
1.  Introduction
One of the greatest conundrums we have in modern spacecraft missions is the fact that instruments are ca-
pable of nearly continuously sampling high resolution, but due to telemetry limitations between the space-
craft and the Earth, we can afford to downlink only a small fraction if it. If we know a priori what kind of 
measurements we seek, data compression can be done by performing data analysis onboard the spacecraft 
and then sending back the post-processed data. That way, we would be able to gain insight from a larger 
fraction of the high-resolution data collected, and not limit our scientific return to a relatively small sample. 
In this study, we present a prescription for processing onboard measurements of turbulence-driven energy 
transfer from fields to particles.

Completely interpreting the turbulent cascade of energy, initially driven at large spatial scales (by phe-
nomena such as solar granules or Coronal Mass Ejections) and dissipated at smaller scales into plasma 
heat (or some other form of particle energization), is the spearhead problem in space plasma turbulence. 
Understanding the nature of turbulent dissipation mechanisms that govern the physics in the transition 
region, from the inertial to the dissipation range of the turbulent spectrum of energy, is a key component in 
this puzzle. The field-particle correlation (FPC) technique can differentiate between mechanisms through 
its velocity-space signature; this is done by quantifying the energy transfer between fields and particles, as a 
function of velocity, after performing a long-time average of the Lorentz force term in the Vlasov equation 
(Chen et al., 2019; Howes et al., 2017; Klein & Howes, 2016; Klein et al., 2017). This study describes how we 
can adapt this method to develop an onboard wave-particle correlator using a new algorithm called Particle 
Arrival Time Correlation for Heliophysics (PATCH), enabling calculation of FPCs using discrete particle 
times of arrival and simultaneous field measurements. The SWEAP (Kasper et al., 2016) and FIELDS (Bale 
et al., 2016) instrument suites on the recently launched Parker Solar Probe (PSP) (Fox et al., 2016) is a prime 
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example of modern spacecraft instrumentation that would remarkably benefit from performing FPC calcu-
lations in real time, utilizing full burst-mode data resolution capabilities.

Resonant turbulent dissipation mechanisms, such as Landau damping and ion-cyclotron damping, are a 
natural initial focus for onboard wave-particle correlator methodology, toward applicable instrumentation. 
The FPC velocity-space signature of ion Landau damping is already well-understood (Howes et al., 2017; 
Klein et al., 2017; Klein & Howes, 2016), indicated by a change of the sign of the energy transfer between 
fields and particles from negative to positive about the resonant phase velocity of the kinetic Alfvén wave 
leading to a net transfer of energy to the particles and damping the wave. Therefore, this study will be ded-
icated to applying the PATCH algorithm to ion Landau damping. However, the method is general enough 
to differentiate between other proposed turbulent dissipation mechanisms, such as intermittent dissipa-
tion concentrated in current sheets and magnetic reconnection locations (Dmitruk et al., 2004; Karimabadi 
et al., 2013; Matthaeus & Montgomery, 1980; Osman, Kiyani, et al., 2014; Osman, Matthaeus, et al., 2014; 
Zhdankin et al., 2013, 2014) and nonresonant mechanisms, such as stochastic heating (Chandran, 2010; 
Chandran et al., 2010; Chen et al., 2001; Johnson & Cheng, 2001; Vech et al., 2017) and magnetic pumping 
(Lichko & Egedal, 2020; Lichko et al., 2017). PSP samples data in the inner heliosphere at extraordinary 
rates that could discern these mechanisms at relatively exceptional resolution. Successful implementation 
of the PATCH method enabling onboard computation of energy transport will therefore drastically improve 
the quality of downlinked in situ measurements of turbulent dissipation signatures at kinetic scales.

In order to adapt the FPC technique for onboard implementation, we first determined the minimum ve-
locity-space resolution required by a spacecraft instrument to resolve the kinetic signature of ion Landau 
damping in our previous companion paper (Verniero et al., 2021). In Section 1.1, we review the history of 
attempts to build an onboard wave-particle correlator. In Section 1.2, we summarize the theory behind the 
FPC technique that distinguishes velocity-space signatures of particle acceleration mechanisms resulting 
from wave-particle interactions, such as Landau damping. We then apply this theory in Section 2 to con-
struct the new PATCH algorithm, enabling onboard calculations of the field-particle energy transfer by 
utilizing the discrete particle times of arrival and the field measurements at the same times. In Appendix A, 
we employ a more formal derivation using kinetic theory. We discuss the implementation of PATCH in 
Section 3 using synthetic spacecraft data created by the Astrophysical Gyrokinetics code, AstroGK. The 
procedure is described in Section 3.1, producing results in Section 3.2 to qualitatively and quantitatively 
assess the performance of PATCH for resolving the velocity-space signature of Landau damping, which 
correspond to a specified sampling time for the instrument. A plan for analyzing downlinked PSP data for 
refinement of the PATCH method and eventual development of an onboard wave-particle correlator mis-
sion is discussed in Section 4, with conclusions following in Section 5.

1.1.  History of Wave-Particle Correlators

Observations of wave-particle interactions have been sought over four decades. The earliest experiments flew 
on sounding rockets launched from Poker Flat, Alaska into the aurora, due to early speculation that reso-
nant electrons preferentially “bunch” at a specific phase driven by large-amplitude Langmuir waves (Gough, 
Burke, et al., 1998; Gough, Hardy, et al., 1998; Gough & Urban, 1983; Gough et al., 1995, 1997, 1990; Rubin 
et al., 1999; Spiger et al., 1974, 1976; Lin et al., 1995; Woolliscroft et al., 1997). However, these were examples 
of particle auto-correlators that yielded information about the particle count rate statistics and not neces-
sarily about energy transfer. The first true wave-particle correlator was constructed by Ergun et al. (1991), 
who correlated the phase of the waves with the electron time of arrival. Later, Kletzing et al. (2005) devised 
the University of Iowa wave-particle correlator, which acquired a phase bunching map by sorting electron 
counts into different phase bins. The wave-particle correlators developed by Ergun et al. (1991) and Kletzing 
et al. (2005), however, locked onto one dominant wave signal, yielding information about the relative phase 
of the electrons with respect to that wave. This type of procedure is not feasible in turbulence since there is 
a broadband spectrum of waves, with none being truly dominant.

A recent attempt to directly observe wave-particle interactions onboard spacecraft has been with the 
Wave-Particle Interaction Analyzer (WPIA) developed by Fukuhara et al. (2009). Their concept was imple-
mented on the Arase mission (Katoh et al., 2013) and used on a ground-based analysis of MMS observa-
tions to diagnose a wave-particle event in the Earth's magnetosphere (Kitamura et al., 2018). Their method 
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computes the phase difference between the particles and waves by calculating the inner product between 
the electric field and the velocity of the plasma particles. The PATCH method differs from the WPIA by its 
unique ability to resolve the energy transfer as a function of velocity space, so the WPIA cannot be used in 
the same way as PATCH to distinguish different energization mechanisms in the heliosphere.

The early aforementioned correlators were designed to study electrons accelerated by Langmuir waves in 
the magnetosphere, but their results did not reveal useful information about the energy transfer dynamics 
in the aurora. Furthermore, the frequency of the Langmuir waves was at or above the counting rate on the 
particle detector. Solar wind turbulence, however, is dominated by Alfvénic fluctuations (Belcher & Da-
vis, 1971; Bruno & Carbone, 2013; Howes & Nielson, 2013; Kraichnan, 1965; Verniero et al., 2018; Verniero 
& Howes, 2018; Verscharen et al., 2019) having much lower frequencies than Langmuir waves. The mod-
ern spacecraft instruments on PSP are capable of particle count rates greater than these wave frequencies, 
enabling new strategies for detecting wave-particle interactions of interest to the turbulence community. 
The primary goal of this study is to understand energization of particles due to the damping of turbulent 
fluctuations.

1.2.  The FPC Technique

The FPC technique quantifies the net energy transfer between the electromagnetic fields and the plas-
ma particles as a function of particle velocity, producing a distinct velocity-space signature for diagnosing 
and distinguishing turbulent dissipation mechanisms (Howes et  al.,  2017; Klein & Howes,  2016; Klein 
et  al.,  2017). The first direct evidence of electron Landau damping in a turbulent space plasma was re-
cently illuminated using Magnetospheric Multiscale Mission (MMS) magnetosheath observations by Chen 
et al. (2019). Implementing the FPC technique onboard spacecraft is therefore a natural extension of this 
method. As a starting point for the discussion of how to modify the method for onboard use, we briefly 
summarize the derivation of the standard, ground-based FPC method below.

On the short time scale of the energization of particles by turbulence in a weakly collisional plasma, the 
evolution of the six-dimensional (3D-3V) velocity distribution function  , ,sf tr v  for each species s is given 
by the Vlasov equation,

   
         

0,s s s
s

s

f q ff
t m c

v Bv E
v

� (1)

and the system is closed with Maxwell's equations. Here, c is the speed of light, v is the particle velocity, E 
is the electric field, and B is the magnetic field. The third term, the Lorentz force term, governs the interac-
tions between the fields and particles.

Summarizing the derivation by Howes et al. (2017), multiplying Equation 1 by msv2/2 yields an equation for 
the instantaneous rate of change of phase-space energy density,     21, , , ,

2s s sw t m v f tr v r v , given by
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.

2 2
s s s

s s s
w t v f v fw q q

t c
r v vv E B

v v
� (2)

When Equation 2 is integrated over all velocity and physical space with appropriate boundary conditions 
(periodic or boundaries at infinity), only the electric field term (second term on the right-hand side) is 
nonzero. However, missions with one (or only a few) spacecraft do not provide the information needed for 
the spatial integration. Instead, we employ the observationally accessible 3V information measured at a 
single-point,  0 0 0 0, ,x y zr , to determine the rate of change of energy density at r0. The electric field term 
describes both the physics of the secular energy transfer that leads to net particle energization and the phys-
ics of the oscillating energy transfer associated with undamped wave motions. Therefore, a time-average 
over a sufficiently long correlation interval τ is taken to eliminate the oscillating signal, yielding the standard 
FPC,  0, , ,C tE r v , defined by
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Note that the v2 term in Equation 3 is substituted with 2
iv  for i ∈{v∥, v⊥1, v⊥2} depending on which component 

of E = {E∥, E⊥1, E⊥2} is being correlated with fs. For example, in the case of Landau damping, we are inter-
ested in the parallel contributions of the electric field E∥ with the particle velocities v∥, so the dot product in 
Equation 3 converts to multiplication. The standard FPC,  0, , ,C tE r v , generates a velocity-space signature 
of energy transfer in 3V velocity space that is characteristic of the mechanism of energization. Integration 
over velocity-space yields the time-averaged net rate of change of spatial energy density of species s due to 
the electric field,       3

0, , , sd C tEv r v j E , where 〈〉τ indicates a time-average over τ.

The velocity derivative in the standard FPC given by Equation 3 prevents a straightforward implementation 
of this method onboard a spacecraft. Instead, we use an alternative version of the FPC derived by substitut-
ing fs = 2ws/mv2 into Equation 1 and manipulating the equations into the form

    
            
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This equation can be interpreted as the rate of change of phase-space energy density  , ,sw tr v  along La-
grangian particle trajectories in 3D-3V phase space (where d/dt represents the Lagrangian derivative in 
3D-3V). The right-hand side of Equation 4 thus shows that the rate of change along particle orbits is solely 
due to the rate of work done on the particles by the electric field. From this perspective, the standard form 
in Equation  2 represents an Eulerian formulation for the rate of change of phase-space energy density 

 , ,sw tr v  at a fixed point in 3D-3V phase space. Therefore, we define the alternative FPC,  
0, ,C tE r v , by
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Note that when integrated over all velocity space, both correlations defined by Equations 3 and 5 yield the 
same result: the time-averaged rate of work done by the electric field on the particle species s,   sj E . The 
integrand of Equation 5 is the general form upon which the PATCH onboard implementation of the FPC 
technique is based, where parallel or perpendicular components of E can be separated to explore different 
energization mechanisms, given by 

EC  or 
EC .

2.  Onboard Spacecraft Measurements
Instruments onboard spacecraft can sample the plasma at their maximum high-resolution cadence, but 
due to telemetry restrictions, only a small fraction of the highest resolution data can be transmitted to the 
ground for analysis. Onboard correlation calculations enables an efficient use of the highest resolution 
measurements of an instrument, maximizing scientific data return by only downlinking time-averaged en-
ergy transfer information as a form of data compression. This section serves as proof-of-concept that the 
proposed, prototypical methodology could indeed achieve this goal. We develop a simple way to perform 
FPC calculations onboard spacecraft, called the Particle Arrival Time Correlation for Heliophysics (PATCH) 
algorithm. We demonstrate a simplified derivation in Section 2.2 and show it is consistent with more rigor-
ous kinetic theory developed in Appendix A.

2.1.  Particle Arrival Time

Before deriving the PATCH method for FPC implementation onboard spacecraft, we first define a particle 
arrival time. As discussed in Section 2.2, the PATCH algorithm is based on time-tagging particle counts; the 
definition of the “time” a particle is “counted” on a spacecraft must be clearly defined to link the theory 
behind PATCH to physical observations and make improvements based on instrumental specifications. 
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This section describes background material about spacecraft particle detectors, facilitating a more precise 
definition of a particle arrival time.

The particle detector on a spacecraft is generally of a type known as an Electrostatic Analyzer (ESA), with 
typical modern configurations as a “top-cap” design (Carlson et al., 1982), shown in Figure 1. Physically, 
it is a cylindrically symmetric configuration consisting of a particle entrance aperture on top of two nested 
hemispheres. The aperture entrance is a cylindrical figure of revolution, also known as the field-of-view 
(FOV), which rotates 360° about an axis of symmetry (see left side view in Figure 1). The axis of this rota-
tion is symmetric about the set voltage difference of the two nested hemispheres (see right cutaway view in 
Figure 1), which will select particles of species s, and charge qs, with energy E.

The particle arrival time is defined as the time, tp, that the particle crosses the surface area of the entrance 
aperture in Figure 1; this is a curvilinear surface approximated locally as a 2D rectangle with an infinitesi-
mal slab of area, A, in a plane parallel to the azimuthal axis of symmetry. The ESA then collects these parti-
cles, which arrive at an angle of incidence, approximately normal to the surface of the aperture plane, with 
a specific time, position, and velocity. This information at the particle arrival time, tp, is then recorded into 
five measurement bins encompassing six-dimensional phase-space: (1) 1D azimuthal angle ϕ, (2) 1D polar 
angle θ, (3) 1D energy E, (4) 1D velocity v, and (5) 2D position area A. The width of these bins, Δ, determines 
the data resolution; a smaller Δ enables a finer measurement grid to yield better resolution, and vice versa.

The finiteness of physical hardware invokes a natural upper bound on the instrumental resolution quality. 
The geometric factor, also referred to as the -factor, is defined as


Δ Δ ΔE
E

A Ω� (6)

where ΔE/E is the energy response (equal to a constant) and Ω is the solid angle of rotation, combining ϕ 
and θ. In addition, any prediction made from kinetic plasma theory must account for breaking the assump-
tion that measurements are sampled continuously. The PATCH algorithm specifically utilizes the discrete-
ness of particle count measurements to optimize accuracy of calculating quantities existing in the physical 
universe.

2.2.  Demonstration of the PATCH Algorithm

On a spacecraft, the standard phase-space  ,r v  distribution function, fs, is defined as,

 3 3s
Nf

d dr v
� (7)

where N is the number of species s particles, with mass m, counted in some infinitesimal region of phase-
space, d3rd3v. In reality, the detector counts particles with discrete arrival times, defined as the time the 
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Figure 1.  Physical picture of “top-hat” ESA design, including a side view (left) of the electron particle trajectory (red) 
crossing the symmetry axis (dotted black line). The field-of-view (FOV) spins 360° around this axis, which also defines 
the area of the aperture opening. The cutaway view (right) shows the two nested hemispheres responsible for the net 
voltage difference.
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particle enters the aperture, described in Section 2.1. Thus, the observed 
number of particles in the single phase-space bin ΔrpΔvp is given by

  


  
1

( )
Ntot

obs j
j

N t t t� (8)

over a sampling time dt. The total number of particles counted, centered 
at time tp over the appropriate correlation time, τ, is

 








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2

2

t p

obs
tp

N dtN t� (9)

which is interpreted as the count rate over the correlation time interval, τ.

Based on the observed distribution function defined by Equation 7, we 
now define a specific physical distribution function observed by the 
spacecraft particle detector with an aperture geometry-defined phase-
space to intuitively derive the PATCH method. In a single phase-space 
bin, there is a fixed point in space rp and velocity vp 

   
, ,

Δ Δ
obs

s p p
p p

N t
f tr v

r v
� (10)

where Nobs(t) is the number of particle counts observed as a function of time given by Equation 8. By substi-
tuting Equation 10 into the RHS of Equation 4, the rate of change of phase-space energy density due to the 
electric field is approximated as

      
  
 
 

, , ,

Δ Δ
p p obs p

s p
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q
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E

r v E r
v

r v� (11)

Equation 5 says that the correlation over some time, τ, determines the rate of change of particle energization:

       
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The correlation, 
*C , constructed from discrete particle arrival times (in a single phase-space bin) is then

   
 

 
  

       *

1 1
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j s p s p j
j j

C dt t t q t q tv E v E� (13)

The PATCH algorithm, based on Equation 13, is simply the summation of the electric field evaluated at the 
particle arrival times over the correlation interval, τ. Because the electric field is not summed uniformly over 
time, but only at the particle arrival times, it captures the critical phase relationship between the electric 
field and the fluctuations in the particle velocity distribution, which determines the net collisionless trans-
fer of energy between the fields and particles. Note that Appendix A presents a formal derivation of the 
PATCH methodology (Equation A25) starting from kinetic theory.

As a simple demonstration shown in Figure 2, consider a sinusoidal electric field (red) with a known time 
evolution at the point of measurement rp and sinusoidal particle number density N(t) (blue) within a single 
 Δ ,Δp pr v  phase-space bin. In this simple 1D example represented by Figure 2, e(t) represents the 1D com-
ponent of the electric field we are interested in correlating with N(t). In the case of Landau damping, which 
is mediated by the parallel component of the electric field, this component would be E∥. The particles arrive 
(green vertical lines) in a Poisson-distributed manner with probabilities dictated by N(t), which can be in-
terpreted as the number of particle counts within a sampling time, dtp, that enter the aperture as a function 
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Figure 2.  2D representation of the PATCH procedure in a single 6D 
phase-space bin  Δ ,Δp pr v . The blue curve, N(t), represents the number 
density of particles in this bin. The green vertical lines indicate particles 
arriving with probabilities dictated by N(t). The red curve is the electric 
field, E(t), with open green circles, indicating that the electric field is 
evaluated at the particle time of arrival. The summation of these values 
with appropriate normalization yields the correlation, 

*C , in this bin.
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of time. Hence, N(t) is simply the count rate in each phase-space bin. The in-phase component between N(t) 
and E(t) is what leads to net energy transfer, since only the in-phase components contribute to a non-zero 
value of the integral in Equation 12 over an integer number of periods.

To find the correlation over the interval, τ = 3 periods, we perform the following procedure. If a particle 
arrives at some time, t =  tj, represented by the green vertical lines in Figure 2, then the electric field is 
evaluated at that time, E(tj), represented by the green circles. We then multiply E(tj) by the velocity, vp, and 
compute the summation given by Equation 13 over a sufficiently long time interval, τ.

3.  Testing PATCH With Synthetic Spacecraft Data
We now present a demonstration of the PATCH algorithm, using it to diagnose ion Landau damping in a 
gyrokinetic plasma turbulence simulation utilizing the Astrophysical Gyrokinetics code AstroGK (Numata 
et al., 2010). We describe the procedure for implementing PATCH with the simulation output data in Sec-
tion 3.1, along with results demonstrating that the ion Landau damping velocity-space signature can be 
resolved with this novel method in Section 3.2.

3.1.  PATCH Implementation Procedure

The PATCH algorithm can be tested using a time series of the electromagnetic fields and ion velocity dis-
tributions at a single spatial point in a driven AstroGK simulation of strong plasma turbulence for a βi = 1 
and Ti/Te = 1 plasma, detailed in Klein et al. (2017). The 3D-2V gyrokinetic simulation employs a resolution 
of (nx, ny, nz, nλ, nE, ns) = (64, 64, 32, 64, 32, 2), where nλ is the number of pitch angles, nE is the number of 
energies, and ns is the number of species (protons or electrons). The fully resolved spatial dynamic range of 
the simulation spans 0.25 ≤ k⊥ρi ≤ 5.5, and 2V velocity-space is resolved by nE × nλ = 32 × 64 = 2,048 grid 
points. In addition, a reduced mass ratio of mp/me = 32 is employed.

Our companion paper (Verniero et al., 2021) describes a procedure for constructing synthetic spacecraft 
data downsampled to the PSP spacecraft energy-angle resolution. The ion electrostatic analyzer instrument, 
SPAN-I in the PSP SWEAP particle instrument suite (Kasper et al., 2016), boasts maximum energy and 
azimuthal angle phase-space resolution  

Δ ΔE
E

 7 % × 3.75 °. This synthetic data procedure uses output 

of the 2V gyrokinetic perturbed ion distribution function gi(v∥, v⊥, t) from a single spatial point in the sim-
ulation domain, at a uniform time interval Δt, as well as the value of the electric field at the same position 
and times. This time series of gi at times tl is combined with a constant Maxwellian equilibrium F0i(v), with 
ion temperature Ti = 8.6 eV, to generate a total 2V ion distribution function,

      0, , ( ) , ,i l i i lf v v t F v g v v t� (14)

Here, ϵ ∼ δfi/F0i = 0.1 is the gyrokinetic expansion parameter that specifies the amplitude of the perturbed 
ion distribution function relative to the equilibrium. This ion distribution function in the plasma rest frame 
is then boosted to the solar wind velocity (relative to the spacecraft), chosen here to be vsw = 400 km/s with 
an angle between the solar wind flow and the magnetic field of α = 30°. The resulting spacecraft-frame 
ion velocity distribution function is then downsampled to the instrumental resolution in energy-azimuthal 
angle coordinates (E, ϕ) and scaled by the peak of the Maxwellian equilibrium. This procedure yields a 
normalized total ion velocity distribution function

   
 


 
0 0

ˆ , ,
, , i j k l

i j k l
i

f E t
f E t

F v
� (15)

for energy bin Ej and azimuthal angle bin ϕk, at time tl.

To implement a test for the PATCH algorithm using the downsampled synthetic ion velocity distribution 
function fi from the procedure outlined in Verniero et al. (2021), we detail here a final step, utilizing fi to gen-
erate a time series of particle counts at the detector aperture in each of the energy-angle phase space bins 
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 ,j kE . This is accomplished by using the normalized îf  in each  ,j kE  bin to determine the probability of 
counting particles in that bin. Note that the maximum value of the normalized ion distribution function is 
∼1, i.e., max( ) 1îf . Given that   , 1î j kf E , we define N as the average number of particles counted in a 
single  ,j kE  bin. Since the value of the ion distribution function decreases rapidly away from the center of 
the velocity distribution, most (Ej, ϕk) bins will have far fewer than N counts during one sampling interval. 
This definition of N enables us to characterize the number of particle counts needed in each (Ej, ϕk) bin to 
resolve a meaningful velocity-space signature using the PATCH algorithm.

To create the time series of counts in each (Ej, ϕk) bin with the appropriate Poisson statistics, we adopt the 
following procedure. For a specified maximum value of N counts per bin, we divide the sampling interval Δt 
into N equal sub-intervals. In each sub-interval, we use the value of  )ˆ ( ,i j kf E  as the probability that a single 
particle is counted in that sub-interval. If a particle is counted, the parallel electric field (since we are seek-
ing the signature of ion Landau damping), output from the AstroGK simulation at the sampling interval 
cadence Δt, is linearly interpolated to the sub-interval time tn; this denotes the particle arrival time, yielding 
E∥(tn). The resulting set of particle arrival times tn, governed by Poisson statistics, is analogous to the green 
vertical lines in Figure 2; and the nonuniform series of E∥(tn) measurements at each of these arrival times 
corresponds to the green circles on the red electric field curve. Thus, the parallel electric field measurements 
are weighted by the particle counts.

For a given sampling interval l and phase-space bin  ,j kE , we denote the total number of particles counted 
by Njkl. For each (Ej, ϕk) bin, we also compute the corresponding velocities parallel and perpendicular to 
the magnetic field in the frame of the time-averaged ion bulk flow, denoted v∥jk and v⊥jk, respectively. For a 
correlation interval τ consisting of L sampling intervals, such that τ = LΔt, we use Equation 13 to obtain the 
PATCH correlation 

*
EC . The rate of work done by the parallel electric field is thus given by,

  
 

    
*

1 1

1 1, , , ( )
Δ Δ

N jklL

E jk jk i jkl nl
l np p

C v v t q v E t
r v

� (16)

where the time indicated for the correlation t is at the center of the correlation interval τ. This equations 
matches Equation A25 from the formal derivation detailed in Appendix A.

3.2.  Performance of the PATCH Algorithm

In analyzing particle energization in heliospheric plasmas, the PATCH algorithm aims to achieve the same 
two goals as the ground-based FPC technique: (i) to generate a velocity-space signature that can be used to 
distinguish the different kinetic mechanisms governing the energy transfer; and (ii) to yield a quantitative 
estimate for the rate of change of spatial energy density by an integration of the PATCH correlation over 
velocity-space. In this section, we assess the ability of the PATCH algorithm to achieve both of these goals 
as the characteristic number of particle counts per energy-angle bin, N, is varied.

Recall that the characteristic single-bin particle count N is defined as the average number of particles that 
would be counted in a single energy-angle bin (Ej, ϕk), given that the normalized distribution function for 
that bin is  ( , ) 1î j kf E . Physically, the value of N is a measure of the particle count rate by the instrument; 
and therefore, it depends on the local plasma number density n0, the sampling time for the single bin Δt, and 
the geometric -factor of the instrument, given by Equation 6. This description of N directly corresponds to 
the mean number density, N0, of the simplified single-bin model shown in Figure 2.

Note that the rate of energy transfer given by Equation 16 will statistically be linearly proportional to N. 
Since the summand of Equation 16 is the rate of work done on an ion with charge qi and parallel velocity 
v∥ by the parallel component of the electric field E∥, it is physically reasonable that a larger number of 
ions counted will correspond to a larger energy transfer rate. Therefore, to assess the ability of the PATCH 
method to recover the qualitative features of the velocity-space signature and the quantitative value of the 
velocity-integrated energy transfer rate, the correlation given by Equation 16 may be scaled by 1/N to enable 
a quantitative comparison between PATCH results with varying N values. Any differences will be caused by 
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the Poisson statistics of the particle counts in each bin, enabling us to assess the performance of the PATCH 
algorithm as N is varied.

3.2.1.  Qualitative Test

Here, we test the ability of the algorithm to qualitatively reproduce the known velocity-space signature of 
ion Landau damping, which has previously been recovered from a strong turbulence simulation of a βi = 1 
and Ti/Te = 1 plasma using the FPC technique (Klein et al., 2017). As explained in Section 1.2, the velocity 
derivative in Equation 3 poses difficulties for implementation of the FPC concept when only supplied with 
individual particle counts. For the PATCH method, we thus begin with the alternative form of the corre-
lation given by Equation 5. The velocity-space signature of the alternative correlation, 

 ( , , )EC v v t , for ion 

Landau damping qualitatively shows that the peak of the rate of energy transfer occurs at the parallel res-
onant velocity, v∥/vti ≃ 1 and is accompanied with a zero-crossing that shifts to lower parallel velocities v∥/
vti < 1. This feature has a smaller amplitude minimum, as shown in the timestack plot of 

 ( , )EC v t  in Figure 

9c of Klein et al. (2017). Ultimately, using the PATCH algorithm, we seek to reproduce these qualitative and 
quantitative features of the velocity-space signature of ion Landau damping from the alternative correlation 


 ( , , )EC v v t .

In Figure  3, we plot the parallel PATCH correlation in gyrotropic velocity space 
* ( , , , )EC v v t  given by 

Equation 16 for a correlation interval τωA = 10.4 (where the domain-scale Alfvén waves driving the tur-
bulence have periods TωA = 2π). We compare the qualitative pattern of the velocity-space signature of the 
energy transfer using the PATCH method, 

*
EC , for varying single-bin particle counts N in panels (a–g), to 

the velocity-space signature from the alternative FPC 
EC  in panel (h). In these plots, the black dots indicate 

the bin centers of the energy-azimuthal angle bins (E, ϕ) using realistic instrumental resolution for the PSP 
spacecraft. At this resolution, the velocity-space range over −4 ≤ v∥/vti ≤ 4 and 0 ≤ v⊥/vti ≤ 4 in the ion plasma 
rest frame is sampled by just 129 energy-angle bins (Verniero et al., 2021). The key qualitative features in the 
alternative FPC 

EC  in Figure 3h that are indicative of ion Landau damping are: (i) the significant positive 

peak just above v∥/vti = 1 at approximately the expected parallel resonant velocity, (ii) the zero crossing just 
below v∥/vti = 1, and (iii) the smaller negative dip at smaller values of v∥. This is the velocity-space signature 
that we aim to recover with the PATCH algorithm.

The comparison in Figure 3 demonstrates that the PATCH method 
*
EC  converges qualitatively to the alter-

native FPC 
EC  as N increases, with most of the finer features of 

EC  recovered for values N ≳ 75. Further-

more, although the quantitative amplitudes of the features are slightly altered by the variation inherent to 
the Poisson sampling statistics, the broader qualitative pattern of energization in velocity space is still re-
produced reasonably well for values down to N = 16, recovering the features needed to identify ion Landau 
damping. For N < 16, the qualitative features of the velocity-space signature are lost, or at least distorted, 
by the random error. Therefore, it appears that in Figure 3b that for N ≳ 16, the PATCH algorithm indeed 
succeeds in recovering the characteristic signature of ion Landau damping found by the alternative FPC 

EC  

shown in Figure 3h, which is the correlation at PSP SPAN-I instrumental resolution without incorporating 
Poisson sampling statistics.

3.2.2.  Quantitative Test

The second test is to quantitatively assess the accuracy of the rate of change of ion spatial energy density 
 , /idw t dtr  due to the parallel electric field, E∥; this is determined by the integration over velocity space 

of the parallel PATCH method, denoted       

3 *
0, / ,i EE

dw t dt d C v vr v . We compare the resulting 

 


/i E
dw dt  from the PATCH method with varying N, to the “exact” result arising from the velocity-space 

integration of the alternative FPC  
 

3 ,Ed C v vv , as shown in Figure 3h. In Figure 4, we calculate the rate 

of change of ion spatial energy density as a function of time using the alternative FPC C′ (exact, black), 
compared to the PATCH method 

*
EC  with N = 16 (magenta), 25 (cyan), 50 (blue), 100 (green), and 1000 

(red). The results again show that the PATCH method 
*
EC  converges to the alternative FPC C′ result as N 
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increases. Furthermore, even at the lowest value of N = 16 (magenta), the PATCH algorithm still captures 
the broader trend of the ion energization as a function of time, with a loss of ion energy at tωA < 10, and an 
increasing rate of ion energization later in the simulation.

To evaluate how the accuracy of the rate of change of ion spatial energy density   


0, /i E
dw t dtr  changes 

with N, at time tωA = 13.9 in the simulation (vertical dot-dash line in Figure 4), we perform an ensemble 
of 16 independent realizations of the PATCH algorithm for each value of N. We verify that the mean value 
for   


0, /i E

dw t dtr  of these realizations converges to 
PSPC  as N increases. But, onboard a spacecraft, we 

are not able to make repeated measurements of the same plasma volume, and therefore cannot obtain an 
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Figure 3.  Testing the ability of the PATCH algorithm to recover the velocity-space signature of ion Landau damping, 
using the particle arrival time correlation, 

*
EC , in PSP resolution for singe-bin particle counts (a) 9, (b) 16, (c) 25, (d) 

50, (e) 75, (f) 100, and (g) 1,000 particles. Comparison to using the alternate FPC at PSP resolution, C′(fPSP) (Verniero 
et al., 2021), instead of the PATCH method, is represented in panel (h).
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accurate determination of the time-averaged energy transfer at a given 
point in space. The plasma is streaming past the spacecraft at typically 
supersonic and super-Alfvénic velocities, and so the accuracy of our an-
swer is more practically assessed by observing the variation of the energy 
transfer rate among the 16 realizations at each value of N.

In Figure  5a we plot the average value of   


0, /i E
dw t dtr  (indicat-

ed by the blue asterisks) after performing these 16 realizations. The 

red horizontal dashed-dotted line at    


0, / 7.1607i E
dw t dtr  repre-

sents 
PSPC ; we note that the error bars decrease as N → 1000 and that 

   


0, / 7.1607i E
dw t dtr . In Figure 5b, we visualize this error as the 

percentage of the standard deviation σ(N) relative to the “exact” value 

of   


0, /i E
dw t dtr  computed from 

PSPC ; this measure of the error also 

converges for sufficiently large N. Furthermore, for values of N ≳ 100, the 
random statistical error of the PATCH algorithm is ⪅20%, which is the 
average error of the energy transfer rate determination found in Verniero 
et al. (2021) due to the limited instrumental phase-space resolution of the 

PSP mission (relative to the much higher velocity-space resolution results of the AstroGK simulation). Ex-
isting methods for the determination of the particle energization rate in heliospheric plasma turbulence 
often yield at best order-of-magnitude estimates. Therefore, even at very low single-bin particle counts of 
N ∼ 25, with its estimated error around 45%, the PATCH algorithm still represents a useful approach to 
measure the rate of energization of particles relative to state-of-the-art modern spacecraft instrumentation.

In summary, the demonstration of the PATCH algorithm presented here shows that (i) the PATCH algo-
rithm recovers qualitatively accurate velocity-space signatures of particle energization for N ≳ 16 and quan-
titatively accurate velocity-space signatures for N ≳ 75; (ii) the time evolution of the rate of particle ener-
gization is well captured qualitatively for N ≳ 16 with an error that converges for N → 1000; and (iii) the 
accuracy of the rate of particle energization for N ≳ 100 reaches the level of 20%, the same level limited by 
the instrument resolution for PSP (Verniero et al., 2021).
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Figure 4.  Comparison of the rate of ion energization computed by 
integration of the FPC    

3 ,d C v vv  (black) to that computed by the 
integration of the PATCH ∫d3vC*(v∥, v⊥) with N = 1000 (red), 100 (green), 
50 (blue), 25 (cyan), and 16 (magenta). The vertical dash-dotted line 
indicates the time at which the correlations in Figure 3 were calculated.

Figure 5.  Demonstration of the PATCH error where (a) shows the average of the velocity-integrated energy transfer 
rate (dwi/dt) for an ensemble of 16 PATCH realizations at each N marked by the blue asterisk, with the standard 
deviation as error bars. The red horizontal dashed line represents the “exact” value of   


0, /i E

dw t dtr  computed from 

the alternative FPC C′ (using synthetic data downsampled to PSP instrumental resolution); and (b) represents the 
standard deviation of the error as a percentage of the transfer rate.
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4.  Future In-Situ Testing
The PATCH method was conceived with the new capabilities of PSP in mind. It has been tested and ana-
lyzed with theoretical simulations, but future work will test and refine this method using actual spacecraft 
data. The initial perihelion datasets from PSP have shown strong evidence of wave-particle interactions and 
related kinetic instabilities (Bale et al., 2019; Bowen et al., 2020; Malaspina et al., 2020; Verniero et al., 2020). 
Thus, data from PSP's Wave-Particle Correlator (WPC) could be an ideal tested for implementation of the 
PATCH algorithm that only requires the electric field in relatively high time-cadence and the particle times 
of arrival.

The WPC on PSP is a joint venture between the particle instrument suite, SWEAP (Kasper et al., 2016; 
Whittlesey et al., 2020), and the electromagnetic fields instrument suite, FIELDS (Bale et al., 2016), which 
interfaces with a DPU called the SWEAP Electronics Module (SWEM). Figure 6 shows a schematic of the 
interface cable that was placed between the particle electrostatic analyzer, SPAN, and fields instruments, 
FIELDS. The clock signal from FIELDS to SWEM provides a master clock so that FIELDS and SWEAP meas-
urements can be made simultaneously with minimal time delays. Then, particle pulses are sent through a 
single channel from SWEM to FIELDS. Wave-particle correlations could be seen from up to 1 MHz, so we 
could potentially determine how energy is exchanged between electromagnetic fields and selected portions 
of the particle phase space density. Furthermore, the particle pulses can be selected from any combination 
of anodes from the electrostatic analyzers, so we can study both electron and ion scale kinetic physics. The 
primary goal for WPC implementation is to understand what causes heating in both particle populations.

The WPC enables the opportunity for refinement of the PATCH algorithm for application to real spacecraft 
data. However, we acknowledge that many key challenges exist for the practical implementation of the 
PATCH algorithm for the onboard computation of FPCs. These caveats include real-time determination of 
the appropriate frame of reference and magnetic-field-aligned coordinate system needed for time averaging 
the correlation. In addition, we must consider how to minimize the impact of instrumental effects, such as 
spacecraft charging, on the computed correlations. Once the PATCH concept is demonstrated to be realiza-
ble in pragmatic conditions, it could be further developed for onboard implementation on a future mission 
where exploring wave-particle interactions are of the primary science goals.
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Figure 6.  The SWEAP/FIELDS interface on PSP: the Wave-Particle Correlator (WPC).
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5.  Summary
The technological advances of data acquisition onboard spacecraft far exceeds the rate of improvements in 
telemetry downlink bandwidths. Until Space-Earth telemetry methods (such as the Deep Space Network) 
become more developed and affordable, one solution to this excess data problem is to explore additional 
methods of compression. Data compression can take on many forms, but usually involves an element of av-
eraging or redundancy removal in order to transmit less data with minimal loss in the quality of the original 
signal. This study demonstrated a proof-of-concept that energy transfer quantities from turbulent dissipa-
tion mechanisms may be pre-processed onboard for more optimal information downlinking capabilities.

Comprehending the dynamics and energetics of the entire cascade of turbulent energy from large scales, 
driven by violent events or instabilities, to small scales, eventually leading to plasma heat or some other 
form of energization, is the one of largest challenges in heliophysics. Understanding the nature of the dissi-
pation mechanisms, that convert the turbulent energy into particle heat or an accelerated population of par-
ticles, represents one of the key aspects of this challenge. The FPC technique has the potential to diagnose 
and distinguish each of these mechanisms by constructing their characteristic velocity-space signature. 
This study extends the FPC technique for application to in situ discrete particle measurements, the Particle 
Arrival Time Correlation for Heliophysics (PATCH).

We developed PATCH as a new method of diagnosing energy transfer mechanisms onboard spacecraft 
based on time-tagging particles. We adapted the FPC concept to measure the net energy transfer by quanti-
fying the statistical change in discrete particle counts over time. Utilizing spacecraft observations of discrete 
particle arrival times eliminates the need for calculating the phase-space bin-average of the distribution of 
particles. We instead showed that the distribution of the field measurements evaluated at the particle arrival 
times can yield the same information about the particle distribution function itself (see Appendix A for the 
full derivation from the Klimontovich–Dupree equation).

The PATCH algorithm was tested with synthetic spacecraft data produced by AstroGK, using the method-
ology of Verniero et al. (2021), by creating an artificial time series of particle counts using the numerically 
computed distribution function as the probability for counting a particle. The parallel electric field was then 
evaluated at those times; and a time correlation was performed and summed over velocity-space. Figure 3 
presented a visualization of the statistical fluctuations of the new correlation as the typical number N of 
particles counted in a sampling time is increased. Note that N can be increased for a given instrument by 
increasing the sampling time per phase-space bin. Figure 3 showed that PATCH can qualitatively reproduce 
the velocity-space signature of ion Landau damping with a threshold of N = 16 particles for the typical 
single-bin particle count.

The quantitative analysis shown in Figures 4 and 5 demonstrates that the velocity-space integrated energy 
transfer rate   


0, /i E

dw t dtr  indeed converges to the “exact” value computed by the alternative FPC in 

PSP resolution, 
PSPC . However, to definitively determine the threshold number of particle counts needed to 

resolve the velocity-space signature of ion Landau damping, one must perform a larger number of statisti-
cal realizations of the PATCH method; and in turn, determine at which N the slope changes in Figure 5b. 
These changes in slope directly correspond to how the error scales as the number of particles counted 
per energy-bin increases. Future statistical studies with a range of solar wind conditions will enable this 
determination.

We have demonstrated, in this study, the possibility for a novel method of measuring energy transfer on-
board spacecraft, with the aim to optimize scientific data return. PATCH utilizes discrete particle times of 
arrival along with simultaneous field measurements, yielding a simple algorithm that could revolutionize 
our understanding of wave-particle interactions, or other types of turbulent dissipation mechanisms. The 
kinetic theory re-imagined in Appendix A shows how to connect this new theory, in terms of particle num-
ber density, to existing ideas about energy transfer, in terms of distribution function measurements. The 
PATCH methodology is a crucial step toward implementing an onboard wave-particle correlator, which has 
been a multi-decadal challenge. With new technological capabilities available on Parker Solar Probe, the 
time is now.
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Appendix A:  Re-Imagining Kinetic Theory for Onboard FPCs
In this appendix, we show how to redefine the FPC technique using discrete particle counts. We then obtain 
an expression for the instantaneous rate of change in particle kinetic energy, using only information about 
the particle number density, rather than the distribution function, fs. Note that the indices assigned to the 
various quantities defined in this appendix are independent of those in the main body of this study.

A1.  Preliminary Definitions

Chapter 3 of Nicholson (1983) is based on the notion that point particles are described in a plasma existing 
in a 3D configuration-space r, each with an orbit  tr . Likewise, the point particles exist in a 3D veloci-
ty-space v with an orbit  tv . The two spaces combine to define the 6D (or 3D-3 V) phase-space (r, v) of the 
dynamical system of point particles. For each species s having N0 particles in the system, the number density 
distribution Ns is

               
0

, ,
N

s i i
i

N t t tr v r r v v� (A1)

The time derivative of the position orbit of particle i, denoted as an over-dot, is

   i it tr v� (A2)

and the time derivative of the velocity orbit of particle i satisfies the Lorentz force equation

                , ,m ms
s i s i i i

qm t q t t t t t
c

v E r v B r� (A3)

where the superscript m denotes the self-consistently generated microscopic electric and magnetic fields 
produced by the point particles themselves, in addition to the externally applied fields. Maxwell's equations 
then describe the microscopic fields where the microscopic charge density is

      
,

, , ,m
s s

s i
t q d N tx v x v� (A4)

and the microscopic current density is

     
,

, , ,m
s s

s i
t q d N tJ x vv x v� (A5)

An exact description of the time evolution of the number density distribution of each species is then derived 
as

   
           

, ,
0s m ms

s s
s

N t qN N
t m cr v
r v vv E B� (A6)

known as the Klimontovich–Dupree equation (Dupree, 1963; Klimontovich, 1967). Together with Maxwell's 
equations, Equation A6 yields an exact description of the plasma (Nicholson, 1983).

A2.  The Ensemble Average

In the next step of deriving the plasma kinetic equations, Nicholson (1983) introduces

     , , , ,s sf t N tx v x v� (A7)

as the ensemble average over an “infinite number of realizations of the plasma,” as rigorously defined by 
Reif (1965). This distribution function is then substituted for Ns in the Klimontovich-Dupree Equation A6; 
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and the rest of kinetic plasma theory as we know it is derived from this critical stage (for example, the Vlas-
ov equation is Equation A6 with fs substituted for Ns). It was justified that this was done to deduce informa-
tion about the average properties of the plasma (Nicholson, 1983).

The ensemble average represents the average number density of particles in all possible states of the system, 
which is an abstract mathematical notion to cast the spiky delta functions of Ns(t) as a smooth distribution 
function. As suggested by V. I. Erofeev (2014), this notion of the ensemble average is not physically inform-
ative since it represents time evolutions of probabilities that do not naturally exist in the universe. In par-
ticular, these probabilities represent the statistics of all possibilities of any fs realization, which is equivalent 
to saying that all fs distribution functions are indistinguishable. This means that plasma physicists refer to fs 
as if they were all the same. By definition of the ensemble average, indeed they are all the same; they are the 
average of every possible solution, which is certainly not observationally accessible knowledge. In a provoc-
ative article, V. V. Erofeev (2004) mentions in a footnote that, “as a first important system ensemble study 
we can mention [the] renown[ed] equation by Boltzmann. His concept of [a] distribution function supposes 
indirectly the substitution of a real mixture of discrete gas atoms by a continuous probabilistic ensemble 
of such mixtures. Boltzmann himself had no perception of this fact, although afterward he explicitly spoke 
about the desirability of substituting system ensembles for real systems (Boltzmann, 1896).”

Obtaining statistics about the number density of particles in any possible state obscures the specific phys-
ical problem at hand by including too much information that does not actually exist. To derive an actual 
physical result, substituting an unphysical fs should be avoided (V. I. Erofeev,  2014). To smooth out the 
delta functions defined by Ns, V. I. Erofeev (2014) suggests that one should instead begin with the Klimon-
tovich-Dupree equation and then take an appropriate phase-space or time average for the specific problem 
at hand. That way, the distributions will actually contain the much smaller subset of statistically relevant 
information to the physical problem, not the average statistics of every possible solution to the problem. For 
example, in deriving a three-wave interaction equation, V. I. Erofeev (1997) demonstrated how to avoid the 
ensemble average substitution by defining a distribution function in a way that accurately described the 
statistics of the physically observable situation.

A3.  Onboard Correlation Derivation Using Kinetic Theory

In this section, we show how to circumvent the ensemble average to redefine the FPC technique with Equa-
tion A1, enabling an expression to be obtained for the rate of change in particle kinetic energy, using only 
information about the particle number density distribution, rather than the abstract and unphysical fs. Ul-
timately, redefining the widely accepted approach of describing plasma evolution using the ensemble-aver-
aged f and instead obtaining an expression in terms of particle counts (an observable quantity) will be more 
accessible information for instruments relevant for implementation of the PATCH method onboard space-
craft. Note that for derivation consistency with Klein and Howes (2016) and Howes et al. (2017), the Vlasov 
equation must also be redefined carefully (beyond the scope of this study) and will be left for future work.

Since our ultimate goal is to implement this technique onboard a spacecraft, we first restrict infinite 3D-3 V 
phase-space to a finite 3D-3V phase-space instrumental measurement grid,  r v


. Note that the subscript, 

 , suggests that the phase-space resolution of the particle instrument (ESA) is dependent on the geometric 
factor described by Equation 6 in Section 2.1. Then,  r v


 is comprised of approximately infinitesimal 

(smallest measurement bin size) 3D-3V phase-space volumes ΔrjΔvk centered at one phase-space coordi-
nate,  ,j kr v , where

 
 
   

1 1
Δ Δ

J K

j k
j k

r v r v


� (A8)

As defined, J and K correspond to the total number of spatial and velocity-space measurement bins on the 
instrument, respectively. Note here that in practice, the “spatial” measurement is a single point of observa-
tion, but we remain in a general framework to enable consistency with future technological advances. The 
“×” notation refers to the Cartesian product, defining  r v


 as the set
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           , | Δ Δj k j j k kj J and k Kr v r v r r v v


�

Since each volume of phase-space is 3D-3V,

        1 2 3 1 2 3, , , ,j j j j k k k kr r r j J and v v v k Kr v�

Using Equation A1 for Ns, the microscopic kinetic energy of a collection of N0 particles for each species, s, 
arriving at the detector aperture of the instrument is defined as

W t d d m v N

d d m v

s s s

s
i

N

*
, ,r v r v

r v

r v

r v

   

  

 

  





3 3 2

3 3 2

1

0

1

2

1

2
 3 3

r r v v       i i
t t

� (A9)

To convert this to a phase-space energy density, define

   


*
* ,

Δ Δ
s

s j k
j k

Ww r v
r v� (A10)

where  Δ Δj kr v  is one single volume element of phase space. We explicitly define the spatial limits of in-
tegration as

  

  
    

Δ Δ Δ1 2 3
1 2 33 2 2 2

Δ 1 2 3Δ Δ Δ1 2 3
1 2 32 2 2

r r rj j jr r rj j j
r r rj j j jr r rj j j

d dr dr drr r� (A11)

and the velocity-space integration limits as

  

  
    

Δ Δ Δ1 2 3
1 2 33 2 2 2

Δ 1 2 3Δ Δ Δ1 2 3
1 2 32 2 2

v v vk k kv v vk k k
v v vk k k kv v vk k k

d dv dv dvv v� (A12)

By Equation A10, the microscopic kinetic energy within each approximately infinitesimal volume of phase-
space for each species, s, is

      


           
0

* 3 3 2 3 3
Δ Δ

1

1 1
2Δ Δ

N

s s i ij k ij k
w d d m v t tr vr v r r v v

r v� (A13)

Since we are in a finite space, we use the notion of a Dirac measure to test if a particle, pi, is counted in 
ΔrjΔvk:

 
   

1 if Δ Δ
Δ Δ

0 if Δ Δ
i j k

p j ki
i j k

p
p

r v
r v r v� (A14)

This means the summation, over the δ-functions within a phase-space volume ΔrjΔvk, commutes with (and 
is moved in front of) the integral when the upper summation limit is defined as the total number of parti-
cles, Ntot, counted within the 6D phase-space volume ΔrjΔvk. Thus,

      


           
* 3 3 3 2 3

Δ Δ
1

1 1
2Δ Δ

Ntot

s i s ij kij k
w d t d m v tr vr r r v v v

r v� (A15)

Note the summation in Equation A15 is over the index i where       , Δ Δi i j kt tr v r v .
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Now, we restrict our coordinates to a single-point spacecraft measurement at the ESA detector aperture (de-
picted in Figure 1) with 2D surface area A. Define Δrp for some index p ∈ J as the single 3D spatial volume 
element where a particle of species s, with velocity vp, arrives at the aperture plane at some arrival time tp, 
during a sampling time dtp. In the summation over Ntot particles, the particle indexed by i with arrival time 
tpi, occupies the fixed phase-space coordinate     ,p pi p pir t v t  centered at Δrp, at an angle incident normal 

to the plane perpendicular to the detector aperture, within an approximately infinitesimal area dAp. We also 
assume only 1 particle passes through the aperture in the small local area dAp at the instantaneous particle 
arrival time tp, but multiple particles (indexed by i) can be counted in the sampling time dtp.

For a particular r1 and v1, we invoke the chain rule to observe dr1 = v1dt. Let A be the 2D surface area of the 
particle detecter aperture such that dA = dr2 ∧ dr3. Then, we redefine Δrp = v1p Δt1p ΔA(2,3), where the bin 
width, Δ, is the approximated infinitesimal width, d. Hence, dr1p = v1p dt1p and  (2,3) 2 3p ppd dr drA . This 

means that

3
1 1 (2,3)p p p pd v dt dr A� (A16)

To avoid cumbersome notation, we will omit the subscripts identifying the dimension in the 3D coordinate 
  1 2 3, ,p p p pr r rr , since they are already fixed and defined by Equation A16. Thus, the spatial integration 

coordinates from Equation A11 become

 

 
 

Δ Δ
3 2 2

Δ ΔΔ
2 2

t p ptp p
p p p ptp pp tp p

d v dt d
A

A

Ar
A

r A∬� (A17)

Substituting Equation A17 for Equation A11 (and using the property 
 



( )( ) xx ), we find

 

   

 



 



 

 





   

         

    

3 3
Δ

Δ Δ
22 2

Δ Δ
2 2

Δ
2

Δ
2

p p pip
tp ptp p

p p pi pi p p p pi ptp ptp p
tptp

p pi ptptp

d t

v t v t t v dt t d

t t t dt

r
A

A

A
A

r r r

A A A∬� (A18)

Substituting this result back into Equation A15,

     


 

             

Δ
2* 2

Δ1
2

1 1
2Δ Δ

t pNtot tp
s p pi p s it pi tp k p

w t t t dt m tv
r v

� (A19)

For each particle count indexed by i,

  ( ) { Δ | }pi p pit t t t t t� (A20)

so  Δ( ) |pi tpt t t  and      0p pit t t  when t = tpi. Since the integration variable in Equation A19 is dtp, the 

δ-functions are nonzero only when t ∈ Δtp for each particle indexed by i. Therefore, each term in the sum-
mation of Equation A19 is nonzero only at times t = tpi, the instantaneous particle arrival times, meaning

   


    
2*

1

1 1
2Δ Δ

Ntot

s s i
ip k

w m tv
r v� (A21)

where t ∈ Δtp for each particle count indexed by i. The change in microscopic phase-space kinetic energy 
density is found by calculating the time derivative of Equation A21 to get
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  
   

*

1

1 ( ) ( )
Δ Δ

Ntot
s

s i i
ip k

dw m t t
dt

v v
r v�

where the over-dot implies the time derivative given by Equation A3. By substituting Equation A3 for  ( )i tv , 
we get

          


 
     

 

*

1

1 , ( ),
Δ Δ

Ntot
m ms s

s i p i p
ip k

dw qq t t t t t t
dt c

v E r v B r
r v� (A22)

Note that the magnetic field term vanishes since        0i it tv v B . The term    Δi ktv v  is interpreted 
as the 3D velocity orbit of particle i measured in the velocity-space bin Δvk. Thus, the summation terms in 
Equation A22 are only nonzero when i = k, so

      


  
*

1

1 ,
Δ Δ

Ntot
s

s k pi p pi
ip k

dw q t t t
dt

v E r
r v� (A23)

By definition of the set of particle arrival times given by A20, vk(t) and rp(t) are only nonzero when evalu-
ated at t = tpi.

The electric field term will have both a component contributing to oscillatory energy transfer and a compo-
nent leading to net energy transfer. To isolate the component that leads to net energy transfer, the particle 
arrival time correlation over some correlation time interval, τ, must be longer than the particle sampling 
time dtp, and chosen to be long enough so that the large-scale electric field contributing to the oscillating 
energy transfer averages approximately to 0. The FPC technique is hence redefined for onboard spacecraft 
implementation as the time-averaged rate of change of phase-space energy density, denoted here as the 
PATCH correlation 

*C :

C
dw

dt
q t ts

p k
i

N

s k pi p pi






*

*

 
  

      


1 1

1r v

v E r� (A24)

where Nτ represents the total number of particles counted in a phase-space volume ΔrpΔvk over the suitable 
correlation time, τ, of Equation A23 that isolates the net energy transfer between the fields and particles.

This is consistent with the intuition prescribed in Section 2.2, with total number of particles, Nτ, given by 
Equation 9. Using Equation A24, the correlation (in a single phase-space bin ΔrpΔvp) is

   


  
  *

1

1 1 ,
Δ Δ

N

s p p j
jp p

C q tv E r
r v� (A25)

which is in agreement with Equation 13 per phase-phase bin. Note that vp was substituted for vj(tj) ∈ Δvp 
since this quantity is interpreted as the velocity (in spacecraft (E, Ω) coordinates) that each particle arrives 
in the bin Δvp. This velocity is fixed for each particle arrival time in local phase-space, since on the ESA, it 
corresponds to a fixed voltage difference and solid angle of rotation.

A4.  Rate of Work Done on the Particles

We calculate the rate of work done on the particles (with species s) from the fields, J ⋅E, in a phase-space 
volume. From Equation A5,

        


             
3 3 3 3

, , 1
, , ,

Ntot

s s s i i
s i s i

t q d N t q d t tJ r vv r v vv r r v v� (A26)

Repeating the previous procedure in Section A3, we restrict the current density locally within a spatial 
volume Δrp where particles arrive on the aperture, within in a single velocity-space bin Δvk. To obtain a 
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quantity for the work done on the particles in the phase-space volume ΔrpΔvk, we compute the inner prod-
uct of  ,tJ r  with the electric field in the spacecraft frame-of-reference (at the ESA aperture). Integrating 
over the locally defined phase-space volume, we get

 

        

      

      

 







 





           

         

     

Δ Δ

3 3 3 3
Δ Δ

, 1

Δ
2

Δ, 1
2

, 1

1 ,
Δ Δ

1 , ( )
Δ Δ

1 ,
Δ Δ

p k

s p i ip ks i p k
tpNtot t p

s p p pi p ktps i tp k p
Ntot

s p pi k
s ip k

q d t t t d t

q t t t t t dt t

q t t t

r v

r v

J E

r E r r r v v v v
r v

E r v
r v

E r v
r v

� (A27)

where again, tpi indicates the time of arrival for each particle indexed by i contained in the small phase-space 
volume ΔrpΔvk. But since    pi kt t t tv , Equation A27 becomes

J E

r v

v E r
r v

 
  

      



   p k
p k

s i

Ntot

s k pi p pi

s

q t t t

dw

1

1,

*

,

ddt

� (A28)

which matches Equation A23. Time-averaging Equation A28 over a long enough correlation interval, τ, to 
isolate the net transfer of energy by the electric field,

J E

r v

v E r
r v

 
 

     





  p k
p k s i

N

s k pi p pi

s

q t t

dw

dt

C










1 1

1,

*

**

� (A29)

which verifies that 
*C  is indeed measuring the work done on the particles by the electric field over a long-

time average τ.
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