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Abstract

Convergence testing is a common practice in the development of dynamical cores of
atmospheric models but is not as often exercised for the parameterization of subgrid physics. An earlier
study revealed that the stratiform cloud parameterizations in several predecessors of the Energy Exascale
Earth System Model (E3SM) showed strong time step sensitivity and slower-than-expected convergence
when the model's time step was systematically refined. In this work, a simplified atmosphere model is
configured that consists of the spectral-element dynamical core of the E3SM atmosphere model coupled
with a large-scale condensation parameterization based on commonly used assumptions. This simplified
model also resembles E3SM and its predecessors in the numerical implementation of process coupling and
shows poor time step convergence in short ensemble tests. We present a formal error analysis to reveal the
expected time step convergence rate and the conditions for obtaining such convergence. Numerical
experiments are conducted to investigate the root causes of convergence problems. We show that revisions
in the process coupling and closure assumption help to improve convergence in short simulations using
the simplified model; the same revisions applied to a full atmosphere model lead to significant changes in
the simulated long-term climate. This work demonstrates that causes of convergence issues in atmospheric
simulations can be understood by combining analyses from physical and mathematical perspectives.
Addressing convergence issues can help to obtain a discrete model that is more consistent with the
intended representation of the physical phenomena.

Plain Language Summary Computer codes that simulate the time evolution of a physical
system produce errors in the results due to the finite step sizes used to advance the calculations in
time. These errors are expected to decrease as the time steps are shortened, at a rate determined by the
characteristics of the equations and numerical methods. An earlier study revealed that the error reduction
in several predecessors of the Energy Exascale Earth System Model (E3SM) was at a rate slower than
expected. This study creates a simplified configuration of those models and investigates the causes of the
unexpected behavior. We show that slow error reduction can be understood and improved by combining
analyses from physical and mathematical perspectives. The required code modifications can lead to
significant changes in the simulated long-term behavior of a full-fledged climate model. Furthermore,
ensuring a proper rate of error reduction can help to obtain a computer code that is more consistent with
the intended representation of the corresponding physical system.
1. Introduction
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Atmospheric general circulation models (AGCMs) used in weather, climate, and Earth system research and
prediction consist of two distinct parts: the dynamical core and the physics parameterizations. The two
parts differ not only in the scales and characteristics of the physical phenomena they describe but also in
the way the corresponding codes are developed and evaluated. The dynamical core in an AGCM solves a
system of fluid dynamics equations. Its development typically focuses on designing accurate and computationally efficient discretization methods for modern computing architectures (see, e.g., Lauritzen et al., 2011;
Williamson, 2007). Comprehensive testing of the numerical implementation, for example, evaluating
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convergence with respect to spatial and temporal resolutions, is a common practice (Rípodas et al., 2009;
Stuhne & Peltier, 1999; Taylor et al., 1997; Vogl et al., 2019). In contrast, the development of physics parameterizations has a stronger emphasis on how to formulate the equations to conceptually describe a physical
phenomena. Given the uncertainties associated with model formulation and the constraints on computational resources, numerical accuracy is often not considered the highest priority (Beljaars, 1991; Beljaars
et al., 2018). A number of recent studies have shown that time integration errors in the parameterizations or
process coupling can be sufficiently large to dominate the total error of the numerical solutions (e.g., Barrett
et al., 2019; Zhang et al., 2012, 2018). These results suggest that more attention is needed to identify and
reduce numerical artifacts related to the parameterizations.
The work presented here is a follow-up of the study by Wan et al. (2015) who attempted to quantify and
attribute time stepping errors in the Community Atmosphere Model version 5 (CAM5) and version 4
(CAM4). That study conducted ensemble simulations at 1◦ horizontal resolution in which the model time
step was varied from the default value of 30 min to as short as 1 s. The simulation length was kept very short
(1 hr) so that temporal discretization plays a dominant role in determining differences between the ensembles while the impact of atmospheric motion's chaotic nature remains negligible (Teixeira et al., 2007). At the
end of the 1 hr model integration, instantaneous values of air temperature were saved to calculate the global
mass-weighted, root-mean-square (RMS) solution differences between the 1 s simulations and the results
obtained with longer step sizes. First-order convergence was expected based on (i) the assumption that the
time stepping methods used by individual parameterizations were at least first-order accurate and (ii) the
understanding that CAM4 and CAM5 used sequential splitting for the coupling between parameterizations.
The observed convergence rate, however, was 0.4 for the full model (i.e., with all the default parameterizations turned on). By testing different parameterizations in isolation, Wan et al. (2015) concluded that the
stratiform clouds were the primary source of large time stepping error and poor convergence. They also
found that the parameterization of large-scale condensation without any representation of rain and snow
formation already converged poorly. The cause of such behavior, however, was not discussed in that study
and is the focus of the present paper.
This study investigates the time step convergence in a simplified model configuration that consists of a
hydrostatic dynamical core coupled with a bare-bones version of the large-scale condensation parameterization used in CAM versions 2 to 4. The reason for focusing on this older parameterization is to use a
simpler mathematical formulation and code basis to investigate whether commonly used assumptions, such
as instantaneous condensation and fractional cloudiness in grid cells, inherently lead to convergence problem. As we show later in the paper, the root causes of poor convergence in this simplified model are not
these assumptions but other design features, some of which are still used in the most recent descendants
of CAM4. Based on physical understanding of the large-scale condensation process, this work improves the
solution convergence through intuitive changes in a closure assumption and in the numerical coupling of
dynamics and physics. The companion paper by Vogl et al. (2019) presents a further investigation that revisits the derivation of the parameterization. In a broader context, this paper and its companion demonstrate
that the investigation of time step convergence from a mathematical perspective can provide useful insights
into the characteristics of the continuous equations as well as the behavior of the discretization methods.
The code used here is the Energy Exascale Earth System Model (E3SM Project, 2018). The atmosphere component of E3SM, called EAM (Rasch et al., 2019), is a descendant of CAM5 and can be configured to perform
simulations using the parameterization suites of CAM4, CAM5, and EAM version 0 (v0) or version 1 (v1).
The continuous equations in our simplified model are described in section 2, with the derivation of the
parameterization presented in Appendix A for completeness. The numerical methods used for time integration in the baseline model are described in section 3. We then clarify the concept of time step convergence
in section 4 and present a formal analysis of the time stepping error in section 5. Numerical experiments are
shown in section 6 to demonstrate the impacts of process coupling and closure assumption on short-term
convergence in the simplified model and on 10-year climate simulated with the CAM4 physics suite. The
conclusions are summarized in section 7.

2. Model Equations in Continuous Form
The hydrostatic dynamical core developed by Taylor and Fournier (2010) and Dennis et al. (2012) is used
in our simplified model to describe large-scale adiabatic fluid dynamics and advection of tracers by the
WAN ET AL.
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resolved winds. The dynamical core predicts the time evolution of horizontal winds (u, v), temperature (T),
and surface pressure (ps ). The vertical velocity is diagnosed from the hydrostatic balance. Only two tracers
are considered here: water vapor and cloud liquid; their concentrations are expressed as the weight of the
corresponding species per unit weight of moist air and are denoted by qv and ql , respectively. Among the
model's prognostic variables (also referred to as state variables in the remainder of the paper), qv , ql , and T
are directly affected by both the resolved dynamics and the parameterized physics.
The underlying concept of the large-scale condensation parameterization used here can be traced back to
the work of Sundqvist (1978), who considered three categories of atmospheric processes that can cause
temperature and humidity changes: (i) condensation of water vapor in nonconvective clouds, denoted by Q
(unit: kg kg−1 s−1 ), (ii) cloud microphysical processes that describe the formation and evaporation of rain in
nonconvective clouds, which causes tendencies in T, qv , and ql denoted by RT , Rv , and Rl , respectively, and
(iii) all other processes that lead to tendencies collectively denoted by AT , Av , and Al . The time evolution
equations of T, qv , and ql solved by the entire model (i.e., dynamics plus physics) take the form
L
𝜕T
= AT + RT + v Q,
𝜕t
Cp

(1)

𝜕qv
= Av + Rv − Q,
𝜕t

(2)

𝜕ql
= Al + Rl + Q,
𝜕t

(3)

where Lv = 2.501 × 106 J kg−1 is the latent heat of evaporation and Cp = 1,004.64 J kg−1 K−1 is the specific
heat of dry air. Cloud microphysics is ignored in our simplified model; hence RT = Rv = Rl = 0. Here, the
“other” processes denoted by AT , Av , and Al include only the large-scale transport and adiabatic dynamics; in
a full AGCM, however, the A-terms can also include additional small-scale processes like radiative heating,
turbulent transport, and convection. Sundqvist (1978) viewed nonconvective condensation as a response of
the large-scale atmospheric state to the cooling and/or moistening caused by these other processes. Assuming the surface of the globe in an AGCM is divided into grid boxes for horizontal discretization, the goal of
the large-scale condensation parameterization is to determine the grid box mean condensation rate Q from
the grid box mean forcing terms AT , Av , and Al . As pointed out by Zhang et al. (2003), Equations 1–3 are
valid both for individual subgrid locations and for any collections of them as long as the tendencies on the
right-hand side are defined correspondingly.
2.1. Grid Box Mean Condensation Rate
The parameterization used here is a bare-bones version of the scheme in CAM versions 2 to 4, originally
developed by Rasch and Kristjánsson (1998) following Sundqvist (1978) and later revised by Zhang et al.
(2003). Like in many other global AGCMs, it is assumed that condensation can occur in a portion of a grid
box before the grid box mean relative humidity (RH) reaches 100%. The fractional area of a grid box in which
liquid condensate exists is referred to as the cloud fraction and denoted by f . Using the definition of f , one
can take the steps detailed in Appendix A and get
̂
𝜕q
𝜕ql
𝜕𝑓
= 𝑓 l + q̃l
.
𝜕t
𝜕t
𝜕t

(4)

Here, overline and hat denote spatial averages taken over an entire grid box and over its cloudy portion,
respectively. This expression of grid box mean cloud liquid tendency is essentially Equation (7) in Zhang et al.
(2003) albeit using different notation. The two terms on the right-hand side are the liquid water tendencies
caused by changes inside the existing clouds and those associated with cloud fraction change, respectively.
q̃l is the liquid water concentration averaged over the subgrid locations that experience transitions from
cloudy to cloud-free or vice versa.
Substituting 𝜕 ql /𝜕 t on both sides of Equation 4 with Equation 3, we can get the following expression for the
grid box mean condensation rate:
(
)
̂ − Al − 𝑓 Âl + q̃l 𝜕𝑓 .
Q = 𝑓Q
(5)
𝜕t
WAN ET AL.
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̂, A
̂ l , and q̃l is explained in section 2.2. For brevity and to facilitate later discussions,
The calculation of f , Q
we use the following notation to refer to the three right-hand-side terms in Equation 5:
̂
 = 𝑓 Q,

(6)

(
)
 = − Al − 𝑓 Âl ,

(7)

 = q̃l

𝜕𝑓
.
𝜕t

(8)

Note that for any generic field 𝜓 , we have
𝜓 = 𝑓𝜓
̂ + (1 − 𝑓 )𝜓e ,

(9)

where 𝜓 e is the average over the cloud-free locations inside a grid box; hence we can also write
Equation 7 as
 = −(1 − 𝑓 )Al,e .

(10)

Equation 5 states that the grid box mean condensation/evaporation rate is the sum of the in-cloud condensation (term ), the response to cloud liquid tendency in the clear-sky portion (term ), as well as phase
changes associated with cloud growth or erosion (term  ).
2.2. Closure Assumptions
As in most global atmosphere models, it is assumed that the condensation of water vapor and evaporation
of liquid water occur at time scales substantially shorter than the target time step size of the model and
̂ , Âl , and q̃l on the right-hand side
hence can be viewed as instantaneous processes. The expressions of f , Q
of Equation 5 are determined as follows:
1. We define the grid box mean relative humidity RH as
RH = qv ∕qsat ,

(11)

where qsat is to be interpreted as the saturation specific humidity at temperature T and pressure p̄ :
̄ .
qsat = qsat (T, p)

(12)

Cloud fraction f is approximated by a function of RH using
if RH ≤ RHcrit ,
⎧0
⎪ ( RH−RHcrit )2
𝑓 =⎨
if RHcrit < RH < 1,
1−RHcrit
⎪
if RH ≥ 1,
⎩1

(13)

with RHcrit = 0.8. Equation 13 is a simplified version of the cloud fraction scheme in CAM4 where RHcrit
is altitude dependent, and an additional cloud fraction scheme based on the stratification in the lower
troposphere is used for the marine stratocumulus clouds (Neale et al., 2010, 2013).
̂ , the RH inside clouds is assumed to stay at 100%. Subgrid variabilities in T
2. To derive an expression for Q
and p (pressure) are ignored. The tendencies AT and Av are also assumed to be spatially homogeneous
within grid boxes, while qv is assumed to have different values in the cloudy and cloud-free portions of
a grid box. The in-cloud value of qv is the saturation specific humidity as a function of T and p, denoted
by qsat . The expression for qsat used here and in CAM4 is given in Appendix C. Using these assumptions,
one can derive the following expression for the in-cloud condensation rate (cf. Equations (4) and (5) in
Zhang et al., 2003):
̂=
Q

Av −
1+

WAN ET AL.
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A

T
𝜕T
Lv 𝜕qsat
Cp 𝜕T

.

(14)
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3. For the cloud growth term in Equation 5, which is the  term defined by Equation 8, Zhang et al. (2003)
stated that “Theoretically, newly formed or dissipated clouds should have zero cloud water content. Practically, however, because of the finite time step in the integration of the cloud water equation, [ … the
cloud growth term] may be relevant.” They followed Rasch and Kristjánsson (1998) and approximated
q̃l by the in-cloud liquid water concentration of the existing cloud:
q̃l =

ql
.
𝑓

(15)

Further explanation for q̃l being generally nonzero is provided in Appendix A. In later sections of this
paper and in the companion paper by Vogl et al. (2019), it is shown that the formulation and numerical
discretization of the  term have a major impact on the short-term time step convergence in the simplified
model as well as significant impact on long-term climate simulations performed with the CAM4 physics
suite. Specifically, Equation 15 has the vulnerability of being singular if a grid box has nonzero liquid
content but zero cloud fraction. This vulnerability is rooted in the fact that the cloud fraction calculated
with Equation 13 has no direct dependency on the cloud liquid amount. Factors in the discrete model
that affect the occurrence of the singularity are discussed in section 6.
4. For the clear-sky term in Equation 5, which is the  term defined by Equation 7, Zhang et al. (2003)
assumed no subgrid variability for Al and hence
Âl = Al .

(16)

1 = −(1 − 𝑓 )Al ,

(17)

The resulting expression for the  term is

which is referred to as “option 1” in the remainder of this paper. Our results, shown later in section
6.4.2, suggest that this assumption also contributes to convergence issues in the simplified model. The
motivation for and formulation of an alternative closure are discussed in section 6.4.2.
Using the four assumptions listed above, we can get the following expression for the grid box mean
condensation rate:
⎛
⎞
𝜕qsat
q d𝑓
⎜ Av − 𝜕T AT ⎟
,
Q=𝑓⎜
++ l
Lv 𝜕qsat ⎟
𝑓 dt
⎜ 1 + C 𝜕T ⎟
p
⎝
⎠

(18)

where the  term is given by Equation 17, the 1 option, in the baseline version of the simplified model; an
alternate option (3) is discussed later in section 6.4.2.

3. The Discrete Model
We now explain how the model equations listed in the previous section are discretized. The focus is on time
integration. The spatial discretization in the dynamical core and the resolution used in our experiments are
briefly mentioned.
3.1. Resolved Dynamics and Tracer Transport
The dynamical core uses a mimetic spectral-element (SE) method and a cubed-sphere mesh for the horizontal discretization of the large-scale dynamics and advection equations (Dennis et al., 2012; Taylor &
Fournier, 2010). The horizontal mesh used in this study is ne30np4, indicating that each face of the cubed
sphere is divided into 30 × 30 elements, with each element containing 4 × 4 quadrature points. The resulting
grid spacing is approximately 1◦ (110 km). The vertical coordinate is a hybrid sigma-pressure coordinate,
where sigma is defined as the ratio between the air pressure at a location of interest and the corresponding
air pressure at the Earth's surface. All simulations in this study used a 30-layer vertical grid.
The vertical discretization in the dynamical core uses the floating Lagrangian method of Lin (2004), which
lets the horizontal flow evolve for a time period of Δtremap before the prognostic variables are remapped
back to the reference grid. Within a step of Δtremap , the evolution of the horizontal flow is substepped for
numerical stability. The equations of the inviscid air motion (the temperature, winds, and surface pressure equations) are solved with an explicit five-stage third-order Runge-Kutta scheme using step size Δtdyn
WAN ET AL.
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(cf. Appendix C in Lauritzen et al., 2018, and further details in Guerra & Ullrich, 2016, and Kinnmark &
Gray, 1984). Numerical diffusion is applied as fourth-order hyper-viscosity using the explicit Euler method
with a step size of Δthyper . The horizontal tracer advection is calculated with a step size of Δttracer using
a three-stage second-order strong-stability-preserving Runge-Kutta method (Spiteri & Ruuth, 2002) with a
quasi-monotone limiter (Guba et al., 2014). More detailed descriptions of the time stepping methods in the
SE dynamical core can be found in Section 3.1 of Zhang et al. (2018) and Section 3.5 of Lauritzen et al. (2018).
All simulations shown in this paper used the default step-size ratios of the 1◦ EAM:
Δtremap = 3Δttracer = 3Δtdyn = 9Δthyper .

(19)

The same step size is used for horizontal tracer advection and inviscid dynamics to achieve consistency
between the tracer- and air-mass equations. A shorter step size is used for diffusion to ensure stability.
3.2. Physics-Dynamics and Physics-Physics Coupling
As is traditionally done in CAM and also used in EAM, dynamics and physics are coupled with a larger step
size that is also used for most physics parameterizations. We denote this step size by Δtphys following the
notation in Lauritzen et al. (2018). The default choice for the 1◦ model is Δtphys = 1,800 s and
Δtphys = 2Δtremap .

(20)

The physics and dynamics are mostly sequentially split, meaning the first parameterization in the physics
suite calculates tendencies of the prognostic variables (T, qv , ql , etc.) using their values updated by the
dynamics, and the second parameterization acts upon the model state updated by the first parameterization,
and so forth. When it is time for the next dynamics call, information from the physics suite can be passed to
the dynamical core in three different ways:
(i)

using pure sequential splitting, that is, providing the dynamics with model state variables updated by
the physics,
(ii) “dribbling” physics tendencies of all prognostic variables by applying an increment proportional to
Δtremap before each vertical remapping step, or
(iii) using a hybrid approach that combines sequential split (i) for tracers and “dribbling” (ii) for temperature, winds, and surface pressure.
These options are described in Section 3.1 of Zhang et al. (2018) and Section 3.5 of Lauritzen et al. (2018).
We have conducted numerical experiments and found our results to be insensitive to this coupling. Option
(i) is depicted in Figure 1 to facilitate further discussion.
The state variables in a sequentially split model are updated multiple times within an overall model time
step that covers all the resolved and parameterized processes. Because the parameterization used here views
the large-scale condensation as a response of the model atmosphere to cooling and moistening caused by
other processes, it makes sense to view the model state after the condensation parameterization as the end
of an old step and the beginning of a new step. In Figure 1, these “full” time levels are labeled with n and
n + 1 , the time interval between which is Δtphys . The various substeps used in the dynamical core are not
depicted. The intermediate time level before the large-scale condensation parameterization is referred to as
time level n∗ .
3.3. Baseline Model
The baseline version of the simplified model uses the 1 closure for clear-sky evaporation and the sequential splitting shown in Figure 1a for process coupling. To advance the model state from time level n to n + 1,
(n)
(n)
(n)
the dynamical core is executed first to calculate tendencies AT , Av , and Al from the model state at
(n)
(n)
(n)
time level n. (We note that AT , Av , and Al are to be understood as temporal averages over all dynamics substeps within an interval of Δtphys since various substeps are used by the dynamical core.) These
dynamics-induced tendencies are used to update the state variables as follows:
T

(n∗ )

qv

(n∗ )

ql

WAN ET AL.

(n∗ )

=T

(n)

(n)

+ AT Δtphys ,
(n)

= qv

(n)

+ Av Δtphys ,

= ql

(n)

+ Al Δtphys .

(n)

(21)
(22)
(23)
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Figure 1. Flowcharts showing the sequence of calculation in the simplified atmosphere model. Panel (a) corresponds
to the baseline model that uses sequential splitting described in section 3.3. Panel (b) corresponds to the revised
splitting described in section 3.4 where the q̃l depends on the state at time n because of Equation 33. The time interval
between states n and n + 1 is Δtphys . The various substeps used in the dynamical core are not depicted. The symbols
(n)

(n)

(n)

AT , Av , and Al denote the dynamics-induced tendencies of T, qv , and ql averaged over all dynamics substeps
within an interval of Δtphys .

The large-scale condensation parameterization is calculated next. All state variables and tendencies needed
in Equation 18 take their most recently updated values. For example, the  term (in-cloud condensation,
Equation 6) and  term (clear-sky evaporation, Equation 7) are calculated with
(
)(n∗ ) (n)
𝜕qsat
⎛ (n)
⎞
A
−
AT ⎟
v
𝜕T
∗
(n∗ ) ⎜
 =𝑓
⎜
(
)(n∗ ) ⎟ ,
⎜ 1 + Lv 𝜕qsat
⎟
⎝
⎠
C

(24)

(
(n)
∗ )
1∗ = − 1 − 𝑓 (n ) Al ,

(25)

p

𝜕T

respectively. The quantity q̃l in the  term (cloud growth term, Equation 8) is calculated by
q̃l

(n∗ )

=

ql

(n∗ )

).
(
max 𝑓 (n∗ ) , 𝑓min

(26)

The safeguard parameter 𝑓min avoids a floating-point exception in clear sky. We set 𝑓min = 0.1% in the
baseline model and discuss the impact of this parameter in section 6.4.1. The cloud fraction tendency needed
by the  term is estimated with a semianalytic, implicit-in-time approach taken from Zhang et al. (2003)
that is explained in Appendix B. Using Equation B3, we have
∗

Q =

WAN ET AL.

∗ + 1∗ +  ∗
,
∗

(27)
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∗

(n∗ )

(

d𝑓

[

)(n∗ )

dRH

1
qsat

(n∗ )

Av

(n)

−

qv

(n∗ )

qsat

(n∗ )

(
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𝜕qsat

]

)(n∗ )
AT

𝜕T

(n)

.

(28)

The denominator ∗ in Equation 27 arises from the implicit nature of the scheme of Zhang et al. (2003) and
has the expression
[
) (n∗ ) ]
(
) (n∗ )
(n∗) (
qv
Lv
𝜕qsat
d𝑓
1
(n∗ )
∗
̃
1+
.
 = 1 + ql
(29)
(n∗ )
(n∗ )
C
p
𝜕T
dRH
q
q
sat

sat

∗

After Q is calculated, we update the model state variables to the new time level n + 1 using
T

(n+1)

qv

=T

(n∗ )

(n+1)

= qv

(n+1)

= ql

ql

+

Lv ∗
L ∗
(n)
(n)
Q Δtphys = T + AT Δtphys + v Q Δtphys ,
Cp
Cp

(n∗ )

(n∗ )

∗

(n)

+ Av Δtphys − Q Δtphys ,

∗

(n)

+ Al Δtphys + Q Δtphys .

− Q Δtphys = qv
+ Q Δtphys = ql

(n)

∗

(n)

∗

(30)

(31)

(32)

3.4. Revised Splitting
In section 6, we present results from a configuration that approximates q̃l in the  term using the atmospheric
(n∗)
state at the old time step n. That is, q̃l
in Equations 28 and 29 is replaced by
(n)
q̃l ∶=

(

ql

(n)

max 𝑓 (n) , 𝑓min

).

(33)

We note that if all the state variables and derived quantities (like f and qsat ) in Equations 24–29 were replaced
by their step n values, then the splitting could be referred to as the sequential-tendency splitting defined
by Donahue and Caldwell (2018). Here, we deliberately use a mixture of values at time levels n and n∗ to
(n∗ )
is the primary cause of convergence problems in the baseline model. The revised
demonstrate that ql
splitting is depicted in the right panel of Figure 1.
3.5. Limiters in the Parameterization
As mentioned above, a lower bound 𝑓min is applied to cloud fraction in the expression of q̃l (Equation 26) to
avoid floating-point exception. In addition, the grid box mean condensation (or evaporation) rate calculated
from Equation 27 is limited so that neither the water vapor concentration qv nor the cloud liquid concentra(n+1)
tion ql becomes negative after Q∗ is applied. For example, if ql
calculated using Equations
( 32 and
)27 turns
(n+1)
(n∗ )
= 0 and recalculate the limited Q∗ as Q∗ = 0 − ql
out to be negative, then we assign ql
∕Δtphys .
This limiter on Q∗ was applied to all simulations presented in this paper.

4. The Concept of Time Step Convergence
Section 2 developed the continuous mathematical model of the large-scale condensation process we are
addressing in this work, and Section 3 showed how the model is discretized in time. We now turn to understanding whether the discretization method gives an accurate solution to the continuous mathematical
model and if the implementation of the discretized model is as accurate as expected. To make these assessments, we use the method of a priori error analysis and code order verification (Knupp & Salari, 2002).
Section 5 presents an analysis of the expected convergence rate for the most important parts of the discretized
model. Before showing that analysis, however, we clarify the concepts of convergence and self-convergence
testing.
The order of accuracy of a convergent discretization method is the rate at which a measure of the difference
between the approximate solution defined by the discretization method and the exact solution goes to zero
as a function of the discretization parameter size (Knupp & Salari, 2002). In this work, our discretization
parameter is the time step size.
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Let us use the notation ||qcomp − qexact || to denote a measure of the difference between the computed approximate solution and the exact solution, which we will also refer to as the error measure in the following. If
this measure goes to zero as the time step size goes to zero, the discretization method is considered to be
convergent. In this case, we hypothesize that the functional relationship between the error measure and the
discretization parameter Δt can be written as
||qcomp − qexact || ≤ C(Δt)r + ,

(34)

where Δt is the time step size, C is a constant independent of Δt, and  is the higher-order residual. The
parameter r in Equation 34 is called the order of convergence or convergence rate (Knupp & Salari, 2002).
For there to be a positive convergence rate, a number of assumptions must be true (Hemez et al., 2006).
First, the convergence of numerical solutions must be monotonic, meaning that the error must decrease as
the time step size is decreased. This assumption is often only satisfied once the time steps are small enough
that all time scales in the system are resolved. The second assumption is that the higher-order terms in 
have no significant influence on the error. Lastly, it is assumed that the error magnitude does not rely on
Δt-independent effects, including limiters or variable floor values such as replacing a value close to zero
with some small value to guard against pathological numerical behaviors (e.g., the f min in Equation 26).
With an estimate in hand, we could then perform convergence tests to determine the actual rate of convergence of the approximate solution produced by the implemented discretization method. These convergence
tests are done by running the code with varying time step sizes and computing a norm of the difference
between the computed and exact solutions for each step size. For any two step sizes and the corresponding error norm values, one can compute the rate of convergence, r, observed from the code. The time steps
where the observed convergence rate is constant form the asymptotic regime for the implemented method.
Alternatively, if one is not interested in pinpointing the asymptotic regime, one can find a least squares fit
for the error expression to estimate r using results from runs with several time steps at once.
In our work, we do not have the exact solution to the model equations, so we perform self-convergence
tests. These tests measure the difference between a reference solution and the numerical solution for a series
of time step sizes. The reference solution is usually itself a numerical solution but one generated with a
highly-refined time step size. If the code is convergent, and the step size used for the reference solution
sufficiently small, then the error in the reference solution is very small, and the estimated rate of convergence
diagnosed through this test will be a very good approximation of the rate at which the numerical solutions
converge to the exact solution.
Self-convergence tests can provide a wealth of information about the accuracy and credibility of the approximate solutions provided by a numerical code. When the estimated self-convergence rate does not match
the expected convergence rate from the error analysis, one or more of the following is true about the code:
(i) it is incorrect,
(ii) it is being used for time steps larger than the asymptotic regime, or
(iii) it includes problematic formulations that violate assumptions needed for convergence of the numerical
method.
Investigating exactly which of these situations is happening results in greater understanding of the time
step sizes needed to give the accuracy required or the physical regimes under which the numerical
implementations in the code are valid.
Assuming the EAM code includes a convergent first-order discretization of a well-posed set of continuous
equations, we expect its self-convergence pathway to consist of the following regimes (Figure 2):
Regime A With sufficiently short time step, the solution will converge to its limit. This limit could be
nonzero due to, for example, the accumulation of rounding error discussed by Rosinski and Williamson
(1997).
Regime B With time steps that are longer but still relatively short compared to the time scales of the processes that the model is intended to represent, the solutions are expected to converge at a first-order rate
dictated by both the order of the methods applied to the individual processes and the operator splitting
used to couple different processes. In section 5, we discuss in detail why our simplified model described
earlier is expected to be first order.
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Figure 2. Schematic diagram showing the expected time step convergence in EAM. The time integration error (y-axis)
is plotted against time step size (x-axis) using a log-log scale.

Regimes C and D When the time steps are too long, we might enter regime D, where instability causes a
simulation to blow up. Between Regimes B and D, there is likely an area where the solutions are made
stable through the use of substepping for certain fast processes as well as clipping or limiters that remove
nonphysical values in a brute-force manner. Clipping or limiters can cause loss of convergence as these
methods can add errors that are not proportional to the time step size. We note that Regimes C and D do
not represent provable convergence and the solution error is not guaranteed to decrease with time step
size in these regimes.

5. Theoretical Results: Formal Error Analysis
The system of Equations 30–32 gives the discrete numerical method that is implemented in our code. This
method is a forward Euler scheme with sequential splitting between the dynamics, AT , Av , Al , and physics,
Q. Here, we show that the error in this scheme is first-order in time. Our analysis will highlight assumptions
on the model that are required for this first-order accuracy to hold.
⃗ =
First, we define the solution vector, 𝑦⃗ = (T, qv , ql )T , the vector of tendencies from the dynamics, A
⃗ as
(AT , Av , Al )T , and the vector function g⃗(𝑦)
⎛ Lv Q(𝑦)
⃗ ⎞
⎟
⎜ Cp
g⃗(𝑦)
⃗ = ⎜ −Q(𝑦)
⃗ ⎟.
⎟
⎜
⃗ ⎠
⎝ Q(𝑦)
⃗ include grid box average
For simplicity of notation, we leave off overbars and assume the vectors 𝑦⃗ and A
values. Then, the continuous model can be written as
d𝑦⃗ ⃗
= A(𝑦)
⃗ + g⃗(𝑦).
⃗
dt

(35)

We denote the exact solution at time tn + 1 by 𝑦(t
⃗ n+1 ) and the computed numerical approximation to that
⃗ 𝑦⃗n ) and the computed
by 𝑦⃗n+1 . Similarly, we denote the exact dynamics-induced tendency at time tn by A(
⃗ n . Using Taylor's theorem, given the continuous solution of our model at time tn , we can
approximation by A
write the exact solution at time tn + 1 as,
[
]
d2 𝑦⃗
1
⃗ 𝑦⃗n ) + g⃗(𝑦(t
𝑦(t
⃗ n+1 ) = 𝑦(t
⃗ n ) + Δt A(
⃗ n )) + (Δt)2 2 (𝜉n ),
2
dt
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We consider a sequentially split forward Euler scheme applied to (35) so that the numerical (i.e., approximate) solution is calculated by
∗
⃗ n,
𝑦⃗n+1
= 𝑦⃗n + ΔtA
∗
∗
+ Δt⃗g(𝑦⃗n+1
),
𝑦⃗n+1 = 𝑦⃗n+1

which is equivalent to the update
⃗ n + Δt g⃗(𝑦⃗n + ΔtA
⃗ n ).
𝑦⃗n+1 = 𝑦⃗n + ΔtA

(37)

Using Taylor's theorem we can write the vector function g⃗ at the intermediate time step solution in terms of
the old time step solution,
⃗ n ) = g⃗(𝑦⃗n ) + Δt∇𝑦 g⃗(𝑦⃗n + 𝜁n A
⃗ n,
⃗ n )A
g⃗(𝑦⃗n + ΔtA

𝜁n ∈ [0, Δt] ,

(38)

where ∇𝑦 g⃗ is the matrix Jacobian of g⃗ with respect to 𝑦⃗.
To bound the error in the computed solution, we define the solution error ⃗en+1 = 𝑦(t
⃗ n+1 ) − 𝑦⃗n+1 and take the
difference between (36) and (37) using (38) to give
( (
)
)
)
)
( (
⃗ 𝑦(t
⃗ n + Δt g⃗ 𝑦(t
⃗en+1 = ⃗en + Δt A
⃗ n) − A
⃗ n ) − g⃗(𝑦⃗n )
(39)
(
)
d2 𝑦⃗
1
⃗n A
⃗ n.
+ (Δt)2 2 (𝜉n ) − (Δt)2 ∇𝑦 g⃗ 𝑦⃗n + 𝜁n A
2
dt
The error from the dynamics discretization would enter into the second, third, and fifth terms on the
right-hand-side of (39). In this work, we assume the error from the dynamics is of higher order than that of
the physics. Thus, to focus on the contribution of error from the physics, we treat the output of the dynamical
(
)
core as external and exact such that An = A 𝑦(tn ) .
We further assume that the function g⃗ is Lipschitz continuous with Lipschitz constant, K, so that
||⃗g(⃗x) − g⃗(⃗z)|| ≤ K||⃗x − ⃗z||.

(40)

We use this property to bound the third term on the right-hand side of (39). Thus, the error for a given step
can be bounded by
[
]
‖ 2 ⃗‖
1
‖
2 ‖d 𝑦
⃗
⃗ A(𝑦)||
⃗ ∞ ,
||⃗en+1 || ≤ ||⃗en || + ΔtK||⃗en || + (Δt) ‖ 2 ‖ + 2||∇𝑦 g⃗(𝜇)
(41)
‖ dt ‖
2
‖∞
‖
where
( )‖
‖ ⃗ ⃗ ‖
‖
⃗ 𝑦(t)
⃗ A(𝑦)
⃗‖ =
⃗A
⃗ ‖.
max ‖∇𝑦 g⃗(𝜇)
‖∇𝑦 g(𝜇)
‖
‖∞ 𝜇∈R
‖
⃗ 3 ,t0 ≤t<t𝑓 ‖

(42)

With the initial error denoted by ⃗e0 = 𝑦(t
⃗ 0 ) − 𝑦⃗0 , we can apply the step error bound recursively to get the
total time integration error at tf as
[
]
‖
1 e(t𝑓 −t0 )K − 1 ‖
‖ d2 𝑦⃗ ‖
(t𝑓 −t0 )K
⃗
⃗ A(𝑦)||
⃗ ∞ Δt.
||⃗en || ≤ ||⃗e0 ||e
+
(43)
‖ 2 ‖ + 2||∇𝑦 g⃗(𝜇)
‖ dt ‖
2
K
‖∞
‖
To complete a full error analysis, we would need to work through all derivatives in the Jacobian-vector
⃗ (𝑦(t)), which are detailed in Appendix D. These terms would then be included in (43) via
⃗A
product, ∇𝑦 g⃗(𝜇)
the norm from (42).
The error estimate reveals a number of considerations for the numerical method. First, we see that the
sequence of the splitting impacts the size of the error. Because the derivative (Jacobian) of the physics term
but not the dynamics term appears in the right-hand-side of Equation 43, the error can be more sensitive
to the nonlinearity as well as boundedness and continuity properties of the physics than it is to the same
properties of the dynamics. This situation arises because our analysis was for a sequential split scheme where
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the dynamics was advanced before the condensation parameterization. Note that if physics were calculated
before dynamics, the derivative of the dynamics would enter into the error estimate instead.
In addition, error estimate (43) also confirms that the baseline model is first-order convergent if all the L∞
norms are bounded. These norms will not be bounded if the model quantities are discontinuous or similarly
poorly behaved. For the condensation parameterization discussed in the present paper, the expression of the
Jacobian-vector product detailed in Appendix D includes elements like 1/f , ql ∕𝑓 , and ql ∕𝑓 2 . For instance,
if ql ∕𝑓 is not bounded, as can happen when cloud liquid concentration is positive and the cloud fraction is
0, Equation 43 suggests the error could be very large. Physically speaking, zero cloud fraction should imply
the absence of cloud liquid; however, this relationship may not hold true in the discrete model. In the next
section, numerical results are presented to demonstrate that pathologies failing to satisfy this relationship
indeed appear to be the reason for poor convergence in the baseline model.
We will show that one of the causes of such pathology is ql ∕𝑓 being numerically evaluated at a time level outside of saturation equilibrium due to the sequential splitting of dynamics and condensation(section 6.4.1),
while another cause is a nonphysical closure assumption (section 6.4.2). In either case, the ratio ql ∕𝑓 can
be unbounded and cause the splitting error term to be large.

6. Numerical Results
In this section, we clarify some details of the convergence testing procedure, present numerical results
from the simplified model, and investigate the reasons for poor convergence in the baseline configuration.
Ten-year climate simulations conducted with the SE dynamical core and the CAM4 physics suite are shown
to demonstrate that changes in process splitting and closure assumption motivated by convergence issues
in short tests also have significant climate impacts.
6.1. Experimental Setup of the Convergence Tests
Short-term convergence tests were conducted following the strategy described in Wan et al. (2015): The
simplified model was integrated using either the default time step sizes described in sections 3.1 and 3.2
or with all step sizes in the model proportionally reduced. The longest Δtphys we used here, like in Wan
et al. (2015), was 1,800 s, and the shortest was 1 s. Instantaneous 3-D temperature fields were written out in
double precision. The temperature values obtained with Δtphys = 1 s were used as the reference solution to
calculate the mass-weighted root-mean-square solution error (RMSE) of simulations conducted with longer
step sizes. The RMSE is defined using a formula from Rosinski and Williamson (1997):
⎧∑ ∑ [
⎫
]2
⎪ i k wi ΔT(i, k) 𝛿p(i, k) ⎪
RMSE(T) = ⎨
⎬
∑∑
⎪
⎪
i k wi 𝛿p(i, k)
⎩
⎭
ΔT(i, k) ∶= T(i, k) − Tr (i, k),
𝛿p(i, k) ∶=

]
1[
𝛿p(i, k) + 𝛿pr (i, k) ,
2

1∕2

,

(44)

(45)

(46)

Here 𝛿 p(i, k) denotes the pressure-layer thickness in layer k of grid column i. Since the model uses a hybrid
sigma-pressure coordinate, 𝛿 p is constant across each layer k in the upper part of the vertical domain but
changes with both indices i and k in the near-surface layers. A double overline above 𝛿 p indicates the average
of two solutions. wi is the spherical area covered by column i. The reference solution values are indicated
by a subscript r. All grid columns and layers in the global model domain were included in Equation 44.
Temperature and pressure values written out by the model are considered grid box averages but the overlines
are omitted in Equation 44.
The simulations in the convergence tests used quasi-realistic initial conditions written out from a multiyear
climate simulation previously conducted with EAMv0. We reset the cloud liquid content to zero at the initial
time step to take into account the fact that the simplified model uses a cloud fraction scheme different from
the one in EAMv0; hence cloud liquid can exist in grid boxes diagnosed as clear sky by the simplified model
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Figure 3. Solution RMSE (y-axis, cf. Equation 44) in simulations performed
with only the SE dynamical core. Different colors indicate different
integration lengths. Color shading indicates the two standard deviation
range of the RMSE values of six ensemble members. The numbers given in
parentheses are the mean and standard deviation of the solution
self-convergence rates calculated using the procedure described in
section 6.2.
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and contribute to convergence problems discussed below. This adjustment does not delay the occurrence of numerical problems caused by
other reasons. Our inspection of the results showed that condensation
started to occur immediately after the model initialization and led to evolution of the cloud liquid field. The topography in the simulations was
also set to realistic values used in standard 1◦ (ne30np4) simulations with
EAMv0. The reason for this choice of quasi-realistic initial conditions
and topography was to ensure that the atmospheric motions were sufficiently complex from the beginning of each simulation. If we had chosen
to use initial conditions from, for example, an idealized dynamical core
test, then the test simulations might need to be run for much longer than
a few hours in order to overcome the initial lack of spatial variation and
trigger characteristic behaviors of a spun-up model; the resulting increase
in the computational cost of the convergence tests would be undesirable.
While the quasi-realism of the initial conditions we used was likely to
have caused initial imbalances and adjustments in the temperature and
wind fields because of the highly simplified formulation of the unresolved
physics, we have verified in a subset of sensitivity experiments that the
convergence characteristics stayed the same if the tests were started from
atmospheric states after the simplified model had been spun up for a few
hours or a few days.
6.2. Ensembles and the Diagnosis of Convergence Rate

To take into account possible sensitivities to initial conditions, convergence tests shown in this paper were conducted using six sets of initial
conditions taken from different months of a multiyear EAMv0 simulation. The ensemble testing procedure
we used was the following:

1. Take initial conditions of the jth month, starting with 𝑗 = 1. Conduct simulations using the simplified
model with Δtphys = 1, 8, 30, 120, 450, and 1,800 s. (We note that 1 s is currently the smallest possible
value for Δtphys in the EAM code, as Δtphys is stored as a Fortran integer with the unit of seconds; 1,800 s
is the default value for Δtphys at the ne30np4 resolution. The step sizes in between are meant to have an
approximately even spacing in ln(Δt), although the exact values used here are somewhat arbitrary.)
2. Calculate solution RMSE for the simulations with Δtphys > 1 s using the run with Δtphys = 1 s as reference;
denote the results as RMSEj (Δtphys ).
3. Take RMSE𝑗 (Δtphys = 8 s), RMSE𝑗 (Δtphys = 30 s), and RMSE𝑗 (Δtphys = 120 s), do a linear regression
between log10 [RMSE𝑗 (Δtphys )] and log10 (Δtphys ), and define the regression coefficient as the estimated
convergence rate. Simulations using 450 and 1,800 s step sizes are excluded from the calculation of
convergence rate because the long step sizes might fall outside the asymptotic regime of the model.
4. Repeat Steps 1–3 using different initial conditions (𝑗 = 2, … , 6).
This testing and postprocessing procedure gave six estimated convergence rates for every chosen model
configuration and simulation length. The mean and standard deviation of the six convergence rates are
reported as colored text in most of the convergence plots shown in the remainder of the paper (see, e.g.,
Figure 3). The mean and standard deviation of the six RMSE values at each Δtphys > 1 s are shown in the
convergence plots by vertical bars and color shading to illustrate the magnitude of the ensemble spread
(see again Figure 3 for an example).
As can be seen from our results, the variation of solution RMSE across ensemble members turned out to
be very small compared to the change of RMSE with Δt or the discrete model configuration or simulation
length. The standard deviation of the estimated convergence rates turned out to be very small, too, suggesting
that the convergence properties of the solutions can be accurately characterized with one simulation per
step size. In other words, the negligible ensemble spread indicates our results are robust in the sense that
they are rather insensitive to the variations in the initial conditions.
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Figure 4. (a) Solution RMSE and self-convergence after 1 hr of integration using the baseline model (red) and the
model with revised splitting (blue). Like in Figure 3, color shading shows the two standard deviation range of the
RMSE values of six ensemble members; the numbers in parentheses are the 6-member mean and standard deviation of
the convergence rates. (b) Histograms of |ΔT | in individual grid boxes between the simulations using Δtphys = 8 s and
Δtphys = 1 s, shown for ensemble member 1 after 1 hr of integration. The baseline model and the model with revised
splitting are described in sections 3.3 and 3.4, respectively.

6.3. Results From the Dynamical Core
For 1 hr convergence tests performed with only the SE dynamical core, Wan et al. (2015) verified that
the inviscid dynamics using the Eulerian vertical discretization of Simmons and Burridge (1981) showed
third-order convergence, as expected, for the five-stage Runge-Kutta method, while the default SE dynamical core described above in section 3 converged at first order because of the sequential splitting between
the various subcycles as well as the Euler forward scheme used for numerical diffusion. In this study, we
have run the default SE dynamical core for longer periods up to 12 hr. The magnitudes of RMSE increased
systematically with simulation length (Figure 3), which is expected, but there is no obvious degradation of
the convergence rate. This result confirms our expectation that simulations of 12 hr or less are sufficiently
short so that temporal discretization plays a dominant role in determining differences between the ensembles, while the impact of the atmospheric motion's chaotic nature on solution convergence (see discussion
in Teixeira et al., 2007) remains negligible.
6.4. Results With Large-Scale Condensation
For the simplified model with large-scale condensation, Figure 4a presents the solution errors and
self-convergence rates after 1 hr, where results from the baseline model are shown in red and those using
the revised splitting are shown in blue. Like in the dynamical-core-only case, the different ensemble members give very similar results, from which one can confidently conclude that the self-convergence rate in the
baseline model is significantly lower than 1. In the right panel of Figure 4, histograms of the absolute temperature difference in individual grid boxes (cf. Equation 45) are shown for the first ensemble member of
each model configuration integrated with Δtphys = 8 s; all grid boxes in the 3-D domain were included in the
calculation. The two histograms differ in their rightmost portions, suggesting that the largest cell-wise |ΔT |
values are responsible for the degraded convergence seen in Figure 4a for the baseline model. In Figure 5a,
temperature RMSE values and self-convergence rates of ensemble member 1 are shown for different subsets
of grid boxes sorted according to |ΔT | between the 8 and 1 s simulations; the figure further confirms that
the larger RMSE values and slower convergence rate in the baseline model seen in Figure 4a are dominated
by a small percentage of “problematic” grid boxes with very large |ΔT |. This feature is consistent with the
CAM5 results shown in Wan et al. (2015). In contrast, in the properly converging model that used the revised
splitting, results in different subsets of grid boxes all converge at first order (Figure 5b). The problematic grid
boxes are the focus of our analyses shown in the next subsections.
6.4.1. Cases With Positive Liquid Tendency: The Impact of the  Term
Further analysis suggests the problematic grid boxes in 1 hr simulations are typically associated with small
or zero cloud fraction and positive Al . In other words, these are situations where advection brings cloud
liquid into a relatively dry grid box. According to Equation 17, cloud liquid advected to clear sky is expected
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Figure 5. Solution RMSE and self-convergence rate after 1 hr in (a) the baseline model (section 3.3) and (b) the model
with revised splitting (section 3.4). Only the simulations performed with the first set of initial conditions are shown
here; other ensemble members show very similar results and hence are not presented. Light blue marks show solution
errors averaged over all grid boxes; brown and green are solution errors averaged over grid cells in which |ΔT | between
the simulations using 8 and 1 s step size fall into specific ranges (see labeling in each plot). Numbers in parentheses are
the convergence rates. The percentage of grid boxes falling into each range of |ΔT | is also shown.

to evaporate and moisten the grid box (term ) and hence potentially contribute to an increase in cloud
fraction. Because the baseline model uses sequential splitting, the intermediate model state after dynamics
and before the condensation parameterization is out of saturation equilibrium. In the problematic grid boxes
described above, the use of the intermediate state is expected to result in an overestimate of q̃l . In the extreme
case of 𝑓 = 0, the error terms in Equation 43 that involve ql /f become unbounded (see also Appendix D).
Although the use of a nonzero f min prevents floating point exception, it is an artificial fix which treats the
symptom of the problem instead of its cause.
Figure 6 presents a group of 1 hr simulations performed with the baseline model but with different values of
f min . Increasing f min from 10−3 to 10−2 led to substantial reductions in the RMSE values and an improvement
in the convergence rate from 0.46 to 0.82; in contrast, using f min values of 10−5 or smaller led to degraded
results (Figure 6a). The histograms of |ΔT | in Figure 6b indicate that decreasing the value of f min led to a clear
increase in the number of grid boxes that are associated with unrealistically large q̃l (e.g., over 100 g kg−1 ).
It is worth noting that the numbers of grid boxes with pathologically large q̃l are nevertheless very small
compared with the total number of grid boxes in each simulation (30 layers × 48,602 grid boxes per layer ≈
1.5 million boxes per simulation and time step). This is consistent with the observation made in the previous
subsection that problematic grid boxes only constitute a very small percentage of all the grid boxes. It is also
worth noting that a smaller f min results in a smaller number of grid boxes affected by the clipping of cloud
fraction. This is possibly the reason why in Figure 6a the RMSE values and convergence rates show some
nonmonotonic behavior with respect to f min . If the ensemble simulations carried out with each distinct f min
value and different time step size contained more ensemble members, one might see a more monotonic
increase in the RMSE values and a more monotonic degradation in convergence rate when f min is decreased.
Nevertheless, results shown in Figures 6a and 6b support the hypothesis that large values of q̃l associated
with very small cloud fraction are the reason for poor convergence in the baseline model. In addition, as the
deviation of the intermediate state from saturation equilibrium is caused by sequential splitting, we expect
the deviation to be more substantial in simulations with longer time steps. This expectation is confirmed
by Figure 6c, where histograms of q̃l are shown for simulations performed with the baseline model using a
fixed value of 10−3 for f min . More frequent occurrences of q̃l over 1 g kg−1 are seen in simulations with larger
step sizes.
At this point, it is useful to recall that the closure assumption for q̃l proposed by Rasch and Kristjánsson
(1998) and adopted by Zhang et al. (2003) was meant to approximate the in-cloud liquid concentration in
the cloud growth/decay regions by the average concentration of existing clouds in the same grid box. Given
the relatively short time scales of condensation and evaporation, it is more reasonable to use an atmospheric
state after the large-scale condensation parameterization to represent the existing clouds, since such states
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Figure 6. (a) Solution RMSE and self-convergence in variants of the baseline model using different values of f min in
Equation 26. Like in Figure 3, color shading shows the two standard deviation range of the RMSE values of six
ensemble members; the numbers in parentheses are the 6-member mean and standard deviation of the convergence
rates. (b) Histograms of q̃l in simulations using different f min values and a fixed Δtphys of 8 s. (c) Histograms of q̃l in
simulations using a fixed f min of 10−3 and different time step sizes. Only the simulations conducted with the first set of
initial conditions are shown in panels (b) and (c) as the other ensemble members indicate the same features.
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Figure 7. As in Figure 6 but showing simulations using the revised splitting described in section 3.4.

have been restored to equilibrium and hence are more realistic. Based on this reasoning, we revised the
time integration by using the model state at the most recent full time level, that is, after the previous call
of the parameterization, to approximate q̃l , as described in section 3.4. This change removed the unrealistically large values of q̃l (Figures 7b and 7c) and restored convergence to first-order for the 1 hr simulations
(Figure 7a). Admittedly, the safeguard parameter f min is still needed in the code to avoid floating point
exception, for example, in grid boxes that are truly cloud-free, but we note that the convergence rates and q̃l
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Figure 8. Scatter plots showing q̃l against cloud fraction f after 1 hr of model integration. Results shown in red are
from the baseline model which uses the intermediate model state after dynamics to calculate q̃l ; results shown in blue
are from the revised model that uses the atmospheric state after the previous call of the condensation parameterization
to calculate q̃l . Left panel: simulations using Δtphys = 1 s; right panel: Δtphys = 450 s.

histograms become insensitive to a large range of f min values (Figures 7a and 7b). The resulting q̃l histograms
also become insensitive to model step size (Figure 7c). These are all desirable features for a discrete model.
In Figure 8a, we plotted q̃l against cloud fraction f after 1 hr of model time for simulations using a 1 s time
step. Red and blue dots correspond to the baseline model and the revised splitting, respectively, both using
𝑓min = 10−3 . There is a systematic decrease in q̃l in the revised model (blue in Figure 8a) not only for nearly
clear grid boxes but also for significantly nonzero cloud fractions. Similar features are also seen in simulations with longer time steps (e.g., 450 s, Figure 8b). The climate impact of such differences is demonstrated
by a pair of 10-year climate simulations shown in Figure 9. Here, the revised q̃l is applied to CAM4's physics
suite which uses the parameterization of Zhang et al. (2003)—from which our bare-bones version was constructed. The configuration of the climate simulations is described in Appendix E. We note that the revised
q̃l alone does not restore first-order time step convergence for the full atmosphere model with CAM4 physics
because there are remaining issues in other places in the physics package. (The  term discussed in the next
subsection is an example of such issues. Cloud microphysics is another possible culprit, but we limited the
scope of this study to macrophysics.) The impact of revising q̃l on model climate, however, is nonnegligible. Figure 9a shows that the revised q̃l leads to a systematic increase of cloud fraction at all latitudes, with
a global annual mean increase from 0.54 to 0.58 (about 10%). Consequently, the shortwave and longwave
cloud radiative effects (CREs) are also enhanced (Figures 9b and 9c). The changes are most prominent in the
mid-latitudes (Figures 9d–9f) where the zonally averaged cloud radiative effects can differ as much as 8 W
m−2 . In all panels of the figure, color shading indicates the two standard deviation range of the annual averages. The natural variability in these quantities appears to be small compared with the differences between
the two simulations, suggesting the impact of the revised splitting is substantial.
6.4.2. Cases With Negative Liquid Tendency: The Impact of the  Term
Having restored solution convergence in 1 hr simulations conducted with the simplified physics, we now
evaluate the behavior of the simplified model in longer tests. The left panel of Figure 10 shows ensemble
convergence tests up to 12 hr, using the revised splitting and with the safeguard parameter f min set to a small
value of 10−12 . The results indicate a significant degradation of convergence as the integration proceeds,
ending with an average rate of 0.4 at 12 hr. Further analysis indicated that the degradation was again caused
primarily by a small number of grid boxes with small or zero cloud fraction, but this time, the problematic
grid boxes are often associated with negative liquid tendency (Al < 0). The most egregious cases feature
a persistently cloud-free cell (𝑓 = 0) with isolated nonzero cloud liquid (ql > 0). According to Equation
17, the zero cloud fraction and negative Al trigger condensation to exactly compensate the liquid loss by
advection, and the grid box becomes trapped in this pathological compensation until substantial moistening
or cooling leads to the diagnosis of a nonzero cloud fraction. The CAM4 physics suite has a block of code
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Figure 9. Left column: zonally averaged (a) total cloud cover, (b) longwave cloud radiative effect (LW CRE), and (c)
shortwave cloud radiative effect (SW CRE) in climate simulations conducted using the CAM4 physics parameterization
suite. Red lines are results from the original model that uses Equation 26; blue lines are results obtained with the
revised splitting (Equation 33). Right column: differences between the two simulations (revised splitting minus original
splitting). Solid lines are 10-year averages; color shading indicates the two standard deviation range of the annual
averages. Both simulations shown in this figure used the 1∗ option (cf. Equation 25) for the  term defined by
Equation 7.

that specifically checks for grid cells with zero fraction and nonzero cloud liquid and evaporates such “point
clouds.” We refer to this fix as a sanity check and speculate that similar fixes might also exist in other models.
This sanity check was not used in our model with simplified physics. Results from additional sensitivity experiments suggest that the sanity check could not resolve the convergence problem in simulations
conducted with the bare-bones condensation parameterization. Nevertheless, the characteristics of the
pathological behavior made us reconsider the closure assumption described by Equation 16.
For grid boxes with negative Al , assuming a spatially constant subgrid Al would imply negative liquid tendency in clear sky, which is nonphysical. A negative Al could in principle result from either zero or positive
Al in clear sky combined with negative Al in the cloudy portion. The actual situation cannot be determined
without further information of the subgrid variability. For simplicity, we chose to assume Al = 0 in clear sky
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Figure 10. As in Figure 3 but showing testing results with the simplified large-scale condensation parameterization.
Left panel: using Equation 17 as in CAM4 and in the baseline configuration of the simplified model; right panel: using
Equation 47. All simulations in this figure used the revised splitting for q̃l (Equation 33) and 𝑓min = 10−12 .

and hence used the following revision of the closure:
(
)
3 = min 0, −(1 − 𝑓 )Al ≡

{

−(1 − 𝑓 )Al , if Al > 0,
if Al ≤ 0 .
0,

(47)

The discretized form was chosen to be
( (
)
(n)
∗ )
3∗ ∶= min 0, 1 − 𝑓 (n ) Al
,

(48)

so that the only difference from the 1∗ option in the baseline model was the closure assumption. (The
alternative closure is referred to as 3 instead of 2 for historical reasons. We prefer to keep this apparent
gap in indexing to help with provenance and to ensure consistency with the data files that accompany this
paper.) Convergence testing results using 3∗ (combined with the revised process coupling described by
Equation 33 using 𝑓min = 10−12 ) are shown in the right panel of Figure 10. First-order convergence was
retained up to 4 hr. Our analysis suggested that “point clouds” were still generated occasionally, but they
gradually disappeared by being advected to clear-sky neighboring cells and then evaporated because Al was
positive in those neighboring cells. Beyond 4 hr integration time, convergence started to degrade slowly,
giving a rate of 0.9 at 6 hr and 0.8 at 12 hr. This degradation may be explained, at least partially, by the
deliberate exclusion of cloud microphysics in our simulations. In the absence of rain formation (which is a
key mechanism for the removal of cloud liquid), clouds in the simplified model can become unrealistically
dense after hours of condensation, which again could lead to situations similar to the singularity discussed
above. Despite this, the improvement in solution convergence from the original 1∗ closure can be clearly
seen by comparing the two panels in Figure 10.
The revised clear-sky term defined by Equation 48 was implemented in the CAM4 physics suite on top of the
revised splitting. For a grid box featuring the same model state and forcing Al , the old and revised closure
assumptions will predict the same evaporation if Al is positive, but the revised scheme will not predict any
condensation if Al is negative. Therefore, we expect the overall effect to be a reduced condensation rate
and more water vapor left in the air, resulting in higher humidity and larger cloud fractions. Such results
were indeed observed in the simulations. The 10-year mean total cloud cover and cloud radiative effects are
shown as green shading in the left column in Figure 11, and the differences caused by the revision in closure
assumption are shown in the right column. As in the case of the revised splitting, the closure assumption
also introduced changes in the model climate with magnitudes way beyond the natural variability: Increased
cloud fractions are seen at all latitudes, with most pronounced differences occurring in the tropics and in
the Polar Regions. An inspection of the vertical cross-sections (not shown) revealed that the higher cloud
fractions near the equator were located near the tropopause where anvils occur in the model. While deep
convection is not included in the simplified model, the detrainment from such clouds is a significant source
of stratiform clouds in the full model and hence the observed response. The global mean cloud fraction
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Figure 11. Left column: color shadings correspond to the zonally averaged (a) total cloud cover, (b) LW CRE, and
(c) SW CRE in climate simulations conducted with the CAM4 physics parameterization suite, showing the 2𝜎 range
where 𝜎 is the standard deviation of 10 one-year averages. Red corresponds to a simulation conducted with the original
splitting (Equation 26) and option 1∗ (Equation 25), as in CAM4 and in the baseline configuration of the simplified
model. Blue corresponds to a simulation conducted with the revised splitting (Equation 33) and option 1∗
(Equation 25). These two (i.e., red and blue) simulations are identical to those shown in the left column of Figure 9.
Green corresponds to a simulation conducted with the revised splitting and the 3∗ option (Equation 48). The dashed
gray line in the top panel shows the 2007–2010 mean cloud cover estimate from CloudSat (Kay & National Center for
Atmospheric Research Staff, 2014); the dashed gray lines in the middle and lower panels are the 2000–2010 mean
values from the Clouds and Earth's Radiant Energy Systems (CERES) Energy Balanced and Filled (EBAF) product
(Loeb & National Center for Atmospheric Research Staff, 2018). Right column: differences between two simulations
conducted using 1∗ or 3∗ , both with the revised splitting. Solid lines are 10-year averages. Color shading indicates
the 2𝜎 range of the one-year averages.

increase is about 0.06; the enhancement in the longwave and shortwave cloud radiative effects is about 1.8
and 0.8 W s−2 , respectively.
It is worth noting that the impacts of closure and splitting changes appear to have the same sign instead of
offsetting each other. With both changes combined, the model produces 19% more clouds (0.64 instead of
0.54), a 4.5 W s−2 increase in longwave cloud radiative effect, and a 3.3 W s−2 enhancement in shortwave
cloud radiative effect, which are sizable changes in the long-term climate. In the left column of Figure 11,
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the total cloud cover and CREs observed by satellites are shown as dashed lines for comparison with model
results. The revisions in splitting and closure appear to improve the agreement between the simulated and
observed total cloud cover but degrade the agreement in longwave CRE. Both the improvement and degradation are likely coincidental, as the full-fledged model consisting of the spectral-element dynamical core and
CAM4 physics package had not gone through any parameter tuning to optimize the model climatology. On
the other hand, the comparison shown in Figure 11 suggests that the impacts of splitting and closure assumption changes appear to have magnitudes comparable to model biases that would need to be addressed by
tuning or other ways of model improvement, hence suggesting that the impacts of those code modifications
are physically significant.

7. Conclusions and Discussions
In this study, we set up a simplified global AGCM consisting of the hydrostatic dynamical core of EAM
coupled with a bare-bones version of the large-scale condensation parameterization used in CAM versions
2 to 4 to investigate the time step convergence issues associated with stratiform clouds revealed in an earlier
study by Wan et al. (2015). The baseline version of the simplified model resembled EAM and the CAM model
series in the coupling of dynamics and physics, as well as the closure assumptions used in the large-scale
condensation parameterization of Rasch and Kristjánsson (1998) and Zhang et al. (2003).
We demonstrated that first-order convergence was expected from a theoretical analysis of the temporal
truncation error, assuming the solution is smooth and bounded. In contrast, the baseline model showed a
self-convergence rate of about 0.46 after 1 hr of time integration. The cause of the degraded convergence was
found to have a root in the basic construct of the parameterization, namely, (i) the expression ql ∕𝑓 is used
to estimate in-cloud liquid concentration in newly formed clouds or in clouds that are about to dissipate,
and (ii) the estimate of cloud fraction is based solely on RH (i.e., independent of cloud liquid concentration).
These design features lead to the vulnerability that situations of zero cloud fraction and nonzero liquid concentration may occur in the numerical simulations; when such nonphysical situations occur, they will result
in singularity of ql ∕𝑓 , unboundedness in the truncation error estimates, and discontinuity in the numerical
solution. The impact of the singularity on solution convergence is seen in both the theoretical error analysis
and the numerical results.
Two reasons for the actual occurrence of such singularities were identified, which affect different terms in
the parameterization and impact different types of physical conditions.
For grid boxes where other processes cause positive cloud liquid tendencies (Al > 0), the convergence
problem lies primarily in condensation/evaporation associated with cloud growth/decay. In the context
of sequential splitting between physics and dynamics (and among different physics parameterizations),
the intermediate model state before the calculation of large-scale condensation is unrealistic and out of
equilibrium, with inherent inconsistency between ql and f . Using such model states to calculate ql ∕𝑓 triggers relatively frequent occurrences of singularities. The use of a safeguard parameter f min in the form of
ql ∕ max( 𝑓 , 𝑓min ) avoids floating point exception but causes discontinuity in the numerical solution. This
issue of singularity and discontinuity was found to be the primary reason for the degraded convergence in
our simulations. We demonstrated that the problem caused by the atmospheric state being out of equilibrium can be avoided by using the model state at the previous full time level (i.e., after the previous call of the
condensation parameterization) to calculate ql ∕𝑓 ; this latter numerical choice, which we refer to as revised
splitting, is also more consistent with the physical concept behind the parameterization. The revised splitting restored the expected first-order convergence in 1 hr simulations using the simplified configuration
consisting of the dynamical core and the condensation parameterization. Furthermore, the revised splitting
was applied to the CAM4 physics suite and was found to have significant impacts on the model climate in
10-year simulations.
For grid boxes where other processes cause negative cloud liquid tendencies (Al < 0), the clear-sky condensation/evaporation term has an important impact on short-term convergence and long-term climate.
The baseline model assumed Al had no subgrid variation, implying the unphysical condition of negative
Al in clear sky, which then triggered spurious condensation, and led to substantially more frequent occurrence of the singular situation discussed above. We tested a simple revision of the closure assumption that
avoided negative Al in clear sky and demonstrated that this revision helped to improve convergence in longer
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simulations (e.g., 4–12 hr). When implemented in the CAM4 physics suite, this revision led to sizable
changes in cloud fraction and cloud radiative effects in 10-year simulations.
It is worth pointing out that although the changes we made helped to avoid singular and discontinuous
numerical results under some specific situations, the root causes of the convergence problem, namely, (1) the
occurrence of ql ∕𝑓 in the model formulation and (2) the cloud fraction scheme based purely on RH, are not
addressed here. The companion paper by Vogl et al. (2019) uses a mathematically rigorous procedure that
first derives the (unaveraged) condensation/evaporation rates for subgrid locations and then uses subgrid
reconstruction to link those rates with the grid box mean quantities predicted or required by the host AGCM.
Their procedure avoids the singular problem at a more fundamental level and renders a discrete model with
more robust convergence behavior and a higher level of physical consistency. Another possibility to avoid
the singularity problem would be to introduce a cloud fraction formulation that depends on cloud liquid
water content. Such a study is considered out of the scope of this work because recently developed schemes
often derive cloud fraction from subgrid distribution functions of total water and temperature, which could
fundamentally change the basic construct of the parameterization and perhaps even the choice of prognostic
variables in the host AGCM.
The large-scale condensation parameterization discussed in this paper is based on an older scheme that has
been replaced in newer versions of CAM and in EAM. The insights from this study, however, are new and
of general interest to the modeling community. Our investigation of the convergence issues was primarily confronted with relatively rare occurrences of nonphysical cases with zero cloud fraction and nonzero
cloud liquid. One might argue that such cases are usually eliminated a posteriori in operational weather
and climate models using pragmatic “fixes” and are expected to have negligible impact on the overall characteristics of the simulations. Our study demonstrated that it is useful to expose convergence problems in
test simulations with a minimal use of such fixes. The attempt to understand the causes of nonphysical
conditions motivated us to revisit the underlying physical concepts to identify inconsistencies, both in the
continuous model formulation and in the discretization. The exercise that started from a mathematical perspective ended up helping to provide a model that is more physical; the revisions we proposed here turned
out to also affect all grid cells with nonzero liquid tendencies and lead to substantial climate impacts. These
results highlight the value of convergence testing in the physics parameterizations, an exercise that is not
commonly seen in the atmosphere modeling community.

Appendix A: Derivation of the Grid Box Mean Cloud Liquid Equation
Zhang et al. (2003) presented the grid box mean cloud liquid Equation 4 in section 2.1 (Equation 7 in their
paper) but did not elaborate how it was derived. Since our results showed that the calculation of q̃l in the
last term of that equation had a major impact on solution convergence in the simplified model and significant impact on the long-term climate simulated with the CAM4 physics suite, we present here a detailed
derivation for the purpose of clarifying the meaning of q̃l .
Let us use the symbol Ω to denote the 2-D horizontal domain covered by a generic grid box (cell) that has
an area of m[Ω]. The cloudy portion of the grid box at time t, denoted by Ωc (t), is defined as the ensemble
[
]
of locations x ∈ Ω that has ql (x, t) > 0. The area of the cloudy portion is m Ωc (t) . By definition, the cloud
fraction f at time t is
]
[
m Ωc (t)
.
𝑓 (t) =
(A1)
m[Ω]
For any generic physical quantity 𝜓 , the grid box average, 𝜓 , and the in-cloud average, 𝜓
̂ , are defined as
1
𝜓(x, t)dx,
m[Ω] ∫ ∫Ω

(A2)

1
𝜓(x, t) dx,
[
]
m Ωc (t) ∫ ∫Ωc (t)

(A3)

𝜓(t) =

and
𝜓
̂ (t) =

respectively.
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Since the time evolution of the model state can only be represented by discrete steps, the derivation here
aims at getting an expression for the time increments of the atmosphere model's prognostic variables. For a
generic quantity 𝜓 , the increment from time t to t + Δt is
t+Δt

Δ𝜓 = 𝜓(t + Δt) − 𝜓(t) =

∫t

𝜕𝜓
dt.
𝜕t

(A4)

The grid box mean liquid water increment is, by definition,
Δql =

=

1
Δq (x) dx,
m[Ω] ∫ ∫Ω l

[
]
1
ql (x, t + Δt) dx −
ql (x, t) dx .
∫ ∫Ω
m[Ω] ∫ ∫Ω

Using the assumption that liquid condensate only exist inside clouds, we can write
[
]
1
Δql =
ql (x, t + Δt) dx −
ql (x, t) dx .
∫ ∫Ωc (t)
m[Ω] ∫ ∫Ωc (t+Δt)

(A5)

(A6)

(A7)

For further manipulation of Equation A7, we consider three types of cases:
1. cloud growth, that is, Ωc (t) ⊂ Ωc (t + Δt),
2. cloud decay, that is, Ωc (t + Δt) ⊂ Ωc (t),
3. cases where new clouds form at some of the subgrid locations and old clouds disappear at other locations
in the same grid box.
Below we present the derivation for the cloud growth and decay cases separately. Quantities that have
different expressions in different cases are labeled with superscripts + or − for distinction.
In cloud growth cases, the cloudy portion of the grid box at the new time step, Ωc (t + Δt), can be decomposed
into two parts: a persistently cloudy part Ωc (t) and a cloud formation part Ωc (t + Δt) − Ωc (t). This allows us
to write Equation A7 as

Δql +

⎡
⎢
1 ⎢
=
q (x, t + Δt) dx −
q (x, t) dx
∫ ∫Ωc (t) l
m(Ω) ⎢⎢ ∫ ∫Ωc (t) l
⎢ ⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
⎣
P1+
⎤
⎥
⎥
+
q (x, t + Δt) dx ⎥ .
∫ ∫Ωc (t+Δt)−Ωc (t) l
⎥
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⎥
⎦
P2+

(A8)

The P1+ term is
P1+ =

∫ ∫Ωc (t)

[
]
Ω (t)
̂l c ,
Δql dx = m Ωc (t) Δq

(A9)

where the superscript Ωc (t) emphasizes the fact that the spatial averaging is calculated over the cloudy por+
tion at t. For the P2+ term, let us introduce the notation q̃l (t+Δt) to denote the average ql (t + Δt) at locations
inside the grid box where new clouds form during the time window [t, t + Δt], that is,
+
q̃l (t + Δt) =

1
q (x, t + Δt) dx.
[
]
∫ ∫Ωc (t+Δt)−Ωc (t) l
m Ωc (t + Δt) − Ωc (t)

With this definition, the P2+ term in Equation A8 can be written as
[
]
+
P2+ = m Ωc (t + Δt) − Ωc (t) q̃l (t + Δt),
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{ [
]
[
]} +
= m Ωc (t + Δt) − m Ωc (t) q̃l (t + Δt),

(A12)

+
= m[Ω] Δ𝑓 q̃l (t + Δt).

(A13)

Hence,
Δql + =

Ω (t)
P1+ + P2+
̂l c + q̃l + (t + Δt)Δ𝑓 .
= 𝑓 (t)Δq
m[Ω]

(A14)

Dividing Equation A14 by Δt and taking the limit of Δt → 0 gives Equation 4 in section 2.1.
In cloud decay cases, we decompose Ωc (t) into a persistently cloudy part Ωc (t + Δt) and a cloud erosion part
Ωc (t) − Ωc (t + Δt). Following a similar process of manipulation, we can get
Δql − =

Ω (t+Δt)
P1− + P2−
−
̂l c
= 𝑓 (t + Δt)Δq
+ q̃l (t)Δ𝑓 .
m[Ω]

(A15)

Ωc (t+Δt)

̂l
Here Δq
denotes the in-cloud liquid increment averaged over cloudy locations at t + Δt (i.e., over the
persistently cloudy portion), and
−
q̃l (t) =

[

1

]

m Ωc (t) − Ωc (t + Δt)

∫ ∫Ωc (t)−Ωc (t+Δt)

ql (x, t) dx.

(A16)

Dividing Equation A15 by Δt and taking the limit of Δt → 0 again gives Equation 4 in section 2.1.
A grid box containing both cloud formation and erosion locations can be divided into subboxes that contain
only one type of cases. Applying the appropriate derivation described above to the subboxes will lead us to
Equation 4.
Equations A10 and A16 reveal that q̃l is defined as an integral over subgrid locations where ql is nonzero
after new clouds have appeared or before old clouds disappear. While ql at cloud edges are indeed close to
zero, q̃l is positive and is likely to have appreciable magnitudes when Δt is large compared to the evolution
time scale of the clouds. The last term on the right-hand side of Equation 4 (and Equation 5) is therefore
nonzero.

Appendix B: A Semianalytic Estimate of Cloud Fraction Tendency
Using the chain rule and noting that pressure change is ignored in the parameterized physics, the tendency
of cloud fraction can be written as
)
(
(
)
qv
qv 𝜕qsat 𝜕T
d𝑓 𝜕 RH
d𝑓 𝜕
d𝑓
𝜕𝑓
1 𝜕qv
=
=
−
.
(B1)
=
2
𝜕t
𝜕T 𝜕t
dRH 𝜕t
dRH 𝜕t qsat
dRH qsat 𝜕t
q
sat

We express 𝜕qv ∕𝜕t and 𝜕T∕𝜕t in Equation B1 using Equations 1–(2) and plug the resulting equation into
Equation 5 to get
[
) ]
)
) (
q 𝜕qsat (
q 𝜕qsat Lv
d𝑓 1 (
Av + Rv − v
AT + RT − 1 + v
Q =  +  + q̃l
Q .
(B2)
qsat 𝜕T
qsat 𝜕T Cp
dRH qsat
Moving Q to the left-hand side gives
 +  + q̃l
Q=

d𝑓 1
dRH qsat

1 + q̃l

[(

)
Av + Rv −
(
q
1
1+ qv
q

d𝑓
dRH sat

qv 𝜕qsat
qsat 𝜕T

𝜕qsat Lv
sat 𝜕T Cp

(
)

)]
AT + RT

.

(B3)

In the present study, we ignore cloud microphysics and hence have Rv = RT = 0.
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Appendix C: Saturation Specific Humidity
In the CAM model, the saturation specific humidity qsat is calculated as follows: First, use the Goff and
Gratch (1946) formula to calculate the saturation water vapor pressure e∗ (unit: Pa) at a given temperature
T (unit: K):
log10

e∗
= −7.90298(Tboil ∕T − 1) + 5.02808log10 (Tboil ∕T)
100
− 1.3816 × 10−7 (1011.344(1−T∕Tboil ) − 1)

(C1)

+ 8.1328 × 10−3 (10−3.49149(Tboil ∕T−1) − 1)
+ log10 (1013.246),

where T boil is the boiling point temperature (373.16 K). The saturation specific humidity qsat (unit: kg kg−1 )
at a given pressure p is then calculated using

qsat

⎧ 1,
if p ≤ e∗ ,
⎪
Mv ∗
e
=⎨
M
∗
)
( air
⎪ p− 1− Mv e∗ , if p > e .
Mair
⎩

(C2)

where M v and M air are the molecular weights of water and dry air, respectively, M v /M air ≈ 0.622.

Appendix D: Jacobian Entries for A Priori Error Analysis
⃗ 𝑦(t))
⃗ A(
⃗ , as
We write the Jacobian-vector product, ∇𝑦 g⃗(𝜇)
⃗ 𝑦(t))
⃗ A(
⃗
=
∇𝑦 g⃗(𝜇)

(

Lv
G, −G, G
Cp

)T
,

(D1)

where G is the function
G(𝜇)
⃗ =

𝜕Q(𝜇)
𝜕Q(𝜇)
𝜕Q(𝜇)
⃗
⃗
⃗
AT +
A +
A.
𝜕T
𝜕qv v
𝜕ql l

(D2)

From Equations 5–8 we have that
Q(𝜇)
⃗ = (𝜇)
⃗ + (𝜇)
⃗ + (𝜇).
⃗

Denoting 𝑓R =
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d𝑓
,
dRH

(D3)

we have the following relations:
̂
𝜕Q
𝜕
dRH ̂
= 𝑓R
,
Q+𝑓
𝜕T
𝜕T
dT

(D4)

𝜕
dRH
= 𝑓R
A ,
𝜕T
dT l,e

(D5)

−q
q d2 𝑓
𝜕
dRH d𝑓
= 2l 𝑓R
+ l
,
𝜕T
𝑓 dTdt
dT dt
𝑓

(D6)

̂
𝜕Q
𝜕
1 ̂
Q+𝑓
= 𝑓R
,
𝜕qv
qsat
𝜕qv

(D7)

𝜕
1
= 𝑓R
A ,
𝜕qv
qsat l,e

(D8)

q d2 𝑓
−q
𝜕
1 d𝑓
+ l
,
= 2l 𝑓R
𝜕qv
qsat dt
𝑓 dqv dt
𝑓

(D9)

𝜕
= 0,
𝜕ql

(D10)
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𝜕
= 0,
𝜕ql
𝜕
1 d𝑓
.
=
𝜕ql
𝑓 dt

(D11)
(D12)

Combining Equations D2 through D12 gives a detailed expression of the Jacobian-vector product.

Appendix E: Experimental Design of Climate Simulations Using the CAM4
Physics Package
The climate simulations shown in Figures 9 and 11 were conducted using the EAM code configured with the
CAM4 physics parameterization suite. The deep convection parameterization was developed by Zhang and
McFarlane (1995) with a convective momentum transport scheme from Richter and Rasch (2008). Shallow
and middle-level convection processes were represented by the parameterization of Hack (1994). The stratiform cloud parameterization was originally developed by Rasch and Kristjánsson (1998) and later revised
by Zhang et al. (2003). The boundary layer turbulence was parameterized by the scheme of Holtslag and
Boville (1993). A detailed description of the CAM4 physics suite can be found Neale et al. (2010). The climate
simulations presented in this paper were forced by annually cycled monthly mean sea surface temperature climatology. External forcing data and parameters, such as the solar constant and the Earth's orbital
parameters, CO2 concentration, and aerosol emissions, were kept at the year 2000 values.
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