z f − z0

t f − t0

Due to this mapping, all subsequent derivatives of g(t) are defined as,

dng
dtn = ξT dnh(z)

dzn

(
dz
dt

)n

= ξT dnh(z)
dzn cn

Thus, the transformation of the free function and its derivatives between the t domain to the z domain can be summa-138

rized as follows,139 
g j(t) = ξT

j h(z)

ġ j(t) = c ξT
j h
′(z)

g̈ j(t) = c2 ξT
j h
′′(z)

(8)

where h′(z) is synonymous with dh(z)
dz . In this work we utilize Chebyshev orthogonal polynomials, which are on the140

z ∈ [−1, 1] domain, as the basis functions. Setting z = −1 and z = 1 in Eq (8) allows the free function’s boundary141

constraints to be specified (see Eq. (4)). Once g(t) is defined as an expansion of Chebyshev orthogonal polynomials,142

the unknowns merely consist of the expansion coefficients ξ j. Eq. (7) in the z domain then becomes,143

Fi(z, ξ j) = 0 for i, j = 1, 2, 3 (9)

The final step for setting up this TPBVP to be solved numerically is to discretize the z domain. Since we are144

correlating z to the Chebyshev domain, an optimal distribution of N + 1 points defined by the Chebyshev-Gauss-145

Lobatto collocation points [23, 24] are used to discretize z. This distribution is defined as,146

zd = − cos
(

dπ
N

)
for d = 0, 1, · · · ,N (10)

and therefore follows that,

td = t0 +
1
c

(zd − z0)
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The unconstrained set of differential equations in Eq. (9) can then be expressed as loss functions at each discretization147

point,148

Li(ξ j) =



F̃i(z0, ξ j)
...

F̃i(zd, ξ j)
...

F̃i(zN , ξ j)


for i, j = 1, 2, 3 (11)

Now, by combining the differential equation for each dimension, an augmented loss function is formed as follows,149

L =
{
L1, L2, L3

}T
(12)

Enforcing a true solution, setting L = 0, allows the ξ j coefficients to be solved via different optimization schemes,150

e.g., linear least-squares for linear problems and non-linear (iterative) least-squares for non-linear problems.151

If Eq (11) is linear, then Eq. (12) can be expressed as a system of linear equations in array form such as,152

L =


L1
L2
L3

 = 0 −→ H


ξ1
ξ2
ξ3

 = B (13)

where H ∈ R3N×3m and B ∈ R3N . Linear least squares can then be performed on the linear system in Eq. (13) which
solves the unknown ξ j coefficients,

ξ j =
(
HTH

)−1
HTB

Plugging in the linear least-squares solution for ξ into the constrained expressions and performing a linear mapping153

back to the problem domain t then gives the solution to the TPBVP.154

If Eq (11) is non-linear, then non-linear least-squares must be performed. The Jacobian of the loss functions must
be defined, which is,

J =

J1(ξ j)
J2(ξ j)
J3(ξ j)


ξ j=ξ jp

where Ji(ξ j) =



∂F̃i(z0, ξ j)
∂ξ1

∂F̃i(z0, ξ j)
∂ξ2

∂F̃i(z0, ξ j)
∂ξ3

...
...

...
∂F̃i(zd, ξ j)

∂ξ1

∂F̃i(zd, ξ j)
∂ξ2

∂F̃i(zd, ξ j)
∂ξ3

...
...

...
∂F̃i(zN , ξ j)

∂ξ1

∂F̃i(zN , ξ j)
∂ξ2

∂F̃i(zN , ξ j)
∂ξ3


ξ j=ξ jp

where the p subscript indicates the current iteration’s estimation of the unknown coefficient ξ j. This estimation is
updated at the next iteration by,

ξ jp+1 = ξ jp − ∆ξ jp

The ∆ξ jp term can be defined by performing classic linear least-squares at each iteration of the non-linear least squares
procedure,

∆ξ jp =
(
J(ξ jp )TJ(ξ jp )

)−1
J(ξ jp )TL(ξ jp )

The iterative process is repeated until either of the following conditions are met,

L2[L(ξ jp )] < ε or L2[L(ξ jp+1 )] > L2[L(ξ ja )].
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where ε defines some user prescribed tolerance.155

Although the TPBVPs defined in the next section will be composed of multiple vector differential equations, the156

TFC method outlined here can still be used to numerically find the solution. The only differences are the added number157

of loss functions that must be augmented together and the multiple constrained expressions for the each dependent158

variable. Putting everything together, the TFC process can be represented by the diagram in Figure 1. The interested159

reader can find more details about the TFC method in [19, 20].160

Figure 1: TFC Diagram

2.2. Difference Between TFC and Current State-of-the-Art Indirect Numerical Methods161

Similar to the free time of flight rendezvous problem, many OCPs of interest for space systems do not have an162

analytical solution and must be solved numerically. As such, newly defined algorithms tend to rely extensively on on-163

board computation, where closed-loop G&C and closed-loop predefined laws are replaced by numerical algorithms.164

The more prominent role numerical algorithms have in defining and executing G&C functions for aerospace systems165

has lead to the newly coined term computational guidance and control [25]. The numerical methods associated with166

computational guidance and control can be separated into two classes: direct and indirect. The former refers to a167

class of numerical optimal control methodologies where the continuous OCP is transcribed into a nonlinear program168

(NLP) optimization problem via proper approximation of the state and/or control. On the other hand, indirect methods169

rely on developing the first-order necessary conditions by direct application of Pontrygan’s Minimum Principle or by170

calculus of variations. The necessary conditions result in a TPBVP that must be resolved by application of numerical171

techniques. These numerical techniques can also be implemented directly, where they are used to solve a NLP172

instead of a TPBVP. Since we are solving TPBVPs derived from the necessary conditions of optimal control, we are173

implementing an indirect version of TFC.174

Two fundamental numerical techniques employed to solve TPBVPs stemming from the necessary conditions in-175

clude single and multiple shooting. The indirect single shooting method treats the TPBVP as an initial value problem176

(IVP), in which integration begins at the initial time with an initial guess of the costates and ends at the final time.177

Integration is repeated with costate initial guesses adjusted until the boundary conditions at the final time are reached.178

Unfortunately, the indirect single shooting method is highly sensitive to the initial costate guesses and the accuracy179

of its calculated solution decreases as the time interval of integration increases [26]. The indirect multiple shoot-180

ing method alleviates this problem to some extent by partitioning the integration into several smaller intervals and181

connecting them with additional conditions so that the complete solution trajectory is continuous again [27].182

An alternative, and perhaps more popular, group of numerical techniques for solving OCPs are indirect local183

and global collocation methods. Unlike single and multiple shooting, collocation methods do not treat the TPBVP184

as an IVP at all, but instead they treat it as a root-finding problem. Local collocation divides the time interval in185

many subintervals and enforces continuity of the state and costates across them. The resulting problem can be further186

7



discretized using orthogonal collocation methods, where the collocation points are selected as roots of a family of187

orthogonal polynomials [28, 29], e.g., expansion in Chebyshev polynomials. The states and costates are then found188

by solving for the unknown coefficients in the orthognal polynomials via an appropriate root-finding technique. Con-189

versely, global collocation methods employ global polynomials to approximate the state and costate with collocation190

executed at specified points across the desired time-interval. The most popular set of global collocation methods191

for optimal control are named pseudospectal methods. The majority of pseudospectral methods favor expansions in192

Lagrange polynomials for approximating the states and controls, and utilize alternative collocation points such as193

Gauss-Lobatto [30] and Gauss-Lobatto-Radau [31, 32]. These formulations are preferred because the isolation condi-194

tion is automatically satisfied [33] and yields simpler conditions for collocation. Pseudospectral methods are typically195

used for solving OCPs directly and are the basis for the GPOPS-II numerical platform. Nonetheless, they have also196

been used for solving aerospace problems indirectly [34, 35].197

TFC for solving OCPs numerically is similar to both indirect orthogonal collocation and pseudospectral methods.198

This similarity is due to all of these methods implementing orthogonal polynomials over the local or global domain,199

depending on the selected technique. More precisely, indirect orthogonal collocation and pseudospectral methods200

use orthogonal polynomial expansions to approximate the state and costates in their entirety and the boundary con-201

straints are satisfied by becoming part of the optimization scheme. On the other hand, TFC does not use orthogonal202

polynomial expansions to approximate the entire state and costate in one step, but instead uses them first to approx-203

imate the free-function within a constrained expression. The constrained expression then analytically satisfies the204

problem constraints following the procedure explained in previous subsection. Thus, the main difference between205

TFC and other numerical methods is that TFC reduces the search space of the optimization scheme to sequences of206

states and costates that always satisfy the constraints. Since the search space of the optimization scheme employed207

by TFC is not as large, simpler and faster methods (e.g., iterative least squares) can be used to find the optimal solu-208

tion. Indeed, in previous works, the use of the TFC constrained expression for nonlinear differential equations was209

compared to the pseudospectral method where the results showed a two order of magnitude increase in computation210

time [20]. The interested reader can find further and more detailed information about the differences of TFC and211

collocation/pseudospectral methods in [22]. In this work the authors have formalized this difference by performing212

a side-by-side comparison of the TFC constrained expression and the orthogonal polynomial expansions used within213

the pseudospectral methods.214

3. Energy-Optimal Guidance in Relative Motion via the Indirect Method215

In this section the TPBVPs for the energy-optimal guidance in relative motion are derived using the indirect216

method for particular boundary conditions. The differential equations representing the equations of motion for all217

cases are first specified. An OCP for each case is then formulated by minimizing the energy-optimal performance218

index, whilst subjected to the equations of motion and state boundary conditions. Pontryagin’s Minimum Principle is219

used to derive the first-order necessary conditions of optimallity and transversality conditions. The result is a TPBVP220

that when solved, gives a candidate energy-optimal trajectory. Furthermore, since we compare the TFC methodology221

for solving these problems with a Linear Qudratic Regulator (LQR), we also provide details on how to solve energy-222

optimal guidance in relative motion with LQR.223

3.1. Clohessy-Wiltshire Dynamics and Equations of Relative Motion224

Assuming the chief spacecraft is in a circular orbit and the deputy is near, the relative acceleration between two
satellites can be described by the Clohessy-Wiltshire (CW) equations. The CW equations make use of a Local-
Vertical-Local-Horizontal (LVLH) coordinate frame centered on the chief, as shown in Figure 2. In the LVLH coor-
dinate frame, x describes the chief’s radial direction away from the central body θr, z is oriented in the direction of
the chief’s angular orbital momentum θh, and y is consequently oriented such that the LVLH frame is right-handed
and orthogonal, i.e., in the direction the chief’s velocity θv. In this framework, the x-y coordinates describe the in-
plane motion and the z coordinate describes the out-of-plane motion. Since multiple detailed derivations of the CW
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equations are available (e.g., [3, 36]), they are merely stated here,

ẍ = 3w2x + 2wẏ

ÿ = −2wẋ

z̈ = −w2z

where w is the angular velocity of the chief satellite. Transforming the CW equations into matrix form, they become,

a = v̇ =

3w2 0 0
0 0 0
0 0 −w2

 r +

 0 2w 0
−2w 0 0

0 0 0

 v (15a)

= M r + N v (15b)

Figure 2: Chief-Deputy Relative Motion Illustration

With the natural acceleration ag of the deputy with respect to the chief defined, the spacecraft guidance problem
in relative motion can then be formulated by replacing ag with Eq. (15b). The equations of motion are expressed as,

ṙ = v (16a)

v̇ = ag(r, v) + ac + ap := Mr + Nv +
T
m

+ ap (16b)

ṁ =
|T|

Isp g0
(16c)

Here, the position and velocity vectors of the deputy with respect to the chief are r and v respectively. The deputy’s
commanded acceleration with respect to the chief ac is provided by the on-board thrusters, where the total thrust
produced is represented by T. The variation in mass ṁ due to fuel expended is shown as Eq. (16c). The specific
impulse of the vehicle’s thrusters is referred to as Isp and g0 represents the standard gravitational acceleration. Lastly,
ap equates to any perturbing or unmodelled accelerations. To formulate the energy-optimal guidance, we consider
a reduced problem that does not directly account for mass variation and perturbing (unmodelled) accelerations. The

9



equations of motion then become the following,

ṙ = v (17a)

v̇ = Mr + Nv + ac (17b)

3.2. Problem Formulation for Fixed Time of Flight Cases (A & B)225

Solving an OCP requires a control function that minimizes a cost, commonly referred to as the performance index226

J in optimal control literature. In the context of the described equations of motion, the control function is ac and the227

energy cost is the following,228

J =
1
2

∫ t f

t0
aT

cac dt (18)

Combining Eq. (17) and (18), the energy-optimal control problem becomes,

minimize
ac

1
2

∫ t f

t0
aT

cac dt (19a)

subject to ṙ = v (19b)

v̇ = Mr + Nv + ac (19c)

However, the problems we are trying to solve have boundary constraints. For Case A, where final velocity is not229

allowed to vary, the boundary conditions are,230

r(t0) = r0, r(t f ) = r f

v(t0) = v0, v(t f ) = v f
(20)

When final velocity is free to vary, as in Case B, the boundary conditions are simply the same as in Eq. (20), but231

without a constraint on v(t f ),232

r(t0) = r0, r(t f ) = r f

v(t0) = v0
(21)

Following the indirect method, the TPBVPs computed to solve these OCPs are acquired by first deriving the233

Hamiltonian of Eq. (19), which is,234

H =
1
2

aT
C aC + λT

rv + λT
v(Mr + Nv + aC) (22)

The position and velocity costates/adjoints are λr and λv respectively. Applying Pontryagin’s Minimum Principle,235

minimizing the Hamiltonian allows the optimal guidance action to be found,236

∂H

∂aC
= aC + λv = 0 → aC = −λv (23)

The first-order necessary conditions for optimality then give the systems of state and costate equations:

ṙ =
∂H

∂λr
= v (24a)

v̇ =
∂H

∂λv
= Mr + Nv − λv (24b)

λ̇r = −
∂H

∂r
= −MTλv (24c)

λ̇v = −
∂H

∂v
= −λr − NTλv (24d)
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Combining Eq. (24) with the boundary conditions represented by Eq. (20) gives the TPBVP for Case A. For Case237

B, the transversality condition relating to a free final state element at a fixed final time must be satisfied. Since final238

velocity is free for Case B, this condition is that the velocity costate at final time must be equal to zero,239

λv(t f ) = 0 (25)

Thus, the TPBVP for Case B is the combination of Eqs. (21, 24, 25).240

3.2.1. Increasing Final Time241

Note that the TPBVPs for the fixed time of flight cases are completely linear. This leads to the analytical solutions242

for Cases A and B being easily derived, and are given in the appendix. By computing the analytical solutions as243

time of flight increases we are able to show the total accumulated cost as a function of time of flight, see Figure 3.244

Figure 3 shows that the curve is monotonically decreasing for Case A, which implies a finite optimal value for final245

time does not exist. However, the cost can always be reduced by increasing the time of flight. Unlike for Case A,246

when the final velocity is free, the cost as a function of final time oscillates as zero is approached. This leads to many247

local minimums that decrease in value as the time of flight is increased. Nonetheless, the cost limit still approaches248

zero for Case B, just like in Case A, as the time of flight is increased to infinity. Larger time of flights lead to249

smaller acceleration commands and infeasible thrusts for many continuous thrust engines, even those that use electric250

propulsion. Therefore, for both final time free cases, a penalty factor must be included in the objective function to251

induce an upper bound on the final time.252

(a) Case A (b) Case B

Figure 3: The total accumulated cost for Case A (a) and Case B (b) as a function of time of flight.

3.3. Problem Formulation for Free Time of Flight Cases (C & D)253

For cases when final time is unknown, there is an additional transversality condition that must be satisfied to254

determine the optimal value of terminal time,255

0 = H(t f ) +
∂ϕ

∂t f
+ νT ∂ψ

∂t f
(26)

where ϕ represents a term outside the integrand in the cost function and ν is a Lagrange multiplier associated with256

the terminal constraints ψ. Since the terminal constraints do not change with varying final time, νT
∂ψ

∂t f
falls out of the257

equation. Thus, the additional transversality condition for the energy-optimal problem when final time is free is that258

the Hamiltonian must be equal to zero at the final time,259

H
(
t f

)
= 0 (27)
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Combining Eqs. (24, 20, and 27) creates a TPBVP whose solution gives the energy-optimal trajectory and an ideal260

time of flight when the entire final state is constrained. As the previously explained, simply increasing the time of261

flight towards infinity will lead to trajectories that use less energy. Thus, a new cost function for the free time of262

flight cases must be adopted. Otherwise, the computed time of flight will gravitate towards infinity and infeasible263

acceleration commands. The a new objective function for Cases C and D is as follows,264

J = Γ
(
t f − t0

)
+

1
2

∫ t f

t0
aT

cac dt (28)

When minimized the cost function in Eq. (28) represents a combination of minimum time and minimum energy
problems. The Γ parameter is a weight on final time which acts as the trade-off between minimum time and minimum
energy. A higher Γ values emphasizes finding a solution that minimizes time rather than energy, and vice versa for
smaller values of Γ. Clearly, if Γ = 0 then Eq. (28) is identical to the minimum energy cost given in Eq. (18).
Combining Eqs. (17 and 28) and assuming a low Γ, a near energy-optimal control problem is formulated as,

minimize
ac, t f

Γ
(
t f − t0

)
+

1
2

∫ t f

t0
aT

cac dt

subject to ṙ = v

v̇ = Mr + Nv + ac

where the state boundary constraints for Cases C and D are those in Eq. (20) and Eq. (21) respectively.265

Just like in the previous subsection, we follow the Indirect Method by first deriving the Hamiltonian and apply266

Pontryagin’s Minimum Principle to find the optimal guidance. Both the Hamiltonian and optimal acceleration com-267

mand are identical to those in Eqs. (22 and 23). Thus, the equations of motion to the TPBVPs that must be found for268

Case C and Case D are identical to those for the fixed time of flight cases, Eq. (24). The main difference between269

the TPVPs for the fixed and free final time cases is the inclusion of the Hamiltonian transversality condition. Since270

the free final time cases are near energy-optimal, ϕ = Γ
(
t f − t0

)
in Eq. (26). Thus, the Hamiltonian transversality271

condition for Cases C and D is as follows,272

H
(
t f

)
+ Γ = 0 (30)

where Eq. (30) is identical to Eq. (27) if Γ = 0 , i.e., the energy-optimal problem.273

3.4. TPBVP Summary274

The TPBVPs associated with each case have been tabulated for the reader’s convenience. Table 1 provides all275

components of the TPBVPs: the differential equations, state boundary conditions, and transversality conditions.276

3.5. LQR for Energy-Optimal Rendezvous and Intercept277

The solving of the TPBVPs in Table 1 by any method, numerical or analytical, represents open-loop solutions278

to the various energy-optimal problems in relative motion. Closed-loop solutions can also be found for the same279

problems by following LQR theory. The term closed-loop refers to the solved control, ac, being an expression of the280

state, which enables the solution to be robust in the presence of perturbations. On the other hand, open-loop solutions281

for ac are set values that do not change and are not robust to perturbations. Since Closed-loop solutions represent282

control expressions in terms of the state, they can simply be uploaded on-board aerospace systems to perform control283

updates very fast. Unfortunately, the closed-loop solutions tend to not be as optimal as their open-loop counterparts,284

even when no state perturbation is experienced by the aerospace system. Thus, numerical methods that can compute285

open-loop solutions very fast and with minimal resources will enable them to be used on-board aerospace systems.286

Since LQR is a well established method for obtaining closed-loop solutions, we compared our TFC solutions to the287

TPBVPs in Table 1 with those of LQR. Many great resources exist that explain LQR theory and how it can be used288

to obtain closed-loop solutions. Thus, in this subsection we will briefly be highlighting how we went about obtaining289

closed-loop solutions with LQR. Our approach was mostly taken from Ref. [37].290
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Table 1: TPBVP pertaining to each case.

TPBVP Parts Cases
A B C D

DEs

ṙ = v
v̇ = Mr + Nv − λv

λ̇r = −MTλv

λ̇v = −λr − NTλv

State BCs

r(t0) = r0

v(t0) = v0

r(t f ) = r f

v(t f ) = v f

r(t0) = r0

v(t0) = v0

r(t f ) = r0

same as A same as B

Trans. Conds. none λv(t f ) = 0 H(t f ) + Γ = 0
λv(t f ) = 0

H(t f ) + Γ = 0

3.5.1. Fixed Final Time291

When using LQR theory to derive a closed-loop solution we do not formulate a TPBVP to solve for the optimal292

ac. Without a TPBVP, the final conditions are made apart of the performance index as follows,293

J =
1
2

xT(t f )S(t f )x(t f ) +
1
2

∫ t f

t0
xTQx + aT

cRac dt (31)

where xT = [rT vT] represents the state, Q is a diagonal weighting matrix on the state, and R is a diagonal weighting294

matrix on the control. The matrix S(t f ) differs from Q because it can be thought of as a diagonal matrix that weights295

the importance of targeting each element of the final state. For the problems we are solving, Q = 06 and R = I3. For296

rendezvous and intercept of certain a x(t f ), we set BS (t f ) as follows,297

Srendezvous(t f ) = I6sw Sintercept(t f ) =

[
I3 03
03 03

]
sw (32)

where sw is some weighting constant. Examining Eq. (32) shows that we weight the importance of rendezvous-
ing/intercepting with each (positional) element of x f the same. Assuming the dynamics are in a form of ẋ = Ax+Bac,
solving for the closed-loop expression of ac that minimizes Eq. (31) is carried out by solving the Ricatti equation,

−Ṡ = ATS + SA − SBR−1S + Q, t ≤ t f , given S(t f )

The expression for ac is then derived to be,298

ac = −R−1BTSx (33)

3.5.2. Free Final Time299

When final time is free a penalty p on it is added to the integrand within Eq. (31),

J =
1
2

xT(t f )S(t f )x(t f ) +
1
2

∫ t f

t0
ρ + xTQx + aT

cRac dt

The reader should be aware the p = 2Γ. Realizing the that the Hamiltonian is constant and must be zero the following300

relation can be derived,301

xT(t0)Ṡx(t0) = p (34)

We then integrate the Ricatti equation backward from some time τ using as the final condition S(τ) = S(t f ). At each302

time t, the left-hand side of Eq. (34) is computed using the known initial state and Ṡ(t). Then, the minimum interval303

(t f − t0) is equal to (τ − t), where t is the time for which Eq. 34 first holds. This specifies the ideal final time t f .304

13



4. Solution via Theory of Functions Connections305

This section is split up into multiple subsections, each one for each TFC solution of the TPBVPs defined in306

Table 1. The TPBVPs associated with the fixed time of flight cases (A and B) are linear. On the other hand, the307

TPBVPs belonging to the free time of flight cases (C and D) are non-linear. Thus, the TFC solution for the fixed308

time of flight TPBVPs make use of least-squares to find the unknown basis expansion coefficients while iterative309

(non-linear) least-squares is needed to solve the free time of flight TPBVPs.310

Before we begin applying TFC, we see that one of the differential equations in Table 1 is redundant and can be311

removed by the TFC constrained expression. Removing this redundancy is beneficial because it simplifies the TFC312

solutions by reducing the amount of differential equations. Since the TFC constrained expression is analytical, the313

derivative of the constrained expression for r(t) is exactly the constrained expression of v(t). Thus, the differential314

equation expressed by Eq. (24a) can be disregarded for all cases during the TFC derivation of their solutions.315

4.1. Case A316

After disregarding Eq. (24a), the problem is now reduced to the solution of three vector differential equations,
Eqs. (24b-24d). These DEs are first put into a form similar to that of Eq. (2),

a(t) − Mr(t) − Nv(t) + λv(t) = 0 (35a)

λ̇r(t) + MTλv(t) = 0 (35b)

λ̇v(t) + λr(t) + NTλv(t) = 0 (35c)

where v̇(t) has been replaced with a(t). The LHS of Eq. (35) are essentially loss functions equal to zero at the true
solution. Thus, during the TFC process we try to find solutions that minimize the loss. The closer the loss functions
are to zero, the more accurate the TFC solution is. For ease of showing the derivation, equations from this point on
will be shown in Einstein2 index notation. The loss functions rewritten in this form are shown below,

Lai (t) = ai(t) − Mi jri(t) − Ni jvi(t) + λvi (t) (36a)

Lri (t) = λ̇ri (t) + MT
i jλvi (t) (36b)

Lvi (t) = λ̇vi (t) + λri (t) + NT
i jλvi (t) (36c)

In total, seven constrained expressions are necessary to obtain the losses: those for ri(t), vi(t), ai(t), λri (t), λ̇ri (t), λvi (t),317

and λ̇vi (t). However, we only need to initially define the constrained equations for ri(t), λri (t), and λvi (t). Taking their318

derivatives will then give us the constrained expressions for the remaining variables. The first constrained expression319

we will discuss is that for ri(t).320

There are four constraints associated with the ai(t) differential equations, those associated with the initial- and321

final-value of the position and velocity (state and derivative). Therefore, the constrained expression for ri shares the322

same switching functions and projection functional structure as the example given in Section 2.1. Therefore, Eq. (3)323

can be written as,324

ri(t, gi(t)) = gi(t) + φ1(t)ρ1 + φ2(t)ρ2 + φ3(t)ρ3 + φ4(t)ρ4 (37)

2To simplify the equations, we will use the so called Einstein notation to deal with the indexes; for instance:

aibi =

N∑
i=1

aibi

Ai j x j =

N∑
j=1

Ai j x j, i = 1, ...,M

AT
i j = A ji
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where the projection functionals are,

ρ1(t, g j(t)) = r0 j − g j(t0)
ρ2(t, g j(t)) = r f j − g j(t f )
ρ3(t, g j(t)) = v0 j − ġ j(t0)
ρ4(t, g j(t)) = v f j − ġ j(t f )

Writing the free function as a linear basis of Chebyshev polynomials and performing a linear mapping to the Cheby-325

shev domain z then allows Eq. (37) to be written as,326

ri(t) = ri(z) =
(
h(z) − φ1(z)h0 − φ2(z)h f − φ3(z)h′0 − φ4(z)h′f

)T
ξai

+ φ1(z)r0i + φ2(z)r fi + φ3(z)
v0i

c
+ φ4(z)

v fi

c

(38)

where h0 = h(z0) and h f = h(z f ). Also, the φk(z) terms are similar to our example, but rather written in terms of the z
domain

φ1(z) =
1

(z f − z0)3

(
− z2

f (3z0 − z f ) + 6z0z f z − 3(z0 + z f )z2 + 2z3
)

(39a)

φ2(z) =
1

(z f − z0)3

(
− z2

0(z0 − 3z f ) − 6z0z f z + 3(z0 + z f )z2 − 2z3
)

(39b)

φ3(z) =
1

(z f − z0)2

(
− z0z2

f + z f (2z0 + z f )z − (z0 + 2z f )z2 + z3
)

(39c)

φ4(z) =
1

(z f − z0)2

(
− z2

0z f + z0(z0 + 2z f )z − (2z0 + z f )z2 + z3
)

(39d)

Taking the derivatives of Eq. eq38 then yields the constrained expressions for vi(t) and ai(t),327

vi(t) = cr′i (z) = c
((

h′(z) − φ′1(z)h0 − φ
′
2(z)h f − φ

′
3(z)h′0 − φ

′
4(z)h′f

)T
ξai

+ φ′1(z)r0i + φ′2(z)r fi + φ′3(z)
v0i

c
+ φ′4(z)

v fi

c

)
(40)

ai(t) = c2r′′i (z) = c2
((

h′′(z) − φ′′1 (z)h0 − φ
′′
2 (z)h f − φ

′′
3 (z)h′0 − φ

′′
4 (z)h′f

)T
ξai

+ φ′′1 (z)r0i + φ′′2 (z)r fi + φ′′3 (z)
v0i

c
+ φ′′4 (z)

v fi

c

)
(41)

where that the subscript (·)ai signifies that the unknown coefficients ξai are for Lai .328

With the constrained expressions that make up the acceleration loss defined, we now need to do the same for those
that make up the costate losses. Since there are no constraints on the costates for Case A, formulating their constrained
expressions is simple. Only the free function and its derivative are needed to define the constrained expressions for
the costates. After putting them in the Chebyshev domain, the constrained expression for the costates are as follows,

λri (t) = λri (z) = h(z)Tξri (42)

λ̇ri (t) = cλ′ri
(z) = ch′(z)Tξri (43)

λvi (t) = λvi (z) = h(z)Tξvi (44)

λ̇vi (t) = cλ′vi
(z) = ch′(z)Tξvi (45)
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where the (·)ri and (·)vi subscripts imply the unknown coefficients pertain to the position and velocity costate losses329

respectively (Lri and Lvi ).330

With all the constrained expressions defined they can then be substituted into the loss functions. The loss functions
then resemble a linear system of equations, i.e., Aξ = b, where the elements of A ∈ R9×9m and b ∈ R9 are given in
the appendix. For clarification, the augmented unknown coefficients ξ are as follows,

ξ =
[
ξa1 , ξa2 , ξa3 , ξr1 , ξr2 , ξr3 , ξv1 , ξv2 , ξv3

]T
∈ R9m

We wish to determine the state and costates across N points though. Thus, the matrix is evaluated on a set of N points331

within the domain, yielding the augmented matrix H ∈ R9N×9m and augmented vector B ∈ R9N . For a set of m basis332

functions, the resulting system Hξ = B can be solved via linear least-squares, i.e., ξ = (HT H)−1 HT B. Plugging in the333

linear least-squares solution for ξ into the constrained expressions and performing a linear mapping back to the time334

domain then gives the state and costate optimal histories for Case A. Note that the augmented loss used to validate the335

solution is given as,336

L =
{
LT

a1
, LT

a2
, LT

a3
, LT

r1
, LT

r2
, LT

r3
, LT

v1
, LT

v2
, LT

v3

}T

4.2. Case B337

The loss functions for Case B are identical to those for Case A, i.e., Eq. (36). However, the constrained expressions
for each of the two cases are different because the constraints pertaining to each problem are different. Unlike for Case
A, there are three state constraints for case B: ri(t0) = r0i , vi(t0) = v0i , and ri(t f ) = r fi . Following the same procedure
laid out in Section 2 and the previous subsection, Eq. (1) written in the z domain at the end points for Case B becomes
the following linear system, 

1 z0 z2
0

1 z f z2
f

0 1 2z0


α11 α12 α13
α21 α22 α23
α31 α32 α33

 =

1 0 0
0 1 0
0 0 1


which through matrix inversion gives the following switching functions,

ϕ1(z) =
1

(z f − z0)2

(
z f (z f − 2z0) + 2z0z − z2

)
(46a)

ϕ2(z) =
1

(z f − z0)2

(
z2

0 − 2z0z + z2
)

(46b)

ϕ3(z) =
1

(z f − z0)

(
z f z0 + 2z0z + z2

)
(46c)

The associated projection functionals defined in the z domain are as follows,

%1(z, g j(z)) = r0 j − g j(z0)
%2(z, g j(z)) = r f j − g j(z f )

%3(z, g j(z)) =
v0 j

c
− g′j(z0)

This leads to a constrained expression for ri(z). Writing the free-function as a linear basis of Chebyshev polynomials338

and performing a linear mapping to the Chebyshev domain then gives,339

ri(t) = ri(z) =
(
h(z) − ϕ1(z)h0 − ϕ2(z)h f − ϕ3(z)h′0

)T
ξai + ϕ1(z)r0i + ϕ2(z)r fi + ϕ3(z)

v0i

c
(47)

Taking the derivatives of Eq. (47) then yields the constrained expressions for vi(t) and ai(t),340
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vi(t) = cr′i (z) = c
((

h′(z) − ϕ′1(z)h0 − ϕ
′
2(z)h f − ϕ

′
3(z)h′0

)T
ξai

+ ϕ′1(z)r0i + ϕ′2(z)r fi + ϕ′3(z)
v0i

c

)
(48)

ai(t) = c2r′′i (z) = c2
((

h′′(z) − ϕ′′1 (z)h0 − ϕ
′′
2 (z)h f − ϕ

′′
3 (z)h′0

)T
ξai

+ ϕ′′1 (z)r0i + ϕ′′2 (z)r fi + ϕ′′3 (z)
v0i

c

)
(49)

Similar to Case A, there are no constraints on the position costate for Case B. Thus, constrained expressions for
the position costate and its derivative are identical to Eqs. (42 and 43). Unlike Case A, there is one constraint on
the velocity costate for Case B, λvi (t f ) = 0. In the case of a single point constraint, the switching function becomes
φ(z) = 1 and the projection functional is ρ(z, gi(z)) = 0 − g fi , leading to the expression,

λvi (z) = gi(z) + (0 − g fi )

Taking the derivative of the constrained expression then gives the constrained expression for λ̇vi . Both constrained
expressions are shown below,

λvi (t) = λvi (z) =
(
h(z) − h f

)Tξvi (50)

λ̇vi (t) = cλ′vi
(z) = c h′(z)Tξvi (51)

With all the constrained expressions defined they can easily be substituted back into the loss functions. Just like341

explained in the previous subsection, a linear system of equations is formed, i.e., Aξ = b. See the appendix for the342

entries of A ∈ R9×9m and b ∈ R9. Evaluating the arrays on a set of N points collocated over the Chebyshev domain343

by Eq. (10) creates the augmentation, like described for Case A. Solving this augmented system via least-squares344

gives the unknown coefficients. Plugging the coefficients into the constrained expressed and mapping back to the time345

domain returns the solution for Case B.346

4.3. Cases C and D: Free Time of Flight Cases347

Since deriving the TFC solutions of the free time of flight cases (C and D) in separate subsections would require348

repeating much of the formulations, they are instead derived simultaneously here. The fixed time of flight cases (A349

and B) consisted of three loss vector functions, i.e., nine equations in total. A tenth loss function is needed for the free350

time of flight cases, i.e., the Hamiltonian constraint at final time. Thus, the loss functions for Cases C and D are as351

follows,352

Lai = ai(t) − Mi jri(t) − Ni jvi(t) + λvi (t) (52a)

Lri = λ̇ri (t) + MT
i jλvi (t) (52b)

Lvi = λ̇vi (t) + λri (t) + NT
i jλvi (t) (52c)

LH =
1
2
λ2

vi
(t f ) + λT

ri
(t f )vi(t f )

+ λT
vi

(t f )(Mi jri(t f ) + Ni jvi(t f ) − λvi (t f ) + Γ (52d)

Although there is an extra loss function for the free time of flight cases than the fixed time of flight cases, the cases353

are still very similar. For example, the dependent variables in the loss functions for the fixed time of flight cases still354
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exist in the free time of flight loss functions. Also, the boundary constraints for cases A and C are identical. The same355

is true for cases B and D. The one difference between the fixed and free final time cases is whether the final time is356

known. Nonetheless, the constrained expressions for cases A and B are identical to those for C and D respectively.357

This is because the time to Chebyshev domain mapping constant c, that is present in the constrained expressions, is358

a function of t f . Thus, the mapping constant just has to be appended to the unknown coefficient vector ξ and solved359

for during the optimization scheme to determine the optimal final time. However, we’d rather solved for b instead of360

c where b2 = c. This ensures that the final time of flight found at the end of the iterative procedure will be positive,361

which it must. See the appendix for Case C and D’s constrained expressions.362

Referring to the constrained expressions in the appendix, a general remark about whether they are in terms of ξai ,363

ξri , ξvi , or b can be made. It follows that: ri(b, ξai ), vi(b, ξai ), ai(b, ξai ), λri (ξri ), λ̇ri (b, ξri ), λvi (ξvi ), and λ̇vi (b, ξvi ). Thus,364

the partial derivatives of the loss functions with respect to the unknown parameters are given below:365

∂Lai

∂ξa j

=

[
∂ai

∂ξa j

]
− Mik

[
∂rk

∂ξa j

]
− Nik

[
∂vk

∂ξa j

]
∂Lai

∂ξr j

= 0(N×mr)

∂Lai

∂ξv j

=
∂λvi

∂ξv j

∂Lai

∂b
=

[
∂ai

∂b

]
− Mi j

[
∂r j

∂b

]
− Ni j

[
∂v j

∂b

]

∂Lri

∂ξa j

= 0(N×m)

∂Lri

∂ξr j

=

[
∂λ̇ri

∂ξr j

]
∂Lri

∂ξv j

= MT
ik

[
∂λvk

∂ξv j

]
∂Lri

∂b
=

[
∂λ̇ri

∂b

]

∂Lvi

∂ξa j

= 0(N×m)

∂Lvi

∂ξr j

=
∂λri

∂ξr j

∂Lvi

∂ξv j

=

[
∂λ̇vi

∂ξv j

]
+ NT

ik

[
∂λvk

∂ξv j

]
∂Lvi

∂b
=

[
∂λ̇vi

∂b

]
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∂LH
∂ξa j

= λri

[
∂vi

∂ξa j

]
+ λvi

(
Mik

[
∂rk

∂ξa j

]
+ Nik

[
∂vk

∂ξa j

])
∂LH
∂ξr j

= vi

[
∂λri

∂ξr j

]
∂LH
∂ξv j

= −λvi

[
∂λvi

∂ξv j

]
+

[
∂λvi

∂ξv j

] (
Mi jr j + Ni jv j

)
∂LH
∂b

= λri

[
∂vi

∂b

]
+ λvi

(
Mi j

[
∂r j

∂b

]
+ Ni j

[
∂v j

∂b

])
Note that all the terms in the partials of the Hamiltonian are computed at the final time, i.e., not discritized across the366

time span like the other partials. The augmented loss function is,367

L =
{
LT

a1
, LT

a2
, LT

a3
, LT

r1
, LT

r2
, LT

r3
, LT

v1
, LT

v2
, LT

v3
, LT

H

}T
(53)

Furthermore, the format of the Jacobian associated with the augmented loss function for both cases C and D is,368

J =



∂L1

∂ξ1

∂L1

∂ξ2

∂L1

∂ξ3
0T 0T 0T

∂L1

∂ξv1

0T 0T
∂L1

∂b

∂L2

∂ξ1

∂L2

∂ξ2

∂L2

∂ξ3
0T 0T 0T 0T

∂L2

∂ξv2

0T
∂L2

∂b

∂L3

∂ξ1

∂L3

∂ξ2

∂L3

∂ξ3
0T 0T 0T 0T 0T

∂L3

∂ξv3

∂L3

∂b

0T 0T 0T
∂Lr1

∂ξr1

0T 0T
∂Lr1

∂ξv1

∂Lr1

∂ξv2

∂Lr1

∂ξv3

∂Lr1

∂b

0T 0T 0T 0T
∂Lr2

∂ξr2

0T
∂Lr2

∂ξv1

∂Lr2

∂ξv2

∂Lr2

∂ξv3

∂Lr2

∂b

0T 0T 0T 0T 0T
∂Lr3

∂ξr3

∂Lr3

∂ξv1

∂Lr3

∂ξv2

∂Lr3

∂ξv3

∂Lr3

∂b

0T 0T 0T
∂Lv1

∂ξr1

0T 0T
∂Lv1

∂ξv1

∂Lv1

∂ξv2

∂Lv1

∂ξv3

∂Lv1

∂b

0T 0T 0T 0T
∂Lv2

∂ξr2

0T
∂Lv2

∂ξv1

∂Lv2

∂ξv2

∂Lv2

∂ξv3

∂Lv2

∂b

0T 0T 0T 0T 0T
∂Lv3

∂ξr3

∂Lv3

∂ξv1

∂Lv3

∂ξv2

∂Lv3

∂ξv3

∂Lv3

∂b

∂LH
∂ξ1

∂LH
∂ξ2

∂LH
∂ξ3

∂LH
∂ξr1

∂LH
∂ξr2

∂LH
∂ξr3

∂LH
∂ξv1

∂LH
∂ξv2

∂LH
∂ξv3

∂LH
∂b


The unknowns define the following vector,369

ξ =
{
ξT

a1
ξT

a2
ξT

a3
ξT

r1
ξT

r2
ξT

r3
ξT

v1
ξT

v2
ξT

v3
b
}T
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Once the augmented loss, Jacobian, and vector with the unknowns are defined, an iterative non-linear least squares370

approach can be used to update the unknown parameters according to,371

ξp+1 = ξp − ∆ξp where ∆ξp =
(
JT

pJp

)−1
JT

pLp

where the subscript p refers to the iterations. How the iterative process is stopped at the final solution is described372

in Section 2. Notice that for this derivation the partial derivatives of the states and costates depend on the specific373

constrained expressions. Since the constrained expressions are different between Cases C and D, we must define the374

partials of the constrained expressions with respect to the unknown parameters separately for both cases.375

4.3.1. Case C’s Constrained Expression Partials376

Referring to Case C’s constrained expressions in the appendix, it follows that their partials are,377

∂ri

∂ξi
=

(
h − φ1h0 − φ2h f − φ3h′0 − φ4h′f

)T

∂vi

∂ξi
= b2

(
h′ − φ′1h0 − φ

′
2h f − φ

′
3h′0 − φ

′
4h′f

)T

∂ai

∂ξi
= b4

(
h′′ − φ′′1 h0 − φ

′′
2 h f − φ

′′
3 h′0 − φ

′′
4 h′f

)T

∂ri

∂b
= −

2
b3

(
φ3v0i + φ4v fi

)
∂vi

∂b
= 2b

[(
h′ − φ′1h0 − φ

′
2h f − φ

′
3h′0 − φ

′
4h′f

)Tξi + φ′1r0i + φ′2r fi
]

∂ai

∂b
= 4b3[(h′′ − φ′′1 h0 − φ

′′
2 h f − φ

′′
3 h′0 − φ

′′
4 h′f

)Tξi + φ′′1 r0i + φ′′2 r fi
]
+ 2b

(
φ′′3 v0i + φ′′4 v fi

)
∂λri

∂ξri

= hT
r

∂λ̇ri

∂ξri

= b2h′Tr

∂λ̇ri

∂b
= 2bh′Trξri

∂λvi

∂ξvi

= hT
v

∂λ̇vi

∂ξvi

= b2h′Tv

∂λ̇vi

∂b
= 2bh′Tvξvi

Note that that the φi(z) switching functions in the partials above are those defined by Eqs. (39a-39d).378
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4.3.2. Case D’s Constrained Expression Partials379

Similar to the previous subsubsection, referring to the Case D’s constrained expressions in the appendix, it follows
that their partials are,

∂ri

∂ξi
=

(
h − ϕ1h0 − ϕ2h f − ϕ3h′0

)T

∂vi

∂ξi
= b2

(
h′ − ϕ′1h0 − ϕ

′
2h f − ϕ

′
3h′0

)T

∂ai

∂ξi
= b4

(
h′′ − ϕ′′1 h0 − ϕ

′′
2 h f − ϕ

′′
3 h′0

)T

∂ri

∂b
= −

2ϕ3v0i

b3

∂vi

∂b
= 2b

[(
h′ − ϕ′1h0 − ϕ

′
2h f − ϕ

′
3h′0

)T
ξi + ϕ′1r0i + ϕ′2r fi

]
∂ai

∂b
= 4b3

[(
h′′ − ϕ′′1 h0 − ϕ

′′
2 h f − ϕ

′′
3 h′0

)T
ξi + ϕ′′1 r0i + ϕ′′2 r fi

]
+ 2bϕ′′3 v0i

∂λri

∂ξri

= hT
r

∂λ̇ri

∂ξri

= b2h′Tr

∂λ̇ri

∂b
= 2bh′Trξri

∂λvi

∂ξvi

=
(
hv − hv f

)T

∂λ̇vi

∂ξvi

= b2h′Tv

∂λ̇vi

∂b
= 2bh′Tvξvi

Note that that the ϕi(z) switching functions in the partials above are those defined by Eqs. (46a-46c).380

5. Results381

All test cases involved a gravitational parameter of µ = 3.986004418 × 10−14 m3/s2 and a chief satellite in a 7500382

km circular orbit. The TPBVPs for all four test cases also shared identical initial state conditions. The origin of the383

LVLH frame was selected as the final position for each test case because it represented the chief spacecraft that we384

desired the deputy to rendezvous (Cases A and C) and intercept with (Cases B and D). Thus, the final position and385

velocity belonging to the TPBVPs of Cases A and C were simply zero. For Cases C and D, the final position was386

set to zero as well. Following optimal control theory, the final velocity costate was set to 0 instead of velocity itself387

because final velocity was allowed to vary. The initial and final state conditions for all test cases are shown in Table 2.388
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Table 2: Initial state and final state conditions for all cases.

Initial state element Value Final state element Value
r1(t0 = 0) 7047 m r1(t f ) 0 m

r2(t0 = 0) 5136 m r2(t f ) 0 m

r3(t0 = 0) 5013 m r3(t f ) 0 m

v1(t0 = 0) -2.4 m/s v1(t f )
{

0 m/s, if Case A or C
free, for Case B and D

v2(t0 = 0) -13.7 m/s v2(t f )
{

0 m/s, for Case A and C
free, for Case C and D

v3(t0 = 0) 4.08 m/s v3(t f )
{

0 m/s, for Case A and C
free, for Case B and D

All computations were performed in MATLAB 2019a on a Razer Blade 15 Laptop, with a 2.2 GHz Six-Core389

Intel R© CoreTM i7 and with 16 GB of RAM. For the fixed time of flight cases, the TFC solutions were compared390

with the analytical solutions. However, for the free time of flight cases the non-linearity imposed by the transversely391

condition on the Hamiltonian at the final time meant an analytical solution did not exist. Thus, the analytical method392

was used to find the trajectory at a selected final time within an iteration scheme. At each iteration, MATLAB’s393

fmincon function was used to compute a more optimal final time. The iteration halted and the final solution was394

found when H(t f ) + Γ = 0, according to the most stringent tolerance values MATLAB could use for fmincon. We395

refer to this method later in this section as anlytical with single shooting (SS). The TFC solutions for each case were396

also compared with closed-loop solutions from LQR theory, where we set sw = 500 (see Eq. 32). Furthermore,397

the Riccati equation was solved via the MATLAB function ODE45 with the absolute and relative tolerances set to398

MATLAB’s most stringent values too. Lastly, the TFC solutions for each case were also compared with those from399

the hp-PattersonRao psuedospectral method [38] via GPOPs-II.400

The tuning parameters pertaining to the TFC solver for each test case were equal and the same was true for401

the GPOPs-II solver. The exact tuning parameters are shown in Tables 3 and 4. Note that the L2-norm of the loss402

tolerance shown in Table 3 is just double binary64 machine epsilon. It is also worth mentioning that the number of403

times instances used for the analytical and LQR solving methods were equal to the number of collocation points for404

TFC (i.e., 300), in order to insure a fair comparison of computation run time. We did push the number of GPOPs-II405

collocation points to 300 for some cases, but the computation run time was dramatically increased. Thus, we kept406

the number of collocation points for GPOPs-II to 100, which was still able to compute solutions relatively fast and407

accurately.408

Table 3: TFC tuning parameters.

# of Basis Functions # of Collocation Points ‖L‖ Tolerance
30 300 4.4408 × 10−16

Table 4: GPOPs-II tuning parameters.

# of Collocation Points Mesh Tolerance
100 1 × 10−5

5.1. Cases A & B: Fixed Time of Flight409

Cases A and B depict a rendezvous and intercept maneuver in a specified amount of time, which was selected410

to be 2000 seconds for both cases. Subplots that are apart of Figure 4 show the deputy’s position, velocity, total411

acceleration, acceleration command, and costates that were computed by the TFC algorithm. For Case A, it can be412

seen that the deputy successfully completes a rendezvous with the chief. The TFC method was also able to compute a413
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trajectory that successfully intercepts the target. However, to determine whether or not the trajectories found via TFC414

are energy-optimal, we turn to Tables 5 and 6.415

The norms of the augmented loss pertaining to Case A and Case B’s TFC solution are of O
(
10−17

)
, showing that416

machine level accuracy was achieved and validating TFC. The TFC solutions were compared with the other solving417

methods by propagating the initial states and costates found by each method forward in time via ODE45 at max418

tolerances. This ensured a fair comparison amongst the different methods for final state error, cost, and Hamiltonian419

at final time. Having a look at Tables 5 and 6, the TFC solution for both cases satisfies the boundary constraints on420

par with the analytical solution and GPOPs-II. This was certainly expected because the TFC technique completely421

embeds the boundary constraints within the constrained expression. The solutions found via the LQR technique were422

not able to perfectly satisfy the boundary conditions. This was due to the trade off between the tuning of the weight423

matrices (i.e., S(t f ) and R). An interesting observation was that the LQR solutions used less energy (costed less) than424

their open-loop solution counterparts. The cause of this was likely due to the relaxation of final boundary constraint425

because of the trade-off. The reader should be aware that the LQR costs shown in Tables 5 and 6 were computed by426

only including the integrand term within Eq. (31) because that was equivalent to the cost for the open-loop problems.427

One of the necessary conditions for optimality of a time invariant system is that the Hamiltonian is constant throughout428

the time domain. This is shown for all solutions via Figure 5.429

Lastly, we compared the computation run time of all solving methods. The analytical solution is the fastest to430

compute, followed by TFC, LQR, and then GPOPs-II. The computation of the LQR solution refers to the computation431

of the ac expression, Eq. (33), at the initial time. Thus, the speed of computing Eq. (33) came down to the tolerances432

of the ODE45 function used to calculate the Ricatti equation. Relaxing these tolerances likely would have made433

the computation of the LQR solution quicker than that of TFC, but would have deviated the LQR solution even434

further from the final boundary conditions. Furthermore, relaxing the GPOPs-II tolerances would have lowered its435

computation run time too. Regardless of tolerance tuning though, the computation speed of the TFC solution for436

Cases A and B was of O
(
10−2

)
seconds and is very competitive with the analytical computation times.437

Table 5: TFC validation and comparison for Case A.

Parameters Analytical TFC GPOPs-II LQR

‖L‖ - 3.1142 × 10−17 - -
Time of Flight (s) 2000 2000 2000 2000
‖r f ‖ error (m) 3.8475 × 10−11 2.4839 × 10−11 8.7367 × 10−11 9.6442
‖v f ‖ error (m/s) 5.4322 × 10−14 1.7346 × 10−14 1.1933 × 10−13 4.1888 × 10−3

J (m2/s3) 5.8314 × 10−2 5.8314 × 10−2 5.8325 × 10−2 5.7731 × 10−2

H(t f ) 1.5519 × 10−6 1.5519 × 10−6 1.5519 × 10−6 1.5379 × 10−6

Computation Time (s) 0.0239 0.0267 3.4343 0.1335

Table 6: TFC validation and comparison for Case B.

Parameters Analytical TFC GPOPs-II LQR

‖L‖ - 2.3271 × 10−17 - -
Time of Flight (s) 2000 2000 2000 2000
‖r f ‖ error (m) 1.9545 × 10−11 5.4868 × 10−11 1.8815 × 10−11 6.7916
‖λv f ‖ error 6.4628 × 10−19 9.5965 × 10−19 1.7924 × 10−18 4.0828 × 10−17

J (m2/s3) 7.77 × 10−3 7.7768 × 10−3 7.7768 × 10−3 7.7197 × 10−3

H(t f ) 4.3389 × 10−7 4.3389 × 10−7 4.3389 × 10−7 4.3271 × 10−7

Computation Time (s) 0.0201 0.0271 2.0799 0.0943
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(a) Case A

(b) Case B

Figure 4: The TFC solutions for Cases A and B. The solutions shown here consists of position, velocity, total acceleration, acceleration command,
position costate, and velocity costate.
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(a) Case A (b) Case B

Figure 5: Hamiltonians for Case A (a) and Case B (b) as a function of time of flight.

5.2. Cases C and D: Free Time of Flight438

A rendezvous and intercept maneuver when the time of flight is allowed to vary are exhibited by Cases C and D439

respectively. Unlike for Cases A and B, the Hamiltonian expression is constrained at the unknown final time to ensure440

near energy-optimality. As previously stated, only near energy-optimality is ensured by the solutions pertaining to441

Cases C and D because of the penalty on the final time in Eq (28). Since the Hamiltonian is non-linear, non-linear442

least-squares is performed in the TFC algorithm. The iterative procedure is determined to have converged on the443

solution when the L2-norm of the augmented loss function, Eq. (53), is below that shown in Table 3. Furthermore,444

non-linear least-squares requires an initial guess of the solution. The initial guess for all state and costate variable445

elements throughout the time domain for Cases C and D were equal to the solutions of Cases A and B respectively.446

Thus, the initial guess for final time was 2000 seconds. Lastly, the penalty factor used in both cases was Γ = 1× 10−7.447

The TFC solutions for Cases C and D are shown in Figure 6. Similar to the fixed time of flight cases, the TFC448

solutions for the free time of flight cases resemble a perfect rendezvous and intercept. Nearly the same type of tables449

shown for the fixed time of flight cases are shown here for validating the TFC solutions of the free time of flight cases450

and comparing with other OCP solving techniques. The only difference is that the Hamiltonian plus the penalty on451

final time is shown, instead of just the Hamiltonian at the final time. Note that this is the case because the Hamiltonian452

plus the penalty factor should be equal to zero (see Eq. (30). Similar to Cases A and B, the L2-norm of the augmented453

loss belonging to the TFC solutions for cases C and D were of O
(
10−17

)
. Furthermore, the TFC algorithm was able454

to converge on the solution in 7 iterations for Case C and 4 iterations for Case D.455

The TFC algorithm converged at a final time of 3498.18 and 2350.01 seconds for rendezvous and intercept re-456

spectively, practically identical to the analytical with SS method. The GPOPs-II and LQR solutions did not converge457

at final times that were the same as that for TFC, but were relatively close. Just like as described in the previous458

subsection, the final state error, cost, and H(t f ) + Γ values for each solving method were computed by propagating459

the initial states and costates found by each method forward in time via ODE45 at max tolerances. Similar to the460

fixed time of flight cases, the LQR solutions do not completely satisfy the final boundary conditions because of the461

trade off between the desire to hit the final target and minimize energy. The differences in the solutions of the various462

solving techniques can be seen by examining theH(t f )+Γ values. TheH(t f )+Γ value for the TFC and anlytical with463

SS solutions were much closer to zero than for the GPOPs-II and LQR solutions. The H(t f ) + Γ values throughout464

the time domain for all solutions are relatively constant. The H + Γ calues at each time instance shown in Figure 7465

appear to not be constant, but that is simply because the values are so close to zero that slight numerical errors are466

more easily visible on logarithm y-axis. Regarding which solutions were bests, the TFC and the analytical with SS467

solutions definitely were because of theH(t f ) + Γ values being closer to zero at every collocation point.468
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Lastly, by comparing the computation run time of all solutions for the free time of flight cases we observed that469

the LQR solutions were computed the fastest, followed by TFC, analytical with SS and GPOPs-II. The LQR, TFC,470

and analytical with SS solutions were computed at O
(
10−1

)
seconds. The slow down relative to the fixed time of471

flight cases was simply due to the iterative nature of the algorithms required for determining the ideal final times.472

TFC was faster than GPOPs-II by a full order of magnitude likely because the search space was much smaller for473

TFC. Remember that only trajectories that already satisfy the boundary conditions are optimized upon because the474

boundary conditions are embedded within the constrained expressions during the TFC process. On the other hand,475

GPOPs-II searches amongst all possible trajectories for those that satisfy the boundary constraints and minimize the476

cost function. One more thing worth noting is that if the total run time for the TFC algorithm to compute its solution477

for Cases C and D is divided by the amount of iterations taken, a computation time for each iteration similar to the478

total computation time for the fixed time of flight cases is obtained. Naturally, this is due to the fixed time flight cases479

being linear problems, which the TFC algorithm can be thought of as solving in one iteration.480

Table 7: TFC validation and comparison for Case C. SS stands for single shooting.

Parameters Analytical w/ SS TFC GPOPs-II LQR

‖L‖ - 1.8217 × 10−17 - -
Time of Flight (s) 3498.17 3498.18 3482.05 3495.98
‖r f ‖ error (m) 1.0577 × 10−10 3.2785 × 10−11 2.7229 × 10−1 10.5475
‖v f ‖ error (m/s) 1.5559 × 10−14 2.4119 × 10−14 8.9263 × 10−4 6.4691 × 10−3

J (m2/s3) 3.4789 × 10−2 3.4789 × 10−2 3.4789 × 10−2 3.4725 × 10−2

H(t f ) + Γ 7.0277 × 10−21 2.5279 × 10−21 3.0596 × 10−9 7.6409 × 10−11

Computation Time (s) 0.3999 0.2995 4.3887 0.2579

Table 8: TFC validation and comparison for Case D.

Parameters Analytical w/ SS TFC GPOPs-II LQR

‖L‖ - 1.3057 × 10−17 - -
Time of Flight (s) 2350.01 2350.01 2349.83 2349.80
‖r f ‖ error (m) 9.1647 × 10−11 1.5475 × 10−11 3.2274 × 10−2 3.0509
‖λv f ‖ error 1.9703 × 10−18 1.2952 × 10−18 9.3433 × 10−9 3.2928 × 10−17

J (m2/s3) 1.5098 × 10−2 1.5098 × 10−2 1.5098 × 10−2 1.5088 × 10−2

H(t f ) + Γ 7.9409 × 10−22 1.5220 × 10−21 1.2923 × 10−10 1.7828 × 10−10

Computation Time (s) 0.3253 0.2375 2.6793 0.1546

6. Conclusion and Outlooks481

In this paper, a newly developed method for solving BVPs is utilized to solve energy-optimal and near energy-482

optimal control problems in relative motion (i.e., CW eqautions of motion). First, the TPBVP associated with the483

first-order necessary conditions, which arise from the application of the indirect method, are derived. Then the formu-484

lation based on Theory of Functional Connections is utilized to numerically compute a candidate solution that always485

satisfies the problem’s boundary constraints.486

The problem cases solved via Theory of Functional Connections included fixed time flight rendezvous and in-487

tercept, and free time of flight rendezvous and intercept. Due to the CW equation’s dynamics, the limit of the cost488

function approaches zero as time of flight increases. Thus, only trajectories found for the fixed time of flight cases489

were energy-optimal. For the free time of flight cases a penalty on final time needed to be added to the cost function490

26



(a) Case C

(b) Case D

Figure 6: The TFC solutions for Cases C and D. The solutions shown here consists of position, velocity, total acceleration, acceleration command,
position costate, and velocity costate.
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(a) Case C (b) Case D

Figure 7: Hamiltonian plus penalty on final time for Case C (a) and Case D (b) as a function of time of flight.

in order to prevent the time of flight from converging to infinity. Hence, the solutions of the free time of flight test491

cases were near energy-optimal. Although the free final time cases were nonlinear and harder to solve than the linear492

fixed time of flight cases, the L2-norm of the losses for the solutions of all problem cases were of O(10−17). Also, the493

TFC algorithm was able to solve the linear problems in 39 and 34 milliseconds. For the nonlinear problems which494

require the TFC algorithm to be iterative, they were able to be solved in 299 and 237 milliseconds. The TFC method495

was compared with other OCP solving techniques, such as GPOPs-II and LQR. Results show that the TFC method496

produces solutions that are on par, if not better, than these competing algorithms.497

One of the pitfalls of the TFC algorithm presented here, which is true for indirect methods in general, is its sensitiv-498

ity to the initial guess for nonlinear problems. Future work will involve exploring new ways to reduce this sensitivity.499

One option involves utilizing an extreme learning machine (ELM) [39] instead of the orthogonal polynomial within500

the TFC algorithm’s framework. Using ELMs as the free-function seems promising because ELMs have been shown501

to converge fast and with accuracy comparable to their deeper neural network counterparts. Future work will also502

involve implementing min and maximum constraints on the control within the TFC algorithm. One possible approach503

is the application the Uniform Trigonometry Method [40] within TFC.504

Appendix505

Appendix A. True Analytical Solution for Cases A and B506

Appendix A.1. Case A507

The analytical solution pertaining to the TPBVP associated with Case A can be found in Ref [[12]]. Nonetheless,508

the derivation of the analytical solution is repeated here for the reader’s convenience. The CW system of equations509

with continuous control is a linear system of the form ẋ = Ax + Bu, where x is the state vector, u is the control vector510

and:511

A =



0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

3w2 0 0 0 2w 0
0 0 0 −2w 0 0
0 0 −w2 0 0 0


, B =



0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
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Linear systems theory can be applied to deduce analytical expressions of the uncontrolled and forced evolution of the512

state at time instant t,513

x(t) = eA(t−t0)x(t0) +

∫ t

t0
eA(t−τ)Bu(τ) dτ

The explicit solution of the free term in the above expression can easily be found with a symbolic calculator,514

x(t) = Φ(t − t0)x(t0) +

∫ t

t0
Φ(t − τ)Bu(τ) dτ (A.1)

where Φ(t) is the state transition matrix in its normalized form when t0 = 0 and is,515

Φ(t) =



4 − 3 cos(t) 0 0 sin(t) 2 − 2 cos(t) 0
6 sin(t) − 6t 1 0 2 cos(t) − 2 −3t + 4 sin(t) 0

0 0 cos(t) 0 0 sin(t)
3 sin(t) 0 0 cos(t) 2 sin(t) 0

6 cos(t) − 6 0 0 −2 sin(t) −3 + 4 cos(t) 0
0 0 − sin(t) 0 0 cos(t)


From Eqs. (24c, 24d) the costate solution is,516

λ̇(t) = −ATλ(t) → λ(t) = Φλ(t − t0)λ(t0) (A.2)

where λ = [λT
r λ

T
v]T and the normalized Φλ is,517

Φλ(t) =



4 − 3 cos(t) −6 sin(t) + 6t 0 −3 sin(t) 6 cos(t) − 6 0
0 1 0 0 0 0
0 0 cos(t) 0 0 sin(t)

− sin(t) 2 cos(t) − 2 0 cos(t) 2 sin(t) 0
2 − 2 cos(t) 3t − 4 sin(t) 0 −2 sin(t) −3 + 4 cos(t) 0

0 0 − sin(t) 0 0 cos(t)


From Eq. (23) we see that the control u = −λv. Plugging −λv in for u within Eq. (A.1) and performing a symbolic518

calculation leads to,519

x(t) = Φ(t − t0)x(t0) +Ψ(t − t0)λ(t0) (A.3)

where Ψ(t) is,520

Ψ(t) =

Ψ11 Ψ12

Ψ21 Ψ22



Ψ11 =


−2.5 cos(t)t + 6.5 sin(t) − 4t 16(1 − cos(t)) − 5 sin(t)t − 3t2 0

16(cos(t) − 1) + 5 sin(t)t + 3t2 −10 cos(t)t + 38 sin(t) − 28t + 1.5t3 0
0 0 −0.5(cos(t)t − sin(t))



Ψ12 =


−4 cos(t) − 2.5 sin(t)t + 4 5 cos(t)t − 11 sin(t) + 6t 0
−5 cos(t)t + 11 sin(t) − 6t −28 cos(t) + 28 − 10 sin(t)t − 4.5t2 0

0 0 −0.5 sin(t)t
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Ψ21 =


4 cos(t) − 4 + 2.5 sin(t)t −5 cos(t)t + 11 sin(t) − 6t 0
5 cos(t)t − 11 sin(t) + 6t −28 + 28 cos(t) + 10 sin(t)t + 4.5t2 0

0 0 −0.5 cos(t)t − 0.5 sin(t)


Ψ22 =


−2.5 cos(t)t + 1.5 sin(t) −6 cos(t) + 6 − 5 sin(t)t 0
6 cos(t) + 5 sin(t)t − 6 −10 cos(t)t + 18 sin(t) − 9t 0

0 0 −0.5 cos(t)t − 0.5 sin(t)


The initial condition on the costate can be found by matching the boundary conditions at the final time,521

λ(t0) = Ψ−1(t f − t0)
(
x(t f ) −Φ(t f − t0)x(t0)

)
(A.4)

Eqs. (A.2, A.3) can then be used to propagate the costate and state forward in time until the final state is reached at522

the final time (i.e., rendezvous).523

Appendix A.2. Case B524

For the fixed time intercept problem, Case B, the final velocity is unknown and the final final velocity costate is525

known. Thus, to find the solution for this problem analytically we have to combine Eq. A.2 and Eq. A.4 to find the526

final position costate. With the final position and velocity costates known Eq. A.2 can then be used to find the initial527

costate. Substituting Eq. A.2 into Eq. A.4 gives,528

Φ−1
λ (t)λ(t f ) = Ψ−1(t f − t0)

(
x(t f ) −Φ(t f − t0)x(t0)

)
(A.5)

We then make the following array partitions,529

x =

r
v

 , λ =

λr

λv

 , Φ(t) =
[
Φ1 Φ2

]
, Φ−1

λ (t) =
[
Φ−1
λ1 Φ−1

λ2

]
, Ψ−1(t) =

[
Ψ−1

1 Ψ−1
2

]
Eq. A.5 can then be transformed into,530

[
Φ−1
λ1 Ψ−1

2

] λr(t f )
v(t f )

 =Ψ−1
1 (t f − t0)r(t f ) −Ψ−1(t f − t0)Φ1(t f − t0)r(t0)−

Ψ−1(t f − t0)Φ2(t f − t0)v(t0) −Φλ2(t f − t0)λv(t f )

(A.6)

By solving Eq. A.6, the final position costate becomes known. Then plugging in the known costates at the final time531

into Eq. A.2 allows backwards propagation to be performed in order to find the initial costates. With the initial costates532

computed, Eq.A.3 can then be used to propagate the state forward in time untill the final time is reached.533

Appendix B. TFC Loss as a Linear System for Fixed Time of Flight Cases534

Appendix B.1. Case A535

The constrained expressions for ri(z), vi(z), and ai(z) that are shown in Eqs. (38-41) can be simplified into the536

following set,537

ri(z) = FTξi + Ci (B.1)

vi(z) = (F′) ξi + C′i (B.2)

ai(z) = (F′′)T ξi + C′′i (B.3)

where the F and Ci parameters are given in Tables B.9 and B.10.538
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Table B.9: F parameter for Case A.

F ∈ Rm×1

(·) h(z) − φ1(z)h0 − φ2(z)h f − φ3(z)h′0 − φ4(z)h′f
d
dz

(·) c
(
h′(z) − φ′1(z)h0 − φ

′
2(z)h f − φ

′
3(z)h′0 − φ

′
4(z)h′f

)
d2

dz2 (·) c2
(
h′′(z) − φ′′1 (z)h0 − φ

′′
2 (z)h f − φ

′′
3 (z)h′0 − φ

′′
4 (z)h′f

)

Table B.10: Ci parameters for Case A.

Ci

(·) φ1(z)r0i + φ2(z)rvi + φ3(z) v0i
c + φ4(z) v fi

c

d
dz

(·) c
(
φ′1(z)r0i + φ′2(z)rvi + φ′3(z) v0i

c + φ′4(z) v fi
c

)
d2

dz2 (·) c2
(
φ′′1 (z)r0i + φ′′(z)2rvi + φ′′3 (z) v0i

c + φ′′4 (z) v fi
c

)

Thus, the A and b arrays when Eqs. (B.1-B.3 and 42-45) are put into the matrix form Axi = b are as follows,539

A =
[
A1 A2

]

A1 =



(F′′ − M11F)T (−N12F′)T 0T 0T 0T 0T

(−N21F′)T F 0T 0T 0T 0T

0T 0T (F′′ − M33F)T 0T 0T 0T

0T 0T 0T (h′)T 0T 0T

0T 0T 0T 0T (h′)T 0T

0T 0T 0T 0T 0T (h′)T

0T 0T 0T hT 0T 0T

0T 0T 0T 0T hT 0T

0T 0T 0T 0T 0T hT
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A2 =



hT 0T 0T

0T hT 0T

0T 0T hT(
MT

11h
)T

0T 0T

0T 0T 0T

0T 0T
(
MT

33h
)T

(h′)T NT
12hT 0T

NT
21hT (h′)T 0T

0T 0T (h′)T



b =


−C′′1 + M11C1 + N12C′2
−C′′2 + N21C′1
−C′′3 + M33C3

06n×1


Appendix B.2. Case B540

The constrained expressions for ri(z), vi(z), and ai(z) that are shown in Eqs. (47-49) can be simplified into the541

following set,542

ri(z) = GTξi + Di (B.4)

vi(z) = (G′) ξi + D′i (B.5)

ai(z) = (G′′)T ξi + D′′i (B.6)

where the G and Di parameters are given in Tables B.9 and B.10.543

Table B.11: F parameter for Case B.

G ∈ Rm×1

(·) h(z) − ϕ1(z)h0 − ϕ2(z)h f − ϕ3(z)h′0
d
dz

(·) c
(
h′(z) − ϕ′1(z)h0 − ϕ

′
2(z)h f − ϕ

′
3(z)h′0

)
d2

dz2 (·) c2
(
h′′(z) − ϕ′′1 (z)h0 − ϕ

′′
2 (z)h f − ϕ

′′
3 (z)h′0

)
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Table B.12: Ci parameters for Case B.

Di

(·) ϕ1(z)r0i + ϕ2(z)r fi + ϕ3(z) v0i
c

d
dz

(·) c
(
ϕ′1(z)r0i + ϕ′2(z)r fi + ϕ′3(z) v0i

c

)
d2

dz2 (·) c2
(
ϕ′′1 (z)r0i + ϕ′′(z)2r fi + ϕ′′3 (z) v0i

c

)

Thus, the A and b arrays when Eqs. (47-49, 42-43, and 50-51) are put into the matrix form Axi = b are as follows,544

A =
[
A1 A2

]

A1 =



(G′′ − M11G)T (−N12G′)T 0T 0T 0T 0T

(−N21G′)T G 0T 0T 0T 0T

0T 0T (F′′ − M33G)T 0T 0T 0T

0T 0T 0T (h′)T 0T 0T

0T 0T 0T 0T (h′)T 0T

0T 0T 0T 0T 0T (h′)T

0T 0T 0T
(
h − h f

)T
0T

0T 0T 0T 0T
(
h − h f

)T
0T

0T 0T 0T 0T 0T
(
h − h f

)T



A2 =



(
h − h f

)T
0T 0T

0T
(
h − h f

)T
0T

0T 0T
(
h − h f

)T

MT
11

(
h − h f

)T
0T 0T

0T 0T 0T

0T 0T MT
33

(
h − h f

)T

0T (h′)T NT
12hT 0T

0T NT
21hT (h′)T 0T

0T 0T (h′)T



b =


−D′′1 + M11D1 + N12D′2

−D′′2 + N21D′1
−D′′3 + M33D3

06n×1
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Appendix C. Constrained Expressions for Cases A and C545

ri(t) =
(
h(z) − φ1(z)h0 − φ2(z)h f − φ3(z)h′0 − φ4(z)h′f

)T
ξai

+ φ1(z)r0i + φ2(z)r fi + φ3(z)
v0i

b2 + φ4(z)
v fi

b2

vi(t) =b2
((

h′(z) − φ′1(z)h0 − φ
′
2(z)h f − φ

′
3(z)h′0 − φ

′
4(z)h′f

)T
ξai

+ φ′1(z)r0i + φ′2(z)r fi + φ′3(z)
v0i

b2 + φ′4(z)
v fi

b2

)

ai(t) =b4
((

h′′(z) − φ′′1 (z)h0 − φ
′′
2 (z)h f − φ

′′
3 (z)h′0 − φ

′′
4 (z)h′f

)T
ξai

+ φ′′1 (z)r0i + φ′′2 (z)r fi + φ′′3 (z)
v0i

b2 + φ′′4 (z)
v fi

b2

)
λri (t) =h(z)Tξri

λ̇ri (t) =b2h′(z)Tξri

λvi (t) =h(z)Tξvi

λ̇vi (t) =b2h′(z)Tξvi

where:546

b2 := c =
z f − z0

t f − t0
=

2
t f − t0

Appendix D. Constrained Expressions for Cases B and D547

ri(t) =
(
h(z) − ϕ1(z)h0 − ϕ2(z)h f − ϕ3(z)h′0

)T
ξai

+ ϕ1(z)r0i + ϕ2(z)r fi + ϕ3(z)
v0i

b2

vi(t) =b2
((

h′(z) − ϕ′1(z)h0 − ϕ
′
2(z)h f − ϕ

′
3(z)h′0

)T
ξai

+ ϕ′1(z)r0i + ϕ′2(z)r fi + ϕ′3(z)
v0i

b2

)

ai(t) =b4
((

h′′(z) − ϕ′′1 (z)h0 − ϕ
′′
2 (z)h f − ϕ

′′
3 (z)h′0

)T
ξai

+ ϕ′′1 (z)r0i + ϕ′′2 (z)r fi + ϕ′′3 (z)
v0i

b2

)
λri (t) =h(z)Tξri

34



λ̇ri (t) =b2h′(z)Tξri

λvi (t) =
(
h(z) − h f

)T
ξvi

λ̇vi (t) =b2h′(z)Tξvi

where:548

b2 := c =
z f − z0

t f − t0
=

2
t f − t0
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