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Dispersion of electromagnetic waves in linear, homogeneous, and isotropic media

M. Mansuripur
masud@optics.arizona.edu
James C. Wyant College of Optical Sciences, The University of Arizona, Tucson, Arizona 85721

Abstract. An electromagnetic wave-packet propagating in a linear, homogeneous, and isotropic medium
changes shape while its envelope travels with different velocities at different points in spacetime. In general,
a wave-packet can be described as a superposition of plane-waves having different frequencies w and
different propagation vectors k. While the angular spread of the k-vectors gives rise to diffractive effects, it
is the frequency-dependence of the refractive index of the host medium that is commonly associated with
optical dispersion. When the spectral distribution of the wave-packet is confined to a narrow band of
frequencies, and also when the spread of the k-vectors is not too broad, it is possible, under certain
circumstances, to obtain analytical expressions for the local and/or global trajectory of the packet’s envelope
as it evolves in time. This paper is an attempt at a systematic description of the underlying physical
assumptions and mathematical arguments leading to certain well-known properties of narrowband
electromagnetic wave-packets in the presence of diffractive as well as (temporally) dispersive effects.

1. Introduction. It is well known that packets of electromagnetic (EM) waves propagating inside
linear, homogenous, and isotropic (LHI) media exhibit dispersive as well as diffractive effects.'”’
Such behavior is rooted in the underlying composition of a wave-packet as a superposition of EM
plane-waves that occupy a band of frequencies, w, and possess a range of propagation vectors, Kk,
commonly known as k-vectors. The angular spread of the k-vectors is responsible for the diffractive
effects, while the frequency-dependence of the optical properties of the host medium gives rise to
dispersive phenomena such as wave-packet distortion and the emergence of the notion of group
velocity as a distinct characteristic of the envelope of the wave-packet.'

Both the dielectric permittivity € and the magnetic permeability u of the host medium can be
functions of the oscillation frequency w of the EM field. Thus, the refractive index n, which is
readily shown to be equal to /ue, is a function of w, and it is this parameter’s frequency-
dependence that is primarily responsible for the observed dispersive phenomena in optical
systems.'” We mention in passing that, in addition to their dependence on w, the u and € of a
material medium could also depend on the direction of the k-vector, thus producing an effect known
as spatial dispersion.®*” In this paper, however, we shall stay away from the phenomena associated
with spatial dispersion, focusing solely on temporal dispersive effects that arise from the
dependence of the refractive index n on the frequency w of individual plane-waves.

In the next section, where the propagation of narrowband wave-packets within LHI media is
examined, we derive a general formula for the trajectory of the packet envelope’s peak traveling
through spacetime. A special case of this analysis pertaining to wave-packets that enter a highly
absorptive medium (e.g., a metallic mirror) is presented in Sec.3. Section 4 is devoted to an analysis
of narrowband wave-packets traveling through transparent media subject to additional constraints
that would arise when the packet is confined within a waveguide. A special case of confinement
involving surface waves (e.g., surface plasmon polaritons'®'") is discussed in Sec.5. Finally, in
Sec.6, we examine the problem of wave-packet propagation within an LHI medium from a
somewhat different perspective, and arrive at a formula for the local group velocity of the packet’s
envelope at its various spatial locations." Examples are provided throughout the paper to clarify
some of the more abstract concepts and shed light on purely mathematical arguments. A summary
of the main results and a few closing remarks form the subject of the final section.
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2. Wave-packet within a linear, homogeneous, and isotropic medium. With reference to Fig.1,
consider an LHI medium specified by its relative permittivity and permeability, ¢(w) and p(w),
both of which, in general, are complex functions of w. Limiting our attention to media that obey the
Lorentz oscillator model of the refractive index'°— and that do not exhibit spatial dispersion™ —
we learn from Maxwell’s equations that k? = (w/c)?u(w)e(w). Let us further restrict our attention
to semi-infinite media which have a flat interface with another medium, say, the xy-plane at z = 0,
through which plane-waves with known values of w, k,, and k,, can enter our semi-infinite medium.
Either a single plane-wave or many plane-waves may enter the medium, and we shall assume for
each such plane-wave that the values of w, k, = (w/c)o,, and k, = (w/c)o,, are real but otherwise

arbitrary. Each plane-wave will thus have a single k, = (w/ c)\/ p(w)e(w) — o — o2, where the
sign of the square root must subsequently be chosen to allow the plane-wave to propagate in the
correct direction. Inside the medium, each plane-wave will have its electric field components
(E,, E,) determined by the boundary conditions at the z = 0 interface; its E, component, however,
will be given by Maxwell’s first equation, k-E =0, as E, = — (k,E, + k,E,)/k,. Also, the
beam’s magnetic field vector H will be fully determined by Maxwell’s third equation, H =
k x E/Mo#((‘))w-z’5

AZ

(@) = ' (@) +i 1" () O (G Oyor 05)

e(@)=e'(@)+ie"(®) 4@

[k®, 0] = [(w/c)a®, w]

/A
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Fig.1. A wave-packet containing a narrow range of wave-vectors k and frequencies w enters a semi-
infinite medium. (The superscripts i and t refer to the incident and transmitted entities, respectively.) The
LHI medium is specified by its relative permeability and permittivity, u(w) and &(w). The small volume
occupied by the transmitted beam within the (k, w) space is centered at (0, 0y, ®,), as shown. Inside
the medium, the plane-wave spectrum of the wave-packet is fully specified by its E-field amplitude

distributions E, (o, 0,, ) and E, (0, 0,, ®).

o

In general, k, will be complex and may, therefore, be written as k, + ik;. Since k,, k, are
assumed to be real, the plane-wave’s propagation direction will be k = k,X + k,y + k72, while its
attenuation, with the decay coefficient exp(—kJz), will take place along the z-axis.

Suppose that, instead of a single plane-wave, we have a wave-packet of finite duration as well

as finite cross-sectional diameter in the xy-plane, yet the diameter is fairly large and the pulse
duration is long, so that the field’s spectral amplitude E(ax, g,, w) in the (k, w) space is confined to
a narrow range of values around (o,,, 0,0, w,). We assume that u(w) = p' +ip” and e(w) = &' +
ie”, with 0 < u” « 1 and also 0 < €” « 1, so that the medium is weakly absorptive. The z-

component of the k-vector may, therefore, be approximated as follows:
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(1)

The implicit assumption here is that, not only is u'e’ positive, but also it is greater than
p"e" + af + a7, so that, for all (g,,0,, w) values of interest in the following analysis, the square
root appearing in Eq.(1) is real-valued. The sign of k; is determined by the sign of the imaginary
part of ue, namely, pu'e” + €'u”. When both y' and €’ are positive, the medium will have a positive
refractive index, in which case k, and k, will be positive. For a negative-index medium, however,
both u' and &’ will be negative and, therefore, the sign of k, must be reversed.’

Writing E, (o, 0, w) = |E,(0,,0,, w)| exp[i$,(o,, 0,,w)], and likewise for E,, E,, we express
each Cartesian component of the E-field as a superposition of all the various plane-waves that have
entered the semi-infinite medium, as follows:

2 2\% 4 :
—o; —0;)”* +i(w/c) v

E,(r,t) = Re j [ IE.(0, 0, )l explig, (0, 0, w)] exp(—k!z)
w=0 X%y

x expli(w/c)(ox + 0,y +\[u'e" — p"e" — 0% — 62 z — ct)| do,do,dw. (2)

In the above equation, the plus and minus signs appearing before the radical correspond,
respectively, to positive- and negative-index media. The attenuation factor, exp(—k, z), is likely to
be fairly constant over the domain of integration (i.e., the small cube in Fig.1 that contains the
significant values of o,, 0,, w); as such, it may be evaluated at the mid-point (o,,, 7,,, @,) of the
integration range, then brought out of the integral.

Now, in the (7, t) space, wherever the phase of the remaining integrand in Eq.(2) happens to be
more or less constant in the vicinity of (a,,, 0,,, @,), one can say that the envelope of E, (1, t) at that
location is at or near the peak value for the entire wave-packet. The stationary point of the phase
profile is determined by setting its partial derivatives with respect to o,,0,, w, evaluated at

(o) Ty0) @,), €qual to zero; that is,

99«

ZOyxo

[N — _
60‘x c [x + (#IEI_#IIEII_ ;0_0_}2/0)1/2] - 09 (3a)
0y Wo - Z0y0 _
doy + c [y + (u'e'—u"e"—c2,— 32,0)1/2 =0, (3b)
0dx 1 It "en 2 2 ZWo d(u'e'-p"e")/dw _
dw + Z (O-xox + 0y0Y t \/# E —WE — 0Oy — 0y Z— Ct) t c Jaqu'e —pu"e" - 3%0_03210)1/2 = 0. (3C)
Solving these equations for (x,y, z), we find the peak position of the pulse at time t, as follows:
+0x0 Zpeak c\ 0y
Xpoak = — (=)= (4a)
peak Tel_pyMel _g2 _g2 Y% ((u )60’ b
(u u X0 yo) 0 x %0000
toyo z o¢p
y0 Zpeak 4 x
Vpeak = T 17 2 2 N\, (_) D (4b)
e=—u"e"—o05p— 2 wo/ 0o
(u u x0 yo) 0 y Gx0:0y0,00
. (W'e'-u"e"-0%g-050)"  c[t—(8¢x/0w)+(ax0/00)(@Px/00x)+(0y0/w0)(@Px/DTy)] (4c)
peak Ju'e—ue" +(Ju' e —u"e" + wodfu'e —u"e" Jdw) )
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The peak of the wave-packet, therefore, propagates along its path with the expected group
Velocityl’2 tc/(Ju'e —u"e" + w,0, /1’ —u"e"”), which must be positive for positive-index as
well as negative-index media. As the packet propagates along its path through the medium, there
will be attenuation, due to multiplication by the decay-factor exp(—k, z), and distortion caused by
dispersion as well as diffraction. Nonetheless, the peak position of the packet at time t is generally
expected to remain in the vicinity of the point specified by Egs.(4). Similar relations exist for the y-
and z-components of the E-field (and also for the H-field); their only distinction being the initial
peak position of the packet for different field components, as determined, for example, in the case
of E, and E,, by the partial derivatives of ¢, (0,, 7, w) and ¢,(0,, 0,, w).

Example. A chirped Gaussian light pulse of width T, center frequency w,, and quadratic chirp
coefficient a,, is linearly polarized along the x-axis. In its cross-sectional xy-plane, the packet
diameter is large and its wavefront is fairly uniform, so the angular spread of the k-vectors can be
ignored. In the xy-plane at z = 0, the E-field of the pulse has the following time-dependence:

E,(t) = E ye” /T cos(w,t + a,t2) . (5)

Considering that the Fourier transform of e~ (@t*+b0) is (1 /q)%e~(@+ib)*/4a one may write the

E-field distribution of Eq.(5) as the real part of an inverse Fourier transform, as follows:
_ T © —T2(w-wg)?/[4(1+iaT?)] ,—iwt >

E,(t) =Re [—m f_oo e 0 of e dw] E.,X. (6)

For sufficiently large w,, the contribution of negative frequencies to the above integral can be

ignored, thus allowing the lower limit of the integral to be raised from —oo to zero. Since the wave-

packet is assumed to be propagating along the positive z-axis, the E-field in the xy-plane at an
arbitrary z may now be obtained by multiplying e'*Z into the integrand of Eq.(6); that is,

E(Z, t) ~ Re[ —Tz(w—wo)z/[4(1+ia0T2)]ei(kz—wt)dw] Exok\- (7)

T o]
VaAT(1+iagT?) fw:o €
In a transparent medium of refractive index n(w), the magnitude of the k-vector is given by

k = wn(w)/c. Assuming a narrowband wave-packet, we proceed to approximate kz — wt using a
Taylor series expansion up to the 2" order around the center frequency w,. We will have

kz — wt = wn(w)z/c — wt = [w,n(w,)z/c] + d,[wn(w)/c],,(w — w,)z
+02[wn(w)/2c],, (W — we)?z — [wyt + (w — w,)t]. (8)
Our notation will be simplified if we introduce the group velocity v, = ¢/d,,[wn(w)],, and
the auxiliary coefficient § = 202[wn(w)/c],,,. Substituting Eq.(8) into Eq.(7) and carrying out the
integral now yields

~ Re [ER1@o/OM@z-ctl} | T (tiaoT)(z/vg) = t]? }
E(zt) = Re{ J1+(ao — iT-2)pz [ TZ2+(aoT? - 1)Bz ]

Rearranging and streamlining the above equation, we finally arrive at

E. X 9)

E(zt) = Re{ /T/T(Z) el9(@) o —[T7%(2) +ia(2)][(z/vg) - t]Ze—iwot} E, X, (10)
where,
¢(2) = w,n(w,)(z/c) + tan™{Bz/[2T*(1 + a,B2)]}, (102)
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T(z) = TY (1 + a,f2)* + (Bz/T?)?, (10b)
_ (+agfz)ag + (Bz/T*)
U2) = Cragha? + (BalTo? (10¢)
It is seen that, at any given distance z from the origin, the Gaussian character of the pulse (as a
function of time t) is preserved.”® While the peak of the Gaussian propagates with the group
velocity v,2, the pulse width T and the quadratic chirp coefficient a vary as functions of z.
(Jackson” presents a parallel analysis involving a wave-packet that is a Gaussian function of z.)

3. Strongly attenuating medium. Returning to Eq.(2), let us consider the case of a strongly
attenuating medium, where k, > 0. This could happen, for instance, when u” and/or €” are large,
or when either u’' or & (but not both) is large and negative. Under such circumstances, the
penetration depth of the beam into the LHI medium is rather shallow, and one may analyze the
behavior of the wave-packet immediately beneath the entrance facet at z = 0%. We will have

E.(x,y,0% ) = Re f [ IE.(0, 0, w)|e¥xloxoyat@/Ooxtoy-cdlys dg,dw. (1)
w=0 Ox.0y

The peak of the packet’s envelope arrives beneath the surface of the LHI medium when the
phase of the integrand in Eq.(11) is more or less constant. This we determine by setting the partial
derivatives of the phase with respect to (o,, g, w) equal to zero. We find

_ c\ 0,
Xpeak = — (w_o) E Uxo,zryo,wo’ (123)
_ c\ 0y
Ypeak = — ((U_O)E D (12b)
0x0,0y0,@Wo
_9Px _ (m)%_ (@)%
tpeak = ow wo/ 00y wo/ doy (12¢)

0x0,0y0,Wo

This is all that one can say about the peak position of the packet just beneath the surface,
namely its location and its time of arrival. Of course, at any given time while the pulse lasts, there
will be one or more local maxima of the field at or beneath the surface, but these maxima are not
associated with a stationary phase of the integrand in Eq.(11).

Example. Let the incident wave-packet in the system depicted in Fig.1 be specified as

E;i)(x,z =07,t) = Ref f ]ES) (0, w)el@W/Aoxx s de. (13)

w=0 ¥

This s-polarized packet has a finite width along the x-axis and a finite duration, with a

(generally complex) spatio-temporal spectrum IES) (0, w) = |E§i)|ei¢y. Suppose the transparent

medium of incidence has the real and positive refractive index n(w), while the metallic mirror into

which the light is partially transmitted has a large, negative, real-valued permittivity &,e(w). The
Fresnel transmission coefficient at the z = 0 interface is known to be'*’

2[n?(w) — o3]%
n2(w) - 01”2 +i[of — e(w)]”2 (14)

(0, w) = EV/EY = [

Thus, the transmitted E-field immediately beneath the mirror’s surface is given by
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EP(x,y,2 = 0*,t) = Re f [, (0, 0EP (0, )]
w=0

X exp i{¢y(0x, w) —tan~! \/[nz(w) —02]/[0% — e(w)] + (w/c)(opx — ct)} do,dw. (15)
The phase of the integrand in the above equation may now be used to determine the peak

position (Xpear, tpear) Of the E-field’s envelope within the skin-depth of the metallic mirror.

4. Propagation inside a waveguide. An interesting situation arises when the host medium is
somehow “‘selective,” in the sense that, for each frequency w, there exist only a few specific values
of k, and/or k, that can enter (or survive within) the medium. The waveguide depicted in Fig.2 is
an example of such selective media. Let us assume that, in a particular situation, the guided mode
consists only of the following four k-vectors for each value of w:

k(w) = [1k,(0), 2k, (w), k() = (/) ?u(w)e(w) — kZ = kZ]. (162)

To simplify the argument, we assume that k,, k, are real-valued. Furthermore, the complex-

amplitude, say, E,, of each component of the E-field associated with the above k-vectors is
assumed to be given by

E,(*k,, tk,, 0) = |E (o) exp{i[p. (@) * ¢, (@) + ¢, (0)]}. (16b)

For the weakly-absorbing medium with a positive refractive index that is presently under
consideration, the guided wave-packet’s E, -field may thus be written as

E.(r,t) =Re fooo4|15x(w)| explig, (w)] cos[k,(w)x + ¢, (w)] cos[k, (w)y + ¢, (w)]

x exp[—kj (w)z] exp{i[/(w/c)?(w'e" — u"e") —kZ — k2 z — wt]}dw.  (17)

I "
A

p(@) = (@) +i 4"(@)
e =¢'(w)+ie"(w)

=
<2
e

)

@

G

Cladding Cladding

[k©, w]

N/
e TN

Fig.2. A waveguide is selective in its acceptance of the incident wave-vectors. It also could modify the
accepted k-vectors (or introduce new ones) as a result of interactions between the admitted wave-packet and
the cladding(s). The guiding medium in the present example is assumed to have a positive refractive index and
weak absorption, that is, 0 < u"” « u' and 0 < &” < ¢'. Typically, for each frequency w that is present in the
incident packet, certain well-defined values of k, and k, propagate in the guiding region. The inset shows a
specific example in which, for each incident frequency w, four wave-vectors are admitted into the guiding
medium; the admitted wave-vectors are k(w) = [tk,(w), +k,(w), k,(w) = \/(w/c)zu(w)s(w) — k2 —k2].
To simplify the argument, k, and k, are assumed to be real. The actual dependence of k, and k, on w is
determined by the geometry of the waveguide as well as the EM properties of the core and cladding materials.
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Here, k) (w) = % (w/c)*(W'e" + 'u")/\/(w/c)?(u'e" — p"e") — k2 — k2 is the imaginary part of
the propagating wave’s k-vector, obtained in the limit of weak absorption.

To determine the peak position of the wave-packet as a function of time, we note that the phase
of the narrowband integrand in Eq.(17) will be essentially constant if its derivative with respect to
w vanishes. This yields,

90| (/)2 (u'e" ~u"e") - k2 - K]

Zpeak =
wW=wo

Thus, the group velocity of the guided packet is seen to be not only a function of &(w) and
u(w) of the waveguide’s core material, but it also depends on the frequency-dependence of the
values of k, and k,, that are admitted into the waveguide.

Example. Consider a perfectly electrically conducting hollow cylinder of z
radius R, filled with a homogeneous and isotropic dielectric material of
permeability u,u(w) and permittivity £,6(w). The dielectric host medium n(w) LR

being transparent, its refractive index n(w) = {/u(w)e(w) is a positive real-
valued function of the frequency w.

In this cylindrically symmetric system, the k-vector is written as k = perfect
k,(o.7 + 0,2Z), where k, = w/c is the wave-number in free space, and conductor
02 + 02 = n?(w). Recalling that the speed of light in vacuum is ¢ =
(4,&,)~ % and that the impedance of free space is Z, = (u,/&,)*, one can show v
that the solution of Maxwell’s equations for the transverse magnetic (TM) |
guided modes of the EM field inside the cylinder is given by*""

E(r,t) = [(i0,/0.)]m ko0, )F — (M0, / ko701 (koGP + Jin (Ko 0,7)2]e P! K0%22700  (19a)

Z,H(r,t) = [(me/kora?)]m (ko0 P)F + (i/0,) 3 (ko0 ) Pl ™P @i o027 =00, (19b)

Here, the integer m is the azimuthal mode number, J,,,(+) is a Bessel function of the first kind,
order m, and J;,(*) is the derivative of J,,(-) with respect to its argument. The boundary conditions
atr = R, namely E, = E, = H, = 0, are imposed by the fact that, at the interior facet of the perfect
conductor, the tangential components of the E-field as well as the perpendicular component of the
B-field must vanish. This requires that k,0,-R be a zero of J,,,(-). Denoting by p,,, the v zero of
Jm(p), we find o, (w) = cp,,,/Rw. For a single-mode wave-packet having a narrow bandwidth Aw
centered at w = w,, the stationary phase condition is given by

0(k,0,z — wt)/0w =0 - aw[(w/c)\/nz(w) — 0% (w) z — wt] y=p, = 0. (20)
Equation (20) is readily solved to yield the group velocity of the wave-packet, as follows:

_ ey 1 = [pmyAo/2mRN(w0)]?
9 n(wg)+won’(wg) ) (21

Here, A, = 2mc/w, is the vacuum wavelength of the guided mode at its center frequency, and
the direction of v, is along the z-axis.

5. Dispersive propagation of surface waves. Let us consider a surface wave-packet that has
entered a “selective” medium in which each w is allowed only a single k-vector; that is,

k(w) = [k (), ky (@), k,(0) = /(w/)u(w)e(w) — k2 — kZ]. (22)
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Moreover, we assume that the imaginary part k, (w) of k,(w) is relatively large, so that the
wave-packet is more or less confined to the surface region in the vicinity of z = 0*. This could
happen, for instance, when u” and/or €” are large, or when either u’ or &’ (but not both) is negative.
The surface profile of any field component, say, E,, may thus be written

E.(x,y,z=0%1t) =Re foooIIEx(w)I exp{i[qu(w) + k,(w)x + k,(w)y — wt]} dw. (23)

The peak of the wave-packet occurs where the phase of the integrand in Eq.(23) happens to be
stationary. To determine the peak position, we evaluate the derivative of the phase with respect to w
at w = w,, then set it equal to zero, to find

(akx/aw)xpeak + (aky/aw)ypeak =t— (a¢x/aw)|w=w0- (24)

This shows the peak of the packet as a straight line in the xy-plane, always perpendicular to the
vector (0k,/0w)|,,X + (0k,/0w)|,,¥, while moving along the direction of this vector as time
progresses. According to Eq.(23), there will be no loss of energy over time, which would be fine if
the medium happens to be lossless, but is otherwise unacceptable. Loss may be introduced into the
wave-packet by allowing k, and/or k,, to have imaginary components.

Another concern with the wave-packet of Eq.(23) is that it is not laterally confined (i.e., in the
direction perpendicular to its axis of propagation). Confinement can be produced by bringing in
additional wave-vectors; for instance, by allowing each frequency w to have two admissible k-
vectors, as follows:

k(w) = [k (w), £k, (), k,(0) = [(0/)2u(w)e(w) — kZ — kZ]. (25)

Furthermore, let the corresponding field amplitudes be |E,(w)|exp{i[¢,(w) * ¢,,(w)]}. The
field profile at the z = 0% surface will then become

E.(x,y,z=0%,t) =Re f:o 2|E, ()| cos[k,(w)y + ¢, (w)] exp{i[¢,(w) + k, (w)x — wt]}dw. (26)

The peak of this wave-packet will now move along the x-axis in accordance with Eq.(24),
provided of course that y,., is set equal to zero.

Example. Surface plasmon polaritons'*'* are EM waves that reside at the interface between a metal

and a dielectric, as shown in Fig.3. We examine the ideal case of a flat interface between two semi-
infinite media, one being a transparent dielectric (glass) of refractive index n(w), which is a real
and positive entity, the other a lossless metal whose relative permittivity €(w) is real and negative.
At optical frequencies, both material media can be reasonably expected to have a relative
permeability of u(w) = 1. Assuming k, is real and positive, and k, = 0, the dispersion relation
k? = (w/c)*u(w)e(w) yields

kglass _ —i\/kf —(w/c)?n%(w), Jemetal = i\/kf —(w/c)?s(w). (27)

The p-polarized waves in the two media have E-field components along both x- and z-axes,
and magnetic field components along the y-axis, with E, and H, being continuous at the
interface."*” Maxwell’s first equation, k- E = 0, relates E, to E, via E, = —k,E,/k,, while his
third equation, k X E = pyu(w)wH, yields H, = (k,E, — k,E,) /u,w. We thus have

E (1, t) = Eo[® — (ko /KE™*)2] explilkyx + kE°z — wt)]. (28a)
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Hy0ss (1, 1) = [£0% (@) WE,o/ k5 ™13 expliCieex + k5°%z — wb)]. (28b)

Enera (1, 0) = Eo[® — (ki /K7™ 2] explilkyx + k7*?'z — wb)]. (292)
H oo (1,1) = [6,6(0) WE, /K7™y explilkyx + k7*z — wb)]. (29b)

Note that our choice of the E-field amplitudes ensures the continuity of E, at the interface,
where z = 0. The remaining boundary condition (i.e., the continuity of H,), forces k, to satisfy the
following equation:

_ (w/c)n(w)
e = £ 1+n2(w)/e(w)’ (30)

Fig.3. A surface plasmon polariton resides at the interface between a
transparent dielectric medium (glass) of refractive index n(w) and a sl &(w)
lossless metallic medium of permittivity ,e(w). At optical frequencies, the l

ke

A

relative permeability of the media is expected to be u(w) = 1. Both n(w)
and e(w) are real-valued, with n(w) being positive while &(w) is large and
negative. Maxwell’s boundary conditions require that k,, E,,, and H,, be

k
the same in the two media. Both k&**° and k™¢*! are purely imaginary. A ZS: )
wave-packet formed by a superposition of monochromatic surface k;
plasmons, having center frequency w, and a narrow bandwidth Aw,
propagates along the x-axis with the group velocity v, = X/(9k,/0w)|,,,.

n(w)

Considering that n(w) is real and positive, while £(w) is large, real, and negative, it is seen that
k. will be real, with a magnitude greater than wn(w)/c, which renders the inhomogeneous plane-
wave inside the glass medium an evanescent wave. Since both kg2 and k™! are purely
imaginary, the phase of a narrowband wave-packet (center frequency = w,, bandwidth = Aw) will
be given by k,(w) — wt, which yields the group velocity vy, = X/(0k,/0w)| -y, -

6. Local group velocity of wave-packets. Consider a narrowband EM wave-packet whose scalar
amplitude profile in the xy-plane at z = 0 is given by the real-valued function a,(x, y, t). Denoting
the Fourier transform of this initial profile by A(k,, k,, w), we will have

a(r,t) = Re {(Zn)‘3 f:’zo ffkoi,kf—ooA(kx’ k,, w)expli(k,x + k,y + k,z — wt)]dkxdkydw}.
(3D

Needless to say, the Fourier spectrum of the real-valued a,(x, y, t) must satisfy
A(_kw _kyr —(J)) = A* (k;a ky: (J)) (32)

Also, assuming the wave-packet propagates within a transparent LHI medium of refractive
index n(w), the dispersion relation yields

k, = (w/c)yn*(w) — (ck,/w)* — (ck,/w)?. (33)

The following analysis will be streamlined if we substitute the complex function A(r, w) for
the inner integral over the k, k,-plane that appears in Eq.(31), namely,

A(r,w) = |A(r, )|e?™®) = (21) ffkmky Ak, k,, w)e™ Tdk,dk,. (34)
We thus have
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a(r,t) = Re f:;OA(r,a))e‘iwtdw = Re foo_olA(r, w)|eilemw)-wtlgy, (35)

Further below, we shall define a carrier frequency and phase (w,, ¢.) for the above wave-
packet, but, quite independently of our choice of (w,, ¢.), the packet’s envelope is given by

Er,t) = |[ Alr,w)e ! dw|. (36)

Given this real-valued and non-negative function of the spacetime coordinates, the squared
magnitude of the envelope is readily expressed as follows:

Ex(rt) = [ [5_ A, w)A*(r,w)e @ dwdw'. (37)

To specify the carrier frequency and phase, we return to Eq.(35) and identify a center frequency
for the narrowband function A(r, w). Ideally, A(r, w) would have the form of a Hermitian function
of w (relative to the mid-point w, of the bandwidth) multiplied by a constant phase-factor e!?c. This
would make (w,, ¢.) the ideal frequency and phase of the carrier—i.e., render the carrier free of
any residual phase modulation. In general, however, one cannot expect to have such an ideal
A(r,w), and the best choice for (w,, ¢.) at any given point r is one that would make A(r,w —
w,) exp(—ig,) as close to a Hermitian function of w as possible. If it now happens, to a good
approximation at least, that the phase ¢(r,w) of A(r,w) is a linear function of w within the
bandwidth Aw of the wave-packet, we may write

(p(r, 0)) = (P(r’ (J)C) + aw(p(rr w)lw:wc(w - (UC). (38)

Here, ¢ (r,w,) = ¢., while d,¢(r, w,.) is the slope of the local phase profile of the wave-
packet at the given point r. The approximate form of the wave-packet of Eq.(35), with its carrier
explicitly separated from the envelope, may now be written as

a(r,t) = Re {ei(“’f‘wft) fA |A(r, w)|ei(“"wc)[aw‘p(r'“’f)_t]dw}. (39)
Similarly, substitution from Eq.(38) into Eq.(37) yields
EX(r,t) = ﬂA X ,IA(r,w)A(r,w’)|ei(“)_“")[aw‘p(r""f)_t]dwdw’

= [, AG @) A, 0] cos{(w — ) [0, p(r, ) — t]} dwde (40)

In the above equation, the knowledge that £2(r,t) is real has enabled us to replace the
integrand’s complex exponential factor with its real part.

Now, in going from 7 to a nearby point r + Ar, the change in 9,¢(r, w.) will be
V[d,o(r,w.)] - Ar. Assuming A(r,w) varies slowly with r, setting V[d,@(r, w.)]-Ar = At
ensures that E(r + Ar,t + At) = E(r,t). For a fixed At, the shortest possible distance for the
envelope to propagate away from r would be along the direction of V[d,¢(r, w.)], resulting in a
local group velocity' vy (1) = Ar/At = |V[0,0(r, w)]|~". Observe that this group velocity, while
being a function of the position variable 7, has no time dependence.

Example. A Gaussian beam, whose waist of radius R, is located in the xy-plane at z = 0, has a
real-valued spectral distribution A,(w) centered at w = w, with a narrow bandwidth of Aw. The
initial amplitude distribution in the z = 0 plane is thus given by®'°

a,(x,y,t) = Re f:;OAO(a)) exp[—(x? + y?)/R%] e “tdw. (41)
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The beam propagates along the positive z-axis within a homogeneous, isotropic, and
transparent medium of refractive index n(w). Considering that the Fourier transform of the initial
Gaussian profile is Ry exp[—Rg (k% + k;)/4], and that, in the paraxial regime, k, of Eq.(33) can
be approximated as

k, = (nw/c) = Ya(nw/c) 1 (kZ + k2), (42)

we obtain from . the following scalar amplitude protile throughout the entire spacetime:
btain from Eq.(31) the following scalar amplitude profile throughout the entire spacetime:'®
a(r,t) = Re [ °°_0A0(w)[1 +1(2cz/nwR2)|Lelnw/Oz g~ +y)/ [R5 +i(2ez/nw)l =0ty (43)

A comparison with Eq.(35) now yields

_ nwz 2cz/nw)(x?+y?) _ _1( 2cz
(p(r' w) T (2cz/nw)? + R t (an(Z,)' (44)

As a first step toward evaluating the local group velocity of the Gaussian wave-packet, we
compute the gradient of @ (r, w), as follows:

_ (o) [, | /DR +@/2)F - %(Ro/2)?2  1-(nwR3/2cz)? (xP+y?) .
Vo(r w) = ( c ){Z + 1+(nwR§/2c2)? [1+(an5/2cz)2]2( 222 )Z} (45)

The local group velocity v, (r) is obtained from the derivative with respect to w of the above

gradient, evaluated at the center frequency w = w,. The calculation is straightforward but somewhat
tedious. In what follows, we shall discuss only a few special cases.

i) In the far field, where z > mn(w,)RZ/A, (with A, = 2rmc/w, being the vacuum wavelength at the
center frequency), we find

V[0, o (r w,)] = [(f) %+ (X) P+ (1 - u) 2] O (ﬂ)

222 c

(46)

wc'
The group velocity in the far field is seen to be aligned with the direction of the local position
vector 1, with a magnitude that approaches ¢/d,,(nw)|,,,.

i1) At the waist of the beam, where z = 0, we find
V[0, (r w)] = {1+ 2(c/nwR)?[1 — (x* + y?)/R31}0, (nw /)] o, 2. (47)

The on-axis group velocity is seen to be reduced by a factor of 1 + 2(c/nw.R,)? relative to that
at the far field, namely, c¢/d,(nhw) |- Away from the center, however, the velocity rises with
distance from the center, eventually exceeding the far field velocity by a small amount.

ii1) Along the optical axis, where x = y = 0, we find

(nwcRo/2¢)* - (z/Ro)? ] (@)
(nwcRo/2¢)? + (z/Rg)?121 "® \ ¢

2. (48)

wc

V0,0 w)]ly=00 = [1 o

The on-axis group velocity peaks at z = +v3 mn(w,)R?/A,, which is v/3 times the Rayleigh
range of the beam.'® The peak value of v, at this point equals the far field velocity ¢/d,(nw)|,,
divided by 1 — (¢/2nw.R,)?.
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7. Concluding remarks. We have examined the physical assumptions and mathematical methods
and arguments that underlie some of the standard treatments of EM wave-packets propagating
within LHI media. When a packet has a narrow spectral bandwidth as well as a k-vector content of
limited angular spread, we found, under certain additional constraints, that one could arrive at
simple formulas to trace the trajectory of the peak of the packet’s envelope, and to estimate its
associated group velocity. This was done for wave-packets residing in unbounded media as well as
those propagating within waveguides or confined to certain surfaces and interfaces. Looking at
these narrowband wave-packets from a somewhat different perspective, we also showed the
possibility of tracking the evolution of their envelopes by examining their local group velocities at
different positions in space. A natural extension of this work would relate the higher-order
derivatives of the spatio-temporal spectrum of a wave-packet to changes in its other important
characteristics in consequence of propagation through an LHI medium. Other directions for future
investigations include addressing the effects of birefringence, optical activity, and spatial dispersion
in conjunction with various nonlinearities of material media— with an eye toward applications in
pulse compression, frequency comb generation, optical and microwave spectroscopy, fiber lasers,
fiber amplifiers, and optical communication systems.

Dedication. This paper is dedicated to the memory of Roland V. Shack, who occupied an office two doors
down the hall from mine, and was my colleague and beloved friend for nearly 25 years. Not only did I have
the honor of knowing him as a neighbor, but also we had many technical (and some non-technical)
discussions over the years. Some of my fondest memories of Roland pertain to conversations that he and I
had on issues related to electromagnetic dispersion in material media as well as in certain optical systems.
This was a topic of great interest to Roland, and I dare to harbor the hope and entertain the idea that my
musings in this paper would not have disappointed him.
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