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ABSTRACT
In order to address the question of whether spiral disturbances in galaxy discs are gravitationally coupled to the halo, we conduct
simulations of idealized models of disc galaxies. We compare growth rates of spiral instabilities in identical mass models in
which the halo is held rigid or is represented by particles drawn from an equilibrium distribution function. We examine cases of
radial and azimuthal bias in the halo velocity ellipsoid in one of our models, and an isotropic velocity distribution in both. We
find at most marginal evidence for an enhanced growth rate of spiral modes caused by a halo supporting response. We also find
evidence for very mild dynamical friction between the spiral disturbance and the halo. We offer an explanation to account for the
different behaviour between spiral modes and bar modes, since earlier work had found that bar instabilities became significantly
more vigorous when a responsive halo was substituted for an equivalent rigid mass distribution. The barely significant differences
found here justify the usual simplifying approximation of a rigid halo made in studies of spiral instabilities in galaxies.
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1 IN T RO D U C T I O N

Theoretical studies of spiral instabilities in galaxies (e.g. Toomre
1981; Bertin et al. 1989; Sellwood & Kahn 1991) have almost always
assumed that bulge and halo components can be treated as inert matter
that contributes to the central attraction, but does not otherwise affect
the dynamics of the disc component. This assumption is often made
in simulations also (e.g. Grand, Kawata & Cropper 2012; D’Onghia,
Vogelsberger & Hernquist 2013; Sellwood & Carlberg 2014; Baba
2015). Exceptionally, Mark (1976) argued that spiral modes would
be amplified by the loss of angular momentum to the halo, which he
predicted would take place mostly at corotation of the spiral mode.
While many simulations of discs embedded in live haloes have been
performed in subsequent years, there does not appear to have been a
quantitative test of Mark’s prediction.

It has long been established that strong bars experience dynamical
friction from responsive haloes (e.g. Sellwood 1980; Weinberg
1985; Debattista & Sellwood 2000). It has also been found that bar
instabilites are more vigorous in responsive haloes (e.g. Athanassoula
2002; Saha & Naab 2013; Berrier & Sellwood 2016) than in rigid
ones, and that the more rapid growth begins at tiny amplitude
(Sellwood 2016). This last result suggests that a rigid halo might also
be an inadequate approximation for studies of spiral instabilities.

This paper therefore reports a suite of idealized simulations of discs
in haloes to determine the effect on spiral modes of substituting a
responsive halo for a rigid one.

2 T E C H N I QU E

When using simulations to make quantitative measurements of the
growth rates of instabilities, it is important to set up the initial model

� E-mail: sellwood@as.arizona.edu

with considerable care in order that it be close to a settled equilibrium.
Even quite mild adjustments to the initial model will mask, and
perhaps seed, early growth of instabilities, and the instability will
be that of the relaxed model and not that of the mass distribution
originally intended. Equilibrium models of a disc embedded in a
halo present a particular challenge, since few equilibrium distribution
functions (DFs) are known for the halo component when a massive
disc is present. In this paper we present two separate equilibrium
models and provoke a spiral instability in the disc component of
each. We then compare the evolution of the instability in both the
fully self-consistent models having responsive haloes and cases in
which the haloes are frozen.

2.1 Numerical method

The particles in our simulations move in a 3D volume that is spanned
by two separate grids; a cylindrical polar mesh and a much larger
spherical grid. The gravitational field is calculated at grid points and
interpolated to the position of each particle. The disc particles are
initially assigned to the polar grid, while the spherical grid is used for
the bulge and halo particles. Naturally, all particles are attracted by all
others at every step. A full description of our numerical procedures
is given in the on-line manual (Sellwood 2014) and the code itself is
available for download.

Tables 1 and 3 give the values of the numerical parameters for most
of the simulations presented in this paper. Since the gravitational field
is a convolution of the mass density with a Green function that is
most efficiently computed by Fourier transforms, it is easy to restrict
the sectoral harmonics that contribute to the field when using a polar
grid. In most simulations we report here, non-axisymmetric forces
arising from the particles are confined to just the m = 3 sectoral
harmonic for the PK model (Section 3) and m = 2 for the DBH
model (Section 4). Aspherical components of forces computed via
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Spiral instabilities 3019

Table 1. Numerical parameters for the PK model.

Polar grid size 85 × 128 × 125
Grid scaling a = 10 grid units
Vertical spacing δz = 0.02a
Active sectoral harmonics m = 0, 3
Softening length a/10
Spherical grid 201 shells
Active spherical harmonics l = 0, 3
Disc mass fraction fd = 1/3
Number of disc particles 108

Number of halo particles 108

Basic time-step (a3/GM)1/2/40
Time step zones 3

the spherical grid are similarly confined to the spherical harmonic l
= 3 or 2.

2.2 Other details

We make measurements of the development of non-axisymmetric
disturbances from the azimuthal Fourier coefficients of the mass
distribution on the polar grid, generally combining them to report
a weighted average of the relative amplitude over a limited radial
range. We also compute logarithmic spiral transforms of the disc
particle distribution, which is defined for particles of unequal mass
as

A(m, tan γ, t) =
∑N

j=1 μj exp[im(φj + tan γ ln Rj )]∑N

j=1 μj

, (1)

where (Rj, φj) are the cylindrical polar coordinates of the j-th particle
of mass μj at time t, and γ , the complement to the spiral pitch angle,
is the angle between the radius vector and the tangent to an m-arm
logarithmic spiral, with positive values for trailing spirals.

In order to measure mode frequencies, including growth rates, we
fit modes to these data using the procedure described by Sellwood &
Athanassoula (1986). The perturbed surface density of a mode is the
real part of

δ�(R, φ, t) = Am(R)ei(mφ−ωt), (2)

where the frequency ω = m�p + iβ is complex with β being the
growth rate. The complex function Am(R), which is independent of
time, describes the radial variation of amplitude and phase of the
mode.

Sellwood & Athanassoula (1986) showed that the mode frequency,
especialy the growth rate, could be estimated more precisely from
quiet start simulations in which noise was artificially suppressed by
placing particles around rings and filtering out the higher sectoral
harmonics, allowing a longer period of exponential growth. As this
trick is more difficult to accomplish in 3D multicomponent models,
we here beat down shot noise simply by employing large numbers
of particles.

3 PL U M M E R – K U Z M I N M O D E L

A composite disc and halo model that is very nearly in equilibrium
can be constructed using a Kuzmin disc embedded within a Plummer
sphere. The potential of an axisymmetric Kuzmin disc is


K(R, z) = −GM
[
R2 + (a + |z|)2

]−1/2
, (3)

(Binney & Tremaine 2008, equation 2.68a), where M is the mass
of the disc and a is a length scale. That of a Plummer sphere, also

of mass M and core radius a, is 
P(r) = −GM[r2 + a2]−1/2, which
is identical in the z = 0 plane and differs only slightly for |z| > 0.
Thus, a composite model of two superposed concentric components
having equal length scales a, with disc mass fdM and sphere mass (1
− fd)M, will have the same potential in the mid-plane. We describe
this as the PK model, and it is natural to adopt units such that G = M
= a = 1. Though hardly a realistic galaxy model, it has the following
advantages for our study.

Kalnajs (1976) gave a family of equilibrium DFs having a
parameter mK that determines the degree of random motion in the
razor-thin Kuzmin disc model. Also Dejonghe (1987) derived a
family of DFs having a parameter q that determines the shape of
the velocity ellipsoid in the Plummer sphere. However, neither of
these DFs would yield perfect equilibrium in a composite model.
The Plummer sphere would be affected by the slight difference
of the disc contribution to the potential away from the mid-plane,
which we find is small enough to ignore. More significantly, the
disc needs to be thickened to avoid local disc instabilities. A disc
lacking random motion is Jeans unstable (Toomre 1964), while a
razor-thin disc having a finite radial velocity dispersion suffers from
buckling instabilities (Toomre 1966; Araki 1985). Since thickening
the disc weakens the central attraction in the mid-plane, as does
gravity softening, radial balance requires a compensating additional
central force that is the difference between that expected from the
total mid-plane potential and the numerically determined attraction
from the particles in the simulation. The radial variation of the extra
central force needed in the mid-plane is computed at the start, and is
applied as a spherically symmetric term that is held fixed throughout
the simulation. It can be thought of as an additional rigid halo,
although the implied mass is just a few percent of that of the disc.

The principal advantage of pursuing these oversimplified galaxy
models is that we can employ anisotropic DFs of the Plummer
sphere in our experiments. We wish to determine the influence of
a responsive halo on the spiral instabilities within the disc, and this
model enables us to vary the shape of halo velocity ellipsoid from
radial bais, through isotropy to azimuthal bias, as was also exploited
by Sellwood (2016) in his study of bar instabilities. Furthermore,
we are able to set up good equilibria for both the disc and halo by
drawing particles from the known DFs, using the method described
by Debattista & Sellwood (2000). We use the 1D Jeans equation
to set up the vertical balance of the disc particles, which yields an
acceptable equilibrium when the radial velocity dispersion is modest.
The resulting model is very close to overall equilibrium, and the mass
profiles of both disc and halo remain indistinguishable from the initial
set up during the entire linear growth phase of the instability.

Since the bar instability in a disc is made even more vigorous
by a live halo, spiral instabilities would be overwhelmed by the bar
mode unless the disc mass fraction were very low, and then the
spirals would be weak and multi-armed. We therefore restrict non-
axisymmetric disturbance forces in these simulations to the m = 3
sectoral harmonic in order to inhibit the bar mode, while allowing a
single spiral mode.

We provoke a spiral instability at a predictable radius by creating
a groove in the angular momentum profile of the disc (Sellwood
& Kahn 1991). In this case, we multiply the DF given by Kalnajs
(1976), which is a function of the two classical integrals E and Lz,
by the Lorentzian factor

[
1 − Dw2

j

(Lz − L∗
z )2 + w2

j

]
, (4)
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and select equal mass disc particles from this modified DF. In
expression (4), D is the relative depth of the groove, wj is the width
parameter, and L∗

z is the angular momentum of the groove centre.
Note that this is a groove in the distribution of guiding centres and
epicyclic blurring implies a shallower and broader dent in the surface
density profile.

For our simulations, we choose fd = 1/3 and the disc DF parameter
mK = 30, which yields Q � 2 in the disc centre and decreasing gently
to Q � 1.2 in the outer disc. The groove parameters are: L∗

z = 1.4, wj

= 0.04 in our adopted units, and D = 0.4. The halo DF parameters in
the three models with live haloes are q = 0 for an isotropic velocity
distribution, q = 2 for maximum radial bias, and q = −15 for a strong
azimuthal bias. Note that in all cases the central parts of the halo are
closely isotropic, while anisotropies increase with radius beyond the
core.

3.1 Results

We have conducted four simulations of the PK model, each em-
ploying 100 M particles in the disc component. They differ in the
shape of velocity ellipsoid in the live halo component, which also
has 100 M particles and in one case the halo was replaced by a rigid
unresponsive mass of the same density. The groove provoked an m =
3 spiral instability in all four cases. The power spectrum in the middle
panel of Fig. 1 indicates that the isotropic halo model supported a
single dominant mode with corotation at R � 2.6; power spectra from
the other three simulations were very similar. The upper panel shows
the growth of the m = 3 disturbance amplitude in the disc component
in each PK model. The instability took slightly different lengths of
time to emerge from the noise, but over the interval 100 ≤ t ≤ 180
the slope of each line in this log-linear plot, which is the growth rate
of the mode, is remarkably similar. This finding is already in strong
contrast with the behaviour reported for bar instabilities by Sellwood
(2016), where growth rates in models with different halo velocity
ellipsoids were between 2- and 5-times greater than the bar mode in
a disc with rigid halo.

We have estimated the mode frequencies in all four models by
the method described in Sellwood & Athanassoula (1986), fitting
equation (2) to data from the simulations over selected time ranges.
We fit both the disturbance density and logarithmic spiral transforms,
selecting differing time ranges, radial ranges, and numbers of values
of tan γ . We use these different fits to obtain estimates of the
uncertainties in the fitted frequencies. The best-fitting values are
presented in Table 2, with the quoted uncertainties bracketing the
full range of credible fitted values in each case. The mode shape
drawn in bottom panel of Fig. 1 is the real part of best-fitting function
Am(R) (equation 2), and the contours are of only the positive relative
overdensity; the principal resonances are marked by circles.

Only the model with the strong azimuthal bias has a higher growth
rate than the others, though barely so. This finding is supported by
the blue line in the upper panel of Fig. 1, which may have a visibly
steeper slope over the time interval 100 < t < 180 than the other
three cases. But it seems that the mode grows at essentially the same
rate in the rigid halo as in the isotropic and radially biased haloes,
and scarcely any faster in the azimuthally biased halo.

A supporting response from the halo would most likely come from
those orbits that are near circular, directly rotating, and oriented
close to the disc plane, since they would effectively augment the
disc, as Sellwood (2016) argued for bar modes. As the number of
such orbits should be greatest when the halo velocity ellipsoid has
a strong azimuthal bias, a significant supporting response seems
physically reasonable, but even in this case the growth rate is

Figure 1. Top panel: The weighted average of the m = 3 relative overdensity
in the indicated radial range over which the spiral mode is strongest. The four
separate simulations differ only in the halo DF as indicated by the line colours,
and the black line is for a rigid halo. Middle panel: Power spectrum of the m
= 3 component from the isotropic halo model over the time interval 61 ≤ t
≤ 180 indicating a single dominant mode. The solid curve marks m�c and
the dashed curves m�c ± κ . Bottom panel: The mode fitted to the data from
the isotropic halo model over the time interval 80 ≤ t ≤ 180. The corotation
radius is marked by the full-drawn circle and the Lindblad resonances by the
dotted circles.

Table 2. Mode frequencies fitted to the PK models.

Halo m�p β

Rigid 0.663 ± 0.002 0.039 ± 0.004
Isotropic 0.659 ± 0.001 0.040 ± 0.002
Azimuthal bias 0.653 ± 0.002 0.045 ± 0.004
Radial bias 0.660 ± 0.001 0.041 ± 0.002
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enhanced by no more than ∼10 per cent. However, the trefoil spiral
in these models may not induce as strong a halo supporting response
as would a bisymmetric spiral, as has been established for bar
modes.

4 D ISC-BU LGE-HALO MODEL

In order to study the behaviour in a somewhat more realistic model,
and to extend it to bisymmetric spirals, we adopt an exponential disc
model embedded within a halo and a central bulge. The bulge is
required both to create the steeper inner rise in the rotation curve
typical of a large spiral galaxy, and also to prevent bar instabilities
(Toomre 1981) while allowing m = 2 spirals.

(i) The exponential disc has the surface density

�(R) = Md

2πR2
d

exp(−R/Rd ), (5)

which we taper to zero over the radial range 4.5 < R/Rd < 5, and Md

is the mass of the notional infinite disc. The vertical density profile
of the disc is Gaussian with a scale 0.1Rd.

(ii) We use a dense Plummer sphere for the bulge, which has a mass
of 0.1Md and core radius a = 0.1Rd, and adopt the isotropic DF given
by Dejonghe (1987). The bulge is dense enough that it dominates
the central attraction in the inner part of our galaxy model, and the
analytic DF is close to equilibrium despite the presence of the disc
and halo.

(iii) We employ a Hernquist (1990) model for the halo that has the
density profile

ρ(r) = Mhb

2πr(b + r)3
, (6)

where Mh is the total mass integrated to infinity, and b is a length
scale. We choose Mh = 5Md and b = 4Rd. Naturally, the isotropic
DF that Hernquist derived for this isolated mass distribution would
not be in equilibrium when the disc and bulge are added, so we
use the adiabatic compression procedure described by Sellwood &
McGaugh (2005) that starts from the isotropic DF given by Hernquist
and uses the invariance of both the radial and azimuthal actions to
compute a revised density profile and DF as extra mass is inserted.
The revised DF has a slight radial bias. We also apply an outer cutoff
to the selected particles that excludes any with enough energy ever
to reach r > 10b, which causes the halo density to taper smoothly to
zero at that radius.

The resulting rotation curve of this model is illustrated in Fig. 2,
where we have adopted units such that G = Md = Rd = 1. We also
adopt a constant value of Q = 1.5 at all radii to determine the radial
velocity dispersion of the disc particles. Although the disc is quite
massive, the high value of the epicyclic frequency, κ , near the centre
in particular implies disc random velocities are modest everywhere,
and the Jeans equations in the epicyclic approximation (Binney &
Tremaine 2008) yield an excellent equilibrium.

Again we wish to seed a spiral instability at a predictable radius,
but require a different strategy in this case because we do not select
disc particles from a DF. Instead we create a groove in the disc surface
density profile by multiplying the mass of every disc particle by the
same expression as above (equation 4). As before, this sharp groove
in angular momentum is blurred by epicycle motions.

We run three cases placing the groove centre at L∗
z = 1.5, 2, and

2.5. In each case we choose, wj = 0.04 in our adopted units, and D
= 0.6, and run both live and rigid haloes and bulges. We employ 100

Figure 2. The initial rotation curve of the disc-bulge-halo model (solid curve)
measured from the particles. The disc contribution is given by the dotted
line, while the dot–dashed lines indicate those of the bulge and compressed
halo.

Table 3. Numerical parameters for DBH model.

Polar grid size 85 × 128 × 125
Grid scaling Rd = 10 grid units
Vertical spacing δz = 0.02Rd

Active sectoral harmonics m = 0, 2
Softening length Rd/10
Spherical grid 501 shells
Active spherical harmonics l = 0, 2
Number of disc particles 108

Number of halo particles 108

Number of bulge particles 107

Basic time-step (R3
d/GM)1/2/320

Time step zones 6

Table 4. Mode frequencies fitted to the DBH models.

Halo L∗
z m�p β

Rigid 1.5 1.109 ± 0.001 0.093 ± 0.001
Live 1.5 1.108 ± 0.004 0.095 ± 0.001
Rigid 2 0.855 ± 0.001 0.065 ± 0.002
Live 2 0.841 ± 0.001 0.069 ± 0.003
Rigid 2.5 0.674 ± 0.001 0.049 ± 0.001
Live 2.5 0.667 ± 0.003 0.051 ± 0.001

M particles in each of the disc and halo and 10 M in the bulge. The
other numerical parameters are given in Table 3.

4.1 Results

The middle panel of Fig. 3 gives the power spectrum in the model with
the L∗

z = 2 and live halo while the upper panel indicates the growth
of the m = 2 disturbance in all six simulations with this galaxy model;
those having a responsive halo and bulge and marked with solid lines
and those for which both spherical components are rigid have dotted
lines. As for the PK models, differences between the live and rigid
haloes for all three diferent groove radii are tiny – the bisymmetric
spiral mode appears to grow at roughly the same rate in the live
as in the rigid halo in each case. Naturally, the mode pattern speed
and growth rate decrease as the groove radius is increased because
the dynamical clock runs more slowly. The fitted frequencies in the
six runs are listed in Table 4, from which it may be seen that the
fitted growth rates in the live halo runs are fractionally higher than in

MNRAS 506, 3018–3023 (2021)

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/506/2/3018/6316789 by U
niversity of Arizona user on 03 Septem

ber 2021



3022 J. A. Sellwood

Figure 3. Top panel: The weighted average of the m = 2 relative overdensity
in the indicated radial range over which the spiral mode is strongest. The six
simulations of this DBH model have rigid (dotted lines) and live haloes (solid
lines) and L∗

z = 2 (red), L∗
z = 1.5 (green), and L∗

z = 2.5 (blue). The blue
lines have been shifted horizontally to show the similarity of slopes without
overlapping with the others. Middle panel: Power spectrum of the m = 3
component from the live halo simulation with L∗

z = 2 over the time interval
30 ≤ t ≤ 80 indicating a single dominant mode. Bottom panel: The mode
fitted to the data from the live halo model over the time interval 30 ≤ t ≤
90. The lines in the middle panel and the circles in the bottom panel have the
same meanings as in Fig. 1.

the rigid halo cases, but the differences are all within the estimated
uncertainties.

The mode shape for the L∗
z = 2 case is illustrated in the bottom

panel of Fig. 3. The pronounced kink across corotation reflects the
mechanism of the groove mode in a cool disc (Sellwood & Kahn
1991). The mode shape is very similar for the rigid halo case and,
apart from a different spatial scale, for the other two groove radii.

Figure 4. The time evolution of the square-root of the torque between the
disc and halo for the L∗

z = 2 case. Notice the quantitative scaling similarity
between the solid red line in the top panel of Fig. 3 and that in this figure,
indicating that the torque varies as the square of the mode amplitude.

The live halo causes other differences, apart from a marginal
increase in growth rate. For example, in the L∗

z = 2 case, the
saturation amplitude of the mode is some 20 per cent higher in the
live halo than in the rigid. Also a small fraction, ∼0.2 per cent, of the
disc angular momentum is taken up by the halo, and a tiny fraction,
∼0.004 per cent, by the bulge. Though always small, the torque on
the halo (Fig. 4) increases approximately as the square of the mode
amplitude, i.e. at twice the growth rate, until it saturates, which is the
scaling expected in dynamical friction as a perturber is decelerated
by its wake (Tremaine & Weinberg 1984; Sellwood 2006; Binney &
Tremaine 2008).

It is noteworthy that we could not find any evidence for a bar
instability in this model, in agreement with the linear theory pre-
diction for a model having a dense centre (Toomre 1981). However,
inner Lindblad resonance damping of disturbances is a prediction
of small amplitude perturbation theory and the strong bisymmetric
spiral extends over a broad radial range, yet it still did not lead to
non-linear trapping into a bar in the inner disc, at least for the duration
of the simulations.

5 D ISCUSSION

It may seem strange that bar instabilities in responsive haloes grow
several times faster than in the equivalent rigid halo (Athanassoula
2002; Sellwood 2016), while a live halo has a tiny effect on even
bisymmetric spiral modes. Note that this difference appears in the
linear growth phase of the instabilities and therefore the fact that bar
modes may ultimately rise to larger amplitude than do spirals cannot
account for this particular discrepancy.

Another significant difference between the two cases is the
second order dependence of the torque from the spiral instability
on the halo, which contrasts with the first order torque reported by
Sellwood (2016, his fig. 2) for the strong halo enhancement of bar
instabilities.

The self-consistency requirement of a linear instability is that
the disturbance density results from orbit deflections caused by the
disturbance potential. Thus, when a live halo has a large effect
on the growth rate of the bar mode, its supporting response must
be an integral part of the instability of the disc-plus-halo system.
Furthermore, the linear growth of the disc-halo torque indicates that
the instability is driven, in part at least, by angular momentum loss
from the disc.
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In contrast, we report here that a live halo has little effect on spiral
modes, indicating that the halo takes no significant part in this type
of instability in the disc-halo system. Dynamical friction on the disc
disturbance as it moves through the non-rotating halo is inevitable,
but is weak and second order.

So why do we find a negligible halo response to spiral modes,
but had previously reported an enthusiastic supporting response to
bar modes? We suggest the following reason: Lynden-Bell (1979)
demonstrated that orbits of arbitrary eccentricity that are subject to
the gravitational influence of a weak bar generally will be repelled
from alignment with the bar except in the inner parts of galaxy
models having a quasi-uniform core, i.e. where the rotation curve
rises roughly linearly. The bar unstable models simulated by both
Athanassoula (2002) and by Sellwood (2016) had slowly rising
rotation curves, and therefore the prograde halo orbits near the disc
plane in the inner parts of those models would be attracted into co-
alignment with the growing bar perturbation in the disc, creating a
strong supporting response from the halo that enhances the growth
rate. Where the rotation curve is flat or declining, the response
of higher angular momentum halo particles does not reinforce the
perturbation, and disturbances in the disc are little affected by a
responsive halo. Thus an aligning halo response for the bisymmetric
spiral in the DBH model would not be expected because the central
bulge eliminates an extensive region where the potential is quasi-
harmonic. We have reworked Lynden-Bell’s analysis for the trefoil
spiral in the PK model, finding that the key gradient ∂�i/∂Lz|Jf

indicates anti-alignment in the region of corotation for the groove
mode, and therefore no supporting response from halo orbits of any
eccentricity. Here �i = �φ − �R/3 and the fast action Jf = Lz/3 +
JR; see Lynden-Bell (1979) for a fuller explanation. This argument
would seem to account both for previously published results for the
bar mode and for the contrasting finding for spiral modes in this paper.

6 C O N C L U S I O N S

We have constructed two equilibrium models of moderately heavy
discs embedded in live haloes. We created grooves in both discs in
order to provoke strong spiral instabilities and have compared the
growth rates of the spiral modes in simulations that employed both
rigid and live haloes. We cannot exclude that the spiral growth rate
was increased by the halo response in both models; there was a hint
of a higher growth rate for the m = 2 spiral mode for all three grooves
in the live halo case in the DBH model and a slightly more significant
enhanced growth rate for the m = 3 mode in the PK model when
the halo velocity ellipsoid was strongly azimuthally biased, but the
growth rate differences were small. Since haloes in real galaxies are
not expected to have azimuthally biased velocity ellipsoids, this mild
boost to spiral growth rates, if real, is unlikely to be of relevance to
the development of spirals in galaxies.

We did find evidence for additional differences between the live
and rigid haloes in the DBH models. The halo was weakly torqued
by dynamical friction from the spiral mode, but the loss of angular
momentum from the disc was only 0.2 per cent by the end of the
simulation and much less during the linear growth phase. This

exchange may have allowed the final spiral amplitude to be about
20 per cent greater in the live halo case.

The results reported here justify the usual assumption made in
theoretical work and in simulations that a frozen halo is an adequate
approximation when considering the dynamics of spiral formation.
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