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ABSTRACT

The continuous growth of mobile users and high-speed wireless applications drives

the demand for using the abundant bandwidth of mmWave (millimeter-wave) fre-

quencies. On one hand, a massive number of antennas can be supported due to

small wavelengths of mmWave signals, which allow using antennas with small form

factors. On the other hand, the free space path loss increases with the square of the

frequency, which implies that the path loss would be severe in mmWave frequencies.

Fortunately, one can compensate for the performance degradation due to the path

loss by using directional beamforming (BF) along with the high gain large antenna

array systems (massive MIMO).

This dissertation tackles three distinct problems, namely channel estimation in

massive MIMO, signal detection in massive MIMO, and efficient design of hybrid BF

algorithms. In the first part of this dissertation, we focus on the effective channel

estimation for massive MIMO systems to overcome the pilot contamination prob-

lem. We present an adaptive independent component analysis (ICA)-based channel

estimation method, which outperforms conventional ICA as well as other conven-

tional methods for channel estimation. We also make use of compressive sensing

(CS) methods for channel estimation and show the advantages in terms of channel

estimation accuracy and complexity.

In the second part of this dissertation, we consider the problem of signal detection

specifically focusing on the scenarios when non-Gaussian signals need to be detected

and the receiver may be equipped with a large number of antennas. We show

that for the case of non-Gaussian signal detection it turns out the conventional

Neyman-Pearson (NP) detector does not perform well for the low signal-to-noise-

ratio (SNR) regime. Motivated by this, we propose a bispectrum detector, which is

able to better detect the corresponding non-Gaussian information in the signal. We
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also present the theoretical analysis for the asymptotic behavior of Probability of

False Alarm (PFA) and Probability of Detection (PD). We show the performance of

signal detection (for both Gaussian and non-Gaussian signals) as a function of the

number of antennas and sampling rate. We also obtain the scaling behavior of the

performance in the massive antenna regime.

The third part of this dissertation covers the efficient design of hybrid BF al-

gorithms with a specific focus on massive MIMO systems in mmWave networks.

The key challenge in the design of hybrid BF algorithms in such networks is that

the computational complexity can be prohibitive. We start by focusing on the fun-

damental approach of finding BF solutions through singular value decomposition

(SVD) and explore the role of ML techniques to perform SVD. The first part of this

contribution focuses on the data-driven approach to SVD. We propose three deep

neural network (DNN) architectures to approximate the SVD, with varying levels

of complexity. The methodology for training these DNN architectures is inspired by

the fundamental property of SVD, i.e., it can be used to obtain low-rank approxi-

mations. We next explicitly take the constraints of hybrid BF into account (such

as quantized phase shifters, power constraints), and propose a novel DNN-based

approach for the design of hybrid BF systems. Our results show that DNNs can be

an attractive and efficient solution for both estimating the SVD as well as hybrid

beamformers. Furthermore, we provide time complexity and memory requirement

analyses for the proposed DNN-based and state-of-the-art hybrid BF approaches.

We then propose a novel reinforcement learning-based hybrid BF algorithm that ap-

plies Q-learning in a supervised manner. We analyze the computational complexity

of our algorithm as a function of iteration steps and show that a significant reduction

in computational complexity is achieved compared to the exhaustive search.

In addition to exploring supervised approaches, in the remaining part of this

contribution we also explore unsupervised methods for SVD and hybrid BF. These

methods are particularly attractive for scenarios when channel conditions change too

fast and we may not have a pre-existing dataset of channels and the corresponding

optimal BF solutions, which are required for supervised learning. For unsupervised
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learning, we explore two techniques namely autoencoders and generative adversar-

ial networks (GANs) for both the SVD and hybrid BF. We first propose a linear

autoencoder based approach for the SVD, and then provide a linear autoencoder

based hybrid BF algorithm, which incorporates the constraints of the hybrid BF.

In the last part of this contribution, we focus on two different generative models:

variational autoencoders (VAEs) and GANs to reduce the number of training iter-

ations compared to the linear autoencoder based approach. We first propose VAE

and Wasserstein GAN (WGAN) based algorithms for the SVD. We then present a

VAE and a novel GAN architecture to find the hybrid BF solutions.
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CHAPTER 1

Introduction and Background

1.1 Millimeter-Wave (mmWave) Spectrum and Challenges

The sub 6 GHz bands, where most of the wireless systems operate today, cannot

support the demand of 5G and beyond for the capacity of hundreds of megabits

per second due to the limited bandwidth available in sub 6 GHz frequencies. On

the other hand, a huge amount of spectrum above 6 GHz is underutilized. The

frequencies between 30 and 300 GHz are referred to as mmWave frequencies, which

have gained recent interest for next-generation wireless systems [9–12]. Since the

higher bandwidths can be used in the large spectrum of mmWaves, much higher

data rates compared to the lower frequencies. Therefore, the various applications of

5G can benefit from mmWave communications. For instance, high data rate com-

munications between autonomous vehicles can be satisfied by operating on mmWave

frequencies. High data rate latency connections among the IoT devices can be real-

ized with mmWave communications.

In recent years, mmWave has received great interest from the academia and

industry. At 28 GHz band, a local multipoint distribution system to provide wireless

access to fixed networks has been proposed [13, 14], which have claimed that line-

of-sight (LOS) connectivity would be necessary due to the short-range links. The

studies at 38 GHz in [15,16] then showed that longer ranges for communication could

also be possible. Even though oxygen absorption between 57 and 64 GHz is high

and causes attenuation of about 15 dB/km, the 57-64 GHz band is still suitable for

indoor communication. Moreover, 60 GHz local area network (LAN) and personal

area network (PAN) systems have been proposed [17, 18]. Another promising band

in mmWave frequencies is E-band (71-76 GHz, 81-86 GHz, and 92-95 GHz) since the

atmospheric absorption due to oxygen and water vapor is only 1 dB/km higher than
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Table 1.1 Comparison of mmWave bands
Frequency Range Atmospheric Absorption Communication Type Applications State-of-the-Art

25-40 GHz 0.05 dB/km Indoor and outdoor LMDS, broadband, fixed wireless [15, 22–25]

57-64 GHz 15 dB/km Indoor LAN, PAN [17,18,26]

E-band 0.2 dB/km Indoor and outdoor Mobile backhaul, point-to-point WLAN, broadband [20,21,27]

the frequencies that the current wireless systems operate [19]. Therefore, mmWave

measurements have been accomplished both for indoor and outdoor communication

in E-band, and channel models have been proposed based on these measurements

[20,21]. The mmWave frequencies between 164 and 200 GHz suffer from water vapor

absorption, which leads to tens of dBs attenuation. Therefore, different ranges

in the mmWave spectrum have unique characteristics, which makes these bands

suitable for different types of communication. Table 1.1 shows the most studied

ranges of mmWave spectrum with the comparison of the characteristics of these

ranges. Moreover, state-of-the-art algorithms, which study different ranges of the

mmWave spectrum, are also given in Table 1.1. Although there have been many

studies in the mmWave spectrum due to its great potential, still many challenges of

mmWave frequencies exist and require further study. According to Friis’ law [28],

the free space omnidirectional path loss increases with the square of the frequency,

which implies that the mmWave spectrum would have severe propagation in loss

compared to ultra-high frequency (UHF) and microwave spectrum. Furthermore,

penetration losses and scattering are more severe in mmWaves. For instance, the

mmWave signals are attenuated up to 80 dB by materials such as brick and up

to 30 dB by the human body [29, 30]. Since the propagation characteristics of the

mmWave frequencies are different than the lower frequencies, new channel models

are required for the mmWaves. On the other hand, highly directional transmission

achieved by massive multiple-input multiple-output (MIMO) systems compensates

for the propagation loss. Moreover, the antenna with the same physical size has

higher antenna gain in higher frequencies, which also helps to prevent performance

degradation due to path loss. Consequently, highly directional transmission through

BF is inevitable to achieve high performance in mmWaves. The mmWave channel
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has a much smaller coherence time compared to the sub 6 GHz band since coherence

time is linear in the frequency [28]. Therefore, channel estimation and equalization

techniques in mmWaves must be able to adapt to rapid channel changes.

1.2 Multiple-Input Multiple-Output (MIMO) and Beamforming (BF)

MIMO is another promising technology along with mmWave communication to

achieve high data rates by increasing spectral efficiency. By using multiple antennas

at the base station (BS) and the user equipment (UE), multiple data streams can be

employed, which leads to better spectral efficiency. Multi-user MIMO (MU-MIMO)

can improve spectral efficiency further by allowing the BS to transmit data to mul-

tiple UEs using the same time and frequency resources. In recent years, massive

single-user MIMO (SU-MIMO) and massive MU-MIMO have gained interest to pro-

vide ultra-high data rate communication. In massive MIMO systems, hundreds of

antennas are employed at the BS that can serve dozens of UTs in the same time-

frequency resource. Massive MIMO will high likely be one of the main technologies

of the next generation wireless systems since it enables fast, robust, secure, energy

and spectrum-efficient communications [31]. Spectral efficiency and throughput can

be enhanced tremendously by focusing energy into much smaller regions with a large

number of antennas. In massive MIMO, dozens of UTs can be served simultaneously

in the same frequency-time resource. Thus, the overall spectral efficiency increases

more than in conventional MIMO. Fading, hardware imperfections, and noise are

expected to be averaged out in massive MIMO according to the law of large num-

bers. As a result, there are fewer restrictions on accuracy and the linearity of each

amplifier and RF chain. Massive MIMO can be implemented by using low-cost and

low-power hardware components because expensive amplifiers can be replaced with

hundreds of low-cost amplifiers and the output power of the BS can be reduced due

to the energy efficiency of massive MIMO. Since the BS is the major consumer of

energy in the cellular network, the reduced output power will be very beneficial for

the cellular networks of the future. Fading causes latency in wireless communica-
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Figure 1.1 Visualization of massive MIMO in mmWaves and the variety of applica-
tions that will be part of 5G networks.

tions systems. If a fading dip occurs when a UT receives a signal from the BS, the

UT needs to wait until the channel becomes suitable for data reception. Fading can

be averaged out when signals from a large number of antennas are combined on the

air. Therefore, latency can also be reduced and fading dips can be avoided with

BF in massive MIMO. Intentional jamming of wireless communications systems is

an important problem and a serious risk for cyber-security. Massive MIMO will

eliminate this problem since it provides many degrees of freedom, which cancels the

signals from intentional jammers. With all of these benefits, massive MIMO can

revolutionize the way we experience wireless technology in the future.

With massive MIMO, propagation loss in mmWaves can be combated with high

BF gains [31]. In particular, the directional transmission is achieved through BF

by using a large antenna array (massive MIMO) in mmWaves. BF is a signal pro-

cessing technique to steer the group of signals generated from an antenna array to a

particular angular direction [32]. A weighted version of the same symbol is sent over

each transmit antenna through BF. In particular, BF operation at the transmitter

side is the multiplication of the BF weights matrix with the transmitted symbols

over the antennas. On the other hand, the receiver aims to maximize the BF gain

by combining the received symbols at each antenna using a combiner weight ma-

trix. A variety of 5G technologies including device-to-device (D2D) communication,

unmanned aerial vehicle (UAV) communication in tactical networks, IoT, backhaul
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access, femtocells, vertical sectorization can be realized through BF using massive

MIMO technology in mmWaves as shown in Figure 1.1.

1.2.1 Analog BF

Analog BF realizes BF operation using analog phase shifters in the RF domain [33].

As shown in Figure 1.2, in a mmWave system, which uses analog BF, multiple an-

tennas are combined together using phase shifters and connected to a single RF

chain. In analog BF, a phase-shifted version of the same signal is transmitted over

the antenna elements. Therefore, one beam, which is directed to a particular an-

gular direction, can be generated as seen in Figure 1.2. Therefore, multiple users

cannot be multiplexed with analog BF. Furthermore, BF gains with analog BF are

degraded compared to digital BF due to the usage of quantized phase shifts and the

constant amplitude. On the other hand, analog BF is the most cost-efficient BF

method for single-user communications since it only requires one RF chain and one

ADC/DAC pair. Even though analog BF has some limitations compared to digital

BF in terms of performance, the reduced cost of analog BF makes it a promising ar-

chitecture for building large antenna array systems in mmWaves. Moreover, analog

BF is sufficient for LOS single-user mmWave communications. Therefore, analog

BF has been proposed as a better alternative to digital BF for mmWave systems in

the literature [34–36]. In [34], a general BF criterion, which depends on a single

DAC
Data 

 Stream ...
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Shifters
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chain

Mobile 
User

Figure 1.2 The transceiver of the analog BF architecture.

parameter, has been proposed for analog BF under OFDM transmissions. In [35],
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a binary search beam training algorithm based on a multi-resolution BF codebook

has been proposed to find and refine the optimum beams for wireless personal area

networks. An analog BF algorithm for mmWave systems, which directly enhances

the baseband equalization performance, has been proposed in [36]. However, ana-

log BF becomes inefficient for mmWave channels with multipath propagation and

frequency-selective fading [37]. Moreover, the RF constraints due to the quantized

phase shifters and the constant modulus of phase shifters limit the performance of

analog BF. Due to its reduced cost compared to digital BF, analog BF has gained

tremendous interest in the industry. The wireless communications standards, in-

cluding IEEE 802.15.3c, IEEE 802.11ad, and Wireless HD, use analog BF with

single-stream transmission [38,39].

1.2.2 Digital BF

Digital BF is realized fully in the baseband domain by connecting baseband

precoder with multiple antenna elements through analog-to-digital converters

(ADCs)/digital-to-analog converters (DACs) and RF chains as given in Figure 1.3.

A separate ADC/DAC and RF chain feed each antenna element in the digital BF

architecture. The phase and amplitude of the signal sent from each antenna can be

controlled digitally, which provides high flexibility [17]. Therefore, the maximum

BF gain can be achieved with digital BF. Moreover, digital BF supports multi-user

communication, where the superposition of any number of beams can be transmit-

ted to each mobile user. With the flexibility of digital BF, beams can be adapted to

multipath propagation and frequency-selective fading. By sending different beams in

each subcarrier, the effects of multipath propagation and frequency-selective fading

can be compensated.

For sub-6GHz conventional MIMO systems, realizing BF in the baseband do-

main is preferred since the hardware cost is acceptable. On the other hand, the

hardware implementation of digital BF for massive MIMO systems poses a sig-

nificant challenge due to the requirement of a large number of ADCs/DACs and

RF chains [40]. A large number of antenna elements and ADCs/DACs must be
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placed in a small area. Moreover, each ADC/DAC pair consumes a great amount

of power, which makes the digital BF even more challenging. Nevertheless, the

hardware design of a mmWave system with fully digital architecture has also been

studied [41,42]. Authors of [41] propose a mmWave MIMO transceiver with digital

BF for 5G mmWave communications at the system level. The substrate-integrated

waveguide (SIW) technique, where some key components in mmWave front-end are

integrated into the planar form on the same substrate, is applied to implement

the filter and interconnection components in the mmWave front-end of the system

proposed in [41]. In [42], it has been shown that digital BF architectures with

low-resolution ADCs would be power efficient with the negligible loss in the overall

cellular system capacity. To further reduce the power consumption in digital BF

architecture, 1-bit or fewer bit ADCs/DACs can be used [43–45]. In this type of

digital BF, a pair of ADCs/DACs with a few bits are used to process the in-phase

and quadrature components of the demodulated signal coming from the RF chain.

Therefore, the power consumption can be reduced significantly compared to the con-

ventional digital BF architecture given in Figure 1.3 even with the same number of

RF chains. Moreover, the power consumption in the baseband also decreases since

the data interface circuits, which connect ADCs/DACs to the baseband, depend on

the number of bits used in the ADCs/DACs [46]. Furthermore, the signal-to-noise

ratio (SNR) gap between the 1-bit ADC/DAC and infinite-resolution ADC/DAC is

not significantly high [44].
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1.2.3 Hybrid BF

Hybrid BF strikes a balance between system performance and hardware complexity.

Hybrid BF at the transmitter and the receiver are called hybrid precoding and hy-

brid combining, respectively. Both the hybrid precoding and combining operations

are divided into analog and digital domains. In hybrid BF, a set of analog phase

shifters, each connected to antenna elements, are fed by a separate RF chain from

the baseband precoder. The number of RF chains in hybrid BF is lower-bounded by

the number of transmitted data streams [47–49]. By maximizing hardware reuse,

hybrid BF reduces the power consumption significantly compared to digital BF.

Moreover, the number of antenna elements in hybrid BF can be set as high as in

digital BF [50]. Since BF gain depends on the number of antenna elements, BF

gain of digital BF can be achieved with hybrid BF by using a few numbers of

RF chains and ADC/DAC pairs. Therefore, the cost and power consumption can

be significantly reduced with hybrid BF compared to digital BF, which allows de-

ployment of mmWave massive MIMO systems in places with a small area such as

building corners, lamp posts, etc [51]. Various use cases of hybrid BF have shown

its applicability to many challenging scenarios such as autonomous vehicles, IoT,

ultra-low-latency communication in 5G, etc [52]. With hybrid BF, D2D with low-

latency and without inter-device interference can be enabled using the same time

and frequency resources. Moreover, hybrid BF in mmWave massive MIMO can be

used for back-hauling and small cell systems [53].

Let us consider the hybrid BF architecture based on SU-massive MIMO given

in Figure 1.4. By assuming the discrete-time model with flat-fading and perfect

synchronization, the received signal for one symbol duration is defined as,

y = ρR∗HTs + R∗n, (1.1)

where ∗ denotes the conjugate transpose, T = TRFTBB is the multiplication of the

RF precoder TRF ∈ CNT×LT , and the baseband precoder TBB ∈ CLT×NS . Similarly,

R = RRFRBB is the multiplication of the RF combiner RRF ∈ CNR×LR and the

baseband combiner RBB ∈ CLR×NS . Here, ρ denotes the average transmitted power
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Figure 1.4 SU-MIMO architecture at mmWave band based on hybrid precoding and
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of one symbol, and s is the transmitted signal for one symbol period. Finally,

n is the additive white gaussian noise (AWGN) with i.i.d N (0, σ2
n). The analog

domain of the hardware imposes additional constraints on the RF precoder and

combiner [54]. In Figure 1.4, phase shifters are used in the analog domain of the

hybrid BF architecture, which brings the constraint of unit norm and quantized

phase entries in TRF and RRF . The RF and baseband precoders and combiners in

Figure 1.4 are designed by maximizing the achieved rate over the mmWave massive

MIMO channel calculated as follows,

R = log
∣∣∣I + ρC−1n R∗HTT∗H∗R

∣∣∣, (1.2)

where Cn = R∗R is the post-processing covariance matrix. Since (1.2) needs to be

optimized under the constraints imposed by the RF hardware, various conventional

hybrid BF algorithms have been proposed to solve this problem in an efficient and

cost-effective way [3,48,49,55–57].

Hybrid BF has been also studied for MU-massive MIMO systems in mmWaves

[58–60]. In general, analog BF in the hybrid BF system with MU-MIMO is used to

direct the beams to the intended UEs, and digital BF is used to eliminate inter-user

interference. A typical MU-massive MIMO architecture consists of a BS with large

antenna arrays and multiple UEs with single or multiple antennas. Let assume

a MU-MIMO system with hybrid BF given in Figure 1.5 where the BS with NT

antennas serves K UEs with NR antennas. Then, the MU-MIMO channel between
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the BS and the ith user is denoted by the NT × NR matrix Hi. The transmitted

signal from the BS is given as,

x = Ts, (1.3)

where s ∈ CNS×1 is the vector of transmitted symbols, T = TRFTBB is a NT ×NS

precoder matrix, which is the combination of RF precoder TRF ∈ CNT×LT and

baseband precoder TBB ∈ CLT×NS . TRF is implemented using analog phase shifters.

Therefore, the entries of TRF are of constant modulus and the angle of each entry

in TRF is quantized and can have a finite set of possible values. By assuming a

narrowband block-fading channel model as in [1,2,61], the received signal at the ith

user is defined as,

yi = Hi

NS∑

n=1

TRF tBBn sn + ni, (1.4)

where tBBn is the nth column of TBB and sn is the nth transmitted data symbol.

Here, ni ∼ N (0, σ2I) is the AWGN corrupting the received signal. To receive

the signal from a directed beam, ith user processed the received signal with a RF

combiner ri. Then, the combined signal at the ith user is defined as,

zi = r∗iHi

NS∑

n=1

TRF tBBn sn + r∗ini, (1.5)

Here, RF combiner ri has constraints similar to the RF precoder TRF . In particular,

the entries of ri are of constant modulus with quantized phases. Since UEs require

to consume less power than the BS, analog BF with low-cost hardware is preferred.

However, hybrid BF is also applicable to the UE when the power restriction is

not strict. In hybrid BF with MU-MIMO case, the main objective is to design

computationally efficient and accurate RF and baseband precoders for the BS and

for each UE by using a variety of metrics [58,62,63]. In the MU-MIMO system with

hybrid BF, as shown in Figure 1.5, the RF and baseband precoders and the analog

combiner of each user can be designed by maximizing the sum-rate. The sum-rate

in this system can be found as Rsum =
∑K

i=1Ri where Ri is the achieved rate at the
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ith UE. Ri is calculated as,

Ri = log

(
1 +

ρ|r∗iHiTRF tBBi |
2

ρ
∑

n 6=i |r∗iHiTRF tBBi |
2

+ σ2

)
(1.6)

where ρ is the allocated power to each user.

Hybrid BF Architectures: Two types of RF processing divide the hybrid BF

architectures into two groups: Hybrid BF based on phase-shifters [64] and hybrid

BF based on switches [65]. Both groups have three different realizations: fully-

connected, sub-connected, and adaptively-connected architectures.

1) Hybrid BF based on phase-shifters : As it is shown in Figure 1.6, in fully-

connected architecture, each RF chain and ADC/DAC is connected with all an-

tenna elements [40]. The transceiver sends the signal using all antenna elements

after processing by digital precoder and RF chain. Let L denotes the number of RF

chains and N denotes the number of antenna elements, where N ≥ L. In this case,

baseband processing is performed over L RF chains and RF processing is done over

N antenna elements. While the full BF gain is achieved with the fully-connected

architecture, the complexity is higher than the sub-connected architecture. In sub-

connected architecture, the signal is first processed by a digital precoder and fed to

a set of antenna elements via a separate RF chain. Then, the signal is transmitted

over the set of antenna elements, which establishes a subarray [66]. Let assume that

L, K, and N are the number of RF chains, the number of subarrays, and the number

of antennas, respectively. In this case, L RF chains are connected N/K antennas,
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hybrid BF system architectures based on phase-shifters.

which reduces the complexity compared to the fully-connected architecture. In par-

ticular, the number of signal processing paths for the fully-connected architecture

is N × L2 while the sub-connected architecture processes N × L paths. However,

the BF gain in each subarray is 1/L of the BF gain of the fully-connected architec-

ture [67]. The adaptively-connected architecture has been introduced to provide a

trade-off between the other two architectures. RF chains and antenna elements are

connected flexibly in the adaptive architecture, which can be considered as the gen-

eralization of the sub-connected architecture. This flexibility allows for obtaining

better performance than sub-connected architecture with the same hardware cost.

2) Hybrid BF based on switches : To improve the power efficiency of the hybrid

BF further, another hybrid BF architecture that uses the network of switches has

been proposed [68,69]. This architecture can be realized by connecting each switch

to every antenna which is known as fully-connected hybrid BF architecture based

on switches as it can be seen in Figure 1.7. On the other hand, each switch is con-

nected to a subset of antennas in the sub-connected hybrid BF architecture based on

switches. As illustrated in Figure 1.7, different numbers of antennas can be assigned

to sub-antenna arrays to connect RF chains with the antennas in the adaptively-

connected architecture based on switches [70]. With the expense of the need for

the high computational complexity compared to the sub-connected architecture due

to the calculation of the optimal number of antennas in each sub-antenna array,

it has been shown in [70] that the achievable rate with the adaptively-connected

architecture improves. Moreover, the hardware complexity is still less than the
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fully-connected architecture based on switches since a fewer number of RF chains is

used in the adaptively-connected architecture.

Hybrid BF Approaches: Hybrid BF approaches are categorized into the

codebook-based hybrid BF, sparse hybrid BF, and beamspace MIMO.

1) The codebook-based hybrid BF : Analog and digital beamformers in this type

of hybrid BF are designed by using a codebook, which consists of possible beam

patterns. In the codebook-based hybrid BF, a unique beam pattern is defined by

a BF weight vector, which corresponds to a column in the codebook matrix. The

hybrid beamformers in the transmitter and receiver are constructed by selecting the

BF vectors from the codebook, which maximizes some performance utility metrics

such as SNR [71], achieved rate [72], etc. Figure 1.8 shows the beam selection pro-

cedure in the codebook-based hybrid BF. Here, TBB and TRF denote the baseband

and RF precoder matrices, respectively. Moreover, tRF denotes the first column of

the RF precoder matrix, which defines the direction of the beam transmitted from

the first antenna at the transmitter. The angular space is divided into a K number

of regions, which correspond to possible beam directions. The effective channel seen

from the first transmit antenna is denoted as h1t
i
RFTBB, where i = 1, ..., K and

h1 denotes the first column of channel matrix H. Since H changes over time, the

optimum beam direction from each antenna also varies.

2) Sparse hybrid BF : Various studies [73,74] have shown the sparse nature of the

mmWave channel, which consists of a small number of clusters due to the limited

scattering. In Figure 1.9, mmWave channel characteristics such as antenna patterns

and BF gains based on the channel models proposed in [73, 74] have been incorpo-
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Figure 1.8 Overview of the conventional hybrid BF approaches.

rated. In Figure 1.9, each link comprises K clusters associated with macro-level

scattering paths, and there exists Lk subpaths in the cluster k ≤ K. Moreover, di-

rectional BF also decreases the multipath angular spread in the mmWave channel,

so cluster gains of the channel vary slowly [75].

In sparse hybrid BF, the sparsity of the mmWave channel is exploited by con-

straining the possible BF vectors in the RF beamformers to a set of array response

vectors, as shown in Figure 1.8. This hybrid BF method is very promising since

it has been demonstrated that the performance of sparse hybrid BF becomes suf-

ficiently close to the performance of unconstrained BF with a finite number of an-

tenna elements [2]. However, perfect or partial CSI, which is extremely challenging

in large-scale MIMO systems, is generally required for conventional sparse hybrid

BF approaches [48]. By designing sparse pilot signals for massive MIMO systems,

low-complexity approaches can be developed for channel estimation and hybrid BF.

Moreover, limited-feedback hybrid BF solutions are also required to reduce the over-

head to obtain CSI in massive MIMO systems in mmWaves. Furthermore, sparse

channel estimation and hybrid BF problems can be combined. In this case, the chan-

nel estimation problem is formulated as a sparse problem in which the measurement

matrices are hybrid beamformers.

3) Beamspace MIMO : This hybrid BF technique uses lens-based front-end in-

stead of phase shifters to reduce the hardware cost [76–78]. As depicted in Figure

1.8, the lens-based front-end generates high-gain beams by using the feed antennas,

which direct the beams at specific angles. The lens-based front end mimics the BF
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matrix, and orthogonal spatial beams that span the coverage area are approximated

by the feed antennas [76]. The mmWave beam selector maps a certain data stream

to a beam by selecting a feed antenna. In lower frequencies, a discrete lens array

is used as the lend-based front-end while a dielectric lens is preferred for the higher

frequencies [77]. The system model in beamspace is defined as [77],

yb = Hbxb + nb, Hb = RT
b HTb, (1.7)

where xb = [xb(1), ..., xb(NT )]T is the transmitted beamspace signal vector, Hb ∈
CNR×NT is the beamspace channel matrix, yb = [yb(1), ..., yb(NR)]T is the received

beamspace signal vector, Tb denotes the NT × NT precoder at the transmitter,

Rb denotes the NR × NR combiner at the receiver, and nb = RT
b n is the NR × 1

beamspace noise vector. For an ideal beamspace MIMO system , the BF matrices

are defined by the discrete Fourier transform (DFT) matrices, which are given by,

Tb =
1

NT

[t(θi)]i∈I(NT ), θi = i∆θ0 =
i

NT

, (1.8)

Rb =
1

NR

[r(φi)]i∈I(NR), φi = i∆φ0 =
i

NR

, (1.9)

where Tb and Rb are unitary DFT matrices, i.e., T∗bTb = TbT
∗
b = I and

R∗bRb = RbR
∗
b = I. I(NT ) and I(NR) denote the sets of NT and NR indices
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symmetrically arranged around the origin, respectively. Even though it has been

shown that beamspace MIMO can achieve near-optimal data rates, the performance

of beamspace MIMO depends on accurate channel estimation, which is very chal-

lenging for large-scale mmWave systems. On the other hand, the sparsity of the

beamspace MIMO channel can be exploited to reduce the complexity of the channel

estimation.

1.3 Related Work

1.3.1 Channel Estimation Techniques

Channel estimation for MIMO systems has been investigated broadly and has gained

great interest in the context of massive MIMO technology. Pilot-based channel

estimation, in which predetermined pilot signal sequences are transmitted before

the actual data transmission, is the most common approach. Maximum likelihood

(ML), least squares (LS), and minimum mean squared error (MMSE) are some of the

pilot-based channel estimation methods [79]. Each channel estimation method uses

different techniques to gather information about the channel by correlating known

pilot and received symbols. ML estimates the channel coefficients by finding the

values which maximize the likelihood of transmitted pilot symbols given the received

symbols. LS minimizes the squared distance between the received symbols vector

and the known pilot symbols vector. MMSE estimates the channel by minimizing

the mean squared error (MSE) between the real and estimated channel coefficients

matrix.

Blind channel estimation methods have been proposed to estimate the channel by

using statistics of the received symbols without using pilot symbols. Blind channel

estimation methods use the advantage of second or higher-order statistics. Existing

blind channel estimation methods include multiple signal classification (MUSIC),

space alternating generalized expectation (SAGE), estimation of signal parame-

ters via rotational invariance techniques (ESPIRIT), Viterbi algorithm, a posteriori

probability (APP), and ICA [80]. In the MUSIC algorithm, the parameters of trans-
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mitted signals are obtained based on the measurements conducted on the received

signals at the antenna array [81]. Joint channel estimation and data detection can

be implemented by using the SAGE algorithm [82]. ESPRIT improves on the MU-

SIC algorithm by exploiting the parameters of transmitted signals [83]. The authors

of [84] propose an adaptive blind channel estimation and equalization method using

the Viterbi algorithm. APP algorithm is proposed for coherent detection of OFDM

signals in a mobile environment [85]. In ICA-based blind channel estimation, chan-

nel coefficients are recovered by finding a transformation in which the transformed

signals are as independent as possible [86]. Since pilot symbols are not used in blind

channel estimation methods, they can mitigate pilot contamination at the expense

of higher computational complexity than pilot-based methods.

Semi-blind channel estimation methods have been presented to strike a bal-

ance between computational complexity and performance degradation due to pilot

contamination. The authors of [87] propose a semi-blind channel estimation that

applies eigenvalue decomposition (EVD) to the received signals and resolves a phase

ambiguity matrix using short pilot signal sequences. Singular value decomposition

(SVD) based semi-blind channel estimation, which exploits the asymptotic orthogo-

nality of the channel vectors, has been proposed in [88]. However, both SVD-based

and EVD-based semi-blind channel estimation methods have higher computational

complexity than pilot-based channel estimation methods.

Blind and semi-blind channel estimation methods are divided into two groups:

subspace-based and recursive methods. The methods, which apply subspace meth-

ods such as EVD and SVD to the received symbols, are called subspace-based

methods. In recursive methods, the channel is estimated adaptively for each re-

ceived symbol in real time. The authors of [89] propose a recursive adaptive-blind

method for MIMO systems. An EVD-based semi-blind channel estimation, which

is combined with a recursive LS type algorithm, is proposed in [87].
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1.3.2 Hybrid BF Techniques

Various conventional hybrid BF techniques have been proposed that can be cat-

egorized into three groups: codebook-based hybrid BF, sparse hybrid BF, and

beamspace MIMO in the literature.

The codebook-based hybrid BF approach has been extensively studied [1, 3,

58, 90–92] since it strikes a balance between complexity and high performance.

The beams are selected exhaustively based on maximum signal-to-interference-plus-

noise-ratio (SINR) in [90]. The authors of [90] consider a MIMO system with one

BS and K mobile users. Here, the BS has NT antennas and LT RF chains while

mobile users have a single antenna. By assuming the equal power allocation among

the mobile users, the received signal on the kth mobile user is given as,

yk = hTkTRF tkBBsk +
K∑

j 6=k

hTk TRF tjBBsj + vj, (1.10)

where hk ∈ CNT×1 is the channel vector, TRF ∈ CNT×LT is the RF precoder, and

TBB = [t1BB, ..., t
K
BB] ∈ CLT×K is the baseband precoder. Then, the received SINR

at the kth user is denoted by,

SINRk =
P
∣∣hTkTRF tkBB

∣∣2

Kσ2
v + P

∑K
j 6=k

∣∣hTkTRF tjBB
∣∣2 , (1.11)

where P is the total transmit power and σ2
v is the variance of the additive white

Gaussian noise (AWGN). The RF and baseband precoders for each mobile user are

found by solving the optimization problem, which is formulated as,

{T∗RF , {tkBB
∗}Kk=1} = arg max

K∑

k=1

log2(1 + SINRk)

s.t. |TRF i,j|2 =
1

NT

||tkBB||22 = 1,

(1.12)

where TRF i,j is the element in the ith row and jth column of TRF . However, the

search complexity of finding the optimum beamformers in codebook-based hybrid
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BF becomes significantly high for large antenna array systems. Therefore, codebook-

based near-optimum algorithms have also been proposed for hybrid BF [1, 3, 58].

In [3] the number of possible BF vectors is reduced based on the dominant beams,

which are determined by a metric such as effective power or AoA direction. Then,

an exhaustive search is performed over all beamformers in the reduced set. Au-

thors of [58] propose a low-complexity two-stage multi-user hybrid BF algorithm,

which assumes the availability of a limited feedback channel. Furthermore, iter-

ative algorithms have been proposed to find the best beamformers by narrowing

the search space over the possible beamwidths in the codebook [1, 91, 92]. In [1],

a multi-resolution BF codebook design has been proposed to estimate the chan-

nel’s dominant paths and to design the hybrid beamformers. To approximate each

path’s parameters, an iterative search over the codebook, which consists of possible

AoAs/AoDs, is done. In each stage of the algorithm, the searching space narrows

to eliminate the least promising beam directions. The iterative algorithm given

in [92] leverages direction-of-arrival/direction-of-departure (DoA/DoD) estimation

and beam combining techniques to find the best beam directions.

Near-optimum algorithms using sparse approximation techniques have been pro-

posed for hybrid BF as well [1,2,48]. Various papers have combined sparse channel

estimation and hybrid BF by formulating the channel estimation problem as a sparse

estimation problem in which the measurement matrices are hybrid beamformers.

Then, compressed sensing (CS) based algorithms have been applied to solve this

sparse estimation problem [93–95]. In [95], a mmWave system with a BS having NT

antennas and LT RF chains and K mobile users, each with NR antennas is consid-

ered. First, the training precoding and combining vectors at the BS and the kth

mobile user are defined as pm and qn, respectively. Then, the received signal at the

kth user is given as

yn,m = qHn Hkpmsm + qHn nn,m, (1.13)

where HK ∈ CNR×NT channel matrix between the BS and the kth user and sm is

the training symbol on the precoding vector pm. In [95], the average power used

per transmission in the training phase is set to P , and it is assumed that sm =
√
P .
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The, the received signal matrix is defined as,

Y =
√
PQ∗HkP + N, (1.14)

where Q = [q1, ...,qNR ] and P = [p1, ...,pNR ] are the measurement matrices. N is

an NR × NT noise matrix. The authors of [95] then vectorize the received signal

matrix Y to exploit the sparse nature of the channel as,

y =
√
P
(
PT ⊗Q∗

)
(a∗T (φk)⊗ aR(θk))αk + v, (1.15)

where αk is the complex path gain, aT (φk) and aT (θk) are the antenna array re-

sponse vectors of the BS and the kth mobile user, respectively. Moreover, AoDs and

AoAs are taken from a grid of N and M points, respectively. Then, y in (1.15) is

approximated as,

y =
√
P
(
PT ⊗Q∗

) (
A
∗
T ⊗AR

)
zk + v, (1.16)

where the NT ×N matrix AT and NR ×M matrix AR are the dictionary matrices.

Then, the training precoding matrix P at the BS will be designed as [P]i,j = ejφi,j

where φi,j is randomly and uniformly sampled from the set of quantized angles

{0, 2π
NT
Q
, ...,

(NT
Q−1)2π
NT
Q
}. Here, NT

Q is the quantization bits. Each mobile user also

designs its training combining matrix Q. Moreover, the each entry of Φ = PT ⊗Q∗

is set to ejγ, where the angle γ is sampled randomly from a quantized set. The kth

mobile user estimates the AoD and the AoA of its channel by recovering the support

of its sparse vector zk through OMP, which is given as,

support(zk) = arg max Φ∗Ψ∗y, (1.17)

where Ψ = A
∗
T ⊗AR. Then, the AoD θ̂k and the AoA φ̂k are estimated by using

support(zk). The RF combining vector of the kth mobile user rk in [95] is designed

as rk = aR(θ̂k). After each mobile station sends the index of its estimated AoD to

the BS, the BS computes its RF precoding matrix as T =
[
aT

(
φ̂1

)
, ..., aT

(
φ̂K

)]
.

While it has been shown in the literature that CS algorithms are promising in

moderate scale mmWave systems, they are not very practical for massive MIMO
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systems since the complete information of the geometry of the antenna array is

required at the transmitter side. On the other hand, the sparse channel estimation

problem can be solved by greedy recovery algorithms, i.e., Orthogonal Matching

Pursuit (OMP) [96]. In the OMP-based algorithm, the coarse AoAs and AoDs are

estimated iteratively by refining in a given grid space. One limitation of this type of

algorithm is that the performance is highly dependent on the design of the training

hybrid beamformers.

In the conventional hybrid BF techniques proposed for beamspace MIMO, the

sparsity of the beamspace MIMO channel has been exploited. In particular, low-

dimensional communication subspace can be accessed through Fourier basis vec-

tors [78, 97, 98]. Since the major portion of the channel power is concentrated in a

low-dimensional sub-matrix of the beamspace channel matrix, the low-complexity

beamspace MIMO transceivers can be designed to select the dominant beams at

the transmitter and receiver. After determining the dominant transmit and receive

beams, sequentially each of the dominant transmit beams is transmitted to the re-

ceiver. Then, the receiver measures the received power by each of the dominant

receive beams. Depending on the chosen threshold for the minimum sufficient high

power for the beams [99], the complexity of the algorithm is between max(NR, NT )

and max(N2
R, N

2
T ), where NR and NT denote the antennas at the receiver and trans-

mitter, respectively.

Hybrid BF techniques for multi-user MIMO (MU-MIMO) systems have also been

proposed in [58, 100]. A low-complexity two-stage multi-user hybrid BF algorithm,

which assumes the availability of a limited feedback channel, has been presented

in [58]. Authors of [100] propose a hybrid BF algorithm for multi-user massive

MIMO systems, which determines the beamformers using weighted sum mean square

error (WMSE) minimization.

1.3.3 Machine Learning (ML) for Wireless Communications

ML offers solutions with lower computational complexity than the conventional al-

gorithms and they can deal with the high dimensional data in different scenarios
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effectively [101,102]. Moreover, the lower computational complexity with ML algo-

rithms can be achieved without sacrificing the performance significantly.

With the recent success of ML techniques in various domains [103–106], ML

approaches are also being studied for providing better solutions for different prob-

lems in the area of wireless communications. Some of the problems that are ad-

dressed to be solved by ML techniques are modulation classification, MIMO sys-

tems, nonorthogonal multiple access (NOMA), channel estimation, direction-of-

arrival (DOA) estimation, radio resource management for massive MIMO systems,

beam training, and channel state information (CSI) feedback [107–115]. In [107],

the authors study the use of convolutional neural networks (CNNs) for the problem

of modulation classification. In [108], the design of single-user MIMO (SU-MIMO)

systems is considered through unsupervised learning using an autoencoder. In this

scheme, different communication tasks such as modulation and encoding are com-

bined into a single end-to-end system. In [109], long short-term memory (LSTM)-

aided nonorthogonal multiple access (NOMA) scheme is proposed to detect channel

characteristics. Authors of [110] propose to integrate deep learning (DL) methods

into massive MIMO systems for channel estimation and direction-of-arrival (DoA)

estimation by employing DNNs. In [115], the development of DL-based solutions

for 5G communications has been reviewed, and then novel schemes for DL-based

5G scenarios have been introduced.

1.3.4 ML for Hybrid BF in mmWave Wireless Networks

ML approaches have also been recently explored for the SVD and BF. Since the

computation of SVD by conventional methods such as [116, 117] requires intensive

time for large matrices, authors of [118] propose a linear NN to compute the SVD

in real-time [118]. In [119], an autoencoder is introduced to find the truncated SVD

of a given matrix. A DL-based fully-digital BF design has been proposed in [120].

The authors of [120] divide the BF design problem into power allocation and virtual

BF design, and then propose the BF prediction network for power allocation and

predicting beamformers. In [121], a DNN-based BF approach has been presented to
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learn the optimum beamformers, which maximize the spectral efficiency under hard-

ware constraint with imperfect channel state information (CSI). In [4], an adaptive

cross-entropy (CE) optimization has been proposed for a switch and inverter (SI)-

based hybrid precoding architecture. However, the achievable sum-rate needs to be

calculated for all the candidate beamformers, which still brings a significant com-

putational overhead. In [122], beam selection in hybrid BF has been considered as

a multi-class classification problem. The authors of [122] have adopted the support

vector machine (SVM) algorithm to select beamformers that maximize the sum rate

over the mmWave channel. A DL model, which predicts the BF vectors at the base

stations (BS) by using received pilot signals, has been proposed in [5]. The main

idea in this method is to use the received signals with omni beam patterns to learn

the RF-BF vectors. After RF-BF vectors are selected, BB beamformers are designed

by using the maximum ratio combining (MRC) technique. A DL-based mmWave

massive MIMO for hybrid BF is presented in [7]. In this paper, an autoencoder is

used to estimate the analog and digital precoders by adopting the geometric mean

decomposition (GMD) technique. Authors of [123] propose a hybrid BF scheme

relying on ML assisted link adaptation. This scheme selects either spatial multi-

plexing or diversity-aided transmission based on different channel conditions. In [6],

first, a novel technique to generate datasets for mmWave MIMO scenarios has been

presented. Then, DL is leveraged for beam-selection using the generated datasets.

ML approaches have been investigated for BF in mmWave systems [4, 6, 7, 113,

122–125]. In [113], a multi-layer perceptron (MLP)-based algorithm has been pre-

sented to learn the beam training candidates with low computation overhead in

IEEE 802.11ad/ay networks. The authors of [123] propose a hybrid BF algorithm

for the downlink in multi-user mmWave systems. In [123], a two-stage link adapta-

tion scheme is given to cope up with the time-varying nature of the wireless channel

and the non-linearities in the hardware. An ML-based scheme predicts if the spa-

tial multiplexing or diversity-aided transmission will be used based on the given

channel. An adaptive cross-entropy algorithm, which selects the RF and baseband

beamformers from the possible candidates with reduced complexity compared to
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exhaustive search, has been proposed in [4]. The selection of hybrid beamformers is

formulated as a multi-class classification problem and solved by a modified support

vector machine (SVM) algorithm in [122]. In [7], a DNN is trained with the input

sequences generated based on different channel conditions to estimate the analog

and digital precoders of a hybrid BF system. In [6], the angle-of-arrival (AoA)

information has been exploited by ML techniques to find optimum analog beam-

formers for a mmWave system. A CNN-based BF algorithm has been proposed to

minimize the power in downlink multiple-input single-output (MISO) systems [124].

In order to reduce the computation time of the selection of analog beamformers,

a reinforcement learning-based algorithm has been proposed in [125]. These works

show the feasibility of applying learning-based techniques for BF in mmWaves.

1.4 Research Contributions

1.4.1 Channel Estimation for Massive MIMO

Acquisition of timely and accurate channel state information (CSI) at the BS is

very important to achieve the benefits of massive MIMO. In conventional MIMO

systems, each UT sends an orthogonal uplink pilot signal sequence to the BS that

has the apriori information about the transmitted pilot sequence. By using the

transmitted and received pilot signal sequence information, BS can estimate the

channel between each user and itself. However, the maximum number of available

orthogonal pilot signal sequences is limited by the coherence interval divided by

delay spread. For instance, 200 available orthogonal pilot signal sequences exist

when the coherence interval is 1 ms [126]. In a massive MIMO system, each BS

is expected to support dozens of UTs, so the total number of UTs in a cellular

network can be easily more than 200. Therefore, pilot sequences will be reused

among different cells in the multicellular system. Interference can occur when a

pilot sequence is transmitted from a UT to the BS if this pilot sequence is reused

by another UT in an adjacent cell [127]. In particular, channel estimation at the

BS is contaminated by linear combinations of the channels with the UTs, which use
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the same pilot sequences [128]. Even though pilot contamination is one of the basic

problems in conventional MIMO systems, it degrades the performance of massive

MIMO systems more severely. Therefore, it is crucial to develop efficient channel

estimation methods, which possibly reduce the number of pilots or eliminate all of

them, for massive MIMO systems.

To this end, we first study semi-blind and blind channel estimation methods

which estimate the channel with shorter pilot sequences and without pilot sequences,

respectively. Then, we propose an adaptive blind channel estimation based on inde-

pendent component analysis (ICA) for massive MIMO. The mmWave channels have

sparse characteristics which make it very suitable to use compressed sensing based

channel estimation methods. By using compressed sensing based channel estimation

methods, the number of pilots can be reduced. Therefore, we then develop a channel

estimation method based on the elastic net which is one of the common compressed

sensing based techniques in the literature.

1.4.2 Signal Detection in Massive MIMO

First, we study the problem of detecting an unknown Gaussian signal in Gaussian

noise by using an NP detector. We present the asymptotic analysis in the large

antenna regime (i.e., massive MIMO), and analyze the asymptotic behavior of PFA

and PD. Then, we show the relationship between PFA and PD when the number

of antennas (M) and observed samples (L) go to infinity under the constraint of
√
Lln(M) ≥ M . We show the convergence of PFA and PD with M and L for

different values of SNR by using MATLAB based simulations.

Then, we investigate the non-Gaussian signal detection in Gaussian noise. In

most practical situations, the signal is non-Gaussian or becomes non-Gaussian after

going through a nonlinear propagation media. If the signal is non-Gaussian, the NP

detector does not give promising results. Therefore, we accomplish the non-Gaussian

signal detection by using bispectrum. The bispectrum is defined as the Fourier

transform of the third-order cumulant function. The bispectrum of a Gaussian

signal is zero in the principal domain. Therefore, a non-Gaussian signal can be
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detected by using its bispectrum, which will be nonzero. First, we estimate the

bispectrum of the received L samples at each of the M antennas of the receiver.

Then, we get the average of bispectrum estimates over the antennas. After that, a

generalized maximum likelihood ratio test (GLRT) is applied to the received signal

in the bispectral domain to derive the PFA and the PD. Finally, we provide an

asymptotic analysis of the non-Gaussian signal detection when M and L go to

infinity. We show that the PFA and the PD converge to 0 and 1, respectively if

we set M >> L. We conduct MATLAB simulations to verify the results of non-

Gaussian signal detection with a high sample rate in a large antenna regime.

1.4.3 Hybrid BF for Massive MIMO in Millimeter-Waves

MIMO systems in cm-wave frequencies use digital BF that is conducted at base-

band. Since the beamformed signals are connected to the distinct transmit antennas

through an independent radio frequency (RF) chain, a large number of RF chains

and mixed-signal components is required. Therefore, building large antenna arrays

in mmWaves with this architecture is not cost-efficient [129]. Hybrid BF, intro-

duced in [130,131], provides a promising solution by using a combination of analog

beamformers in the RF domain and digital beamformers at the baseband. The opti-

mum RF and baseband precoders should be designed to achieve the maximum data

rate with hybrid BF. The design problem of optimum RF and baseband precoders

is computationally intensive, so it is important to develop algorithms to solve this

problem with minimum computational complexity. Motivated by the recent success

of ML/AI in several applications, we provide a principled set of approaches for de-

signing ML-based algorithms for efficient hybrid BF to improve the achieved data

rates compared to the state-of-the-art.

1.4.3.1 Supervised Learning for Hybrid BF

We first focus on supervised DNN-based algorithms for hybrid BF. We propose

three novel DNN architectures to learn the SVD, which is the fundamental oper-
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ation for finding the unconstrained optimum beamformers at the transmitter and

the receiver. The first architecture predicts k most significant singular values and

singular vectors of a given matrix using a single DNN. By leveraging the structure

of SVD, a low-complexity DNN architecture for rank-k matrix approximation is in-

troduced. The second architecture consists of k low-complexity DNNs; each DNN

is trained to estimate the largest singular value and corresponding right and left

singular vectors of the given matrix. To further simplify the SVD operation, we

propose a third architecture for rank-1 matrix approximation, which estimates k

singular values and singular vectors using a single DNN recursively. We introduce

customized loss functions to train the three DNN architectures. In principle, the

DNNs are trained to minimize the Frobenius distance between the real and the es-

timated rank-k approximations of the matrix while forcing the singular vectors to

be orthogonal.

We also propose a novel DNN architecture for hybrid BF by incorporating con-

straints that are specific to hybrid BF. We consider the case where finite-precision

phase shifters are used in the RF domain, which restricts the analog beamformers to

have constant modulus and quantized phase values. Therefore, quantization layers

are included in the proposed DNN for hybrid BF. However, incorporating quanti-

zation brings additional challenges due to the non-differentiability of the discretiza-

tion operation. In particular, when we use gradient-based optimization methods for

training, the quantization layers in DNNs produce zero gradients, which prevents

updating the weights. To circumvent this issue, we propose four quantization ap-

proaches. In the first approach, we use a combination of step and piece-wise linear

functions to approximate the phase quantization operation, which provides non-zero

gradients during training. In the second approach, we consider a soft quantization

by using a combination of several sigmoid functions with different parameters during

both forward as well as backward propagation. In the third approach, we use the

step function in the forward propagation while incorporating sigmoid functions with

different parameters during backward propagation. In the fourth approach, we im-

plement a stochastic quantization approach [132] during forward propagation while
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replacing with a straight-through estimator [133] during backpropagation. Finally,

we satisfy the power constraint by normalization layers in the proposed DNN.

We provide the time complexity analysis for the proposed DNN architectures for

SVD and compare their time complexities with the conventional SVD algorithms.

We show that the proposed DNN-based approaches have a smaller time complex-

ity than the traditional SVD approaches while the number of transmit and receive

antennas increases, and the other parameters remain constant. We present a com-

prehensive set of simulation results to show the advantages of DNNs for learning

SVD and for hybrid BF. We implement three DNN architectures for SVD using

CNNs and discuss the impact of mini-batch size, the number of hidden layers, and

training iterations size on accuracy. With the geometric channel model, we sim-

ulate the proposed DNN-based hybrid BF algorithm and compare its rates with

the unconstrained BF, three conventional hybrid BF algorithms [1–3], an ML-aided

hybrid BF algorithm based on CE optimization [4], two DL-based hybrid BF algo-

rithms [5, 6], and an autoencoder-based hybrid BF algorithm [7]. The results show

that the proposed algorithm achieves up to 70% and 40% gains in rates compared to

the conventional hybrid BF approaches and ML-based algorithms, respectively. We

also compare the performance of the proposed DNN-based SVD approaches with the

traditional SVD algorithms in terms of time complexity and memory requirements.

Furthermore, we perform a time complexity analysis and compare the DNN-based

approach to other state-of-the-art methods.

1.4.3.2 Reinforcement Learning for Hybrid BF

We then study reinforcement learning-based hybrid BF to find the RF precoder and

combiner of a hybrid BF system to maximize the achievable rate over the mmWave

channel. We propose a novel reinforcement learning-based hybrid BF algorithm

that applies Q-learning to jointly design RF beamformers. The Q-learning-based

approach has two phases: a training (learning) phase followed by a testing (precoder

selection) phase. In the training phase of our algorithm, Q-table, which essentially

captures optimal actions (precoder matrices) for the states (CSI) in the training
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set, is iteratively learned. In the test phase of our algorithm, optimal precoders are

found for a new state by using the learned Q-table. In order to use Q-table for a

new state, we find a state in Q-table, which has the closest Euclidean distance to the

new state. We then select the action for this closest state as the action for the new

state. We implement our proposed algorithm with both complete and partial CSI,

and analyze the performance in both scenarios with different training sample sizes.

Finally, we analyze the computational complexity of our algorithm as a function of

iteration steps, and show that a significant reduction in computational complexity

is achieved compared to the exhaustive search. The performance of the proposed

algorithm in terms of spectral efficiency with imperfect and perfect CSI is shown

and compared with existing methods in the literature. According to the results,

we improve the spectral efficiency compared to other suboptimal algorithms and

achieve a very close performance to the exhaustive search.

1.4.3.3 Unsupervised Learning for Hybrid BF

We lastly provide unsupervised ML schemes based on linear autoencoders, varia-

tional autoencoders (VAEs), and generative adversarial networks (GANs) for uncon-

strained BF and hybrid BF in mmWaves. An autoencoder is a powerful unsupervised

ML model, which is used to reconstruct the input with a minimal error by finding a

low-dimensional representation of the input. A VAE is a type of autoencoder which

is regularised during the training to avoid overfitting. GANs, which are composed of

two NNs called generator and discriminator, have been very successful in sampling

from complex high-dimensional distributions.

We first provide an unsupervised scheme based on linear autoencoders to find un-

constrained beamformers. We then propose an unsupervised scheme for hybrid BF

based on linear autoencoders by incorporating the RF and power constraints. We

assume that the finite-precision phase shifters are used in the RF domain, which re-

stricts the RF beamformers to have constant modulus and quantized phase values.

To circumvent the non-differentiability of uniform quantization, we approximate

uniform quantization using a combination of sigmoid functions with different pa-
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rameters. By using the stochastic mmWave channel model, we compare the rates of

the proposed linear autoencoder-based algorithms for unconstrained BF and hybrid

BF with the supervised hybrid BF algorithm based on CNNs [8], the supervised

hybrid BF algorithm based on DFNs [5], and three conventional hybrid BF algo-

rithms [1–3]. The results show that the proposed algorithms for unconstrained BF

and hybrid BF achieve up to 65% and 39% gain in rates compared to the supervised

hybrid BF based on DFNs [5], respectively. Moreover, the linear autoencoder-based

hybrid BF achieves 64% gain in rates compared to the DL-based algorithm [5] when

the NYUSIM model is used. To reduce the number of iterations to train linear

autoencoders for achieving comparable performance with supervised learning, we

study generative models. We first propose a VAE based algorithm to estimate the

unconstrained beamformers of a MIMO system in mmWaves. We then formulate

the unconstrained BF system design problem in mmWaves by proposing a WGAN

based algorithm. By using the simulations, we compare the achieved rates with

the optimum SVD, and the proposed linear autoencoder, VAE, and WGAN based

unconstrained BF algorithms for different sized MIMO systems in mmWaves. It has

been observed that the linear autoencoder-based unconstrained BF outperforms the

VAE and WGAN based unconstrained BF algorithms for the case that the perfect

CSI is available at the Tx and the Rx during the training and testing phases. We

then compared the robustness of the linear autoencoder, VAE, and WGAN based

unconstrained BF algorithms in various scenarios with the imperfect CSI. We show

that both the VAE based unconstrained BF and the WGAN based unconstrained

BF are more robust to the noise compared to the linear autoencoder-based uncon-

strained BF as they are probabilistic approaches. In particular, in a mismatched

channel condition during training and testing, for 16-by-16 mmWave system 20.2%

and 7.69% improvements are achieved with the unconstrained BF via VAEs and

WGANs compared to the unconstrained BF via linear autoencoders, respectively.

We then propose a VAE based hybrid BF approach by extending the VAE architec-

ture proposed for unconstrained BF. Finally, we propose a novel GAN architecture

to formulate the hybrid BF system design problem. For 1000 training iterations,
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the VAE and the GAN based hybrid BF achieve 45.6% and 29.1% gains in rates

compared to the linear autoencoder-based hybrid BF for 16-by-16 mmWave system

when the SNR is 20 dB. Finally, we observe that the VAE and the GAN based

hybrid BF achieve up to 60% and 30% improvements in rates compared to the

state-of-the-art conventional and learning-based hybrid BF algorithms, respectively.
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CHAPTER 2

Channel Estimation for Massive MIMO

In this chapter, different techniques to estimate the channel in massive MIMO sys-

tems are presented. After existing methods in the literature are given, novel adaptive

blind channel estimation and elastic net based channel estimation are presented to

overcome pilot contamination in massive MIMO. We compare the performance of

the proposed algorithms with the conventional channel estimation methods. Fi-

nally, we present the asymptotic analysis of LS, lasso, and elastic net based channel

estimators.

2.1 System Model

In this work, a massive MIMO uplink system in which the BS has M antennas and

each UT has one antenna is considered. In this system, there are N UTs where

M � N , P number of pilot symbols and L − P number of data symbols in per

frame. The L received symbols at the M antennas of the BS can be given as:

Y = HS +W, (2.1)

where Y ∈CM×L and S∈CN×L is a matrix of the L received symbols at the M

receive antennas of the BS and the transmitted symbols, respectively. Y and S can

be divided into pilot and data sub-matrices as Y =

[
Yp Yd

]
and S =

[
Sp Sd

]

where Yp∈CM×P , Yd∈CM×L−P , Sp∈CN×P , and Sd∈CN×L−P . H∈CM×N denotes the

CSI between the BS and N users, and W∈CM×L represents the additive white

Gaussian noise (AWGN) matrix.

In this system, the wireless communication channel is assumed to have the given

coherence time in symbol intervals [134]:
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C =
3

4
√
πfcτ

c

v
, (2.2)

where fc, τ , c, and v are carrier frequency, delay spread, the speed of light, and the

speed of UT, respectively.

The radio propagation channel in massive MIMO consists of a superposition of

different multipath components (MPCs), which are resulted from the interaction

between the radio waves and the objects (or scatterers) in the environment. The

number of channel modeling parameters can be reduced significantly by organizing

MPCs with the same delay and directions into clusters. The COST 2100, which is a

cluster-based channel model, captures important massive MIMO channel character-

istics [135]. The regions that can be seen by a UT are called visibility regions. The

cluster contributes to scattering through MPCs in the radio channel between the UT

and the BS if a UT is in the visibility region of a cluster. In Figure 2.1, the struc-

ture of the COST 2100 channel model with different types of clusters can be seen.

The clusters, which are located around the UT or the BS, are called local clusters.

Local clusters are characterized by single-bounce clusters. Single and multiple in-

teractions between a UT and objects in the environment generate single-bounce and

multiple-bounce clusters, respectively. Twin clusters are divided into single-bounce

and multiple-bounce clusters. In this channel model, the simulation environment

is built based on the locations of the UTs and the BS. While UTs change their

locations in the environment, visibility regions of the clusters also change. Channel

impulse response (CIR) is generated by the superposition of the MPCs from all

visible clusters. The channel matrix is formed by combining the CIR with antenna

steering vectors.

2.2 ICA-Based Blind Channel Estimation for Massive MIMO

In blind channel estimation, the statistical information of the channel and the partic-

ular properties of the received symbols are used to estimate the channel coefficients

between the BS and the UTs. The pilot contamination problem can be overcome
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BS
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Single-bounce 
cluster

Local 
cluster
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Figure 2.1 Structure of COST 2100 channel model with different type of clusters.

by using blind channel estimation methods which estimate the channel coefficients

without pilot signal sequences.

In ICA-based blind channel estimation for massive MIMO, channel coefficients

can be estimated by finding a transformation in which the transformed signals as

independent as possible. At the beginning, the singular-value decomposition (SVD)

of the covariance matrix of the received symbols C = E
{
Y Y T

}
is evaluated. The

SVD of C can be given as C = UDUT where U∈CM×M andD = diag {λ1, λ2, ..., λM}
are an orthogonal matrix and a singular matrix, respectively. U and D matrices

are divided into their signal and noise subspaces as U =

[
US UN

]
and D =



DS 0

0 DN


, respectively [136]. The received symbols can be projected into the

signal subspace to reduce the computation complexity. This is accomplished by

whitening operation which can be given as:

YW = DS
−1/2US

TY, (2.3)

where YW∈CN×N is a matrix of whitened received symbols, DS =

diag {λ1, λ2, ..., λN} is the signal subspace of the singular matrix D, US∈CM×N is

the signal subspace of the orthogonal matrix U . After that, an orthogonal matrix

W∈CN×N is built so that the mutual information of the transformed received sig-
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nals is minimized [136]. When the mutual information of the signals is minimized,

reverse entropy is maximized. Maximizing reverse entropy constrains the variables

to be uncorrelated. Building an orthogonal matrix W , which minimizes the mutual

information, is approximately equivalent to finding the directions that maximize ne-

gentropy. The approximation of negentropy is defined by using a contrast function.

The fastICA algorithm calculates the orthogonal vectors that maximize negentropy

with the help of a contrast function. The procedure for choosing an appropriate

contrast function is given in [137]. First, a random unit-norm initial vector wp(1)

with a length of N is selected to estimate wp or pth column vector of the orthogonal

matrix W . Then, wp(1) is updated by:

wp(k) = E
{
YWpg(wp(k − 1)TYWp)

}
−

E
{
g
′
(wp(k − 1)TYWp)

}
wp(k − 1),

(2.4)

wp(k) = wp(k)/‖wp(k)‖, (2.5)

where wp(k− 1) and wp(k) are estimates of wp at k − 1th and kth iterations, respec-

tively. YWp denotes pth column vector of YW . g(.) and g
′
(.) are the derivatives of

G(.) and g(.), respectively. G(.) is a nonquadratic function and it is chosen as:

G(u) = log(fp(u)), (2.6)

where fp(.) is the density function of sp = wp
TYWp. After that, Gram-Schmidt like

decorrelation algorithm is used to prevent the convergence of outputs to the same

maxima [136].

This decorrelation algorithm is described below:

wp(k) = wp(k)[1−
p∑

j=1

wj(k)Twj(k)], (2.7)

wp(k) = wp(k)/

√
(wp(k)Twp(k)). (2.8)
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This algorithm runs the next iteration, if |wp(k) − wp(k − 1)| is greater than a

tolerance value. Otherwise, the estimation of wp is evaluated as as wp = wp(k). The

fastICA algorithm is executed for wp+1 after p orthogonal vectors w1, . . . , wp are

calculated. At the end, the vectors converge to the values so that the negentropy is

maximized. By using W , DS, and US, the channel in a given time frame is calculated

up to some phase and amplitude ambiguity. The matrix of the estimated complex

channel coefficients ĤICA∈CM×N can be calculated with ICA-based method as in

the following:

ĤICA = USDS
1/2W−1. (2.9)

An adaptive-blind channel estimation method, which improves on the fastICA algo-

rithm, is proposed. As given in Section 2.2, the ICA-based blind channel estimation

algorithm first iteratively finds orthogonal vectors that construct W . At the begin-

ning of each time frame, a random unit-norm initial vector wp(1), which corresponds

to pth column of W , is chosen. As described in Section 2.2, wp(1) is updated by

using the iterative algorithm. A random unit-norm vector wp(1) is generated in each

time frame, so the computational complexity of the ICA-based blind channel esti-

mation can become much more than semi-blind and pilot-based channel estimation

methods.

In the ICA-based adaptive blind channel estimation algorithm, a suboptimal

solution is applied to reduce the computational complexity. In the first time slot

of each frame, the orthogonal matrix W is produced as in Section 2.2. Then, the

same orthogonal matrix is used for the remaining time slots of the corresponding

frame, which reduces the computational complexity compared to the ICA-based

blind channel estimation algorithm. With the adaptive algorithm, the root-mean-

square error is kept the same as the ICA-based blind channel estimation algorithm

for the same SNR values. Algorithm (1) shows the steps of the ICA-based adaptive-

blind channel estimation algorithm. wip(k) represents pth column vector of W at the

kth iteration of the ith frame. In the algorithm, a scalar value tol is used to check if

wip converges to its true value.
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Algorithm 1 Algorithm for ICA-based adaptive-blind channel estimation

for i = 1st to nth Frame do

Calculate C = E
{
Y Y T

}

Calculate YW = DS
−1/2US

TY

for p = 1 to N do

wip(0) = 0

k = 1

if (i = 1) then

Take a random unit-norm wip(1) vector

else

wip(1) = wi−1p (1)

end if

while (|wip(k)− wip(k − 1)| > tol) do

wip(k − 1) = wip(k)

Update wip(k) by using fastICA algorithm

Apply Gram-Schmidt algorithm

wip(k) = wip(k)/‖wip(k)‖
k = k + 1

end while

wip = wip(k)

end for

ĤICA = USDS
1/2W

end for
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2.2.1 Performance Evaluation

The relative performance of pilot-based, semi-blind, blind, and proposed adaptive-

blind channel estimation methods are tested by using a model of a multi-cellular

massive MIMO system. LS and SVD-based methods are implemented as pilot-based

and semi-blind channel estimation techniques.

The LS estimate of the channel is defined as:

ĤLS = Yp(S
T
p Sp)

−1STp , (2.10)

where ĤLS∈CM×N is the estimated complex channel coefficients matrix between

the M antennas of the BS and N UTs, Yp∈CM×P is a matrix of the P received

pilot symbols at the M receive antennas of the BS, Sp∈CN×P is a matrix of the P

transmitted pilot symbols from N users.

In the SVD-based method, LS is applied to the received symbols at the beginning.

Then, the SVD-based semi-blind channel estimation is evaluated as in the following

[88],

ĤSV D = USUS
T ĤLS, (2.11)

where US∈CM×N is the signal subspace of the orthogonal matrix U , ĤLS∈CM×N is

the estimated complex channel coefficients matrix with LS, and ĤSV D∈CM×N is the

estimated complex channel coefficients matrix with SVD-based semi-blind channel

estimation method.

A multi-cellular massive MIMO system is simulated in MATLAB. The effect

of pilot contamination in massive MIMO is shown in Figure 2.2. Table 2.1 shows

the used parameters in the MATLAB simulation. In the simulation environment,

there are nine cells of which has a 10,000 square meter area. In each cell, there is

one BS that is equipped with 100 ideal dipole-type antennas. There are 90 UTs in

the environment. Each UT has a velocity of less than 1 m/s and a single antenna.

COST2100 channel model with Rayleigh fading is used. It is assumed that the cells

are synchronized while pilot signal sequences are being sent for channel estimation.
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Carrier frequency is set as 2.4 GHz. SNR is defined as in the following:

SNR =
√
PSi/PNi , (2.12)

where PSi and PNi are average signal and noise power at the ith antenna of the BS,

respectively.

PSi =
1

L

L∑

n=1

En
2, (2.13)

where L is the number of transmitted symbols and En is the energy of the nth

received symbol at the ith antenna of the BS.

Pilot Contamination

Pilot Contamination

Pilot Contamination

Figure 2.2 Simulation scenario of a massive MIMO system with pilot contamination.

First, RMSE of LS channel estimation, SVD-based semi-blind channel estima-

tion, ICA-based blind channel estimation and ICA-based adaptive-blind channel

estimation methods are compared in the case with no inter-cellular interference

when the SNR changes from 0 dB to 20 dB. RMSE is defined as:

RMSE =

√√√√ 1

MN

M∑

i=1

N∑

j=1

(ĥij − hij)
2
, (2.14)
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Table 2.1 Simulation parameters

Parameter Value

Channel Model COST 2100

Number of UTs 90

Velocity of UTs <1 m/s

Carrier Frequency 2.4 GHz

Number of BS Antennas 100

BS Antenna Type Ideal Dipole

Number of UT Antennas 1

Pilot Length 20 symbols

Data Length 60 symbols

Cell Area 10,000 sq. m.

Number of Cells 9

Channel Type Rayleigh (NLOS)

where hij is the complex channel coefficient between ith antenna of the BS and jth

UT, and ĥij is the estimated complex channel coefficient between ith antenna of

the BS and jth UT. M and N denote the number of antennas of the BS and the

number of UTs, respectively. Then, how the pilot contamination affects the same

channel estimation methods is examined. The RMSE of each channel estimation is

shown when there is pilot contamination. The length of the pilot signal sequence

and data sequence are set as 20 and 60 symbols, respectively. Figure 2.3 shows that

ICA and ICA-based adaptive-blind channel estimation methods are more accurate

than LS and SVD-based channel estimation methods when there is no inter-cellular

interference. ICA and adaptive ICA methods give better performance than LS and

SVD methods in terms of error rate since they use both pilot and data symbols to

estimate the channel. The error rate grows for both LS and SVD methods due to

pilot contamination. Each cell uses the same set of pilot signal sequences in the
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case of pilot contamination. Received pilot signal sequences at a particular UE are

contaminated with the pilot signal sequences which are sent from another UT in an

adjacent cell when there is pilot contamination. LS and SVD methods estimate the

channel with pilot signal sequences interfered by the other pilot signal sequences,

so their RMSE increases. Moreover, both methods reach a limit in accuracy while

SNR grows. ICA and adaptive ICA methods solve this problem by extracting more

information from data symbols and recovering the error due to pilot contamination.

Furthermore, the same performance in terms of RMSE is obtained for both ICA-

based blind and adaptive blind methods in both scenarios (with or without pilot

contamination).

SNR
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LS (No Interference)

SVD (No Interference)

Figure 2.3 RMSE of simulated channel estimation methods with and without pilot
contamination for different SNR values in dB.

The enhancement of the adaptive ICA algorithm in terms of computational com-

plexity is also analyzed. Figure 2.4 shows the run time of LS, SVD-based semi-blind,

ICA-based blind, and ICA-based adaptive-blind channel estimation methods when

the number of transmitted symbols grows from 50 to 100 with a step of 10. In the

meantime, the number of symbols in each pilot signal sequence increases from 5 to

10. It is observed that ICA has the highest computational complexity. Figure 2.5

shows the change of computational complexity of LS, SVD, and adaptive ICA with

the increasing number of data and pilot symbols more clearly. LS gives the least



58

run time. While the number of transmitted symbols increases, the computational

complexity of adaptive ICA becomes greater than the computational complexity

of SVD. However, the computational complexity of adaptive ICA remains much

smaller than conventional ICA.

Number of transmitted symbols      
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Figure 2.4 The computational complexity of LS, SVD-based semi-blind, ICA-based
blind and ICA-based adaptive-blind channel estimation methods.

The average run time of one frame for LS, SVD-based semi-blind, ICA-based

blind, and ICA-based adaptive-blind channel estimation methods is shown in Table

2.2. The average run time of SVD-based semi-blind channel estimation is higher

than the run-time of LS due to the SVD operation. Due to the SVD operation and

iterative calculation, ICA-based blind channel estimation has the highest average

run time. Moreover, adaptive ICA outperforms the conventional ICA in terms of

run time.

Consequently, blind channel estimation methods provide a better solution to

the pilot contamination problem than pilot-based and semi-blind channel estima-

tion methods. Moreover, the proposed adaptive blind channel estimation method

improves on the conventional algorithm significantly.
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Figure 2.5 The computational complexity of LS, SVD-based semi-blind and ICA-
based adaptive-blind channel estimation methods.

Table 2.2 Average run time of simulated channel estimation methods

Channel Estimation Run Time

LS 0.0002 s

SVD 0.005 s

ICA 3.8 s

Adaptive ICA 0.01 s

2.3 Sparse Channel Estimation for Massive MIMO

As it is explained in Section 2.2, pilot contamination can be reduced significantly

by estimating the channel without using pilot symbols. However, pilot symbols

are also used for other purposes in wireless systems such as carrier frequency offset

(CFO) and symbol time offset (STO) correction. Therefore, it is important to

study the channel estimation methods which use pilot symbols while reducing pilot

contamination.

The channel in massive MIMO systems has sparse characteristics [138]. Com-

pressive sensing (CS) methods have been widely used for sparse signal estima-
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tion. CS methods have also been applied to channel estimation for massive MIMO

[139,140]. A channel is considered sparse if the number of multipath components is

smaller than the length of the channel. The sparsity of channel can be measured by

different metrics. Lp norm-like measures are widely used as sparsity measures,

||v||p =

(∑

i

vi
p

) 1
p

. (2.15)

In this section, sparsity of the channel is measured by using L1 norm, which is

a form of regularization. Suppose that an outcome vector y ∈ Rn and a predictor

matrix X ∈ Rn×p, whose columns x1, ...,xp ∈ R denote predictor variables, are

observed. Lasso regression solves LS problem by constraining the coefficients by

their L1 norm:

min
β∈Rp

n∑

i=1

(
yi −

p∑

j=1

βjXj

)2

subject to ||β||1 ≤ λ, (2.16)

where λ is a fixed non-negative tuning parameter. By using L1 norm, we restrict

our estimate to lie in a ball around 0. This brings sparsity to the estimate.

When the correlations between predictors are high, the performance of lasso

degrades. Adaptive-lasso, which improves on lasso, has been also applied to channel

estimation [138]. A Bayesian-based CS method has been used to reduce the number

of pilot symbols in massive MIMO systems [141]. A new regularization technique,

which is called elastic net, is proposed in [142]. Elastic net uses an additional

regularizer (L2) which enables automatic variable selection and continuous shrinkage

at the same time. When the correlations among predictions are high, elastic net

enhances the accuracy of prediction compared to lasso. The predictors correspond to

pilot signal sequences, which are expected to be reused in a massive MIMO system.

Therefore, the correlations among the predictors are high in massive MIMO. Elastic

net based channel estimation for massive MIMO, which has not been studied in the

literature to the best of our knowledge, is proposed in the following subsection.
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2.3.1 Elastic-Net Based Channel Estimation for Massive MIMO

The jth column vector of H which corresponds to the complex channel coefficients

between N UTs and jth antenna of the BS is estimated by using elastic net:

ĥj =

(
1 +

λ2
n

)
arg min

hj

||yj − Sphj||22 + λ2||hj||22 + λ1||hj||1, (2.17)

λ1 and λ2 are non-negative and fixed tuning parameters.

LARS-EN algorithm, which is proposed in [142], is used to solve (2.17). First, all

coefficients are set to zero. Next, the predictor that has the highest correlation with

response yj is found. If this predictor is sj1 , the largest step is taken in the direction

of sj1 until another predictor sj2 has the same correlation with the current residual.

Next steps are taken in the direction equiangular between sj1 and sj2 until another

predictor sj3 has the most correlation with the current residual. LARS-EN algorithm

continues along the least angle direction between sj1 , sj2 , and sj3 until another

predictor becomes part of the active set, which is the most correlated set. The

algorithm continues so on. The P pilot symbols transmitted from N UTs correspond

to the predictors. An elastic net estimator is applied to the P received pilot symbols

at the jth antenna to estimate the complex channel coefficients between N UTs and

jth antenna.

2.3.2 Asymptotic Analysis

In this section, we will use the following assumptions given in (2.18) and (2.19).

lim
K→∞

1

K

K∑

k=1

xkxk
T = C, (2.18)

lim
K→∞

1

K
max
1≤k≤K

xk
Txk = 0. (2.19)

Here, C is a nonnegative definite matrix, K is the length of the pilot sequence in

symbols, and xk is the kth row vector of Xp transmitted pilot symbols matrix.

Then, the LS channel estimator is consistent and that [143]:

√
K
(
ĥj − hj

)
→ CN (0, σ2C−1) ≈ CN

(
0,

1

SNR

)
(2.20)
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For asymptotic analysis of lasso, let us define a tuning parameter λK = o(K) when

pilot sequences with length of K symbols are used. By using Theorem 2 in [143], if

λK√
K
→ λ0 ≥ 0 and C is nonsingular, lasso channel estimator satisfies the following:

√
K
(
ĥj − hj

)
d−→ arg min

t∈CN×1

(D(t)), (2.21)

where D(t) = −2tTG + tTCt + λ0
∑N

n=1 [tnsgn(hjn)I(hjn 6= 0) + |tn|I(hjn = 0)].

Here, arg min denotes the value of the argument t that minimizes the objec-

tive function D(·), d−→ represents convergence in distribution, tn is the nth ele-

ment of the vector t, N is the number of UTs, hjn is the channel coefficient

between jth antenna of the BS and nth UT in the massive MIMO system, and

G ∈ CN×N has a CN (0, σ2C) distribution. Note that when λ0 = 0 and K → ∞,

arg mint∈CN×1(D(t)) = C−1G ∼ CN (0, σ2C−1) ≈ CN (0, 1
SNR

).

Let us define tuning parameters of elastic net as λK1 and λK2 when pilot sequences

with length of K symbols are used. It is considered that λK1 = o(K) and λK2 = o(K)

for asymptotic analysis of elastic net. We also assume that
λK1√
K
→ λ01 ≥ 0,

λK2√
K
→

λ02 ≥ 0, andC is nonsingular. From Theorem 2 in [143], elastic net channel estimator

is consistent such that:

√
K
(
ĥj − hj

)
d−→ arg min

u∈CN×1

(V (u)), (2.22)

where V (u) = −2uTW+uTCu+λ01
∑N

n=1 [unsgn(hjn)I(hjn 6= 0) + |un|I(hjn = 0)]+

λ02
∑N

n=1 unsgn(hjn)|hjn|. Here, arg min denotes the value of the argument u that

minimizes the objective function V (·), d−→ represents convergence in distribution, un

is the nth element of the vector u, W ∈ CN×N has a CN (0, σ2C) distribution and

hjn denotes the channel coefficient between jth antenna of the BS and nth UT in the

system. Note that
√
K
(
ĥj − hj

)
d−→ C−1(2W−λ02hj) ∼ CN (−λ02C−1hj, σ2C−1) ≈

CN (−λ02C−1hj, 1
SNR

) for elastic net in the large regime of K.

Asymptotic results indicate that we need λK = O(
√
K) while K → ∞ for a

consistent lasso channel estimator. In order to achieve a consistent elastic net chan-

nel estimator, we require λK1 = O(
√
K) and λK2 = O(

√
K) according to asymptotic

analysis. Moreover, the variance of lasso and elastic net channel estimator increases
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Figure 2.6 RMSE between real and estimated complex channel matrices of LS, lasso,
and elastic net methods without pilot contamination for the different number of
pilots and data symbols.

while SNR decreases in the large regime of K. These results also illustrate that

the amount of shrinkage with the lasso and elastic net towards 0 increases with the

magnitude of channel coefficient vector hj. Therefore, the bias of lasso and elastic

net channel estimators can be significantly large for channels with a low level of

sparsity.

2.3.3 Results

The relative performance of LS, lasso, and the proposed channel estimation via

elastic net method are compared in a MATLAB-based multi-cellular massive MIMO

system. The simulation scenario that is given in Figure 2.2 is used. First, the

performance of LS, lasso, and elastic net methods in terms of error rate are compared

when there is no pilot contamination. RMSE between real and estimated complex

channel coefficients matrices of LS, lasso, and elastic net methods while the number

of pilots increases from 18 to 30 are shown in Figure 2.6. The number of data

symbols decreases from 142 to 130 simultaneously. The SNR is set as 10 dB in

this scenario. While the performance of LS significantly degrades with decreasing

number of pilots, the same RMSE is achieved with the elastic net. Figure 2.6 also
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Figure 2.7 RMSE between real and estimated complex channel matrices of LS, lasso,
and elastic net methods with pilot contamination for different number of pilots and
data symbols.

shows that lasso gives the worst performance in terms of RMSE.

Figure 2.7 shows RMSE between real and estimated complex channel coefficients

matrices of LS, lasso, and elastic net methods for the different number of pilots

when there is pilot contamination. It is seen that the elastic net has nearly the

same RMSE with LS when the number of pilots increases. The performance of lasso

is worse than both LS and elastic net methods. RMSE between real and estimated

complex channel coefficients matrices of LS, lasso, and elastic net methods can be

observed while the SNR increases from 0 to 20 dB in Figure 2.8. It is shown in Figure

2.8 that elastic net gives better performance than LS and lasso for decreasing values

of SNR. In Figure 2.9, the pilot contamination effect on LS, lasso, and elastic net

based channel estimation methods are compared in terms of RMSE when the SNR

increases from 0 to 20 dB. It is shown in Figure 2.9 that elastic net has less RMSE

than LS, which outperforms lasso for all the SNR values. Moreover, the sparsity of

signals decreases when per element signal strength increases [144]. Therefore, less

sparsity causes a bottleneck despite the better signal quality with increasing values

of SNR.

The minimum number of pilots, which is necessary to estimate the channel with
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Figure 2.8 RMSE between real and estimated complex channel matrices of LS and
elastic net methods without pilot contamination for different SNR values in dB.

0 2 4 6 8 10 12 14 16 18 20

SNR (dB)

10
-4

10
-3

10
-2

10
-1

R
M

S
E

LS

Elastic Net

LASSO

Figure 2.9 RMSE between real and estimated complex channel matrices of LS and
elastic net methods with pilot contamination for different SNR values in dB.
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the lasso and elastic net methods with pilot contamination is also studied. RMSE

between real and estimated complex channel coefficients matrices of lasso and elastic

net methods while the number of pilots changes from 2 to 30 is shown in Figure

2.10. The number of data symbols decreases from 158 to 130 simultaneously. The

SNR is set as 10 dB. While the number of pilots is less than 10, lasso starts to fail

at estimating the channel. Elastic net is not able to estimate the channel with the

number of pilots more than 8. Therefore, elastic net outperforms lasso even with a

less number of pilots.
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Figure 2.10 RMSE between real and estimated complex channel matrices of lasso
and elastic net methods with pilot contamination for the different number of pilots.

Table 2.3 Average run time of LS, lasso, and elastic net methods

Channel Estimation Run Time

LS 0.0004 s

Lasso 0.16 s

Elastic Net 0.87 s

The computational complexities of LS, lasso, and elastic net are compared. Table

2.3 shows the average run time of one frame for LS, lasso, and elastic net. It can be

observed that elastic net has greater runtime than both LS and lasso. LS has the
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least run time. Pilot contamination can be reduced significantly with the elastic net

by using a fewer number of pilots. Furthermore, the overhead due to pilot symbols

transmission can be decreased with the elastic net method while obtaining a greater

performance than the LS method with a decent number of pilot signal sequences.

We then observe the performance of LS, lasso, and elastic net while the sparsity

of channel changes over time. Figure 2.11 and 2.12 show RMSE between real and

estimated complex channel matrices of LS, lasso and elastic net methods for different

values of λ1 when number of pilots are 20 and 12, respectively. In both figures, SNR

is 10 dB. It can be seen that the performance of all the methods gets worse as the

sparsity of the channel increases. When the number of pilots is significantly small,

lasso and elastic net outperform pilot-based channel estimation methods such as LS.

On the other hand, LS achieves a smaller channel estimation error than the sparse

channel estimation methods while the number of pilots increases.
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Figure 2.11 RMSE between real and estimated complex channel matrices of LS,
lasso, and elastic net methods for different values of λ1. The number of pilots and
data symbols are 20 and 140, respectively.

We also compare the performance change with sparsity for the different num-

ber of pilots. Tuning parameters for elastic net and lasso were chosen for the dif-

ferent number of pilots. For lasso, fivefold cross-validation is applied for λ1 =
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Figure 2.12 RMSE between real and estimated complex channel matrices of LS,
lasso, and elastic net methods for different values of λ1. The number of pilots and
data symbols are 12 and 148, respectively.

[0, 0.01, 0.1, 1, 10, 100] when number of pilots increase from 12 to 30. In elastic net,

a grid values for λ1 is selected as λ1 = [0, 0.01, 0.1, 1, 10, 100]. Then, for each value

of λ1, fivefold cross-validation is applied to select the λ2. λ1, which gives the small-

est cross-validation error, is chosen. Based on the simulations, λ1 = λ2 = 0.1 are

selected. Figure 2.13 shows RMSE between real and estimated channel matrices of

LS, lasso, and elastic net for channels with different levels of sparsity. Here, SNR

is 20 dB and the total number of symbols is 160. The elastic net outperforms lasso

and LS when the number of pilots is small. Finally, we observe how RMSE changes

with increasing values of SNR in Figure 2.14 for LS, lasso, and elastic net based

methods.
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Figure 2.13 RMSE between real and estimated complex channel matrices of LS, lasso
and elastic net methods for the different number of pilots and sparsity of channels.
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Figure 2.14 RMSE between real and estimated complex channel matrices of LS,
lasso, and elastic net methods for the different values of SNR and sparsity of chan-
nels.
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CHAPTER 3

Signal Detection in Massive MIMO

Detecting an unknown, non-Gaussian signal in Gaussian noise is crucial for both

commercial and military usage. There is a rapid growth in wireless data traffic due

to an increase in wireless devices and applications. Therefore, efficient utilization

of radio-spectrum is essential from the commercial perspective. Revealing the in-

formation about the spectrum usage is very critical for the military since it allows

to understand the availability in adversarial environments. The radio spectrum can

be efficiently utilized based on the information obtained by detecting a wide variety

of signals in the spectrum. Various studies on spectrum sensing have been done in

the case when the transmitted signals are Gaussian [145, 146]. The effect of using

multiple antennas on spectrum sensing has been also investigated [147,148]. The op-

timal detector in NP sense has been proposed when the statistics of both noise and

signal are known [149]. In general, the statistics of noise and transmitted signals

are unknown, hence suboptimum detectors such as energy detector, sliding win-

dow matched filtering have been studied in the literature [150]. The application of

higher-order statistics has been also proposed for suboptimum detection [151, 152].

The detection problem in the case of Gaussian signals when the receiver has the

massive MIMO capability has been also considered [153,154].

In this chapter, we focus on the non-Gaussian signal detection in Gaussian noise

within the massive MIMO framework. We investigate how much massive MIMO

can help improve the performance of signal detection. We assume that the observed

spectrum has active and inactive bands in which the user transmits signals actively

and remains silent, respectively. In our analysis, we focus on one active band as

shown in Figure 3.1.



71System Model

  

�6

. . . 

h1

h2

hM

nM 2 CL⇥1

n2 2 CL⇥1

n1 2 CL⇥1

x 2 CL⇥1

y1 2 CL⇥1
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  M: # of antennas
 L: # of samples

Figure 3.1 An active band which has a transmitter with single antenna and a receiver
with M antennas.

3.1 Gaussian Signal Detection in Gaussian Noise with Massive MIMO

3.1.1 Single-Antenna Transmitter and Multiple-Antenna Receiver

In this section, we give the asymptotic analysis of the Gaussian signal detection

by using an NP detector for the system with the single-antenna transmitter and

multiple-antenna receiver. We start with defining our system model.

Suppose that the receiver has M antennas and each antenna receives L samples.

We assume that transmitted signal samples are independent zero-mean random vari-

ables with complex Gaussian distribution. Let x = [x1, ..., xL] be the transmitted

symbols vector and xi is the ith sample with distribution CN (0, σ2
s). The hypothesis

of the transmitted signal being active and inactive is shown by H0 and H1, respec-

tively. The additive noise samples at different antennas are independent zero-mean

Gaussian random variables. Let Y = [y1, ...,yL] ∈ CM×L be a complex matrix

containing the observed signals at M antennas, N = [n1, ...,nL] be a complex

matrix and the vector ni ∈ CM×1 represents additive white Gaussian noise at the

receiver in ith sensing time with distribution CN (0, σ2
nIM). The received signal at
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the M -antenna receiver under the two hypotheses is:

H0 : yi = ni, i = 1, ..., L, (3.1)

H1 : yi = hxi + ni, i = 1, ..., L, (3.2)

where h ∈ CM×1 denotes the channel gain vector between the transmitter and M

antennas of the receiver. The channel gain vector, i.e., h, is assumed to be constant

at each sensing time. The main result of this section is given in the following

theorem.

Theorem 1 When L,M →∞, PFA and PD can be approximated as,

PFA ≈ Q
(√

Lln(M)−
√
L
)
, (3.3)

PD ≈ Q

(
−
√
Lln(M)

M
−
√
L

)
. (3.4)

Proof of Theorem 1 We denote the probability density function (PDF) under H0

and H1 as follows,

p
(
Y |H0, σ

2
n

)
=

L∏

l=1

e(−
1
2
yHl C

−1
w yl)

(2π)
M
2 det

1
2 (Cw)

, (3.5)

p
(
Y |H1,h, σ

2
n, σ

2
s

)
=

L∏

l=1

e(−
1
2
yHl (Cs+Cw)

−1yl)

(2π)
M
2 det

1
2 (Cs +Cw)

, (3.6)

where Cw = σ2
nIM and Cs = σ2

shh
H . IM , det(.), and e denote the M ×M identity

matrix, the determinant of a matrix and Euler’s number, respectively.

The NP detector when the transmitter has a single antenna and the receiver has

multiple antennas is given as,

L (Y ) =
p (Y |H1,h, σ

2
n, σ

2
s)

p (Y |H0, σ2
n)

> γ (3.7)

for a given threshold γ. After some mathematical manipulations, the NP detector

in (3.7) becomes equivalent to deciding H1 if,

σ2
s

2

L∑

l=1

|hHyl|2 > γ
′

(3.8)



73

where γ
′

= 2σ4
n

σ2
s

(
1 + σ2

sh
HC−1w h

)
ln
[
γ
(
1 + σ2

sh
HC−1w h

)L
2

]
. For the NP detector in

(3.8), PD can be rewritten as,

PD = Prob

(
L∑

l=1

ỹl
HΛỹl > γ

′|H1

)
. (3.9)

where Prob(.|.) denotes conditional probability and ỹl = (Cs +Cw)−
1
2 yl ∼

CN (0, IM). Here, Λ = diag
{
hH (Cs +Cw)h, 0...0

}
and diag {d1, ..., dM} denotes

a M×M diagonal matrix with di as the ith diagonal element. In (3.9),
∑L

l=1 ỹl
HΛỹl

has a scaled Chi-square distribution with 2L degrees of freedom. Therefore, the PD

can be simplified as,

PD =
Γ
(
L, γ

′

hH(Cs+Cw)h

)

Γ(L)
, (3.10)

where Γ (α) =
∫∞
0
tα−1e−tdt and Γ (α, x) =

∫∞
x
tα−1e−tdt are the complete and upper

incomplete gamma functions, respectively. PFA can be also derived similarly as,

PFA =
Γ
(
L, γ

′

hHCwh

)

Γ(L)
. (3.11)

From the law of large numbers [155],

lim
M→∞

1

M
hHh

a.s.−−→ E
{
|hi|2

}
, (3.12)

where E {|hi|2} is the expected value of the i.i.d random variable |hi|2. E {.} denotes

the expectation of a random variable. By using the central limit theorem, the

definition of Cs and Cw, and (3.12), (3.10) and (3.11) can be written as in the

following when L,M →∞,

PD = Q




γ
′

ME{|hi|2}(Mσ2
sE{|hi|2}+σ2

n)
− 2L

2
√
L


 , (3.13)

PFA = Q




γ
′

Mσ2
nE{|hi|2}

− 2L

2
√
L


 . (3.14)

Let us define a new threshold such that,

γ
′′

=
γ
′

Mσ2
nE {|hi|2}

. (3.15)
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By using the relationship between inverse Q-function and inverse error function, the

threshold required to achieve PFA = ε becomes,

γ
′′

= 2
√
L
(√

2erf−1(1− 2ε) +
√
L
)
. (3.16)

By using (3.15) and (3.16), (3.13) can be written as,

PD = Q

(√
2erf−1(1− 2ε) +

√
L

(Mσ2
sE {|hi|2}+ σ2

n)
−
√
L

)
. (3.17)

For the case when L,M → ∞, the term inside Q-function in (3.14) is dominated

by
√
Lln(M) −

√
L. In this case, (3.14) can be approximated as in (3.3). Given

that PFA = ε, (3.17) can be approximated when L,M →∞ as in (3.4).

Remark 1 The term inside Q-function in (3.3) goes to ∞ and PFA will always

converge to 0 when L,M →∞.

Remark 2 When
√
Lln(M) ≥ M and L,M → ∞, over all term inside (3.4) goes

to −∞. Therefore, PD converges to 1 as L,M →∞.

3.1.2 Multiple-Antenna Transmitter and Receiver

In this subsection, we study the asymptotic analysis of the Gaussian signal detection

by using an NP detector when both transmitter and receiver have multiple antennas.

First, we state our system model for this case.

We assume that the number of transmitter and receiver antennas as Mt and Mr,

respectively. Transmitted signal samples from each antenna of the transmitter are

assumed independent zero-mean random variables with complex Gaussian distribu-

tion. Let X = [x1, ...,xL] ∈ CMt×L be the transmitted symbols matrix and the

vector xi ∈ CMt×1 represents transmitted symbols vector from Mt antennas of the

transmitter at the ith sensing time. Y = [y1, ...,yL] ∈ CMr×L, N = [n1, ...,nL],

and ni ∈ CMr×1 represents a complex matrix containing the observed signals at Mr

antennas, a complex additive white Gaussian noise (AWGN) matrix, and AWGN at
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the receiver in ith sensing time with distribution CN (0, σ2
nIMr), respectively. The

received signal at the Mr-antenna receiver under the two hypotheses is given as:

H0 : yi = ni, i = 1, ..., L, (3.18)

H1 : yi = Hxi + ni, i = 1, ..., L, (3.19)

where H ∈ CMr×Mt denotes the complex channel matrix between the Mt antennas

of the transmitter and Mr antennas of the receiver. The channel matrix, i.e., H , is

assumed to be constant at each sensing time and is given as:

H =




h11 h12 h13 . . . h1Mt

h21 h22 h23 . . . h2Mt

...
...

...
. . .

...

hMr1 hMr2 hMr3 . . . hMrMt .




(3.20)

The main result of this subsection is stated in the following theorem.

Theorem 2 When L,Mt,Mr →∞, PFA and PD can be approximated as,

PFA ≈ Q
(√

Lln(Mr)−
√
L
)
, (3.21)

PD ≈ Q

(
−
√
Lln(Mr)

MtMr

−
√
L

)
. (3.22)

Proof of Theorem 2 The PDF under H0 and H1 can be written as in the following,

p
(
Y |H0, σ

2
n

)
=

L∏

l=1

e(−
1
2
yHl C

−1
w yl)

(2π)
M
2 det

1
2 (Cw)

, (3.23)

p
(
Y |H1,H , σ2

n, σ
2
s

)
=

L∏

l=1

e(−
1
2
yHl (Cs+Cw)

−1yl)

(2π)
M
2 det

1
2 (Cs +Cw)

, (3.24)

where Cw = σ2
nIMr and Cs = σ2

sHH
H . IMr , det(.), and e denote the Mr ×Mr

identity matrix, the determinant of a matrix and Euler’s number, respectively. Then,
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the NP detector for the transmitter and receiver with multiple antennas can be

written as,

L (Y ) =
p (Y |H1,H , σ2

n, σ
2
s)

p (Y |H0, σ2
n)

> γ, (3.25)

for a given threshold γ. The NP detector given in (3.25) is equivalent to deciding

H1 if,

σ2
s

2

L∑

l=1

Mt∑

i=1

|hHi yl|2 > γ
′
, (3.26)

where hi is the ith column vector of H. Here, γ
′

is given as,

γ
′
=

2σ4
n

σ2
s

Mt∑

i=1

(
1 + σ2

sh
H
i C

−1
w hi

)
ln
[
γ
(
1 + σ2

sh
H
i C

−1
w hi

)L
2

]
. (3.27)

By doing some mathematical manipulations, PD for the NP detector in (3.26) is

given as,

PD = Prob

(
L∑

l=1

Mt∑

i=1

ỹl
HDiỹl > γ

′ |H1

)
, (3.28)

where Prob(.|.) denotes conditional probability and ỹl = (Cs +Cw)−
1
2 yl ∼

CN (0, IMr). Di = diag
{
hHi (Cs +Cw)hi, 0...0

}
∈ CMr×Mr and diag {d1, ..., dM}

denotes a M × M diagonal matrix with di as the ith diagonal element. Let

ỹl = [ỹ1l, ỹ2l, ..., ỹMl]
T . Then, the following can be written:

L∑

l=1

Mt∑

i=1

ỹl
HDiỹl =

Mt∑

i=1

hHi (Cs +Cw)hi

L∑

l=1

[
re(ỹ1l)

2 + imag(ỹ1l)
2
]
, (3.29)

where re(ỹ11), imag(ỹ11), ..., re(ỹ1L), imag(ỹ1L) ∼ N (0, 1) and are independent.

Therefore,
∑L

l=1

∑Mt

i=1 ỹl
HDiỹl has a scaled Chi-square distribution with 2L degrees

of freedom and the PD can be shown as,

PD =

Γ

(
L, γ

′∑Mt
i=1 h

H
i (Cs+Cw)hi

)

Γ(L)
, (3.30)

where Γ (α) and Γ (α, x) are the complete and upper incomplete gamma functions,

respectively. PFA can be computed similarly as,

PFA =

Γ

(
L, γ

′∑Mt
i=1 h

H
i Cwhi

)

Γ(L)
. (3.31)
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By using the law of large numbers,

lim
Mr→∞

1

Mr

hHi hi
a.s.−−→ E

{
|hj|2

}
, (3.32)

where E {|hj|2} is the expected value of the i.i.d random variable |hj|2. By using

similar mathematical manipulations to obtain (3.10) and (4.44), (3.33) and (3.34)

can be written as in the following when L,Mt,Mr →∞,

PD = Q




γ
′

MtMrE{|hj |2}(MtMrσ2
sE{|hj |2}+σ2

n)
− 2L

2
√
L


 , (3.33)

PFA = Q




γ
′

MtMrσ2
nE{|hj |2}

− 2L

2
√
L


 . (3.34)

Then, we can define a new threshold as,

γ
′′

=
γ
′

MtMrσ2
nE {|hi|2}

. (3.35)

The threshold required to achieve PFA = ε can be written as in (4.45). By using

(3.35) and (4.45), (3.33) can be given as,

PD = Q

( √
2erf−1(1− 2ε) +

√
L

(MtMrσ2
sE {|hi|2}+ σ2

n)
−
√
L

)
. (3.36)

For the case when L,Mt,Mr →∞, the term inside Q-function in (3.34) is dominated

by
√
Lln(Mr) −

√
L. Then, (3.34) can be approximated as in (3.21). Let define

PFA = ε. Then, (3.36) can be approximated as in (3.22) when L,Mt,Mr →∞.

Remark 3 Since the term inside Q-function in (3.34) goes to ∞, PFA will always

converge to 0 when L,Mt,Mr →∞.

Remark 4 When
√
Lln(Mr) ≥ MtMr and L,Mt,Mr → ∞, over all term inside

(3.22) goes to −∞ and PD converges to 1.
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3.2 Non-Gaussian Signal Detection in Gaussian Noise with Massive

MIMO

3.2.1 Single-Antenna Transmitter and Multiple-Antenna Receiver

In this subsection, we give the asymptotic analysis of the non-Gaussian signal de-

tection by using the bispectrum estimator for the system with the single-antenna

transmitter and the multiple-antenna receiver. First, we state our system model in

the following.

The receiver has M antennas and each antenna receives L samples. We assume

that the transmitted signal samples are independent, identically distributed random

variables with the non-Gaussian distribution. It is also assumed that the signal

has constant variance and bispectrum. Furthermore, x, H0 and H1 denote the

transmitted symbols vector and two hypotheses defined in Section 3.1.1, respectively.

It is assumed that the additive noise samples at different antennas are independent

zero-mean Gaussian random variables with variance σ2
n. The complex matrix Y

and the vector ni, which are defined as in Section 3.1.1, denote the observed signals

at the M antennas of the receiver and the additive white Gaussian noise at the M

antennas of the receiver in ith sensing time, respectively. The channel gain vector

h is assumed to be constant at each sensing time.

3.2.2 Bispectrum Estimation for Receiver with Single Antenna

Signal detection in higher-order spectrum domains like the bispectrum and trispec-

trum gives promising results when the received signal is non-Gaussian due to its

ability to suppress Gaussian noise and retaining the non-Gaussian information si-

multaneously [156]. Therefore, we use the bispectrum for non-Gaussian signal de-

tection in our analysis.

The bispectrum of a random signal is generated by the Fourier transform of its

third-order cumulant, which is given as [157],

Cx(τ1, τ2) = E {x(t)x(t+ τ1)x(t+ τ2)} (3.37)
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The bispectrum of a discrete-time random sequence is given as,

B(w1, w2) = E {X(w1)X(w2)X(w3)} , (3.38)

where X(w) = 1
2π

∑∞
n=−∞ x(n)e−jwn is the Fourier transform of {x(n)}, and w3 =

2πk−w1−w2, k is 0 or 1. Bispectrum must be estimated from the observed signals

at the receiver. In this section, we study the case that the receiver has one antenna.

Then, the received symbols is denoted by the complex vector y ∈ CL×1. The raw

bispectrum estimate can be calculated for L samples as,

B̂(j, k) =
1

L
Y (j)Y (k)Y (−j − k), (3.39)

where Y (k) is the discrete Fourier transform of L samples at the receiver {y(n)},
n = 1, ..., L,

Y (k) =
L−1∑

n=0

y(n)e−j
2π
L
kn. (3.40)

Y (j + L) = Y (j) and Y (L − j) = Y ∗(j). It has been shown in [158] that the

bispectrum of a Gaussian signal is zero over the all principal domain. Therefore,

the bispectrum estimation is implemented in the principal domain in our work. The

principal domain of B̂(j, k) is the triangular grid,

R =





(j, k) :0 < j ≤ L

2

0 < k ≤ j

2j + k ≤ L





, (3.41)

where L is even. The variance of raw bispectrum estimate of L samples is given

as [159],

var
(
B̂(j, k)

)
= L (var (Y (j)) var (Y (k)) var (Y (−j − k))) . (3.42)

Since the variance increases with L, we perform a time-domain smoothing by divid-

ing L samples to NB number of blocks where each block has a length of LB. First,

the discrete Fourier transform of each block in L samples is calculated as,

Ym(k) =

LB−1∑

n=0

y(n)e
−j 2π

LB
kn
, m = 1, 2, ..., NB. (3.43)
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Ym(j + L) = Ym(j) and Ym(L− j) = Y ∗m(j). From this transform of the signal, the

bispectrum estimate of the signal is evaluated as in the following,

B̂m(j, k) =
1

LB
Ym(j)Ym(k)Ym(−j − k). (3.44)

Then, the individual bispectrum estimates are averaged for all the L samples which

yield the smoothed estimate,

B̂avg(j, k) =
1

L

NB∑

m=1

Ym(j)Ym(k)Ym(−j − k). (3.45)

3.2.3 Bispectrum Estimation for the Receiver with Multiple Antennas

In this section, we study bispectrum estimation when the receiver has multiple

antennas. In this case, bispectrum is estimated from the L observed samples at the

M antennas of the receiver. The received symbols stored in the complex matrix

Y are divided into M blocks, each of length L. Raw bispectrum estimate can be

calculated for L samples in mth antenna as follows,

B̂m(j, k) =
1

L
Ym(j)Ym(k)Ym(−j − k), (3.46)

where Ym(k) is the discrete Fourier transform of L samples in mth antenna ym(n)

for m = 1, ...,M :

Ym(k) =
L−1∑

n=0

ym(n)e−j
2π
L
kn. (3.47)

Ym(j + L) = Ym(j) and Ym(L − j) = Y ∗m(j). The principal domain of B̂m(j, k) is

given as in (3.41) and the variance of B̂m(j, k) can be calculated similar to (3.42).

The smoothed bispectrum estimate is evaluated by averaging the raw estimates for

all M antennas as,

B̂avg(j, k) =
1

M

M∑

m=1

B̂m(j, k)

=
1

ML

M∑

m=1

Ym(j)Ym(k)Ym(−j − k).

(3.48)
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The variance of the smoothed bispectrum estimate becomes:

var(B̂avg(j, k)) = var(
1

M

M∑

m=1

B̂m(j, k))

=
1

M
var(B̂m(j, k)).

(3.49)

B̂avg(j, k) has independent real and imaginary parts with the following variance:

var(Re(B̂avg(j, k))) ≈ var(Im(B̂avg(j, k)))

≈ var(B̂avg(j, k))

2
.

(3.50)

Let us define independent and normally distributed random variables X1, X2, ..., Xn

with mean µi and unit variances. Then, the random variable
∑k

i=1X
2
i is distributed

according to the non-central chi-squared distribution with k degrees of freedom and

a non-centrality parameter λ. Here, λ is related to the mean of the random variables

Xi as λ =
∑k

i=1 µ
2
i . Moreover, the asymptotic distribution of B̂avg(j, k) is complex

normal and independent for each frequency pair (j, k) [159]. By using these facts,

the distribution of the statistic t:

t =
Re(B̂avg(j, k))2 + Im(B̂avg(j, k))2

var(B̂avg(j,k))

2

=
2
∣∣∣B̂avg(j, k)

∣∣∣
2

var(B̂avg(j, k))
,

(3.51)

is non-central chi-square with two degrees of freedom and non-centrality parameter:

β̂(j, k) =
2
∣∣∣B̂avg(j, k)

∣∣∣
2

L
M

(var(Ym(j))var(Ym(k))var(Ym(−j − k)))
(3.52)

where β̂(j, k) is defined as skewness function.

3.2.4 Asymptotic Analysis

In this subsection, we give the asymptotic analysis of the non-Gaussian signal de-

tection by using a bispectrum-based detector.



82

B̂avg(j, k) is complex Gaussian with zero mean under H0, so the distribution of

the statistic t, which is defined in (3.51) is a central chi-square with two degrees of

freedom:

t =
2M

Lσ6
n

∣∣∣B̂avg(j, k)
∣∣∣
2

. (3.53)

The statistic T0, which is obtained by summing the individual bin statistics, is an

approximation of the central chi-squared with 2P degrees of freedom under H0. P

denotes the number of bins in the principal domain [160]. Then, T0 and PFA are

given as,

T0 =
∑

t =
2M

Lσ6
n

∑

region

∣∣∣B̂avg(j, k)
∣∣∣
2

, (3.54)

PFA = Prob(T0 > γ|H0). (3.55)

When P is large, T0 can be approximated by Fisher’s approximation [161] as,

√
2T0 ∼ N (

√
4P − 1, 1). (3.56)

Applying (3.56) in (3.55), we obtain the following expression for PFA:

PFA =
1

2
− 1

2
erf

(√
2γ −

√
4P − 1

)
. (3.57)

Then, the threshold to achieve PFA = ε becomes:

γ =
1

2

(
erf−1(1− 2ε) +

√
2P − 1

2

)2

. (3.58)

In the principal domain, which is the triangular grid given in (3.41), there are L2

12

bins. Therefore, (3.58) can be written as,

γ =
1

2

(
erf−1(1− 2ε) +

√
L2

6
− 1

2

)2

. (3.59)

The statistic T1, which is obtained by summing the individual bin statistics, is an

approximation of the non-central chi-squared with 2P degrees of freedom under H1.

By using (3.51) and (3.52), the non-centrality parameter is given as,

β =
∑

region

β̂(j, k). (3.60)
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Then, the PD can be defined as,

PD = Prob(T1 > γ|H1). (3.61)

If P is large, (3.61) can be approximated as,

1

2P
T1 ∼ N

(
1 +

β

2P
,
P + β

P 2

)
. (3.62)

Therefore,

PD =
1

2
− 1

2
erf

(
γ − 2P − β
2
√
P + β

)
, (3.63)

where

β =
∑

region

2
∣∣∣B̂avg(j, k)

∣∣∣
2

L
M

(var(Ym(j))var(Ym(k))var(Ym(−j − k)))
.

If the threshold γ is held as constant, PD is a monotonically increasing function of

the expression:

λ =
2P + β

2
√
P + β

. (3.64)

If β >> 2P , λ ≈
√
β
2

. Since we assume that the signal has constant variance and

bispectrum, β is linearly proportional with P M
L

. Let us assume that β = cP M
L

,

where c is a constant. Then, λ ≈
√
β
2

if M
L
>> 1. Then, from (3.64), for β >> 2P :

λ ≈ 1

2

√
(c)PM

L
. (3.65)

By using P = L2

12
, (3.63) can be written as,

PD =
1

2
− 1

2
erf

(
−1

4

√
(c)ML

3

)
, (3.66)

for γ << 2P + β. Therefore, PD converges to 1, while M,L go to ∞ and M >> L.

3.2.5 Bispectrum Estimation for MIMO

In this subsection, we study bispectrum estimation when the transmitter and re-

ceiver have multiple antennas. Suppose that the transmitter and receiver has Mt

and Mr antennas, respectively. We assume that the transmitted signal samples from
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each antenna of the transmitter are independent, identically distributed random

variables with non-Gaussian distribution. We assume that the signal and chan-

nel have constant variance and bispectrum. Let X = [x1, ...,xL] ∈ CMt×L be

the transmitted symbols matrix and the vector xi ∈ CMt×1 represents transmit-

ted symbols vector from Mt antennas of the transmitter at the ith sensing time.

Y = [y1, ...,yL] ∈ CMr×L represents a complex matrix containing the observed sig-

nals at Mr antennas. N = [n1, ...,nL] denotes a complex matrix and the vector

ni ∈ CMr×1 represents additive white Gaussian noise at the receiver in ith sensing

time with distribution CN (0, σ2
nIM). The received signal at the Mr-antenna receiver

under the two hypotheses is given as in (3.18) and (3.19). The channel matrix is

kept constant at each sensing time and can be written as in (3.20).

For bispectrum estimation, the received symbols stored in the complex matrix

Y are divided into Mr blocks, each of length L. Raw bispectrum estimate B̂m(j, k)

can be calculated for L samples in mth antenna of the receiver as in (3.46). The

principal domain of B̂m(j, k) is given as in (3.41) and the variance of B̂m(j, k) can

be calculated similar to (3.42). The smoothed bispectrum estimate is evaluated

by averaging the raw estimates for all Mr antennas as in (3.48). The asymptotic

distribution of B̂avg(j, k) is complex normal and independent for each frequency pair

(j, k) as in Section 3.2.3. Then, the distribution of statistic t is given as in (3.51)

with non-centrality parameter as in (3.52).

Now, we can analyze the asymptotic behavior of the non-Gaussian signal detec-

tion by using a bispectrum-based detector when the transmitter and receiver have

multiple antennas. B̂avg(j, k) is complex Gaussian with zero mean under H0, so the

distribution of the statistic t is a central chi-square with two degrees of freedom as

in (3.53). Moreover, T0 and PFA can be evaluated as in (3.54) and (3.55). When

P is large, T0 can be approximated by the Fisher’s approximation as in (3.56). By

applying (3.56) in (3.55), PFA can be obtained as in (3.57). Then, the threshold to

achieve PFA = ε becomes as in (3.58). Since there are L2

12
bins in principal domain,

(3.58) can be written as in (3.59).
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Under H1, the raw bispectrum estimate can be given as,

B̂m(j, k) =
1

L
Ym(j)Ym(k)Ym(−j − k),

=
1

L

Mt∑

i=1

γxi
3Hmi(j)Hmi(k)Hmi(−j − k),

(3.67)

where γxi
3 = Cum [xi(n), x∗i (n), xi(n)] and xi(n) is transmitted symbol from ith

antenna of the transmitter in n sensing time. Ym(k) is the discrete Fourier transform

of L samples in mth antenna of the receiver ym(n) for m = 1, ...,Mr:

Ym(k) =
L−1∑

n=0

ym(n)e−j
2π
L
kn,

=
L−1∑

n=0

Mt∑

i=1

hmi(n)xi(n)e−j
2π
L
kn.

(3.68)

Ym(j+L) = Ym(j) and Ym(L−j) = Y ∗m(j). Hmi(k) is the discrete Fourier transform

of L samples between ith antenna of the transmitter and mth antenna of the receiver

hmi(n) for i = 1, ...,Mt, m = 1, ...,Mr:

Hmi(k) =
L−1∑

n=0

hmi(n)e−j
2π
L
kn. (3.69)

The variance of B̂m(j, k) under H1 can be calculated as,

var
(
B̂m(j, k)

)
= L

Mt∑

i=1

γxi
6var (Hmi(j))

var (Hmi(k)) var (Hmi(−j − k)) .

(3.70)

The variance of smoothed bispectrum estimate under H1 is given as,

var(B̂avg(j, k)) =
1

M
var(B̂m(j, k)),

=
L

M

∑

i=1

Mtγxi
6var (Hmi(j))

var (Hmi(k)) var (Hmi(−j − k)) .

(3.71)

The statistic T1 can be obtained by summing the individual bin statistics as in

Section 3.2.3. T1 is an approximation of the non-central chi-squared with 2P degrees
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of freedom under H1. By using (3.51) and (3.52), the non-centrality parameter can

be evaluated as,

β =
∑

region

β̂(j, k), (3.72)

where β̂(j, k) is given as:

β̂(j, k) =
2
∣∣∣B̂avg(j, k)

∣∣∣
2

L
M

∑
i=1Mtγxi

6var (Hmi(j)) var (Hmi(k)) var (Hmi(−j − k))
. (3.73)

Then, the PD can be defined as in (3.61). For the large values of P , PD can be

approximated as in (3.62). Therefore, PD can be written as in (3.63).

Let us keep the threshold γ as constant, then PD is a monotonically increasing

function of (3.64). As in Section 3.2.3, λ ≈
√
β
2

for β >> 2P . Since it is assumed

that the signal and channel have constant variance and bispectrum, β is linearly

proportional with P Mr

MtL
. Then, we can write as β = cP Mr

MtL
, where c is a constant.

If Mr

MtL
>> 1, λ ≈

√
β
2

. Since PD is a monotonically increasing function of (3.64),

the following can be written for β >> 2P as,

λ ≈ 1

2

√
(c)PMr

MtL
. (3.74)

By using P = L2

12
, (3.74) can be written as:

PD =
1

2
− 1

2
erf


−1

4

√
(c)MrL

3Mt


 , (3.75)

for γ << 2P + β. Therefore, PD converges to 1, while Mt, Mr, and L go to ∞ and

Mr >> MtL.

3.3 Results

We observe the asymptotic results of PD and PFA by using MATLAB simulations.

First, we obtain the asymptotic results when the transmitted signal is Gaussian.

Convergence regions of PD and PFA for different values of SNR is shown in Figure

3.2. When M > 202 and L >
(

M
log(M)

)2
, PD converges to 1 and PFA converges to
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0 for -20 dB SNR. For -10 dB SNR, PD and PFA converges to 1 and 0 respectively

when M > 40 and L >
(

M
log(M)

)2
. When SNR equals to 0 dB, PD converges to 1 and

PFA converges to 0 for M > 17 and L >
(

M
log(M)

)2
. Finally, PD converges to 1 and

PFA converges to 0 for M > 15 and L >
(

M
log(M)

)2
when SNR is 10 dB. According

to these results, PD and PFA converge to 1 and 0 respectively with smaller number

of antennas while SNR increases.

Figure 3.2 The convergence of PD and PFA while L and M go to infinity when the
distribution of the transmitted signal is Gaussian.

Figure 3.3 shows PFA versus PD obtained by derived approximations and sim-

ulation when L =
(

M
log(M)

)2
, L = 2

(
M

log(M)

)2
, and L = 3

(
M

log(M)

)2
. M = 10 and

SNR is -10 dB in all cases. It can be seen that the relationship between PD and PFA

approaches to ideal case while L >
(

M
log(M)

)2
for both approximations and simula-

tion. It can be also observed that simulation results are upper bounded by derived

approximations.

For the non-Gaussian signal case, we compare PFA versus PD obtained by sim-

ulation, when our proposed and NP detectors are used. We also show PFA versus

PD based on the derived approximations of our proposed detector. These results,
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which can be seen in Figure 3.4, are obtained for M = L = 10, M = 2L = 20, and

M = 3L = 30. The transmitted signal has a Bernoulli distribution (with parameter

0.5) and the SNR is 0 dB in all cases. It can be seen that PD converges to 1 while

M >> L. Simulation results are upper bounded by derived approximations as in the

Gaussian signal case. Moreover, it can be observed that our proposed bispectrum-

based detector outperforms the NP detector if the signal is non-Gaussian.
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Figure 3.3 Approximations and simulation results of PFA versus PD when the trans-
mitted signal is Gaussian.
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Figure 3.4 Approximations and simulation results of the proposed detector and
comparison of the results with NP detector when the transmitted signal is non-
Gaussian.
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CHAPTER 4

Supervised Learning for SVD and Hybrid BF

4.1 Background on SVD and Hybrid BF

This section presents the preliminaries for SVD and hybrid BF considered in the

dissertation. Then, we explain the mmWave channel models used in the simula-

tions. Finally, we formulate optimum and hybrid BF by using unconstrained and

constrained SVD, respectively.

4.1.1 SVD

Given the matrix H ∈ CNR×NT with rank r ≤ l = min{NT , NR}, there exists (i) a

unitary matrix U ∈ CNR×NR ; (ii) a diagonal matrix Σ ∈ CNR×NT with non-negative

numbers on its diagonal; (iii) a unitary matrix V ∈ CNT×NT that construct the SVD

of H as,

H = UΣV∗ (4.1)

where U∗U = INR , V∗V = INT , and Σ = diag(σ1, ..., σl), σi > 0 for 1 ≤ i ≤ r, σj = 0

for l = min(NR, NT ) ≥ j ≥ r + 1. The diagonal elements of Σ are singular values,

and the columns of U and V are left and right singular vectors of H, respectively.

4.1.2 mmWave Channel Models

Stochastic Channel Model: Various studies [73, 74] have shown that mmWave

channels have limited scattering due to the high free-space path loss. The geometric

channel model, which has been proposed in [162, 163], is suitable to characterize

the mathematical structure of mmWave channels. In this model, each scatterer

contributes a single propagation path between the transmitter and the receiver.
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The channel representation is given as,

H =

√
NTNR

ρ

S∑

s=1

gsaR(θs)a
∗
T (φs), (4.2)

where S is the number of scatterers, ρ is the average path-loss between the trans-

mitter and the receiver, and gs is the complex gain of the sth path with Rayleigh

distribution, i.e., gs ∼ N (0, G) for s = 1, 2, ..., S. Here, G denotes the average

power gain. aT (φs) and aR(θs) are the array response vectors at the transmitter

and the receiver, respectively. φs ∈ [0, 2π] and θs ∈ [0, 2π] indicate the sth path’s

azimuth Angle of Arrival (AoA) and Angle of Departure (AoD), respectively. For

more details of the geometric channel model we refer the reader to [162,163].

NYUSIM Channel Model: The NYUSIM channel model was developed based

on the real-world wideband propagation channel measurements at mmWave frequen-

cies from 28 to 73 GHz in different outdoor environments of New York City [164–166].

The NYUSIM channel model characterizes the temporal and angular properties of

multipath components (MPCs).

The coefficients of the mmWave channel in the NYUSIM model are generated

as follows. First, the distance between the transmitter and the receiver is computed

by the uniform distribution as,

d ∼ U(dmin, dmax) (4.3)

where 


dmin = 30m, dmax = 60m, LOS,

dmin = 60m, dmax = 200m, NLOS.
(4.4)

Here, the distances are based on the field measurements. The total received omni-

directional power Pr (dBm) at the Rx is calculated as,

Pr(d)[dBm] = Pt[dBm]− PL(d)[dB]

PL(d)[dB] = PLFS(d0) + 10n log10

d

d0
+ χσ

PLFS(d0) = 20× log10

4πd0
λ

(4.5)



91

where Pt is the transmit power in dBm, d0 = 1m, n is the PLE for the omnidi-

rectional transmitter and receiver antennas, λ is the carrier wavelength, σ is the

standard deviation, and χσ is the log-normal random variable with 0 dB mean.

Then, the number of time clusters N , the number of AoD spatial lobes, and the

number of AoA spatial lobes are generated as,

N ∼ DU [1, 6],

LAoD ∼ min{Lmax,max 1, Poisson(µAoD)},

LAoA ∼ min{Lmax,max 1, Poisson(µAoA)},

(4.6)

where DU is the discrete uniform distribution, Lmax = 5 is the maximum allowable

number of spatial lobes, µAoD and µAoA are the empirical mean number of AoD and

AoA spatial lobes, respectively. The number of cluster subpaths in nth time cluster

is computed as,

Mn ∼ DU [1, 30], n = 1, 2, ..., N. (4.7)

The intracluster subpath excess delays ρm,n are then computed in units of nanosec-

onds as,

ρm,n(Bbb) = { 1

Bbb

× (m− 1)}1+Xn ,

m = 1, 2, ...,Mn, n = 1, 2, ..., N

(4.8)

where Xn is a uniform random variable between 0 and Xmax and Bbb = 400 MHz

is the baseband bandwidth of the transmitted pseudo-noise (PN) sequence. Then,

time excess delays and power of subpaths in each cluster are calculated as explained

in [164].

In the next step, the mean AoA and AoD azimuth angles θi of the spatial lobes

are evaluated as,

θi ∼ U(θmin, θmax), i = 1, 2, ..., L,

θmin =
360(i− 1)

L
, θmax =

360i

L
.

(4.9)

Then, the mean AoA and AoD elevation angles φi of the spatial lobes are generated

as,

φi ∼ N (µ, σ), i = 1, 2, ..., L. (4.10)
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Finally, the AoD and AoA angles of each subpath component are evaluated by using

the spatial lobe angles found in the previous step as,

θm,n,AoD = θi + (δθi)m,n,AoD,

φm,n,AoD = φi + (δφi)m,n,AoD,

θm,n,AoA = θj + (δθj)m,n,AoA,

φm,n,AoA = φj + (δφj)m,n,AoA,

(4.11)

where

i ∼ DU [1, LAoD], j ∼ DU [1, LAoA],

(δθi)m,n,AoD ∼ N (0, σθ,AoD),

(δφi)m,n,AoD ∼ N (0, σφ,AoD),

(δθj)m,n,AoA ∼ N (0, σθ,AoA),

(δφj)m,n,AoA ∼ N (0, σφ,AoA).

(4.12)

4.1.3 Optimum BF using Unconstrained SVD

Consider a communication system with NT and NR antennas at the transmitter

and the receiver, respectively. We denote the channel matrix of this system by

H ∈ CNR×NT , which can be decomposed as H = UΣV∗. We define the precoder at

the transmitter as T ∈ CNT×L and the combiner at the receiver as R ∈ CNR×L. At

the transmitter, the vector of transmitted symbols s ∈ CL×1 is first processed by T,

and then transmitted from NT antennas of the transmitter. The transmitted signal

x ∈ CNT×1 is given as,

x = Ts. (4.13)

Then, NR antennas of the Rx receive the signal r ∈ CNR×1, which is defined as,

r = HTs + n, (4.14)

where n ∼ N (0, σ2I) is the Gaussian noise vector of dimension NR × 1. After r is

processed by R, the vector of received symbols y ∈ CL×1 is obtained as,

y = R∗HTs + R∗n. (4.15)



93

s1

s2

TBB

sL

...
... TRF

...

x1

x2

xNT

H

LT RF chains NT Tx antennas

r1

r2

rNR

...

NR Rx antennas

RRF

... RBB

...

(NR × NT )

y1

y2

yL

LR RF chains

Figure 4.1 Hybrid BF architecture with RF and BB blocks. L data streams are
processed by the BB precoder TBB. Each BB signal is connected to one of LT RF
chains of the RF precoder TRF . The reverse of this operation is performed at the
Rx.

The optimum beamformers for the given communication system can be found

by maximizing a performance utility metric such as SNR [71], achieved rate [72],

etc. We choose the achieved rate, which is maximized by selecting the singular

vectors of H as the beamformers of this system, as the performance utility metric.

In particular, the optimum beamformers are found by maximizing the rate R, which

is given as,

R = log2

(∣∣∣I + P
L

C−1n R∗optHToptT
∗
optH

∗Ropt

∣∣∣
)
, (4.16)

where Topt = VL and Ropt = UL denote the optimum unconstrained precoder

and combiner of this system. Here, VL ∈ CNT×L and UL ∈ CNR×L are L most

significant right and left singular vectors of H [167], respectively. Cn = R∗optRopt is

the post-processing noise covariance matrix.

4.1.4 Hybrid BF using Constrained SVD

In this section, we consider a mmWave system shown in Figure 4.1. A transmitter

with NT antennas and LT RF chains communicates with a Rx with NR antennas

and LR RF chains. We assume there are L data streams such that L ≤ LT ≤ NT

and L ≤ LR ≤ NR. At the transmitter, L data streams are processed by a BB
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precoder TBB ∈ CLT×L followed by an RF precoder TRF ∈ CNT×LT . Then, the

transmitted signal x ∈ CNT×1 can be written as,

x = TRFTBBs, (4.17)

where s ∈ CL×1 is the vector of transmitted symbols. The average total transmit

power is denoted as P , and s satisfies E [ss∗] =
(
P
L

)
IL. We denote the mmWave

channel between the transmitter and the receiver with H ∈ CNR×NT . The received

signal over NR antennas of the Rx is given as,

r = HTRFTBBs + n, (4.18)

where n ∼ N (0, σ2I) is the Gaussian noise vector of dimension NR × 1. Then, the

Rx processes the received signal r ∈ CNR×1 with an RF combiner RRF ∈ CNR×LR

followed by a BB combiner RBB ∈ CLR×L. The vector of received symbols y ∈ CL×1

is then obtained as,

y = RBB
∗RRF

∗HTRFTBBs + RBB
∗RRF

∗n. (4.19)

Analog and digital beamformers of a hybrid BF system need to be designed based

on the constraints of power and finite-precision phase shifters, which are used in the

RF domain. LT RF-BF vectors with the dimension of NT × 1 at the transmitter

and LR RF-BF vectors with the dimension of NR × 1 at the receiver are designed

based on quantized directions. In particular, ith BF vector of the RF precoder and

jth BF vector of the RF combiner are given as [TRF ]:,i, i = 1, ..., LT and [RRF ]:,j,

j = 1, ..., LR, respectively. As in the optimum BF, we can design analog and digital

beamformers of a hybrid BF system by maximizing a metric (e.g., SNR, achieved

rate) over all possible beamformers. By selecting the achieved rate as our metric, our

goal is to design beamformers at the transmitter and the receiver (TRF , TBB, RRF ,

RBB), which maximize the rate defined in (4.16) while the following constraints are

satisfied:

1. Due to the usage of phase shifters, the entries of TRF and RRF must have

constant modulus. In particular, |[TRF ]i,j|2 = N−1T and |[RRF ]i,j|2 = N−1R ,
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where |[TRF ]i,j|(|[RRF ]i,j|) corresponds to the magnitude of (i, j)th element of

TRF (RRF ).

2. Elements of each column in TRF and RRF are represented as quantized phase

shifts, where each phase shifter is controlled by an Nq-bit input. n(m)th row

of the RF precoding matrix at the transmitter(receiver), which corresponds to

the phase shifts of the n(m)th antenna of the TRF (RRF ), can be written as

e
j2πnkq

2Nq
(
e
j2πmkq

2Nq
)

for some kq = 0, 1, ..., 2Nq − 1.

3. The power constraint must be satisfied, i.e., ‖TRFTBB‖2F = L and

‖RRFRBB‖2F = L.

4.2 Related Work

4.2.1 Learning-Based Hybrid BF Approaches

In this subsection, we discuss how ML techniques can address the challenges of the

three hybrid BF approaches: codebook-based hybrid BF, sparse hybrid BF, and

beamspace MIMO. Conventional hybrid BF algorithms are based on theoretical

models, which can be insufficient to adapt to changing channel and system parame-

ters. For different environments, different hybrid BF algorithms can achieve optimal

performance. Therefore, data-driven hybrid BF methods can provide more robust

solutions under changing environmental conditions.

1) Codebook-Based Hybrid BF via ML: One of the typical ML tasks is classifi-

cation, which has been successfully used in various applications including computer

vision, robotics, image processing [168–170]. The selection of beams from the code-

book can be formulated as a multi-class classification problem. This makes ML

algorithms for classification such as SVMs [168], DNNs [169], etc. suitable for the

hybrid BF. Applying ML algorithms into the beam selection problem can provide

near-optimal data rate performance [122]. The optimization problem of beam selec-
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tion at the transmitter for a given beamformer at the receiver is given as,

{t1, t2, ..., tK} = max
ti∈T

K∑

i=1

log2 (1 + γi) , (4.20)

where T is the codebook that consists of |T | predefined transmit beams and ti ∈
CNT×1 is ith possible beam in the codebook. γi is the signal-to-interference-plus-

noise-ratio (SINR) of ith user. Finally, K is the number of transmitted data streams.

In [122], a multi-class classifier has been proposed to find the optimal beam that

maximizes the rate for a given channel feature vector. To classify |T | possible

beams, which correspond to classes, |T | one-vs-the-rest SVM classifiers have been

used in [122]. In that case, the optimization problem formulation for training the

hyper plane of the kth classifier (beam direction) is given as,

min
w,b,ε

1

2
wTw + λ

N∑

n=1

εn

s.t. yn
(
wTφ(cn) + b

)
≥ 1− εn, n = 1, 2, ..., N

εn ≥ 0, n = 1, 2, ..., N,

(4.21)

where N is the number of channel feature vectors in the training dataset, cn is

the nth channel feature vector, w is the weight vector that consists of parameters

to separate hyper-plane of the kth beam direction, b is th threshold of the beam

direction, λ is the constant for the penalty term, and ε is the error obtained when

cnth sample is misclassified. For each cn, n = 1, ..., N , there exists a corresponding

label l[n]. When the label l[n] = k, yn is set to 1 for the nth sample. On the other

hand, yn is set to −1 when l[n] 6= k. Finally, φ(·) is the mapping function between

the channel feature vector and the beam direction. Clustering is an unsupervised

learning task for determining similar groups among the observations based on the

dataset structure [171], and it can also be used to solve the beam selection problem.

Since the beams, which maximize the capacity, must align with array response

vectors of the mmWave channel, these algorithms can be applied to cluster the

angular directions to find the best beam directions.

To achieve good mmWave signal coverage around the mobile user, an efficient

codebook design is essential. Depending on the environment, different codebook
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sizes and spherical coverage might be required. Moreover, a good codebook design

must consider antenna type and gain, the layout of the antenna array, resolution

of the phase shifters, parameters of the mobile user such as battery [172]. Due to

the difficulty of modeling all these factors analytically, ML-based codebook design is

auspicious to provide a better codebook design. Similar to the beam selection prob-

lem, the codebook design problem can be modeled as a classification or a clustering

task. For instance, the K-means clustering algorithm can be used to cluster the

beams for the codebook based on geometric distances between the beam vectors.

2) Codebook-Based Hybrid BF via ML: The conventional hybrid BF techniques

rely on the assumption of having perfect CSI at either transmitter or receiver. How-

ever, this is an unrealistic assumption since channel estimation errors are inevitable

due to the non-linear components in the hardware and the changing parameters of

the channel in mobile environments. Furthermore, channel estimation occurs due

to the Doppler shift, which is caused by the phase noise introduced by the local

oscillators. Therefore, an efficient channel estimation technique would be extremely

beneficial for the performance of the hybrid BF. Fortunately, the sparse-scattering

nature of the mmWave channel leads to the opportunity of using sparse signal esti-

mation and CS techniques for the channel estimation as well as the hybrid BF de-

sign problem. The authors of [173] have shown that the perfect-CSI capacity can be

achieved with their least absolute shrinkage and selection operator (LASSO)-based

sparse channel estimation and precoder design for mmWaves. Moreover, OMP-

based hybrid BF has been well investigated and applied by formulating the design

of hybrid beamformers as a sparsity constrained matrix reconstruction problem [2].

Recently, it has been shown that learning-based channel estimation approaches

can be promising and more robust than conventional channel estimation techniques.

Inspired by the potential of ML for channel estimation, data-driven approaches

have gained interest for sparse channel estimation in mmWave systems [174–176].

In [174], channel estimation by using radial basis function networks (RBFNs) has

been proposed to design hybrid BF for the MU-MIMO system in mmWaves. The

RBFN is trained by using the outdated channel samples as the input data and the
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corresponding real channel samples as the output data. The output of the hidden

layer in the RBFN is obtained using a radial basis function (RBF) as the activation

function. The RBF (f(·)) is defined as,

f(n) = exp(−n2). (4.22)

In that case, the output of the RBFN when it is applied to the kth neuron in the

hidden layer is given by,

ok = f (||w1 − xi||bk) , (4.23)

where w1 and bk are the weight vector and the bias between the input vector and the

kth neuron in the hidden layer. xi is the ith input sample from the set of outdated

channel samples. The output of the hidden layer, which consists of the outputs of

all neurons in the hidden layer, is represented by the vector o. Then, the result

obtained by the output layer is denoted by,

ŷi = W2o + b2, (4.24)

where ŷi is the predicted current channel sample from the given outdated input

channel sample xi. W2 and b2 are the weight matrix and the bias vector between

the hidden layer and the output layer. The error between the predicted and the

actual channel is computed by using the following loss function,

L =
1

N

N∑

i=1

||yi − ŷi||+ λ1||W1||22 + λ2||W2||22, (4.25)

where N is the total samples in the training dataset and yi is the actual current chan-

nel sample corresponds to the given outdated input channel sample xi. λ1 and λ2 are

the regularization factors used to prevent over-fitting. By using back-propagation,

the weights of the RBFN are updated while minimizing the loss function defined in

(4.25). Even though RBFN based channel estimation is promising to predict the

time-varying channel, it needs to be periodically trained, which brings significant

overhead when the Doppler spread is high.

By exploiting the sparsity of the mmWave channel, more efficient learning-based

channel estimation algorithms can be provided. ML models such as deep learning
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(DL) can be used more effectively to learn the hybrid beamformers by exploiting

the sparsity of the mmWave channel as well. The overhead of training DNNs with

large-sized channel matrices can be reduced by taking advantage of the sparsity

of these matrices. In [175], sparse Bayesian learning has been adopted for chan-

nel estimation of a hybrid BF system in mmWaves, and it has been shown that

sparse Bayesian learning has a superior performance compared to the conventional

LASSO based channel estimation. A type of an unsupervised clustering algorithm:

expectation-maximization (EM) has been applied to exploit the sparsity of massive

MIMO channel in mmWaves in [176]. It has been shown in [176] that the sparse

channel can be estimated without having the knowledge of the channel statistics

and DoA. In [176], the angular domain channel matrix between BS and K users

is denoted by X = [x1,x2, ...,xK ] ∈ NT ×K, where NT is the number of transmit

antennas at the BS. A pattern correlated prior for x has been proposed in [176] to

exploit the clustered sparsity of the angular-domain channel as,

p(x|w) = CN (x|0,Ω) =
K∏

k=1

CN (xk|0,Ωk) , (4.26)

where w =
[
wT

1 , ...,w
T
K

]T ∈ CKN×1 denotes the hyperparameter. Finaly, Ω is de-

fined as Ω = diag (Ω1, ...,ΩK), where Ωk is the covariance matrix of xk. The optimal

value for w can be obtained as by solving the following optimization problem,

ŵ = arg max
w

p(yt|w)

= arg max
w

∫
p(yt|x)p(x|w),

(4.27)

where yt is the received training signal. The authors of [176] propose to solve

the complex optimization problem given in (4.27) with the EM algorithm, which

optimizes w by maximizing the following expected log likelihood function,

ŵ = arg max
w

Ex|yt,ŵpre [ln p(yt,x|w)] , (4.28)

where ŵpre is the previously estimated w. Here, the expectation is computed with

respect to the posterior distribution of x. In this iterative algorithm, there exists an
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expectation step (E-step) and a maximization step (M-step) in each iteration. The

posterior distribution of x is estimated by using the ŵi−1 in the E-step of the ith

iteration. Then, the ŵ is updated in the M-step of the ithe iteration to maximize

the expectation defined in (4.28).

3) ML for Beamspace MIMO: Beamspace MIMO has gained recent interest as

an alternative hybrid BF architecture to reduce power consumption by reducing

the number of RF chains. Beamspace MIMO uses a lens antenna array, which

can scan wider beamwidths and form low sidelobe beams. Even though beamspace

MIMO has significant advantages, channel estimation is very challenging in large an-

tenna regimes. Fortunately, the beamspace MIMO has a phenomenon called energy-

focusing capability, which causes only the antennas close to the energy focusing point

of the lens can receive or transmit most of the power [77]. This phenomenon, along

with the sparse nature of the mmWave channel, can be exploited to provide efficient

solutions for channel estimation. ML techniques, which exploit this phenomenon,

can further improve the channel estimation in beamspace MIMO [177–179]. In [178],

a DL-based CS channel estimation scheme has been proposed for the multi-user mas-

sive MIMO systems. They consider the beamspace MIMO in this paper and the

beamspace channel amplitude is predicted by training a DNN with the correlation

between the received signals. Then, the dominant beams are predicted simultane-

ously by using the constructed beamspace MIMO channel after training the DNN.

The beamspace channel amplitude prediction algorithm has two phases: the offline

training of the DNN and online deployment. The channel matrix between the BS

and the K users is given by H = [h1, ...,hK ]T ∈ CK×NT , where NT is the number of

antennas at the BS. Then, the k column of the sparse beamspace channel matrix is

defined as,

hbk = Dhk, (4.29)

where D ∈ CN×NT is the dictionary matrix. In [178], each user sends U times

training sequences. The uth training sequence received at the BS is denoted by Ru.

By stacking all the received training sequences, the matrix R =
[
RT

1 , ...,R
T
U

]T
is
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obtained. The kth column of R, which is represented by rk, is given by,

rk =
NT

N
TTDHhbk + ñk, (4.30)

where T = TRFTBB, TRF is the analog precoder, TBB is the digital precoder. Here,

ñk is the kth column of Ñ, which is the AWGN matrix. The measurement matrix

in (4.30) is given as,

M =
NT

N
TTDH ∈ CLU×N , (4.31)

where L is the number of RF chains at the BS. The correlation vector between M

and rk, represented by ck, is defined as,

ck = MHrk. (4.32)

The input of the DNN in [179] is ck during the offline training phase. The DNN is

trained to estimate the amplitude of the elements in the beamspace sparse channel

vector hbk. The vector, which consists of the amplitude of the elements in hbk, is

denoted by ak. Finally, the loss function to train the DNN is given as,

L =
1

N

N∑

n=1

(ak[n]− âk[n])2 , (4.33)

where âk[n] is the estimated amplitude vector corresponds to the estimated

beamspace sparse channel vector hbk.

In [177], channel estimation for beamspace MIMO is formulated as a sparse

signal recovery problem and a learned denoising-based approximate message passing

(LDAMP) neural network is used to solve this problem. Moreover, sparse hybrid BF

combined with learning-based approaches can provide reduced complexity solutions

for finding the beams that maximize the capacity by utilizing the energy-focusing

capability of the lens antenna array and the sparsity of the mmWave channel. In

[179], a beamspace MIMO system, which is implemented by using a sub-connected

switch network, has been considered. A cross-entropy optimization-based algorithm

has been proposed to design the hybrid beamformers, which maximize the sum rate

of the beamspace MIMO system.
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4.2.2 Supervised Learning for Hybrid BF

In supervised learning, the model is learned through a set of labeled data [180]. In

particular, there exists an input and an output object for each sample in the training

data. In this section, we categorize the supervised learning methods for hybrid BF

into classification-based methods and supervised DNN based methods. We discuss

the strengths and weaknesses of each class of methods for hybrid BF in mmWaves.

The comparison of the supervised hybrid BF approaches is shown in Table 4.1. In

the table, NR and NT denote the number of receive antennas and the number of

transmit antennas, respectively. The throughput ratio is calculated by dividing the

achieved rate by the capacity of the channel.

Classification-Based Methods: SVM is one of the supervised learning algo-

rithms, and it is used for classification tasks in various applications [168,181]. SVM

finds a decision boundary, which maximizes the distance between two classes, by

using linear or non-linear kernels [182]. Beamformer design for hybrid BF can be

considered as a multi-class classification problem. For the codebook-based hybrid

BF, candidate beams in the codebook define different classes. In this case, the goal

is to maximize some performance metric such as sum rate, SNR, etc. by selecting

the appropriate beams based on given training data, which can be chosen as the

channel matrix, AoA and angle-of-destination (AoD) of the channel, the received

signal, etc. In [122], a learning-based hybrid BF algorithm has been proposed to

achieve a near-optimal sum rate by using the channel feature vectors as the training

data. On the other hand, SVM-based algorithms have some weaknesses, which make

them prone to overfitting in high-dimensional space. Moreover, the selection of the

right kernel is significant for the performance of the algorithm.

The selection of optimal beamformers is extremely challenging in vehicular com-

munication due to the high mobility in the environment. ML techniques can leverage

the geometry of objects, which changes with the movement of vehicles, to learn the

relationship between the environment and optimal beamformers. Authors of [183]

formulated optimal beam selection as a classification problem by defining a proba-
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bilistic function, which maps the full environment information to optimal beamform-

ers. In [183], different classification-based ML methods including gradient boosting,

Radial Basis Function kernel SVM (RBF-SVM), and random forest are compared

in terms of their performance for learning the optimal beamformers. The idea of

boosting is to apply a weak ML method various times by modifying it to achieve

a successful prediction [184]. AdaBoost is one realization of boosting, which uses

decision trees with a single split as the weak ML technique. Gradient-boosting is the

generalization of AdaBoost, which formulates boosting as an optimization problem

where the goal is to minimize the loss by using weak learners based on a gradient

descent-like technique. RBF is one of the kernels that are used in SVM-based meth-

ods, and the value of the RBF kernel depends on the Euclidean distance between two

points [185]. In the random forest method, many individual decision trees are used.

Each of these trees makes a class prediction, and the final model is selected based

on the majority vote [186]. It has been shown in [183] that random forest outper-

forms the other classification-based methods in terms of optimal beam alignment.

Another effective classification-based method is the k-nearest neighbors (kNN) al-

gorithm in which a predicted value is given to a new observation based on the mean

of its k nearest neighbors in the training set. In [123], the kNN algorithm has

been used to classify the decision between spatial-multiplexing and diversity-aided

transmission. The kNN-based and SVM-based beam selection algorithms have been

proposed in [6]. The kNN has been leveraged for the optimal beam classification

problem in [183]. The kNN-based hybrid BF has been also studied and compared

with SVM-based and DNN based hybrid BF in [6].

In [6], the set of estimated AoAs and received powers for different users are used

as the input data during the training of the ML algorithms. In particular, the input

is denoted by a row vector x = [θ1, ..., θK ,P1, ...,PK ], where K is the number of

users, θi is the AoA from the ith user to the BS and Pi is the received power from

the ith user to the BS. The index to the beamformer with the highest sum-rate

in the codebook is the output of the ML algorithms proposed in [6]. By using

different values for the path-loss, transmit power, and user locations, N training
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input, and the corresponding labeled output are generated. The training matrix is

denoted by X = [xT1 , ...,x
T
N ]T ∈ RN×2K and the class label for each input in the

training set is represented by c = [c1, ..., cN ]T ∈ NN×1. The kNN-based hybrid BF

has been applied to the beam selection problem in [6] as follows. For an unseen

input data x, the kNN classifier determines the k nearest entries in the training set

X. Then, the classifier generates the class label for x based on a majority of the

nearest neighbors’ labels. The computational complexity, throughput ratio, type of

training data, and state-of-the-art algorithms for hybrid BF based on SVM, kNN,

gradient boosting, and random forest are shown in the first four columns of Table

4.1. In [122] and [183], AoAs/AoDs and location-based information (LBI) are used

as the training data, respectively.

Supervised DNN-Based Methods: A neural network defines a mapping

y = f(x; θ) and learns the model parameters θ by using a network of perceptrons

that are organized into sequential layers [187]. A simple neural network consists

of an input layer, connected to the features of the input data; a hidden layer; and

an output layer, which predicts the output data. The neural network is referred

to as the DNN when there are several hidden layers between the input and output

layers. Supervised DNNs learn the model parameters to map input data to output

data by using a labeled training dataset. In particular, the output of the DNN is

compared with the labeled data by executing a loss function. The optimum weight

of each perceptron in the DNN is utilized by optimizing this loss function through

Stochastic Gradient Descent (SGD) based techniques [188]. This process is referred

to as backpropagation.

In [6], the AoA information is exploited by using an MLP-based analog beam

selection approach for the uplink of an MU-MIMO mmWave system. Moreover,

the superiority of DL-based techniques over other learning-based approaches for

hybrid BF has been shown in [6]. Achievable rates with MLP-based, SVM-based,

and kNN-based hybrid BF are compared in [6], which shows that the MLP-based

approach outperforms SVM-based and kNN-based methods and achieves compa-

rable performance with optimal BF. The details of this DL-based beam selection
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Table 4.1 Comparison of supervised learning-based methods for hybrid BF

SVM k−NN Gradient Boosting Random Forest MLP CNN

Complexity O(N2
RN

2
T ) O(NRNT ) O(N2

RN
2
T ) O(N2

RN
2
T ) O(NRNT ) O(N2

RN
2
T )

Throughput Ratio 90%− 95% 85%− 90% 95%− 100% 95%− 100% 85%− 90% 95%− 100%

Training Data AoA/AoDs, LBI AoAs, H LBI LBI Y, AoA/AoDs H, Y

State-of-the-Art [6, 122,183] [6, 123,190] [183] [183] [5, 6, 113,189] [5, 8, 178]

algorithm have been given in Section 4.2.2. A supervised DNN based model for a

coordinated BF system, where M BSs serve one mobile user, has been proposed

in [5]. It has been shown in [5] that both CNN and MLP architectures outperform

conventional methods in terms of achieved rate with less training overhead. In [189],

beam alignment for vehicular communication in mmWaves has been realized by us-

ing a supervised MLP based on softmax classification. In this paper, the authors

propose a fingerprint-based beam alignment in which an MLP is trained to learn

the optimal beams from the fingerprint of the location, which consists of a set of

possible beam pairs. It has been shown in [189] that the proposed learning-based

algorithm achieves better spectral efficiency than the conventional method, and has

a close performance to exhaustive search.

The fifth and sixth columns of Table 4.1 illustrate the computational complexity,

throughput ratio, type of training data, and state-of-the-art algorithms for the MLP-

based and CNN-based hybrid BF, respectively. The received symbols matrix Y,

AoAs/AoDs, and channel matrix H are used as the training data in [5], [189],

and [8], respectively.

4.3 Deep Learning for SVD Approximations

In this section, our objective is to leverage DL to effectively estimate the best rank-k

approximation of a matrix H, which can be defined as,

Hk = UkΣkVk
∗, (4.34)
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Figure 4.2 DNN for rank-k matrix approximation.

where Uk is the first k columns of left singular vectors matrix U, Vk is the first k

columns of right singular vectors matrix V, and Σk is the diagonal matrix with top

k singular values of Σ on its diagonal. The SVD provides the justified solution for a

best approximation of the matrix H as a rank-k matrix when the error is measured

in the Frobenius norm [191]. Furthermore, Hk can be also written as a sum of k

rank-1 approximations of H as,

Hk =
k∑

i=1

σiuivi
∗, (4.35)

where σ1, σ2, ..., σk are k top singular values, u1,u2, ...,uk are k top left singular

vectors, and v1,v2, ...,vk are k top right singular vectors of H.

In this section, we propose three DNN architectures with different levels of com-

plexity to meet the trade-off between complexity and accuracy. The proposed DNNs

learn the best rank-k matrix approximation in a supervised manner using the fac-

torization obtained by the SVD.

4.3.1 DNN for Rank-k Matrix Approximation

We first propose a DNN for rank-k matrix approximation, which can be seen in

Figure 4.2. We choose CNNs to implement the proposed DNN, which can also

be implemented by using different models such as feedforward, multi-layer percep-

tron (MLP), RNN, etc. [192]. DNN for rank-k matrix approximation learns how to

predict k most significant singular values and singular vectors, i.e., σ̃1, σ̃2, ..., σ̃k,
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ũ1, ũ2, ..., ũk, and ṽ1, ṽ2, ..., ṽk, directly from a given matrix H by training its param-

eters θ. Consider Hk =
∑k

i=1 σiuivi
∗ and H̃k =

∑k
i=1 σ̃iũiṽ

∗
i as real and estimated

rank-k approximations of the matrix H, respectively. The objective of the pro-

posed DNN is to estimate the best rank-k matrix approximation of a given matrix.

Therefore, we propose a custom loss function, which satisfies the following:

1. ||Hk − H̃k||F must be minimized.

2. Ũk = [ũ1, ũ2, ..., ũk] and Ṽk = [ṽ1, ṽ2, ..., ṽk] must be unitary matrices. In

particular, the columns of Ũk and Ṽk must form a set of orthonormal vectors,

which implies that ||ũ∗i ũj||2 = ||ṽ∗i ṽj||2 = 0 ∀ i, j s.t. i 6= j.

Consequently, we define the loss function for the DNN for rank-k matrix approxi-

mation as,

L (θ) =
||Hk − H̃k||F
||Hk||F

+ λ1
∑

i 6=j

||ũ∗i ũj||2 + λ2
∑

i 6=j

||ṽ∗i ṽj||2, (4.36)

where θ denotes the parameters of the DNN. Here, σi, ui, and vi are the ith largest

singular value and left and right singular vectors of H, respectively. λ1 and λ2 are

the non-negative constants of the penalty terms that satisfy U = [u1,u2, ...,uk] and

V = [v1,v2, ...,vk] to be unitary matrices.

The number of output nodes increases linearly with k, NR, and NT in the DNN

for rank-k matrix approximation. For a full-rank matrix H, k can be as large as

min(NR, NT ), and then, the number of output nodes grows quadratically with the

smaller dimension of H.

4.3.2 Low-Complexity DNN for Rank-k Matrix Approximation

In this section, we propose a second DNN architecture, which is shown in Figure

4.3-a. This architecture consists of k low-complexity DNNs with the parameters

denoted by θi, i = 1, .., k, in which the DNN-i is trained to estimate singular value

σi and corresponding singular vectors ui and vi of a given matrix H. In other words,

the DNN-i determines a function between the input matrix and its largest singular
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Ĥi = H − Σi−1
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Figure 4.3 The second and third DNN architectures for the SVD, which have less
complexity compared to the first DNN architecture.

value and singular vectors by training its parameters θi. Given the channel

matrix H as an input, DNN-1 generates σ̃1, ũ1, and ṽ1, which are the estimated

values of σ1, u1, and v1. We denote the input matrix for DNN-i, i = 2, ..., k as

Ĥi = H −∑i−1
n=1 σ̃nũnṽn = H − H̃i−1. In particular, we represent the input of

DNN-2 as Ĥ2 = H − H̃1, where H̃1 = σ̃1ũ1ṽ
∗
1. DNN-2 generates σ̃2, ũ2, and ṽ2.

Then, H̃2 =
∑2

i=1 σ̃iũiṽ
∗
i is calculated, and subtracted from H to generate the input

for DNN-3 as Ĥ3 = H− H̃2. This procedure continues until DNN-k gets the Ĥk as

an input and generates σ̃k, ũk, and ṽk.

For the training procedure of this architecture, we propose two approaches. In

the first approach, k DNNs are trained jointly to minimize the total loss, which is

formulated as,

L (θ1, θ2, ..., θk) =
||Hk − H̃k||F
||Hk||F

+ λ1
∑

i 6=j

||ũ∗i ũj||2 + λ2
∑

i 6=j

||ṽ∗i ṽj||2, (4.37)

where Θ = (θ1, θ2, ..., θk) denotes the parameters of k DNNs to be learned. We

also assume that a gradient-based technique is used to learn Θ. In this case, Θ(t+1),

which corresponds to the parameters at the (t+1)th iteration, can be updated using

the loss function given in (4.37) as,

Θ(t+1) = Θ(t) − γ∇ΘL(Θ)|Θ=Θt , (4.38)

where γ is the learning rate. The second approach is to train the k DNNs succes-

sively, in a sequential manner, where ith DNN is trained to learn θi by minimizing
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its own loss function. In particular, DNN-1 is trained by minimizing,

L (θ1) =
||σ1u1v

∗
1 − σ̃1ũ1ṽ

∗
1||F

||σ1u1v∗1||F
, (4.39)

where θ1 denotes the parameters of the first DNN in the low-complexity architecture.

To satisfy ||ũ∗1ũ2||2 = ||ṽ∗1ṽ2||2 = 0, we define the loss function of DNN-2 as,

L (θ2) =
||σ2u2v

∗
2 − σ̃2ũ2ṽ

∗
2||F

||σ2u2v∗2||F
+ λ1||ũ∗1ũ2||2 + λ2||ṽ∗1ṽ2||2, (4.40)

where θ2 are the parameters of the second DNN in the low-complexity architecture.

In general, the loss function of DNN-i of this architecture for successive training is

defined as,

L (θi) =
||σiuiv∗i − σ̃iũiṽ∗i ||F
||σiuiv∗i ||F

+ λ1
∑

i,j<i

||ũ∗i ũj||2 + λ2
∑

i,j<i

||ṽ∗i ṽj||2, (4.41)

where θi denotes the parameters of the ith DNN, λ1 and λ2 are non-negative con-

stants of the penalty terms, respectively.

4.3.3 DNN for SVD via Rank-1 Matrix Approximation

For further simplicity, we propose a third DNN architecture, which predicts k sin-

gular values and singular vectors of a given matrix H with a single DNN recursively,

as depicted in Figure 4.3-b. Let the matrix Ĥi = H− H̃i−1 denote the input matrix

given to the DNN in the ith iteration, where H̃i−1 =
∑i−1

n=1 σ̃nũnṽn. Then, top

singular value and singular vectors of Ĥi are actually the ith singular value and

singular vectors of H under the assumption that previous i− 1 singular values and

singular vectors are estimated perfectly, i.e., σ̃n = σn, ũn = un, and ṽn = vn for

n = 1, 2, ..., i − 1. In the first iteration, the DNN predicts σ̃1, ũ1, and ṽ1. Then,

H̃1 = σ̃1ũ1ṽ
∗
1 is subtracted from the input matrix H to obtain Ĥ2 = H− H̃1. The

second-highest singular value and singular vectors of H are estimated by providing

Ĥ2 to the DNN in the second iteration since top singular value and singular vec-

tors of Ĥ2 are the second-highest singular value and singular vectors of H. This

recursive procedure ends when σ̃k, ũk, and ṽk are estimated by the DNN, given that

Ĥk = H− H̃k−1 as the input in the kth iteration.



110

0 2000 4000 6000 8000

Number of Iterations

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

L
o
s
s

Test Loss

Training Loss

(a) 8-by-8 channel
matrices.

0 2000 4000 6000 8000

Number of Iterations

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

L
o
s
s

Test Loss

Training Loss

(b) 16-by-16 channel
matrices.

1000 2000 3000 4000 5000 6000 7000 8000 9000

Number of Iterations

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

L
o
s
s

Test Loss

Training Loss

(c) 32-by-32 channel
matrices.

Figure 4.4 Training and test losses with the DNN for rank-k matrix approximation
for different sized channel matrices.

This DNN architecture is trained using the following loss function,

L (θ) =
||Hk − H̃k||F
||Hk||F

+ λ1
∑

i 6=j

||ũ∗i ũj||2 + λ2
∑

i 6=j

||ṽ∗i ṽj||2, (4.42)

where the second and third terms are included to satisfy the orthogonality of the

left and right singular vectors, i.e., ||ũ∗i ũj||2 = ||ṽ∗i ṽj||2 = 0, ∀ i, j s.t. i 6= j. Here,

θ denotes the parameters of the DNN for rank-1 approximation. At the (t + 1)th

iteration, θ(t+1) are calculated as,

θ(t+1) = θ(t) − γ∇θL(θ)|θ=θt , (4.43)

where γ denotes the learning rate.

4.3.4 Performance Evaluations

In this section, we evaluate the performance of the proposed DNN architectures for

the SVD.

Data Generation: We consider a dataset, which consists of 8000 training and

2000 testing channel matrices. Each of the channel matrices is generated according

to the geometric channel model, as defined in (4.2). In this model, we assume that

the spacing between two successive antennas is equal to λ/2, and we use uniform

linear arrays (ULAs). We assume the AoDs/AoAs are uniformly distributed in

[0, 2π]. The gain of each path in the channel has Rayleigh distribution.
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Figure 4.5 Comparison of max pooling and dropout for 16-by-16 matrices.

DL Model: Each DNN in the proposed architectures has 2NRNT inputs, which

represent the real and the imaginary components of the given matrix H ∈ CNR×NT .

The number of output nodes in DNN for rank-k matrix approximation equals to

k(2NR + 2NT + 1), which is the sum of k singular values (σ̃i, i = 1, 2, ..., k), and

real and imaginary values of k right singular vectors (ṽi, i = 1, 2, ..., k) and left

singular vectors (ũi, i = 1, 2, ..., k). Here, ṽi and ũi are column vectors with a size of

NT × 1 and NR× 1, respectively. The number of output nodes in DNN-i of the low-

complexity architecture for rank-k matrix approximation is 2NR + 2NT + 1, which

denotes the sum of σ̃i, and real and imaginary values of ṽi and ũi. The DNN for SVD

via rank-1 approximation also has 2NR + 2NT + 1 outputs. Each DNN consists of a

variable number of convolutional layers and followed by a dropout layer with a rate of

0.4 and a fully connected dense layer. Both the convolutional and the fully connected

layers use exponential linear units (ELU) as activation functions [193]. The positive

part of the ELU activation function has a constant gradient of one to prevent to

saturate a neuron on the positive side of the function. On the other hand, it saturates

exponentially on the negative side of the function, which leads to faster learning than

other activation functions. We set the learning rate as 0.0001, and non-negative

constants λ1 and λ2 for the penalty in the loss function as 0.01 unless otherwise

specified. Adam [194], which is an adaptive learning rate optimization algorithm, is

used for training DNNs. For the implementation, we used Tensorflow [195].
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Comparison of Training and Test Losses: First, we obtain the training and

test losses for the different-sized channel matrices using the loss function given in

(4.36). In these simulations, we use 6 convolutional layers and a mini-batch size of

128. Figures 4.4-a, 4.4-b, and 4.4-c illustrate the training and test losses versus the

number of iterations used during the training when NR = NT = 8, NR = NT = 16,

and NR = NT = 32, respectively. The results show that the training and test

losses are very close to each other for the 8-by-8 and 16-by-16 matrices while the

number of iterations for the training increases up to 4000. However, test losses

start to saturate, and overfitting occurs when DNNs are trained for more than 4000

iterations. Moreover, the training and test losses are nearly the same for the 32-

by-32 matrices when the number of training iterations is less than 6000. These

results show that reasonable test performance can be achieved by training the DNN

for rank-k approximation with a higher number of training iterations while the

dimension and rank of matrices increase. Therefore, overfitting starts to occur after

a greater number of training iterations for the larger-sized matrices. Moreover, we

observe that SVD prediction error increases with the greater number of antennas at

the transmitter and the receiver. For instance, the SVD prediction errors obtained

after the DNN is trained for 10000 iterations are 0.428, 0.494, and 0.592 for 8-by-8,

16-by-16, and 32-by-32 matrices, respectively.

Comparison of Dropout and Max Pooling: In this section, we study the

performance of the DNN for rank-k approximation and the low-complexity DNN for

rank-k approximation when the max pooling and dropout are used. Figure 4.5-a

shows the test losses of the DNN for rank-k approximation while the number of

training iterations increases up to 10000 for 16-by-16 matrices. It is seen in Figure

4.5-a that the test losses decrease slower with dropout compared to the case when

max pooling or none of them are used. However, the smallest test losses are obtained

with dropout when the DNN for rank-k approximation is trained more than 5000

iterations. In Figure 4.5-b, we observe the test losses versus a different number

of training iterations of the low-complexity DNN for rank-k approximation using

16-by-16 matrices. For the low-complexity architecture, the smallest test losses are
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obtained when the dropout rate is 0.2. While the dropout rate increases up to 0.5,

the performance in terms of error slightly degrades. Furthermore, smaller test losses

are achieved with different rates of dropout compared to the case when max pooling

or none of them are used for the higher number of training iterations. Since the

dropout reduces redundancies in the DNN, it also decreases overfitting. Therefore, it

outperforms max-pooling in both architectures. However, the low-complexity DNN

requires less generalization due to its simplicity compared to the DNN for rank-

k approximation. Therefore, a lower dropout rate is required to achieve the best

performance for the low-complexity DNN.

Impact of Selected k Value During the Training and Testing: We then

investigate how the performance of the proposed DNN based SVD approach changes

if the DNN is used to estimate a smaller or a larger number of singular values and

singular vectors than the selected k value during the training. We first observe the

performance of the proposed approach when the DNN estimates a larger number of

singular values and singular vectors than k, which is used for the training. Figure

4.6-a shows the test losses of 16-by-16 matrices using the DNN for rank-k matrix

approximation when k is selected as 16, 14, 12, and 8 during the training. In these

simulations, we use 4 convolutional layers and a mini-batch size of 32. In each case,

the DNN is tested to predict 16 singular values and singular vectors of 16-by-16

matrices. It is shown in Figure 4.6-a that the test losses increase with the smaller

k values used during the training. Therefore, the value of k in training must be at

least equal to the value of k used for the testing. We then study the case when the

DNN estimates a smaller number of singular values and singular vectors than the

number of singular values and vectors predicted during the training. Figure 4.6-b

illustrates the test losses of the proposed approach when the DNN estimates 16, 14,

and 12 singular values and singular vectors of 16-by-16 matrices when k is set to

16 in the training phase. In this case, we observe that the testing performance of

the DNN based SVD approach is not affected significantly when the DNN estimates

a smaller number of singular values and vectors compared to the training phase,

which implies that the DNN does not need to be retrained to estimate a smaller
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Figure 4.6 Test losses for 16-by-16 matrices using the DNN for rank-k matrix ap-
proximation with the different values of k during the training and testing.
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Figure 4.7 Training and test losses for 16-by-16 channel matrices in the noisy case.

number of singular values and vectors than k used during the training. This result

also shows that the test losses of the DNN based SVD approach do not change with

the rank of the matrix when the size of the matrix remains the same.

Performance of the Proposed Approach in Noisy Case: In order to

observe the performance of the DNN based SVD approach in noisy scenarios, we

conduct the simulations using the additive white gaussian noise (AWGN) with dif-

ferent SNR values during the training and testing. In these simulations, we use 4

convolutional layers and a mini-batch size of 32. In Figure 4.7-a, we observe train-

ing and test losses of 16-by-16 channel matrices using the DNN for rank-k matrix

approximation when the AWGN with 0 dB SNR and 30 dB SNR are added to the

training and test matrices, respectively. As it is shown in Figure 4.7-a, training and
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Figure 4.8 Comparison of the test losses for three DNNs with the different sizes of
channel matrices.

test losses of the proposed approach do not degrade significantly when the noise gap

between training and test matrices is 30 dB. We then increase the noise gap to 40

dB, as it is seen in Figure 4.7-b, where the SNR of AWGN added to the training

matrices is decreased to −10 dB. As is expected, the effect of overfitting becomes

more severe due to the increased gap between the SNR used in the added noise to

the training and test matrices. We then compare the case when the SNR of AWGN

is higher for the training matrices compared to the SNR of AWGN added to the

test matrices. In Figure 4.7-c, the training and test losses of 16-by-16 channel ma-

trices are observed when the SNR of AWGN added to the training and test matrices

are 30 dB and 0 dB, respectively. When the results in Figures 4.7-a and 4.7-c are

compared, we see that the performance degradation during the test phase due to

the overfitting becomes more significant in the latter case. This result occurs as

the overfitting increases more if the training data is less noisy compared to the test

data.

Comparison of the Proposed Architectures for SVD: Figures 4.8-a, 4.8-

b, and 4.8-c illustrate the test losses with the proposed architectures for 8-by-8,

16-by-16, and 32-by-32 matrices, respectively. We use the loss functions defined in

(4.36), (4.37), and (4.42) to train the DNN for rank-k matrix approximation, the low-

complexity DNN for rank-k matrix approximation, and the DNN for SVD via rank-1

matrix approximation, respectively. We set the number of convolutional layers and

the mini-batch size to 4 and 32, respectively. As shown in Figure 4.8-a, for 8-by-8
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matrices, the low-complexity DNN for rank-k approximation outperforms the other

two DNNs in terms of accuracy at the beginning of the training. However, the DNN

for rank-k approximation gives smaller test losses than the other DNNs while the

number of training iterations increases. We observe in Figures 4.8-b and Figures 4.8-

c that the smallest test losses are obtained with the DNN for rank-k approximation

when 16-by-16 and 32-by-32 matrices are used. When the matrix size is not large,

the low-complexity DNN for rank-k approximation can learn faster than the DNN

for rank-k approximation since the number of parameters to be learned by each

DNN of the former architecture is less than the number of parameters in the latter.

However, the performance of the low-complexity DNN for rank-k approximation

starts to degrade with the larger sized matrices since the low-complexity of this

architecture cannot deal well with more complex data.

Comparison of the Proposed Training Approaches for the Low-

Complexity DNN for Rank-k Approximation: We then study the perfor-

mance of the two approaches proposed in Section 4.3.2 to train k DNNs of the

low-complexity architecture. Figure 4.9 shows the test losses when the sub-DNNs in

this architecture are trained jointly and sequentially for 8-by-8 matrices. In particu-

lar, we use the loss function given in (4.37) to train sub-DNNs of the low-complexity

architecture jointly. On the other hand, DNN-i of this architecture is trained one-

by-one using the loss function given in (4.41) in the other approach. We observe

that smaller test losses are achieved when sub-DNNs are trained one-by-one. When

sub-DNNs are trained sequentially, we guarantee that the first DNN is trained suc-

cessfully, and the residual error occurs in the input to the next DNN decreases

compared to the case when sub-DNNs are trained jointly.

Impact of Different Number of Convolutional Layers on the Accuracy

of DNNs: In Figures 4.10-a, 4.10-b, and 4.10-c, we compare the test losses of

32-by-32 matrices obtained by the DNN for rank-k matrix approximation, the low-

complexity DNN for rank-k approximation, and the DNN for rank-1 approximation

with the different number of convolutional layers, respectively. In these results, the

size of the mini-batch is set to 32. In Figure 4.10-a, the loss function given in (4.36)
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Figure 4.9 Comparison of the test losses when the sub-DNNs in this architecture
are trained jointly and sequentially using 8-by-8 matrices.
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Figure 4.10 Test losses of the DNNs for SVD with the different number of convolu-
tional layers using 32-by-32 channel matrices.
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using 32-by-32 channel matrices.



118

is used. We observe in Figure 4.10-a that the test losses reduce more rapidly when

the number of convolutional layers is 2 and 4 in DNN for rank-k matrix approxima-

tion. While the number of iterations increases, the test losses with 6 convolutional

layers become similar to the losses with 2 and 4 convolutional layers. Since the

number of parameters is higher when 6 layers are used compared to 2 and 4 layers,

a higher number of iterations is required for the losses to converge with 6 layers. We

use the loss function given in (4.37) in Figure 4.10-b. It is shown in Figure 4.10-b

that the smaller test losses are achieved while the number of convolutional layers

decreases. Since the number of features to be learned by each DNN in the low-

complexity architecture is less than the number of parameters to be learned by the

DNN for rank-k approximation, the low-complexity architecture requires a smaller

number of convolutional layers to achieve the maximum performance. Otherwise,

the performance degrades with the higher number of convolutional layers due to

overfitting. Finally, we train the DNN for rank-1 approximation using the loss func-

tion given in (4.42). We observe in Figure 4.10-c that the test losses decrease with

the smaller number of convolutional layers since the DNN for rank-1 approximation

also has less number of parameters to be learned compared to other proposed DNN

architectures.

Table 4.2 Time complexity of conventional and DNN-based SVD methods

SVD Computation Technique Time Complexity

SVD algorithm by Golub et al [116] O(N2
RNT )

SVD algorithm based on LAPACK routine [117] O(NRN
2
T )

DNN for rank-k approximation O(n×m2 × f 2 × (NR ×NT + p× (NR +NT ) + p2) + k2 × (N2
R +NRNT +N2

T ))

Low-complexity DNN for rank-k approximation O(k × (n×m2 × f 2 × (NR ×NT + p× (NR +NT ) + p2) + (N2
R +NRNT +N2

T )))

DNN for rank-1 approximation O(n×m2 × f 2 × (NR ×NT + p× (NR +NT ) + p2) + (N2
R +NRNT +N2

T ))

Impact of Different Sizes of Mini-Batches on the Accuracy of DNNs:

In this section, we evaluate the performance of proposed DNNs in terms of accuracy

with the different sizes of mini-batches. Figures 4.11-a, 4.11-b, 4.11-c illustrate the

test losses for the DNN for rank-k matrix approximation, the low-complexity archi-

tecture, and the DNN for rank-1 approximation for 32-by-32 matrices, respectively.
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We use the loss function given in (4.36), (4.37), and (4.42) to train the DNNs. We

set the number of convolutional layers to 2. The results in Figure 4.11-a show that

the test losses decrease more rapidly while the mini-batch size grows from 32 to

128. Since the larger sizes of mini-batches provide a better estimate of the gradi-

ent [196], the test losses with a mini-batch size 64 and 128 converge to smaller values

than the case with a mini-batch size 32. We observe in Figure 4.11-b that the test

losses decrease faster with the larger sizes of mini-batches when the low-complexity

DNN for rank-k approximation is used. These results reveal that the test losses

converge to the global minimum more quickly with a mini-batch size of 128. In

the low-complexity DNN for rank-k approximation, the global optimum is achieved

eventually with the smaller sizes of mini-batches. As shown in Figure 4.11-c, the

test losses of the DNN for rank-1 approximation are obtained the same with the dif-

ferent sizes of mini-batches. Since the number of parameters of the DNN for rank-1

approximation is smaller than the other proposed DNN architectures, the test error

converges rapidly with different sizes of mini-batches.

4.3.5 Analysis of Time Complexity and Memory Requirements

Time Complexity Comparison: The conventional algorithm proposed in [116]

for computing the SVD of a matrix H ∈ CNR×NT first computes H∗H and then

calculates its eigenvalues, which gives O(N2
RNT ) as complexity for the SVD. An-

other conventional method given in [117] transforms H into an NT ×NT bidiagonal

matrix, and then computes the singular values and singular vectors of the resulting

bidiagonal matrix. The algorithm proposed in [117] has O(NRN
2
T ) time complexity.

The time complexity of the training phase and the test phase of a CNN are de-

fined as O (N × b×∑n
i=1mi−1 × f 2

i ×mi × l2i ) and O (
∑n

i=1mi−1 × f 2
i ×mi × l2i ),

respectively [197]. Here, n, i, mi, f
2
i , and li are the number of convolutional layers,

the index of the convolutional layer, the number of filters, the spatial size of the

filter, and the output features in the ith layer, respectively. We denote the batch

size of the training with b and the number of training epochs with N . Let us assume

f 2
i = f 2 and mi = m are fixed for i = 1, ..., n. In the proposed DNN architectures
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for the SVD, zero-padding with size p is applied to the input matrix with a size of

NR×2NT . Therefore, the spatial size of output features is l2i = (NR+2p)×(2NT+2p)

for i = 1, ..., n. Finally, a fully-connected layer is included in each DNN architecture

to generate estimated output values. The time complexity of a fully-connected layer

during the testing phase can be approximated as O
(∑nhid

i=1

∑nout
j dij

)
, where nhid,

nout, and di denote the number of hidden nodes, the number of output nodes, and

the distance between hidden neuron i and output neuron j, respectively. The num-

ber of output nodes are 2kNR+2kNT +k and 2NR+2NT +1 in DNN for rank-k and

rank-1 approximation, respectively. The number of output nodes of the ith DNN in

the low-complexity architecture is 2NR + 2NT + 1. Moreover, the number of hidden

nodes in the fully-connected layer of each DNN architecture equals to the number

of output nodes.

Then, the time complexity of conventional SVD methods and the time complex-

ity of the proposed DNN based approaches are obtained as in Table 4.2. The time

complexity of conventional methods can be approximated as O(min(N2
RNT , NRN

2
T )).

For the constant values of k, m, n, f , and p, the DNN for rank-k approxi-

mation, the low-complexity DNN for rank-k approximation, and the DNN for

rank-1 approximation have a time complexity of O(max(k2NRNT , k
2N2

R, k
2N2

T )),

O(max(kNRNT , kN
2
R, kN

2
T )), and O(max(NRNT , N

2
R, N

2
T )), respectively. While the

number of transmit and the number of receive antennas increase and k, m, n, f ,

and p are kept as constant, DNN based approaches become computationally more

efficient than the conventional SVD methods. When k gets closer to NT and NR,

the conventional methods become computationally more efficient than the DNN for

rank-k approximation. The computation time of the low-complexity architecture

becomes comparable to the conventional methods with the larger values of k. On

the other hand, the time complexity of the DNN for rank-1 approximation is still less

than the conventional methods when k approaches NT and NR. We also propose to

reduce the number of convolutional layers, the number of filters, and the spatial size

of each filter in the low-complexity DNN for rank-k approximation. Therefore, the

computational complexity can be further reduced compared to the DNN for rank-k
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approximation. Similarly, we propose to use a fewer number of convolutional layers

and filters with a smaller spatial size compared to the DNN for rank-k approxima-

tion in the DNN for rank-1 approximation to reduce the complexity. Furthermore,

the low-complexity DNN for rank-k approximation and DNN for rank-1 approxima-

tion are required to train for a fewer number of iterations, which implies that N is

smaller than in the DNN for rank-k approximation. Therefore, the time complex-

ity of the training phase is further reduced in the low-complexity DNN for rank-k

approximation and DNN for rank-1 approximation.

Table 4.3 Memory requirements for DNN-based SVD methods

DNN for rank-k approximation Low-complexity DNN for rank-k approximation DNN for rank-1 approximation k l m n t NR NT

48.9 kB 24.4 kB 2.1 kB 8 3 4 8 2 16 16

3.4 kB 2.2 kB 425.2 B 4 2 3 6 2 8 8

274.6 B 131.8 B 112.2 B 2 1 2 4 1 4 4

Memory Requirements Comparison: The computations in each convolu-

tional layer of a CNN require performing a convolution of each filter across the

entire input. Each of the three proposed DNNs for computing the SVD gets the

matrix with a size of NR × 2NT as the input. In each convolutional layer of

the proposed DNN architecture, one filter is convolved across the input to gen-

erate an output matrix of size (NR + 2p) × (2NT + 2p), where p is the num-

ber of padded zeroes to each side of the input matrix. This convolution op-

eration is repeated for each of the m filters with f 2 spatial size, producing a

1 × 1 strip of output values of length m. The memory requirements of the in-

put matrix and the filter are 2NRNT and mf 2, respectively. After the entire

input matrix is convolved with m filters, 2mNRNT + 2mpNR + 4mpNT + 4mp2

output activations are generated. The memory requirement for the output of a

CNN with n convolutional layers is 2nmNRNT + 2nmpNR + 4nmpNT + 4nmp2.

The DNN for rank-k approximation is composed of multiple convolutional lay-

ers and one fully-connected layer. The fully connected layer multiplies an in-

put vector of size 1 × 2mNRNT + 2mpNR + 4mpNT + 4mp2 with a weight ma-
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trix of size 2mNRNT + 2mpNR + 4mpNT + 4mp2 × 2kNR + 2kNT + k to pro-

duce an output vector of size 1 × 2kNR + 2kNT + k, where 2kNR + 2kNT + k

is the number of output nodes in the DNN for rank-k approximation. There-

fore, the total memory requirement of the DNN for rank-k approximation equals to

k+mnf 2 + (2k+n)mp2 + (NR +NT )(16kmp2 + 2k) + (NR+ 2NT )(4kmp+ 2mnp+

2mp)+NRNT (2+2n+4m+2km+24kmp)+kmp(N2
R+2N2

T )+4k m(N2
RNT +NRN

2
T ).

Each of the DNN in the low-complexity architecture is composed of multiple

convolutional layers and one fully-connected layer. Let us denote the number of

convolutional layers and the number of filters in each DNN with l ≤ n and t ≤ m,

respectively. The number of output nodes of the ith DNN in this architecture is

2NR+2NT +1 as it is explained in Section 4.3.4. When the remaining parameters of

each DNN in this architecture are the same with the DNN for rank-k approximation,

the memory requirement of the fully-connected layer of each DNN is (2NR + 2NT +

2)(2tNRNT + 2tpNR + 4tpNT +4tp2 + 1). Therefore, the total memory requirement

of the low-complexity DNN for rank-k approximation is k+ ltf 2+(2k+ l)tp2+(NR+

NT ) (16ktp2 + 2k)+(NR + 2NT )(4ktp + 2ltp + 2tp)+NR NT (2 + 2l + 4t + 2kt +

24ktp) + ktp(N2
R +2N2

T ) + 4kt(N2
RNT +NRN

2
T). When l = n and t = m, the total

memory requirement of the DNN for rank-k approximation and the low-complexity

DNN architecture becomes equal to each other. The DNN for rank-1 approximation

also consists of multiple convolutional layers and one fully-connected layer with

2NR + 2NT + 1 output nodes. We assume that the values of the parameters of this

architecture equal to the values of the parameters in the low-complexity DNN for

rank-k approximation. The memory requirement of the fully connected layer of the

DNN for rank-1 approximation is (2NR+2NT+2)(2tNRNT+2tpNR+4tpNT+4tp2+1)

as in the low-complexity architecture. Therefore, the memory requirement of the

DNN for rank-1 approximation becomes 2 + 2ltf 2 + 4tp2(2 + l) + 2tp(l + 2)(NR +

2NT ) +(8tp2 + 2)(NR+NT ) +NRNT (2 +4t+ 2lt+ 12tp) +4t(pN2
R+ 2pN2

T +N2
RNT ).

This result shows that a 1/k reduction in the memory requirement is obtained with

the DNN for rank-1 approximation compared to the DNN for rank-k approximation

and the low-complexity DNN architecture. We assume that each element of the
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Figure 4.12 DL-based hybrid BF architecture, which uses the DNN for rank-k matrix
approximation.

real-valued arrays in the proposed architectures is represented with a floating-point

number, which is stored using four bytes (32-bits). When f 2 = 9 and p = 2, the

memory requirements of the proposed DNN architectures are obtained in terms of

bytes (B) and kilobytes (kB) for different values of the parameters as in Table 4.3.

4.4 Deep Learning for Hybrid BF

In this section, we present a novel DL-based approach for the hybrid BF system, as

depicted in Figure 4.12. The problem of the hybrid BF system design is formulated

as, (
Topt
RF ,T

opt
BB,R

opt
RF ,R

opt
BB

)
= maximize

TRF ,TBB ,RRF ,RBB

R,

s.t. ‖TRFTBB‖2F = L, ‖RRFRBB‖2F = L,

(4.44)

where R can be obtained by substituting Topt = TRFTBB and Ropt = RRFRBB in

(4.16).

To solve this problem, we introduce a novel DNN based hybrid BF approach,

which can be realized by using either of the three architectures proposed for the

SVD in Section 4.3. In the proposed approach, we minimize the Frobenius dis-

tance between the rank-k approximations obtained with the unconstrained and hy-

brid beamformers instead of maximizing the rate directly. Figure 4.12 depicts the



124

proposed architecture for the hybrid BF in which the DNN for rank-k matrix ap-

proximation is used. The DNN gets the channel matrix H ∈ CNR×NT as the input

and transforms that into a real-valued matrix with NR × 2NT size. As shown in

Figure 4.12, the DNN for rank-k matrix approximation, which consists of multi-

ple convolutional layers and one fully-connected layer, is trained to estimate the L

largest singular values (σ̃1, σ̃2, ..., σ̃L), the unnormalized values of the BB precoder
(
[t̂BB1 , ..., t̂BBLTL]T

)
, the unnormalized values of the BB combiner

(
[r̂BB1 , ..., r̂BBLRL]T

)
,

the unquantized values of the RF precoder
(
[t̂RF1 , ..., t̂RFNTLT ]T

)
, and the unquantized

values of the RF combiner
(
[r̂RF1 , ..., t̂RFNRLR ]T

)
. Here, L denotes the number of data

streams sent through the hybrid BF system. Then, the L largest singular values are

transformed into a diagonal matrix Σ̃L with σ̃1, σ̃2, ..., σ̃L on its diagonal. Through

the quantization layers, the phase value of each unquantized element of the RF pre-

coder and combiner is quantized, and the quantized elements of the RF precoder

and combiner are estimated as [t̃RF1 , ..., t̃RFNTLT ]T and [r̃RF1 , ..., t̃RFNRLR ]T , respectively.

The quantized elements of the RF precoder and combiner are transformed into the

RF precoder and combiner matrices as T̃RF and R̃RF , respectively. The unnor-

malized values of the BB precoder
(
[t̂BB1 , ..., t̂BBLTL]T

)
and the unnormalized values

of the BB combiner
(
[r̂BB1 , ..., r̂BBLRL]T

)
) are also turned into the unnormalized BB

precoder and combiner as T̂BB and R̂BB, respectively. Finally, the normalized BB

precoder
(
T̃BB

)
and the normalized BB combiner

(
R̃BB

)
are estimated by using

the normalization layers.

In this section, we explain the RF constraints that we incorporate into our DNN

based hybrid BF approach. Then, we describe how we satisfy the power constraint

and explain the loss function used during the optimization step. Finally, we sum-

marize our experimental results.

4.4.1 Incorporation of RF Constraints of Hybrid Beamformers

As the finite-precision phase shifters are used in the RF domain, the elements of

TRF ∈ CNT×LT and RRF ∈ CNR×LR are restricted to satisfy |[TRF ]n,i|2 = N−1T and

|[RRF ]m,j|2 = N−1R , respectively. If each phase shifter in the analog beamformers is
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Figure 4.13 Toy examples for quantization approach 1 based on piece-wise linear
functions.

controlled by an Nq-bit input, n(m)th row of the [TRF ](n,i)
(
[RRF ](m,j)

)
is denoted by

e
j2πnkq

2Nq

(
e
j2πmkq

2Nq

)
for some kq = 0, 1, ..., 2Nq−1. To incorporate these constraints, we

add quantization layers to quantize the phase of each element of the RF beamformers

in this architecture. A naive approach would be discretizing the weights associated

with the RF beamformers using a uniform quantizer, in which each weight is rounded

to the nearest value from a finite set of quantization levels. However, gradient-based

optimization techniques would generate zero gradients during the training of the

uniform quantizer, which would prevent updating the weights associated with the

quantization layers. We propose four approaches to formulate the quantization as

a differentiable function. Let us denote the ith element of the unquantized and

vectorized RF precoder estimated by the DNN as t̂RFi = cte
jαi , where ct = 1√

NT
is

the modulus and αi is the phase of the ith element. Similarly, we can define the

kth element of the unquantized and vectorized RF combiner as r̂RFk = cre
jβk where

cr = 1√
NR

is the modulus and βk is the phase of kth element. This section explains

how the proposed approaches can be used to estimate the quantized RF precoder

T̃RF . The same procedures are applied to estimate the quantized RF combiner R̃RF .

Quantization Approach 1: In this approach, we use a combination of step and

piece-wise linear functions to approximate uniform quantization. Such a quantiza-

tion function has non-zero gradients on the regions that are determined by piece-wise

linear functions so that it can be learned during backpropagation. In this case, the
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weights related to the quantized RF precoder and combiner are updated in each

training iteration, which would not be possible with the uniform quantization. In

the training, the phase of ith element t̂RFi of the unquantized and vectorized RF

precoder [t̂RF1 , ..., t̂RFNTLT ]T is approximated as,

α̃i =





0, if 0 ≤ αi ≤ 2π(n−γ)
2Nq

αi, if 2π(n−γ)
2Nq

< αi ≤ 2π(n+γ)

2Nq
, n = 1, ..., 2Nq − 1

2πn
2Nq

, if 2π(n+γ)

2Nq
< αi ≤ 2π((n+1)−γ)

2Nq
, n = 1, ..., 2Nq − 1

αi, if 2π(2Nq−γ)
2Nq

< αi ≤ 2π

(4.45)

where 0 ≤ γ ≤ 1. α̃i is the quantized phase value based on the piece-wise linear

approximations. Then, the quantized value of the ith element in the RF precoder

can be written as t̃RFi = cte
jα̃i for 1 ≤ i ≤ NTLT . The quantized and vectorized RF

precoder [t̃RF1 , ..., t̃RFNTLT ]T is then reshaped into the quantized RF precoder matrix

given as T̃RF . In Figures 4.13-a and 4.13-b, toy examples for this quantization tech-

nique are presented. In Figure 4.13-a, γ and Nq are set to 0.25 and 1, respectively.

Figure 4.13-b shows the case when γ = 0 and Nq = 1. In the testing phase, αi is

quantized as,

α̃i =
2πn

2Nq
, (4.46)

where 2πn
2Nq
≤ αi ≤ 2π(n+1)

2Nq
and n = 0, 1, ..., 2Nq − 1. As depicted in Figures 4.13-a

and 4.13-b, quantization approach 1 starts to behave as the uniform quantization

while γ goes to 0. When γ = 0, quantization is realized in an exactly same way in

training and test phases. On the other hand, the differentiable regions get larger

while γ gets closer to 1, which would allow to update the weights related to the RF

precoder and combiner in every iteration during the training.

Quantization Approach 2: The first proposed quantization function is not

smooth and has zero gradients on the regions defined by step functions. Therefore,

we replace each step function in the uniform quantization with a sigmoid function

in the second quantization approach. The sigmoid function has non-zero gradients

everywhere, which prevents gradient mismatch during backpropagation. For a set
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Figure 4.14 Toy example for quantization approach 2 based on sigmoid functions.

of phase values of the unquantized and vectorized RF precoder of a hybrid BF

system with NT transmit antennas and LT RF chains at the transmitter ({αi, i =

1, ..., NTLT}), the second quantization approach is applied to each αi as,

α̃i =
1

1 + exp (β(αi − bn))
+ on, (4.47)

where β is the scale factor of the input. bn and on are the bias and offset for the nth

quantization level, respectively. Here, n = 1, ..., 2Nq and Nq is the number of bits

used in phase shifters. A toy example for quantization approach 2 is shown in Figure

4.14. In the toy example, Nq = 1, b1 = 1, b2 = 2, o1 = 0, o2 = 1, and β = −20. This

approach converges to the uniform quantization as the absolute value of β increases.

Quantization Approach 3: The main idea of all proposed quantization ap-

proaches is to approximate the quantization operation as a differentiable function

to update any weights and activations during backpropagation in DNNs. Since

the weights are not updated during forward propagation, we use step functions to

apply uniform quantization in the third approach for forward propagation. For

Nq-bit phase shifters, uniform quantization considers 2Nq − 1 equally spaced points

between 0 and 2π excluding endpoints and assigns the phase value of the ith ele-

ment of the unquantized and vectorized RF precoder (αi) to the closest quantization

value. During backpropagation, we use a linear combination of sigmoid functions.

In particular, the quantized value of the ith element in the RF precoder, which is

written as t̃RFi = cte
jα̃i for 1 ≤ i ≤ NTLT , is computed as in (4.47). Here, NT and

LT denote the number of transmit antennas and the number of RF chains at the
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Figure 4.15 Toy examples for quantization approach 3 during forward and backward
propagation.

transmitter, respectively. The gap between the step and sigmoid functions can be

reduced by increasing the absolute value of the scale factor β in (4.47). In order to

visualize the difference between forward propagation and backward propagation, we

present toy examples as given in Figures 4.15-a and 4.15-b. In both of the figures,

Nq = 1. During backpropagation as shown in Figure 4.15-b, we set the values of b1,

b2, o1, and o2 to 1, 2, 0, and 1, respectively.

Quantization Approach 4: Finally, we propose a fourth quantization ap-

proach, which assigns αi to one of 2Nq quantization points probabilistically during

forward propagation. Here, αi denotes the phase value of the ith element in the un-

quantized and vectorized RF precoder, i.e., t̂RFi = cte
jαi for 1 ≤ i ≤ NTLT . We apply

the stochastic quantization approach given in [132] to each {αi, i = 1, ..., NTLT} as,

α̃i =
b2Nqαic

2Nq
+

ri
2Nq

, (4.48)

where ri is the rounding function and defined as ri ∼ Bernoulli
(
2Nqαi − b2Nqαic

)
.

Nq, NT , and LT denote the number of bits used in phase shifters, the number of

transmit antennas, and the number of RF chains at the transmitter, respectively. To

backpropagate the gradients through this quantization function, we use the straight-

through estimator as defined in [133]. Let us denote the quantization function given

in (4.48) as Q(α)i = b2Nqαic
2Nq

+ ri
2Nq

. Then, the gradient of Q(α)i with respect to αj
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is defined almost everywhere, and it is given as,

∂Q(α)i
α̃j

=





1, if αi has been quantized to α̃j

0, otherwise
(4.49)

Therefore, all the weights, whose gradients are generated using the straight-through

estimator, can be updated during backpropagation.

4.4.2 Satisfying Power Constraints

We also require to design the analog and digital beamformers by considering the

power constraints. As we defined in Section 4.1.4, the hybrid BF system must sat-

isfy the power constraint, i.e., ‖TRFTBB‖2F = L and ‖RRFRBB‖2F = L, where L

is the number of transmitted data streams. To meet with the power constraints

of the hybrid beamformers, we append normalization layers to the DNN, which

normalize the vectorized and unnormalized values of the BB precoder and com-

biner generated by the DNN. Let denote the vectorized and unnormalized BB pre-

coder with [t̂BB1 , ..., t̂BBLTL]T and the vectorized and unnormalized BB combiner with

[r̂BB1 , ..., r̂BBLRL]T . Then, [t̂BB1 , ..., t̂BBLTL]T and [r̂BB1 , ..., r̂BBLRL]T are transformed into the

unnormalized BB precoder matrix T̂BB and the unnormalized BB combiner matrix

R̂BB. By using the unnormalized BB precoder T̂BB, the quantized RF precoder

T̃RF , the unnormalized BB combiner R̂BB, and the quantized RF combiner R̃RF ,

the normalized BB precoder and combiner are computed as,

T̃BB =
√
L

T̂BB

||T̃RF T̂BB||F
, (4.50)

R̃BB =
√
L

R̂BB

||R̃RF R̂BB||F
. (4.51)

4.4.3 Overall Loss Function

In this subsection, we define a customized overall loss function to train the DNN for

the hybrid BF. Let ΣL = diag(σ1, ..., σL), UL = [u1, ...,uL], and VL = [v1, ...,vL]
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Figure 4.16 Achievable rates of the proposed approach for hybrid BF based on three
DNNs for SVD, and the unconstrained BF versus SNR for the different number of
transmitter and receiver antennas.

denote the L largest singular values and singular vectors, where L ≤ rank(H) is the

number of data streams in the hybrid BF system. We can define the rank-L matrix

approximation of H as,

HL = ULΣLVL
∗. (4.52)

By using the outputs of DNN, we approximate the left and right singular vectors of H

as R̃opt = R̃RF R̃BB and T̃opt = T̃RF T̃BB, respectively. Then, rank-L approximation

of H is estimated as,

H̃L = R̃optΣ̃LT̃
∗
opt. (4.53)

The DNN for the hybrid BF is trained to minimize the Frobenius distance between

HL and H̃L. Additionally, T̃opt = [t̃1, ..., t̃L] and R̃opt = [r̃1, ..., r̃L] must be orthog-

onal matrices, i.e., ||t̃∗i t̃j||2 = ||r̃∗i r̃j||2 = 0 ∀ i, j s.t. i 6= j. Here, t̃i ∈ CNT×1,

r̃i ∈ CNR×1, and i = 1, ..., L. Formally, we define the loss function as,

L (θ) =
||HL − H̃L||F
||HL||F

+ λ1
∑

i 6=j

||r̃∗i r̃j||2 + λ2
∑

i 6=j

||t̃∗i t̃j||2, (4.54)

where λ1 and λ2 are the non-negative constants. The second and third terms in

(4.54) satisfy the orthogonality of the T̃opt and R̃opt, i.e., ||r̃∗i r̃j||2 = 0 and ||t̃∗i t̃j||2 =

0, ∀ i, j s.t. i 6= j.
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4.4.4 Experimental Study of DNNs for Hybrid BF

In this subsection, we compare the achieved rates with the proposed hybrid BF

approach based on three DNNs for the SVD. We highlight the impact of different

system parameters, such as the number of antennas, the number of iterations, and

the types of quantization techniques, on the performance of our approach. Moreover,

we compare the achieved rates of the proposed hybrid BF based on three DNNs with

the unconstrained BF, the conventional hybrid BF algorithms given in [1–3], an ML-

aided hybrid BF algorithm based on adaptive CE optimization [4], two DL-based

hybrid BF algorithms [5, 6], an autoencoder-based hybrid BF algorithm [7]. For

the simulations of [1], the parameters are chosen as follows. The number of BF

vectors at the transmitter in each stage of the algorithm is set to 2. The required

resolutions for the AoD and AoA are chosen as 2NT and 2NR, respectively. In the

simulations of [2], we set the number of paths of the channel to the max{NT , NR}
unless otherwise specified. The simulation parameters of the algorithm proposed

in [3] are chosen as follows. Qt and Qr, which denote the transmitter and Rx beams

with the largest effective powers selected for the reduced set of the possible beams,

are assumed to equal to each other, i.e., Qt = Qr = Q = 2Nq . Here, Nq is the

number of bits used in the phase shifters. For the simulations of [4], the number of

candidates and elites for the beamformers are set to 2 × 2Nq and 2Nq , respectively.

We use a step size of 0.0001, and train the algorithm for 1000 iterations. In the

simulations of [5], we choose the parameters as follows. For the training of the

algorithm, an MLP with 4 hidden layers is used. The ReLU activation functions are

used in the hidden layers. The dropout rate and the learning rare are set to 0.05 and

0.0001, respectively. We use a mini-batch size of 100. The MLP is trained using the

mean squared error function with Adam optimization. The best weights are found

using early stopping to avoid overtraining. 10000 channel matrices are divided into

a training set with 8000 matrices and a test set with 2000 matrices. The number of

BS and the mobile user is set to 1, and the number of antennas at the BS and the

user are selected as equal to each other, i.e., NT = NR. For [6], a CNN with four
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Figure 4.17 Achieved rates of DNN based hybrid BF, conventional hybrid BF algo-
rithms given in [1–3], and the data-driven hybrid BF algorithms given in [4–7] for
mmWave systems with the different number of transmitter and receiver antennas.

convolutional layers is used in the simulations. The number of filters in the first,

second, and third convolutional layers in the CNN are 32, 64, and 128, respectively.

The last convolutional layer has 128 filters. The spatial size of each filter in the CNN

is set to 9, and the size of zero-padding is 7. The CNN is trained using the mean

squared error function with Adam optimization. The learning rate used during the

training is 0.0001. Finally, the dropout rate, the mini-batch size, the number of

epochs are set to 0.05, 32, and 1000, respectively. In [7], the number of training

iterations, the learning rate, and the mini-batch size are selected as 1000, 0.0001,

and 32, respectively. For the simulations of all the algorithms, the number of bits

used in the phase shifters is set to 2 for 8-by-8 mmWave systems, and 3-bit phase

shifters are used in the 16-by-16 and 32-by-32 mmWave systems. Moreover, the

number of paths in the channel equals the max{NT , NR} unless otherwise specified.

DL Model: We design the DNNs in our hybrid BF approach using CNNs, as in

Section 4.3.4. We use mini-batches with a size of 32, and we obtain the simulation

results for DNN with 4 convolutional layers. The first convolutional layer uses a

filter with a size of 32 × 3 × 3. The second and third convolutional layers apply

filters with a size of 64 × 3 × 3. In the remaining layers, filters with a size of

128 × 3 × 3 are used. Convolutional layers are followed by a dropout layer with a
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rate of 0.4, a max-pooling layer, and a fully connected dense layer. DNNs for the

hybrid BF have ELU activation units in each hidden layer except the quantization

layers, which use sigmoid functions instead. Finally, the linear activation function

is used in the last layer. The quantization approach 1 based on piece-wise linear

functions is used to generate the phases of RF beamformers during the training of

each DNN unless otherwise specified. The loss function given in (4.54) with Adam

optimization is used for training DNNs. The test and training losses of the algorithm

with different sized matrices are observed while changing the values of non-negative

constants from 0.0001 to 0.1 with the step of 0.001. Since the best performance

is achieved when both of the non-negative constants equal to 0.01, λ1 and λ2 are

set to 0.01. The rates are obtained after training DNNs for 1000 iterations with

a 0.0001 learning rate unless otherwise specified. We use the Keras [198] with a

Tensorflow [195] backend for the simulations.

Channel Model and Data Generation: For generating datasets to represent

the mmWave channel in different time instances, we use the geometric channel model

introduced in Section 4.1.2. In the simulations of the geometric channel model,

we assume the antenna arrays to be ULAs. The spacing between two successive

antennas is equal to λ/2. The AoDs/AoAs are uniformly distributed in [0, 2π].

The distance between the transmitter and the receiver is 50 meters (m), the carrier

frequency is 28 GHz, the path loss exponent (PLE) is 3, and the system bandwidth is

100 MHz. The average transmit power is set to 7 dB. 10000 channel matrices, which

are divided into a training set with 8000 matrices and a test set with 2000 matrices,

are generated for 8-by-8, 16-by-16, 32-by-32, and 64-by-64 mmWave systems.

Comparison of Hybrid BF Approaches based on Proposed DNNs for

SVD: To study the performance of the proposed hybrid BF based on DNNs, we

first conduct simulations using the geometric channel model given in Section 4.1.2.

We implement each DNN using a mini-batch size of 32. The number of convolu-

tional layers is set to 4. We generate full-rank channel matrices for all three cases.

Therefore, the number of channel paths (S) equals the number of transmit and re-

ceive antennas of the mmWave system. Figures 4.16-a, 4.16-b, and 4.16-c illustrate
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the achieved rates with the proposed hybrid BF approach based on three DNNs for

the SVD, and the unconstrained BF for 8-by-8 mmWave system with 2-bit phase

shifters, 16-by-16 and 32-by-32 mmWave systems with 3-bit phase shifters. For

different sized mmWave systems, the hybrid BF approach based on DNN for rank-

k matrix approximation outperforms the hybrid BF based on the low-complexity

DNN for rank-k approximation and the hybrid BF based on the DNN for rank-1

approximation. In these results, we observe that the performance gap between the

DNN for rank-k matrix approximation and the other DNN architectures increases

as the number of antennas increases at the transmitter and the receiver. The reason

for this behavior is that an additional distortion is added to the input matrix when

ith singular value and singular vectors are estimated from rank-k − i + 1 matrix

obtained by subtracting rank-i − 1 matrix, which is computed using the estimated

i−1 singular values and vectors, from the original rank-k channel matrix. Therefore,

the distortion increases as the rank of the channel increases for the low-complexity

DNN for rank-k matrix approximation and the DNN for rank-1 matrix approxima-

tion. Since we consider full-rank channel matrices in these simulations, the number

of transmit and receive antennas is equal to the rank of the channel, which leads to

an increase in the performance gap with a higher number of antennas. Moreover,

the achieved rates of the low-complexity DNN for rank-k approximation and the

DNN for rank-1 approximation get closer while the number of antennas increases

due to the accumulated noise in each DNN of the low-complexity architecture.

Comparison of Proposed DL-Based Hybrid BF Approach with the

State-of-the-Art: We compare the achieved rates of the hybrid BF based on

DNN for rank-k matrix approximation presented in Section 4.3.1 with conventional

hybrid BF algorithms given in [1–3], an ML-aided hybrid BF algorithm based on

CE optimization [4], two DL-based hybrid BF algorithms given in [5, 6], and an

autoencoder-based hybrid BF algorithm [7] in Figures 4.17-a, 4.17-b, and 4.17-c.

In these results, the DNN has 4 convolutional layers and a mini-batch size of 32.

We use 2-bit phase shifters in the RF beamformers of 8-by-8 mmWave systems,

and 3-bit phase shifters in the RF beamformers of 16-by-16 and 32-by-32 mmWave
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Figure 4.18 Achieved rates of the constrained BF and the hybrid BF based on three
proposed DNNs with four quantization approaches for the 8-by-8 mmWave system.

systems. The hybrid BF algorithm proposed in [1] designs the beamformers by

approximating the channel’s dominant singular vectors based on a multi-resolution

BF codebook. The proposed multi-resolution codebook has multiple levels, each

with BF vectors, which are defined in terms of the set of quantized angles. In [2],

a hybrid BF algorithm based on orthogonal matching pursuit (OMP) has been

proposed. Authors of [2] formulate the problem as a sparse signal approximation

in which near-optimal beamformers are found. The hybrid BF algorithm given

in [3] first reduces the set of possible RF-BF vectors based on the dominant beams,

which are determined by a metric such as effective power or AoA direction. Then,

an exhaustive search is performed over all beamformers in the reduced set. The

authors of [4] have proposed an ML-aided hybrid BF algorithm based on adaptive

CE optimization. In this algorithm, the weight of each candidate hybrid beamformer

is adaptively updated according to their achievable sum-rates. In [5], a DNN is used

to predict the BF vectors from received signals using omni beam patterns. In [6], a

CNN-based BF technique is proposed to solve the optimum beam-selection problem

in Vehicle to Infrastructure (V2I) scenario. In this work, the authors focus on finding

the best pair of beams for analog BF of a transceiver with one RF chain and fixed

codebooks. Finally, a DNN framework is employed to construct an autoencoder

to learn the mapping between the optimum precoder and the multiplication of the

analog and digital precoders in [7].
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We consider the geometric channel model defined in Section 4.1.2. Figures 4.17-a,

4.17-b, and 4.17-c show the achieved rates of the hybrid BF based on DNN for rank-

k matrix approximation, conventional hybrid BF algorithms, an ML-aided hybrid

BF algorithm based on CE optimization, two DL-based hybrid BF algorithms, and

an autoencoder-based hybrid BF algorithm versus SNR for 8-by-8, 16-by-16, and

32-by-32 mmWave systems, respectively. It is shown in Figure 4.17-a that we obtain

23% improvement in rates with the proposed DNN based hybrid BF compared to the

ML-based hybrid BF algorithm given in [4] for 8-by-8 mmWave system when SNR

is 20 dB. Since our proposed approach is based on CNNs, which generally perform

better than the other ML-based approaches when the input is multi-dimensional,

the higher data rate is achieved with our algorithm compared to other data-driven

approaches. Moreover, our approach outperforms the other CNN-based hybrid BF

given in [6], and 26.33% gain in rates is achieved. In the algorithm given in [6], MSE

is used as the loss function during the training of CNNs. On the other hand, our

proposed loss function minimizes the error between the estimated and real rank-

k approximation of the given matrix, which achieves better results compared to

MSE. We also achieve 55.3% gain in rates with our approach compared with the

conventional hybrid BF algorithm given in [1]. Conventional hybrid BF approaches

find the sub-optimal beamformers, while the ML-based hybrid BF algorithms can

find the global optimum. Therefore, the performance gain of the proposed approach

compared to conventional algorithms further increases.

We see in Figure 4.17-b that the DNN based hybrid BF achieves 8% gain in

rates compared to the CNN-based hybrid BF algorithm [6]. Since the performance

of the proposed DNN architecture for rank-k approximation degrades with the higher

number of antennas, the improvement compared to the CNN-based algorithm also

decreases. Moreover, the performance of autoencoder-based hybrid BF gets better

than the DL-based hybrid BF algorithm [5] with a higher number of antennas. How-

ever, our approach achieves 21% gain compared to the autoencoder-based hybrid BF

algorithm. Furthermore, we obtain 34.35% gain in rates compared to the DL-based

hybrid BF algorithm [5] for 16-by-16 mmWave system. Finally, we achieve 69.5%
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improvement with our approach compared to the conventional algorithm proposed

in [1]. Moreover, the performance of the ML-based hybrid BF algorithm degrades

significantly for 16-by-16 mmWave system. We observe in Figure 4.17-c that for

32-by-32 mmWave system, our approach achieves 7.9% and 32.68% gains in rates

compared to the autoencoder-based [7] and the DL-based hybrid BF algorithm [5],

respectively. We can see in the results that the gain obtained with the DNN based

hybrid BF compared to the DL-based hybrid BF, which uses feedforward neural

networks, increases when the number of transmit and receive antennas increases

from 8 to 16. The increase in gain occurs since the performance of feedforward neu-

ral networks used in the algorithm given in [5] degrades with the larger number of

antennas. On the other hand, the performance gap between the autoencoder-based

hybrid BF and our approach degrades with the higher number of antennas due to

the performance loss of the proposed DNN for rank-k approximation with larger

sized matrices. Since the proposed loss function is more effective in learning the

features of beamformers, the proposed approach achieves 40% gain in rates com-

pared to the CNN-based hybrid BF algorithm given in [6] for 32-by-32 mmWave

system. In these results, we also observe that the gain in achieved rates with the

Table 4.4 Time complexity of DNN-based hybrid BF and the state-of-the-art

Hybrid BF Technique Time Complexity

Proposed Hybrid BF Based on DNN for Rank-k Approximation O(max(k2NRNT , k
2N2

R, k
2N2

T ))

Proposed Hybrid BF Based on the Low-Complexity DNN for Rank-k Approximation O(max(kNRNT , kN
2
R, kN

2
T ))

Proposed Hybrid BF Based on DNN for Rank-1 Approximation O(max(NRNT , N
2
R, N

2
T ))

Hybrid BF Based on Adaptive CE [1] O
(
K2S3

LR

(
S − logSK

)
(NRN

2
T )
)

Sparse Hybrid BF [2] O (NRN
2
T )

Hybrid BF Based on Efficient Power [3] O
(
QLRQLT

)

ML-Aided Hybrid BF Based on CE Optimization [4] O
(
I
(
2NqNTN

2
R

))

DL-Based Hybrid BF via MLP [5] O (NKp +NRNT )

DL-Based Hybrid BF via CNN [6] O(max(L2NRNT , L
2N2

R, L
2N2

T ))

Autoencoder-Based Hybrid BF [7] O (max(LN2
T , LN

2
R)

proposed approach increases with SNR for different sized mmWave systems. For

instance, the improvement in achieved rates with the proposed approach compared
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to the DL-based algorithm given in [5] is 25% for 16-by-16 mmWave system when

SNR is −10 dB. On the other hand, the gain in achieved rates compared to the same

approach increases to 34.35% when SNR is 20 dB for the same 16-by-16 mmWave

system. Furthermore, the proposed approach achieves 4.6% gain in rates compared

to the autoencoder-based BF algorithm given in [7] for 32-by-32 mmWave system

when SNR is 0 dB. When SNR is 20 dB, the improvement in rates becomes 7.9%

for 32-by-32 mmWave system.

Impact of Different Approaches of Quantization: In this section, we com-

pare the achieved rates of the proposed hybrid BF approaches based on the DNN

for rank-k matrix approximation, low-complexity DNN for rank-k matrix approxi-

mation, and DNN for rank-1 matrix approximation with four quantization methods

proposed in Section 4.4.1. By using the geometric channel model, we conduct sim-

ulations for the 8-by-8 mmWave system in which the RF beamformers have 2-bit

phase shifters. Figure 4.18-a shows the achieved rates with the hybrid BF based

on DNN for rank-k matrix approximation. We observe that the first and second

quantization approaches achieve similar rates and outperform other quantization

methods when DNN for rank-k matrix approximation is used. It is shown in 4.18-b

that the third quantization approach achieves the highest data rates with the low-

complexity DNN for rank-k matrix approximation. We observe in 4.18-c that the

fourth quantization approach outperforms other methods when the DNN for rank-1

matrix approximation is used. The first approach uses a combination of step and

piece-wise linear functions during backward propagation. Therefore, it is differen-

tiable on the regions that are determined by piece-wise linear functions. The second

and third approaches use the sigmoid function, while the fourth approach sets the

derivative of the gradients to the identity matrix during backward propagation.

Since these three approaches are differentiable in all regions, they can be learned

without suffering the gradient mismatch. We observe that the low-complexity DNN

and DNN for rank-1 approximation get the benefit of quantization approaches 2,

3, and 4 more than the DNN for rank-k approximation. The performances of low-

complexity DNN and DNN for rank-1 approximation are worse than the DNN for
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rank-k approximation since they are trained to learn from noisy input data. The

results in this section show that quantization approaches 2, 3, and 4 can compensate

for this performance degradation more than the quantization approach 1 since the

first approach is not differentiable in all regions.

Table 4.5 Run time results for DNN-based hybrid BF and the state-of-the-art

Size DNN for Rank-k Approximation Adaptive CE [1] Sparse BF [2] Efficient Power [3] ML-Aided BF [4] BF via MLP [5] BF via CNN [6] BF via Autoencoder [7]

4-by-4 0.313 sec 0.066 sec 0.0024 sec 0.162 sec 0.0136 sec 0.0645 sec 0.1597 sec 0.0405 sec

8-by-8 0.365 sec 0.468 sec 0.0038 sec 0.335 sec 0.0175 sec 0.0705 sec 0.447 sec 0.054 sec

16-by-16 0.526 sec 3.885 sec 0.006 sec 0.453 sec 0.0321 sec 0.0853 sec 0.932 sec 0.0764 sec

4.4.5 Time Complexity Analysis of DNN Based Hybrid BF

It has been shown in Section 4.3.5 that the DNN for rank-k approximation has a time

complexity of O(max(k2NRNT , k
2N2

R, k
2N2

T )) for the constant values of m, n, f , and

p, which denote the number of filters, the number of convolutional layers, the spatial

size of the filter, and the size of zero-padding, respectively. Moreover, we show in

Section 4.3.5 that the time complexity of the low-complexity DNN and the DNN for

rank-1 approximation is O(max(kNRNT , kN
2
R, kN

2
T )) and O(max(NRNT , N

2
R, N

2
T )),

respectively. Since the DNN consumes the major computation time, the time com-

plexity of the proposed hybrid BF can be approximated with the time complexity

of the used DNN architecture.

To estimate the mmWave channel, the authors of [1] have proposed an algorithm

which has a time complexity of O
(
K2S3

LR

(
S − logSK

))
, where K, LR, and S denote

the number of BF vectors at the transmitter in each stage, the number of RF chains

at the Rx, and the number of paths in the channel, respectively. In the hybrid BF

algorithm of [1], the SVD of estimated NR-by-NT channel matrix is calculated, which

has a time complexity of O(NRN
2
T ). With some mathematical manipulations, the

time complexity of this algorithm is approximated as O
(
K2S3

LR

(
S − logSK

)
(NRN

2
T )
)

.

Authors of [2] propose an OMP based hybrid BF algorithm with an approximate

time complexity of O (NRN
2
T ). In [3], Q transmitter and Q receiver beams with the

largest effective powers are selected, and an exhaustive search is performed on the
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reduced set. The time complexity of this algorithm is approximated as O
(
QLRQLT

)
.

In the ML-aided hybrid BF algorithm proposed in [4], effective channel matrices

and corresponding BB beamformers are computed for CN candidate beamformers.

This part of the algorithm, which has the highest time complexity, is O (CNNTN
2
R).

The number of candidate beamformers CN should be selected at least 2Nq , where

Nq is the number of bits used in the phase shifters, to cover all possible beam

directions. After I iterations, the total time complexity of the algorithm given

in [4] becomes O
(
I
(
2NqNTN

2
R

))
. In the training phase of the DL-based hybrid BF

algorithm introduced in [5], the Rx receives training symbols using Ntr different

RF-BF vectors, which leads to time complexity of O (NRNTNtr). Finally, a fully-

connected feed-forward DNN is trained with N pilot sequences each with a length

of Kp. Since the complexity of the DNN is approximately linear in the size of the

input, which is NKp for the DNN in this algorithm, the time complexity of training

and prediction phases are found to be O (NKp +NRNTNtr) and O (NKp +NRNT ),

respectively. In [7], the matrix multiplication of the analog and digital beamformers

dominates the computation time. We assume that TA ∈ CLT×NT and TD ∈ CL×LT

are the analog and digital precoders, respectively. Moreover, RA ∈ CNR×LR and

RD ∈ CLR×L are considered to be the analog and digital combiners, respectively.

Then, the time complexity of this algorithm becomes O (max(LN2
T , LN

2
R). In [6], a

CNN with four convolutional layers and one fully-connected layer is used. Moreover,

the number of filters in each convolutional layer, the spatial size of each filter, and

the size of zero-padding are kept the same with the DNN for rank-k approximation.

The number of output nodes in the fully connected layer is k(2NR + 2NT + 1)

as in the DNN for rank-k approximation. Therefore, the time complexity of the

algorithm given in [6] can be approximated as O(max(L2NRNT , L
2N2

R, L
2N2

T )). In

the given time complexities, L, NT , and NR denote the number of data streams, the

number of transmit antennas, and the number of receive antennas, respectively. The

complexities of testing phases for the proposed approach and other state-of-the-art

approaches are given in Table 5.2.

Based on the given approximations for the time complexities of our approach and
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the state-of-art algorithms, the DL-based hybrid BF algorithm given in [5] achieves

the least time complexity for small values of N and Kp. For large values of N and Kp,

the time complexity of the DNN for rank-1 approximation becomes smaller than [5].

Furthermore, the DNN for rank-k approximation and the low-complexity DNN have

comparable time complexities to the DNN for rank-1 approximation for the small

values of k. On the other hand, the time complexity of the hybrid BF algorithms

given in [2] and [7] are less than the hybrid BF algorithms given in [1] and [3].

Moreover, [7] has a smaller time complexity than the sparse hybrid BF algorithm

when the number of data streams (L) is less than min(NR, NT ). The time complexity

of the ML-aided hybrid BF algorithm proposed in [4] grows exponentially with the

number of bits used in the phase shifters. Therefore, the time complexity of this

algorithm is comparable to the complexity of the sparse hybrid BF algorithm when

the number of bits is small. However, it starts to increase rapidly while the number of

bits grows. Finally, we measure the average run time of our approach, and the state-

of-art hybrid BF algorithms over a batch size equal to 256, as shown in Table 4.5. In

our simulations, the values of Q, Nq, K, and S are set to 4, 3, 2, and 1, respectively.

For the scope of these results, the values of k, L, NR, NT , LR, LT , and NKp are

picked as either 4, 8, or 16 such that k = L = NR = NT = LR = LT = NKp.

4.5 Reinforcement Learning for Hybrid BF

4.5.1 Background on Reinforcement Learning and Related Work

Reinforcement learning is a machine learning (ML) approach in which an agent

learns to choose optimal actions to achieve its goals by observing the states of its

environment [186]. The main goal of an agent in reinforcement learning is to learn

a control policy that from any initial state performs actions, which maximize the

reward accumulated over time. It is also important to note that the agent’s sequence

of actions over time affects the distribution of training samples. Therefore, there is

a trade-off between exploration of undiscovered states and actions and exploitation

of learned states and actions which produce a high reward.
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Agent

Environment

reward (Rt)state(St)St+1Rt+1

Figure 4.19 The agent-environment interaction in a reinforcement learning model.

Figure 4.19 shows the agent-environment interaction in reinforcement learning.

General setting of a reinforcement learning can be summarized as follows. An agent

observes the states S of its environment and has a set of actions A that can choose to

perform in. After the agent observes its current state st ∈ S, it performs an action

at ∈ A at time t. Environment responds to the agent’s action at at state st with

a reward rt = r(st, at) and generates a successor state st+1 = δ(st, at). The agent

aims to select the control policy which gives the maximum cumulative discounted

reward over time, i.e., the agent’s goal is to learn a control policy π : S → A, which

maximizes the cumulative value:

V π(st) = rt + γrt+1 + γ2rt+2 + ... =
∞∑

i=0

γirt+i, (4.55)

where 0 ≤ γ < 1. Here, γ denotes the delay factor and the future rewards are

discounted by this factor exponentially. In this case, an optimal policy π∗ which

maximizes discounted cumulative reward for all states can be given as,

π∗ = argmax
π

V π(s), (∀s) (4.56)

In case the agent has the sequence of immediate rewards r(si, ai) for i = 0, 1, 2, ...

as the training information, it is easier to learn a numerical evaluation function in-

stead of directly learning the function π∗ : S → A. Maximum discounted cumulative

reward V ∗(s) can be learned to find the optimal policy through the following opti-

mization,

π∗(s) = argmax
a

[r(s, a) + γV ∗(δ(s, a))] . (4.57)
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Table 4.6 Comparison of reinforcement learning-based methods for hybrid BF

Q−Learning DRL

Complexity O(NRN
2
T ) O(NRN

2
T )

Throughput Ratio 80%− 85% 85%− 90%

Training Data H H, TBB

State-of-the-Art [125,199] [200]

Here, the optimal action to choose in the state s is a which maximizes the sum

of current reward r(s, a) and the value function V ∗ of the successor state δ(s, a),

discounted by γ. Since V ∗ can be used to learn the optimal policy if only the agent

knows the reward function r and the state transition function δ exactly, another

evaluation function Q(s, a) can be defined for the agent to learn the optimal policy

even if it does not have any knowledge about r and δ. The value of Q function is

the sum of immediate reward obtained after executing action a at state s, and the

discounted value of following the optimal policy, i.e.,

Q(s, a) = r(s, a) + γV ∗(δ(s, a)). (4.58)

Then, the optimal policy can be rewritten by using Q function as,

π∗(s) = argmax
a

Q(s, a). (4.59)

By using redefinition of the optimal policy π∗ as in (4.59), the relationship between

Q and V ∗ can be given as,

V ∗(s) = maxa′Q(s, a′). (4.60)

In this case, (4.58) can be also rewritten as,

Q(s, a) = r(s, a) + γmaxa′Q(δ(s, a), a′). (4.61)

Then, Q can be iteratively approximated with the Algorithm 2 by using this re-

cursive definition of Q. With this algorithm, the agent estimates Q(s, a) for state-

action pair s and a, and the agent’s estimate for this state-action pair is denoted
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Algorithm 2 An algorithm for learning Q

Set time to t = 0.

for each state-action pair s and a do

Initialize the table entry Q̂t(s, a) to zero

end for

Observe the current state s at time t = 0

while Q̂t+1(s, a) does not converge Q(s, a) for each s, a do

Choose an action a, perform it, and get a reward r

Observe the new state s′

Update Q̂t+1(s, a)← r + γmaxa′ Q̂t(s
′, a′)

Set time to t = t+ 1

Set the current state as s′ at time t = t+ 1

end while

by Q̂(s, a). By modeling the hybrid BF design problem with MDPs, reinforcement

learning techniques can be used to find the hybrid beamformers in wireless net-

works. The advantages of DL have also been taken into account by applying deep

reinforcement learning (DRL) for the hybrid BF design problem [200]. A hybrid BF

algorithm based on DRL called PrecoderNet has been proposed in [200]. The results

in [200] demonstrate that PrecoderNet outperforms conventional hybrid BF algo-

rithms: minimum mean-square-error (MMSE) and OMP. The complexity, training

data information, and throughput ratio of the reinforcement learning-based hybrid

BF algorithms are shown in Table 4.6.

4.5.2 Q-Learning Based Hybrid BF

The main goal is to design optimal hybrid precoders at the transmitter and receiver,

(TRF ,TBB,RRF ,RBB) which maximize the rate obtained over the mmWave channel

under the RF precoder constraints. This problem can be defined as in (4.44).

In this section, we propose a novel hybrid BF algorithm that uses Q-learning

to find the optimal RF precoders at the transmitter and receiver. In the setting
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of our problem, the environment is the mmWave channel which is described by

infinitely large bounded continuous state space H. Considering an agent exists in

this environment, the agent can perform any of a set of possible actions V , where

V consists of a finite set of RF precoders pairs for the transmitter and receiver. At

time t, the agent can select possible RF precoders pair vt = (TRF )t, (TRF )t ∈ V for

the transmitter and receiver in some channel state Ht ∈ H. Then, the agent receives

a real-valued reward Rt which is the rate achieved over the mmWave channel at time

t.

The Q-learning algorithm given in Algorithm 2 cannot be directly applied to the

hybrid precoding design problem, since the state space has infinite continuous-valued

elements. Therefore, we propose a modified Q-learning algorithm for hybrid BF. In

the Q-learning-based hybrid BF algorithm, we assume that the elements of state

space, which consists of channel matrices at different time instances, are chosen

from the finite training set. In other words, training set consists of NS channel

matrices such that H = {H1,H2, ...,HNS}. Action space V is a finite set of all

possible RF precoder pairs, so it can be used directly in the Q-learning algorithm.

Our proposed algorithm consists of two phases. The first phase is the training

phase of the algorithm. During training, the table entries Q̂(Hi,vj), where Hi ∈ H
and vj ∈ V , are updated by using Algorithm 2. It is also important to decide on a

strategy for the agent to choose from all possible RF precoders in channel state H.

We use a probabilistic approach for the agent in channel state H to select a possible

RF precoders pair v. In this case, every RF precoders pair would have a nonzero

probability to be selected, but RF precoders pairs with higher Q̂ values are assigned

higher probabilities. We define the probability of selecting vi, given that the agent

is in channel state H as,

P (vi|H) =
cQ̂(H,vi)

∑
j c

Q̂(H,vj)
(4.62)

where c > 0 is a constant that determines how strongly the agent would exploit RF

precoders pairs with high Q̂ values instead of exploring undiscovered RF precoders
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pairs. Once the learner’s estimate Q̂(H,v) converges to Q(H,v) for all H and

v pair, Q-table can be used to find optimal RF precoders at the transmitter and

receiver. In the second phase, optimal RF precoders at the transmitter and receiver

are designed by using the table entries Q̂(H,v) according to given channel state

information, which can be complete or partial. Let assume that given channel state

information is H at a certain time, Q-learning based hybrid BF algorithm searches

over the all states in training set H = {H1,H2, ...,HNS} and selects the channel H̃,

where minH̃∈H

∥∥∥H̃−H
∥∥∥
2
. H̃ corresponds to estimate of the channel H. By using

the table entries Q̂(H,v), the RF precoders pair v′ for the transmitter and receiver,

which gives the maximum Q-value for the state H̃, are selected. Two phases of our

proposed algorithm are summarized in Algorithm 3 and Algorithm 4.

4.5.3 Results

Total computation complexity results from the two phases of Q-learning based hy-

brid BF. Computational complexity of training and optimal RF precoders selection

phases are O(T (NR(NT )2 +NS(NT
Beams)

L(NR
Beams)

LR + (LT )3 +LLRNR +LNRNT +

LLTNT + (L)3)) and O(NTNRNS + (NT
Beams)

LT (NR
Beams)

LR + NR(NT )2 + (LT )3 +

LTNTL + (LR)3 + LRNRL), respectively. It is important to note that the compu-

tational complexity of exhaustive search is O(((NT
Beams)

LT (NR
Beams)

LR)(LLRNR +

LNRNT + LLTNT + (L)3 + NR(NT )2 + (LT )3 + LTNTL + (LR)3 + LRNRL)). For

T = 100, NS = 20, NT = NR = 64, NT
Beams = NR

Beams = 8, LT = LR = 4, L = 3,

number of operations for training and optimal RF precoders selection phases are

3.4× 1010 and 1.7× 107, respectively. Therefore, the total number of operations for

our proposed algorithm is approximately 3.4 × 1010. With the exhaustive search,

4.7 × 1012 number of operations is required for the same NT , NR, NT
Beams, N

R
Beams,

LT , LR, and L. In this case, 138 times reduction is achieved with the proposed al-

gorithm compared to the exhaustive search. Computational complexity of training

phase of the proposed algorithm increases linearly with the number of iterations T .

However, this computation cost would be compensated with the large number of

RF chains at the transmitter and receiver since computational complexity of the
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Algorithm 3 Training Phase of Q-Learning Based Hybrid BF Algorithm

Input: V ,H,P ,L,c,T

Set time to t = 0

for each state-action pair H and v do

Initialize the table entry Q̂t(H,v) to zero

end for

Observe the current state H at time t = 0

for t = 0, 1, ..., T do

Choose v = {(TRF ), (RRF )} from V with probability p(v|H) = cQ̂(H,v)∑
w cQ̂(H,w)

H = UΣV∗, U = [U1U2], V = [V1V2], U1 ∈ CNT×L, V1 ∈ CNR×L

Topt = V1 and Ropt = U1

TBB = (T∗RFTRF )−1T∗RFTopt and RBB = (R∗RFRRF )−1R∗RFRopt

TBB =
√
L TBB
‖TRFTBB‖F

and RBB =
√
L RBB

‖RRFRBB‖F

Calculate rate R by using Equation (4.44)

Observe the new state H′

Update Q̂t+1(H,v)← R + γmaxv′ Q̂t(H
′,v′)

Set time to t = t+ 1

Set the current state as H′ at time t = t+ 1

end for

Algorithm 4 RF Precoders Selection Phase of Q-Learning Based Hybrid BF Al-

gorithm

Input: H,H,V ,Q̂(H,v),

H̃ = minH̃∈H

∥∥∥H̃−H
∥∥∥
2

Choose v = {(TRF ), (RRF )}, where v = maxv Q̂(H̃,v)

H = UΣV∗, U = [U1U2], V = [V1V2], U1 ∈ CNT×L, V1 ∈ CNR×L

Topt = V1 and Ropt = U1

TBB = (T∗RFTRF )−1T∗RFTopt and RBB = (R∗RFRRF )−1R∗RFRopt

TBB =
√
L TBB
‖TRFTBB‖F

and RBB =
√
L RBB

‖RRFRBB‖F

return TBB, TRF , RBB, RRF
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exhaustive search grows exponentially with the number of RF chains.

In our simulation, we consider a mmWave system with one transmitter-receiver

pair. We use the hybrid architecture given in Figure 4.1. The carrier frequency

and the bandwidth of the mmWave system are chosen as 28 GHz and 100 MHz,

respectively. The transmitter has NT = 64 antennas and 2 RF chains, the receiver

has NR = 32 antennas and 2 RF chains. ULAs are used as the antenna arrays in

which the spacing between antennas are λ
2
. The RF phase shifters have quantized

phases, and the number of inputs to the phase shifters is Nq = 3. Size of the space V
equals 4096. The channel model, which is given in (4.2), is used in the simulations.

In the channel model, G = 1 and the number of paths S = 3. The AoAs/AoDs

of the channel are continuous-valued random variables with uniform distribution

[0, 2π]. Figure 4.20 shows the spectral efficiency of the proposed algorithm with

different number of training samples NS = 50, NS = 100, and NS = 300 for channel

states when SNR increases from −40 dB to 0 dB. Figure 4.20 also includes spectral

efficiency of the suboptimal solution proposed in [1], exhaustive search, and uncon-

strained precoding. In Figure 4.20, it is assumed that CSI is incomplete. Therefore,

estimated channel matrices are used in the training phase. In the RF precoders

selection phase of the proposed algorithm, observed channel states in real-time are

also the estimated channel matrices. It can be seen in Figure 4.20 that uncon-

strained precoding outperforms all of the other hybrid BF algorithms. However,

the mmWave system achieves higher spectral efficiency with our proposed algo-

rithm for all training sizes than the algorithm given in [1]. The spectral efficiency

achieved with our algorithm when the training size equals to 300 is very close to the

exhaustive search-based solution. Figure 4.21 shows the spectral efficiency of the

proposed algorithm with different number of training samples NS = 50, NS = 100,

and NS = 300 for channel states when SNR increases from −40 dB to 0 dB. Results

of the proposed algorithm are also compared with the algorithm proposed in [1],

exhaustive search, and unconstrained precoding in Figure 4.21. In this case, it is

considered that CSI is complete. Unconstrained precoding outperforms all of the

other hybrid BF algorithms as it is shown in Figure 4.21. The mmWave system
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achieves higher spectral efficiency with our algorithm for all training sizes than the

algorithm given in [1] for smaller values of SNR. However, the algorithm proposed

in [1] starts to achieve better spectral efficiency than our algorithm for higher val-

ues of SNR. Furthermore, spectral efficiency achieved with our algorithm with the

increasing number of training samples is still less than the exhaustive search.
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Figure 4.20 Spectral efficiency achieved by the proposed algorithm for different train-
ing sizes, the method in [1], exhaustive search, and unconstrained precoding with
imperfect CSI.
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Figure 4.21 Spectral efficiency achieved by the proposed algorithm for different train-
ing sizes, the method in [1], exhaustive search, and unconstrained precoding with
perfect CSI.
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CHAPTER 5

Unsupervised Learning for SVD and Hybrid BF

5.1 Motivation and Related Work

Supervised approaches bring additional overhead since they require a large amount

of labeled data during the training. In unsupervised learning, the objective is to

learn a model by using a training dataset without any labels [180]. Therefore,

unsupervised learning is an attractive solution for BF without any requirement on

the labeled data.

We first discuss the related work on different unsupervised hybrid BF methods:

clustering-based methods, unsupervised DNN based methods, and autoencoders in

this section. The comparison of the unsupervised hybrid BF approaches can be

seen in Table 5.1, where NR, NT , and K denote the number of receive antennas, the

number of transmit antennas, and the number of clusters, respectively.

5.1.1 Clustering-Based Hybrid BF Methods

Clustering methods, which group the data with similar patterns into clusters, are

the most preferred unsupervised approaches due to their low complexity. A distance

metric is generally used in clustering methods to measure the similarity between sam-

ples of training data. Euclidean distance between two points in n-dimensional space

would be a possible choice for a training dataset with numeric features. However,

other metrics have gained recent interest since the Euclidean distance is not very

suitable for the clustering of the complex high dimensional data [201,202]. Channel

matrices of the mmWave channel can be clustered into groups based on the sim-

ilarity, and each of these groups can be assigned to the optimal beamformers for

the corresponding group. Since providing the valid labeled data brings additional

overhead, clustered methods are promising to find hybrid beamformers in mmWave
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input code output

n nencoder decoder

Figure 5.1 Autoencoder structure.

systems. Therefore, clustering methods for hybrid BF have also been studied in

the literature. In [203], clustering-based unsupervised learning has been applied

to different types of hybrid BF architectures: fully connected, sub-connected, and

adaptively connected. The clustering-based approach for fully connected architec-

ture groups the similar RF chains into clusters, which resemble the possible hybrid

beamformers. For the sub-connected scheme, clustering groups are built based on

the similarity between antennas at the BS by using an alternating-optimization (AO)

based algorithm in [203]. For adaptively connected architecture, the hybrid BF de-

sign problem is formulated as a semi-unitary matrix factorization problem, which is

identical to the clustering problem and has been solved by a modified K-means-based

algorithm. Principal component analysis (PCA) is another unsupervised learning-

based technique, which is used for deriving a set of low dimensional features from

a larger set of variables. It can also be thought of as a clustering method. In [204],

a PCA-based BF algorithm has been proposed to derive a low-dimensional signal

space of suboptimal beamformers from the high-dimensional signal space of optimal

unconstrained beamformers.

The computational complexity, throughput ratio, type of training data, and

state-of-the-art algorithms for hybrid BF based on PCA and K-means are shown in

the first and second columns of Table 5.1, respectively. In [204] and [203], right and

left singular vectors matrices (V and U) of H are used to train the ML model.
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5.1.2 Unsupervised DNN-Based Hybrid BF Methods

To avoid the complicated procedure of supplying labels in supervised DNNs, unsu-

pervised DNNs for hybrid BF have received significant recent interest. The hybrid

BF design problem can be reformulated by training an unsupervised DNN such that

a performance metric such as achievable rate, SNR, etc. is maximized while satis-

fying the constraints of the hybrid BF system. In this case, DNNs can be trained

without any requirement for the labeled data. In [205], a BF method for MU-MIMO

based on unsupervised learning has been proposed. A BS equipped with NT anten-

nas serves K users, each with NR antennas, has been considered in [205]. In the

proposed algorithm, the main objective is to maximize the weighted sum-rate of all

users by designing the transmit precoders T1, ...,TK used between the BS and K

users. In [205], supervised and unsupervised DNNs are compared in terms of average

sum-rate, and it has been shown that unsupervised DNN achieves a higher sum-rate

than supervised DNN. The performance of the weighted minimum mean-square er-

ror (WMMSE) algorithm in terms of sum-rate is also compared with unsupervised

DNN.

5.1.3 Hybrid BF via Autoencoders

Autoencoders are widely used to rebuild the input with a minimum loss by con-

structing a low-dimensional representation of the input in an unsupervised manner.

As Figure 5.1 shows, an autoencoder consists of two components: an encoder, which

compresses the input into a lower-dimensional space, and a decoder, which restores

the input. PCA, which is closely related to SVD, can be found through a linear

autoencoder with squared error loss [119].

There have been works, which combine supervised and unsupervised learning

methods for hybrid BF via autoencoders [7, 207]. A data-driven hybrid BF algo-

rithm based on geometric mean decomposition (GMD), which is used for the de-

composition of a matrix, via autoencoders has been proposed in [7]. The algorithm

given in [7] consists of unsupervised and supervised learning-based parts. First, a
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Table 5.1 Comparison of unsupervised learning-based methods for hybrid BF

PCA k−Means Autoencoders

Complexity O(NRN
2
T ) O(KNRN

2
T ) O(NRNT )

Throughput Ratio 85%− 90% 80%− 85% 95%− 100%

Training Data V U H, Y, AoA/AoDs

State-of-the-Art [204] [203] [7, 206,207]

DNN, which maps the AoAs/AoDs of the mmWave channel to the coarse RF and

baseband precoders, is constructed in an unsupervised manner. Then, this DNN is

trained in a supervised way by minimizing the loss between the optimal precoder

and the multiplication of RF and baseband precoders. In [207], a neural network

architecture, which is called auto-precoder, has been proposed to learn the hybrid

beamformers directly from the compressive channel sensing vectors by reducing the

training pilots compared to conventional hybrid BF techniques.

The third column of Table 5.1 denotes the computational complexity, throughput

ratio, type of training data, and state-of-the-art algorithms for hybrid BF based on

autoencoders.

5.2 Linear Autoencoders for SVD and Hybrid BF

An autoencoder is a powerful unsupervised ML model, and it is used to reconstruct

the input with a minimal error by finding a low-dimensional representation of the

input. Motivated by the fact that optimal solution for principal component analysis

(PCA), which is closely related to SVD, can be found using a linear autoencoder

with squared error loss [119], we first study linear autoencoders for unconstrained

BF (SVD) and hybrid BF.

In this section, we present a linear autoencoder for finding the beamformers at

the transmitter and receiver, which maximize the achieved rates over the mmWave

channel. Since the autoencoder has a close relationship with the SVD, we first study

autoencoders for unconstrained BF based on SVD. In hybrid BF, beamformers are
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Figure 5.2 Linear autoencoder for eigendecomposition.

designed by using finite-precision phase shifters in the RF domain along with power

constraints. Therefore, we propose a hybrid BF algorithm based on autoencoders,

which incorporates these constraints. We present our simulation results for both

unconstrained BF as well as hybrid BF, and compare their performance with the

state-of-the-art. By using the stochastic and NYUSIM channel models, we achieve

30−40% and 60−70% gains in rates with the proposed autoencoder-based approach

compared to the supervised hybrid BF with the stochastic and NYUSIM channel

models, respectively.

5.2.1 Autoencoders for Eigendecomposition

In this subsection, we show that a linear autoencoder with squared error loss can

be used to compute the eigendecomposition of a matrix. Figure 5.2 represents a

linear autoencoder, which consists of input and output layers containing n nodes

and a hidden layer containing k nodes. Let X = [x1,x2, ...,xn] ∈ Cn×n, Y =

[y1,y2, ...,yk] ∈ Cn×k, and X̂ = [x̂1, x̂2, ..., x̂n] ∈ Cn×n be the complex matrices

formed by the input, hidden, and output nodes respectively. The output matrix X̂

is obtained from the input matrix X as,

Y = XW1 + b11k
T , X̂ = YW2 + b21n

T , (5.1)
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where W1 ∈ Cn×k and b1 ∈ Cn×1 are the weight matrix and the vector of biases,

which map the input to the output of the hidden layer. W2 ∈ Ck×n and b2 ∈ Cn×1

are the weight matrix and the bias vector of the second layer (hidden to output). The

objective is to find the optimal weight matrices and bias vectors, which minimize

the following cost function, The objective is to find the optimal weight matrices and

bias vectors, which minimize the following cost function,

min
W1,b1,W2,b2

∣∣∣∣X−
((

AiW1 + b11k
T
)

W2 + b21n
T
)∣∣∣∣2 . (5.2)

For fixed W1, W2, and b1, the minimization of the cost function w.r.t. b2 yields,

b2 =
1

n

(
X−

(
XW1 + b11k

T
)
W2

)
1n. (5.3)

By denoting Y = XW1 + b11k
T , (5.2) can be rewritten as,

min
Y,W2

∣∣∣∣
∣∣∣∣(X−YW2)−

1

n
(X−YW2)1n1n

T

∣∣∣∣
∣∣∣∣
2

. (5.4)

Let us assume X is a rank-k matrix. In this case, (5.4) is minimized in terms of Eu-

clidean norm if YW2 is the best rank-k approximation of X. We also assume that

X is a diagonalizable matrix, then it can be written by using eigendecomposition as

X = UΛU∗, where U ∈ Cn×n is the unitary matrix whose columns are the eigenvec-

tors of X, and Λ is the diagonal matrix whose diagonal elements are the eigenvalues

of X. Then, the optimum weight matrix W2 and the optimum output of the en-

coder Y must satisfy YW2 = [U].,≤k [Λ]k,k [U∗].,≤k, where [Λ]k,k = diag(λ1, ..., λk)

and [U].,≤k is formed by first k columns of U. Consequently,

W2 = T [U∗].,≤k , Y = [U].,≤k [Λ]k,k T−1, (5.5)

where T is an arbitrary k × k nonsingular matrix. The eigenvectors matrix [U].,≤k

of X can be estimated by applying Gram-Schmidt orthogonalization to the output

of the encoder Y. Moreover, the columns of [U].,≤k must form a set of orthonormal

vectors, which implies that ||u∗iui||2 = 1 and ||u∗iuj||2 = 0 ∀ i, j s.t. i 6= j. Therefore,

we define the cost function to estimate the eigenvectors of X as,

J = ||X− X̂||2 + λ
∑

i 6=j

||u∗iuj||2, (5.6)
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Figure 5.3 Linear autoencoder architectures to find the unconstrained beamformers.

where λ is the non-negative constant of the penalty term. The above discussion

indicates that linear autoencoders with a squared error loss function essentially are

equivalent to performing the eigendecomposition of a matrix.

5.2.2 Problem Formulation of SVD via Linear Autoencoder

We formulate the problem of unconstrained BF design by using a linear autoencoder

based on eigendecomposition. We train the linear autoencoder to estimate the

unconstrained beamformers by using the dataset ({Hi}mi=1). ith matrix in the set is

defined as Hi ∈ CNR×NT , which can be decomposed through SVD as Hi = UiΣiV
∗
i .

We assume that NS ≤ rank(Hi) = k, where NS is the number of data streams.

We denote Ai ∈ CNR×NR and Bi ∈ CNT×NT as Ai = HiH
∗
i and Bi = H∗iHi,

respectively. Through eigendecomposition, Ai = UiΣ
2
iU
∗
i and Bi = ViΣ

2
iV
∗
i . Here,

Σ2
i is a diagonal matrix, which consists of the square of the singular values of Hi.

Therefore, we can use linear autoencoders to solve the eigendecomposition of Ai

and Bi, whose eigenvectors correspond to the unconstrained combiner (Ui) and the

unconstrained precoder (Vi) of Hi, respectively.

To estimate the unconstrained combiner based on the given channel matrix, we

propose to use the linear autoencoder shown in Figure 5.3-a. In the ith iteration of

the training, the input matrix Ai passes through the hidden layer of the autoencoder,
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which generates Yi ∈ CNR×NS according to mapping Yi = AiW1 + b11NS
T . Then,

the second layer maps Yi to Âi ∈ CNR×NR such that Âi = YiW2 + b21NR
T .

Similarly, we propose to use the linear autoencoder given in Figure 5.3-b to estimate

the unconstrained precoder of the given matrix. In the ith iteration of the training,

the input matrix Bi passes through the hidden layer, which generates Zi ∈ CNT×NS

such that Zi = BiQ1 + c11NS
T . Then, the second layer maps Zi to B̂i ∈ CNT×NT

according to B̂i = ZiQ2 + c21NT
T .

The autoencoder given in Figure 5.3-a is trained on the dataset Ai, i = 1, ...,m

based on the cost function below,

min
W1,b1,W2,b2

1

m

m∑

i=1

||Ai−
((

AiW1 + b11
T
k

)
W2 + b21

T
NR

)
||2+λ1

∑

i 6=j

||u∗iuj||2, (5.7)

where λ1 is the non-negative constant of the penalty term that satisfies the orthog-

onality of the unconstrained combiner. The first term in the cost function can also

be written as,

J = Tr
[(

Ai − Âi

)(
Ai − Âi

)∗]
, (5.8)

where Tr(·) denotes the trace of a given matrix. The minimization of J with respect

to b2 yields,

b2 =
1

m

m∑

i=1

(
Ai −

(
AiW1 + b11

T
k

)
W2

)
1NR . (5.9)

By denoting Yi = AiW1 + b11
T
k and using (5.9), we obtain,

J =
1

m

m∑

i=1

||Ãi − ỸiW2||2, (5.10)

where Ãi = Ai − 1
m

∑m
i=1 Ai and Ỹi = Yi − 1

m

∑m
i=1 Yi.

J is minimized in terms of Euclidean norm if ỸiW2 is the best rank-k ap-

proximation of Ãi for i = 1, ...,m. Through SVD, Ãi can be decomposed as

Ãi = ŨiΣ̃
2
i Ũ
∗
i . Therefore, optimum weight matrix of the second layer W2 and

optimum output of the encoder Ỹi must satisfy ỸiW2 =
[
Ũi

]
.,≤k

[
Σ̃2
i

]
k,k

[
Ũ
∗
i

]
.,≤k

where
[
Σ̃2
i

]
k,k

= diag(λ1, ..., λk) and
[
Ũi

]
.,≤k

is formed by first k columns of Ũi.
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Consequently,

W2 = Ti

[
Ũ
∗
i

]
.,≤k

, Ỹi =
[
Ũi

]
.,≤k

[
Σ̃2
i

]
k,k

T−1i , (5.11)

where Ti is an arbitrary k × k nonsingular matrix. Since Ỹi = ÃiW1, optimum

weight matrix of the first layer is W1 =
[
Ũi

]
.,≤k

T−1i .

We consider the autoencoder, which is shown in Figure 5.3-b, to calculate the un-

constrained precoder at the transmitter. The cost function to train the autoencoder

on the dataset Bi, i = 1, ...,m can be given similarly as,

min
Q1,c1,Q2,c2

1

m

m∑

i=1

||Bi −
((

BiQ1 + c11
T
k

)
Q2 + c21

T
NT

)
||2 + λ2

∑

i 6=j

||v∗ivj||2, (5.12)

where λ2 is the non-negative constant of the penalty term that satisfies the orthog-

onality of the unconstrained precoder. With the steps used to obtain (5.10), we can

simplify the first term in (5.12) as,

J
′
=

1

m

m∑

i=1

||B̃i − Z̃iQ2||2, (5.13)

where B̃i = Bi − 1
m

∑m
i=1 Bi and Z̃i = Zi − 1

m

∑m
i=1 Zi. Moreover, Q2 and Z̃i must

satisfy Z̃iQ2 = [Ṽi].,≤k[Σ̃
2
i ]k,k[Ṽ

∗
i ].,≤k, where

[
Σ̃2
i

]
k,k

= diag(λ1, ..., λk) and
[
Ṽi

]
.,≤k

.

Therefore,

Q2 = Si

[
Ṽ
∗
i

]
.,≤k

, Z̃i =
[
Ṽi

]
.,≤k

[
Σ̃2
i

]
k,k

S−1i , (5.14)

where Si is an arbitrary k × k nonsingular matrix. Since Z̃i = B̃iQ1, optimum

weight matrix of the first layer is Q1 =
[
Ṽi

]
.,≤k

S−1i .

5.2.3 Analysis of the Expected Test Loss for SVD via Linear Autoen-

coder

In this subsection, we present the analysis for the expected test loss based on fixed

W1, W2, b1, b2. We denote jth matrix in the test dataset as Hj = UjΣjV
∗
j ∈

CNR×NT , j = 1, ..., n. Aj is given as an input to the autoencoder during the test
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phase, where Aj = UjΣ
2
jU
∗
j . By defining Ãj = Aj − 1

n

∑n
j=1 Aj and Ỹj = Yj −

1
n

∑n
i=1 Yj, the expected test loss is be given as,

L = E

[
1

n

n∑

j=1

||Ãj − ỸjW2||2
]
. (5.15)

Since expectation is a linear operation, (5.15) can be written as,

L =
1

n

n∑

j=1

E
[
||Ãj−ỸjW2||2

]
,

=
1

n

n∑

j=1

E
[
Tr
(
ÃjÃ

∗
j−ỸjW2Ã

∗
j−ÃjW

∗
2Ỹ
∗
j+ỸjW2W

∗
2Ỹ
∗
j

)]
,

=
1

n

n∑

j=1

E
[
Tr
(
ÃjÃ

∗
j

)]
−2E

[
Tr
(
ỸjW2Ã

∗
j

)]
+E

[
Tr
(
ỸjW2W

∗
2Ỹ
∗
j

)]
,

(5.16)

where the second equality is achieved due to the fact that tr(C) = tr(C∗),

∀C ∈ CM×N and the last equality is obtained since expectation and trace are

linear operations. Let us denote L1 = E[Tr(ÃjÃ
∗
j)], L2 = 2E[Tr(ỸjW2Ã

∗
j)], and

L3 = E[Tr(ỸjW2W
∗
2Ỹ
∗
j)]. By using the fact that Ãj has zero mean, W1W2 = INR ,

and Ỹj = ÃjW1 + b11
T
k , we can simplify L2 as,

L2 = 2E
[
Tr
(
ÃjÃ

∗
j

)]
. (5.17)

Since W∗
2W

∗
1 = W1W2 = INR and Tr

(
P−1CP

)
= Tr (C), where C is a square and

P is an invertible matrix, L3 is simplified as,

L3 = E
[
Tr
(
ÃjÃ

∗
j

)]
+ 2E

[
Tr
(
Ã
∗
jb11

TW2

)]
+E

[
Tr
(
W∗

21b∗1b11
TW2

)]
. (5.18)

By combining L1, L2, and L3, we can write L as,

L =
1

n

n∑

j=1

2E
[
Tr
(
Ã
∗
jb11

TW2

)]
+ E

[
Tr
(
W∗

21b∗1b11
TW2

)]
,

=
1

n

n∑

j=1

E
[
Tr
(
W∗

21b∗1b11
TW2

)]
= Tr

(
W∗

21b∗1b11
TW2

)
.

(5.19)

The second equation in (5.19) is obtained due to the fact that Ãj has zero mean.

Finally, we derive the last equation in (5.19) since Tr
(
W∗

21b∗1b11
TW2

)
is a deter-

ministic value. During the test phase of the autoencoder given in Figure 5.3-b, Bj
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is given as an input, where Bj = VjΣ
2
jV
∗
j . By defining B̃j = Bj − 1

n

∑n
j=1 Bj and

Z̃j = Zj − 1
n

∑n
i=1 Zj, the expected test loss is defined as,

L
′
= E

[
1

n

n∑

j=1

||B̃j − Z̃jQ2||2
]
. (5.20)

Through the similar steps to get (5.19), we can simplify L
′

as,

L
′
= Tr

(
Q∗21c∗1c11

TQ2

)
. (5.21)

5.2.4 Algorithm for SVD via Linear Autoencoder

The proposed linear autoencoder based scheme for computing the unconstrained

beamformers is shown in Algorithm 5. In the training phase, from step 2 to step

5, the linear autoencoder given in Figure 5.3-a is trained using the cost function

defined in (5.7). In the ith iteration, Yi = [Ui].,≤NS [Σ2
i ]NS ,NS T−1i is orthogonalized

to estimate the unconstrained combiner via SVD Ri
opt = [Ui].,≤NS for ith matrix

in the training set. From step 7 to step 10, the linear autoencoder given in Figure

5.3-b is trained using the cost function defined in (5.12). The output of the encoder

Zi = [Vi].,≤NS [Σ2
i ]NS ,NS S−1i in the ith iteration is orthogonalized to estimate the un-

constrained precoder via SVD Ti
opt = [Vi].,≤NS . In the test phase, Rj

opt = [Uj].,≤NS

and Tj
opt = [Vj].,≤NS are generated using the trained autencoders for j = 1, ..., n.

5.2.5 Problem Formulation of Hybrid BF via Linear Autoencoder

We propose a linear autoencoder shown in Figure 5.4-a to predict the RF and base-

band combiners at the Rx. In the training phase, we use Ai ∈ CNR×NR , i = 1, ...,m,

as the input data. The first hidden layer generates Di ∈ CNR×LR according to

Di = AiW1 + b11
T
LR

. Then, the output of the encoder Yi ∈ CNR×NS is gener-

ated as Yi = DiW2 + b21
T
NS

. The third layer maps Yi to Ei ∈ CNR×LR such

that Ei = YiW3 + b31
T
LR

. Finally, the last layer maps Ei to Âi ∈ CNR×NR

according to Âi = EiW4 + b41
T
NR

. A linear autoencoder, which has a similar

structure with Figure 5.4-b, has been proposed to predict the RF and baseband
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Algorithm 5 Unconstrained BF (SVD) via Linear Autoencoder

Training Phase:

Require: Training dataset {Hi}mi=1

Ensure: Trained linear autoencoder models

1: Compute Ai = HiH
∗
i

2: for i← 1 to m do

3: Train linear autoencoder given in Figure 5.3-a with Ai based on (5.7)

4: Apply Gram-Schmidt orthogonalization to the output of the encoder Yi to

estimate Ri
opt = [Ui].,≤NS

5: end for

6: Compute Bi = H∗iHi

7: for i← 1 to m do

8: Train linear autoencoder given in Figure 5.3-b with Bi based on (5.12)

9: Apply Gram-Schmidt orthogonalization to the output of the encoder Zi to

estimate Ti
opt = [Vi].,≤NS

10: end for

Test Phase:

Require: Test dataset {Hj}nj=1

Ensure: Unconstrained combiner Rj
opt and precoder Tj

opt, j = 1, ..., n

1: Compute Aj = HjH
∗
j and Bj = H∗jHj

2: Obtain Rj
opt and Tj

opt with the trained linear autoencoders
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Figure 5.4 Linear autoencoder structures for computing hybrid (RF and baseband)
beamformers (combiners and precoders).

precoders at the transmitter. We use Bi ∈ CNT×NT , i = 1, ...,m, as the input data

during the training. The proposed autoencoder is trained to estimate B̂i, where

B̂i=
((((

BiQ1+c11
T
LT

)
Q2

)
+c21

T
NS

)
Q3+c31

T
LT

)
Q4 + c41

T
NT

.

The linear autoencoder shown in Figure 5.4-a is trained on the dataset {Ai}mi=1,

by minimizing,

min
W1,b1,W2,b2,W3,b3,W4,b4

1

m

m∑

i=1

||Ai − Âi||2 + λ1
∑

i 6=j

||u∗iuj||2, (5.22)

where Âi =
((((

AiW1+b11
T
LR

)
W2

)
+b21

T
NS

)
W3+b31

T
LR

)
W4 + b41

T
NR

and λ1 is

the non-negative constant of the penalty term. Here, ui denotes the ith column of

Ui = RRF
iRBB

i.

Using steps similar to those used in (5.5), the optimum values for Yi, W3, and

W4 can be determined as,

Yi = [Ui].,≤NS
[
Σ2
i

]
NS ,NS

L−1i ,

W3 =Li

(
RBB

i
)∗

T−1i , W4 = Ti

(
RRF

i
)∗
,

(5.23)

where Li and Ti are arbitrary NS × NS and LR × LR nonsingular matrices, re-

spectively. Gram-Schmidt orthogonalization is applied to Yi to estimate the un-

constrained combiner Ui. Then, Ui is sent through a quantization layer, which
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estimates RRF
i. The quantization layer begins with a fully connected neural net-

work, followed by a quantization operation. Finally, normalization layer estimates

RBB
i by using RRF

i and Ui. We then train a linear autoencoder, which is similar

to Figure 5.4, to estimate the RF and baseband precoders (TRF ,TBB). We use

the dataset {Bi}mi=1 to train the autoencoder by using the cost function in (5.12),

where B̂i =
((((

BiQ1+c11
T
LT

)
Q2

)
+c21

T
NS

)
Q3+c31

T
LT

)
Q4 +c41

T
NT

. By following

the similar procedures used to estimate RRF
i and RBB

i, we can obtain estimated

values of TRF
i and TBB

i. As finite-precision phase shifters are used in the RF do-

main, the phase of each element in RF combiner and precoder matrices must be

a quantized value. However, gradient-based optimization techniques generate zero

gradients if uniform quantization is used, which would prevent weight updates of

the autoencoder during training. To overcome this, we replace each step function

in the uniform quantization with a sigmoid function, which was used in [8]. More-

over, the power constraint of the hybrid BF system must be satisfied. Therefore,

normalization layers are included to estimate RBB and TBB.

5.2.6 Algorithm for Hybrid BF via Linear Autoencoder

Leveraging the above ideas, the linear autoencoder based unsupervised scheme for

hybrid BF is summarized in Algorithm 6. In the training phase, from step 2 to step

8, the linear autoencoder given in Figure 5.4 is trained by using the cost function

in (5.22). In the ith iteration, Yi is orthogonalized to estimate Ui. Then, RRF
i

is estimated through the quantization layer. RBB
i is estimated by using RRF

i and

Ui, and normalized to satisfy the power constraint. Similar calculations are applied

during the training phase of the linear autoencoder for the hybrid precoders to

estimate TRF
i and TBB

i. In the test phase, trained linear autoencoders predict

RRF
j, RBB

j, TRF
j, and TBB

j for j = 1, ..., n.
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Algorithm 6 Hybrid BF via Linear Autoencoder

Training Phase:

Require: Training dataset {Hi}mi=1

Ensure: Trained linear autoencoder models

1: Compute Ai = HiHi
∗

2: for i← 1 to m do

3: With Ai train the linear autoencoder in Figure 5.4-a based on (5.22)

4: Apply Gram-Schmidt orthogonalization to Yi to estimate Ui

5: Process Ui through quantization layer to estimate RRF
i

6: Compute RBB
i = ((RRF

i)∗RRF
i)−1(RRF

i)∗Ui

7: Normalize RBB
i as RBB

i =
√
NS

RBB
i

‖RRF
iRBB

i‖F

8: end for

9: Computations similar to steps 1−8 are applied during the training of the linear

autoencoder for estimating TRF
i and TBB

i

Test Phase:

Require: Test dataset {Hj}nj=1

Ensure: RRF
j, RBB

j, TRF
j, and TBB

j, j = 1, ..., n

1: Compute Aj = HjHj
∗ and Bj = Hj

∗Hj

2: Obtain RRF
j, RBB

j, TRF
j, and TBB

j with the trained linear autoencoders
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Figure 5.5 Stochastic mmWave model results: Rates of unconstrained BF via SVD,
unconstrained BF via autoencoder, hybrid BF via autoencoder, supervised hybrid
BF [5,8], conventional hybrid BF algorithms [1–3].

5.2.7 Experimental Study of Autoencoders for SVD and Hybrid BF

This subsection compares the rates of the autoencoder-based approaches for uncon-

strained and hybrid BF with state-of-the-art by using Tensorflow based simulations.

Autoencoder Model: To design the optimum precoder and combiner, we consider

the autoencoder models explained in Section 5.2.2. The loss functions given in (5.7)

and (5.12) with Adam optimization are used for training autoencoders shown in

Figure 5.3-a and 5.3-b, respectively. We then consider the autoencoders given in

Section 5.2.5 to find the beamformers of the hybrid BF system. We train the au-

toencoders for estimating the hybrid beamformers using the cost functions defined

in Section 5.2.5 with Adam optimization. The mini-batch size and λ of the penalty

term are set to 32 and 0.05, respectively. The number of training iterations is 10000.

We set the learning rate to 0.0001, 0.0002, and 0.002 for 4-by-4, 8-by-8, and 16-by-

16 mmWave systems, respectively. For the stochastic model, we use 50000 channel

matrices, which are divided into a training set with 40000 and a test set with 10000

samples. For the NYUSIM model, we use a training set with 8000 and a test set

with 2000 matrices.

Channel Model and Data Generation: We adopt the mmWave system and

channel models given in Section 4.1.2. In the stochastic model, we use ULAs. The

AoDs/AoAs are uniformly distributed in [0, 2π]. We set the path loss exponent
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(PLE) to 3 and the bandwidth to 100 MHz. For the NYUSIM model, we consider

uniform rectangular arrays (URAs), which consist of 4 rows and 4 columns resulting

in a total of 16 antenna elements. The PLE is 2 and the bandwidth is 850 MHz. In

both models, the distance between the transmitter and receiver is 50 m, the carrier

frequency is 28 GHz, and the transmit power is 7 dB. We use 1-bit, 2-bit, and 3-bit

phase shifters in 4-by-4, 8-by-8, and 16-by-16 mmWave systems, respectively. We

extend the simulations from −20 to 20 dB SNR using the NYUSIM channel model.

We set the distance between the transmitter and receiver as 50 m and the PLE as

2. We consider the urban microcell (UMi) environment with the LOS scenario. We

set the carrier frequency to 28 GHz, and the bandwidth to 850 MHz.

Linear Autoencoder-Based Hybrid BF versus State-of-the-Art: We first

conduct simulations using the stochastic mmWave channel model. Figure 5.5 shows

the rates of the unconstrained BF via SVD, unconstrained BF via autoencoder, hy-

brid BF via autoencoder, supervised hybrid BF algorithms [5, 8], and conventional

hybrid BF algorithms [1–3] versus SNR for different sized mmWave systems. It is

shown in Figure 5.5-a that we obtain 37.7% gain with the unconstrained BF via au-

toencoder compared to the supervised BF [5] for 4-by-4 mmWave system. Moreover,

unconstrained BF via autoencoder slightly outperforms CNN-based hybrid BF for

high values of SNR. We observe that 30% gain in rates is achieved with the hybrid

BF via autoencoder compared to the algorithm based on DFNs [5]. Figure 5.5-b

shows that we achieve 64.8% gain in rates with the unconstrained BF via autoen-

coder compared to the algorithm based on DFNs for 8-by-8 system. Furthermore,

17.7% improvement in rates is obtained with the unconstrained BF via autoencoder

compared to the supervised BF based on CNNs. Figure 5.5-b shows that 38.5%

improvement is achieved with our approach compared to [5]. We observe in Figure

5.5-c that 32.3% gain is obtained with the unconstrained BF via autoencoder com-

pared to the algorithm based on DFNs for 16-by-16 system. Finally, an improvement

of 18.7% is achieved with the autoencoder-based hybrid BF compared to the algo-

rithm based on DFNs. The proposed autoencoder-based approaches and the other

DL-based BF algorithms [5, 8] work better than the conventional BF approaches.
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Figure 5.6 NYUSIM model results: Rates of 16-by-16 mmWave system using hybrid
BF via autoencoder and state-of-the-art.

The DL-based algorithms find the global optimum as long as they are trained with

lots of data with appropriate hyperparameters.

Figure 5.6 shows the achieved rates of the hybrid BF via autoencoder and the

state-of-the-art algorithms when the NYUSIM model is used. We show that the gain

in rates achieved with the autoencoder-based algorithm compared to the supervised

algorithm and conventional hybrid BF algorithms increases from 18.7% to 64% in a

more realistic environment, which shows the adaptability of our approach.

5.3 Generative Models for SVD and Hybrid BF

Generative models have been very successful recently in various applications of ML.

To reduce the number of training iterations compared to the proposed autoencoders,

we study two different generative models: VAEs and GANs. We first propose a VAE

based unconstrained BF approach. Driven by the inspiring work of GANs, we then

investigate GANs to further improve the performance of the SVD and hybrid BF

in this section. Given that GANs are known to be very successful in sampling from

complex high-dimensional distributions, they can provide efficient learning-based so-

lutions for hybrid BF. Moreover, the recent studies on using GANs for compressed

sensing [208, 209] are very promising since the hybrid BF can be considered as the

problem of finding a matrix in a low dimensional space, i.e. BF matrix, given a
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channel matrix in a high dimensional space. Various GAN architectures with differ-

ent optimization metrics have been proposed [210, 211]. The authors of [211] show

that Wasserstein GAN (WGAN) can recover the optimal PCA solution. Motivated

by the usage of squared error in both the linear autoencoder and WGAN to perform

PCA, we first explore the use of WGAN for unconstrained BF (SVD).

5.3.1 Algorithms via Variational Autoencoders (VAEs)

A VAE consists of two parts: an encoder and a decoder. The encoder approximates

its posterior over latent random variables by updating its parameters to maximize

the expectation of its posterior. The decoder is trained to learn the representa-

tions of real data by approximating the inverse of the encoder. The framework

of VAEs is a computationally efficient tool to optimize deep-latent variable mod-

els (DLVMs), whose distributions are parameterized by neural networks, jointly by

using the stochastic gradient descent (SGD) [212]. Latent variables denote the vari-

ables of a model that are not observed in the dataset. The main drawback of DLVMs

is that their posterior inference is not tractable. The encoder of a VAE, which is

also called the inference model, has been proposed to approximate the posterior

inference by optimizing its variational parameters. The distribution of variational

parameters of a VAE can be parameterized using deep neural networks (DNNs).

A VAE is regularised during the training to avoid overfitting. The regularised

latent space allows the decoder to generate new content. In other words, the decoder

in VAE behaves like the generator of a GAN. The general architecture of a VAE

is shown in Figure 5.7. To introduce some regularisation, the input data x =
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[x1, ..., xn]T ∈ Rn = X in VAE is first encoded as Qγ(x) with a distribution q(z|x)

over the latent space. Then, z = [z1, ..., zk]
T ∈ Rk = Z from the latent signal

space is sampled from q(z|x). After that, the decoder generates the new content

Dθ(z) = x̂ with a distribution p(x|z). By using the decoded data and the input data,

the reconstruction error can be evaluated and then be back-propagated through the

VAE. The ideal VAE objective is computed by using the marginalized log-likelihood

as [213],
N∑

i=1

log p(xi), (5.24)

where N is the number of i.i.d. samples in the dataset xi ∈ Rn. For a fixed xi,

log p(xi) is lower-bounded by,

Ez∼q(z|xi) log p(xi|z)−DKL(q(z|xi)||p(z)), (5.25)

where p(z) denotes the prior distribution over the latent space. In (5.3.1), the

first and second terms denote the reconstruction error and the regularisation error,

respectively. The loss function in VAE is composed of two terms in general: recon-

struction and regularisation. The regularisation is performed by forcing generated

distribution to approach the prior distribution over the latent space. Therefore, the

regularisation term is defined as the Kullback-Leibler (KL) divergence between the

encoded distribution and the prior distribution. In practice, the prior p(z) is usually

set to N (0, I) and the encoder is defined as,

Qγ(x) ∼ qγ(z|x) = N (µγ(x), diagσ2
γ(x)) (5.26)

where µγ and σγ are deterministic mappings depending on parameters γ. Then, the

second term in can be rewritten as,

LKL(xi) =
1

2

k∑

j=1

(µ2
j(x

i) + σ2
j (x

i)− log σ2
j (x

i − 1). (5.27)

In practice, the commonly used loss function is as follows,

L =
∑

xi∈X

E||xi − x̂i||2 + LKL(xi), (5.28)
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where the first term is the reconstruction term Lr(x
i) that is approximated with

a square loss. It has been shown in [214] that Lr(x
i) can be also decomposed

into deterministic and stochastic terms if x̂i is unbiased around Dθ(µ(xi)). The

deterministic term corresponds to the square loss of the mean encoder, which is

given as,

Lr(x
i) = ||Dθ(µ(xi))− xi||2. (5.29)

The stochastic term denotes the noise introduced in the encoder, which is defined

as,

L̂r(x
i) = E||Dθ(µ(xi))− x̂i||2. (5.30)

With some mathematical manipulations, is approximated as,

L̂r(x
i) = Eε(xi)||Jiε(xi)||2, (5.31)

where ε(xi) ∼ N(0, diagσ2(xi)) and Ji is the Jacobian of the decoder at point µ(xi),

which is given as,

Ji =
Dθ(µ(xi))

∂µ(xi)
. (5.32)

Then, the optimization problem has been reformulated in [214] as,

min Vi,
i
j > 0

∑

xi∈X

logEε(xi)||Jiε(xi)||2,

s.t.
∑

xi∈X

L≈KL(xi) = C,
(5.33)

where Vi denotes the left singular vector of Ji and L≈KL = 1
2

∑
j∈Va

(µ2
j(x

i) −
log σ2

j (x
i−1) is the approximation of (5.27). Here Va denotes the set of coordinates

of the latent space that corresponds to the active variables. The main result of

this reformulation of the optimization problem is that the columns of every Ji are

orthogonal in every global minimum, which implies that the optimization of (5.3.1)

leads to local orthogonality of the decoder. In practice, the availability of input data

for the learning-based systems is limited. In the problem of finding beamformers of

a mmWave system when the channel conditions change over time, we need to obtain

the real-time CSI and give that to the trained model as an input to generate the best
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Figure 5.8 VAEs for the unconstrained beamformers.

beamformers for the given channel. However, the computation of CSI in real-time

is computationally expensive and challenging. VAEs can be exploited to infer the

distribution of the beamformers in certain channel conditions. In that case, possible

beamformers, which achieve high rates over the channel, can be obtained by using

the generated distribution by the encoder of the VAE even when the real-time CSI

does not exist. More importantly, the analogy between PCA and VAEs has been

shown with both the theoretical analysis and the experiments in [214]. Motivated

by these, we modify the proposed autoencoder architectures for unconstrained BF

in Section 5.2.2 and hybrid BF in Section 5.2.5 to make them VAE architectures in

this section.

5.3.1.1 VAE for SVD

In this subsection, we propose a VAE to design the unconstrained beamformers

via SVD at the transmitter and receiver. Similar to the autoencoder based uncon-

strained BF in Section 5.2.2, we use two VAEs as shown in Figures 5.8-a and 5.8-b

to estimate the unconstrained combiner and precoder of the massive MIMO system,

respectively. To train the VAE for the unconstrained combiner and precoder, we use

Ai = HiH
∗
i and Bi = H∗iHi, respectively. Hi ∈ CNR×NT is the ith channel matrix

in the training dataset, which consists of m channel matrices ({Hi}mi=1).

The VAE architecture given in Figure 5.8-a finds the unconstrained combiners of

the given channel matrices as follows. In the ith iteration of the training, the input
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matrix Ai passes through the hidden layer with the weight matrix W1 and the bias

vector b1, and followed by hyperbolic tangent function as the activation layer. By

processing the output of the hyperbolic tangent function with two separate fully

connected layers, the mean µi and the standard deviation vectors σi are generated.

µi and σi specify the conditional distribution of the latent representation Yi ∈
CNR×NS , which is generated from multivariate normal distribution with mean µi

and standard deviation σi. Then, the hidden layer of the decoder maps Yi to

Âi ∈ CNR×NR such that Âi = YiW4 + b41NR
T . The VAE is trained by minimizing

the loss function given as,

min
W1,b1,W2,b2,W3,b3,W4,b4

1

m

m∑

i=1

||Ai − Âi||2 + LKL + λ1
∑

i 6=j

||u∗iuj||2, (5.34)

where LKL is the KL divergence between the encoded and prior distributions, and

is given as,

LKL =
1

2

NS∑

i=1

(1 + log(σ2
i )− µ2

i − σ2
i ). (5.35)

Similarly, we introduce the VAE given in Figure 5.8-b to estimate the uncon-

strained precoder of the given matrix. In the ith iteration of the training, the input

matrix Bi passes through the hidden layer of the VAE, and followed by hyperbolic

tangent function as the activation layer. The mean βi and the standard deviation

vectors γi of the conditional distribution of the latent representation Zi ∈ CNR×NS

are generated by processing the output of the hyperbolic tangent function with two

additional fully connected layers. Then, the hidden layer of the VAE given in Figure

5.8-b maps Zi to B̂i ∈ CNT×NT according to B̂i = ZiQ2 + c21NT
T . The VAE given

in Figure 5.8-b is trained by minimizing the loss function defined as,

min
Q1,c1,Q2,c2,Q3,c3,Q4,c4

1

m

m∑

i=1

||Bi − B̂i||2 + L
′

KL + λ2
∑

i 6=j

||v∗ivj||2, (5.36)

where L
′
KL = 1

2

∑NS
i=1(1 + log(γ2i )− β2

i − γ2i ).
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5.3.1.2 Hybrid BF via VAE

In this subsection, we propose a VAE to design the RF and baseband combiners

(RRF ,RBB) and the RF and baseband precoders (TRF ,TBB) of the system given

in Figure 1.6. The proposed VAEs for hybrid combiners and precoders are shown

in Figures 5.9-a and 5.9-b, respectively.

The VAE architecture given in Figure 5.9-a finds the RF and baseband combiners

of the given channel matrices as follows. As in the VAE for the unconstrained

combiner, we use Ai = HiH
∗
i ∈ CNR×NR , i = 1, ...,m, as the input data, which

passes through the first hidden layer. Di = AiW1 + b11
T
LR

is generated by the first

hidden layer. Then, the second hidden layer of the encoder generates Pi ∈ CNR×NS

according to Pi = DiW2+b21
T
NS

. To compute the mean and the covariance matrices

of the output matrix of the encoder, the hyperbolic tangent activation function

is applied to Pi. The output of the hyperbolic tangent function Pi is processed

with two separate fully connected layers. W3 ∈ CNS×NS and b3 ∈ CNS×1 denote

the weight matrix and the bias vector of the first fully connected output layer,

respectively. The weight matrix and the bias vector of the second fully connected

output layer are denoted by W4 ∈ CNS×NS and b4 ∈ CNS×1, respectively. The

first and second output layers generate the mean µi and the covariance matrix σi,

respectively. Finally, Yi ∈ CNR×NS is sampled from the distribution defined by µi

and σi. After that, the hidden layer of the decoder maps Yi to Ei ∈ CNR×LR such

that Ei = YiW5 + b51
T
LR

. Here, W5 ∈ CNS×LR and b5 ∈ CLR×1 are the weight

matrix and the bias vector of the hidden layer of the decoder. Then, the output

layer of the decoder generates the estimated input matrix Âi = EiW6 + b61
T
NR

,

where W6 ∈ CLR×NR and b5 ∈ CNR×1 are the weight matrix and the bias vector.

The VAE proposed for the RF and baseband combiners in Figure 5.9-a is trained

by minimizing,

min
W1,b1,W2,b2,W3,b3,W4,b4,W5,b5,W6,b6

1

m

m∑

i=1

||Ai−Âi||2+LKL+λ1
∑

i 6=j

||u∗iuj||2, (5.37)

where LKL = 1
2

∑NS
i=1(1 + log(σ2

i )− µ2
i − σ2

i ). Here, λ1 is the non-negative constant
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Figure 5.9 VAEs for the RF and baseband beamformers.

of the penalty term and ui is the ith column of Ui = RRF
iRBB

i. By following the

similar steps given in Section 5.2.5, the optimum value for Yi is found as,

Yi = [Ui].,≤NS
[
Σ2
i

]
NS ,NS

L−1i , (5.38)

where Li is an arbitrary NS×NS nonsingular matrix. Then, the unconstrained com-

biner Ui is computed by applying Gram-Schmidt orthogonalization to Yi. First, a

quantization layer, which consist of a fully connected layer following with a quantiza-

tion operation is applied to estimate the RF combiner RRF
i. Finally, the normaliza-

tion layer estimates the baseband combiner as RBB
i = ((RRF

i)∗RRF
i)−1(RRF

i)∗Ui.

Similarly, we use the VAE architecture given in Figure 5.9-b to estimate the RF

and baseband precoders (TRF ,TBB) of the given channel matrix Hi. The VAE for

the hybrid precoders is trained with the dataset Bi = H∗iHi ∈ CNT×NT , i = 1, ...,m,

by minimizing the cost function given as,

min
Q1,c1,Q2,c2,Q3,c3,Q4,c4,Q5,c5,Q6,c6

1

m

m∑

i=1

||Bi − B̂i||2 + L
′

KL + λ2
∑

i 6=j

||v∗ivj||2, (5.39)

where L
′
KL = 1

2

∑NS
i=1(1 + log(γ2i )− β2

i − γ2i ), λ2 is the non-negative constant of the

penalty term and vi is the ith column of Vi = TRF
iTBB

i. Here, Q1 and Q2 are

the weight matrices of the first and the second hidden layers of the encoder and c1

and c2 are the corresponding bias vectors. Q3 ∈ CNS×NS and Q4 ∈ CNS×NS are

the weight matrices of the first and the second fully connected output layers of the

encoder that generate the mean βi and the standard deviation γi for the probability
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Figure 5.10 GAN architecture.

distribution of the output of the encoder Zi ∈ CNT×NS , respectively. c3 and c4 are

the bias vectors of these output layers of the encoder. Q5 and Q6 are the weight

matrices of the hidden and the output layers of the decoder. Finally, c5 and c6

are the corresponding bias vectors. By following the same process used to estimate

RRF
i and RBB

i, estimated values of TRF
i and TBB

i can be obtained.

5.3.2 Algorithms via Generative Adversarial Networks (GANs)

GAN, which is composed of two NNs called generator and discriminator, has recently

gained significant interest due to its ability to sample from complex high-dimensional

distributions [210]. Figure 5.10 shows the architecture of a GAN. In Figure 5.10,

n real data samples are denoted by Y1,Y2,...,Yn, where Yi ∈ Rd. Moreover, n

latent-space signals are given as X1, X2,..., Xn, where Xi ∈ Rr and generally r ≤ d.

Latent-space signals are given to the generator G(·), which generates fake data

samples, i.e., Ỹi := G(Xi) ∈ Rd. PỸ and PY denote the probability distribution of

the fake and real data samples, respectively. In general, generator G(·) aims to fool

the discriminator by generating fake data samples while discriminator D(·) tries to

discriminate real samples from fake samples.

GANs are superior to VAEs in terms of the perceptual quality of the generated

data [210]. On the other hand, VAEs model the distribution of data better in

terms of likelihood criterion. The usage of GANs to improve the performance of the

next-generation communication systems has gained recent interest [211, 215, 216].



176

The authors of [215] use a conditional GAN to model the channel effects, and then

propose an end-to-end data-driven communication system based on the conditional

distribution of the channel by GAN. In [215], the instantaneous CSI h is sampled

from a channel dataset H, and the transmit symbol is sampled from a finite discrete

set of size M . Then, the transmit symbol is converted to a one-hot vector s with a

length of M . Moreover, the received pilot signals yp is considered as the conditioning

information. In [215], the end-to-end communication is formulated as a M -class

classification problem. It is assumed that the output of the receiver s̃ is a probability

vector over the M possible classes. The cross-entropy function is used as the loss

function. During the training phase of the algorithm given in [215], the transmitted

symbols are randomly generated and the instantaneous CSI is sampled randomly

from the channel dataset. Then, the transmitter and the receiver are trained to

minimize the end-to-end loss. During the test phase, the end-to-end reconstruction

performance is tested on the trained transmitter and the receiver by using real

channels. It has been shown in [215] that the proposed approach achieves similar

performance to the conventional techniques in terms of error. In [216], a GAN-based

algorithm has been proposed to learn the mapping relation between the received

training signals and the channel covariance matrices in vehicular mmWave systems.

Motivated by these results, we propose novel algorithms for unsupervised and hybrid

BF based on GANs.

5.3.2.1 Wasserstein GAN (WGAN) for SVD

A vanilla GAN estimates the target distribution by optimizing the cost function

C(D,G), which is given as [210],

min
G

max
D

C(D,G) = Ey∼PY(y)[log(D(y))] + Ex∼PX(x)[log(1−D(G(x)))] (5.40)

However, there are various problems with this architecture. For instance, the van-

ishing gradients problem occurs if the discriminator learns too well, then gradients

become zero that prevents the generator from learning. The other issues are high

sensitivity to hyperparameters and mode collapse. One of the architectures pro-
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posed to overcome these issues is WGAN [217]. The authors of [211] show that

WGAN can recover the optimal PCA solution. Motivated by the usage of squared

error in both linear autoencoders and WGANs, we first explore the use of WGAN

for unconstrained and hybrid BF.

WGAN minimizes the first order Wasserstein distance between fake data samples

Ỹ and real data samples Y, which is given as,

W (PỸ,PY) := min
PY,Ỹ

E
[
||Y− Ỹ||

]
. (5.41)

where || · || denotes l-2 norm. Here, the minimization is performed over all the joint

distributions with respect to marginal distributions PỸ and PY. WGAN solves the

following optimization problem,

min
G
W (PỸ,PY). (5.42)

In Theorem 1 of [211], the optimal solution of (5.42) under the linear Gaussian

setting is given by the r-PCA solution, where r ≤ rank(KY). Here, Y ∼ N (0,KY)

and X ∼ N (0, ir). Let us denote the optimal generator by G∗. It has been shown

in [211] that G∗ satisfies the following,

G∗G∗T = Vdiag(σ2
1, σ

2
2, ..., σ

2
r , 0, ..., 0)VT , (5.43)

where v = [v1, ...,vd] ∈ Rd×d and σ2
i are eigenvalues of KY = Vdiag(σ2

1, ..., σ
2
d)V

T =

VΣVT . In this section, the unconstrained BF (SVD) problem is formulated by

using a WGAN. As in Section 5.2.2, ith matrix in the training, which consists of

m channel matrices, is represented as Hi ∈ CNR×NT . The SVD of Hi is defined as

Hi = UiΣiV
∗
i . Similar to the BF algorithm based on linear autoencoders given in

Section 5.2.2, Ai = HiH
∗
i and Bi = ViΣ

2
iV
∗
i . are defined.

Two WGANs are used to find the unconstrained combiner (Ui) and the un-

constrained precoder (Vi) of Hi. Note that the real and imaginary values of the

unconstrained beamformers are handled separately. However, estimation of the real

values of the unconstrained beamformers is described here due to space limitations.

The WGAN given in Figure 5.11 finds the unconstrained combiners of the given
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2 RNR

⇠ Pa = N (0,Ai)

⇠ Pã
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Figure 5.11 WGAN architecture for finding the unconstrained combiners.

channel matrices as follows. First, Ai = HiH
∗
i is generated and normalized to have

the unit Frobenius norm. Then, the real data samples for the discriminator are sam-

pled from an NR-dimensional Gaussian distribution ai ∼ Pa = N (0,Ai). The input

signals are sampled from an NS-dimensional Gaussian distribution xi ∼ N (0, INR).

Then, the WGAN is trained as,

min
G
W (Pã,Pa), (5.44)

where Pa and Pã are probability distributions of the real data samples at the in-

put of the discriminator and the fake data samples generated by the generator in

Figure 5.11, respectively. The optimal generator G∗ is obtained by NR principal

components of Ai, which corresponds to the optimal combiner of the Hi.

The unconstrained precoders of the given channel matrices are found with a sim-

ilar WGAN as in Figure 5.11. First, Bi = H∗iHi is computed and then normalized

to have the unit Frobenius norm. The input signals of the generator in the WGAN

are generated from an NT -dimensional Gaussian distribution zi ∼ N (0, INT ). The

real data samples, which are given as input to the discriminator of the WGAN, are

sampled from an NT -dimensional Gaussian distribution bi ∼ Pb = N (0,Bi). The

following cost function is used to train the WGAN for the unconstrained precoder,

min
G
W (Pb̃,Pb), (5.45)

where Pb represents the probability distribution of the real data samples at the

input of the discriminator and Pb̃ denotes the probability distribution of the output
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samples of the generator. The unconstrained precoder of the Hi, which is associated

with NT principal components of Bi, is then found by the optimal generator G∗ that

is obtained after the WGAN is trained by using the cost function in (5.45).

5.3.2.2 Novel GAN Architecture for Hybrid BF

In this subsection, we formulate the hybrid BF system design problem by using a

novel GAN architecture. Then, we present an algorithm using the proposed GAN ar-

chitecture to design RF and baseband combiners (RRF ,RBB) and RF and baseband

precoders (TRF ,TBB) of the system given in Figure 1.6. The hybrid combiners and

precoders, which maximize the rate R given in (4.1), are selected in the algorithm

by satisfying the RF and power constraints defined in Section 4.1.

The proposed GAN architecture for hybrid combiners (precoders) consists of

two GANs. Figure 5.12 shows the novel GAN architecture, which is used to find

the hybrid combiners. Let the first generator that maps the real values of the

input dataset re(x)1, ..., re(x)m ∈ RNS to re(c̃)1, ..., re(c̃)m ∈ RLR be Greal
1 and

the second generator that maps the re(c̃)1, ..., re(c̃)m ∈ RLR to re(ã)1, ..., re(ã)m ∈
RNR be Greal

2 . The discriminator that differentiates re(a)1, ..., re(a)m ∈ RNR from

re(ã)1, ..., re(ã)m is Dreal
1 . Similarly, the third and the fourth generators (Gimag

1 and

Gimag
2 ) map the imaginary values of the same datasets while the second discriminator

Dimag
1 differentiates im(a)1, ..., im(a)m ∈ RNR from im(ã)1, ..., im(ã)m.

The GAN architecture in Figure 5.12 finds the hybrid combiners of the given

channel matrices as follows. First, Ai = HiH
∗
i is computed and normalized to have

the unit Frobenius norm. The real data samples a1, ..., am ∈ CNR are sampled from

NR-dimensional Gaussian distribution ai ∼ Pa = N (0,Ai). The real and imaginary

values of a1, ..., am are given as the input to the discriminator-1 (Dreal
1 ) and the

discriminator-2 (Dimag
1 ), respectively. We assume Dreal

1 (re(α)) and Dimag
1 (im(α))

are the estimates of the probabilities that re(α) and im(α) are real samples, respec-

tively. Moreover, we assume Dreal
1 (Greal(re(α))) and Dimag

1 (Gimag(im(α))) are the

estimates of the probabilities that re(α) and im(α) are fake samples, respectively.



180

Greal
1 (·)

Generator-1 Generator-2

Greal
2 (·)

Generator-3

Gimag
1 (·)

Generator-4

Gimag
2 (·)

Discriminator-2

Dimag
1 (·)

Dreal
1 (·)

Discriminator-1

re(x)1, ..., re(x)m 2 RNS

im(x)1, ..., im(x)m 2 RNS

re(c̃)1, ..., re(c̃)m 2 RLR

im(c̃)1, ..., im(c̃)m 2 RLR im(ã)1, ..., im(ã)m 2 RNR
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Figure 5.12 GAN architecture for finding the RF and baseband combiners.

Let us denote G1 = Greal
1 + 1j ∗Gimag

1 ∈ CLR×NS , G2 = Greal
2 + 1j ∗Gimag

2 ∈
CNR×LR , and G = G2G1 ∈ CNR×NS . As shown in Section 5.3.2.1, the optimal

generator G∗ is obtained by NS eigenvectors of Ai, which corresponds to the un-

constrained combiner of the Hi. Therefore, the unnormalized baseband combiner

and the unquantized RF combiner are approximated by Greal
1 + 1j ∗ Gimag

1 and

Greal
2 + 1j ∗ Gimag

2 , respectively. Since we assume that the finite-precision phase

shifters are used in the RF domain, the elements in the RF combiners have con-

stant modulus and quantized phase values. In particular, |[RRF ]i,j|2 = N−1R , where

|[RRF ]i,j| corresponds to the magnitude of (i, j)th element of RRF . Elements of each

column in RRF are represented as quantized phase shifts, where each phase shifter

is controlled by an Nq-bit input. mth row of the RF precoding matrix at the Rx,

which corresponds to the phase shifts of the mth antenna of the RRF , can be written

as e
j2πmkq

2Nq for some kq = 0, 1, ..., 2Nq − 1. We assume that Greal
2 + 1j ∗Gimag

2 in Fig-

ure 5.12 stores the elements of the estimated RF combiner with unquantized phase

values. Therefore, we quantize the phase value of each element of Greal
2 + 1j ∗Gimag

2

in each iteration during the training of the proposed GAN architecture in Figure

5.12. Let us denote the phase value of (i, j)th element of Greal
2 + 1j ∗Gimag

2 as αi,j.
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Then, αi,j is quantized by using the approach given in [8] as,

α̂i,j =
1

1 + exp (β(αi,j − bn))
+ on, (5.46)

where β is the scale factor of the input. bn and on are the bias and offset for the nth

quantization level, respectively. Here, n = 1, ..., 2Nq and Nq is the number of bits

used in phase shifters. Then, the (i, j)th element of the RF combiner is estimated

as R̂RF
i,j = cre

jα̃i,j , where cr = 1√
NR

is the modulus of the each element in the RF

combiner. Moreover, we require to design the baseband combiner by considering

the power constraints, ‖RRFRBB‖2F = NS, where NS is the number of transmitted

data streams. By using Greal
1 + 1j ∗Gimag

1 and the estimated RF combiner R̂RF ,

the baseband combiner is estimated as in the following,

R̂BB =
√
NS

Greal
1 + 1j ∗Gimag

1

||R̂RFGreal
1 + 1j ∗Gimag

1 ||F
. (5.47)

In the proposed GAN architecture, the discriminator-1 and the discriminator-2

maximize the following loss function,

Eai∼N (0,Ai)

[
Dreal

1 (re(a)i)−Dreal
1 (Greal(re(a)i))

]
+
[
Dimag

1 (re(a)i)−Dimag
1 (Gimag(re(a)i))

]
,

(5.48)

where Greal = re(R̂RF R̂BB) and Gimag = im(R̂RF R̂BB). In the meantime, the

generators in the proposed architecture minimize the given loss function,

Eai∼N (0,Ai)

[
Dreal

1 (Greal(re(a)i)) + Dimag
1 (Gimag(re(a)i)) + λ1

∑

i 6=j

||u∗iuj||2
]
,

(5.49)

where λ1 is the non-negative constant and ui is the ith column of Ui = RRF
iRBB

i.

A similar GAN architecture to the one in Figure 5.12 is used to find the RF and

baseband precoders at the Tx. The first generator Greal
1 in this architecture maps

the real values of the input dataset re(z)1, ..., re(z)m ∈ RNS to re(d̃)1, ..., re(d̃)m ∈
RLT . Then, the second generator Greal

2 maps the re(d̃)1, ..., re(d̃)m ∈ RLT to

re(b̃)1, ..., re(b̃)m ∈ RNT . The first discriminator Dreal
1 tries to separate true data

samples re(b)1, ..., re(b)m ∈ RNT from re(b̃)1, ..., re(b̃)m. As in the hybrid combin-

ers, Gimag
1 and Gimag

2 map the imaginary values of the input datasets. In the mean-

time, Dimag
1 tries to separate im(b)1, ..., im(b)m ∈ RNT from im(b̃)1, ..., im(b̃)m.
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During the training phase of the GAN for the hybrid precoders, Bi = H∗iHi is

computed and normalized to have the unit Frobenius norm. The real data sam-

ples b1, ...,bm ∈ CNT are sampled from NT -dimensional Gaussian distribution

bi ∼ Pb = N (0,Bi). Then, the real and imaginary values of b1, ...,bm are given as

the actual data input to the discriminator-1 (Dreal
1 ) and the discriminator-2 (Dimag

1 ),

respectively.

Similar to the GAN architecture for the hybrid combiners, the RF precoder TRF

and the baseband precoder TBB must satisfy the RF and power constraints. In

particular, |[TRF ]i,j|2 = N−1T , where |[TRF ]i,j represents the magnitude of (i, j)th

element of TRF . nth row of the RF precoding matrix at the Tx, which corresponds

to the phase shifts of the nth antenna of the TRF , can be represented as e
j2πnkq

2Nq

for some kq = 0, 1, ..., 2Nq − 1. As in the GAN architecture for hybrid combiners,

the phase value of each element of Greal
2 + 1j ∗Gimag

2 is quantized in each iteration

during the training, and the estimation of the RF precoder matrix T̂RF is found as

in the GAN architecture for the hybrid combiners. The hybrid precoders must also

satisfy the power constraints, i.e., ‖TRFTBB‖2F = NS, where NS is the number of

transmitted data streams. With Greal
1 + 1j ∗Gimag

1 and the estimated RF precoder

T̂RF , the baseband precoder is found as,

T̂BB =
√
NS

Greal
1 + 1j ∗Gimag

1

||T̂RFGreal
1 + 1j ∗Gimag

1 ||F
. (5.50)

In the GAN architecture for hybrid precoders, the discriminator-1 and the

discriminator-2 are trained by maximizing the loss function given as,

Ebi∼N (0,Bi)

[
Dreal

1 (re(b)i)−Dreal
1 (Greal(re(b)i))

]
+
[
Dimag

1 (re(b)i)−Dimag
1 (Gimag(re(b)i))

]
,

(5.51)

where Greal = re(T̂RF T̂BB) and Gimag = im(T̂RF T̂BB). Moreover, the generators

minimize the following loss function,

Ebi∼N (0,Bi)

[
Dreal

1 (Greal(re(b)i)) + Dimag
1 (Gimag(re(b)i)) + λ2

∑

i 6=j

||v∗ivj||2
]
.

(5.52)
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Here, λ2 and vi are the non-negative constant and the ith column of TRF
iTBB

i,

respectively.

5.3.3 Experimental Study of Generative Models for BF

Generative Models and Data Generation: To obtain the achieved rates with

the unconstrained BF via VAEs, we use the proposed VAE architectures in Figures

5.8-a and 5.8-b. The VAE for the unconstrained combiner and the VAE for the

unconstrained precoder are trained by minimizing the loss function given in 5.7 and

5.12, respectively. To find the unconstrained combiner and precoder of a massive

MIMO system through WGANs, we use a WGAN model presented in Figure 5.11.

We train the WGAN for the unconstrained combiner and the WGAN for the un-

constrained precoder by minimizing the cost functions defined in (5.44) and (5.45),

respectively.

During the training of the proposed VAEs and WGANs, we set the mini-batch

size to 32 and the number of training iterations to 1000. We consider a dataset,

which consists of 40000 training and 10000 testing channel matrices. We generate

each of the channel matrices in the dataset by using the stochastic mmWave channel

model, which is given in Section 4.1.2. In this model, it is assumed that the spacing

between two successive antennas is λ/2, and ULAs are used as the antenna arrays

in the massive MIMO system. We assume that the AoDs/AoAs are uniformly

distributed in [0, 2π]. The PLE and the system bandwidth are set to 3 and 100

MHz, respectively. For the implementation, we used Tensorflow [195].

5.3.3.1 Results for Unconstrained BF

In this subsection, we first compare the achieved rates of the optimum unconstrained

BF via SVD, the unconstrained BF via linear autoencoders, the unconstrained BF

via VAEs, and the unconstrained BF via WGANs.

Comparison of Proposed Unsupervised Algorithms for Unconstrained BF

with Perfect CSI: We first compare the achieved rates of the unconstrained BF
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Figure 5.13 Rates of unconstrained BF via SVD, unconstrained BF via autoencoders,
unconstrained BF via VAEs, and unconstrained BF via WGANs.

via linear autoencoders, VAEs, WGANs with the unconstrained BF via SVD when

the CSI is perfectly known at the Tx and the Rx. Figures 5.13-a, 5.13-b, and

5.13-c illustrate the achieved rates with the unconstrained BF via SVD, the autoen-

coder based unconstrained BF, the VAE based unconstrained BF, and the WGAN

based unconstrained BF approach for 4-by-4, 8-by-8 and 16-by-16 MIMO systems

operating in mmWaves. We observe in Figure 5.13-a that the autoencoder-based

unconstrained BF gets performance very close to the optimum BF and outperforms

both the VAE and the WGAN based unconstrained BF approaches for 4-by-4 MIMO

system. Moreover, the autoencoder-based unconstrained BF achieves around 35%

and 33%gain in rates compared to the unconstrained BF via WGANs for 8-by-8

and 16-by-16 massive MIMO systems, respectively. For 4-by-4 and 16-by-16 MIMO

systems, VAE based unconstrained BF achieves higher data rates than the WGAN

based unconstrained BF. On the other hand, the WGAN based unconstrained BF

outperforms the VAE based unconstrained BF for 8-by-8 MIMO system.

Comparison of Proposed Algorithms in Mismatched CSI Scenarios: To

investigate the performance of the proposed algorithms in terms of robustness, we

obtain the achieved rates of the optimum unconstrained BF via SVD, the uncon-

strained BF via linear autoencoders, the unconstrained BF via VAEs, and the un-

constrained BF via WGANs when each of these unsupervised models is trained and

tested in a mismatched channel condition. Figure 5.14-a shows the achieved rates
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20.2% gain with VAEs compared to linear autoencoders

7.69% gain with WGANs compared to linear autoencoders

(a) Achieved rates of 16-by-16 channel
matrices.

16.7% gain with VAEs compared to linear autoencoders

10.74% gain with WGANs compared to linear autoencoders

(b) Achieved rates of 16-by-16 channel
matrices for lower SNR values.

Figure 5.14 Rates of the unconstrained BF via SVD, the unconstrained BF via
linear autoencoders, the unconstrained BF via VAEs, and the unconstrained BF via
WGANs when they are trained and tested in a mismatched channel condition.

for the 16-by-16 mmWave system when the SNR changes from −20 to 20 dB and the

channel matrices with 0 and 10 dB SNR are used during the testing. In both cases,

the channel matrices with 30 dB SNR are used to train the proposed unsupervised

models. We observe in Figure 5.14-a that the unconstrained BF via VAEs outper-

forms the unconstrained BF via WGANs and linear autoencoders in the high SNR

regime as well as the low SNR regime. When SNR is 20 dB, 20.2% improvement is

achieved with the unconstrained BF via VAEs compared to the unconstrained BF

via linear autoencoders. Moreover, the WGAN based unconstrained BF achieves

7.69% gain compared to the linear autoencoder-based unconstrained BF when the

SNR is 20 dB. As the VAEs use a non-linear activation function to generate the

mean and the variance of the probability distribution of the output samples of the

generator, they are more robust to the noise in the test dataset compared to the

WGANs and linear autoencoders as they both use the linear functions. Figure 5.14-

b shows the achieved rates for the 16-by-16 mmWave system when the SNR changes

from −20 to 0 dB. In the low SNR regime, the unconstrained BF via VAEs achieves

16.7% gain in rates compared to the unconstrained BF via linear autoencoders. On
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(b) Achieved rates of 16-by-16 channel
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Figure 5.15 Rates of the unconstrained BF via SVD, the unconstrained BF via
linear autoencoders, the unconstrained BF via VAEs, and the unconstrained BF via
WGANs when they are trained with channel matrices with −10 and 0 dB SNR.

the other hand, the WGAN based unconstrained BF obtains 10.74% improvement

in rates compared to the unconstrained BF via linear autoencoders in the low SNR

regime.

We then compare the achieved rates in a different scenario, where the proposed

unsupervised models are trained by using channel matrices with higher noise com-

pared to the channel matrices used when the unsupervised models are tested. Figure

5.15-a shows the achieved rates with the 16-by-16 mmWave system while the SNR

increases from −20 to 20 dB for the unconstrained BF via autoencoders, the uncon-

strained BF via VAEs, and the unconstrained BF via WGANs. Here, we observe

the results when the unsupervised models are trained by using channel matrices

with −10 and 0 dB SNR. In each case, all of the models are tested by using channel

matrices with 30 dB SNR. We can see in Figure 5.15-a that the unconstrained BF

via VAEs achieve around 11% gain in rates compared to the unconstrained BF via

linear autoencoders for both cases when the training SNR is 0 and −10 dB SNR.

Moreover, the unconstrained BF via WGANs obtain 6.6% improvement in achieved

rates compared to the unconstrained BF via linear autoencoder when the SNR of
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channel matrices equals −10 dB during the training. As the achieved rates with the

WGAN based unconstrained BF are similar when training SNR is −10 and 0 dB,

the unconstrained BF via WGANs is more robust to changes in SNR during training

compared to VAEs and linear autoencoders. We show the achieved rates for the 16-

by-16 mmWave system when the SNR changes from −20 to 0 dB in 5.15-b. In the

low SNR regime, the unconstrained BF via VAEs outperforms the unconstrained

BF via WGANs and linear autoencoders when the SNR during training is either

−10 or 0 dB. Furthermore, the WGAN based unconstrained BF achieves a higher

gain in rates up to 8% when the training SNR is −10 dB compared to the linear

autoencoders in the high SNR regime.

Figure 5.16-a shows the achieved rates with the 16-by-16 mmWave system while

the SNR increases from −20 to 20 dB for the proposed unsupervised algorithms for

the unconstrained BF. In Figure 5.16-a, the unsupervised algorithms are trained

by using channel matrices with 10 and 30 dB SNR while they are tested by using

channel matrices with 30 dB SNR in both cases. The unconstrained BF via VAEs

outperforms the unconstrained BF based on WGANs and linear autoencoders in

terms of achieved rates when channel matrices with 10 and 30 dB SNR are used

during the training. However, the gain achieved with VAEs compared to the other

unsupervised algorithms decreases with the higher SNR used in channel matrices

during the training. For instance, the unconstrained BF via VAEs achieves around

7% and 8.4% gains in rates compared to linear autoencoders when training SNR is

30 and 10 dB, respectively. This is because the performance of the unconstrained BF

via WGANs and linear autoencoders gets closer to the optimum BF when training

SNR increases. Moreover, the improvement in rates achieved with the unconstrained

BF via WGANs compared to linear autoencoders decreases to 2.8%, which shows

the performance of linear autoencoders is affected most by the SNR used during

the training. Therefore, the unconstrained BF via linear autoencoders is the least

robust among all of the proposed unsupervised algorithms for the unconstrained BF.

In Figure 5.16-b, achieved rates for the 16-by-16 mmWave system when the SNR

changes from −20 to 0 dB are shown for the proposed unsupervised algorithms.
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autoencoders when training SNR=10 dB

autoencoders when training SNR=10 dB

WGANs and autoencoders when training SNR=30 dB

(a) Achieved rates of 16-by-16 channel
matrices.
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6� 7% gain with VAEs and WGANs compared to

(b) Achieved rates of 16-by-16 channel
matrices for lower SNR values.

Figure 5.16 Rates of the unconstrained BF via SVD, the unconstrained BF via
linear autoencoders, the unconstrained BF via VAEs, and the unconstrained BF via
WGANs when they are trained with channel matrices with 10 and 30 dB SNR.

When channel matrices with 30 dB SNR are used during both training and test

phases, gains achieved with VAEs and WGANs become similar around 6 − 7% in

low SNR regime as shown in Figure 5.16-b. On the other hand, the improvement

obtained with the unconstrained BF via VAEs in rates compared to linear autoen-

coders increases to 10.8% when channel matrices with 10 dB SNR are used. This is

due to the fact that the robustness of linear autoencoders decreases in the low SNR

regime.

5.3.3.2 Results for Hybrid BF

In this section, we compare the rates of the proposed hybrid BF algorithms based on

VAEs and GANs with the proposed hybrid BF algorithm via autoencoders, a super-

vised hybrid BF algorithm based on CE optimization [4], an MLP-based hybrid BF

algorithm [5], a CNN based hybrid BF algorithm [8], an autoencoder based hybrid

BF algorithm via geometric mean decomposition (GMD) [7], and the conventional

hybrid BF algorithms given in [1, 2].

Comparison of Proposed Unsupervised Algorithms for Hybrid BF: To
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Figure 5.17 Rates of the proposed unsupervised learning-based hybrid BF algo-
rithms.

study the performance of the proposed novel GAN architecture-based and the VAE

based hybrid BF algorithms with the proposed hybrid BF algorithm via linear au-

toencoders given in Section 5.2.5, we conduct simulations using the geometric chan-

nel model given in Section 4.1.2. Figures 5.17-a, 5.17-b, and 5.17-c illustrate the

achieved rates with the proposed novel GAN architecture based hybrid BF and

the proposed hybrid BF algorithm via autoencoders for 4-by-4, 8-by-8, and 16-by-

16 mmWave systems, respectively. For 4-by-4 mmWave system, the hybrid BF

approach based on linear autoencoders achieves 9% and 17.2% gains in rates com-

pared to the VAE based hybrid BF and the GAN based hybrid BF, respectively.

With 8-by-8 mmWave system, the proposed GAN-based hybrid BF outperforms the

autoencoder-based hybrid BF for the low SNR regime and obtains 35.9% improve-

ment in achieved rates when the SNR is 5 dB. Then, the autoencoder-based hybrid

BF approaches the rates achieved with the GAN-based hybrid BF. Moreover, the

hybrid BF approach based on VAE achieves 12.2% improvement in rates compared

to the hybrid BF via linear autoencoders. For 16-by-16 mmWave system, the GAN-

based hybrid BF and the VAE based hybrid BF obtain 29.1% and 45.6% gains in

rates compared to linear autoencoders based hybrid BF when the SNR is 20 dB.

Comparison of Proposed Generative Models Based Hybrid BF Ap-

proaches with the State-of-the-Art: We compare the achieved rates of the

proposed generative models based hybrid BF algorithms with the achieved rates of
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the ML-aided hybrid BF algorithm [4], the MLP-based hybrid BF algorithm [5], the

CNN based hybrid BF algorithm [8], the autoencoder based hybrid BF algorithm

via GMD [7], and the conventional hybrid BF algorithms given in [1, 2] in Figures

5.18-a and 5.18-b. The authors of [4] have proposed an ML-aided hybrid BF al-

gorithm based on adaptive CE optimization. In this algorithm, the weight of each

candidate hybrid beamformer is adaptively updated according to their achievable

sum-rates and calculates the probability distributions of elements in hybrid beam-

formers by minimizing the CE. In [5], a DNN is used to predict the BF vectors from

received signals using omni beam patterns. In [8], three CNN-based architectures

have been proposed for solving the hybrid BF system design problem. A DNN

framework is employed to construct an autoencoder to learn the mapping between

the optimum precoder and the multiplication of the analog and digital precoders

in [7]. The hybrid BF algorithm in [1] designs the beamformers by approximating

the channel’s dominant singular vectors based on a multi-resolution BF codebook.

In [2], a hybrid BF algorithm based on orthogonal matching pursuit (OMP) has

been proposed. Authors of [2] formulate the problem as a sparse signal estimation

in which near-optimal beamformers are found.

It is shown in Figure 5.18-a that with the proposed GAN and VAE based hybrid

BF approaches, we obtain 50−60% improvement in achieved rates compared to the

conventional hybrid BF algorithms given in [1, 2] for 8-by-8 mmWave system. The

proposed VAE based hybrid BF outperforms the ML based hybrid BF given in [4]

and achieves 20.8% gain in rates. Moreover, we obtain 40 − 50% improvement in

rates with the GAN and VAE based algorithms compared to another unsupervised

hybrid BF algorithm via GMD proposed in [7]. Finally, the proposed approaches

outperform the MLP-based hybrid BF algorithm given in [5] in the high SNR regime

for 8-by-8 mmWave system. When SNR is 20 dB, 7.5% and 20.8% gains are achieved

compared to the algorithm given in [5] with the GAN and VAE hybrid BF, respec-

tively. It is shown in Figure 5.18-b that for 16-by-16 mmWave system we achieve

26.7% and 41.5% gains in rates compared to the conventional hybrid BF techniques

with the GAN based hybrid BF and VAE hybrid BF, respectively. 12.8% improve-
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Figure 5.18 Achieved rates of the proposed GAN and VAE based hybrid BF, the ML-
aided hybrid BF [4], the MLP-based hybrid BF [5], the CNN based hybrid BF [8],
the autoencoder based hybrid BF [7], the conventional hybrid BF algorithms [1, 2].

ment is obtained with the VAE based hybrid BF compared to the algorithm given

in [5]. Finally, 80 − 90% gain is achieved with the proposed GAN and VAE based

hybrid BF approaches compared to ML-based hybrid BF algorithm in [4].

5.3.4 Complexity Analysis of the Proposed Unsupervised Algorithms

for Hybrid BF

Time Complexity Analysis: In this section, we first provide the time complexity

analysis of our proposed unsupervised learning algorithms for the hybrid BF. We

then compare the time complexities of our algorithms with the time complexities of

state-of-the-art learning-based and conventional hybrid BF algorithms.

During the forward-propagation of training the linear autoencoder proposed for

the RF and baseband combiners in Figure 5.4-a, first the input matrix Ai ∈ CNR×NR

in the ith iteration of the training is multiplied with the weight matrix of the hidden

layer given as W1 ∈ CNR×LR . The first hidden layer of the autoencoder generates

Di = AiW1 + b11
T
LR

. Then, the time complexity going from the first layer to the

hidden layer becomes O((NR)2 × LR). The second hidden layer of the autoencoder

generates Yi = DiW2 + b21
T
NS

, where W2 ∈ CLR×NS is the weight matrix of the

second hidden layer. Then, the time complexity of the second layer is obtained as
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O(NR×LR×NS). After that, the third hidden layer generates Ei = YiW3+b31
T
LR

.

Here, W3 ∈ CNS×LR is the weight matrix of the third hidden layer. Therefore, the

time complexity of the third hidden layer is found as O(NR × LR × NS). Finally,

the last layer generates Âi = EiW4 + b41
T
NR

, where W4 ∈ CLR×NR is the weight

matrix of the third hidden layer. Then, the time complexity of the last layer is

computed as O((NR)2 × LR). To estimate the unconstrained combiner Ui, Yi is

orthogonalized by using Gram-Schmidt algorithm, which has the time complexity of

O(NR×(NS)2). Then, the RF combiner RRF
i is estimated through the quantization

layer. The quantization operation is performed on each value of RRF
i ∈ CNR×LR , so

the time complexity becomes O(NR×LR). The baseband combiner RBB
i ∈ CLR×NS

is estimated by normalization layer, which has the time complexity of O(NR×LR×
NS). The time complexity analysis of the linear autoencoder proposed for the RF

and baseband precoders in Figure 5.4-b can be done with a similar logic. For

the m training samples, the total time complexity during the forward-propagation

for finding the hybrid beamformers of a mmWave system via the proposed linear

autoencoders in Section 5.2.5 is obtained as O(m× ((NR)2×LR +NR×LR×NS +

NR × (NS)2) + (NT )2 × LT +NT × LT ×NS +NT × (NS)2))).

During the backpropagation of the linear autoencoder given in Figure 5.4-a,

the error is computed by using the cost function defined in (5.22). As the time

complexity for the Frobenius norm of a n×nmatrix is given byO(n3), the complexity

of the error computation in (5.22) is found by O((NR)3). After that, the weight

matrices W1, W2, W3, and W4 are updated by using the obtained error. Then,

the time complexity during the backpropagation of one training sample is found

as O((NR)3 + (NR)2 × LR + NR × LR × NS + NR × (NS)2). Similarly, the time

complexity of the linear autoencoder given in Figure 5.4-b is obtained as O((NT )3 +

(NT )2 × LT + NT × LT × NS + NT × (NS)2) for one training sample during the

backpropagation. When both of the linear autoencoders for the hybrid beamformers

are trained for t iterations by using m training samples, the total time complexity is

found as O(t×m× ((NR)3 + (NR)2×LR +NR×LR×NS +NR× (NS)2) + (NT )3 +

(NT )2 × LT + NT × LT ×NS + NT × (NS)2))). The time complexity of hybrid BF
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via the proposed linear autoencoders in Section 5.2.5 for the test phase equals to

the time complexity of the forward-propagation. Therefore, the time complexity for

finding the hybrid beamformers of a given channel matrix during the test phase is

O((NR)2×LR+NR×LR×NS+NR×(NS)2+(NT )2×LT+NT×LT×NS+NT×(NS)2).

The time complexity of the forward-propagation during the training of the VAE

given in Figure 5.9-a is found as follows. First, the input matrix Ai ∈ CNR×NR is

multiplied with the weight matrix W1 ∈ CNR×LR , which has the time complexity of

O((NR)2 × LR). Then, the generated matrix by the first hidden layer is multiplied

with W2 ∈ CLR×NS . The time complexity of this multiplication is O(NR × LR ×
NS). After that, the hyperbolic tangent activation function is applied and Pi is

generated. To compute the mean and the covariance of the probability distribution

of Yi, Pi is multiplied with W3 ∈ CNS×NS and W4 ∈ CNS×NS , respectively. The

time complexity of these operations is O((NS)3). Then, the hidden layer of the

decoder generates Ei = YiW5 + b51
T
LR

. Therefore, the time complexity is found as

O(NR×LR×NS). Finally, the decoder multiplies Ei with the weight matrix W6 ∈
CLR×NR , which has the time complexity of O((NR)2×LR). The time complexities of

computation of the RF combiner and the baseband combiner by using quantization

and normalization layers are found asO(NR×LR) andO(NR×LR×NS), respectively.

We can find the time complexity of the VAE for the RF and baseband precoders

given in Figure 5.9-b by using similar mathematical manipulations. Then, the total

time complexity of estimating the hybrid beamformers via the proposed VAEs is

found as O((NR)2×LR +NR×LR×NS + (NS)3 + (NT )2×LT +NT ×LT ×NS) for

the forward-backpropagation. During the backpropagation of the training phase,

the VAE given in Figure 5.9-a computes the error by using the cost function defined

in (5.37). In this cost function, the Frobenius distance between the input and the

output of the VAE is computed, which has the time complexity of O((NR)3). By

following the steps to analyze the time complexity of the backpropagation of linear

autoencoders for the hybrid beamformers, the total time complexity is obtained as

O(t×m×((NS)3+(NR)3+(NR)2×LR+NR×LR×NS+(NT )3+(NT )2×LT +NT ×
LT × NS)) for t iterations with m training samples. Finally, the time complexity
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of the hybrid BF via VAEs during the test phase equals the time complexity of the

forward-propagation.

The forward-propagation of the WGAN shown in Figure 5.12 starts with the

generation of the real and imaginary values of the fake data samples by the first gen-

erator and the third generator, respectively. Here, the time complexity analysis of

generators and discriminators that deal with the real values is given explicitly as the

time complexity analysis for the imaginary values can be found by following the same

steps. The hidden layer of the first generator multiplies re(x)1, ..., re(x)NS ∈ RNS

with the weight matrix WG11 ∈ RNS×k1 , then the bias vector bG11 ∈ Rk
1 is added.

From now on, the explanation of bias addition will be skipped as the time com-

plexity of this computation can be ignored compared to the matrix multiplication.

The resulting vector is multiplied with the weight matrix of the second hidden layer

WG12 ∈ Rk1×LR . Then, the sigmoid activation function is applied to the resulting,

which generates re(c̃)1, ..., re(c̃)LR ∈ RLR . Then, Greal
1 = (WG11WG12)

T , which cor-

responds to the real values of the unnormalized baseband combiner, is computed.

The time complexity of these operations is obtained as O(NS × k1 × LR), where

k1 is the number of hidden nodes in the first hidden layer of the first generator.

The first hidden layer of the second generator multiplies re(c̃)1, ..., re(c̃)LR ∈ RLR

with the weight matrix WG21 ∈ RLR×k2 . The resulting vector is multiplied with

WG22 ∈ Rk2×NR , where k2 is the number of hidden nodes in the first hidden layer

of the second generator. The fake data samples re(ã)1, ..., re(ã)NR ∈ RNR is gener-

ated by the second generator by applying the sigmoid function at the output layer.

Similarly, Greal
2 = (WG21WG22)

T is computed, and then is used to approximate

the unquantized RF combiner. The time complexity of the operations performed

by the second generator is found as O(NR × k2 × LR). Moreover, the time com-

plexity of the estimation of the RF and baseband combiners by quantization and

normalization is obtained as O(NR × LR ×NS). Then, the discriminator processes

the actual data re(a)1, ..., re(a)NR and the fake data re(ã)1, ..., re(ã)NR through its

neural network. First, both inputs are multiplied with the weight matrix of the hid-

den layer WD11 ∈ RNR×k3 , where k3 is the number of hidden nodes. The resulting
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vector is multiplied with WD12 ∈ Rk3 , which is finally clipped between [−c, c] to

generate the score value. Here, c is a constant non-negative clipping value. The

optimization of the discriminator is repeated n times after fixing the generator. The

number of steps n to optimize the discriminator is a hyperparemeter. Therefore,

the time complexity of operations performed by the discriminator is computed as

O(n×NR × k3). During the forward-propagation, the time complexity of comput-

ing the hybrid combiners via the proposed GAN proposed in Figure 5.12 is given as

O(NS×k1×LR+NR×k2×LR+n×NR×k3+NR×LR×NS) for one training sample and

iteration. The discriminator of the proposed GAN given in Figure 5.12 maximizes

the cost function defined in (5.48 during the backpropagation of the training phase.

In the meantime, the generator in Figure 5.12 minimizes the cost function given in

(5.49). The time complexity of error calculation during the backpropagation of the

GAN proposed for the hybrid combiners becomes O((NR)2). After the same steps

for analyzing the time complexity of the backpropagation of linear autoencoders and

VAEs proposed for the hybrid beamformers are performed, the total time complex-

ity of training phase is obtained as O(t×m× (NS × k1×LR +NR× k2×LR + n×
NR×k3+NR×LR×NS+NS×k4×LT +NT×k5×LT +n×NT×k6+NT×LT×NS))

for t iterations with m training samples. Here, k4, k5, and k6 denote the number of

hidden nodes in the hidden layers of the first generator, the second generator, and

the discriminator, respectively. Moreover, the time complexity of the testing phase

of the hybrid BF based on the proposed GANs is the same as the time complexity

of the forward-propagation.

Time complexities of state-of-the-art conventional and learning-based hybrid

BF algorithms are computed as follows. In the conventional hybrid BF algorithm

proposed in [1], first SVD of the given NR-by-NT channel matrix is computed,

which has a time complexity of O(NRN
2
T ). Then, the hybrid beamformers of the

mmWave system with the given channel matrix are found based on their adap-

tive algorithm. The total time complexity of the algorithm given in [1] is found

as O
(
K2S3

LR

(
S − logSK

)
(NRN

2
T )
)

, where K, LR, and S denote the number of BF

vectors at the transmitter in each stage, the number of RF chains at the receiver,
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and the number of paths in the channel, respectively. In [2], an OMP based hybrid

BF algorithm has been proposed, and the time complexity of this algorithm is ap-

proximated as of O (NRN
2
T ). The authors of [4] introduce an ML-aided hybrid BF

algorithm based on CE optimization. In this algorithm, the first effective channel

matrices and corresponding baseband beamformers are obtained for CN candidate

beamformers, where CN must be at least 2Nq . Here, Nq is the number of bits used in

the phase shifters. Then, the total time complexity of the algorithm proposed in [4]

is O
(
t
(
2NqNTN

2
R

))
, where t is the number of iterations. During the training phase

of the algorithm given in [5], a fully-connected feed-forward DNN is trained by using

N pilot sequences each of with a length of Kp, which are received with Ntr different

RF-BF vectors. The time complexity of testing phase of the algorithm presented

in [5] is computed as O (NKp +NRNT ). The autoencoder based hybrid BF algo-

rithm proposed in [7] tries to learn the mapping between the optimum beamformer

and the multiplication of the RF and baseband beamformers. Time complexities of

the multiplication of the RF and baseband combiners and the multiplication of the

RF and baseband precoders O(NR×LR×NS) and O(NT ×LT ×NS), respectively.

To make the comparison with our proposed linear autoencoder based hybrid BF al-

gorithm fair, we assume that the autoencoder in the algorithm given in [7] has three

hidden layers. In that case, the time complexity of finding hybrid combiners with

the autoencoder is obtained as O((NR)2×k1+NR×k1×k2+NR×k2×k3), where k1,

k2, and k3 are the first, the second, and the third hidden layers of the autoencoder.

Therefore, the total time complexity of [7] is obtained as O(NR×LR×NS +(NR)2×
k1 +NR× k1× k2 +NR× k2× k3 + (NT )2× k1 +NT × k1× k2 +NT × k2× k3) during

the test phase. Authors of [8] propose three CNN-based architectures for solving

the hybrid BF system design problem. The detailed time complexity analysis of all

architectures have been provided in [8]. It has been shown that the time complexity

of the DNN for rank-k approximation is O(k2NRNT + k2N2
R + k2N2

T ), where k can

be equal to the number of data streams NS at most.

Time complexities of testing phases for the proposed unsupervised hybrid BF al-

gorithms and state-of-the-art conventional and learning-based hybrid BF algorithms
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Table 5.2 Time complexities of the proposed unsupervised hybrid BF methods and
the state-of-the-art

Hybrid BF Technique Time Complexity

Proposed Hybrid BF via Linear Autoencoders O((NR)2LR +NRLRNS +NR(NS)2 + (NT )2LT +NTLTNS +NT (NS)2)

Proposed Hybrid BF via VAEs O((NR)2LR +NRLRNS + (NS)3 + (NT )2LT +NTLTNS)

Proposed Hybrid BF via GANs O(NS(LR)2 +NRLRNS + nNRNS +NS(LT )2 +NTLTNS + nNTNS)

Hybrid BF Based on Adaptive CE [1] O
(
K2S3

LR

(
S − logSK

)
(NRN

2
T )
)

Sparse Hybrid BF [2] O (NRN
2
T )

ML-Aided Hybrid BF Based on CE Optimization [4] O
(
t
(
2NqNTN

2
R

))

Hybrid BF via Feedforward DNNs [5] O (NKp +NRNT )

Proposed Hybrid BF via CNNs [8] O(k2NRNT + k2N2
R + k2N2

T )

Autoencoder Based Hybrid BF via GMD [7] O((NR)2LR +NRLRNS +NR(NS)2 + (NT )2LT +NTLTNS +NT (NS)2)

are given in Table 5.2. Here, k1 = LR, k4 = LT , and k2 = k3 = k5 = k6 = NS for

easier comparison between the results. If N
NR

, N
NT

, Kp
NR

, and Kp
NT

remain constant, then

the hybrid BF via feedforward DNNs proposed in [5] has the least time complexity

among the proposed unsupervised algorithms and state-of-the-art algorithms. The

conventional hybrid BF algorithm given in [2] requires the least computation time if

N
NR

, N
NT

, Kp
NR

, or Kp
NT

increases with at least polynomial time. If NS ≤ min(NR, NT ),

then the time complexity of hybrid BF via VAEs becomes less than the time com-

plexity of hybrid BF via linear autoencoders and the autoencoder based hybrid BF

via GMD presented in [7]. On the other hand, the proposed hybrid BF via lin-

ear autoencoders and the autoencoder-based hybrid BF via GMD have fewer time

complexities than the hybrid BF via VAEs if NS > min(NR, NT ). Moreover, the

proposed hybrid BF via linear autoencoders and the autoencoder-based hybrid BF

via GMD has the same time complexities. If NR > NS, NR > LR, NT > NS,

NT > LT , and n < NS, the time complexity of the proposed hybrid BF via GANs is

less than the time complexity of the proposed hybrid BF via VAEs. The ML-aided

hybrid BF based on CE optimization proposed in [4] has a time complexity, which

grows exponentially with the number of bits used in the phase shifters. When the

number of bits is small, the time complexity of the algorithm given in [4] is compara-

ble to time complexities of the sparse hybrid BF proposed in [2,7] and the proposed
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unsupervised algorithms. However, the time complexity of the ML-aided hybrid BF

based on CE optimization increases rapidly and quickly compared to the algorithms

in [2, 7] and the proposed unsupervised hybrid BF algorithms while the number of

bits grows. For small values of Nq, K and S, time complexities of the proposed

algorithm in [1] and [4] are similar to each other. However, the time complexity

of [4] increases faster and becomes more than the complexity of [1] for increasing

values of Nq, K and S. When k << NR and k << NT , the time complexity of the

hybrid BF via CNNs given in [8] becomes comparable to the time complexity of [5].

On the other hand, the CNN-based hybrid BF algorithm proposed in [5] has the

biggest time complexity when k gets closer or more than NR and NT .
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CHAPTER 6

Conclusion

6.1 Conclusion

In this dissertation, we studied three problems in mmWave wireless networks: chan-

nel estimation in massive MIMO, signal detection in large-scale antenna systems,

and efficient design of hybrid BF algorithms via data-driven approaches. We pro-

posed computationally efficient solutions that outperform state-of-the-art channel

estimation and hybrid BF algorithms.

In the first part of this dissertation, we investigated the pilot contamination

issue, which is a key challenge for channel estimation in massive MIMO. We pro-

posed an adaptive ICA-based channel estimation method, which outperforms the

conventional ICA method in terms of computational complexity. With the adap-

tive ICA, 99.5% decrease in computation time compared to the conventional ICA is

obtained. Moreover, we showed that the proposed channel estimation method has

better accuracy than the conventional methods such as LS in massive MIMO when

the pilot contamination exists. In particular, 85% decrease in RMSE is achieved

with the adaptive ICA-based channel estimation compared to pilot-based methods.

We then studied CS-based methods to estimate the channel in massive MIMO to

reduce the length of pilot sequences compared to pilot-based channel estimation

techniques. To this end, we proposed an elastic net based channel estimation algo-

rithm for massive MIMO by exploiting the channel sparsity in massive MIMO. With

short pilot sequences, elastic net based channel estimation achieves 95% decrease in

RMSE compared to LS-based channel estimation. Moreover, the decrease in RMSE

increases up to 99% when the sparsity of the massive MIMO channel increases ten

times.

In the second part of this dissertation, we studied the problem of signal detection,
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when the signal is non-Gaussian and the receiver is equipped with a large number of

antennas. In the low SNR regime, we showed that the NP detector performs poorly

to detect non-Gaussian information. We then proposed a bispectrum detector, which

is capable of detecting non-Gaussian information. Furthermore, we conducted the

asymptotic analysis of the performance of the proposed bispectrum detector in the

large-scale antenna regime. We showed that the performance gain of the bispectrum

detector improves while the number of antennas at the receiver increases. On the

other hand, we also showed with our analysis and simulations that the number of

transmitted data samples must be increased to reduce the variance associated with

the bispectrum estimate, which degrades the performance of non-Gaussian signal

detection.

In the third part of this dissertation, we proposed efficient hybrid BF algorithms

by focusing on massive MIMO in mmWave networks. Motivated by the recent suc-

cess of ML techniques, particularly in areas such as computer vision and speech

recognition, we investigated the potential of data-driven approaches for hybrid BF.

We first focused on supervised learning-based algorithms in this dissertation. As one

can obtain the unconstrained (optimum) beamformers of a MIMO system through

its SVD, we explored the efficiency of supervised ML algorithms to perform the

SVD. We presented three novel supervised DNN architectures to compute the SVD.

The first proposed architecture predicts the singular values and singular vectors of

a given matrix by using a single DNN. The second architecture consists of multiple

low-complexity DNNs, where each DNN estimates one singular value and one sin-

gular vector of a given matrix. Finally, the third architecture has a low-complexity

DNN, which estimates one singular value and one singular vector at a time by us-

ing the DNN iteratively. We then proposed a novel supervised DNN based hybrid

BF approach by explicitly taking the constraints of the hybrid BF into account.

We showed that DNNs can be effective solutions for estimating SVD and hybrid

BF through simulations and complexity analyses. We observed that the DNN based

hybrid BF improves rates up to 40% and 70% compared to state-of-the-art learning-

based and conventional hybrid BF algorithms, respectively. With our time complex-
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ity analysis, we showed that the time complexity of the proposed DNNs for the SVD

approximations grows quadratically while the complexity of conventional SVD al-

gorithms grows cubically with the size of the given matrix. Moreover, we observed

in our simulations that the DNN based approaches estimate the SVD and hybrid

beamformers better than the conventional ones as long as the CSI can be approxi-

mated well enough during both training and testing since the overfitting increases

when the CSI mismatches during training and testing. We then presented time

complexity and memory requirement analyses for our approaches and state-of-the-

art techniques. We also proposed a novel Q-learning-based hybrid BF algorithm

and showed that a significant reduction in computational complexity is achieved

compared to the exhaustive search.

We then explored unsupervised learning for the SVD as well as hybrid BF. In

the last chapter of this dissertation, we first showed that the optimum output of the

encoder can be explicitly formulated as a function of the eigenvectors of the input

matrix of the linear autoencoder. Motivated by this result, we proposed a linear

autoencoder-based algorithm to find the optimum beamformers of a MIMO system

through SVD. We then presented a linear autoencoder-based hybrid BF algorithm

by incorporating the RF and power constraints of the hybrid BF. To reduce the

training time further, we also studied generative models, namely VAE and GAN

in the remainder of the last chapter. Motivated by the fact that WGAN can re-

cover the optimal PCA, which is closely related to SVD, we proposed a WGAN

based algorithm to find the unconstrained beamformers through SVD. In scenarios

with perfect CSI at the transmitter and the receiver, it has been observed that the

linear autoencoder-based unconstrained BF outperforms the VAE and the WGAN

based unconstrained BF. On the other hand, the VAE and the WGAN based un-

constrained BF are superior to the linear autoencoder-based unconstrained BF in

terms of robustness since they model the likelihood of the latent signal space and

reduce the overfitting. In scenarios with imperfect CSI, for 16-by-16 mmWave sys-

tem 20.2% and 7.69% gains are obtained with the unconstrained BF via VAEs and

WGANs compared to the unconstrained BF via linear autoencoders, respectively.
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We then extend the VAE for the hybrid BF by taking the constraints into account.

Finally, we propose a novel GAN architecture to find the RF and baseband beam-

formers of a hybrid BF system. With simulations, we show that the VAE and the

GAN-based hybrid BF outperform linear autoencoders-based hybrid BF in terms of

achieved rates. Moreover, it has been observed that the VAE and GAN-based hy-

brid BF achieves up to 60% and 30% gains in rates compared to the state-of-the-art

conventional and learning-based hybrid BF algorithms, respectively. With our time

complexity analysis, we showed that the computational complexity becomes higher

than the proposed supervised approaches when the number of RF chains is larger

than the number of data streams in a hybrid BF system. The results of this chap-

ter show that the unsupervised learning approaches are promising for the SVD and

hybrid BF as they get a close performance to our DNN-based approaches without

using any labeled data.

6.2 Future Research Directions

We summarize some open problems and future research directions in this section.

In this dissertation, we focused on the design of efficient hybrid BF algorithms

in the SU-MIMO scenario. MU-MIMO scenarios bring extra challenges to deploy

hybrid BF due to the requirement of user-specific BF gain. There are various open

problems to realize hybrid BF in MU-MIMO. Depending on the request for specific

BF gain, the optimal number of antenna elements assigned to the corresponding

user must be evaluated. Moreover, the request of each user varies in time, which

affects the optimal amount of antenna elements for each user. Furthermore, there

is also a trade-off between the number of RF chains that serve a specific mobile

user, which depends on the number of different beam directions for that user and

the number of remaining RF chains assigned for other users. Therefore, a smart

learning-based mechanism could be devised for performing the optimal assignment

of RF chains to different users.

Developing robust learning-based solutions for hybrid BF, which find the hybrid
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beamformers with imperfect CSI, is another future research direction. Most of the

hybrid BF algorithms assume the perfect information about the mmWave channel,

modulation and coding schemes, and other parameters of the environment. However,

this is a challenging task in mmWaves with massive MIMO. Therefore, it is essential

to extend data-driven hybrid BF methods to be able to work without complete prior

information about the environment. In this dissertation, we trained the proposed

algorithms by using a specific channel model, i.e., stochastic, NYUSIM models, and

then used the trained algorithm with the real-time CSI corresponds to the same

channel model. In the future, it would be very important to focus on improving the

performance of the proposed algorithms with the different channel models.

In this dissertation, we focused on the fully-connected hybrid BF architecture.

Adaptively-connected hybrid BF architecture can strike a balance between cost and

performance. The adaptive architecture uses switches, which have lower power

consumption than phase shifters, to flexibly connect RF chains to different antenna

elements. In order to achieve high power efficiency and performance, it is crucial

to obtain the full use of low-cost adaptively-connected architecture. Therefore,

further investigation is required to apply learning-based approaches to achieve high

performance with the low-cost adaptively-connected architecture.

The benchmark and evaluation of the proposed learning-based hybrid BF ap-

proach for 5G and beyond under realistic configurations of 3GPP NR standards is

crucial. Moreover, there is a demand for benchmarking datasets to achieve rapid

progress in learning-based hybrid BF research. Since the learning-based hybrid BF

approaches use the correlation between some features of the environment, such as

the geometry or channel with the BF vectors, there is a need for future research

on developing benchmarking datasets, which capture the correlation between the

environment and BF vectors.

The main open problems based on the work in this dissertation can be listed as

follows.

1. Data-Driven Hybrid BF Approaches for MU-MIMO: The first main

open problem is leveraging both the supervised as well as unsupervised ap-
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proaches to MU-MIMO settings. MU-MIMO scenarios in which there are mul-

tiple BSs, and a mobile user is moving in the environment are extremely chal-

lenging for applying hybrid BF efficiently. Learning-based approaches would

be extremely beneficial to solve this problem in a computationally efficient

manner.

2. Robust ML-Based Hybrid BF with Imperfect CSI: Proposing robust

learning-based solutions for hybrid BF for massive MIMO in mmWaves un-

der scenarios with imperfect CSI is the second open problem. Moreover, it

should be investigated if the proposed algorithms for the SVD and hybrid BF

are transferable between different channel models to compensate for a large

number of training iterations.

3. Optimization of the Proposed Channel Estimation and Hybrid BF

Algorithms To increase the efficiency of the proposed algorithms, reducing

the complexity and memory usage would be extremely beneficial. The com-

plexity due to the requirement of channel matrices (complete CSI) as input can

be decreased by adopting the algorithms to use compressed channel matrices

(partial CSI).

4. Hybrid BF Architecture Design using ML Techniques: Due to the

time-varying nature of the mmWave channel and hardware imperfections, de-

signing the optimal hybrid BF architecture is a challenging task. Therefore,

ML techniques can be used in the future to predict the optimal hybrid BF

architecture, which can change with the time-varying channel.

5. Benchmarking the Proposed Algorithms and Datasets for ML-Based

Hybrid BF: The final open problem is conducting additional hardware exper-

iments and benchmarking the proposed learning-based hybrid BF algorithms.

It is also essential to provide benchmarking datasets that researchers can use

to reproduce, validate, and compare the results of the proposed ML algorithms

for hybrid BF.



205

6.3 Publications Summary

6.3.1 Journal Papers

1. T. Peken, R. Tandon and T. Bose, ”Unsupervised Machine Learning Tech-

niques for Beamforming in Millimeter-Wave Networks,” Manuscript in prepa-

ration.

2. T. Peken, R. Tandon and T. Bose, ”Machine Learning for Hybrid Beam-

forming in Millimeter-Waves,” Proceedings of the IEEE (Submitted in July,

2020).

3. T. Peken, S. Adiga, R. Tandon and T. Bose, ”Deep Learning for SVD and

Hybrid Beamforming,” in IEEE Transactions on Wireless Communications,

vol. 19, no. 10, pp. 6621-6642, October, 2020.

4. T. Peken, G. Vanhoy, and T. Bose, “Blind channel estimation for massive

MIMO,” Analog Integr. Circuits Signal Process., vol. 91, no. 2, pp. 257–266,

May, 2017.

6.3.2 Conference Papers

1. T. Peken, R. Tandon and T. Bose, ”Unsupervised mmWave Beamforming

via Autoencoders,” in the Proceedings of IEEE International Conference on

Communications (ICC), pp. 1-6, June, 2020.
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[133] Y. Bengio, N. Léonard, and A. C. Courville, “Estimating or propagating gra-

dients through stochastic neurons for conditional computation,” CoRR, vol.

abs/1308.3432, 2013.

[134] T.S.Rappaport, Wireless Communications. Englewood Cliffs, NJ: Prentice-

Hall, 1996.

[135] L. Liu, C. Oestges, J. Poutanen, K. Haneda, P. Vainikainen, F. Quitin,

F. Tufvesson, and P. Doncker, “The COST 2100 MIMO Channel Model,”

Wireless Communications, IEEE, vol. 19, no. 6, pp. 92–99, December 2012.

[136] A. Hyvarinen, “Fast and Robust Fixed-Point Algorithms for Independent

Component Analysis,” Neural Networks, IEEE Transactions on, vol. 10, no. 3,

pp. 626–634, May 1999.

[137] H. Sawada, R. Mukai, S. Araki, and S. Makino, “A Robust and Precise Method

for Solving the Permutation Problem of Frequency-domain Blind Source Sep-

aration,” Speech and Audio Processing, IEEE Transactions on, vol. 12, no. 5,

pp. 530–538, Sept 2004.

[138] G. Destino, M. Juntti, and S. Nagaraj, “Leveraging sparsity into massive

MIMO channel estimation with the adaptive-LASSO,” in 2015 IEEE Global

Conference on Signal and Information Processing (GlobalSIP), Dec 2015, pp.

166–170.



225

[139] M. Masood, L. H. Afify, and T. Y. Al-Naffouri, “Efficient coordinated recovery

of sparse channels in massive mimo,” IEEE Transactions on Signal Processing,

vol. 63, no. 1, pp. 104–118, Jan 2015.

[140] W. U. Bajwa, J. Haupt, A. M. Sayeed, and R. Nowak, “Compressed channel

sensing: A new approach to estimating sparse multipath channels,” Proceed-

ings of the IEEE, vol. 98, no. 6, pp. 1058–1076, June 2010.

[141] J. W. Choi and B. Shim, “Compressive sensing based pilot reduction technique

for massive mimo systems,” in 2015 Information Theory and Applications

Workshop (ITA), Feb 2015, pp. 115–118.

[142] H. Zou and T. Hastie, “Regularization and variable selection via the elastic

net,” Journal of the Royal Statistical Society: Series B (Statistical Methodol-

ogy), vol. 67, no. 2, pp. 301–320, 2005.

[143] K. Knight and W. Fu, “Asymptotics for lasso-type estimators,” Ann. Statist.,

vol. 28, no. 5, pp. 1356–1378, 10 2000.

[144] S. Reid, R. Tibshirani, and J. Friedman, “A Study of Error Variance Estima-

tion in Lasso Regression,” ArXiv e-prints, Nov. 2013.

[145] S. Atapattu, C. Tellambura, and H. Jiang, Energy Detection for Spectrum

Sensing in Cognitive Radio. Springer Publishing Company, Incorporated,

2014.

[146] S. Haykin, D. J. Thomson, and J. H. Reed, “Spectrum sensing for cognitive

radio,” Proceedings of the IEEE, vol. 97, no. 5, pp. 849–877, May 2009.

[147] A. Taherpour, M. Nasiri-Kenari, and S. Gazor, “Multiple antenna spectrum

sensing in cognitive radios,” IEEE Transactions on Wireless Communications,

vol. 9, no. 2, pp. 814–823, February 2010.



226
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