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Some lens structural performance displays 1 
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Abstract: Some useful displays that provide information about the performance of lens systems 6 
are presented and discussed. They are useful for comparing lenses, for identifying problematic 7 
lens elements, and for lens desensitizing and optimizing. An imaging simulation of a square 8 
wave is also presented to complement MTF plots. 9 

© 2021 Optica Publishing Group  10 

1. Introduction11 
12 

Lens design is an old art. Joseph Petzval [1] designed the first photograph lens using aberration 13 
theory. The development of real ray tracing [2-6] eventually helped to improve lenses designed 14 
with third order aberration theory, and ultimately lead to the design of very complex lenses 15 
such as for optical micro-lithography. However, a detailed understanding about the inner 16 
workings of lenses, except for simple ones, has not been still achieved. Most complex lenses 17 
are still designed to some extent by trial and error and ray tracing optimization. Most work on 18 
lens improvement has been devoted to optimization algorithms, and little work to theoretical 19 
tools that elucidate in detail the inner working of lenses. For example, it is well known that one 20 
can reach a local minima in optimizing a lens, but one does not know if that minima is the 21 
global minima. 22 

23 

In designing and comparing lens systems it is helpful to have quantitative information about 24 
their form and structure. Lens layouts that include rays and the Seidel diagram provide 25 
qualitative information about the structure of a lens. Higher order aberration coefficients also 26 
provide information. The concept of lens stress and relaxation [7] is helpful to differentiate 27 
lenses. The W and S parameters [8] were developed to quantify form and imaging potential. 28 
There has been also work in establishing first-order metrics to estimate a lens expected level of 29 
performance. For example, when the metric ( )tan / 2 /100 / # 0.24FOV f f <  is met,30 
a system is deemed relatively easy to calculate and a good image quality is expected [9]. 31 
However, there is ample room to devise other designing tools and displays to enhance our 32 
understanding of how lenses work, their problems, and their imaging potential.  33 

34 

In this paper we introduce some performance displays that can be useful in the design of lens 35 
systems. Specifically, they help to compare lenses, to optimize and desensitize lenses, and to 36 
glean into problematic lens elements. To this end we first discuss the plots basis, introduce for 37 
comparison several designs of an optical relay for machine vision, and then we discuss the 38 
results. The imaging of a square wave is also introduced to complement Modulation Transfer 39 
Function (MTF) curves. 40 

41 
2. Theoretical basis for the displays42 



Previously [8] we have defined the W and S parameters and used them to optimize lens systems. 43 
Here we plot the W and S arguments across the surfaces of a lens system to further provide 44 
graphical information about the structure of a lens. The argument in the W parameter provides 45 
the weighted power of a surface, and the argument in the S parameter relates to how 46 
symmetrically a surface is used. These parameter are defined by 47 
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where φ is the surface optical power, y is the first order marginal ray height at the surface, 49 
and m is the transverse magnification of the lens system. And by 50 
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where A ni= is the first order chief ray refraction invariant, u is the marginal ray slope, and 52 

Stopy is the marginal ray height at the stop aperture.  The W&S parameters have been found to 53 
quantify lens form as shown in Table 1. 54 

55 
Table 1 

Typical parameters W and S for some lens forms 

Lens form W S

Cooke triplet lens 1.12 0.89 

Petzval objective 0.63 0.62 

Double Gauss objective 1.01 0.16 

Telephoto lens 0.72 1.3 

Retro-focus lens 1.16 0.98 

Fisheye lens 0.23 0.19 

Micro-lithography relay 0.28 0.19 

Microscope objective 0.23 0.11 

56 
It is known that as the angle of incidence of rays increase, higher order aberrations also increase. 57 
Thus in some optimization strategies the Root Sum Square (RSS) of the angle of incidence 58 
across the lens systems surfaces is minimized. For example the following desensitizing operand 59 
θ  has been studied and shown to be useful [10]60 
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where si  and sr are the angles of incidence and refraction at surface s in a lens system of k 62 
surfaces.  63 

One alternative form [11] is to use in the argument the refraction invariant ( )sinn I yielding64 
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However, in the presence of a dummy surface or a buried surface the argument may contribute 66 
to the sum, but would not have impact on aberration. Thus to account for such situations of 67 
having little or no refraction at a surface the argument ( )sinn n IΔ × is preferred, where n is68 

the index of refraction, nΔ is the change of index of refraction, and I is the ray angle of 69 
incidence. This argument yields 70 
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To provide information about the structure of a lens we plot ( )sinn n IΔ × as a function of72 
the surfaces in the lens system, for both the real marginal and chief rays. 73 

74 

In desensitizing lens systems we have tried with success minimizing the RSS of the standard 75 
deviation Wσ of the wavefront error in the presence of 040W  for the on-axis field point, and of76 

the  standard deviation Wσ of the wavefront error in the presence of 131W , 222W , and 220W77 
for the full field point, per surface. 78 

The variance 2
Wσ of the wavefront per surface is given for the on-axis beam by79 

( ) ( )222
040 040

1 1
12 180W W Wσ = + , (6) 80 

and for the off-axis beam by 81 
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where xyzW are fourth order surface aberration coefficients.  Similarly, to provide information 83 

about the structure of a lens we plot the standard deviation Wσ as a function of the surfaces in84 
the lens system, for both the on axis beam and the full field off-axis beam. Thus lens 85 
desensitizing operands 1σ and 2σ are defined as86 
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for the on-axis beam, and as 88 
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for the off-axis beam. 90 

It is worth pointing out that from a tolerancing and statistical point of view, the arguments in a 91 
RSS can be thought as errors.  The RSS penalizes much more the large arguments and thus 92 
minimizing the RSS has theoretically a basis. 93 

94 

3. Optical relays95 
96 

In this section we present several doubly telecentric optical relays for machine vision with 97 
specifications given in Table 2. All of them are nearly diffraction limited and use six lens 98 
elements as shown in Fig. 1. Each of the relays is accompanied by the statistics of 1000 Monte 99 
Carlo trials; these are the nominal performance in RMS waves, the RMS of the best trial, the 100 
RMS of the worst trial, and the mean and the standard deviation. The tolerances were 5 Newton 101 
rings for radius error, 0.05 mm for thickness error, and 0.05 degrees for surface tilt error. No 102 
aspherical surfaces were used. 103 

104 
Table 2. Optical relay specifications 105 

Object 
distance 

Image F/# Bandwidth Field of 
view 

173 mm 6 425 nm-
675 nm 

+/- 11 mm 

Distortion Total 
length 

Magni-
fication 

Working 
distance 

<0.1% <177 mm -0.5 >5 mm
106 



 107 

 108 
Fig. 1 Various optical relay solutions at Field of view = +/- 11 mm, magnification = -0.5, F-number = 6, 109 

Bandwidth = 425 nm-675 nm, Total track = 350 mm; and their Monte Carlo statistics in RMS waves for 1000 trials. 110 
 111 
4. Performance displays  112 
 113 
This section illustrates the performance displays for the lenses of Fig 1. with plots as shown in 114 
Fig. 2. Each of the plots for ( )sinn n IΔ × range from -0.5 to +0.5, each of the plots for the 115 
standard deviation of the wavefront error range from 0 to 40 waves, and each of the plots for 116 
the parameters W&S range from -5 to 5.  117 
 118 
The red curve in the left plots of ( )sinn n IΔ × are for the real marginal ray, and the blue 119 
curves are for the real chief ray. The middle plots for the standard deviation of the wavefront 120 
error is in red color for the on-axis field point, and in blue color for the full field point. The 121 
right plot in red is for the argument of the parameter W, and in blue is for the argument of the 122 
parameter S.  The horizontal axis in the plots is for the number of surfaces in the lens system 123 
and ranges from 1 to 12 surfaces. 124 
 125 
Lenses that minimize the variation of these plots are considered to be better performers in both 126 
image quality and sensitivity to fabrication errors. 127 

 128 



129 

Fig. 2 Performance displays of ( )sinn n IΔ × , Wσ ,  and W&S for the relays of Fig. 1; the number of130 
surfaces is in the horizontal axis and ranges from 1 to 12. The red curves are for the on-axis beam and the blue curves 131 

are for the full field off-axis beam. 132 
133 

For reference Fig. 3 shows performance displays for several classical lens design forms each 134 
having a focal length of 50 mm. The plots of the arguments of W&S are independent of field of 135 
view, optical speed, or lens scale. The plots for ( )sinn n IΔ × were normalized by dividing136 

by ( )( )sin
image

n I or ( )( )sin
stop

n I so that they become independent of field of view, 137 

optical speed, and lens scale. However, the plots for Wσ do not provide a one-to-one138 
comparison because they depend on field of view, optical speed, and on lens scale; nevertheless 139 
they do show the nature of aberration variation throughout the lens. 140 

141 
In addition, the plots in Fig. 3 characterize the lens forms on the extreme right of the figure. 142 
The ( )sinn n IΔ × and W&S curves provide information about the structure of the lens, and143 

the Wσ curves provide information about the amount of aberration propagating. The 144 
comparisons show that minimizing the variation of these curves tends be beneficial in the 145 
design of a lens. 146 



 147 
 148 

Fig. 3 Performance displays for several classical lens forms. The plots for ( )sinn n IΔ × range from -5 to +5, 149 
the plots for the standard deviation of the wavefront error range from 0 to 55 waves (except for the retro-focus lens 150 

that ranges from 0 to 175 waves), and each of the plots for the parameters W&S range from -5 to +5. 151 
 152 
5. Lens desensitizing 153 
 154 
There are various ways reported in the literature to desensitize a lens [12-22], namely: 1) 155 
account in the error function for uniform coma and linear astigmatism, 2) Minimize the ray 156 
angle of incidence, 3) use a multi-configuration that includes surface tilts or lens decenters, 4) 157 
use global search to find alternate lens forms and compare them, 5) Minimize the W&S 158 
parameters, 6) Minimize the variance of the wavefront per surface as discussed above. We have 159 
found that minimizing the wavefront variance using the operands 1σ and 2σ  can desensitize a 160 
lens. However, this comes usually as trade-off between the Monte Carlo analysis mean, the 161 
standard deviation, and the nominal performance. [23] The lens design forms in Fig. 1 were 162 
desensitized minimizing the wavefront variance through a macro program called from the error 163 
function during lens optimization. 164 

 165 
6. Discussion 166 
 167 
The nominal performance across the field of view of all the relay designs is nearly diffraction 168 
limited as it ranges from 0.062 to 0.081 RMS waves at λ=587 nm. According to the Monte 169 
Carlo analyses designs A and B are the best as they have lower mean and standard deviation. 170 



Design B is considered the best among the six designs; its prescription table is given in the 171 
Appendix. 172 

173 
Designs with lower mean and standard deviation have in common lower RSS of the standard 174 
deviation of the wavefront error per surface. It is helpful to minimize the values of 175 

( )sinn n IΔ × but these alone may not always indicate a desensitized lens. For example,176 

design C has low variation of ( )sinn n IΔ × , has the lowest nominal performance, but it is a177 
sensitive design. 178 

179 
Lower values of ( )sinn n IΔ × and of the parameters W&S may indicate higher nominal180 
performance. Using the Root Sum Squares of any of the plots parameters may serve as a tool 181 
to desensitize a lens for fabrication errors. 182 

183 
The structure of a lens is carried to some extend by the behavior of the plots. Problematic lens 184 
elements can be identified by large departures of the plots from their mean. Large differences 185 
between the plot for the on-axis beam and the off-axis beam indicate lack of lens symmetry. 186 

187 
Further consideration indicates that minimizing the standard deviation Wσ of the wavefront188 
might be necessary to arrive to a desensitized lens. This can be explained by recalling that 189 
aberration compensation is a powerful mechanism to eliminate aberration, but that under 190 
perturbation the aberration residual can be significant. Thus minimizing aberration within a 191 
lens would reduce aberration residuals that result from fabrication errors. 192 

193 
One must keep in mind that in the presence of aspherical surfaces, one must control the aspheric 194 
coefficients [24] before a lens can be desensitized for the lens form using any of 195 

( )sinn n IΔ × , Wσ ,  or W&S .196 
197 

7. Square wave imaging198 
199 

While the Modulation Transfer Function plots are a standard for image evaluation, there is a 200 
need to show better the effects of the MTF degradation on imaging. To this end image 201 
simulation of a square wave can readily be implemented from contrast (modulation) and phase 202 
information of its harmonics as shown in Fig. 4 for the case of a Cooke triplet lens. A square 203 
wave simulation display is useful for example for aiding image evaluation, for comparing lens 204 
designs, and for teaching imaging evaluation. 205 



206
Fig. 4 Top: MTF for 10 lp/mm in blue color and 30 lp/mm in green color across the field of view for a Cooke 207

triplet lens. Bottom: square wave imaging at 10 lp/mm and 30 lp/mm for the on-axis field, 14 degrees field point, and 208 
20 degrees field point. 209 

210 
To produce the image simulation the fundamental frequency and four harmonics were added 211 
as 212 

30
10 10 30

50 70 90
50 70 90

2 21 Sin Sin 3
3

2 2 2Sin 5 Sin 7 Sin 9
5 7 9
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C C Cx P x P x P

π π
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     + + + + + +     
     

,  213 

(10) 214 
where the Cs are the contrasts and Ps are the phases of the spatial frequencies under 215 
consideration, both obtained from the lens design optical transfer function calculation, and x is 216 
the coordinate variable. More harmonics could be added but as can be seen four harmonics 217 
produce for the purpose at hand a good representation of a square wave. 218 

219 
8. Conclusions220 

221 
This paper introduces some useful lens performance displays. These are helpful for gleaning 222 
into the structure of lenses, for identifying problematic lenses, for desensitizing for lens 223 



manufacturing errors, and for teaching lens design. Optimizing a lens while decreasing the RSS 224 
of the standard deviation of the wavefront error per surface leads to desensitized lens. 225 
Minimizing the RSS of ( )sinn n IΔ × or the parameters W & S can be helpful in obtaining 226 
superior lens design solutions. Design B in Fig. 1 is an example of a relaxed lens. The image 227 
simulation of a square wave using the fundamental spatial frequency and four harmonics are 228 
very useful displays because it shows what imaging to expect from a given lens state of 229 
correction; they complement the standard MTF plots that lens design programs produce.   230 

 231 
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10. Appendix 242 
 243 

Table A1. Prescription table of optical relay B. 244 

Surface Radius 
(mm) 

Thickness 
(mm) 

Glass 

Object  173  
1 76.675 8 FK51 
2 -127.715 39.609  
3 34.216 7 FK51 
4 -46.063 2 S-LAL54Q 
5 46.458 46.856  
6 11.625 3 LAK33 
7 38.717 0.4  
8 109.241 2 F2 
9 9.223 35.441  

10 38.128 4 LAK33 
11 -159.783 28.693  

 245 
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