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Abstract Unraveling the physics of the entire turbulent cascade of energy in space and astrophysical
plasmas from the injection of energy at large scales to the dissipation of that energy into plasma heat
at small scales, represents an overarching, open question in heliophysics and astrophysics. The fast
cadence and high phase-space resolution of particle velocity distribution measurements on modern
spacecraft missions, such as the recently launched Parker Solar Probe, presents exciting new opportunities
for identifying turbulent dissipation mechanisms using in situ measurements of the particle velocity
distributions and electromagnetic fields. Here we demonstrate how to use data from kinetic numerical
simulations of plasma turbulence to create synthetic spacecraft data; this data set can then be used to
determine instrumental requirements to identify specific particle energization mechanisms. Using such
synthetic data, downsampled to the velocity phase-space resolution available from the plasma instruments
on several past and present missions, we compute the resulting velocity-space signature of ion Landau
damping using the recently developed Field-Particle Correlation (FPC) technique. We find that only
recent missions have sufficiently fine phase-space resolution to resolve the characteristic resonant features
of the ion Landau damping signature. Coupled with numerical determinations of the velocity-space
signatures of different proposed particle energization mechanisms, this strategy enables the specification
of instrumental capabilities required to achieve science goals on the topic of plasma heating and particle
acceleration in turbulent heliospheric plasmas.
1. Introduction
Plasma turbulence is a widespread phenomenon in our universe, arising in systems as diverse as the solar
wind, solar corona, and black hole accretion disks. Understanding how turbulent energy is transferred
from large to small scales and is eventually dissipated into plasma heat, or some form of particle energization, is a grand challenge problem at the forefront of space and astrophysical plasma physics. In the
evolution of turbulent plasmas under the typically weakly collisional conditions of space environments,
such as the heliosphere and planetary magnetospheres, the collisionless interactions between electromagnetic fields and individual plasma particles dictate the removal of energy from turbulent fluctuations. Proposed mechanisms for turbulent dissipation include (i) resonant mechanisms such as Landau damping
(Dobrowolny & Torricelli-Ciamponi, 1985; Horbury et al., 2012; Howes et al., 2008; Landau, 1946; Leamon
et al., 1999; Quataert, 1998; Schekochihin et al., 2009) and ion-cyclotron damping (Coleman, 1968; Isenberg
& Hollweg, 1983; Marsch et al., 1982); (ii) nonresonant mechanisms such as stochastic heating (Chandran, 2010; Chandran et al., 2010; L. Chen et al., 2001; Johnson & Cheng, 2001; Vech et al., 2017; Voitenko
& Goossens, 2004) and magnetic pumping (Lichko et al., 2017); and (iii) intermittent dissipation concentrated in current sheets and magnetic reconnection locations (Dmitruk et al., 2004; Karimabadi et al., 2013;
Matthaeus & Montgomery, 1980; Osman, Kiyani, et al., 2014; Osman, Matthaeus, et al., 2014; Zhdankin
et al., 2013, 2014, 2015).
The recently devised Field-Particle Correlation (FPC) technique can be used to distinguish these different
energy transfer mechanisms by computing a velocity-space signature characteristic of each mechanism and
to quantify the net energy transfer in these wave-particle interactions between the fields and particles (Howes et al., 2017; Klein & Howes, 2016). Here, we describe how one can employ kinetic simulation data to
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Table 1
Parameter Definitions
Parameter
S

Definition
Particle species (i = ion, e = electron)

ρs

Particle Larmor radius

vts

Particle thermal velocity

ΩA

Alfvén frequency

vA

Alfvén velocity

B0

Mean magnetic field

k⊥, k∥

Wavevector perpendicular, parallel to B0

v⊥, v⊥

Velocity perpendicular, parallel to E

E

Electric field

V

Bulk plasma flow velocity

C

Speed of light

(r, v)
T

six-dimensional (3D-3V) phase space
Time

fs(r, v, t)

Particle distribution function

ws(r, v, t)

Particle phase space energy density
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generate synthetic spacecraft data at the phase-space resolutions achievable by modern plasma instruments onboard current spacecraft missions.
Such synthetic spacecraft data can be used to determine the minimum
capabilities of flight hardware needed to resolve the velocity-space signatures of different turbulent dissipation mechanisms. Furthermore,
this procedure for generating synthetic spacecraft data provides a crucial means to develop and test a new method for implementing onboard
field-particle correlator instrumentation, to be described in a companion
paper, hereafter called Paper II.
To specify the minimum instrumental phase-space resolution required
to identify the velocity-space signatures of turbulent particle energization mechanisms, we focus on the fiducial case of ion Landau damping.
In this resonant, collisionless energization mechanism, ions moving at
approximately the parallel phase velocities of kinetic Alfvén waves with
scales k⊥ρi ∼ 1 are accelerated at the expense of the wave energy, where
k⊥ is the component of the wavevector perpendicular to the local mean
magnetic field, and ρi is the thermal ion Larmor radius. Table 1 gives definitions of these and other variables used in this study. The velocity-space
signature of ion Landau damping, even in a turbulent medium, produces
relatively narrow features in velocity-space (Klein et al., 2017) that challenge the capabilities of modern spacecraft particle instrumentation.

The detailed physics of turbulent plasma heating lies at the heart of one
of the longest-standing questions in heliophysics: given that the temperature of the plasma at the Sun's photosphere is about 6,000 K, how does the temperature of the plasma
rise to more than 106 K above in the solar corona? The Solar wind electrons alphas and protons (SWEAP)
instrument suite (Kasper et al., 2016) aboard the recently launched Parker Solar Probe (PSP) mission (Fox
et al., 2016) provides crucial measurements of the ion and electron velocity distributions with sufficiently
high phase-space resolution needed to identify and characterize the turbulent dissipation mechanisms at
kinetic scales. One of the leading hypotheses is that the energy of photospheric motions is transmitted up
into the solar corona along the Sun's magnetic field in the form of Alfvén waves (Cranmer & van Ballegooijen, 2003, 2005; Cranmer et al., 2007; Hahn & Savin, 2014; McIntosh et al., 2011). Then, some fraction
of the outward propagating Alfvén wave energy can be reflected by gradients in the Alfvén speed (Chandran, 2010; Chandran et al., 2010, 2011; Perez & Chandran, 2013; Verdini et al., 2009). This process can
generate the counterpropagating Alfvén waves necessary to initiate a turbulent cascade of energy (Goldreich & Sridhar, 1995; Howes & Nielson, 2013; Kraichnan, 1965; Ng & Bhattacharjee, 1996; Sridhar & Goldreich, 1994; Verniero et al., 2018) to the scales at which kinetic energization mechanisms can dissipate the
turbulent fluctuations and consequently energize the particles, eventually heating the plasma. Currently,
PSP is providing the closest in situ measurements of the turbulence to the Sun, providing the crucial observations needed to determine the velocity-space signatures of the particle energization mechanisms, toward
solving the coronal heating problem.
In §2, we summarize the theory behind the FPC technique that can be used to distinguish the velocity-space
signatures of different particle energization mechanisms resulting from wave-particle interactions, such as
Landau damping. In §3, we describe the procedure to utilize gyrokinetic turbulence simulation data from
the Astrophysical Gyrokinetics Code, AstroGK (Numata et al., 2010). This procedure constructs synthetic
spacecraft data that can be used to specify the instrument capabilities required to resolve the velocity-space
signatures of particle energization mechanisms. We present the velocity-space signatures of ion Landau
damping at the phase-space resolutions of the plasma instruments on several past and present spacecraft
missions in §4 for a qualitative comparison. We also compute the velocity-space integrated energy transfer
rates for each mission resolution case for quantitative verification. We conclude in §5 with a summary of
these results and relation to subsequent work, such as implementation of an onboard field-particle correlator instrument, to be detailed in Paper II.
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2. The Field-Particle Correlation Technique
The FPC technique is a ground-based method for identifying turbulent dissipation mechanisms by quantifying the secular transfer of energy as a function of velocity using single-point time series of measurements
of the electromagnetic fields and particle velocity distributions (Howes et al., 2017; Klein & Howes, 2016).
FPCs were shown to be an effective means of investigating the physics of particle-to-field energy transfer
in kinetic two-stream and bump-on-tail instabilities in the 1D-1V Vlasov-Poisson system (Klein, 2017). Ion
and electron Landau damping of a single kinetic Alfvén wave was successfully diagnosed using the FPC
technique (Howes, 2017) and the same bipolar velocity-space signature characteristic of Landau damping
was also found in gyrokinetic simulations of strong plasma turbulence at varying values of plasma βi (Klein
et al., 2017). The FPC method has also demonstrated that the energization of particles localized near current sheets is due to collisionless energy transfer via the Landau resonance (Howes et al., 2018). The most
consequential success of the FPC technique to date, however, was reported in C. H. K. Chen et al. (2019),
who employed in situ Magnetospheric MultiScale (MMS) observations of Earth's turbulent magnetosheath
plasma to show the first clear velocity-space signature of electron Landau damping in a space plasma.
The derivation of the FPC technique is summarized as follows. The self-consistent dynamics of heliospheric
plasmas, under their typically weakly collisional conditions, is governed by the Boltzmann equation for
each particle species s, and Maxwell's equations for the electromagnetic fields. For the characteristic weakly
collisional conditions of space plasmas, the effect of collisions on the transfer of energy between fields and
particles is negligible, so we may discard the collisional term to arrive at the Vlasov equation
fs
q 
v  B  fs
 v  fs  s  E 
 0,
(1)

t
ms 
c  v

which describes the evolution of the velocity distribution function, fs(r, v, t), for each species in six-dimensional (3D-3V) phase space.
The third term of Equation 1, the Lorentz force term, governs the interactions between the fields and particles that are ultimately responsible for the removal of energy from turbulent fluctuations at small scales. To
quantify the evolution of the particle energy in the 3D-3V phase space of kinetic plasma theory, we follow
Howes et al. (2017) to define the phase-space energy density,
1
ws (r, v, t )  ms v 2 fs (r, v, t ).
(2)
2

Multiplying Equation 1 by msv2/2 and combining with Equation 2, we obtain an equation for the rate of
change of phase-space energy density,
ws (r, v, t )
v2
f
q v2
f
(3)
 v  ws  qs E  s  s
( v  B)  s .
2
t
v
c 2
v

The goal of the FPC technique is to diagnose the energization of the particles using single-point measurements, so we consider how each of the terms in Equation 3 affects the particle energy. Note that integration
of this equation over all velocity space (3V) and all physical space (3D) yields the net rate of change of
the total microscopic particle kinetic energy. The first term, the ballistic term, represents the advection of
energy due to the transport of particles through physical space. When integrated over physical space with
appropriate boundary conditions (either periodic or over all space), this term has zero net effect on the total
particle energy, consistent with the physical meaning that it represents the transport of particles, along with
their associated microscopic kinetic energy, from one position to another. Therefore, although advection
can change the particle kinetic energy density at a single point in space, it does not represent a net change
in the particle energy. When integrated over velocity space, the third term, the magnetic field term, can
be integrated by parts to yield an integrand of the form v ⋅ (v × B) = 0, that is, the magnetic field does no
work on the particles. The second term, the electric field term, when integrated over velocity space, can be
integrated by parts to be converted into the form js ⋅E, showing that this term represents the rate of work
VERNIERO ET AL.
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done by the electric field on the particle species s. It is therefore this electric field term that governs the net
energization of particles in a weakly collisional plasma.
An important motivation for the development of the FPC method is that, using spacecraft observations, the
spatial information required to compute the integration of these terms over a 3D volume is not observationally accessible. It is therefore necessary to devise an alternative means to use single-point measurements to
measure the particle energization. An additional complication is that the electric field term in Equation 3
governs both the secular particle energization associated with the damping of electromagnetic waves and
the oscillating particle energization associated with undamped wave motion. Furthermore, if a particular
wave is weakly damped, the magnitude of the oscillating energy transfer rate may be significantly larger
than the amplitude of the net energization rate.
To tackle these complications, the energy transfer at a single point r0(t) = [x0(t), y0(t), z0(t)] can be determined, as a function of 3V velocity-space v, by correlating the time series of single-point measurements of
the particle velocity distribution fs(r0(t), v, t) and the electric field E(r0(t), t) over a suitably chosen correlation
interval τ. The form of this unnormalized correlation, essentially a sliding time average, is given by the second term, the electric field term, in Equation 3,
1 t  /2
v 2 fs (r0 (t ), v, t )
(4)
CE  r0 (t ), v, t;  
 t  /2 dtqs
 E(r0 (t ), t )

2
v

where the magnitude of this correlation represents the net rate of phase-space energy density transfer, as a
function of particle velocity v, averaged over τ. Typically, we separate out the contributions to the dot product from the parallel and perpendicular components. Depending on which component, i∈{v∥, v⊥1,v⊥2}, of
the electric field is being correlated with the distribution function, the v2 term in Equation 4 is substituted
2
with vi ; the other components of v will yield a net zero integration. The correlation interval τ is chosen to be
sufficiently larger than the relatively shorter period of oscillation in the system. This assures that the energy
transfer from the long period (and often undamped) modes approximately cancels out, thereby isolating the
often smaller amplitude contribution from the secular energy transfer (Howes et al., 2017).
The velocity derivative in the integrand of Equation 4 presents a significant challenge to employing the FPC
as defined in Equation 4 directly to spacecraft observations. An alternative correlation which eliminates this
problematic derivative is given by
1 t  /2
CE  r0 (t ), v, t;  
 t  / 2 dtqs fs (r0 (t ), v, t )v  E(r0 (t ), t ).
(5)



When integrated over velocity space, this alternative form gives the same net result for the rate of change of
spatial energy density as the velocity integration of Equation 4; they are equivalent through an integration

by parts. Although this alternative form CE  r0 (t ), v, t;  cannot be directly interpreted as the rate of change
of phase-space energy density as a function of particle velocity v, it nonetheless retains a related velocity-space signature that is characteristic of the governing physical mechanism. Furthermore, this alternative
form can be used in the implementation on an onboard field-particle correlator instrument, as described
in Paper II.

3. Constructing Synthetic Spacecraft Data
This section presents the methodology for synthetic spacecraft data creation and application of the FPC
technique to diagnose ion Landau damping using realistic phase-space resolutions. In §3.1, we briefly describe the AstroGK turbulence simulation used to create the synthetic spacecraft data in §3.2. We demonstrate the application of this procedure in §3.3, specifically downsampling to the velocity-space resolution of
SPAN-I aboard PSP. We illustrate results of discerning the velocity-space signature of ion Landau damping
using the SPAN-I energy-angle resolution in §3.4.
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Figure 1. The alternative parallel field-particle correlation CE  v , v , t; plotted on gyrotropic phase space for

correlation intervals (a) τωA = 0 and (b) τωA = 10.4. The resonant parallel velocity associated with the maximum proton
damping rate is shown as a solid gray vertical line. Note that this figure is for the same position shown in Figure 6 of
Klein et al. (2017), which illustrated CE.

3.1. Simulation Parameters
To construct synthetic spacecraft data, we employ time series of electromagnetic fields and ion velocity
distributions at a single spatial point in a gyrokinetic simulation of strong plasma turbulence using the
AstroGK code (Numata et al., 2010). We employ the βi = 1 simulation that is described in detail in §4 of
Klein et al. (2017), so we briefly specify here only the key parameters of this simulation. The 3D simulation
2
domain has dimensions L  L, elongated along the mean magnetic field direction B0  B0 zˆ . The resolution of the 3D-2V gyrokinetic simulation is given by (nx, ny, nz, nλ, nE, ns) = (64, 64, 32, 64, 32, 2), where nλ
is the number of pitch angles, nE is the number of energies, and ns is the number of species (protons and
electrons). Therefore, the 2V velocity space is resolved by nE × nλ = 32 × 64 = 2,048 grid points. A reduced
mass ratio of mp/me = 32 is employed, the ion and electron temperatures are equal Ti/Te = 1, and the fully
resolved dynamic range of the simulation spans 0.25 ≤ k⊥ρi ≤ 5.5. The simulation is driven by an oscillating
Langevin antenna (TenBarge et al., 2014) at the domain scale, reaches a steady state around tωA = 5 and
is evolved up to tωA = 20, where ωA = k∥0vA = 2π and k∥0 = 2π/L∥ is the lowest parallel wavenumber in the
simulation domain. To simulate weakly collisional dynamics relevant to solar wind conditions, the ion collision frequency is set to νi/ωA = 2 × 10−4.
This strongly turbulent simulation is diagnosed at several positions rj in the simulation domain, generating
time series with cadence ΔtωA = 0.16 of the electric and magnetic fields at those positions, as well as the ion
and electron velocity distribution functions. We choose a single point, where our previous analysis (Klein
et al., 2017) has shown there to be a clear signature of ion Landau damping. The parallel correlation in
gyrotropic velocity space CE ( v , v ) is shown in Figure 6c of Klein et al. (2017) with a correlation interval,
τωA = 10.4. Note that the period of the largest-scale Alfvén waves in the simulation is TωA = 2π, so this
correlation interval is about 1.6 times this lowest wave period, τ/T ≃ 1.6.
In Figure 1, we plot the alternative correlation C E  (v , v ) for correlation intervals (a) τωA = 0 and (b)

τωA = 10.4. In this figure, the dashed vertical lines indicate the range of resonant phase velocities 1.03 ≤ |v∥/
vtp| ≤ 1.72 over which the ion damping rate is more than e−1 ≃ 0.36 of its peak value at |v∥/vtp| = 1.21 (solid
vertical line). This range corresponds to kinetic Alfvén waves with 0.50 ≤ k⊥ρi ≤ 2.24, with the peak ion Landau rate rate at k⊥ρi = 1.24, as shown in Figure 1 of Klein et al. (2017). Thus, the lowest parallel velocity at
which ions are expected to gain significant energy through collisionless damping of the turbulent Alfvénic
fluctuations is |v∥/vtp| ≃ 1. Although C E  (v , v ;  0) in Figure 1a is broadly distributed over 0.5 ≲ |v∥/

vtp| ≲ 2, when a sufficiently long correlation interval of τωA = 10.4 is taken in Figure 1b, we see that the
alternative correlation has a peak in the energy transfer rate from the parallel electric field to the ions (red)
at v∥/vtp = 1. This feature of peaked particle energization at the resonant parallel velocity, including a loss
of energy (blue) at lower velocities, is the distinguishing velocity-space signature of ion Landau damping.
The aim of this study is to determine whether modern spacecraft plasma instruments have sufficient phasespace resolution to identify this characteristic velocity-space signature.
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3.2. Procedure for Creating Synthetic Spacecraft Data
We now describe our procedure for estimating the phase-space resolution needed to resolve the velocity-space signature of ion Landau damping by downsampling the high-resolution AstroGK data to the resolution of existing spacecraft instrumentation.
Modern spacecraft instruments, such as electrostatic analyzers (ESAs), measure the particle flux as a function of the energy in spherical coordinates (E, θ, ϕ). The phase-space resolution of the particle energy
measurements are typically characterized by parameters ΔE/E, Δθ, and Δϕ. Since we are using gyrokinetic
simulation results that resolve velocity-space in two dimensions (2V), we will observe a two-dimensional
reduction of spacecraft measurements to energy and angle (E, ϕ) for this construction of synthetic data. The
general concept of creating synthetic spacecraft data to investigate instrumental capabilities for resolving
the scientific features in observations is not new. Forward modeling of the plasma instrument on Cassini
was performed by Wilson et al. (2008) to evaluate plasma ion observations, along with a higher resolution design in Cara et al. (2017). More recent studies have investigated the performance of the particle
ESAs on Solar Orbiter (SO) (Nicolaou et al., 2018, 2019, 2020). The reader may refer to §2.2 of Verscharen
et al. (2019) for more details on instrumentation for observing space plasmas in situ.
The procedure for the construction of synthetic single-point spacecraft data from AstroGK simulation data
involves the following general steps:
1. C
 onvert the “δfs” perturbed distribution function output of AstroGK to a full fs distribution function
2. Boost the plasma-frame AstroGK measurements to the spacecraft-frame by the solar wind velocity vsw
(assumed to be constant) and convert from 2V gyrotropic (v∥, v⊥) velocity coordinates to a 2V slice of the
polar (E, ϕ) energy coordinates
3. Construct an instrumental grid with resolution ΔE/E and Δϕ and downsample the high-resolution AstroGK to this realistic instrumental resolution
4. Transform the downsampled data back to the plasma frame, converting from (E, ϕ) energy coordinates
to field aligned (v∥, v⊥) velocity coordinates

Through this procedure, one obtains a time series of the species s distribution function for a given spacecraft
“s/c,” fs s/c(v∥, v⊥, t), at a realistic instrumental resolution. One then combines this constructed time series
for both the velocity distribution and the electric field at the same spatial point to evaluate the FPC given
by Equation 5.
In the gyrokinetic approximation, the total distribution function in gyrokinetic theory, taken out to first
order (Howes et al., 2006), is given by

q  ( r, t )
f s ( r, v , t ) 
F0 s (v )  s
F0 s ( v)  hs (R s , v , v , t )
(6)
Ts

where we explicitly assume the equilibrium distribution function is an isotropic Maxwellian in velocity
space and is uniform in physical space,
2 2
n
F0 s (v)  3/20 s 3 e  v / vts
(7)
 vts

2
2
2
and v v  v . Note that Equation 6 depends on both positions in configuration space r and guiding center
space Rs. In the asymptotic limit of the gyrokinetic approximation, the perturbed distribution function is ordered relative to the equilibrium by the small gyrokinetic expansion parameter,

 i / L   (| hs | / F0 s ),
where ϵ is ordered as the ratio of the ion gyroradius to the macroscale length of the equilibrium plasma. To
compute fs from the perturbed distribution function evolved by AstroGK, one must specify a (small) value
of ϵ.

An additional caveat is that AstroGK evolves the complementary perturbed distribution (Numata
et al., 2010; Schekochihin et al., 2009)
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v  A
qF
gs (R s , v , v
hs (R s , v , v )  s 0 s   
(8)
)
T0 s
c
R
s

where  is the gyroaveraging operator. The complementary distribution function gs describes perturbations to the background distribution in the frame moving with an Alfvén wave. Such perturbations are associated with the compressive components of turbulence and therefore are associated with the collisionless
damping mechanism under consideration. Combining Equation 6 and Equation 8, along with the appropriate addition of the dimensionless gyrokinetic expansion parameter, we obtain

q
v  A 
fs (r, v, t ) F0 s (v)   s F0 s (v)      
   gs (R s , v , v )
(9)


Ts
c


where  denotes gyroaveraging from position r to guiding center Rs and back. Note that the first term on the
right-hand side of Equation 9 is the equilibrium velocity distribution, and the remaining terms constitute
the perturbed distribution function δfs. The first two terms depend explicitly on velocity only through the
temporally constant factor F0s(v) and implicitly through the gyroaveraging operator; in this initial study, we
neglect the implicit dependence, and note that, when computing the FPC, the net energy transfer due to
the F0s(v) terms integrates over velocity to zero, resulting in no net change in particle energy. Therefore, we
neglect the second term in this expansion and estimate the total particle velocity distribution function at
position r0 as
fs (r0 , v, t )  F0 s ( v)   gs (R s , v , v )
(10)

where the gyrokinetic expansion factor ϵ determines the magnitude of the fluctuations relative to the equi
v
librium velocity distribution at each value of

v2  v2 .

An important physical constraint is that fs(v, t) ≥ 0. Since AstroGK only evolves the complementary perturbed distribution gs in the asymptotic limit ϵ ≪ 1 (Howes et al., 2006; Numata et al., 2010), for finite values
of ϵ we impose a floor on the minimum value of fs with value fs min = 10−16 to avoid the unphysical possibility
of a negative value of the total distribution function. The result of this first step is to transform from the
perturbed gyrokinetic velocity distribution function δfs(v∥, v⊥) ≃ gs(v⊥, v∥) to the total velocity distribution
function fs(v∥, v⊥), given a chosen finite value of the gyrokinetic ordering parameter ϵ using Equation 10.

The next step is to boost the resulting total distribution function fs, given in the plasma rest frame, to an assumed constant solar wind velocity vsw relative to the sampling spacecraft and angle α relative to the local mean
magnetic field. In this process, we also undergo the nonlinear transform between the plasma-rest-frame velocity coordinates (v∥, v⊥) to the spacecraft-frame energy and angle coordinates (E, ϕ), specifically given by the
transformation defined in Appendix A. The result of this second step is to transform from the plasma-frame
total velocity distribution function fs(v∥, v⊥) to the spacecraft-frame total velocity distribution function fs(E, ϕ).

To downsample the high velocity-space resolution AstroGK simulation data to a realistic instrumental
phase-space resolution, we first define velocity space bins in the (E, ϕ) spacecraft frame with a minimum
energy Emin, in addition to a specified logarithmic energy resolution ΔE/E and azimuthal angular resolution
Δϕ. In each of the bins, we average all of the nE × nλ = 32 × 64 = 2,048 velocity-space grid points in the
AstroGK (v∥, v⊥) plane that map to an (E, ϕ) value within that bin. For (E, ϕ) in which no mapped AstroGK
velocity-space points fall, the distribution function value simply remains zero, a physically reasonable result
consistent with instrument energy-angle bins in which no particles are counted. The result of this third
step is to downsample from the spacecraft-frame total velocity distribution function fs(E, ϕ) at full AstroGK
velocity-space resolution to the spacecraft-frame total velocity distribution function fs s/c(E, ϕ) at a realistic
instrumental phase-space resolution.

Finally, we take this downsampled fs s/c(E, ϕ) and transform back to the plasma frame in (v∥, v⊥) velocity by
inverting the nonlinear coordinate transformation, given by

v v cos  vsw cos
(11)
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v v sin   vsw sin 
(12)

where E and ϕ are the appropriate values at the center of the phase-space bins in (E, ϕ) polar energy-angle
space. The result of this fourth and final step is to transform from the downsampled spacecraft-frame total
velocity distribution function fs s/c(E, ϕ) to the plasma-frame total velocity distribution function fs s/c(v∥, v⊥) at
the downsampled instrumental phase-space resolution.
This four-step procedure for synthetic spacecraft data construction from the gyrokinetic numerical simulation data is applied for each timestep, ultimately yielding a time-series of the downsampled total distribution
function in the plasma frame, fs s/c(r0, v∥, v⊥, t). Together with the time series of electric field measurements
at the same position in the plasma frame E(r0, t), we have the requisite input needed to implement the FPC
technique and determine the capability of modern spacecraft instrumentation to resolve the velocity-space
signature characteristic of a given kinetic particle energization mechanism.
3.3. Application of Synthetic Spacecraft Data Procedure for Parker Solar Probe Instrumental
Capabilities
We now demonstrate the generation of synthetic spacecraft data for the specific case of the ion electrostatic analyzer instrument SPAN-I from the Parker Solar Probe SWEAP particle instrument suite (Kasper
ΔE
 Δ 
et al., 2016). The SPAN-I instrument boasts maximum phase-space resolution
7% × 3.75°. For
E
the procedure outlined above, we choose ϵ = 0.1, vsw = 400 km/s, α = 30°, and Emin = 5 eV. Each step of the
procedure is presented in the six panels of Figure 2.
From the AstroGK, βi = 1 strong turbulence simulation described in §3.1, we take a single timeslice of the
complementary perturbed velocity distribution function δfi(r0, v, t) ≃ gs (Rs, v⊥, v∥) at the same position r0
as analyzed in Figure 1, plotted in Figure 2a. The velocity space axes are normalized to the ion thermal
velocity, vti , where we take a specific ion temperature of Ti = 8.6 eV for the conversion to dimensional spacecraft-frame (E, ϕ) coordinates below. These choices for βi and Ti represent typical solar wind parameters
at 1 AU. In Figure 2b, we plot the total velocity distribution function fi(v∥, v⊥) on a log-scale so that small
fluctuations are more visually apparent.
In Figure 2c, we plot a mapping of the individual AstroGK plasma-frame velocity space points into the instrumental spacecraft-frame (E, ϕ) bins, explicitly showing the level of downsampling from the high-resolution numerical data to the relatively lower resolution instrumental capabilities. In Figure 2d, we plot a color
map of the high-resolution f i(E, ϕ) from AstroGK nonlinearly mapped to the (E, ϕ) coordinate space (but not
yet downsampled). In Figure 2e, we plot the bin-averaged values at the instrumental phase-space resolution
f i PSP(E, ϕ), showing a smoother version of the total velocity distribution function. Finally, in Figure 2f, we
transform back to the plasma frame in (v∥, v⊥) space, showing the total velocity distribution function fi PSP(v∥,
v⊥) at instrumental phase-space resolution in the plasma frame.
Applying this procedure for creating synthetic spacecraft data yields a time series of the total velocity distribution function at instrumental phase-space resolution, fi PSP(r0, v∥, v⊥, t) at a single spatial point r0. Combined with the time series of the electric field measurements at the same point in space E(r0, t), we have the
necessary data to determine whether the phase-space resolution of existing and planned plasma instrumentation is sufficient to resolve the characteristic velocity-space of ion Landau damping.
3.4. Velocity-Space Signature of Parallel Field-Particle Correlation
Using the single-point time series of fi PSP(r0, v∥, v⊥, t) and E∥(r0, t), we apply the alternative form of the FPC
technique given by Equation 5 to obtain the parallel contribution to the dot product, C E  v , v , t; . We use





a correlation time of τωA = 10.4, corresponding to 39 timeslices output at a cadence of ΔtωA = 0.16. Note
that we are not testing the cadence of the PSP ion velocity distribution output here, only whether the instrument has sufficient energy and angular resolution to resolve the characteristic velocity-space signature
of ion Landau damping. In Figure 3, we present the velocity-space signature of this alternative parallel
correlation C E  for (a) the original high-resolution AstroGK simulation results in (v∥, v⊥) coordinates and
VERNIERO ET AL.
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Figure 2. Demonstration of synthetic spacecraft data creation using (a) high-resolution δfi from AstroGK, (b) reconstructed to fi, (c) original AstroGK v space
points mapped to downsampled PSP resolution (E, ϕ) bins, (d) transformed to plasma frame-of-reference, (e) downsampled to PSP resolution (as observed by
spacecraft), and (f) transformed back to (v∥, v⊥) space for comparison to (b).

(b) the lower phase-space resolution of PSP ion velocity distribution function measurements created by the
synthetic spacecraft data method. In both cases, a clearly defined peak (red) at the lowest resonant parallel
phase velocity ω/(k∥vti) = v∥/vti ≃ 1 is obtained, with a transition to a negative value of C E  (blue) at lower

parallel velocities. The pattern in the velocity-space signature from the high-resolution AstroGK data is
clearly resolved using the realistic phase-space resolution of the PSP SPAN-I instrument, one of the key
findings of this study.
Note that the peak amplitude of C′ from the synthetic PSP data is about half the value of the original AstroGK data, which is a result of averaging variations in the perturbed distribution function within the larger,
instrumental-resolution phase-space bins. Nonetheless, when both velocity-space signatures are integrated
over velocity with the appropriate phase-space area for each grid point (the black dots in Figure 3), we
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Figure 3. Field-Particle Correlations in (v∥, v⊥)-space, showing ion Landau damping velocity-space signature in (a)
ΔE
 Δ  7%  3.75). The black dots indicate the
high-resolution AstroGK, comparing to (b) PSP SPAN-I resolution (
E
center of each phase-space bin.

obtain quantitatively similar results. Since computing moments of the gyrokinetic distribution function
requires integrating over gyrophase, θg, the energy density transfer rate at position r0 due to solely E∥, equivalent to j∥, iE∥, is given by
 j,i E    dv  0 dv  02 CE   r0 (t ), v, t; v d g
(13)

  dv  0 2 vC E   r0 (t ), v, t ;  dv

We then use the normalized quantity,  j,i E   j,i E  / (n0Ti i / vti ). The angle brackets 〈…〉τ indicate an
average of this energy density transfer rate over the correlation interval τ. Using the full AstroGK resolution,


Equation 13 yields  j,i E  =7.6488 at the time shown in Figure 3, while the integration performed on the


downsampled PSP grid space yields  j,i E  =7.1607. Therefore, the velocity-integrated FPC in PSP SPAN-I
resolution gives a 6.4% error compared to the higher resolution AstroGK result. For a detailed description of
the integration scheme, the reader may refer to Appendix B.




4. Determining the Required Instrumental Resolution
In this section, we extend the application of the synthetic data creation method to other recent and past
missions. In §4.1, we construct the velocity-space signatures for each mission-associated energy-angle
resolution using the same simulation and correlation parameters as the previous sections. This enables a
qualitative comparison of the ability to discern ion-Landau damping in various resolutions. A quantitative
comparison is presented in §4.2, where we compute the velocity-integrated correlation for each mission in
addition to discussing the relationship between instrumental resolution and accuracy of the method.

Table 2
Instrumental Resolutions for Parker Solar Probe (PSP) (Kasper
et al., 2016), Solar Orbiter (Owen & International Solar Orbiter SWA
Consortium, 2018), MMS (Pollock et al., 2016), Cluster (Reme et al., 1997)
and Wind (Lin et al., 1995) Missions
Ion energy ΔE/E

Ion azimuthal angle Δϕ

Ion polar
angle Δθ

PSP

7%

3.75°

11.25°

SO

7.5%

<2°

2°

MMS

10%

5°

≤15°

Cluster

18%

5.6°

5.6°

Wind

20%

5.6°

7.5°

Mission

Abbreviations: MMS, magnetospheric multiscale; PSP, parker solar
probe; SO, solar orbiter.

VERNIERO ET AL.

4.1. Applications to Other Missions
Having shown that the phase-space resolution of the plasma instrumentation on PSP is sufficient to resolve the characteristic velocity-space signature of ion Landau damping, we now attempt to determine the minimum
phase-space resolution needed. In Table 2, we present the phase-space
resolution of the electrostatic analyzer instrumentation on a number of
past and present missions. Following the procedure outlined in §3.2 for
the energy and azimuthal angular resolution for each of these missions
(E, ϕ), we generate synthetic spacecraft time series and use Equation 5 to





compute C E  v , v , t; . We employ the same interval of simulation data

and the same correlation interval τωA = 10.4 for each case. In Figure 4,
we plot C E  for the (a) high-resolution, original AstroGK results, (b) PSP,
(c) Solar Orbiter (SO), (d) Magnetospheric MultiScale (MMS), (e) Cluster,
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Figure 4. Realistic instrumental resolutions for various spacecraft missions, (b) Parker Solar Probe (PSP), (c) Solar
Orbiter, (d) Magnetospheric MultiScale (MMS), (e) Cluster, and (f) Wind, to resolve ion Landau damping velocity-space
signature, comparing to (a) AstroGK.

and (f) Wind. The black dots in the synthetic spacecraft data plots indicate the center of each energy-angle
phase-space bin, explicitly showing the instrumental resolution.
Inspection of the different panels in Figure 4 suggests that PSP, Solar Orbiter, and MMS have instrumentation with sufficient phase-space resolution to adequately recover the pattern of the velocity-space signature
seen in the original, high-resolution simulations data. Although Cluster and Wind do return the peak energy transfer rate at v∥/vti ≃ 1, the qualitative details of the pattern are largely lost. From visual inspection of
these patterns, we estimate that the required phase-space resolution to suitably recover the velocity-space
signature of ion Landau damping is δE/E ≲ 10% and Δϕ ≲ 5°. These results suggest that (i) one can use
the FPC method with modern instrumentation to resolve velocity-space signatures of turbulent dissipation
mechanisms, but that (ii) only recent instrumentation has sufficient phase-space resolution to qualitatively
resolve these signatures.

4.2. Dependence of Instrumental Resolution on Accuracy
For each of the velocity-space signatures shown in Figure 4 (using distribution functions downsampled to


each mission-associated resolution), we compute  j,i E  using Equation 13 and compare the percent error
relative to the high-resolution AstroGK case. The results are summarized in Table 3, where the velocity
integration was performed using only the values at the discrete number of velocity grid points shown by the
black dots in Figure 4 over the velocity range 0 ≤ v⊥/vti ≤ 3 and −3 ≤ v∥/vti ≤ 3.

VERNIERO ET AL.

11 of 18

Journal of Geophysical Research: Space Physics
Table 3
Computed Energy Transfer Rate Over Correlation Interval τωA = 10.4 for
Velocity-Space Resolutions Corresponding to theparker solar probe (PSP),
solar orbiter (SO), Magnetospheric MultiScale (MMS), Cluster, and Wind
Missions Compared to the Original AstroGK Simulation Resolution
Case

 j,i E 

Velocity grid points

AstroGK

7.6488

2,048

PSP

7.1607

129

6.4

SO

7.0844

377

7.4

MMS

7.4009

67

3.2

Cluster

10.139

35

33

Wind

8.1645

31

6.7

Error (%)

Abbreviations: MMS, magnetospheric multiscale; PSP, parker solar
probe; SO, solar orbiter.

10.1029/2020JA028361

As evident from inspection of the data in Table 3, the percent error in the


energy density transfer rate  j,i E  does not appear to decrease monotonically as the number of velocity grid points is increased. Although


the energy density transfer rate  j,i E  is averaged over the correlation
interval τ, it is a single value in time, so this particular calculation of the
error does not represent a statistical measure of the accuracy for each
case. To better assess how the phase-space resolution of each mission affects the determination of the energy density transfer rate, we compute
 j,i E  as a function of time by sliding the correlation interval over the
full length of the AstroGK simulation. In Figure 5, this temporal variation of the energy density transfer rate is shown for all missions, for the
correlation interval τωA = 10.4, where the time axis represents the central
time of the correlation interval. Over the full time of the simulation, we


also calculate the percentage error for  j,i E  computed at each mission's
phase-space resolution compared to the AstroGK result (black), as well
as the standard deviation of that percentage error, presented in Table 4.

We observe that increasing the number of velocity grid points used in the
integration is not clearly associated with a decrease in the error. However,


the estimates of  j,i E  as a function of time for each mission resolution in Figure 5 show that the inaccuracies are well ordered over time. This suggests that the error associated with the different cases presented
in Figure 5 is dominated by systematic error, rather than by random error. This fact is substantiated by
observing that in the lowest resolution cases, depicted in Figures 4e and 4f, the values at only a few points
dominate the energy transfer calculation. A significant source of this systematic error is the nature of the
discrete numerical integration over the θg coordinate of our cylindrical velocity space (v∥, v⊥, θg). As explained in Appendix B, the integration scheme involves using the v⊥ value at the midpoint of the bin in the
(v∥, v⊥) plane. Varying the values of vsw, α, and Emin will shift the positions of the velocity space grid relative
to the structure in the correlation C E   r0 (t ), v, t;  from the simulation data; a more thorough, future study

will enable a characterization of the error in the energy density transfer rate as a function of the phase-space
resolution.



Figure 5. Velocity-integrated energy density transfer rate  j,i E  as
a function of simulation time at the center of the correlation interval
τωA = 10.4 for each mission. The plots of Figure 4 are computed at the
centered time tωA = 14.1, indicated by the vertical dash-dotted line.

VERNIERO ET AL.

From these idealized 2V calculations, we estimate that the error in the
energy density transfer rate for the spacecraft missions studied is on the
order of tens of percent, another key result of this study. This error is sufficiently low since the method yields a direct measure of the net (time-averaged) energy density transfer rate, a quantity which is generally unreliable by up to two orders of magnitude (C. H. K. Chen et al., 2019; Hadid
et al., 2018). Two additional considerations regarding spacecraft measurements may reduce these estimated errors. First, modern instruments
measure the velocity distribution over the full 3V space, so the systematic error associated with the gyrophase θg integration in our idealized 2V
treatment may lead to larger errors than using full 3V measurements, as
done in C. H. K. Chen et al. (2019). Second, the (time-averaged) energy
density transfer rate  j,i E  can be directly computed from the ion velocity moments, so the error may be estimated approximately by the error
in these moments. However, the time-averaged value, which represents
the net rate of energy density transfer, may be significantly smaller than
the instantaneous value of j∥, iE∥, so the corresponding percentage error
of the time-averaged result may be substantially larger than the error of
the moments themselves.
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Table 4
Average Error Over all Time in the Computed Energy Transfer Rates for
Velocity-Space Resolutions Corresponding to the parker solar probe (PSP),
solar orbiter (SO), magnetospheric multiscale (MMS), Cluster, and Wind
Missions Compared to the Original AstroGK Simulation Resolution
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5. Conclusions and Future Work

Understanding the entire cascade of turbulent energy, including its eventual dissipation into plasma heat is a grand challenge problem in heliophysics. The recently launched PSP provides direct measurements in the
inner heliosphere to determine the mechanisms of particle energization
Mission
Error(%)
StDev(%)
Velocity grid points
in weakly collisional plasmas. Indirect evidence of wave-particle interSO
13
11
377
actions due to unstable velocity distribution functions have already been
PSP
30
21
129
observed in the first two orbits (Bale et al., 2019; Bowen et al., 2020; VerniMMS
41
32
67
ero et al., 2020). The FPC technique has been proposed to use single-point
electromagnetic field and particle velocity distribution measurements to
Cluster
32
16
35
provide direct evidence of wave-particle interactions: it has the potential
Wind
46
39
31
to distinguish the physical mechanisms responsible for particle energiAbbreviations: MMS, magnetospheric multiscale; PSP, parker solar
zation by their characteristic velocity-space signatures and can be used
probe; SO, solar orbiter.
to quantify the energy density transfer rate between fields and particles.
The ability of the FPC method to distinguish one energization mechanism from another depends on the resolution of the velocity distribution
measurements. The key question we address here is whether modern spacecraft instrumentation has sufficient phase-space resolution to identify the distinct velocity-space signature of a given particle energization
mechanism. To answer this question, we adopt the fiducial case of the signature of ion Landau damping in
a strongly turbulent plasma.
We present the procedure for using high-resolution data from kinetic numerical simulations to generate
synthetic spacecraft data at the realistic phase-space resolution of spacecraft particle instrumentation. The
resulting synthetic spacecraft data are the time series of measurements at a single position in space of the
electromagnetic fields and particle velocity distribution functions. The FPC technique is then applied to
these synthetic spacecraft data to compute the resulting velocity-space signature of ion Landau damping at
a chosen instrumental phase-space resolution. A subsequent quantitative measure of energy transfer rate is
then computed by integrating over all phase-space grid points. The key results, shown in Figures 3, 4 and 5,
support our two key conclusions: (i) modern spacecraft particle instrumentation, such as SPAN-I on PSP,
boasts sufficient phase-space resolution to adequately recover the distinct velocity-space signature of ion
Landau damping; and (ii) a minimum energy resolution of ΔE/E ≲ 10% and azimuthal angular resolution
of Δϕ ≲ 5° are sufficient to resolve an identifiable signature of ion Landau damping.

Furthermore, the integrated energy density transfer rate of the ion energization in the turbulent plasma can
be computed to within an error of a few tens of percent using modern spacecraft phase-space resolution.
Since existing estimates of the rate of particle energization through the dissipation of turbulence in space
plasmas vary by up to two orders of magnitude (C. H. K. Chen et al., 2019; Hadid et al., 2018), an error of
tens of percent in the direct measurement of these rates using the FPC technique represents a significant
advancement in our capabilities. Therefore, modern plasma instrumentation on the current MMS, PSP, SO
missions has sufficiently high phase-space resolution to apply the FPC technique to identify the particle
energization mechanism, but older missions such as Cluster and Wind do not adequately resolve the velocity-space signature.
We emphasize here that, although we estimated the required instrumental phase-space resolution using the
fiducial case of ion Landau damping, the FPC technique does not require the presence of waves or resonant
wave-particle interactions. The technique is based on nothing more than the nonlinear equations of plasma
kinetic theory (Howes et al., 2017). The method can, in principle, be used to explore other mechanisms for
the energization of particles, such as stochastic ion heating, magnetic reconnection, or collisionless shocks,
although refinements of the technique optimized for these other applications remain to be thoroughly described. The FPC technique has already been used to provide the first direct evidence of electron Landau
damping in a turbulent space plasma (C. H. K. Chen et al., 2019), and we anticipate a number of exciting
discoveries yet to come from the application of this relatively new analysis technique.
This initial assessment of the phase-space resolution requirements for particle instrumentation, as well as
a characterization of the systematic and random errors of the resulting velocity-integrated spatial energy
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density transfer rate, can be made more robust by testing additional dependencies of the resulting velocity-space signatures. These include: (i) the time resolution of the velocity distribution functions, (ii) variations of the speed of the solar wind flow and its angle relative to the local mean magnetic field, (iii) the
minimum particle energy that can be measured due to spacecraft charging or other instrumental effects,
(iv) the impact of statistical uncertainties due to the Poisson statistics of the particle count rates, (v) higher particle temperatures more relevant to the inner heliosphere, and (vi) transformation of the electric
field measurements from the spacecraft frame to the plasma frame, involving subtraction of the electric
field component arising from convection of the magnetic field. We intend to use the synthetic spacecraft
data procedure introduced here to provide quantitative estimates of the instrumental resolution needed
to distinguish the velocity-space signatures of different particle energization mechanisms in collisionless
heliospheric plasmas. The effect of the particle counting rate, determined by the ambient plasma density
and instrumental parameters, can be assessed by incorporating Poisson counting statistics into the synthetic
spacecraft data generation, as presented in Paper II. Furthermore, the synthetic data generated with Poisson
statistics can be used to develop and refine a novel implementation of the FPC technique to be used for
dedicated, onboard correlator instrumentation, to be described in Paper II. Such instrumentation has the
potential to fully exploit the plasma sampling in burst mode over the mission lifetime without requiring that
these high-cadence measurements to be transmitted to the ground. This could potentially increase the effective sampling time by two or more orders of magnitude, thereby enabling a revolution in our understanding
of particle energization in the heliosphere.

Appendix A: Plasma-Frame to Spacecraft-Frame Coordinate Transformation

In going from the half-plane of the reduced 2V gyrotropic velocity space (v∥, v⊥) of AstroGK where v⊥ ≥ 0 to
the full-plane of a 2V slice of the spacecraft-frame polar energy space (E, ϕ), we “unwrap” the gyroaverage
of the gyrokinetic description. We accomplish this by approximately folding the v⊥ > 0 upper half plane in
gyrotropic space to create a mirrored half plane at v⊥ < 0. This produces a distribution that approximates a
2V slice of the full 3V distribution function in the (E, ϕ)-plane, where we take θ = 0 for the 2V slice of the
spherical coordinate system in 3V (E, θ, ϕ) space. The precise transformation from the (v∥, v⊥) half-plane to
the (E, ϕ) full plane is therefore given by
ms 
E

( vsw sin   v )2  ( vsw cos   v )2 
(A1)

2 

 v sin   v 
  tan 1  sw
.
(A2)
 vsw cos  v 



here, the positive (negative) sign corresponds to v⊥ > 0 (v⊥ < 0). Note that we make the simplifying assumption, in using only the reduced 2V polar energy space (E, ϕ), that the magnetic field lies within the (E, ϕ)
plane at θ = 0.

Appendix B: Velocity-Space Integration
In this Appendix, we describe how to correctly and accurately integrate the field-particle correlation
C E  (v , v ) over velocity space to obtain the rate of change of spatial energy density at a given point (due to
the parallel component of the electric field). We specifically define the integration procedure using the AstroGK velocity-space grid points, which are nonuniformly distributed; this is illustrated in Figure 3a, where
the position of each grid point is plotted over the correlation C E  (v , v ).

To evaluate the integral prescribed by Equation 13, we first define an area element in the (v∥, v⊥) plane and
then compute the volume by revolving the area element about the v∥ axis.
B1. Area Element in (v∥, v⊥) Plane

The area, A, of a circular section of radius v and angle ϕ (in radians) is given by
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A  v2
(B1)
2

The incremental area, dA, in a small radial section (from v1 to v2) over an incremental angle dϕ, is then
d 2
dA

( v2  v12 )
(B2)
2

To calculate dA on a discrete grid given by polar coordinates (v, ϕ), we present the general formulas in terms
of grid points (ϕi, vj), indexed by i = 1, …, Nλ and j = 1, …, NE. Here, Nλ and NE are the number of pitch angle
and energy grid points, respectively. The angular increment is given by

  i 1
di  i 1
(B3)
2
for i = 2, …, Nλ − 1,

  1
d1  2
(B4)
2
and

N  N 1
(B5)
dN   
.
2
with these expressions for dϕi, we obtain the following formulas for dAi, j:
2
2

 v j  v j 1  
di  v j 1  v j 
dA


(B6)



 
i, j
2 
2
2


 


for j = 2, …, NE − 1,
2
d  v  v1  
dAi ,1  i  2
(B7)
 
2  2  



and
2
2

 vN E  vN E 1  
di 
 vN E  vN E 1  


dA
v




 .
(B8)


i, NE
N

 
2  E 
2
2









Note that at the highest value of v, we assume the boundary is the same distance δv beyond vN E as the distance halfway between vN E and vN E 1.
The maximum value of v is therefore given by
 vN  vN E 1 
v
vN E   E
(B9)

max
2



The total area in the (v∥, v⊥) plane covered by this half-circle is given by



2
Aexact  vmax
(B10)
2
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and the sum of the areas associated with each discrete point is given by Adiscrete. For the velocity-space grid
points shown in Figure 3a, we obtain

Aexact 27.5106

Adiscrete 27.5113
(B11)

Therefore, the result has an error of 0.0025%, demonstrating that the integration scheme in the (v∥, v⊥) plane
is highly accurate.
B2. Volume Element in (v∥, v⊥, θg) Space

As shown in Equation 13, the incremental volume element for the integration has the form,
2 v dv dv
(B12)

estimation of this integral by a discrete sum requires that each area element described in the previous section be revolved about the v∥ axis. This means that each area element is multiplied by 2πv⊥, where the value
of v⊥ is given by the value of each velocity-space coordinate,
v i , j  v j sin i
(B13)

Note that the volume integration is less accurate than the area integration since v⊥i, j is not integrated, but
only evaluated at the central position in (v, ϕ) coordinates of the area element. Nevertheless, we obtain the
following value of the discrete volume sum Vdiscrete compared to the exact volume with vmax,
4 3
Vexact 
vmax
(B14)
3

with the results

Vexact 307.0149

Vdiscrete 305.5565
(B15)

Therefore, the result has an error of 0.48%, so this integration scheme in the (v∥, v⊥, θg) plane is sufficiently
accurate.
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