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ABSTRACT

Problems with Latent Heat Thermal Storage (LHTS) often contain several
boundary conditions that an exact solution cannot solve. Therefore novel methods
to tackle such issues could fundamentally change the design of innovative energy
storage systems. This study concentrates on the reformulation of the Generalized
Differential Quadrature Method (GDQM) for the two-region freezing/melting
Stefan problem as an essential LHTS challenge. Comparison and convergence
show that there is sufficient confidence in the proposed approach. By monitoring
the precision of the suggested approach for the LHTS problem, it was indicated
that this method's error depends on Stefan's number. The maximum error of all
Stefan numbers up to 0.3 is less than 6 %. For such applications in a standard
array of LHTS (Stefan numbers between 0-0.2), The proposed method is

appropriate as it predicts the answers with a maximum of 4.2% error. In
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comparison to the heat capacity method, GDQM delivers a more precise result at

higher processing times. Additionally, this GDQM priority is accompanied by a

low computational cost, which is unquestionably superior.

Keywords: Generalized Differential Quadrature Method (GDQM); Two-region

Stefan problem; Thermal Storage (TS); Solidification; Phase Change Materials
(PCM); Melting

NOMENCLATURE

T (x,t) liquid temperature, K

T, (x,t) solid temperature, K

Ti(0)), T, left front temperature, K
T,(0,)  transition temperature, K
T.(6,) right front temperature, K
T;(6;) initiate temperature, K

Te ambient temperature

s(t)/S location of the interface, m
t(s)/(t) time, s

h Fusion enthalpy, W/(m?.K)
L length of the reference, m
N/M Node's number, liquid/solid
hg latent heat of melting, kJ/kg
Cp specific heat, kJ/(kg.K)

p density, kg/m?3

a thermal diffusivity, m?/s

k thermal conductivity, W/(m.K)
n order of derivative

Ste Stefan number

45,9 heat flux, W /(m?K)

0 interior temperature Vector
Wg boundary temperature vector
\/'\]I temperature's derivative vector
S interface location derivative
A,G  weight coefficients matrix

I identity matrix

Q scalar

Subscript

1 initial condition

I/ Left/right

m melting

I interior

B boundary

BC boundary condition

EX exact

1 liquid

2 solid

Superscript

1,2 Ist and 2nd degree of GDQ

1 Introduction

Various methods such as enthalpy [1], heat capacity [2], and integral method [3,

4] have been employed to solve the problems with melting/solidification. On the

other side, many types of discrete methods, for example, finite element (FEM)

[5-7], finite volume (FVM) [8], and finite difference (FDM) [9] were

implemented.




These techniques facilitate the design requirements in complex questions, but the
precision and computational expenses are still arguable. It will revolutionize
PCM-based LHTS systems' design if there would be a precise and
computationally effective numerical approach that can solve LHTS problems
with arbitrary boundary conditions. The differential quadrature method (DQM)
is addressed as the most robust choice with such functionalities with a limited
required node to achieve a semi-exact reaction and impressive precision [10].
GDQM varies from FEM in two attributes; Firstly, the finite element method
utilizes low-order polynomials to estimate an equation at the level of a local
element. At the same time, GDQ uses higher-order polynomials to estimated a
function across the entire area. Secondly, in GDQM, derivatives of a function are
being quantified directly over a node. In contrast, the finite element method
moves toward a function on a single limited node, which could be concluded from
an estimated function. DQM was expressed by Bellman et al. [11, 12] as the
principal formula of GDQM to solve partial differential equations.

To discretize partial derivatives, the primary challenge of DQM is the
requirement for coefficient weighting. Bellman et al. [12] introduced two main
discretization methods. For whole polynomials with a order smaller or equivalent
to N-1, the first is the resolution of a number of linear algebraic equations which
satisfy the linear constrained relationship, that N denotes the inclusive nodes
inside the discretized region. A series of N-N linear algebraic equations should
be determined for any order of derivative in this approach.

The second method uses roots for grid nodes in an Nth degree shifted Legendre
polynomial to compute weighting coefficient using an algebraic formula. So, for
every single N value and all problems and boundary conditions, the node position
1s fixed in the grid. In some problems, it is evident that the answer requires several
additional nodes nearby a certain node to improve the answer's precision. Both

methods are, therefore, a challenge to implement. To overcome these limitations,



Shu & Richard [13, 14] developed a generalized differential quadrature (GDQ),
which was specifically established to explain fluid mechanics problems [15].
This method substitutes a factored linear summation of the entire function's local
values at each node with a weighted linear summation in a partial derivative grid.
This approach deals with all PDE in various applications [16-21]. It has not yet
been used to solve LHTS problems, despite the significant capabilities of this
method.

This method is used in many models and system optimizations applications,
including free vibration analysis [22, 23], mixed static and dynamic structural
response [24, 25], CFD [26, 27], Burgers' equations [28], waveguide examination
[29], equation of Helmholtz [30], transportation notions and diffusion [19], etc.
Scientists have used this approach to solve heat transfer problems as the most
relevant case for LHTS. Shu used the GDQM in a square cavity to mimic natural
convection [31]. The findings found that both the precision and the convergence
rate can be improved by this method. To calculate heat conductivity over a one-
dimensional plate, Ming et al. employed DQM to the reverse heat conduction
matter [32]. Tomasiello et al. proposed an explicit arrangement for the numeral
approach for one-dimensional non-linear heat transfer in the domain of zone-time
employing quadrature regulations. [33]. Another researcher resolved non-linear
heat as well as mass transmission equations in one and two dimensions [34].
Malekzadeh established a differential quadrature element (DQEM) technique
concerning the non-linear, transitory thermal conduction study of expanded sides
[35]. This research described spatial domains as subdomains and called every
subdomain as an element. Convection-radiation heat transfer circumstances and
whole domain areas were taken into account. Several lab works containing
diverse degrees of complexity in geometry and loading have been considered for
convergence, precision, and numerical solidity of the findings.

In other articles [36, 37], the authors of this article solved the Stefan problem,

which deals with the problem of phase change as one region, using this method
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(GDQ). The results showed that using this method to solve the issues of phase
change material (PCM) can quickly and accurately predict these materials'
behavior. In solving one region problem, the temperature profile is checked only
in the liquid part. However, the preliminary temperature is different from the
phase change temperature in real conditions. In this case, the problem becomes
two-region, and the temperature profile in the solid part must also be examined.
Therefore, in this paper, the changing phase of phase change materials using the
GDQ method in two-region mode has been investigated. The comparisons
demonstrate that using a mapping technique and later inverting the resolved
question, the GDQM method applies to two-region PCM-based problems with

excellent precision and steadiness.

2 Fundamentals of Generalized differential quadrature method
(GDQM) for Stefan Problem

Solid-liquid interphase moves alongside the medium through phase change
materials' melting/solidification process (PCM). The problem's name is the Stefan
problem, which can move an outer limit like other probable applications. Stefan's
situation for a PDE is a specific type of problem with boundary value thermal
conduction. This problem primarily categorizes into two parts: one-region as well
as two-region problems. Provided that T; = T, (T; is the preliminary and T, is
the liquefying temp.) the temperature distribution in the solid region remains
constant over the phase changing procedure. In these circumstances, only in the
liquid region the temperature distribution is unknown and must be obtained, and
the Stefan problem will be recognized as the one-region problem. however, if the
initial temperature falls below the phase change temperature, then the thermal
equations of the liquid phase as well as the solid phase must be solved.;
the meaning of the two-region Stefan problem [38].

Figure 1 illustrates the physical scheme of the two-region melting issue.



liquid ~ Solid Tt Nliquid | solid

Figure 1. conduction controlled melting (left) and two-region melting problem (right)
[38]

The uncertainty in the solid-liquid interface position results in an exclusive

complexity in solidification/melting problems. Since the boundary changes

constantly, the related problems are defined as problems with the moving

boundary, and time is an independent parameter permanently. In this simulation,

natural convection is ignored, and the heat transfer mechanism is pure heat

conduction. This is referred to as a conduction control model in this context.

Therefore, the following assumptions should be considered to solve these

questions as shown in Figure 1. [39]:

s(t) is with no thickness.
T,,, at the interface is constant and identified

hg, ¢,, and k are constant.

There is no change in volume during phase change

Nucleation and subcooling are ignored

PCM's density does not change in the solid or liquid phase

In the liquid phase, natural convection is ignored, and pure conduction is

the heat transfer mechanism in both phases.



3 Mathematical model

3.1 Two-region phase change problem

The phase transition issue studied here is schematically shown in figure 1, where
T; = T,;,. The temperature distribution in the solid region remains unchanged at
the melting temperature. When T; < T,,, , the melting or solidification concern
develops a two-region problem, so the liquid and solid region's temperature
distribution is unknown. At time t = 0, the temperature at the boundary x = 0
(left wall of the finite slab), is unexpectedly augmented to a temperature T; > Ty,
and also the temperature of the x = L (right side of the finite slab) reaches up to
T, = T; < T,, in the same way.

The primary indeterminacies with investigating the PCMs are to define the
location of the moving interphase s(t), the temperature distribution in the liquid
zone T; (x, t) and in the solid region T, (x, t). In general, the leading equation in
liquid and solid mediums to find an answer for a melting problem should be the

following equations [38]:

(T xx = 1/a1.(Ty): 0<x<s(t) t>0 (1
Ty(x,t) =T, x=0 t>0 (2)
(T)xx = 1/ay. (Ty)¢ s(t) <x<L t>0 (3)
T,(x,t) =T, =T; x=1L t>0 (4)
T,(x,t) =Ty(x,t) =T; x>0 t=0 (5

These equations are linked with subsequent interface energy-balance

mathematical statements at the boundary face:
T, (x,t) = Ty (x,t) = Ty, x=s(), t>0 (6)

kl(Tl)x - kZ (Tz)x = p. hSl's(t) ( 7)

Where a(m?.s7 1), p(kg.m™3), k(W.m 1K™1), hy(kJ/kg) and s(t) indicate
the thermal diffusivity, density, conductivity, latent heat, and interphase location,

respectively.



3.2 Non-dimensionalized structure of the Equations

Using the GDQ method requires that the equations be non-dimensionalized.
Introducing the following dimensionless variables, equations (1) to (7) were

reformulated [38]:

g="m T g _TImTi X=%s=

_ ' at _ ¢ (Tm=To) ( 8)
Tm=T0 ' Tp=T

L denotes a specific length of the problem and can be calculated by the nature of
it, which is equal to the ice/liquid slab's length in this paper. The dimensionless

mathematical formulations for the two-region problem are as follows: [38]:

Oxx = (01): 0o<Xx<S§ >0 (9)

Na. (0)xx = (62)s S@<x<1 >0 ( 10)
(8,)x — Nk.(0,)x = Ste™ 'S X=Ss >0 (11)
0(0,7) = 6, (12)
6(1,7) =0, (13)
6(S,7) = 0,, (14)
0(X,0) = 0; (15)

Where Na = a,a;?, and Nk = k k.

Using the front-fix transformation and describing the new dimensionless variable

of y and z as follows:

y=X.5"1 (16)
z=X-5).(1-5"1 (17)

Equations (9) — (15) are time-dependent, and their non-dimensionalized form is

reported below:
S72(01)yy +¥.571.8.(61)y = (61); 0<y<1 >0 (18)
Na. (1 _S)_Z-(92)22+ (1 _Z)-(l _S)_l-s‘- (92)2 = (92)1 ( 19)
0<z<1 >0
S71(61)y — Nk.(1—S)71.(8,), = Ste™'S X=S >0 (20)
6.(0,7) = 6, (21)
6,(1,7) = 0, (22)
0,(1,7) = 6,(0,7) = 6,, (23)
01(y,0) = 6,(z,0) = 6; (24)



The GDQM is more stable with this exchange because the problem was
transformed to the [0 1] space [38].

4 Solution Approach
4.1 GDQM

A more reliable and steady approach that accomplishes the boundary conditions
and produces precise and stable results with only a few grid points has recently
been developed. The generalized differential quadrature method (GDQM) was
developed for this approach, especially in the melting/solidification question. In
principle, the GDQM can be applied to switch derivatives in a discrete point with

a total of several weighted functions.

N
0°f(x, (25)
g,(:; 2 e Z ¢j"f(x,z)  (i=12,..,N)

i j=1
Where, x;,n, N, f, X;and Cij indicate the coordinates, derivative order, sum of

discrete points, specified function, nodes in the direction of x; that their derivative
is required, and the factors (at point X;, n'" order of derivative, x; direction),

respectively. A recursive formula is established to calculate the weight factors as

follows: [40]:

(n-1)
(n—-1) ij
ii -

(26)
(i#jsi,j=1:N; n=2:N-1)

Cij(n) =N al-jc
Xi —Xj

N
™ = — z ¢ ™ (i=jsij=1N)

j=1,j#i
where a;; and ajjare the first derivative coefficients and are calculated by [40]:

M (x;) o (27)
" Gamx) M) =)
N

a; =— Z aij =)

j=1j#i

Clij

Where



= (28)
M® (x;) = (e — xx)

The sampling points are used as numerical computations with the approach of
Chebyshev-Gauss-Lobatto

L i—1
xi=—<1—cos ), i=12,..,N

(29)
2 N—1"

The length of the considered path is denoted by the letter L. This method can be
utilized to discretize the equations of motion and also boundary conditions. Then,
an algebraic set of equations can be determined by transforming the problem

equations into GDQ form.

4.2 Transformation to GDQ euations

Two-region melting/solidification formulations are given by the equations (18)
to (24). As shown in figure 1, the left, initial, and right sides of the slab have a
constant temperature in these equations. As in figure 2, the first and last nodes
are supposed to be boundary nodes in 0 <y <1land 0<z<1 domain, and
[ =2toN — 1(liquidregion) and j = 2to M — 1 (solid region) as internal nodes.
Discretizing the introduced transformed formulation, the heat transfer equations
(18) and (19) is rewritten in the shape of vector as:
S (AP Wy + AP W), +y571S (AP Ws + A PW). = (W), (30)

Na. (1 - S)_z. (AIB(Z)WB + AH(Z)WI).Z ) ( 31)
+(1-2).(1 -8 (AW + AW, = (W),

Where Wg and Wj are both internal and boundary values. Ajgand Ay are
coefficient matrices that correspond to the boundary temperature and internal
temperature coefficients in internal equations. Additionally, the time derivative
of the internal temperatures is Wj.

10



0 S L

Contineous
X '

—>
Discretized 0

y 10 z 1
Figure 2. The continuous and GDQ-based discretized zones are represented using
imposed governing equations.

The primary equation is linked to the Stefan boundary condition given by Eq.
(20) in the two-region issue. The discretized form of the equations is shown

below:

571 (GEpWs + G(l)WI) — Nk. (1= $)™. (GSaWp + G(l)WI) =05 S (32)

Where Gg;, Ggg represent the factors of boundary and interior temperatures
correspondingly of boundary conditions and Q05 denotes a constant (-1/Ste). The

boundary conditions can be ordered using equations (21) and (23) as follows:
(AgsWa)1 = (Ogc)1 (33)

(AgsWa)2 = (0gc)2 (34)

Where Agg is a 2x2 identity matrix, (6,.); = [0} On] Tand (050)2 = [Om Br]

Equations (30) to (32) can be combined as a rough replacement:

S72(A1pP0pc + AP W), + yST1S(Ap Vo + AII(l)WI)l = (Wp), (35)
Na.(1—-5)"2. (AP 05c + AyPW)), (36)
+(1-2).(1-9)"1S. (Ap™opc + AII(l)WI) = (WD),

051 (57* (GEnosc + G5)Wi) — Nk. (1= )7, (G5gbne + G Wi ) )=S (37)

This arrangement is entirely adjustable to the state-space format. Now a

promising typical state-space arrangement is obtained as below;
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d . 38
a{wl}l = ([s7244® + ys~18A,P[{WiH,+ (38)

+ ([S_ZAIB(Z) + ys_ls‘AIB(l)]{eBC})l

d

7 Wik = (Na. (1 = $)724,® + (1 = (A = $) 714 VWi + (39)
+([Na.(1 =9 245P + (1 — 2).(1 — $) 18,5 P]{0c)H:

d
3 683 = 08 (G5 s WD = (G Nk(1 — ) HWiD2 + ([s G [PBe (40)

— ([Nk(1 = 571652 Bech.

To acquire a set of algebraic equations, equations (38) to (40) should now be
practical to all interior nodes i= 2,3,...,N-1. Numerical simulation is carried out
using the fourth-order method of Runge Kutta as it is the most popular method of
integration in state-space models over time. The offered methodology is a
particular instance of the Stefan problem, and it is possible to study different case

studies for real conditions. Several potential problems are listed in table 1.
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Table 1. Equations, constitutive relationship, as well as techniques for solving

different issues including Stefan problem

(AIB(Z)GBC + AII(Z)VVI)l =0 ( (AIB(Z)QBC + AII(Z)WI)1 =0
(Ap@Opc + A®Wp), = 0 (A 05 + A®PW), = 0
(ApgWs)1s82 = (0Bc)182, A = [ (ABB“)WB + ABI(l)WI)l = Qpc
(AgWs)2 = (0pc)2, A = I
_1(2) 2 -1
Wp, = _(Aul(z)AIBE ;935)1 w, = (AIB(Z)A_BIB(DABI(D _ A"(Z)) (AIB(Z)AL_';’%(DQBC)
(W2 = —(Ai"" A5 P 05c)2 @, @
W = Ogc W)z = —(4" " Aip 6502
(Wg)2 = (08c)2

S72(AP W, + AII(Z)VVI)1 +ySTIS (A MWy + Au(l)wl)1 = (W),

! Na.(1-5)2 (AIB(Z)WB + AII(Z)WI)Z +(1-2.1-57LS. (AIB(l)WB + A"(l)W,)z = (W)
s (GipWs + G,g?w,)1 — Nk.(1 =)7L (655 w; + G,g?w,)z =058
(AggWa)1s2 = (0pc)1z2,Aps = [

d : .
7 Wik = (57240 @ +ys728A, VWD +([572A7 + yS 7154 ]O8c):

d
7 Wiz = ([Va. 1 = $)7240® + 1 - (1 - 7154, P[WY),
+([Na. 1 = 97285 + (1 — 2).(1 — 5)715A ;5P |{0sc}),
d
E{S} = QEl([Gl(;l)S‘l]{WI})l—([GSI)Nk(l - 5)_1]{WI})2 + ([5’1G|(31§]{93c}) - ([Nk(1 - 5)_1G§g]{0BC})21
(ABsWB)1z2 = (Opc)1z2, A = |

( S (APWs + 4, Pw) +yST1 (4O wWs + 4, Pw) = (W),
Na.(1=8)2 (A PWs + 4,Pw), + (1 = 2). (1 = )75, (4P ws + 4,Pw)), = (W),
STH(GSWy + YW, — Nk.(1 = )™ (65w + GYwW,), = 0, §

) e P ABI(I)WI)l = Qg
Constant heat flux(Neumann condition):

Qgc = Scalar
Natural convection:

s 1
L Qe = (Too — Tn) (E + E) = {2pp1S + Lpp;
d @
— - —1(M 1 —1(M .
= (520, @ - 52,9058y, — 3575050 a5 A ® + 55158, | WiDx
1@ .
+(Ags s [s71A;5? + ySAEP]{@scH1

d
o Wiz = (Va4 - 97240 @ + A - (1 = 5)7158, VW),
+([Na. 1 = 9)7285?@ + (1 — 2). (1 — $)715AV|{0rc}),

d .
=083 = 05" ([65s —s724s V655 455 | W), = (6§ Nka — )1 (W),

=k - )6 R16scDz + ([60aT 0y 255 1056)).

(AgsWg)2 = (Oac)2,Ags = 1



5 Convergence and validation

The exact solution of the properties reported in Table 2 is compared with GDQM.
In this study, a kind of n-paraffin has been chosen for the specific purpose of the
battery thermal management systems (BTMS) because of its acceptable or
constant phase change temperature [41] and also having constant cooling

temperature [42].

Table 2. PCM properties [43]

PCM type 6106 (n-paraffin)
Fusion entahlpy, kJ /kg 189
Thermal conductivity, W/m. K 0.21
Density(solid/liquid), kg /m3 910/765
Specific heat, kJ /kg. K 2.1
Melting temperature(K) 316

5.1 Convergence and computational cost

The GDQM's specific feature is that the most precise solution is likely even with
limited grid points. Sensitivity analysis investigates the effect of the number of
nodes (N and M are liquid and solid phase, respectively) on the interphase
position s(t). Liquid and solid phases have the same number of N and M,
respectively.

Figure 3 shows an insignificant variation between the answer achieved with
N=M=7 and greater values, and the response for values greater than N=M =10.
Furthermore, the figure illustrates that the difference between N=M=10 and 40 is
almost zero for the sum of grids in the melted part, a special feature of this
approach. This figure additionally shows that the computational cost for the

suggested technique is appropriately low in seconds.
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Figure 3. The convergence of GDQM reactions to Stefan's problem and its calculation
cost. Interface and cost compared to node's number (N+M).

5.2 The Exact formulation

The analytical formulation for the two-phase Stefan problem is presented here
[44];

erf X (41)
Ty (6,0 =ﬂ—(ﬂ—%)%. 0<x<s®)
erfc| -— (42)
T2(68) =T, + (T Tr)<2—‘/a_2t), x = s(t)
“u1
erfc <A \/a_z )
Where A = il and can be obtained from:
272
Steq Ste, Wi (43)

exp O0).erf ) (ay/ay) exp ((a1/a)? ). erfe((as/aph)

In this equation, 1 shows the liquid, and 2 shows the state of solid.
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Figures 4 illustrate the temperature and error distribution's comparison between
the exact analytical solution and the GDQ/heat capacity methods. Findings were
computed along with four various times t = 1,10,50,and 100(hr). The number
of Grid Points N and M for these comparisons is equal to 20. The error was

calculated for the cases considered in these figures as:

_ Ocxact _HGDQ
Error(%) = 100 * T (44)

From  figures 4 (a)&(b), the results of the GDQ are
appropriately  precise. The maximum percentage error is less

than 5% for temperatures in the presented GDQ  solution.

50

e Present(GDQ)
[— T ED ]

45 A% B lassas Heat Capacity Method

35

30

Temperature distribution, C

25

20 1 1 1 1 1 1 1 1 1
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e Present(GDQ) vs Exact(Neumann)

= » m m m Heat Capacity method vs Exact(Neumann)

100hr  300hr
300hr

Percentage error, %

Figure 4. The temperature profile of the two-region Stefan problem was calculated by
the exact, GDQM and heat capacity method (N=M=20). The temperature of the
left/right side surface temperature is constant and equal to 50 and 25 °C, respectively,
and the preliminary temperature of the entire slab is 25 °C. a) The distribution of
temperature within the domain length. b) GDQM error results in percentage errors
along the domain length.

This diagram illustrates how the GDQ method has predicted error increases and
decreases over time, respectively. So, after 300 hours from the start of the process,
the liquid and solid part's fluid behavior with a maximum error of 2.7% is
predicted.

On the other hand, it showed that conclusions of heat capacity approach cause a
larger error to the extent that this error lasted up to 6% in 100hr and 300hr.
However, this error is almost two times bigger than the error of the GDQ method.
The diagram shows that at longer times the results of the GDQ method are much

more accurate than the heat capacity method.
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Stefan number is the most critical component for precision of GDQM. Stefan
numbers are typically lower than 0.2 for a latent heat thermal energy storage
system (LHTS) [45]. Consequently, error analysis for Stefan numbers less than

0.2 1is made 1in this section.

5.3 Stefan Number dependence of the error

Since the temperature at the beginning and end of the domain are involved in the
calculations, to explore the impact of the Stefan number on the error, two Stefan
numbers are defined in this problem, one for the hot wall temperature (left wall)
and the other is for the cold wall (Right wall). For this purpose, the cold wall
temperature is kept constant, and on the opposite side, the hot wall temperature
and consequently the Stefan number changes. The cold wall temperature is
assumed to create the Stefan number 0.2 (Stefan number usually occurs in latent
energy storage problems), and the hot wall temperature changes between the
temperature 50°C (Ste.l = 0.078) and 70°C (Ste.l = 0.3).

Figure 5 (a) illustrates the temperature distribution of the solid and liquid zones
obtained by the exact solution and GDQM after 100 hours. Also, the location of
the interface during 100 hours is shown in Fig. 5 (c). The error rate of the
temperature profile and the interface location in the GDQ method compared to
the exact solution is shown in Fig. 5 (b) and Figs. 5 (d).

The error 1s directly proportional to the Stefan number. The solution yields less
than 4.5 % errors for Stefan numbers up to 0.2, as could be observed in Fig. 5(b).
The error resulting from the interface location also shows that the GDQ method
predicts the interface location with more errors by increasing the Stefan number.
However, this error decreases over time. As can be seen for Stephen 0.2, the error

is initially 7.6%, which reduces to approximately 7.3% after 100 hours.
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Figure 5. (a) The temperature profile of the slab, and (d) the effect of various Stefan
numbers on interface position solved by the exact solution and GDQM. (b & d) The
error of the GDQM concerning distinct Stefan numbers

6 Conclusion

Differential equations were achieved and normalized into a non-dimensionalized

form of the one-dimensional two-region Stefan problem. The problem's specific
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equations were accomplished and mathematically solved with the generalized
differential quadrature method (GDQM).
In the previous article [37], we introduced this method for phase change problems
only in one phase. Then in another article [36], we used it practically and
evaluated various materials that can be used as PCM in thermal management
systems. Here in this article, the previously existing restriction (restriction of use
in one phase) is removed. Now, the behavior of PCMs can be studied in two
phases with more diverse boundary conditions. Convergence and comparisons
show that the proposed method for latent heat energy storage systems is
sufficiently reliable (LHTS). This method can solve problems that conventional
numerical or analytical methods cannot solve. Simulation of some boundary
conditions and complex geometries is impossible in the analytical method, and
numerical methods often do not have sufficient accuracy and speed in solving
problems. For instance, simulation of multilayered PCM composite fibers
(Electrospun PCM fibers) stacked on top of each other is challenging due to
having a large number of very thin micron composite layers. Nevertheless, by
using this method, the behavior of these composites can be easily, quickly, and
accurately predicted.
However, the major problem is introducing a reformulated type of multiphase
problem, which a semi-analytical method called GDQM could solve based on the
performed analyses.
By inspecting the precision of the proposed LHTS problem using the GDQ
approach, it was shown that;

e The GDQ method has much less error compared to the heat capacity

method at longer processing times.
e The specific aspect of the GDQM is that it could result in the most precise

answers even within a few grid points.
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¢ The maximum error in the presented GDQ solution for all Stefan numbers
up to 0.3 is less than 6 % for temperatures and 9.5% for interface position.
The most significant factor in the precision of GDQM is the Stefan number.

e Stefan's number directly affects the error. By enhancing the surface
temperature (7;) of the left side, the Stefan number had been changing. For
Ste < 0.2, GDQ's errors are < 4.2% for temperature and < 7.5% for
interface location, and subsequently, the suggested attitude is favorable for
this usage.

e As the processing time increases, the GDQ method predicts the

temperature profile and interface position with less error.

This model can present a suitable outline for simulating and modeling other
practical settings for upcoming work in the perception of the complete

validation of the model presented.

Information accessibility statement

The full information will be accessible upon request.
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