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Abstract

Let N > 3 and r > 1 be integers and p > 2 be a prime such that pt N. One can consider two different
integral structures on the space of modular forms over @@, one coming from arithmetic via g-expansions,
the other coming from geometry via integral models of modular curves. Both structures are stable under
the Hecke operators; furthermore, their quotient is finite torsion. Our goal is to investigate the exponent
of the annihilator of the quotient. We will apply the tools in [BDP17] to the situation of weight 2 and
level I'(Np") modular forms over Q,({npr) to obtain an upper bound for the exponent. We also use
Klein forms to construct explicit modular forms of level p, allowing us to compute a lower bound. When

r =1, both bounds agree, allowing us to compute the exponent precisely in this case.
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1 Introduction

Let & > 1 be an integer and let T" be a congruence subgroup of SLy(Z) of level N i.e. a subgroup of
SL2(Z) containing the kernel, I'(IV), of the usual reduction mod N map

SLy(Z) — SLy(Z/NZ).

Consider the Q-vector space My (T, Q) consisting of modular forms of weight k and level " over Q. We
associate to each modular form f in My (T, Q) and each cusp ¢ of T', the g-expansion of f at ¢, denoted f,
which is a power series in Q[[g]].
We concern ourselves with Z-structures on the vector space My (I', Q) i.e. Z-submodules M’ of M (T, Q)
such that the natural map
M’ ®7Q — M(T, Q)

is an isomorphism. The space M(T", Q) naturally has two different Z-structures. Define the first Z-structure
to be

My(T,Z) = {f € My(I',Q) : foo € Z[[q]]}

which consists of modular forms in M, (", Q) whose g-expansion at the cusp oo has integral coefficients. One
can show the Hecke operators of M (', Q) preserve integrality at the cusp oo by explicitly computing the
g-expansion at oo under the Hecke operators (see [Kat04] 4.9.2]).

The second Z-structure we consider is M}, z, which consists of modular forms in M (I, Q) whose ¢-
expansions at all cusps have integral coefficients. This structure is also stable under the Hecke operators (cf.
[Con07, Theorem 1.2.2]). There is an obvious containment My (I",Z) C M}, z with quotient that is a torsion
Z-module. Our aim is to study,/ determine the annihilator.

To better understand and work with Mj, 7, we realize M}, 7 as the global sections of some line bundle
ggk on X, the moduli space parameterizing I'-level structures over Z. More precisely, for an integer N > 1,
[KMS&5, §3] considers four different moduli problem parameterizing I'(N)-, I';(N)-, balanced I';(N)-, and
T'o(N)-structures on elliptic curves. The definition of I'(V)-structures is given in Section [2.2|since this will be
our focus. When N > 3, the moduli problems parameterizing I'(N)-, I'1 (IV)-, and balanced I'y (IV)-structures
are represented by a regular, flat two-dimensional scheme )(I") over Z, by [KM85, 5.5.1]. For the rest of
the introduction, we let I" denote one of these level structures. The scheme 2)(I") extends to an arithmetic
surface X(I") over Z, known as the modular curve, so that M, z is identified with HO(.’{(F),Q%%)). From
this, we can show that HO(Z{(I‘%g%?m) and Ms(T',Z) are both finitely-generated Z-modules of the same
rank. Thus the quotient MQ(F,Z)/HO(}C(F),Q?E(QF)) is torsion.

Let p be a prime. If p does not divide the level N, then the p-adic valuation of the annihilator is zero
(see Remark . Thus we focus on primes p which divide the level and instead can work over Z,. Let c be
a cusp of X(T"). Define v,(f.) to be the minimal p-adic valuation among all the coefficients of f.. Then our
general goal can be restated as follows: we seek to compute the smallest integer e > 0 such that v, (p°f.) > 0
for all cusps ¢ of X(I") not equal to oo and all f € My(T',Z,,).

The problem of computing and bounding e has a long history, which we briefly recall. The moduli
problem representing I'g(IV)-structures is represented by a regular, proper, flat Artin stack Xo(V) over Z by
[Con07, Theorem 1.2.1]. Computing a bound for e for arbitrary weight k and level I'g(p) was done in [DR73],
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3.19, 3.20], where they obtained an upper bound of

e < ﬂ
= oC1
Their methods involved using intersection theory on Xo(p) and the fact that Xo(p) g, is reduced with two
irreducible components.

In [EdiO6], Edixhoven investigates the situation of weight & = 2 and level I'g(N) cusp forms where
ord,(N) = 1. In particular, he establishes the existence of a non-zero global section of Q|c; (—e-S) where Q
is the relative dualizing sheaf of Xo(NV), C{ is essentiallyﬂ the irreducible component containing the cusp 0,
and S is the divisor given by the sum of the supersingular points. By computing deg(§2|c;(—e-S)) in terms

of e and using the inequality
0 < deg(Qcy(—e- S)),

Edixhoven is able to conclude e < 1 + p%l which forces e = 1 whenever p > 3. This agrees with the bound
provided by [DR73|. In the case p = 2, Edixhoven separately concludes e = 2.

Lastly, in [BDP17, Appendix B|, Conrad investigates e in the general situation ord,(N) = r > 1 and
arbitrary weight k. He begins by developing intersection theory on the regular proper Artin stack Xo(V)
over Z. Let T denote the r x r matrix obtained by removing the column and row corresponding to the
irreducible component containing the cusp co from the intersection matrix of Xo(/N). He provides an upper
bound in terms of k,p,r, and the entries of T~! . For r = 2, Conrad obtains an upper bound of

3k 2
< 1
ep—1< +p—1>

and for r = 3 he obtains an upper bound of

2kp(2p — 1)

N EE

For general r, it is not clear how to obtain a uniform description of the entries of T—!, and this prevents
Conrad from establishing a similar bound for r > 3.

Let N >3 and r > 1 be an integers and p > 2 be a prime such that p { N. Fix a primitive root of unity
(npr and let 7 be a uniformizer of Zy[(npr]. We consider the situation of the modular curve X(Np”) over
Zy[Cnpr], which parameterizes I'(Np”)°*"-structures (see the paragraph preceding Theorem or [KMS85),
§9]). In this situation, the special fiber of X(Np") consists of p” + p"~! many irreducible components. We
also restrict ourselves to weight k& = 2 modular forms. Applying Conrad’s method in this situation, we obtain
a formula in terms of the entries of 77! and deg(w®?|4), where A is any irreducible component of the special

fiber of X(Np"). We make the following two significant computations:

e We explicitly compute the entries of 7! for all  and p.

IMore precisely, since Xo(N) is not necessarily regular, [Edi06] works instead with some finite cover X’ — Xo(N) by
appending extra level structure to I'g(NV). Let Cp denote the irreducible component of Xo(XN)r, containing the cusp 0. Then

C|, is the inverse image of Co under X’ — Xo(N).
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e We explicitly compute deg(w®?|5). Note that Conrad in [BDP17, Appendix B| bounds deg(w®?|,) by

deg(w®?). In our situation,

2
deg(wity,r) = 5;5L2(Z/NZ)SLo(Z/p"Z)
SLs(Z/NZ B
2(12/ )( 3r_p3r 2)

by [KMS85l 10.13.12]. In Theorem [5.28] we show

SLy(Z/NZ)

_ 1 2r—1
o P p

deg(Wiinpmla) =
independent of A, which is smaller than deg(g%?Npr)) by a factor of p"~!(p +1). This savings leads to

a marked improvement in our upper bound.

In Theorem we calculate the entries of 7! for all . First we describe the entries of T by explicitly
computing the intersection number between each irreducible component of the special fiber, using [KM85]
13.8.5], then we compute the self-intersection numbers.
We compute that
T = degS(N) ( 1M(pr)i’i v )
pr-txpr—1 PPM(p"H)

where M (p") is a p” x p" circulant matrix, dependent on p and r, M(p")j ; is the matrix M(p") with the
first row and column removed, 1, ., is the n X m matrix consisting of all 1’s, and deg S(N) is the degree
of supersingular locus in X(Np"). Applying the Woodbury Matrix Identity (see Appendix we obtain a
formula for the entries of 7~" involving the entries of (M(p"); ;)" and p~>M (p"~')~", as well as their row
sums and the total sum of all entries.

Since M (p") is circulant, we have a description of its eigenvalues and corresponding eigenvectors, allowing
us to diagonalize M (p"). In turn, this allows us to explicitly compute the entries of M (p")~!. Consequently,
using Proposition we also obtain the entries of the inverse of M (pr)i,i- After more careful calculations,
we obtain an exact expression for each entry of T 1.

In Theorem we compute deg(gg(QNprﬂ A)- Using the Kodaira-Spencer isomorphism (Theorem
and the adjunction formula (Theorem , we are able to identify g??Npr) with the relative dualizing sheaf
Qx(Npr)/Zy[cxyr] (—E(NDP")) twisted by minus the cuspidal divisor €(Np"), tensored with relative dualizing
sheaf Qx(npry/x(n) of the map pr: X(Np") — X(N) induced by forgetting the I'(p")-level structure.

Investigating Qx(npr)/x(v) amounts to understanding the different of the morphism pr, which amounts

to understanding the different of

pry : Ox (V) pr(z) = Ox(Npr).z

where x € X(Np") is a codimension 1 point. Let d, denote the valuation of the different of pr, in Ox(ypr) o
We split our analysis of pr,, into two cases. If = is a closed point of the generic fiber, then we can compute
d, over C. This amounts to understanding the ramification of the analogous map of Riemann surfaces
X(Np") — X(N), which is done in [Shi94, Prop. 1.37]. If = is a generic point of the special fiber, then
we show all d, contributions are the same which taken together contribute nothing to the different of pr.

However, in Appendix [C] we provide a method of computing d, in this situation, which may be useful in
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the case of balanced I'; (Np")-structures which don’t enjoy such uniformity. We ultimately conclude

Qx(vpry x(v) = Ox(wvpr) ((p" — 1E(ND"))

and consequently

WEinpr = Qa(vpr)/r(E(NDT)).

This identification allows us to directly compute deg(g??Nprﬂ A) by computing the quantities

deg(€(Np")|a) and deg(Qx(npr)/rla)-

The relative dualizing sheaf Qxn,)/r enjoys strong functoriality properties, enabling us to identify

Qx(vpry/rla = Qasp vy @ Oxvpr) (—A)a-

This allows us to compute deg(Qx(npr)/r|a) in terms of the genus of an Igusa curve, and the self-intersection
number of A. Combined with our calculation of the entries of T—!, we arrive at the following upper bound.

Theorem 1.1. a. Let N > 3 and r > 1 be integers and p > 2 be a prime such that pt N. The exponent e
of m in the annihilator of Mg(F(Np’“),ZP[CNPT])/HO(%(N])TLg??Npr)) is bounded above by

e < 2pT_1(pr —r+1).

For (ry,r2) € Q* — Z2, let (., ,,)(7) denote the Klein form associated to (r1,72) (see Definition . The
lower bound is obtained by explicitly constructing a modular form of level p out of a product of Klein forms.
Let {m(t)}i\[;ll be a family of integers. [EKSI11, Thm. 2.6], which builds upon results in [KL81, §2.1, §3.4],

provides a criterion on {m(t)}i\[: _11 for when a product of Klein forms

N-1
K(T) = H H(t/N,O) (NT)m(t)

t=1

is a nearly holomorphic modular form of level I';(N) and weight — Zi\;l m(t). We are able to choose a

family {m(t)}f:_l1 such that «(7) is a modular form of level T’y (p) and weight 2 with integral g-expansion
at co. The inclusion I'(Np") < T';(p) induces a map X (Np") — X;(p) between the corresponding modular
curves over C. Pulling back «(7) under this map, we can view k(7) as a modular form of level I'(Np"). By

explicitly computing the g-expansion of x(7) at the cusp 0, we obtain the following lower bound.

Theorem 1.2. a. For p > 5, ¢ is bounded below by
2p" <e.

b. Forp>5 andr =1, e is equal to 2p.
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This lower bound agrees with the upper bound when r = 1, allowing us to compute the exponent precisely
in this case. We are also able to obtain an upper bound in the situation of cusp forms. Although Edixhoven
only considers Xo(Np) with p t N, his method can be adapted to yield an upper bound in our situation as
well. However, this upper bound is worse than the one we obtain by a factor of p”/(pr —r + 1), yet coincides
for r = 1 (see Remark [5.33).

We now briefly summarize the contents of this thesis. Section [2] builds necessary background material.
We recall the formulation and properties of the modular curve X(Np") as presented in [KMS85]. We also
provide material on intersection theory for arithmetic surfaces, most of which comes from §8, §9].
In Section [3] we formulate our problem of computing e geometrically, and the resulting formula for it in

A. We follow [BDP17, Appendix B|
to provide an expression that calculates the exponent in the situation of X(Np").

terms of the intersection theory of X(Np"), and the degree of Q??Np,,.)

Section [4]is devoted to describing the intersection matrix of X(Np"), and then computing the entries of
T—!. In Section

Theorem [5.31) where we provide an upper bound for the exponent. Lastly, we construct explicit modular

we compute deg(g??Npr)M). Combined with the work in Section {4} this culminates in

b

forms of level p in Section [6] which provides a lower bound for the exponent.
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2 Background Material

2.1 Moduli Problems for Elliptic Curves

We will summarize the formulation of the regular integral model of the modular curve of full level, as
presented in [KMS85]. Let R be a ring and let Ellg denote the category whose objects are elliptic curves

E — S where S is an R-scheme, and whose morphisms (E — S) — (E’ — ) are Cartesian squares

Definition 2.1. By a moduli problem (for elliptic curves over R) we mean a contravariant functor
F : Ellg — Sets from Ellg to the category of sets. For any elliptic curve E — S, we call the set F(E — 5)
a level F-structure on £ — S.

Definition 2.2.

e We say F is representable if it is representable as a functor on Ellg i.e. if there exists an elliptic
curve & — M(F), where M(F) is an R-scheme, such that we have a bijection

F(E = S) = Homgy, (E — S,& — M(F))

functorial in E — S for every elliptic curve E — S € Ellg. We call £ the universal elliptic curve
over M(F).

e We say F is relatively representable if for every elliptic curve £ — S, the induced functor Schg —
Sets where
T—-98)—»FExsT—=T)

is representable by an S-scheme, denoted Fgg.

e Let P be a property of morphisms of schemes. We say F has property P over Elly if it is relatively
representable and ;5 — S has property P for every elliptic curve £ — S.

We will concern ourselves with the representability of moduli problems F : Ellg — Sets. If F is
representable, then F is relatively representable (see [KMS85, 4.3.2]). The functor F induces a functor
F : Schr — Sets defined by

S—A{l(E— Sy)]:vye F(E—=S)}

where [(E — S,~)] denotes the isomorphism class of the pair (E — S,~). If F is representable by & — 9M(F),
then F is representable by 9(F). Indeed, from the bijection

U:F(E—S)— Homgy,(E — S,& — M(F))

we can associate to v € F(E — S) a morphism

&
lQ
tn
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in Ellzg. We define the map ¥ : F(S) — Homgen,(S,M(F)) by sending [(E = S,v)] to the map
f: S8 — 9M(F). This correspondence is bijective and functorial in S by the properties of W.

However, it is possible for F to be representable even when F is not, due to the presence of non-trivial
automorphisms of (E — S, ) (see Example . More precisely, let o € Aut(E/S) be an automorphism of
the elliptic curve E — S. Then o induces a bijection ¢ : F(E — S) — F(E — 5); we let ¢ act on F(E — S)

by o-v:=a(y).

Definition 2.3. Let F be a moduli problem of elliptic curves. We say F is rigid if Aut(E/S) acts freely
on F(FE — S) for all elliptic curves £ — S.

Proposition 2.4. Let F be a moduli problem of elliptic curves. If F is representable, then F is rigid.

Proof. Let F : Ellg — Sets be representable by an elliptic curve £ — Y. Let o € Aut(E/S). By functoriality,

we have a commutative diagram

F(E — S) — Homgy, (E — S, € — M(F))

Any v € F(E — S) uniquely corresponds to a morphism (E — §) — (£ — M(F)) which is equivalent to
the data f : S — 9(F) and an isomorphism ¢ : £ — & Xgn(r) S. Using the diagram, o -y € F(E — S5)
uniquely corresponds to f and to 0.

Thus if o -y = =, then ¢« o ¢ = ¢ which forces 0 = idp,g. Hence Aut(E/S) acts freely on F(E — S). O

Example 2.5. We will construct an example of a functor F : Ellz — Sets such that F is representable, but

F is not. Fix an elliptic curve E — Spec(R) and define F by

El! f E~ExgpS
FEos - f
1] otherwise

Then the usual involution [—1] in Aut(FE/S) acts trivially on F(E — S). Hence F is not rigid and therefore
not representable. On the other hand, Spec(R) represents the functor F.

In light of this example, we have the following:

Proposition 2.6. Let F be a relatively representable moduli problem affine over Elly. Then F is repre-

sentable if and only if F is rigid.

Proof. This is [KMS85l 4.7.0]. O
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Definition 2.7. Let 7, F’ : Ellg — Sets be two moduli problems for elliptic curves. A morphism between

moduli problems (over Ellg) is a natural transformation n : F = F'.

Let n : F = F’ be a morphism between two representable moduli problems over Ellg. We have an
induced natural transformation 7 : F = F. The map 7 induces a map n : M(F) — M(F') which on

T-points coincides with the map 77 in the following diagram:

. M(F)(T)

M(F)(T)

HOIHSChR (T7 m(]:/))

~

3 o F(T)

Definition 2.8. Let F and F’ be two moduli problems for elliptic curves over R. We define the product,

or simultaneous, moduli problem F x F' by

(E—8S)— F(E—S)x F(E—S).

Suppose F is representable by an elliptic curve & — M(F) and F’ is relatively representable. According

to [KM85| 4.3.4], F x F' is representable and OM(F x F') = ]:c/e/im(f) so we naturally have a map
(1)

M(F x F') — M(F)

Following the notation in [KMS85], we will usually denote D(F x F') by IM(F,F').

2.2 Modular Curve of Full Level

In this section we will introduce the modular curve of full level. We will first recall the situation over C

Define the principal congruence subgroup of level N by

[(N) == ker(SLy(Z) ™24 SL,(Z/NZ) = {( “ Z ) €SLa(Z) : §

which is a normal subgroup of SLy(Z).
Let H denote the complex upper half plane H := {z € C: Im(z) > 0} . The group SLy(Z) acts on H by

Mobius transformations:
a b az+b
cz = .
c d cz+d

Let Y(N) denote the quotient T'(N)/H with the quotient space topology.
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In order to compactify Y (IV), we adjoin the points in P!}(Q), also known as the cusps. More precisely,
SL2(Z) acts on P}(Q) via

b
(a )'(x,y)(ax+by,cx+dy)
c d

so the action of SLy(Z) extends to the extended complex upper half plane H* := H UP(Q). Let X(N)
denote the quotient I'(N)/H*. One can define the structure of a Riemann surface on X (N) (cf. §1.8 in
[Miy89)]).

Let (n = €2™/N be a primitive Nth root of unity. The points of Y (N) correspond to the data of an elliptic
curve E over C along with a basis (P, Q) of the N-torsion group E[N], which is isomorphic to (Z/NZ)?,
with Weil pairing ex (P, Q) = (n. Recall any elliptic curve over C can be realized as a quotient C/A where
A is some Z-lattice of C. Any Z-lattice A C C is homothetic to the lattice A, = Z ® 7Z for some 7 € H.

Two homothetic lattices produce isomorphic elliptic curves.
Proposition 2.9. We have a bijection
FE is an elliptic curve over (C}

Y(N) — {[E, (P,Q)]: (P,Q) is a basis of E[N]
such that ex (P, Q) = (n

where we make the identification [E, (P, Q)] = [E’, (P',Q")] if there is an isomorphism ¢ : E — E' such that
d(P) =P and ¢(Q) = Q. The bijection is given by

T(N)r {C/AT, (va + A, % + A)} .

Proof. This is Theorem 1.5.1(c) in [DS05]. O

Note that a basis (P, Q) of E[N] is equivalent to a group isomorphism ¢ : (Z/NZ)? — E[N] where

o) raie( )0

The modular curve of level I'(IV) over more general rings will arise by generalizing the above moduli data of
a basis of E[N]. The following definition is from Section 3.1 of [KMS&3].

Definition 2.10. Let E be an elliptic curve over a scheme S. A section s € E(S) corresponds to a morphismﬂ
s : S = E whose composition with the structural morphism E — S is the identity on S. Since £ — S
is separated, s is a closed immersion. We denote by [s] the scheme-theoretic image of s in E which is an
effective Cartier divisor on E. Consider the multiplication-by-N isogeny [N] : E — E whose kernel we
denote by E[N], an S-group scheme.

2In general, a section of a morphism X — Y will be a locally closed embedding s : Y — X. When X — Y is separated, as
in the case of an elliptic curve, the map s : Y — X becomes a closed immersion. The associated divisor [s] is in general defined
to be the closure of the scheme-theoretic image of s in F.
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A T'(N)-structure on E — S is a group homomorphism ¢ : (Z/NZ)? — E[N](S) such that we have an

equality of effective Cartier divisors

veE(Z/NT)?

In this case, we call P = ¢(1,0) and @ = ¢(0,1) the corresponding Drinfeld basis of E[N].

We define [I'(V)] : Ellz — Sets to be the moduli problem which assigns to each elliptic curve E — S the
set of all I'(N)-structures on E — S. Let (a, f) : (F — S) — (E' — S’) be a morphism in the category
Ellg. Then

[C(N)] (e, f) : [F(N)](E'/S") = [D(N)] (E/S)

is defined by sending a Drinfeld basis (P, Q) of E'[N] to (a*P,a*Q). Indeed, (a* P, a*@) is a Drinfeld basis
of E[N] (see the paragraph proceeding [KM85| 1.4.1.2]).

Example 2.11. Let M > 3 and N > 3 be two coprime integers. Let E — S be an elliptic curve and let
(P,Q) be a Drinfeld basis of E[MN](S). According to [KM85, 3.5.1], we have an isomorphism of moduli
problems [['(M N)] ~ [['(M)] x [['(N)] where (P,Q) — (NP,NQ), (MP,MQ)).

For ease of notation, denote F;, = [['(L)] for L > 1. Define the map pr : Fysny = Fn where on an elliptic
curve E' — S, the morphism prp, g : Fun(E/S) = Fn(£/S) is induced by (P, Q) — (M P, MQ). We show
pr is a natural transformation.

Let (e, f) : (E — S) — (E' — S’) be a morphism in the category Ellg. Since a*(MP) = Ma*(P), the
diagram

Fun(E'/S) =5 Fy(B)S)
]’MN(aqf)i \L]:N(OLJ)
Fun(E)S) —— Fn(E/S)

Pr'r/s
commutes. Hence pr is a morphism of moduli problems. In particular, we obtain a map pr : Y(NM) — YD(N)
from the morphism of moduli problems

pr: [[(MN)] — [[(N)]

induced by forgetting the [I'(M)]-structure.

We moreover consider the full level N moduli problem over the cyclotomic integers Z[(n] := Z[X]/(®n (X)),
where ®(X) € Z[X] is the Nth cyclotomic polynomial, by constructing a new moduli problem [['(N)]**"
from [I'(N)] as follows (see also [KMS85, 9.4.3.1]). For a Z[(y]-algebra A, let (x denote the image of X
mod ®x(X) under the map Z[(n] — A, following the convention in [KM85, 9.1.5]. Section 2.8 of [KMS&5]
associates to the isogeny [N] a bilinear pairing

eN E[N] X E[N] — UN-

Define the moduli problem [[(N)]**" : Ellyc,) — Sets which assigns to each elliptic curve E — S the set of
all Drinfeld bases (P, Q) such that ex (P, Q) = (n.
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Theorem 2.12. Suppose N > 3. The moduli problem [['(N)|“*" is represented by a regular scheme Y (N)
which is flat over Spec(Z[(n]) of dimension 2. Moreover, Y(N) is smooth over Z[(n,1/N].

Proof. The moduli problem [I'(N)] is relatively representable and finite, flat over Ell; by [KMS85l 5.1.1].
Furthermore, [I'(N)] is rigid whenever N > 3 by [KMS&5| 2.7.2]. Therefore, by Proposition and [KMS83,
5.1.1], [T'(IV)] is representable by a regular scheme flat over Z of dimension 2. By [KMS85] 9.1.8, 9.1.9], the
same things hold true for the associated canonical moduli problem [['(N)]*". Using [KMS&5, 5.1.1] again,
[[(N)] is étale over Ellzp /), which, along with [KM85, 4.7.1], implies smoothness. O

Remark 2.13. Theorem also holds for the moduli problem [['(N)]“*" over Ellg, for any ring extension
Z[¢n] — R. For any moduli problem F : Ell; — Sets and ring R, let Fg : Ellg — Sets denote the moduli
problem obtained by composing F with the forgetful functor Ellg — Ellz. According to [KMS85l 4.13], if F
is relatively representable, then Fg is also relatively representable by the same morphism Fr,5 — S for any
R-scheme S. Furthermore, if F is representable by & — 9(F), then F is representable by the base change
Er — M(F)g- In other words, we have M(Fr) = M(F)g.

2.3 Compactified Modular Curve

In order to make Q) () proper, we will “compactify” our modular curve via a normalization process as
described in [KMS&5| 8.6].

Definition 2.14. Let R be a ring and let G : Schg — Sets be a functor. For an R-scheme S, let hg : Schg —
Sets denote the functor T — Homgen, (T, S). A coarse moduli space for G is an R-scheme M(G) along
with a morphism ¢ : G = hyg(g) such that

1. For all algebraically closed fields k,
¢(Spec(k)) : G(Spec(k)) — M(Spec(k))
is a bijection.

2. For all R-schemes S, and morphisms ¢ : G = hg, there exists a unique map x : M(G) — S such that
1 = hy o ¢, where h, : hyr = hg is induced by postcomposing by x.

If G is representable by an R-scheme 2(G), then M(G) coincides with 2t(G).

Let R be a noetherian ring which is regular and excellent. For example, R could be a finite type ring
extension of Z, a field, or a mixed characteristic DVR. Let F : Ellg — Sets be a moduli problem which
is relatively representable and finite over Ellg. Existence of the coarse moduli space for F is given by
[KMS85], 8.1.1], while uniqueness can be deduced from the universal property. By §8.2 of [KMS85], we have
a unique morphism of moduli problems F = [I'(1)] which defines a morphism of coarse moduli spaces
M(F) — Ak := Spec(R[j]). Moreover, by [KM85, 8.2.2], this map is finite due to the finiteness of F.

Furthermore, we suppose the map M(F) — A}, makes M(F) “normal near infinity” i.e. that there exists
a monic polynomial f(j) € R[j] such that M(F) is normal over the open subset U C A}, where f(j) # 0.
We will now extend M(F) to a scheme M(F) over P}, via “normalizing near infinity” as described in [KM83,
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8.6.3]. We define M(F) by gluing together, over U := Pk, — V/(f), the scheme M(F) with the normalization
of U in M(F)|y. In particular, M(F) is the unique scheme finite over P}, which agrees with M(F) over AL
and is normal over an open neighborhood of the oo-section of Py,.

We will make a quick comment on the finiteness of M(F) — P}. Since R is excellent, P}, is an excellent
scheme. Therefore U C P}, is a Nagata scheme by [Liu02, Theorem 2.39(d)|. Because the map M(F)|y — U
is finite and M(F)|y is reduced, we can use [Sta21, Tag03GR], to conclude the normalization of U in M(F)|y
is finite. In particular, M(F) — P}, is proper hence M(F) — Spec(R) is proper.

The moduli problem [['(N)]“*" is relatively representable and finite by [KMS3, 5.11, 9.1.7, 9.18] and
normal near infinity by [KM85] 8.4.7, 5.1.1]. Let X(NN) denote the normalization of Y(N) near infinity.

Definition 2.15. Let €(X(N)) denote the closed subscheme X(N) — Q(N) of X(N) endowed with the
reduced scheme structure, called the cuspidal locus of X(N). If the modular curve is clear from context,
we denote €(N) = €(X(N)).

The following definition captures many of the desirable properties of X(V).

Definition 2.16. Let R be a Dedekind domain. We call a regular, integral, projective, flat R-scheme X of

dimension 2 an arithmetic surface.

The intersection theory on arithmetic surfaces is well-developed, for example, in Chapter 9 of [Liu02].

We will make heavy use of it on our modular curve.

Theorem 2.17. Let N > 3. The scheme X(N) is an arithmetic surface over Z[(y]. Moreover, X(N) is

geometrically connected with reduced closed fibers and smooth over Z[Cxn,1/N].

Proof. We have already established that (V) is regular and flat over Z[(y] of dimension 2. By [KMS&5|
10.9.1(2)], there exists an open neighborhood of €(N) which is smooth over Z[{y]|. In particular, €(N) is
regular and flat over Z[(y] so X(N) is regular and flat over Z[(x]. Since X(NN) is connected and regular,
X(N) is integral.

By construction, X(N) is proper over Z[(y], so by [Liu02, Theorem 8.3.16], we can conclude X(N) is
projective over Z[(y] hence is an arithmetic surface. By [KM85] 10.9.2(2)], X(IV) is geometrically connected
and by [KMS85] 13.8.4], X(NV) has reduced closed fibers. Smoothness follows from the smoothness of 2(N)
over Z[Cn,1/N]. O

2.4 Intersection Theory on Arithmetic Surfaces

To better understand the geometry of the modular curve X(N), we will summarize some properties of
arithmetic surfaces, as presented in [Liu02l §8, §9]. We will also develop intersection theory on arithmetic
surfaces. Let R be a Dedekind domain, K = Frac(R), and S = Spec(R). The following lemma, which is

[Liu02) 8.3.3], offers some properties of the fibers of an arithmetic surface.
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Lemma 2.18. Let m: X — S be an arithmetic and n € S the generic point. Then the generic fiber X, is a

normal, integral curve over k(n) = K. For any s € S, the fiber X, is a projective curve over k(s).

Note that if x € X is a codimension 1 point of an arithmetic surface, then Ox , is a normal, noetherian
local ring of dimension 1. Hence Ox , is a DVR.

Recall a Weil divisor is a formal Z-linear sum of irreducible closed subsets of codimension 1. The following,
which is [Liu02) 8.3.4], characterizes the irreducible closed subsets of an arithmetic surface.

Proposition 2.19. Let 7 : X — S be an arithmetic surface.

a. Let x be a closed point of X,. Then m is an irreducible closed subset of X which is finite and
surjective onto S.

b. Let D be an irreducible closed subset of X of dimension 1. Then either D is an irreducible component
of a closed fiber or D = m where T is a closed point of X,,.

c. Let xo € X be closed. Then dim Ox 4, = 2.

Proof. a. Let D = {z}. Since 7 is proper, it is a closed morphism so 7(D) is closed in S. Furthermore,
because D is irreducible and 7 is dominant, m(D) contains the generic point of S so 7(D) = S.

Since z is closed in X,, D # X so dimD < 1. By Lemma dimX; = 1 for all s € S. If
dim(DNX;) # 0, then D contains an irreducible component of X4 and is therefore equal to such a component.
This is a contradiction because x ¢ X, for any closed point s € S. Hence dim(D N X%,;) =0so DN X, is a
finite set. In other words, «|p : D — S is quasi-finite. Since 7 is already projective, 7|p is finite.

b. (D) is an irreducible closed subset of S. If 7(D) = {s}, then D C X;. Since dim D = dim X, = 1,
D is an irreducible component of X,. If (D) is not a single point, then it must be all of S because 7(D)
is irreducible. Therefore D contains some point in X,. Since DN X,, # 0 and D N X, is quasi-compact, it
contains a closed point z. By (a), dim {z} =1 so D = {z}.

c. Let s = m(x) which is closed in S. Since xg is closed and X, is a curve, we have dim Ox_,, = 1. Note

that 7 is a flat morphism between locally noetherian schemes, so by [Liu02), 4.3.12], we have
dim 01’,10 = dim Oxs@o + dim OS,S =14+1=2

as desired. 0

Since X — S is regular, we have, by [Liu02, 7.2.16], an isomorphism between Cartier divisors and Weil

divisors
Div(X) — Z'(X)
given by
D —[D] = Z mult, (D)[{z}] € Z' (%)
dim:foiiﬂ

where mult, (D) := multo, ,(D,). Furthermore, this map respects principal divisors and effective divisors.
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Let Z be a closed subscheme of X and let &1, ..., &, be the generic points of Z. The Weil divisor associated
to Z is given by
2] := ") length(Ox ¢, )[{&}].

i=1

Definition 2.20. If Z is irreducible with generic point &, we call length(Ox ¢) the multiplicity of Z in X,
denoted multx(Z).

Note that multx(Z) > 1 and multx(Z) = 1 if and only if Ox ¢ is reduced. Indeed, if length(Ox¢) = 1,
then the nilradical ideal is forced to be trivial. Conversely, if Ox ¢ is reduced, then Ox ¢ is a field since &
corresponds to a minimal prime ideal. Hence length(Ox ¢) = 1.

Let m : X — S be an arithmetic surface and let D be an irreducible Weil divisor of X. Since X is of

dimension 2 and D is of codimension 1, D is of dimension 1. We can use Proposition to characterize D.

Definition 2.21. If D is an irreducible component of a closed fiber, or equivalently 7(D) is a point, then
D is called vertical. If D is instead the closure of a closed point of X, or equivalently 7(D) = S, then D
is called horizontal.

In general, a Weil divisor is horizontal (resp. vertical) if all its irreducible components are horizontal

(resp. vertical).

Before defining the intersection number between two divisors globally, we will first establish the local
intersection number. Let D and E be two effective divisors of X with no common irreducible component.

Let x € X be a closed point. In a small enough open neighborhood of z, we have
Supp(D) N Supp(E) = {z} or 0.
Since Oz, is a local regular ring of dimension 2, the only prime ideals of Ox , fit in the chain

{O} cm, & O%,x-

If Supp(D) N Supp(E) = {x}, then \/Ox(—D), + Ox(—E), is a non-zero prime ideal which must be
equal to m,. If Supp(D) N Supp(E) = 0, then \/Ox(—D), + Ox(—E), = Ox .. Regardless, we always have

Therefore Ox o/(Ox(—D)y + Ox(—E),) is a finite Ox ,/m,-algebra so is Artinian and therefore of finite
length.

Definition 2.22. We define the (local) intersection number of D and E at a point z € X by

Zx(D,E) = lengthox‘mng/(Ox(—D)x + Ox(—E)x)
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By definition, we immediately have that i, (D, E) is symmetric and bilinear. If = ¢ Supp(D) N Supp(FE),
then i, (D, E) = 0.

Example 2.23. This example is from [Liu02, 9.1.2]. Let k be a field, and let X = Spec(k[u,v]). Let z € X
correspond to the maximal ideal (u, v) in k[u,v]. Consider the Cartier divisors D = V(u) and E = V(u+v")

for some integer » > 1. Then we have
Ox(=D)s + Ox(—=E)s = (u,u + v") (y,0)-

Therefore

iw(D7 E) lengthk[uxv](u,u) (k[u’ ’U]/(u7 U+ UT))(u,v)

= lengthy, (k[u,v]/(u,u 4+ v")).

Now k[u,v]/(u,u + v") =~ k[v]/(v") which is of length r, where i, (D, E) = r.

We will now establish the intersection number between a general divisor of X and a vertical divisor of a
fixed closed fiber. For a fixed closed point s € S, let Divg(X) denote the set of divisors of X with support in

X; such divisors are vertical divisors. A Z-basis of Div,(X) consists of all irreducible components of X;.

Theorem 2.24. Let s € S be a closed point. Then there exists a unique bilinear map of Z-modules
is : Div(X) x Divg(X) — Z

such that:
a. If D € Div(X) and E € Divs(X) have no common component, then

is(D,E) =Y is(D,E)k(z) : k(s)]

reX,

where the sum is over all closed points © € X.
b. is restricted to Divg(X) x Divs(X) is symmetric.
¢. is(D,E) =is(D',E) if D ~ D' are linearly equivalent.
d. If 0 < E < X, then is(D, E) = degy,) Ox(D)|E.
e. If D is principal, then is(D, E) = 0.

Proof. This is proved in [Liu02, Theorem 9.1.12] besides part (e), which we prove. By [Liu02, Corollary
9.1.10], there exists a principal divisor F' such that D + F and E have no common component. Thus we may
assume D and E have no common component. By (a), it suffices to show if D is principal, then the local

intersection i, (D, F) is zero. By definition,

Z'x(D, E) = lengthoxvax’x/(Ox(*D)z + Ox(fE)x)
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Since D is principal, Ox(—D) ~ Ox. Thus

iz(D, E) = lengthy, Ox./(Ox.. + Ox(—E)s)
= lengthy,  (0) = 0. O

Definition 2.25. Let 7 : X — S be an arithmetic surface, and let s € S be closed. For any (D, E) in
Div(X) x Divs(X), we call i5(D, E) the intersection number as defined in Theorem More generally,

if F is a vertical divisor, we define

D.E:=Y iJD,E)[s]

seS

where the sum is over all closed points of S, which is a 0-cycle on S. We call E? = E.F the self-intersection
number of E. If D.FE is only concentrated at a single point s, as in the case when S is the spectrum of a
DVR, we identify D.F with the integer i5(D, E).

Proposition 2.26. Let 7 : X — S be an arithmetic surface and fix a closed point s € S. Let I'y,...T, be

the irreducible components of Xs. We have an equality of Weil divisors
[Xs] = Zmultxs (T)T; = [7*s]
i=1

where [1*s] is the Weil divisor associated to the Cartier divisor m*s.

Proof. The first equality follows from the definition of [X;]. Let ¢ € Og s and t; € Ox ¢, be uniformizers
where &; is the generic point of T';. Let v; denote the normalized valuation of K (X) associated to Ox ¢, and
let £ denote the generic point of X.

In K(X) = Ox¢, we can write t = t;ji(t)ui for some u; € Ox .. Then

n

i=1

Note that

multy, (I';) = length(Ox_ ¢,)
= length(Ox ¢, /(t))
= length(Ox ¢, /(£ ™))
— ui(0). =

The next proposition, which is [Liu02, 9.1.21] illustrates how to compute the self-intersection of an

irreducible component of a closed fiber.
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Proposition 2.27. Let 7 : X — S be an arithmetic surface and let s € S be a closed point.

a. For any E € Divy(X), we have E.X; = X,.F = 0.

b. LetT'y,...,T',, be the irreducible components of X with multiplicities p1, ..., u, respectively. For any
i=1,...,n, we have

1
I = o > (T 1)
b ity

Proof. a) By [Liu02, 9.1.13], the intersection number remains the same after base change over Spec(Og ) — S
so we may assume S is local. Then s is a principal Cartier divisor, so the pullback 7*s is also principal. By
Proposition X, is principal so by Theorem we have E.X, = 0.

b) By (a), we have

j=1 j=1 J#i

Let Divs(X)g := Divs(X) ®z R, which is a finite dimensional vector space over R. Then the intersection

pairing gives a symmetric R-bilinear form
()5 : Divg(X)r x Divg(X)r — R.

The following is from [Liu02l 9.1.23] (see also [Lan88| III, 3.4])

Theorem 2.28. Let X — S be an arithmetic surface and let s € S be a closed point. Then (-,-)
semi-definite. Moreover, if X, is connected, then (v,v), = 0 if and only if v € X,R.

s 18 negative

Proof. Let I'1,...,T'; be the irreducible components of X; with multiplicities pq, ..., t, respectively. We
may assume n > 2 as the n = 1 case can be deduced from Proposition [2.27|b).
Set bij = uiqui.Fj. Note that bij > 0if 4 75.] and bij = bﬂ Also note

> bij =X () = 0 (2)
j=1

and similarly Z?zl b;; = 0. Consider a general element v = ) 2;I'; € Divy(¥X)r and set y; = ;/p;. Then

we have

<’U7’U>S = Z (I‘zl"])xlsc]

1<ij<n

Z bi;yiy;

1<i,j<n

2 Z bijyiy; + Z biiy; (3)

1<i<j<n 1<i<n
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Note that by the above equality , we have

0= Z bijy; = biiy; + Z bijy; -

1<j<n 1<jsn
J#i

Substituting b;;y2, in equation (3)) with — > 1<;<n bi;yZ, we have
J#i

(v,0), = 2 Z bijyiy; — Z Z bijy;

1<i<j<n 1<i<ni1<;<n
e
_ 2 2
= 2 E bijyiy; — E bijy; — E bijy; -
1<i<j<n 1<i<j<n 1<j<i<n

Using the fact b;; = bj; and swapping the indices 7 and j in the last sum, we get

2 Z bijyiy; — Z bijyi — Z bijygz

1<i<j<n 1<i<j<n 1<i<j<n
= = > bylyi—y)? <o (4)
1<i<j<n

so (-,-), is negative semi-definite.

Suppose (v,v), = 0. By , we have y; = y; whenever b;; # 0 or I';.I'; # 0. This implies y; = y; for all
- T
with I';, .I';, ., > 0, whence y;,, = v;,,, for k =1,...,m — 1. Therefore y; = y; as claimed so v =y, X,. O

i: indeed as X, is connected there exists a sequence of irreducible components I'y = I';,I';,,...,T

im

We end this section with some results on the intersection between a horizontal divisor and a closed fiber.
The following is [Liu02} 9.1.30].

Proposition 2.29. Let 7 : X — S be an arithmetic surface. Let n be the generic point of S and s € S a
closed point. Then for any closed point P € X,, we have

{P}.x, = [K(P) : K(9)]

where {P} is the Zariski closure of {P} in X, endowed with the reduced closed subscheme structure.
Corollary 2.30. Let m : X — S be an arithmetic surface and let P € X, be a K(S)-rational point. Then
{P} N X, is reduced to a single point z € X5(k(s)) and {P}.X; = 1.

In particular, {P} intersects exactly one irreducible component T' of X,. Moreover, T' has multiplicity 1
and {P}.T" =1.

Proof. Since P is K(S)-rational, by Proposition we have {P}.X; = 1. Let I'y,...,T,, denote the
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irreducible components of X with multiplicities p1, ...,y respectively. Then
PR n PR
1={P}x, =) w{P} I
i=1

Since {P} and I'; are effective divisors with no common components, {P}.I'; > 0 which forces y;{P}.I'; =1
for some ¢. Hence p; = {P}.I'; = 1. Moreover, pu; > 1 so {P}.I'; = 0 for j # i i.e. {P} does not intersect

T;. 0

2.5 Modular Sheaf

Let N > 3 and let R be a noetherian, regular, excellent Z[{y]-algebra. We will construct an invertible
sheaf on X(IV),r whose global sections will be defined as the space of modular forms. Let f: & — 9(N)/r
denote the universal elliptic curve. We define w := f*Qé /D(N)/n to be the pushforward of the sheaf of
Kahler differentials on £. If e : Y(N)/r — £ is the identity section of our elliptic curve, then we have
w e*Qé/@(N)/R' Hence w, being the pullback of an invertible sheaf, is an invertible sheaf on 9(N),g.

According to [KMS85], 10.13.2], there is a canonical way to extend w®? to an invertible sheaf on X(N)/r;
which we denote by g%?N)/R or simply w®? if the modular curve is clear from context.

Proposition 2.31. The invertible sheaf w®? canonically extends to an invertible sheafg??N)/R on X(N)/g.

Definition 2.32. We call the invertible sheaf w®? on X(N),r the modular sheaf (of weight 2). The
global sections H°(X(N),r,w®?) are known as modular forms of weight 2 and level I'(N). The global
sections HY(X(N) g, w®(—€(N)) are known as cusp forms of weight 2 and level I'(N).

The formation of the modular sheaf w®? behaves well under base change. The following proposition is
[KMR5, 10.13.6].

Proposition 2.33. Let R — R’ be an extension of noetherian, reqular, excellent rings and let
J i X(N)rr = X(N) R

denote the induced base change map. Then we have an isomorphism of invertible sheaves

2k Q2 ~ D2
I YNy, r T YR(N)

Let f : E — S be an elliptic curve over a smooth R-scheme S. According to [KMS85l 10.13.10] (see
also [Kat73, A1.4]), we have map (f.Q'g/s)®* — Q}S‘/R of Og-modules, known as the Kodaira-Spencer
map, which becomes an isomorphism precisely when E — S represents a moduli problem which is étale
over Ellg. In particular, if Y(N), g is smooth over R (e.g. if N is a unit in R), we get an isomorphism

~ Ql

w®?
=Y (N),r D(N)/r/R"
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Theorem 2.34. Let R be a noetherian, reqular, excellent Z[(y]-algebra containing 1/N. The Kodaira-

Spencer isomorphism
w®? ~ 0l
=Y(N)r — " DNN)/r/R

on Y(N),r extends to an isomorphism on X(N) g

g%?N)/R ~ Q:}%(N)/R/R(Q(N)/R)'

Proof. By [KMS85, 5.1.1], the moduli problem [['(N)]“*" is finite étale over Ellg. The result then follows from
[KNIS5, 10.13.11]. O

Suppose F, F' are two representable moduli problems that are finite over Ellg and normal near infinity.
Any morphism n : F = F’ of moduli problems is compatible with the usual morphism F, 7' = [I'(1)]. Thus
the induced map n : M(F) — M(F’) fits in the commutative diagram

M(F) k M(F')
N

AR

Hence 7 extends to a map 7 : MM(F) — M(F’) on the normalizations near infinity.

Proposition 2.35. Let R be an excellent, noetherian, reqular ring and let F and F' be two representable
moduli problems, both finite over Ellg and both normal near infinity. Let n : F = F' be a morphism of
moduli problems over Ellg. Under the induced map i : M(F) — IMN(F') we have

—x ®2 _ ®2
T (W) = Yoy

Proof. This is [KM85] 10.13.5(2)]. O

2.6 Cusps

In this section we will investigate the cusps of X(NN) and recall the theory of g-expansions for modular
forms. First we establish that the formation of the cuspidal locus €(N) and the formation of X(N) behaves
well under base change. The following is [KM85] 8.6.6, 8.6.7].

Proposition 2.36. Let R and R’ be excellent, noetherian, reqular Z[(n]-algebras. For any extension of

scalars R — R', we have
YD(N)/Rr Xspec(R) Spec(R') =~ D(N) /R

C(X(N)/r) Xspec(r) SPeC(R') ~ €(X(N) /')
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X(N)/R X Spec(R) SpeC(Rl) = %(N)/R’

For two groups G and Ga, let HomSurj(G1, G2) denote the set of surjective group homomorphisms from
G1 to Ga. Any subgroup I' < GLy(Z/NZ) acts on the set

HomSurj((Z/NZ)* Z/NZ)
via v+ A= Ao~ forany v € I'. Let
HS(N) = HomSurj((Z/NZ)* Z/NZ)/ {+I}

where [ is the identity matrix in GLy(Z/NZ).

According to [KM85, 10.9.1], the cusps €(N) of X(N) is a disjoint union of #HS(N) many sections of
X(N). Furthermore, the formal completion of X(NN) along €(N) is the disjoint union of #HS(N) copies
of the formal spectrum Spf(Z[(y] [¢'/"*]) for some integer hy > 1 dividing N, dependent on the index
A € HS(N). Refer to [KMS85| 10.2.5] which provides a canonical bijection between a cuspidal section and
the corresponding label in HS(N).

Proposition 2.37. Let R be a Dedekind domain with fraction field K. As Weil divisors, we have
C(X(N)/r) =Y _{z}

where the sum is indeved over x € €(X(N) /).

Proof. As a divisor, €(X(NN),r) consists only of horizontal components since €(X(N),r) is a finite disjoint

union of sections of X(NV),r. By Proposition these horizontal components are necessarily the closure,

in X(N) /g, of points closed in the generic fiber X(IV),x. By Proposition 2.36} €(X(N),/r),/x ~ €(X(N),k),

hence these points are precisely the cusps of X(V) k- O
Now we recall how the g-expansion map

HO(X(N) g, w™*) = R[[¢"/™]]

is defined for a modular form over a Z[({y]-algebra R at a specified cusp. Let ¢ be a cusp of X(N), which corre-

sponds to the image of a section Spec(Z[(x]) — ¥(N) and is a connected component {¢’} of €(NN) where ¢’ is a
cusp of the generic fiber. According to [DR73, §VII, 2.3.2|, the cusp ¢ corresponds to a Tate curve Tate(g'/N)
over Z[¢n][[¢"/™] (see [DRT3, VII, Définition 1.16]) and a closed immersion Spec(Z[¢y][[¢"/N]]) — X(N) fit-
ting in the diagram

Tate(q'/)

|

Spec(Z[¢n][lg"N]] —= X(N)
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By [DR73| §VII, Corollaire 2.4] (see also [KMS85], 10.9.1]), this closed immersion induces an isomorphism

of formal schemes
Spf(Z[¢h]llg M) = X(N)e

where X(N), denotes the formal completion of X(N) along the cusp ¢. According to [KMS5, 8.8(T.2)] (see
also [DR73, VII, 1.16.1]) we have an isomorphism

¢ : Tate(¢'/N) 3 G,y

between formal Lie groups. Let wean,c = ¢*(dX/X), where dX/X is the standard invariant differential on
G- Pulling back by Tate(¢'/") — X(N) allows us to identify ©2? with Z[¢n][[¢*N]] - wean,c-

Definition 2.38. Let f € H°(X(N),w®?) and let ¢ be a cusp of X(N). Viewing f in the completed stalk
@%?, we write f = f. - Wean,c for some f, € @x(N),c- We call f. the g-expansion of f at c. This gives a

we s

map
HO(X(N),w®?) = Z[Cw][la"/N].

More generally, for a Z[(y]-algebra R, we obtain the ¢g-expansion map
HY(X(N) g, w®?) = Z[C][lg"™] @zica) R C R[[g7N]]

by tensoring with R. We will always use wean . as a local generator for w®? to obtain the g-expansion at c.

The following result, known as the g-expansion principle, essentially says g-expansions can detect the

“ring of definition”.

Proposition 2.39. Let A be a Z[(y]-algebra, let B be a subalgebra of A, and let f € HO(X(N),a,w®F).
If the q-expansion of f at every cusp of X(N) 4 lies in B[[¢"/N]], then f is a modular form over B i.e.
f e HYX(N),p,w®").

Proof. This is [DR73l VII, Théoréme 3.9]. O

2.7 Special Fiber of X(Np")

Let N > 3 and r > 0 be integers and let p > 2 be a prime such that p{ N. In this section, we describe
the special fiber of X(Np”). For simplicity, we consider the modular curve X(Np") over a Z[(n,-]-algebra R
which is a DVR of mixed characteristic (0,p) in which N is invertible and with fraction field K and perfect
residue field k. Let X(Np") denote the special fiber of X(Np").

We will recall the theory of Igusa curves, as developed in Section 12 of [KM85], to describe the irreducible
components of X(Np").
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For i € Z, let o' : Spec(k) — Spec(k) denote the map induced by the ith power of the Frobenius
automorphism on k. For any k-scheme S, we let S(°") denote the pullback under ¢ from which we also
obtain a map F', . : S — S called the absolute Frobenius. The maps o’ and F', _ sit in the Cartesian diagram

i

abs

|

Spec(k) LA Spec(k)

More generally, for any scheme X — S, we let X (*") denote the pullback under F}, _ ie. X (*") is defined
by the Cartesian diagram

from which we obtain a morphism Fy,g: X — X (") of S-schemes, called the ith-fold relative Frobenius.
Let F be a moduli problem on Ell;. We define the moduli problem F ") on Ell; by extending scalars
via ¢’ so that
F(E = 8)=F)N(EC) 5 807,

If F is representable and finite over Ell;, and normal near infinity, then the same holds for F (@) and we have

M(F) =M(F) ).

Definition 2.40. Let E be an elliptic curve over an k-scheme S. An Igusa structure of level p” on
E — Sis a point P € E®")(S) which generates in the sense of [KM85] 1.4.1] the kernel of Vershiebung

vr.EP) S E.

Let [Ig(p")] : Elly — Sets denote the moduli problem which assigns to each elliptic curve E — S the set of
all Tgusa structures of level p” on £ — S.

According to [KMS85l 12.7.1] , if F is a representable moduli problem finite over Ell; which is normal near
infinity, the simultaneous moduli problem [Ig(p")] x F is representable over Ell; and normal near infinity.

The following result is [KM85, 12.7.2] applied to the simultaneous moduli problem [Ig(p")] x [m)emte )
over Ell; for any i € Z. We denote Ig(p", N) = M([Ig(p")], [[(N)]™ ).

Proposition 2.41. a. Ig(p", N) is a proper smooth curve over k.

b. The usual projection Ig(p", N) — .’{(N)%ii) is finite and étale outside the supersingular points of
%(N)%ﬂ) foralli € Z.
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Next we define another moduli problem closely related to Igusa structures, which will directly appear in
the description of X(Np").

Definition 2.42. Let E be an elliptic curve over an k-scheme S and fix 1 < i < r. An exotic Igusa
structure of level (p",i) on E — S is a point P € E(S) such that (O, P) is a Drinfeld p’-basis of E — S
along with a point Q@ € E®")(S) such that V"~%(Q) = P. Let

[ExIg(p",4)] : Elly — Sets

denote the moduli problem which assigns to each elliptic curve £ — S the set of all exotic Igusa structures
of level (p”,i) on E — S.

The following result, which is [KM85, 12.10.6] in the situation F = [[(N)]<#™( "), relates Igusa structures

with exotic Igusa structures and also establishes the representability of [ExIg(p”,i)]. We denote

ExIg(p", i, N) = T([Exlg(p', )], [C(V)]).

Theorem 2.43. For 1 < i < r, we have a canonical isomorphism Ig(p", N) ~ Exlg(p",i, N) sitting in the
commutative diagram

Ig(p", N) ——— ExIg(p", i, N)

P o’
0'77; Fi
XN — = X(N)

where F' is the ith-fold relative Frobenius F;(N)/k.

We introduce the following definition from [KMS85], §13.1] which will allow us to describe the special fiber
of X(Np").

Consider the general situation with k£ a field, Y a smooth scheme over k, and X — Y a finite flat
morphism of schemes. Suppose there exists a nonempty finite set S of k-rational points of Y such that for
each yo € S there exists a unique closed k-rational point xy € X over g such that Ox ., ~ k[[z,y]]/(f) for
some [ € k[[x,y]]. The points of S are referred to as the supersingular points; indeed in the situation X and
Y are modular curves, S will be taken to be the supersingular points of Y which correspond to supersingular
elliptic curves.

Furthermore, we assume there is a finite collection of k-schemes {Z;},.; with a morphism [[,.; Z; =+ X
such that

el

e for each i € I and yy € S there exists a unique closed, k-rational point z; o € Z; over yo.

e 7, is finite flat over Y and (Z;)"? is smooth over k.
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e 7Z; — X is a closed immersion and [[,.; Z; — X is an isomorphism over the complement of S in Y.

il
By [KM85] 13.1.3], known as the “Crossings Theorem”, if Y is connected, then the Z; are the irreducible

components of X. Furthermore, if each Z; is reduced, then X is also reduced.

Definition 2.44. In the situation just discussed, we say X is the disjoint union of the Z;’s with

crossings at the supersingular points.

Remark 2.45. Following [KMS85l 13.1.7], we can relax the k-rationality of z¢ and yo and instead require k-
rationality after extending scalars to a separable closure of k. In this situation, we still say X is the disjoint

union of the Z;’s with crossings at the supersingular points.

Next we describe X(Np"). We identify (Z/p"Z)* as the subgroup

{(:)L 2>:UE(Z/pTZ)X}

of GLy(Z/p"Z). According to [KMS5] 13.7.1], the moduli problem [I'(p")]**" @z¢,,| k on Ell;, assigns to each
elliptic curve E — S the set of all Drinfeld p"-bases (P, Q) with e,-(P,Q) = 1. Let ¢ : (Z/p"Z)? — E[p"]

denote the homomorphism of S-schemes corresponding to (P, Q). Consider the diagram

(Z/p"Z)?

~N
A

Ep'] — >~ ker(V') —=0

0 ——=ker F"

where A = F" o ¢. By [KMB85|, 13.7.2(3)], a choice of Z/p"Z-basis of (Z/p"Z)?/ ker A defines an isomorphism
Z)p"Z = ker(V™), allowing us to view A as a surjective homomorphism (Z/p"Z)? — Z/p"Z.

Definition 2.46. The component label of ¢ is the class of A in
(Z/p"7)* JHomSurj((Z/p"Z)* Z./p" 7).

By |[KMS&5l 13.7.4, 13.7.5], this establishes a canonical bijection between the irreducible components of
the special fiber and the set of component labels. The following is [KM85], 13.7.6].

Theorem 2.47. The special fiber of X(Np") is the disjoint union, with crossings at the supersingular points
of X(N) i, of the exotic Iqusa curves ExIg(p”,r, N) over X(N),;, indexed by

(Z/p"2)* [HomSurj((Z/p"Z)*, Z/p"L).

Furthermore, X(Np") is reduced.

Note that the claim X(Np") is reduced comes from the fact that ExIg(p”,r, N) is reduced, together with
the “Crossings Theorem” of [KMS85l 13.1.3] and [KM85, 13.1.4].
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Recall the closed subscheme of cusps €(Np") of X(Np") is a disjoint union of #HS(Np") many sections of
X(Np") which, by Proposition , can be viewed as the closure {z} of points = € C(X(N)/k). By Corollary
{z} intersects precisely one irreducible component of X(Np"). The following, which is [KMS85, 13.9.3],
tells us precisely the component label of the irreducible component which m intersects with, given the
index of {z} in HS(Np") (see the paragraph preceding Proposition .

Theorem 2.48. The natural projection

HS(Np")
|

{£I} \HomSurj((Z/NZ)?,Z/NZ) x HomSurj((Z/p"Z)*, 7/ p"Z)

|

(Z/p"Z)*\HomSurj((Z/p"Z)?, Z/p"Z)
assigns to a component {2} of €(Np") indexed by HS(Np") the irreducible component of X(Np") that {x}
intersects with.

We immediately have the following Corollary:

Corollary 2.49. Each irreducible component of X(Np") intersects with the same number of cuspidal com-
ponents of €(Np").

Every group homomorphism A : (Z/p"Z)? — Z/p"Z is uniquely determined by its image on the basis
vectors (1,0) and (0,1). Let A(qy) : (Z/p"Z)? — Z/p"Z denote the map defined by
A(a,b)(lvo) = a and A(a,b) (O, 1) =b.
A complete list of representatives in (Z/p"Z)* /HomSurj((Z/p"Z)?,Z/p"Z) is given by

Ai—a)y @a€Z/pZ
A(fpb,l) be Z/pr_lz

With this labeling, the following is clear:
Corollary 2.50. The special fiber X(Np”) has p" + p"~' many irreducible components.

We will record the number of cuspidal components of €(Np") an irreducible component of X(Np")
intersects with. For convenience, we let C(Np") = €(X/q, (¢, ) the set of all cusps of the generic fiber.
The following is [Miy89} 4.2.10].
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Lemma 2.51. For M > 3, we have

#OOM) = 202 [T~ 1/p?) = 51 #SLa(2/M 2)
pIM

We will also need to know how to compute #SLa(Z/MZ). The following is from [Miy89] 4.2.3, 4.2.4].

Lemma 2.52. a) Let A and B be coprime integers. Then
SLo(Z/ABZ) ~ SLy(Z/AZ) x SLo(Z/BZ).
b) Let p be prime and r > 1 an integer. Then
#SLo(Z/p"Z) = p°" — p*" 2.
Proposition 2.53. Each irreducible component of X(Np") intersects precisely

#C(Np")

P = p(p")#C(N)

many cuspidal components of €(Np").

Proof. By Corollary deg(€(Np")|a) is independent of irreducible component A. Hence deg(€(Np")|a) is
equal to the total number of cusps of the generic fiber divided by the total number of irreducible components.
By Corollary [2.50, the number of irreducible components is p” + p" 1.

Using Lemma, and Lemma [2.52h, we compute:

#C(Np") _ #SLy(Z/Np'Z)
pr+pt 2Np(pt 4 pr)
_ #SLy(Z/p'Z) #SLs(Z/NZ)
AN 2N
_ #SLa(Z/p"Z)
pr(p"+p )

#C(N)

Lastly, using Lemma [2.52b, we have

3r 3r—2
P —p
=L ¥ __4o(N
pr(pm+p ) )

= p(p")#C(N). O
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3 The Exponent

3.1 Formulation of the Exponent

We will consider two different sub Z[{y]-modules of the space of modular forms H°(X(N) q(cy),w®?)
over Q(¢x). The first structure is H°(X(INV),w®?), the space of modular forms over Z[(y] as introduced in

Section [2.5] which has the following description in terms of g-expansions.
Lemma 3.1. We have

HO(X(N),w%2) = { € H'(X(N) jq(cn» @) : fo € ZIn]a"™]] for all c € €(N) }.

Proof. This comes from the g-expansion principle, as stated in Proposition [2.39] O

Let R be a Z[(n]-algebra contained in Q({x). The second structure is defined as
My(N. R) = {f € H'(®(N) g(cn) &®*) : fou € Rllg"N]) |

which are modular forms over Q({y) whose g-expansion at the cusp co has coefficients in R.

Lemma 3.2. The usual map
M>(N, Z[C(N]) ®zi¢cn) ZICN s 1/N] — Ma(N, Z[(n, 1/N])

is an isomorphism.

Proof. By Proposition [2.33] we have

HY(X(N) /2icx1 W2 () e y) @2len) QUN) = H(X(N) 0(6)» WR(n) gy

/Q¢N)

In particular, the coefficients of any g-expansion of a modular form over Q(¢{x) have bounded denominators.

Therefore we can write the g-expansion of any f € My (N, Z[(n,1/N]) at oo as
1 !
foo - Wf

for some ' € Z[(n][[¢"/V]] and integer m > 0, i.e. f' € M>(N,Z[(y]). Then f is the image of f'® .

Definition 3.3. Let M be a module over a ring R. Then annihilator of M is the ideal

Ammp(M):={re R:rm=0forallme M}.



3 THE EXPONENT 35

The annihilator of an element m € M is the ideal

Anng(m):={r € R:rm =0}.

The next proposition showcases some properties of our two Z[{x]-modules necessary to discuss the anni-
hilator of the quotient My (N, Z[(y])/HO(X(N),w®?).

Proposition 3.4. a. Both H°(X(N),w®?) and My(N,Z[(N]) are finitely generated Z[Cx]-modules of the
same rank.
b. We have

HO(X(N),w®?) @z Z[Cw, 1/N] = Ma(N, Z[(]) ®z1¢x) Z[Cw, 1/N].

Proof. Since X(N) is projective over Z[(n], H°(X(N),w®?) is a finitely generated Z[(y]-module by [Liu02}
Theorem 5.3.2]. Since M3(N,Z[(n]) is a submodule of a finitely generated module over a noetherian ring,
namely of H(X(N),w®?), it is also finitely generated.

Now we show the second claim. By Proposition we have

HY(X(N),w®?) ®@z(cx) Z[Cn, 1/N] = HY(X(N) z1c 187 @)
while, by Lemma[3.2] we have
Mj(N, Z[(N]) @zicy) ZICN, 1/N] = Ma(N, Z[(n, 1/N]).

Since modular forms over Z[(y, 1/N] are determined by their ¢g-expansion at oo (see [Kat73, 1.6.2]) , we get
an equality
HO(X(N)zicy 187, w??) = Ma(N, Z[Cn, 1/N))

as desired. In particular, we have an equality of finite dimensional vector spaces
H°(X(N),w®?) ®zjcy) QUn) = M2(N, Z[(N]) @z1cx] QCn)
which shows both our Z[(x]-modules have the same rank. O
Our description of H°(X(N),w®?) in Lemma shows that it is contained in Ms(N,Z[(y]). Having
established that H°(X(N),w®?) and My(N, Z[(x]) have the same rank, the quotient
Ms(N, Z[CN])/HO (X(N),w™?)

is a torsion Z[(x]-module. Our goal will be to investigate the annihilator of this quotient.
By localizing, we can focus our attention on investigating a single prime in the annihilator. The following

lemma, which is [Sta21l, Tag080S], shows how the annihilator behaves under flat base change.
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Lemma 3.5. Let R — S be a flat ring map. Let M be an R-module and m € M. Then
Anng(m ® 1) = Anng(m)S
foranym®1l e M ®grS. If M is finite over R, then

Anng(M ®pr S) = Anng(M)S.

Proof. Let I = Anng(m). Then we have an exact sequence
O0—=I—-R—-M

where R — M is the map r — r-m. Since R — S is flat, tensoring this exact sequence with S yields an
exact sequence
0—-IQrS—S—> MQ®grSs.

Note that the map S — M ®g S is given by s +— s- (m ® 1); hence its kernel is precisely Anng(m ® 1). By
exactuness, this coincides with I®gS = Anng(m)®prS. Again by flatness of R — S, we have Anng(m)®rS =
Anng(m)S.

Let mq,...,m, be a finite set of generators of M over R. Then we have Anng(M) = (| Anng(m;) and
similarly Anng(M ®pr S) = () Anng(m; ®1). Since R — S is flat, we have ISNJS = (INJ)S for any ideals
I,J C R. Thus

Anng(M ®r S) = ﬂ Anng(m; ® 1) = ﬂ Anng(m;)S

i=1 i=1

= <n AnnR(mi)> S = AHHR(M)S

i=1

as desired. O

Corollary 3.6. Let M be a finitely generated torsion module over a Dedekind domain R and let p be a prime
in R. The exponent of p appearing in Anng(M) is equal to the exponent of p appearing in Anng, (M ®g Ry).

Proof. We factor the annihilator as a product of distinct primes Anng(M) = p°qf* ...q%". By Lemma
we have

Anng, (M ®r Ry) = Annp(M)R, = p%ai' ... a5 Ry = p°R,.

Hence the exponent of p appearing in Anng, (M ®g R,) is precisely e. O

Proposition 3.7. Let p € Z[(n] be a prime lying over the prime p € Z. The exponent of p appearing in the
annihilator of My(N, Z[¢(N])/H?(X(N),w®?)) and My(N, Zy[(nN])/HO(X(N) /7, 1cx],w®?) are the same.
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Proof. For convenience, we let
M = MQ(sz[CN])v N = HO(}:(N)7£®2)

and
My, = Ma(N, Zp[(N]), Np = HY(X(N) 2, 1¢x) w™?)-

Consider the exact sequence
0—-N—->M-—M/N—DO.

Since Z,[Cn] is flat over Z[(n], the above sequence remains exact after tensoring with Z,[(x]. Thus we have

a commutative diagram

0 —— N @Zp[(N] —= M ® Zy[(N] —— (M/N) @ Zp[(N] —0

: lg ]

0 N, M, M,/N, ——0

By Proposition [2.33] f and g are isomorphisms; consequently h is an isomorphism. By Corollary the
exponent of p appearing in M, /N, ~ (M/N) ® Z,[{n] agrees with that of M/N. O

Remark 3.8. If pt N, then N is invertible in Z,[(x] so by Proposition [3.4] we have
HO(X(N),w®?) @z1cy) Zpl(n] = Ma(N, Z[(N]) ®zicy ZplCn]-

Hence the p-adic valuation of the annihilator of M (N, Z[¢{x])/H®(X(N),w®?) is trivial in this case. Therefore

we restrict our attention to primes p dividing the level.

Let N > 3 and r > 0 be integers and let p > 2 be a prime such that p { N. Let m be a uniformizer of
Zp|Cnpr]. We seek to compute the smallest integer e > 0 such that

7 HOX(ND") 2, > @%2) © Ma(ND", ZylCpe).

3.2 Geometric Interpretation of the Exponent

For convenience, we let X = X(Np") JZplCnpr]- We will formulate an explicit, geometric description of the
exponent e by first providing an algebraic description coming from g-expansions.

Let ¢ be a cusp of X, and let f € H°(X,w®?) be a non-zero modular form. Let f. € Z,[Cnp][[¢"N]]
denote the g-expansion of f at the cusp c. Define v, (f.) to be the minimal 7-adic valuation among all the
coefficients of f. i.e.

Vrn (Z anqn/N> = 17?21% {1/77 (an)} .

n=0
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Note that this minimum exists since the denominators of the coefficients a,, are bounded (see proof of Lemma
3.2). Thus, by Lemma we may describe

HO(%,w%%) = {f € HO(X/QP(CNPT),QX)Q) : Ur(fe) > 0 for all cusps ¢ of %} .

Consequently, we seek to compute the smallest integer e > 0 such that v, (7€ f.) > 0 for all cusps ¢ of X not
equal to oo and all f € Ma(Np", Z,[Cnpr])-

Next we will provide a geometric interpretation of v, (f.) which does not rely on g-expansions. Let 7
denote the generic point of an irreducible component A of the special fiber X. The stalk Ox , is a DVR so it
has a valuation which we denote by v,. Viewing f inside the stalk gf?Q, we can write f = f, - Wean,, Where
Wean,y 15 the canonical generator of g§2 (see Definition . We define

vA(f) = vy (f)-
Indeed, v is a valuation, independent of the choice of local generator. The following result is stated in
[DR73| Théoréme 3.10(ii)].
Proposition 3.9. Let ¢ € X be a cusp let A be an irreducible component of X with generic point n on which
c lies. For any non-zero f € H°(X(N),w®?), we have v (f.) = va(f). Furthermore, 7 is a uniformizer of
Ox.y.

Proof. Since c € W, the stalk Ox , is a localization of Ox .. Furthermore, the map Ox . — Ox , is injective
since all stalks are regular local rings so are integral domains in particular. The induced map on completions
@x,c — @357,7 is also injective by [Sta21l, Tag0OOMB, Tag07N9].

We will show 7 is also a uniformizer of Ox ,. Consider the exact sequence

0—=my, = Ox, = k() =0

where m,, is the maximal ideal of Ox , and k(n) is the residue field of n which is of characteristic p. Since
(7%) = (p) when k = p"~1(p — 1), we have 7% = 0 in x(n) so 7 = 0 in x(n). Therefore 7 € m,). It remains to
show () is a maximal ideal in Ox ,. Consider the quotient Ox ,/7Ox, = O ,. Since 1 corresponds to a
minimal prime and X is reduced, the stalk Oz, is a field. Therefore (7) is a maximal ideal in Ox, hence 7
is a uniformizer in Ox .

Let f € H(X(N),w®?) be non-zero. Using the local generator wean . of @®? (see Definition , we
write f = fewean,c where f,. € @3&0 is the g-expansion of f at c. Write f. = 7¥=(fe) f/ where f/ ¢ W@x,c. The
map

Ox,c/1O0x c = Ox /7O0% 5

is the same as the map Og . — Ox ), which is also a localization map as c € {n}. By [KM85, 10.9.1(2)], X
is smooth at the cusps so, in particular, Ox . is a domain. Therefore Oy . — Oz, is injective so the map
on completions

@x,C/W@x,C — (’jxm/ﬂ@xm

is injective. Since f. ¢ 7Ox.., we can conclude f! ¢ 7Ox , i.e. f.is a unit in Ox,. Thus v, (f.) coincides
with va(f), the valuation in Oy ,,. O
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With this geometric description of the valuation, we can reformulate our integrality condition as follows.
Let Ao, ..., A, be the irreducible components of the special fiber X where Ay contains the cusp co. Let uy,
denote the multiplicity of A;. We desire to find the smallest integer e > 0 such that vy, (7¢f) > 0 for all
i=1,...,nand all f e My(Np",Zy[Cnpr])-

By m is a uniformizer of O ,,, where 7; is the generic point of A;. Hence

va,(m°f) = e v (m) +va,(f)
€ A, +VAi(f)'

Since X is reduced, pa, = 1. Hence the condition vy, (7¢f) > 0 is equivalent to e > —vy,(f). Therefore we

have the following expression for the exponent;:

€= max {=va (), —vas ()5 —va, ()} ()

 FEMa(ND Zy[Cnpr])

which illustrates we can investigate e by trying to understand the quantities v (f).

3.3 A More Explicit Description of e

In this section, we will provide a more explicit description of the exponent by relating the quantities
va(f) to intersection numbers and the degree of a line bundle. We begin with a more general situation with
X an arithmetic surface over a DVR R with residue field £ and £ a line bundle on X with connected special
fiber.

Definition 3.10. Let f € H(X, £) be a non-zero global section and let {U;} be a trivializing open cover of
L so that L(U;) = Ox (U;)e; for some generator e; € L(U;). We can write f|y, = fie; for some f; € Ox (U;).
Then the system {(U;, f;)} is an effective Cartier divisor of X, which we denote by div.(f) or simply div(f)

if the line bundle is clear from context.

We can equivalently define div.(f) as a Weil divisor. Let Z be a prime divisor of X with generic point
7. Then Ox , is a DVR with valuation which we denote by vz. We can write the image of f in the stalk
of x as f = fye, for some f, € Ox,, and generator e, € L,. Define vz(f) := vz(f,) which agrees with our
valuation defined in Section for Z = A an irreducible component of X and is independent of choice of en-
According to [Sta2ll Tag02SE], the Weil divisor associated to f is equal to

dive(f) =Y vz(f)2)
Z

where the sum is over prime divisors Z of X. Decomposing the divisor div.(f) into its horizontal and vertical

components, we can write

dive(f) = Hp + S va(f)[A (6)
A

where H is some effective horizontal divisor and the sum is over the irreducible components of X.
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Proposition 3.11. Let f € H(X, L) be a non-zero global section. Then L ~ Ox(divz(f)).
Proof. This is [Liu02, Exercise 7.1.13] (see also immediately before [BDP17, Proposition B.2.2.10]). O

Let Ag,...,A, denote the irreducible components of X. By Proposition and Theorem [2.24d, we
have

degi(Lla,) = degp(Ox(dive(f))la,)
= dive(f).Ay

Decomposing div,(f) into its horizontal and vertical components, as in @, we get
= (Hf +> vaf) [M) A
i=0

= HypAj+ Y va,(f)AiA;.

i=0
Using the equation
n
degy (L]n,) = Hy-Aj+ ) va(FAiA (7)
i=0
we will provide an explicit expression for the quantities v, (f)/pa, for ¢ = 1,...,n where py, is the multi-

plicity of A;.
Let M = (A;.Aj); j=0,....n denote the intersection matrix of X. Since X is an arithmetic surface, Theorem
[2.28 says M is negative semi-definite and moreover (since the special fiber of X is connected) that the kernel

of M is one-dimensional. Multiplication by M induces an exact sequence
0 — ker M — Qn+t M, @ntt,

Let @ = (ftags Ay s - - - » 1A, ) Which is a non-zero vector in Q" *!. Note that

(Mﬁ)] = Z/’LAz(AZA]) = <ZMA1A’L> .Aj = XAJ =0
=0

i=0

where the last equality is by Proposition b). Therefore we can write ker(M) = spang {ji}. The following

lemma describes the image of M.

Lemma 3.12. We have
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Proof. Let V denote the space of vectors ¥ = (v;) € Q™! such that > im0 ta;vj = 0. Let @ = (a;) € im(M)
so @ = Mb for some b = (b;) € Q1. Then

i=0
S0
ZﬂAJ a; A Z bl(A'L A]) = Z,U'Aj <Z bzAz> A]
j=0 j=0 =0 j=0 =0
= ( bi A, Z,U/AJAJ = (Z bzAz> X =
i=0 §=0 =0
Therefore im(M) C V. Since im(M) and V are both of dimension n, we get im(M) = V. O

In order to isolate the terms vy, (f) appearing in (7), we would ideally invert the matrix M. In light of
M being not invertible, we will instead invert an n x n submatrix of M to obtain an expression for each
vp, (f), excluding va, (f), which suffices for our purpose.

Let W = {(zo,...,2,) € Q"™ : 29 = 0} and let pr : Q"' — W denote the projection map

(0,21, xpn) — (0,21, ..., 2,).
Consider the restriction prlim(as) : im(M) — W. Given any ay,...,a, € Q, we let
1 n
ap = — Hi@i
HAq le

which forces @ := (ag,a1,...,a,) € im(M) by Lemma Hence prlim(ar) is surjective. Since im(M) and
W are both of dimension n, the map prliy,(as) is an isomorphism of vector spaces.
Next we consider the restriction M|y : W — im(M). If Mw = 0 where & = (0,wy,...,w,), then

W = afi for some o € Q. Coordinatewise, this means
(Oawla v 7wn) == O[ﬁ = (CWAoaOéMAlw .o aa:uAn)~

Comparing the first coordinates and noting ua, # 0 for each ¢, we must have o = 0. Hence @ = 0 so M|w
is injective and therefore an isomorphism. Define T : W — W as the composition of our isomorphisms

M|W

7w M () PG

w.

After identifying W ~ Q™ by forgetting the first coordinate, we can identify 7" as the lower right n x n
submatrix of M.
The following is [BDP17, Proposition B.2.3.2].
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Proposition 3.13. For any @ € im(M) and b = (bg, by, ...,b,) € Q"' such that Mb = @, we have

—

b Mbjo i = T (pr(@)). ®)

Proof. Note that b— ubTDﬁ € W. Indeed, the first entry of this vector is by — :TO[LAO = 0. We now compute
(0] 0

T<z;_ bo ,z) — pr(MB) — 2 pr(Mj) = pr(MB) = pr(@).
/J/AO 1 0

Since b — :Toﬁ € W, we can invert T to obtain our desired equality. O
0
We now apply Proposition to our specific situation involving the quantities v, (f).

Remark 3.14. We make a quick remark about the term v, (f) that appears in the following theorem. Recall
the equation for the exponent e in . We claim that

e= max {=va ()} = nax {ao(f) =vai ()} -
fEM2(Np",Zp[Cnpr]) JEM2(Np",Zp[Cnpr])
VAg (f)=0

Indeed, the maximum on the left hand side must occur at some f € My(Np”,Zy[Cnpr]) with va,(f) = 0.
Otherwise if f = n%g with g € Ma(Np”, Zy[Cnpr]), ¥a,(9) =0, and a > 0, so

—va,(9) = a —vp,(f).

Hence —vp,(g) > —va, (f) so the maximum must occur over such g.

Furthermore, the differences vy, (f) —va, (f) are visibly invariant under arbitrary scaling of f, so we have

e = 1I%1ia§xn {VAO(f) - VA@(f)}
FEH (X /0, (¢ oy pr) @)
vay (f)=0
= ax. {vao(f) —va, ()}

FEH® (%,w®?)

In particular, this shows the exponent can be computed using Theorem below, which provides a formula

for the differences vp,(f) — va, (f) in terms of geometric data.

Theorem 3.15. Let f € H°(X,w®?) be non-zero and let Ao, ..., N\, denote the irreducible components of
X. We have

n

vn (F) = vao(f) = D_(deg(w|a,) — HyAj)c™ (9)

j=1

where ¢ is the (i,7) entry of T~% and T is the matriz obtained by removing the first row and column of the

intersection matriz of X.
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Proof. We will write out equation entry-wise in the generality of Proposition |3.13] with X an arithmetic
surface, and £ a line bundle on X. Then we apply our results to the situation of the modular curve.
Let @ = (ao, ..., an) and b= (by, ..., b,) such that Mb = @ Then equationgives

0 0
by — 2o
1 HAg luAl _ T*l aq
b
bn - ﬁ,UfAn G

Recall T' = (A;.Aj)i j=1,..n is the n x n lower right submatrix of the intersection matrix of X. Write

T=1 = (c"9); j=1,. n where ¢*/ is the (i, j)-entry of the inverse of 7. Then we have

0 arctt +aget? 4+ -+ apet
L aq arc®l + agse?? + -+ a,c?
T_ =
an, a1+ asc™? + -+ a, "

Therefore

n
_ E ]
i a]c
=1

Let f € H°(X, L) be non-zero and let b = (Wao(f),---sva, (f)). The jth coordinate of @ = Mb is precisely

n

aj = va,(f)Ai; = degy(Lln;) — Hy.A,

=0

by equation (7). Thus we have

Ao

a, (f) — ”Ao Z degy,(Lla,) — Hy.Az) ¢ (10)
=1

Now we take X = ¥ to be our modular curve and £ = w®? to be the modular sheaf. Recall X is reduced so
A, = 1 for each i. Then equation becomes

n

VA-; (f) - VAO (f) = Z(degk((ﬁ@ﬂAj) - Hf.Aj)Ci’j

Jj=1

as desired. O

Thus Theorem expresses the quantities va, (f) in terms of degy (w®?|a,), Hy.A;, and the entries of the

inverse of T'.
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4 Intersection Matrix

Throughout this chapter, we will use the following notation:

e N >3 and r > 1 will be integers and p > 2 will be a prime such that p{ N
e F, will denote the residue field F,(Cn) of Z,[Cnpr] where ¢ = p* where £ is the order of p in (Z/NZ)*.
e X will denote the modular curve X(Np"),z,(¢x,r]-
4.1 Intersection matrix for X

In this section, we will obtain an explicit description of the intersection matrix of X. First we recall the

description of the irreducible components of the special fiber X as in Theorem

Theorem 4.1. The special fiber of X(Np") is the disjoint union, with crossings at the supersingular points
of X(N) k,, of the exotic Igusa curves ExIg(p”,r, N) over X(N)r,, indexed by

(Z/p"2)* [HomSurj((Z/p"Z)*, Z/p" ).

Furthermore, X(Np") is reduced.

In the paragraph proceeding Corollary a complete list of representatives in
(Z/p"7.)* /HomSurj((Z/p"Z)?, Z./p"Z)

was given by
A(l,fa) a € Z/prZ
A(—pb71) be Z/prilz

We will identify an irreducible component of X by it’s index A. By [KM85| 13.8.5], the local intersection
number at a supersingular point s between two distinct irreducible components A; and As is precisely

is(Mr, Ag) = [# ((Z/p"Z)?/(ker Ay + ker As))]” . (11)

Remark 4.2. In [KM85), 13.8.5], we require s to be a [Fy-rational supersingular point. However, when g = p,
the supersingular points may not be Fy-rational. Indeed, [KMS85| p. 96], shows that the supersingular points
are [Fp.-rational. However, we can instead compute the intersection numbers by etale base change. Consider
the ring R' = Zp[(pr, (p2—1]- By [Ser79, IV, §4, Prop 16 & 17|, R’ is the ring of integers of the local field
Qp(Cpr,Gp2—1) so R’ is a DVR. Since p has order 2 in (Z/(p? — 1)Z)*, the residue field of R’ is Fj2. The
map Z,[(yr] — R’ is unramified by [Ser79, IV, §4, Prop. 16], noting that p{ (p? — 1), and flat because R’ is
torsion-free over the DVR Z,[(,-] (see [Sta2ll 0539]). Therefore Spec(R’) — Spec(Z,[(yr]) is etale.
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Let A and A’ be two irreducible components of X. Let X' = X/p and let 5" be a supersingular point of
.’{'/F , Which maps to s. By [Liu02} 9.1.5, 9.1.6], we have
p

is (f* A f7A) = is (A A).

Note that [Liu02, 9.2.15] uses a desingularization of X’ i.e. a proper birational morphism X" — X’ where
X" is regular. Since R and R’ are both DVRs, they are both regular, excellent, and noetherian. Therefore
X' is an arithmetic surface (by Proposition [2.36)), so we can take X" = X'.

From equation , the local intersection number doesn’t depend on the supersingular point. Let S(NV)
(resp. S(Np")) denote the supersingular locus of X(N) 5, (resp. X). By [KMS85, 12.7.2], the map Ig(p", N) —
X(N)r, is totally ramified at the supersingular points so deg S(Np") = deg S(N). Therefore to obtain the
global intersection number A;.Ay we multiply is(A1, As) by degS(N). We will now compute the local
intersection number between each pair of irreducible components of X, beginning with the case of distinct

pairs.

Proposition 4.3. Let v, denote the p-adic valuation normalized so v,(p) = 1 and let s be a supersingular

point. We have

is(A(l’*G)’A(fpb’l)) - 1
iS(A(l,—a)7A(l7_a,)) — pQVP(a,*a)
is(A—pp1ys A—ppr 1)) = R =b)+2

for a,a’ € Z/p"Z distinct and b, b’ € Z/p"~'Z distinct.

Proof. Since each group homomorphism A : (Z/p"Z)? — Z/p"7Z corresponding to an irreducible component

is a surjective, we know # ker A = p”. By definition,

A(L—a) (av 1) = aA(L—a)(lv O) + A(L—a) (Oa 1) =a—a=0.

a
ker A(1,—q) = spang, { ( ) ) } .

A(—pb,l)(lapb) = A(—pb,l)(lv O) +pbA(—pb,1)(0a 1) = _pb +pb =0

1
ker A(_pp1) = spang -z, { < b > } .

is(A1, Ag) = (p*"/#(ker Ay + ker Ay))2.

Therefore

Similarly, since

we have

By equation (1), we have

We will now compute #(ker Ay + ker As) by considering the following three cases.
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a 1
ker A(1,_q) +ker A(_pp 1) = spang -y { < 1 > ) < b ) } .
1
det [ ¢ =pab—1
1 pb

is invertible in Z/p"Z. Therefore {(a,1),(1,pb)} is a basis for (Z/p"Z)? hence

Case 1: We have

Note that

ker A1, —q) +ker A_pp 1) = (Z/p"7.)?.

We conclude is(Aq,—q)-A(—pp,1)) = 1.
Case 2: We have

ker A1 —a) +kerA oy = spang,.; { (

a
spang /-7, 1

For any 0 < < r, consider the injective group homomorphism

m; )" — T)p" T
given by multiplication by p’. This gives us a filtration
Z/p"Z = im(mg) D im(my) D -+ D im(my—1) D im(m,) = (0)

which is exhaustive and separated. Thus for any non-zero ¢ € Z/p"Z, there exists a unique smallest ¢ such that
¢ € im(m;). We let v,(c) denote the quantity i. We claim ¢ = p*»(“)u, for some u, € (Z/p"Z)*. Indeed, if u. is
not a unit of (Z/p"Z)*, then u. € (p) so u. = pu,, for some u,, € Z/p"Z. Hence c = p"»OF 1! € im(m,, (¢)+1),
contradicting the minimality of v,(c).

We will show the sequence of abelian groups

My _yp(c)

0——=Z/p» 97 Z/p'l ———— spang, -z (c) —=0 (12)
is exact. Exactness at the second and fourth term are clear. Let x € Z/p*»(9)Z. Then

C my_yy o) (@) = p" Oz = up Oy = upTr =0
so im(m,_,,()) C ker(-c). On the other hand, let d € ker(-c) so d-c = 0. Then

ety @ pr @ = 0,

Since ue,uq € (Z/p"Z)*, we have p*r(+¥r(d) = . Hence v,(d) > r — v,(c) or equivalently im(mg) C
im(m,_,, (c)). Therefore ker(-c) C im(m,_,, () allowing us to conclude exactness at the third term.
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Let ¢ = v,(a’ — a). Consider the sequence of abelian groups

/_
0= Z/p'Z 25 Z)p'Z x L)p" T i>spanz/prz{< Cll > ( “ . “ )}—m (13)

where ¢(z) = (0, m,—;(x)) and

sear=o()ea( 7))

One can show exactness similar to the above sequence (12). Indeed, showing im(¢) C ker(v) is clear.
Conversely, if 1(c,d) = (0,0), then ¢ = 0 and consequently d(a’ — a) = 0. Writing p*» D plugu, o, = 0, we
similarly conclude v,(d) > r — i so ker(y) C im(¢). Using exactness of , we get

a a—a #(Z/pTZ X Z/pTZ) 2r—i 2r—v,(a’ —a)
span r s = - = = P .
e Z/ﬂ{<1> ( 0 )} #Z/p'L ror

We conclude is(A,—q)-Aq1,—ar)) = p2ve(a’—a),

Case 3: Lastly, we have

1 1
ker A(_pp 1) T ker Appr 1) = spang g {( b ) ) ( ot )}
1 0
Span i )
bally /prz, pb p(b —b)

Arguing as above by creating a sequence similar to and replacing a (resp. a’) with pb (resp. pb'), we

get
# (kerA(_pr) + kerA(—pb’,l)) = pr .pr_(VP(b/_b)_l)'

We conclude

2r—yp(b’—b)+1)2 2yp(b’—b)+2. O

is(M(—pb,1)-N—ppr,1)) = (0°"/p =p

To finish our calculation of intersection numbers, we will now compute each self-intersection. First we

introduce the following lemma.

Lemma 4.4. Let r > 1. We have

Z p2yp(a ) — p2r—1 _ pr—l.
a'€Z/p"L
a’#0

Proof. We will group the index a’ € Z/p"Z based on its p-adic valuation m = v,(a’) and then sum over m.
g D

Observe that there are precisely ¢(p”~™)-many elements in Z/p"7Z with p-adic valuation equal to m. Thus
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Z p2up(a’) _ Z (p(pr—m)me

a'€Z/p" 7 m=0
a’#0

as desired.

Proposition 4.5. For any A € (Z/p"Z)*\HomSurj((Z/p"Z)*,Z/p"Z), the self-intersection number is

AA = —degS(N)-p* L.

Proof. Recall Proposition [2.27p, which states

:——ZIU,A/AA

A ATZA

where pa: is the multiplicity of A’ for any irreducible component A’. Since X is reduced, pp = 1.
We compute the self-intersection for the two possible cases of A. First we have

Ao ha-a) = = Y Mgy Baa = Do AcpnAa-a
a'€L/p"L beZ/pr—17
a’#a
= —degS(N Z pQVP(“*“)fdegS( ) Z 1
a’'€Z)p" 7L beEZ/pr—1Z
a'#a
= degS(N) Y P degS(N) -y
a'€Z/p"Z
a’#0

where we have used Proposition [I.3] to calculate the intersection numbers. By Lemma[4.4] we have

Z p21/p(a') _ p2r71 _ prfl.

a'€Z/p"L
a’#0

48
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Hence

Ai,—a)yN1,—a) = —deg S(N)(p2r—1 —pr_l) — degS(NV) prt
—degS(N) - p* 1.

Next we consider the case A = A(_p;1). We have

Ay A== D AcpAepmn = Y AqaAa-pm
bez/pm a€Z/pT T
b b
= —degS(N) Z P2 =0+2 _ deg S(N) Z 1
bez/p" a€L/p" L
b £b
= —degS(N) > T —degS(N) '
b eL/p 1
b'#£0
=—degS(N)-p* > p* ) —degS(N) p
bez/pm 1z
b’ £0

= —degS(N) - p? (pg("‘”‘l - p"‘Q) — degS(N) - p"
— —degS(N) (p2(p2(r71)71 7pr72) +pr>

= —deg S(N)(P*" I+ —p" 4 p") = —degS(N) - p* L. O

We will now describe the intersection matrix M by specifying four blocks which make up M. We label
the columns (and by symmetry the rows) of M in the following order:

Ao Aa-ny o Aa—e) o Aa—er-1) Ay Apy Az 0 Apry o Appr—1on)1)

so that the (i, j) entry of M is equal to the intersection number between the ith row label and jth column

label. Since deg S(N) is a common factor among each entry of M, we will describe the matrix mM to
simplify exposition.
Let Mj; (resp. Mass) denote the submatrix of ﬁ(N)M corresponding to the column and row labels of

the form A _q) (resp. A(—pb,l))- We let M5 and Ms; denote the remaining two submatrices of M

so that

1
deg S(N)

M M
M = deg S(N) S I
Moy Moo

We also let M(p") denote the matrix Mj; to highlight the dependence on p". By convention, we define
M(p°) to be the 1 x 1 matrix consisting of the entry —=.

The matrices My; and Moy take on a special form as we will show shortly.
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Definition 4.6. An n x n circulant matrix C is of the form

€o Cn—1 "~ C2 C1
C1 Co s C3 Co
C =
Cp—2 Cp-3 - Co Cp—1
Cp—1 Cp—2 - &1 Co

where each column is equal to the previous column shifted downward by 1, looping around as appropriate.

Refer to Appendix [A] for a discussion on circulant matrices, including an explicit description of the

eigenvalues, eigenvectors, and inverse in terms of the entries of the matrix and roots of unity.

Proposition 4.7. a. The entries of M2 and My, are all equal to 1.

b. The matriz My, = M(p") is a p" x p" circulant matriz whose first entry of the first column is —p?" 1.

For2 < a<p", the a™ entry in the first column is equal to p>*»(@=1)

r—1

c. The matriz May is a p"~1 x p"~1 circulant matriz equal to p> M (p™—1).

Proof. Proposition immediately tells us the entries of M5 and My, are all 1. Next we describe the first
column of My;. The first entry is equal to the local self-intersection number of A ), which is —p®"~* by
Proposition Using Proposition for 2 < a < p", the a*® entry of the first column is equal to the local

intersection number
1 2vp(a—1)

deg SV =@ )-Aao) =P :
Now we show My, is circulant. Recall the jth column of My corresponds to the label A _(;_1)) for

1 <7 <p". The kth entry in the jth column is equal to

1 A N _ B p2e((k=1)=G-1) if j £ [
deg S(N) (1,=(k=1))-24(1,=(§-1)) e itk :
Note for any nonzero z,y € Z, if x =y (mod p"), then v,(x) = vp(y). Therefore the quantity

vp((k=1)=(G—1)

for k # j remains unchanged if we take (k — 1) — (j — 1) modulo p". We conclude

A —e-1)) A, —-1) = A,0)-A1,—(k—1)+(-1)

which says the jth column is equal to the first column with every entry shifted downward by j — 1, looping
around as appropriate. Hence M is a circulant matrix.
Lastly, we show My = p?M (p"—!). Suppose r > 1. By Proposition the (i, 7) entry of My for i # j

is equal to
2vp((j—1)—(i—1)) 2vp((—1)—(i—1))

p 2 =p?p
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which is equal to the (i,7) entry of M (p"—1) multiplied by p>. When i = j, the (i,) entry of Mag is —p?"~!

while the (i,7) entry of p? M (p"1) is

7p2p2(r71)71 _ 7p2p2r73 _ 7p2r71'

Thus MQQ = p2M(pT—1)_
When r = 1, My, is a 1 x 1 matrix consisting of the entry (—p). By convention M (p°) = (_%) S0
Myo = p? M (p"~1) in the case r = 1. -

Example 4.8. The intersection matrix for X(NV - 5) is the 6 x 6 matrix

-5 1 1 1 1 1
1 -5 1 1 1 1
1 1 -5 1 1 1
deg S(V) 1 1 1 -5 1 1
1 1 1 1 -5 1
1 1 1 1 1 -5

where the entries in red comprise M;; = M(p") and the entries in blue comprise Mss. The intersection
matrix for X(N3?) is the 12 x 12 matrix

-3% 1 1 32 1 1 32 1 1 1 1 1
1 =33 1 1 32 1 1 32 1 1 1 1
1 1 =33 1 1 32 1 1 32 1 1 1
32 1 1 =3 1 1 32 1 1 1 1 1
1 32 1 1 =3 1 1 32 1 1 1 1
1 1 32 1 1 =33 1 1 32 1 1 1

deg S(N) 32 1 1 32 1 1 =33 1 1 1 1 1
1 32 1 1 32 1 1 =32 1 1 1 1
1 1 32 1 1 32 1 1 =32 1 1 1
1 1 1 1 1 1 1 1 1 =33 32 32
1 1 1 1 1 1 1 1 1 32 33 32
1 1 1 1 1 1 1 1 1 32 32 -3

4.2 Inverting M(p")

Recall our goal is to invert the matrix 7" obtained by removing the first row and column of M. For
a general matrix A, let Aj; denote the matrix obtained by removing the first row and column of A and
let 1,4, denote the n x m matrix whose entries are all 1. Using Proposition Fi;?[, we have the following
description of T":

M®P")ii  lp—ixpr—
1-1ypr p?M(p"—1)

T = degS(N) (
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We will use the following identity to invert 7.

Proposition 4.9. (Woodbury Matriz Identity) Let A be an n X n invertible matriz, C an invertible k x k

matriz where k < n, U an n X k matriz, and V a k x n matriz. Then

(A+vcv)t=A"t— A"y ct+vAaTtu)"tvat

We write T as a sum of two matrices T = A + N where

Ao [ MO ) 0 ) anan= 0 Lroixprt )
0 p M(pr ) 1pT*1><pT—1 0

Refer to Appendix [B] for a discussion on using the Woodbury Matrix Identity to compute the inverse of
A+ UCYV in the situation that A is a block diagonal matrix with two blocks, C is the 2 x 2 identity, and
both U and V consists of 0’s and 1’s which we specify later. Note that the inverse of a block diagonal matrix
is obtained by inverting each block. Thus computing A~! amounts to computing M (p")~! and M(pT)i
which we will do in this subsection.

Before we compute the eigenvalues of M (p”), we will need the following technical lemma.

Lemma 4.10. Let N and J be integers > 1. We have

oY1 0 if pN T

G = pNT N T and pN T
u=1 .

phu pN —pNTt ifpN | J

Proof. By the geometric partial sum formula, we have

Pl Ly Ny
_ -1+ —L— 1up
Z Cp}‘q’lj - TN
u=1 N —1 if pV | J
-1 if pN 4 J
pN —1 ifpN|J
Next we consider the sum
N_1 N71_1 . _
PIREEED D
N - N—1 — .
u=1 i u=1 P pN_l -1 lf pN_l | ']

plu
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Therefore

pN—l pN—l pN—l 0 lf prl ’f J

DG =D G = > G =Nt N [ Jand pN

u=1 u=1 u=1

plu plu pN —pN=l it pN | J
Lemma 4.11. The eigenvalues A; of M(p") are

A =-—p !
and
)‘j — _p2r—2—yp(j—1)(p_|_ 1)

for2<j<p.

Proof. By Lemmal[A~2] the eigenvalues of an nxn circulant matrix whose first column has entries co, ¢1, . . .

are given by
n—1
A= agh.
k=0

For M(p"), the eigenvalues are therefore given by

p"—1 p"—1

r— v j—1)(p"—k r— v —k(j—1

A\ = —p2 1 Z p2 p(k)cl()Jr )(p"—k) _ —p2 1 Z pz p(k)cpr (-1
k=1 k=1

forj=1,...,p".
When j =1, we have

p =1
A\ = _p27‘—1 + Z p2l/p(k:) _ _p27‘—1 + (p27‘—1 _pr—l) _ _pr—l
k=1

where we have used Lemma [4.4] to calculate the sum.Thm. 8.4

Assume j > 1. When r = 1, we have

p—1
o= —pt S pHeR kG,
k=1

Since vp(k) =0for 1 <k <p—1, we have

p—1 k
b= S (6)
k=1

53

y Cn—1

As2<j<p,wehavepf(j—1)so Cp_(j_l) # 1. Using the geometric series partial sum formula, we get

—(-1p
1-¢

AJZ*P*1+%:*P*1~
-G
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Lastly we handle the r > 1 case. We compute the sum appearing in the expression for A; by breaking it

up according to the value of v, (k). We have

p -1 p -1 p =1 p -1 p -1

v —k k —k(j— —k(j— r— k
Z p2 p(k)CpT (G- Z Cp (G- 1 Z CpT (J 1)+p4 Z CpT (J 1)_|_ . +p2( 1) Z Cp (7-1)
= Vp(];) 0 vp( ’?)1:1 Vplzk:)l:2 Vp(k) T 1

We can rewrite the index in each sum as k = up»*) where p f u and 1 < u < p"~*»(*) — 1. Re-indexing,

with u > 1, we get

p"—1 prTl-1 prT2-1 p—1 .
u 1) u 1) u 1) r— —up” (51
ZCp (G- +p Z Cp p(j— +p4 Z p(] _+p2( UZCPTP G-1
u=1
PW P’(u p’(u plu
Since Cg;n = (pr—m for 0 < m < r, we have
prlo1 P21 p—1
Z G 4 e Vet 2 4" Wb PRI )
p?u p?u p’fu p?u

Let £ = v,(j — 1). We will simplify using Lemma with J = j—1,and N = 1,...,r. For ease
of exposition, we split into two different cases depending on ¢ and will consequently obtain our desired

expression for A;.
Case 1: Suppose £ = 0. By Lemma [4.10} each sum in is zero except for the last sum. We get
p—1
A= _p?r-l +p2(r71) Zcp—u(j—l) = _p?r-1 +p2(r71)(_1) = _pr-1 _p2(r71).

u=1

ptu

Case 2: Suppose 1 </ <r — 1. Since p*t! { (j — 1), we have

pV—1 '
2 G =0
=1

ptu
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for all N > ¢+ 2. Expression becomes

P11 1 P11
2(7‘ (£+1)) Z < U(J 1)+ 2(r—20) ZC u(j— 1)+ 2(r—(£—1)) Z C U(] 1)+ (r— 1)ZC (j—1)
u=1 u=1
pfu pfu p’fu pfu

p2(r—(€+1))(_p€) +p2(r—l) (pé _pZ—l) +p2(r—(€—1))(p£—1 _ pl—2) +... +p2(r—2) (p2 _ p) +p2(r—1)(p _ 1)
_p2(r7(f+1))+l +p2(r7€)+ffl(p _ 1) +p2(r7(£71))+272(p _ 1) NI +p2(7ﬂ72)+1(p _ 1) +p2(r71)(p _ 1)
_ _p2(r71)7l _’_p2r7(€+1)(p _ 1) _’_p2r7€(p _ 1) N p2r73(p _ 1) _’_p2r72(p o 1)

41
_pQ(r—l)—E + (p _ 1)p2r Zp—k
k=2
1 . B 1— pf(€+2)
= 4 (p - 1)p? (117 B g
-p
—(+D) (pt
r—1)— r P p
=t e 22D
p—1
— 2D 2= (D) (),
We conclude
)‘j _ (7p2r71) 7p2(r71)7f +p2r7(€+1)(pf o 1)
_ _p27‘—1 _p27‘—€—2 +p2r+1 _ p2r—€—1

— _p2r—2—€<p_|_1)
— —p2r727up(j71)(p—|—1)

as desired. 0

Corollary 4.12. M(p") is invertible.

Proof. By Lemma all the eigenvalues of M (p") are nonzero hence M (p") is invertible. O
Now that we know the eigenvalues of M (p"), we can use Proposition[A.4]to compute the inverse of M (p").

Proposition 4.13. Let b; ; denote the (i,j)-entry of M(p")~'. We have

1—2r p—1 1—2r ¥ S
-p — or’P ifi=j

—3r42

o A e G U S A )]

"~1(p—1)) otherwise
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Proof. By Lemma the (i, j)-entry of M (p")~! is equal to
P
Z (k 1)(i—)

k=1

where Ay are the eigenvalues of M (p") as in Lemma Continuing,

p" k=2
—3r42 P’
. 1-2r Z vp(k—1) ~(k=1)(i—j)
= p G
p+1 k=2
—3r42 P —1
_ 1—2r P k) ~k(i—3)
= - - pP¢
p+1 ;

We split into two cases, breaking down the sum in a similar manner as in the proof of Lemma We have

pilpyp(k k(z i) Z u(z 7) +p TZl_lcu(l ])+p 722_1<_u(1 ]) 'r’ IZ u(z 7)
= P P P P

Case 1: Suppose i = j. Then

r_q 1 o1 21
pz pup(k)czljr(i—j) _ pz 14p Z 14 p? Z T+ 4p ! Z 1
k=1 pJ[’u. p?u P?u pJf“

= p -1 +p -1+ -1+ +p p—1)
= P p-D+p - +p -+ +p -1 =" (p-1).

Thus the (i,i)-entry of M (p")~1 is

O rlp—1) = —p2 p—1

r _ £ -
p+1 P P P p+1

Case 2: Suppose ¢ # j and let £ = v, (i — j). Then this situation resembles that of Equation which
we have already computed. We have

p"—1
5 K(iei
Z P p(k)CpT(Z 7)

£+11 211

p—1
7‘ (e+1) Z Cuu—l 7‘ £ ZCU@ J)+pr (e-1) Z Cu(l J) ”_"_pr—lzcg(z—J)

plu ptu
_ 7p 7(£+1)+Z +prf€+€71(p 7 1) +p7‘7(£71)+572(p 7 1) N +pr72+1(p . 1) +prfl(p _ 1)
—p" " (p - 1).
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Thus the (i, 7)-entry of M(p")~!is

—3r+2 —3r+2

p
p+1

(74 - 0) = = L (- - 1)

as desired. O

4.3 Inverting M(p");;

Having calculated the entries of M (p”)~!, we can calculate the entries of M(pr)i

result. We will provide a sketch of the proof. A full proof can be found in [JCP16, Theorem 2.2].

using the following

Proposition 4.14. Let A be an invertible n x n matriz and let A= = (m;;). Let s,t € {1,...,n} and

tth

let A;; denote the matriz obtain from A by removing the s row and column. Then the (i, j)-entry of

As_z = (a;j) is given by

fori,j=1,...,n withi#t and j # s.

Proof. Write A = (w;;). Let u denote the s column of A~! after removing the ¢

tth

component and let v

denote the s row of A after removing the component. Then one can verify

(Ag )" = (In-1 — “UT)fl (A7)

yS

where I),_1 is the (n — 1) x (n — 1) identity matrix. Using the Sherman-Morrison formula, which is a special
case of Proposition to calculate (I,_1 —uvT)~!, we get

T
-1 _ uv 1y
™ = (T T2 ) (7
UUT
= (I, AY). .
( 1+ wstmts> ( )t,s.
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Proposition 4.15. Let (a; ;) = M(pT)i and let ¢; = v,(i). We have

)

-1 1—2r 51 _&_ + 2 o )
_plmr p rpl = 4 p (Lip p) ifi =
p+1 p+1)(pr+p—r+1)

i, =

1-2r(p. . .. 1-2r(p. _ /. . _ /.
b (li—jp+p—Li—j) + P (tip+p—L)(lip+p =) otherwise
p+1 p+D(pr+p—r+1)

Proof. We will apply Proposition and Proposition [f.14] to compute a; ;. When i = j, we have

ERRUUY

1-20 _ p %2 r—1 r—1 2
(—p — (P b (p - 1)))
1—2r

—pl=2r — %rp
1—2r P—1 1 o 4 p' 2" (ligap — ligr +p)?
p+1)(pr+p—r+1)°

When ¢ # j, we have

v ML
1,7 1,3 mi 1
Lo p—37'+2 1 1
= 0 e (T T e 1)
_ —3r42 p3rt2 . —
(—pl 2¢_pp+1 (=P LY )( = (=p" oy ap 1(p_1)))

( pl-2r p+1 Lypl— 27")

P T Wisap—tiza+p) P TP (4 p1p—4i41+D)

= - + p+1 p+1
B p—l— 1 p! =2 (pr4p—r+1)
p+1
P Wigptp—ting) | PP (liap+p— Liv))(Grap +p — l)
p+1 (p+1)pr+p—r+1) '

Note that the indices i, j in Proposition [4.14] range 2 < 4,5 < p” in the situation s = ¢t = 1; we will shift
our index down by 1 so that 1 <4,j < p" — 1, giving our desired expression for a; ; in the statement of the

proposition. [

4.4 Inverting T

Recall in Section we wrote T'= A + N where

A _ M<pr)i,i , 0 B and N _ 0 1pr_1><pr—1 ’
0 P M(p’r ) ]_pr—l xpr—1 0

The matrix N is rank 2 and can be written as N = UI,V where I, is the 2 x 2 identity matrix, U is the
(p"—1+p"~1) x 2 matrix whose first and last column are the same as those of N, and V is the 2x (p" —1+p" 1)
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matrix
11 - 100 --- 0
V =
o0 --- 01 1 --- 1
where the first p” — 1 entries of the first row of V are all 1 with the remaining p"~! entries are all 0 and the

first p” — 1 entries of the second row are 0 while the remaining p”~! entries are all 1. Note that V = U7

In the more general situation where A is an invertible block diagonal matrix with

ayp - a1n

Gan1 e Ann

bll e blm

bml e bmm

an explicit formula for the entries of (A + UV)~! is provided in the appendix, Proposition We state it

here for convenience:

Proposition 4.16. Let T = A+ UV where A,U, and V are the given matrices above. Let ¢/ denote the
(i,7)-entry of T~t. We have

ai;+ Za,k dap; | if1<ij<n
ﬂ k=1
1 n
ﬁ<zazk><zbk,j> ifl<i<nandn<j<n+m
k=1 k=1
szk Zak,j ifl<j<nandn<i<n+m
aﬁ k=1 k=1

‘ ‘ . i
+71—a5 (;bl’k> (kz_lb;w> ifn<i,j<n+m

where o = Y a; ; is the sum of all entries in the first block in A™' and B =3 b; ; is the sum of all entries

in the second block in A~!.

To obtain a closed formula for the entries ¢/, we will therefore need to calculate the row and column
sums of M (p ) ;and p “2M (p"~1)~1. Note that both these matrices are symmetric so it suffices to compute,
say, the row sums.

The following lemma will be used when computing these sums.

Lemma 4.17. We have

Vo\m) = ————.
m=1 ’ p_l

Proof. The number of positive integers < p” with valuation v,(m) = £ is precisely ¢(p" ) = p"~*~1(p — 1).
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Hence
p"—1 r—1 r—1
S vpm) =) -1 =p -1 "
m=1 =0 £=0

Using the identity

Zn:me XX — (n+1)X"+1)
~ (X —1)2

with X = p~! and n = r — 1, we obtain

r—1 -1 _ —1r _ gy —(r—1)
r— - r— p_((r—=Dp rp +1
p 1(p71)26p fzp l(pfl)' (( gp_1_1>2 )
£=0

o pi—pr+r—1
= —p— : )
Corollary 4.18. Let1 < < p" — 1. We have

r pr—pr+r—1
Z vp(J — 1) = —vp(i) + .
° p—1
=1
J#i
Proof. We have
pr—1 pr—1—i -1 pri-1—i
SMwli-i)= > i)=Y wi)+ vp(5).
j=1 j=1—i j=1—i j=1
i j#0
Since v, (j) < 7, we have v,(j) = v,(j +p"). Continuing,
-1 prl—i—1
= > unG+e)+ D w)
j=1—1 j=1
p—1 pl—i—1
= 2w+ 2wl
J=pr—i+l Jj=1
p"—1
= —1(P" —i)+ p(4)
j=1
p -1
= )+ ) ()
j=1
By Lemma we finally get
N pr=pr+r—1
— (i) + LA

p—1

Write M(pr)l_i
p2M(p"~!)~! and the quantity 3, the sum of all the entries of (b;;).

60

= (a;;) and p2M(p"~')~! = (b;;). We first compute the row and column sums of
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Lemma 4.19. Consider the matriz p~2M (p"—1)~1 = (b;;). We have

r—1

P
Z bim =—p " and f = —p~!

m=1

foralll <i<pr—l.

Proof. Since M (p"~1) is circulant, the inverse M (p"~!)~! is circulant by Corollary Therefore all the

row sums are the same. Furthermore, by Lemma A1 = —p"~? is an eigenvalue of M(p"~!) with
corresponding eigenvector v; = (1,1,...,1) (see Lemma [A.2).
Note that the entries of M (p"~1)v; = —p"~2v; are precisely the row sums of M (p"~!). Hence the row

sums of M (p"~1) are all —p"~2. Observe that
]\4(1)7”—1)—11}1 _ _p2—rv1

so the row sums of M (p"~1)~! are all —p?~". Consequently the row sums of p~2M (p"~1)~! are all —p~".

The matrix p~2M (p"~1)~! has p"~! rows so
B=@"(p") ="

as desired. O

Next we compute the row sums for M (pr): which is substantially more tedious than Lemma , noting

that M (p"); ; fails to be circulant in general.

Lemma 4.20. Consider the matriz M(pT);i = (a;;) and let {; = vp(i). Fiz a rowi > 1. We have

"1
ST i G LR VI ( P 1) )
Yoo(p=Dr+p+l  \p-Drtp+1)

and
(p—pr

a=———"""—
p—r+p+1
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Proof. Using Proposition [4.15] we compute

P’ -1 -1
J=1 J=1

JFi
1-2r P~ 1r 1—or PP (p(D)p — (i) +p)?

p+1 p+Dpr+p—r+1)

T o o o . . .

+pz (_pl (i — Np+p — vp(i — 7)) +p1 2 (vp(@)p +p = (@) ()P + P — ()
p+1 p+D(pr+p—r+1)

1-2r p—- 17,p1—2r p1_2r(yp(i)p - Vp(i) +p>2 (15)
p+1 (p+1)(pr+p—r+1)

p"—1 p1_2r(yp(i_j)p—i—p—Vp(i_j))
<_ p+1 > (16)

&)

+

<
—

<
N

i
|

p

+

1
P 2 (wp(i)p + p — v (1) (v ()P + p — vp(4))
( (p+D(pr+p—r+1) ) (an

<L
Wl
LN

We will now compute the sums above, starting with ([6).

Z (_p”’“(upu — P +p—vpli— j))) pi2r RS

- > (wpli = d)p+p = vpli — 5))

= p+1 P+l
J#i j#i
p172r p’—1 p'-1
o == i DAL EED AR
p j=1 j=1
e J#i
pl-2r p -1
= - p(p" =2)+(—1) p_ vp(j—1)
p+1 =
L i
Using Corollary [4.18] we have
1—2r r
P . N P mprt+r—1
=_ T2 —1 (- L
L o =2+ -0 (i + T
p1—27" i
= - [p(p" —2) = (p = Dwpli) +p" —pr+r—1].
p+1

Now we compute (I7). Note that the third expression in is what would be the j = i term in the
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sum. We can combine them and compute instead
Pl qore s ; : ;
P (wp(@)p+p — (i) (wp()p + P — vp()))
o p+1)pr+p—r+1)
1-2r Pr—l
P (p()p + p — p(4)
= v, erp—V J
(p+Dpr+p—r+1) ; & »()
1-2r PT 1
P (vp()p + p — p(d)
= D+ vp( -1
(p+D(pr+p—r+1) 2; P )
oy . - Ny pT—1
_ PP ()p+p—up(2))( 147 P (p — 1)(V()p+p—vp(%))pzy )
p+1)@r+p—r+1) (p+1)(pr+p—r+1) = P
_ PP o +p=vp(@D) (e gy, P P = D)+ —wp(i) (P —prt+r—1
(p+D(pr+p—r+1) (p+1)(pr+p—r+1) p—1
2-2r(, T 1-2r(, 7
. ‘ V) P (p —pr+r—1)>
= (Vp(2)p+p—1p(2
w00+~ (G i s p v D G D £y 5]
. . _ p" 1
= (v,(Dp+p—v,(Q))p~2" — .
i+ =i (o~ o)
Combining everything together, the ith row sum is
P 1-2r
—2r p—1 —or P T : T
> ay=-—p'? —]mrpl 2 ~ o PP =2 = (0= D) 4 p" -]
. 1o D" 1
+ (p()p+p —vp(i))p' 2" -
i+ 9=y (o - )
1o p—l 1o p172r 1 2r 1-2r
= pt= BT ot r o9y 2 — D, (i) — Y pr -1
p bi1? p+1p(p ) | 7P = Drp(d) p+1(p p )
7,,1—27
. pp
+ —Dvy(e) +
(=1t +0) (e -2
1-27r p—- 1 1—-2r 12 r pl . p172r r
- - - ) 1 - - —1
p bi1? p+1p(p )+p+1(p Jvp (i) p+1(p pr+r—1)
1—r 1—2r 1—r 1—2r
D p . p D
+ (-1 - vp(2) + -
v )<(p—1)r+p+1 p+1> () ((p—l)r+p+l p+1>p
1—9 pfl 1o 1—2r p1727‘ 1—2r
— _pl=2r _F - —2r _ T _9 -1 S\ T -1
p bi1? p+1p(p )+p+1(p Jvp (i) p+1(p pr+r—1)
+< P (p—1) _p”T(pl)>V (i)+( " p22T>
(p—Dr+p+1 p+1 r p-lr+p+1 p+1
1o pfl 1o 1—2r , 1—-2r , ( p277‘ p2727‘
=— ——r — —-2) - —pr+r—1)+ -
P p+1 7 P LG e A ST\ rapr1 pid
1—r 1-2r 1—-2r
p "(p—1) p "(p=1) p ‘
+ - + ~1
<(p—1)7“+p+1 p+1 p+1(p ) ) @)
_ (- (p+1)p") +( P> p“r>+< (p—Dp'~" )V (0
p+1 (p—Vr+p+1 p+1 (p—Vr+p+1/)"

_ T (=pr+r—1) p T (p-1) :
T p-Drtptl +(<—1w+p+1>%“’
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Lastly, we compute a:

If_1<p17(_pr+—r—-1) ((p%ii;?;;?-l>l@(®>

—~ \ (p—r+p+1

T_1 T _1
Yo, o ST

~ (p-Lr+p+1  (p-Dr+p+l &7

:pir(ipr+r71)(prfl)+

p' " (p—1)

p—Dr+p+1
(p = Dpr
p—1r+p+1

(prpr+r1>
(pP=Dr+p+1 p-1

We will now provide an explicit description of the entries of T!.

Theorem 4.21. Let ¢ denote the (i,j)-entry of T1.

2P (pr—r+1) 2 (p-1)

vp(2
p+1 prr 0
1o (pr—r+1) p=(p-1 (1 1)
-p - Up | = —~
p+1 p+1 J i
P r ot ) PR
- p+1 p+1 7
deg S(N)c" =
P T (pr—r+1) pLJWprV(ﬁ
p+1 p+1 P
2p' 2 (pr —r +1)
p+1
7ﬂf%@W+pfrffﬂ*”@flh,u7”
p+1 p+1 P

Proof. We will break into four cases, using Proposition to calculate the ¢’/ along with our results in

(%)

Lemma .19 and Lemma .20
Case 1. Suppose 1 <i,j5 <p" — 1. Then

8 ”Z"‘l
o g )
c A, j + 1 0[6 (kl Q5 k

We have

if1<i,j<p'—landi=j

if1<ij<p —1andi#j

fl<i<p —landp” <j<p —1+4p~!

f1<j<p —landp" <i<p —1+p !

ifpr<ij<p —1+4p~landi=j

fpm<i,j<p —1+p landi#j

64
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If i = 4, then ¢* is equal to

Jr

b

1727‘7p_]-,r 1—-2r
p+1
1—27‘717717‘ 1—2r
p+1
_ 1—2r_17—1 1—2r
p+1
_ 1727«_19—1 1—-2r
p+1
1727‘7p_171 1—2r
p+1
1—2r_P—1 1-2r
p+1
P2 ((p = Dwp(d) —
p+1

2p172r(p7‘ —r+1)

p+1

P (wp(i)p — vp(i) + p)? B (P (=prt+r—1) p'T(p—1)
(p+1)(p7"+p—7’+1) +1—a5( (p—Dr+p+1 +(( —1)T+p+1)
P T (wp(@p—vp(i) +p)? pr4p—r+1 (p%”((p Dp(i) +(1—p )T*1)2>
(p+1)(pr+p—7“+1) p(p+1) (pr+p—r+1)2
P (@ —wp(i) +p)? p T (pr+p—r+1) (((P*l)l/p(i)Jr(l*p)T* 1)?
(p+1)(pr+p—r+1) (p+1) (pr+p—r+1)2
P (@p— () +p)?  p (= D)) + (1 —p)r —1)°
(p+1)(p7‘+p77’+1) (p+D)(pr+p—r+1)
4P P T (wp(i)p — vp(i) +9)° —p' (P — Drp(@) + (1 —p)r — 1)°
p+1D(pr+p—r+1)
L =Dy —r+ Dp' ="
p+1
pr+r—1)
2p' " (p—1) .
P vp(1).

If i # j, then ¢ is equal to

p

1—2r(

Vp(i_j)p+p_yp(i_j)) p

1—2r(

Vp(i)p +p— Vp(i))(l/p

Gp+p—v(4))

+

+

p'"(p—1) ,
(p—r+p+ 1Vp(]))

P "(p—1)

vp(j) — 1)

p+1 p+L(pr+p—r+1)
B (p (=pr+r—1) P (p—1) N (P (=pr+r—1)
1—a6( (p—r+p+1 +(( —1)r+p+1)””(l))( w-Drrpti &
p (v, (Z*J)erp*l/p(Z*J))+pl‘ZT(Vp(i)erp*l/p(i))(l/p(j)erp*l/p(j))
p+1 (p+1)(pr+p—r+1)
pr4p—r+1 (p " (=pr+r—1) P (p—1) N (P (e —1)
~ plp+1) ( (p—Dr+p+1 +<(p71)r+p+1>y"(l))( G-Dr+p+l
P T (i — j)p+p — vp(i — §)) N P T ((@)p +p — v (D) (1 ()P + P — v (4))
p+1 p+1D(pr+p—r+1)
_prp-r+1 (pz‘”(prfpvp(i)7T+Vp(i)+1)(prfpvp(j) *T+Vp(1)+1)>
p(p+1) (pr+p—r+1)2
pl_”(vp(i—j)p+p—vp(i—j))+ 2 (wp(D)p 4 p — vp(0) W ()P + P — 1u(4))
p+1 (p+1(pr+p—r+1)
172T(p7’ — pup(i) — 4 vp(i) + 1) (pr — prp(j) —r +vp(J) + 1)
p+D(pr+p—r+1)
P Wi —gp+p—wl(i—4) (p—Dp' ¥ (r4+p—r+1)(r—u)—
p+1 (p+)(pr+p—r+1)
P —ip+p—w(i—4) (@—Dp' ¥ —v(i) —vp(j) — 1)
p+1 p+1
_ _pl—ZTVp(i*j)pJFp*l/p(i*j)Jr(P*1)(7“*’/1?(1) — () —1)
p+1
 qa(pr—r+1) p'(p-—1) o ) )
—-p p+1 - P+ 1 (VP(Z_j) _Vp(z) _VP(J))
g (pr—r+1) P (p-1) 1 1
P P+l p+l ””(3 ?)'

p—Dr+p+17
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Case 2. Suppose 1 <i<p" —landp” <j<p"—1+p ! Then

B _1 n m

=1 (P (epr 1) p' T (p—-1) , .

B 1—a6((p—1)r+p+1 +<<p—1>r+p+1)'/’”(z)>(p )

C(prAp—rt NPT (prar =) pTT-1)
( p+1 >( (p—Dr+p+1 ((p—1>r+p+1> ”()>
p' T (pr—r+1)  p'*(p-1)

= - + vp(i).

p+1 p+1

Case 3. Suppose p" <i<p" —1+p"~tand1<j<p"—1. Then

_ (pT tp—r+ 1) (=g~ (pl"”(—pr tr-1) (( P —1) ) Vp(j))

p+1 (p—Dr+p+1 p—1)r+p+1
PP pr—r+1) P -1
= - + vp(J)-

p+1 p+1

Case 4. Suppose p" <i,j <p" —1+p L. If i = j, then

M= bii + I —aaﬂ (Z bi,k) (Z bk,i)

k=1 k=1
1 3_0p P—1 3—2r « —r\2
= — _ 1 _
pz(p p+1(7“ )P +1_a5(p )
_ 2p1 =27 (—pr + 7 — 1) B _2p1_2r(pr —r+1)
B p+1 - p+1
If 7 # j, then
- 1 B p5—3r B ] ) B a _
g — | _ 3—2r =2 _ r—2 -1 _ 7\2
¢ pz(P p+1(P +vp(i —J)p" " (p )))+1_a5(p )
_ (p=Dypli—g)+pp' >  (p— 1)pr(_p_7-)2
p+1 p+1
(=D —g) +p)p' "+ (p—1)p'*r
p+1
1-2r 1-2r
T _"_ _ T _ 1 . .
_ o rtp—r) P )Vp(Z ).
p+1 p+1

The following corollary will be useful when we find an upper bound for the exponent later on.

Corollary 4.22. Let ¢*J denote the (i, j)-entry of T~1. Then each ' is negative.
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Proof. Based on our result in Theorem [4.21] we will show the third case is negative i.e. we will show

1—2r 1-2r
D (pr—r+1) p p-1) .
— + Vp(1 18
p+1 p+1 p() (18)

is negative for 1 < i < p” — 1. The other cases are either clearly negative or are essentially the same as this

case.

Since the largest value v,(¢) attains is r — 1, the largest value expression attains is

p1—2r(pT —r+ 1) p1—2r(p _ 1) B p2—2r
- + (r—1)=-
p+1 p+1

which is always negative. O
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5 Computing deg(w®?|))
Throughout this chapter, we will use the following notation:

e N >3 and r > 1 will be integers and p > 2 will be a prime such that p{ N
e F, will denote the residue field F,(Cn) of Z,[(npr] where ¢ = p* where £ is the order of p in (Z/NZ)*.
e X will denote the modular curve X(Np")z

<NPT]'

o R=Zy[(nypr]

5.1 Decomposing the Modular Sheaf

Recall Theorem [2.34] the Kodaira-Spencer isomorphism, which we restate here for convenience.

Theorem 5.1. Let R be a noetherian, reqular, excellent Z[{n]-algebra containing 1/N. The Kodaira-Spencer

isomorphism
®2 ~ Ol
YO(N)r Q@(N)/R/R

on Y(N) g extends to an isomorphism

2 1
W) = Qe n/r(EN)/R)

on X(N)/g.

The following definition is from [Liu02l 6.4.7].

Definition 5.2. Let Y be a locally noetherian scheme and let f : X — Y be a quasi-projective l.c.i. Let
i : X — Z be an immersion into a scheme Z that is smooth over Y. We define the canonical sheaf of
X — Y to be the invertible sheaf

Qx/y = det(CX/Z)v ®(9X z*(det QIZ/Y)

where Cx/z is the conormal sheaf of X in Z (see [Liu02, 6.3.7]), det indicates the determinant of a locally
free sheaf (see [Liu02, §6.4.1]), and le/y is the sheaf of Kahler differentials of Z over Y. According to
[Lin02} 6.4.7], Qx/y is independent of Z, up to isomorphism, and is an invertible sheaf. When f is smooth,

the canonical sheaf Qx,y coincides with the sheaf of Kahler differentials Qk v

More generally, suppose f : X — Y is a proper morphism of relative dimension < r. The following
definition is from [Liu02, 6.4.18].
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Definition 5.3. A relative (7-)dualizing sheaf for f : X — Y is a quasi-coherent sheaf Q; on X,

endowed with a homomorphism of Ox-modules
try : R"f.Qy — Oy
such that for any quasi-coherent sheaf F on X, the natural bilinear map
FHomo (F,Qp) x R f.F — R f,Q; —5 Oy

induces an isomorphism

fxomo (F,Q) ~ Homo, (R" fu F, Oy).

By [Liu02, 6.4.19], uniqueness of Q is automatic once we have existence. If Y is locally noetherian and
f:+ X — Y is a projective morphism with fibers of dimension < r, then as remarked in [Liu02} 6.4.30], the
relative r-dualizing sheaf exists. The following, which is [Liu02, Theorem 6.4.32], says the relative dualizing
sheaf generalizes the canonical sheaf.

Theorem 5.4. Let Y be a locally noetherian scheme, and let f : X — Y be a flat projective l.c.i. of relative

dimension r. Then the r-dualizing sheaf 1y is isomorphic to Qx/y .

We will use the following result, which is in [Liu02, Theorem 6.4.9] known as the adjunction formula, to

eventually relate g%z with the relative dualizing sheaf of X(Np") and of X(N).

Np")

Theorem 5.5. Let f: X =Y and g: Y — Z be quasi-projective l.c.i.s. We have a canonical isomorphism
of camonical sheaves

Qx/z =~ Qx/y ®ox [*Qy)z.

We cannot directly apply the Kodaira-Spencer isomorphism to our modular curve X since p and conse-
quently the level Np", is not invertible in R. Instead, we will apply it to the modular curve X(N) over R
since the level IV is invertible in Z, C R. Consider

X 25 X(N)/r -5 Spec(R) (19)

where pr is the projection map and g is the structural morphism. For convenience, we let X(N) denote the
base change X(N)/g.

According to [Liu02} 6.3.18], if X — Y is a morphism of finite type of regular locally noetherian schemes,
then X — Y is an l.c.i. Therefore the maps pr and g are l.c.i.s. By Theorem g and gopr are projective.
Hence by [KMB85, 3.3.32(e)], pr is projective. Applying the adjunction formula to (19), we have

Qx/r ~ Qx/x(v) Qo Pr'Q%(N)/R-
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Combining this with the Kodaira-Spencer isomorphism applied to X(N), we get
Qx/r = Qx/x(N) PO (wpr) pl"*gg(QN)(—Q(N)) (20)
We will later show in Lemma [5.21]

prrwy (~E(V)) = wE (5 E(Np))

which is where the sheaf w$? appears in . This will then allow us to identify w$? with Qx/z(€(Np")), the
relative dualizing sheaf twisted by the cuspidal divisor. Thus, computing deg(gﬁ?ﬂ A) amounts to computing
deg(Qx (C(Np"))|a). Our first step will be to investigate Qx/x ().

5.2 The Relative Dualizing Sheaf Qx/x(v)

In this section, our goal will be to better understand the relative dualizing sheaf (x/x(n). By Theorem
Qx/x(n) is isomorphic to the canonical sheaf of pr, which is an invertible Ox-module (see Definition
, so we have Qx/x(nv) ~ Ox(R) for some divisor R of X. As we will see, R will be the divisor associated
to the different of the morphism

pr: X — X(N),r.

We begin by discussing the trace map which generalizes the usual notion over a finite extension of fields.
Let A — B be a finite, flat map of noetherian rings. According to [Sta2ll, TagOBSY], B is a finite locally free
A-module and so we can consider the trace Trp/4(b) of the A-linear map B — B given by multiplication by
b. This gives us an A-linear map Trp, 4 : B — A. The following definition is from [Sta21, TagOBWO].

Definition 5.6. Let A — B be a ring map and let K = Frac(A), the total ring of fractions of A (see [Sta21l
02C5], note when A is a domain, Frac(A) coincides with the field of fractions), and L = B®4 K. We say
the Dedekind different is defined if A is noetherian, A — B is finite and maps any non-zerodivisor of A
to a non-zerodivisor of B, and K — L is étale. In this situation, K — L is finite flat. Let

Lpa={xeL:Tryk(bx)ec Aforalbe B}.
We define the Dedekind different of A — B to be the inverse of Lp/4:
_ -1 _ .
QB/A_‘CB/A_ {xeL.xﬁB/ACB}

viewed as a sub B-module of L.

Remark 5.7. Let A be a Dedekind domain, K = Frac(A), L a finite separable extension of K, and B the
integral closure of A in L. In this situation, [Ser79, §4.3] defines the different ®p,4 in the same manner
as we have done. Since A is normal and noetherian, by [Sta2ll Tag032L|, A — B is finite. Furthermore,
L = Frac(B) and L = B ®4 K so indeed, the Dedekind different is defined for A — B. We record a few

useful facts for calculating the different in this situation.



5 COMPUTING DEG(w®?|5) 71

Proposition 5.8. Let A be a Dedekind domain, K = Frac(A), L a finite separable extension of K, and B
the integral closure of A in L.

a. Let P be a non-zero prime of B such that the corresponding residue extension is separable and let ey
denote the ramification index of B. Then the exponent of B in the different Dp, 4 is greater than or equal
to ey — 1 with equality precisely when B is tamely ramified.

b. Suppose for each prime B of B, the corresponding residue extension is separable. The annihilator of

the B-module Q}B/A of Kahler differentials is equal to Dp 4.
Proof. (a) is [Ser79l 111, §6, Prop 13| while (b) is [Ser79l III, §7, Prop. 14]. O

Lemma 5.9. Suppose the Dedekind different is defined for A — B. Let S C A be a multiplicatively closed
subset such that the Dedekind different is defined for S™'A — S™'B. Then S’l’DB/A = Dg-1p/g-14 aS
S~ B-modules.

Proof. First we show Silﬁg/A = Lg-1p/s-14- By definition,

b b
£Sle/S*1A = {i eS L TrS*lL/K (yi) € S71A for all ? S S_lB} .

Now i 5
Trg-17)x ("”/) €S 'Aforall - € S'B
ss s
1 1 b 1
< QTrs—lL/K(b$) es A for all g €SB
<= Trp/g(br) € Aforall be B.

Thus Lg-15/5-14 can be identified with

= {E €S'L:Try x (ba) € Aforallbe B}
s

=S""Lp/a.
Lastly, we show Sil(ﬁg}A) =(S"'Lpja)"" Let £ e S*I(EE}A) soxLp/a C B. Then £S~'Lp s CS™'B
hence S*I(ﬁg}A) C (S 'Lpa) .

For the other inclusion, we first note that L, 4 is finitely generated since B is noetherian. Let z1,...,z, €
L4 denote the generators of Lg,4 over B. Let x € (S™'Lp/a)"' so 25 'Lp/a € S~'B. Then for each
i =1,...,n there exists s; € S such that s;zx; € B. Let s = HZL:1 s;. Then sxx; € B so s:c[,B/A C B.
Therefore xLp,4 C S™'Bsoz € S’l(ﬁg}A).

In conclusion,

ST'Dp/a = 5_1(55},4) =(S"'Lp/a) " =(Ls1p/s-14)"" =Dg-15/5-14. O
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Let f:Y — X bea propeIE| morphism of locally noetherian schemes. According to [Sta21l, Tag0OBVG],
the relative dualizing sheaf Q; is the unique coherent Oy-module such that for every pair of affine opens
Spec(B) C Y and Spec(A) C X with f(Spec(B)) C Spec(A), we have a canonical isomorphism

H(Spec(B), Q) ~ Homa (B, A).

If we further assume f is flat, then by [Sta2ll Tag0BVJ], there exists a global section 7y, x € H°(Y,€y)

such that whenever A — B is finite, Ty x[gpec(p) is identified with Trp/4 under the isomorphism.

Definition 5.10. Let f:Y — X be a flat, proper morphism of noetherian schemes. The different ©; is

the annihilator of the cokernel
TY /X )

Coker(Oy —= Q

which is a coherent ideal sheaf ® 7 C Oy

Lemma 5.11. Let f : Y — X be a proper morphism of noetherian schemes. Let Spec(B) C Y and
Spec(A) C X be affine open subschemes such that f(Spec(B)) C Spec(A). If the Dedekind different of
A — B is defined, then

Dlspec(B) = (Dpya)”

where (Dpy4)™ is the quasi-coherent sheaf induced by the B-module Dp /4.
Proof. This is [Sta2ll TagOBW5]. O

Corollary 5.12. Let f : Y — X and let Spec(B) C Y and Spec(A) C X satisfy the hypothesis of Lemma
. Let x € Spec(B) and suppose the Dedekind different is defined for Ox y) — Oy,p. Then Dy, ~

QOY,T,/OX,f(x) :

Proof. Let p be the prime of B corresponding to = and q be the prime of A corresponding to f(x). By
Lemma and Lemma [5.9] we have

Diw > Dpja)y ~Dp, /4, = D0y, /0% ja)- O

Let R C X denote the closed subscheme associated to ®; and let [R] denote the Weil divisor associated
to R. The following is [Sta21l, Tag0BWA].

Proposition 5.13. Let f : Y — X be a proper morphism of noetherian schemes. If Q¢ is invertible and f

is étale at the associated points of Y, then R is an effective Cartier divisor and Q5 ~ Oy (R).

3More generally, one can define the different of a locally quasi-finite morphism of locally noetherian schemes, as in [Sta21]
Tag0BTC].
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Explicitly, the Weil divisor associated to R is

[R] = E mult,(R) - {z}.
€Y
dim Oy);,;:l

By definition, mult,(R) = lengthe,. (Oy2/R:0y,) and Ry = Dy 5.

We will now show that the usual projection morphism pr : X — X(IV),r satisfies the necessary properties
to use the above results on the different. By [KMS85] 5.5.1(1)], the map pr is finite and flat so the different
Dpr is defined.

Suppose = € X is a codimension 1 point. Let

pPry : OX(N),pr(w) — O%,x
denote the induced map on stalks. Since x is of codimension 1 and pr is flat, we have pr(z) is also of

codimension 1. Consequently, both Ox , and Ox(n) pr(») are DVRs.

Proposition 5.14. Let x € X be a codimension 1 point. The induced map on stalks pr, is a finite ring map.

Furthermore, the induced map on fraction fields
K= FI‘aC(O:{(N),pr(I)) — L= Frac(@x(Nprm)

is finite separable and Ox ;. is the integral closure of Ox(n) pr(z) 0 L.
Proof. Let Spec(B) C X(N) be an affine open containing pr(z) and Spec(A) C X be an affine open containing
x such that pr(Spec(A)) C Spec(B). Since pr is finite, it is also integral so the induced map A — B is integral.

By [Sta21l, Tag034K], the induced map on localizations remains integral so pr,, is integral. Since X(N) is an

integral scheme, we have inclusions
A O.‘{(N),pr(a:) — Frac(A).

Therefore K = Frac(A). Similarly, we conclude L = Frac(B). Both X(N) and X are normal schemes so
Ox(N),pr(z) (resp. Ox ) is integrally closed in K (resp. L). Having established

Pry : OX(N),pr(m) — O%,m

is integral, the integral closure of Ox () in L is precisely Ox ;-

;pr(z)
Since pr is a finite map between two integral schemes, the extension of function fields

K(X(N)) = K(X)

is a finite extension of characteristic zero fields, and hence separable. Note that K(X(N)) = K and K(X) =L
so L/K is a finite separable extension. By [Ser79, I, §IV, Prop. 8], we can conclude pr,, is finite. O

Since X is integral, it’s only associated point is its unique generic point. In Proposition [5.14] we deduced
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the map on function fields K (X) — K (X(XV)) is finite separable so pr is étale at the generic point of X. By
Proposition [5.13] we have

Qz/x(v) =~ Ox([R]) = Ox > multy(R) - {z} (21)

zeX
dim Ox =1

Since Oz, is a DVR in this case, mult,(R) is equal to the valuation of R, = D, in Ox . By Corollary
and Proposition [5.14} Dy, , = DOx /O (nypeey AlsO, by Proposition b), we can identify Dp, , with

1
Anno%,z (Q(’)x,m/@x(m.pr(z))'

Let d, denote the valuation of the different ®,, , in the DVR Ox ;. Recall from Proposition that
the codimension 1 points of X are precisely the closed points of the generic fiber, and the generic points of
the special fiber. We will compute d, when x is a closed point of the generic fiber. If x is a generic point of
the special fiber, then we show all d, contributions are the same which taken together contribute nothing to
the different of pr. In this case, however, we provide a method of computing d, in Appendix [C] using strict

Henselizations.

5.3 Computing d, for the closed points of the generic fiber

The generic fiber of X is open so it suffices to compute d, over Q,({npr) i-e. for the map

pry - O%(N)/QP(CNPT),pI‘(ZE) - O%,m-

First we show the value of d,, does not change after base changing Q,({n,-). In particular, we can compute

the value of d, over C and use the classical theory of modular curves as compact Riemann surfaces.

Lemma 5.15. Let w: X — Y be a finite type morphism of normal curves over a field K and let L be a field
extension of K. Let p: X; — X denote the usual projection morphism from base change and let x € X,.
Then we have dy = dp(y).

Proof. We can equate d, with the valuation of the annihilator ideal of QﬁcL /Y in Ox, . Since Kahler
differentials are compatible with base change, we have

Q%@/YL,I &~ (P*Qif/y)z & Q}(/Y,p(a:) ROy py OXi -

Since K — L is flat, the map Ox () — Ox, . is flat. Furthermore, Qﬁ(/yp( ) is finite over Ox ,(,) since 7

x

is finite type. Thus, by Lemma [3.5 we have
AHHOXL,w(QﬁcL/YL,m) = AnnOXLaw(Qﬁf/Y,p(;v) RO p(a) OXL,x)
= Ann0X7p($)(Q§(/Y7x)OXL,I'

Hence d; = dj(y)-
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Thus we can compute d, in the situation that our modular curves are over C. Let X (M) denote the
modular curve over C of level I'(M). In this situation, Ox(npr) . is tamely ramified over Ox (ny pr(x) 50 by
Proposition [5.8(a), we have d, = e, — 1 where ¢, is the ramification index of z. We will investigate the
ramification index of all points in X (Np") under the usual projection map pr : X(Np") — X(N).

Let I' < SL2(Z) be a congruence subgroup. We also let H denote the (complex) upper half plane and
H* = HUPYQ). As we will see shortly, investigating the ramification of a point z € H* amounts to
understanding the stabilizer group

I.={yel:v-z=2z2}.

The points of z € H* can be classified depending on which elements of I fix z. Note that

b
(a )-z:z<:>022+(d—a)z—b:0
c d

for matrices not equal to £7. Hence the fixed points of a given € I are either conjugate complex numbers,
a single real number, or two distinct real numbers. Based on this fact, we make the following definition.

Definition 5.16. We say z € H* is a/an

e ellipitic point of T if there exists v € I', such that [tr(y)| < 2, or equivalently ~ has two distinct
fixed points z and Z.

e cusp of T if there exists v € ', such that |tr(y)| = 2, or equivalently v has a unique real fixed point z.

e hyperbolic point of T if there exists v € T', such that |tr(v)| > 2, or equivalently v has two distinct
real fixed points.

e ordinary point of I' if I' does not fix z, excluding +1.

Since the matrices we consider are in SLs(Z), we will not have any hyperbolic points appearing. We denote
[ =T/T' N {+£I}. The following is [Miy89, Theorem 1.5.4] which describes the stabilizer groups I',.

Theorem 5.17. a. If z € H is an elliptic point of T, then I, is a finite cyclic group.
b. If 2 € QU {00} is a cusp of T, then T, ~ Z.

The following proposition, which is [Shi94, Prop. 1.37], relates the ramification index with the index of

stabilizer groups.

Proposition 5.18. Let IV < T be a finite index subgroup and consider the projection m : T'\H* — T\ H*.

The ramification index e, of a point z € T'\H* under 7 is equal to

e, = [f‘z : f’z] .
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We are now ready to compute the ramification index under our map pr.

Proposition 5.19. Let pr : X(Np") — X(N) denote the usual projection map and let z € X(Np"). We
have

‘a

p" if z is a cusp

€, =
1 otherwise

Proof. By [Shi94, Prop. 1.39], the congruence subgroup I'(M) has no elliptic elements for any M > 1.
Consequently, the ordinary points are precisely the points of I'(M)\H. We will now apply Proposition
in the case I = T'(Np") and I' = T'(N).

Note that the image of a cusp under pr is again a cusp and similarly for ordinary points. If z € X(Np")
is ordinary, then its stabilizer group is trivial so e, = 1. If z is a cusp, then there exists v € SLy(Z) such

that ~ - z = co. Therefore

L(N),/T(Np"), ~4L(N),v ' /AT(Np"),y " =L(N) /T(Np"),

so it suffices to compute €.

1 d —_—
Let A(d) = < o 1) According to [Shi94), bottom p. 22|, we have for M > 1 that I'(M)__ = (A(d)) .

Furthermore, —I € T'(M) if and only if —1 = 1 modulo M, or equivalently M = 2. Since M > 3 in our
situation, we always have I'(M)_ = I'(M)o.. Note that for any m > 0, we have A(d)"™ = A(md). Therefore

the order of A(d) in I'(V) /I'(Np") ., is equal to p" so

o = (V) : T(Np™) ] =p". O

5.4 Relating w$® with Qx/r

Let x € X be a generic point of the special fiber. Recall the value of d, is equal to the valuation of the

different ideal corresponding to the induced map on stalks

pr, : Ox(N),pr(z) = Oxz-

We will use our earlier discussion in Section @ to provide an explicit description of pr,. Recall in Theorem
we have a commutative diagram

Ig(p", N) —= ExIg(p",i, N)

S

o—1 F?
X(N)g )

q

where p and p’ are the usual projection maps. By Theorem [2.47] the restriction of pr to any irreducible

component of X is the map p’. We get a commutative diagram:
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T

Oxrgre) = O ety

OEng(meN)w - > Olg(pﬂN)ﬂ

In particular, the map pr,, is the same for each generic point x of the special fiber. Hence, the value of

d, is independent of x in this situation.

Lemma 5.20. We have
Qx/xv) = Ox((p" — D)E(NP")).

Proof. Recall from equation and the paragraphs proceeding it, we have
Qx/xv) =~ Ox Yoo {2t + Y de- {2}
we:{/Qp(<Npr) we:{/]}*q

where the first sum is over closed points of the generic fiber and the second sum is over the generic points of
the irreducible components of the special fiber. By Proposition [5.19] we have

Qx/xv) ~ Ox Z (" —1) {z} + Z dy - {a}
zee(Npr) 2E€X i,

where the first sum is over all the cusps in the generic fiber. As discussed above, the d, values appearing in

the second sum are independent of x. Using the fact that the special fiber is reduced, we have
Qx/xv) = Ox((p" — DE(ND") + duXr, -
Note that X/r_, when viewed as a divisor, is principal (see Proposition . Thus
Qx/xv) ~ Ox((p" — 1)E(Np"))
as desired. O

Recall the map from :
X 25 X(N)/r -5 Spec(R)

Again, for convenience, we let X(/N) denote the base change X(N),r. To compute deg(g%h), our strategy
is to first prove that
w%? =~ Qx p(E(NP))
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using the isomorphism in :
QxR = Qz/x(v) @0x PUwFn (—E(N)).

Our next step is to provide a better description of pr*gg(QN)(fQﬁ(N)).

Lemma 5.21. We have an isomorphism of sheaves on X(Np")

prr Wi (€(N)) = w® ®o, Ox(—p"C(Np")).

Proof. We have
pr*gg(QN)(—Q(N)) ~ pr*g%zN) ®0x (npry PI Oz () (—E(N)).

By Proposition [2.33| and Proposition [2.35] we have

*x ®2 . ®2
Pr Wx(n)y = Yx(Npr):

Since pr maps €(Np") onto €(N) and is ramified at the cusps of degree p” by Proposition we have
prOx(nv) (—€(N)) = Ox(npr) (—p"E(ND")).

Thus
priwiin, (—E(N)) = wF® ®o, Ox(—p"€(Np"))

as desired.

Theorem 5.22. We have
w? ~ Qx/r(E(Np")).

Proof. Recall the isomorphism in states
Qx/r = Qx/x(N) Qox pf*&%?N)(—Q:(N))-
By Lemma [5.20| and Lemma we have

Qx/r ~ Ox((p" — DE(NDP")) @ w§® ® Ox(—p"€(Np"))

~ WP (—~E(Np")).

Corollary 5.23. Let A be an irreducible component of the special fiber of X. We have

deg(w$?[a) = deg(Qx/rla) + deg(C(Np")[a).

78
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The following will allow us to calculate deg(€(Np”)|).
Lemma 5.24. deg(€(Np")|) is equal to the number of cusps {x} which intersect A.

Proof. Viewed as a divisor, €(Np") is equal to the closure of all the cusps of the generic fiber of X by

Proposition 2.37 By Theorem d),

deg(€(Np")[a) = €(Np").A =) {z}.A

where the sum is indexed over z € €(X/q,(¢y,-)) i-e- over the cusps of the generic fiber.
All the cusps are rational, so by Corollary , @ intersects at a single irreducible component of the
special fiber. Therefore

1 if {z}NnA#0

0 otherwise

{z}.A =

so deg(€(Np")|a) is equal to the number of cusps which intersect A as desired. O

For convenience, we let C'(Np") = €(Xq,(¢y,- ), the set of all cusps of the generic fiber. Using Lemma
and Proposition 2.53] we obtain the following:

Proposition 5.25. We have
deg(€(Np")[a) = @ (p")#C(N).

To compute deg(Qx(npry/rla), we will use [Liu02, Theorem 9.1.37]:

Theorem 5.26. Let X — S be a regular fibered surface, s € S a closed point, and E € Divy(X) such that
0< F < X,. Then we have

Qp/ks) ~ (Ox(B) ® Qx/s)|e-

Corollary 5.27. We have

#SLo(Z/NZ)

51 —@(p")#C(N) + deg S(N) - p*

deg(Qx/rlr) =P p(p")

Proof. Applying Theorem to X — Spec(R) and E = A, we get

Qa/r, = (0x(A) ® Qx/R)|a-
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Therefore
deg(Qa/r,) = deg((Ox(A) ® Qx/r)[a)
= deg(Ox(A)[a) + deg(Qx/r[a)
Thus

deg(Qx/r(r) = deg(QA/]Fq) — AA.

By [Liu02, Corollary 7.3.31(a)],
dog(S2a/e,) = 2pa(2) — 2

where p, is the arithmetic genus. By [KMS85, 12.9.4| along with [KMS85], Corollary 10.13.12|, we have

2pa(A) = 2pa(Ig(p",N))

= p”so(pr)w +2— (@ )#C(N)

We have already shown A.A = —degS(N) - p>"~! in Proposition Thus

deg(Q/rla) = (2pa(A) —2) — AA
= prw(pr)w — (P )#C(N) + deg S(N) - p* 1.

as desired.
Recall that the space of cusp forms, by definition, are the global sections of g%Q(—QI(N P")).

Theorem 5.28. We have .
deg(wla) = #SLa(2/NE) | 150 - 15

and 2r—1 r—1

deg(w@?(—€(Np"))|a) = #SLa(Z/NZ)(p — 1) [pm _ pQN ] .

Proof. By Corollary [5.23], Proposition [5.25] and Corollary we have

ace(wZ2n) = o) EERENE) o) o(N) + derSIV) 57 4 oo JAC(N)

Ly(Z/NZ
P i A 2;4/ ) | degs(n) P

80
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By [KMS85], 12.4.5], deg S(N) = w. Continuing, we have
o #SLo(Z/NZ)  (p— V#SLo(Z/NZ)
deg(W?[n) = p"p(0") AZ/NE) | = D#SL(Z/NE) | o
24 24
P’  p = 1)
24 24
P 1) P e =)
24 24

= #SL2(Z/NZ)

= #SL2(Z/NZ)

— #SLy(Z/NZ) | L (p - 1)p2r-1}

I
By Proposition [5.25] along with Lemma we have
deg(W*(—€(Np"))|a) = deg(w§®) — deg(€(Np")|s)
= deg(wy”) — ¢(p")#C(N)
1 . - #SL,(Z/NZ
— #SLa(2/NE) | 15— 0| - [ty EE2NE)

12
2r—1 r—1
p p ] _ 0

12 2N

— 4SLy(Z/NT)(p — 1) [

5.5 An Upper Bound

Recall at the end of Remark we have the following expression for the exponent

e = max {wao(f) —va, (f)} -

1<i<n
FEH® (X,w®?)

At the end of Section 3.3 we established

() = Vape ()= D (deg(w®*|a) — Hp.A') M
AN#A 1,0y

where the sum is over all irreducible components of the special fiber excluding A(; o). We will now provide an

AN

upper bound for e. First we need to compute the sums CA’A/, where ¢ is the entry of T~! corresponding

to row label A and column label A’ (see Section [4.2).

Lemma 5.29. For1<a' <p" —1, we have

prz_l Vp <i - ;) =—(p" = 2)pp(a’).

a#a’
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Proof. We have

=) wla—d)- (Z vp(a) = Vp(a’)> — (" = 2)wp(d) (23)

a=1 a=1
a#a’
Note that
p"—1 a’ —1 p"—1
Zyp(afa/) = vpla —a') + Z vp(a —a')
a=1 a=1 a=a’+1
a#a’
a’' —1 p"—1—a’
= > w@+ Y. v
a=1 a=1
-1 p"—1—a’
= D w@+ D wl
a=—a’+1 a=1
p7_1 p‘?'_a/_l
= > w@+ D wl
a=p"—a’+1 a=1
p'-1
= —ud)+ ) vla)
a=1

Continuing equation (23), we have

= @)+ Y vyla) (Z_ vola) - up<a’>> 0~ 2y()
=—(p" — 2)Vp(a’). O

Proposition 5.30. We have

—p (pr—r+1)+p "(p—Drpla) fA=Aq_q

deg S(N) Z M =

A#A - ,
(1,0) —p r(p?,. —r+ ]_) lf A= A(‘Pb,l)

Proof. We split into two cases, depending on A.
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Case 1. Suppose A = A(; _q). Using Theorem [4.21} we compute

p"—1

o1
§ A — § cAa—anyAa—a), 4 E Aa,—aryA—pb,1)
a=1 b=0

A#A (1,0
p -1 1-2
= AaanAaen 4 Z _plm (pr—r+1) p~>"(p- 1)Vp 11
ot p+1 p+1 !

a a
a#a’
pril_l 1-2r 1 1-2r 1
N p(pr—r+1) p (- )V(a,)
— p+1 p+1 7
T_1
Lo (pr—r+ 1)\ P (-1 R 11
— A<1101),A(11u/) T 2 _1-2r (pr T+ _ - =
c T+ -2 -p P | ;Vpa o
a;a’
1-2r 1-2r
_ r—r4+1 _ -1
—prHP (p ) 1P (p )Vp(a,)
p+1 p+1
Using Lemma, on the sum Y v,(1/a — /a’), we have
o (pr—r+1 rp—1 .
= ctanhae) 4 (p" - 2) (_pl ’ (prp;“:- )> " pf1 ) (=" = 2)vp(a))
1—-2r 1-2r
_or=1\P (pr—r+1) r—1P (r—1) /
I (@)
1—2r 1-2r
— A(l,a’)VA(l.a’) T r—1 _ o 1-2r (pr —r+ 1) _ p (p - 1) (T ’ r—1P (p - 1) ’
‘ H0 =2y (o 0D -2l B @)

A s A ’ 7 r—1 1—2r (pT -7+ 1)) p1727‘(p - 1) T ’ T_1p172r(p - 1) ’
= ¢ (La')yP(a’) 4 -2+ - + —2)vp(a’)) + ———p(a
(» p )(p o ) (0" = 2)vp(a")) +p o1 @)

1_2T(p_ 1) /

M>+(pr+pr—l_2)p 1 l/p(a)

A A ’ r r—1 1—2r
= ¢ (La')7(1a’) — 2+ _
(» p) ( p P

2" (pr—r+1) 2p'*(p-1) . 7»71( 1727-(pr—r+1)>
= - + vp(a') + -2+ - —_—
p+1 or1 @)+ P p+1
1—2r
T T— p p_l
+ " +p 1—2)71)(+1 )Vp(a')

=—p "(pr—r+1)+p "(p— ().
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Case 2: Suppose A" = A(_pp1). Then

p—1 r—1_4

P
E A A — E Apr ) Aa—a)y 4 E A=ppr 1) B (=pb.1)
a=1 b=0

A#N(1,0)

pil <—P1‘2r(pr —r+1) P -1) Vp(a))

= p+1 p+1
r—1_1
2 (pr—r+1) +p ) P prtp—r) P71 W —b)
p+1 — p+1 p+1 °
b£b'
1-2r 1—2r p’—1
P pr—r+1) p(p-1)
= —(p -1 + Vvpla
—2r —2r —2r Tl
2T (pr—r+1) ! 71)171 Tpr+p—r) p'7? (pfl)pz V(b b)
p+1 p+1 p+1 — 7
b
Using Lemma |4.17], we get
- — 1)101’27(107” —r+1) " -1) (pr —pr+r— 1)
p+1 p+1 p—1
¥ pr—rt+l) PP ertp—r) p 1) NPTl opr—1) =2 /
a p+1 - p+1 - pt1 (7Vp(b)+ p—1 +Vp(b))
_ (=D 2P r—rt1) - 1)p1*2T(p7“ +p-r) pT(-1) (p“l —pr—1)+r— 2)
p+1 p+1 p+1 p+1 p—1
T P " — PP D)+ p(r—2)) P (p—1) (p“l —p(r—1)+r— 2)
p+1 p+1 p—1
=—p "(pr—r+1). =

Theorem 5.31. Let N > 3, and r > 1 be integers and p > 2 a prime such that pt N. Let e be the exponent
of  in the annihilator of Ma(D(Np"), Zy[Cnpr])/HO(X,w®?). Then

e < 20" Hpr —r+1).

Proof. For any f € Ma(Np", Zy[(npr]), we always have vy, , (f) > 0. Thus

—vA(f) < A (f) —valf)
= Z (Hy.A — deg(w®?[y)) AN
N#NG o)
= Z (Hy )M — Z deg(w®?|p )M
N#NG o) N#N(1 o)

By Corollary , M < 0. Also note that Hy is an effective horizontal divisor since f has no poles while

A’ is an effective vertical divisor. Since H; and A’ do not have any common components, the intersection
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number Hy¢.A’ is positive. Thus ZA/;&A(I 0 (H;.A)eMN will always be negative. Continuing, we have

<= ) deg(@®?fa)eM
AN#N(1,0

Using Theorem [5.28] the above expression becomes

(p— V)p*" ' #SLy(Z/NZ) 24
- 12 (p — 1)#SL2(Z/NZ)

deg S(N) Z AN

N#N1,0)
= —2p" 'degS(N) > M
A'F#N (1,0

Using Proposition [5.30} we have
20" Hpr —r+1) = 20" Hp—1Dypla) ifA= Ai,—a)
20" pr —r +1) if A= A_pp)

which is maximized whenever a is coprime to p and attains a value of 2p"~!(pr — r + 1). O

By replacing w®? with w®?(—€(Np") in the proof of Theorem [5.31] we obtain an upper bound for the

exponent in the situation of cusp forms.

Corollary 5.32. Let N > 3, and r > 1 be integers and p > 2 a prime such that pt N. The exponent e of &
in the annihilator of So(U(Np"), Zy[Cnpr])/HO (X, w®?(—€(Np")) is bounded above by

12
2" Ypr —r+1) — —=(pr —r+1).
( )~ )

Proof. Using Theorem to compute deg(w®?(—€(Np"))|s), we get an upper bound of

2r—1 r—1
P p 24 AN
_#SLy(Z/NZ pl{ - ] deg S(N M
2Z/ND)P =1 |55~ ~ 5§ | p-Dasta@/nz) 85 )A/gi §
12 r—1 ,
— [ ;]DV — 2p2r1} deg S(N) Z MDA
N#N1 o)
12p7
< —[ ];\, —2p2”‘1] p " (pr—r+1)
12
=2p" Y pr —r4+1) = = (pr—r+1). O

Np
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Remark 5.33. We compare our result in Corollary with Edixhoven’s method in [Edi06]. He considers
the situation of weight k = 2 and level I'y(N) cusp forms where ord,(N) = 1, and bounds e via the inequality

deg(Qx,(n)la)
degS(N)

We will show a similar inequality holds our situation. Let Ay, Aq,..., A, denote the irreducible components
of X where Ag contains the cusp oo. Let f € My(Np”, Z,[(npr]) be a non-zero cusp form such that va, (f) = 0
and, without loss of generality, let —m := v, (f) < 0 be the minimum among the values in {vy,(f)};—,. By
scaling, we can assume vp,(f) = m, va,(f) =0, and vp,(f) > 0 for i = 2,...,n so that f has non-negative
valuation along every irreducible component i.e. f € H°(X,w®?). We can write the divisor associated to f
as .
div(f) = Hy +mhAo+ Y va, (f)A;

i=2

where H is the horizontal part of the divisor div(f). By Theorem|5.22} the sheaf of cusp forms w®?(—€(Np"))

is isomorphic to the relative dualizing sheaf Qx,r. Since X is an arithmetic surface, we can use intersection
theory (see Theorem [2.24)), along with Proposition |3.11} to compute:

deg Qx/p[a, (—mS(N)) deg(Qx/r[a,) — mdeg S(N)

= deg(div(f)[a,) — mdegS(N)

= div(f).A1 — mdegS(N)

= HpAv+mAo A+ Y v, (f)Ai Ay — mdegS(N)

=2

= Hy.Ai+m(Ao.Ar — degS(N)) + > va, (F)AsAs.
=2

Since f has no poles, Hy is effective so Hy.A; > 0. By assumption, va,(f) > 0 for ¢ = 2,...,n; we also
have A;.A; > 0 since A; and A; have no common components. Lastly, Ag and A; intersect precisely at the
supersingular points, so Ag.A1 > deg S(N). Therefore we conclude

0 < degQx/glr, (—mS(N)) = deg(Qx/rla,) — mdegS(N).

Using Corollary [5.27], we have:

deg(Q2x/r|a,)
m = e 7 b

deg S(NV)
L P ) EEREND — o(pn)#C(N) + deg S(N) - p* !
deg S(N)
_ 29 )#SL(Z/NZ) | 24p(p)#SLa(Z/NZ) | oo
24(p — 1)#SL2(Z/NZ) ~ 2N(p — 1)#SL2(Z/NZ)
_ PP 12— 1) | e
p—1 N(p—1)
_ 2r—1 12pr_1 2r—1
= p N TP
_1 12pmt
— 2 2r—1 _
P N

which provides an upper bound for e. When r = 1, this bound agrees with the bound in Corollary [5.32] but
in general is larger by a factor of p”/(pr —r + 1).
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6 A Lower Bound

In this section, we will use Klein forms to build an explicit modular form in M(T'1(p), Z,[(p]) for each
prime level p. By viewing these modular forms at level I'(Np") with coefficients in Z,[(n,r], we will obtain

a lower bound for the exponent.
Definition 6.1. A nearly holomorphic modular form is a modular form which is allowed to be mero-

morphic at the cusps.
Fix (ri,72) € Q* —Z2. Let 7 € H, ¢ = €2™7, and ¢, = €% where z = r;7 + ro. Define the Klein form

F(ryra) (1) = €2 DD (1 =) TT (1= ") (1= q"gz (1= ¢™) 72 (24)
n=1

The following result, which is [EKS11, Theorem. 2.6], builds upon results in [KL81] §2.1, §3.4] which
establish a criterion for when a product of Klein forms is a nearly holomorphic modular form.

For r € R, we let (r) denote the fractional part of r. Note (r) = 0 precisely when r € Z.

Theorem 6.2. For an integer N > 2, let {m(t ) Y be a family of integers. Then the product
N-1
T) = H /‘f(t/N,o)(NT)m(t)
t=1

is a nearly holomorphic modular form for T'1(N) of weight k = Zt 1 m( ) if

N-1
m(t (mod ged(2, N) - N).
t=1

b
Furthermore, for o = ( “ J > € SLy(Z) we have
c

ordy (k(7)|[ak) = % N_lm@ <gd(t N)> (<gd(t zv>> - 1) '

Using this result when N = p is an odd prime, we will choose a family of integers {m(t)}i\;l such that
k = 2 and ord, (k(7)|[a]2) > 0 for all @ € SLo(Z). This guarantees that x(7) is a weight 2 (holomorphic)
modular form of level I' (p). As I'(Np") < T'(p) < I'1(p), this also gives us a modular form of level I'(Np")
as originally desired.

It may be natural to choose m(t) to be zero for most values of ¢ in order to simplify the quadratic
condition in Theorem and the expression for the order. Consider the situation when m(t;), m(t2), and
m(ts3) are the only non-zero values for some distinct t1,t9,t3 € {1,2,...,p — 1}. By Theorem [6.2] we seek
m(ty), m(t2), and m(ts) such that

m(ty) + m(ta) + m(tz) = —2
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m(t)t? + m(t2)ts +m(t3)t: = 0 (mod 2p)

ngCP (Zm <gcdcp)><<gcciﬁp)>1)>zo
for all a,c € Z.

To satisfy the first condition, we can take m(t;) = m(tz) = —2 and m(t3) = 2. The second condition

and

becomes
—t3 — 2+ t2 = 0 (mod p) or equivalently ¢? + t3 = ¢2 (mod p)

which can be satisfied if we take (¢1,t2,t3) to be a Pythagorean triple. As we now show, taking t; = 3,ty = 4,
and t3 = 5 suffices if p > 5. For convenience, we let (z,y) denote ged(x,y) for x,y € Z.

Proposition 6.3. The product of Klein forms

K(T) = K3/p.0)(PT) "2 K4/p,0) (PT) K5 p,0) (PT)?

is a weight 2 modular form of level T'1(p) for p > 5.

Proof. Define m: {1,...,p—1} — Z by

-2 ift=3,4
m(t)=492 ift=5
0 otherwise

By Theorem the product «(7) defined by m(¢) is a weight 2 nearly holomorphic modular form of level
T'1(p). It remains to show x(7) is holomorphic at the cusps. The order of k(1) is given by

ordy(r(7)|[a]2)

= () () ) 2 () - ) 208 () )

b
where o = [ ¢ J € SLy(Z). We will show this expression is always non-negative.
c

Since (c,p)?/2p > 0, we can ignore this factor. Dividing through by 2, our goal is to show

Vo) () )~ e (Gem) =) () () )

or equivalently

(o) (=) +am) (- (em)) - () (- (&5)

is non-negative for all a, c € Z.
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Let
f(@) = (3z) (1 = (3z)) + (4z) (1 — (4z)) — (5z) (1 — (b)),

noting that f(a/(c,p)) is the expression we are showing is non-negative. Since (z) is periodic with period
0 < x < 1, it suffices to show f(z) > 0 for all 0 < 2 < 1. Noting that

(=2) (1= (=2)) = (1 = {2))(1 = (1 = {2))) = () (1 = ())

we can conclude f(—z) = f(x). Therefore it suffices to show f(z) >0 for all 0 < < 1/2.

We accomplish this by finding an explicit piecewise defined expression for f(z) and then computing its
derivative. Note that

3x(1 — 3x) ifo<z<lis

(Bz) (1 —(3z)) =< 3(x—1/3)(1 —3(x —1/3)) if1/3<z <23
3(x—2/3)1—-3(x—2/3) if2/s<zr<l

3z(1 — 3z) ifo<z <3
=¢Bx—1)(2-3x) iflzs<xz<?s.
3Bz—-2)(1—2z) if2s<z<l1

Similar expressions can be obtained for (4z) (1 — (4z)) and (5z) (1 — (5z)). Putting these together, we have

3z(1 — 3z) + 4x(1 — 4x) — bz (1 — 5x) ifo<z<lis
3z(1 — 3z) + 4x(1 — 4z) — (52 — 1)(2 — 5x) if s <z <l
flz) =< 32(1 — 3z) +2(4z — 1)(1 — 2x) — (5x — 1)(2 — 52) ifl/a<z<l/3.

Br—1)2—-3x)+24ex—-1)(1—-22)— b —1)(2—-5z) iflzs<z<?s
(32 —1)(2—32) + 2(dz — 1)(1 —22) — bz — 2)(3—5x) if2s<a <2/a
Thus we can compute the derivative directly:
2z ifo<z<is
2—-8z iflfs<z<ll
f(x)=10 if a<z<l/s

6x —2 ifl/3<xz <25
2—4x if2/s5<x <2
This shows that the pieces of f(z) are either strictly increasing, strictly decreasing, or constant in their

appropriate interval. For each interval, the following table shows if f(z) is increasing, decreasing, or constant
based on f’(z). The value of f at the rightmost endpoint is also calculated for each interval.

a<xz<b 0<z<ls|ls<z<la|la<z<lz|ls<axz<?2s|2s<ax<l
Inc, Dec, Con | increasing decreasing constant increasing decreasing
f(b) 2/5 0 0 2/5 0

Thus we conclude f(x) > 0 for all z. Consequently, x(7) is holomorphic at each cusp so is indeed a
modular form. O

For our purposes, we view x(7) as a modular form of weight 2 and level I'(Np") over Z,[(np]. We
compute the valuation of its g-expansion at each cusp. The g-expansion at oo for k., ,)(7) was given earlier
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in equation (6.2). In particular, the g-expansion of r(ay, 0)(p7) is

N
sle
—
‘G\P

P

H(”/D,O)(p’r) =4q 1 —q“ H 1 —¢™"q a — g )(1 _ qpn) 2
n=1

Thus the g-expansion of k(1) is:

K(T) = K(3/p,0) (D7) 2 K(a/0,0)(PT) 2 K5/,0) (07)°

p15(5_
*25 (5 1>2(1 = ¢®)2 182, (1 — ¢P"¢®)2(1 — ¢Pq™%)2(1 — ¢P™) 4
T,z 3_ 144_
2P0 325 (- aPnad)2(1 - qPra=3)2(1 — gpm)—4P 2 P P TP g2 1 (1 - gPrat)2(1 - gPrg—4)2(1 - gpm)—4
pB5(5_1
- B Py (5 )(1 ~ 52 lo_o[ (1= qPTg5)2(1 — qPPq—5)2(1 — gPn)—4
qp%(% Do q3)2qpp(p Dy gtz n=1 (0= qP"q3)2(1 — qPq=3)2(1 — gP™)~4(1 — qP"qH)2(1 — qPq—4)2(1 — gP7) 4
512 oo —5\2 —4
S B ) I (1-¢"¢°)*(1 - ¢""q°)*(1 - ¢"")
(IT=¢*)2(1=q*)? 25 (L= ¢mg®)*(L = gPnq=2)* (L = q7")*(1 — q?"q*)>(1 — qnq=*)> (1 — gPm) 4

_ . (=g ﬁ (1-4¢""¢°)* (1 — "¢ °)*(1 — ¢")*
(1—¢Pg®)?(1 — gPng=2)2(1 — gPmg*)?(1 — gPng=*)?2

which has all integral coefficients.

To compute the g-expansion of x(7) at the other cusps, we use the following identity for Klein forms,

b
which can be found in [EKS11l Prop. 2.1]. For any a = < “ J ) € SLy(Z), we have
c

ar +b
ct+d

K(ry ) (QT) = K ( ) = (e + d)_lma(rl’rz)(r).

We let m, =1 — (npr which is a uniformizer of Z,[{npr].

Proposition 6.4. The m.-adic valuation of k(T) at its q-expansions around the cusp 0 is —2p".

1

Proof. Let 0 =
-1 0

) € SLy(Z); note o - 0o = 0. The g-expansion of k(1) at the cusp 0 is given by

K(5/p,0) (D - oT)?
T263/p,0) (P 0T) 2K (a/p,0) (D 0T)?

K(7)l[o]2 = (—=7) k(0 - 7) =

Observe that
K’(’f‘lﬂ‘z)(p : UT) = K(r1,m2) ( p/T) = K(r, 7‘2) (T/p)
= (=7/P) Ko (rare) (T/P) = =(T/P) ™ Ki(rg,—r) (T/D).
Thus
(7/p) " 2K(0,—5/,) (T/D)?
T2(7/P) 2K (0,—3/,) (T/P)2(T/P) ~2K(0,— /) (T/P)?

Fi0,~5/p) (T/P)?
K(0,—3/) (T/P)? K (0,—1/,) (T/P)?

p2
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Using equation , the g-expansion of kg _a/,) (1/p) is
F(0,—on) (/D) = €% ) [T - a/7¢ ) — /P (1 - g7/7) 2
n=1

where ¢, = ¢>™"/P. Therefore

K(7)l[o]2

e i § Y e D e A S M O O I

PE] - mid _ -
p2e” P (1= )2 TIR, (1 — q/P¢ °)2 (1 — q/PE3)2 (1 — qn/P) 4™ P (1= G ) TInL, (1 — ¢/P¢, )2 (1 — qn/P¢h)2 (1 — gn/P)—4

_ e*“‘iu—c* ﬁ o) W Ut ) W Ul
T R0-G R0 L TG R R — G (L - g G)?
& (1— (1—q"/P¢,°)%(1 = q™/PG)* (1 — ¢"/7)*
. 25
PG H (0= G R0 — GRG0 — i )

Observe that the g-product appearing above in has g-expansion of the form 14 O(q). Note that 1 — Cor

is a uniformizer for Z,[(npr] for a coprime to p. Furthermore,

T

(1= ¢ PV [Cnpr] = PLp[Cnpr] = (1= )P Ly [Cvpr).

Thus the minimal valuation among the coefficients of the g-expansion of x(7)|[o]2 is

G 1-6")? _, 1 _ o Ve (1=t
%<ﬁu—@WO—@W>_”«fa—@W>_2(MM+MG @)

=2 (pr_l(p —-1) —i—pr_l) =—-2p". O

Next we will handle the case of p = 5.

Proposition 6.5. The product of Klein forms

H(T) = K(1/5,0) (5T>4I€(2/570)(57’)_211(3/570)(57')_4

is a weight 2 modular form of level T'1(5).

Proof. Define m: {1,2,3,4} — Z by

4 ift=1
2 ift=2
m(t) =
4 ift=3
0 ift=4

Note that
m(1l) +m(2) + m(3) = -2
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and
m(1)- 12 +m(2)- 22 +m(3) -3 =4-12 -2.2% —4.32

= —40 = 0 (mod 10).

By Theorem the product x(7) defined by m(t) is a weight 2 nearly holomorphic modular form of level
I'y(5). It remains to show () is holomorphic at the cusps. Similar to the proof in Proposition [6.3] it suffices

to show

() s (@) () - ()
for all a,c € Z. Let

f(@) = 4(x) ((x) = 1) =2 (22) ((22) — 1) =4 32) (3z) — 1).

As before, it suffices to show f(x) > 0 for 0 < x < 1/2. Since we consider z of the form a/(c, 5), it suffices to
show f(z) > 0 when = = 0,1/5,2/5 or 1/2. We compute directly:

f(0) = f(1/2) =0
=1 3) () (2) )4
=1 () () () ()

Consequently, k(1) is holomorphic at each cusp so is indeed a modular form. O

The same proof holds from Proposition to show the g-expansion around the cusp 0 of our modular
form x(7) from Proposition [6.5] has 7,-adic valuation equal to 2(5").

Theorem 6.6. For p > 5, a lower bound for e is given by 2p".

Corollary 6.7. Letp > 5 be prime. The exponent e of w in the annihilator of My (T (Np), Zy[Cnyp)) /HP (X(Np), w®?)
is equal to 2p.

Proof. When r = 1, a lower bound for e is given by 2p. By Theorem [5.3T} an upper bound for e is given by
20" Mpr—r+1)=2p"(p—1+1)=2p

which agrees with the lower bound. Hence e = 2p. O
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A Appendix — Circulant Matrices

Definition A.1. An n X n circulant matrix C over a field is any matrix of the form

Co Ch—1 -+ C2 C1
C1 Co s C3 C2
C =
Cp—2 Cp-3 - Co Cp—1
Ch—1 Cp—2 -+ C1 Co

where each column is equal to the previous column shifted downward by 1, looping around as appropriate.

The entries ¢; ; of an n x n circulant matrix can be characterized by the equation
Cij = Ci—j+1,1

for all 1 <4, j < n where the index i — j+ 1 is taken modulo n among the residue classes in {0,1,...,n — 1}.
Let ¢, = €*™/™ denote a primitive nth root of unity. The following provides an explicit description of

the eigenvalues and corresponding eigenvectors of a circulant matrix.

Lemma A.2. The eigenvalues of a circulant matriz C = (c;;) are precisely

n—1

\j = Z cp(ID(—k)
k=0

forj=1,....,n. A corresponding eigenvector of \; is given by
S -1 c20-1) (n-1)(G—1)
Uj:%(lacn 7<n 7"'7Cn )

Proof. We will verify that Co; = \;0; for all j. For 1 <i < n, the i*" entry of C#; is

L (Ci_l il a0 e eoCDGD G L cigfl"*%*l))

N

i—1 n—1
1 ) . 1 ) .
- = § Ckg(lzflfk:)(jfl) +— § CZCT(LTL71+17€)(]71)
\/ﬁk:O Vn po
i—1 n—1
1 ) . 1 ) .
_ § :Ckg(ZnJrzflfk)(jfl) + § :CZCT(LanHfZ)(jfl)
ﬁk:o VLD —

1 n—1 ) )
= ﬁzckc(nﬂ—l—k)(a—l)
k=0
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while the i*" entry of \;; is

1 . ] n—1 , 1 n—1 ] ] .
747(11—1)0—1) Z ckaﬂ_l)(n_k) - Z ckcéj—l)(n—k)ﬂl—l)(ﬁ—l)
\/ﬁ k=0 \/rﬁ k=0
1 n—1
- Z Ckgr(lj—l)(n—ﬁ—i—l—k)
VS

which agrees with the i*" entry of C; for all i. O

Circulant matrices are always diagonalizable (see [KWO01, §2|) so we can write C = PDP~! where the

columns of P are the eigenvectors vy,...,4, and D is a diagonal matrix whose diagonal entries are the
corresponding eigenvalues A1, ..., A,. Explicitly,
1 1 1 1 1
, 1 ¢ 4721 7772 371
P=_—1 : : : o : ;
\/ﬁ - - - . .
1 C:LL_Q C’V(In72)2 L C”(1n72)(n72) C7(1n72)(n71)
1 <n71 T(Ln—l)Q . <£Ln—1)(n—2) CT(Ln—l)(n—l)

We see the (i, j)-entry of P is equal to ((l D= 1)/\/ﬁ for 1 <14,57 <n.
Lemma A.3. The matriz P is unitary i.e. the inverse of P is equal to the conjugate transpose P*.

Proof. Note that P is symmetric and the conjugate of ¢, is ¢, = ¢;!. The (i, j)-entry of PP* is equal to

n—1

(i— 1 1) k(-
fz k(i—1) J 1)_EZ<S( 1)an(J 1)

k=0

_lnigk(i—j)_ Loifi=j
n i 0 ifit]

Hence PP* = I,, so P* = P~1. O
Now that we know C' = PDP*, we can describe the (i, j) entry of C~1, if it exists.

Proposition A.4. Let C be an n x n invertible circulant matriz whose entries along the first column are

C0,C1y---,Cn_1 in that order. Then the (i,j)-entry of C~' is equal to
1 n
—1 r(k—1)(i—j
LS e
k=1

where \j = Z" _10 cmCr G=D0=m) 4re the eigenvalues of C for 1 < j <n.
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Proof. We compute out the product C~! = PD~!P*. The matrix PD~! will be of the form

Al_l )\2_1 A'gjl e )\;il )\;1
) )\1*1 A;lcn )\gICTQL o A;ilcg—Q )\;19?_1
PDil = — . : . .
\/ﬁ . ‘ ( 2)2 ( ‘ 2)(n—2) ( ‘2)( 1)
. (N - n— - n—2)(n— _ n—2)(n—
/\11 A 1Cn 2 A3 el )\nil ;s Phetes
AL agient a2 a2 D))

Thus the (i,j)—entry Of PD 1 is equal to
—1,(i—1)(5—1

and so the (i, j)-entry of PD~!P* is equal to

I : : I -
ﬁ Z)\];1gr(szl)(kfl)Cg(kfl)(Jfl) — E ZAglc’Ekal)(zfj). O
k=1 k=1

Using our explicit description of the entries of C~!, we can establish the following.
Corollary A.5. The inverse of an invertible circulant matriz is circulant.

Proof. Let C = (c¢; ;) be an n x n circulant matrix whose entries along the first column are ordered
€0, €1y .-+, Cn—1 SO that ¢p11 = ¢ for 0 <m <n—1. By Lemma the (i, 7)-entry of C~! is equal to

n n—1

1 o

ij — — (k—1)(n—m) (k—1)(i—7)

= E ( E cmGy ) Cn .
k=1 \m=0

To show C~! is circulant, we will establish the relationship ¢/ = ¢!=7+1:! where the index i — j + 1 is taken
modulo 7 in the residue class {1,2,...,n}. In the above expression for ¢/, the index (i,5) only appears in
the term (,(Lk_l)(l_]). Observe that

CT(kal)((i*jJrl)*l) — CT(kal)(i*j)_

Hence ¢ = ¢#=i+h1 g0 C~1 is circulant. O
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B Appendix — Inverse via the Woodbury Matrix Identity

Let A be an n x n invertible matrix, C' an invertible k x k matrix where k < n, U an n x k matrix, and
V a k x n matrix. The Woodbury matrix identity states

(A+Ucv)t=A"1—A" U Ct+vAaAlUu)"tval.

A proof of this identity can be found in [HS81) 1.3]. This identity allows us to compute the inverse of
A+ UCV provided we can easily compute the inverses of A and C~' + VA~U.

In general, we can use the Woodbury Matrix Identity to compute the inverse of A + N where A is an
n X n invertible matrix and IV is an n X n matrix of rank &, provided A+ N is invertible. Let U be the n x k
matrix whose columns ¥y, ..., 7y are the k linearly independent columns of N. Let u; denote the vector in

the 7th column of N which can be expressed as
ﬁi = 61171 + -+ Ckﬁk.

We define the ith column of the k£ x n matrix V to consist of entries ¢y, ..., ¢, in that order. Consequently,
N =UCV where C = I, is the k x k identity matrix.

Using the Woodbury Matrix Identity, we will provide a formula for the inverse in the following situation
as encountered in Section [£.3] Let A be a block diagonal matrix with two invertible blocks of sizes n x n

and m x m. The inverse A~! is also block diagonal with blocks of the same size. We write

aix - QAlin
0
A—l — ap1 Ann
bir - bim
0
bml e bmnz
We also consider the case
0, 1,
0y 1o
1; 1 n O 0
v=1| o0, 1, andV:(Ol 02 . 11 ) )
11 01 1 2 n 1 m
1 Om

where the subscripts on the 0 and 1 entries are there to help keep track of their position.
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Proposition B.1. Let T = A+ UV where A, U, and V are the given matrices above. Let ¢/ denote the
(i,7)-entry of T~1. We have

p - - _ .
A Yoain | (Dans| ifl<ii<n
k=1 k=1
1 m
< ai,k) (Zbk,j> ifl<i<nandn<j<n+m
Cij: B o k:;l
aﬂ <Z )(Zak,a) fl<j<nandn<i<n+m
k=1

k=1

bij+ 1 B(Zb’k> <Zbk7j> ifn<ij<n+m
k=1

where o = > a; ; is the sum of all entries in the first block in A~ and B = > b; ; is the sum of all entries
in the second block in A=1.

Proof. By the Woodbury Matrix Identity,

AT AT UL+ VAT T VAT
We first compute

01 11
02 1o

ail -+ Qln

vA~lU = Vv anl ***  Qnn 0, 1,
11 01

b b . .
ml 'mm 1 Om
n
0 Y
i=1
n
0 e
i=1

n
_ 11 1o --- 1, 01 Om 0 Zan,i
0p O2 -+ Onp 11 -+ 1y =1

0 Z a;j

— B,j=1
- m
> bi 0
i,j=1
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Hence

(L+ VAU = (

Next we will compute

UL ' +vATiU) 'V =

Lastly, we compute

AU 4+ VAT ) v AT

1—ap

1—ap

a11

an,1

0
0
B> aiye

_ﬁ Z Qn, ¢
dbiy

Z bm,[

-1
1 « _ 1
6 1 1—ap
1 U 1 — 11 12
1—ap -3 1 0, 0
0, 1y
0 1o
1 o I, 1
0 1
1 _ a/B n n ( _ _
1, 0 B1 —PB
1,, O,
-8 -8 - 1
-5 -8 - 1
) : : : .1
| 4 P -8 -
1 1 1 —«
1 1 1 —«a
a1,n 0 0 *ﬂ
Qnn 0 0 -5
0 b11 bi,m 1
0 bm,l bm,,m 1
*5 Z ai.e Z aie
_6 Z An, ¢ Z An,¢

Sbig

_O‘Zbl,f

Z bm,é —« Z an,Z

_Bn

Zal,e

Z An,¢
—ay by

—« Z bm,f

We now describe the (4, j)-entry of the above product in four different cases.

—oq
1
1
1
—Q
—
A—l

—Qi,

98
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Case 1 (1 <i,j <n): The (i, j)-entry is equal to

n n

k=1 k=1
Case 2 (1 <i<nandn<j<n+m): The (i, j)-entry is equal to
n

1 m 1 n m
1—0{52 (Z ai,m> br,j = 1= af <;aiyk> (I;bk]>

k m=1

Case 3 (1 <j<nandn<i<n+m): The (i,j)-entry is equal to

1 n m 1 m N
1—ap ; (; bi*”‘) Ak,j = [ <Z bi,k) (2_: %,j) .

Case 4 (n <i,j <n+m): The (i,j)-entry is equal to

A, m Y .
1-— O[ﬁ ; <_Oémz_:1bi,m> bk,j = _m ( 1bi,k> (I; bk:,j) .

k=

i (s = (S ) (S ) - (e

)

Subtracting these quantities from corresponding (i, j)-entry of A=! gives our desired result.

n

k=

ak’j> .
1

99
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C Appendix — Computation of d, for the generic points of the spe-
cial fiber

Throughout this chapter, we will use the following notation:

e N >3 and r > 1 will be integers and p > 2 will be a prime such that p{ N
e X(Np") and X(N) denote the modular curves of level [I'(Np”)]°®" (resp. [['(N)]°*") over R = Zp[Cnpr].

o F, will denote the residue field F,(Cn) of Z,[(npr] where ¢ = p* where £ is the order of p in (Z/NZ)*.

Let © € X(Np") be a generic point of the special fiber and let
pr: X(Np") = X(N) /g

denote the usual projection map as shown in . At the end of Section we considered the quantity d,,
which was the valuation of the different ideal in Ox(npr) . from the induced map on stalks

Pry + Ox(v),pr(z) = Ox(vpr) .-
Equivalently, d,, is the valuation of
¢ )
Ox(npry,a/Ox(N),pr(z)

Annox(Npr)’I (Q

in Ox(npr),2- At the beginning of Section @, we deduced that the map pr, fits in a commutative diagram

Fr
Ox(N)/qupr(I) OX(N)(/T}’,;P),pr(z)
pr, Px (26)
Orxig(pr,rN)e —— Olg(pr V) 2

where p : Ig(p”, N) — X(N)/r, is the usual projection map.

Since z is not a supersingular point, by Proposition b), P is finite étale. Furthermore, x is the
generic point of Ig(p", N) and pr(z) is the generic point of X(NV)/, so p. is a finite separable extension of
fields. By passing to the strict Henselization, p, becomes an isomorphism so p!, becomes identified with the
rth-fold Frobenius on strict Henselizations. In other words, after taking the strict Henselization of pr,, the
induced map on residue fields pr, = p, can be identified with the rth-fold Frobenius. We will develop the

necessary results on strict Henselizations to allow us to compute the valuation of Anne, (NpTye QL

pry )» Where

Q%)rm is the module of relative Kahler differentials of pr,, given this information.

In section the quantities d, show up in the computation of deg(g%?Npr) |o) where A is an irreducible
component of the special fiber. Since the value of d, is the same for every generic point x of the special
fiber, we did not need to know the exact value of d,. However, if we consider the modular curve of balanced
Ty (Np")-level structure, as defined in [KMS85] §3.3], then the values of d, are not all the same. Indeed,
[Cail8l B.17] provides an explicit description of the projection map restricted to the various irreducible

components of the special fiber, which are all not necessarily the same.
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Definition C.1. Let R be a local ring with residue field k. We say R is Henselian if it satisfies Hensel’s
lemma i.e. for each monic polynomial P € R[T], every simple k-rational root of the reduction P € k[T lifts
to an R-rational root of P. Additionally, if k is separably closed, then we say R is strictly Henselian. For
example, all complete DVRs are Henselian.

Choose a separable algebraic closure k%P of k. A strict Henselization of a local ring R is a strictly
Henselian ring R*® with residue field k5P along with a local map i : R — R*" satisfying the following universal
property: for any local map u : R — A, where A is strictly Henselian, and any k-map « : k%P — k4, where
k4 is the residue field of A, there exists a unique local map u*" : R®" — A such that the diagram

k(% kSep

e

R—‘s ph ka
A .

commutes. Note that u*" induces the map « on residue fields. According to [Sta21, Tag04GP], the strict

Henselization of R always exists.

The following lemma, which is [Sta21l Tag04GU], shows the strict Henselization is determined by a map

on the separable algebraic closure on residue fields.

Lemma C.2. Let R — S be a local map of local rings and ¢ : kr — kg the induced map on residue fields.

Given a commutative diagram

b
sep sep
kR kS

I

kr — ks

there exists a unique local ring map f : R® — S such that the diagram

Rsh f Ssh

commutes and f induces ¥ on the residue fields.

While in general the map R — R*" fails to be finite type so is not étale, it is formally étale.

Definition C.3. A map of A-algebras g : B — C is formally smooth if for every commutative diagram
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of rings
C——R/I

N
N h
g N
N
Q

B——R

where I C R is an ideal such that I? = 0, there exists a map of A-algebras h: C — R such that the above
diagram remains commutative.
If the map h : C' — R isunique (without necessarily existing), we say g : B — C'is formally unramified.

If h exists and is unique, then we say g is formally étale.

Proposition C.4. Consider ring maps A 5 B4 C. We have an ezact sequence
QlB/A ®B C i) Qlc/A — QIC/B — 0

of C-modules where « is given by a(db® ¢) = c¢- db. Moreover, if g is formally smooth, then « is injective.

Proof. Exactness is proven in [Liu02, Prop. 6.1.8(b)] which we will briefly summarize. We will then adapt
the proof of [Mat86l Thm. 25.1(2)] to prove the injectivity of « when g is formally smooth.
Let N be a B-module. By the universal property of Kahler differentials, we have an isomorphism of
A-modules
Homp(Qp, 4, N) = Dera(B, N)

between B-module homomorphisms and A-derivations, given by ¢ — ¢ o d where d : B — Qg /A is the
universal derivation.

Proving exactness amounts to proving exactness of the dual sequence
0— HomC(Qlc/B,N) — HomC(Q};/A,N) — Homc(Q}B/A ®p C,N).

Using the fact that HomC(Q}B/A ®p C,N) = Homp (Q}B/A,N) and the universal property of Kahler differ-

entials, it suffices to show
0 — Derp(C,N) — Dera(C,N) — Ders(B, N)

is exact. The first map in the above sequence does not change the derivation while the second map is given
by D — D o g which can be readily seen to be exact.

Suppose now g is formally smooth. We will show « is injective by showing Der 4(C, N) — Der4(B, N) is
surjective. Define the ring C'* N to be the abelian group C'® N endowed with multiplication given by

(e,n) - (c,n') = (ec,en’ + 'n).

Note that the subring {(0,n) : n € N} of C*N is isomorphic to N, and N? = 0. Furthermore, (C*N)/N ~ C.
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Let D € Dera(B, N). Consider the following commutative diagram

e ¢
]
B— % CxN

where ¢(b) = (g(b), D(b)). Since g is formally smooth, there exists a map h : C — C % N such that the
above diagram remains commutative. For any ¢ € C, we write h(c) = (¢, D'(c)). Since h o g = ¢, we have
D = D' og. It remains to show D’ € Ders(C, N); in particular we must show that D’ is A-linear map
satisfying the Leibniz rule.

Since h is already A-linear, we have D’ is A-linear. Let c1,co € C. We compute
(Clcg,D/(Clcg)) = h(Clcg) = h(C]_)h(CQ)

= (c1,D'(c1)) - (ca, D'(c2)) = (c1c2,c1 D' (c2) + 2D’ (¢1)).

Hence D'(c1¢2) = ¢1D'(¢a) + caD'(c1) as desired. O

Now we will list some properties of strict Henselizations.

Proposition C.5. Let A be a local ring.
a. The map A — A is formally étale and faithfully flat.
b. Ais a DVR if and only if A" is a DVR.

Proof. Statement (a) is [Sta2ll Tag07QM, Tag07QN] and (b) is [Sta21l TagOAP3]. O

We will now show that taking strict Henselizations, as well as completions, does not change the valuation
of the different.

Lemma C.6. Let A — B be a finite local map of DVRs. The induced maps A= B on completions and

Ash — BsP on strict Henselizations are finite.
Proof. Since A is noetherian and A — B is finite, by [Sta21l Tag0O0MA], we have B ~ A®4 B. Thus
tensoring A — B by A , yields a finite map

A=A®,A—>B®,A~B

so B is finite over A. Since A — B is finite, the map on residue fields k4 — kg is also finite, hence k%P ~ E35P.
Tensoring A — B by A" yields a finite map A" — B ®4 A", By [FK88, Corollary 3.2], B ®4 A" ~ Bt

hence B! is finite over As". O
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Proposition C.7. Let A — B be a finite local map of DVRs. The valuation of the different ideals Dp /4,

Dpen/aen, and QB/A in their respective rings are equal.

Proof. By Proposition W ), we have Dp/y = AnnB(Q}B/A) and by Lemma we can make the same
identification for A — B and A" — B, Using Proposition the commutative diagram

Ash N Bsh

]

A B

gl\/es us ‘WO exac Seque]lces
&21 sh ® Ash Bbh — Ql sh — Ql sh sh — O

and

0= Qps @B B = Qpan g = Qpanyp = 0.

Note that B — B! is formally étale. By [[Sta21], Tag0OUO], the Kahler differentials of any formally
unramified map of rings is trivial hence 9}4511 /A= Q}gsh /B = 0. Thus from our two exact sequences we
conclude

Opja @B B = Qpan /g > Qg gon-

As B — B is flat and Q}B/A is a finitely generated B-module, we can use Lemma to conclude
@Bsh/Ash = Al’lnBsh (QlBsh/Ash) = AnnBsh (QIB/A ®B BSh)

= Annp(Qp,,) B = D 4 B

which shows Dp/4 and D gsn4en have the same valuation.
For completions, since B ~ B ®4 A and Kahler differentials are compatible with base change, we have

1 ~ Ol ~ Ol N~ Ol 5
QB/A_Q(B®AA)/A_QB/A®B(B®AA)_QB/A®BB

As B — Bis flat, we can again apply Lemmato conclude QB/A = ’DB/AB. Hence ®p,/4 and :DB/A

have the same valuation. O

Thus taking strict Henselizations and completions does not affect the valuation of the different ideal.

Taking the strict Henselization of the map pr,, we get a map prsP : O;eh( N) )~ osh whose induced

,pr(z X(Npr)x

map on residue fields prs" fits in the diagram

sh FT; sh
O%(N)/Wq,pr(x) Ox(N)(/’uf,_T),pr(a:)

| y

sh = 5 sh
OExlg(prmN)J Olg(pT7N),w
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coming from . However, we still do not know explicitly what the map prs" does; we have only established
that the map on residue fields is the rth-fold Frobenius. To remedy this, we will instead define an explicit
map on completions g : @x( N),pr(z) — @x(Npr),m such that the valuation of ®, agrees with d,. First we
justify our ability to do so.

Lemma C.8. Let R be a noetherian local ring. Consider the diagram

R i; Rsh Z; (]%sh)/\

R L; Rsh k; (Rsh)/\

where 1 is the strict Henselization map, and j, k, ¢ are the usual embeddings into the completion. Then the

map 50N L (RPN — (RSh)/\ is an isomorphism.
Proof. This is [Sta21l Tag06LJ]. O

Theorem C.9. Let f: A— B and g : A = B be local ring maps of DVRs. Suppose the following:
1. f and g are finite, and
2. the induced maps ", g% : k%P — k%5® on the separable closures of residue fields agree.

Then the valuation of ®; in B agrees with the valuation of D4 in B.

Proof. Consider the canonical maps
ja:A— A— (A" and jg: B— B — (B)™.

Let k4 (resp. kp) denote the residue field of A (resp. B). By the universal property of strict Henselization,

we have a commutative diagram

A A Ash kifp

ja )
\ l]i;h

(A — 1

and a similar one for B. Combining these diagrams along with those coming from f*" and ¢*", we obtain
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the following commutative diagram

Ash fSh Bsh
) \kscp . o / )
A B
A i B B
sep 7" sep
ja kA - kB JiB
R / sh \ R
( A)Sh 9 ( B)sh

Consider the compositions j5 o £ gt o jsh . Ash — (B)Sh. Since these induce the same map on residue

fields, we must have ji' o f" = ¢! o 5P by Lemma Taking completions, we obtain a commutative

diagram
‘ o ,
Ash,/\ Bsh,/\
js;,/\ sth,/\
sh,A
(A)sh,/\ 9 (B)Sh’/\

-sh,A A

where ;5" and jfgh’ are isomorphisms by Lemma Hence the valuation of D fa,n and Dgenn agree

in their respective rings. Consequently, by Proposition the valuations of ®; and ©, agree in their

respective rings. O

C.1 Constructing g
In light of Theorem our goal is to construct an explicit map
9 Ox(w) pr(@) = Ox(vpr) o

which agrees with PrS® on residue fields and whose different is computable. We will be able to explicitly

describe the completed DVRs via Cohen’s structure theorem.
Definition C.10. Let A be a complete local ring with maximal ideal m and residue field k. Suppose A has

mixed characteristic with char(k) = p > 0. A subring R C A is a coefficient ring of A if R is a complete

Noetherian local ring with maximal ideal pR and residue field k.

The following, which is Theorem 29.3 and the Corollary proceeding Theorem 29.2 in [Mat86], guarantees
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the existence and uniqueness of a coefficient ring.

Proposition C.11. Any complete local ring (A, m, k) with chark > 0 has a coefficient ring R. If A has

characteristic 0, then R is a complete DVR and is unique up to isomorphism.

Example C.12. Let ¢ = p® where ¢ is the order of p in (Z/NZ)*. Consider the field F,(¢) which is a

transcendental extension of F,. Consider the complete local ring

R = (Zp KN, t]PZp[CN,t])A

where the completion is taken with respect to the unique maximal ideal of the localization Z,[(n, t]pzp (Cn o]

generated by p. Then the residue field of R is

R/pR

12

ZplCN s tlpz,1en 01/ PLp[CN s iz e 1]
(Zp[Cn o ]/ PZp[CN s 8] pizy (¢ 1

FplCn s tlpz,icn 1)
~ F,(t).

Note that Z,[Cw, ]PZp <N,t] is a DVR since it is a Noetherian local ring whose maximal ideal is principal.
Hence ( [Cn,t pr[CN,t]) is the coeflicient ring of any complete local ring A of mixed characteristic (0, p)
and residue field Fy(t).

The residue field of Ox () pr(x) (tesp. Ox(wpr),z) is the function field of X(N)/, (resp. ExIg(p”,r, N))
where ¢ = p’. Both X(N),r, and ExIg(p”,r, N) are smooth curves over IF, hence are geometrically reduced.
By [Liu02, Prop. 3.2.15] the function fields of X(N)/r, and ExIg(p”,r, N) are finite separable extensions
of Fy(t). The next lemma establishes the coefficient ring in this situation. Note that any finite separable

extension L/F,(t) is of the form L =TF,(t)(«) for some a € L by the primitive element theorem.

Lemma C.13. Let F,(t)(«) be a finite separable extension of F,(t) and let h(X) € Fq(t)[X] be the minimal

polynomial of a. Consider the ring

R = Zy[Cn s tpz, fon 0 [X]/ (H (X))

where H(X) € Zp[(n, t]pz,(cn 0 [X] is a lift of h(X). Then R is a DVR whose mazimal ideal is generated by
p with residue field F,(t)(a).

Proof. First we show H(X) is irreducible over S := Z,[(n,t],z,[cy.g- Suppose H(X) is reducible over
Frac(S). By Gauss’ Lemma, H(X) is reducible over S hence h(X) is reducible over S/pS = F,(¢), a
contradiction. Thus H(X) must be irreducible over Frac(S) so is irreducible over S. Consequently, R =
S[X]/(H(X)) is an integral domain.

Let m be a maximal ideal of R. Note that S is a DVR with maximal ideal pS so we necessarily have
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mN.S = pS. The kernel of the surjective map
R = Fy(t)[X]/(h(z))
obtained by reduction mod p is equal to pR. Hence
R/pR ~TF,(t)[X]/(h(x)) ~Fy(t)(c)

is a field so pR is maximal and m = pR. Hence R has a unique maximal ideal generated by p and consequently
is a DVR. O

We will now show that upon taking strict Henselizations, the map Z,[(n,t]pz,(cy,) — R becomes an
isomorphism. Hence we do not need to worry about knowing what H(X) is.

Corollary C.14. Let R = Z,[CN,t]pz, (¢, X]/(H(X)) be as in Lemma . The map

Zp[Cn s tlpzylon.t) = ZoplCN sty o 0 [XT/ (H(X)) = R

is an €étale map of rings.

Proof. Both Z,[(N,t]pz,(cy,) and R have p as a uniformizer hence our map is unramified. It remains to
show our map is flat. Both our rings are DVRs so in particular, Z,[(xn,t],z, ¢y, is regular and R is Cohen-
Macaulay. By miracle flatness i.e. [Sta21, TagOOR4|, to show Z,[(n,t],z, ¢y, — R is flat it suffices to
show

dim(R) = dim(Z,[Cn, ]z, (cx 1) + dim(R/pR). (27)

Indeed, the map Z,[(n, t}pr[CN,t] — R is integral so both rings have the same dimension. Since R/pR is a
field, dim(R/pR) = 0 so (27) holds. Thus Zy[(n,t]pz, ¢y, — R is flat. O

p[CN:

Lemma C.15. Let S — R be an étale extension of DVRs. Then the induced map S — R*" is an

isomorphism.
Proof. We will show R" satisfies the same universal property for the strict Henselization of S. We already
have a map S — R — R*" and k5P = k%". Consider the diagram

[

e

SZ—>R— > Rsh ka

T~

A
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where A is a strictly Henselian ring. Since S — R is étale, by [Sta21l Tag04GT], we have a unique map
R — S°M fitting in the commutative diagram

Ssh

R

S _d S

By the universal property of strict Henselizations, we have a unique map S*® — A hence we obtain a map
R — S 5 A. Again, the universal property of R*" gives us a map R*" — A extending R — A which

induces a on residue fields. Hence R™" satisfies the universal property for Ss". O
The next proposition will provide an explicit description of the completed stalks @x( N),pr(z) and @x( Npr),z-

Proposition C.16. Let A be a complete DVR whose residue field is a finite separable extension of F,(t).
Let m be the mazimal ideal of A and suppose p € m2. Then A = R[TI‘A] where R is as in Lemma and

T4 48 o uniformizer of A.

Proof. This is essentially [Mat86, Thm. 29.8(ii)]; we provide the proof so that it matches our situation. By
Lemma A has R as a coeflicient ring; taking completions we get R c A. We will show A is finite over
R.

First note

AfpA =P - A/m
=0

where v is the 74-adic valuation of p and A/m ~ R/pR. Hence A/pA is finite over R/pR. Since pA C m
and A is m-adically separated, we have A is also p-adically separated. Combined with the fact that R is
p-adically complete, we can use [Mat86, Thm. 8.4] to conclude A is finite over R.

Since

AfpA =P~ - R/pR,

i=0

we have A = pA + R[r4]. By Nakayama’s lemma, we conclude A = R[r4].

We will now construct an explicit map

Ox(v),e = Ox(Npr),pr(x)

which is a lift of the rth-fold Frobenius on the residue fields.
We will apply Theorem to compute the valuation of the different for the map

sh ., sh sh
Pry O%(N),pr(x) - OX(NPT)@
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by constructing a map on the completions

. sh,A sh,A
9 Ox Wy pre) = Ox(Npr)e

Write Fy(t)(a) (resp. Fy(t)(8)) for the residue field of Ox(n).. (resp. Ox(npr)pr(z)) Where a and 3 are
the appropriate generators. By Proposition we can identify

Ox(w) pr(a) = (Zpln iz, (e [0]) 1] and Ox(npry.w = (ZplCn, thyz, cn.a[81) 2]

where 7, (resp. 72) is a uniformizer of Ox(n)» (resp. Ox(npr),pr(z))-
By Corollary the map

Zp [CN; t]pZP Cn,t] — Z,D [<N7 t]pr[CN,t] [a]

is étale, so the induced map

(Zp[CN,t]pr[cN,t])A [m1] = (ZplCn s tlpz, fen [a])A [m1] =~ @%(N),pr(w)

is étale. By Lemma [C.15] this map becomes an isomorphism upon taking strict Henselizations. We will

consider an explicit map

A A
b (ZplCn o tlpzyion ) M) = (ZplCns oz, cnn) (2]
Note that the induced map on strict Henselizations takes on the form

Ash

sh . ~Ash
R O%(v), ey = Ox(vpr) e

The desired map g is then obtained from the induced map on completions h*"" after applying Lemma

JRUNA

Ash, A Ash,A
Ox(Nypr@) — = Ox(Npr).a

.

0% prte) 5 Ox(Npr e
By Proposition @ the valuation of ®,4, which is the same as the valuation of Dy~ , agrees with the
valuation of ®y,.
We will now define h. Note for any u € Z,, we have u — uP" € pZ,. Hence the identity id : Z, — Z,
induces the rth-fold Frobenius on the residue fields F,, — F,. We extend this to a map Z,[(n,t] = Z,[(n, t]
by sending (n +—> Cf(;‘ and ¢t — t?" which induces a map on localizations ZplCnytlp — Zp[CN,t]p and then on

completions. Finally, we send 71 — ms.

Theorem C.17. Let d, denote the valuation of the different D, when x is a generic point of the special
fiber of X(Np"). We have
dCE =r: Vox(NpT),m (p) = Tgo(pr)'
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Proof. Recall
pr: X(Np") = X(N)/z,(cxpr]

is a map of Z,[(npr]|-schemes. By Theorem |C.9] it suffices to compute the valuation of the different ideal
D,, or equivalently of D, where g and h are defined above. Since D, = Ann((2},), we will find a generator
for Q.

Note that (Zp[CN7ﬂpr[¢N,t])/\ [m2] is generated by 1,t,...,t7" ~! over (Z,[Cy, t]pr[CN,t])A [r1] hence Q}
is generated by dt as an (Z,[(n, t]pzp[gN’t])A [m2]-module. Note that

prtP "t = d(t?") = 0.

Since t is invertible in (Z, [CN»t]pZP[QN,t])/\ [T2], we conclude p" generates Ann(f2},) = p”. Hence d, is equal

to the valuation of p” inside Ox(npr) , Which is precisely ro(p"). O
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