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ABSTRACT An important problem in quantum information theory is finding the best possible capacity
of the optical communication channel employing suitable codewords, receiver design, and constellation
optimization techniques. In this paper, we derive an alternative channel capacity, CG , of phase-shift keying
coherent state with a realizable displacement receiver by maximizing mutual information over symbol priors
and pre-detection displacement. We find that CG is higher than the capacity achieved by maximizing mutual
information over symbol prior but with zero displacement. The overall scheme demonstrates designing an
improved, yet easy-to-implement receiver for better communication performance by tuning it at different
photon number regime. Further, we present a comparative analysis of CG with existing receiver designs.
We extend our study to account for detector imperfections.
INDEX TERMS Quantum information theory, QPSK, BPSK, mutual information, channel capacity,
optimization.
I. INTRODUCTION

One of the prime goals in Quantum Information Theory
(QIT) is to innovate novel codewords, receiver design, and
constellations to transmit information over a communication
channel in the best possible way with a given set of resources.
In the lieu of recent development in QIT, there are two types
of communications possible: (i) transmitting a quantum state
and expecting the receiver to detect the quantum state, and (ii)
use quantum states to transmit classical information (in terms
of 0s and 1s) [1]. We call the latter semi-classical optical
communication. If quantum states are orthogonal, then in theory we can distinguish quantum states with 100% certainty,
and the amount of information transmitted will be maximum.
However, in practice communication systems experiences
detector imperfections, thermal noise, and turbulent channels,
as a result of which orthogonality of states is compromised.
Coherent states are non-orthogonal states that are known to
possess loss-tolerant property. When transmitting through
The associate editor coordinating the review of this manuscript and
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lossy bosonic channel merely suffer decay in amplitude but
preserving coherence [2]. Of all challenges, we focus mainly
on the design of the quantum receiver to maximize the
amount of information transmitted. The metric of the information transmitted, called the mutual information was given
by Shannon [3]. However, unlike classical communication,
the notion of maximizing mutual information to obtain Channel Capacity varies in the case of a quantum channel. In an
early work [4], Peter W. Shor noted that depending upon the
protocol, channel usages, detection algorithm, etc, capacity
can be defined in several manners. Of all the definitions,
the Holevo limit, denoted by C∞ is when the receiver does the
joint measurement over long codeword blocks. For symbolby-symbol measurement with post-processing, the maximum
attainable capacity was given by Dolinar [5]. Due to the complexity in designing a receiver to attain the maximum attainable capacity, several sub-optimal, but practical receivers
were proposed for distinguishing coherent states [6]–[12].
The class of receivers based on displacement technique using
beamsplitters and on-off photodetectors are much simpler to
understand, simpler in design, and are of low-cost.
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CONTRIBUTION

In this paper, we focus on designing a displacement receiver
to design an optimum symbol constellation to maximize the
mutual information. The current development so far doesn’t
deal with optimization problems concerning displacement
and symbol priors simultaneously. Our optimization procedure demonstrates that the capacity, denoted by CG , obtained
from simultaneous optimization procedure over displacement
and prior probabilities achieved is higher than one achieved
with zero displacement. The overall scheme of designing
a receiver by optimizing displacement prior to detection
at on-off photodetector demonstrates that the receiver must
be tuned differently at different photon number regimes to
achieve the best performance. Previous work [6]–[12] in this
regard doesn’t aim at tuning the receiver based on the photonnumber regime under which the system operates. We demonstrate, by numerical simulation, that by tuning the receiver’s
parameter to optimize the objective function, the receiver performance comes out superior to the state-of-the-art method.
The potential of such design is immense, specifically in deepspace communication that requires extreme optimization of
resources.
NOTATIONS USED IN THE PAPER

|·i represents ket-notation in the quantum-mechanical formulation which is equivalent to a vector notation in linear
algebra. h·| is the Hermitian conjugate of the vector and
usually referred to as bra-notation. Scalar product of two
vectors |γ i and |ψi is denoted by hψ|γ i. Further, ket notation
|αi is also used to present a coherent state of amplitude α ∈ C.
We use Greek letters α, β, γ , ψ to represent the amplitude of
coherent states. j is used to denote an imaginary unit. φ is
used to represent the phase of the electromagnetic laser beam.
X and Y are used to denote random variables denoting input
states and detected states respectively. τ is used for beamsplitter’s transmittivity while η is used for photodetector’s
efficiency. N and its suffixed versions are used to denote the
mean photo number while 5 is used to denote a measurement
operator. H (·) is used to denote Shannon’s entropy and I is
used to denote mutual information. Probabilities are denoted
by p while conditional probabilities are denoted by pY |X ,
conditioned on Y given X . These notations are as per standard
notation found in quantum optics and quantum communication literature [13], [14].
The rest of the paper is organized as follows: we first
provide some fundamentals of a quantum channel for FreeSpace Optical (FSO) communication as self-sufficiency for
the readers in Section II. Next, we discuss our methods of
calculating capacity CG concerning displacement and symbol
prior in the absence and presence of thermal noise and detector imperfection. In the subsequent section, we present the
result and provide a comparison concerning existing ways of
calculating capacity. We end our discussion with some future
goals.
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II. PHASE-SHIFT KEYED COHERENT STATES, NOISE
MODELS, AND DETECTOR IMPERFECTIONS

After the discovery of laser, in 1963, R.J. Glauber proposed
the theory of optical coherence [15] which further lead to
development of QIT by Helstrom et al. [16], Dolinar [5],
[17]–[19], Yuen et al. [20], Helstrom and Kennedy [21]
and various other researchers. The initial objective of QIT
was to provide a mathematical theory of information and
develop methods to represent information in an efficient way
for transmission and storage. Theories were also developed to
preserve information in presence of noise and defects. After
Voyager 2 [22], Jet Propulsion Laboratory (JPL) at NASA
took immense interest in QIT and its application for deepspace communication using the free-space optical channel.
In last few decades, a number of treatise have been written and
theories have been developed for applications such as deepspace communication, [23] channel coding and data compression, [24]–[26] cryptography and encryption, [27]–[30]
and quantum internet [31]–[35] - all of them employing FSO
communication channel.
In the case of semi-classical communication, the transmitted symbols are encoded by a series of quantum states
{|αi i}, i ∈ [1, M ] where we send pure quantum states through
the FSO communication channel. At the end of the channel,
a receiver performs detection by the means of hypothesis testing. FSO quantum communication offers reliable means to
transmit both classical and quantum information. Laser lightwaves consisting of coherent states are the most convenient
way of communication in FSO. A standard coherent state
(henceforth called coherent state), denoted by ket notation |αi
is written as
∞
∞
X
−|α|2 X α n
α n −|α|2
|αi =
(1)
√ e 2 |ni = e 2
√ |ni
n!
n!
n=0
n=0
where |ni is a number state or a Fock state. Fock states form
an orthonormal basis for measurement that can be used in
spectral decomposition. See [36], Section 2.3.1, and 2.4 for
more details.
In M-ary phase-shift keyed coherent state communication,
every state out of M states for the signaling interval [0, T ] is
denoted by |ψi i = αej2π(i−1)/M , i ∈ [1, M ]. All coherent
states |αi , α ∈ C form an overcomplete basis in the Hilbert
space. In QIT, the existence of a probability distribution on
the states accessible to a system is defined by a statistical
operator called the density matrix:
ρ=

X
i

pi |ψi i hψi | =

X

pi ρi

(2)

i

where ρi is the outer product, pi is the probability for the
system to be in state |ψ
Pi i when |ψi is represented using
orthonormal basis with pi = 1.
When using the quantum state as an information carrier,
the communication is done using an ensemble of quantum states with alphabet A = {ρ1 , ρ2 , · · · , ρM } through a
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sequence of quantum operations representing the channel.
Optical coherent states are not orthogonal - one can attempt to
minimize the overlap hα|βi between two coherent states |αi
and |βi. Several receivers have been proposed in an attempt
to minimize the error probability of distinguishing quantum
states or maximize the mutual information being transmitted
over the channel. In the next section, we discuss the design
of displacement receivers based on photon counting and an
on-off photodetector.
III. DISPLACEMENT RECEIVERS WITH
PHOTON-COUNTING AND ON-OFF
PHOTODETECTOR FOR BPSK

In semi-classical quantum communication, BPSK is represented by a pair of coherent states differ only in phase
by π radian, i.e., {|αi, |−αi}. Detecting coherent states in
such case using photon-counting and on-off detector requires
some form of optical operation as with direct detection phase
information can not be detected by an on-off detector. One
such operation is amplitude displacement. A displacement
operation is performed using optical circuit so as to shift the
amplitude of a coherent state. A beamsplitter combines and
splits two input coherent states |α1 i and |α2 i. A beamsplitter
is represented by Unitary operator U (θ, φ) with transmittivity
τ = cos2 θ and phase φ such that input output relationship
can be written as
 
 


β1
α
cos θ ejφ sin θ
=U 1 , U =
(3)
β2
α2
sin θ −ejφ cos θ
The displacement operator D(β) shifts the amplitude of
the coherent state as D(β) |γ i = |γ + βi. The displacement
operator is realized by a beamsplitter of transmittibity τ ≈ 1
and a strong local oscillator of amplitude √ β [9]. We can
1−τ
describe a beamsplitter as a displacement operator as follows.
Using trigonometric identities, assume
τ = cos2 θ
√
√
⇒ sin θ = ± 1 − τ and cos θ = ± τ

(4)

Taking only + sign without the loss of generality (negative
sign just flips states on constellation diagram across y-axis)
and putting in Equation (3), we obtain:
√
 
   √
τ
ejφ 1 − τ α1
β1
√
= √
α2
β2
1−τ
−ejφ τ
√
√
jφ
⇒ β 1 = τ α1 + e
1 − τ α2
√
√
and, β2 = 1 − τ α1 − ejφ τ α2
(5)
To perform the displacement operation using a beamsplitter,
we set φ = 0 and use a beamsplitter with transmittivity τ
close to 1 (but not exactly one, and in practice transmittivity
can never be unity). One arm of the beamsplitter is fed with
desired laser beam with coherent state amplitude of α1 =
γ while another arm is given a strong local oscillator of
amplitude α2 = √ β . Essentially with this design, we only
1−τ
need laser beam of the coherent state amplitude γ as an input.
VOLUME 8, 2020

FIGURE 1. Schematic diagrams of a beamsplitter and a BPSK
displacement receiver.

Putting the input values in Equation (5), we obtain:
√
β
1−τ · √
=γ +β
1−τ
√
β
β2 = γ 1 − τ − √
(6)
1−τ
√
with an approximation of τ ≈ 1. The displacement
operation ignores the second output from the beamsplitter.
A schematic representation of beamsplitter acting as a displacement operator is shown in Figure 1a. We denote the
overall displacement procedure as an operator D(β) where
β is the displacement produced on a laser beam’s coherent
state amplitude after passing through the beamsplitter. For
a displacement receiver to act on BPSK, we first null out
one of the two coherent state to a vacuum state followed
by another displacement operation such that {|−αi , |αi} →
{|0i , |2αi} → {|βi , |2α + βi}. The overall operation of a
displacement receiver with BPSK is shown in Figure 1b.
The operation of the displacement receiver is most straightforward with the BPSK symbols. Let X represent the input
coherent state (one of two possible) {|−αi , |αi} to the channel. When the input to the channel is binary, X can be used to
represent the transmission of the pulse with either phase of 0
degrees or 180 degrees by using the corresponding coherent
state. During each symbol epoch when X is transmitted,
an integer number of photons is detected by the photodetector.
Detection of photons results in real-valued output denoted by
β1 = γ +
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Y at the detector that can be passed to a decoder or a simple
threshold to identify the transmitted symbol X . Recall that
the statistics of photon arrival is given by the Poisson point
process:
N k −N
e
k = 0, 1, 2, · · ·
(7)
k!
i.e. the probability of detecting k photon over a given time
interval is given by Equation (7) when we know the mean
photon number is N . The detector will see clicks when the
transmitter transmits the pulse following the Poisson point
process. If we have a pulse with a mean photon number
N , then the probability of not getting any clicks as per the
Poisson point process is given by
P(K = k) =

P(no clicks) = e−N

pY (y) = p0 pY |X (y|x = 0) + p1 pY |X (y|x = 1)

(9)

where p0 , p1 are the probabilities of BPSK symbols.
pY |X (y = 0|x = 0) is the probability of no clicks when
|βi after displacement was sent. Since the photon counting
follows Poisson distribution, probability of generating no
2
clicks, when |βi was trasmitted, is equal to e−|β| (we simply
put N = |β|2 in Equation (8)). Similarly, pY |X (y = 0|x = 1)
is the probability of no clicks when |αi, or |2α + βi after the
2
displacement, was transmitted, which is equal to e−|2α+β| .
Similarly, pY |X (y = 1|x = 0) is the conditional probability of
non-zero click, i.e., detection |αi when |−αi was transmitted
2
which is 1 − e−|β| . pY |X (y = 1|x = 1) is the probability of
non-zero clicks that detecting |αi when |αi was transmitted
2
which is 1 − e−|2α+β| . This idea is illustrated in Figure 2.
Hence, we can write probability of outcome Y as follows:
2

pY (1) = p0 (1 − e
224412

−|β|2

2

transmitted is given by e−|β| .

(8)

In case of displacement receivers, a beamsplitter and a local
oscillator is used to shift BPSK symbols to {|βi , |β + 2αi}
via two step process as shown in Figure 1b, where β is
the displacement amount. The receiver tries to assess which
symbol or state was transmitted by performing quantum
measurement, 5 on the channel (see Section 4.3.2 of [36]
for further reading). The operator 5 is described by an
appropriate Positive-Operator Valued Measurement (POVM)
represented by a complete (herePcountable) set of positive
operators resolving the identity i 5i = Î , 5i ≥ 0 with
i representing index of possible measurement or hypothesis.
For BPSK, POVM resolution unity corresponds to 50 +51 =
Î . If hypothesis H0 is true, i.e ρ0 corresponding to |−αi,
the measurement outcome corresponds to 50 , otherwise 51 .
For displacement receiver with on-off detector, the receiver
decides in the favor of H0 when number of click on detector
is 0, otherwise H1 , In practice, this operation is equivalent
to measurement operation given by 50 and 51 . In order to
write mutual information, we first need to write probability
distribution of the output Y . We can use Bayes’ rule to write
the probability distribution of Y as follows:

pY (0) = p0 e−|β| + p1 e−|2α+β|

FIGURE 2. Transition probability matrix for BPSK. Transition probability
matrix is used to describe a channel visually where a connection between
each possible input and output is connected and annotated by the
transition probability, mapping a particular input to an output. For
example, probability of receiving output Y = 0 when X = 0 was

2

(10)
−|2α+β|2

) + p1 (1 − e

)

(11)

Based on Equations (10) and (11), conditional entropy can
be written as shown in Appendix I. Then conditional entropy
can be used to write the mutual information IBPSK (X ; Y ).
See Appendix I for the exact expression. In our generalized
displacement receiver design, we aim to derive generalized
capacity CG by maximizing mutual information over symbol
prior as well as displacement amount β. Hence, our new
problem statement becomes simultaneous maximization of
mutual information over the displacement vector and prior
probabilities which we denote by CG :
CG = max IBPSK (X ; Y )
pX (x),β

(12)

To solve the Equation (12) using (A.3), we take partial derivative of (A.3) with respect to p and β and use newton’s method
to numerically find the optimum solution. We calculate the
Hessian matrix to validate the maximizer.
A. DETECTOR IMPERFECTIONS

Our previous discussion has ignored the situation of imperfect
detection. We now discuss some detection imperfections and
how they are modeled. For coherent states, subunity (< 1)
detection efficiency translates to an ideal detector masked
by a beamsplitter with transmission efficiency η < 1 [36].
It can be shown that detection efficiency can be incorpo√
rated into coherent state notation by replacing α by ηα.
Another notable imperfections is dead time. In an avalanche
photodiode, a detection phenomenon must be followed by a
quenching process to settle down electron avalanche before
any further detection can be done. The time during which
quenching happens is called as dead time [37]. During the
dead-time detector is blind to the incoming photon. However,
for a Kennedy-like receiver that makes a decision based
on first photon detection, dead-time is irrelevant. Another
notable imperfection is dark count (or dark click). The dark
count rate is the average rate of counts registered without
any incident photon. The dark count statistics are Poissonian
in nature, assuming dark count rate to be Nd that adds to
a photon count rate of the displaced signal, overall mean
photon number becomes NT = N + Nd . The effect of the
dark count is similar to having a random displacement of the
VOLUME 8, 2020
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where p =

FIGURE 3. Transition probability matrix for BPSK with sub-efficient
detector and notable dark count. Transition probability connecting
possible inputs and outputs are updated to include detected efficiency
and dark count.

1
2


1−

√
1 − e−4N


is the prior error probability

for the case of Dolinar receiver that maximizes the mutual
information with, N being the mean photon number [13].
Theoretically, Dolinar receiver is the best performing receiver
known to the date. however, its practical realization is difficult
and also requires multiple copies of quantum states. Green
dotted-dashed curve represents capacity in bits per symbol
for classical Kennedy receiver where no attempt is made
to optimize the displacement while maximizing the mutual
information. Capacity for classical Kennedy receiver with no
optimum displacement is given by


Ck = log2 1 + (1 − p)pp/(1−p)
(15)
where p = e−4N is the prior probability for the case of classical Kennedy receiver. Dotted red curve in Figure 4 is capacity
for Unambiguous state discrimination (USD) receiver for
BPSK. Capacity for USD receiver is given by
Cu = 1 − e−2N

(16)

Purple dashed curve in Figure 4 represents capacity in bits per
symbol for Homodyne receiver. The capacity for Homodyne
receiver is given by
FIGURE 4. BPSK channel capacity for the ideal case. We present a
comparison of prior-maximized-displacement maximized mutual
information with Capacity from other receiver design in units of bits
transmitted per BPSK symbol (bits per mode).

quantum state. Dark count leads to the deformation of the signal constellation on the circle and leads to increased mutual
overlap of the signal. To determine the probability of correct
detection, it should be noted that when we include the process
of the dark count, then we are dealing with two independent
Poisson processes. The resulting mean of a Poisson process
consisting of two independent Poisson process is the sum of
the individual means. In such a case, the on-off detector is
described by the measurement operator [11]
5̂off = e

−Nd

∞
X

(1 − η)n |ni hn|

n=0

5̂on = Î − 5̂off

(13)

The transition probability matrix with dark count and detection efficiency included is depicted in Figure 3. Accordingly,
we can modify Equations (10) and (11) to include the two
parameters: η and Nd .
Figure 4 shows the channel capacity for BPSK in the
units of bits transmitted per symbol for the ideal case and
its comparison with a few known receiver design techniques.
Orange curve is for capacity in bits transmitted per symbol
for Dolinar receiver which is given by
Cd = 1 + p log2 (p) + (1 − p) log2 (1 − p)
VOLUME 8, 2020

(14)

Ch = 1 + p log2 (p) + (1 − p) log2 (1 − p)
(17)
√
with p = 21 erfc( 2N ), erfc is the Gauss error function.
Finally, the blue solid line curve is the capacity obtained using
prior-maximized-displacement-maximized mutual information that is the focus of our work. Interested readers may
refer to Chapter 9 of [13], [4], [38], [39] for a detailed
discussion on derivation of capacities for Dolinar receiver,
Kennedy receiver, USD receiver, and Homodyne receiver we
discussed. We note that the prior maximized-displacement
maximized mutual information performs only subpar to the
Dolinar receiver but beats other receiver designs and does not
require multiple copies of the quantum state to be transmitted.
From Figure 5, we see the optimum displacement is quite
different in two cases where (i) we minimize one-shot error
probability, (ii) we maximize mutual information. Based on
this theoretical result, we emphasize that the receiver design
is influenced by the information-processing task at hand.
Optimizing a receiver to minimize symbol error probability
may not result in a capacity-maximizing setting for that same
receiver and vice-versa.
IV. DISPLACEMENT RECIVER DESIGN FOR QPSK

The quadriphase-shift keying (QPSK) is composed of four
coherent states with states defined by
E
|αk i = αe2π jk/4
k ∈ [0, 3]
(18)
with a priori {p0 , p1 , p2 , p3 }. Unlike previous works, we do
not assume equal probability. There are several receiver
designs for QPSK that have been proposed in the literature, however, there is not enough discussion available on
capacity or mutual information calculation. In the next few
224413
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operation and assume that the transmittivity of all beamsplitter employed in the circuitry is τ = τ1 = τ2 . The overall
design is shown in Figure 7.
After branching
√ from the first beamsplitter, a nulling displacing of − τ α0 follows an optimized displacement β0 .
An on-off photodetector performs detection and if it doesn’t
register a click, it means the symbol α0 = α was transmitted.
At this point, the probability of correct classification is
pY |X (y = 0|x = 0) = e−η|β0 |

FIGURE 5. This graph compares the β, optimal displacement for the
Kennedy receiver, for (a) optimizing capacity (blue dotted), and
(b) minimizing error probability assuming equal priors (orange dashed).

2 −N

d

(19)

If the detector registers a non-zero click, then we look at part
B of the circuit. If the second detector doesn’t register a click,
then the probability of detecting α2 = −α is


√
2
−Nd −η|−2 τ α+β0 |2
pY |X (y = 2|x = 2) = 1 − e
e−η|β2 | −Nd
(20)
If the second detector registers a non-zero click, then we move
to branch C. In branch C, if the third detector doesn’t register a
click then the probability of detecting jα, when it was actually
sent, is


√
√
2
pY |X (y = 1|x = 1) = 1 − e−Nd −η|j τ α− τ α+β0 |


√ √
√ √
−Nd −η|j τ 1−τ α+ τ 1−τ α+β2 |2
× 1−e
2 −N
d

×e−η|β1 |

FIGURE 6. QPSK signal constellation at the input. In phase-shift keying
(PSK), the constellation points are positioned with equal angular spacing
around a circle. QPSK, a PSK with four points, is denoted by four points
on a circle, equispaced. Each point differs from its preceding point by a
phase of π/4.

paragraphs, we reproduce one of those designs - proposed by
Izumi and Sasaki [11] and extend the existing work to obtain
optimized capacity.
A. IZUMI-SASAKI DESIGN WITHOUT FEEDFORWARD

In this section, we start with initial desgin of QPSK
constellation proposed by Izumi-Sasaki [11]. Based on
coherent state considered in Equation (18), the quantum states without displacement or any transformation are
{|α0 i , |α1 i , |α2 i , |α3 i} ≡ {|αi , |jαi , |−αi , |−jαi} (see
Figure 6).
A sequential operation of a three-port scheme is achieved
by using two beamsplitters with transmittivities τ1 and τ2
that create three additional branches at which displacement
operation D(βi ), i ∈ [1, 3] is applied where βi are optimized
displacement value. The original Izumi-Sasaki design uses
exact nulling, however, we employ optimized displacement
224414

(21)

and finally if detector 3 registers a click, then we declare
that the state α3 was transmitted such that


√
√
2
pY |X (y = 3|x = 3) = 1 − e−Nd −η|−j τ α− τ α+β0 |


√ √
√ √
2
× 1 − e−Nd −η|−j τ 1−τ α+ τ 1−τ α+β2 |


−Nd −η|−2j(1−τ )α+β1 |2
× 1−e
(22)
A full transition probabilities for the QPSK design without feedforward is given in Appendix II. Similar to the
Section III, we can use Bayes’ rule to write the probability
distribution of Y for the QPSK receiver as follows:
pY (y) = p0 pY |X (y|x = 0) + p1 pY |X (y|x = 1)
+p2 pY |X (y|x = 2) + p3 pY |X (y|x = 3)

(23)

P
with 30 pi = 1. The expression for conditional entropies
and mutual information is similar to ones in Equations (A.1),
(A.2), and (A.3). The generalized capacity CG is obtained by
solving the optimization problem:
CG =

max

pX (x),β0 ,β1 ,β2

IQPSK (X ; Y )

(24)

with pX (x) the prior probabilities
for random variable X , i.e.
P
{p0 , p1 , p2 , p3 } subject to 30 pi = 1. In the design of QPSK
receiver, we consider Nd , η, and τ to be design parameters
and hence, constant. In this case, IQPSK is function of α with
VOLUME 8, 2020
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FIGURE 7. QPSK semi-classical demodulator. In this type of receiver design, two beamsplitters are employed where decisions are made sequentially.
The first output of the first beamsplitter is displaced twice and photo-detection is performed. If the decision is ambiguous, then observation is moved
to the other stages. At the second stage, the second output of the first beamsplitter is fed through the first input port of the second beamsplitter,
mixed with a vacuum state. The first output of the second beamsplitter is displaced twice before performing binary decision using a photodetector. The
procedure is repeated at the third stage if the decision remains ambiguous. The second output of the second beamsplitter is displaced twice and
finally, the photodetector provides an unambiguous decision.

FIGURE 8. QPSK channel capacity using Izumi-Sasaki design. We present
a comparison for a case when displacement is zero and when
displacement is optimum that maximizes the mutual information.
We observe that the receiver achieves higher capacity for low photon
numbers regime but converges for 1 to 10 photons regime.

optimization parameters p0 , p1 , p2 , p3 , β0 , β1 , and β2 . Hence
the optimization problem looks like as follows:
CG =

max

p0 ,p1 ,p2 ,p3 ,β0 ,β1 ,β2

f(α, Nd , η, τ ; p0 , p1 , p2 , p3 , β0 , β1 , β2)
(25)

P3

subject to constraint 0 pi = 1, and 0 ≤ pi ≤ 1. See
Appendix III for optimization method.
Figure 8 shows the channel capacity for QPSK using
Izumi Sasaki design in the units of bits transmitted per symbol for zero displacements (i.e. when we maximize mutual
VOLUME 8, 2020

FIGURE 9. QPSK channel capacity using Izumi-Sasaki design.
A comparison of the channel capacity with varying transmittivity for null
and optimal displacement. For a particular τ , optimal displacement
provides higher channel capacity. Further, in low photon numbers regime,
increasing τ increases the channel capacity, but that cannot be said in the
higher photon number regime, when we should use different parameters.

information only over prior and set displacement βi to zero)
and its comparison with optimum displacement using optimization method described in Appendix III. We choose τ =
0.5, Nd = 0.0 and η = 1.0 for the purpose of optimization.
We further performed some simulation studies on the
impact of varying transmittivity τ on the channel capacity.
See Figure 9. For all the values of the transmittivity τ , optimal
displacement provides higher capacity. In the low photon
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FIGURE 12. The impact of dark current on the capacity of QPSK and
optimality study. Higher the dark current, the lower the capacity we get.
However, at the higher photon regime, the effect of dark current is
negligible.
FIGURE 10. The optimal priors that maximizes mutual information for
QPSK (keeping displacement null).

FIGURE 11. The optimal priors that maximizes mutual information for
QPSK (simultaneously maximizing the displacement). We only show one
in every 50 data points for clean visualization. Discontinuities are
observed in probability values as a function of the mean photon number
since the optimization routine only finds local minima. As the objective
function is not convex, we do not expect to get global optima.

regime, capacity is higher as the transmittivity is increased
but at the higher photon regime, it seems τ = 0.5 provides
the best channel capacity.
The optimal priors for maximizing mutual information in
case of both, zero displacement and optimum displacement
are provided in Figure 10 and Figure 11. From Figure 11, it
is evident that priors we found with the optimization method
discussed in Appendix III may be local optima and not the
global one. In fact, fmincon function doesn’t promise to
provide global optima. This is one reason behind discontinuity in the curves presented in Figure 11 since fmincon
merely focuses on optimization and doesn’t care about Lipschitz continuity [40]. Finding global optima for a non-convex
function is NP-hard, but we only strive to demonstrate that
224416

the receiver design is influenced by the objective and there is
still room for improvement by making optimal choices such
as transmittivity of beamsplitters, displacement amount and
taking into account imperfections in optical elements.
Finally, we study the impact of dark current on the channel
capacity. From our study, we observe that the higher the dark
current, the lower the capacity gets. However, for optimal
displacement-optimal prior, capacity remains higher than one
with zero displacement even in the presence of the dark
current. We provide a comparative illustration of capacity
with a dark current of 0.2, 0.4, 0.6, and 0.8. The relevant graph
is shown in Figure 12.
From the analysis presented in figures 8-12, it is evident
that no single choice of design parameters for a displacement
receiver can work optimally in every condition. The receiver
needs to be tuned depending on the photon number regime
at which the communication system needs to operate, and
properties of optical elements such as beamsplitter’s transmittivity, and dark count statistics of the photodetector.
V. CONCLUSION

In this work, we proposed an optimized receiver design based
on an earlier design for BPSK and QPSK modulation formats.
We compared two different strategies, one with zero displacement and one with the optimal displacement that maximizes
the mutual information. Our work also demonstrated the
impact of optical elements’ imperfections on the capacity of
the receiver for QPSK. Further, we conclude that the receiver
needs to be tuned based on the photon number regime, and
properties of optical elements used in the optical communication system. We believe that optimization methods like the
one proposed here may translate to the transmission of higher
data rates over a dynamic optical link that is available for a
short period. This may lead to improved communication performance over the FSO communication channel, especially
for deep-space communication. In upcoming work, we strive
to perform similar analysis beyond semi-classical quantum
communication and apply optimization methods on quantum
VOLUME 8, 2020
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channels. Besides, some other practical considerations such
as atmospheric turbulence, thermal noise, etc. remain that we
may consider in a derivative work.
APPENDIX I. Mutual Information for BPSK State
Discrimination without Detector Imperfection

Based on Equations (10) and (11), conditional entropy can be
written as
H (Y |X = 0) = −pY |X (Y = 0|X = 0) log2 pY |X (Y = 0|X = 0)
−pY |X (Y = 1|X = 0) log2 pY |X (Y = 1|X = 0)
2

2

2

2

= −e−β log2 e−β −(1 − e−β ) log2 (1−e−β )
(A.1)
H (Y |X = 1) = −pY |X (Y = 0|X = 1) log2 pY |X (Y = 0|X = 1)
−pY |X (Y = 1|X = 1) log2 pY |X (Y = 1|X = 1)


2
2
= −e−(2α+β) log e−(2α+β)
2

2

−(1 − e−(2α+β) ) log2 (1 − e−(2α+β) ) (A.2)
Then conditional entropy can be used to write the mutual
information IBPSK (X ; Y ), (A.3), as shown at the bottom of the
page.
APPENDIX II. Transition Probabilities for QPSK design
without feedforward

In this appendix, we provide expressions for conditional
probabilities for QPSK with quantum states {|αi, |jαi,
|−αi, |−jαi} that uses QPSK semi-classical demodulator
shown in Figure 7 based on an earlier design proposed by
Izumi and Sasaki [11]. The conditional probabilities are used
to construct transition probability matrix (also known as
channel matrix in some literature) and can be used for calculating entropy and conditional entropy by using Equations
similar to one presented in Equations (A.1), (A.2), and (A.3).

We omit the exact expression of entropies for the case of
QPSK as they are intractable. Nevertheless, an interested
reader may be able to formulate them based on definitions
of entropy and conditional probability expressions presented
below. In the following expressions, X denotes a random
variable corresponding to an input state and Y denotes a
random variable corresponding to the detected state.
2

pY |X (y = 0|x = 0) = e−η|β0 | −Nd


−Nd −η|β0 |2
pY |X (y = 1|x = 0) = 1 − e


√ √
2
× 1 − e−Nd −η|2 τ 1−τ α+β2 |

(B.1)

2

)α−j(1−τ )α+β1 |
×e−Nd −η|(1−τ


−Nd −η|β0 |2
pY |X (y = 2|x = 0) = 1 − e
√ √

(B.2)

×e−Nd −η|2 τ 1−τ α+β2 |

2
pY |X (y = 3|x = 0) = 1 − e−Nd −η|β0 |


√ √
2
× 1 − e−Nd −η|2 τ 1−τ α+β2 |


−Nd −η|(1−τ )α−j(1−τ )α+β1 |2
× 1−e
2

(B.3)

(B.4)

√
√
−Nd −η|j τ α− τ α+β0 |2

pY |X (y = 0|x = 1) = 
e

(B.5)

√

√

|2



√

√

|2



pY |X (y = 1|x = 1) = 1 − e−Nd −η|j τ α− τ α+β0


√ √
√ √
−Nd −η|j τ 1−τ α+ τ 1−τ α+β2 |2
× 1−e
×e−η|β1 |

2 −N

d



pY |X (y = 2|x = 1) = 1 − e−Nd −η|j
×e−Nd −η|j

(B.6)
τ α− τ α+β0

√ √
√ √
τ 1−τ α+ τ 1−τ α+β2 |2

(B.7)

IBPSK (X ; Y ) = H (Y ) − H (Y |X )
X
= H (Y ) −
p(X = i)H (Y |X = i)
i









− pY (1) log2 (pY (1)) − pY (2) log2 (pY (2)) − p · H (Y |X = 1) + (1 − p) · H (Y |X = 2)




 
2
2
2
2
ln 1 − e−(2 α+β)
e−(2 α+β) − 1
ln e−(2 α+β) e−(2 α+β)
 (p − 1)
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−
ln (2)
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2
2
2
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−
ln (2)
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2
2
2
2
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−
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2
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ln (2)
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√
√
2
pY |X (y = 3|x = 1) = 1 − e−Nd −η|j τ α− τ α+β0 |


√ √
√ √
2
× 1 − e−Nd −η|j τ 1−τ α+ τ 1−τ α+β2 |


−η|β1 |2 −Nd
× 1−e

(B.8)

√
−Nd −η|−2 τ α+β0 |2
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√
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√
−Nd −η|−j τ α− τ α+β0 |2
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√

√
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pY |X (y = 1|x = 3) = 1 − e−Nd −η|−j τ α− τ α+β0


√ √
√ √
−Nd −η|−j τ 1−τ α+ τ 1−τ α+β2 |2
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|2
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√
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pY |X (y = 2|x = 3) = 1 − e
√ √

×e−Nd −η|−j τ

√ √
1−τ α+ τ 1−τ α+β2 |2
√

√

 (B.15)

pY |X (y = 3|x = 3) = 1 − e−Nd −η|−j τ α− τ α+β0


√ √
√ √
−Nd −η|−j τ 1−τ α+ τ 1−τ α+β2 |2
× 1−e


2
1 − e−Nd −η|−2j(1−τ )α+β1 |
(B.16)
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APPENDIX III. Solving Optimization Problem for
Izumi-Sasaki Receiver

To solve the optimization problem (25), we use MATLAB’s
fmincon function. fmincon, however, aims to minimize
a function, hence in our case, we minimize −IQPSK subject
constraint mentioned in Section IV-A. In vector form we can
write optimization parameter x ≡ (p0 , p1 , p2 , p3 , β0 , β1 , β2 ).
Equality constraint for this optimization problem is
 
p0
 p1 
 
 

  p2 

Aeq x = b ⇒ 1 1 1 1 0 0 0 
(C.1)
 p3  = 1
β0 
 
β1 
β2
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and the lower bound constraint is lb = 0 0 0 0 −Inf −Inf.
The upper bound constraint is ub = 1 1 1 1 Inf Inf .
We start with initial condition x0 = [0.25, 0.25, 0.25, 0.25, 0,
0, 0]. In addition to that, we also execute few simulation with
random initial points and we find out that CG , the capacity
comes out to be same with varying optimal values of priors
and displacements (there may be multiple local minima).
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