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ABSTRACT

Uncertainty poses a significant challenge to decision making in many real-world
problems, especially when it is high-dimensional. For example, disruptive events
such as the COVID-19 pandemic have caused significant uncertainties in the supply
and demand for many important products such as Neodymium-iron-boron (NdFeB)
magnets. To overcome such challenge, advanced optimization approaches such as
stochastic programming (SP), robust optimization (RO), and distributionally robust
optimization (DRO) have been developed in order to enable decision makers to
find an optimal trade-off between risk and reward by including some knowledge of
the uncertainty into their decision-making process. In this dissertation, we study

computationally efficient approaches for SP, RO, and DRO and their applications.

First, we propose computationally efficient inner and outer approximations for
DRO problems with a moment-based ambiguity set and a combined ambiguity set
including Wasserstein distance and moment information. In these approximations,
we split a random vector into smaller pieces, leading to smaller matrix constraints.
In addition, we use principal component analysis (PCA) to shrink uncertainty space
dimensionality. We quantify the quality of the developed approximations by deriv-
ing theoretical bounds on their optimality gap. We display the practical applicabil-
ity of the proposed approximations in production-transportation and multi-product
newsvendor problems. The results demonstrate that these approximations dramat-
ically reduce computational time while maintaining high solution quality. The ap-
proximations also help construct an interval that includes the (unknown) optimal

value for a large-scale DRO problem.

Next, we propose a resilient reverse supply chain and logistics network design
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for recycling NdFeB magnets as a means to diversify the supply and alleviate the
risks. We develop scenarios to model the unique impact of the COVID-19 pandemic
on the proposed business, incorporating both disruption intensity and recovery rate.
We formulate a chance-constrained two-stage SP model to maximize the profit while
guaranteeing the network resiliency against disruption risks. The decision variables
include facility locations, processing capacities, inventory levels, and material flows.
To solve the problem in large-scale instances, we develop an efficient Benders decom-
position algorithm. Finally, we apply the model to the United States to demonstrate
the practical applicability of the proposed model and algorithm.

Lastly, we propose a systematic approach to develop data-driven polyhedral
uncertainty sets that mitigates these drawbacks. The proposed uncertainty sets
are polytopes induced by a given set of scenarios, capture correlation information
between uncertain parameters, and allows for direct trade-offs between tractability
and conservativeness issue of conventional polyhedral uncertainty sets. To develop
these uncertainty sets, we use principal component analysis (PCA) to transform the
correlated scenarios into their uncorrelated principal components and to shrink the
uncertainty space dimensionality. Thus, decision-makers can use the number of the
leading principal components as a tool to trade-off tractability, conservativeness,
and robustness of RO models. We quantify the quality of the lower bound of a
static RO problem with a scenario-induced uncertainty set by deriving a theoretical
bound on the gap between the optimal value of this problem and that of its lower
bound. Additionally, we derive probabilistic guarantees for the performance of the
proposed scenario-induced uncertainty sets by developing explicit lower bounds on
the number of scenarios required to obtain the desired guarantees. Finally, we
demonstrate the practical applicability of the proposed uncertainty sets to trade-off
tractability, robustness, and conservativeness by examining a range of knapsack and

power grid problems.
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CHAPTER 1

Introduction

In this chapter, we first introduce the research motivation and contributions of this

dissertation. Then, we outline the organization of the dissertation.

1.1 Motivation

Due to the high complexity of the uncertainty involved in real-world problems, de-
cision making in such problems is very challenging. Therefore, different modeling
techniques such as stochastic programming (SP), robust optimization (RO), and dis-
tributionally robust optimization (DRO) have been developed that enable decision
makers to include some knowledge of the uncertainty into their decision-making pro-
cess. A decision maker can adopt SP to model a problem if the complete knowledge
about the probability distribution of the uncertainty is available. Otherwise, one
can leverage either RO or DRO to model the problem. However, these approaches
are usually computationally expensive or too conservative. This dissertation aims
to alleviate such drawbacks by proposing computationally efficient approaches for
these modeling frameworks that are less conservative than their conventional alter-
natives. In this dissertation, we propose computationally efficient approximations
for DRO problems that are tractable and maintain high solution quality. Moreover,
we develop data-driven polyhedral uncertainty sets that result in RO models that
are less conservative and more tractable than those with conventional polyhedral

uncertainty sets.

Neodymium-iron-boron (NdFeB) magnets are the most powerful magnets whose
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supply has been dominated by a few countries. This permanent magnet is made of
rare-earth elements (REEs) which are classified as critical materials to the United
States and European Union due to their increasing importance to clean energy and
persistent supply risk. The COVID-19 pandemic, in addition to other black swan
events such as geopolitical conflicts and international trade wars, has caused signif-
icant uncertainties in the global supply and demand of REEs and NdFeB magnets.
Therefore, it is crucial to develop domestic sources for NdFeB magnets, such as
magnet-to-magnet recycling, that are resilient to such uncertainties. NdFeB magnet
recycling can not only reduce new REE consumption but also lower the environmen-
tal footprint of NdFeB magnets. In this dissertation, we design a resilient reverse
supply chain and logistics network for recycling NdFeB magnets by developing a
chance-constrained two-stage stochastic programming (CTSP) model. This model
ensures the network resiliency to cope with demand and disruption uncertainties as
its scenarios in mimic different types of supply and demand disruptions caused by
the COVID-19 pandemic. Since this problem is NP-hard, we develop a customized
Benders decomposition algorithm to solve the large-scale instances to optimality

within a short time.

1.2 Contributions

This dissertation aims to develop computationally efficient approaches for SP, RO,
and DRO problems. Moreover, it applies these approaches to some real-world prob-
lems, including a supply chain and logistics problem, a power grid problem, and a
production-transportation problem, to demonstrate their practical applicability. In

what follows, we point out the main contributions of this dissertation.
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1.2.1 Computationally Efficient Approximations for DRO

1. We derive computationally efficient inner and outer approximations of DRO
problems with a moment-based ambiguity set accounting for the support,
mean, and covariance of the uncertainty. The inner approximation is based on
splitting a random vector into smaller sub-vectors and is parameterized by the
number of split pieces. Such approximation appears to be new in the DRO

literature. The outer approximation generalizes Cheng et al. (2018).

2. We quantify the quality of our inner and outer approximations by deriving
theoretical bounds on the gap between the optimal value of the DRO problems
and those of their approximations. These theoretical bounds guide us to select
specific numbers of split pieces for reaching a predetermined error bound.
They also allow us to trade-off between solution quality and the computational

burden of solving DRO formulations.

3. We extend the inner and outer approximations, as well as their theoretical
bounds, to a combined ambiguity set that contains covariance information
and the Wasserstein distance between the true distribution and an empirical
distribution. We also investigate the corresponding results by additionally

including the first-order moment information in the combined ambiguity set.

4. Our proposed inner and outer approximations together, while quickly finding
a feasible solution with a small optimality gap, enable us to construct a tight
interval that includes the (unknown) optimal value of DRO formulations. Such
an interval is very helpful for decision making in many real-world applications
with large-scale instances and high-dimensional uncertainties (e.g., energy and
transportation), where the corresponding DRO model cannot be solved to op-
timality (or even feasibility in most cases) by existing methods in a reasonable

time.

5. We perform extensive computational experiments to demonstrate the effec-
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tiveness of our approximations in solving DRO formulations. Notably, while
commercial solvers were unable to even find a feasible solution to most large-
size instances, our inner and outer approximations quickly found solutions

with optimality guarantee.

1.2.2 Resilient NdFeB Magnet Recycling

1. We design an NdFeB magnet recycling supply chain and logistics network
that is resilient to operational and disruption risks triggered by black swan
events such as the COVID-19 pandemic. We consider various risk manage-
ment strategies, including dynamic material flow adjustment, backup facili-
ties, buffer inventories, and minimum service level enforcement to reinforce

the resiliency of the reverse supply network under disruptive events.

2. We develop a CTSP model tailored to NdFeB magnet recycling to maximize
the total profit while keeping the supply chain resilient enough to disruptive
events on the same scale as the COVID-19 pandemic. To the best of our
knowledge, this is the first study that develops a CTSP model for a supply
chain and logistics network in the REE and NdFeB magnet industry.

3. We design disruption scenarios that mimic the real-world COVID-19 pandemic
impacts. Our scenarios are unique in the literature from several aspects. First,
we consider disruption and recovery durations, while earlier studies have often
ignored when a disruption starts and ends. Second, we consider both demand
and supply disruptions that have different timings, as was evidenced by the
COVID-19 pandemic. The traditional assumption of simultaneous supply and
demand disruptions could be optimistic due to synchronous recovery (Ivanov
2020). Thirdly, we consider the post-disruption recovery process and model it
using piecewise functions, as opposed to the typical linear recovery assumption,
to capture the real-world scenarios where the recovery rates are non-linear.

As far as we are aware, no study has considered both factors in this way.
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Fourthly, we examine the rebound effect, which increases demand after the
end of disruption. If suppliers do not prepare for this sudden surge in demand,

they may lose a large portion of the potential sales.

4. We develop an efficient customized Benders decomposition algorithm to solve
the large-scale CTSP model tailored for the NdFeB magnet recycling problem.
Moreover, we propose different decomposition schemes that can be adopted
to decompose this problem and equip the Benders decomposition algorithm
with each of them to identify the most efficient one. Although commercial
solvers fail to find even a feasible solution for most of the test instances due to
the computational complexity of the problem, the developed Benders decom-
position algorithm equipped with the most efficient proposed decomposition

scheme can solve all test instances to optimality within a short time.

1.2.3 Data-driven RO Using Scenario-Induced Uncertainty Sets

1. We use PCA to propose a systematic approach for developing data-driven
polyhedral uncertainty sets that alleviate the disadvantages of conventional
polyhedral uncertainty sets. Unlike the box and budget uncertainty sets, they
can capture the correlation information of uncertainty. Moreover, they are
less conservative than the box uncertainty set and computationally cheaper
than the convex hull of the uncertainty data. Furthermore, the number of the
leading principal components in these uncertainty sets can be used as a tool

to trade-off tractability, conservativeness, and robustness of RO models.

2. We quantify the quality of the lower bound of a static RO problem with a
scenario-induced uncertainty set by deriving a theoretical bound on the gap
between the optimal value of this problem and that of its lower bound. This
theoretical bound provides a rough approximation for the optimal value of the
static RO Problem, which may not be solved efficiently in practice. Moreover,

it determines how many principal components are needed to reach a preferred
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gap, demonstrating a trade-off between computational burden and solution

quality.

3. We provide probabilistic guarantees for the performance of the proposed un-
certainty sets by deriving explicit lower bounds on the number of scenarios
required to construct the uncertainty sets with desired probabilistic perfor-

mance, which complements the existing work.

1.3 Dissertation Organization

This dissertation includes 5 chapters and its remaining chapters are organized as

follows:

In Chapter 2, we develop computationally efficient inner and outer approxima-
tions for DRO problems with moment-based and combined ambiguity sets. First,
we briefly review the literature related to DRO. Then, we study DRO with the
moment-based ambiguity set, develop its approximations, and derive theoretical
bounds of their optimality gaps. Similarly, we propose the same approximations and
theoretical bounds for DRO with the combined ambiguity set. Next, we conduct
comprehensive computational experiments on a couple of applications to evaluate

the strength of the proposed approximations and validity of the theoretical bounds.

In Chapter 3, we mainly focus on designing a supply chain and logistics network
for recycling NdFeB magnets that is resilient to operational and disruption risks
caused by the COVID-19 pandemic. First, we provide a concise overview of the
NdFeB magnet industry and the negative impacts of black swan events such as the
COVID-19 pandemic on this industry. We also review the literature related to supply
chain risk management in the COVID-19 pandemic and supply chain and logistics
network design under uncertainty. Then, we state the problem, and its assumptions,
and develop a chance-constrained two-stage stochastic programming model for this

problem. Besides, we apply the proposed model to a case study of the United States
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to obtain some managerial insights. Finally, we elaborate on the developed Benders
decomposition algorithm and perform computational experiments to evaluate the

performance of the model and algorithm.

The main focus of Chapter 4 is on proposing a systematic approach to develop
data-driven polyhedral uncertainty sets that alleviate certain drawbacks of conven-
tional polyhedral uncertainty sets. In this chapter, after providing a review of RO
and a concise background on conventional polyhedral uncertainty sets, we introduce
these scenario-induced uncertainty sets. Then, we derive a theoretical bound on
the gap between the optimal value of a static RO problem with a scenario-induced
uncertainty set and that of its lower bound. Next, we derive lower bounds on the
number of scenario samples required to achieve the desired probabilistic performance
guarantees for the developed uncertainty sets. Finally, we conduct comprehensive
computational experiments on RO Knapsack and power grid problems with the

proposed uncertainty sets to evaluate their performance.

Finally, Chapter 5 concludes the dissertation with a summary of contributions

and the potential directions for further research.
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CHAPTER 2

Computationally Efficient Approximations for
Distributionally Robust Optimization under Moment and

Wasserstein Ambiguity

In this chapter, we propose computationally efficient inner and outer approxima-
tions for distributionally robust optimization (DRO) problems with moment-based
and combined ambiguity sets, and quantify the quality of the developed approxima-
tions by deriving theoretical bounds on their optimality gap. We provide a review
of DRO in Section 2.1. In Section 2.2 (resp. Section 2.3), we study DRO with
the moment-based ambiguity set (resp. the combined ambiguity set), propose its
inner and outer approximations, and derive theoretical bounds of their optimality
gaps. In Section 2.4, we perform extensive computational experiments on distribu-
tionally robust multiproduct newsvendor and production-transportation problems
to evaluate the theoretical results and demonstrate the strength of the proposed

approximations. Finally, Section 2.5 concludes this chapter.

2.1 Introduction

Uncertainty poses significant challenge to decision making in many real-world prob-
lems. To overcome such challenge, advanced optimization approaches have been
developed to model uncertainty from various perspectives. Among them, stochas-
tic programming (SP), robust optimization (RO), and DRO prevail nowadays. SP
assumes that a decision maker has complete knowledge about the probability distri-

bution of the uncertain parameters, whereas the distribution may not be precisely
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estimated due to limited data availability (Shapiro et al. 2009). RO assumes the un-
certain parameters run in a given set, and it hedges against the worst-case possible
scenario within this set, leading to potentially conservative decisions (Ben-Tal and
Nemirovski 1998, Bertsimas and Sim 2004). Scarf (1958) introduced the first DRO
model by relaxing the complete-knowledge assumption in SP and reducing the con-
servativeness of RO. DRO models uncertainty through a distributional ambiguity
set that specifies available information of the probability distribution of the uncer-
tain parameters. In addition, DRO searches for an optimal solution that concerns
the worst-case distribution in the ambiguity set. Thus, the performance of DRO is

less conservative than RO; see Rahimian and Mehrotra (2019) for more details.

The performance of DRO highly depends on the ambiguity set. An ideal ambigu-
ity set possesses four properties: (i) rich enough to contain the true distribution with
high confidence; (ii) small enough to exclude pathological distributions that make
DRO solutions overly conservative; (iii) calibrated easily from historical data; and
(iv) leading to a structured DRO model that is computationally tractable (Esfahani
and Kuhn 2018). There are several different types of ambiguity sets. Moment-
based ambiguity sets contain distributions that share the same moment information
(Delage and Ye 2010). Distance-based ambiguity sets contain distributions that are
close to a reference distribution with respect to a predetermined probability discrep-
ancy metric. Probability discrepancies that have been extensively studied include
Wasserstein distance (Esfahani and Kuhn 2018), phi-divergence (Ben-Tal et al. 2013,
Hu and Hong 2013, Gotoh et al. 2018), and Prokhorov metric (Erdogan and Iyengar
2006). Structural ambiguity sets contain distributions that share the same struc-
tural properties such as monotonicity, symmetry, and unimodality (Li et al. 2019).
Hypothesis-test-based ambiguity sets contain distributions that pass a hypothesis
test (e.g., X%-test, G-test) based on a given historical dataset and confidence level
(Bertsimas et al. 2018a,b). Finally, likelihood-based ambiguity sets contain distribu-
tions that achieve a given level of likelihood evaluated under historical data (Wang

et al. 2016).
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Due to high complexity of the uncertainty involved in real-world problems, none
of the individual ambiguity sets can perfectly perform under all circumstances. For
example, moment-based ambiguity sets do not guarantee asymptotic consistency,
i.e., they do not converge to the true distribution of the uncertain parameters even
if the number of historical data points increases to infinity (Chen et al. 2019, Liu
et al. 2019). Meanwhile, decision-makers usually face the difficulty of exactly esti-
mating an ambiguity set because high-dimensional and correlated uncertainties are
involved in the real-world problems, where different decision-makers may also have
different understanding and estimates of the ambiguity. Thus, to cope with such
situation and further give the decision-makers more flexibility and freedom in select-
ing an appropriate ambiguity set from available alternatives, we may better consider
different types of ambiguity sets. For instance, we can combine two different types
of ambiguity sets to construct a better one that enjoys the advantages of both. In
particular, we may consider a combined moment and Wasserstein ambiguity set.
This combination can help exclude pathological distributions and result in a less
conservative DRO model, which is also asymptotically consistent. Such benefits can
be significant when the uncertainty is highly complex (Wang et al. 2018, Gao and
Kleywegt 2017).

Many DRO problems can be reformulated or approximated by conic program-
ming problems, including semidefinite programming (SDP), second-order cone pro-
gramming (SOCP), copositive programming (CP), and completely positive program-
ming (CPP). For example, Delage and Ye (2010) showed that the DRO model with
support, mean, and covariance information can be reformulated as an SDP formula-
tion; Natarajan et al. (2010) reformulated a class of robust expected utility models
with known mean and covariance matrix as SOCP formulations; Li et al. (2019)
reformulated chance constraints under unimodal distributions with known first and
second moments as SOCP formulations; El Ghaoui et al. (2003) derived SDP and
SOCP formulations for computing robust Value-at-Risk with various ambiguity sets.

More SDP reformulations can be found in Cheng et al. (2014, 2016) and Zhang et al.
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(2018), and more SOCP reformulations were proposed by Li et al. (2018) and Mieth
and Dvorkin (2018). Moreover, Hanasusanto and Kuhn (2018) proposed CP and
CPP reformulations and approximations of two-stage DRO linear programs over

Wasserstein ambiguity sets.

Although SDP formulations are polynomially solvable in theory, many of them
require significant computational efforts, especially when the problem is compli-
cated in its nature and the uncertainty is high-dimensional and/or correlated. For
instance, solving large-scale SDP problems in practice can be computationally chal-
lenging because many high-dimensional matrix constraints may be present (Yang
and Wu 2019). To overcome such challenges, several studies have developed approxi-
mation solution approaches to trade-off between solution quality and computational
burden, including branch-and-bound, cutting-plane, interior point, and delayed con-
straint generation algorithms (Niu et al. 2019, Vandenberghe and Boyd 1996). In
addition, Cheng et al. (2018) used principal component analysis (PCA), which rep-
resents the data variability by employing a linear combination of orthogonal eigen-
modes (Wold et al. 1987), to consider only the dominant random variables and shrink
the dimension of the uncertainty, leading to smaller-size SDP matrix constraints. In
this chapter, we provide a comprehensive study to derive computationally efficient
approaches to solve DRO formulations under a piece-wise linear objective function

and with various types of ambiguity sets. We summarize our contribution as follows:

1. We use random vector splitting and PCA techniques to derive computationally
efficient inner and outer approximations of DRO problems with a moment-
based ambiguity set accounting for the support, mean, and covariance of the
uncertainty as well as a combined ambiguity set that contain covariance in-
formation and the Wasserstein distance between the true distribution and an

empirical distribution.

2. We quantify the quality of our inner and outer approximations by deriving

theoretical bounds on their optimality gaps that allow us to trade-off between
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solution quality and computational burden.

3. Our proposed inner and outer approximations together enable us to construct a

tight interval that includes the (unknown) optimal value of DRO formulations.

4. We perform extensive computational experiments in the context of production-
transportation and multi-product newsvendor problems to demonstrate the

effectiveness of our approximations in solving DRO formulations.

Notation

In this chapter, scalar values are denoted by non-bold symbols, e.g., s and ~;, while
vectors are denoted in the column form by bold symbols, e.g., x = (x1,... ,:cm)T
and q. Similarly, matrices are represented by bold capital symbols, e.g., A and X,
and the size of a matrix is indicated by r x ¢, where r and ¢ indicate the numbers
of rows and columns, respectively. Italic subscripts indicate indices, e.g., si, while
non-italic ones represent simplified specifications, e.g., Q,. We use Ep [-] to represent

13

expectation over distribution P and use “e” to denote the inner product defined by
AeB = Z” A;;B;;, where A and B are two conformal matrices. If a matrix M is
positive semi-definite (PSD), it is indicated by M > 0. Symbols ||-||, and ||-||, denote
L1-Norm and L2-Norm, respectively. Symbol |-||, represents the dual norm of ||-||,.
We reserve symbols D and S, for ambiguity set and support, respectively. For any
strictly positive integer number n, we use [n] to represent the set {1,2,...,n}. The

identity matrix of size m is denoted by I,,. Symbols 0,, and 0,.. represent a zero

vector of size m and a zero matrix of size r X ¢, respectively.

2.2 Moment-based Ambiguity Set

In this section, we introduce a DRO problem with a moment-based ambiguity set.
To solve it towards practical uses, we first recast it as an SDP formulation. In view

of the computational challenge of solving the SDP problem in practice, we develop
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its inner and outer approximations that can be solved more efficiently. Moreover,
we derive theoretical bounds for their optimality gaps as compared to the original

DRO problem, leading to a quality measurement.

Given distribution P of the random vector £ € R™, we seek an € X', which is
a convex set in R™, to minimize the expectation of a convex function f (x,&) with
respect to P. We present this problem as the following stochastic program:

min Ep [f(x,£)]. (2.1)

rxeX

Here P is assumed to be known exactly, which though in practice may not be pre-
cisely estimated due to limited data availability (e.g., missing data, lack of data,
and expensive data acquirement). Nevertheless, some partial information of £ (e.g.,
mean and covariance) can be easily obtained from historical data. Therefore, in-
stead of solving Problem (2.1) with a given distribution, we may seek a risk-averse
solution that hedges against all the possible distributions that share such available
information, leading to the following DRO model with the available information
collected in a distributional ambiguity set Dyy;:
min max Ee[f(z,€)]. (DRO-M)
Depending on different available information, the ambiguity set can be different.

In this section, we focus on moment information of & in Dy (see Delage and Ye

(2010)), i.e.,

PEesS) =1
DMl (87 H, 2771772) =P (EP [S] - l’l’)T 2_1 (]EP [5] - l’l’) < 71 )
Ep (€ —p) (€ —p)' | X »E

which specifies the support (S), mean (p), and covariance of random variable £ that
could be derived using available historical data. We assume that S is a convex set, p
lies in the strict interior of S, and X is a positive definite matrix. Parameters v; > 0

and v > 1 are derived from historical data to control the size of the ambiguity set



26

and the conservatism of optimal solutions. The three constraints in Dy describe
that (i) the support of £ is a subset of S; (ii) the mean of £ lies in an ellipsoid of size
71 centered at p; and (iii) the centered second-order moment matrix is bounded by

Y232 in a PSD sense.

Although (DRO-M) admits a convex reformulation (e.g., SDP reformulation;
see Delage and Ye (2010)), as discussed above, solving it in practice can be very
challenging. Instead, we can solve good inner and outer approximations of (DRO-M)
much more efficiently and obtain high-quality solutions, thereby complementing
the existing studies such as Delage and Ye (2010) and Cheng et al. (2018). More
importantly, the inner and outer approximations together can help characterize an
interval that includes the unknown optimal value for a large-scale instance that
may not be solved to feasibility. In the following, we derive an outer (resp. inner)
approximation of (DRO-M), leading to a lower (resp. upper) bound, in Section 2.2.1
(resp. Section 2.2.3). We make the following assumption in this section for practical

purpose.

Assumption 2.1. Function f (x,&) is piecewise linear convex in &, i.e., f (x, &) =
maxiC; {yf(@) + (@) 7€} with both yy(@) = (yi(@),....4i" (@) and y(@) affine
in x for any k € [K], and S is polyhedral, i.e., S = {&£|A€E < b} with A € R*™*™

and b € R™, with at least one interior point.

2.2.1 Lower Bound

The uncertainty characterization in the ambiguity set affects the computational per-
formance of solving the corresponding DRO problems because a large uncertainty
space leads to a large solution search space, which further asks for more compu-
tational time. We accordingly investigate the moment-based ambiguity set in this
section, and realize that the components with the lowest variance play the smallest
role in defining the uncertainty and hence are the best candidates for relaxation.

Therefore, we use the PCA approach to project high-dimensional and correlated
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uncertainty onto a lower dimensional space by preserving the components with the

highest variance and relaxing the rest of ones.

First, we perform an eigenvalue decomposition on matrix ¥, i.e., ¥ = UAU ' =
UA%(UA%)T, where U € R™*™ is an orthogonal transformation matrix and A €

R™*™ is a diagonal matrix whose diagonal elements are in non-increasing order. By

letting & = (UAY?)T (€ — p), we reformulate (DRO-M) as

min max Ep, [f (a:,UAéﬁl + u)] , (2.2)

xeX PieDyo

where

Pi(& e &) =1
Daio(S1,71,72) = § P Ep, [flT]EIP’I &l <m )

EIP’I [éléir] =Yl

with & := {sl ER™:UAME +p € 3}.

Theorem 2.1. If f(x, UA%Eﬁ—/L) is Pr-integrable for any Py € Dyya, then (DRO-M)

has the same optimal value as the following problem:

min s +9L, 0 Q+ i lall (2.32)
st s> [ (@ UNE+p) —Ela— Q& VE €S, (2.3D)
Q>0 xe X,

where ¢ € R™ and QQ € R™*™.

Proof. The result is deduced from Lemma 1 in Delage and Ye (2010). [

Problem (2.3) reduces to a SDP formulation with regard to a wide range of
objective functions and support of uncertainty, which are specified in Assumption
2.1. Our approximation techniques may be applied to DRO problems with more

general objective functions.
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Proposition 2.1. Under Assumption 2.1, (DRO-M) has the same optimal value as
the following SDP formulation.:

Zy(m) = rr;\inQ s+vln,eQ+ /1l (2.4a)
T,5,A,49,
.
. s=yR@) - AL b—yi (@) utA] Ap %(q—i—(UA%)T(AT)\k—yk(w))) -
S.T. — Y,
Har(uad) (AT A @) Q
Vk € [K], (2.4b)

xec X, A\ eRY, Vke K],

where A = {A1,..., Ag}.

Proof. We apply the strong duality theorem to constraints (2.3b). As function

f (x, &) is piecewise linear convex, we reformulate constraints (2.3b) as:
s> yl(x) +ue(x) € —€Tq—ETQE, VEES, VE e K], (2.5)

which are equivalent to minae<p ecrm gr(€) > 0, where g(§) = s + &' q + &' Q€ —
y)(x) — yr(x) &, for any k € [K]. Moreover, we consider the Lagrangian dual
problem of ming¢<pecrm gi(€), i.e., maxy, >0 infe gx(&) + AL (A€ — b), where \;, €
R™. Note that function gx(£) is convex in € because @ = 0. Due to Assumption
2.1, there exists an interior point for the primal problem. It follows that constraints

(2.5) are equivalent to the following ones:

max  inf 9e(8) + A{ (A& —b) > 0, VK€ [K],

which are further equivalent to the following constraints:

N, >0, s+ & q+EQE—yd(x) —yr(x) €+ A (A€ —b) > 0,V€ € R™, (2.6)
VEk € [K].

As € = UA%EI + ., we replace € with UA%EI + @ in (2.6). Thus, we have

(26) & N >0, (1,&])Z, (1,&])" >0, V& € R™, Vk € [K], (2.7)
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where

INT T
=@ A b urAT A 3 (a+(UAD) (AT N(@) )

7 —
* §<q+(UA%)T(AT/\ryk(w))> Q

and the first equivalence holds due to the definition of Z;. For the second equiv-
alence, clearly < follows from the definition of a PSD matrix. To prove =, we
consider two possible cases for any (170 eER,n' € ]Rm)T € R™*L: (1) if 5y = 0, then
(M0, )Z1(n0,m")T = n"Qn > 0 because Q is PSD; (2) if 7y # 0, then we have
(no,m")Zi(no,n") " = n2(1 ﬂ)Zk(l,Z—Z)T > 0 according to (2.7). Therefore, =

7 Mo
holds and we obtain Problem (2.4) by replacing constraints (2.3b) with (2.8). [

Next, to derive a lower bound, we approximate £ by capturing the dominant
variability of U Aéﬁl through considering only the first m; random variables of &,
ie.,

1 1
€ ~ UA\>2 [ér? Om—ml] + o= UmxmlAT%uér + M, (29)

1
where U, xm, € R™™ and A, € R"™*™ are upper-left submatrices of U and A%,
respectively, and &, € R™ consists of the first m; entries of &;. As the uncertainty

of the last (m — m;) entries of &; vanishes, this yields a relaxation of (DRO-M):

1
iy g B[S (2 Umom At 1)) (2100
P& €S) =1

Das(Sesv1:72) = § Pr| Bp[€] Bs,[€,] <™ (2.10b)

Ep, [£.£]] X 7ol m,

S =& €R™ UMb, + 1€ S} (2.10¢)
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1
Theorem 2.2. If f(x,U xm, N &, + ) is Pr-integrable for any P, € Dy, then

Problem (2.10) has the same optimal value as the following problem:

Jmin s+ 92T, 0 Qr v/ [l (2.11)
1
st 52 f (@ Unon Ainé, + 1) — €] a, — €] Q& V&, € S,
Q. -0, zeX,

where g, € R™ and Q, € R™*™ . Furthermore, we have the following: (i) Problem
(2.11) provides a lower bound for the optimal value of (DRO-M); (ii) the optimal
value of Problem (2.11) is nondecreasing in my; and (iii) if m; = m, then (DRO-M)

and (2.11) have the same optimal value.

Proof. The proof of the deterministic reformulation (2.11) is the same as that of
Theorem 2.1 and thus is omitted here. With (2.11), we define { = UmelAénﬁﬁ-u
and use S; and D¢ to denote its support and ambiguity set, respectively. As &, =
(€, €R™ : Uy Ai &, +p1 € S} and S; = {¢ € R™ 2 ¢ = Uy Al &, + 1, €, €
S, }, we can deduce S; C S. We also have

(]Epg [C] - IJ’)T (Umxm1Am1U;L><m1)71 (E]PC [C} - I’l')

1 T 1 1
= (EIPr [UmXVm Aﬁu ér]) (Umel Aml UT—Tl—IXm1 ) EPr [UmXVm Aﬁ"bl ér]

1

LT 1 AT\ ! 1 NT
= Er,[6]] (U A, ) (UmxmlA,%,,l (UmmAm)) (U A ) B, €]
= Ep,[¢] |Ep, [£,]
<,

where the last inequality is due to (2.10b). Note that

Am Om m—m
UmelAmlUT =U ! 1x( 2 U—r = U[le—r =3.

mXmi

O(mfml)xml O(mfml)x(mfml)
It follows that

T

(Ee, 1] — 1) B (Br, [¢] — 1) < 1. (2.12)
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Meanwhile, we have

EPC [(C - ”)(C - “)T} = ’VQUmxmlAmlU;LXml

Am1 Omlx(m—vm)

= U U' < wUAUT =3,

(m—m1)xmy O(m—ml)x(m—ml)

(2.13)

By S C S, (2.12), and (2.13), it follows that D, lies in Dyp, i.e., D¢ C Dy, and

accordingly

max Er /(2. €)] < max B [f(w.€). (2.14)

By the definition of ¢, we have max Ep_[f(x,{)] = max Ep [f(x, Upnxm, A&, +
P<€DC ¢ Pr€Dnms '
p)] due to change of variable. Then (2.14) implies the following inequality

max Ep, [f(-’L', Um><m1A7%"b1€r + /'l')] < Prélgf/[{l Ep [f(wa 5)] )

Pr€Dms

which demonstrates that the optimal value of Problem (2.11) (i.e., Problem (2.10))
is a lower bound for that of Problem (2.3) (i.e., Problem (2.2)).

1
To show the monotonicity result, we define §; = U xm, Aim,&,, +p for any i € 2],
where &, € R™ for my > m;. The ambiguity set of ¢; is denoted by D, i.e.,

1
DQ = {]:PCZ|CZ ~ ]P)Civ Cz = UmezA%ngr, + W, €ri ~ Pri € Drz} 7V7' € [2]7

where D,, (defined as (2.10b)) represents the ambiguity set of £, for any i € [2]. For
any ¢, ~ P¢, € D¢, there exists a £, ~ P, € D;, such that ¢, = UmelAr%mErl +
p = UmX?nQA%nQEr2 + p, where £, = (£],0] )7 € R™. By using S,, (defined
as (2.10c)) to denote the support of &, for any 7 € [2], we have

P{€, €S} =P {Unan Aink, +neS)=1,

1 _
which is equivalent to P{U ,xm,Am,§,, + 1 € S} = 1 and implies that P{§,, €
Si,} = 1 because U s, Az &, = Upsm, A€, In addition, we have E[€, ] = 0,,,,
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and

T
_ ET:| _ ]E |:€r1€rl] Omlx(mg—ml) j "}/QImQ.

O(mz—ml)xml O(mg—ml)x(mg—ml)
It follows that the distribution of £, belongs to D;, and thus P, € D¢,. Therefore,
we have D¢, C D¢, and

max EPQ [f (af:,Cl)] S maI))( E]P’ng [(%CQ)] .

P¢, €D¢y Pe,€D¢,

That is, the optimal value of Problem (2.11) is nondecreasing in m;.
Finally, Problem (2.10) is equivalent to Problem (2.2) when m; = m. Then,

Problem (2.11) results in an exact reformulation of Problem (2.2) by Theorem 2.1.

]

Proposition 2.2. Under Assumption 2.1, Problem (2.11) has the same optimal

value as the following SDP formulation

Zyy(ma) == min s+ 9oL, * Q. +v1lal, (2.15a)
Z,S,A,
q,,Q;
1 T T
s—yp(@) =N b—yr(x) T ptA] Ap é(qur(Umel A?ill) (ATAk—yk(fc))>
s.t. T = 0,
;(qr“l‘ (UmelA?nl) (ATAk_yk(m))> Qr

Vk € [K], (2.15b)
xe X, X\ eRY, Vke K], (2.15¢)

where X = {A1,..., Ag}.

Proof. The proof is similar with that of Proposition 2.1 and thus is omitted here. [

Comparing Problems (2.4) and (2.15) in terms of size, one can observe that Prob-
lem (2.15) is significantly easier to solve than Problem (2.4) because: (i) Problem
(2.15) includes fewer decision variables than Problem (2.4), i.e., (m? +m; +2n+1)
vs. (m?*+m+2n+1); and (ii) the size of PSD matrices in Problem (2.15) is smaller
than in Problem (2.4), i.e., (my +1) X (my +1) vs. (m+1) x (m+ 1).
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2.2.2 Lower Bound Quality

To measure the quality of our derived lower bound, i.e., Z3;(m;) in (2.15), we develop
a theoretical upper bound for the gap between the optimal values of Problems
(2.4) and (2.15). This upper bound brings two benefits: (i) it provides a rough
approximation for the optimal value of Problem (2.4), which may not be solved
efficiently in practice; and (ii) it determines how many principal components are
required to reach a preferred gap between the original and approximated optimal

values, indicating a trade-off between solution quality and computational time.

Proposition 2.3. [t holds that

0 < Z"m(m) — Z"u(my) < \/%Z Z A ((AT)‘Z: - Z/k(‘ff'*))T Ui>2> (2.16)

k=1 \ i=mi+1
where U; represents the i column of matriz U, and x* and X;, (Vk € [K]) are

optimal solutions of Problem (2.15).

Proof. By Theorem 2.2, we have Z*\y(m) — Z*y(my) > 0.  Meanwhile,
when my; = m, Problem (2.15) is equivalent to Problem (2.4). We use
(x*, s*, A" Vk € [K], gF, Q) to denote an optimal solution of Problem (2.15). Based
on this optimal solution, we construct a feasible solution of Problem (2.4), repre-

sented by (a‘:, 5, A, Vk € [K],q, Q) For clarity, we define
SF =5 — (@) = XL —y(x®)  w+ AL Ap, Vk € [K], and
N T
¢k = (Uneeh) (ATA; = yi(@")), Vk € [K], Ve € {my,m —my,m},

where A™ € R™*™ and A™ ™ ¢ Rm=m)x(m=m1) represent the upper-left and

lower-right submatrices of A, respectively.

: F * Y. __ * —~ *1T 0T T &z —
First, we let & = x*, Ay, = A for any k € [K], ¢ = (g} ,0,,_,,,,) ', 5 =
s 4+ S8 sk and

Qr Oy x(m—my)
_ K

k
= 52 k k T
Q 0(m7m1)><m1 E qu—ml (qm—ml) ’
k=1



34

where sf > 0 and s§ > 0 for any k € [K]. AsZ = 2" € X and Ay = A}, € R", for
any k € [K], due to constraint (2.15¢), we only require (&, 3, Ay Vk € [K],q, Q) to
satisfy (2.4b). Thus, we will find the values of s¥ and s for any k € [K] that enable
this solution to satisfy (2.4b).

We plug (Z,5, A, Vk € [K],q, Q) to (2.4b) and use Y for any k € [K] to denote
2.4Db).

the corresponding matrix in (2 For any given k € [K], we perform the following

decomposition:
[ K k k T
i Sk %(q:Jrqfnl)T 01y (m—my) D=1 51 O1xmy DL —
Y - (qT+qm1) Q: O'm1><(”m—'m1) + OMIXI OWL1X7n1 (]: m1x (mome)
.
0( —m1)x1 O(m—my)xmy O(m—mq)x(m-—mq) L q —my O(m—my)xm; S 1724 — l(q Lfml)
3 - e \T k 1 T
Sk %(qT—i_qkm,l) le(mfml) S1 leml 2q""—m1
= | d(ardh,) @ Omyxmemyy | | O Broem - Omaxmomy (217)
s T
O(m—my)x1 O(m—my)xmq O(m—my)x(m—mq) _%qf,kml O(m—my)xm, %q’fnfml(qfnfml)

The first matrix in (2.17) is clearly PSD because the elimination of its zero compo-
nents leads to a PSD matrix due to constraint (2.15b). Now we find the values of s%
and s§ to make the second matrix PSD as well, and then accordingly the constructed

solution is feasible for (2.4).

A
BT

Qw

Next, we use [ ] to denote second matrix in (2.17) by letting A = s¥,

= = Ormy xmy Oy x(m—my)
B = (01><m1 %qfﬂ—ml—r)’ and C = o5 . 1 It follows that
O(m—ml)xml Tquml (qm,ml)
0 0 _
~ = 2—15T my Xmy mq X (m—my) 1 T .
C BA B = sk : T — — (O1xm .lqicn7m T O1xm ,lqicn7m
O(m—my)yxmy 2@y (Trm,) Sllc( 12 L) 12 )

Oy xmy Oy x (m—mq)
, (2.18)

— k
= s 1 k k T
|:0(7n7n1)><m,1 (%7 o )qm_ml (ah—my)

which is PSD if s¥ x s§ > 1. Thus, we let s} x s& > 1 hold for any k € [K] and by

the properties of Schur complement, we have a7

B L. .
C] > 0 because A 18 invertible and

positive definite.

In addition, since Problem (2.4) is a minimization problem, its optimal

value is no larger than the objective corresponding to the feasible solution
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0
\.CIJ‘
pedl

v Vk € [K], q, Q) That is,

Z*w(m) < s+l e Q+ 14l

- k - s} k k T (2.19)
+ Z 81 + 2 Z Ztrace (qm—ml (qm—ml) ) :
k=1 k=1
o, . m—m )T m—m
Due to the condition s¥ x s§ > 1, we let s¥ = /etal 5 Tn=mi - and sk =
N 2 ST which leads to the smallest possible value of the RHS of (2.19).
Therefore, we have
K K Sk
Z*M(m) S Z*M(ml) + ];Slf + Y2 ]; ftrace Qm—m,l (qfn—ml)—r)
K ’I”I’L7ml) quml T
:Z*M(m1)+\/’7gz 5 + \/72trace @ ml(qm m,) :
k=1 k=1 2\/ qm m1 quml

k Tqk k k T
. . K (qm—m ) 9 m . K 9 —m (qum )
Finally, since > ,_, 5 L is equal to trace | Y, ! :

we have

0< Zw(m) = Zulm) < vz | Y. Y Aui (ATA; — (@) UL’

k=1 i=mi1+1

Remark 2.1. Note that Cheng et al. (2018) derived a similar upper bound by specif-
ically considering v1 = 0 and 7o = 1, while (2.16) applies to general values of v
and s.

Before closing this subsection, we can observe that theoretical optimality gap
(2.16) does not explicitly depend on parameter ;. It is because we develop this gap
based on a specific feasible solution of Problem (2.4), i.e., (Z,3, A\ Vk € [K],q, Q)
where ¢ = (g;7,0,)_,,.)". By setting the last m — m; elements of g to be 0, we

eventually obtain the optimality gap that does not explicitly depend on parameter

~1. Technically we can construct a different feasible solution and correspondingly
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develop a possibly better optimality gap, which will explicitly depend on 7, though.
For instance, we can let & = x*, A\, = A} for any k € [K], ¢ = (¢:",q")",
5=s"+ Y s* and

A Q: Omlx(mfml)]
Q - [ Q ’

O(m—mq)xm;
where s* > 0 for any k& € [K]. Instead of fixing the values of ¢ and Q as what
do in the proof of Proposition 2.3, we can optimize the values of s* Vk € [K], q,
and Q together towards minimizing the difference between the objective value cor-
responding to this feasible solution and the original optimal value Z*\;(m), leading

to a better gap denoted by Z'z,,(m1). That is, we solve the following optimization

problem
K
Zap(m) i= min > " +%Lnm ¢ Q+ V71 ll4ll (2.20)
FOTRERL k=1
q,Q
k 1 (K ot

S 2 (G =) | Vk € [K],

§(Qm—m1*Q) Q

s* Ry, V€ [K], g € R™T™, Q € RUm—mx(m=my),

where the SDP constraints are enforced to ensure the constructed solution to be

feasible, similar to what we do in the proof of Proposition 2.3.

Solving Problem (2.20) clearly can give us a better theoretical error bound than
(2.16). We also notice that (2.20) can be computationally intensive, particularly
when my is large. Thus, we can further develop a more conservative yet computation-
ally tractable error bound, based on Problem (2.20), by fixing Q at a feasible value.
Specifically, the SDP constraints in (2.20) implies that Q > (b, 7q)(q5”7’"17q)T

4sk

for any k € [K] by Schur’s complement. Thus, we fix Q at the following feasible
value by letting

_ i qm my _q) (qm mi q)T
4sk '
k=1

It follows that we can reduce Problem (2.20) to the following problem where we only
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optimize the values of s*,Vk € [K], and ¢q:

= (@~ @) (@b, — )
Z2 (my) = min g Y+ g m-mi mom + /7116 2.21
& p( 1) sk,Vk:E[K]:fl k=1 ” k=1 4Sk " ”qH2 ( )
s.t. s* e Ry, Vk € [K], g € R™m~™1,

Problem (2.21) can be reformulated as a second-order conic program, which is
significantly more tractable than (2.20). Meanwhile, based on the above descriptions
on how to construct the required feasible solution for deriving the corresponding

error bound, we have

2.2.3 Upper Bounds

We further develop computationally efficient inner approximations for Problem
(2.2), leading to upper bounds of its optimal value. Specifically, we derive two

inner approximations in Sections 2.2.3.1 and 2.2.3.2.

2.2.3.1 PCA based Upper Bound

Similar to Section 2.2.1, we utilize PCA to consider only the first m; entries of
&; in the second-moment constraint in Dy,. This is a relaxation of the second-
moment constraint, leading to a larger ambiguity set and so an inner approximation
of Problem (2.2):

min max Ep, [f (m,UAéﬁl + u)] : (2.22)

xeX PieDy4

where

PI (€I < SI) =1
D (S1,71,72) = (P Ep, [ﬁﬂ Ep, (€] <

EPI [grsg—} j /YQIml
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Theorem 2.3. If f(x, UA%& + p) is Pr-integrable for any Py € Dy, then Problem

(2.22) has the same optimal value as the following problem:

Jin s+l ¢ Qe v/ gl (2.23a)
st s> f (m UA:E, + u) —£TQ.E, —qTE, VE €S, (2.23D)
Q. >0, ze X,

where ¢ € R™ and Q, € R™>*™ . We also have the following: (i) Problem (2.23)
provides an upper bound for the optimal value of Problem (2.3); (i1) the optimal value
of Problem (2.23) is non-increasing in my; and (iii) if my = m, then Problems (2.3)

and (2.23) have the same optimal value.

Proof. The proof is similar with that of Theorem 2.2 and thus is omitted here. [

Proposition 2.4. Under Assumption 2.1, Problem (2.23) has the same optimal

value as the following SDP formulation:

Zyi(my) = mir; s+v2Im, Q. + /71 lall, (2.24a)
T,S,A,
q,Q,
1 T T
s—yR(x) =N b=y (@) T ptX] Ap §<¢I1+<Umxm Agll) (AT)\k_yk*(w))>
s.t. LT >0,
%(Q1+<Um><m1A7%,1> (AT)‘kyk(w))> Qr

Vk € [K], (2.24b)
.
1
a5 + (Umx(mml)A,;_ml) (ATAk . yk(a:)> =0, Vk € [K], (2.24c)

xeX, \, e RY, Vk € [K],

where 5‘ = {)‘17 B )‘K} and q= (qg— € le»‘]; € Rm_ml)T‘

Proof. We apply the strong duality theorem to constraints (2.23b). As function
f(x, &) is piecewise linear convex, & = UAééI +p, and & = (&) € R™ ¢, €

R™=™1) T we reformulate (2.23b) as

s> yh(@)ru(@) " (UMY (€],6L) "+ p)-€] Qe ~a" (] €5)" Ve € S vk € [K],
(2.25)
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which are equivalent to minA(UA%EIJrH)SbnglERm gx(&) > 0, where gp(&) = s +
a" (& £&n) T +E Q& —yi(x) —yu(@) T (UAZ (€, €,) " +p), for any k € [K]. More-

over, we consider the Lagrangian dual problem of min , i.e.,

1 AWA%E&M)S&&GRW gk(€I>
a0 nf, 9x(&1) + Ag(A(UAiﬁI + p) — b), where Ax € R". Note that function

gr(&;) is convex in & because it is a quadratic function that can be written as the
general form f(z) = ' Mx + x'b + ¢ where M is PSD, i.e., @ = 0. Due to
Assumption 2.1, there exists an interior point for the primal problem. It follows

that constraints (2.25) are equivalent to the following ones:

i T 3 _
max inf 9r(&1) + Ay (A (UA €1+u> b> >0, Vk e [K],

which are further equivalent to the following constraints:

W= 0,5+q" (61.€L) +€/ Q€ — (@) — wila)” (UAL (€],€) " + u?z ”
+ AL (A (UA (e].6h) + ) —b) 20, ve e R VE € [K]. '

Then, we perform the following decomposition:

1 T % %
UA:z (f;l" f;;) +p = Um><m1Am1€r + Umx(m—ml)Am—m1€r2 + M, (2'27>

where U, xm, € R™*™ and A%m € Rmxm are upper-left submatrices of U and A?,
respectively, and A,%n_m1 € Rm=mX(m=m1) and U, (m—m,) € R™*(m~™1) are their lower-
right submatrices, respectively. By plugging (2.27) to (2.26) and defining q = (q] €
R™1 qJ € R™~™) T we have

1\ T T
(2A26)<:>3Akzo,sy2(w)Albm(m)TuHZ.Aw<q1+(UmxmAal) (ATAkyk(m))> &

i T T 2.28
+<q2+(vmx<mm>Afnml) (ATAk—yk(m))> €+ 6@, 20, Ve € B™, Wk e K], 22

o (Lel) 2z (Le]) s Wle, >0 ve e R, vk e [K),

where
1 T T
s—yd(®) -] b—yk(x) T ptA] Ap §<q1+(Ume1A?nl) (ATAk—yk(w))>

Zi = .
;(ql"!‘(UmelA??nl) (ATAk_yk(m)>> Qr
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and
1 T
Wk = <q2 =+ (UmX(mfrm)Aﬁmfml) (AT)\k — yk(w))) .

Since W[ &, in (2.28) is affine and £, € R™ ™ we set W, = 0 for any k € [K],
which prevents the objective value of the Lagrangian dual problem from going to

infinity and accordingly leads to constraints (2.24c). Thus, we have

(2.26) < N >0, (1,&])Z (1,€]) ' >0, V&, € R™, Vi € [K]; (2.24c), (2.29)

& 3IN >0, Z, = 0, Vk € [K]; (2.24c). (2.30)

The first equivalence holds due to the definition of Z;. For the second equivalence,
clearly < follows from the definition of a PSD matrix. To prove =, we consider
two possible cases for any (ny € R,p" € R™)" € R™*L: (1) if 5y = 0, then
(n0,n")Z1(no,n")" = n"Q,m > 0 because Q, is PSD; (2) if 7y # 0, then we have
(n0,m ") Z1(no,n") " = n2(1, Z%)Zk(l,:’Y—Z)T > 0 according to (2.29). Therefore, =
holds and we obtain Problem (2.24) by replacing constraints (2.23b) with (2.30). O

One can observe that Problem (2.24) is significantly easier to solve than Problem

(2.4) due to fewer decision variables and lower-dimensional PSD matrices in Problem

(2.24).

2.2.3.2 Vector Splitting based Upper Bound

We derive the second inner approximation by splitting the random vector & into P
pieces, i.e., & = (EITI,EE, - ,EL)T, where &, € R™, Vi € [P], and ) ;_, m; = m.
Accordingly, we revise the second-moment constraint in Dy;p with respect to these

smaller pieces, leading to the following ambiguity set:

PI (€I € SI) =1
Duis (S1,71,72) = 4 Pr| Ep, [5;] Ep, [&1] <m

Ep, [£1,£1] 2 72Dm,, Vi€ [P]
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Set Dwis is a superset of Dyp because we ignore the correlations among & and &,
for any p,q € [P] with p # ¢. This leads to the following inner approximation of
Problem (2.2):

min max Ep, [f (w,UA%& + ,u)] : (2.31)

xeX PieDyvs

Theorem 2.4. If f(x, UA%& + ) is Pr-integrable for any Py € Dyis, then Problem

(2.31) has the same optimal value as the following problem:

P
min - s+72 > I ¢ Q,+ A1 lldll, (2.32a)
=1

m7s7q7Q

P
st s> f (2 UNEG+u) =Y 6Q&, —a'é, Ve €S, (2:32)
=1

where ¢ € R™, Q, € R™>*™i for any i € [P], and Q= {Q,,...,Qp}. Furthermore,
Problem (2.32) provides an upper bound for the optimal value of Problem (2.3).

Proof. As Py is a probability measure on (R™,B), where B denotes the Borel o-
algebra on R™, Problem (2.31) can be described as the following problem:

;nei)r(l pax /5 f (w, UA%EI + u) dPi(&) (2.33a)
St /8 () =1, (2.33b)
Im €I
ap 0 2.33
e o[ amer=o (2.330)
i &.61,d Pi(&)) < oL, Vi€ [P, (2.33d)

where (2.33¢c) is derived due to Schur’s complement. In the following, we first

formulate the dual of Problem (2.33) and then we show that strong duality holds.

Considering s, [ " ] = 0, and Q; = 0 for any i € [P] as Lagrangian multipliers
of constraints (2.33b), (2.33c), and (2.33d), respectively, we formulate the following
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problem as the Lagrangian dual problem of (2.33):
P

min max 5+ImoW+'ylr+’yzZImi°Qi

xeX P1eDys —
=

P
_ /S <3 —2wE+ Y E1QE, — f (2 UAE + u)) dPi(E).
1 i=1

To prevent the objective value of the Lagrangian dual problem from going to infinity,

we require

P
s—2w 6+ Y 61Q8, — (2. UAE + 1) 20, V& €S,
i=1

Accordingly, the dual problem of (2.33) can be described as follows:
P
min s—l—ImoW—i-%r%—ngImioQi (2.34a)

:1:787 . 1
M =
w,r,Q

P
st s—2wTE+ Y Q& — [ (2, UAE +p) 20, ¥ €8,
=1

W w
, (2.34Db)

where Q = {Qq,...,Qp}. We further simplify Problem (2.34) towards eliminating
variables W and r. To that end, we keep variables Q,, for any i € [P], and s fixed
while solving Problem (2.34) analytically for variables W, w, and r. It follows that
we solve mlglvlg ., I, ¢ W +~r analytically for W, w, and r. We consider two cases

for the optimal solution of r (denoted by r*) due to constraint (2.34b), i.e., r* > 0

and r* = 0, as follows.

e If r* > 0, then constraint (2.34b) can be reformulated as W = wT“’T by Schur’s
complement. As a result, W* = “’T“’T is a valid optimal solution because
%in I,,e W +~ir is a minimization problem. Replacing W* by “’T“’T leads

z, W, w,r

to solve a one-dimensional convex optimization problem, i.e., min *—* + 7.
r>0
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By applying the necessary first-order optimality condition to this problem,

i.e., setting the derivative of the objective function over r to zero, we have

x _ |lwl2 : : x _ ww! x _ w2
=" as the optimal solution of r. If we plug W* = *%— and r* = Nor
in (2.34a), we obtain the following problem:

P
me s+ > I, Q; + A1 2wl (2.35)
T,s,w, i—1

P
st s—2w'g+ Y €1Q& — [ (2. UNE+p) 20, Vg € S,
i=1
rekX, Q -0, VielP]
By introducing a new variable ¢ = —2w, we obtain Problem (2.32).

o If r* =0, then we let w* denote the optimal solution of w and we must have

w* = 0. Otherwise, we have w* 'w* > 0, and by defining Z = (w*T,n)T

with n < %, we further have
wW* w*
zZ' Z =w' W w* + 2npw* w* <0,
w0
which contradicts constraint (2.34b). Considering ™ = 0 and w* = 0,
Ivr&in I, e W +~r reduces to m‘l}‘} I, e W whose optimal solution is clearly
W* = 0 as it is a minimization problem. Here also by replacing ¢ = —2w,

we obtain Problem (2.32).

Note that our conditions on v, 2, and I,,, for any i € [P] are sufficient to
ensure that the Dirac measure lies in the relative interior of the feasible set of
Problem (2.31). Therefore, we can conclude that there is no duality gap between
Problems (2.31) and (2.32) according to the weaker version of Proposition 3.4 in
Shapiro (2001).

Finally, to prove Problem (2.32) provides an upper bound for Problem (2.3),
we can equivalently prove that Problem (2.31) is an upper bound of Problem (2.2)

since Problems (2.32) and (2.3) are equivalent reformulations of Problems (2.31)



44

and (2.2), respectively. To that end, we only need to prove Dyp C Dy, i.e., any
distribution in Dy also belongs to Dys. As the first two constraints of Dy and
Dy are the same, any distribution in Dy satisfies constraints P(&; € &) = 1
and Ep, [&] |Ep,[€;] < 71 in Dys. Thus, we only require to show any distribution in
Do satisfies constraint Ep, [SIZ&TZ | X voI,, Vi € [P], in Dys. To that end, we let
& = (SITI,EITQ, o ,£ITP)T, &, € R™ for any ¢ € [P], and reformulate the second-order

moment constraint of Dys as the following equivalent constraint:

511 5;; 511 E;l; e €Il 5;; ’szml O
T T T
. 0 I,
Es, 512.511 512'512 | €IQ§IP < . Y2 . ’ (2.36)
_glpéiz EIPEI—Z e €IP€;;_ | 0 0 e ,}/QIITIP_

which implies Ep, [éliﬁl] = I, Vi € [P] by simply considering the diagonal
components of the matrices on both sides of (2.36). That is, any distribution in
Dapa, which satisfies Ep, [£,€] ] = 71, also satisfies Ep, [€ &/ ] X 7ol Vi € [P] in
Dws, i.e., Dya C Dys. O

Proposition 2.5. Under Assumption 2.1, Problem (2.32) has the same optimal

value as the following SDP formulation:

P
UBj = min s+ ) In ¢Q;+ 7l (2.37)
Qj\’g i=1
1\ T
Sik %(qri’(UmezA'?nZ) (AT)\kyk(m)))
s.t. LT = 0,
§<QZ+(Um><mZA?n,L> (AT)‘k_yk(w))> Qz
Vi € [P|,Vk € [K],
P
> sie=s5—y@) = ALb—yp(@) " p+ N Ap, Yk € [K],
=1

A €RY, VE e [K], x € X,

where q; € R™  Q, € R™*™ for any i € [P], Q = {Q,...,Qp}, A =
{Al,...,)\K}, and § = {Sika Vi € [P], Vk € [K]}
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Proof. The proof is similar with that of Proposition 2.4 and thus is omitted here. [J

One can observe that Problem (2.37) is significantly easier to solve than Problem
(2.4) because it has smaller-sized PSD matrices and matrix variables compared to
Problem (2.4). We also note that the size of each piece (i.e., m; with i € [P]) does not
necessarily equal to each other. Thus, our theoretical results, including theoretical
reformulations in this section and optimal gap bounds in the following Section 2.2.4,
are general with respect to the size of each piece. Nevertheless, different ways of
assigning a random vector to pieces lead to different computational performance.
We will explain how we split the random vector in our numerical experiments in

Section 2.4.

2.2.4 Upper Bound Quality

To measure the quality of our derived upper bounds in Section 2.2.3, we derive
a theoretical bound for the gap between the optimal values of Problem (2.4) and
Problem (2.24) (resp. Problem (2.37)). Before that, we present the following lemma

that will facilitate the proofs in this section.

Lemma 2.1. Consider the following PSD matriz with dimension (m+1) x (m+1):

s aq - oaf

.0
Zz=|"%" " (2.38)

ax 0 - Qx

where s € R, q, € R™ for any k € [K] with Y1 my, = m, Q, € R™*™ for any
k € [K], and other components are zero. Inequality (2.38) holds if and only if there

exist {sp}5_ | with Z,ﬁil s = s such that

(2@ ] =0, vk e [K]

q;, Qy
Proof. We prove the following equivalence:
s g - aqg K
0
ik ?1' -0 & [Squ}io, Vk € [K], with Zsk:s.

: : R - a, Qp
ax 0 - Qg k=1

7 —
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Matrix Z is PSD if and only if n'Zn > 0 for any n € R™, where n =
(no,m{ M9, ,nIT()T and 1, € R™ for any k € [K] with Zszl mr = m. Sim-
ilar to the proofs of Propositions 2.1 and 2.4, respectively, we assume that 79 = 1

without loss of generality. Thus, we have

T m
Z-0 < (Lnl,my, me)Z(,n{n5,---,ng) >0, Vn, e R™ k€ [K]
K

& s+ (2gim, +nlQyny) >0, ¥, € R™ k€ [K]
k=1

K
RO inf 2q), 1 + ;. > 0.

’ ;VnkE]ng}k,kE[K]{ Qe + M Qe } >

There exists s, € R for any k € [K] such that S5 s; = s, by which we further

have

K

s+ Ziglf {2am + 1 Qi) 20 & s+ i igﬂgmk {2g)ny, + . Qi } > 0, VE € [K]
k=1 k k

& sp+2gim, +nLQumy >0, Vi, € R™ k€ [K]
s (L)) [k ‘ﬂ (Lml) >0, ¥n, € R™ k€ [K]

q;, Qp
[ ] =0, vke K],
In summary, we have
K
i
Z=0 & s, €RVke[K], suchthat Y s, = s and [;’; g;k} > 0, Vk € [K].
k=1

]

Proposition 2.6. Suppose that x* is an optimal solution of Problem (2.24) and
* * * T
Yf = [;fl . ’;’fg . ] and 05, are the corresponding dual optimal solutions associated
12r 22r

with constraints (2.24b) and (2.24c), respectively. Then, it holds that

0 < Ziylmi) — Z'w(m) < f (va) wie) (vilo) (“50).
B (2.39)

where

1 "X K
=1+ — —0:2 Yk € [K]. 2.40
Z Yo ki [ ] ( )

Yk*
=1
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Proof. We prove the results by investigating the duals of Problems (2.4) and (2.24)

*

where x is fixed at &*. Given & = x*, we use Y* to denote the dual variable of

constraints (2.4b) for any k € [K], where the dual of Problem (2.4) can be described

as follows:
K T
Zi(m) = max 3 (s(@) + (@) ) Vi + Z (va?) wie)) ¥h(zara
k=1
K
st 1-) Vi=0 (2.41D)
k=1
>0, (2.41c)
2
K
Yol =Y Y5, =0, (2.41d)
byt — ApY) — AUA2YE, >0, Vi € [K], (2.41e)
. T
Y [;j " } =0, Vk € [K]. (2.41f)

Similarly, given & = x*, we use Y* and 6}, to denote the dual variables of constraints
(2.24b) and (2.24c), respectively, for any k € [K], where the dual of Problem (2.24)

can be described as follows:

. K T T
ZM(ml) = H}}?g( ;( ( )+yk Y11 +Z (( mXmy m1> yk($)> Yllcgr
K N T T
+Z (( mx (m— ml)Aﬁl_ml) yk(w)) 0 (2.42a)
K
st 1-) Y (2.42b)
k=1
K
.
Z (Y'fer, ) >0, (2.42¢)
2
oL, — Z Y5y = 0, (2.42d)
bl/lkl - Ap’Ylkl - AUWLXTI’M AéllYIICQr - AUmX(m—ml)A;a mq Ok > 0 (2 426)
vk € [K],
k . Ylkl Y)f2rT >_
Vi b e |20, 6 free, vk € (K], (2.42f)
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Given an optimal solution of Problem (2.42), i.e., Y** and 6} for any k € [K],
we construct a feasible solution of Problem (2.41), represented by v* = {
for any k € [K]. For any given k € [K], we let v} = v, ¥, = % (vi5. 017

> 1, and

_1f§; 0 ... 0
ok 0 wf 0 :
Yy, = . )
0 .. 0
i 0 0 wfn_ml_

where the value of ¢* as well as the value of w} for any i € [m — m;] will be

determined later so that ¥ satisfies all the constraints in Problem (2.41).

First, for the solution (?k Vk € [K]), it satisfies constraint (2.41b) because
1 - 25:1 Y/E* = 0 due to constraint (2.42b). This solution satisfies constraint

(2.41c) because
K K

ok 1 « T T T
> 'z (v Te)
k=1 k=1

where the first equality is due to the definition of 171162, the first inequality is because

<
2

<V,
2

K
)
S (v 0r)

2

c® > 1, and the second inequality is because of constraint (2.42c). This solution

also satisfies constraints (2.41e) because for any k € [K], we have bY} — AuY[ —
_ 1 1

AUASYS, = bYE — APV — AU i, Ain Y3, = AU (e Al 05 > 0,

where the first equality is due to the definition of Y’fQ and the first inequality is

because of constraints (2.42¢).

Next, in order for (Yk VEk € [K]) to satisfy constraint (2.41d), we require vo1 ,,, —
Z?Zl Y% = 0, which is equivalent to

Y35 0 o 0 Sho1 Y35 0 0

K . . Y2 lm,
. : . . v
’YQIm_Z 0 wf o -0 o 0 SK wh oo : < [ :2 ]
e : o . 2
o - 0 wi‘n—nq 0 0 Zf:l wfnfnll
Since 25:1 Y < 41, due to constraint (2.42d), we require
K
wa < 9, Vi € [m—my). (2.43)

k=1
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In addition, in order for (Yk Vk € [K]) to satisfy constraints (2.41f), matrix v
must be PSD for any k£ € [K]. Note that if Y is PSD, then ¥ is PSD because

c® > 1. Therefore, we consider the following decomposition on FYF

(F =TV Ouximy or T
ok %kylkf viz ' 01 x (m—myq) Oy x1 01y xmq 0
YY" = v chyks + cFwf , Vk € [K],
O(m—my)x1 O(m—m1)x(m—my) o5 0
ckwf’7

(2.44)
where the first matrix on the RHS of (2.44) is clearly PSD because Y** is PSD due
to constraints (2.42f) and we require the second one to be PSD as well so that &

can be PSD. By Lemma 2.1, we equivalently require

yk o m—mi 1
oM =0, Vi m—m], V€ [K], with Y yf = (dﬂ—k) Yk, Vk e [K].
0y, cFwk P c

(2.45)
Now, for a given i € [m — my], we let wP = w; for any k € [K], and then we

have w; < 2 due to (2.43). It follows that, from (2.45), we equivalently require

Fwgyk > (0:,)? for any k € [K] and i € [m —my]. Therefore, for any given k € [K],
we have ) )

oy, K (65,

W;Y; T2 Y

where the first inequality is due to cfwyf > (9,*;1-)2 and the second inequality is

0;,)°

because of w; < 2. Since (2.46) is equivalent to yF > %% and we have
c

Syl = (F — &) Yy from (2.45), we can conclude that

i=1 o i—1 12 ck
1 "&RYK
= > |1+ o Y — (6;)% Vk € [K]. (2.47)
Y -1 2

Therefore, we choose the value of ¢ such that (2.47) is satisfied at equality, leading
to (2.40), while the constructed solution (}_’k Vk € [K]) satisfies all the constraints
in Problem (2.41).
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Finally, by Theorem 2.3, we have Zy;(my) — Zi;(m) > 0. Meanwhile, we have
T

Zlm) =3 () + ula)T Yl’i*+2(( ) i)} Y

K ) T
+Z(<Um><(m—m1)Asw—m1> yk(w*)) 9;;,

k
K K 1 T ATS;M
Zalm) 2 Y () 4 (@) W) Y+ 3 (U] mnle)) T2

Ck
k=1 k=1
K 1 T 0*
3 * k
+ ];_1: ((Umx(mml)Afn—rm) yk(w )) ok )

where the inequality holds because the constructed solution (Yk Vk € [K]) is feasible

for Problem (2.41), which is a maximization problem. Therefore, it follows that
K

o< Zatm) ~ Ziom <3 ((0A) wien)) (vi7o7) (4.

ck
k=1

]

Remark 2.2. Optimality gap (2.39) does not explicitly depend on v, while 7y is
explicitly there because upper bound (2.24) captures the complete first-order moment

information while dropping some information about the second-order moment.

Proposition 2.7. Suppose that Assumption 2.1 holds, p € S, and
minf_, {yd(x*) + yp(x*) " u} > 0, where ©* is an optimal solution of Problem (2.4),
then the relative gap between the optimal values of Problems (2.37) and (2.4) is
bounded from above by /P — 1, i.e., 0 < UBj; — Zi(m) < (VP — 1) Zi;(m).

Proof. We reformulate Problem (2.37) as the following problem:

P
UBjy = min s+%2) In ¢Q;+ 7l (2.48a)
Q}j‘ =1
}
s—yp (@)= AL b—yx (@) TutA] Ap %(%(UA%)T(ATM—yk(m)))
s.t. ( o / 0,(2.48b)
1(a+(uaz) (a Akfym))) Q
Vk € [K],

xeX, A\ >0, Vk € [K],
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where
Ql 0m1><m2 Omlme71 Om,lxmp
0m2><7n1 Q2 OmZXmP71 0m2><mp
/
Q = : SRR : : (2.49)
OmP,1Xm1 Ompilxmg QP_l Ompilxmp
Ompxml OmPXm2 0mp*mp71 QP

Q, € R™*™i for any i € [P] with Zilmi =m, Q = {Q,,...,Qp}, and
A = {A1,..., Ax}. Let (x* s*, A} Vk € [K],¢*, Q") denote an optimal solution
of Problem (2.4) with

Q* * * *
1 my Xmg miXmp_ 1 m]Xmp
Qi Qv Q@pmp, Qgxmp
*
Q — : : .. : N . (250)
Qip omy Qg rwmy ™ Qoit Qip mp
* * * *
mp Xmq mp Xmo mpXmp_q QP

Based on this optimal solution, in the following, we construct a feasible solution of

Problem (2.48), denoted by (Z, 3, q, Q', Ay Vk € [K]).

First, we let & = x*, 5 = kos*, @ = q*, Ay = A} for any k € [K], and

leT 0m1><m2 Om1><'mP71 Omlme
Omgxml kQQS 0m2><mP71 0m2><mP
N/
Q = : : . : : ) (2.51)
Omp_lxml Omp_lxmg kalprl Omp_lxmp
Ompxml Omem2 OmPXmP71 kPQ}

with k; > 1 for any ¢ € {0,1,2,..., P}. In order for this solution to satisfy (2.48b),

we require

S*—Om*—*T— m*T * T 1 * %T Ty*_ x* T
o)Al TN T Har(uad) (AT¥im )) P
3o (0ad) (475 wete)) o

(2.52)
In the following, we find the values of k; for any 7 € {0,1,2,..., P} so that (2.52)

holds. To that end, we construct the following matrix

.
ko(s*—yQ(@*)=Ap Tb—yx(@*) T pt X" Ap) 3 (q*+ (UA%)T (AT X~k (w*)))

, Vk € |K].
%(q*+(UA%)T(AT>\;—yk(m*))> o K]

(2.53)
Note that subtracting (2.53) from (2.52) leads to the following matrix:

|:(ko—l)(yg(m*)+yk(m*)TH_>‘;T(Au_b)) 01><m:| t 07 Vk I~ [K],

Omx1 mXm
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which is PSD because its eigenvalues are non-negative. In fact, (ko — 1)(yp(x*) +
ye(@*) T — AT (Ap — b)) is the only non-zero eigenvalue of this matrix that
is non-negative because ko > 1, —AL' (Ap—b) > 0 due to A < b and
Ar > 0, and we have y2(x*) + yp(z*)" > 0 according to the assumption
minf; {y(z*) + yp(x*)"n} > 0. Thus, we choose good values of k; for any
i€40,1,2,..., P} to ensure (2.53) to be a PSD matrix and accordingly will make
(2.52) hold.

Next, by Lemma 2.1, in order for (2.53) to be a PSD, we equivalently require
1\T T
535"~ (1)~ AL by (a*) T+ A" Apr) ;<q:+(UmiA3Li) (ATA:—ym*)))
. =0, (2.54)
;<qz+(UmeiA%i) (AT/\;;yk(m*))> ki Q;

Vk € [K],i € [P],

with 327 s; = ko. Constraints (2.54) can be satisfied by allowing s; x k; > 1 for
any i € [P] due to (2.4b). Then, we let kg = k; = --- = kp and s; x k; = 1 for any
i € [P], leading to kg = k) = --- = kp = V/P.

Finally, we have UB}; > Z3;(m) by Theorem 2.4. Meanwhile, as Problem (2.37)
is a minimization problem, U By, is no larger than the objective value corresponding

to our constructed feasible solution (Z, s, g, Q' X\, Vk € [K]). That is, we have

P P
UBfy < VPs" 492> Iy o (VPQ)) + VAt la'll, < VP <s* +72) Im, ¢ Q; + a1 |q*||2> = VPZE(m),
i=1

i=1 =

where the second inequality holds because P > 1. Therefore, we have
0 < UBjy — Zi(m) < (VP —1)Zi(m).

]

We observe that the theoretical upper bound in Proposition 2.7 is achievable

through the following example.

Example 2.1. Suppose that p = 0, § = R™, vy = +o00, and v = 1. With
f(a, UA%SI—i- ) = |x"€,|, Problem (2.4) can be recast as the following SDP for-
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mulation:

Zy(m) = mig s+1,eQ (2.55)
:I}T 7wT
s S T2
S.t. >0, =0, x e X.
5 Q 5 Q

For fized © € X, optimizing over the remaining decision variables in (2.55) yields

Q" = %, and s* = “”;‘C with objective value vVaTx. By Proposition 2.5, we

obtain an upper bound by considering

P
UBy= min s+ I,eQ, (2.56)
5,0 i=1
s.t. . =0, _ =0, xe X,
7 diag(Q;) = diag(Q;)

where Q = {Q,,...,Qp} and diag(Q,) is a block diagonal matriz consisting of
Q,,....Qp. For fixed x € X, where x = (a:lT,...,a:;)T and x; € R™ for all
i € [P], optimizing over the remaining decision variables in Problem (2.56) yields
* z;z,] . P ] x; . . . P T
Q; = == for alli € [P], and s* = ) ;,_| ¥—=— with objective value ) ;_, \/x; x;.
Now we let m; = %5 for any i € [P] and X = {x € R™|z; > 1,Vi € [m]}. It follows
that Z{y(m) = /m and UBy; = P\/'5, and so the relative gap between Zy(m) and
UBy; s

attaining the theoretical upper bound in Proposition 2.7.

Remark 2.3. The theoretical error bound /P — 1 in Proposition 2.7, albeit achiev-
able in the above example, is usually conservative because it needs to hold valid for
arbitrary (including many pathetic and worst-case) DRO problem instances. For
instance, if P > 1, v > 0, and ||¢*||2 > 0, then the theoretical bound cannot be
attained. The above example is comparable to the worst-case distribution induced by

solving a DRO problem. Nevertheless, the inner approzimation (2.37) leads to much
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better computational optimality gaps under various instances, which will be shown

i our numerical experiments in Section 2.J.

2.3 Combined Ambiguity Set

We consider the combined ambiguity set that incorporates both Wasserstein distance
and moment information. Like in the last section, we derive an SDP reformulation
of the corresponding DRO problem, as well as its inner and outer approximations
that can be solved more efficiently. Furthermore, we bound the gaps between the

optimal values of the DRO problem and its approximations.

Formally, we consider DRO problem

min max Ep[f (z,§)], (DRO-C)

reX PeDcy
where
:
Ep (€~ 1) (€~ )] 25

W (P,Py) < Ry

DCl (87“‘727’727]P)0>R0> =P

In this combined ambiguity set, Py denotes a reference distribution. For example,
Py is an empirical distribution of € generated by N i.i.d. samples {é’ 11 € [N]} of
&, ie., Py{€ = g} = + for all i € [N]. In addition, W (PP, Py) denotes the type-1
Wasserstein distance between P and Py defined through

W o) = min{ [ e~ &lr (6.6) |

where 7 denotes a joint distribution of & and é with marginals P and Py, respectively.
Intuitively, W (P,Py) represents the minimum expected distance between & and
é over all possible joint distributions 7. It has been shown that, as N — oo,
Py converges to the true distribution of & almost surely (Van der Vaart 2000).
As a result, if we select the value of Ry > 0 appropriately, then the Wasserstein

ball centered at Py with radius Ry will include such true distribution with high
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confidence. Besides the Wasserstein ball, D¢ designates that the centered second-
order moment matrix of £ is bounded by 723. We notice that R, controls the
conservatism degree of D¢y. The larger radius Ry is, Do has higher confidence
to contain the true distribution of &, while it leads to a more conservative optimal
solution to (DRO-C). In contrast, when Ry decreases to zero, (DRO-C) reduces to
an ambiguity-free stochastic program with regard to Py. For (DRO-C), we consider

a setting slightly stronger than that in Assumption 2.1.

Assumption 2.2. Function f (x,&) is piecewise linear convex in &, i.e., f (x, &) =

max,lz(:1 {yg(a}) + yk(m)TE} with both yx(x) = (yi(x), ... ,y,’f(ac))T and y)(x) affine
inx for any k € [K]. Additionally, S = R™.

Proposition 2.8. Under Assumption 2.2, (DRO-C) can be recast as the following
SDP formulation:

N
1
,A,6,Y

=1
Q 3 (—u(@) + ¢ —2Qu)
Lm@) +¢ —2Qu) " - @) — ¢ E +uQp
Vi € [N], Vk € [K],

s.t. = 0,(2.57b)

AeR,, ze X, |, <A Vie[N],

where Q € R™™ ¢ e R™ foranyi € [N], ¢ ={¢Y ..., ¢V}, and § = {y1, ..., yn}-

Proof. The result is deduced from Corollary 1 in Gao and Kleywegt (2017). O]

As discussed in Section 2.2, Problem (2.57) can be computationally difficult
when & is high-dimensional and/or correlated, leading to many large-scale PSD
constraints. We derive more efficiently solvable outer and inner approximations of
Problem (2.57) (i.e., (DRO-C)) in Sections 2.3.1 and 2.3.2, leading to lower and

upper bounds, respectively, while theoretically showing their quality.
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2.3.1 Lower Bound

By performing the eigenvalue decomposition on matrix ¥, we first reformulate
(DRO-C) as
min max Ep, [f (a:,UA%EI - u)} , (2.58)

xeX P1eDcso

where

EPI [EIéIT] < Yolm
Dco (SI7M7’727P07R0) =4 P 1 A 1 A~
I - / UN3g + p— EHIW (UA?EI +u,€> < Ry
82

under the condition that f(x, UAz¢, + p) is Pr-integrable for any Py € Dgs and
Sr={&eR™: UA%& + p € S§}. Next, by the approximation of £ in (2.9) due to
PCA, we outer approximate (2.58) as the following problem:
gleigclp?el%é Ep, [f (a:,UmxmlAn%nEr +,u>] , (2.59a)
where
Ep, [ﬁrfﬂ = Y2l

DC3 (SI'Hu'v’YQv]P)O»RO) = ]P)r 1 “ 1 .
2 [ O Aba g =& 7 (UMD E, + 1.8) < Ry
Sr

(2.59b)

with
S, = {gr ER™ : Uy AB &, + 1 € 8} . (2.59¢)
Note that é is a given data point and thus it is not approximated following what

we do for &.

Theorem 2.5. Under Assumption 2.2, Problem (2.59) has the same optimal value
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as the following SDP formulation:

. 1
Z&(my) = min ARy + 72l ¢ Q, + — Z i (2.60a)
2A.Q,.8.0 N &
. 1 T
s.t. @ 5((-m@4€) Umniad, ) = 0,

(@) U Al vimun@) @)+ (i) ¢
Vi € [N], Vk € [K], (2.60D)

AeR,, xe X,

il <A, vie[N) (2.60c)

where Q, € R™>™ ¢' ¢ R™ for any i € [N], ¢ = {Cl,...,CN}, and §J =
{y1,...,yn}. Furthermore, we have the following: (i) Problem (2.60) provides a
lower bound for the optimal value of (DRO-C); (ii) the optimal value of Problem
(2.60) is nondecreasing in my; and (iii) if m; = m, then (DRO-C) and (2.60) have

the same optimal value.

Proof. By Theorem 1 in Gao and Kleywegt (2017), Problem (2.59) has the following

strong dual problem:

reEX,Q, A\ R™1 €,

min7 {)\Rg—i—”ygIml er+/ sup g(¢,,€) Po(dé)}, (2.61)

where g(€,8) = maxt (@) (Umem ARl + 1) + 0@} — & Q€ —
>\HUme1Ar%n1€r + p — £||1, and @, and A are the Lagrangian multipliers of the
primal second-order moment and Wasserstein constraints, respectively. As Py de-
notes an empirical distribution of € generated by i.i.d. samples {él :ie N} CS
from the P, i.e., P{& = é’} = ~, we have

/R sup g(£r,£ Py d£ Zsupg (2.62)

mo&, 115

Thus, by plugging (2.62) into (2.61), (2.61) can be reformulated as

N
. 1
L {)\Rg + %I, «Q, + N zzl yl} (2.63a)
sk, y;=sup g(ﬁr,éi), Vi € [N]. (2.63b)

&
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Since Problem (2.63) is a minimization problem, constraints (2.63b) can be relaxed

to y; > supg_ g(&,,€") for any i € [N]. Thus, we have

K z 3 2 .
r (RS 1
K 3 3 2 .
©Yi 2 max sup {yk(w)T (UmelAﬁzlﬁr +u) +up(@) — & Q€ — AHUmeIAﬁnﬁr +tu-¢€ } Vi € [N]
=1 ¢, 1

l i
UmxmlATinsr + H— 51

1
Sy > Sélp {yk(m)T (UmxmlAﬁngr +P‘) +y2(w) 7£:Qr£r 7)" }7Vi S [N]a Vk € [K]
T 1

For any given i € [N], we let

~T 1 ~1
= sup C (UmelAEnlEr +H— 5 > )

1 ~1
|Uim A+ =& = s
J¢l.=

1

and accordingly we have

1 AT 1 ~d
yi > sup Hgi\]\ﬂfq {yk(w)T (UmxmlAfnlﬁr -HL) +yp(e) — & Q& — X (UmelA;%lEr +p—£ )} , Vk € [K]

1 ~T 1 i
izl s {yk(mf (Umml Abe + u) + () — 67 Q€ — A (UAmg . 51) } , Vk € K]

R e (@7 (Vs A+ 1) 4180 ~ €7 @ =3 (Vs AR & 41— € )
vk € [K]
e st ¢ <t wzm@)" (UmxmlAilgr +u) +@) - &/ Qe — AT (UmelAilgr e 5) |
vE€, € R™, Vk € [K]

T 1 T
Q, %((fymﬁﬂc )U,,,LXMAF,LI)

&3¢ st HCH <1, { } =0, Vk € [K], (2.64)

1 5 2i
1 (-un@ TN U ARy vimue@) T =yl (@) 428" (n—€")

where the first equivalence is due to the convexity of g(&,, é), S;, and the feasible
region defined by |||, < 1. For any given i € [N], we replace AC by ¢, and then
we can obtain Problem (2.60) by further replacing (2.63b) by (2.64) for any i € [V].

To prove Problem (2.60) provides a lower bound for Problem (2.57), we consider
Problem (2.59) and define { = U melA?mEr+M, denoting its support and ambiguity
set by S¢ and D¢, respectively. As S, = {€, € R™ : UmelAr%nlﬁr +p € S} and
Sc={¢eR": (= UmelA%uSr + €&, € S}, we can deduce S C S. We also

have
EP( [(C - I"L)(C - IJ’)T] = ’YQUmel Aml U'leml

Am Om m—m
U ' pim=m) - yT 2 UAUT = 1,3,

(m—m1)xmy O(m—ml)x(m—ml)
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Moreover, we have

mgn{/s2 ¢ —é||17T (Cvé)} - mﬂin/sz

It follows that D lies in D¢y, i.e., Dy C Dey, and accordingly

1 ~ 1 ~
Ui Ads s + 1= || 7 (Ui b€, + 11,€) < Ro.

<
s Br [ (2,€)) < pua Be [/, ). (2.65)
By the definition of ¢, we have Jnax Ep [f(x, Q)] = pax Ep,[f (2, U s, A, &+ 1]
¢EP¢
due to change of variable. Then (2.65) implies the followmg inequality

max Ep, [f(ac,UmxmlAilEr +u)] < max Bz [f(z,£)],

Pr€Dcs3 C1
which demonstrates that the optimal value of Problem (2.59) (i.e., Problem (2.60))
is a lower bound for that of Problem (DRO-C) (i.e., Problem (2.57)).

1
To show the monotonicity result, we define {; = U xm, Am,&,, +p for any i € 2],
where &, € R™ for my > m;. The ambiguity set of ¢; is denoted by Dy, i.e.,

1
D(i = {]P)Q|Cz ~ ]P)Civ Cz = UmeZAT%"bzgrz + M, 51‘1’ ~ Pri € Drl} 7VZ € [2]7

where D, (defined as (2.59b)) represents the ambiguity set of £, for any i € [2]. For
1

any ¢, ~ P¢, € D¢, there exists a £, ~ P, € D, such that ¢; = U Aiy &, +

n= UmxmzA?nQé1r2 + p, where ém = (Erl, g ml) € R™. By using S,, (defined

as (2.59¢c)) to denote the support of &, for any i € [2], we have
P{¢, €8, =P {UmxmlA?nlgrl fpe 3} 9,

1 _
which is equivalent to P{U xm,Amy§,, + # € S} = 1 and implies that P{§,, €
1 1 _
Si,} = 1 because U s, Ay &, = Unxmy Aimy§,,- In addition, we have E[§,,] = O,
and
o E ! O, x (my—m
sfe.g] | PO omm |,
O(mz—ml)xml O(mg—ml)x(mg—ml)

It follows that the distribution of E’m belongs to D,, and thus P¢, € D¢,. Therefore,
we have Dy, C D¢, and

max Ep_ [f (x,¢;)] < max Ep., fl(=,¢s)]

P¢, €D¢y P¢y €D¢y
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That is, the optimal value of Problem (2.59) (i.e., Problem (2.60)) is nondecreasing

in my.

Finally, Problem (2.59) is equivalent to Problem (2.58) when m; = m. Therefore,
Problem (2.60) results in an exact reformulation of Problem (2.57). O

We show the quality of the outer approximation (2.60) in the following proposi-

tion.

Proposition 2.9. [t holds that

N K -
0< Zolm) ~ Zolm) < | 23S VI (2L 260

=1 k=1

where L my = <—yk(m*) —|—CZ*> U o (m—mi) (A" ml)é, x* and ¢ (Vi € [N])
denote an optimal solution of Problem (2.60), and A™~™ ¢ ROm=m)x(m=m1) denotes

the lower-right submatriz of A.

Proof. By Theorem 2.5, we have Z*c(m) — Z*c(mq) > 0. Moreover, according to
this theorem, Problem (2.57) and the following problem, i.e., Problem (2.60) with

my = m, have the same optimal value.

1
min =~ ARy + el e Q + — i (2.67a)
2 \Q.C0 N Z_:
1 . N T 1 T
L[ (ewereeron) ],

L (@) +¢) UAT yi— (@) = @) + ¢ (n—€)

Vi € [N], Vk € [K], (2.67b)

AeRy, me X, |||, <A, VieN], (2.67c)

We use (z*,\*,QF,¢" Vi € [N],yF Vi € [N]) to denote an optimal solution of

Problem (2.60). Based on this optimal solution, we construct a feasible solution of

Problem (2.67), represented by (5:,5\,6_2,8 Vi € [N],y; Vi € [N]). For clarity, we
define

. I*T Al .
" =y = (@) = f@) + ¢ (n-&), vie [N, vk € [K], and
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i s\ T 1
L = (—pu(@") +¢™) Upee (A%)?, Vi € [N, ¥k € [K], Ve € {my,m—my,m},
where A™ € R™*™ and A™ ™ ¢ Rm=m)x(m=m1) pepresent the upper-left and

lower-right submatrices of A, respectively.

First, we let & = x*, A = \*, é’l = ¢V for any i € [N],

Q: Omlx(m my)

N K
Q=10 im Zzsl TR , and (2.68)

=1 k=1

. —yz—l—ZSZ, Vi e [N

where s%* > 0 and s > 0 for any i € [N ]andke[ . ASA=)X">0, z=x" € X,
and HC . = |I¢]l < A, Vi € [N] due to constraint (2.60c), we only require
(@, Q,C Vi € [N],y; Vi € [N]) to satisfy (2.67b). Thus, we will find the values of
s and si¥ for any 7 € [N] and k € [K] that enable this solution to satisfy (2.67b).

We plug (z, )\, Q, ¢ Vi e [N],y; Vi € [N]) to (2.67b) and use Y™ for any i € [N]

and k € [K] to denote the corresponding matrix in (2.67b). For any given i € [N]
and k € [K], we perform the following decomposition:

) 0 0 0
1 kYT myqXm mq X (m—m mq X1
_ ik Q: Omlx(m my) 5(1‘:711) ! ! N % Sui ( X v ik kl T
_ ik 1(1ik
Y = O(m—my)xmy O(m—mi)x(m—my) Om-mi)x1 | T | O(momy)xm; Soim1 Zhe1 % (L;nfml) Lo my 3 (ij.fml)
1Lk ik 1 ik K ik
L 01><( m—my) S 01><mr1 EL:n—rnl Zk:lsé
* 0 1(pik T Oy xmy Oy x(m—mq) Omyx1
Qy myx(m—my) 2 (Fmy Sik X . % T
ik 1 (gik
= O(m—my)xmy O(m—mi)x(m—my) Om-mi)x1 | T | Om—my)xm; % (L?m.—'m.l) Ly m, §(L1n—m1) (2.69)
1grik ik . .
3L, O01x (m—mq) st 01xmy %L:‘r{f—ml s5

The first matrix in (2.69) is clearly PSD because the elimination of its zero com-
ponents leads to a PSD matrix due to constraints (2.60b). Now we find the values
of st and s¥ to make the second matrix PSD as well, and then accordingly the

constructed solution is feasible for (2.67).

Next, we use [fi} E;] to denote the second matrix in (2.69) by letting A =

B C
Oy xmy Oy x (m—my) - T
Zkl 11k 9 B = (olx"ll %Lm, myq ) and C — Sék: It fOllOWS that
O(m—my)xm; (Lm my) L
0 0
_ — = —1=T mq Xmy miqX(m—my) 1 T .
— — k —— (o m lek O1xm lek
A BC B |:0(1n1n1)><‘"1-1 i (Lw’z ml) Ln’; m1:| 812]“( 1xXmy 32 7n—m1) ( 1xmy 3 m—ml)

Omy xmy Oy (m—my)
ik
s ik T rik
O(W*ml)xml ( 411 _41§k>(Ln ”1) Lrn—rnl ’
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which is PSD if si* x st > 1. Thus, we let si* x s > 1 hold for any i € [N] and
k € |K] and by the properties of Schur complement, we have [ E‘}} g} >~ 0 because

C is invertible and positive definite.

In addition, since Problem (2.67) is a minimization problem, its optimal value is
no larger than the objective corresponding to the feasible solution (&, A, Q, ¢’ Vi €
[N],9; Vi € [N]). That is,

< ~ 1
Z'c(m) < ARo+72lneQ+ NZ?%

=1
N K ik 1 K
= Z*c(m) +’)/QZ Zitrace ((Lis m1> Lk m1> + szsék (2.70)
i=1 k=1 i
Due to the condition s% x si* > 1, we let s?* = = and st =
VN EE (B ,)

YV (18 )
for any ¢ € [N] and k& € [K], which leads to the smallest
possible value of the RHS of (2.70). Therefore, we have

1k K
1 .
1 trace((Lﬁ,’f m1> Liﬁ m1)+ﬁzzsék

N K
Z¥c(m) < ZC(’”lH‘VzZZ
k=1

i=1

N K Lik Lik N K \/ 3
= Z" C(m1)+\/>trace ZZ ( 1> m- mlT I NQZZ m m12 m
i=1k=1 2\/L§f§ (L%li m1) £

ik ik
Finally, since trace [ SN, K | (£hi) £ oL is equal to
2 Li'l’e my (L:':C m1)
ik ik T
PSP Lm’ml(QLm’ml) , we have
o< z* < 2 sz sz T
< Zo(m) = Z"o(m) NZZ s (Eiins)

=1 k=1

2.3.2 Upper Bound

We further inner approximate Problem (2.57), leading to an upper bound, by split-

ting random vector &; into P pieces in the second-moment constraint in Do so that
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& = (SITI,EIZ, . ,£ITP)T, where 51]- e R™, Vj € [P], and Zle m; = m. This gives

rise to an inner approximation

min max Ep, [f (:B,UAéﬁI + u)} : (2.71)

xeX P1€EDcy

where

B, (€61 | <20l Vi€ [P

Dcy (SI,,U,’Yz,Po,Ro): Py 1 . 1 A
3r: [ |Uste cu-g m(Uaie s d) <R
82

Theorem 2.6. Under Assumption 2.2, Problem (2.71) has the same optimal value
as the following SDP formulation:

P N
1
UBL:= min /\R0+722Impoj+NZyi (2.72)
x,\,Q, - i
é,g},é 7=1 1
. L (g (@)rei) " AZ '
ot [ Q; 1 2(( yk()+¢") Umm]AmJ) 0,
%(7yk(w)+ci)TUm><m]-Agzj Sjik
Vj € [P], Vi € [N],Vk € K],
P T
> s =y — @) p - yi@) + (p—€) ¢, Vi€ N], vk e [K],
j=1

ANeRy, me X, |||, <A, Vie[N],

where Q; € R™>™i, ' ¢ R™ for any i € [N], Q@ = {Q,....Qp}, ¢ =
{¢' ... .¢M 9 = {w,....un}, and § = {syx, Vi€ [N], Vj € [P], Vk € [K]}.
Furthermore, Problem (2.72) provides an upper bound for the optimal value of

(DRO-C).

Proof. By Theorem 1 in Gao and Kleywegt (2017), Problem (2.71) has the following

strong dual problem:

TEX,Q;Vi,\ R £

P
min {)\R0+’yQZImpoj+ / sup g(&;,€) ]P’O(dé)}, (2.73)

j=1

where g(&;, &) = maxf {ys(2) (UA2&+p)+y0(@)} -1, & Q& ~MUAE +
on— é||1, and @, for any j € [P] and A are the Lagrangian multipliers of the primal
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second-order moment and Wasserstein constraints, respectively. As Py denotes an
empirical distribution of & generated by i.i.d. samples {g :i€ N} C S from the P,
ie., P{¢& = él} = &, we have

/R sup g(&;, &) Po(d§) = Zsupg &.8). (2.74)

m &y

because g(ﬁl,é) is a convex function and & = R™, which is convex. Thus, by

plugging (2.74) into (2.73), (2.73) can be reformulated as

P N
. 1
wezglCl)Ilej,)\ {)\RO + 72 ]Z:; Im]. o Qj + N ; yl} (275&)
sty =supg(&, &), Vi€ [N]. (2.75b)
3

Since Problem (2.75) is a minimization problem, constraints (2.75b) can be relaxed

to y; > supg, g(&;, &) for any i € [N]. Thus, we have
P .
Yi > sup {r,ggf{yk(w)T (UA%& +u) +y2(m)} - Z:‘EITJ.QJ&J- —AHUA%& +u—élHl} » Vi€ [N]
s > yax sgp{ymf (UARE + 1) + i Zel Q¢ AHUA%slw—éi\l}, vi € [N]

v 2 sup {yk(scf (A3 &+ 1) +4i(@) - S a6, ) luase +n- éiHl} , Vi € [N], Vk € [K].
1 j=1

(2.76)

For any given ¢ € [N], we let

1 i AT 1 i
|onsg+n-¢€| = sw ¢ (Ung+p-€),

<1
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and accordingly we have

P )
vzl {yk(mf (UAbg + ) + 0@ - Y &l Qi6r, -2 (UARG +u-E) } | Wk € [K]
I L= j=1
P )
oz ol {yk(mf (UASE +u) +oi@) - Y&l Qe — X (UARg +u-€) } , Vh € [K]
LS1O&r j=1

o3 st o] <1 vz s {yk(”ﬁf (UAbe i)+ o) - S 6 @, — AT (UAE + i) } :
1 j=1
Vk € [K]

est ¢ <1 wzu@T (UATE + 1) +ul@) - ijsgqjsl,. -X (Unrg +u-€),
j=1

Ve € R™, VK € [K]

Q 3 ((—yk(w)T +’\€T) UA%)T _ } =0, Vk € [K],

<3¢ st HCH =t L (~un(@)T + Aé‘T) UAY = pil@) = y(@) + X (n—¢)

(2.77)

where decision variable Q' is described as (2.49) and the first equivalence is due to
the convexity of g(&;, é), &1, and the feasible region defined by Hé’ |« < 1. For any
given i € [N], we replace AC by ¢', and then we can reduce Problem (2.71) to the
following problem by further replacing (2.75b) by (2.77) for any i € [N]:

P N
1
i AR I,,. 4+ — i 2.78
o 0+’Y2Z; eQ;+ N;y (2.78a)
CIV%?JZW = =
@ L(~m@+c) uat)

s.t. =0, Vi € [N],(2.78b)

H(—u@+¢') UAZ vi—ye(@) T n-yl@)+¢' " (u-&")
Vk € [K],

AeR,, e X, |||, <A Vie N

Finally, by Lemma 2.1, we reformulate Problem (2.78) as Problem (2.72) by decom-
posing the PSD matrix in (2.78b) equivalently to K PSD matrices. The proof of
the claim that Problem (2.72) provides an upper bound for Problem (2.57) is the

same as that of Theorem 2.4 and thus is omitted here. O

We show the quality of our derived inner approximation (2.72) in the following

proposition.
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Proposition 2.10. If min_; {yp(x*) + ye(x*) "'} > 0 and max {(p —
EZ)TCi*} < 0, where z* and ¢ are optimal solutions of Problem (2.57), then the

relative gap between the optimal values of Problems (2.72) and (2.57) is bounded
from above by VP — 1, i.e., 0 <UBE — Z&(m) < (VP — 1)Zg(m).

Proof. We reformulate Problem (2.72) as Problem (2.78). Let (z*, \*, Q*,¢" Vi €
[N],yf Vi € [N]) denote an optimal solution of Problem (2.57) with Q" represented

by (2.50). Based on this optimal solution, in the following, we construct a feasible

solution of Problem (2.78), denoted by (, A, Q; Vj € [P], ¢' Vi € [N, 3 Vi € [N]).

First, we let & = x*, A = \*, E’l = ¢ for any i € [N], §; = koy! for any i € [N],
and Qj =Q (as described in (2.51)), with k; > 1 for any j € {0,1,2,...,P}. In
order for this solution to satisfy (2.78b), we require

1 T
Q' %((*yk(m*)JrCi*)TUA?)

L /| =0, Vie[N], Vk € [K].
Hm(@)+¢T) UAZ koy; —yn(@) Tu—yR(@)+¢ (u-€')

(2.79)
In the following, we find the values of k; for any j € {0,1,2,..., P} so that (2.79)

holds. To that end, we construct the following matrix

. ) AT 1\ T
Q - 5((—yk(m*)+C’ ) UA2)‘ o vie [N], Yk e (K],
L(~ur@n)+¢™) ' UA2 ko(yf*yk(w*)TH*yg(w*)JrCﬁ (ufﬁ))
(2.80)
Note that subtracting (2.80) from (2.79) leads to the following matrix:

Omxm Omx1
|i01><m (ko—l)(yg(w*)erk(w*)Tu—Ci*T(u—éi))] = 0, Vi€ [N], Vk € [K],

which is PSD because its eigenvalues are non-negative. In fact, (ko — 1)(yp(x*) +
yr(z*) T — Ci*T(p, — éz)) is the only non-zero eigenvalue of this matrix that
is non-negative because ky > 1, —Ci*T(u, — él) > 0 due to the assumption
maxfil{Ci*T(u — él)} < 0, and we have y2(x*) + yx(x*) " > 0 according to the
assumption ming_; {yp(x*) + ye(z*) "} > 0. Thus, we choose good values of k;
for any j € {0,1,2,..., P} to ensure (2.80) to be a PSD matrix and accordingly will

make (2.79) hold.
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Next, by Lemma 2.1, in order for (2.80) to be a PSD, we equivalently require

T 1\ T
5Q; () ¢") W, A% )
1 | =0, ke [K],(281)
Hm@) ") U, A2, s (y;‘—yk(w*)Tu—yg(m*)JrCi*T(u—%z))

Vi € [N], Vj € [P],

with Zle s; = ko. Constraints (2.81) can be satisfied by allowing s; x k; > 1 for
any j € [P] due to (2.57b). Then, we let kg = k; = --- = kp and s; x k; = 1 for any
j € [P], leading to kg = ky = --- = kp = V/P.

Finally, we have UB¢ > ZE&(m) by Theorem 2.6. Meanwhile, as Problem (2.72)
is a minimization problem, U B¢ is no larger than the objective value corresponding

to our constructed feasible solution (Z,\, Q; Vj € [P],¢' Vi € [N, Vi € [N)).
That is, we have
P

N P N
1 1
UBL <N Ro+72 > Im, o (\/PQ;) + 5 Y VPy; <VP (,\*RO 2> I, e Q5+ :Ny;) = VPZE(m),
j =1 Jj=1 i=1

Jj=1

where the second inequality holds because P > 1. Therefore, we have

0 < UB - Zi(m) < (VP — 1) Z¢(m).

Remark 2.4. The theoretical upper bound in Proposition 2.10 is achievable. Indeed,
when we enlarge Ry enough such that D¢y degenerates to a moment-based ambiguity
set, we can follow the same setting of Example 2.1 to achieve the theoretical upper
bound in Proposition 2.10. Meanwhile, similar to our notes in Remark 2.3, the
theoretical bound in Proposition 2.10 is also conservative and only achievable in
pathetic problem instances. The quality of the inner approximation (2.72) is usually

much more optimistic due to the corresponding numerical results in Section 2.4.

Before closing this section, we note that the first-order moment constraint, albeit
important to reduce solution conservatism, is not included in the combined ambi-

guity set of (DRO-C). We consider additionally including the first-order moment



68

constraint, leading to a DRO problem with a combined ambiguity set consisting of
Wasserstein distance and first- and second-order moment information; see Problem
(DRO-C2) in Section 2.6. We correspondingly derive the inner and outer approx-
imations of (DRO-C2), and conduct computational experiments to compare their
performance with the approximations of (DRO-C). Based on the results, we ob-
serve that adding the first-order moment information does further reduce the con-
servatism of optimal solutions for both (DRO-C) and its approximations, though
such reduction is not significant. This is because the second-order moment informa-
tion together with the Wasserstein information has already (partially) implied the
first-order moment information. Such insight is also explained in Gao and Kleywegt

(2017). Due to this, we only keep (DRO-C) in the main body.

2.4 Computational Experiments

We perform extensive computational experiments to demonstrate the effectiveness
of our proposed inner and outer approximations in two applications: production-
transportation and multi-product newsvendor problems. The mathematical models
are implemented in MATLAB R2017a (ver. 9.2) by the modeling language CVX
(ver. 2.1) (Grant and Boyd 2008, 2014) with the Mosek solver (8.0.0.60) on a PC
with 64-bit Windows Operating System, an Intel(R) Core(TM) i7-7700 CPU @ 3.60
GHz processor, and a 16 GB RAM. The time limit for each run is set at 36 hours.
In Section 2.4.1, we specify the proposed lower and upper bounds in the context of
the two aforementioned applications. In Section 2.4.2, we explain how to randomly

generate test instances and report the numerical results together with analyses.

2.4.1 Computational Setup

In this section, we specify the proposed lower and upper bounds, as well as the

theoretical upper bounds for their gaps with the original DRO model, in the context
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of production-transportation and multi-product newsvendor problems.

2.4.1.1 Production-Transportation Problem

A deterministic production-transportation problem aims to minimize the total pro-
duction and transportation cost by making production and transportation decisions
while satisfying all customer demands. Suppose there are n customers with demand
d; (Vj € [n]) and m suppliers, each with normalized capacity 1, and ) jepn) 4 < M.
We use z; and z;; to respectively denote the amount of goods produced by supplier
7 and the amount of goods shipped from supplier ¢ to customer j. Moreover, we use
¢; and &;; to denote the unit production cost by supplier ¢ and the unit transporta-
tion cost to customer j from this supplier, respectively. Thus, this problem can be

formulated as follows:

min Z C;T; + Z Z §ijzij (282&)
wE i=1 j=1
st Yz =dj, Vj€[n], (2.82b)
i=1
>z =y, Vi€ [m], (2.82¢)
j=1
0<uz <1, Vie[m], (2.82d)
zi; >0, Vi € [m], Vj € [n]. (2.82¢)

Now we derive the DRO counterpart of Problem (2.82). Specifically, we assume
that & is random and its probability distribution P is unknown but it belongs to a
predefined distributional ambiguity set D. The decision « is decided before the real-
ization of randomness and z is made as a recourse to specific realizations (Bertsimas
et al. 2010). This leads to a two-stage DRO counterpart

min {cTa: +max Ep U (Q(2,8))] : (2.82d)} : (2.83)

PeD

where U(-) is a convex nondecreasing disutility function used to incorporate risk
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considerations into the second-stage cost. In particular, we define

U(Q(2,€)) = max{a,Q(2,8) + b},

ke[K]
where Q (z,£€) = min {z7&: (2.82D), (2.82¢), (2.82¢)}. We can apply the proposed
inner and outer ap:)roximations (i.e., Problems (2.15), (2.60), (2.24), (2.37), and
(2.72)) to approximate Problem (2.83) in the context of production-transportation
problem, with the details provided in Section 2.7.

We follow Bertsimas et al. (2010) to randomly generate the locations of m sup-
pliers and n customers from a unit square considering &;; as the distance between
supplier 2 and customer j. We estimate the mean, standard deviation, and covari-
ance matrix of & by using 10,000 independent samples, generated from independent
uniform distributions on intervals [0.5;;,1.5§;;], Vi € [m] and j € [n]. We let ¢
denote the average transportation cost and generate production cost ¢; and demand
d; uniformly on the intervals [0.5¢, 1.5¢] and [0.52, ], respectively. We consider

disutility function U(z) = 0.25 (e** — 1) while approximating it by an equidistant

linear approximation with five segments on the interval [0, 1].

2.4.1.2 Multi-Product Newsvendor Problem

Given n products and the demand §&; for each i € [n], a deterministic multi-product
newsvendor problem determines a nonnegative ordering amount & = (z;,7 € [n])"

to minimize the total loss described as follows:

f(@€ = c'z—v min(z,§ g (z-§),
= (c-v) z+(v-g) (-9,
= max{(c—v)Ta:,(c—g)Ta:—l— (g —v)TE},
where c represents the wholesale price, v represents the retail price, g represents
the salvage price, and the minimum and nonnegativity operator are applied com-

ponentwise. Now we consider that demand & is uncertain and its probability dis-

tribution belongs to a distributional ambiguity set D. The DRO counterpart of the



71

multi-product newsvendor problem to minimize the expected total loss against the
worst-case distribution in D can be described as follows:

min max Ep [max {(c —v) z (c—g) z+(g—v)" S}] : (2.84)

x>0 PeD

Note that the procedure of applying the proposed inner and outer approximations
and the theoretical bounds to Problem (2.84) is similar to that for Problem (2.83)

and thus is omitted here.

The mean and standard deviation of £ are randomly picked from the intervals
[0,10] and [0, 2], respectively. To generate the covariance matrix, first we randomly
generate a correlation matrix by the MATLAB function “gallery(‘randcorr’,n)” and
then convert it to a covariance matrix. We follow Xu et al. (2018) to set the whole-
sale, retail, and savage prices as ¢; = 0.1(b+i — 1), v; = 0.15(5 +¢ — 1), and
g; = 0.05(5+ 14— 1) for any i € [n], respectively.

2.4.2 Computational Results

We first evaluate the performance of our proposed lower and upper bounds and
then show how they can help construct a tight interval, which includes unknown
optimal solutions of large-sized DRO problems that cannot be solved to optimality
(or even feasibility in most cases) by existing methods in reasonable time. We fur-
ther investigate the benefits of choosing the components with the largest variability
(i.e., leading components) in the PCA approach (as compared to randomly choos-
ing components) and also perform sensitivity analyses with respect to several given

parameters.

2.4.2.1 Instance Generation and Table Header Description

We perform our experiments to solve various instances. First, we consider dif-

ferent levels of problem size, namely small, medium and large, by varying m
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and n in the production-transportation problem and varying n in the newsven-
dor problem. Second, we consider different levels of approximation. In par-
ticular, for PCA-based lower and upper bounds, we consider different values of
™ in {100%, 75%, 50%, 25%, 10%}.  For vector splitting based upper bounds,
we consider P € {2,4,5}, by which the random vector £ is equally split with
m1 = my = --- = mp; that is, here we use a homogeneous division of the random
vector. This is because such homogeneous division eventually leads to a set of SDP
constraints, with all of them having the smallest possible matrices simultaneously,
in our proposed formulations. It helps improve the computational performance of
the corresponding inner approximation. In addition, when assigning all the compo-
nents of £ to pieces, we consider the non-increasing order of the components based
on their variance. Specifically, the first piece includes the first m; components with
the largest variance, the next ms components are assigned to the second pieces, and
so on. The reason is that in our approximation, the correlations among different
pieces are dropped, but we would like to capture the correlations among those im-
portant components within each piece. Third, we consider different supports, i.e.,
S € {[-20,20],[—30,30],|—40,40]}, where o represents the sample standard
deviation of random vector €. In addition, v; and v, are set as 1 and 2, respectively,
for the moment-based ambiguity set, the number of i.i.d data samples N = 10 for the
combined ambiguity set, the Wasserstain radius Ry is set as 30 for the production-
transportation problem and as 700 for the newsvendor problem. We will perform
sensitivity analyses with respect to other different values of v, 72, and Ry. For each
combination of the above three variants, we randomly generate five instances and

report the average results over them.

In the following Sections 2.4.2.2 - 2.4.2.6, we will use tables to report our results
and here we describe several table headers that are shared by most of the tables.
Column “Size” reports the values of m and n in the production-transportation
problem and n in the newsvendor problem, indicating different levels of the problem

size. Column “Orig.” represents the computational time in seconds required to
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solve the original DRO problem and column “Time” represents the computational
time in seconds required to solve the corresponding inner or outer approximations.
Column “Gap” represents the relative gap in percentage between a lower or upper
bound and the original optimal value. Here, the relative gap between two values
is defined as their difference divided by the maximum. As such relative gaps are
theoretically bounded from above, e.g., (2.16) and (2.39), we use column “Gap2”
in percentage to represent the value of theoretical bound. Whenver needed, we use
“LB” and “UB” to denote the lower and upper bounds, respectively. Note that the
percentage of &’s components utilized to construct lower and upper bounds, i.e.,
7 % 100%, is represented by (%) and P represents the number of split pieces of

&, with each piece having the same size.

2.4.2.2 Lower Bound Performance

We summarize the lower bounds of the DRO problem with the moment-based ambi-
guity set on both applications in Tables 2.1 and 2.2, while Tables 2.3 and 2.4 report
the results for the DRO problem with the combined ambiguity set.

Table 2.1: Lower bound (2.15) on the production-transportation problem

(%) 100% 75% 50% 25% 10%
Size Sup- | Orig. | Time Gap Gap2| Time Gap Gap2| Time Gap Gap2| Time Gap Gap2| Time Gap Gap2
port
(m,n) (secs) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%)
20,20]| 66.3 | 66.2 0.00 0.00 | 21.3 0.95 11.26| 3.9 3.42 18.00| 1.1 ~ 4.73 19.72| 0.5 5.07 19.49
(5,20) 30,30]| 73.6 | 73.8 0.00 0.00 | 21.8 1.11 10.83| 4.7 2.92 16.90| 1.2 4.96 19.74| 0.5 5.50 20.06
4o, 40]| 67.3 67.4 0.00 0.00 | 22.5 1.10 11.95| 4.4 3.48 18.89| 1.2 5.66 21.26| 0.5 5.93 21.21
20,20 560.9 | 559.6 0.00 0.00 | 180.8 0.53 7.48 | 40.3 1.73 12.52| 3.8 3.47 15.05| 0.8 3.94 15.38

[~ ]
[~ ]
[~ ]
[~ ]
(4,40) | [-30,30] 551.5 | 549.3 0.00 0.00 | 181.3 0.58 8.25 | 39.5 2.28 14.23 44 3.74 17.29| 0.87 4.63 18.01
[~ ]
[~ ]
[~ ]
- ]

4o0,40]| 542.9 | 543.2 0.00 0.00 | 173.9 0.60 7.67 | 40.2 193 12.76) 44  3.53 15.04| 09 3.86 15.04
20,20]| 1553.1| 1553.5 0.00 0.00 | 392.0 2.55 13.33| 68.9 3.50 13.81| 7.2 3.71 13.63| 1.0  3.83 13.57
(8,25) 30,30]| 1558.3| 1553.1 0.00 0.00 | 440.1 1.71 11.00| 76.6 3.09 13.22| 7.3  3.60 13.28/ 0.9 3.80 13.17
4o0,40]| 1612.2| 1610.8 0.00 0.00 | 465.2 1.40 11.08| 92.4 3.07 15.70| 7.4  3.96 14.94]/ 0.9 4.16 14.80

From Tables 2.1 and 2.2, where the column “Gap2” represents the relative gap
induced by the theoretical upper bound in (2.16), we have the following observations.
First, when the number of principal components m; increases, both Gap and Gap2
decrease and the computational time increases. When m; increases to m, we obtain

the lower bound equivalent to the original optimal value but in a large computational



74

Table 2.2: Lower bound (2.15) on the newsvendor problem

(%) 100% 5% 50% 25% 10%

Size Sup- | Orig. | Time Gap Gap2| Time Gap Gap2| Time Gap Gap2| Time Gap Gap2| Time Gap Gap2
port

(n) (secs) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%)
[—20,20]/ 19.0 [ 189 0.00 0.00 | 5.1 0.02 065 | 1.0 026 237 |03 118 4.82 0.2 223 6.29

100 | [-30,30] 17.2 | 174  0.00 0.00 | 4.6 0.03 0.77 | 1.0 0.24 227 |03 1.05 4.63 | 0.2 198 6.14
[—40,40]| 17.1 17.2 0.00 0.00 | 44 0.02 0.57 | 0.9 0.22 2.17 | 0.3 0.95 4.40 | 0.2 222 6.32
[—20,20]| 175.0 | 175.7 0.00 0.00 | 42.1 0.02 0.58 | 6.0 021 1.83 [0.5 0.90 3.67 [ 0.3 2.00 5.04

160 | [-30,30]| 171.2 | 1714 0.00 0.00 | 42.2  0.02 0.60 [ 6.1 0.19 1.82 |0.5 094 385 |02 1.96 5.19
[—40,40]| 154.1 | 154.0 0.00 0.00 | 43.3 0.02 057 |62 021 1.82 |05 0.83 353 |02 175 481
[—20,20] 518.0 | 519.0 0.00 0.00 | 1185 0.02 0.52 |18.3 0.19 1.66 | 1.0 0.83 3.34 | 0.3 1.71 4.48

200 | [-30,30]| 494.8 | 494.1 0.00 0.00 | 124.3 0.02 0.51 | 18.1 0.15 1.52 |09 0.79 3.37 | 0.3 1.50 4.40
[—40,40] 521.9 | 522.1  0.00 0.00 | 120.3 0.02 0.54 | 19.4 0.15 1.51 | 0.9 0.80 3.35 | 0.2 1.82 4.70

time. In practice, thus we can leverage the number of principal components as a
tool to trade-off between solution quality and computational time. Second, when the
problem size increases, the original problem becomes more difficult to solve, while
our approximations reduce the computational time significantly and maintain very
high solution quality. For instance, even with a 90% reduction in the dimension
of uncertainty space, our approximation solution can give an objective value at
around 2% of the original optimal value, as shown in the column “Gap”. Third,
when comparing the values of Gap and Gap2, we can observe that the latter is
always larger than the former, demonstrating that theoretical bound (2.16) is valid.
Meanwhile, the quality of theoretical bound (2.16) is sensitive to different problems
and datasets, as Gap2 is closer to Gap in the newsvendor problem as compared to in
the production-transportation problem. Similarly, the lower bound (2.15) performs
better when applied to the newsvendor application, as the relative gap, i.e., Gap, is

generally smaller than that in the production-transportation problem.

Table 2.3: Lower bound (2.60) on the production-transportation problem

(%) 100% 5% 50% 25% 10%
Size Orig. Time Gap Gap2 | Time Gap Gap2 | Time Gap Gap2 | Time Gap Gap2 | Time Gap Gap2
m,n (secs) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%)

)

) | 704.5 7044 0.00 0.00 | 265.3 1.22 3293 | 941 411 57.25| 372 6.88 63.55| 164 7.22 62.93
) | 4787.7 | 47929 0.00 0.00 | 1700.9 1.24 34.02 | 497.5 293 4895 | 134.6 5.13 56.38 | 55.1 5.68 55.96
) | 13503.8 | 13401.5 0.00 0.00 | 4132.6 2.21 36.65 | 1196.8 3.94 42.46 | 233.2 4.78 44.68 | 79.0 4.98 42.43

From Tables 2.3 and 2.4, where the column “Gap2” represents the relative gap
induced by the theoretical upper bound in (2.66), we have the similar observations

as from Tables 2.1 and 2.2. In addition, a comparison among Tables 2.1 - 2.4
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(%) 100% 75% 50% 25% 10%
Size | Orig. | Time Gap Gap2 | Time Gap Gap2 | Time Gap Gap2 | Time Gap Gap2 | Time Gap Gap2
(n) | (secs) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%)
100 | 128.9 | 1288 0.00 0.00 | 58.2 0.02 193 | 28.7 021 6.69 | 146 1.04 1452 | 129 257 20.96
160 | 859.3 | 862.5 0.00 0.00 | 333.5 0.02 1.82 | 1074 0.18 5.64 | 42.1 0.71 10.87 | 23.0 1.94 16.52
200 |2234.7|22274 0.00 0.00 | 811.8 0.01 1.42 | 216.8 0.14 458 | 63.0 0.72 10.01 | 304 1.68 14.56

shows that: (i) solving DRO problems with the combined ambiguity set and their

outer approximations takes more computational time than solving those with the

moment-based ambiguity set; and (ii) theoretical bound (2.66) is more conservative

than theoretical bound (2.16) and can be improved in our future studies.

2.4.2.3 Upper Bound Performance

We report performance of the upper bound (2.24) in Tables 2.5 - 2.6 and report that

of (2.37) and (2.72) in Tables 2.7 - 2.10.

Table 2.5: Upper bound (2.24) on the production-transportation problem

(%) 100% 75% 50% 25% 10%
Size Sup- | Orig. | Time Gap Gap2| Time Gap Gap2| Time Gap Gap2| Time Gap Gap2| Time Gap Gap2
port
(m,n) (secs) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%)
[-20,20] 604 |60.7 0.00 0.00|244 328 850 |57 6.68 14.80[1.8 7.60 16.29/ 1.1 7.60 16.48
(5,20) | [-30,30] 70.9 71.1 0.00 0.00 | 24.5 1.25 6.19 |59 498 12.68| 1.8 8.91 20.14| 1.1 10.60 23.80
[—4o,40] 68.9 68.7 0.00 0.00 | 238 3.66 9.35 |59 10.83 16.60| 1.8 16.08 25.03| 1.1 17.41 29.25
[—20,20] 524.8 | 525.3 0.00 0.00 | 175.2 2.37 6.20 | 43.4 540 11.21|7.6 7.08 14.82| 3.0 7.46 13.53
(4,40) | [-30,30| 477.7 | 477.7 0.00 0.00 | 189.7 4.37 9.56 | 42.6 9.17 16.27| 8.1 13.34 23.27| 3.1 15.79 27.59
[—40,40] 565.0 | 566.0 0.00 0.00 | 175.7 7.33 11.74| 38.6 14.03 19.69| 8.0  18.88 26.56| 3.1  20.52 29.76
[—20,20] 1470.2| 1468.7 0.00 0.00 | 479.6 0.98 5.40 | 100.1 1.77 9.34 | 15.3 2.06 9.86 | 4.1 2.11  10.78
(8,25) | [-30,30| 1634.5| 1632.6 0.00 0.00 | 491.6 2.06 7.09 | 104.8 5.57 16.16| 15.7 6.73 19.33| 4.2 7.14  20.66
[—4o, 40| 1562.0| 1563.3 0.00 0.00 | 483.5 6.03 11.82| 104.8 10.93 21.38| 16.4 12.61 23.84| 4.1 13.53 26.24
Table 2.6: Upper bound (2.24) on the newsvendor problem
(%) 100% 5% 50% 25% 10%
Size Sup- | Orig. | Time Gap Gap2| Time Gap Gap2| Time Gap Gap2 | Time Gap Gap2 | Time Gap Gap2
port
(n) (secs) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%)
[—20,20] 18.8 19.0 0.00 0.00 | 4.7 5.04 12121 1.0 1935 25.88 | 0.3 40.63 46.47 | 0.3 53.46 58.93
100 | [-30,30| 17.0 17.0 0.00 0.00 | 4.7 10.48 20.37| 1.0 39.22 48.44 | 0.3 77.8 86.09 | 0.3 9794 105.47
[~40,40] 18.6 18.7 0.00 0.00 | 4.9 19.29 35.54| 1.0 70.79 86.16 | 0.3 158.74 172.17| 0.3 213.95 226.36
[—20,20] 181.8 [ 181.5 0.00 0.00 | 44.2 4.45 10.43]|6.3 17.53 23.16 | 0.7 3525 40.34 [ 0.3 48.71 53.31
160 | [-30,30] 174.3 | 175.0 0.00 0.00 | 41.6 9.73 19.07| 6.0 37.45 46.33 | 0.6 81.59 89.55 | 0.3 110.04 117.66
[—4o,40| 149.2 | 149.0 0.00 0.00 | 43.8 17.85 31.48| 5.7 73.73 86.37 | 0.7 156.36 167.72| 0.3 212.74 222.98
[-20,20] 501.3 | 501.2 0.00 0.00 | 138.4 4.65 10.21] 20.5 18.95 24.17 | 1.4 3826 42.89 | 0.5 51.69 56.0
200 | [-30, 30| 495.3 | 495.4 0.00 0.00 | 126.7 9.04 16.53| 19.3 35.06 42.09 | 1.4 73.70 79.95 | 0.5 102.89 108.66
[—4o,40| 537.5 | 536.7 0.00 0.00 | 145.7 18.39 30.61| 17.0 78.17 89.52 | 1.3 165.07 175.67| 0.5 222.91 23247
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From Tables 2.5 - 2.6, where the column “Gap2” represents the relative gap
induced by the theoretical upper bound in (2.39), we have similar observations as
from Tables 2.1 and 2.2. In addition, our approximation (2.24) performs better
when solving the production-transportation problem as compared to solving the
newsvendor problem. Meanwhile, the values of Gap2 are always larger than those

of Gap, implying that theoretical bound (2.39) is valid.

Table 2.7: Upper bound (2.37) on the production-transportation problem

P 2 4 5
Size Support | Orig. | Time Gap Gap2 | Time Gap Gap2 | Time Gap Gap2
(m,n) (secs) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%)

[—20,20] | 659 | 113 018 4142 54 052 100 | 44 071 123.61
(5,20) | [-3c,30] | 69.0 | 107 007 4142 | 57 035 100 | 45 054  123.61
—do,do] | 671 | 114 010 4142 | 54 039 100 | 4.3 051  123.61
“20,20] | 5219 | 794 0.5 4142 | 32.8 040 100 | 229 053  123.61
(4,40) | [-30,30] | 566.2 | 86.8  0.13 4142 | 355 043 100 | 247 054 12361
—do,do] | 5429 | 83.0 017 4142 339 047 100 | 251 057 12361
“20,20] | 1531.3 | 2052 0.02 4142 | 558 007 100 | 615 0.1 12361
(8,25) | [-30,30] | 1594.0 | 2168 004 4142 | 584 013 100 | 678 018 12361
[~40.40] | 1539.1 | 207.0 004 4142 | 568 016 100 | 67.5 024  123.61

Table 2.8: Upper bound (2.37) on the newsvendor problem

P 2 4 5
Size | Support | Orig. | Time Gap Gap2 | Time Gap Gap2 | Time Gap Gap?2
(n) (secs) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%)

[—20,20] | 20.1 1.3 1.11 4142 | 0.5 3.05 100 0.5 3.86 123.61
100 | [-30,30] | 17.7 1.3 1.26 4142 | 0.5 3.20 100 0.5 4.07 123.61
[—4o,40] | 18.1 1.3 1.11 4142 | 0.5 2.99 100 0.5 3.73 123.61
[-20,20] | 1623 | 7.3 0.91 4142 | 1.3 2.52 100 0.9 3.25 123.61
160 | [-30,30] | 169.2 | 7.4 1.10 4142 | 1.2 2.88 100 0.9 3.57 123.61
[-40,40] | 169.6 | 7.9 0.95 4142 | 1.2 2.62 100 0.9 3.34 123.61

[20,20] | 521.6 | 25.7 0.84 41.42 | 2.6 2.13 100 1.7 2.62 123.61
200 | [-30,30] | 493.4 | 21.7 0.84 4142 | 29 2.28 100 1.7 2.86 123.61

[-40,40] | 518.1 | 23.9 0.84 4142 | 2.8 2.18 100 1.7 2.81 123.61

From Tables 2.7 - 2.10, we have the following observations. First, when P in-
creases, the computational time decreases and the Gap increases. In practice, thus
we can leverage the number of split pieces as a tool to balance between solution
quality and computational time. Second, the quality of upper bound (2.37) is sensi-
tive to different problems and datasets because it performs better (i.e., with smaller
Gap) on the production-transportation problem than on the newsvendor problem.

Third, as mentioned in Remarks 2.3 and 2.4, although the theorectical error bound
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VP — 1 is very conservative, as represented in the column “Gap2”, the computa-
tional optimality gap perform very well, as represented in the column “Gap”. In
addition, by comparing Tables 2.5 - 2.6 and Tables 2.7 - 2.10, we can observe that
the vector splitting based upper bounds are much tighter than the PCA based upper

bounds.

Table 2.9: Upper bound (2.72) on the production-transportation problem

P 2 4 5
Size Orig. Time Gap Gap2 | Time Gap Gap2 | Time Gap Gap2
(m,n) | (secs) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%)
(5,20) | 716.4 179.3 1.78 4142 | 1214 4.90 100 114.2 6.26 123.61
(4,40) | 5050.3 | 1028.3 2.06 41.42 | 521.8 4.56 100 488.4 5.50 123.61
(8,25) | 11383.6 | 2281.3 0.93 41.42 | 1017.6 3.25 100 | 1010.7 3.96 123.61
Table 2.10: Upper bound (2.72) on the newsvendor problem
P 2 4 5
Size Orig. | Time Gap Gap2 | Time Gap Gap2 | Time Gap Gap2
(m,n) | (secs) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%)
100 129.5 | 55.8 1.66 4142 | 37.1 4.35 100 34.1 5.46 123.61
160 798.6 | 275.7 1.13 41.42 | 132.5 3.18 100 | 120.5 4.17 123.61
200 2038.4 | 615.7 0.93 41.42 | 251.4 2.70 100 | 225.3 3.49 123.61

2.4.2.4 Interval Performance

In many real-world applications with large-scale models and high-dimensional uncer-
tainties (e.g., energy and transportation), we may not be able to solve a DRO model
to optimality (or even feasibility in most cases) by existing methods in reasonable
time. In this case, it can be very useful to quickly find a feasible solution with small
optimality gap, evaluated through an interval that includes the (unknown) optimal
value of this model. In this section, we construct such intervals with the help of our

proposed inner and outer approximations.

The interval results of the DRO problem with the moment-based ambiguity set
are summarized in Tables 2.11 and 2.12, while Tables 2.13 and 2.14 report the results
for the DRO problem with the combined ambiguity set. The first row of each table,



Table 2.11: Intervals on the production-transportation problem

[LB, UB] [(2.15),(2.24)] [(2.15),(2.37)]
Size Support (%%, P) Orig. | Itv-Time Itv-Gap | Itv-Time Itv-Gap
(m,n) (secs) | (secs) (%) (secs) (%)
(25%, 5) - 100.0 7.98 203.5 3.53
~20.20] | (50%,4) | - | 1017.9 574 | 7305 232
(75%, 2) - 5626.6 2.56 3706.4 0.93
(25%,5) | - 1062 13.60 | 219.6 3.31
(6,50) | [-30.30] | (50%,4) | - 1071.3 1075 | 813.3 9.42
(75%, 2) - 5955.1 6.39 3913.1 1.23
(25%, 5) - 102.7 20.37 233.2 3.54
[—do,40] | (50%.,4) | - | 1093.9 1640 | 780.7  2.87
(75%, 2) - 5564.6 6.82 4124.3 1.09
(25%, 5) - 265.7 4.94 604.7 2.78
[—20,20] (50%, 4) - 3375.2 4.53 2181.1 2.47
(75%,2) - - - - -
(25%, 5) - 302.6 10.28 629.1 2.80
(8,50) | [—30,30] (50%, 4) - 3697.8 8.21 2667.7 2.21
(75%,2) - - - - -
(25%, 5) - 299.4 15.86 650 2.86
[—40, 40] (50%, 4) - 4129.7 14.08 2596.4 2.41
(75%, 2) - - - - -
Table 2.12: Intervals on the newsvendor problem
LB, UB| [(2.15), (2.24)] [(2.15), (2.37)]
Size | Support (%%> P) Orig. | Itv-Time Itv-Gap | Itv-Time Itv-Gap
(n) (secs) | (secs) (%) (secs) (%)
(25%, 5) - 10.3 33.06 11.1 2.99
[—20,20] | (50%.4) | - 2270 1431 | 1245 1.98
(75%, 2) - 1703.2 3.24 982.4 0.71
(25%, 5) - 11.1 51.19 13.3 2.62
300 | [~30,30] | (50%,4) | - 2447 1790 | 1442 1.76
(75%, 2) - 1693.3 3.79 782.1 0.60
(25%, 5) - 11.1 84.47 11.9 2.72
[—40,40] (50%,4) - 251.9 26.62 126.4 1.85
(75%, 2) - 1814.3 7.00 950.8 0.63
(25%, 5) - 36 28.82 35.7 2.38
[—20,20] | (50%.4) | - 958.2  15.86 | 423.5 1.82
(75%, 2) - - - - .
(25%,5) | - 347 5855 | 354 2.48
400 | [-30,30] | (50%.,4) | - | 1093.7 2006 | 525.8 174
(75%, 2) - - - - -
(25%, 5) - 38.5 80.60 39.1 2.38
[—do,40] | (50%,4) | - 990.7  23.66 | 4304 155
(75%,2) | - ] ; - ]

78
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indicated by [LB,UB], shows that each interval is constructed by which lower and
upper bounds. Column “Itv-Time” reports the time spent to construct each interval,
which equals to the summation of the computational times needed to find the lower
and upper bounds. Column “Itv-Gap”, calculated by UBU;BLB x 100%, demonstrates
how tight the interval [LB, UB] is. Symbol “-” indicates that no optimal solution of
the original DRO problem or its approximations can be found within the time limit.
In Column “(%%, P)”, 7105 is used to define the lower bound problem and the
PCA based upper bound problems, i.e., Problems (2.15), (2.24), and (2.60), while
P is used to define the vector splitting based upper bound problems, i.e., Problems

(2.37) and (2.72).

Table 2.13: Intervals on the production-transportation problem

[LB,UB| [(2.60), (2.72)]
Size | (%1%, P) | Orig. | Itv-Time Itv-Gap
(m,n) (secs) | (secs) (%)
25%.5) | - | 21446  7.08
(8,30) | (50%,4) | - | 42043  6.32
(75%,2) | - | 140431  3.14
25%.,5) | - | 51531 7.38
(8,40) | (50%,4) | - | 102903  6.98
(75%,2) | - | 407841 273

Table 2.14: Intervals on the newsvendor problem

[LB, UB] [(2.60), (2.72)]
Size | ("%, P) | Orig. | Itv-Time Itv-Gap
(n) (secs) | (secs) (%)
%5 | - 5037 3.34
240 | (50%,4) | - 811 2.44
(75%,2) | - | 28534 0.8
25%,5) | - | 10188  3.36
320 | (50%.,4) | - | 22757 2.28
(715%,2) | - | 79462  0.77
(25%, 5) - 3078.8 3.24
400 | (50%.4) | - | 77803 2.19
(75%,2) - - -

From Tables 2.11 - 2.14, we have the following observations. First, when the

optimal solution cannot be found for most original cases, an interval that includes
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the unknown optimal value can be constructed fast by using our proposed inner and
outer approximations. Such interval is relatively tight for most cases, as demon-
strated by the interval [(2.15),(2.37)] in Tables 2.11 - 2.12 and the interval [(2.60),
(2.72)] in Tables 2.13 - 2.14. Second, when m; increases and P decreases, such in-
terval can be tighter but it costs more computational time. In practice, thus we can
leverage the number of principal components and split pieces as a tool to balance
between the interval tightness and computational time. Third, from Tables 2.11
and 2.12, we can observe that the vector splitting based upper bounds due to (2.37)
are much tighter than the PCA based upper bounds due to (2.24) and take less

computational time.

2.4.2.5 Benefits of Choosing Leading Components

When using the PCA approach to derive our inner and outer approximations, we
choose the leading components and relax the rest of ones. To show the benefits
of choosing the leading components in guaranteeing solution quality, we take our
derived lower bound (2.15) together with its corresponding theoretical error bound
(2.16) as an example and compare its performance of solving the newsvendor prob-
lem under two cases: (a) choose m; arbitrary components; (b) choose m; leading

components.

If we choose my arbitrary components, then we can follow the same process in
Section 2.2.1 to derive the corresponding outer approximation (denoted by (8’) here
for short) and theoretical error bound (denoted by (9) here for short). Following
the table header of Tables 2.1 and 2.2, which show the performance of lower bound
(2.15), we introduce subscripts a and b to use “Gap,” to denote the relative gap in
percentage between the lower bound (8) and the original optimal value, “Gap2,”
to denote the value of theoretical error bound (9’) in percentage, use “Gapy” to
denote the relative gap in percentage between the lower bound (8) and the original

optimal value, and “Gap2;,” to denote the value of theoretical error bound (2.16) in
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percentage. We further use “Det.” to denote the relative gap in percentage between
“Gap,” and “Gapy”, i.e., (Gap, - Gapy) / Gap, x100%, and use “Dety” to denote
the relative gap in percentage between “Gap2,” and “Gap2,”, i.e., (Gap2, - Gap2y)
/ Gap2, x100%. We show the corresponding results in Table 2.15.

Table 2.15: Arbitrary vs. leading components on the newsvendor problem

™ (%) 100% 75% 50% 25% 10%

m

Size Det. Det; | Det. Det; | Det. Det; | Det. Det; | Det. Det;
(n) (%) () [ () (B) | () () [ (B) (R) | (%) (%)

—20,20]| 0.00 0.00 | 98.80 88.04 | 93.84 69.68 | 78.47 40.56 | 53.72 16.42
100 | [=30,30]| 0.00 0.00 | 99.08 89.17 | 94.97 72.70 | 79.27 42.36 | 55.57 18.59
—40,40|| 0.00 0.00 | 99.05 89.25 | 93.65 69.51 | 74.69 36.59 | 59.68 20.72
—20,20]| 0.00 0.00 |99.09 89.56 | 94.00 69.93 | 75.59 37.00 | 52.88 16.41

[ ]
[ ]
=
160 | [-30,30]] 0.00 0.00 |98.98 88.82 | 94.47 71.10 | 79.10 41.23 | 60.45 20.96
[ ]
[ ]
[ ]
[ ]

—40,40]| 0.00 0.00 | 98.79 87.66 | 92.97 67.85 | 77.78 40.25 | 58.43 19.59
—20,20|| 0.00 0.00 |98.85 88.02 | 93.40 68.60 | 80.09 42.79 | 57.00 18.68
200 | [-30,30|| 0.00 0.00 |98.92 88.50 | 94.77 71.69 | 78.49 40.57 | 57.36 19.18
—40,40|| 0.00 0.00 |99.03 88.92 | 94.88 72.10 | 81.28 44.06 | 57.67 19.04

From the table, we can observe that Gap, > Gapy, and Gap2, > Gap2;, for all
the instances when m; < m. It means that choosing m; arbitrary components leads
to a worse lower bound. For instance, for a newsvendor problem with size 100 and
support [—20, 20, if we arbitrarily choose 75% of the components, then the values
of Gap, and Gap2, are 98.80% and 88.04% larger (i.e., worse) than those of Gapy
and Gap2y, respectively, when we choose 75% of the components with the largest

variability (leading components).

2.4.2.6 Sensitivity Analyses

To better analyze the performance of our derived approximations more thoroughly,
we conduct sensitivity analyses with respect to parameters 71, 72, and Ry. We
take lower bound (2.15) with support [—3c, 30 on the newsvendor problem as an
example to conduct the sensitivity analyses with respect to v; and 7, and summarize
the results in Tables 2.16 and 2.17, respectively. Similarly, we conduct the sensitivity
analysis with respect to Ry for lower bound (2.60) on the newsvendor problem and

summarize the results in Table 2.18.
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Table 2.16: Sensitivity analysis for lower bound (2.15) on the newsvendor problem with
respect to 7

1(%) 100% 5% 50% 25% 10%
Size| v Orig. | Time Gap Gap2| Time Gap Gap2| Time Gap Gap2| Time Gap Gap2| Time Gap Gap2
(n) (secs) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%)

0.4 132 | 13.6 0.00 0.00 | 4.1 0.03 0.78 | 1.18 0.24 2.32 | 0.38 1.07 4.68 | 0.3 216 6.24
0.6 13.7 | 13.5 0.00 0.00 | 4.0 0.03 078 | 1.1 025 233 |04 1.10 4.69 |03 223 6.25
100 | 0.8 128 | 13.0 0.00 0.00 | 4.3 0.03 078 | 1.1 025 233 |04 112 469 |03 227 6.26
1 18.8 |1 19.5 0.00 0.00 | 5.7 003 0.78 |14 025 233 |04 113 470 |03 229 6.26
1.2 13.9 | 141  0.00 0.00 | 4.5 003 078 |12 025 233 |04 113 470 |03 229 6.26
0.4 129.2 | 130.0 0.00 0.00 | 344 0.02 0.55 |62 024 197 |09 094 3.83 |05 2.00 5.17
0.6 136.7 | 138.5 0.00 0.00 | 34.8 0.02 0.55 |64 025 197 |09 097 3.83 |04 2.07 5.18
160 | 0.8 145.0 | 143.4 0.00 0.00 | 33.7 0.02 0.55 |62 025 197 |09 099 383 |05 211 5.18
1 163.6 | 164.5 0.00 0.00 | 464 0.02 055 | 9.1 025 198 |1.0 099 383 |04 212 518
1.2 132.1 | 129.0 0.00 0.00 | 31.7 0.02 0.55 | 6.1 025 198 |0.8 099 3.83 |04 212 5.18
0.4 402.2 | 402.8 0.00 0.00 | 88.4 0.02 0.53 | 16.1 0.18 1.67 |14 0.77 3.30 |04 1.57 4.40
0.6 435.1 | 4349 0.00 0.00 | 90.6 0.02 0.53 | 152 0.19 167 | 1.3 0.80 3.30 |04 1.62 4.40
200 | 0.8 425.3 | 425.1 0.00 0.00 | 103.0 0.02 0.53 | 144 0.19 167 |13 0.81 3.31 |04 165 4.41
1 483.0 | 483.5 0.00 0.00 | 113.9 0.02 0.53 | 21.5 0.19 1.67 | 1.8 081 331 |04 1.65 441
1.2 371.3 | 371.6 0.00 0.00 | 100.6 0.02 0.53 | 15.2 0.19 1.67 | 1.3 081 3.31 |04 1.65 441

Table 2.17: Sensitivity analysis for lower bound (2.15) on the newsvendor problem with
respect to s

(%) 100% 75% 50% 25% 10%
Size| ¥o Orig. | Time Gap Gap2l Time Gap Gap2| Time Gap Gap2| Time Gap Gap2| Time Gap Gap2
(n) (secs) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%)
1 12.2 12.0  0.00 0.00 | 3.9 0.01 042 |11 0.17 154 (04 0.83 3.25 | 0.3 1.72  4.36
2 17.8 175  0.00 0.00 | 5.7 0.02 0.60 [ 1.4 024 221 |04 1.19 4.66 | 0.3 246 6.26
100 | 3 13.3 134 0.00 0.00 | 4.04 0.02 0.74 | 1.1 0.29 2.73 |04 145 577 103 3.01 7.76
4 14.1 14.1 0.00 0.00 | 444 0.02 0.86 | 1.2 0.33 3.18 |04 1.65 6.72 | 0.3 343 9.03
5 13.8 | 13.7 0.00 0.00 | 44 0.03 097 | 1.2 037 358 |04 183 7.57 |03 3.80 10.17
1 114.0 | 113.3 0.00 0.00 | 28.8 0.01 0.38 |54 0.14 1.29 | 0.7 0.64 2.66 | 0.3 1.34 3.61
2 158.0 | 159.8 0.00 0.00 | 45.2 0.02 054 |83 0.20 1.86 |09 091 3.82 | 0.4 1.92 5.18
160 | 3 140.3 | 140.5 0.00 0.00 | 32.7 0.02 0.67 | 6.0 0.24 2.29 | 0.8 1.11 472 |04 234 6.40
4 152.7 | 152.8 0.00 0.00 | 33.5 0.02 0.78 | 6.6 0.27 2.67 | 0.7 1.27 549 |03 267 7.45
5 142.2 | 142.8 0.00 0.00 | 38.8 0.03 0.88 |74 0.30 3.00 | 0.7 140 6.18 |04 295 8.38
1 396.4 | 398.2 0.00 0.00 | 103.2 0.01 0.36 | 15.5 0.11 1.06 | 1.4 052 2.26 |04 112 3.09
2 473.8 | 473.3 0.00 0.00 | 125.4 0.02 0.52 | 22.1 0.15 1.52 | 1.9 0.74 3.23 | 0.5 1.60 4.42
200 | 3 452.03| 451.8 0.00 0.00 | 86.7 0.02 0.64 | 19.1 0.19 1.87 | 1.3 091 399 | 04 1.95 5.45
4 429.3 | 430.0 0.00 0.00 | 106.6 0.02 0.74 | 159 0.21 2.18 |14 1.03 463 | 04 222 6.34
5 466.9 | 465.9 0.00 0.00 | 98.6 ~ 0.03 0.84 | 14.8 0.23 245 |14 1.14 520 | 04 245 7.12

When parameter v, increases, the values of Gap and Gap2 increase very slightly,
as shown in Table 2.16. In contrast, when parameter 7, increases, the values of
Gap and Gap2 also increase, though at higher rates. It implies that the value of v,
and accordingly the second-order moment constraint are more important than the
value of 7, and the first-order moment constraint, respectively, in terms of affecting
the computational performance of solving the corresponding DRO problems. It also

further supports our focus on approximating the covariance matrix in an ambiguity
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Table 2.18: Sensitivity analysis for lower bound (2.60) on the newsvendor problem with
respect to Ry

(%) 100% 5% 50% 25% 10%
Size Ry | Orig. | Time Gap Gap2 | Time Gap Gap2 | Time Gap Gap2 | Time Gap Gap2 | Time Gap Gap2
(n) (secs) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%) | (secs) (%) (%)

400 | 141.2 | 139.7 0.00 0.00 | 60.9 0.02 212 | 314 020 638 | 147 1.17 1488 | 129 1.86 18.09
500 | 118.7 | 1187 0.00 0.00 | 69.0 0.03 213 | 309 021 6.39 | 157 118 1490 | 14.0 1.87 1810
100 | 600 | 128.4 | 1289 0.00 0.00 | 60.4 0.03 214 | 31.0 022 6.39 | 157 1.19 1490 | 140 188 1811
700 | 138.5 | 139.0 0.00 0.00 | 56.8 0.04 2.14 | 309 023 640 | 159 1.19 1491 | 141 1.88 1812
800 | 119.2 | 1188 0.00 0.00 | 63.0 0.04 214 | 322 0.23 640 | 158 1.20 1492 | 140 188 18.12
400 | 832.6 | 834.8 0.00 0.00 | 294.1 0.02 1.74 | 975 0.14 535 | 383 0.65 11.31| 229 1.78 16.13
500 | 941.2 | 943.7 0.00 0.00 | 3324 0.02 1.75 | 110.2 0.14 535 | 433 0.66 11.31| 259 1.79 16.14
160 | 600 | 911.6 | 9144 0.00 0.00 | 322.1 0.03 1.76 | 106.8 0.15 5.36 | 42.6 0.66 11.31 | 25.1 1.79 16.15
700 | 897.2 | 899.6 0.00 0.00 | 316.9 0.03 1.76 | 105.1 0.16 5.37 | 41.3 0.67 11.33 | 247 180 16.16
800 | 958.2 | 960.8 0.00 0.00 | 3384 0.04 1.77 | 1122 0.16 537 | 441 068 11.33| 264 181 16.16
400 | 2575.2 | 2556.7 0.00 0.00 | 820.3 0.01 1.40 | 233.5 0.13 416 | 51.1 059 1042 | 269 1.56 14.73
500 | 2421.2 | 2438.7 0.00 0.00 | 771.5 0.01 1.41 | 2248 0.13 4.17 | 482 0.60 10.43 | 30.1 1.57 14.74
200 | 600 | 2367.1 | 2331.6 0.00 0.00 | 725.7 0.02 1.42 | 2185 0.13 4.17 | 46.1 0.61 10.43 | 27.0 157 14.74
700 | 2255.9 | 2250.3 0.00 0.00 | 729.0 0.02 1.43 | 213.7 014 4.18 | 455 0.61 10.44 | 27.7 1.58 14.76
800 | 2316.7 | 2318.1 0.00 0.00 | 735.1 0.02 1.43 | 226.8 0.14 418 | 472 062 1045 | 28.1 1.58 14.76

set through either the PCA approach or the vector splitting approach in this chapter.
In addition, we can observe that an increase in Ry will also lead to slightly increasing
Gap and Gap2, as shown in Table 2.18. Meanwhile, the values of computational

time are close for the changes of values in 7, 7,2, and Ry, respectively.

2.5 Discussions

In this chapter, we proposed computationally efficient inner and outer approxima-
tions for DRO problems with two types of ambiguity sets: the moment-based ambi-
guity set and combined ambiguity set. We approximated the original DRO problems
mainly through two approaches: (i) use PCA to shrink the dimensionality of the
uncertainty space; and (ii) split the random parameter vector into smaller pieces,
both of which lead to smaller PSD matrix constraints. Furthermore, we derived the-
oretical bounds on the gap between the optimal values of DRO problems and their
approximations. Such bounds help determine the required numbers of split pieces
and principal components to reach a predetermined error bound. Our proposed
approximations enable decision-makers to better balance the trade-off between so-
lution quality and computational time by leveraging the appropriate numbers of split

pieces and principal components. Meanwhile, the inner and outer approximations
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together enable us to construct an interval that contains the (unknown) optimal so-
lution for a large-scale DRO problem, which cannot be solved to optimality (or even
feasibility in most cases) by existing methods in a reasonable time. Such interval
is tight for most cases, as demonstrated by our numerical experiments. Finally, we
demonstrated the significant effectiveness of the proposed approximations in solving
the distributionally robust production-transportation and multi-product newsven-
dor problems. The results showed that our approximations significantly reduce the
computational time while maintaining high solution quality, with the strengths of

our derived theoretical bounds well justified.

2.6 Supplement to Section 2.3: Further Including the First-

Order Moment Information

We develop a DRO problem with the combined ambiguity set that incorporates
Wasserstein distance information as well as both the first- and second-order moment

information. That is, we consider

min max Ep[f (x,§)], (DRO-C2)

zEX PEDes

where
(Ep[€] —p)' =" (Be[€] — p) <m
Des (S, . 271,72, Po, Ro) = AP Ep |[(€—p) (€ —p)T | <52

W (]P)7 ]P)O) < RO

We derive an SDP reformulation of (DRO-C2), as well as its inner and outer ap-

proximations that can be solved more efficiently.

Proposition 2.11. Under Assumption 2.2, (DRO-C2) can be recast as the following
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SDP formulation:
| N
Z¢ = i N 2 D> = , 9,

Golm) = min ARy + 73X e Q+2Vnw Bw+ 53y (2.85a)
é‘ﬁng Z:l
Q 1 (—un(@)+¢ —2Qu—2w)

L - e = 0,(2.85b

i %(—yk(m)-l-CZ—QQH—?'w)T yi—yg(m)—C’LTg +uTQut2wTp | — ( )

Vi € [N],Vk € [K]
ANeRy, me X, ||¢|, <A, Vie[N],

where w € R™, Q@ € R™™ (' € R™ for any i € [N], ¢ = {¢t...,¢N), and
g:{ylv"wyN}'

Proof. Problem (DRO-C2) can be rewritten as

;11612 max - f(x,&)dP(§) (2.86a)
b & —n)

s.t. d P(€) = 0, 2.86b

[ €-me-w are =z (2:860)

— €| (€.€) < Ry, 2.86d

[ =g (e) (2.864)

where R™ = § and (2.86b) is derived due to Schur’s complement.

We let [:}‘4 17‘,’] = 0,Q = 0,and A € R, denote the Lagrangian multipliers of con-

straints (2.86b), (2.86¢), and (2.86d), respectively, and thus derive the Lagrangian
dual problem of (2.86) as follows:

min ARy +7XeQ+XeW + 1+ / sup g(&, &) Po(d€) (2.87a)

Sy B ¢
st. ANeR,, ze€X, Q*>0,
W w
=0, (2.87D)
w' r

where g(¢, &) = f(@,&)+2w" (§—p)—(§—p)  Q(€—p)— [ —E]1. By following the

similar steps in the proof of Lemma 1 in Gao and Kleywegt (2017), we can prove that
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here the strong duality holds for Problem (2.87). We then further simplify (2.87)
towards eliminating variables W and r in the outer minimization problem. To that
end, we keep variables &, @, A\, and w fixed while solving Problem (2.87) analytically
for variables W and r. It follows that we solve Ivre/n?} 3 ¢ W + ~yr analytically for
W and r. We consider two cases for the optimal solution of r (denoted by 7*) due

to constraint (2.87b), i.e., r* > 0 and 7* = 0, as follows.

o If 7* > 0, then constraint (2.87b) can be reformulated as W = 22_ py

r

Schur’s complement. As a result, W* = wT“’T is a valid optimal solu-

tion because mh?r} 3> ¢ W + ~1r is a minimization problem. Replacing W*
by “’—’Tf’T leads tc’) solve a one-dimensional convex optimization problem, i.e.,
IEI>151 (%) w' Xw + ;7. By applying the necessary first-order optimality condi-
tion to this problem, i.e., setting the derivative of the objective function over

r to zero, we have r* = (%)'wTZw as the optimal solution of r, resulting
in nv‘llin SoeW +yr =2¢/nw Sw.
T

o If r* =0, then we let w* denote the optimal solution of w and we must have

w* = 0. Otherwise, we have w* ' w* > 0, and by defining Z = (w*",n)" with

n < %, we further have
w* w*
zZ' Z = w"  W*w* + 2nw* w* < 0,
w0
which contradicts constraint (2.87b). Considering r* = 0 and w* = 0,

min 3 e W + vy reduces to min ¥ ¢ W whose optimal solution is clearly
z, W, w,r w

W?* = 0 as it is a minimization problem. As a result, IVI‘l/iIl oW +vyr =
T

2/ mw' Xw.

)

Therefore, Problem (2.87) can be recast as follows:

min - ARy +72X e Q +2v/nw'Sw + / sup g(&,€) Po(d€)  (2.88)
QA moe
st. AeR,, z€X, Q*>0.
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Note that f(x,€) = maxt, {yk x) + yp(x TS} Thus, we have g(§&, E) can be

rewritten as follows:
9(&,€) = miax {y) (@) + ye(@) €} + 2w (€ — 1) = (6 — ) Q (& — )~ N|§ — €]l

As Py denotes an empirical distribution of & generated by i.i.d. samples {él D€
N} C S from the P, i.e., P{¢ = él} = + for any i € [N], we have

/ up 9(€, &) Py(dé) = Zsupg (2.89)
Thus, by plugging (2.89) into (2.88), (2.88) can be reformulated as
N

. 1
min {)\Rg +YeQ +2Vnw Xw + — Z yi} (2.90a)
T, w N £
QA =1
st. yi=supg(§,&), Vie[N], (2.90b)

£

AeR,, ze X, Q*=0.

Since Problem (2.90) is a minimization problem, constraints (2.90b) can be relaxed

to y; > sup, g(&,¢&") for any i € [N]. Thus, we have

y»sgp{max{yk 2) + (@) €} + 2w (€ - p) - (ﬁ—M)TQ(E—H)—A”ﬁ—gnl}7ViE[N]
Sy; > max sup{yk )@)€ +2wT E-w) - (E-m) QE-w - AE-E L}, VieN]

i 2 0w {(@) + ue(@) 7€ +20T (€= = €)' Qe )~ A€~ &'}, vi € [V, Wk €[]

~i AT ~i
For any given i € [N], we let ||€ — & |1 = sup ¢ (& — &), and accordingly we
€11+ <1
have
wzsw nl (@) +u@) e +20T (€—w - (E-wTQE-—w - (¢-&)}, vhe K]

T e sup {uf(@) + (@) 7€ 207 (€~ (-] QE-m - (6-&)}, vkelK)

@3t ¢ <1 vz {i@) @ Te +20T € - €-wTQE-w - (€-E)}
vk € [K]
eaCst ¢ <L u i@ +n@TE +20T €-w-E-wTQE-m -1 (6-¢),

Ve € R™, Vk € K]

Q 5 (—yr (@) +A—2Qu—2w)

R AT i =0, Vk € [K], 2.91
3(—ur(@)+AC-2Qu—2w) " yi*yz(m)*)\c—rﬁ'+uTQu+2wTu} - K] (2.91)

wsten o] <1 |
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where the first equivalence is due to the convexity of g(& ,é), S, and the feasible
region defined by ||é’||* < 1. For any given i € [N], we replace AC by ¢, and then we
can obtain Problem (2.85) by further replacing (2.90b) by (2.91) for any ¢ € [N]. O

In the following Sections 2.6.1 and 2.6.2, we derive computationally efficient
outer and inner approximations, leading to lower and upper bounds, for Problem
(2.85), respectively. We first reformulate (DRO-C2) as the following problem by

performing the eigenvalue decomposition on matrix X:

min max [Ep, [f (m,UA%EI + u)] , (2.92)

xeX P1eDcg

where
Ep, [€] |Ep, [€]] <
Deg (St, 171,72, Po, Ro) =  Pr| Bey [€1&7 ] < 72l

Irr - /82 HUA%gI T éle (UA%§I + u,é) < Ry

under the condition that f(x, UA%& + p) is Pr-integrable for any Py € Dgg and
Spi={& eR™:UAE + p € S).

2.6.1 Lower Bound

By the approximation of £ in (2.9) due to PCA, we outer approximate (2.92) as the

following problem:

min max Ep, [£ (@ U A+ 1) | (2.93)
where
Ep, (€, B, [€,] <7
Der (S, 1, 711,72, Po, Ro) = § Pr| B, [ } =X vedm,

E|7r:/
82

with S, := {€, € R™ : Uy, AZLE, + p € S).

1 ~ 1 ~
Um><m1AT%11£r + r— €H1 ™ (UWXW1A72n1€r + “aé) S RO
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Theorem 2.7. Under Assumption 2.2, Problem (2.93) has the same optimal value
as the following SDP formulation:

Zealm) = min - Mo+l o Qu+ VATl + Nzyl (2.95)
Q.9
. Q. (@t (-0 @+¢) Unsn, A )
- %(qr+(—yk(m)+ci)TUme1Aﬁnl) yi—yr(z) p— yk(w)+(u E) ¢!

Vi € [N], Vk € [K], (2.95b)
NeERy, e X, €', <A\ Vie[N], (2.95¢)

where g, € R™, Q, € Rm>m ¢t e R™ ¢ ={¢Y ... ¢NY, and § = {y1,....yn}-

Furthermore, (i) Problem (2.95) provides a lower bound for the optimal value of
(DRO-C2); (ii) the optimal value of Problem (2.95) is nondecreasing in my; and
(#i) if my = m, then (DRO-C2) and (2.95) have the same optimal value.

Proof. The reformulation proof is similar to that in Proposition 2.11, while the
proofs for claims (i), (ii), and (iii) are similar to those in Theorems 2.2 and 2.5.

Thus we omit them here for brevity. O

2.6.2 Upper Bound

We approximate Problem (2.85) by splitting &; in D¢g into P pieces so that & =
(&0.€1, ..., &0,)7, where & € R™, Vj € [P], and 37, m; = m. This gives rise

to an inner approximation

min max [Ep, [f (zc,UAéél + u)} : (2.96)

zeX PeDes
where
Ep, [& | Ep, [&] <m
Des (St, 1,71, 72, Po, Ro) = { Pr| Ep, [ﬁlﬁg} = 2lm;, Vj € [P]

I - /32 HUAégI Y- éle (UA%sI v u,é) < Ry
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Theorem 2.8. Under Assumption 2.2, Problem (2.96) has the same optimal value
as the following SDP formulation:

P N
* . 1
UBgy = min ARy+92) Im; ¢ Q;+ VA1 llaly+ 5 D v (2.97)
e j=1 =1
Q.$9,8
. 1 T
Q, é(qj+(—yk(m)+c@)TUWijA?nj)
s.t. T 1 = Oa
%(q]"f‘(_yk(w)‘f'gl) UmxmjA?nj) Sjik
Vj € [P], Vi € [N], Vk € [K],
P ~iN T
> sie = vi — (@) - yl@) + (n—&') ¢ vie [N], vk € [K],
j=1
ANERy, ze X, ||, <A, Vi€ [N],

where ¢ = (qf € R™,... . qp € R™)T, Q; € R™*™ for any j € [P], Q =
{Ql""aQP}i CZ e R™ fOT’ anyl S [N]i & - {Clﬂ"'7CN}7 Q - {yla'-‘7yN}7 and
§ = {sijx, Vi € [N], Vj € [P], Vk € [K]}. Furthermore, Problem (2.97) provides an
upper bound for the optimal value of (DRO-C2).

Proof. The reformulation proof is similar to that in Proposition 2.11 and Theorem
2.6, while the proof of the claim that Problem (2.97) provides an upper bound for
Problem (2.85) is the same as that of Theorem 2.4. Thus we omit them here for
brevity. O]

2.6.2.1 Computational Experiments

To evaluate how the first-order moment information affects computational per-
formance, we solve Problem (DRO-C2) and its approximations in the context of
production-transportation problem, and further compare the results with those of
solving Problem (DRO-C) and its approximations. We first specify the proposed
lower and upper bounds of (DRO-C2) in this context. The outer approximation
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(2.95) leads to the following problem:

N
. 1
min  ¢'@+ ARy +72lm, ¢ Q, + 1 g, + N > i
i—1

z,2,\,q,
Q. .¢.9
T 1N\ T
Qr %(qr“l’(*akz;{‘i’cl )UmnxmlA'r?ll)
S.t. 1 )
. 1 - . =
%(qur(fakz;rJrCZ )UmnXmlAal) vi—arzl p—Br+¢t " (n—¢)

Vi € [N], Vk € [K],

AERy, ||, €A, Vi€ [N], (2.82d), (2.98b) — (2.98d),

where 2z, € R™ is a vector whose ((i — 1)m + j)-th element is 2 and ¢* € R™.

The inner approximation (2.97) leads to the following problem:

P N
. 1
min ¢ @+ ARy + 72 E I, eQ; +vm HQHZ"FNZ%
i=1

z,z,A,q —
Q<98 J=
) 1 T
Q; %<Qj+(—akz;r—l—CzT)UmnxmjA?nj) 0. v ,
s.t.
L Tyet! 3 - ]E[ ]7
Haj+(—arzl +¢ T ) Umnxm, AR, s

Vi € [N], Vk € [K],

P

i’ A1 .
Zsjik:yi—akzgﬂ_ﬂk+c (”_6)7 Vi € [N], Vk € [K],
=1

)\ER+,

¢l < A, Vi€ [N], (2.82d), (2.98b) — (2.98).

where Q; € R™*™i and q; € R™ for any j € [P] so that 25:1 m; = mn.

First, we report the performance of lower bound (2.95) and upper bound (2.97)
of Problem (DRO-C2) in Tables 2.19 and 2.20, respectively. By comparing Table
2.19 with Table 2.3 that reports the lower bound performance of (DRO-C), we can
observe that both the computational time and gap are not changed significantly,
after additionally including the first-order moment information. By comparing Table
2.20 with Table 2.9 that reports the upper bound performance of (DRO-C), we can
observe that the computational time change from Table 2.9 to Table 2.20 is not

significant, while the computational gap reduction is observable.

Second, we compare the optimal value difference between the lower (resp. up-

per) bound of Problem (DRO-C) and the lower (resp. upper) bound of Problem



Table 2.19: Lower bound (2.95) on the production-transportation problem

92

(%) 100% 75% 50% 25% 10%
Size Orig. Time Gap | Time Gap | Time Gap | Time Gap | Time Gap
(m,n) | (secs) | (secs) (%) | (secs) (%) | (secs) (%) | (secs) (%) | (secs) (%)
(5,20) 774.6 759.2  0.00 | 290.3 1.42 | 99.1 2.67| 386 485 | 195 5.19
(4,40) | 5260.4 | 4985.9 0.00 | 1531.5 1.09 | 511.1 2.96 | 140.7 5.35 | 57.7 5.66
(8,25) | 12324.4 | 12464.5 0.00 | 3998.0 2.04 | 1205.9 3.82 | 285.6 4.00 | 96.2 4.11

Table 2.20: Upper bound (2.97) on the production-transportation problem

P 2 4 )

Size Orig. Time Gap | Time Gap | Time Gap
(m,n) | (secs) | (secs) (%) | (secs) (%) | (secs) (%)
(5,20) | 824.1 202.8 0.25 | 126.5 0.58 | 118.1 0.80
(4,40) | 5454.6 | 1088.8 0.46 | 548.3 1.09 | 519.6 1.33
(8,25) | 12797.1 | 2505.0 0.08 | 11454 0.25 | 1135.5 0.37

(DRO-C2), as reported in Tables 2.21 and 2.22. In Tables 2.21 and 2.22, the columns

“Origl” and “Orig2” represent the optimal values of Problems (2.57) (i.e., original
Problem (DRO-C)) and (2.85) (i.e., original Problem (DRO-C2)), respectively. The
column “Objl” (resp. “Obj2”) represents the objective value of the approximation
of Problem (DRO-C) (resp. Problem (DRO-C2)). From Tables 2.21 and 2.22, we

can observe that by including the first-order moment information in the combined

ambiguity set, the conservatism of the optimal solution can be reduced (leading to

a smaller objective value), though very slightly.

Table 2.21: Lower bounds (2.60) and (2.95) on the production-transportation problem

(%) 100% 5% 50% 25% 10%
Size | Origl Orig2 | Objl Obj2 | Objl _Obj2 | Objl _Obj2 | Objl Obj2 | Objl  Obj2
(m,n)

(5,20) | 418 4.09 | 418 4.09 | 409 4.02 | 397 3.94 | 387 3.87 | 3.86 3.86
(4,40) | 296 290 | 296 290 | 292 288 | 2.86 2.83 | 2.8 2.77 | 277 2.77
(8,25) | 7.04 6.93 | 7.04 693 | 694 6.87 | 6.74 6.71 | 6.68 6.67 | 6.66 6.65

Third, we perform sensitivity analyses with respect to parameters v, and R,

where we consider (m,n) =

(5,20). The results are reported in Tables 2.23 and

2.24. When either 7, or Ry increases, both the computational gap induced by

lower bound (2.95) increases slightly, while the computational time change is not



Table 2.22: Upper bounds (2.72) and (2.97) on the production-transportation problem

P 2 4 )
Size | Origl Orig2 | Objl _ Obj2 | Objl _ Obj2 | Objl _ Obj2
(m,n)
(5,20) | 3.49 346 | 3.51 3.47 | 3.61 3.49 | 3.63 3.49
(4,40) | 2.96 290 | 3.03 291 | 3.12 292 | 3.15 2.92
(8,25) | 7.04 693 | 7.12 6.94 | 7.29 6.95 | 7.37 6.96

significant. From Table 2.24 we can observe that an increase in Ry slightly increases

the computational gap, while an increase in ~y; slightly decreases it.

Table 2.23: Sensitivity analysis for lower bound (2.95) with respect to (71, Ro)

%(%) 100% 75% 50% 25% 10%
(71, Ro)| Orig.| Time Gap | Time Gap| Time Gap| Time Gap| Time Gap
(secs)| (secs) (%) | (secs) (%) | (secs) (%) | (secs) (%) | (secs) (%)
(0.4,30)| 802.7| 759.1 0.00 |287.7 0.87| 100.7 3.07|39.7 3.87| 19.1 3.96
(0.6,30)| 776.8| 760.8 0.00 |295.6 1.02| 113.1 3.62| 40.3 4.57| 18.3 4.68
(0.8,30)| 861.0| 845.5 0.00 | 282.8 1.15|109.9 4.07|39.5 5.15| 17.0 5.27
(0.4,40)| 842.7| 728.9 0.00 |273.7 0.97| 101.8 3.64| 38.3 4.47| 19.53 4.72
(0.6,40) 769.2| 728.9 0.00 |281.4 1.25|94.3 4.03|37.5 5.05|17.0 5.26
(0.8,40) 799.9| 731.9 0.00 |282.8 1.40|94.5 4.53|37.1 5.78|17.2 6.26
(0.4,50)| 760.0{ 703.6 0.00 |276.6 1.18]98.6 4.05|40.08 4.93| 17.9 5.11
(0.6,50)| 725.3| 731.0 0.00 | 277.2 1.39| 101.2 4.52| 38.7 547|17.7 5.94
(0.8,50)| 747.7| 703.4 0.00 |286.4 1.57|105.1 5.12|38.2 6.43| 17.1 7.63

Table 2.24: Sensitivity analysis for upper bound (2.95) with respect to (71, Ro)

P 2 4 )

(71, Ro)| Orig.| Time Gap | Time Gap| Time Gap

(secs)| (secs) (%) | (secs) (%) | (secs) (%)
(0.4,30)| 823.3| 202.8 0.25 | 127.2 0.74| 119.4 0.77
(0.6,30)| 852.6| 205.4 0.24 | 126.2 0.70| 117.4 0.74
(0.8,30)| 712.3| 189.1 0.23 | 128.1 0.68| 120.7 0.72
(0.4,40)| 795.8/ 199.4 0.26 | 133.1 0.75| 121.9 0.77
(0.6,40)| 827.6| 202.6 0.25 | 135.3 0.71] 126.4 0.75
(0.8,40)| 775.5| 200.7 0.23 | 134.4 0.69| 122.6 0.73
(0.4,50)| 747.0| 198.0 0.26 | 130.4 0.76| 124.7 0.78
(0.6,50)| 749.2| 206.3 0.26 | 130.3 0.71| 125.0 0.75
(0.8,50)| 773.5| 205.4 0.24 | 131.7 0.70| 124.9 0.74
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First,

min
w7z7s7
A,q,,Q;

s.t.
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Supplement to Section 2.4: Applying the Pro-
posed Approximations in the Context of Production-

Transportation Problem

the outer approximation (2.15) leads to the following problem:

c'xt s+ 72l ¢ Q+ 14l (2.98a)
1N\T T
s—,Bk—)\ka—akzZu—&-)\zAu ;(qr“!‘ (UmnXmlA?nl) (ATAk_O‘kzk)>
=0
T Y
;(qr"r(UmnXmlAéLl) (ATAk_OCka>> Qr
vk € [K],
Ap € R™, Yk € [K], (2.82d),
Sz = d;, V) € [n], Yk € [K], (2.98b)
i=1
>z = i, Vi€ [m], VE € [K], (2.98¢)
j=1
ziji = 0, Vi € [m], Vj € [n], Vk € [K], (2.98d)

where z, € R™ is a vector whose ((¢ — 1)m + j)-th element is z;;.

Second, the outer approximation (2.60) leads to the following problem:

N
1
min e’z + AR+ 72lm, 0 Q.+ = D _ui (2.99)
m7z7A7Qr7C’g N =1
1 ( T 'T> 3T
Qr 7( —QEz +C1 UmnX'm Am )
s.t. AN M) =0, | vie [N,

Y

%(—akz;r‘i'CiT)UmnXmlAT%nl yqz—akzZu—ﬂk-ﬁ-CiT(u—éi)

AER, ||K', < A, Vi€ [N], (2.82d), (2.98b) — (2.98d),

where ¢* € R™,
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Third, the inner approximation (2.24) leads to the following problem:

min CTw+S+’Y2Im1 e Q. +v1ldls
m7z7s7A7q’Qr

1\ T T
s=Br—Al oz ptA{ Ap ;<q1+(UmnXm1A%1) (ATAk—akzk)>
s.t. =0

1 — 9

T
é<q1+(Umn><m1A211) (ATAk_ak'zk)> Qr

Vk € [K],

T
1

qs + (Umnx(mn—m1)A72nnm1> <AT)‘k - akzk> =0, Vk € [K]a

Ar € RY, Vk € [K], (2.82d), (2.98b) — (2.98d),

where g = (g € R™ g5 € Rm™m1)T,

Fourth, the inner approximation (2.37) leads to the following problem:

P
min cTw+8+VQZIm¢‘Qi+ﬁ"Q|‘2
x,2,5,q,Q A\ i—1

1 T

.
Sik %(qi+(UmnXmiA%i) (ATAkaka)>

s.t. LT
% <q7,+ (UmnXmZA'?nz> (AT)\k_akzk)> Qz

=0

p— Y

Vi € [P], Vk € [K],
P
Zsik =s—Br— AL b—apzlp+ A Ap, Vk € (K],
i=1

A, € R?, Vk € [K], (2.82d), (2.98b) — (2.98d),

where Q; € R™*™ and q; € R™ for any i € [P] so that .1, m; = mn.
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Fifth, the inner approximation (2.72) leads to the following problem:

P
mlI)\l c a:+)\Ro+’yQZImJOQ + = Zyz
Q. =1
1 T
) 1 ( 2
ot QJ 1 3 (( akzk +¢ > mnijAmj) =0,
%( Clkzk +CZ ) mnxmjA?nj Sjik
Vj € [P],Vi € [N], Vk € [K],
P - .
> s =i —owzln— B+ ¢ (=€), vie V], vk e [K]
j=1
AER., [[¢][, € A, Vie [N], (2.82d), (2.98b) — (2.98d).

By Proposition 2.3, the optimal value gap between Problem (2.83) with the

moment-based ambiguity set and Problem (2.98) can be described as follows:

0 < Z*w(mn) — Z*u(my) < Ve EK: gﬁ Aij [(AT)\Z — akzZ)T Uz}2 |
k=1 \ i=mi+1
where z; and Ay, k € [K], are optimal solutions of Problem (2.98), and Z*\(mn)
and Z*\i(mq) are the optimal values of Problems (2.83) and (2.98), respectively.
Similarly, by Proposition 2.9, the optimal value gap between Problem (2.83) with
the combined ambiguity set and Problem (2.99) can be described as follows:

0 S Z*C<m ) ml \/%ZZ\/L:fm m1 L;]ncn m1>T?

=1 k=1

where Z*¢(mq) is the optimal value of Problem (2.99) and L% = (—apz} +
ix T
CZ

of Problem (2.99).

WU s (mn—m1) Afnn m, With 27 and ¢ e [N], representing optimal solutions
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CHAPTER 3

Resilient NdFeB Magnet Recycling under the Impacts of
COVID-19 Pandemic: Stochastic Programming and Benders

Decomposition

In this chapter, we propose a chance-constrained two-stage stochastic programming
(CTSP) model for a reverse supply chain network of Neodymium-iron-boron (Nd-
FeB) magnets to maximize the profit while guaranteeing network resiliency. Fur-
thermore, we develop an efficient Benders decomposition algorithm to solve the
problem in large-scale instances. In Section 3.1, a brief background of the NdFeB
magnet industry and the impacts of some disruptive events, including the COVID-
19 pandemic, on this industry is provided. Section 3.2 provides a brief review of the
literature about supply chain and logistics network design under uncertainty as well
as supply chain risk management in the COVID-19 pandemic. Section 3.3 defines
the studied problem in this chapter and Section 3.4 presents the proposed mathe-
matical model for this problem. The developed Benders decomposition algorithm is
introduced in Section 3.5 and the proposed model is applied to the United States
in Section 3.6. In Section 3.7, comprehensive computational experiments are con-
ducted to evaluate the performance of the proposed model and algorithm. Finally,

Section 3.8 concludes this chapter by providing some managerial implications.
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3.1 Introduction

Today’s global supply chains are like a double-edged sword. Although they are
efficient and productive in normal conditions, they are incredibly vulnerable to un-
certain events that can disrupt the continuous flow of materials through the supply
chain. The source of these uncertainties can be categorized into two groups: dis-
ruption risks and operational risks (Tang 2006, Tomlin 2006). While operational
risks represent disturbances in daily operations like lead time or demand fluctu-
ation, disruption risks are related to low-frequency but high-impact events (also
called Black Swan events) like natural disasters (e.g., tsunami, earthquake, flood)
and human-made disasters (e.g., fire, terrorism, utility failure, labor strikes, cyber-
attack). Such risks can entirely or partially disrupt one or more supply chain and
logistics network components such as suppliers, manufacturers, distribution cen-
ters, and transportation links. The consequences of these disruptions range from

productivity and revenue reduction to loss of goodwill (Alcantara 2017).

The COVID-19 pandemic is the most recent example of such disruptive events.
The long-term supply and demand disruptions caused by this pandemic distinguish
it from other small-scale and medium-scale disruptive events (Ivanov 2020). In the
first nine months of the pandemic, the COVID-19 pandemic infected about 35 mil-
lion people, affected 216 countries (Worldometer 2020), and created a severe supply
shortage in the global market. According to Sherman (2020), 94% of Fortune 1000
companies experienced supply chain disruptions from the COVID-19 pandemic. The
most vulnerable companies had concentrated their production facilities geograph-
ically to save costs. For example, Bradstreet (2020) found that at least 51,000
companies around the world have Tier 1 suppliers in Wuhan, where the COVID-19
was observed for the first time, while at least five million companies have one or
more Tier 2 suppliers in Wuhan. Moreover, the fast spread of COVID-19 in the
United States and Europe obstructed the movement of the products and materials

worldwide. Consequently, the COVID-19 pandemic created substantial demand and
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supply disruptions globally.

One of the essential products, whose supply chain has been significantly affected
by the COVID-19 pandemic, is the NdFeB magnet. More than 20 industrial sectors,
including hard disk drives (HDDs) and electric vehicles (EVs), are dependent on
NdFeB magnet supplies (Shaw and Constantinides 2012). This permanent magnet
is made of rare-earth elements (REEs), which are classified as critical materials to
the United States and European Union due to their increasing importance to clean
energy and persistent supply risk. Although NdFeB magnet demand is distributed
worldwide, China is the leading producer of this magnet, with approximately 80%
of the global market share (Eggert et al. 2016). Therefore, the companies that rely
heavily on China for NdFeB magnets or REEs face severe supply disruption risks
during the COVID-19 pandemic. The facility shutdown and temporary production
loss triggered by this pandemic have amplified the global REE and NdFeB magnet
supply chain risk.

Besides the COVID-19 pandemic, other black swan events such as geopolitical
conflicts and international trade wars have made an unpredictable, widespread, and
severe impact on the global supply chains of REEs and NdFeB magnets. For ex-
ample, the risk of near-monopolistic supply became evident in 2010 when China
blocked the export of REEs to Japan over a geopolitical conflict. The supply dis-
ruption eventually led to an unstable market and a tenfold increase in REE prices
(Golev et al. 2014). In 2019, the US increased the tariff on Chinese products from
10% to 25% as a part of the ongoing trade war. This decision raised a fear that
China, as a retaliation, could ban the export of rare-earth magnets to the US since
80% of the US rare-earth element imports come from China (Schmid 2019). There-
fore, several countries, including the US, encourage domestic companies to develop
alternative sources to produce NdFeB magnets, such as recycling NdFeB magnets.
Building a new REE supply chain with both upstream (e.g., REE mining) and down-
stream (e.g., NdFeB magnet production) processing capabilities is both expensive

and time-consuming. However, direct magnet-to-magnet recycling can be a viable
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option for producing NdFeB magnets from the end-of-life (EOL) products.

NdFeB magnet recycling could have significant benefits over new production.
For example, new NdFeB magnet production is heavily dependent on the extraction
of neodymium (Nd) and dysprosium (Dy) from REE bearing ores and clays, which is
expensive and environmentally disastrous (Tharumarajah and Koltun 2011). More-
over, the growth of the existing industrial sectors and the development of new tech-
nologies that are heavily dependent on REEs have significantly increased the con-
sumption of these critical resources (Nlebedim and King 2018). According to Habib
et al. (2020), the annual worldwide demands for REEs are expected to increase
significantly from 2020 to 2035, causing a depletion of REE geological reserves.
Therefore, the primary supply of Nd and Dy may fail to meet the future demand
by 2050 (Habib and Wenzel 2014).

NdFeB magnet recycling has a promising potential because the worldwide in-use
stock of NdFeB magnets is about 400% larger than the annual extraction rate of
REEs (Du and Graedel 2011). Companies are developing NdFeB magnet recycling
technologies that utilize EOL products either for reusing the magnets or recovering
REEs (Nlebedim and King 2018). According to Habib and Wenzel (2014), NdFeB
magnet recycling can meet almost 50% of the neodymium (Nd) and dysprosium (Dy)
demand by 2100. NdFeB magnet recycling can not only reduce new REE consump-
tion but also lower the environmental footprint of NdFeB magnets (Jin et al. 2018).
The economic viability and environmental benefits of NdFeB magnet recycling are
highly sensitive to the processing volume (for economies of scale) and transporta-
tion distance among various supply chain members, highlighting the importance of

optimizing the reverse logistics network.

To the best of our knowledge, there exists no quantitative decision-making model
in the literature that develops a resilient NdFeB magnet recycling supply chain. Our
goal is to fill this gap in the literature by designing a reverse logistics network for

NdFeB magnet recycling that is resilient to both disruption and operational risks.
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In this study, we aim to answer the following questions:

1. How should we strategically locate the facilities and optimize the processing

capacities, inventories, and transportation flows to maximize the profit?

2. How can we make the supply chain and logistics network resilient enough
to large-scale disruptions caused by a black swan event like the COVID-19

pandemic?

To answer these questions, we develop a CTSP model that not only maximizes
the total profit of the recycling supply chain and logistics network but also ensures
the network resiliency to cope with demand and disruption uncertainties. We also
develop scenarios to model different types of supply and demand disruptions, re-
bound effect on NdFeB magnet demand, and the non-linear recovery process caused
by large-scale disruptive events like the COVID-19 pandemic. As the CTSP model
is NP-hard, we develop a customized Benders decomposition algorithm to find the
optimal solution for large-scale instances and perform experiments to demonstrate
its computational efficiency. The proposed model was applied to a case study of Nd-
FeB magnet recycling in the US to draw managerial insights that could be helpful

for supply chain and logistics operations managers.

3.2 Literature Review

Shekarian and Mellat Parast (2020) provided a comprehensive review of different
strategies for supply chain disruption risk management, and Chowdhury et al. (2021)
reviewed COVID-19 related supply chain studies. To make the literature review
more streamlined, in this section, we provide a brief review of the literature in two
streams of research: (1) supply chain and logistics network design under uncertainty

and (2) supply chain risk management in the COVID-19 pandemic.
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3.2.1 Supply Chain and Logistics Network Design under Uncertainty

The increasing complexity of the global supply chain and logistics network has made
it more vulnerable to operational and disruption risks than ever before. As strategic
decisions like facility location are long-term decisions, it is essential to consider
uncertainties while designing a supply chain and logistics network. In the literature,
numerous quantitative models have been developed, focusing on either disruption or
operational risks. Interested readers may refer to Golan et al. (2020), Govindan et al.
(2017), Hosseini et al. (2019), Paul et al. (2016), and Snyder et al. (2016) for a more
comprehensive review. However, considering both operational and disruption risks
will result in more robust and reliable networks (Heckmann et al. 2015, Shukla et al.
2011). In Section 3.9, we summarize the studies that considered both operational

and disruption risks in their quantitative models.

To manage the supply chain risks, various risk mitigation strategies have been
proposed, which include alternative sourcing (Zhalechian et al. 2018), backup sup-
pliers (Paul et al. 2017), backorder (Hishamuddin et al. 2013), spare capacity (Paul
et al. 2014), buffer inventory (Liicker et al. 2019), facility fortification (Li et al.
2013), substitute products (Saha et al. 2020), and relationship management with
suppliers (DuHadway et al. 2019). Tables 3.10 - 3.12 show that a combination of
these common strategies was used to enhance supply chain and logistics network

resilience.

The majority of the studies reported in Tables 3.10 - 3.12 used discrete scenarios
to model disruption risks caused by natural or human-made disasters, while the
stochastic programming approach has been the most popular method in this area
(Ahmadi-Javid and Seddighi 2013, Mak and Shen 2012). On the other hand, op-
erational risks were modeled using two-stage stochastic programming Listes (2007),
robust optimization (Pishvaee et al. 2011), possibilistic programming (Pishvaee and
Torabi 2010) or their combinations. While most of the studies adopted commercial

optimization solvers to solve their mathematical models, a few studies developed
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approximate or exact solution methods to solve their large-scale models (Fattahi

and Govindan 2018, Hasani and Khosrojerdi 2016, Zahiri et al. 2017).

3.2.2 Supply Chain Risk Management during the COVID-19 Pandemic

The traditional risk management strategies may not be sufficient for large-scale dis-
ruptions like the COVID-19 pandemic due to its unique features. In preparation
for the next pandemic, Choi et al. (2020), Ivanov and Das (2020), and Ivanov and
Dolgui (2020) suggested supply chain practitioners exploring the ideas of Industry
4.0 and digital manufacturing for higher transparency and better control. Dolgui
et al. (2020) proposed a framework for supply chain models that can survive dis-
ruptions through reconfiguring its structure and replanning economic performance
with long-term impacts. During the COVID-19 pandemic, many customers inclined
toward online shopping due to government-issued “stay at home” orders. Therefore,
Hobbs (2020) encouraged the retail supply chain designers to develop a multi-channel
distribution network. However, Chopra (2020), Gurvich and Hussain (2020), and
Shih (2020) promoted the localization of production and supplier bases as an ef-
fective strategy to deal with disruptions resulted from globalization. These studies
employed qualitative modeling approaches to advance their risk management strate-

gies.

On the other hand, some studies benefited from quantitative modeling ap-
proaches to develop risk management strategies. For example, Mehrotra et al. (2020)
developed a stochastic programming model that considered storing buffer invento-
ries at each supply chain network node. They showed that sharing idle inventories
between different supply chain network nodes can effectively reduce supply shortage
during disruptive events. Paul and Chowdhury (2020b) proposed four strategies,
i.e., resource sharing, collective sourcing, manufacturing of basic quality items, and
small-sized packing, to manage the increased demand for essential items during the

pandemic. They also developed an analytical model to evaluate the improvement



104

in service level after implementing these strategies. Paul and Chowdhury (2020a)
also formulated a mathematical recovery model using production capacity expansion
and emergency sourcing as the strategies against supply and demand uncertainties.

Their model can be used in the production plan of high-demand, essential products.

3.2.3 Gaps and Contributions

Although significant contributions have been made in the literature of supply chain
risk management, no articles have focused on the resiliency of REE and rare-earth
magnet industries. Jin et al. (2019) formulated a deterministic model that maximizes
the economic and environmental benefits of NdFeB magnet recycling. With the
advent of the COVID-19 pandemic, a resilient supply chain has become more critical.
As a result, we propose new models and solution approaches to design a resilient

supply chain and logistics network for NdFeB magnet recycling.

Our contributions to the literature are summarized as follows:

1. We design an NdFeB magnet recycling supply chain and logistics network that
is resilient to COVID-19-related operational and disruption risks by consider-

ing various risk management strategies.

2. We develop a CTSP model tailored to NdFeB magnet recycling for the first
time to maximize the total profit while keeping the supply chain resilient

enough to disruptive events on the same scale as the COVID-19 pandemic.

3. We design disruption scenarios that mimic the real-world COVID-19 pandemic
impacts by considering disruption and recovery durations, both demand and
supply disruptions with different timings, a non-linear post-disruption recovery

process, and the rebound effect.

4. We develop an efficient Benders decomposition algorithm to solve the large-

scale CTSP model while proposing different decomposition schemes that can
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be adopted to decompose this problem.

3.3 Problem Description

This section describes an NdFeB magnet recycling supply chain and logistics net-
work, which is highly complex due to its geographically scattered, multi-product,
multi-period, and multi-echelon nature. Figure 3.1 shows the structure of the pro-
posed supply chain and logistics network and its material flows. Collection centers
collect EOL HDDs and EV motors from all over the US, which are transported to
dismantling centers. At dismantling centers, the EOL products are disassembled
to obtain the valuable NdFeB magnets and printed circuit boards (PCBs), and the
rest of the materials are shredded for their scrap value. Then, the EOL magnets
are transported to the recycling centers for value recovery, and PCBs and metal
scraps are sold to other recyclers outside of our supply chain and logistics network.
Finally, the recycled magnets are transported from recycling centers to sales points.
It should be noted that the demand for recycled NdFeB magnets and disruption
rates of facilities are the uncertain parameters considered in this study under the

COVID-19 pandemic.

In this multi-echelon problem, the decisions are made for facilities in each ech-
elon, including collection centers, dismantling centers, recycling centers, and sales
points. As we consider HDDs and EV motors as the feed materials, the collection
centers are already established in the US market: EOL HDDs are collected primar-
ily due to data security reasons, and EV motors are collected for their economic
value through the existing vehicle recovery infrastructure. Therefore, the remaining
strategic decisions are where to establish, how many dismantling and recycling cen-
ters at what capacities. Dismantling and recycling centers are capital-intensive to

construct, so we limit the number of new facilities.

We assume each dismantling and recycling center has a warehouse with a limited
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capacity for holding buffer inventories. Therefore, tactical decisions need to be made
on (1) the material flows between facilities and (2) the inventory levels of dismantling
and recycling centers on a seasonal basis (i.e., three months). Again, due to the large
capital investment, multi-period planning is necessary to better utilize the facilities.
A five-year horizon is assumed for this purpose.

EV motor

(2)

& @

HDD EV motor
magnet (3) magnet (4)

(e ’g%j@

Metal
scrap (6)

HDD (1)

’k\/

Recycled
magnet (7)

Figure 3.1: Schematic view of the designed supply chain and logistics network

We assume that the disrupted facilities have lower processing capacities to a
fraction of their nominal capacities. Consequently, the customers of the disrupted
facilities may face supply shortages. The recovery of the disrupted facilities is sup-
posed to begin right after the disruption. We assume that a small fraction of the
disrupted capacity can be restored at the initial stage, and the recovery rate gradu-
ally increases. Besides, we assume that demand disruption can start either simulta-
neously with supply disruption or at a different period. After a demand disruption,
sales points may face demand shock due to the rebound effect. To deal with these
uncertainties, we apply risk management strategies that increase the resilience of the
supply chain and logistics network. Finally, we assume that the uncertain parame-

ters are discretely distributed, i.e., they are represented by a set of finite scenarios
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where each scenario has a specified probability of occurrence.

The resilience of this supply chain and logistics network is defined as its capacity
to supply enough recycled NdFeB magnets to satisfy the demands of sales points. To
ensure that the proposed supply chain and logistics network is resilient to disruptive
events on the same scale as the COVID-19 pandemic, we propose several strategies.
First, we use a dynamic material flow adjustment plan where material low decisions
can be revised after a disruption. Second, we allow each facility to have more than
one supplier. Therefore, even if a supplier is partially or fully disrupted, other
active suppliers act as a backup to ensure the continuous flow of materials through
the network. Third, we diversify the dismantling and recycling center locations to
minimize the risk of losing multiple facilities simultaneously due to a disruptive event
in a specific location. Fourth, we assume that dismantling and recycling centers can
process more materials than their customer needs and store the extra processed
materials as buffer inventories. Therefore, even if the production is disrupted, they

can use the buffer inventories to satisfy customer demand.

We consider a penalty cost for unsatisfied demand to monetize goodwill loss. In
addition, we enforce that all the sales point demand must be satisfied with a high
probability (e.g., 93%). On the other hand, inventory holding costs penalize supply

overages to make balanced decisions for the supply chain and logistics network.

3.4 Mathematical Model Formulation

In this section, we develop a CTSP model for the problem described in Section 3.3.
This model aims to maximize the total profit of the supply chain while keeping it
resilient enough to disruptive events on the same scale as the COVID-19 pandemic.
At the beginning of the planning horizon, strategic or first-stage decisions are made
before any disruptive event occurs. The decision-makers determine the optimal

locations of dismantling and recycling centers from a set of candidate locations,
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along with their optimal processing capacities. Next, the operational or second-stage
decisions, which depend on the first-stage ones, are made once the actual demand
and disruption rates are revealed. At this stage, the decision-makers determine
the optimal volume of material flows between facilities and the optimal inventory
levels of dismantling and recycling centers. The CTSP model also contains a chance
constraint that guarantees meeting the demand with a specified probability. We
also embed a set of discrete and independent disruption scenarios with probabilities
of occurrence in the CSTP model that mimics the real disruption and operational
risks. We discuss these randomly generated scenarios in more detail in Section 3.6.1.
The notations used in the CTSP model are summarized in Table 3.1. Constant
parameters are denoted by capital letters, and decision variables are denoted by

lower cases.

The CTSP model aims to maximize the profit (before taxes), i.e., the difference
between total revenue and total cost. The revenue comes from the sales of PCBs
and metal scraps (fa,) and recycled NdFeB magnets (fs,). On the other hand, the
total cost consists of the facility setup cost (f1), EOL product acquisition cost (f.),
transportation cost (fs,), other operating costs (fs,), penalty cost for unsatisfied
demand of NdFeB magnets (f7,), and inventory cost (fs,). Therefore, the objective

function of the CTSP model contains the following revenue and cost components:

Facility set-up cost:

J

fl _ Z (yDzs . chDzs + VC(JDZS . q]Dzs) + Z (yfec . ch?f%ec + VC:%@C . qfec)‘

J

Revenue from materials other than NdFeB magnets:
for= 222222 2 Pudiu Wi,
t i i kI
Revenue from recycled NdFeB magnets:

foo=Y D Y PN gl
t S r



109

Table 3.1: Notations used in the CTSP model

Notation Description
Sets
K Set of EOL product types
L Set of components in EOL products other than NdFeB magnet
I Set of collection centers
J Set of dismantling centers
R Set of recycling centers
S Set of sales points
T Set of seasons T = {t|t > 1,t € Z"}
Q Set of scenarios
Parameters
ACk The acquisition cost of EOL product k in season ¢ ($/kg)
(eis Transportation cost from collection center ¢ to dismantling center j in season ¢ ($/kg)
Cﬁfs Transportation cost from dismantling center j to recycling center r in season t ($/kg)
Chee Transportation cost from recycling center r to sales point s in season t ($/kg)
FCPis The fixed setup cost of dismantling center j (%)
FChee The fixed setup cost of recycling center r ()
vepi Variable set-up cost of dismantling center j ($)
vV Chee Variable set-up cost of recycling center 7 in season ¢ ($)
OCIZ’; Operating cost of EOL product k in dismantling center j in season ¢ ($/kg)
OC ke Operating cost of NdFeB magnets in recycling center r in season t ($/kg)
NDis Maximum number of constructed dismantling centers
N fee Maximum number of constructed recycling centers
QJD“ Maximum processing capacity of dismantling center j per season (kg)
QPfee Maximum processing capacity of recycling center r per season (kg)
pNd The sales price of recycled NdFeB magnet in season ¢ ($/kg)
Py The sales price of component [ in season ¢ ($/kg)
Wik The weight percentage of component [ in EOL product k(%)
whd The weight percentage of NdFeB magnet in EOL product k(%)
Shit Supply of EOL product k in collection center i in season t (kg)
5] NdFeB magnet recycling efficiency (%)
VVA]D” Warehouse capacity of dismantling center j per season (kg)
W Aliee Warehouse capacity of recycling center 7 per season (kg)
HCPs Inventory holding cost of each dismantling center in season ¢ ($/kg)
HCJee Inventory holding cost of each recycling center in season ¢ ($/kg)
PCy Penalty cost of unsatisfied demand in season ¢ ($/kg)
€ Risk tolerance
P, Probability of scenario w € Q
WP Warm-up period length
Variables
Dy Recycled NdFeB magnet demand in sales point s in season ¢ under scenario w (kg)
VAse Disruption rate of collection center ¢ in season ¢ under scenario w (%)
Zﬁ:‘ Disruption rate of dismantling center j in season ¢ under scenario w (%)
Zliee Disruption rate of recycling center r in season ¢ under scenario w (%)

First-stage
decision variables

y}”“ Indicates if dismantling center j is constructed (i.e., yJD” =1) or not (ie., y]m‘s =0)
yiee Indicates if recycling center r is constructed (i.e., yf* = 1) or not (i.e., y#* = 0)
qu“ Processing capacity of dismantling center j per season (kg)

qliee Processing capacity of recycling center r per season (kg)

Second-stage
decision variables

qg‘]’ﬁd Transported product k from collection center ¢ to dismantling center j in season ¢ under scenario w (kg)
a, Transported NdFeB magnet from dismantling center j to recycling center r in season ¢ under scenario w (kg)
qliee Transported recycled magnet from recycling center r to sales point s in season ¢ under scenario w (kg)
invﬁﬁf Inventory level of dismantling center j in season t under scenario w (kg)

invfee Inventory level of recycling center r in season t under scenario w (kg)

Zuw Indicates if there is any unsatisfied demand after the warm-up period under scenario w (i.e., z, = 1) or not (i.e., z, = 0)
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Feedstock acquisition cost:
fuo =222 > ACkdi
tj ik

Transportation cost:

=) (Z DD O g+ Y Y CRE s + D) O qu5> .
i 7 k r i s r

t

Other operating costs:

for =) (Z > D 00T G+ YD ocﬁewﬁiz) .
i i k r 7

t

Penalty cost for unsatisfied demand of NdFeB magnets:
oSS e (p s qf;;z) |
t s T

Inventory holding cost:

fsw = Z (Z HCP™s . invﬁf + Z HCJee . invf;;ff) .
t 7 r

where f7,, is non-negative due to Constraint (3.15) shown below that ensures the

sales of recycled magnets (¢2) not exceeding the demand D.,,) (i.e., we cannot

sell more than what is requested by the buyers). We use & to denote the first-

stage decision variables, i.e., yJD s yR ec7q]1-jis,and ¢rRec, and £(w) to denote uncertain

parameters, i.e., Dg.,, 2% 2% and ZZZC. Then the CTSP model can be expressed

itw 1 Jtw

in the following formulation:

First-stage objective function:

max —fi + B¢ [Q(x,£(w))]. (3.1)

where Q(x,&(w)) represents the optimal objective value of the second-stage model,
i.e., Equation (3.7). Equation (3.1), which includes setup cost at the first stage
and the expected value of the revenues and costs from the second stage decisions,

maximizes the total expected profit (before taxes).
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Facility location constraints:

s.t

J
nyec S NRec (33)

Constraints (3.2) - (3.3) limit the number of newly constructed dismantling and

recycling centers to a maximum allowed number.

Processing capacity constraints:

@< QY vie (3.4)

g < QIecyf, vr e R, (3.5)

T

Constraints (3.4) - (3.5) prevent dismantling and recycling centers from exceeding

the maximum allowed processing capacity.

Domain of the first-stage decision variables:
y? ylec € {0,1}, ¢, ¢ >0, VjeJ vreR (3.6)
Second-stage objective function:

Q(z, & (w)) =max  fo, + fon — faw — fow — fow — frw — fow (3.7)

Equation (3.7) maximizes the potential profit, considering the revenues obtained
from selling PCBs, metal scraps, and recycled NdFeB magnets and the costs of
feedstock acquisition, transportation, operation, unsatisfied demand penalty, and

inventory.



Material flow constraints:

s.t.

kijtw — “itw

chol < Z5%. Spw, VkeK,Viel VteT,
j

kijtw —

> s, QP -yl Viel Vjeld, VteT,
k

Z qCOl < gDis quis7 VjeJ VteT,

kijtw — “jtw
i k

gl < Qe yPs Yje ) VreR, VteT,

J

qﬁiﬁ; < Qfec . yRec, Vield VreR, VteT,

T

S oapi <zl gl V¥reR VIET,
J

¢ < min{Dy.,, Q%Y -y, VreR, Vse S, VteT,

T )

quii; < Dstwa Vs € S, VteT.
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(3.10)

(3.11)
(3.12)
(3.13)

Constraints (3.8) — (3.15) determine the quantity of material flows between facili-

ties. More specifically, Constraints (3.8) - (3.10) assure the constructed dismantling

centers receive EOL HDDs and EV motors up to their processing capacities and

the total supply availability, considering disruptions in collection and dismantling

centers. Constraints (3.11) — (3.13) ensure recycling centers receive used NdFeB

magnets from eligible dismantling centers up to their processing capacities under

disruption. Similarly, Constraints (3.14) — (3.15) limit the transportation volume

of recycled magnets between recycling centers and sales points up to the recyclers’

processing capacities and sales points’ demand.
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Inventory constraints:

invj <WAP® -y, VjeJ VteT, (3.16)
invfis <WAT -yl VreR, VteT, (3.17)

invhl = invii® ), + ZZ W g, — Zqﬁi, ViedJ vteT, (3.18)

inviee = vaeC w T O Z qﬁifu Z qicc . VreR, VteT, (3.19)
Z g2 <ol + 3 Z Wil . WjeJ vteT, (3.20)
Z Rec ;. Rec Dis
Gros, < inu S + O Z Ujriyy Vr € R, VteT. (3.21)
s J

Constraints (3.16) — (3.17) allow facilities to hold inventory up to the warehouse
capacities. Constraints (3.18) — (3.19) define a facility’s inventory level based on its
incoming and outgoing material flows and its inventory level in the previous season.
Finally, constraints (3.20) — (3.21) imply that the outgoing flow of each dismantling

and recycling center must be up to its processed material and inventory level.

Chance constraint:

rstw

r (Z Gl > Dy, Vs€S, VEET, t > WP) >1—e¢ (3.22)

Constraint (3.22) ensures the demand at each sales point is completely met after the
warm-up period with the probability of at least 1 — e, where ¢ denotes a predefined
tolerable risk with a value between 0 and 1. Note that Constraint (3.22) does not
contradict with Constraint (3.15) because they have equality sign in common. In
other words, they together imply that recycling centers must transport recycled
magnets to the sales points as much as the sales points need but they can transport
less recycled magnets as long as the total probability of scenarios with unsatisfied

demand is less than or equal to e. Constraint (3.22) is then replaced with the
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following sets of deterministic constraints:
Dy — Y /%t < Dgy -2y, Vs€S VEET, t>WP, (3.23a)
> Pz, <e (3.23b)

where z, indicates if there is any unsatisfied demand after the warm-up period under

scenario w (i.e., z, = 1) or not (i.e., z, = 0).

We assume no initial inventories for the dismantling and recycling centers at
the beginning of the planning horizon. Therefore, we may not meet the desired
service level in the first few periods of facility set-up. Thus, we consider a warm-
up period (WP) that is necessary for the system to reach the working status of a
supply chain and logistics network. During this warm-up period, we relax the strin-
gent, requirement of meeting all the demands to help mimic the real-world system.
Moreover, since the dismantling and recycling centers are being established during
the warm-up period, they can operate at a processing capacity that is smaller than

Dis

their nominal processing capacities, i.e., ¢;*° and qlee

¢, As the construction of the

facilities progresses during the warm-up period, their processing capacity increases
gradually so that they reach their nominal processing capacities by the end of this
period. Therefore, after the warm-up period, all the newly established dismantling
and recycling centers will be able to operate at their full processing capacities given

that they are not impacted by a disruption.

Domain of the second-stage decision variables:

q,g%w,qﬁifj,qfﬁz >0, Viel,VjeJ VreR, Vse S, VteT, (3.24)
intDOij, vaﬁfj =0, invﬁff, intDtis >0, VjeJ VreR, VteT, (3.25)

2, €{0,1}. (3.26)

Considering the discrete distribution of the random variables, the CTSP model

can be expressed as the following deterministic mixed-integer linear programming
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(MILP) problem:

max —fi+ 37 P, Qz,¢(w))
s.t.
(3.2) — (3.6)
(3.8) — (3.26), Vw € Q.

3.5 Solution Approach

Although optimization solvers can directly solve the deterministic MILP problem,
they are not computationally efficient in solving large-scale instances. A computa-
tionally efficient method to solve two-stage stochastic programs is Benders decom-

position, or so-called L-shaped algorithm (Van Slyke and Wets 1969).

Benders (1962) developed the Benders decomposition algorithm for the first time
to solve mixed-integer programming problems to optimality. This solution method
splits the original problem between a master problem and a subproblem. The master
problem contains integer (and possibly some continuous) decision variables of the
original problem, while the subproblem consists of the remaining decision variables.
In other words, the master problem includes complicating decision variables. The
complicating decision variables are referred to as the decision variables that when
they are fixed as constants, the remaining mathematical model can be solved rela-
tively easily. The subproblem can often be further decomposed into smaller problems
due to the block diagonal structure of its constraint matrix. At each iteration of this
algorithm, the master problem is solved to optimality. Then, the subproblem(s) is
constructed based on the optimal solution of the master problem. In the next step,
the constructed subproblem(s) is solved to optimality, and the Benders optimality
and feasibility cuts are generated based on this optimal solution. In the next it-
eration, the updated master problem, which includes the newly generated Benders

cuts, is solved again and the algorithm continues as before until no further cuts can
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be found by the subproblem(s). A comprehensive literature review of the Benders

decomposition algorithm can be found in (Rahmaniani et al. 2017).

Different decomposition schemes can be adopted to decompose the deterministic
MILP problem into a master problem and one or more subproblems. Each decom-
position scheme may differ from others in terms of computational time. Therefore,
we propose different decomposition schemes to investigate which one is the most
efficient. In the first decomposition scheme, used by CPLEX’s Benders decomposi-
tion algorithm and called “CPLEX’s default decomposition scheme” in this chapter,
the master problem includes only binary decision variables, while continuous deci-
sion variables are included in the subproblem(s). In addition, we propose two more
decomposition schemes (i.e., single-cut and multi-cut) that exploit the model’s two-
stage structure. In these schemes, the first-stage decision variables along with the
auxiliary decision variable z, are assigned to the master problem, while the other
second-stage decision variables are included in the subproblem(s). When the first-
stage decision variables are fixed, the second stage problem can be decomposed to
|2| independent linear subproblems that can be solved more quickly. The num-
ber of the Benders cuts added to the master problem at each iteration is equal
to the number of subproblems, i.e., each subproblem adds one cut to the master
problem. Therefore, various decomposition schemes can be proposed by consider-
ing different levels of aggregation for the second-stage problems. In this case, we
use the complete aggregation of the second-stage problems which leads to one sub-
problem (single-cut decomposition scheme). We also use completely disaggregated
second-stage problems which lead to one subproblem for each scenario (multi-cut

decomposition scheme) (Khassiba et al. 2020).

Each of the single-cut and multi-cut decomposition schemes has its own advan-
tages. The single-cut decomposition scheme includes fewer decision variables and
Benders cuts. Thus, the master problem is typically solved faster. On the other
hand, in the multi-cut decomposition scheme, many Benders cuts are added per

iteration. So, it typically converges in fewer iterations. Also, the master prob-
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lem might become large and slow to solve (Luedtke 2016). Therefore, inspired by
(Khassiba et al. 2020), we also consider a hybrid decomposition scheme called a
“partially-aggregated-cut decomposition scheme”. In this scheme, the second-stage
problems are partially aggregated into different clusters where each cluster contains
a few scenarios. Therefore, the number of subproblems in this scheme equals the

number of clusters.

In this study, we develop three partially aggregated cut decomposition schemes
with three, five, and seven clusters and we distribute the scenarios over the clusters
uniformly. Let the following problem represent a two-stage stochastic programming

(TSP) problem, which is a CTSP model with no chance constraint, i.e., € = 1:

min ¢’z + > P, Q(z,{(w)) (3.27)
s.t.
Ax > b,

reclk,

where for all w € @ we have Q(z,¢(w)) = myin {uSy: D,y =g, — Boz,y €Y} whose
dual problem is max {a"(go — Box): oD, <u,}. Let Ty, EP(T',), and ER(I',) denote
the feasible region of the dual problem and its sets of the extreme points and extreme
rays, respectively. We also define V¥ C EP(T,,) and R* C ER(T,,) where a* € V¥ and
r¥ ¢ R¥ indicate an extreme point and extreme ray of the I',,, respectively. Under
the multi-cut decomposition scheme, Problem (3.27) is decomposed to the following

master problem (MP) and subproblems (SP,):

MP : z = mine' x + ZPWQW

0.

s.t.
Ax > b, x € &,
0., > () (9o — Box), Yw e Q, Yo € EP(T,),
() (g — Boz) <0, Yw € Q, V¥ € ER(T,),
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where the second and third constraints are optimality and feasibility cuts, respec-

tively.
SP,: Q. (2",¢(w)) =max{a' (g, — B.2&"): a'D,=u,}
=min{u)y: D,y =g.,— Bz, y €V}
y

Similarly, the following problem represents the master problem under the single-cut

decomposition scheme:
MP: z =min ¢« + ®
x,P
s.t.

Ax > b, x € X,

o> S P, ()" (9, — Bux), (a',...,0%) € EP(T}) x ... x EP(I,),
)" (g, — Buz) <0, Yw € Q, 7 € ER(T,),

where the second and third constraints are optimality and feasibility cuts, respec-
tively. With this background, we provide the pseudocode of the developed Benders
decomposition algorithm with a multi-cut decomposition scheme in Table 3.2. In
Section 3.7, we conduct comprehensive computational experiments to compare the

performance of different decomposition schemes.

3.6 Case Study

Since NdFeB magnet recycling is a new business in the US, we apply the developed
CTSP model and solution approach to set up an optimal reverse supply chain and
logistics network in terms of profitability and resilience against a black swan event
like the COVID-19 pandemic. We use a part of the data reported in (Jin et al.
2019) for this case study. The following assumptions are made on the parameters

that affect the objective function:
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Table 3.2: Benders decomposition algorithm with a multi-cut decomposition scheme

1: Set t = 0;
2: Solve min {CTw : Ax>b, x € X} to get the optimal solution &°;
xT

3: forw=1,2,...,|9|

4: Solve subproblem Q(&°, £(w));

5: if subproblem w is feasible, i.e., 0 < Q(&°, &(w))

6: let o be an optimal dual solution with 6, < (4*)7 (g, — Bu°);

T Add optimality cut to the master problem: vV« = {a¥};

8: else

9: Let # be a dual extreme ray with (7)7 (g, — B,&°) > 0;

10: Add feasibility cut to the master problem: R¥ = {#*};

11: end if

12: end for

13: while %, < c'2' + > P,Q(2",¢(w)) — e do

14: Set t =t +1;

15: Solve master problem to get solution (&, ) with objective value ;
16: for w=1,2,...,|9|

17: Solve subproblem Q(z", ¢(w));

18: if subproblem w is feasible, i.e., éfJ < Q&' ¢(w))

19: let o be an optimal dual solution with 0, < (&) (g — Boa");
20: Add optimality cut to the master problem: V¥ « V¥ U {a“} ;
21: else

22: Let 7 be a dual extreme ray with (7)" (g, — B,&") > 0;

23: Add feasibility cut to the master problem: R¥ «+ R¥ U {7“};
24: end if

25: end for

26: end while

1. The planning horizon is five years, i.e., 20 seasons.

2. A total of 48 collection centers are considered, one per state except for Hawaii
and Alaska. The assumed coordinate of each collection center, along with the
weight and cost of the collected HDDs and EV motors at each facility in the

first season, can be found in Section 3.10.

3. Recycled magnets are assumed to be sold to six facilities of an automotive
motor manufacturer located in Michigan, Ohio, Oklahoma, Alabama, and
New York (2 facilities). The coordinates of each sales point and their assumed

demand are shown in Section 3.10.
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. We consider five candidate locations for constructing dismantling centers, and
three candidate locations for constructing recycling centers. The input data of
this case study considers only one location in each state that leads to facility
diversification because at most one dismantling and one recycling center can
be constructed in each state. The assumed coordinates of these locations,
costs, and maximum processing capacities are available in Section 3.10. Since
dismantling and recycling centers are capital-intensive facilities, we assume at
most half of the candidate sites for each facility type (or the ceiling of this

number if it is not an integer) to be constructed.

. The price of the recycled NdFeB magnet is assumed to be $60/kg in the first
season (Handwerker 2019).

. The inventory holding costs of used and recycled NdFeB magnets are assumed
to be 10% of the processing costs of EOL products and used magnets in the

same season, respectively.

. The penalty cost of unsatisfied demand is set to 15% of the recycled NdFeB
magnet price in the same season. Moreover, 7% of risk tolerance, i.e., the
service level of 93%, is considered for this supply chain and logistics network.
In other words, the total probabilities of the scenarios under which demand is

not completely satisfied after the warm-up period must be less than or equal

to 7%.

. The warehouse capacities of dismantling and recycling centers equal to their

maximum processing capacities in a season.

. Considering the average inflation rate of the last five years, i.e., from 2016 to
2020, all monetary values are assumed to increase by 0.5% per season (Calcu-

lator 2020). The values of other parameters can be found in Section 3.10.
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3.6.1 Scenario Generation Method

In our study, we consider the following facility disruption cases:

1. Disruption in only collection centers

2. Disruption in only dismantle centers

3. Disruption in only recycling centers

4. Disruption in both collection and dismantling centers
5. Disruption in both collection and recycling centers

6. Disruption in both dismantling and recycling centers

7. Disruption in collection, dismantling centers, and recycling centers

The disruption probability of each facility is chosen based on expert opinion.
Facilities located at more disaster prone areas are assigned higher disruption
probabilities. It is assumed that the disruptions of facilities are independent of
each other. In this study, only high-frequency scenarios that significantly affect
the supply chain and logistics network are selected so that less likely events
are ignored. Typically, complete loss of capacity after disruption is a less likely
event and thus it is not explored. Therefore, we assumed a facility may lose
30% to 80% of its capacity after a disruption. Also, in all seven cases, recovery
actions are taken to restore the disrupted facilities to their normal status. The
number of seasons required for the full recovery may vary depending on the
severity of disruption and resource availability. In this study, we consider
three types of recovery for each of the seven facility disruption cases: short-
term (up to two seasons), medium-term (up to six seasons), and long-term
(up to ten seasons). Therefore, in total, we have 21 groups for disruption
scenarios. According to Olson and Wu (2013), the number of scenarios in
a stochastic programming problem should be kept limited and manageable.
However, our assumption about the partial disruptions of facilities can easily

lead to an exponential growth of scenarios within each group. To resolve this
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issue, we decided to choose a representative scenario from each group. To this
end, we first randomly generated a set of sample scenarios for each group and
ordered them based on the probability of occurrence. After that, we chose
the most probable scenarios as a representative of that group. Including the
ideal scenario when no disruption occurs, we have 22 scenarios along with their
probability of occurence. Finally, we normalized the probabilities so that we
can use these scenarios to evaluat the expected value in (3.1) using the Sample
Average Approximation (SAA) method (Shapiro and Homem-de Mello 1998,
Kleywegt et al. 2002).

3.6.1.1 Disruption Rates of Facilities

In each scenario, the disruption may start in any season of the planning hori-
zon. The binary parameter ! is set to 1 if a disruptive event occurs in season
t under scenario w; otherwise, it is set to 0. Similar to Azad et al. (2014),
Fattahi et al. (2017), and Teimuory et al. (2013), we also assume that the lost
capacity of disrupted facility f under scenario w, denoted by <y, in percent-
ages, follows a normal distribution. The working capacity fraction of facility f
in season ¢ under scenario w, denoted by C'P}_, is calculated by the following

equation:

maz (0,7vs.,)

CP;, = (CPy' + R 0, 1-5;
fw ( fw + w) X max ’ B"" X 100

). wer.

where

0, if CPj'=1

min (1— CPLY f(VY), if 0<CPL <1

R, =

Here, R denotes the recovered capacity of facility f in season ¢ under scenario
w, and f (Vt) denotes the recovery rate at time Vt which is the time difference

between the current season and the season in which disruption occurs.

Very few studies have considered the post-disruption recovery process of dis-

rupted facilities. They have typically assumed that the recovery rate of dis-



123

rupted facilities is linear. However, the assumption is often not the case, as the
recovered capacity in the first few periods after a disruption may be very low
in practice, and then the recovery rate may increase gradually. Hence, we use
piecewise linear functions to capture the desired characteristics of the recovery
process. We develop the following recovery functions, f (Vt), for short-term,
medium-term, and long-term recoveries:

Short-term recovery:

0.25Vt, if 0<Vt<1

F(Vt) = ,
0.3Vt —0.05, if 1<Vt<2

Medium-term recovery:

0.067Vt, if 0<Vt<?2
f(Vt) =< —0.006Vt +0.146, if 2<Vt<4
0.0705Vt — 0.16, if 4<Vt<6

Long-term recovery:

(0.00965Vt, i 0<Vt<?2
0.013Vt — 0.0067, if 2<Vt<4
f(Vt) =< 0.03308Vt — 0.08702, if 4<Vt<6
0.01441Vt + 0.025, if 6<Vt<8
(0.01951Vt — 0.0158,  if 8 <Vt <10

3.6.1.2 Demand for Recycled NdFeB Magnets

A disruptive event may also cause demand disruption that could start simul-
taneously or a few seasons after supply disruption. Without considering the
disruption effect, historical data projects an increasing NdFeB magnet demand
in the US. To capture this trend, we use the seasonal autoregressive integrated
moving average (SARIMA) method to forecast the expected demand at sales

point s in season ¢t under scenario w (D). However, the actual demand may



124

be different from the expected value because of monthly fluctuations. To sim-
ulate this uncertainty, we use a triangular distribution to generate random
demand within the 95% confidence interval provided by the SARIMA model.
Besides operational risks, demand disruption and the rebound effect in the
post-disruption period can unexpectedly shift from the average. To repre-
sent this variation, we introduce a new parameter €’ for use in the following

equation to simulate the demand for the NdFeB magnet in the US:

D, = triag(LB, D, UB) x ¢,

Sw?

where
1, no demand disruption
e, =< <1, demand disruption

> 1, asurge in demand

3.6.2 Case Study Results

We implement the CTSP model and solve it to optimality using the solution
method proposed in Section 3.5. The first-stage decisions, including facility
locations and their processing capacities, are made at the beginning of the
planning horizon and do not change over time. However, the second-stage
decisions, including inventory and material flow decisions, are made after the
realization of uncertainties and vary by season and scenario. Due to the chap-
ter length limitation, we elaborate on the major optimal decisions of only one
scenario to showcase some important insights. Figure 3.2 presents optimal
material flows of a scenario in season 1 and optimal facility locations where
the states with brighter colors have lower operating costs. The optimal solu-
tions of other decision variables (e.g., processing capacity) are summarized in

Section 3.10.

About 13% of EOL HDDs and EV motors are collected from California, high-

lighting the importance of including California in this recycling business. The
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! Dismantling center

' Recycling center

' Sales point

»—  Collection to dismantling
Dismantling to recycling
= Recycling to sales

Operating cost

More costly

Figure 3.2: Geographic representation of facilities and material flows in the optimal
solution

other top suppliers are in Texas, Florida, New York, Pennsylvania, Illinois,
Ohio, Georgia, North Carolina, and Michigan (ranked in the descending or-
der), contributing about 42% of the total EOL supply.

e Three dismantling centers are suggested for construction. The largest disman-
tling center shall be located in Tennessee primarily due to its proximity to the
sales points and low operating cost. Its processing capacity is 1,250 tons of
EOL products per season, followed by Nevada with a processing capacity of

997 tons/season, and Texas with a processing capacity of 920 tons/season.

e Two recycling centers are suggested for construction: one in Texas (with a
processing capacity of 62.5 tons/season) and the other in Nevada (with a
processing capacity of 56.3 tons/season). These states benefit from the co-

location of dismantling and recycling centers to minimize transportation costs.

e The total profit is projected to be $165 million (before taxes). Approximately
59% of the revenue is obtained by selling PCBs and metal scraps, while the re-
maining 41% is from selling the recycled NdFeB magnets, highlighting the im-

portance of dismantling that yields multiple components and revenue streams.

e The optimal plan leads to a resilient supply chain and logistics network. The

expected value of the average unsatisfied demand over all scenarios is 0.28%,
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meaning only 0.28% of the total demand after the warm-up period is not met.
Notably, in the worst-case scenario where a significant number of facilities are

heavily disrupted, only 8.08% of the total demand is not satisfied.

e Buffer inventories significantly increase the resilience of the network at a low
cost: Inventory holding cost constitutes only 0.31% of the total cost, but this
small investment leads to satisfying 99.72% of the total demand. The best
warehouse size for a dismantling center is 25% of its maximum processing
capacity and that for a recycling center is 80% of its maximum processing
capacity. The optimal inventory levels are relatively low (i.e., ~ 12% and
~ 10% of warehouse capacities of dismantlers and recyclers, respectively, on

average).

e If we assume the exact future demand and disruption rates are known ahead,
the resulting optimal supply chain and logistics network (shown in Figure
3.3) is much different from the proposed CTSP results. The optimal plan of
the CTSP model locates one more dismantling center in Texas to improve
the resilience of the supply chain. Note that this deterministic model can
be considered as a CTSP model whose risk tolerance is one, i.e., it has no
chance constraint, and it has only one scenario, called the average scenario.
The demand and disruption rates of the average scenario are set to be the

expected values of the demand and disruption rates of all scenarios.

3.7 Computational Experiments

This section first explains how we generate test instances whose scenarios mimic
the disruption and operational risks caused by the COVID-19 pandemic. Using the
generated test instances, we compare the CTSP, TSP, and deterministic models in
terms of profit, resilience, and computation burden and show the impact of the risk

tolerance € on these metrics. Finally, we conduct a comprehensive experiment to
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Figure 3.3: Geographic representation of the optimal solution of the deterministic
problem

find the best Benders decomposition method among those proposed in Section 3.5.
The mathematical model and solution algorithms are implemented using C++ API
and IBM CPLEX optimizer (version 12.10.0.0) on a PC with a 64-bit Windows
Operating System, a 16 GB RAM, and an Intel(R) Core(TM) i7-7700 CPU @3.60

GHz processor. The time limit for each test problem is set to 40 hours.

3.7.1 Test Instance Generation

To evaluate the performance of the mathematical models and solution methods, we
generate nine test instances. Table 3.3 reports the size of the test instances where
the first instance is the case study described in Section 3.6. More details about
the test instances, including the coordinates of candidate sites and scenarios, are

available in Section 3.10.

3.7.2 Optimization and Robustness Testing

To evaluate how robust our findings are, we conduct three types of robustness tests
on the CTSP model. First, we assess the robustness of this model in terms of its
performance in providing optimal plans for small-sized, medium-sized, and large-

sized supply chain and logistics networks. To that end, all experiments of this
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Table 3.3: Size of test problems

Binary Continues Total
Test No. |I] |J| |R| |S| |T| |9 decision decision decision  Constraints
variables variables variables
1 48 5 3 6 20 22 30 229248 229278 187924
2 48 5 4 6 20 22 31 234529 234560 196725
3 48 7 6 6 20 22 35 335733 335768 270649
4 48 9 8 6 20 22 39 440457 440496 351613
5 48 11 10 6 20 22 43 548701 548744 439617
6 48 13 12 6 20 22 47 660465 660512 534661
7 48 15 14 6 20 22 51 775749 775800 636745
8 48 17 16 6 20 22 55 894553 894608 745869
9 48 19 18 6 20 22 59 1016877 1016936 862033

section are conducted on nine supply chain and logistics networks, as described in
Table 3.3, ranging in size from small to large. Second, we evaluate the robustness
of the CTSP model in terms of its capability of satisfying the demand compared
to other alternative models. Finally, we assess how robust the CTSP model is by

evaluating its optimal plans for different risk levels.

For the first and second robustness tests, we compare the optimal plan of the
CTSP model with those of TSP and the deterministic model in terms of profitability,
resiliency, and computational burden using the test instances of Section 3.7.1 and
scenario generation method described in Section 3.6.1. The deterministic model is a
TSP model with only one scenario, called the average scenario, whose demand and
disruption rate values are equal to the expected value of the demand and disruption
rate values of all scenarios. In this section, the risk tolerance of the CTSP model
is 0.07, unless specified otherwise, and the models are solved with the best solution
approach identified in Section 3.7.3. Moreover, the unsatisfied demand excludes that

of the warm-up period.

We summarize the results of this comparison in Table 3.4 where columns “Test
No.”, “OPT”, and “CPU” represent the test instance number, the expected total
profit, and the computation time, respectively. Column “Exp.” indicates the ex-

pected value of the average unsatisfied demand of all scenarios and column “Prob.”
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denotes the total probability of encountering scenarios with unsatisfied demand.

From Table 3.4, we have the following observations. First, the optimal plan of the
CTSP model is less profitable but more resilient than that of the TSP model. More
specifically, although the CTSP model yields 0.73% lower profit and 15.53% more
CPU time than the TSP model on average, the unsatisfied demand is significantly
lower (i.e., 84.81%) than the TSP model on average. Second, the total probability
of encountering scenarios with unsatisfied demand equals its specified risk tolerance
of each model. This observation clearly shows that as more resilience leads to less
profit, the models try to satisfy just the minimum enforced service level to maximize
the profit. We discuss the impact of risk tolerance on profit and resilience in more
detail in Table 3.5. Third, the deterministic model is 99.95% faster and 85.22% less
resilient than the CTSP model on average.

Table 3.4: The CTSP model performance versus the deterministic model and TSP model
performances

Deterministic TSP CTSP
Tt No  OPT cpu  __Shotse o opp o cpy  _ Shoae o opr o cpy Shortage
(x10%)  (Sec.) ?ZI)) Prob. (x10%)  (Sec.) (;;])xp Prob. (x10%)  (Sec.) (%}\E;XP' Prob.
1 1.67011 0.1 1.75 1 1.67552 92.3 1.69 1 1.65828 111.5 0.28 0.07
2 1.68248 0.1 2.96 1 1.68632 96.2 2.86 1 1.67314 168.4 0.51 0.07
3 1.68654 0.1 1.65 1 1.69037 205.7 1.63 1 1.68684 210.6 0.29 0.07
4 1.6871 0.2 1.88 1 1.69192 321.5 1.83 1 1.68533 341.1 0.35 0.07
5 1.70188 0.2 3.03 1 1.70684 384.6 2.9 1 1.69815 427.1 0.31 0.07
6 1.7764 0.2 5.52 1 1.77887 459.7 5.47 1 1.7681 588.2 0.54 0.07
7 1.69524 0.2 1.9 1 1.70795 757.2 1.8 1 1.69615 888.3 0.29 0.07
8 1.69844 0.3 3.33 1 1.70657 954.2 3.29 1 1.69489 1148.9 0.61 0.07
9 1.70818 0.3 2.29 1 1.7125 1198.7 2.25 1 1.68395 1304.1 0.23 0.07

For the first and third robustness tests, we evaluate the optimal plans provided
by the CTSP model for different risk levels in supply chain and logistics networks
with different sizes. Table 3.5 displays how the risk tolerance value, ¢, affects the
profit, resilience, and computation time of the CTSP model. First, increasing e
leads to a non-decreasing trend in profit. This observation reveals that profit and
resilience are contradictory goals. Second, increasing e leads to a non-decreasing
trend in unsatisfied demand. Third, an increase in the value of € can either increase

or decrease the computation time.
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Table 3.5: Impact of risk tolerance on the CTSP model performance

Test Risk Shortage Shortage CPU
No.  level OPT Exp. Prob. (Sec.)
(%0) (%0)

25 167313000 0.86 0.25 119.5

1 50 167341000  0.95 0.3 62.1

75 167341000  0.95 0.3 115.3

25 167557000 1.11 0.25 122.6

2 50 167587000 1.25 0.3 63

75 167745000  1.93 0.75 144.4

25 168866000 0.71 0.25 205.2

3 50 168882000 0.79 0.3 117.9

75 168898000 0.81 0.31 316.3
25 168673000 0.75 0.25 238.9

4 50 168689000 0.82 0.3 209.9
75 168987000 1.3 0.75 638.2
25 169962000 0.7 0.25 359.9
5 50 169978000 0.77 0.3 288.3
75 169978000 0.77 0.3 956.4
25 177035000 1.48 0.25 500.8
6 50 177067000 1.69 0.3 378.9
75 177561000 4.07 0.75 1114.6
25 170575000 0.81 0.25 669
7 50 170599000 0.87 0.3 532.6
75 170599000 0.87 0.3 853.7
25 169681000 1.03 0.25 893.2
8 50 169702000 1.12 0.3 683

75 170405000 2.71 0.73 1598.4
25 170340000 1.02 0.25 988.5
9 50 170354000 1.07 0.3 752.5
75 170354000 1.07 0.3 2202.5

3.7.3 Computational Performance of the Solution Approach

The decomposition scheme applied to the deterministic MILP problem plays a vital
role in the performance of the developed Benders decomposition algorithm. There-
fore, we experiment to identify the decomposition scheme that imposes the least
computational burden to solve the proposed CTSP problem. For this purpose, we
solve the deterministic MILP problem for each test instance by the Benders decom-

position algorithm with the following decomposition schemes respectively:

1. CPLEX’s default decomposition scheme
2. Single-cut decomposition scheme

3. Partially-aggregated-cut decomposition scheme with three clusters of scenarios
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4. Partially-aggregated-cut decomposition scheme with five clusters of scenarios
5. Partially-aggregated-cut decomposition scheme with seven clusters of scenarios

6. Multi-cut decomposition scheme

The corresponding computation times are summarized in Table 3.6.

According to Table 3.6 the multi-cut decomposition scheme leads to the fastest
Benders decomposition algorithm. More precisely, the average computation time of
the algorithm equipped with the multi-cut decomposition scheme is 70.7%, 77.9%,
54.4%, 37.9%, and 29.6% less than that of the algorithm equipped with decompo-
sition schemes 1 to 5, respectively. This is because the multi-cut decomposition
scheme results in the smallest linear subproblems that can be solved efficiently in
parallel. It should be noted that the CPLEX’s default decomposition scheme is
the second worst decomposition scheme in terms of CPU time. This is because
it fails to decompose the CTSP model according to its two-stage structure, i.e.,
it cannot include all first-stage decision variables in the master problem since the
model contains both first-stage binary and continuous decision variables. As a re-
sult, the subproblem may not be further decomposed under the CPLEX’s default

decomposition scheme.

Finally, we compare the performance of the Benders decomposition algorithm,
equipped with the multi-cut decomposition scheme, with the performance of the
CPLEX’s default algorithm. in Table 3.7. In this table, column “Gap” reports the
difference between two computation times divided by the maximum computation
time, and NA indicates that the CPLEX’s default algorithm fails to find an opti-
mal solution within the 40-hour limit. According to the Gap values, the developed
Benders decomposition algorithm performs significantly better than the CPLEX
counterpart. The average computation time is 98.5% less for the Benders decompo-
sition algorithm, and it also finds the optimal solution when the CPLEX’s default

algorithm fails to do so within a 40-hour time limit.
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Table 3.6: The comparison of the decomposition schemes

CPU (Sec.)
Test No. 1 9 3 1 5 6
1 281.2 317.6 179.3 148.6 151.2 111.5
2 279.1 547 247.3 184.6 168.4 100.8
3 678 890.6 466.6 334.4  290.9 210.6
4 989.6 1653.6  786.2 535.4 469 341.1
5 1529.1 2066.3  815.3 642.5  521.6  427.1
6 3964.9 4613.1 1831.6 1290.3 1042.5 588.2
7 3708.6 4326.6 1848.6 1396.5 1195.8 888.3
8 3067.2 4149.2 2093.8 1501.5 1346.1 1148.9
9 5468.5 6665.2 4171.6 2597.6 2300 1304.1

Average 2218.5 2803.2 1382.3 959 831.7 569

Table 3.7: Benders decomposition algorithm’s performance versus the default CPLEX
performance

CPLEX Benders Gap
Test No. (Sec.) (Sec.) (%)

1 3300.1 111.5 96.62
2 11514.7 100.8 99.12
3 68889.7 210.6 99.69
4 NA 341.1 NA
) NA 427.1 NA
6 NA 588.2 NA
7 NA 888.3 NA
8 NA 1148.9 NA
9 NA 1304.1 NA

For our case study, the Benders decomposition algorithm converges pretty fast.
At each iteration of this algorithm, the objective value of the master problem pro-
vides an upper bound on the CTSP model while its lower bound is obtained after
having solved the scenario subproblems. This algorithm is terminated when the
difference between the upper and lower bounds is less than or equal to a predefined
tolerance parameter. For example, the Benders decomposition algorithm solved the
case study problem to optimality after 1653 iterations. Table 3.8 shows a few lower
and upper bounds of the case study problem obtained by this algorithm. In Table

3.8, the first column titled “Iteration No.” shows the algorithm iteration number
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in which the bounds are obtained and the last column “Gap” reports the relative
gap between the lower bound and upper bound at each iteration. Note that Gap in

iteration 1653, which is the last iteration, is almost zero.

Table 3.8: Lower bounds and upper bounds of the case study problem obtained by the
Benders decomposition algorithm

Iteration No. Lower bound Upper bound  Gap (%)

684 165669000 166491000 0.49
1130 165761000 166491000 0.44
1240 165761000 166433000 0.4
1269 165761000 166409999 0.39
1275 165761000 166393295 0.38
1299 165761000 166376593 0.37
1302 165761000 166359896 0.36
1313 165761000 166343201 0.35
1328 165828000 166339000 0.31

3.8 Discussions

Black swan events such as the COVID-19 pandemic have amplified the supply chain
risk of NdFeB magnets whose supply has been dominated by a few countries. There-
fore, it is crucial to develop domestic sources for NdFeB magnet that is resilient to
such uncertainties. We design a profitable and resilient reverse supply chain and
logistics network that is multi-product, multi-period, and multi-echelon through de-
veloping a CTSP model. This model optimally locates the facilities and determines
their optimal processing capacities as first-stage decisions. Then, it determines op-
timal material flows and inventory levels for each period of the planning horizon.
The CTPS model uses multiple strategies, such as buffer inventories, dynamic ma-
terial and inventory adjustments, facility diversification, penalization of unsatisfied
demand, and enforcement of minimum service level to guarantee the network re-
silience against potential risks. We also design scenarios for the CTSP model that
mimic the unique features of large-scale disruptions, such as different disruptions

rates, non-linear recovery rates, and the rebound effect on NdFeB magnet demand.



134

Since CPLEX cannot solve the model to optimality in large-scale instances, we de-
velop a computationally efficient Benders decomposition algorithm, equipped with
a multi-cut decomposition scheme, that reduces the CPLEX’s computation time by

~ 98.5%.

3.8.1 Managerial Implications

By applying the CTSP model to the US case study, we gain valuable insights about
implementing a NdFeB magnet recycling business in this country. For example,
the optimal solution is directed at constructing three dismantling centers, each in
Nevada, Texas, and Tennessee, and two recycling centers, each in Nevada and Texas.
As the business is at an early stage of development, there are ample opportunities
to configure the supply chain and logistics network that is resilient to disruptive
events including the COVID-19 pandemic. Based on the research findings, we gain

the following managerial insights:

e [t is crucial to strategically plan the reverse supply chain and logistics network,
as the capital investment constitutes a major cost in the initial phase of the
business development. Supply chain and logistics operations managers shall
select candidate facility locations based on multiple criteria (e.g., proximity to
demand and supply, resource availability, and costs) and apply the proposed
methods to determine the optimal solutions. The case study revealed that
investing ~ 1% of the total cost in warehousing for inventory could satisfy
over 99% of the total demand. As such, the proposed method will save costs

and improve business resiliency over the long term.

e There is a trade off between profit and resiliency: the smaller risk tolerance,
the higher cost to maintain the higher service level. Supply chain and logistics
operations managers shall engage with multiple stakeholders in each echelon of
the supply chain to assess their risk tolerance level and determine the optimal

value through simulation with the proposed methods.
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e Unsatisfied NdFeB magnet demand is mainly caused by insufficient supplies
of EOL HDDs and EV motors. As the demand for clean energy is projected
to increase substantially in the next few decades, supply chain and logistics
operations decision makers shall delve into collecting more EOL products from

diverse sources (e.g., wind turbines) in the future.
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3.9 Supplement to Section 3.2: Classification of Relevant
Studies

Tables 3.10 - 3.12 summarize the studies that considered both operational and dis-
ruption risks in their quantitative models. Table 3.9 describes the abbreviations
used in these tables. Moreover, symbol “-” in column “Solution approach” means

the original mathematical model is solved by just an optimization solver.

Table 3.9: The description of abbreviations used in the literature review tables

Abbreviation Description

CTSP Chance-constrained two-stage stochastic programming
MSP Multi-stage stochastic programming
TSP Two-stage stochastic programming
SRO Scenario-based robust optimization
IRO Interval robust optimization

RPP Robust possibilistic programming
PP Possibilistic programming

L Linear

PL Piece-wise linear

C Complete

P Partial

F Forward

R Reverse

D Demand

cT Transportation cost

AF Availability of facilities

AT Availability of transportation link
SC Supply capacity

RQ Return quantity

QP Quality of products

PC Production capacity

TC Transmission capacity

EP Environment parameters

SP Social parameters

HC Holding capacity

SQ Supply quantity
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3.10 Supplement to Section 3.6: Supplementary data

Supplementary data associated with this study is available online at https://doi.

org/.


https://doi.org/
https://doi.org/
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Table 3.10: Classification of the studies considering both disruption and operational risks
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Classification of studies (Continued)
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CHAPTER 4

Data-Driven Robust Optimization Using Scenario-Induced

Uncertainty Sets

In this chapter, we propose a systematic approach to develop data-driven poly-
hedral uncertainty sets that alleviate certain drawbacks of conventional polyhedral
uncertainty sets. We provide a review of robust optimization (RO) in Section 4.1. In
Section 4.2, we present a concise background on conventional polyhedral uncertainty
sets. In Section 4.3, after introducing the principal component analysis (PCA) tech-
nique, we propose an efficient approach to construct polyhedral scenario-induced
uncertainty sets. In section 4.4, we derive a theoretical bound on the gap between
the optimal value of a static RO problem with a scenario-induced uncertainty set
and that of its lower bound. In Section 4.5, we elaborate on deriving lower bounds
on the number of scenario samples required to achieve the desired probabilistic per-
formance guarantees for the developed uncertainty sets. In Section 4.6, we conduct
extensive computational experiments on RO Knapsack and power grid problems
with the proposed uncertainty sets to evaluate their performance. Finally, Section

4.7 contains concluding remarks.

4.1 Introduction

Decision-making in real-world problems is challenging due to the uncertainty in-
volved in them. The challenge is even more significant when the uncertainty is
high-dimensional. To overcome this challenge, researchers have proposed various

optimization techniques that enable decision-makers to include some knowledge of
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the uncertainty into their decision-making process to optimize the trade-off between
risk and reward. RO is one of these techniques and seeks an optimal solution that
is feasible for all realizations within an uncertainty set. RO assumes that all real-
izations of uncertainty is prescribed by given uncertainty set and hedges against the
worst-case scenario in the set (Ben-Tal and Nemirovski 1998, Bertsimas and Sim

2004).

RO has gained increasing popularity over the last two decades because: (i) it
considers uncertainties in the absence of explicit knowledge about their probability
distributions; and (ii) its models are usually more tractable than other optimiza-
tion under uncertainty techniques. Indeed, RO is commonly used in various areas,
including but not limited to inventory management, energy management, revenue
management, network design, and finance (Bertsimas and Thiele 2006). For a de-
tailed review of RO, we refer interested readers to Ben-Tal and Nemirovski (2008),
Ben-Tal et al. (2009), Bertsimas et al. (2011), Gabrel et al. (2014), and Soziier and
Thiele (2016), which provide comprehensive surveys of the RO-related studies.

Uncertainty sets are the core of RO models and play a key role in their per-
formance, greatly impacting solution quality and computational tractability. A
well-constructed uncertainty set typically should: (i) capture the most significant
aspects of the underlying uncertainty; (ii) be computationally tractable; and (iii)
balance robustness and conservativeness of the solution (Lorca and Sun 2014). In
other words, the uncertainty set should be large enough to include any true realiza-
tion of uncertainty with high confidence and small enough to exclude pathological
scenarios. Since the introduction of RO by Soyster (1973), several popular uncer-
tainty sets have been proposed and analyzed. Among them, polyhedral uncertainty
sets are the most widely used uncertainty sets due to their computational advan-
tages in deriving linear robust counterparts (Lappas and Gounaris 2016). Moreover,
certain polyhedral uncertainty sets can capture key features of uncertainty, such as
asymmetry and correlation, due to their flexibility in including uncertainty data by

adjusting their hyperplanes (Ning and You 2018a). The box and budget uncertainty
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sets are two popular types of polyhedral uncertainty sets. Soyster (1973) proposed
the box uncertainty set in which each uncertain parameter belongs to a range, while
Bertsimas and Sim (2004) introduced the budget uncertainty set where the number
of the uncertain parameters that are allowed to vary from their nominal values is

limited to a pre-specified budget.

Data-driven RO has provided an efficient alternative to traditional decision-
making under uncertainty techniques. As a combination of robust and data-driven
frameworks, data-driven RO injects a given set of historical data or scenarios into
the model through different methods such as constructing a data-driven uncertainty

set (Bertsimas and Thiele 2006).

In more recent literature, machine learning techniques have been adopted to
develop data-driven uncertainty sets. For instance, Ning and You (2018a,b) and
Dai et al. (2020) proposed hybrid methods to construct data-driven uncertainty sets
by combining the robust kernel density estimation and PCA methods. In other
examples, Shang et al. (2017), Zhao et al. (2019), Qiu et al. (2019), Shen et al.
(2020), and Mohseni and Pishvaee (2020) developed data-driven uncertainty sets
using the support vector clustering (SVC) method. Despite the growing popularity
of these approaches, there are still many practical limitations. For example, SVC
suffers from the curse of dimensionality when uncertainty is high-dimensional (Scott

2015).

In this study, we develop data-driven polyhedral uncertainty sets using PCA. The
proposed scenario-induced uncertainty sets have computational benefits for static
RO and adaptive robust optimization (ARO) problems by leveraging only a small
number of the principal components of uncertainty data while maintaining high

solution quality. The contributions of this chapter can be summarized as follows.

1. We use PCA to propose a systematic approach for developing data-driven
polyhedral uncertainty sets that alleviate the disadvantages of conventional

polyhedral uncertainty sets. Our proposed uncertainty sets efficiently capture
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the correlations among uncertainties.

2. We quantify the quality of the lower bound of a static RO problem with a
scenario-induced uncertainty set by deriving a theoretical bound on the gap

between the optimal value of this problem and that of its lower bound.

3. We provide probabilistic guarantees for the performance of the proposed un-

certainty sets by deriving explicit lower bounds on the number of scenarios.

Notation

In this chapter, we denote scalar values by non-bold symbols, e.g., my, while we
represent vectors by bold symbols in the column form (e.g., w = (uq, ..., un)' and
w). Similarly, we denote a matrix by bold capital symbols (e.g., X) and indicate
its size by r x ¢, where r and ¢ demonstrate the numbers of rows and columns,
respectively. Italic subscripts represent indices, e.g., ¢g, while non-italic subscripts
indicate simplified specifications, e.g., Upox. Symbol || - || denotes the Euclidean
norm and | - | indicates absolute value. We use [G] to represent the set {1,2,...,G}
for any positive integer number G. We reserve symbol [a,b] to represent a range
whose minimum and maximum values are a and b, respectively. The Euler number
is indicated by e while e; represents a vector with all zero elements, except for
the i'" element. Symbol F(-) indicates the cumulative distribution function of a
variable and ] represents the operator for the product of a sequence. The number
of uncertain parameters, i.e., the size of random variable vector, is denoted by m
and u = (uq,... ,um)T € R™ represents the random variable vector. We adopt
N to denote the number of available scenarios for w. We reserve symbol S to
represent the set of the N scenarios, where each scenario is denoted by s; € R™,
ie., s; €S, Vj € [N]. The number of utilized principal components in the scenario-
induced uncertainty sets is indicated by mj. Symbol [x] represents the smallest
integer that is not smaller than z. Symbol unif(0, 1) stands for uniform distribution

over the interval [0, 1].
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4.2 Polyhedral Uncertainty Sets

Polyhedral uncertainty sets are widely used in RO because they have a flexible
structure to model uncertainty. A general polyhedron uncertainty set is defined as
the intersection of closed half-spaces that are represented by linear inequalities of
uncertain parameters. More specifically, Upoy = {u : A;u < b;, Vi € [I]} represents
the general formulation of the polyhedral uncertainty set, where A; and b; are the

coefficients of its i" linear inequality.

The box and budget uncertainty sets are two special cases of Uyoly. Soyster
(1973) introduced Ugen = {u : a; < u; < b;, Vi € [m]} as a general box uncertainty

set. Alternatively, box uncertainty set can also be defined as follows:
Upox = {u : u; = U; + 21;, —1 < 2 <1, Vi€ [m]},

where u; represents the nominal value of u; and 4; denotes the largest possible
deviation of w;, i.e., u; belongs to range [u; — U;, u; + U;]. Bertsimas and Sim (2004)

introduced a budget uncertainty set defined as follows:

m
Upndget = {u : u; = 4; + zit;, —1 < z; <1, Z |z;| < T, Vi€ [m]},
i=1
where parameter I' € [0,m] can be used as a tool to trade-off the conservativeness
and robustness of RO models with Upygget. Indeed, I' = 0 yields the nominal prob-
lem, which does not incorporate any uncertainty, while I' = m results in the most
conservative problem, in which u; is allowed to deviate between its maximum and
minimum value. Uncertainty set Uy is a special case of Upydger because Unydget 1S

equivalent to Uy if I' = m.

Polyhedral uncertainty sets can be constructed based on historical uncertainty
data. These uncertainty sets are referred to as data-driven polyhedral uncertainty
sets. For example, the following convex hull of S (i.e., the smallest convex set that

includes all N scenarios in §) can be considered as a scenario-induced polyhedral
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uncertainty set:

N N
uconv(S): {’U,Z ’U,:ZO(J‘SJ', ZO(J':L OSO&jSl, VJG [N]}

j=1 =1

Figure 4.1 illustrates the Ueony(S) constructed by positively correlated, negatively
correlated, and uncorrelated scenarios of u = (uy, ug)T € R2. Figure 4.2 shows Upox,
Upudget With I' = 1, and Ueony (S) together for this random variable vector. In these
figures, each blue point indicates a scenario and the gray rectangle, green lozenge,

and red polygon represent Upox, Unudget, ad Ueony(S), respectively.
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(a) Positively correlated scenarios (b) Negatively correlated scenarios (C) Uncorrelated scenarios

Figure 4.1: Ucony(S) of uncertain parameters g, usg

From Figures 4.1 and 4.2, we can observe: (i) Uncertainty set Upoy is the most
conservative among them; (ii) Uncertainty sets Upox and Upydger cannot capture the
correlation information of uncertainty; and (iii) Uncertainty set Ueony(S) is the most
computationally expensive because it involves many more decision variables than the
other two uncertainty sets (/N vs. m), leading to larger-size RO formulations. Given
these observations, it would be highly desirable to develop data-driven polyhedral
uncertainty sets that can capture dependent information of uncertainty, alleviate
conservatism, and result in more computationally tractable RO models compared
t0 Ueony(S). To this end, we propose such data-driven polyhedral uncertainty sets

in section 4.3.
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Figure 4.2: Upox, Upudget With I' = 1, and Ueony(S) for uncertain parameters uy, us

4.3 Scenario-Induced Uncertainty Sets

In this section, we develop scenario-induced polyhedral uncertainty sets by lever-
aging PCA to alleviate the drawbacks of Unox, Upudget, and Ueony(S). The merits
of the developed uncertainty sets are as follows. First, they explicitly capture the
correlation information of uncertainty. Second, they yield more tractable RO mod-
els compared to Ueony (S) because their RO formulations are more computationally
efficient in comparison with Ueony(S), due to fewer decision variables. Third, they
are less conservative than U,... Fourth, a portion of the principal components of
data can be used to improve the tractability and conservativeness of RO models at

the expense of robustness reduction.

In brief, the proposed data-driven approach used to construct scenario-induced
uncertainty sets includes the following steps: (i) Calculating the sample mean vector
and sample covariance matrix of w based on N scenarios; (ii) Obtaining the principal
directions of uncertainty data by performing the eigenvalue decomposition on the
sample covariance matrix; (iii) Projecting centered scenarios onto each principal
direction. In the remainder of this section, we elaborate on these steps in more

detail.
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4.3.1 Low-rank Approximation with PCA

The PCA technique enables us to project high-dimensional uncertainty onto a lower-
dimensional space by preserving the components with the highest variance. More-
over, it transforms the correlated uncertain parameters into their uncorrelated prin-
cipal components (Wold et al. 1987). We refer interested readers to Wold et al.
(1987) and Reris and Brooks (2015) for more information about PCA.

Let s = + Zjvzl s; be the sample mean of the uncertainty and X = [s;;|nxm be
the uncertainty data matrix, where the j™ row represents s; 7 € R™>™ Vj € [N].
Without loss of generality, we center X at the sample mean by subtracting s from
each scenario (row), i.e., sjo = s; — 8, Vj € [N]. Therefore, the centered data
matrix, denoted by X, enables us to approximate the covariance matrix of u by

the sample covariance matrix C given by C = ﬁX OT Xo.

The PCA technique can be performed by conducting the eigenvalue decomposi-
tion (EVD) on C. With X| = USV " as the singular value decomposition of X,
the EAD of C is as follows:

1

cnzﬁjT(Uzvﬂ(vzﬁfU:lf<

'
N -1

)UT:UAUi

where U € R™™ V € RV*N and ¥ € R™". The columns of U and the di-
agonal entries of A represent the eigenvectors and eigenvalues of C, respectively.
The eigenvectors are the principal directions of the centered data, denoted by
d;, Vi € [m]. The eigenvalue related to each eigenvector represents the variance
of the centered data along the corresponding principal direction. Without loss of
generality, we assume that the eigenvalues are in non-increasing order. Therefore,
the first principal directions characterize most of the variance. The projections of
the centered data on the principal directions are called principal components, given

by s, = fdi Vi € [N],Vi € [m).

o [dal?

To reduce the dimensionality of the centered uncertainty data from m to mq, we

preserve only the first m; columns of U and m; x my upper-left entries of A, which
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are related to the principal directions with the largest variance. Since the dropped
components play the least important role in characterizing the uncertainty, PCA
projects the m-dimensional uncertainty space onto an mq-dimensional space with

the least information loss.

4.3.2 PCA-based Polyhedral Uncertainty Sets

By applying PCA to S according to the steps discussed in subsection 4.3.1, we

propose the following scenario-induced uncertainty set:

s w. w; s w; +w;
U, S, = 1— oy ;Zdl 77ld1,0< 1<1 V!
sy { T ;( (a) + 0= (a2 ))ﬂ-};ﬂ 2ljdi| : Ze[ml]}

where
N o ds
W; :mj\éX{SJO di } eR, and w; —min{sjo dz} eR,
=1 L (1] =t L [ldill
meaning (|| 2 di ) and ( T Hd‘) are the largest and smallest projected centered sce-

narios onto the principal direction d;, respectively. The sample mean s is added to

Upca (S, my) because the scenarios have already been centered at s.

In Figure 4.3, the blue rectangle, red polygon, green lozenge, and gray rectangle
respectively represent Upea(S,2), Ueonv(S), Ubndget With I' = 1, and Upex of ©u =
(u1,u2)" € R? for a set of positively correlated scenarios. According to this figure,
we have Ueony (S) C Upea (S, 2), therefore, RO models with Upe, (S, my = m) are more
conservative (robust) than those with Ueony (S). On the other hand, Upe, (S, mq = m)
results in more tractable RO models compared to Ueony (S) because it involves fewer

decision variables in RO models in comparison with Ueopny (S).

Figure 4.4 shows Upca (S, 2) and Upe,s (S, 1) for the same set of scenarios. In this
example, d; and ds, indicated by the green and dashed line respectively, are the
principal directions where the most variance of data exists along d;. The uncertainty

set Upca (S, 1), which considers d; as the only leading principal direction, is the green
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Figure 4.3: Upca(S,2) VS. Ueconv(S), Unudger with I' = 1, and Uy for uncertain
parameters uy, us

line segment whose endpoints are generated by a; = 0 and a; = 1 and any value of
a; between 0 and 1 generates a unique point on this line. As U, (S, 1) considers dy
as the non-leading principal direction, it sets ay = % to keep only the middle value
of d, that is located on the green line. Thus, when m; reduces from 2 to 1, the blue

rectangle shrinks to the green line.

40
35/

30

20 1 L 1 1
14 16 18 20 22 24 26 28

Figure 4.4: Upca(S,1) VS. Upca(S,2) for uncertain parameters uy, ug

Remark 4.1. A smaller my yields a lower dimensional uncertainty set Upca (S, my),
which leads to a more tractable and less conservative (robust) RO model. Therefore,
my can be used as tool to trade-off tractability and conservativeness of RO models

directly.

Remark 4.2. If we choose d; = e;, Vi € [m], then the uncertainty set Upex (S, m) =

{u:w e [[X [s+w;, 8+w]} is a box uncertainty set and a special case of
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Upca(S,m).

Remark 4.3. The intersection of Upca(S,my1) and Z;IPCA(S,ml), UA(S,my) =

Urca(S,mq) N apcA(S, my), is another scenario induced uncertainty set.

4.4 Lower Bound Quality for Static RO

For any m; smaller than m, a minimization RO problem with Upc, (S, my) leads to
a lower bound for the same problem with Upc,(S,m). Similarly, a maximization
RO problem with Upc, (S, m1) results in an upper bound for the same problem with
Urca(S,m). The smaller m; is, the RO problem with Upc,(S,my) yields a looser
bound that is more computationally tractable. In this section, we quantify the
quality of the lower bound of a static minimization RO problem with Uy, (S, m) by
deriving a theoretical bound on the gap between its optimal value and the optimal
value of its lower bound. Consider the following static RO problem

Z*(m) ;= min max f(x,u), (4.1)

xeX u€Upca
(8m)

whose lower bound is

Z*(my) = min 1(%1%% f(z,u). (4.2)
;1M1

The following theorem provides a theoretical bound on the solution quality of prob-

lem (4.2).

Theorem 4.1. When f(x,u) is piecewise linear convexr in w, i.e., f(x,u) =

ety {y(@) + (@) Taw} with both yy(w) = (yh(@), .,y (@) and yfw) affine
in x for any k € [K], it holds that

* * K S T [ Wi — W
< _ < ) NN i)
0<Z*(m) Z(ml)_mf(, lyk(x) d2]< 5 >,

where & is an optimal solution of the RO problem with Upcs(S, my), i.e., Problem

(4.2), and d; = (G, Vi € {mi+1,...,m}.
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Proof. Since Problem (4.2) is a lower bound of Problem (4.1), it is trivial that
Z*v(m) — Z*v(my) > 0. In what follows, we derive the upper bound of the gap.

Problem (4.2) can be rewritten as

.
min max Tilzafi yi(®) +yp(x) u,
(S,m1)

which is equivalent to

K T
. 4,
min max %?Le}%yk( z) +ye(T) u (4.3)
mi

For clarity, we define d; = IIZZ:H’ Vi € [m]. With this definition, w in Upcs(S,m1) is

rewritten as

mi m

u=s+d (amd+(1-aud)+ Y S5Ed 00 <L ViE )
=1 i=mi+1
(4.4)
By plugging (4.4) to (4.3), Problem (4.3) is reformulated as the following problem:
K — - w; + wl—
gy g (e bn(o) |+ Z (A-adud)+ D =
Vie|[my i=m1

Similarly, Problem (4.1) is formulated as the following problem:

Z alwzd + (1 — )w EZ)] )

K
mmmax max + Yk
zeX k=1 0<a, <1y’“( ) + Ukl
vie[m]

Let * and & be an optimal solution of Problems (4.1) and (4.2), respectively. For

clarity, we define

", &) = yp(") + yu(@

m

A . . _ = — wZ —+ Wi—
9@, Gn,) = Yo(@) + (@) |5+ (wwidi + (1 — ap)wyds) + Y 5 di
i=mi+1
where &, = {an,...,a,} and &, = {1, ..., am, }. With the definitions, we have
Z*(m) — Z"(my) = mia B, Gim) — i (@, Gumy)
m ) = ax 0I<r2)<(1 ", G ax ogla%}g(lg Ly A )-

Vie[m] Vie[ma]



153

Since & is a feasible solution of Problem (4.1) as well, we have

K K
* % < PN N PPN
27 (m) — Z27(m1) < max max (&, dm) —max max (&, dm,),
Vie[m] Vi€[my)
K m
* * - ~NT | 5 — 7 3
&7 (m) — Z%(mq) < max max (&) +yr(@)" |5+ Z (owid; + (1 — ai)widi)]
Vie[m] i=1
K - N Wit w
04 T |5 Sd (] — aw.ds itwig
—max  max (yk(flf) @) 5+ (awidi+ (1 - awdy) + >, —5—di )
Vie[mﬂ =1 i=mi+1
K “ Wi +w
* % < N\ T 7. — N e L )
<Z%(m) — Z%(my) < max onax, yi () dlA Z <a2w2 + (1 — a;)w; 5 )
vie{mi+1,...,m} i=mi+1
K _—_— 1 1
vie{mi+1,...,m} i=mi+1
(4.5)
K — (1 —/1_ 1
©Z(m)— Z°(m) <nfix Y max {yk@fdi (wz ' wz) (@), (zwl - wz> }
k=1 i=mi+1
(4.6)

m —

* * K “ — Wi — W,

o' m) - 2 ) <yl Y ln@)al (T52)).
i=mi+1

Note that (4.6) is equivalent to (4.5) because the inner maximization problem
in (4.5) is linear. Therefore, its optimal solution is one of the extreme points of

0<aq; <1,i.e., either a; =0 or o; = 1. O

The theoretical upper bound developed in Theorem 4.1 brings two benefits: (i)
it provides a rough approximation for the optimal value of Problem (4.1), which
may not be solved efficiently in practice; and (ii) it determines how many principal
components are required to reach a preferred gap, demonstrating a trade-off between

computational burden and solution quality.
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4.5 Probabilistic Guarantees

In this section, we derive probabilistic guarantees for the performance of Uy, (S, my)
when all the principal components are utilized to construct these uncertainty sets,
i.,e., m; = m. To that end, we develop explicit lower bounds on the number of
scenario samples required to construct these sets with desired probabilistic perfor-
mance. To derive the probabilistic guarantees, we consider no assumptions on the

probability distribution of uncertainty data.

Theorem 4.2. If N > N*(m) = [ (2m—1+In %)], then we have 1— 3 confidence
that any realization s belongs to the uncertainty set Upcn(S, m) with the probability

of at least 1 — ¢, 1i.e.,
P{Ps{s € Upcn(S,m)} > 1 —€} >1— 3,

where 0 <e<1,0< <1, and § ={s1, - ,Sn}.

Proof. The result is deduced from Margellos et al. (2014) and thus we omit the
proof. n
From Theorem 4.2, when m =1, N*(m) becomes N*(1) = [1 (1 +1n3)].

Theorem 4.3. When m = 1. If N > 1n5—1n1511(—1i)1v*(1)e) + 1, then we have 1 — 3

confidence that any realization s belongs to the uncertainty set Upca(S, m) with the

probability of at least 1 — €, i.e.,

where 0 <e<1,0< <1, and 8 ={s1, -+ ,Sn}.

Proof. With m = 1, we have
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Thus we have a sufficient and necessary condition for Pg{s € Upc,(S,1)} > 1 — €

N N
=P, {ma{(Fl(sj) m1nF1(sJ)>1—5 }
J=

where the second equality is due to the fact that F} is non-decreasing. Thus, to
make inequality (4.7) hold, it is equivalent to have

Py {r?]élel(%) r]n]\;nFl(s]) >1- e} >1-p.
As Fi(§;) is a random variable with the probability distribution of unif(0, 1), by
defining & = max}_, F1(5;) and & = mm 1 F1(55), the joint probability density
function of order statistics & and & is N(N —1)(&; — &)V =2 when & > & and zero

otherwise (Casella and Berger 2021). Consequently, we have

P {m]\éXFl(S]) m]\lfIlF1<Sj > 1-— 6} / / — 1)(§1 — §2>N_2d§1d€2
1 6+§2

J=1 J=1
—1-(1-eV=N@1-e""e
Moreover, 1 — (1 —e)Y = N (1 —¢)" e >1— 3 is equivalent to
(1—e)V ' (1—e+4 Ne) <p. (4.8)

Thus, to complete the proof, it is sufficient to show N = 2£ _lnh(ll(_le_t)N HOL R

satisfies the inequality (4.8). Based on the results of Theorem 4.2, we know that
N*(1) satisfies the inequality (4.8). That means there exists an N < N*(1), such
that the inequality (4.8) holds with N = N, i.e.,

(1—6) "(1—e+ Ne) <8, (4.9)
The above inequality (4.9) can be implied by the condition (1 — e)Nfl (1—e€e+

N*(1)e) < B3, which is equivalent to N > Inp— 1nl£11( Et)N "9 4 1. Therefore the proof

is complete.
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It is worth noting that the derived lower bound N; = flnﬁ _lnlfll(_le_t)]\[ HOSINE 1]

for N in Theorem 4.3 is always smaller than the existing lower bound N*(1) =

(15 (1+1n %ﬂ in Theorem 4.2 when m = 1. For instance, when a = 0.1, = 0.1
and m = 1, NJ = 41 is while N (1) is 53. Therefore, the developed lower bound
improves the existing work. We next extend the results of Theorem 4.3 to the

general case of m.

Corollary 4.1. Let N* = [ (1 +In%)]. [f N > REREctliid 41 ghen we

have 1—f confidence that any realization s belongs to the uncertainty set Upcx(S,m)

with the probability of at least 1 — ¢, 1i.e.,
Pi{Ps{s € Upcn(S,m)} >1—€} >1— 3, (4.10)

where 0 <e<1,0< <1, and § ={s1, -+ ,Sn}.

Proof. We have

Po{s € Usen(S,m)} = Po{5. <5 < 8, Vic[m], Vje[N]}

=P,{mins’ < 3 <maxs:, Vi€ [m]}
j=1 7 j=1 7
st =t A
> g PS{IJn:l}l © <5 Sr?:alxsj m+ 1

where the last inequality is due to the Bonferroni Inequalities. Thus we have a

sufficient condition for Pg{s € Upcx(S,m)} > 1 — ¢

m
ZPS{%{@; <8&< r?falx§§} —m+1=>1-—¢
=1
which can be further implied by:
N . N . €
IP)S{IJn:i{l §,<§< max 55 >1— — Vi € [m]

w

N . . N . €
P, {Ps{min 5, <5 <max&;}>1—-—, Vi€ [m]} =P
Jj=1 Jj=1 m

N N o € .
{Fi(maxslv) — Fj(mind;) >1—-—, Vi€ [m]}
Jj=1 m

m
N i N i €
> Z]P’g {maxF,-(s;-) — IjIglilFl(S;) >1- E} —m+ 1.
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Thus, to make inequality (4.10) hold, it is sufficient to have

N — N —i € ﬂ
Ps {r?:alez(s]) - IjIlZI?FZ(SJ) >1- E} >1- p
Then by the results of Theorem 4.3, the conclusion follows. O

It should be noted that, in contrast to the case m = 1, the derived lower bound

xx _ rlnpg—In(m—e+N*e)
N1 _[ In(1-%)

existing lower bound N3* = [1-(2m — 1+ 1In %ﬂ in Theorem 4.2 when m > 2.

e—1

+ 1] for N in Corollary 4.1 is not always smaller than the

Therefore, the developed lower bound complements the existing work.

4.6 Computational Experiments

We conduct comprehensive computational experiments to show the effectiveness of
the proposed scenario-induced uncertainty sets using two applications: Knapsack
and power grid problems. The mathematical models are implemented by MATLAB
R2021a (ver. 9.10) API of Gurobi (ver. 9.1) on a PC with a 64-bit Windows
Operating System, an Intel(R) Core(TM) i7-7700 CPU @ 3.60 GHz processor, and
16 GB RAM. In Section 4.6.1, we specify the proposed uncertainty sets in the
context of the Knapsack and power grid problems. In Section 4.6.2, we address how
to randomly generate test instances of these applications and report the numerical

results along with their analyses.

4.6.1 Computational Setup

In this section, we specify the proposed Upca (S, m1), and U~(S, my) uncertainty sets

in the context of the knapsack and power grid problems.
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4.6.1.1 Knapsack Problem

We are given a set of items, each with a given value and uncertain weight, that
we wish to pack into a container with a maximum capacity limit. The goal is to
maximize the total value of the packed items by choosing a subset of the items that

fit into the container.

max v x (4.11)

st. wax<W, Ywel,

z, € {0,1}, Vz € [n].

This problem is a static RO problem. In Problem (4.11), parameter n represents
the number of items and v € R” and w € R" denote the values and weights of the
items, respectively. Parameter WW indicates the maximum capacity of the container
and U represents the uncertainty set of the uncertain weights. Decision variable
x,, Yz € [n], indicates if item z is packed into the container (i.e., x, = 1) or not
(i.e., x, = 0). The objective is to maximize the total value of the packed items
subject to the constraint that the total weight of the packed items does not exceed
the maximum capacity of the container. Problem (4.11) can be reformulated as the

following bi-level problem:

max v T (4.12a)
5.t max w'x < W, (4.12Db)
we

z, € {0,1}, Vz € [n].

After applying Upcs (S, my) set to Problem (4.12) and replacing the inner optimiza-
tion problem (4.12b) with its dual formulation, Problem (4.12) is equivalent to the



following problem:
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T

max v &

) T wl —zT
Zmzude ot Y B

i=mi1+1

w e —
Z%@j Vi € [my],
|||

Bi - R+, Vl € [ml],
z, € {0,1}, Vz € [n],

Bi >

where (3;, Vi € [my] are dual decision variables. Moreover, after applying uncer-

tainty set Un(S, my) to Problem (4.12) and replacing the inner optimization problem

(4.12b) with its dual formulation, Problem (4.12) is reformulated as the following

problem:

max

’UT.’.B

E:@ )’y +(e—L) ¢+egz < W,

z'—_z W; —Ww; .

%CeR%
/Bi E R+, VZ E [ml],
x, € {0,1}, Vz € [n],

where U and L are respectively the upper bound and lower bound of the box

uncertainty set,

C_ZHdH -+ Z wz—l—w

i=mi+1

Bi, Yi € [my], v, and ¢ are dual decision variables.
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4.6.1.2 Power Grid Problem

In this problem, we consider a dispatchable power grid. This power grid is a network
of generator stations, transmission systems, and consumers that delivers power from
generators to consumers. The power generated by generators is referred to as out-
put while consumers’ power demand is referred to as load. Load is also considered
as any component of the power grid that consumes power. A bus is defined as a
vertical line at which several components of a power grid such as loads or generators
are connected. This power grid includes load buses and generator buses. The gen-
erators of this power grid are dispatchable, i.e., they can be dispatched on demand
by adjusting their output according to power orders. Moreover, the dispatchable
generators are subject to ramping constraints. A ramp event is defined as a power
increase or decrease event that happens in a time unit. More specifically, a ramp-up
event occurs when power increases while a ramp-down event occurs when the power

decreases.

To balance output and load, the load shedding and output curtailment proce-
dures are performed on this power grid. Load shedding is the act of switching off
output to some consumers when the load is more than output to prevent the power
grid from collapsing. Output curtailment is the act of deliberately reducing output
to below what could have been generated due to the maintenance of the transmission
system or the overloaded transmission system when output is more than load. We

assume there is no power flow limitation for this power grid. With this background,
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the power grid problem with uncertain load (demand) is defined as follows:

max min ZZ%+MZQ +MZ(J (4.139)

delt  p.ga 4 =1

s.t. Zpg—l—q —q —Zd vt e [T (4.13b)

- R <pr pg ' <R, VgelG], Vtelll, (4.13c¢)
ph <P, Vgel[G], VtelT), (4.13d)
p..q,q €Ry, Vge[G), Vtel[Tl.

where d = {d!, VI € [L],Vt € [T]} p = {p}, Vg € [G],Vt € [T]}, G = {7, Vt € [T]},
and ¢ = {¢', Vt € [T]} . This problem is a special case of an ARO problem.
In Problem (4.13), parameters 7', G, L indicate the total number of time units,
generator buses, and load buses while each time unit, generator bus, and load bus is
identified by indices t, g, and [, respectively. The cost of generating one megawatt
of output by generator bus g in one time unit is denoted by ¢, and parameters M
and M indicate the penalty costs for one megawatt of load shedding and output
curtailment performed in one time unit, respectively. The uncertain load (demand)
of load bus [ at time ¢ is represented by dj. Parameters R, and R, denote the
maximum allowed ramp-down and ramp-up in megawatt between two consecutive
time units for generator bus g and parameter 1_3 represents the maximum output
capacity of generator bus ¢ in each time unit. Decision variable pt denotes the
generated output by generator bus g at time ¢ in megawatt. Decision variables g
and gt represent the performed load shedding and output curtailment on the power

grid at time ¢ in megawatt.

Problem (4.13) minimizes the worst-case total economic dispatch cost, including
output generation cost, load shedding penalty cost, and output curtailment penalty
cost, by determining the optimal generated output in megawatt by each generator
bus in each time unit and optimal performed output curtailment and load shed-
ding in megawatt in each time unit. Constraint (4.13b) balances the total output

of generator buses and the total load of load buses considering performed output
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curtailment and load shedding in each time unit. Constraint (4.13c¢) limits the ramp
of each generator bus in each two consecutive time units to its maximum allowed
ramp-up and ramp-down. Constraint (4.13d) guarantees that the generated out-
put by each generator bus in each time unit does not exceed its maximum output

generation capacity.

After replacing the inner optimization problem with its dual formulation, Prob-

lem (4.13) is equivalent to the following problem:
max max Z (Z dt> rt — ZZ oy +ng + Pyzt) (4.14)
deu 922 T\ = t=1 g=1
st 2t =g+t +gg —gg“ — 2z, < ¢ Vgel[G], Vte [T —1],
=Tty — 7 <o VgEG]
—~M<2'<M, VtelT],
B 2 € R, Vge[G), vielT)
where § = {7, Vg € [G],t € [T]}, § = {y, Vg € [Gl.t € [T]}, 2 = {2, Vg €

(G],t € [T}, and & = {2, Vt € [T]} are dual decision variables. Then, applying
Urca(S,my1) set to Problem (4.14) leads to the followig problem:

T G
S (zut )£ =SS R P a1
Y,9,2,2,4 —1
st @ =T+ Y~y — 2 <o, Vg €G] Ve [T 1],
=Ty ty, —z < VgEIG],
- M<z'<M, Vtel|T],
Uo¥r 79 €Ry, Vg €[G], VE€[T],

OSOZZ'SL Vie[ml],

where & = {o;, Vi € [m4]} and

- Wi Wit w;
— A —=d; 1—a;) | —5d; ——di
“=2 (O‘ (Hdin )” >(||d|| ))+; 2|

=1
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Uncertain parameters df, VI € [L],Vt € [T], can be represented alternatively as
a single uncertain parameter (random variable) vector w € R™, where m = T'L.
Accordingly, uncertain parameter d for a specific [ and ¢ is located in the ((¢t —
1)L +1)™ element of vector u € RT%. Therefore, w(;_1)r4; in the objective function

denotes the ((t — 1)L + 1) element of w, which is d! for a given ¢ and .

When 7, ¥, 2, and & are fixed, Problem (4.15) is equivalent to the following prob-

lem:

"7, +gg — 25 <¢g VgeE[G],
-M<z' <M, Vtell],
Ug V29 ERy, Vg €[G], VE € [T],

o, € {0, 1}, Vi € [ml],

where & is the only decision variable of this linear problem and its feasible region
is a box. Therefore, Problem (4.15), which is bi-level, is equivalent to the following

single-level mixed integer linear problem:

_max ZE:ZZIQu DL+ EEIZE: Ry, + Ryy! + Py2})

t=1 =1 t=1 g=1

st 2l =y + 7yt —|—gg —yg“ — 2z, < ¢ Vge[G), Ve [T —1],

T =Tty — 2 < Vg €G],
- M <az'<M, Vtell],
— Moa; <vl < Moy, Vi€ [my], Vt €T,
o' — (1 —a)M <ol <a'+ (1 — )M, Vi€ [my], Vte[T],
yg,y 25,V €Ry, Vg e [G], Vt e [T], Vi e [m],

o, € {O, 1}, Vi € [ml],
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where 0 = {v!, Vi € [m4],Vt € [T]} and

— ¢ Wi t t W t - Wi +w;
q= E v; —di)+(x —vi)< di))—i—x E d;|.
— ( (HdiH jeal = 2lld]]

i mi

4.6.2 Computational Results

We first explain how we generated random test instances for the Knapsack and
power grid problems used to evaluate the performance of the proposed SIU-based
RO models. Then, we compare the robust counterparts using these uncertainty
sets in terms of the conservativeness of their solutions and the computational time
needed to solve them to optimality. Finally, we further investigate the performance
of the developed uncertainty sets by performing sensitivity analysis concerning the
parameters of the uncertainty sets and the parameters of the Knapsack and power

grid problems.

4.6.2.1 Instance Generation and Table Header Description

We conduct our computational experiments to solve various instances of the robust
knapsack and power grid problems with the proposed uncertainty sets. To generate
test instances of the knapsack problem, we follow the same experimental setup
proposed by Bertsimas and Sim (2004). As this problem is NP-hard, we generate
random Knapsack problems of size n = 200, which can be solved to optimality
by off-the-shelf optimization solvers. The value of each item, i.e., v,, ¥z € [200],
is randomly selected from the set {16,17,...,77}. The weight of each item, i.e.,
w,, Yz € [200], is assumed to be uncertain, dependent on the weights of other
items, and follows a Normal distribution, i.e., w, ~ N(u,,c?), Vz € [200], where
p. and o2 denote its mean and variance, respectively. Parameter ., is randomly

chosen from the set {20,21,...,29} and o2 is assumed to be 0% = 31?0' There exists

the same correlation between any two dependent weights, which is denoted by p

and implies their dependency. More specifically, the weight of item z is assumed



165

to be correlated with the weight of item 2z 4+ 1 for any odd values of z. With this

Cov(wz,wz+41)

assumption and the definition of correlation, i.e., p = , the covariance

020z+1
matrix of the weights is as follows:

[ “% PH1H2 ]

300 3020 0o .. 0 0

PHIK2 M2

300 300 O 0 0

0 0

Cov(w) = : :

2O 0
0 199 PH1991200

300 3200

PE199 K200 K200

L 0 0 .. 0 300 300

To randomly generate correlated normally distributed scenarios, we first generate
uncorrelated scenarios, denoted by s;-/ € R Vj € [N], using w, ~ N(p,,0?), Vz €
[200]. Then, we obtain matrix M by the Cholesky decomposition of Cov(w) so
that MM ' = Cov(w). Finally, we generate the correlated scenarios by s; =
u+ M s;-/, Vj € [N]. In the next step, we perform EVD on the sample covariance
matrix C = ﬁX OTX 0, which is an approximation of Cov(w), to develop the

proposed uncertainty sets using the PCA technique.

The solutions of the RO Knapsack problems with each proposed uncertainty
set are functions of input scenarios. Accordingly, conducting computational ex-
periments based on only one set of scenarios might lead to a biased analysis of
the uncertainty set performance. Therefore, we create 10 sets of scenarios, i.e.,
Sk, VE € [10], so that each S, includes N = 10,000 scenarios of w,, Vz € [200], ran-
domly generated by N(u.,02). We construct each proposed uncertainty set based
on all 8 sets, which results in 10 different uncertainty sets of the same type. Then,
these uncertainty sets are applied to each Knapsack test problem, leading to 10
problems with the same type of uncertainty set. Finally, the 10 robust knapsack
problems are solved to optimality and the average of their optimal objective values
and computational times is reported as the performance of the proposed uncertainty

set in the context of the given Knapsack test problem.

To study how the maximum capacity of the container and the correlation be-

tween the weights of items affect the performance of the proposed uncertainty
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sets, we perform sensitivity analysis with respect to parameters W and p. To
that end, we conduct our experiments based on three values of the maximum
capacity and seven values of the correlation, i.e., W € {3000,4000,5000} and
p€{-0.8,-0.5,-0.2,0,0.2,0.5,0.8}.

To generate the test instances of the power grid problem, we consider an IEEE
24-bus system [TK - citation] that consists of 32 generator buses and 17 load buses,
planning for a 24-hour horizon, i.e., T = 24. For simplicity, the 17 load buses are
assumed to be grouped into two load buses. Accordingly, the number of genera-
tor buses and load buses are set to be 32 and 2, i.e., G = 32 and L = 2. For
each generator bus, the output generation cost ¢, is randomly generated by dis-
crete uniform distribution unif(10,150) and the maximum output capacity P, is
randomly generated by continuous uniform distribution unif(5,245). Similarly, the
maximum allowed ramp-down and ramp-up for each generator bus, i.e., R, and
R

4, are randomly generated by continuous uniform distribution unif(5,105). The

penalty costs of the load shedding and output curtailment are considered $500 and

$50 per megawatt, i.e., M = 500 and M = 50.

The two grouped loads in each time, denoted by d} and db, V¢ € [24], are assumed

to be uncertain, dependent on each other, and follow a Normal distribution, i.e.,

dt ~ N(ut,of®), VI € [2],Vt € [24]. We assume pf = 2Q" and ph = 2Q", where

Q' represents the total loads of 17 load buses in hour ¢ and is randomly generated

by continuous uniform distribution unif(2100,2900). Moreover, the variances of the
2 _ pb?

2
: 2 _
two grouped loads in each hour are set to be 07" = 735 and 03" = 3&5.

As dt and db, Vt € [24], form a collection of random variables or events indexed by
different instants of time, we consider them as a stochastic process. This stochastic
process is assumed to be a Markov chain, where each event depends only on the
state attained in the previous event. In other words, random variables (d‘™! d5™)
only depend on (d},d5) for all ¢ € [23]. In a Markov chain, there are two types

of relationships between random variables, referred to as temporal relationship and
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spatial relationship. We define the temporal relationship as the correlation between
dl and df“, which is quantified by the temporal correlation coefficient p; so that
P = %, Vi € [2],Vt € [23]. On the other hand, the spatial relationship
is deﬁnedl alLs the correlation between d} and di, which is quantified by the spatial
correlation coefficient p, so that py = %ﬁédé), Vt € [24]. Uncertain parameters d}
and db, Vt € [24], form vector u € R* whose (2(t — 1) + 1) element is d!. Similar
to the Knapsack problem, we randomly generate correlated normally distributed
scenarios by the randomly generated mean vector, randomly generated uncorrelated
scenarios, and the Cholesky decomposition of Cov(u). Then, we perform EVD on

the sample covariance matrix C.

To study the effect of temporal and spatial correlations on the performance
of the proposed uncertainty sets, we perform sensitivity analysis with respect to
parameters p; and py. For this purpose, we consider two and seven settings for
the temporal and spatial correlations, respectively , i.e., p; € {0.5,0.9} and py €
{-0.8,—-0.5,-0.2,0,0.2,0.5,0.8}. We further investigate the impact of the utilized
principal components on the conservativeness of solutions and computational time
by setting m; to 42 and 36, i.e., 87.5% and 75% of the m = 48 principal components.
Like the Knapsack problem, we create 10 sets of 10,000 scenarios of df, VI € [2],t €
[24], randomly generated by df ~ N (s, ot?).

In Section 4.6.2.2, we will summarize the results of our computational experi-
ments in Tables 4.1 - 4.8. Columns “p”, “p;”, “po” report the values of conventional,
temporal, and spatial correlations. Column “Value” represents the optimal objective
value of the corresponding RO problem. Column “Time” reports the computational
time of solving the corresponding RO problem to optimality in seconds. Symbol
“Gap” represents the relative gap in percentage between “Value” of the first col-

umn and “Value” of the corresponding uncertainty set. We define the relative gap

between two values as their difference divided by the maximum absolute value.
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4.6.2.2 Uncertainty Set Performance

We summarize the results for robust problems with Ueony (S), Upox, Upca (S, m), and
Un (S, m) uncertainty sets in the context of the Knapsack problem in Tables 4.1
- 4.3, while Tables 4.4 - 4.8 report the results for RO problems with Ueony(S),
Unox, Upca (S, m), and Upc, (S, my) uncertainty sets in the context of the power grid
problem. Sensitivity analysis with respect to the maximum container capacity W
and varying values of correlation p are reported in Tables 4.1 - 4.3. Tables 4.5 and
4.8 show how the number of utilized principal components affects the performance

of Upca (S, m1), reporting the sensitivity analysis results with respect to m;.

Sensitivity analyses with respect to the three values of temporal correlation p; are
reported through Tables 4.5 - 4.8. Within each of these tables, we hold p; constant
and present sensitivity analysis results for varying values of spatial correlation py. In
general, shorter computational times imply greater tractability, and better objective
values imply less conservativeness (i.e., a larger value for the Knapsack problem

(maximization) and a smaller value for the power grid problem (minimization)).

Table 4.1: The Knapsack problem with W = 3000

Z/{CODV (S) Z/[box Z/{PCA (87 m) uﬁ (Sa m)
Time Time Gap Time Gap Time Gap
p Value (secs) Value (secs) (%) Value (secs) (%) Value (secs) (%)

-0.8 | 7134 747.1 6249 0.1 12.41 6468 547.5 9.34 6570 85.7 7.91
-0.5 7082 739.6 6210 0.1 12.31 | 6296 457.5 11.10 | 6392 144.1 9.74
-0.2 7111 742.6 6246 0.1 12.16 | 6222 83.0 12.50 | 6338 70.0 10.87

0 7040 742.0 6200 0.1 11.93 | 6133 54.3 12.88 | 6256 37.9 11.14
0.2 7158 741.4 6311 0.1 11.83 | 6214 50.4 13.19 | 6350 24.4 11.29
0.5 7017 740.9 6196 0.1 11.70 | 6098 55.3 13.10 | 6235 27.9 11.14
0.8 7109 742.8 6251 0.1 12.07 | 6175 32.5 13.14 | 6308 20.2 11.27

Table 4.2: The Knapsack problem with W = 4000

Uconv (S) Upox Upca(S,m) Un(S,m)
Time Time Gap Time  Gap Time  Gap
p Value (secs) Value (secs) (%) Value (secs) (%) Value (secs) (%)

-0.8 | 8585 725.2 7686 0.1 10.47 | 8071 52.57 599 | 8147 12.5 5.10
-0.5 | 8484 728.4 7599 0.1 10.43 | 7852 30.2 7.45 7921 18.2 6.64
-0.2 | 8443 743.0 7585 0.1 10.16 | 7692 5.3 8.89 7780 19.5 7.85

0 8443 730.3 7609 0.1 9.88 7648 3.5 9.42 7746 11.5 8.26
0.2 8497 729.9 7646 0.1 10.02 | 7691 7.2 9.49 7795 12.5 8.26
0.5 8264 728.3 7438 0.1 10.00 | 7483 5.0 9.45 7581 12.9 8.26
0.8 8406 729.8 7575 0.1 9.89 7615 2.7 9.41 7715 10.8 8.22
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Table 4.3: The Knapsack problem with W = 5000

Uconv (S) Mbox Upca (37 ’m) Un (87 m)
Time Time  Gap Time  Gap Time  Gap
p Value (secs) Value (secs) (%) Value (secs) (%) Value (secs) (%)

-0.8 | 9291 678.9 8610 0.1 7.33 | 9086 2.2 2.21 9118 5.8 1.86
-0.5 | 9442 666.8 8756 0.1 7.27 | 9083 2.4 3.80 | 9128 6.0 3.33
-0.2 | 9275 662.4 8602 0.1 7.26 | 8787 1.7 5.26 | 8847 5.3 4.61

0 9352 666.2 8694 0.1 7.04 | 8813 1.0 5.76 | 8886 6.1 4.98
0.2 9088 664.8 8449 0.1 7.03 | 8564 1.4 5.77 | 8635 6.7 4.98
0.5 9263 664.2 8588 0.1 7.29 | 8716 1.7 5.91 8788 8.0 5.13
0.8 9296 663.1 8631 0.1 7.15 | 8740 1.3 5.98 | 8814 5.8 5.19

From Tables 4.1 - 4.3, we have the following observations. First, as expected
Unox Tesults in the most tractable RO Knapsack problems while Ueon, (S) leads to
the least tractable ones. This is directly related to the high dimensionality (i.e.
more decision variables) of Ueony(S) compared with Upex. Second, Ueony (S) results
in the least conservative RO problems while U}, leads to the most conservative ones.
This is because Ueony(S) defines the smallest uncertainty set while U,y defines the
largest uncertainty set. Similarly, U~ (S, m) leads to less conservative RO problems
in comparison with Upca(S,m). Third, RO problems using Un(S,m) and Uey,
respectively, have the smallest and largest Gap values, meaning they have the most
and least similar performance compared to Ueony(S) in terms of conservativeness.
Fourth, RO Knapsack problems with any uncertainty sets are more tractable when
W is larger. Fifth, U~(S,m) leads to more tractable RO problems compared to
Upca (S, m) when W is smaller while Upe, (S, m) outperforms Un (S, m) in this regard
for larger values of W. Sixth, when W is larger, RO problems with either Uy,
Urca(S,m), or Un(S,m) have smaller Gap values. In other words, Ueony(S) has a
less significant benefit over other uncertainty sets in terms of conservativeness when
W is larger. Seventh, when scenarios are more negatively correlated, Un (S, m) and
Urca(S,m) result in less conservative RO problems and, moreover, they have smaller

Gap values.

We reached similar conclusions for results presented in Tables 4.4 - 4.6. RO prob-
lems with Upca (S, m) are more tractable than those with Ueony (S) and less tractable

than those with Upex. While, RO problems with Upe, (S, m) are less conservative
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than RO problems with U, and more conservative than those with U.ouy (S). Lastly,

similar to RO problems with Ueony(S), RO problems with Upe, (S, m) are less con-

servative when scenarios are more negatively correlated.

Table 4.4: The power grid problem with p; = 0.5

Uconv (S) U ox Upca (87 m)

Value Time Value Time Gap Value Time Gap

P2 1 (x107)  (secs) | (x107) (secs) (%) | (x107) (secs) (%)
-0.8 0.79 960.7 1.77 0.3 55.37 1.37 73.2 42.34
-0.5 0.82 955.6 1.76 0.3 53.41 1.38 939.2  40.58
-0.2 0.85 954.5 1.77 0.3 51.98 1.48 816.5  42.57
0 0.88 956.3 1.77 0.3 50.28 1.53 344.1  42.48
0.2 0.88 961.2 1.77 0.3 50.28 1.50 509.3 41.33
0.5 0.94 962.9 1.75 0.3 46.29 1.50 236.6  37.33
0.8 0.93 1005.1 1.79 0.4 48.04 1.54 57.1 39.61

Based on results from Tables 4.5 and 4.6, we observed the following. First, when

p1 is larger, Upcs (S, my) results in more tractable RO problems while U,y leads to

less tractable RO problems. Second, RO problems with U, are more conservative

when p; is larger. Third, when p, is smaller, RO problems with Upc, (S, m1) have

larger Gap values. In other words, RO problems with Upc, (S, m1) have a more re-

markable benefit over those with U,y in terms of conservativeness when p, is smaller.

Fourth, a smaller m; results in more tractable and less conservative (i.e. robust) RO

problems compared with Uy, (S, m1) because it yields a more smaller uncertainty

set. Therefore, m; can be used as a tool to trade-off tractability, conservativeness,

and robustness of RO models with Upcs (S, m1).

Table 4.5: The power grid problem with p; = 0.5

Ubox Upca(S,m1 = m = 48) Upca (S, m1 = 42) Upca (S, m1 = 36)

Value Time Value Time Gap Value Time Gap Value Time Gap

P21 (x107)  (secs) | (x107)  (secs) (%) | (x107)  (secs) (%) | (x107) (secs) (%)
-0.8 1.77 0.3 1.37 73.2 22.60 1.34 15.2 24.29 1.28 2.9 27.68
-0.5 1.76 0.3 1.38 938.2  21.59 1.35 63.2 23.30 1.30 10.6 26.14
-0.2 1.77 0.3 1.48 816.5 16.38 1.46 61.3 17.51 1.42 9.8 19.77
0 1.77 0.3 1.53 344.1 13.56 1.50 62.0 15.25 1.46 9.5 17.51
0.2 1.77 0.3 1.50 509.3 15.25 1.47 167.9 16.95 1.43 34.0 19.21
0.5 1.75 0.3 1.50 236.6 14.29 1.48 123.4 15.43 1.43 41.8 18.29
0.8 1.79 0.4 1.54 57.1 13.97 1.52 47.7 15.08 1.49 12.9 16.76

Base on to numbers in the “Value” columns of Tables 4.7 - 4.8, the power grid

problem with Upc, (S, m1) leads to a lower bound for the power grid problem with
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ubox Upca (87 mp =m = 48) Upca (S, mi1 = 42) Upca (S7 my = 36)

Value Time Value Time Gap Value Time Gap Value Time Gap

P21 (x107)  (secs) | (x107)  (secs) (%) | (x107)  (secs) (%) | (x107) (secs) (%)
-0.8 1.86 0.4 1.31 7.7 29.57 1.30 2.1 30.11 1.29 1.2 30.65
-0.5 1.87 0.4 1.45 6.0 22.46 1.44 1.7 22.99 1.43 1.4 23.53
-0.2 1.87 0.4 1.47 17.1 21.39 1.45 3.6 22.46 1.44 1.5 22.99
0 1.88 0.4 1.59 6.1 15.43 1.58 2.6 15.96 1.56 1.4 17.02
0.2 1.91 0.4 1.62 6.9 15.18 1.61 2.9 15.71 1.60 1.5 16.23
0.5 1.91 0.4 1.63 2.8 14.66 1.62 2.5 15.18 1.61 1.4 15.71
0.8 1.86 0.4 1.64 4.1 11.83 1.64 9.2 11.83 1.63 2.1 12.37

Upca(S,m). Time and gap results show that for smaller my, the power grid prob-

lem with Upcs(S,my) results in a looser lower bound and is more computation-

ally tractable.

Moreover, larger values of p; lead to tighter and more tractable

lower bounds. Again, the results justify that m; can be used as a tool to trade-off

tractability, conservativeness, and robustness of RO models with Upcs (S, my).

Table 4.7: Lower bounds for the power grid problem with p; = 0.5

MP(IA(Syml = m) Z/IPCA(Syml = 42) UPCA(‘& mi = 36)
Value Time Value Time  Gap Value Time  Gap
P2 (x107)  (secs) | (x107) (secs) (%) | (x107) (secs) (%)
-0.8 1.37 73.2 1.34 15.2 2.19 1.28 2.9 6.57
-0.5 1.38 938.2 1.35 63.2 2.17 1.30 10.6 5.80
-0.2 1.48 816.5 1.46 61.3 1.35 1.42 9.8 4.05
0 1.53 344.1 1.50 62.0 1.96 1.46 9.5 4.58
0.2 1.50 509.3 1.47 167.9  2.00 1.43 34.0 4.67
0.5 1.50 236.6 1.48 123.4 1.33 1.43 41.8 4.67
0.8 1.54 57.1 1.52 47.7 1.30 1.49 12.9 3.25

Table 4.8: Lower bounds for power grid problem with p; = 0.9

Upca(S,m1 = m) Upca (S,m1 = 42) Upoa (S, m1 = 36)
Value Time Value Time  Gap Value Time Gap
P2 | (x107)  (secs) | (x107) (secs) (%) | (x107) (secs) (%)
-0.8 1.31 7.7 1.30 2.1 0.76 1.29 1.2 1.53
-0.5 1.45 6.0 1.44 1.7 0.69 1.43 1.4 1.38
-0.2 1.47 17.1 1.45 3.6 1.36 1.44 1.5 2.04
0 1.59 6.1 1.58 2.6 0.63 1.56 1.4 1.89
0.2 1.62 6.9 1.61 2.9 0.62 1.60 1.5 1.23
0.5 1.63 2.8 1.62 2.5 0.61 1.61 1.4 1.23
0.8 1.64 14.1 1.64 9.2 0.00 1.63 2.1 0.61
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4.7 Discussions

In this chapter, we proposed a systematic approach to develop data-driven poly-
hedral uncertainty sets using PCA. These uncertainty sets alleviate some of the
drawbacks of conventional polyhedral uncertainty sets. Primarily, the proposed un-
certainty sets capture the correlation information between uncertain parameters and
are less conservative than the box uncertainty sets. Moreover, they lead to more
computationally tractable RO models compared to the convex hull of uncertainty
data. The number of the leading principal components in these uncertainty sets
can be used as a tool to trade-off tractability, conservativeness, and robustness of
RO models. Additionally, we developed a theoretical bound on the gap between the
optimal value of a static RO problem under a piece-wise linear objective function
with a scenario-induced uncertainty set and that of its lower bound to quantify the
quality of the lower bound. We also derived probabilistic guarantees for the perfor-
mance of the proposed uncertainty sets by developing explicit lower bounds on the

number of scenarios required to construct uncertainty sets.
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CHAPTER D

Conclusions

In this dissertation, we focused on developing computationally efficient approaches
for SP, RO, and DRO problems and applying them to some real-world applications.
This chapter first summarizes the contributions of the dissertation and then proposes

some future research directions to extend our study.
Summary

In Chapter 2, we developed computationally efficient inner and outer approxima-
tions for DRO problems with the moment-based and combined ambiguity sets. We
approximated the original DRO problems by PCA and uncertainty vector splitting
techniques to make PSD matrix constraints smaller and to shrink the uncertainty
space dimensionality. Moreover, we derived theoretical bounds on the optimality
gaps of the approximations, which help determine the required numbers of split
pieces and principal components to reach a predetermined error bound and a trade-
off between solution quality and computational time. Meanwhile, the inner and
outer approximations together construct an interval that contains the unknown op-
timal solution for a large-scale DRO problem, which cannot be solved to optimality
or even feasibility. Finally, the results of the conducted experiments on distribu-
tionally robust production-transportation and multi-product newsvendor problems
showed that our approximations significantly reduce the computational time while

maintaining high solution quality.

In Chapter 3, we designed a resilient reverse supply chain and logistics network
for recycling NdFeB magnets through developing a CTSP model. This model op-

timally locates the facilities and determines their optimal processing capacities at
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the beginning of the planning horizon and then determines optimal material flows
and inventory levels for each period of the planning horizon. To guarantee the
resilience of this multi-product, multi-period, and multi-echelon network against
potential risks, the proposed model uses multiple strategies, such as buffer inven-
tories, dynamic material and inventory adjustments, and enforcement of minimum
service level. Furthermore, we generated scenarios that mimic the unique features of
COVID-19-related disruptions, such as different disruptions rates, non-linear recov-
ery rates, and the rebound effect on NdFeB magnet demand. Finally, we developed
a computationally efficient Benders decomposition algorithm that reduces the com-

putation time of CPLEX’s default algorithm by ~ 98.5%.

In Chapter 4, we developed data-driven polyhedral uncertainty sets that capture
the correlation information between uncertain parameters. These uncertainty sets
are less conservative than the box uncertainty sets and lead to more computationally
tractable RO models compared to the convex hull of uncertainty data. Besides, we
developed a theoretical bound on the gap between the optimal value of a static
RO problem with a scenario-induced uncertainty set and that of its lower bound to
quantify the quality of the lower bound. We also derived probabilistic guarantees
for the performance of the proposed uncertainty sets by developing explicit lower

bounds on the number of scenarios.
Future Research Directions

In future research, we can extend our work in Chapter 2 from the following

perspectives by addressing the limitations of this study:

1. It would be nice to consider a more general objective function and further
develop inner and outer approximations for DRO problems. Currently in this

study, we only consider piece-wise linear objective functions.

2. It would be appealing to derive tighter and thus less conservative theoreti-

cal error bounds for our derived approximations, given that error bounds in
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Propositions 2.7 and 2.10 are not tight in general.

3. By observing our derived approximations perform differently in the context
of different applications, it would be very interesting to investigate how the
problem structure and the technical insights of deriving the approximations
can affect the computational performance of our approximations in solving

various application problems.

Moreover, future studies may focus on the following extensions of the research

presented in Chapter 3:

1. We may expand the current model to a multi-objective optimization problem
by maximizing the environmental and social benefits in addition to the eco-
nomic and resilience aspects to address the triple bottom line of sustainability.
For example, the carbon footprint reduction from recycling compared to virgin
magnet production can be used to measure environmental benefits, which may
be negated by the additional transportation impacts from the reverse logistics,
requiring a balanced decision. In another example, candidate facility locations
can be selected based on social indices such as job creation opportunities and

quality of life to enhance social sustainability.

2. We assumed that the disruption time and rate in one location are independent
of those in another location, but the impact of large-scale disruptive events
like COVID-19 can easily propagate through the supply chain sequentially or
interactively among the stakeholders. Thus, future studies may consider the
propagation speed and time of disruption while designing a resilient reverse

logistics network.

3. We proposed the development of a national logistics network to shield the
domestic supply chain from global disruptions, which could be expanded to a

global network utilizing the existing supply chain of NdFeB magnets.
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4. Future research may incorporate more uncertainties, such as NdFeB magnet
price volatility and geopolitical conflicts that could act as another black swan
event as was evidenced from the 2011 REE crisis. If there is no sufficient
data about these uncertainties, other modeling approaches such as robust op-
timization and distributionally robust optimization can be utilized instead of
stochastic programming that requires the complete knowledge of probability
distribution of the uncertainties. For instance, as the COVID-19 pandemic
is the most recent global black swan event, the volatile price of NdFeB mag-
nets may not be captured sufficiently to allow estimation of its probability
distribution function. Therefore, future research may use partial knowledge
of the unknown probability distribution, e.g., its moment information, to de-
velop distributionally robust optimization models. Alternatively, the available
data can be utilized to develop robust optimization problems with data-driven

uncertainty sets.

5. Dynamic pricing strategies could be adopted to increase the EOL product
supply. As the unsatisfied NdFeB magnet demand is mainly caused by insuf-
ficient supplies of EOL HDDs and EV motors, a time-based pricing strategy
can help collect more EOL products. More specifically, a time-based pric-
ing strategy can consider higher prices for EOL products when the supply is
lower, e.g., during the warm-up period, to encourage more end users to sell
their EOL products. These approaches could increase the resiliency of the

proposed supply chain and logistics network.

Finally, there are multiple important extensions of the study presented in Chap-

ter 4 as follows:

1. It would be worthwhile to leverage other machine learning techniques to im-

prove the proposed scenario-induced uncertainty sets.

2. It would be useful to derive a theoretical bound on the gaps between the
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optimal value of an ARO problem, under a more general objective function,

with a scenario-induced uncertainty set and that of its lower bound.

. In this study, we used the first m; principal directions with the largest variance
to develop approximate scenario-induced uncertainty sets. However, these
principal directions may not always lead to the best results. Future studies
may focus on developing a systematic approach to finding the m; directions
that result in the best performance, with respect to computational tractability

and robustness of the solution.

. We would like to improve the lower bound on the number of scenario samples

required to achieve the desired probabilistic performance guarantees.
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