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Abstract Parameter estimation in variable-density groundwater ﬂow systems is confronted with
challenges of strong nonlinearity and heavy computational burden. Relying on a variant of the Henry
problem, we evaluate the performance of a domain localization scheme of the iterative ensemble Kalman
ﬁlter in the framework of data assimilation settings for variable-density groundwater ﬂows in a seawater
intrusion scenario. The performance of the approach is compared against (a) the corresponding domain
localization scheme of the ensemble Kalman ﬁlter in its standard formulation as well as (b) a covariance
localization scheme of the latter. The equivalent freshwater head, hf, and salinity, Sa, are set as the target state
variables. The randomly heterogeneous ﬁeld of equivalent freshwater hydraulic conductivity, Kf, is considered
as the system parameter ﬁeld. Density-independent and density-driven ﬂow settings are considered to
evaluate the assimilation results using various methods and data. When only hf data are assimilated, all tested
approaches perform generally well and a localization scheme embedded in the iterative ensemble Kalman
ﬁlter appears to consistently outperform the domain localized version of the standard ensemble Kalman ﬁlter
(EnKF) in a density-driven scenario; Dirichlet boundary conditions tend to show a more pronounced negative
effect on estimating Kf for density-independent than for density-dependent ﬂow conditions; hf data are more
informative in a density-dependent than in a density-independent setting. The sole use of Sa information
does not yield satisfactory updates of hf for the covariance localization scheme of the standard EnKF, while
the sole use of hf does. The domain localization scheme leads to difﬁculties in the attainment of global ﬁlter
convergence when only Sa data are used. A covariance localization scheme associated with a standard EnKF
can signiﬁcantly alleviate this issue.

1. Introduction
The process of seawater intrusion (SWI) is documented to be critically plaguing several coastal areas. This
poses serious concerns, in light of competitive use of groundwater resources, the latter being subject to
diverse anthropogenic stresses in the context of, for example, human consumption for domestic use, irrigation and farming activities, industrial operations and processes, increased urbanization and tourism, or population dynamics in coastal regions. A variety of studies targeting optimization of water withdrawals for
appropriate management of water resources in coastal zones have been conducted, comprehensive reviews
being provided by Sreekanth and Datta (2015) and Datta and Kourakos (2015). A key assumption used in several management-oriented optimization studies is that model parameters can be deterministically characterized, which is rarely the case under ﬁeld conditions.
1.1. Challenges of Parameter Estimation in Density-Dependent Flow
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One of the main complexities associated with variable density settings is that ﬂow (and transport) dynamics
are driven jointly by hydraulic and density gradients. Strong nonlinearities, heavy computational requirements, and measurement difﬁculty are three key challenges for parameter estimation in density-dependent
groundwater ﬂows (Carrera et al., 2010; Colombani et al., 2016; Hu et al., 2016). The combination of a traditional (deterministic) inverse modeling approach with automatic model calibration procedures, such as those
embedded in the widely used codes PEST (Doherty, 2002) and/or UCODE (Poeter et al., 2005), is prone to yield
suboptimal parameter estimation results in density-dependent ﬂow settings and is plagued by strong
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nonlinearity and remarkable computational costs (Carrera et al., 2010). The latter aspect is a critical concern in
realistic scenarios where system zonation through a small number of uniform subregions has been shown to
provide inaccurate results (e.g., Sanford & Pope, 2010; Sanford et al., 2009). It is also worth pointing out that
increasing the dimensionality of the model parameter space to attempt improving the quality of inverse
modeling can induce suboptimal parameter estimates for a strongly nonlinear ﬂow system.
The difﬁculty to obtain a sufﬁcient amount of reliable data to describe the states of a target subsurface system
is an additional challenge for model parameter estimation and updating of system states. Typical data of
state variables available across a coastal aquifer include hydraulic head and salinity. With reference to the former, head variations can be informative only when measurement depth and salinity variation along the borehole are precisely detected (Post et al., 2007). In addition, head ﬂuctuations detected at a well in the mixing
zone between fresh and salt water can be much higher than those taking place in the actual aquifer (Shalev
et al., 2009). Direct salinity measurements can be complemented by geophysical campaigns (e.g., Beaujean
et al., 2014; El-Kaliouby & Abdalla, 2015; Kourgialas et al., 2016; Pidlisecky et al., 2015). Salinity data associated
with an Integrated Depth Sampling approach represent an integral value along a borehole screen and may
not be suitable to fully constrain a SWI model. This is markedly evident in cases where water elevation (as
opposed to pressure head) data are collected from a borehole, because the inﬂuence of density on head
measurements somehow shadows the actual head value at the well. Multilevel sampling measurements
could provide useful information, albeit the need to achieve this degree of detail should be carefully
balanced against increased model complexity requirements (Colombani et al., 2016). It should also be noted
that characterization of aquifer heterogeneity on the basis of salinity data is complex and not always robust,
because of the indirect relationship between salinity and permeability. A discussion of limitations and advantages of inverse modeling in coastal aquifers relying on these types of information can be found in Werner
et al. (2013) and Carrera et al. (2010).
In the broad context illustrated above, quantiﬁcation of the actual effectiveness of data to constrain predictions of a SWI process is recognized as a challenging research issue, which is still not completely resolved.
Shoemaker (2004) suggested that hydraulic head data are less informative than salinity data to characterize
the hydraulic conductivity ﬁeld in a simple model of Biscayne Bay (Florida, USA). Sanz and Voss (2006) found
that pressure data are more useful than salinity to estimate permeability in the context of the Henry problem.
1.2. Iterative Ensemble Kalman Filter
Aquifers are generally heterogeneous, and their hydraulic parameters, such as permeability, signiﬁcantly
varying in space. Our inability to obtain a deterministic characterization of the system at a scale of interest
has led to the development of stochastic approaches to quantify uncertainty propagating from (often
unknown) model parameters to system states of interest (e.g., Zhang, 2002).
A stochastic approach such as the ensemble Kalman ﬁlter (EnKF) is widely used to estimate model parameters
under uncertain conditions as well as to update system state variables as new data are available. As opposed
to the extended Kalman ﬁlter (EKF), EnKF does not require linearization and is suitable for nonlinear systems.
It has been widely used in groundwater ﬂow and solute transport scenarios (e.g., among others Chen &
Zhang, 2006; Crestani et al., 2015; Gharamti et al., 2015; Huang et al., 2009; Liu et al., 2008; Shi et al., 2015;
Tong et al., 2010, 2013; Zovi et al., 2017).
Nonlinearities in the data assimilation (DA) process are much more pronounced in density-dependent than in
density-independent ﬂow (DIF; or solute transport) scenarios. As such, several iterative forms of EnKF (e.g., Gu
& Oliver, 2007; Li & Reynolds, 2007; Reynolds et al., 2006; Sakov et al., 2012) have been developed.
Gu and Oliver (2007) proposed an iterative ensemble Kalman ﬁlter (IEnKF) scheme, termed ensemble randomized maximal likelihood ﬁlter, to perform DA in the context of a nonlinear problem, with special focus
on multiphase ﬂow in porous media. Wang et al. (2010) suggested that the ensemble randomized maximal likelihood ﬁlter may be prone to divergence in some highly nonlinear cases. Sakov et al. (2012) introduced another IEnKF scheme to eliminate suboptimal solutions by replacing the standard EnKF with the
ensemble square root ﬁlter and rescaling ensemble anomalies with the ensemble transform matrix at
each iteration. Employing a square root technique during the iterative process enables one to use ensemble anomalies to conduct state analysis without the need of perturbing observations (Gharamti & Hoteit,
2014; Gharamti et al., 2013; Sakov et al., 2012; Whitaker & Hamill, 2002). As such, the proposed scheme
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can alleviate suboptimality in the standard EnKF. In the IEnKF, the ﬁltering probability density function
(pdf) at the present state relies on the maximum of a smoothing pdf associated with the last ensemble
state given present observations. Note that the IEnKF is still based on the ﬁltering theory (Jazwinski,
1970). The current target pdf of the system state of interest (termed ﬁltering pdf) is conditional on present and past observations. On these bases, Bocquet and Sakov (2014) extended the IEnKF through an
iterative ensemble Kalman smoother (IEnKS) that outperforms the standard Kalman ﬁlters and smoothers
(Evensen, 2003, 2009), using an extended DA window. In the IEnKS, the DA window with length LΔt
(L ≥ 1), Δt representing the ﬁxed time difference between two sequential times associated with available
observations, is allowed to shift with ﬁxed length V Δt (L ≥ V ≥ 1), as time unfolds. Note that when
L = V = 1 (indicating lag-one IEnKS) there are no overlaps between diverse assimilation cycles, and the
IEnKS reduces to an IEnKF form. Gharamti et al. (2015) proposed a new iterative framework of the onestep-ahead smoothing EnKF that can iteratively maximize the smoothing pdf without the need of ensemble propagation, with the assumption that parameter evolution during the iteration procedure weakly
inﬂuences the innovation term (see equation (13) in Gharamti et al., 2015).
Various ad hoc iterative applications of EnKF have been used to solve targeted subsurface and surface hydrology problems (e.g., Gharamti et al., 2013, 2014; Krymskaya et al., 2009; Moradkhani et al., 2005; Ng et al., 2014;
Song et al., 2014; Wen & Chen, 2006).
Spurious correlation is a key problem that needs to be properly tackled in the ensemble DA technique. It is
typically caused by the limited number of Monte Carlo (MC) realizations for the system parameters and state
variables (Houtekamer & Mitchell, 1998). The ensuing rank deﬁciency of the sample error covariance matrix
could dramatically decrease the performance of a DA approach (Hamill et al., 2001; Houtekamer & Mitchell,
1998). Inﬂation and multiensemble conﬁguration (Houtekamer & Mitchell, 2001) could mitigate this issue
to some extent. Localization techniques, including covariance and/or domain localization, could also be used
to dampen long-range spurious correlations (e.g., Evensen, 2003; Nan & Wu, 2011; Tong et al., 2012).
Covariance localization is typically performed by the Schur product of a smoothing function with the regularized error covariance matrix (Nan & Wu, 2011). Domain localization is obtained by using solely measurements
within a region near the location where system state variables and parameters need to be updated. The size
of this region is usually selected empirically (Evensen, 2003). Some approaches can be used to alleviate (or
even eliminate) spurious correlations. These include, for example, efﬁcient sampling schemes (Hendricks
Franssen & Kinzelbach, 2008), ﬁnite-size EnKF (Bocquet, 2011), and moment equations based EnKF (Panzeri
et al., 2013, 2014, 2015).
Even as localization can be a useful technique to alleviate the rank-deﬁciency issue, its level of compatibility
with the use of an iterative technique for highly nonlinear systems is not entirely clear. In this context, a
domain localized scheme of the IEnKS was proposed by Bocquet (2016) to reduce such issues. While all of
the above referenced studies have led to interesting results, none of these focuses on density-dependent
ﬂow scenarios. Therefore, their performance in such scenarios is still unexplored.
1.3. Motivation and Objectives
In this study, we primarily aim at assessing the use of a domain localization scheme embedded in IEnKF (i.e.,
the localized IEnKS with L = V = 1 by Bocquet (2016)) to effectively update density-dependent ﬂow system
parameter and state variables while coping with strong nonlinearities and heavy computational requirements. Our work is motived by the observations that (i) the domain localized IEnKS (Bocquet, 2016) can tackle
highly nonlinear systems with small ensemble size; (ii) a detailed assessment of the ability of stochastic DA
methods to estimate hydraulic parameters and update model states is relevant and still scarcely explored
for density-dependent groundwater ﬂows in heterogeneous coastal aquifers (e.g., Sreekanth & Datta,
2015), and (iii) the relative value of diverse types of data for parameter estimation in density-dependent
groundwater ﬂows is still unclear.
We consider a SWI scenario corresponding to a variant of the Henry problem, which includes the action of a
pumping well operating in a heterogeneous domain. For comparison purposes, we also analyze the performance in the same setting of the EnKF in its standard formulation and by embedding in it a covariance localization scheme. Aspects associated with corresponding computational complexities are also analyzed. To
establish a baseline for comparison, the DA schemes are also compared in the absence of density effects.

XIA ET AL.

6261

Water Resources Research

10.1029/2017WR022369

The performances of the approaches are assessed in terms of their potential to deal with the effects of (a)
various types of observations (with diverse spatial arrangements of sampling locations), (b) magnitude of
measurement errors, (c) temporal frequency of DA, (d) the number of realizations forming the collection
(or ensemble) of random ﬁelds employed in the calculations, and (e) uncertainties associated with our
prior knowledge of the correlation length of the underlying (randomly heterogeneous) hydraulic
conductivity ﬁeld.
The study is structured as follows. The domain localized IEnKF scheme we employ is introduced in section 2.
The conceptual model setting and the mathematical description of the variable and constant density
groundwater ﬂow scenarios are presented in section 3. Results are illustrated and discussed in section 4.
Conclusions are presented in section 5.

2. Domain Localized IEnKF
Forecast and update are the two key elements associated with each DA step. The (nonlinear) model that propagates the system states (here speciﬁed as a collection of system state variables and model parameters)
from time t0 to t1 is denoted as M1←0 . We denote the model state vectors at t0 and t1 as x0 and x1, respectively. An observation vector y1 is assimilated at time t1.
Let us consider the ensemble matrix E = {x(1), …, x(N)} whose entries are the N state vectors x(i) (subscript i = 1,
2, ..., N referring to the ith ensemble member, where N is the number of the system state realizations collected
in E), including state variables (i.e., equivalent freshwater head and salinity for density-driven ﬂow, and only
freshwater head for DIF in this study) and the natural logarithm of equivalent freshwater hydraulic conductivity. Note that the size of vector x(i) is 3 × m or 2 × m, respectively, for density-dependent ﬂow or DIF, m
being the number of grid cells employed in the numerical model.
The empirical mean vector (x) and covariance matrix (P) of these N vectors are calculated as
x¼

1 N
∑ xðnÞ ;
N n¼1

P ¼ AAT =ðN  1Þ

(1)



ð0Þ
where the anomaly matrix A is deﬁned as A ¼ xð1Þ  x; …; xðNÞ  x . We also denote by x0 the vector of
initial (or prior) guesses and by P0 the covariance of forecast state errors at t0, used in the DA process.
Similar to Sakov et al. (2012), for each DA cycle (from t0 to t1) we compute the smoothing pdf f(x0| y1)
for state x0 given y1 and the analysis pdf f(x1| y1). According to Bayes’ rule, one can note that f(x0| y1) ∝
f(y1| x0)f(x0), where f(y1| x0) and f(x0) are the likelihood and prior pdf conditioned on the prior guessed
ð0 Þ

mean state x0 , respectively. One can write the prior pdf according to a Gaussian model as f ðx0 Þ ¼ N


ð0 Þ
x0 jx0 ; P0 and then obtain

T


1
ð0Þ
ð0Þ
P1
x

x
f ðx0 Þ∝ exp  x0  x0
0
0
0
2

(2)

Here superscript T denotes transpose. The likelihood is assumed to be Gaussian and can be written as


1
f ðy1 jx0 Þ∝ exp  ½y1  H1 ðM1←0 ðx0 ÞÞT R1
½
y

H
ð
M
ð
x
Þ
Þ

1
1←0 0
1
1
2

(3)

where H1 is a nonlinear observation operator (i.e., an operator that relates model parameters and states to
available data); R1 is the covariance matrix of observation errors, which are usually modeled according to a
zero mean Gaussian distribution.
A cost function, Jðx0 Þ, can then be formulated as



1
1
ð0Þ T 1
ð0 Þ
Jðx0 Þ ¼ ½y1  H1 ðM1←0 ðx0 ÞÞT R1
x
½
y

H
ð
M
ð
x
Þ
Þ

þ

x
P
x

x
1
1←0
0
0
0
1
0
0
1
0
2
2

(4)

and its minimization (being equivalent to maximize the smoothing pdf f(x0| y1)) yields an estimate of x0.
XIA ET AL.
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2.1. The Cost Function in an Ensemble Space
The vector of true system states can be expressed as x ¼ x þ Aw, where w is a coordinate vector in the
e ðwÞ deﬁned in the ensemble space can then be written
ensemble space (Bocquet, 2011). A cost function J
as (Bocquet & Sakov, 2012; Hunt et al., 2007)
e ðwÞ ¼
J



iT
h


i 1
1h
ð0Þ
ð0Þ
y1  H1 M1←0 x0 þ A0 w
R1
y1  H1 M1←0 x0 þ A0 w
þ ðN  1ÞwT w
1
2
2

(5)

where A0 is the anomaly matrix associated with the collection of realizations forming the initial guess in the
approach.
2.2. Minimization of the Cost Function in the Ensemble Space
Minimization of function (5) is performed via the Gauss-Newton algorithm as


e ðkÞ 1 ∇J
e ðkÞ wðkÞ
wðkþ1Þ ¼ wðkÞ  H

(6)

Here superscripts and/or subscripts in brackets representiteration
 indices, the system state at iteration k
ðk Þ
ð0 Þ
e ðkÞ wðk Þ and the approximated Hessian H
e ðkÞ at iterabeing expressed as x0 ¼ x0 þ A0 wðkÞ; the Jacobian ∇J
tion k are given by (Bocquet & Sakov, 2014)


h

 iT
e ðkÞ wðkÞ ¼ QT R1 y1  H1 M1←0 xðkÞ
∇J
þ ðN  1Þwðk Þ
0
ðk Þ 1

(7)

e ðkÞ ¼ ðN  1ÞIN þ QT R1 QðkÞ
H
ðk Þ 1

(8)

and

where IN is the identity matrix in the ensemble space; and Q(k) is a tangent linear operator acting from the
ensemble to the observation space. One can obtain Q(k) through two algorithms, that is, either using an
ensemble transform matrix or a scaling factor (Bocquet & Sakov, 2012; Sakov et al., 2012). The use of the
ensemble transform matrix can outperform resorting to a scaling factor in the presence of multiple minima
for the cost function (Sakov et al., 2012). The scaling factor algorithm, also termed as bundle variant (Bocquet
& Sakov, 2012), has provided good performances in the localization scheme of IEnKS (Bocquet, 2016).
Otherwise, the ensemble transform matrix algorithm has not yet been applied in conjunction with a localization method. We do so in our study, relying on the form

h

i
11T 1
ðk Þ
Qðk Þ ≈H1 M1←0 x0 1T þ A0
(9)
Tðk Þ
IN 
N
where T is the ensemble transform matrix, and 1 = [1, …, 1]1 × N is the identity vector. The former can be
obtained at iteration k as

1=2
Tðk Þ ¼ ðN  1ÞIN þ QðTk1Þ R1
(10)
1 Qðk1Þ
Note that T(1) = IN at the ﬁrst iteration. The maximization procedure to obtain the smoothing pdf f(x0| y1)
through iterative evaluation of equations (6)–(10) is set to stop if a predeﬁned maximum iteration number
(i.e., 10 in our computational examples) is reached or ‖w(k + 1)  w(k)‖ ≤ e, e being a threshold which is tuned
to ensure high performance of DA in terms of quality of results (see also section 4). Denoting by the superscript * a given quantity estimated after optimization, we write
E0 ¼ x0 1T þ τA0 T

(11)

Here E0 indicates the estimated f(x0| y1) and corresponds to the ensemble of realizations after optimization; x0
is the vector of optimized mean states of the ensemble; τ is an inﬂation factor that acts on the (ensemble)
anomalies; T* is the optimal ensemble transform matrix, which is obtained by relying on equation (10). The
most computationally intensive part during the iteration is attributed to the iterative time integration of
the state ensemble through the forward model M1 ← 0, at least one iteration (i.e., k ≥ 1) being required for
the computation of f(x0| y1).
XIA ET AL.
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2.3. Localization and Spurious Correlation
The covariance localization in the IEnKF is not straightforward (Bocquet, 2016). A domain localization scheme
might introduce discontinuities across the parameter space, because grid nodes are separately analyzed by
conﬁning the approach to the use of the observations within the predeﬁned ﬁlter length (Lorenc, 2003). To
alleviate these difﬁculties, we rely on the following function:
 

8
dx dz
>
>
exp
α
þ
<
λx λz
uðdÞ ¼
>
>
: expð2αβÞ

dx
dz
≤β or ≤β
λx
λz
dx
dz
when
> β and
>β
λx
λz
when

(12)

where d = [dx, dz] is a (spatial) lag separation vector between two points on the computational grid; λx and λz
are correlation scales along the x and z directions, respectively; and α > 0 and β > 0 are constants that need to
be tuned. Taking the Schur product between function (12) and the observation error enables one to magnify
somehow artiﬁcially the observation error and then impact on the measurement error covariance R1 in
equations (7), (8), and (10) as a function of the distance between a target location on the computational grid
and points where measurements are available. This, in turn, can alleviate the emergence of spurious correlations in a way that is more effective than simply grounding the assimilation algorithm on the use of observations comprised within a predeﬁned ﬁlter length (see also Nan and Wu (2011)). Therefore, the domain
localization approach is used on both EnKF and IEnKF in this study.
2.4. Ensemble Analysis
The analysis pdf f(x1| y1) is estimated by
f ðx1 jy1 Þ ¼ ∫f ðx1 jx0 ; y1 Þf ðx0 jy1 Þdx0
¼ ∫δðx1  M1←0 ðx0 ÞÞf ðx0 jy1 Þdx0

(13)

where δ indicates the Dirac distribution. According to equation (13), the optimized (or analysis) ensemble
indicating the ﬁltering distribution at time t1 is obtained by propagating each member of E0 through
M1 ← 0, that is, E1 ¼ M1←0 E0 , where E1 (associated with [ensemble] mean x1) is the best ensemble estimate
based on the domain localized IEnKF algorithm. Note that x1 is then used in a new DA cycle as a prior to estimate the smoothing and analysis pdfs.
It is remarked that at least two ensemble propagations are needed in the domain-localized IEnKF, that is, one
for estimating the smoothing pdf f(x0| y1) and another one for estimating the analysis pdf f(x1| y1). In case the
predeﬁned maximum iteration number is equal to one, the structure of the IEnKF resembles the one-stepahead smoothing EnKF (Gharamti et al., 2015).

3. Numerical Simulations
3.1. Density-Independent Groundwater Flow
We start by considering a transient groundwater ﬂow scenario without density effects, here termed as DIF
and described by
∇½K ð∇hÞ þ W ¼ S

∂h
∂t

(14)

where K represents hydraulic conductivity (LT1), that is considered to be a random function of space; h is
hydraulic head (L); W is a sink/source term (T1); S is speciﬁc storage (L1); and t represents time (T).
3.2. Variable-Density Groundwater Flow
For a variable-density ﬂow (VDF), hydraulic head depends on ﬂuid density, which is in turn a function of
salt concentration (or salinity). Tackling a typical VDF problem entails jointly solving the ﬂow and
XIA ET AL.
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Figure 1. Schematic representation of the modiﬁed Henry problem considered in this study: (a) type of boundary conditions, location of the partially penetrating pumping well (the well screen being denoted as a black block), reference
Y = ln Kf ﬁeld; (b) initial ﬂow ﬁeld and concentration distribution (contour lines corresponding to initial salinity of 10%, 50%,
and 90% are, respectively, depicted as cyan, blue, and red curves) for the variable-density ﬂow (VDF) scenario. Initial spatial
distribution of ﬂux vectors (color scale ranges from blue to red, respectively, denoting low to high ﬂux norm) for VDF
scenario; (c) initial spatial distribution of ﬂux vectors for density-independent ﬂow (DIF) scenario. Location of the 30
observation points for pressure head are shown in Figure 1b, location of the 50 observation points for head (and salinity for
VDF) being included in Figure 1c, black blocks along the boreholes corresponding to measurement locations. Red squares
in Figure 1c represent the 10 locations where Y data are collected.

transport problems. In this context, one relies on the concept of equivalent freshwater head at a given
point B, deﬁned as
PB
ρ
ρ  ρf
ZB
(15)
hf ¼
þ ZB ¼ h 
ρf
ρf g
ρf
where PB (ML1T2) and Z B (L), respectively, are pressure and elevation at B; ρ and ρf [ML3], respectively, are
the salt- and fresh-groundwater density. Note that h = hf for the DIF.
XIA ET AL.
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Based on the concept of equivalent freshwater head, the governing equation for VDF is expressed as (Guo & Langevin, 2002)

8  
ρ  ρf
∂hf
∂ρ ∂C
0
>
>
∇ ρK f ∇hf þ
 ρs qs
∇z
¼ ρS
þθ
>
>
∂C
∂t
ρ
∂t
>
>
<
ρg
(16)
Kf ¼ f k
>
μf
>
>
>
>
∂ρ
>
:
ρ ¼ ρf þ C
∂C
where Kf is the freshwater hydraulic conductivity (LT1), that is considered
to be a random function of space; k is permeability (L2); μf and θ, respectively, are the dynamic viscosity for freshwater (ML1T1) and effective
porosity (), which are considered as constants in this study; C is salt con0
centration (ML3); qs is a source/sink (T1) of ﬂuid with density ρs (ML3).
Note that K = Kf for the DIF. Hereinafter, we also refer to hydraulic head
and conductivity in a DIF as equivalent freshwater head and conductivity
(i.e., hf and Kf), respectively.
Transport of salt is described by (e.g., Zheng & Wang, 1999)
∂ðθC Þ
0
¼ ∇ðθD∇C Þ  ∇ðqC Þ  qs C s
∂t

(17)

where q (LT1) is groundwater ﬂux calculated from equation (16); D is dispersion (M2T1), which is here taken as a constant; and Cs is salt concentration in the sink/source term (ML3).
3.3. Problem Setup
We analyze the performances of the domain localized iterative ensemble
Kalman ﬁlter (LIEnKF) and of the domain localized standard EnKF (LEnKF)
on the VDF and DIF cases using a setting that is adapted from the Henry
problem, as described in the following.
3.3.1. Variable-Density Flow
The modiﬁed Henry problem considered in this study is depicted in
Figure 2. Values for pumping rate and boundary conditions selected as
Figure 1a. The size of the rectangular domain is 100 m (in the vertical direcinput to our computations: (a) pumping rates (blue curve) and inland
tion) ×200 m (in the horizontal direction). It is discretized into 25 × 50 cells,
boundary ﬂow rates (here given in cubic meter per day); (b) tidal elevations
each of these with a uniform size of 4 m. The upper and bottom bound(given in meter).
aries are considered to be impermeable. The left and right boundaries
are, respectively, deﬁned as inland ﬂow and sea boundaries. A time-varying inland ﬂow rate is prescribed
at the left boundary, while a periodic tidal ﬂuctuation is ﬁxed along the right boundary. A partially penetrating well (located as depicted in Figure 1) is operated under a transient regime, as detailed in the following.
The (natural) logarithm of equivalent freshwater hydraulic conductivity (Y = lnKf) is considered as a heterogeneous ﬁeld (see Figure 1a). A random realization of the ﬁeld is generated according to the procedure illustrated in the following and is used as the reference ﬁeld in this study.
The spatial distribution of Y is assumed to be statistically stationary and characterized by the covariance
function
 2
d
d2
C ðdÞ ¼ σ exp  2x þ 2z
λx λz
2

Table 1
Model Parameters Considered as Uniform in the Simulations
Csea
Cin
ρsea
ρf
D
θ
S

XIA ET AL.

Salinity of seawater (g/L)
inﬂow concentration (g/L)
3
density of seawater (kg/m )
3
density of fresh water (kg/m )
2
dispersion (m /day)
effective porosity
speciﬁc yield

35
0
1025
1000
0.57024
0.35
0.35

1=2

!
(18)

where σ 2 is the variance of Y. Generation of a reference conductivity ﬁeld is
performed via the well-known Geostatistical Software Library and User’s
Guide software (Deutsch & Journel, 1998) by setting unit variance and
λx = 40 m, and λz = 24 m. The (arithmetic) mean value μ for the reference
ln Kf ﬁeld is set as 6.76, which is equivalent to a hydraulic conductivity of
864 (m/day), a value typically employed for the Henry problem.
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Table 2
Test Cases Considered for the Analysis of the Effects of (i) Data Quantity, Data Assimilation Frequency and Measurement Error (Group A); (ii) Limitations of Domain
Localization Methods (i.e., Group B, Comprising the Collection of TC7i, TC7ii, and TC7iii); (iii) Diverse Observation Types (Group C); and (iv) Uncertainties Linked to
Incomplete Knowledge of the Correlation Scales of the Randomly Heterogeneous Y Field (Group D)
Group A
Test case
TC1c/TC1v
TC2c/TC2v
TC3c/TC3v
TC4c/TC4v
TC5c/TC5v
TC6c/TC6v

Group B
σe
0.1
0.01
0.001
0.1
0.01
0.001

Nobs
30
30
30
50
50
50

Test case
TC7i
TC7ii
TC7iii

Observation
Sa
Sa
Sa

Group C
(α, β)
4.0, 1.5
32, 0.2
4.0, 1.5

2

(μ, σ )
6.0, 1.69
6.0, 1.69
6.76, 1.0

Test case
TC8
TC9
TC10
TC11
TC12

Observation
hf
Sa
hf and Y
Sa and Y
hf and Sa

Group D
Test case
TC13
TC14
TC15
TC16

λx (m)
40
80
160
20

Note. Symbols correspond to equivalent freshwater head (hf, in units of meter); salinity (Sa, in units of grams/liter); (natural) logarithm of equivalent freshwater
hydraulic conductivity (Y = lnKf, in units of ln meter/day); standard deviation of measurement error (σ e, expressed in meter); number of observations (Nobs);
2
localization parameters α and β in equation (12); initial guesses of ensemble mean (μ) and variance (σ ) of Y; guessed correlation scale of Y in the x direction
(λx, in units of meter); subscripts c and v correspond to density-independent and density-dependent ﬂow conditions, respectively.

The temporal dynamics of the well pumping rate are modeled as a set of uncorrelated and randomly selected
values sampled from a Gaussian distribution with mean of 570.20 [m3/day] and standard deviation equal to
20% of the mean. We consider a temporally varying inland ﬂow rate, uniformly distributed along the inlet.
Values for these ﬂow rate values are sampled from a Gaussian distribution with mean of 500 (m3/day) and
standard deviation equal to 20% of the mean. Tide elevations are described by a sine function with amplitude
of 4 m and a period of 30 days. Values for pumping rate and boundary conditions are generated with a daily
frequency, the realization selected as input to our computations being depicted in Figure 2. As a consequence, the variant of the Henry problem we consider is characterized by a temporal alternation of conﬁned
and unconﬁned conditions. In the latter case, we do not account for the effects of unsaturated ﬂow above the
water table, for simplicity.
A constant salt concentration of 35 (g/L) is assigned along the sea boundary, a freshwater boundary condition
being imposed along the inland boundary. The total simulation time is 50 days. Table 1 lists the model parameters that are considered as uniform in our simulations. The initial ﬂow ﬁeld and concentration distribution
are depicted in Figure 1b for the variable-density groundwater ﬂow. These initial conditions have been
obtained in the absence of pumping and by setting a uniform tidal level of 100 m at the seaside boundary
and a constant inland ﬂow rate coinciding with the mean value of 570.2 (m3/day), which is then uniformly
distributed along the domain inlet (see Table 1).
3.3.2. Density-Independent Flow
The setting for the density-independent case is similar to the one illustrated in section 3.3.1, the only differences
being the actual values for the initial conditions considered for the ﬂow problem. The initial distribution of pressure heads and ﬂuxes is obtained by the same method used for the VDF case and is depicted in Figure 1c.
3.3.3. Simulation Scenarios for DA
The spatial distribution of the 30 points where we sample pressure heads in the reference ﬁeld is depicted in
Figure 1b. Pressure heads sampled at these locations are transformed into equivalent freshwater heads by
equation (15) and employed for both VDF and DIF simulations. The 50 and 10 locations at which pressure
head (and salinity, for the VDF scenario) and reference hydraulic conductivity values are, respectively, measured in our simulations are depicted in Figure 1c. Observations of equivalent freshwater head, hf, (natural)
logarithm of equivalent freshwater hydraulic conductivity, Y, and/or salinity, Sa, employed in the DA procedure are obtained by perturbing the corresponding reference values of the (DIF and/or VDF) scenarios considered by a zero mean Gaussian error with a given standard deviation. The values of the latter (i.e., 0.001,
0.01, and 0.1 m for hf measurements and 0.001 g/L for Sa) considered in our simulations enable us to assess
the importance of data error on assimilation results (see also our results illustrated in section 4). These values
are partially consistent with measurement accuracies associated with some typical devices deployed in the
ﬁeld (e.g., water level loggers whose measurement accuracies for pressure heads can range between
~ ±0.005 and ~ ±0.05 m).
To ease the interpretation of the results stemming from our analysis of the worth of diverse data types (i.e., hf
or Sa), we intentionally use a constant (in both time and space) standard deviation to characterize the error
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Table 3
Approximated Computational Complexities Associated With LEnKF, LIEnKF,
and LEnKFcov at a Given Assimilation Cycle Using a Daily Data
Assimilation Frequency
Forecast step
LEnKF

NCPf

LIEnKF
LEnKFcov

N(Niter + 1)CPf
NCPf

Analysis step
N2 mus þ C H þ m Nobs mus þ CP12
3

Niter[CH + m(N + CP12)]
N2 mus þ C H þ mus

2

þ CPA1

Note. Notations are as follows: CH (independent from ﬁlter iteration),
observation operator cost; CP12 (independent from ﬁlter iteration and
the grid cells analyzed), cost for computing function (12) for each numerical grid cell; CPA1, cost for computing localization function (A1) in
Appendix A; CPf, cost of performing the forward model once with time
interval equal to 1 day under transient state; Niter (Niter ≥ 1), required iteration number for LIEnKF; Nobs, number of observations; and mus, size of state
vector x ( mus = 2 or 3 m for DIF or VDF scenarios, respectively).
LEnKF = localized standard ensemble Kalman ﬁlter; LIEnKF = localized
iterative ensemble Kalman ﬁlter; VDF = variable-density ﬂow;
DIF = density-independent ﬂow; LEnKFcov = covariance localization
scheme of the standard ensemble Kalman ﬁlter.

10.1029/2017WR022369

ﬂuctuation of both hf and Sa. Model parameters and boundary conditions
that are assumed to be deterministically known are also listed in Table 1.
To explore the potential of the approaches analyzed, we consider several
showcases, each highlighting key features of interest. We group our
exemplary settings according to the following conﬁgurations: (a) Groups
A (see Table 2) allows exploring the effects of a range of measurement
errors, number of data, and temporal frequencies to be included in the
assimilation procedure; (b) Group C (see Table 2) includes diverse observation types; and (c) Group D (Table 2) considers uncertainties linked to our
incomplete knowledge of the correlation scales of the randomly heterogeneous Y ﬁeld. Test Cases TCs 1–6 (each of them structured into two subcomponents, for example, TC1 articulated into TC1c and TC1v, see
Table 2) are designed to establish a baseline for both DIF and VDF cases
with differing numbers of hf data assimilated in the model during the
simulation period (i.e., 30 or 50 hf data are assimilated with a daily frequency, respectively, in TCs 1–3 and TCs 4–6) and considering the effect
of diverse values of the standard deviation of measurement errors.

Test Case 7 (structured through the three components collected in Group
B in Table 2, that is, TC7i, TC7ii, and TC7iii) is designed to study the limitations of domain localization in the VDF case. Test Cases 8–12 (corresponding to Group C in Table 2) are designed to investigate the effects associated with the use of diverse data sets.
Due to the limitations of domain localization schemes, TCs 8–12 are assessed through the covariance localization scheme of the standard ensemble Kalman ﬁlter (LEnKFcov, see Appendix A). With reference to these
cases, note that 50 hf and/or 50 Sa data (associated with sample standard deviations 0.001 m and/or
0.001 g/L, respectively) are assimilated with a daily frequency. Hydraulic conductivities in TCs 10–11 (associated with a sample standard deviation of Y = lnKf equal to 0.001 for Kf given in meters per day) are available
at the 10 points shown in Figure 1c and are assimilated only after the ﬁrst day of simulation.

With the exception of TC7iii, TCs 1–6, TC7i, TC7ii, and TCs 8–12 are designed by generating the initial realizations of the conductivity ﬁelds considering Y = ln Kf to be normally distributed with (ensemble) mean and
variance of 6.0 and 1.69, respectively, these values being different from their counterparts (i.e., 6.76 and
1.0) employed in the generation of the reference Y ﬁeld. In TC7iii, the guessed mean and variance of Y coincide with those employed in the reference ﬁeld. For simplicity, the random conductivity ﬁelds employed in
TCs 1–12 are generated according to the covariance function (18) with values of scale lengths equal to those
used in the generation of the reference ﬁeld (i.e., λx = 40 and λz = 24).
Test Cases 13–16 (Group D in Table 2) are designed to investigate the effects of uncertainties on the
employed values for horizontal correlation scales of Y and are constructed by generating the initial realizations of the conductivity ﬁelds considering Y to be normally distributed with (ensemble) mean and variance
equal to the values characterizing the reference conductivity ﬁeld. In these cases, 50 hf data associated with a
sample standard deviation 0.001 m are assimilated with a daily frequency. The random conductivity ﬁelds
employed in TC13 are generated according to the covariance function (18) with λx equal to the value associated with the reference ﬁeld. Values of the horizontal correlation scales for TCs 14–16 are 80, 160, and
20 m, respectively. Vertical correlation scales are assumed to be perfectly
known for TCs 13–16.
Table 4
Results of the Tuning Process for Parameters α and β in (12) Based on TCs 4–6
(Including TCs 4c–6c and TCs 4v–6v) for the Diverse Values of the Standard
Derivation of Measurement Error (σ e) Considered
Standard deviation of measurement error, σ e
(α, β)

0.1 m (TC6)

0.01 m (TC5)

0.001 m (TC4)

DIF
VDF

0.7, 1.5
1, 1.5

1.2, 1.5
2, 1.5

2, 1.5
4, 1.5

Note. VDF = variable-density ﬂow; DIF = density-independent ﬂow.
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The variants (with different DA frequencies) corresponding to TC6c and
TC6v (Group A in Table 2) are analyzed to assess the effect of the temporal
frequency of assimilation of hf data, respectively, for both the DIF and VDF
cases. All of the above test cases are performed by relying on a collection
of N = 100 MC replicates. The effect of the number of MC realizations on
the assimilation results is explored (a) by performing the variants (with various N employed) of TC8 when solely hf measurements are assimilated as
well as (b) by conducting the variants (with various N employed) of TC9
when only Sa data are assimilated.
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Figure 3. RMSE and spread values collected according to the showcase groups of Table 2 (excluding Group B): (a) for density-independent ﬂow (DIF) and (b) density-dependent ﬂow scenarios (VDF), Group A; (c) Group C; and (d) Group D.
RMSE = root-mean-square error; VDF = variable-density ﬂow; LEnKF = localized standard ensemble Kalman ﬁlter;
LIEnKF = localized iterative ensemble Kalman ﬁlter.

The value of the localization parameter α (see function (12)) is selected by minimizing the root-mean-square
error (RMSE) of the estimated N ﬁelds of Y based on TCs 4–6, where 50 equivalent freshwater head data are
collected and used at each assimilation step. Note that one should avoid values for e that are too low, mainly
due to its feedback with localization (Bocquet, 2016). Here we use e = 0.2 for both DIF and VDF cases. No inﬂation is used, that is, τ = 1 in equation (11). The RMSE
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
1 m  t
a 2
RMSE ¼
∑ S  Sl
m l¼1 l

(19)

is used to evaluate performances of the two DA methods (Chen & Zhang, 2006). Here Stl is the lth true system
a
state (i.e., equivalent freshwater head, salinity, or Y); Sl represents the estimated (ensemble mean) value for
the lth state.
The sample (ensemble) variance at the ith grid cell and spread for lnKf on the entire grid are, respectively,
deﬁned as

1 N 
a 2
VarY ði Þ ¼
∑ Yl  Yi
(20a)
N  1 l¼1
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 m
∑ VarY ðiÞ
(20b)
spread ¼
m i¼1
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Figure 4. Initial (a) ensemble-averaged and (b) reference Y ﬁeld; reference and ensemble-averaged Y ﬁelds obtained at the end of the data assimilation process for
TC6c (c and d) corresponding to LEnKF and LIEnKF, respectively and TC6v (e and f) corresponding to LEnKF and LIEnKF, respectively. LEnKF = localized standard
ensemble Kalman ﬁlter; LIEnKF = localized iterative ensemble Kalman ﬁlter.

a

where Yl represents the lth realization of Y on the ith grid cell, Y i corresponding to the associated estimated value. Filter inbreeding arises when the ensemble variance tends to artiﬁcially decrease as DA
proceeds in time. This effect might be related to a variety of reasons, including, for example, the reliance on a limited number of realizations explored. The observation that the RMSE (19) is higher than
the spread (20b) is considered as an indicator of ﬁlter inbreeding, a large difference between these
two quantities suggesting the occurrence of serious ﬁlter inbreeding.
3.4. Computational Burden
We break down the evaluation of computational complexities associated with DA procedures (respectively, through LEnKF, LIEnKF, and LEnKFcov) at a given assimilation cycle into two components, that
is, the forecast step and the update step. With the assumption that the number of observations Nobs
is much smaller than the size of the state vector x, these computational complexities are analyzed
and shown in Table 3. It can be noted that the use of LIEnKF is computationally equivalent to the
IEnKF in Sakov et al. (2012) and is more intensive than the use of LEnKF and LEnKFcov. However, it
is worth noting that the required central processing unit (CPU) times for ensemble propagations can
be efﬁciently decreased by performing parallel computations. With 12 processors, CPU times required
to perform TC6v (corresponding to the VDF scenario) are 29,344 s (about 8 hr) and 63,578 s (about
18 hr), respectively, by relying on LEnKF and LIEnKF. It is worth noting that resorting to model reduction techniques (Li et al., 2013) can contribute to decreasing the required CPU time for propagating
ensemble, at the expenses of accuracy loss.
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Figure 5. Spatial patterns of the variance of Y (VarY) in TC6c at the end of the assimilation period for (a) LEnKF and (b) LIEnKF. Corresponding results for TC6v are
depicted in Figures 5c and 5d. LEnKF = localized standard ensemble Kalman ﬁlter; LIEnKF = localized iterative ensemble Kalman ﬁlter.

4. Results and Discussion
Table 4 lists the results of the process of tuning the value of α based on TCs 4–6 for the diverse values of the
magnitude of data error considered. We can note that the values of α obtained for the VDF cases are higher
than their counterparts for the DIF cases, thus implying that a higher level of localization is required in the
VDF than in the DIF settings. These results suggest that strong nonlinearity and large dimensionality of the
state vector x can aggravate the occurrence of spurious correlations (see also Houtekamer & Mitchell,
1998). The ﬁnal calculated RMSE and spread values for Y in various test cases are depicted in Figure 3, with
exceptions of TC7. We illustrate and discuss our results in details in the following sections.
4.1. Effect of Data Quantity and Measurement Error on Simulation (TCs 1–6)
As expected, one can note that RMSE values in Figures 3a and 3b for TCs 1–6 (Group A in Table 2) are generally lowest in the presence of reduced measurement error for both assimilation methods used, regardless
the amount of data assimilated at each time step. Values of spread are general consistent with (and mostly
slightly higher than) those of RMSE. When the standard deviation of head observation error is 0.001 m, the
optimal value of α for VDF scenarios is set as 4 to reduce spurious correlation. One can note (see Table 4) that
such a large value for α can be directly tied to the high accuracy of the data (as reﬂected by a low measurement error) that can in turn aggravate the emergence of spurious correlations. At the same time, a large value
of α can contribute to dampen the effect of some otherwise informative data, while reducing the effect of
spurious correlations. The lower RMSE value observed for LIEnKF in TC6v, as opposed to TC5v, can be a consequence of such contrasting effects. Houtekamer and Mitchell (1998) pointed out that a strong nonlinearity
of the setting and a large dimension of the state vector can aggravate the occurrence of spurious correlations.
Nan and Wu (2011) used various ﬁlter lengths on different types of data to reduce such spurious correlations.
Here we document that the effect of spurious correlation on assimilation results can change with
observation accuracy.
One can note that LIEnKF generally outperforms LEnKF in terms of RMSE values in all of the TCs analyzed here.
It is worth noting that RMSE values for the VDF TCs are generally lower than their counterparts related to the
DIF TCs, even as the VDF setting is associated with a higher nonlinearity than the DIF case. We observe that
the DA performance is also affected by the quality and amount of available observations. Based on equation (15), it is clear that hf data in the VDF settings are associated with an information value that is higher than
in the DIF case, because they also embed salinity information.
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Figure 6. Spatial distribution of the ensemble mean Y values obtained after the ﬁrst assimilation step in (a, b) TC7i and (c, d) TC7ii. The black circle represents the
location of the ﬁlter of the pumping well. LEnKF = localized standard ensemble Kalman ﬁlter; LIEnKF = localized iterative ensemble Kalman ﬁlter.

Figure 4 depicts the initial ensemble-averaged (i.e., as a result of averaging across the generated 100 MC realizations) Y ﬁeld (Figure 4a), the reference Y ﬁeld (Figure 4b), and the ensemble-averaged Y ﬁelds obtained at the
end of the DA process for TC6c (Figures 4c and 4d) and TC6v (Figures 4e and 4f). The estimated spatial patterns of
the average Y ﬁelds for TC6c and TC6v are similar and close to the reference one, consistent with the RMSE
results depicted in Figures 3a and 3b. These results suggest that LIEnKF leads to consistent estimates of the Y
ﬁeld for both DIF and VDF settings. Even as the RMSE associated with LEnKF is somewhat higher than its counterpart resulting from LIEnKF, it is noted that LEnKF can lead to a reasonably good estimate of Y ﬁeld.
Figures 5a and 5b depict the spatial patterns of the variance of Y in TC6c at the end of the assimilation period,
respectively, for LEnKF and LIEnKF. Corresponding results for TC6v are depicted in Figures 5c and 5d. These

Figure 7. Spatial distributions of the (ensemble) (a, c) average and (b, d) variance of Y for (a, b) TC8 and (c, d) TC9 obtained through covariance localization ensemble
Kalman ﬁlter by solely assimilating (a, b) hf or (c, d) Sa.
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Figure 8. Spatial distributions of reference and (ensemble) averaged equivalent freshwater head values for (a–c) TC8 and
(d–f) TC9. Reference contour lines corresponding to some selected head values are depicted by the ﬁne, medium heavy,
and heavy red curves, respectively; corresponding simulation results are depicted by green, cyan, and blue curves. Results
are depicted for early (5 days), intermediate (25 days), and late (50 days) assimilation times.

results show that the values of Y variance for density-independent groundwater ﬂow (TC6c) are clearly inﬂuenced by the given head boundary conditions, a ﬁnding that is consistent with the results of Tong et al.
(2010). The spatial pattern obtained for TC6v is signiﬁcantly different from that for TC6c. The results in
Figures 5c and 5d indicate that the highest values of Y variance lie within regions that are clearly related
to the intruding salt-water wedge. This result is associated with the inﬂuence of the tidal and inﬂow conditions acting along the seaside boundary. The reduced values of variance observed within the remaining portion of the domain suggest that the value of information associated with head data is higher in the VDF than
that in the corresponding DIF case. These results are consistent with the ﬁndings by Shoemaker (2004) and
Sanz and Voss (2006). Shoemaker (2004) pointed out that ﬂux observations in the submarine zone are useful
for the estimation of model parameters, including hydraulic conductivity. In this context, one can note that the
spatial distributions of the Y variance obtained in our settings are consistent with the pattern of scaled sensitivity of pressure to permeability depicted in Figure 2 of Sanz and Voss (2006). The lowest variances are associated with locations around the pumping well for the DIF TCs. Otherwise, the lowest variances are found in
the proximity of the pumping well as well as of the transition zone in the VDF TCs. These results further support the conclusions that (a) hf data in a VDF scenario contain not only information about hydraulic head but
also about salinity condition, and (b) a reasonably realistic spatial distribution of Y can be estimated even in
the presence of the high nonlinearity associated with the VDF setting.
4.2. Impact of Data Type on Assimilation Result for Variable-Density Flow (TCs 7–12)
The values of α and β in TC7i (see Group B in Table 2) coincide with those used in TC6v, while their counterparts in TC7ii are set as 30 and 0.2 to avoid effects of spurious correlation. Figure 6 depicts the spatial distribution of the ensemble mean of Y obtained after the ﬁrst assimilation step (or the ﬁrst ﬁlter iteration) in TC7i and
XIA ET AL.
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Figure 9. Spatial distributions of reference and (ensemble) averaged salinity values for (a–c) TC8 and (d–f) TC9. Results are
depicted for early (5 days), intermediate (25 days), and late (50 days) assimilation times. Reference contour lines corresponding to 10%, 50%, and 90% of the employed seawater salinity are, respectively, depicted by the ﬁne, medium heavy,
and heavy red curves; corresponding simulation results are depicted by green, cyan, and blue curves.

TC7ii (note that the values of lnKf in Figure 6 are higher than those in Figure 4). These results reveal that some
of the updated ensemble mean Y values obtained after the ﬁrst assimilation step in TC7i and TC7ii markedly
differ from their counterparts in the reference ﬁeld (and/or initial guessed ﬁeld, see Figures 4a and 4b) for
both approaches. Note that we report only values after the ﬁrst step because some of the updated Y
values markedly differ from values at their neighbor cells. Such a strong contrast across the Y ﬁelds can
cause severe numerical issues in the simulation of density-dependent ﬂow systems.
One can note that the largest deviations between reference and estimated Y values in Figure 6 are conﬁned
to a region where salinity information is lacking (but ﬂow dynamics are strong due to the action of the pumping well) during the ﬁrst day of assimilation (see also Figure 1b). The RMSE values for Y in TC7i after the ﬁrst
assimilation step for LEnKF and LIEnKF are 1.89 and 1.37, respectively, which are very different from the initially guessed one. The reason for this behavior is that the domain localization scheme corresponds to a collection of minimized local cost functions that might have not converged to the global cost function. Therefore,
the local scheme may not guarantee convergence of results.
We then consider TC7iii where the values of α and β correspond to those of TC7i, and the initial mean and
variance of Y are, respectively, set as 6.76 and 1.0, corresponding to the values associated with the reference
ﬁeld. The calculated Y RMSE values after the ﬁnal assimilation time are 0.39 and 0.28 for LEnKF and LIEnKF,
respectively. One can then conclude that both of these methods provide viable solutions in the presence
of low nonlinearities (i.e., perfect initial guesses for the mean and variance of Y).
We note that some of the results obtained in the previous TCs could be inﬂuenced by considering that
domain localization schemes might lack a guaranteed convergence (see also Bocquet, 2016). A covariance
localized EnKF (LEnKFcov, see Appendix A) is then developed and applied in TCs 8–12 (Group C in Table 2)
XIA ET AL.
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Figure 10. Temporal variations of RMSE (a) and spread (b) associated with Y for TCs 8–12. RMSE = root-mean-square error.

Test Cases 8 and 9 are analyzed through LEnKFcov and are, respectively, based on assimilating solely hf or Sa
data. The values of RMSE obtained for the (ensemble) average Y ﬁeld at the end of the assimilation period
are 0.60 and 0.73, respectively, for TC8 and TC9. The spatial distributions of the (ensemble) average and
variance of Y are depicted in Figure 7. One can note that these results differ from those of TC6v (see
Figures 4c and 4d), even as these two cases are characterized by very similar values of RMSE. One can
also observe the occurrence of high values of variance embedded within a generally low variance ﬁeld (see
Figure 7b) and mainly related to localization. The high variance regions clearly visible in Figure 7d (i.e., the
upper left and lower right corners in the ﬁgure) are in the areas within which salinity variation is small (i.e.,
salinity values are about 0 or 35 g/L).
Spatial distributions of (ensemble) averaged hf and Sa in TC8 and TC9 are, respectively, depicted in Figures 8
and 9 for early, intermediate, and late assimilation time periods. These results suggest that the updated hf
and Sa distributions obtained by assimilating hf agree well with their reference counterparts. Otherwise, when
only Sa data are assimilated, the updated Sa distributions agree well with their reference counterparts

(a)

(b)

(c)

(d)

Figure 11. Temporal evolution of RMSE associated with (a, c) Y and (b, d) hf for (a, b) LEnKF and (c, d) LIEnKF in TC6c with
assimilation frequency corresponding to 1, 5, and 10 days (associated with the DIF setting). RMSE = root-mean-square error;
LEnKF = localized standard ensemble Kalman ﬁlter; LIEnKF = localized iterative ensemble Kalman ﬁlter; DIF = densityindependent ﬂow.
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Figure 12. Temporal evolution of RMSE associated with (a, b) Y, (c, d) hf, and (e, f) Sa for (a, c, e) LEnKF and (b, d, f) LIEnKF in
TC6v, with assimilation frequency corresponding to 1, 5, and 10 days (associated with the VDF setting). RMSE = root-meansquare error; LEnKF = localized standard ensemble Kalman ﬁlter; LIEnKF = localized iterative ensemble Kalman ﬁlter;
VDF = variable-density ﬂow.

(Figures 9d–9f), but hf distributions do not (Figures 8d–8f). The results are similar to what we observed in
section 4.1, because hf is informative to hydraulic/ﬂow conditions as well as to salinity distributions. This
supports the conclusion that hf data are more informative as compared with Sa data. Based on the results
for TCs 7–9, we conclude that both LEnKF and LIEnKF suffer from local convergence problems, so that global
convergence in the whole domain is not guaranteed.
Figure 10 depicts the temporal variations of the RMSE and spread associated with Y for TCs 8–12.
These results suggest that assimilation of hf data (TC8) would lead to optimal results in terms of
RMSE values. Otherwise, jointly assimilating hf and Sa (TC12) information would not improve the assimilation results but can potentially deteriorate the performance of LEnKFcov (see the values of spread for
Y in Figure 10b). There are two main reasons for this latter result. The ﬁrst one is that there is some
data redundancy between hf and Sa. Thus, jointly assimilating both hf and Sa data does not necessarily
imply that information content is increased. One should note that jointly assimilating hf and Sa data
could lead to more severe underestimation of the covariance (A2), leading to a more severe ﬁlter
inbreeding possibility in TC12 than in TCs 8–11. This effect can then cause RMSE for TC12 to decrease
ﬁrst and then continuously increase with time. We remark that jointly assimilating hf and Y (TC10) or
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Sa and Y (TC11) measurements would also yield more severe
ﬁlter inbreeding issues than those observed in TC8 and TC9.
These ﬁndings are consistent with those obtained by Hendricks
Franssen and Kinzelbach (2008), who pointed out that jointly
assimilating hydraulic head and conductivity data in a classical
groundwater ﬂow model would render the system prone to
ﬁlter inbreeding.
4.3. Effect of Temporal Frequency of DA
Here we consider TC6 and its variants, constructed by relying on
differing DA frequencies. Figure 11 depicts the temporal evolution
of RMSE associated with Y and hf for LEnKF and LIEnKF in TC6c
and its variants constructed by considering DA frequencies corresponding to 5 and 10 days (in the DIF setting). Figure 12 depicts
corresponding results for TC6v and its variants constructed by considering the same DA frequencies in the VDF setting, that is, the
temporal evolutions of RMSE related to Y (Figures 12a and 12b),
Figure 13. Temporal variation of the RMSE for Y for TCs 8 and 9 with differing hf (Figures 12c and 12d), and Sa (Figures 12e and 12f) for LEnKF
ensemble size, N. RMSE = root-mean-square error.
and LIEnKF. Note that only RMSE results with assimilation frequencies of 1 and 5 days are depicted for the complete temporal window of assimilation because the TC6v variant (with assimilation frequency corresponding to 10 days)
displayed a ﬁlter convergence issue at the ﬁrst assimilation step (which corresponds to day 10). Both
assimilation techniques are linked to large RMSE values for Y, Sa, and hf at the initial assimilation steps,
a feature that is mainly due to the initial (head and salinity) conditions that are markedly different from
the reference (head and salinity) ﬁelds (see the high RMSE values for head and salinity in Figures 12a and
12b). One can see that daily assimilation yields the best performance, in terms of RMSEs, for both
schemes and for both (DIF and VDF) cases.
Comparing Figures 12c and 12d against Figures 11b and 11d reveals that RMSE values for hf are much higher
in the VDF than in the DIF case. With identical DA frequency and Gaussian priors, VDF scenarios are not only
subject to the increased nonlinearity of the model, in comparison with DIF cases, but are also associated with
uncertainty stemming from both hf and Sa. When the DA frequency is decreased to incorporate observations
at a 10-day interval, the quality of the simulation results tends to deteriorate drastically with time. This behavior would in turn increase uncertainty, as an effect of nonlinear system behavior, thus reﬂecting on system
states (i.e., hf and Sa), so that neither LIEnKF nor LEnKF are effective. This result suggests that a high observation frequency would be critically beneﬁcial to VDF settings, especially in the presence of uncertain
initial conditions.
4.4. Effect of the Ensemble Size
Here we consider TCs 8 and 9 and their variants, constructed by relying on differing size of the collection of realizations. Figure 13 shows the effect of the ensemble size on assimilating hf (TC8 with
N = 100 and its variants with N = 300 and 1,000) and Sa data individually (TC9 with N = 100, its variants with N = 300, and 1,000). The ﬁnal values of RMSE obtained for Y in TC8 and its two variants are
0.60, 0.58, and 0.57, and for TC9 and its two variants are 0.73, 0.64, and 0.59, respectively. It should be
pointed out that the ensemble size has a more pronounced effect in the cases where solely Sa measurements are assimilated. This ﬁnding suggests that assimilating only Sa data would yield a more
severe ﬁlter inbreeding problem than assimilating solely hf data. When 1,000 MC realizations are
employed, ﬁnal RMSE values for Y are 0.57 and 0.59 for the TC8 and TC9 variants, respectively. This
result suggests that hf or Sa data provide a similar information content when their assimilation is targeted to estimate hydraulic conductivity. Otherwise, when solely assimilating Sa data, increasing the
ensemble size yields no visible improvement for the estimation of equivalent freshwater head.
4.5. Effect of Uncertain Correlation Scale of Y (TCs 13–16)
Figure 14 depicts the temporal variation of RMSE and spread for TCs 13–16 (Group D in Table 2). It is interesting to note that ﬁlter inbreeding becomes increasingly serious for settings corresponding to imposed values
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Figure 14. Temporal variation of RMSE (circle-dot curves) and spread (solid curves) for Y in TCs 13–16 (corresponding to
values of horizontal correlation scale λx = 40, 80, 160, and 24 m, respectively). RMSE = root-mean-square error;
LEnKF = localized standard ensemble Kalman ﬁlter; LIEnKF = localized iterative ensemble Kalman ﬁlter

of λx that are larger than those characterizing the reference Y ﬁeld (TCs 14–15), a ﬁnding that is consistent
with the results of Camporese et al. (2011). The reason for this is related to the observation that a constant
correlation scale is used in function (12) during the DA process, while the spatial correlation across the
estimated ensemble might change as time elapses. One can also note that when we rely on a value of λx
that is smaller than the one corresponding to the reference Y ﬁeld (TC16), ﬁlter inbreeding might be small,
the ﬁnal RMSE being larger than the one observed in TC13, where the true value of λx is assumed (see
Group D in Table 2 and Figure 3d). We remark that even as relying on a small value for λx can somehow
alleviate ﬁlter inbreeding, it can also shadow the importance of useful information that can assist in
improving the DA performance. In this context, the use of algorithms that can either temporally adjust
estimates of correlation scales (see, e.g., Anderson & Lei, 2013; Ménétrier et al., 2015) or determine the
adequate inﬂation level to be enforced on the state covariance (e.g., Wang & Bishop, 2003; Zovi et al.,
2017) can be beneﬁcial when dealing with uncertain correlation scales.

5. Summary and Conclusion
In this study, a variant Henry problem is used to investigate the performances of domain LIEnKF and LEnKF, as
well as the covariance-localized scheme of the ensemble Kalman ﬁlter (LEnKFcov) in a variable density
groundwater ﬂow (VDF) scenario. As a baseline setting, the performances of both LEnKF and LIEnKF are
assessed in the absence of density effects (here termed as DIF scenario). Results are compared and analyzed
by considering diverse values for the magnitude of measurement errors, data quantity and type, assimilation
frequency, and size of the collection of MC realizations employed and considering incomplete knowledge of
the correlation length of the (randomly) heterogeneous conductivity ﬁeld of the porous medium. Our numerical study leads to the following major conclusions.
1. Even as VDF is characterized by a higher nonlinearity and dimension of system state vector than DIF, the
use of either LEnKF or LIEnKF yields lower RMSE values (which indicates a good DA performance) in VDF
than in DIF settings (see section 4.1).
2. Our results suggest that equivalent freshwater head, hf, contains more information in VDF than in DIF. This
is related to the observation that hf also contains information about ﬂuid density. Optimal locations for hf
observations in the DIF settings examined in this study should correspond to regions (a) far away from the
given head boundary and (b) in the proximity of the pumping well. Placing of observation points for hf
that are effective to DA purposes in the VDF scenario is seen to be set around the pumping well as well
as in the proximity of the transition zone.
3. We note that when the DA frequency is equal to the lowest one here tested (i.e., corresponding to an
assimilation every 10 days), the quality of the simulation results tends to deteriorate drastically with time.
This corresponds to increased uncertainty as a result of system nonlinearity, so that neither LIEnKF nor
LEnKF are effective. Our results suggest that a high temporal observation frequency would be critically
beneﬁcial to VDF settings, especially in the presence of uncertain initial conditions.
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4. Overestimating the horizontal correlation length of the heterogeneous log-conductivity ﬁeld can lead to
ﬁlter inbreeding issues. Relying on underestimated correlation scale values can alleviate ﬁlter inbreeding,
while negatively affecting the overall performance of the DA process.
5. We have implemented a covariance-localized ensemble Kalman ﬁlter (LEnKFcov) to investigate the
value of data collected in the density-driven groundwater ﬂow scenario. Our results (see TC8 and
TC9) suggest that hf data are associated with an information content that is superior to that of Sa
for an accurate estimation of hf, Sa, and Kf. In this sense, it is seen that these latter quantities could
be updated with good accuracy using only hf observations. Otherwise, equivalent freshwater head
distributions are not properly estimated when using only Sa data. Additionally, we note that increasing the ensemble size shows virtually no improvement in the accuracy of the updated hf when only
Sa data are assimilated.
6. The LEnKF and LIEnKF we analyze suffer from convergence issues associated with the global optimization when only Sa data are used (see our results for TCs 7–9). This issue is not seen when (a)
only hf data are used or (b) solely Sa data are used in the presence of an initial collection of Y
ﬁelds characterized by the (ensemble) statistics closely corresponding to those of the reference
Y realization (see, e.g., TC7iii). The performance of the domain localization scheme can be evaluated by considering that it can be deconstructed into the following two steps: (1) ﬁrst, one needs
to complete all local optimizations, that is, by minimizing the localized cost function at each node
of the computational grid; (2) then, global optimization can be assessed by collecting all locally
optimal results. Note that this is related to the observation that the domain localization scheme
is not characterized by a guaranteed convergence of the global optimization. This issue is mainly
attributed to the fact that the collected local optimization results do not necessarily converge to
the results that would be obtained by minimizing the global cost function. Employing a covariance
localization scheme to minimize the localized global cost function enables us to signiﬁcantly alleviate the problem.

Appendix A
We perform covariance localization of the EnKF using the following local function (Furrer & Bengtsson, 2007)
for the Schur product with the covariance (A2)
8
 

>
< L ¼ exp 3 d x þ d z
γx γz
>
: γ ¼ δ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9
þ
8N
 5 =4; ði ¼ x; zÞ
i
i

(A1)

where γx and γz are the set ﬁlter length along the x and z direction for covariance or cross covariance
2

Chf

6
C ¼ 4 CSa hf
CYhf

Chf Sa
CSa
CYSa

Chf Y

3

7
CSa Y 5

(A2)

CY

where Chf , CSa , and CY are covariance matrices for equivalent freshwater head hf, salinity Sa, and (natural) logarithm of hydraulic conductivity Y; Chf Y is the cross covariance between hf and Y; CSa Y is the cross covariance
between Sa and Y; and Chf Sa is the cross covariance between hf and Sa. Here similar to Nan and Wu (2011), we
consider
1
δi ðhf ; hf Þ ¼ λi =2; δi ðSa ; Sa Þ ¼ λi =2; δi ð lnK f ; lnK f Þ ¼ δi ðhf ; hf Þ
4
δi ðhf ; Sa Þ ¼
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δi ðhf ; lnK f Þ ¼

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
δi ðhf ; hf Þδi ð lnK f ; lnK f Þ

(A3c)

δi ðSa ; lnK f Þ ¼
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