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ABSTRACT 
 

Several terrestrial and aerospace applications require the ability to track a Fast-Steering Mirror’s 

(FSM) high velocity slew rates with microradian positional resolution. Using theoretical analysis 

and Monte Carlo simulations, the Fast Linescan Grating Shear Interferometer (FLGSI) was 

designed to meet this demand with commercial off-the-shelf (COTS) parts. The primary goal of 

this thesis was to demonstrate that the calibrated FLGSI could constantly track the relative FSM 

position while the FSM was driven with sinusoidal and square electrical waveforms. The angular 

magnification, the grating period, and the source wavelength affected the measurement 

resolution of the FLGSI. The FLGSI design had better than -0.5 waves of coma and less than 

0.75 waves of spherical aberration (at 632.8 nm) for the ±4 mrad system FOV. With a photon 

noise model corrected by measured results, the FLGSI propagated uncertainty was less than 

9.5 µrad when measuring the FSM angular position with FSM velocities below 1.5 rad/s, and 

when measuring a stationary FSM, the FLGSI could measure FSM movements as small as 

49.22 nrad (twice the FLGSI measurement uncertainty). The OIM 202 was modeled to estimate 

the mirror velocity, and design experiments to test the FLGSI measurement capabilities. The 

secondary goal of this thesis was to measure the OIM 202 movement properties with the FLGSI 

and compare them with the modeled and manufacturer reported properties. The FLGSI, with a 

framerate faster than 40 kHz, accurately tracked the FSM position when the FSM was moving at 

rates slower than 1.1761 ± 0.58 rad/s. The FLGSI measured the FSM X-axis settle time to be 

9.98 ms with a pointing accuracy of ±1.38 µrad and the FSM Y-axis settle time to be 6.69 ms 

with a pointing accuracy of ±0.94 µrad. The settle time was slightly slower, and the pointing 

accuracy was slightly worse than quoted manufacturing specifications.  
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1. THEORY 

 
1.1 INTERFERENCE THEORY 
 

The inherent property of interference can accurately characterize electromagnetic wave behavior 

through an optical system. The superposition of two or more waves leads to fringe patterns that 

yield information about aberrations, alignment issues, and even abilities to track the motion of 

objects in the field of view. The electric field, E, at a point in space, denoted by the position 

vector, r, can be expressed as the product of an amplitude vector, A, and a scalar phase function, 

ϕ: 

 

 𝑬(x, y, z, t) =  𝐄(𝐫, t) = 𝐀(𝐫) exp[𝑖𝜙(𝒓, 𝑡)] = 𝐀(𝐫) exp[𝑖(𝜔𝑡 − 𝜙(𝒓))]. (1) 

 

The spatial phase, ϕ(r), in Eq. (1) is important for determining interference behavior [1]. To 

simplify the complexities of many of the possible phase and amplitude functions existing in 

nature, and to mimic the behavior of an optical system, a monochromatic plane wave is assumed 

to be traveling in the positive z-direction. This assumption is a good approximation because a 

HeNe laser is used that is collimated. Plane waves have the advantage of having the same 

amplitude across the entire wavefront. This wave is also linearly polarized due to the properties 

of the laser source which must be considered. This leads to the following expression, 

 

 𝐄(𝐫, t) = 𝐀(𝐫) exp[𝑖(𝜔𝑡 − 𝒌 ∙ 𝒓)] = 𝐀(𝐫) exp[𝑖(𝜔𝑡 − 𝑘𝑧)], (2) 

 

 𝑨(𝒓) = 𝐸𝑥�̂� + 𝐸𝑦�̂� (3) 

 

where Ex and Ey are components of the oscillating electric field described by the directional unit 

vectors �̂� and �̂� [2]. Also of note is the wave number, k, which is equal to 2π divided by the 

wavelength of the EM-wave, λ. Now, the measurement of the electric field is not easily done, but 

the irradiance, which is the time average of the modulus squared of that field, can be measured 

using detectors like photodiodes and CCDs. The irradiance of two waves interfering can be 

written as 

 

 𝐼(𝑥, 𝑦, 𝑧, 𝑡) = 𝐼1 + 𝐼2 + 〈𝑬1(𝒓, 𝑡) ∙ 𝑬2
∗ (𝒓, 𝑡)〉 + 〈𝑬1

∗(𝒓, 𝑡) ∙ 𝑬2(𝒓, 𝑡)〉 (4) 

 

where I1 and I2 are the irradiances of each of the two beams, respectively. The 〈∙〉 operator is the 

time average of the electric field over a time interval much greater than the inverse frequency of 

the monochromatic light, and the * symbol is the complex conjugate of the electric field. Using 

the expression of the plane wave found earlier in Eq. (2), the irradiance expression in Eq. (4) 

simplifies to 

 

 𝐼(𝒓, 𝑡) = 𝐼1 + 𝐼2 + 2(𝐀1(𝐫) ∙ 𝐀2(𝐫)) cos[(𝜔1 − 𝜔2)𝑡 − (𝜙1(𝒓) − 𝜙2(𝒓))]. (5) 
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The system in this thesis will be observing the interference of light from the same laser where 

common path interference has no polarization differences. This is an example of homodyne 

interferometry since 𝜔1 = 𝜔2, so this expression simplifies further to the following expression, 

 

 𝐼(𝑥, 𝑦, 𝑧) = 𝐼1 + 𝐼2 + 2√𝐼1𝐼2𝒑1,2 cos[Δϕ(𝑥, 𝑦, 𝑧)], (6) 

 

where Δϕ is the phase difference between the two interfering waves, and p1,2 is the dot product of 

the two polarization states [2]. This phase difference drives the observed interference pattern, 

and it is independent of time, unless the observed phase difference is changing due to optical 

path length differences across the wavefronts that are interfering. A fast-moving mirror that 

reflects the beam back onto a detector would be an example of a phase difference that is 

changing with time. For a bright fringe to occur, the following condition must be true: 

 

 Δϕ = 2πm  →    
2π

𝜆
𝑂𝑃𝐷 = 2𝜋𝑚 →      𝑂𝑃𝐷 = 𝑚𝜆 (7) 

 

where m is an integer that represents the fringe order. The condition in Eq. (7) maximizes the 

cosine term in the irradiance expression in Eq. (6). Dark fringes would happen when the cosine 

term in Eq. (6) is minimized. The optical path difference (OPD) between the two traveling beams 

determines the interference pattern. The OPD is the physical distance multiplied by the refractive 

index of the material that the light is traveling through. Here, fringes represent contours that 

denote regions where the OPD is constant (phase difference is constant). When factoring out the 

DC offset of the two combined beam intensities, the following expression is obtained, 

 

 𝐼(𝑥, 𝑦, 𝑧) = (𝐼1 + 𝐼2) {1 +
2√𝐼1𝐼2

𝐼1 + 𝐼2
𝒑1,2 cos[Δϕ(𝑥, 𝑦, 𝑧)]} (8) 

 

𝐼(𝑥, 𝑦, 𝑧) = (1 + 𝛽) {1 +
2√𝛽

1 + 𝛽
𝒑1,2 cos[Δϕ(𝑥, 𝑦, 𝑧)]} , 𝛽 =

𝐼1

𝐼2
     ,   (9) 

 

and this expression is important in visualizing how the fringes are modulating about the DC 

offset of the two combined beam irradiances. If the intensity differences are small, a larger 

modulation amplitude results and fringes are more easily observed. The Fringe Visibility is also 

driven by the polarization of the two waves. This is the fraction multiplying the cosine term in 

Eq. (8) and Eq. (9). With the right polarization optics, the system can ensure the same 

polarization states to maximize the visibility. The following plot in Fig. (1) demonstrates the 

effects of the beam irradiances and polarization dot-products as it relates to the visibility of the 

interference pattern. Note that the severe effects of visibility loss occur when one beam is far less 

bright than the other beam. Therefore, it is important that the beams that are interfering have 

comparable irradiances to ensure high fidelity of detecting the fringes resulting from their 

interference. 
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Fig. (1): Visibility vs Beam Irradiance Ratio for two-beam interference. Various polarization differences between 

the two beams are considered (dot product of two beam polarizations). 
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1.2 SIMPLE SHEAR INTERFEROMETER THEORY 
 

An Interferometer is an optical system that measure the resulting interference of two or more 

beams. This thesis is particularly interested in the performance capabilities of a shear 

interferometer. The basic shear interferometer arises from the interference pattern created by a 

wedged plate of glass. From a common collimated source, the reflection off the front and back 

surfaces of the glass splits the amplitude of the source wavefront. From the optical path of each 

reflected beam having a set path difference, interference will occur given the proper conditions 

for high visibility.  Furthermore, any other inherent phase differences across the wavefront will 

be observable, as the reflections will propagate these phase differences to the observation plane 

of the fringes. Using Fig. (2) as a geometrical reference, it is possible to express the 

monochromatic x-polarized collimated laser source’s wavefront as: 

 

 𝐄𝟎(𝐫, t) = 𝐀(𝐫) exp[𝑖(𝜔𝑡 − 𝒌 ∙ 𝒓)] exp[𝑖2𝜋𝑊0(𝑥, 𝑦)], (10) 

 

 𝐄𝟎(𝐫, t) = 𝐴0 exp[𝑖(𝜔𝑡 − 𝑘(𝑦 cos 𝜃Δ + 𝑧 sin 𝜃Δ))] exp[𝑖2𝜋𝑊0(𝑥, 𝑦)] �̂�, (11) 

 

where W0(x,y) represents the initial wavefront error encumbered while traveling through the 

optical system before the glass wedge. Eq. (11) can also consider a z-polarized beam which 

would transition into y-polarized after reflections. 

 

 
Fig. (2): Simple Shear Interferometer geometry with a wedged plate glass. The two beams interfere at the 

observation plane. The shear angle is measured from the surface of the plate glass to the incident beam. θΔ is 

measured from the y-axis to the incident beam. 

 

With the wavefront incident at angle θi= 90-θs, and the wedge plate located at an angle θs+θΔ 

relative to +y direction (if θΔ>0, θs<45°), there are two different reflected wavefronts that can be 

expressed by: 
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 𝐄𝟏(𝐫, t) = 𝑟𝑖A0 exp[𝑖(𝜔𝑡 − 𝑘𝑧)] exp[𝑖2𝜋𝑊0(𝑥, 𝑦)] �̂�, (12) 

 

𝐄𝟐(𝐫, t) = 𝑡2𝑛𝑟𝑛𝑡𝑖A0 exp[𝑖(𝜔𝑡 − 𝑘(𝛼𝑥 + 𝛽𝑦 + 𝛾𝑧) + 𝜙𝑂𝑃𝐷)] exp[𝑖2𝜋𝑊0(𝑥, 𝑦 − 𝑠)] �̂�. (13) 

 

 

where E2 is the wave coming off the back, wedged surface with propagation direction cosines of 

α, β, and γ. The terms ri and ti are the Fresnel coefficients for reflection and transmission, 

respectively, of the front surface. The coefficient rn is the reflection coefficient of the back 

surface, and t2n is the transmission coefficient of the front surface when moving from glass to air. 

The term ϕOPD accounts for the phase shift that E2 encounters while propagating through the 

wedged plate. It is assumed that the surfaces of the glass are perfectly flat, but without this 

assumption the front and wedged surfaces could add aberrations that could be included in W0 

and ϕOPD, respectively. The term s in the second equation represents the wavefront offset or 

“shear” created by the wedge glass. This term is important as it drives the size of the overlap that 

the two beams have, and thus, it determines how large of a region will be interfering. 

 

Using geometrical considerations, relations can be modeled for the shear distance as a function 

of refractive index of the wedge plate, the shear angle of the plate, and the thickness of the plate. 

These are shown in Fig. (3), Fig. (4), and Fig. (5). At nominal conditions with a HeNe laser, it is 

assumed that the shear angle is 45°, the glass is N-SF66 with a thickness of 3.8 mm and a 20 arc-

second wedge in the x-direction. This x-wedge is orthogonal to the direction of the shear distance 

and is very helpful for observing interference fringes as explained later in this derivation. 

 

 
Fig. (3): Shear Distance as a function of wedge plate refractive index. 
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Fig. (4): Shear Distance as a function of the wedge plate shear angle. The shear angle is the complimentary angle for 

the angle of incidence of the incident beam. 

 

 
Fig. (5): Shear distance as a function of the wedge plate thickness. 

 

From Fig. (4) and Fig. (5) distance can be maximized or minimized by varying the refractive 

index and shear angle. The largest effect of shear comes with the change in the wedge plate’s 

thickness as seen in Fig. (5). By placing the observation plane normal to the z-axis, the observed 

irradiance pattern can be determined using the same method as in Eq. (6), Eq. (12), and Eq. (13): 
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 𝐼(𝑥, 𝑦) = 𝐴0
2(|𝑟𝑖|

2 + 𝑇2𝑛
2 |𝑟𝑛|2𝑇𝑖

2 + 2|𝑟𝑖||𝑡2𝑛||𝑟𝑛||𝑡𝑖| cos{Δ𝜙(𝑥, 𝑦)}), (14) 

 

Δ𝜙(𝑥, 𝑦) = 𝑘[𝛼𝑥 + 𝛽𝑦 + 𝑧(𝛾 − 1)] − 𝜙𝑂𝑃𝐷(𝑥, 𝑦) − 2𝜋[𝑊0(𝑥, 𝑦 + 𝑠) − (𝑊0(𝑥, 𝑦))], (15) 

 

 Δ𝜙(𝑥, 𝑦) = 𝑘𝛼𝑥 − 𝜙𝑂𝑃𝐷(𝑥, 𝑦) − 2𝜋[𝑊0(𝑥, 𝑦 + 𝑠) − (𝑊0(𝑥, 𝑦))]. (16) 

 

Eq. (16) assumes that the final angle out of the shear interferometer is nearly parallel with the z-

axis except for the angle picked up by the x-wedge in the system. The last term in the phase 

difference of the two waves is the expression of interest in Eq. (16), and it can be rearranged as 

follows: 

 

 2𝜋[𝑊0(𝑥, 𝑦 − 𝑠) − 𝑊0(𝑥, 𝑦)] = 2𝜋𝑠 [
1

𝑠
∫

𝜕𝑊0(𝑥, 𝑦′)

𝜕𝑦′

𝑦+𝑠

𝑦

𝑑𝑦′]   , (17) 

 

 2𝜋[𝑊0(𝑥, 𝑦 − 𝑠) − 𝑊0(𝑥, 𝑦)] ≈ 2𝜋𝑠 lim
𝑠→0

[
𝑊0(𝑥, 𝑦 − 𝑠) − 𝑊0(𝑥, 𝑦)

𝑠
]    , (18) 

 

 2𝜋[𝑊0(𝑥, 𝑦 + 𝑠) − 𝑊0(𝑥, 𝑦)] ≈ 2𝜋𝑠
𝜕𝑊0(𝑥, 𝑦)

𝜕𝑦
 (19) 

 

From the demonstrated result in Eq. (21), the simple shear interferometer creates an interference 

pattern that is the derivative of the wavefront incident on the wedged glass and includes any 

wavefront error imparted by the front surface of the wedged glass [5]. Furthermore, the total 

phase difference, Δϕ, includes any wavefront error encountered when propagating twice through 

the wedged plate and any wavefront from reflection off the wedged back surface in the 

expression, ϕOPD. At the observation plane, the interference pattern is also modulated by a phase 

difference due to the differing output angles of the front and back surface reflections [5]. 

 

The approximation of the shear interferometer acting as a differential interferometer will be more 

accurate as s, the shear distance, approaches zero. Otherwise, it will more closely follow the 

average partial derivative over the shear distance as seen in Eq. (17). This does assume that the 

wavefront error is slowly varying across the shear distance. Fig. (3), Fig. (4), and Fig. (5) showed 

how the refractive index, shear angle, and thickness affect the shear distance, respectively. 

Wedge angle does not change the shear distance much and will be small to ease fabrication. 

Minimizing shear distance is most easily accomplished by minimizing the thickness and ensuring 

the aspect ratio (max beam size to plate thickness ratio) of the piece of glass is not larger than 

10:1 [5]. However, the shear distance minimization comes at a cost, as a parallel plate will output 

an infinite number of secondary beams [6]. To prevent this from happening, and to prevent these 

output beams from interacting with the two beams of interest, E1 and E2, the wedge in the plate 

should be of a certain size. Also, the appropriate shear angle affecting the input beam’s angle of 

incidence should be properly chosen, and the plate should be made with a certain refractive index 

and thickness. These parameters will be used to maximize the visibility of the fringes. 
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Since a glass material with relatively little to no absorption is assumed, there should be little 

concern with phase changes of the electric field upon reflection. The non-absorptive assumption 

holds well for many glass types in the visible regime when the imaginary part of the complex 

refractive index is on the order of 10-8. The reflection and transmission coefficients can be 

calculated using Fresnel Equations [2]. These coefficients depend on the angle of incidence of 

the light at the glass surfaces. The visibility expression in Eq. (14) can be written as:  

 

 𝑉𝑠ℎ𝑒𝑎𝑟 =
𝐼𝑚𝑎𝑥 − 𝐼𝑚𝑖𝑛

𝐼𝑚𝑎𝑥 + 𝐼𝑚𝑖𝑛
=

2|𝑟𝑖||𝑡𝑛||𝑟𝑛||𝑡𝑖|

|𝑟𝑖|
2 + 𝑇2𝑛

2 |𝑟𝑛|2𝑇𝑖
2   , (20) 

 

 𝑉𝑠ℎ𝑒𝑎𝑟 =
2|𝑟𝑖||𝑡𝑛||𝑟𝑛||𝑡𝑖|

|𝑟𝑖|2 + |𝑟𝑛|2(1 − |𝑟2𝑛|2)𝑇𝑖
2    . (21) 

 

Using geometric ray tracing, a model was established to understand the relationship of visibility 

as a functions of various wedge glass plate parameters that affect Eq. (2). Fig. (6) and Fig. (7) 

show how the shear angle and the refractive index, respectively, affect the fringe visibility 

described in Eq. (21). There is very little visibility change with wedge angles <0.1°, and there is 

no visibility change due to plate thickness if the material is non-absorptive.  

 

 
Fig. (6): Visibility of fringes as a function of the shear angle. The shear angle is the complementary angle of the 

angle of incidence of the initial beam. Visibility increases contrast in fringes being observed. 
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Fig. (7): Fringe Visibility as a function of the refractive index of the glass making the wedge in the shear 

interferometer. Higher refractive index materials improve the visibility slightly. 

 

Maximizing the visibility while minimizing the shear distance is easily accomplished. For a 1-

inch beam diameter, this forces a roughly 38 mm plate diameter (allowing for mechanical 

tolerances) if the shear angle will be at 45°. The shear angle choice is chosen for ease of 

alignment. Thus, with a forced thickness of 3.8 mm to hold a 10:1 aspect ratio for ease of 

fabrication, a glass type with a high refractive index at 632.8 nm would maximize the visibility. 

Since the wedge minimally affects visibility and shear distance, a 20-arcsecond wedge is chosen, 

and the glass type that is cheap at this refractive index is N-SF66 (3.144x more expensive than 

N-BK7). With these choices, there was a non-zero shear distance, so the derivative operator is 

more closely representative of the average partial derivative over the shear distance [5]. 

 

Placing value on maximized visibility is important for fringe detection, however, using Eq. (16) 

and Eq. (21), the defocus detection suffers when the shear distance is minimized: 

 

 Δ𝜙(𝑥, 𝑦) = 𝑘𝛼𝑥 − 𝜙𝑂𝑃𝐷(𝑥, 𝑦) − 2𝜋[𝑊0(𝑥, 𝑦 − 𝑠) − 𝑊0(𝑥, 𝑦)]  . (22) 

 

 Δ𝜙(𝑥, 𝑦) = 𝑘𝛼𝑥 − 𝜙𝑂𝑃𝐷(𝑥, 𝑦) − 2𝜋𝑠
𝜕𝑊0(𝑥, 𝑦)

𝜕𝑦
 . (23) 

 

 𝑊𝐹𝐸𝐷𝑒𝑓𝑜𝑐𝑢𝑠(𝑥, 𝑦) = 4𝑊020

𝑥2 + 𝑦2

𝐷𝑝𝑢𝑝𝑖𝑙
2   . (24) 

 

 Δ𝜙(𝑥, 𝑦) = 𝑘𝛼𝑥 − 𝜙𝑂𝑃𝐷(𝑥, 𝑦) − 2𝜋𝑠 (
8𝑊020𝑦

𝐷𝑝𝑢𝑝𝑖𝑙
2 )  . (25) 
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In Eq. (25), the exit pupil of our system has a diameter, Dpupil, while W020 is the amount of 

defocus in waves. The orthogonality of the wedge direction and the shear direction has led to a 

linear interference pattern for defocus, and the sign of the defocus can be observed as well. If 

Eq. (25) is rearranged to determine the “slope” across the pupil for a give bright fringe as 

described in Eq. (7), the slope is dependent on the shear distance: 

 

 2𝜋𝑚 = 𝑘𝛼𝑥 − 𝜙𝑂𝑃𝐷(𝑥, 𝑦) − 2𝜋𝑠 (
8𝑊020𝑦

𝐷𝑝𝑢𝑝𝑖𝑙
2 )  , (26) 

 

 𝑥 =
8𝜆𝑠𝑊020

𝛼𝐷𝑝𝑢𝑝𝑖𝑙
2 𝑦 + (

𝑚𝜆

𝛼
+

𝜆

2𝜋𝛼
𝜙𝑂𝑃𝐷(𝑥, 𝑦)). (27) 

 

From Eq. (26), vertical fringes would correspond to a collimated light source and the defocus 

would be zero. If the defocus amount is greater than zero, linear fringes will make a clockwise 

angle with the y-axis. That is to say that the linear fringes rotate clockwise from vertical with 

positive defocus. Positive defocus means that a beam is converging, and the paraxial focus of a 

lens system is in front of the light source [1]. Furthermore, fringe spacing will decrease with an 

increase in defocus. With this derivation, the slope of detectible fringes that correspond to 

defocus depends on the shear distance, and thus the “sensitivity” of the shear interferometer is 

dependent on the shear distance. From Fig. (4), the maximum shear distance exists near a shear 

angle of 45°. A thicker wedge plate would increase shear, but visibility would decrease due to 

potential absorption and scattering.  

 

Still, a shear interferometer producing more shear will produce a more sensitive interferometer; 

however, the approximation as a derivative interferometer is less effective. The average value 

partial derivative over the shear distance would be a more accurate approximation, but the slow 

variation of the wavefront error over the shear distance is less likely to apply, and the derivative 

operator in Eq. (21) requires a very small shear distance. Thus, the slope term in Eq. (27) is only 

accurate for small shear distances where the derivative operator approximation applies. By 

modeling the ideal interference output of the interferometer with only Defocus present, it is 

possible to use a Hough transform to measure the actual fringe angle as a function of the 

Defocus. Comparing this with the slope value expected when the shear is very small, Fig. (8) 

shows how this approximation fails to represent the expected fringe slope. Earlier discussed 

values model the expected fringe patterns. In addition, the shear increased from an increase in 

the thickness of the plate from 3.8 mm to 10 mm to test the effect of shear distance on the 

defocus measurement sensitivity. 
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Fig. (8): Fringe angle vs Defocus for an x-shear interferometer with two shear distances. Angles greater than zero 

mean fringe angle measured clockwise from the x-axis, and the fringe slopes were positive. The derivative 

approximation and actual fringe angle are shown. 

 

The region where an approximately linear change occurs between defocus and the fringe angle is 

smaller for the derivative approximation. This is because the fringes in the “derivative” case 

would rotate away from the x-axis faster. This shows that as the shear distance decreases, there 

will be a much greater response to defocus. However, the dynamic range decreases quickly, as it 

becomes less clear just how defocused the beam is because of the steep slope of Fig. (8), as the 

values approach ±90°. In the case with a finite amount of shear, there is about a factor of 15.8565 

decrease in the response slope which leads to a larger dynamic range over which the amount of 

defocus can be observed by measuring the fringe angle. Overall, sensitivity, in the case of 

common literature [5], refers to the slope of this response. The derivative approximation refers to 

shear close to zero, which is difficult to achieve because the thickness of the plate would need to 

approach zero since changing the refractive index and the shear angle would degrade fringe 

visibility. Thus, some amount of finite shear exists, as is commonly used in wedge plate 

interferometers that quantify beam collimation. This sacrifices a high defocus sensitivity but 

enables a larger dynamic range. An increase in shear does increase the sensitivity, but the 

derivative operator approximation is inaccurate. Other shearing methods, like diffraction, do not 

achieve as high of a degree of sensitivity to defocus, but they can significantly improve visibility. 

This improved visibility can be quite useful for tracking the wavefront error or wavefront phase 

of a target. 
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1.3 DIFFRACTION THEORY 
 

Due to the behavior of light when interacting with materials and the surrounding environment, it 

is critical to examine the diffractive properties of light. In particular, the diffraction patterns 

observed result from interference of light that propagates through physical apertures and 

diffraction gratings. Starting with the Rayleigh-Sommerfeld diffraction formula using an 

expanding spherical wavefront as the Green’s function around the observation point, a field 

propagating through an aperture results in a diffraction pattern [1]. Assuming the incident field is 

undisturbed in the open area of the aperture, and zero on the opaque regions of the aperture, the 

electric field diffraction was expressed using the following: 

 

 𝐸(𝑥, 𝑦, 𝑧) = ∬
𝑧

𝜌
[−

𝑖

𝜆
+

1

2𝜋𝜌
] [

exp(𝑖𝑘𝜌)

𝜌
] 𝐸𝑎𝑝(𝑥𝑎𝑝, 𝑦𝑎𝑝, 0)

 

𝐴𝑝

𝑑𝐴. (28) 

 

Here, Eap is the incident field expression immediately after transmission through the aperture 

along x-y points in the plane of the aperture. In addition, ρ is the distance between a point on the 

aperture and the observation point located at a distance z from the optical axis. The area integral 

is over the open area of the aperture, and it was assumed that the observation plane is several 

wavelengths away from the aperture, Eq. (28) simplifies to: 

 

 𝐸(𝑥, 𝑦, 𝑧) =
1

𝑖𝜆
∬ cos 𝛾 [

exp(𝑖𝑘𝜌)

𝜌
] 𝐸𝑎𝑝(𝑥𝑎𝑝, 𝑦𝑎𝑝, 0)

 

𝐴𝑝

𝑑𝐴, (29) 

 

where γ is the angle that the distance vector makes with the point on the aperture and the point of 

observation. This is an obliquity factor for observing diffraction off-axis. It is possible to 

approximate ρ using a Taylor Series Approximation [12]: 

 

 𝜌 = [(𝑥 − 𝑥𝑎𝑝)
2

+ (𝑦 − 𝑦𝑎𝑝)
2

+ 𝑧2]

1
2

= 𝑧 (1 +
(𝑥 − 𝑥𝑎𝑝)

2
+ (𝑦 − 𝑦𝑎𝑝)

2

𝑧2
)

1
2

 , (30) 

 

 𝜌 ≈ 𝑧 (1 +
(𝑥 − 𝑥𝑎𝑝)

2
+ (𝑦 − 𝑦𝑎𝑝)

2

2𝑧2
− ⋯ ) ≈ 𝑧 +

(𝑥 − 𝑥𝑎𝑝)
2

+ (𝑦 − 𝑦𝑎𝑝)
2

2𝑧
. (31) 

 

Assuming that the region of observation is far enough away, and the aperture is small enough 

that the z distance dominates in the scaling term for the spherical wave expression and obliquity 

factor (𝑧 ≈ 𝜌), by substituting Eq. (31) into Eq. (29), the expressions in Eq. (29) simplifies to: 

 

 𝐸(𝑥, 𝑦, 𝑧) =
exp(𝑖𝑘𝑧)

𝑖𝜆𝑧
∬ 𝐸𝑎𝑝(𝑥𝑎𝑝, 𝑦𝑎𝑝, 0) exp [

𝑖𝑘

2𝑧
((𝑥 − 𝑥𝑎𝑝)

2
+ (𝑦 − 𝑦𝑎𝑝)

2
)]

 

𝐴𝑝

𝑑𝐴 , (32) 
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𝐸(𝑥, 𝑦, 𝑧) =
exp(𝑖𝑘𝑧)

𝑖𝜆𝑧
exp [

𝑖𝑘

2𝑧
(𝑥2 + 𝑦2)] × … 

… ∬ 𝐸𝑎𝑝(𝑥𝑎𝑝, 𝑦𝑎𝑝, 0) exp [
𝑖𝑘

2𝑧
(𝑥𝑎𝑝

2 + 𝑦𝑎𝑝
2 )] exp [−𝑖2𝜋 (

𝑥

𝜆𝑧
𝑥𝑎𝑝 +

𝑦

𝜆𝑧
𝑦𝑎𝑝)]

 

𝐴𝑝

𝑑𝑥𝑎𝑝 𝑑𝑦𝑎𝑝. 
(33) 

 

 

Eq. (32) is the Fresnel Diffraction equation, and by expanding out the quadratic parts of the 

integrand, Eq. (33) results. The latter equation is of the form of a two-dimensional Fourier 

Transform and Eq. (33) can be rewritten as follows: 

 

 𝐹(𝜉, 𝜂) = ℱ2[𝑓(𝑥, 𝑦)] = ∬ 𝑓(𝑥, 𝑦) exp[−𝑖2𝜋(𝜉𝑥 + 𝜂𝑦)] 𝑑𝑥 𝑑𝑦  , (34) 

 

𝐸(𝑥, 𝑦, 𝑧) =
exp(𝑖𝑘𝑧)

𝑖𝜆𝑧
exp [

𝑖𝑘

2𝑧
(𝑥2 + 𝑦2)]  × … 

… ℱ2 [𝐸𝑎𝑝(𝑥𝑎𝑝, 𝑦𝑎𝑝) exp [
𝑖𝑘

2𝑧
(𝑥𝑎𝑝

2 + 𝑦𝑎𝑝
2 )]]

𝜉=
𝑥𝑎𝑝

𝜆𝑧
  ,   𝜂=

𝑦𝑎𝑝

𝜆𝑧

    . 

 

(35) 

 

By using the frequency variable substitutions specified in Eq. (35), diffraction can be 

approximated in the form of a Fourier transform in the form of Eq. (34). However, this 

approximation is only valid due to the assumption that higher order terms in the Taylor Series 

Expansion are very small. If a strict error of 1 radian of phase exists in Eq. (31) for ignoring the 

next term in the Taylor expansion, the observation plane must be farther than a certain distance 

for the Fresnel Diffraction to be accurate: 

 

 𝑧 ≫ [
𝜋

4𝜆
((𝑥 − 𝑥𝑎𝑝)

2
+ (𝑦 − 𝑦𝑎𝑝)

2
)

2

]

1
3

   . (36) 

 

The maximum of the expression on the right determines this distance [12]. Whatever the 

maximum value of the expression is based on geometric considerations of the source, 

observation plane, and aperture plane will determine this distance. It is important to note that the 

sampling for the Fourier Transform follows the Nyquist limit, based on the maximum spatial 

frequency in the quadratic phase term [8,9]. If it is under-sampled, aliasing of the field will 

occur. Using this Fresnel approximation with an aperture diameter of 0.5 mm illuminated by a 

unity plane wave at 632 nm propagating parallel to the optical axis, the Fresnel Diffraction 

irradiance can be observed at the center of the optical axis at varying distances where the Fresnel 

Approximation applies [9]. This results in Fig. (9). 
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Fig. (9): On-axis expected Irradiance (632 nm) for Fresnel Diffraction Approximation (Eq. 35) for various distances 

from a circular aperture. The y-axis on this plot is the ratio of measured irradiance to incident irradiance on the 

aperture. 

 

This approximation is accurate, but the error in this predicted Irradiance versus the irradiance 

using Eq. (35) would happen for values as one approaches closer to the aperture. This is because 

the assumption in the denominator of Eq. (32) that 𝑧 ≈ 𝜌 is not accurate at close distances. 

Furthermore, the Fresnel approximation operates under the paraxial optics assumption that only 

rays that make small angles with the optical axis are considered (< ~5°). See Fig. (10) for the 

approximation errors. 

 

Most interferometry uses collimated beams that have a small field angle, so any diffraction in the 

system occurs at an observation distance near infinity. In a similar manner, taking the diffracting 

light and focusing it with a powered optic can create the same effect of bringing the light into the 

far field condition. Such far field diffraction is far easier to calculate when using the 

approximation that z approaches infinity in Eq. (35). Considering the expression in the Fourier 

Transform, the Fraunhofer Diffraction equation results with the following condition: 

 

 𝑧 ≫ (
𝑘

2
(𝑥𝑎𝑝

2 + 𝑦𝑎𝑝
2 ))  →   𝑧 ≫

𝜋

4𝜆
𝐷𝑎𝑝

2  (𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑎𝑝𝑒𝑟𝑡𝑢𝑟𝑒)  , (37) 

 

 𝐸(𝑥, 𝑦, 𝑧) =
exp(𝑖𝑘𝑧)

𝑖𝜆𝑧
exp [

𝑖𝑘

2𝑧
(𝑥2 + 𝑦2)] ℱ2[𝐸𝑎𝑝(𝑥𝑎𝑝, 𝑦𝑎𝑝)]

𝜉=
𝑥

𝜆𝑧
  ,   𝜂=

𝑦
𝜆𝑧

   . (38) 

 

For large distances from the optical axis, the quadratic phase term in the Fourier Transform 

operator of Eq. (35) approaches unity. Because of this, in the Far Field condition, taking a scaled 
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form of the Fourier Transform of the incident wave on the aperture allows one to find the 

resulting diffraction pattern. 

 

 
Fig. (10): Paraxial Approximation Error as a function of the angle a ray makes with the optical axis. The absolute 

difference between the small angle approximation and the actual trigonometric expression for the angle of interest in 

the Optical System defines the error function. 

 

 

As with the Fresnel approximation, the system must be a paraxial optical system for this 

approximation to hold well at the far observation (Far Field) distance condition explained in Eq 

(37). This observation distance can be so far that it may allow coherence of an optical laser to 

degrade and prevent the interference from being visible [12]. By inserting a simple thin lens with 

focal length, f, directly behind the aperture, a manipulation of Eq. (35) shows that the lens brings 

the diffraction regime into the Fraunhofer region when a plane wave is normally incident on the 

aperture. This is because the quadratic phase term in Eq. (35) is the complex conjugate of the 

lens’ phase (see Eq. (39)) that it imparts on the wave exiting the aperture of interest: 

 

 𝐸𝑙𝑒𝑛𝑠(𝑥𝑎𝑝, 𝑦𝑎𝑝) = 𝐸𝑎𝑝(𝑥𝑎𝑝, 𝑦𝑎𝑝) exp [−
𝑖𝑘

2𝑓
(𝑥𝑎𝑝

2 + 𝑦𝑎𝑝
2 )]  , (39) 

 

 𝐸(𝑥, 𝑦, 𝑓) =
exp(𝑖𝑘𝑓)

𝑖𝜆𝑓
exp [

𝑖𝑘

2𝑓
(𝑥2 + 𝑦2)] ℱ2[𝐸𝑎𝑝(𝑥𝑎𝑝, 𝑦𝑎𝑝)]

𝜉=
𝑥

𝜆𝑓
  ,   𝜂=

𝑦
𝜆𝑓

  . (40) 

 

Eq. (40) matches the Fraunhofer diffraction expression in Eq. (38), but the distance requirement 

is no longer present. Thus, one can use this Fourier Transform calculation to easily find the 

diffraction of a lens system. It is assumed that the thin lens is free from aberrations like coma and 

astigmatism that result from off-axis rays even in the paraxial regime (<5°). 
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1.4 DIFFRACTION GRATING SHEAR INTERFEROMETER 

THEORY AND DEFOCUS EFFECTS 
 

Now the effects of aperture shapes on the irradiance observed at the focus of a lens in the 

paraxial regime were studied. Diffraction gratings are one such aperture set, and of particular 

interest are phase gratings made by etching a surface relief pattern into glass. These transmission 

phase gratings are readily available on the market, made to have a particular phase step size, a 

particular phase step shape, and a particular grating period [11].  Transmission gratings can serve 

to split an incident beam into multiple light beams to determine beam characteristics in an optical 

system. Shear interferometers can incorporate a diffraction grating into the design to serve as the 

wavefront divider so that two wavefronts may interfere [7]. Starting with the simple transmission 

grating equation (Eq. (41)) and Fig. (11), the shear distance, s, between the 0th order and ±1st 

orders produced by the afocal grating-lens system in Fig. (11) can be determined using small 

angle approximations with the observation plane in air: 

 

 sin 𝜃𝑚 − sin 𝜃𝑖 =
𝑚𝜆

𝑑
   ,      𝜃𝑖 = tan−1 (

𝐷

2𝑓𝑓𝑜𝑐𝑢𝑠
)    , (41) 

 

 𝑠 = 𝑥±1 − 𝑥0 = 𝑓𝑐𝑜𝑙 tan [sin−1 (sin 𝜃𝑖 ±
𝜆

𝑑
)] − 𝑓𝑐𝑜𝑙 tan 𝜃𝑖     , (42) 

 

 𝑠 ≈
𝑓𝑐𝑜𝑙𝜆

𝑑
    . (43) 

 

Note that the spacing of orders, m, is dependent on the wavelength and the period, d, of the 

grating. Here, D is the diameter of the lens focusing light onto the grating (entrance pupil of the 

system), and 𝑓𝑓𝑜𝑐𝑢𝑠 is that lens’ focal length. The collimating lens has a focal length of, 𝑓𝑐𝑜𝑙. This 

design creates an afocal system whose image and object plane conjugates are at infinity. 

 

 
Fig. (11): Simple 1st order paraxial setup for grating shear interferometer with a normally incident plane wave. The 

0th, 1st, and negative 1st diffraction orders are colored blue, green, and red, respectively. The plane of observation is 

located at the exit pupil of the afocal system shown above. 
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Fringes will appear only in the region where the 0th and ±1st order beams overlap (and where 

higher order beams overlap) as shown in Fig. (12). Thus, the shear distance is important in 

providing a large enough region for measuring the interference pattern resulting from this simple 

design of Fast Linescan Grating Shear Interferometer (FLGSI). It is also critical that the 1st order 

and negative 1st order do not overlap, as this would lead to Three-Beam Interference with the 0th 

order [5]. It is very important to note that the plane of observation for these fringes must be at the 

exit pupil of this afocal system. If this is not the case, any movement of the beam would also 

result in a movement in the location of the overlap regions. 

 

 
Fig. (12): Interference pattern resulting from the system in Fig. (11). The resulting interference pattern exists in the 

overlap regions and are modeled for when the grating is defocused -0.75 mm (closer to focusing lens). 

 

Fig. (11) shows the simple afocal grating system layout for the Fast Linescan Grating Shear 

Interferometer (FLGSI). Using first order approximations and paraxial approximations, an 

expression can be developed to predict how defocusing the grating from the common focal point 

of the collimating and focusing lens changes the nominal interference pattern at the observation 

plane. The stop is located at the focusing lens. Starting with the argument in the cosine term of 

Eq. (6), this derivation is interested in observing the phase difference between the 0th and 1st 

order of the diffracted light: 

 

 Δ𝜙(𝑥, 𝑦) = 𝜙𝑂𝑃𝐷(𝑥, 𝑦) + 2𝜋[𝑊1𝑠𝑡(𝑥, 𝑦) − 𝑊0𝑡ℎ(𝑥, 𝑦)]    . (44) 

 

Since the diffraction grating only shears the initial wavefront from the focusing lens, it is 

possible to use the expression for the wavefront phase difference between the 0th and 1st order 

using the derived expression from Eq. (21): 
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 Δ𝜙(𝑥, 𝑦) = 𝜙𝑂𝑃𝐷(𝑥, 𝑦) + 2𝜋[𝑊0𝑡ℎ(𝑥, 𝑦 − 𝑠) − 𝑊0𝑡ℎ(𝑥, 𝑦)]    , (45) 

 

 Δ𝜙(𝑥, 𝑦) = 𝜙𝑂𝑃𝐷(𝑥, 𝑦) + 2𝜋𝑠
𝜕𝑊0(𝑥, 𝑦)

𝜕𝑦
    . (46) 

 

Noting that 𝜙𝑂𝑃𝐷 represents the phase difference between the two chief rays of the 0th and 1st 

order, this term only contributes a phase difference that shifts the fringes in the x or y-direction 

but does not change the spacing or shape of the fringes. Defocusing the grating to be closer to the 

focusing lens leads to a wavefront phase change that has the following derivative: 

 

 Δ𝜙(𝑥, 𝑦) = 2𝜋𝑠
𝜕

𝜕𝑦
(4𝑊020

𝑥2 + 𝑦2

𝐷𝑝𝑢𝑝𝑖𝑙
2 ) = 2𝜋𝑠 (

8𝑊020

𝐷𝑝𝑢𝑝𝑖𝑙
2 ) 𝑦   . (47) 

 

Dpupil is the diameter of the exit pupil, and this is equivalent to the diameter of the 0th order at the 

observation plane. W020 is the phase difference, in waves, of the wave due to defocus, and this is 

derived by comparing the paraxial sag difference between the reference wavefront (Radius of 

Curvature defined by the focal length of the focusing lens) and the shape of the aberrated 

wavefront incident on the grating (radius at the shifted plane). Comparing both wavefront sags 

with the marginal ray height at the entrance pupil (the radius of the focusing lens), and using a 

Taylor Approximation it is possible calculate the W020 coefficient in terms of the physical 

geometry of Fig. (11): 

 

 𝑆𝑎𝑔𝑟𝑒𝑓 = 𝑓𝑓𝑜𝑐𝑢𝑠 − √𝑓𝑓𝑜𝑐𝑢𝑠
2 − (

𝐷

2
)

2

≈
𝑓𝑓𝑜𝑐𝑢𝑠

8(𝑓/#)𝑓𝑜𝑐𝑢𝑠
2  

   , (48) 

 

 𝑆𝑎𝑔𝑎𝑏𝑏 = (𝑓𝑓𝑜𝑐𝑢𝑠 − Δ𝑧) − √(𝑓𝑓𝑜𝑐𝑢𝑠 − Δ𝑧)
2

− (
𝐷

2
)

2

    , (49) 

 

 𝑆𝑎𝑔𝑎𝑏𝑏 ≈
𝑓𝑓𝑜𝑐𝑢𝑠

2

8(𝑓/#)𝑓𝑜𝑐𝑢𝑠
2 (𝑓𝑓𝑜𝑐𝑢𝑠 − Δ𝑧)

   , (50) 

 

 𝑊020 = Δ𝑆𝑎𝑔 =
𝑓𝑓𝑜𝑐𝑢𝑠

2

8(𝑓/#)𝑓𝑜𝑐𝑢𝑠
2 (𝑓𝑓𝑜𝑐𝑢𝑠 − Δ𝑧)

−
𝑓𝑓𝑜𝑐𝑢𝑠

8(𝑓/#)𝑓𝑜𝑐𝑢𝑠
2  

   , (51) 

 

 𝑊020 =
1

8(𝑓/#)𝑓𝑜𝑐𝑢𝑠
2 [

Δ𝑧

1 +
Δ𝑧

𝑓𝑓𝑜𝑐𝑢𝑠

] ≈
Δ𝑧

8(𝑓/#)𝑓𝑜𝑐𝑢𝑠
2      . (52) 
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Eq. (49) has a focal length difference as the focus of the unaberrated, reference wavefront is 

shifted by Δ𝑧 from the focal length of the aberrated wavefront. The expression (𝑓/#)𝑓𝑜𝑐𝑢𝑠 is the 

ratio of the focal length of the focusing lens to the entrance pupil of the system in Fig. (11). The 

final approximation, Eq. (52), for W020 assumes that the focal length of the focusing lens is much 

greater than the defocus amount of the grating. Eq. (52) is in distance units and to scale this to 

units of waves, simply divide by the wavelength of interest. Substituting this approximation into 

the phase difference expression in Eq. (47), the following results: 

 

 Δ𝜙(𝑥, 𝑦) =
2𝜋𝑠

𝜆
(

Δ𝑧

𝐷𝑝𝑢𝑝𝑖𝑙
2 (𝑓/#)𝑓𝑜𝑐𝑢𝑠

2 ) 𝑦    . (53) 

 

As expected, the derivative of the quadratic defocus phase difference leads to fringes that are 

straight-line fringes parallel to the x-axis. Since the phase difference, Δ𝜙, is the argument of the 

cosine function from Eq. (6) which describes the two-beam interference, the period of the 

fringes, Λ, can be determined as a function of the defocus of the grating. Using the scalar 

multiple of the irradiance cosine function’s variable, y, in Eq. (53) the fringe period is expressed: 

 

 I(x, y) ∝ cos(𝐶𝑦)   →     Λ =
2π

|𝐶|
=

𝜆𝐷𝑝𝑢𝑝𝑖𝑙
2 (𝑓/#)𝑓𝑜𝑐𝑢𝑠

2

𝑠Δ𝑧
    . (54) 

 

Substituting the shear distance expression from Eq. (43) into the calculation for the fringe period 

and using the fact that the afocal system magnifies the entrance pupil diameter (the diameter of 

the focal lens) by the ratio of the focal lengths of each lens [14]: 

 

 Λ =
𝜆𝐷𝑝𝑢𝑝𝑖𝑙

2 (𝑓/#)𝑓𝑜𝑐𝑢𝑠
2

𝑠Δ𝑧
=

𝜆 (𝐷
𝑓𝑐𝑜𝑙

𝑓𝑓𝑜𝑐𝑢𝑠
)

2

(
𝑓𝑓𝑜𝑐𝑢𝑠

𝐷
)

2

(
𝑓𝑐𝑜𝑙𝜆

𝑑
) Δ𝑧

 →      Λ =
𝑑𝑓𝑐𝑜𝑙

Δ𝑧
 (55) 

 

After this slightly involved derivation, it was shown that the fringe period is inversely 

proportional to the defocus of the grating as it is moved closer to the focus lens. This finding is 

supported by Ronchi’s research on grating interferometers [15]. In an ideal case, null fringes 

would appear if no defocus were present. However, in the interest of tracking relative 

movements of a mirror and other low order aberrations, it is best to have some fringes. If a pixel 

array detector is used at the observation plane, the fringe period should be large enough to have 

multiple pixels of the detector sampling an entire period. This would ensure better signal to noise 

ratio, but these concerns will be discussed in later sections. 
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1.5 DIFFRACTION GRATING EFFICIENCY 
 

Despite these less complicated geometric considerations for shear distance and fringe spacing, 

these derivations have no expression for the efficiency of the grating at each order. This is 

important in determining the resulting visibility for fringes that would appear in the region of 

overlap between the 0th and ±1st orders. Such visibility is crucial for good signal to noise ratio. 

To write out the aperture function for a square wave transmission grating, first consider the phase 

space and resulting amplitude transmission. With the phase step of width b, with height h, and a 

period of d, the phase profile equation is:  

 

 𝜙𝑑𝑖𝑓(𝑥𝑎𝑝, 𝑦𝑎𝑝) = ℎ 𝑟𝑒𝑐𝑡 (
𝑥𝑎𝑝

𝑏
) ⊗

1

𝑑
𝑐𝑜𝑚𝑏 (

𝑥𝑎𝑝

𝑑
)   , (56) 

 

 𝑐𝑜𝑚𝑏 (
𝑥

𝑑
) = ∑ 𝛿 (𝑥 −

𝑚

𝑑
)

∞

𝑚=−∞

   ;       𝑟𝑒𝑐𝑡 (
𝑥

𝑏
) = {

1, |𝑥| ≤
𝑏

2

0, |𝑥| >
𝑏

2

 (57) 

 

where the ⊗ symbol is the convolution operator, and the functions above are referenced in 

several different textbooks [11,12]. With the appropriate phase step, one can determine the 

amplitude modulation that results for the transmitted incident wave, and the following 

transmitted field is: 

 

 
𝐸𝑎𝑝(𝑥𝑎𝑝, 𝑦𝑎𝑝) = exp (𝑖𝜙𝑑𝑖𝑓(𝑥𝑎𝑝, 𝑦𝑎𝑝)) = exp (𝑖 ∑ ℎ 𝑟𝑒𝑐𝑡 (

𝑥𝑎𝑝

𝑏
) 𝛿 (𝑥 −

𝑚

𝑑
)

∞

𝑚=−∞

). 

 

(58) 

 

Using a Fourier series expansion of the convolution and ignoring the constant term due to the 

phase function having a non-zero average value, Eq. (58) becomes: 

 

 𝐸𝑎𝑝(𝑥𝑎𝑝, 𝑦𝑎𝑝) = exp (𝑖 ∑ 𝑐𝑛 cos (
2𝜋𝑛

𝑑
𝑥𝑎𝑝)

∞

𝑛=1

)     , (59) 

 

 𝑐𝑛 =
2

𝑑
∫ ∑ ℎ 𝑟𝑒𝑐𝑡 (

𝑥𝑎𝑝

𝑏
) 𝛿 (𝑥 −

𝑚

𝑑
)

∞

𝑚=−∞

cos (
2𝜋𝑛

𝑑
𝑥𝑎𝑝)

𝑑
2

−
𝑑
2

𝑑𝑥   , (60) 

 

 𝑐𝑛 = ℎ
2

𝑑
∫ cos (

2𝜋𝑛

𝑑
𝑥𝑎𝑝)

𝑏
2

−
𝑏
2

𝑑𝑥 →   𝑐𝑛 = 2ℎ
𝑏

𝑑
𝑠𝑖𝑛𝑐 (𝑛

𝑏

𝑑
)    . (61) 
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Substituting Eq. (59) into the initial expression for the transmitted wave and using the thin lens 

Fraunhofer diffraction formula in Eq. (40), one gets the following expression for the observed 

irradiance at the focal plane of the thin lens: 

 

𝐸(𝑥, 𝑦, 𝑓) =
exp(𝑖𝑘𝑓)

𝑖𝜆𝑓
exp [

𝑖𝑘

2𝑓
(𝑥2 + 𝑦2)] … 

× ℱ2 [exp (𝑖 ∑ 𝑐𝑛 cos (
2𝜋𝑛

𝑑
𝑥𝑎𝑝)

∞

𝑛=1

)]

𝜉=
𝑥

𝜆𝑓
  ,   𝜂=

𝑦
𝜆𝑓

 
(62) 

 

 
𝐼(𝑥, 𝑦, 𝑓) =

1

(𝜆𝑓)2
|ℱ2 [exp (𝑖 ∑ 𝑐𝑛 cos (

2𝜋𝑛

𝑑
𝑥𝑎𝑝)

∞

𝑛=1

)]

𝜉=
𝑥

𝜆𝑓
  ,   𝜂=

𝑦
𝜆𝑓

|

2

    . 

 

(63) 

 

Harvey showed that this expression is simply an array of Bessel functions convolved together 

[11]. The resulting expression leads to a series of Dirac-delta functions convolved together and 

they converge on scalar values where each Dirac-delta function’s value is the diffraction 

efficiency for the order of interest. Fig. (13) demonstrates Eq. (63) graphically. 

 
Fig. (13): Diffraction Efficiency vs order. Dividing xap by the Nyquist sample rate and the number of lines per 

millimeter yields the “order” of the diffraction pattern. This plot uses a duty cycle of 0.5 and a phase step of π. 

 

From Eq. (61), the efficiency varies with the size of the phase step, h, and the duty cycle, b/d. By 

observing Fig. (14), it shows the effect of the duty cycle on the predicted grating efficiency for a 

constant phase step size of π. Fig. (15) shows the effect of the phase step size on predicted 



33 
 

grating efficiency for a constant the duty cycle of 0.5. The final irradiance pattern depends on the 

wavelength and focal length of the lens, but the efficiencies will be the same if there are no 

defects in the grating fabrication and there is minimal material absorption. 

 

 
Fig. (14): Plot of Diffraction Efficicency versus Duty Cycle for a phase step of π. The different diffraction orders are 

shown, and note how the 0th and 1st  order intersect. This intersection is critical for the system being designed. 

 

 
Fig. (15): Plot of Diffraction Efficiency versus Phase Step Size for a duty cycle of 0.5. Note that the 0th and 1st order 

curves intersect. This intersection is critical for the system being designed. 
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In careful observation, an optimized phase step size and duty cycle allows the first and zeroth 

order efficiencies to be equal for a given grating design. Since the phase step size is wavelength 

dependent, this will drive the grating’s effectiveness at a given wavelength. This is because the 

phase step size will induce a different phase shift for different wavelengths of light as described 

in Eq. (7). Because of this, Fig. (16) was generated to show the design of the grating that 

maximized visibility at the HeNe laser wavelength of 0.6328 µm (see next section), but the 

figure shows how the visibility drops off rapidly for non-design wavelengths. Here, a duty cycle 

of 0.5 was chosen and the maximized phase step size was calculated from Fig. (15). 

 

 
Fig. (16): Visibility vs Wavelength for Square Wave Phase Transmission Grating with Duty Cycle of 0.5. The 

design at 0.6328 µm is where 0th and 1st order diffraction efficiencies are equal. 
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2. THEORY INFLUENCED SYSTEM 

DESIGN 
 

2.1 FIRST ORDER COTS HARDWARE DESIGN 

 

Considering the linescan camera used in the hardware design, it has a 2048 square pixels of side 

length 7.04 µm.  Using the expression for shear in Eq. (42), to avoid ±1st order overlap, the shear 

amount should be about 2/3 the size of the exit beam zero order size [17]. With an Edmund 

Optics grating (Part #46-074) that has a grating frequency of 110 lines/mm. Parts from Edmund 

Optics and ThorLabs are able to be used to create a focusing lens with focal length of 89.367 mm 

(See Section 2.4). Considering a 10 mm aperture stop in front of the focusing lens, if a 50 mm 

focal length collimating lens is used, this system will achieve the desired shear amount of about 

0.6236 of the 0th order beam footprint. Choosing a larger aperture size will allow for a larger 

overlap region, but this will come at the cost of higher aberrations, and a low budget does not 

allow for expensive lenses that correct these aberrations. In addition, the lenses would need to be 

larger to allow for a non-zero field of view so the system will not have a very large field of view. 

The Edmund optics grating did not have a full list of manufactured parameters, so it had to be 

modeled as closely as possible to match the efficiency. As a transmission surface relief grating, 

choosing a duty cycle of 0.5 would lead to the easiest manufacturing as grooves and steps will be 

of equal width. For equal efficiencies in the 0th and 1st order at 632.8 nm, the phase step size 

must be about 2.008 radians. This leads to a maximum efficiency of 0.288. From Edmund Optics 

part #46-074 specifications the 0th order had an efficiency of 0.28 and the 1st order efficiencies 

were 0.25. Thus, the previous choices match closely with the predicted output. This part uses 

Schott B-270 glass, and with this material, the efficiency was predicted as a function of the 

spectrum. Fig. (16) shows how rapidly the visibility drops off for wavelengths smaller than the 

design wavelength, but visibility decreases more slowly for longer wavelengths. 
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Fig. (17): Comparison between the 1st order approximation and various models of a Grating Shear Interferometer’s 

predicted fringe period as a function of the grating defocus at 632 nm. 

 

A MATLAB model was generated using the diffraction theories outlined earlier (Eq. (40) and 

Eq. (63), and propagation techniques from Voelz were implemented to verify these hardware 

design choices [8]. The defocus of the grating was varied to determine the fringe period. 

Similarly, a ZEMAX model was constructed using paraxial lenses as shown in Fig. (11). The 

predicted interference pattern between the 0th and 1st order was used to predict the fringe period 

as a function of the defocus of the grating. Negative defocus means the grating was moved closer 

to the focusing lens. Comparing these two model results with the first order approximation in 

Eq. (55) in the plot of Fig. (17) shows that these models are accurately following the first order 

predictions. If another laser is used in this system, (wavelength close to 632.8 nm but not quite) 

the focus positions would change slightly and so would the fringe period, but a similar curve 

would result. Determining the desired defocus requires more than just Signal-to-Noise 

considerations, i.e., the number of pixels covering a single fringe period, as certain post-

processing algorithms will need a smaller fringe period than others to be effective. This will be 

discussed in later sections. 

 

Although the fringes were appearing to be simple cosine modulations parallel to the x-axis, any 

imperfections in the lenses and any other aberrations would lead to the fringe shape changing. 

Since only linescan cameras will be used in the hardware to sample an x-shear beam and y-shear 

beam of a shear grating interferometer output, it is critical that the expected fringe pattern be 

analyzed to determine what this hardware design is capable of measuring. 
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2.2    GRATING SHEAR INTERFEROMETER TILT FRINGE 

PATTERN SHAPE 
 

The objective of this thesis is to use grating shear interferometer theoretics to develop a system 

that can measure the tilt of a Fast-Steering Mirror at a high frame rate and high degree of 

accuracy. Thus far, the Fast Linescan Grating Shear Interferometer (FLGSI) has been outlined 

for the highest efficiency throughput, as it does not rely on Fresnel Reflections like the wedge-

plate shear interferometer. Its first order design has been considered to predict the nominal fringe 

pattern and beam footprint size. Now, it is critical to determine how the nominal fringe pattern 

changes when the optical system’s incoming beam deviates from the nominal errors and defocus 

present in the system. There are two beam paths in the system with orthogonal shear directions, 

the fringe shape needs to be considered in the x-shear and y-shear case. Starting with the 

argument in the cosine term of Eq. (6), the system is observing the phase difference between the 

0th and 1st order of the diffracted light. 

 

 Δ𝜙(𝑥, 𝑦) = 𝜙𝑂𝑃𝐷(𝑥, 𝑦) + 2𝜋[𝑊1𝑠𝑡(𝑥, 𝑦) − 𝑊0𝑡ℎ(𝑥, 𝑦)]    . (64) 

 

Since the diffraction grating only shears the initial wavefront from the focusing lens, one can 

write the expression for the wavefront phase difference between the 0th and 1st order using the 

derived expression from Eq. (21) for the y-shear case: 

 

 Δ𝜙(𝑥, 𝑦) = 𝜙𝑂𝑃𝐷(𝑥, 𝑦) + 2𝜋[𝑊0𝑡ℎ(𝑥, 𝑦 − 𝑠) − 𝑊0𝑡ℎ(𝑥, 𝑦)]    , (65) 

 

 Δ𝜙(𝑥, 𝑦) = 𝜙𝑂𝑃𝐷(𝑥, 𝑦) + 2𝜋𝑠
𝜕𝑊0(𝑥, 𝑦)

𝜕𝑦
    . (66) 

 

Noting that 𝜙𝑂𝑃𝐷 represents the phase difference between the two chief rays of the 0th and 1st 

order, this term only contributes a phase difference that shifts the fringes in the x or y-direction 

but does not change the spacing or shape of the fringes. Remembering that the nominal fringe 

shape was determined earlier by the amount of defocus in Eq. (53), and considering y-shear case, 

one can re-write the phase difference between the 0th and 1sth order as: 

 

 Δ𝜙(𝑥, 𝑦) = 𝜙ℎ𝑖𝑔ℎ𝑒𝑟(𝑥, 𝑦) +
2𝜋𝑠

𝜆
(

Δ𝑧

𝐷𝑝𝑢𝑝𝑖𝑙
2 (𝑓/#)𝑓𝑜𝑐𝑢𝑠

2 ) 𝑦 + 2𝜋𝑠
𝜕𝑊0(𝑥, 𝑦)

𝜕𝑦
    , (67) 

 

 Δ𝜙(𝑥, 𝑦) = 𝜙𝑛𝑜𝑚𝑖𝑛𝑎𝑙 + 2𝜋𝑠
𝜕𝑊0(𝑥, 𝑦)

𝜕𝑦
    . (68) 

 

𝜙ℎ𝑖𝑔ℎ𝑒𝑟 represents any aberrations due to system misalignment that would lead to higher order 

phase differences. If one considers that the phase difference induced by the optical system 

design, 𝜙𝑛𝑜𝑚𝑖𝑛𝑎𝑙, to be unchanging and stable over the fringe observation time, one can 
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determine the detected change in the fringes based off various wavefront changes. Beginning 

with the wavefront expression for tilt, one can determine what the line-scan sensor will observe: 

 

 Δ𝜙(𝑥, 𝑦) = 𝜙𝑛𝑜𝑚𝑖𝑛𝑎𝑙 + 2𝜋𝑠
𝜕

𝜕𝑦
(

𝑊111𝑦

𝐷𝑝𝑢𝑝𝑖𝑙
) = 𝜙𝑛𝑜𝑚𝑖𝑛𝑎𝑙 +

2𝜋𝑠𝑊111

𝐷𝑝𝑢𝑝𝑖𝑙
    . (69) 

 

Here, Dpupil is the diameter of the exit pupil. So, the change in wavefront is only dependent on the 

slope of the tilt in the incident wavefront. Now the wavefront tilt can be expressed by the angle 

at which the beam strikes the detector relative to the surface normal (which is antiparallel to the 

optical axis). Since the back-end collimation lens and diffraction grating behavior is only 

affected by the focusing lens, it is only necessary to consider the entire OPD across the whole 

entrance pupil in waves (in other words, the OPD change after the diffraction grating is designed 

to be negligible). This OPD across the entrance pupil due to wavefront tilt, in units of waves, is 

expressed as: 

 

 𝑊111 =
𝐷 tan 𝜃

𝜆
  . (70) 

 

In Eq. (70), D represents the diameter of the entrance pupil of the system, and θ represents the 

angle of the wavefront tilt measured from the optical axis in the y-direction (vertical wavefront 

tilt realized by a rotation about the x-axis per Fig. (11)). Substituting this into Eq. (69), one 

arrives at: 

 

 Δ𝜙(𝑥, 𝑦) = 𝜙𝑛𝑜𝑚𝑖𝑛𝑎𝑙 + 2𝜋𝑠
𝐷 tan 𝜃

𝜆𝐷𝑝𝑢𝑝𝑖𝑙
 ≈ 𝜙𝑛𝑜𝑚𝑖𝑛𝑎𝑙 + 2𝜋𝑠

𝐷𝜃

𝜆𝐷𝑝𝑢𝑝𝑖𝑙
    . (71) 

 

Since the phase induced by the tilt will wrap around at every 2π radians, one can use the small 

angle approximation to determine that point where the wrapping occurs (when the scalar 

multiplying the 2π expression is unity). Substituting the expression for shear from Eq. (43) and 

noting that the ratio of pupil sizes is simply determined by the magnification of the system, 

which is also a ratio of the focal lengths, one arrives at: 

 

 𝜃𝑤𝑟𝑎𝑝 = tan−1 (
𝜆𝐷𝑝𝑢𝑝𝑖𝑙

𝑠𝐷
) ≈

𝜆𝑓𝑐𝑜𝑙

(
𝜆𝑓𝑐𝑜𝑙

𝑑
) 𝑓𝑓𝑜𝑐𝑢𝑠

     →       𝜃𝑤𝑟𝑎𝑝 ≈
𝑑

𝑓𝑓𝑜𝑐𝑢𝑠
     . (72) 

 

The simplified expression in Eq. (71) describes how the FLGSI system detects the wavefront tilt 

inherent to the incoming beam [17].  
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Fig. (18): The top two panels are the Y-shear and X-shear 2D interference pattern generated from the system with 

defocus present and the reflective target’s normal parallel to the optical axis. The bottom two panels are the resulting 

fringe pattern when tilts are induced on the target. Notice how the fringe spacing remains constant while the phase 

of the fringes shifts. 

 

The grating shear interferometer detects the modulo operation of the phase change across the 

wavefront, and the phase of the resulting fringes will wrap at every 2π radians as described in 

Eq. (72). Geometrically, this shift represents when the beam moves from one grating line to the 

next line. Such a shift causes fringes to shift one whole fringe period, and this would lead to an 

ambiguity of what amount of tilt is present in the beam. Despite this potential ambiguity, if the 

detector plane is sampling fast enough to catch this phase change before wrapping, then a wider 

dynamic range of wavefront tilt detection is possible. Fig. (18) demonstrates an example of the 

fringe change from a nominal defocus of -0.6 mm to the final fringe pattern when a tilt of -0.002° 

in X and a 0.004° tilt in Y is imparted on the reflective target. Note that the tilt of the mirror will 

not change the location of the fringe pattern if the detector is at the system’s exit pupil, and the 
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tilt will only change the fringe phase based on Eq. (71). Thus, it is critical that the detector plane 

is located at the exit pupil of the afocal system. 

 

Now the smallest resolvable tilt that can be accurately measured is driven by the number of 

photons collected by the system. Since the grating shear interferometer measures the relative 

change from a nominal position, both the total detected photons and the phase wrap will 

determine the angle change accuracy that this system is capable of measuring. Furthermore, the 

sampling rate of the detector plane will determine how fast of an angle change that this system is 

capable of detecting. These considerations and the efficiency of the optical throughput of this 

system will be considered in later sections. 
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2.3     GRATING SHEAR INTERFEROMETER HIGHER 

ORDER WAVEFRONT ERROR FRINGE PATTERN SHAPES  
 

It has been shown that tilt fringes in the Fast Linescan Grating Shear Interferometer (FLGSI) 

result in a phase shift of the fringes and no shape change occurs. Also, the shape of fringes due to 

the defocus of the grating has been shown to lead to straight fringes whose spacing depends on 

Eq. (55). The system’s first order design has been considered to predict the nominal fringe 

pattern and beam footprint size. Now, it is critical to determine how the nominal fringe pattern 

changes when the optical system’s incoming beam deviates from the nominal errors and defocus 

present in the system. With a similar derivation method used in Eq. (66) it can be shown that for 

Spherical Aberration, Coma and Astigmatism terms that are not defocus or tilt related, the 

grating shear interferometer simply takes the derivative of the incoming wavefront error. The 

change of the fringe pattern from the nominal condition is of interest for tracking the motion of a 

reflective target in the field of view of the LSI system. All figures represent a simple two-beam 

interference pattern with the maximum irradiance of 4 times a single beam’s irradiance. All the 

following figures follow a similar use of two-beam interference and thus have the same 

irradiance range. Table 1 outlines the expression for the Wavefront error, and the derivative 

expression in the x and y shear directions. This develops the phase difference across the 

wavefront, and ultimately, using Eq. (6) with two beams of unity irradiance, the interference 

pattern is modeled. This model is shown for various amounts of aberrations where the nominal 

pattern would only contain -0.6 mm of defocus shown in Fig. (20) through Fig. (22).  

 

Aberration Y-Shear Expression X-Shear Expression 

Spherical 

Aberration, 

W040 

Δϕ(𝑥, 𝑦) = 128𝜋𝑠𝑊040 ∗
𝑦(𝑥2 + 𝑦2)

𝐷𝑝𝑢𝑝𝑖𝑙
4  Δϕ(𝑥, 𝑦) = 128𝜋𝑠𝑊040 ∗

𝑥(𝑥2 + 𝑦2)

𝐷𝑝𝑢𝑝𝑖𝑙
4  

Coma, W131 Δϕ(𝑥, 𝑦) = 32𝜋𝑠𝑊131 ∗
𝑥𝑦

𝐷𝑝𝑢𝑝𝑖𝑙
3  Δϕ(𝑥, 𝑦) = 16𝜋𝑠𝑊131 ∗

(𝑥2 + 3𝑦2)

𝐷𝑝𝑢𝑝𝑖𝑙
3  

Astigmatism, 

W222 
Δϕ(𝑥, 𝑦) = 4𝜋𝑠𝑊222 ∗

𝑦

𝐷𝑝𝑢𝑝𝑖𝑙
2  Δϕ(𝑥, 𝑦) = 4𝜋𝑠𝑊222 ∗

𝑥

𝐷𝑝𝑢𝑝𝑖𝑙
2  

Table 1: Phase shift resulting from aberrations with higher orders than defocus and tilt that can still be observed in 

this lateral shearing interferometer. Here, the shear distance, s, and the exit pupil size, Dpupil, must be known to 

model the fringe patterns that result. The phase differences in the table need to be added to the nominal defocused 

phase difference present in the current LSI design to effectively model their effects on the fringe pattern. 
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Fig. (19): Nominal Fringe pattern with -0.6 mm of defocus of the grating from the common focus of the focusing 

and collimating lenses. These two figures are representing a simple two-beam interference pattern with the 

maximum irradiance of 4 times a single beam’s irradiance. All the following figures follow a similar use of two-

beam interference and thus have the same irradiance range. 

  



43 
 

 

 
Fig. (20): Modeling of Spherical Aberration added to the nominal fringe pattern’s defocus aberration. The top two 

images show the fringes that result from the -0.6 mm defocus and +3 waves of spherical aberration. The bottom two 

images show the fringes that result from the -0.6 mm defocus and -5 waves of spherical aberration. Notice how the 

spherical aberration curves the fringes slightly but the fringe spacing is more dramatically affected. 
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Fig. (21): Modeling of Coma added to the nominal fringe pattern’s defocus aberration. The top two images show the 

fringes that result from the -0.6 mm defocus and +3 waves of coma in the Y-direction. The bottom two images show 

the fringes that result from -5 waves of coma. Notice how the pattern is different for the x-direction and y-direction 

shear. Fringe spacing changes as one moves away from the y=0 line in the x-shear case, but in the y-shear case, the 

fringe spacing changes even on the x=0 slice of the fringe pattern and the fringes curve rather than tilt. 
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Fig. (22): Modeling of Astigmatism added to the nominal fringe pattern’s -0.6 mm defocus aberration. The top two 

images show the fringes for +3 waves of astigmatism while the bottom two images show the fringes from -5 waves 

of astigmatism. Notice how the fringe spacing changes equally for both x-shear and y-shear cases, and how the 

astigmatism and defocus can work together to change the fringe spacing such that the fringes null out. 
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Fig. (23): All these plots were generated by taking the difference between a simple -0.6 mm defocus fringe pattern, 

and a -0.6 mm defocus with multiple aberrations. The top two images are  Linescan fringe patterns at x=0 and y=0 

for the fringe pattern containing +3 waves of Spherical aberration, +2 waves of Astigmatism, and -3 waves of Coma. 

The bottom two fringe patterns are Linescan fringe patterns at x=0 and y=0 for the fringe pattern containing +2 

waves of Spherical Aberration, -7 waves of Astigmatism, and +4 waves of Coma. Notice the high frequency 

behavior that could potentially be analyzed further. 

 

After modeling these 2D interference patterns, the difference between the nominal wavefront 

with only defocus and the wavefront with higher order aberrations was explored. The goal of this 

exploration was to see if the nominal defocus fringe pattern along the x-axis or y-axis changed 

spacing significantly. This would affect the ability for tilt phase differences to be detected by this 

LSI system design that uses only linescan cameras. If the fringe spacing changed significantly, it 

would be harder to keep track of the phase of the nominal fringe pattern, as the sinusoidal wave 

that describes the defocus fringe spacing would not be a simple function and may contain 

multiple frequencies. These differences were explored by sampling the x=0 or y=0 linescan of 

the 2D generated fringe pattern from a summation of defocus, astigmatism, spherical aberration 
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and coma. Then the pattern’s linescan was subtracted from a 2D interference pattern with just 

defocus. These results are displayed in Fig. (23) 

 

From Fig. (23), it appears that there may be more information regarding wavefront error that can 

be observed when using the Linescan LSI design in this thesis. However, this would require 

much more in-depth signal processing to isolate an orthonormal basis of each of these 

aberrations to clearly detect how many waves of each aberration is present. Furthermore, since 

the linescan only takes a one-dimensional scan, it may give too little information about the field 

dependent aberrations of Coma and Astigmatism. Despite this, it is suggested that further 

exploration be conducted on these high frequency behaviors in the difference between the 

nominal fringe pattern and patterns with a combination of aberrations. Perhaps it could lead to a 

new orthonormal basis for derivative interferometers like other shear interferometers. Such an 

exploration could also allow for fast frequency acquisition of aberrations in real time since 1D 

scans can be processed far faster than 2D scans of a fringe pattern. However, this is out of the 

scope of operation for the current system design and its desired use for tracking a Fast-Steering 

Mirror’s (FSM) motion. 

 

For the remainder of this thesis, the emphasis on linescan acquisition of fringe patterns will only 

deal with fringe patterns that have tilt and defocus present. In this way, the simple LSI design 

will have its performance speed and accuracy calibrated when tilt is added to the beam it is 

outputting. Such measurements will depend heavily on a relatively time-constant and minuscule 

amount of other aberrations while the resulting tilt phase is measured by the LSI. The time scale 

over which measurements will be made by the LSI with the fast linescan cameras will be very 

small as the cameras have up to an 80 kHz frame rate. This means that it will be appropriate to 

assume that higher order aberrations will be relatively stagnant, as only minor changes in air 

currents will lead to any phase change across the wavefront being measured by the LSI. If the tilt 

can be measured at an extremely fast rate (~60kHz) then it will be able to characterize the 

behavior of optical systems that have tight tolerances on their Line-of-Sight jitter. 
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2.4 COTS HARDWARE AND SYSTEM LAYOUT 
 

After reviewing rigorous theoretical considerations that drive the design parameters of the entire 

system, various lenses and other optical components were chosen to build the Fast Linescan 

Grating Shear Interferometer (FLGSI). The goal of the design was to find commercial off the 

shelf (COTS) parts that were relatively cheap to create an economic system for proof of concept. 

In doing so, this would hopefully inspire a larger investment in a future system with a custom, 

aberration-free design with higher signal throughput. The purpose of this system is to offer the 

ability to measure mirror angular tilt at a high frame rate, and to have a high degree of accuracy 

in the sub-microradian angular range. This would allow for improved accuracy in characterizing 

Fast-Steering Mirrors (FSMs). 

 

Although the First Order Design was discussed in an earlier section, the full system uses various 

beamsplitters to allow the FFGSI to be as compact as possible while sampling both x-shear and 

y-shear cases. Furthermore, since laser sources tend to have a dominant polarization state, 

polarization optical components were chosen such that the interfering beams had the same 

polarization state and the maximum irradiance possible. This would allow for the highest 

visibility fringes and the largest signal throughput. A Zemax model was created using the 

components listed in Table 2. The system layout is shown in Fig. (24) for the y-shear case. 

 

The whole system layout is shown in Fig. (25). The FLGSI has a laser diode source that is 

spatially filtered, and its beam is expanded with an achromatic doublet. Then a polarizing 

beamsplitter (PBS) reflects the dominant polarization state of the laser light out of the system 

which passes through a quarter-wave plate to reflect off of the fast-steering mirror under test. 

Upon reflection, the light passes back through the quarter-wave plate. The two quarter wave 

plates rotate the polarization state by 90° so that the dominant polarization light is now 

transmitted instead of being reflected when passing back through the front PBS. At this point, the 

1” beam is stopped down to 10 mm in diameter using an iris. The reflected beam then passes 

through a half-wave plate (HWP) that rotates the polarization slightly away from its current state. 

That way when it is focused by a triplet lens system and passes through the next PBS, a small 

portion of light can be sent to a 2D camera (it can of the location of the beam) while most of the 

energy is transmitted to the next beamsplitter. However, this 2D camera will not be used for this 

thesis. This final beamsplitter is a 50-50 beamsplitter, and each “arm” of the split beam goes to 

the same model 1D diffraction grating. The gratings are rotated such that the beams are sheared 

in the x or y direction. In other words, the lines of the gratings are orthogonal to each other 

which allows for diffraction orders to either be along the y=0 line or x=0 line of the image plane. 

Finally, a collimating lens collimates the diffraction orders onto the fast frame Linescan cameras. 

Once again, each camera is clocked 90° relative to the other linsescan camera to read out the 

interference pattern of the x-shear or y-shear arm of the FLGSI. 
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Fig. (24): Layout for the FLGSI. This only considers the Y-shear case, but the cube structure on the leftmost side of 

the figure is a 50-50 beamsplitter so that both and X-shear and Y-shear sampling of the beam is acquired 

 

 
Fig. (25): The True System layout. On the bottom left, the “point source” is a spatially filtered Laser Diode source. 

The Dalsa Nano 2D camera is capable of tracking the location of the beam in the FOV of the system while the two 

Dalsa Linea Linescan cameras track the FSM’s tilt. However, this camera is not used in this setup. 
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Part Name Part Number Supplier Cost Qty. Comments 

HeNe Laser 25-LHR-151-

249 

Melles 

Griot 

$1,500  1 5 mW laser, 632.8 nm @20 °C, 

1.0 mrad divergence, ≈ 800 μm 

beam waist 

Laser Power 

Supply 

CPS1 ThorLabs $37.61  1 Portable USB Battery Pack, 

10000 mAh capacity 

Microscope 

Objective 

N/A Melles 

Griot 

$35  1 Used 10X 0.25NA microscope 

objective, f= 16 mm 

Pinhole PH15HK ThorLabs $79.04  1 Estimated Beam size at focus 

of 4 μm, so 15μm pinhole used 

Achromatic 

Doublet 

AC254-200-A ThorLabs $81.16  1 AR coating R<0.3% @ 632 

nm, f=200 mm 

Fold Mirror PFE10-G01 ThorLabs $66.01  1 Elliptical Mirror, Protected 

Aluminum Coat R≈0.86 

@637nm and 45° AOI 

Polarizing 

Beamsplitter 

CCM1-PBS252 ThorLabs $330.04  2 Transmission of P-polarized 

light >90%, AR coated R<0.4% 

Quarter-

Wave Plate 

WPQ10E-633 ThorLabs $293.25  1 Operates at 633 nm, AR coated 

R<0.4%, T>98% 

Iris 

Diaphragm 

SM1D12C ThorLabs $109.29  1 1-12 mm stop size 

Half-Wave 

Plate 

WPH10E-633 ThorLabs $293.25  1 Operates at 633 nm, AR coated 

R<0.4%, T>98% 

Triplet Lens 

1 

AL2550-A ThorLabs $253.22  1 AR coated R<0.4%, Aspheric 

plano-convex lens, f=50 mm 

Triplet Lens 

2 

47-908 Edmund 

Optics 

$39.50  1 AR coated R<0.4%, plano-

concave lens, f= -30 mm 

Triplet Lens 

3 

LBF254-050-A ThorLabs $57.08  1 AR coated R<0.4%, Biconvex 

lens, f=50 mm 

50-50 

Beamsplitter 

CCM1-BS013 ThorLabs $296.50  1 AR coated R<0.4%, 50:50 split 

ratio but transmits roughly 45% 

Diffraction 

Grating 

46-074 Edmund 

Optics 

$228.00  2 110 groves/mm, 0th Order 

T=28%, 1st Order T=25% 

Collimation 

Lens 

LB1471-A ThorLabs $36.79  1 AR coated R<0.4%, Biconvex 

lens, f=50 mm 

2D Camera XL-M4090 Teledyne 

Dalsa 

$4,600  1 GigE 4096x4096 pixel camera, 

4.5 μm pixel, 30 fps 

Linescan 

Camera 

LA-GM-

02K08A-00-R 

Teledyne 

Dalsa 

$1,140  2 GigE 2048 Pixel linescan 

camera, 7.04 μm pixel, 80 kHz 

fram rate 

Fast 

Steering 

Mirror 

OIM202 Optics in 

Motion 

$4,100  1 Demo FSM from Supplier, 

Range of ±1.5° 

  
Total Cost $15,273.78  

  

Table 2: List of optical components and vendors. The comments have various specs used to calculate parameters in 

the design including Transmittance considerations. 
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The diffraction gratings are placed at a position closer to the triplet lens system’s focus than the 

paraxial focus of the triplet lens system. From the theoretical discussion earlier, the chosen 

defocus amount drives the fringe spacing seen by the line cameras. As the target Fast Steering 

Mirror tilts, the nominal fringe pattern shifts its phase on the linescan cameras. FSM tilt leads to 

the return beam entering at a non-zero angle, but due to the infinite conjugates of the system, the 

resulting shear of the system remains constant. Furthermore, since the target FSM and the 

detector of the system are at conjugate planes, the interference pattern that results for any given 

tilt will remain at the same place on the detector. In other words, the region of interest for 

measuring phase will stay in the same place regardless of the amount of tilt present on the FSM. 

Using ZEMAX it can be shown that the collimation lens is the limiting aperture of the system 

and will cause vignetting of the ±1st order for any mirror tilts greater than ±1.7° (this leads to an 

FOV of ±3.4°). For each frame collected, the movement of the mirror will be compared by using 

the previous frame’s phase with the next frame’s phase. In this way, the FLGSI system serves as 

a relative measuring tool for the FSM’s position and not as an absolute measuring tool. 

Therefore, it is critical that the FSM’s electrical feedback is measured to track the absolute 

position of the FSM and compare it against the FLGSI’s measurements. By doing this, the 

accuracy of the FLGSI can be inferred. 
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3. DATA COLLECTION ALGORITHM 

AND SYSTEM MODELING 
 

3.1 BASIC DATA COLLECTION ALGORITHM THEORY 
 

The focus for the data collection algorithm is on determining, Δ𝜙(𝑥, 𝑦), the phase difference on 

the left-hand side of Eq. (71) that results in the interference pattern as modeled in Fig. (20). The 

regions of interference between the 0th order and the +1st order or -1st order are the regions of 

interest, and the irradiance detected by the 1D linescan camera in the region of interest for a 

single frame is a simple sinusoid like in Eq. (6) where 𝐼0𝑡ℎ is the irradiance from the 0th order 

diffracted beam and 𝐼1𝑠𝑡 is the irradiance from the 1st order diffracted beam: 

 

 𝐼(𝑥, 𝑡 = 0) = 𝐼0𝑡ℎ + 𝐼1𝑠𝑡 + 2√𝐼0𝑡ℎ𝐼1𝑠𝑡 cos[2πfx + ϕFSM] (73) 

 

Here, the X-shear case is considered at time zero, and the fringes have a frequency, f, and the 

pixels occur at discrete positions of x only in the region where the 0th and 1st diffraction orders 

overlap. To extract the phase, ϕFSM, of the fringe pattern it is possible to use the Fourier 

Transform [12]: 

 

 𝐼𝐹𝑇(𝜉, 𝑡 = 0) = ℱ[𝐼(𝑥, 𝑡 = 0)] = ∫ 𝐼(𝑥, 𝑡 = 0) exp[−𝑖2𝜋𝑥𝜉] 𝑑𝑥   , (74) 

 

 
𝐼𝐹𝑇(𝜉, 𝑡 = 0) = [𝐼0𝑡ℎ + 𝐼1𝑠𝑡]𝛿(𝜉) …

+ √𝐼0𝑡ℎ𝐼1𝑠𝑡{𝛿(𝜉 − 𝑓) exp[𝑖𝜙𝐹𝑆𝑀] + 𝛿(𝜉 + 𝑓) exp[−𝑖𝜙𝐹𝑆𝑀]}    . 
(75) 

 

In Eq. (75), ξ is the spatial frequency variable, and 𝛿(𝜉) is the Dirac delta function. The resulting 

Fourier transform is simply three Dirac delta functions where the Dirac delta function centered at 

the positive frequency, f, can have its real and imaginary parts input into an arctangent function 

to determine the phase of the fringes at time t=0: 

 

 𝜙𝐹𝑆𝑀(𝑡 = 0) = tan−1 (
𝐼𝑚{𝐼𝐹𝑇(𝜉 = 𝑓)}

𝑅𝑒{𝐼𝐹𝑇(𝜉 = 𝑓)}
) = tan−1 (

sin(𝜙𝐹𝑆𝑀)

cos(𝜙𝐹𝑆𝑀)
) = 𝜙𝐹𝑆𝑀   . (76) 

 

However, the FLGSI does a relative measurement between two consecutive sets of fringes 

measured by the Linescan camera. It measures how the phase of the sinusoidal fringes shift from 

one frame to the next. Since the phase difference in Eq. (76) needs to consider both positive and 

negative phases it will be critical that an atan2() function is used to preserve the directional 

movement of the FSM. The fringe spacing should remain constant due to the static design of the 

system while the FSM changes the wavefront tilt measured by the FLGSI, it is possible to take 
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the difference of two measurements of phase between two frames to determine how far the FSM 

moved over one frame, 𝑡𝑓𝑟𝑎𝑚𝑒: 

 

 Δ𝜙𝐹𝑆𝑀(𝑡) = {
𝜙𝐹𝑆𝑀(𝑡 = 0)

𝜙𝐹𝑆𝑀 ((𝑛)𝑡𝑓𝑟𝑎𝑚𝑒) − 𝜙𝐹𝑆𝑀 ((𝑛 − 1)𝑡𝑓𝑟𝑎𝑚𝑒)
   

𝑛 = 1
𝑛 = 2, 3, 4, 5, …

 (77) 

 

Eq. (77) represents the phase change at any frame count, n>1, from frame and it summarizes the 

basic approach of the data collection algorithm. Eq. (77) represents the entire data set collected 

by the linescan camera for each frame where the frame count is a natural number. The phase of 

the FSM, 𝜙𝐹𝑆𝑀, will wrap at ±π for each phase wrap as the FSM moves from its t=0, position 

measured at the first frame count, and then the phase will wrap until the FLGSI stops collecting 

frames. By comparing all measurements to the initial phase at t=0, one can get a relative 

measurement of the FSM as a function of time. This is done using MATLAB’s unwrap() 

function which allows the FLGSI’s measurements to yield the angle of the FSM at a given time 

during the whole observation. This FSM angle measurement will be relative to the FSM position 

measured at t=0 which is not necessarily zero. Zero tilt cannot be easily defined for this system 

in an absolute sense, as this system has no way of nulling fringes, unless a separate alignment is 

performed. For this thesis, a best effort was performed to align the initial system optical axis to 

the mirror. When the FLGSI optical axis is parallel to the mirror surface normal, this would 

define zero tilt. Relative zero tilt as seen by the FLGSI would be a case where the FSM has not 

changed the fringe phase from one frame to the next. Once the measured phase found in Eq. (76-

77) is unwrapped, the right side of Eq. (71) can be used to geometrically scale the measured 

FSM phase so it appropriately represents the FLGSI design. This scaling describes the relative 

FSM movement measured by the FLGSI in each frame as a function of time (remember that the 

angle of the beam’s wavefront tilt is twice the angle of the mirror by the law of reflection): 

 

 Δϕ𝐹𝑆𝑀(𝑡) = 2𝜋𝑠
𝐷𝑠𝑡𝑜𝑝 tan 2𝜃𝐹𝑆𝑀(𝑡)

𝜆𝐷𝑋𝑃
      .  (78) 

 

The nominal phase, 𝜙𝑛𝑜𝑚𝑖𝑛𝑎𝑙, in Eq. (71) represents any inherent phase offset that the system 

imparts on each phase measurement, and the nominal defocus fringe pattern set up by the FLGSI 

geometric design. It was ignored in developing Eq. (78) because this phase offset is due to any 

misalignment effects and optical aberrations which are constant over the timeframe that each 

frame is captured by the FLGSI. In a sense, this nominal phase is stating that the fringe pattern 

may not necessarily have a phase of zero when the angle of the FSM is zero, and this supports 

the argument that the FLGSI measures the relative position of the FSM from where it first started 

tracking the FSM motion. Thus, the amount of movement that the FSM accomplished over a 

single camera frame time is just the difference between two adjacent frames (the frame rate of 

the camera defines the frame time), but since the phase wraps around, it can also be referenced 

from the first phase data set. When unwrapped, the result of each frame can be scaled 

appropriately based on the optical design of the FLGSI. From Eq. (78), the true relative position 
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of the FSM as referenced from the first FLGSI measurement of the FSM after a single frame 

time has passed can be expressed: 

 

 𝜃𝐹𝑆𝑀(𝑡) =
1

2
tan−1 [

𝜆𝐷𝑋𝑃

2𝜋𝑠𝐷𝑠𝑡𝑜𝑝
 Δ𝜙𝐹𝑆𝑀(𝑡)]    . (79) 

 

Eq. (79) is one of the critical findings of this thesis, as it describes the goal of the data collection 

process for this thesis using the FLGSI’s captured camera frames as it tracks the FSM position 

over a commanded collection. Note that the arctangent function in Eq. (79) bounds the FSM to 

have an angle of ±45° as that will create a wavefront tilt of ±90°. To get any sort of absolute 

measurement, the FSM angle measurements by the FLGSI will be compared against the optical 

position sensor installed on the FSM by its manufacturer. Furthermore, the FLGSI will be 

calibrated against autocollimator measurements of a static mirror as it is tilted slowly.  Eq. (79) 

must be applied to the data for each of the two FLGSI linescan cameras that are measuring the 

X-shear and Y-shear cases separately to track the X-tilt and Y-tilt motion of the FSM.  

 

Now, the geometric scale factor multiplying the FSM phase in Eq. (79) is used to determine the 

extent that the FSM can move before a phase wrap occurs as referenced from its initial position. 

Resultantly, this geometric coefficient and the smallest detectable phase, Δ𝜙𝐹𝑆𝑀, determines the 

limit of the resolution of the system. The geometric coefficient is driven by the spacing of the 

COTS lenses of the FLGSI, so these values should be chosen to minimize this coefficient. 

Accurately measuring the values that go into this coefficient will be critical to ensuring the 

accuracy of the FLGSI’s relative measurements. If the measured coefficient is erroneously larger 

than the system’s true geometric coefficient, the error will increase positively with increasing 

detected, unwrapped phase, Δ𝜙𝐹𝑆𝑀. In this case, the FLGSI will be reporting angles that are 

larger than the angles that the FSM truly moved. Conversely, if the measured geometric 

coefficient is erroneously smaller than the FLGSI’s true geometric coefficient, the error will 

increase negatively with increasing detected, unwrapped phase, Δ𝜙𝐹𝑆𝑀. In this case, the FLGSI 

will be reporting angles that are smaller than the angles that the FSM truly moved. Because of 

this, it is critical that calibration be performed on this geometric coefficient so that the FLGSI is 

accurately measuring angles based off its true geometry. Part of this calibration can be simply 

finding the coefficient that minimizes the error of the FLGSI as compared to another system’s 

measurement. However, the calibration will only be as accurate as the reference system’s 

measurement accuracy. For this thesis, the optical position sensor of the FSM will be used. 

 

The smallest detectable phase depends on the number of photons detected by the linescan 

cameras in the interference patterns.  Ideally, it would be best to have the lenses spaced so the 

FLGSI’s shear leads to the largest overlap in the ±1st diffraction orders with the 0th diffraction 

order while preventing 3 beam interference where all 3 diffraction orders overlap. Maximizing 

the overlap size means having a smaller shear, and this allows for the greatest number of fringes 

to be detected, and this means more photons were collected by the linescan cameras for phase 

detection of the FSM’s position. However, it is also important that the phase wrap be as small as 

possible as this allows for smaller angles to be measured by the FLGSI. Resultantly, the 
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geometric coefficient in Eq. (79) should be minimized which forces the shear to be larger and it 

forces the magnification of the system to be as large as possible (ratio of the exit pupil size to the 

entrance pupil size). Still, the shear should not be so large that the overlap size is compromised 

as that will affect the accuracy of the system since the overlap size dictates the region where 

photons are collected for phase detection of the FSM’s location. This critical tradeoff was 

balanced as best as possible when choosing the COTS lenses for the FLGSI and when spacing 

the lenses in the final FLGSI design. 

 

The Focal plane will be used to measure parameters of the geometric coefficient in Eq. (79). The 

calibration of the FLGSI with the autocollimator will also aid in measuring this coefficient. The 

pixel x-coordinate locations are assumed to be evenly spaced by the pixel pitch (even though 

manufacturing defects might lead to a slight departure from this assumption). By using the pixel 

size and positions to measure the zeroth diffraction order diameter, which is the XP size, and by 

finding the separation of the 1st orders from the zeroth order, the shear, s, in Eq. (79) can be 

measured. From here the regions of interest and the number of pixels that need to be windowed 

can be calculated. Furthermore, the coefficient multiplying the phase difference can be 

calculated. These may be different for X-shear and Y-shear cases due to manufacturing defects 

and difference between the two gratings, but this will just affect the sensitivity of measuring the 

FSM position by a very small amount. However, noise in the signal of the system may 

significantly hinder the use of the focal plane pixels as a ruler. 
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3.2 DISCRETE FOURIER TRANSFORM EFFECTS ON DATA 

COLLECTION ALGORITHM ACCURACY 
 

To determine the respective phases of the fringe pattern that describe the FSM X-tilt and Y-tilt 

positions, the atan2() function is used in Eq. (76). However, the data collection algorithm only 

has a finite number of pixels to perform the operation based on the focal plane of the system. 

Thus, the Discrete Fourier Transform (DFT) must be used to produce the values input into the 

atan2() function. This is represented by taking a finite sum of the Fourier Transform (see 

Eq. (34)) when it is band limited from the sampling period (pixel size), T, of the focal plane and 

expanded using a Fourier Series [31]: 

 

 𝐹(𝑓) = ℱ[𝑓(𝑥)] = ∑ 𝑓(𝑛𝑇) exp[−𝑖2𝜋𝑛𝑇]

+∞

𝑛=−∞

   ;     |𝐹(𝑓)| = 0  𝑓𝑜𝑟  |𝑓| >
1

2𝑇
 ,   (80) 

 

 

 

 𝐷𝐹𝑇 [𝑓(𝑥)] = ∑ 𝑓(𝑛𝑇) exp[−𝑖2𝜋𝑛𝑇]

𝑁
2

−1

𝑛=−
𝑁
2

  ;   𝑁 𝑒𝑣𝑒𝑛 . (81) 

 

Eq. (81) expresses the DFT of the function f(x) when it is represented as a discrete function of N 

equally spaced points/samples separated by a distance T. The bandwidth limited condition at the 

end of Eq. (81) is a forced result from the Nyquist Sampling Theorem [8]. The accuracy of the 

phase retrieval by the Fourier transform depends on the number of pixels used to sample the 

fringes, N, and the associated spatial frequency at which these fringes are sampled. The 

maximum frequency bin and the frequency bins used to measure the interference pattern’s phase 

are determined by the linescan camera’s pixel array. The maximum spatial frequency is the 

Nyquist sampling limit of the FLGSI’s sensor, and this is simply the inverse of twice the pixel 

pitch. The spacing size of each frequency bin is set by the inverse of the total size of the pixel 

array (the product of the number of pixels and the pixel pitch) [8]. This frequency bin size limits 

what frequency of fringes can be sampled perfectly because each frequency bin is not 

infinitesimally small. Furthermore, each DFT frequency bin act as filters that combs the signal 

and looks for coherent addition of amplitude energy. When a single frequency fringe pattern like 

the defocus fringe pattern created by the FLGSI is sampled by the DFT, if all amplitude energy is 

coherently summed into the frequency that truly represents the signal, then the DFT is 

considered lossless in the frequency/spectral domain, and the phase for that fringe pattern will be 

perfectly replicated [31]. That is to say that the real and imaginary components of the DFT 

frequency bin have the correct energy contained in them and will yield the right ratio in Eq. (76). 

If the amplitude energy is coherently summed in other frequencies that do not truly represent the 

fringe pattern’s frequency, then the DFT is considered to have leakage error or spectral 

leakage [32]. 
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If the frequency of the fringes is not precisely equal to the frequency bin, then the amplitude 

associated with the true fringe frequency has its amplitude energy spread between the two 

frequency bins that it falls between. This inaccuracy of the DFT is known as scalloping, as the 

DFT erroneously detects two dominant frequencies in a one frequency dominated fringe 

pattern [31]. Such frequency sampling issues can be caused by the grating not being defocused 

the right amount to create the perfect fringe frequency, as it drives the fringe spacing in an 

aberration free setup (Eq. (55)).  

 

Another issue that can arise with the use of a DFT comes from the limited number of spatial 

samples of the full fringe pattern. The derivation of Eq. (75) assumes that the function 

undergoing Fourier Transformation is infinitely periodic, and thus can be extended to be of 

infinite size [32]. If a perfect number of periods of the fringe pattern are sampled, then the fringe 

pattern can be periodically extended to infinity. Assuming no scalloping errors caused by the 

fringe frequency not falling perfectly in a discrete frequency bin sampleable by the detector, this 

perfectly sampled integer number of fringes would have no discontinuities if extended infinitely 

many times. As a result, the DFT would only contribute maximally to a coherent summation of 

amplitude energy in that single frequency. However, if a non-integer period of fringes is 

sampled, the signal will be replicated erroneously, and this will lead to a coherent summation of 

amplitude energy in other frequencies that do not truly represent the signal. This form of leakage 

is known as spectral leakage, as the expected delta function of a perfect cosine instead loses its 

energy to other frequencies and forms side lobes of energy around the original Dirac function. 

This can best be visualized by multiplying the integrand in Eq. (xx) with a rectangle function 

from Eq. (57), ignoring the initial intensity constants and then taking the Fourier transform. 

 

 𝐼𝐹𝑇(𝜉) = ℱ[𝐼(𝑥)] = ∫ 𝑟𝑒𝑐𝑡 (
𝑥

𝑎
) cos[2πfx + ϕFSM] exp[−𝑖2𝜋𝑥𝜉] 𝑑𝑥   , (82) 

 

 𝐿𝑒𝑡    𝑠𝑖𝑛𝑐 (𝑥) =
sin(𝜋𝑥)

𝜋𝑥
  , (83) 

 

 
𝐼𝐹𝑇(𝜉) =

1

2
{𝛿(𝜉 − 𝑓) exp[𝑖𝜙𝐹𝑆𝑀] + 𝛿(𝜉 + 𝑓) exp[−𝑖𝜙𝐹𝑆𝑀]} ⊗ |𝑎|𝑠𝑖𝑛𝑐(𝑎𝑓)   . 

 
(84) 

 

From the Convolution theorem for Fourier Transforms [12], one can arrive at the resulting 

convolution, ⊗, in Eq. (84) between the initial Dirac-function result from Eq. (75) by taking the 

Fourier Transform of the cosine term and the Fourier Transform of the rectangle function. The 

Sinc function in Eq. (83) resultantly adds unnecessary spectral energy to the initial function in 

Eq. (75). Although the continuous Fourier Transform was taken, a similar result would occur for 

the DFT, and this result is akin to taking an erroneous replication of an assumed infinite fringe 

pattern. Essentially, one is losing information of the original fringe pattern. Multiplying the 

initial fringe pattern by a window function like the rectangle function allows for one to represent 

a realistic system with finite pixels, or regions of interest within a focal plane, but the result is 
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that amplitude energy leaks to other spectral components not inherent to the system. The spectral 

loss is explained by the sinc function in Eq. (84) where the loss widens the side lobes of the 

expected delta-function, and in the process, it also takes energy away from the initial delta-

functions, thus losing phase replication accuracy. 

 

This erroneous representation of the windowed signal is a significant downfall to this Fourier 

Transform method, but it can be improved by properly filtering the initial function and 

minimizing the derivative between the window’s edges and the initial signal [32].  The windows 

can be applied to actual data to reduce the effects of spectral leakage that results from the finite 

windowing that the focal plane applies to the fringe pattern being observed. Since the fringe 

pattern only occurs where the 0th and ±1st orders overlap, the entire focal plane will not be used. 

As a result, windowing must be used on the focal plane before the phase recovery can happen. 

To improve the phase recovery efforts, numerous windows previously studied by Harris [31] had 

their performance compared. Based on spectral leakage minimization and scalloping loss 

prevention, a fourth power cosine window was chosen.  

 

To test the Fourier Transform windowing algorithm for tracking the tilt of the mirror, a range of 

constant phases with increasing magnitude were added to the cosine term in Eq. (73). This phase 

increase represents a simple FSM movement. The frequency of the cosine term was chosen to be 

perfect so that an integer number of periods could appear on the focal pixels whose size was 

equal to the pixels in the linescan camera. In each phase addition instance, the resulting phase of 

the system was calculated by windowing with a rectangle function and windowing with a fourth 

power cosine window that each spanned the same size. With all the phase values present, the 

results were then unwrapped using MATLAB’s built-in phase unwrapping algorithm, and the 

unwrapped phases were referenced from the initial expected tilt phase value. Then the difference 

of exact input tilt phase and the measured tilt phase from the designed software was compared. 

The largest error was recorded for each window size that was tested, and the results are plotted in 

Fig. (26). The chosen window sizes were representative of the expected overlap region of the 

interfering diffraction orders, and the window sizes were varied to show effects on improper 

choice of window size when attempting to isolate the fringe patterns. 

 

The size of the window had a large effect on phase performance, as the error in the phase 

measurement would decrease drastically when an integer number of fringes were present in the 

window. However, the phase error generally decreased with increasing window size for the 

fourth power cosine window, as more fringes were contained in the windowed data. This was 

because with more fringes in the window, the replication error for an infinitely periodic fringe 

pattern containing the same frequency would decrease since more of the correct fringe pattern 

was contained. This same phenomenon did not happen with the rectangular window as the abrupt 

cutoff of the window led to poor matching of the derivatives of the cosine signal, and so a higher 

amount of spectral leakage occurred. In general, the error associated with this phase 

measurement algorithm was caused by spectral leakage where non-integer fringe periods were 

captured, or where the window size didn’t match the signal’s higher order derivatives at the edge 

of the window. However, this comparison of performance was done assuming a perfect 
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frequency match to the frequency bins of the linescan camera’s pixel array, a frequency of 

4.4389 mm-1.  

 

 
Fig. (26): Phase measurement error as a function of the window size. The frequency chosen perfectly matches the 

frequency bins associated with the linescan camera’s focal plane size and pixel size. Notice how the fourth power 

cosine window continually has less phase error as the window size increases while the rect(x) window stays roughly 

constant. The deep minimum points are window sizes that perfectly captured an integer number of fringe periods. 

 

Another test was performed where the best performing window sizes from Fig. (26) were chosen, 

and the frequency was shifted so the frequency of the cosine wave was between two adjacent 

frequency bins inherent to the camera’s pixel size. The resulting errors modeled here were due to 

scalloping loss, and these results are plotted in Fig. (27) for the fourth power cosine window. 

 

The range of frequency shift from the nominal, perfect frequency match was done in terms of the 

frequency bin size which is 0.0694 mm-1. The small bin sizes lead to some sensitivity where the 

frequency measured by the system could hop between two frequencies. However, the frequency 

shift only needs to move by half of the bin size before the peak of the DFT moves to the next 

frequency bin. So, the error will grow as the frequency shifts away from the expected frequency 

peak. The algorithm locks onto the first measured frequency peak and continues measuring the 

phase at that peak, so it is critical that the algorithm be relatively insensitive to this scalloping 

loss. The grating in the system will not be perfectly defocused to lead to a discrete frequency for 

the Fourier Transform to measure, and this will lead to scalloping, and ultimately some 

performance loss in the algorithm’s phase measurement capabilities. However, Fig. (27) shows 

that the sensitivity to the true frequency lying between two frequency bins is relatively small, as 

a phase measurement error on the order of a microradian is quite accurate. From Eq. (79), the 

geometric coefficient is on the order of 10-5 so the error in the measured angle of the FSM 
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would be on the order of 10-11 which is way beyond the capable resolution of the system. 

Furthermore, the error due to scalloping decreases in sensitivity as the window size increases, so 

if the interference patterns on the focal plane are a few hundred pixels in size, the fourth power 

cosine should remain unaffected. Thus, the chosen window outlined by Harris [31] was a great 

choice for this phase measurement algorithm. 

 

 
Fig. (27): Phase measurement error as a function of the frequency shift from the nominal, perfect frequency. Notice 

the small size in phase error and how the error sensitivity to measuring a frequency shifted fringe pattern (with a 

frequency existing between two adjacent frequency bins) decreases with larger a larger window size. 

 

 

Despite the algorithm’s great performance under noiseless conditions is convincing enough to 

merit choosing the fourth power cosine as the window, it is critical to model some level of noise 

in the cosine pattern. To do this, the cosine pattern was multiplied by an integer number of 

photons where the integer number represented the mean number of photons collected in the 

zeroth order where no interference was occurring. Then the interference pattern’s mean photon 

count would be twice that value since two orders interfere (0th and ±1st orders). MATLAB’s 

poissrnd() function was used to introduce noise to the cosine pattern sampled by the pixels, and 

the algorithm was applied to measure the phase while the window size was changed. Poisson 

noise was used as it represents the random collection probability of photons incident on a 

detector [37]. The results of this modeling are shown in Fig. (28). 
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Fig. (28): Phase measurement error as a function of window size when the mean photon count of the signal is 

changed. Notice how the fourth power cosine window improves with increasing photon count as expected since a 

higher photon count increases the measurability of the interference pattern. 

 

Notice how the performance of the algorithm improves as the photon count increases. This is 

because the more photons that are collected in the fringe pattern, the more reliable the 

measurement of the phase of that fringe pattern. Noise in the system will limit this capability 

which is why the phase measurement error decreases slowly after a certain window size. 

However, window size will be important as this increases the number of photons collected by the 

cameras which improves the measurement accuracy. Furthermore, it is critical that the overlap 

region of the diffraction orders be as large as possible to allow for more fringes to be measured. 

 

For the actual system, the fourth power cosine window will be placed separately on the center of 

each of the interference patterns occurring on the linescan camera’s pixels. Then, the DFT will 

be taken across the entire focal plane where the negative or positive order overlap interference 

pattern is occurring. The resulting phase can be compared and averaged to yield a higher fidelity 

measurement if desired. Window placement on the focal plane is important to increase the 

number of fringes sampled while also minimizing noise due to edge effects, discontinuities, and 

signal not associated with the ±1st orders and the 0th order overlap regions. Although there will 

be shot noise and other noise associated with the measured signal, it is also important to note that 

detector nonlinearity can lead to unwanted phase error and phase wraps as well. However, the 

dominant error here will come from how the system’s phase measurements are scaled by the 

geometric coefficient. This scaling factor will limit the FLGSI’s measurement accuracy, but it 

can be calibrated and tuned. The plan for this is to use an autocollimator to measure mirror 

movement with the FLGSI and use the two measurements to perform a calibration.  
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3.3    SYSTEM ALIGNMENT SENSITIVITY, MODELED 

ABERRATIONS, AND MONTE CARLO SIMULATION 

 

The exact system layout will differ slightly from the model created in ZEMAX, and the spacing 

of the lenses will lead to a difference in the geometric properties of the FLGSI. The geometric 

properties affect the accuracy of the FLGSI, as they decide the phase wrap size as well as the 

size of the interference patterns that the linescan cameras use to detect the phase of the FSM’s 

tilt. Ultimately, this will cause a difference in the geometric coefficient in Eq. (79) and that is 

critical in accurately determining the FSMs angular position with time. To model the range of 

potential geometric coefficient values, a Monte Carlo simulation was performed using the COTS 

lenses while varying the spacing of the lenses. However, optical aberrations also needed to be 

considered during this Monte Carlo Simulation.  

 

The goal of the imaging optics is to produce an image of the aperture stop of the FLGSI on the 

linescan camera. In other words, the imaging optics should present the linescan camera with an 

error-free exit pupil. Any misalignments of the lens system will lead to aberrations that can affect 

the interferogram observed by the linescan cameras. Two types of interferometry imaging errors 

can be induced by aberrations in the system. The first type of error is called a mapping error, and 

these errors are caused by nonlinear magnification effects where the image of the wavefront (the 

exit pupil) is stretched or compressed via aberrations like field curvature and distortion [36]. In 

this case, the measured phase difference represented by the interference between the diffraction 

orders is determined by the FSM tilt and defocus of the grating, but it is not occurring at the 

appropriate location on the detector as predicted by first-order magnification. The second type of 

error is called a phase error, and this type of error is caused by aberrations that change the shape 

of the interference pattern and changes the phase of the interference pattern based on other 

optical aberrations. These types of errors were briefly discussed and their effects on the 

interference pattern observed by the FLGSI were shown in Fig. (22-24). Together, these two 

types of errors can affect the performance of the FLGSI and it can hinder the ability for accurate 

measurements of the FSM’s position. The initial order of the COTS lenses and their spacings 

were chosen to optimize the OPD of rays entering the system and the focus was on minimizing 

the distortion of the system to avoid mapping errors of the interference pattern. Any other 

aberrations would show up in the interferogram, but if they were relatively small, it would lead 

to minimal effects on the overall fringe spacing. This is because the 0th order and the ± 1st order 

beams would be seeing the same general aberrations and thus their interference patterns would 

still be dominated by the much larger OPD difference created by the grating in its defocused 

position. The initial layout for the tolerancing/Monte Carlo simulation is shown in Fig. (29). 

From Section 4.1, the maximum field for the system was chosen to be ±0.23° to simulate the 

maximum expected FSM positions. 
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Fig. (29): System Layout and labeling used for the Tolerancing Simulations. The Monte Carlo Simulations are a part 

of the tolerancing analysis that were ran to determine the system aberrations and geometric characteristics. 

 

The tolerance values used in the Monte Carlo simulation are shown in Table 3. When designing 

the Monte Carlo simulation to model the spread of geometric coefficients possible and to model 

the spread of possible aberrations in the system, various tolerances in the system had to be 

considered. The entire system is mounted in a mechanical cage system using LCP02 and LCP01 

cage plates and ER rods from ThorLabs. The LCP02 cages have a centering tolerance of ± 50 

µm per the manufacturer so this gives the tolerance on the decenter of elements, but this was 

inflated to ±150 µm for a worst case. As for the other tolerances, industry standards were used 

for manufacturing tolerances of lenses that are only commercial grade. These are not very tight 

tolerances but had to be considered to get the best sense of the potential aberrations that could be 

seen in the system induced by each lens. The element alignment tolerances were assumed to be 

much worse than what was achievable by the mechanical rigidity offered by the cage system 

used to mount and align the system. 

 

Using ZEMAX’s tolerancing scripts, the tolerances from Table 3 could be input into the model, 

and a tolerancing simulation was ran. When the system was perturbed, the position of the exit 

pupil was first found, and then various aberrations and geometric properties were recorded. 

ZEMAX was ran in sensitivity mode with a linear difference sensitivity model. Ray aiming was 

forced to be on, and many Monte Carlo Simulations were created to find the most sensitive 

parameters in the system. In this simulation, the sensitivity of each perturbation was quantified to 

verify how much the wavefront aberration coefficients for spherical aberration, W040, coma, 

W131, Astigmatism, W222, and the distortion of the system (a percentage) were affected by the 

various tolerances. Only the aberrations contained in the 0th diffraction order were considered. 

 

First, a geometric tolerancing with 2000 Monte Carlo simulations was performed first, and no 

tilts, decenters, or material tolerances were used. Only radius of curvature and spacing tolerances 

were used. Because of this, the exit pupil remained on the same optical axis as the system. This 

allowed for ZEMAX to create a more accurate evaluation of the geometric properties of the 

system as the gut ray of the system did not deviate from the z-axis of the system. Furthermore, 

the aberrations tracked in the Monte Carlo simulations are wavefront aberration coefficients, and 

these coefficients are most accurately calculated in ZEMAX when the entire system lies on the 

same optical axis. In other words, these calculations are not valid for non-paraxial systems or 

systems that are not rotationally symmetric [14]. For the actual system, due to tilts and decenters 

and thus, it will not be rotationally symmetric, but the estimates with no decenter or tilts are good 
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enough for modeling the range of possible geometric properties and the range of wavefront 

aberration coefficients in the system as the tilts and decenters are relatively small. These Monte 

Carlo Simulations were performed to determine what tolerances led to the largest change in the 

systems aberrations. The sensitivity plots for the wavefront coefficients were generated by 

perturbing the system with the maximum tolerance allowed and determining the resulting 

wavefront coefficients. Fig. (30-33) show the plots for the 15 most sensitive tolerances that lead 

to the largest change in the wavefront coefficients. The nominal value in each plot comes from 

using perfect COTS lenses with no fabrication defects, and the lenses are separated to produce a 

collimated beam with minimized wavefront aberration coefficients. 

 

 

Monte Carlo Surface Tolerances Notation Example 

Radius of Curvature [%, fringes] ±0.2% (5 fringes) + ROC L2S2 

Center Thickness [µm] ±150 - THIC Grat 

Surface Decenter X & Y [µm] ±50 + DecY L2S2 

Surface Wedge X & Y [°, ETD (µm)] 
±0.125° (±55 µm for 

25.4 mm diameter lens) 

- TltX L1S2,  

+ TltY L3S1 

Monte Carlo Element Tolerances Notation Example 

Lens Decenter X & Y [µm] ±150 - DecX L1 

Lens Tilt X & Y [°] ±0.25 + TltY L3 

Lens Separation [mm] ±2 + L1-L2, - L2-L3 

Stop to Triplet Front Lens Separation [mm] ±10 - Stop-L1 

Grating to Collimation Lens Separation [mm] ±10 + Grat-L4 

Monte Carlo Lens Material Tolerances Notation Example 

Refractive Index Change ±0.001 + n L1, - n L2 

Abbe Change [%] ±0.8 - v L3, + v L1 
Table 3: List of fabrication and element alignment tolerances used in Monte Carlo simulation of the system. These 

tolerances are commercial grade standards and are not very stringent. After the notation there is the lens number 

and/or surface number in question. 
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Fig. (30): Spherical aberration sensitivity to tolerance operand perturbation. The 15 most sensitive tolerances are 

shown, and the maximum tolerance is used to perturb the system. Spacing of the system elements appears to cause 

the spherical aberration of the system to change the most, and the spacing between L1 and L2 is the most sensitive. 

 

 
Fig. (31): Coma sensitivity to tolerance operand perturbation. The 15 most sensitive tolerances are shown, and the 

maximum tolerance is used to perturb the system. Spacing of the system elements and lens thicknesses appears to 

cause coma of the system to change the most, and the spacing between the Grating and L4 is the most sensitive. 
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Fig. (32): Astigmatism sensitivity to tolerance operand perturbation. The 15 most sensitive tolerances are shown, 

and the maximum tolerance is used to perturb the system. Spacing of the system elements appears to cause the 

astigmatism of the system to change the most, and the spacing between L1 and L2 is the most sensitive. 

 

 
Fig. (33): Distortion sensitivity to tolerance operand perturbation. The 15 most sensitive tolerances are shown, and 

the maximum tolerance is used to perturb the system. Spacing of the system elements appears to cause the distortion 

of the system to change the most, and the spacing between L2 and L3 is the most sensitive. 
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Fig. (34): Spherical aberration histogram distribution from 2000 Monte Carlo Simulations using tolerances that did 

not include tilts, decenters, or material tolerances to perturb the system. The Gaussian distribution shows that the 

range of tolerances used yielded a system with spherical aberration that lies within this histogram’s range of values. 

 

 
Fig. (35): Coma histogram distribution from 2000 Monte Carlo Simulations using tolerances that did not include 

tilts, decenters, or material tolerances to perturb the system. The Gaussian distribution shows that the range of 

tolerances used yielded a system with coma that lies within this histogram’s range of values. 
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Fig. (36): Astigmatism histogram distribution from 2000 Monte Carlo Simulations using tolerances that did not 

include tilts, decenters, or material tolerances to perturb the system. The Gaussian distribution shows that the range 

of tolerances used yielded a system with astigmatism that lies within this histogram’s range of values. 

 

 
Fig. (37): Distortion histogram distribution from 2000 Monte Carlo Simulations using tolerances that did not 

include tilts, decenters, or material tolerances to perturb the system. The Gaussian distribution shows that the range 

of tolerances used yielded a system with distortion that lies within this histogram’s range of values. 
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The geometric properties of the FLGSI critical to calculating the geometric coefficient in 

Eq. (79) have the maximum, minimum, mean, and standard deviation calculated for the 2000 

system simulations that were created. Similarly, the wavefront aberration coefficients were 

calculated, and the results are shown in Table 4. It was helpful to check how the system’s 

geometric properties changed with the result as this allowed for the ability to determine certain 

tolerances on the alignment of the system. It is also useful for calculating the geometric 

coefficient in Eq. (79). Note that the stop size of the system was 10.565 mm as this was the 

measured size of the stop in the actual system as measured by an alignment telescope. 

 

 
Table 4: Geometric properties and aberration properties of the FLGSI as modeled by the 2000 Monte Carlo 

simulation ran with only lens separation, lens thickness, and radius of curvature tolerances. The geometric properties 

are useful for calculating alignment tolerances and the geometric coefficient in Eq. (79). 

 

From the Sensitivity plots in Fig. (30-33), the large tolerance range of the lens spacing leads to 

these tolerances being the most sensitive for causing aberration increase in the system. The range 

of lens spacings were critical in determining the range of geometric properties of the system, but 

this had to be carefully considered with the aberrations of the system. The largest aberration in 

the system’s 0th diffraction order is coma at almost a quarter wave nominally. The 2000 Monte 

Carlo aberration results of the system when sampling from the given range of tolerances that did 

not include decenters, tilts, or material tolerances are shown in Fig. (34-37). These range of 

wavefront coefficients show that the system’s aberrations never exceed one wave for any single 

aberration considered in the histograms. Summing up all these coefficients for each Monte Carlo 

run yields a rough estimate of the estimated OPD of the system at the 0th diffraction order. The 

worst performing system based on the summation of these wavefront aberration coefficients had 

a sum of 1.1589 waves, with 0.7505 waves of Spherical aberration, -0.3863 waves of coma, 

0.0221 waves of astigmatism, and 0.0147% distortion.   

 

Using this worst aberrated Monte Carlo system that resulted from the geometric tolerancing, a 

separate tolerancing was run with only the Decenter tolerances, Tip/Tilt tolerances, and the 

material tolerances. This time only 1000 Monte Carlo systems were simulated. However, the 
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system’s Peak-to-valley OPD was measured this time, as the decenters and tip/tilt movement of 

the system would worsen the aberrations far more in the worst cases of the Monte Carlo 

simulations. Since the worst system that resulted from the geometric tolerancing was not afocal, 

the OPD could be tracked at the focus of the system, and this was done because ZEMAX does a 

more accurate calculation of the aberrations present at an image plane. So, a merit function was 

created to track the relative Peak-to-Valley (PV) OPD in the system as it was perturbed by the 

Monte Carlo simulation. A sensitivity analysis accompanied the Monte Carlo simulation to show 

which elements tilts and decenters led to the largest increase in the relative Peak-to-Valley OPD. 

The sensitivity plot is shown in Fig. (38). From Fig. (38), the decentering and tilting tolerances 

for the 2nd lens in the FLGSI are the most sensitive, and if perturbed, they will cause the largest 

changes to the relative PV OPD. So, it is critical that the 2nd lens in the system is aligned well, as 

it has the highest chance of producing larger aberrations in the system for even small 

misalignments in decentering and tilting. As for the distribution of the relative PV OPD that 

resulted, the histogram of this relative OPD for the 1000 systems is shown in Fig. (39). The 

nominal PV OPD before any perturbation was quantified by the ZEMAX merit function to be 

0.0671, and any changes are referenced from this relative value. The mean value in this 

distribution is 0.1671 with a standard deviation of 0.0727. The worst-case relative PV OPD that 

came from this simulation was 0.4575. So, the system perturbation can degrade the PV OPD of 

the system by a factor of 6.82 which would lead to very noticeable aberrations in the system. It is 

important to note that the merit function that determines this relative PV OPD uses real rays 

distributed across the system FOV and the systems pupil to calculate the real OPD of the system, 

so this characterization of the relative PV OPD simply demonstrates the degradation in the 

overall system’s capabilities to accurately measure the FSM tilt. 

 

 
Fig. (38): Sensitivity of the worst geometric tolerancing system when the tip/tilt tolerances, decenter tolerances, and 

material tolerances were maximally perturbed. The decentering and tilting of L2 and its surfaces are the most 

sensitive and will cause the most change to the relative PV OPD in the system. 
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Fig. (39): Histogram of the 1000 Monte Carlo simulations where the worst-case geometric tolerance system had its 

tip/tilt, decenter, and material tolerances perturbed to further degrade the system’s relative PV OPD. 

 

Using the worst relative PV OPD system that resulted from the 1000 Monte Carlo simulations, 

the absolute worst performing system was able to be modeled, and real rays could be traced 

through the system using ZEMAX’s non-sequential mode to compare the interference pattern 

with the nominal, collimated performance with perfect COTS lenses. This would give an idea if 

the aberrations were leading to significantly observable deformation in the fringe patterns, and 

such deformations would be a clear indicator of significant phase and mapping errors in the 

system resulting from the FLGSI optics. The fringe pattern for the FLGSI system for the 

collimated, nominal case and the worst aberration case before any material changes, tilts or 

decenters were tested are shown in Fig. (40) where the FSM is at 0° for the collimated case and 

the FSM is sending a beam at a field angle of 0.23°, the maximum angle, to maximize the field 

dependent coma, distortion, and astigmatism. In both figures, 2D fringe patterns are shown for 

easier observation. From initial observation, there are no serious deviation from the expected 

straight-line fringes that results from wavefront tilt measured by the FLGSI. The aberration 

coefficient values are all less than one wave, and the defocus of the system dominates the OPD 

that allows for the straight-line fringes to appear in the FLGSI’s exit pupil. However, the phase 

error due to aberrations will be roughly constant, as they are slowly varying in time and should 

not be varying as the system is statically aligned and on a floating table. Regardless, the 

aberrations will be present in each frame measured by the FLGSI, so a calibration can be 

performed to minimize their effects. The non-constant aberration is due to the small changes in 

the beam angle that changes the angle of incidence on each surface of the lenses in the system, 

but the angular range maximum is still small enough to not cause a problem. Furthermore, the 

aberration coefficients calculated in each of the Monte Carlo Simulations consider this maximum 
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angular range, and therefore, the reported values are the largest possible aberration seen by each 

modeled system. 

 

 
Fig. (40): (left) The fringe pattern for the FLGSI system for the collimated case with the FSM at 0°. (right) The 

fringe pattern for the FLGSI system and the worst aberration case from the geometric tolerances with the FSM 

sending a beam at 0.23°. Notice that the fringes are straight with no serious curving thus showing that the 

aberrations in the system are relatively small. 

 

The fringe spacing in Fig. (40) is different for the two modeled cases because of the focal length 

change of the system. Also, the diffraction grating defocus was shifted in both cases to simply 

allow for a better visualization that the fringes have remained relatively straight with only a very 

slight curve to them in the right figure of Fig. (40) which was caused by the dominant coma 

aberration.  

 

Using non-sequential modeling, it was possible to take the worst-case system resulting from the 

1000 Monte Carlo tolerancing modeling performed on the worst-case geometric model (from the 

2000 Monte Carlo simulations). The tolerancing of the 1000 Monte Carlo simulations allowed 

for tilts, decenters, and material errors to cause significantly more aberration to occur. When the 

system is not on axis, it changes the shear experienced by each of the 1st order diffraction 

patterns, and this will force a different geometric coefficient (Eq. (79) for each of the fringe 

interference patterns. Despite this, it was still important that the fringes be modeled to determine 

what the expected fringe pattern could look like if the system was poorly aligned. The results of 

the aberrations as seen in the X-shear and Y-shear directions are shown in Fig. (41). The curved 

shape of the fringes is driven by the system’s dominant coma aberration. However, this 

aberration issue can be calibrated out from the system! Using the autocollimator to tell the true 

location of the mirror and correcting the FLGSI measurement accordingly, it will be possible to 

track the tilt fringe change even through fringes aberrated as in this worst-case scenario. Any 

aberration will affect the fringe spacing or cause unwanted phase errors which will obstruct the 

FLGSI’s accuracy to measure tilt. If the aberrations are small compared to the defocus that leads 

to higher numbers of fringes, the inherent spacing of the fringes will dominate.  
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Fig. (41): (left) The fringe pattern for the FLGSI system for the worst-case Monte Carlo simulated system as seen 

by the X-Shear camera. Notice the curved fringes cause by coma. (right) The fringe pattern for the FLGSI system 

for the worst-case Monte Carlo simulated system as seen by the Y-Shear camera. Notice the curved fringes cause by 

coma. The dominant aberration in the system is coma. 

 

With the modeled aberrations from Fig. (40) and Fig. (41), as well as the geometric values 

shown in Table 4, the system was well understood for the sensitivities that it had. One tolerance 

of interest was how close the linescan camera focal plane could be from the exit pupil position 

before a serious effect on measured phase would occur. If the focal plane was not at the exit 

pupil, then as the FSM tilted, the fringe pattern would shift locations. Since the data collection 

algorithm tracks fringe movement, there would be more fringe movement than what is associated 

with the tilt, and resultantly the FLGSI would report an erroneous angle for the FSM. To mitigate 

this, the focal plane needs to be placed as close to the exit pupil as possible. The real tolerance on 

this camera location comes from determining the shift of the fringe pattern when the camera is 

placed a certain distance away from the exit pupil.  The physical stop, a mechanical iris, serves 

as the entrance pupil as it is in front of the system. The triplet lens images the entrance pupil to 

an intermediary pupil, and then the collimation lens images this pupil to the location of the exit 

pupil. Thus, the power of the lenses and their spacings will determine where the exit pupil is 

located as well as the chief ray angle of the system. From the Monte Carlo simulations, one of 

the modeled parameters was the exit pupil’s chief ray angle which describes the maximum field 

angle leaving the FLGSI. Now, the chief ray angle at the entrance pupil was set to be ±4 mrad 

due to the maximum expected FSM movement as discussed in Section 4.1. From here the system 

magnified this angle to the value reported in Table 4 to be about -7.18 ± 0.13 mrad with a worst-

case value of -7.61 mrad. This worst-case value will be used to model the distance allowed for 

the camera to be from the exit pupil to be a problem. If the camera is placed 0.925 mm from the 

exit pupil, the fringe pattern will move one pixel if the FSM steers a beam of ±4 mrad into the 

FLGSI. The goal is to keep this to less than half of a pixel, to keep the fringe pattern movement 

less than half of a pixel over the full range of the FSM operation chosen for this thesis. This 

would prevent fringe pattern shift due to the image shifting position. Thus, the tolerance of the 
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camera placement is ±0.46 mm. However, it is possible to calibrate out the erroneous phase 

added by the fringe pattern movement due to linear translation of the fringe pattern. That is to 

say, the autocollimator calibration effort for the FLGSI will be able to alleviate this tight 

tolerance of the camera placement to be so precisely at the location of the exit pupil. 

 

The geometric coefficient in Eq. (79) is critical for accurately measuring the FSM tilt by means 

of fringe movement on the camera plane. If the system is misaligned in any way, it changes this 

coefficient, and will need to be remeasured or calibrated. Furthermore, the calibration will need 

to be done for the X-shear and Y-shear condition as they will see slightly different aberrations as 

seen in Fig. (41). To determine just how accurate the FLGSI system can be if no extensive 

calibration is performed with the autocollimator, various tolerances were constructed around the 

geometric properties using Table 4. These tolerances, or rather uncertainties in the system, can 

be used to determine the error in the FLGSI system’s measurement before any serious calibration 

is performed. Using the assumptions that the measured errors are uncorrelated and independent 

variables, the variance formula for the propagation of uncertainty [35] can be derived for the 

geometric coefficient, 𝛾, which comes from Eq. (79):  

 

 𝜎𝜃𝐹𝑆𝑀
= ±√𝜎𝛾

2 (
𝜕𝜃𝐹𝑆𝑀

𝜕𝛾
)

2

+ 𝜎Δ𝜙(𝑥,𝑦)
2 (

𝜕𝜃𝐹𝑆𝑀

𝜕Δ𝜙(𝑥, 𝑦)
)

2

   . (85) 

 

Eq. (85) shows the root sum square of the variance multiplied by the partial derivative of the 

geometric coefficient and the measured phase change, Δ𝜙(𝑥, 𝑦), which are both in Eq. (79). 

Expanding this out further to more partial derivatives, and ignoring the wavelength which should 

be quite stable and negligible to the error of the FSM tilt measurement, 𝜎𝜃𝐹𝑆𝑀
, the following is 

derived: 
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(86) 
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(87) 

 

The standard deviations of the values used to calculate the geometric factors, and the method of 

using the camera pixels as a ruler were also considered. The shear distance, s, and the exit pupil 

measurement could have an error of up to ±20 pixels or ±140 µm, which is 𝜎𝐹𝑃𝐴 in Eq. (87). The 

entrance pupil measurement was performed using an alignment telescope, and it was found to be 

10.565 mm with an accuracy estimated to be ±50 µm which is 𝜎𝐷𝑠𝑡𝑜𝑝
 in Eq. (87). Now the partial 

derivatives can be written out in terms of variables from Eq. (79): 
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𝜕𝜃𝐹𝑆𝑀

𝜕𝐷𝑋𝑃
=

𝛾Δ𝜙(𝑥, 𝑦)

2𝐷𝑋𝑃 ((𝛾Δ𝜙(𝑥, 𝑦))
2

+ 1)
  , (88) 

 

 
𝜕𝜃𝐹𝑆𝑀

𝜕𝑠
= −

𝛾Δ𝜙(𝑥, 𝑦)
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𝜕𝜃𝐹𝑆𝑀

𝜕𝐷𝑠𝑡𝑜𝑝
= −
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𝜕𝜃𝐹𝑆𝑀

𝜕Δ𝜙(𝑥, 𝑦)
=

𝛾

2 ((𝛾Δ𝜙(𝑥, 𝑦))
2

+ 1)
   . (91) 

 

Here, 𝛾, is the nominal geometric coefficient found in Eq. (79). By using Eq. (88-91) and 

substituting them into Eq. (87), the measurement uncertainty of the FLGSI can be found. The 

values for the “nominal” geometric coefficient are found by using the mean value found in 

Table 4. Using the 2000 Monte Carlo results that gave the results in Table 4, it was possible to 

determine the range of expected geometric coefficient values, and this was found to be 

1.610 x 10-5 ± 0.0129 x 10-5 (maximum of 1.647 x 10-5 and minimum of 1.574 x 10-5) (note that 

the geometric coefficient is unitless). This smallest phase shift in the fringe pattern that can be 

accurately detected based on the measurement uncertainty by the FLGSI is on the order of 

0.01 radians as found when modeling the algorithm accuracy in Fig. (28) using photon counts. 

That value can be used for 𝜎Δ𝜙(𝑥,𝑦)
2  for initial estimates of the FLGSI error. The true accuracy is 

dependent on the number of photons collected in the system, so the phase error resulting from 

the aberrations must not result in a measured phase shift larger than this if the system is to be run 

without a formal autocollimator calibration. But to know the true accuracy, a throughput model 

must be created first. Regardless, the uncertainty in the FLGSI’s measurement of the FSM angle 

heavily dependent on how large of a phase is measured by the FLGSI, Δ𝜙(𝑥, 𝑦). The result of 

the uncertainty as a function of the measured phase is shown in Fig. (42). Notice how the error 

increases roughly linearly with the measured phase. This would make sense, as the uncertainty is 

being added to each successive phase measurement in the system and for every phase wrap that 

occurs. This is for a perfectly aligned system that also has no other errors present. Errors like 

detector non-linearity, ghost reflections and stray light that mess with the fringe pattern will only 

compound the measured phase error. Plus, the uncertainty in the measurement of the geometric 

factors that make up the geometric coefficient in Eq. (79) can further add to error in the phase as 

larger and larger phases are measured by the FLGSI. Therefore, it is critical that a calibration 

with the FLGSI and an autocollimator staring at the same mirror. By tracking the measured 

mirror movement of both systems, using the autocollimator as the correct tilt measurement, the 

geometric coefficient can be factored out along with every other aberration source for fringe 

measurement error. This is because a set of coefficients will be found to scale the FLGSI 

properly to match the autocollimator before the FLGSI is used to measure the FSM movement. 

Furthermore, any phase mapping errors from distortion and beam displacement and any phase 
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errors from aberrations like coma can be calibrated out. That is to say that the phase change 

resulting from only wavefront tilt can be fully realized over the FOV of the system by 

performing this calibration with the autocollimator. In this way, these calibration coefficients 

will encompass these uncertainties, but it will relax them to allow for the FLGSI measurement 

system to be limited by the signal it measures and any other sources of ghost/back reflections 

that would affect the signal measured by the camera sensor planes. The uncertainty in the phase 

measurement due to noise sources like this can only be minimized by detecting more signal and 

improving the signal-to-noise ratio (SNR) of the system.  

 

 
Fig. (42): FLGSI measurement uncertainty of the FSM tilt as a function of measured phase. The phase measurement 

uncertainty (or error) compounds linearly with increasing phase because of the phase step size between each phase 

and the uncertainty associated with the previous frame’s measurements. A missed phase wrap would lead to a 

quantized size error that also compounds with the previous measurement’s errors. These phase wraps are scaled by 

the errors in quantifying the geometric coefficient in Eq. (79). 
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3.4    FSM TARGET CHARACTERISTICS AND MAXIMUM 

VELOCITY BOUNDARY 
 

The primary goal of this thesis is to provide a high frame rate interferometer that can track the 

entire movement of a Fast-Steering Mirror (FSM). For this thesis, the OIM202 2” Diameter FSM 

from Optics in Motion was chosen. It has a quoted angular resolution of <0.6 µrad, and if we 

consider the reflection law behavior, this means that the smallest measured wavefront tilt that is 

repeatable by the FSM is <1.2 µrad. The angles described in Eq. (79) only describe the 

wavefront tilt, and this angle is double the physical tilt of the mirror. From discussions on the 

estimated SNR and accuracy of the FLGSI, these FSM movements will be easily resolved (See 

Section 5.1 and Section 5.2).  

 

The challenge in tracking the FSM movements is the speed of motion. Such speed could lead to a 

rapid phase wrap, and this would lead to the FLGSI losing track of the mirror position. The 

method used to maintain tracking of the FSM movement is the extremely fast frame rate of the 

linescan cameras. From the specifications provided with the FSM, it is known that the Mirror 

and its mechanical mounting has a moment of inertia of 1.34E-5 kg/m2 about the x-axis and y-

axis. The FSM will rotate about these two axes and be pushed or pulled in the z-direction 

(parallel to the optical axis) to move to a commanded position. While the mirror will move 

slower than this because of its moment of inertia about the z-axis, if just the moment of inertia 

about the x-axis and y-axis is considered, the time elapsed before the FSM tilts past a phase wrap 

can be calculated. This was done by first considering the layout of the voice coil actuators as 

shown in Fig. (43). 

 
Fig. (43): OIM 202 FSM basic layout and the voice coil actuator layout. 

 

Optics in Motion provided a specification sheet that laid out parameters of interest from the 

power supplied to the mass and geometrical parameters of the system. The FSM has four voice 

coils, and the maximum voltage that can be applied across the system is ±10 V. These applied 

voltages are scaled to represent the maximum beam FOV of roughly ±3°, so 10V would tilt the 

mirror to 1.5° about the x-axis or y-axis depending on which channel in the mirror controller was 



78 
 

stimulated. Using this scaling, 1 mV would tilt the mirror about 2.618 µrad. The true voltage to 

mirror angle will be measured in Section 4.1.  

 

With a maximum peak power rating of 30W, this means that each coil can have a maximum of 

0.75 A. Since a voice coil is a simple solenoid, it has been shown that the force is linear with the 

current of the system, so it is relatively accurate to scale forces from the spec sheets provided to 

determine the acceleration of the FSM when a particular voltage is applied. However, the system 

has calibration ran on a single voice coil that is stimulated by 1 A of current, and this is above 

the maximum power of the system. Regardless of the is, the 4 coils work to couple a force about 

the mirror’s center of gravity. The estimated torque induced by the system is 0.206 N-m if 1A 

were applied per coil, so with 0.75A applied per coil this torque should be about 0.1543 N-m. 

With a force arm of 15.715 mm, the moment of inertia is used to calculate the angular 

acceleration of 11,516 rad/s2 (with 1A torque it is 15,355 rad/s2).  

 

Despite this maximum acceleration possible by the mirror, the dynamics of the mirror due to the 

solenoid drive force is dependent on how much voltage is applied to the solenoid. Furthermore, it 

depends on the time that the force is applied to the FSM. Since a waveform generator will be 

used to drive the mirror, it is important to consider the dynamics of the mirror as its PID controls 

how to move the mirror to match the input, driving waveform. As a result, the mirror will move 

faster or slower depending on the input wave’s amplitude and frequency. To best determine the 

limit of the mirror’s motion, a maximum velocity should be established, as once the mirror 

motion induces a phase wrap faster than the camera phase wrap, the FLGSI will lose the mirror 

position. This maximum allowed velocity will depend on the camera frame rate and the mirror 

movement that will cause a phase wrap. Once this velocity maximum is determined, modeling 

the mirror’s movement with data provided by Optics in Motion will help determine the limits on 

how the mirror can be driven so the FLGSI can successfully track the target. 

 

From Eq. (72) and using the 2000 Monte Carlo simulations ran in Section 3.3, the phase wrap of 

the fringes should occur at 101.15 ± 0.810 µrad of wavefront tilt (the minimum of the Monte 

Carlo simulation yielded a wrap point at 98.89 µrad of wavefront tilt). This corresponds to a 

mirror movement of 50.57 ± 0.405 µrad. However, this system will utilize an algorithm to 

determine the phase of observed fringes with a Fourier transform and an atan2() function (more 

details in Section 3.1). Because of the functionality of atan2() and its phase wrap occurring at ± 

π instead of 2π, and the random phase of the mirror at any point in time, some other 

considerations must be made. If we assume that the phase determined by the Fourier Transform 

of the sinusoidal fringe pattern at any mirror position has a Gaussian distribution, we can then 

assume that the mean phase value is zero with a standard deviation of π/4. This standard 

deviation is utilized so that the 2σ value of the mirror’s initial phase in each frame is at ±π/2. 

Thus, if the mirror phase happens to be at this 2σ region on the probability distribution function, 

the smallest mirror movement before a phase wrap occurs in the atan2() function is a π/2 phase 

movement or 12.64 ± 0.101 µrad in mirror movement. This is a more robust estimate of the 

phase wrap in a worst-case scenario which sets a bound on the FSM velocity. However, a less 

stringent estimate would be the case where the mirror is at the 1σ region on the probability 
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distribution function. In this case, the smallest average mirror movement would be ± 3π/4 in 

phase space, or an 18.965 ± 0.152 µrad mirror movement. 

 

To ensure proper tracking of the FSM movement, dropped frames should not prevent phase 

tracking, and camera “down time” (during signal readout) must not prevent this movement from 

being registered. The allotted time for the FSM to cover this phase wrap is set by the max frame 

rate of the camera. The cameras have a max frame rate of 80 kHz, but this is only at 8-bit 

operation. For a better resolution in the maximum well depth of each pixel, 12-bit operation will 

be used which allows a maximum frame rate of 59.524 kHz. Thus, the maximum velocity that 

the FSM can be moving at any time during the FLGSI’s measurement of the FSM motion must 

be less than 0.7526 ± 0.0060 rad/s. This assumes the worst-case scenario where the initial mirror 

phase is close to a phase wrap. Such a stringent velocity cap ensures that at least 2 or more 

frames are taken during almost any possible FSM movement condition.  The less stringent 

estimate where the mirror is allowed an 18.965 µrad movement per frame would have a 

maximum velocity of 1.1289 ± 0.0090 rad/s. Both cases will be considered when determining the 

maximum allowed mirror movements during testing. 
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3.5    CLOSED LOOP TRANSFER FUNCTION FOR FSM 

MOVEMENT MODELING 
 

The layout of the controller feedback loop is shown in Fig. (44). The input, X, is given by a 

function generator, which drives square waves or sinusoidal waves into the system. This is then 

monitored by the PID controller and a modified current, the error in position, is fed into the 

mirror. The output position of the mirror, Y, is then registered by the PID controller and current 

is continually adjusted in the closed loop system until the mirror’s position is at the desired input 

location. 

 
Fig. (44): OIM 202 Controller layout. The system operates in a closed loop where input is provided by a function 

generator. G is the mirror transfer function and H is the PID controller transfer function. 

 

Simulating the FSM motion is critical to determining what range of motions the FSM can be 

commanded to move in before the FLGSI loses track of the mirror position. Square wave inputs 

on the FSM lead to the largest difference between the desired FSM position and the FSM’s 

current position. Because of this, the PID controller would output the largest current, inducing 

the largest force on the FSM, and this will lead to the FSM moving as fast as possible. To get an 

understanding of the mirror’s movement, it is necessary to model the step response function of 

the FSM system [22]. This closed-loop system has the mirror which can be simply modeled as a 

2nd order dampened mass-spring system [23,24]. The transfer function of the FSM, GFSM (s), is 

shown in Eq. (92), 

 

 𝐺𝐹𝑆𝑀(𝑠) = 𝐾
𝜔𝑛

2

𝑠2 + 2𝜂𝐹𝑆𝑀𝑠 + 𝜔𝑛
2

exp[−𝑇𝑠]    , (92) 

 

where, s is the complex frequency variable in the Laplace domain, K is the steady state gain, 𝜔𝑛 

is the natural frequency of the FSM, and 𝜂𝐹𝑆𝑀 is the damping ratio. The exponent portion of the 

transfer function models the dead time of the controller, T, which accounts for phase offsets in 

the signal due to the internal read head of the mirror position and the PID’s response time to 

reading that signal. Both the natural frequency and the damping ratio are determined by the 

FSM’s voice coil properties and the mirror’s moment of inertia [27]. Essentially, they determine 

the movement resistance of the mirror when current is driven into the system by the PID 

controller current which subtracts from the input, X(s), of the function generator. The PID 

controller has its own transfer function, 𝐻𝑃𝐼𝐷(𝑠), and it is shown in Eq. (93), 
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 𝐻𝑃𝐼𝐷(𝑠) = 𝐾𝑃𝐼𝐷

𝑠2 + 2𝜂𝑃𝐼𝐷𝜔𝑧 + 𝜔𝑧
2

(𝑠 + 𝜔𝑝1)(𝑠 + 𝜔𝑝2)
      , (93) 

 

where 𝜂𝑃𝐼𝐷 is the equivalent damping ratio which affects the mirror response overshoot from the 

target setpoint [24]. The PID controller’s response speed is affected by its steady state gain 𝐾𝑃𝐼𝐷, 

its natural frequency, 𝜔𝑧, and the attenuation of the response and ultimately the bandwidth of the 

system is driven by the two poles of the transfer function, 𝜔𝑝1 and 𝜔𝑝2. Together, these two 

functions form a closed-loop operation transfer function, whose output, Y(s), is the FSM position 

determined by Eq. (94), 

 

 𝑌(𝑠) = 𝑋(𝑠)
𝐺𝐹𝑆𝑀(𝑠)

1 + 𝐺𝐹𝑆𝑀(𝑠)𝐻𝑃𝐼𝐷(𝑠)
     . (94) 

 

The system Gain of the FSM and controller which excludes the function generator input, X(s), 

can have its Bode plot used to determine the system bandwidth and the system’s stability in 

closed-loop operation. But the time it takes for the mirror to settle must be determined by the 

output, Y(s), which depends on the input of the system.  Using MATLAB’s Control Systems 

Toolbox, we can determine the coefficients from Eq. (92) and Eq. (93), that lead to a system that 

is as close to manufacturer data specifications. 

 

From the FSM manufacturing specs, a 1 mrad step (0.057° step) should take less than 7 ms to 

reach stability. This describes the settle time for the entire closed-loop operation of the FSM. 

From manufacturer test data, and other modeling efforts in literature, it is safe to assume that the 

FSM should complete its movement slightly faster for mirror movements that are smaller than 

this. This settle time does place an upper bound on the maximum frequency that an input square 

wave, X(s), can have when driving the FSM, which is about 140 Hz. Regardless, the mirror’s 

response needs to be modeled to determine the mirror’s velocity at any point during its 

movement when being driven by the function generator. Fig. (45), the Bode plot of the mirror’s 

response function is shown, and using this, it is possible to predict the mirror motion based on 

the PID controller response [24]. The manufacturer’s data is also included with the modeled 

system. Using similar coefficients to those described in the literature [24], MATLAB was used to 

determine the step response of the FSM, i.e., the position of the FSM with respect to time when 

driven by a square wave. This was found by taking the inverse Laplace transform of Y(s) in 

Eq. (94) when X(s) is the unit step function in the Laplace domain. The resulting step response is 

shown in Fig. (46) and the coefficients used are shown in Table 5. 

 

𝐾 𝜔𝑛 

[rad/s] 

𝜂𝐹𝑆𝑀 T [ms] 𝐾𝑃𝐼𝐷 𝜔𝑧 

[rad/s] 

𝜂𝑃𝐼𝐷 𝜔𝑝1 

[rad/s] 

𝜔𝑝2 

[rad/s] 

12.45 150.1 0.06 0.1 90 380 1.4 12.5e3 6.2832 

Table 5: Coefficients used to Model the FSM and the PID controller transfer functions. These values are similar in 

other literature [24]. Reference Eq. (92) and Eq. (93). 
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Fig. (45): Bode Magnitude Plot of the FSM. The modeled curve uses the coefficients from Table 5 to form Y(s) 

from Eq. (94). The other two curves are the measured data from the manufacturer of the FSM. 

 

 
Fig. (46): Step Response Function of the FSM. Notice that after 5 ms, the FSM has pretty much converged on its 

final position. This will be used to predict the FSM velocity. 

 

Although the model doesn’t have the proper fall off after its peak magnitude in Fig. (45), the 

focus was modeling the system correctly at lower frequencies because the FSM settle time for 

square wave inputs bound the maximum allowed frequency at around 140 Hz. Furthermore, it 
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was desired that the system gain be as close to unity as possible. This is because the system gain 

determines the attenuation of the input amplitude that the function generator drives the FSM 

with. In this way, the FSM moves to the desired location that it is commanded, rather than 

having a settled position that is scaled to be greater or less than the desired position that is set by 

the amplitude of the function generator input wave. The input signal can be adjusted to give the 

desired magnitude of motion, but the function generator used did not have the highest precision 

as the analog dials and digital readout of the signal input was not better than ±3 mV which is 

equivalent to about ±8 µrad. 

 

As for the FSM movement when being driven by a sinusoidal wave for X(s) in Eq. (94), the PID 

controller will be much more capable of matching this waveform. The errors from the PID 

controller moving the FSM will lead to potential amplitude errors where the mirror might move 

more or less than the desired amount, and the other error would be in a phase delay in the wave 

form where the FSM movement will not be perfectly in sync with the driving sinusoidal wave. In 

either case, it is far easier to predict the speed of the FSM by assuming that the mirror position as 

a function of time, P(t), is of the form of a simple sinusoid: 

 

 𝑃(𝑡) = 𝛾𝐴 sin(2𝜋𝑓𝑡)     . (95) 

 

In Eq. (95), 𝛾 is the gain of the closed-loop system as described by the bode plot in Fig. (xx), A is 

the amplitude of the wave that the function generator is driving the FSM with, and f is the 

frequency that the function generator drives the FSM with. Using this, it is possible to predict the 

velocity, V(t), of the FSM as: 

 

 𝑉(𝑡) = 2𝜋𝛾𝐴𝑓 cos(2𝜋𝑓𝑡)    . (96) 

 

So, from Eq. (96) the maximum velocity will be set by the closed-loop system gain and the 

amplitude and frequency of the wave driving the FSM. 

 

With these maximum conditions modeled, it will be necessary to quantify the allowed voltage 

amplitude and frequency that the function generator can output when driving the FSM with a 

square wave and with a sinusoidal wave. The step response in Fig. (46) will be compared 

against measured data to ensure model correlation. Scaling this step response function 

from a measured voltage output from the FSM system to a measured angular position will 

be critical in predicting the mirror position and proving the accuracy and system 

capabilities of the FLGSI. 
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4. FSM CALIBRATION AND FLGSI 

SENSOR CALIBRATION & 

THROUGHPUT 
 

4.1    FSM OPTICAL POSITION SENSOR (OPS) 

ELECTRO-ANGULAR CALIBRATION & FSM MODELED 

MOVEMENT 
 

The FSM has an optical position sensor (OPS) that reads out the FSM location. A laser diode 

module reflects light off a little mirror on the back of the FSM, and this reflection is read by a 

position sensitive device (PSD) that has 4 pixels. There are two of these optical sensors in 

orthogonal positions to read the mirror’s position in the X and Y axes. This location readout as a 

function of time should theoretically have a similar shape to the step function plotted in Fig. (46) 

when a square wave is driving the system. However, this optical position sensor’s readout can 

only be measured by an oscilloscope, and the output is in units of volts. Since the FLGSI 

measures angular position of the mirror, it was necessary to convert the optical position sensor’s 

voltage reading to a measured angular reading. In this way, the FSM’s on-board sensor can serve 

as a secondary verification of the FLGSI’s measurements. Since the physical mechanisms of 

this device are proprietary to the manufacturer, simple assumptions had to be made to 

make a baseline calibration for this thesis which assumed linearity between FSM position 

and the OPS measured voltage. Realistically, there could be far more complex 

measurements methods used by the OPS to obtain the FSM position, and this exploration 

was beyond the scope of the thesis. 

 

To perform this verification, a Textronix DPO3000 oscilloscope was connected to the position 

sensor output and an HP 8111A Function Generator was connected to the FSM command input 

to drive the FSM. The function generator was set to drive a square wave at a frequency of 2 Hz 

and the amplitude of the wave was varied. To measure the FSM position, a Davidson Optronics 

D-275-AAT-WW Automatic Alignment Telescope was used. Before driving the FSM with the 

function generator, the Alignment telescope was aligned to retro-reflect off the FSM, and it was 

set to have its focus at infinity. In this way, the telescope can measure the angle of the reflected 

beam that it sends to the FSM. The square wave driving the FSM was centered about 0 V, so 

when an amplitude was chosen, the square wave took on a positive and negative value of the 

magnitude of the amplitude set. However, the mirror’s bode plot shows that it will not perfectly 

settle at the desired value, so the measured voltage of the FSM optical position sensor was 

plotted against the measured alignment telescope measured angle. Then, a linear regression was 

performed on the measured points. In this way, one can correlate the voltage measurement of the 

optical position sensor with the mirror’s angular position as measured by the alignment 
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telescope. From this, the optical position sensor voltage can serve as a comparison against the 

FLGSI’s measurements of the FSM location to determine the FLGSI accuracy. 

 

The FSM was driven in the X-direction and Y-direction separately and the measured results are 

shown in Fig. (47). From the linear regression, the slope of the X-direction movement was 

4841.3 µrad/V with a 95% confidence interval of [4777.3, 4905.3] µrad/V. The slope of the 

Y-direction movement was 4778.7 µrad/V with a 95% confidence interval of 

[4758.2, 4799.2] µrad/V. Note that these measurements are of the alignment telescope’s beam 

angular deviation caused by the mirror movement. So, the actual mirror angle will be half of 

this slope value. The confidence intervals assumed errors in the points located on the graph in 

Fig. (47) were normally distributed, and a two-sided Student’s t-distribution was used with each 

degree of freedom representing a point on the plot [27].  

 
Fig. (47): Beam angular deviation as a function of the measured OPS voltage. Dividing the slope of the linear 

regression by two represents the scale factor of FSM angular position per unit voltage output of the optical position 

sensor. The voltage reading of the position sensor can thus be correlated to the FSM’s angular position. 

 

The confidence interval was about 3 times smaller for the Y-direction movement as these points 

followed a more linear shape than the X-direction movement measured points. Slight clocking of 
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the alignment telescope could have led to variations in the measured slope and more 

unpredictability. Also, the table was not floating, so mechanical oscillations could have shifted 

the points more in the X-direction. Each point in Fig. (47) had approximately 50 measurements 

using the autocollimator, but the autocollimator had to be manually commanded to acquire data 

as the FSM was oscillating at 2 Hz. This led to partial inaccuracies in the alignment telescope’s 

reported position of the FSM. Also, the electrical noise of the optical position sensor of the FSM 

led to the error bars seen in Fig. Xx, where the largest bars are approximately ± 8 mV. These 

uncertainties were approximately the same size for both X-direction and Y-direction 

measurements, so for future use of the system, it is suggested that a more rigorous error analysis 

be performed to verify the true optical position sensor’s voltage to FSM position 

characterization. 

 

Despite these errors, this really affects the comparability of the FSM’s optical position sensor 

with the FLGSI. Comparing the size of the confidence intervals, they are no larger than three 

phase wraps (Eq. (72)) per volt of drive of the FLGSI, so this will just have to be recorded in the 

final computed accuracy of the measured FSM positions as reported by the optical position 

sensor. In this way, it appears that the FLGSI has the potential to be more accurate than the 

optical position sensor. However, the primary reason for using the FSM’s sensor is to really 

verify that the FLGSI is capable of accurately tracking the FSM as it moves over a pre-defined 

range of operation conditions. These conditions are determined by the modeling of the FSM as 

described in previous sections, so the slopes found from Fig. (47) are meant to help with the 

initial modeling efforts. Remember that the slopes in Fig. (47) must be divided by two to 

represent the mirror’s physical, angular position. 

 

Scaling the step function and the optical position sensor data using the slopes from Fig. (47), it 

was possible to obtain a reasonable estimate of the maximum allowed square wave step size. Fig. 

(48) shows measured data of the FSM optical position sensor that was scaled using the slopes 

from Fig. (47). From here, the settle position of the FSM as measured by the optical sensor was 

used to scale the unity step function in Fig. (46) to a settle position of 0.0275° or 0.480 mrad. 
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Fig. (48): Measured step function when FSM was driven with a square wave at 2 Hz. This is compared against a 

scaled step response function modeled the FSM movement. 

 

Notice how the Step function model closely follows the optical position sensor’s measurement of 

the FSM’s location which shows that the FSM closed-loop system modeling done in Section 3.5 

are fairly accurate. However, the slope of the model is slightly steeper as the mirror is rising to 

its final settle position. This means that the modeled FSM movement will be faster than the 

realistic performance measured by the optical position sensors. By taking the first and second 

derivatives of the modeled position, it is possible to do a sanity check of the mirror’s velocity 

and acceleration. These are shown in Fig. (49) and Fig. (50) respectively. 
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Fig. (49): Predicted FSM velocity using the step response function position model in Fig. (48). Notice that the 

maximum allowed velocity falls within the bounds of the two velocity criteria. 

 

 
Fig. (50): Predicted FSM acceleration using the step response function position model in Fig. (48). Notice that the 

maximum acceleration is just above the maximum acceleration, 11,516 rad/s2, predicted by force analysis of the 

FSM’s solenoid drives. 
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The maximum acceleration allowed was found earlier using the force on the mirror from the 

solenoid drives, and this was 11,516 rad/s2. From Fig. XX, the mirror just barely exceeds this 

criterion and quickly drops off as the mirror reaches its position rapidly. From the velocity plot 

in Fig. (49), the FSM is not moving faster than is predicted by the less stringent case, 

1.1289 rad/s, and the FSM’s maximum velocity is reasonably close to the stringent velocity case 

of 0.7526 rad/s. It is critical to note that the FSM’s square wave drive comes from an HP 8111A 

Function Generator, and this function generator centers the square wave about 0 V so that the 

FSM sweeps from one side to the other. So, the amplitude setting leads to a FSM jump that is 

twice its size. For example, if the FSM were driven with an amplitude of 0.5 V, then the FSM 

would be sweeping from positions that represent ±0.5 V. Because of this, Fig (50) shows a 

position response starting from zero, and this must be factored into determining the maximum 

drive amplitude allowed for the FSM. From these figures, it can be concluded that 100 mV is the 

maximum allowed square wave amplitude that can be driven before the system loses the FSM 

location due to a missed phase wrap. This follows from using the settle value of 0.480 mrad from 

Fig. (48) and dividing it by half the slope determined in Fig. (47). This value would be 200 mV 

(or 198 mV if one used the X-movement slope value), but this needs to be divided by two to 

represent the absolute jump from -100 mV to 100 mV like the FSM would experience when 

being driven by the function generator. So, the maximum allowed amplitude input from the 

function generator should be 100 mV. Thus, the mirror would be sweeping an angular range of 

±0.240 mrad. This maximum amplitude allowed is rather conservative though because the step 

function model has a steeper slope than the real FSM position curves measured by the optical 

position sensor. The conservative maximum allows for any errors in calibrating the optical 

position sensor and from inaccuracies of the Function Generator when driving the system due to 

its rather coarse adjustment knobs and non-precise digital readout. The maximum allowed 

frequency to drive the square wave is set by the maximum frequency that a sinusoidal wave can 

be driven at as discussed next in this section. 

 

From, Eq. (96), the maximum allowed amplitude can be predicted for the sinusoidal wave drive 

case. The maximum amplitude gain can be found from the bode plot in Fig. (45) and this occurs 

at a drive frequency of 250 Hz. The plot is in dB so converting this to a gain ratio, this means 

that there would be a settle position of the FSM that is 1.6 times the input wave amplitude. That 

is a poor performance case for placing the FSM in a desired position since the system gain is not 

near unity, so it would be more accurate to consider the case where the settle time from the step 

response sets the maximum allowed frequency at 140 Hz. At this position, the system gain ratio 

is about 1.34. In the worst-case scenario where the maximum velocity is 0.7526 rad/s, this leads 

to a maximum mirror position amplitude of ±0.638 mrad. Thus, the maximum allowed voltage 

that could be driven sinusoidally at 140 Hz, using the slope values found from Fig. (47), is 

263 mV in the worst-case scenario. If we use the less stringent estimate for the maximum 

velocity, 1.1289 rad/s, then the maximum mirror amplitude allowed is ±0.958 mrad. Thus, the 

maximum allowed voltage amplitude that the function generator could use to drive the FSM with 

a sinusoidal wave at 140 Hz is 396 mV.  
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Since roughly ±1 mrad is the largest angular range that the FSM will settle at, it is necessary to 

determine the largest expected angle that the FSM could move to. With electrical noise from the 

function generator’s input, the overshoot of the system of about 1.5 (see step response and 

measured prediction overshoots in Fig. (46)), and the system gain predicted by the Bode plot in 

Fig. (45), it can be expected that the FSM could sweep to a position that is twice as large as the 

expected settle position set by the function generator. So, the largest expected angles of the beam 

entering the system could be as large as ±4 mrad. This maximum is helpful for predicting the 

sensitivity of the linescan camera’s placement at the exit pupil of the system as described in 

Section 3.3. If the camera is not exactly at the exit pupil of the system, an angular shift in the 

beam of the system from the FSM movement will cause the fringe pattern to shift on the pixels. 

This would be a problem as there would be both phase shifts from the FSM movement and the 

movement of the fringe pattern position on the pixel plane. So, the phase wrap would be 

measured erroneously and might cause a phase wrap to be missed. The results of this section and 

Section 3.5 are summarized in Table 6. Note that the FSM sweep sizes are expected values based 

on modeling and the FSM Optical Position sensor Calibration. These values will be measured 

and verified using the calibrated FLGSI. Also note that the conversion values must be divided by 

two when being used to scale the optical position sensor to the true mirror position. The 

manufacturer quoted a conversion value of 0.15°/V which is in decent agreement with the values 

found in Table 6 with a percent error from the manufacturer estimated value of 9.125% even in 

the lowest value confidence interval in the Y-axis. 

 

 
Table 6: Various Parameter restrictions for the FSM movement and Function Generator that drives the FSM for the 

experiments to be ran. Also, the FSM optical position sensor calibration values are included. Note that the FSM 

sweep sizes are expected values based on modeling and the FSM Optical Position sensor Calibration. 
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4.2    SYSTEM SIMPLE OPTICAL THROUGHPUT MODEL 
 

With the potential for very fast angular measurements of the FSM, it is critical that the signal and 

noise characteristics of the system are characterized and modeled. Using the system design, the 

average number of photons that the detector will see can be estimated, and this allows for a 

reasonable model of the system noise. Starting with the power of the laser, 5 mW at 632.8 nm, 

that is randomly polarized, it is possible to consider the throughput of the laser at each interface 

shown in Fig. (25). An Ophir 3A thermopile sensor was used to measure the laser output after it 

had been on for 1 hour, and it was determined that 5.4 mW of energy was leaving the laser. The 

laser goes through a microscope objective and a spatial filter and has an estimated transmission 

of 70%. This is assuming a non-perfect spatial filter and an average beam quality. The spatial 

filter was a bit larger than expected for the laser because the original laser used by the system 

had a larger beam size but did not have enough power to give the signal necessary for the 

FLGSI. From here, a doublet collimates the beam (95% transmission) and then the beam reflects 

off a fold mirror (95% transmission). The PBS should reflect roughly of 50% of the laser light 

and polarize it to linear s-polarized state. Passing through the quarter-wave plate there should be 

98% of the light transmitted for the on-axis case. The beam leaving the FLGSI was measured by 

the thermopile sensor, and it was measured to have 1.5 mW of power, which roughly agrees with 

the assumed transmittances so far which places the beam throughput at 1.4 mW. The FSM has a 

reflectance of 95% and then the beam passes through the quarter-wave plate again. From here it 

is now p-polarized light, and the PBS should transmit at least 90% of the light. Eq. (97) shows 

the transmittance of the laser power before the stop in the system. 

 𝑇𝑝𝑟𝑒−𝑠𝑡𝑜𝑝 = 𝑇𝑙𝑎𝑠𝑒𝑟𝐹𝑖𝑙𝑡 ∙ 𝑇𝑙𝑒𝑛𝑠 ∙ 𝑅𝑓𝑜𝑙𝑑 ∙ 𝑅𝑃𝐵𝑆−𝑆 ∙ 𝑇𝑄𝑊𝑃
2 ∙ 𝑅𝐹𝑆𝑀 ∙ 𝑇𝑃𝐵𝑆−𝑃 = 0.2594 (97) 

 

The laser beam was expanded, but it underfilled the 25.4 mm optics with a beam diameter of 

about 17.5 mm. After this point, the iris stops down the 17.5 mm beam to only 10.565 mm in 

diameter. The half-wave plate has a transmission of 98% for the on-axis beam. There are 5 lenses 

each with an AR coating and thus have a transmission of roughly 95% for an on-axis beam. As 

the lenses experience different angle of incidences when the FSM tilts, this could drop to as low 

as 93% for large angle of incidences, but this should be negligible with the systems small FOV. 

The next elements are in a converging beam so these values will be overestimates of the actual 

transmission. There is a PBS to give some light to the 2D camera, and by using the angle of the 

HWP, this can be adjusted, but it is assumed here that about 70% of the light is sent to the 

linescan cameras. Using the thermopile sensor located at the 2D camera’s location, 120 µW of 

power was measured, and this agrees with the estimation developed so far of 128 µW. Finally, 

the 50:50 beamsplitter splits this in half. Eq. (98) estimates a throughput before the diffraction 

grating and collimation lens place the diffraction beams on the linescan cameras. 

 

 𝑇𝑝𝑟𝑒𝑔𝑟𝑎𝑡 = 𝑇𝑝𝑟𝑒−𝑠𝑡𝑜𝑝 ∙
𝐴𝑠𝑡𝑜𝑝

𝐴𝑏𝑒𝑎𝑚
∙ 𝑇𝐻𝑊𝑃 ∙ 𝑇𝑙𝑒𝑛𝑠

3 ∙ 𝑇𝑃𝐵𝑆−2𝐷 ∙ 𝑇50:50 = 0.0278 (98) 

 

From here, the grating diffracts the light into orders where the zeroth order has an estimated 

efficiency, 𝜂0𝑡ℎ, of 28% while the ±1st orders have an efficiency, 𝜂1𝑠𝑡, of 25%. Then the ratio of 
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the area of the linescan camera’s single square pixel, 𝐴𝑑, to the area of the beam size in the 0th 

order, 𝐷0𝑡ℎ, must be taken to determine the energy combined in the region of interest. The size of 

zeroth order beam incident on the detector was found in Table 4 based on the Monte Carlo 

modeling done in Section 3.3. This region is where the 0th and 1st or -1st order are interfering. 

With all three beams incident on the thermopile sensor, roughly 120 µW was measured, and this 

is in good agreement with the estimated throughput model of 111 µW. Eq. (99) determines the 

average energy reaching the detector, but it will be higher for regions of constructive 

interference, and it will be lower for regions of destructive interference. Also, the quantum 

efficiency, 𝜂𝑄𝐸, must be considered to determine how many photons are detected. 

 𝑃𝑑𝑒𝑡𝑒𝑐𝑡𝑜𝑟 = 𝜂𝑄𝐸 ∙ 𝑇𝑙𝑒𝑛𝑠 ∙ [𝑃𝑙𝑎𝑠𝑒𝑟 ∙ 𝑇𝑝𝑟𝑒𝑔𝑟𝑎𝑡 ∙ (𝜂0𝑡ℎ + 𝜂1𝑠𝑡)] (
4𝐴𝑑

𝜋𝐷0𝑡ℎ
2 ) ≈ 51.4 𝑝𝑊 (99) 

In essence, this power on the detector is the average amount of energy that is seen in the region 

of interest where the ±1st orders are interfering with the 0th order. With the expected average 

amount of power seen by a single pixel, we can now consider the integration time of the detector. 

This integration time is driven by the behavior of the FSM target that must be accurately tracked. 

This is simply the inverse of the camera frame rate, 59.524 kHz, so the integration time is 15 µs 

(must be slightly less than the frame rate to allow for line readout). With this, we can begin to 

build a robust Noise model of the system. This will be helpful in determining the FLGSI’s noise-

limited accuracy in measuring the FSM’s angular position. 
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4.3 LINESCAN CAMERA SENSOR CALIBRATION 
 

Before moving forward with developing a robust Noise Model, the two linescan cameras of the 

system had to be calibrated. In this way, the system’s inherent noise in the sensor could be added 

to the noise model. Variations in pixel-to-pixel quantum efficiencies in collecting photoelectrons 

generated by the source photons leads frame differences and noise that must be accounted for by 

determining a flat field map computed by finding the signal sensitivity of each pixel. Fixed 

pattern noise (FPN) arises from spatially varying bias levels across the pixels. The spatial 

variation in the image signal is caused by the same process each frame, and thus is “fixed,” but 

this can be removed by subtracting zero-exposure frames. Furthermore, these pixel-to-pixel 

sensitivity differences increase directly with the signal which is different form shot noise which 

increases with the square root of the signal [28]. For any measured signal by the camera, there 

will also be shot noise, 𝜎𝑠ℎ𝑜𝑡, and readout noise, 𝜎𝑅𝑒𝑎𝑑, on top of the fixed pattern noise of the 

system, 𝜎𝐹𝑃𝑁. The shot noise will depend on the photogenerated current from the signal, and if 

the thermal generated dark current is large enough, this will also be present in the noise of the 

system, 𝜎𝑑𝑎𝑟𝑘. This is shown in Eq. (100) where all the individual noise sources are summed in 

quadrature as evaluated in digital numbers recorded by the camera sensor. 

 

 𝜎𝑡𝑜𝑡𝑎𝑙(𝐷𝑁) = √𝜎𝑅𝑒𝑎𝑑(𝐷𝑁)2 + 𝜎𝑑𝑎𝑟𝑘(𝐷𝑁)2 + 𝜎𝑠ℎ𝑜𝑡(𝐷𝑁)2 + 𝜎𝐹𝑃𝑁(𝐷𝑁)2    . (100) 

 

Since the camera has an integration time of 15 µs, the thermal noise of the system will be 

negligible, but it was still measured by covering the camera with a cap, so it received no photons. 

Thus, the only signal generated by the system was dependent on thermally generated electrons. 

With the camera at a slower line rate of 330 Hz (frame rate of the camera), to allow for a large 

range of exposure times, various exposure times from 4-3000 µs were used to collect many 

frames of data. By plotting the mean signal as a function of the exposure time, one can determine 

the rate of thermal electron generation in the sensor in units of DN/time. So, the slope of the 

mean signal vs time yields this rate of dark current signal generation. The correlation coefficient 

of the data, and the resulting dark current generation for each pixel on the two detectors are 

shown in Fig. (51). Camera SN 12202029 is used on the y-axis measurement arm of the FLGSI, 

and camera SN 12202039 is used on the x-axis measurement arm of the FLGSI. 

 

The final values in Fig. (51) were converted from DN to electrons using the sensitivity constant 

results found later in this section in Table 7. Note that the mean value of each camera’s dark 

current generation rate is below 4000 e-/s/pix, so at an integration time of 15 µs the dark current 

for any one pixel is below a tenth of a DN. Thus, the dark current was ignored in this system. 

Note that the correlation coefficient for each pixel’s linear fit was quite high, and points to the 

linear increase with dark current as the integration time is increased. Pixel coordinates with 

lower correlation values were assumed to be noisier and representative of the material 

differences in each pixel that leads to different quantum efficiencies in each pixel. Since the data 

collection algorithm uses multiple pixels, the final measured thermal current will be multiplied 

by the number of pixels used to collect the fringe pattern in the system. Note that temperature on 

FPGA (field-programable gate array) was about 44-46°C which is quite warm and allows for a 
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far larger dark current for each pixel as seen in Fig. (51). Despite this, the driving factor for dark 

current is time, and the small integration time leads to negligible dark current (<0.1 electron 

generated per each pixel in the frame). 

 

Now, to determine how many electrons are measured by each pixel in the FLGSI, the FPN in the 

system must be removed. Janesick describes that this noise can be removed by subtracting 

adjacent raw frames (back-to-back) frames, squaring that difference, and dividing by 2 (to 

average out the 2 frames used in this difference) as shown in Eq. (101) [28]. This can also be 

done by subtracting a zero-exposure frame to each measurement. These methods take care of 

FPN, but not quantum efficiency variation of each pixel. To take care of quantum efficiency 

variations, a flat field map can be generated from the data measured to determine the 

pixel-by-pixel gain of the system, but this was beyond the scope of the calibration done in this 

thesis. 

 

 𝜎𝑅𝑒𝑎𝑑(𝐷𝑁)2 + 𝜎𝑑𝑎𝑟𝑘(𝐷𝑁)2 + 𝜎𝑠ℎ𝑜𝑡(𝐷𝑁)2 =
(𝐹𝑟𝑎𝑚𝑒1(𝐷𝑁) − 𝐹𝑟𝑎𝑚𝑒2(𝐷𝑁))

2

2
   . (101) 

 

Eq. (101) represents the noise seen by a single pixel, and by using Fig. (51), the super short 

integration time has the dark current being a negligible source of noise. Thus Eq. (101) can be 

simplified further, and by observing that the shot noise varies with signal, Eq. (102) can be 

expressed to show the linear relationship between the total noise of each pixel and the variance 

of the signal [28]: 

 𝜎𝐹𝑃𝐴(𝐷𝑁)2 = 𝜎𝑅𝑒𝑎𝑑(𝐷𝑁)2 +
𝑆(𝐷𝑁)

𝐾𝐴𝐷𝐶(𝑒−/𝐷𝑁)
    . (102) 

 

So, with the fixed pattern noise removed from the data, the variance in the signal using a master 

dark frame (or by using Eq. (101)), 𝜎𝐹𝑃𝐴(𝐷𝑁)2, has a linear increase with the signal, 𝑆(𝐷𝑁), 

because shot noise is related to the square root of the signal. The proportional term, 

𝐾𝐴𝐷𝐶(𝑒−/𝐷𝑁), is the slope term that will be found by taking the regression of the signal and 

variance measured, and this represents each pixel’s ADC’s (analog to digital converter) 

sensitivity constant [28]. Essentially, this constant determines how many photoelectrons it takes 

to register a single DN count on the electrical readout of the camera’s sensor. Eq. (102) 

essentially represents the photon transfer curve of a single pixel in the camera array in the shot 

noise regime of the system, where the log-log slope of the variance (noise) vs mean of the signal 

has a slope of 0.5 [28]. 
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By measuring the linescan camera’s variance of the measured signal versus the mean of the 

measured signal, it is possible to determine each pixel’s ADC (analog to digital converter) 

sensitivity constant [28]. In Eq. (102), the read noise is simply the square root of the resulting 

regression’s intercept. This value, in DN, can be scaled by the sensitivity coefficient also found 

in the regression to find how many electrons in the signal are from read errors in the electronics. 

The electrons due to read errors determined by this method would only give a statistical estimate 

of this error in the signal. 

 

To perform this measurement of the camera’s sensitivity constant, a 6” integrating sphere with 

two 1” ports had one of its ports illuminated by a bright LED broadband source, and the detector 

was placed 2.5” away from the other 1” port of the integrating sphere. The integrating sphere 

was chosen to create uniform illumination of the focal plane. Based on the available source 

brightness that could be used with this integrating sphere, and the ND filters that would be used 

to vary the signal, the exposure time had to be set at 280 µs. The ND filters used ranged from 0.1 

to 2.2 optical density, and the integration time was kept constant with a line rate of 2000 Hz to 

keep the sensor collecting under the same electrical parameters throughout the collect. In each 

collect, a combination of ND filters was placed in front of the integrating sphere’s exit port being 

observed by the camera, and 2000 frames were collected. For each collect, the dark frame was 

subtracted from the FPA raw signal frames, and then the fixed pattern noise was removed from 

the system, and the mean of the frames (with the dark frame subtracted) were used to build a plot 

of variance versus signal for each pixel. Then, a linear regression was taken from the data, and 

the resulting slope and intercept were found. The inverse of this slope represented the sensitivity 

constant, 𝐾𝐴𝐷𝐶(𝑒−/𝐷𝑁), for each pixel. As for the read noise, this is more accurately found by 

using the data from the dark current and figuring out the variance vs the mean for the signal 

under different integration times. This is because the dark current should be found in a low signal 

regime where the fixed pattern noise has no way of dominating the result and skewing the 

intercept location, and theoretically, the read noise is the noise from the electronic readout under 

the shortest integration time [28]. The linear regression of the variance versus the mean using the 

dark current collects yields the most accurate result, and the square root of the fit’s intercept 

multiplied by the sensitivity constant gave the readout noise from each pixel. The results for the 

sensitivity constant for each camera are shown in histogram form and in pixel-by-pixel location 

in Fig. (52). The correlation coefficient for each pixel’s linear fit is also shown. Notice the 

extremely high correlation values that are greater than 0.986. Note that the variation in pixel 

sensitivity (quantum efficiency variations) between each pixel is a major source of noise in this 

system, and it was not formally quantified in this thesis, but this would be corrected by finding a 

flat field correction. The results for the measured read noise for each pixel is shown in Fig. (53). 

The correlation coefficient for each pixel’s linear fit is also shown, and the values are above 0.75 

except for a few pixels which supports the low signal regime’s variance versus mean linearity. 

The read noise should represent the noise coming from electronic readout errors, and thus it 

should only be quantified where the integration time is close to zero as the dark current 

measurements were [28]. However, the square root of the y-intercept of the regressions for 

Fig. (52), which represents the photon transfer curve slope in the shot noise regime, when scaled 

by the sensitivity constant can also be used to find the expected read noise of the system, but its 
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intercept value tends to be higher than the intercept value found using the regression in Fig. (53) 

since intercepts can be negative or positive due to slope variation while the dark current 

measured regression was observed to have small, positive intercepts. Small intercept values 

represented small read noise which is expected for this camera system. 

 

Now, the pixel sensitivity is critical in determining the signal to noise ratio of the system, as it 

converts the digital values from the pixels into the number of photons that were measured in each 

frame. Looking at Eq. (102) and solving for the pixel sensitivity constant yields 

 𝐾 =
𝑆

𝑁2 − 𝑅2
     . (103) 

 

In Eq. (103), K represents the measured pixel sensitivity constant, S represents the measured 

signal mean, N represents the total signal noise that includes shot noise and read noise, and R 

represents the signal read noise. Using the propagation of errors method from Eq. (85), it is 

possible to determine the uncertainty in the pixel sensitivity measurement from Fig. (52). 

 

 𝜎𝐾 = √𝜎𝑆
2 (

𝜕𝐾

𝜕𝑆
)

2

+ 𝜎𝑅𝑒𝑎𝑑
2 (

𝜕𝐾

𝜕𝑅
)

2

+ 𝜎𝐹𝑃𝐴
2 (

𝜕𝐾

𝜕𝑁
)

2

    . (104) 

 

Eq. (104) contains the partial derivatives of the variables on the right-hand side of Eq. (103). 

Now from Eq. (104), this uncertainty, 𝜎𝐾, is heavily dependent on the number of pixels that 

sample the signal, 𝑁𝑝𝑖𝑥 [28]. This is because of the discrete nature of detecting photons as they 

are randomly collected by the pixels used to sample the signal beam [37]. 
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Since the uncertainty in the measured noise (shot and read noise), 𝜎𝐹𝑃𝐴, uncertainty in the 

measured read noise, 𝜎𝑅𝑒𝑎𝑑, and the uncertainty in the measured signal, 𝜎𝑆, would decrease by 

the square root of the number of pixels in the system, this allows for expressions to be developed 

for their dependence on the number of pixels used to determine the pixel sensitivity [28]. 

 

 𝜎𝑆
2 =

𝑆

𝐾𝑁𝑝𝑖𝑥
  ,   𝜎𝑅𝑒𝑎𝑑

2 =
𝑅2

2𝑁𝑝𝑖𝑥
    ,    𝜎𝐹𝑃𝐴

2 =
𝑁2

2𝑁𝑝𝑖𝑥
     . (105) 

 

Note that the uncertainty in read noise and the uncertainty in measured noise depend on the 

removal of the fixed pattern noise which requires two frames to be measured, and thus they have 

a factor of 2 to consider. The signal measured to get the pixel sensitivity constants in Fig. (52) 

includes noise, but it is roughly shot noise limited since this measurement was done in the shot 

noise regime of the photon transfer curve, so it does not have this factor in Eq. (105). 

Substituting the results of Eq. (105) into Eq. (104) and performing the partial derivatives of Eq. 

(104) on Eq. (103), the following results in Eq. (106): 

 

 𝜎𝐾 = 𝐾√
2

𝑁𝑝𝑖𝑥
   . (106) 

Simply put, the uncertainty in the measurement of the pixel sensitivity is dependent on the 

inverse square root of the number of pixels used in the measurement of this sensitivity constant. 

It was assumed that the read noise was much smaller than the signal which is almost always true 

(𝑅 ≪ 𝑆). And it was also assumed that the inverse of the signal was much smaller than the 

sensitivity constant (1/𝑆 ≪ 2𝐾), which is why Eq. (106) is so simple [28]. The percent error in 

K from Eq. (106) is simply determined by the number of pixels in the array. Since the last 16 

pixels are used for time stamps of the frames, there were 2032 pixels sampled for the 

measurement, and this leads to a percent error in the pixel sensitivity of 3.1373 %. The result of 

this section is summed up in Table 7. The plus-minus values in the table represent the standard 

deviation about the mean calculated for the 2032 pixels calibrated for each camera. These values 

can be used to determine the Signal to Noise Ratio (SNR) for the system using the system 

throughput results found in Section 4.2. 

 

Camera 

Serial # 

(Axis 

Tracked) 

Pixel Sensitivity 

[e-/DN] 

Pixel Sensitivity 

Uncertainty 

[%] 

Dark Current 

[e-/sec/pix] 

Read Noise 

(Fig. (53)) 

[e-] 

Read Noise 

(Fig. (52)) 

[e-] 

12202029 

(Y-axis) 

2.649 ± 0.072 3.1373 2537 ± 1389 2.147±1.325 8.943±1.932 

12202039 

(X-axis) 

2.744 ± 0.067 3.1373 3177 ± 1636 2.361±1.132 9.043±1.926 

Table 7: The Linescan Camera sensor calibration results. The pixel sensitivity is used to convert digital number 

values measured by the camera into the number of photons detected by the system, but its measurement uncertainty 

only depends on the number of pixels sampled. The plus-minus values are the mean and standard of the 2032 pixels 

sampled. The noise sources in the table are critical for determining the SNR of the system. 
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5. FLGSI NOISE MODEL, FLGSI 

CALIBRATION, AND MEASUREMENT 

UNCERTAINTY 
 

5.1 SYSTEM NOISE MODEL 
 

With a complete picture of the sensor’s electronic noise sources, and the known integration time 

of 15 µs, the noise model of the system can be predicted. For a more accurate noise model, the 

previously discussed camera calibration was used. First, it is necessary to calculate the estimated 

number of photons detected by a pixel by multiplying the detector power by the integration time, 

𝑡𝑖𝑛𝑡, and scaling it by the energy in each photon at the wavelength, λ, of the laser used 

(632.8 nm). These results are shown in Eq. (107), and h is Planck’s constant, and c is the speed 

of light.  

 

 𝑁𝑝ℎ𝑜𝑡𝑜𝑛 = 𝑃𝑑𝑒𝑡𝑒𝑐𝑡𝑜𝑟

𝑡𝑖𝑛𝑡𝜆

ℎ𝑐
≈ 2457 𝑝ℎ𝑜𝑡𝑜𝑛𝑠    . (107) 

 

The power on the detector comes from Eq. (99) which includes the quantum efficiency of the 

detector at 632.8 nm. So, the average number of photons in the interference pattern is about 2457 

photons for a single pixel and the signal will be larger in regions of constructive interference and 

lower in regions of destructive interference. But the mean number of photons is essentially the 

combination of the 0th and 1st order beams, so the maximum photon count at peak interference 

should be no more than 2 times this mean photon value, or 4914 photons. 

 

From its specifications sheet, the linescan camera has approximately 3.5 DNs of random noise in 

any given frame which accounts for all forms of electronic noise, more than just the read noise 

but it agrees with the values measured in Table 7. Using the responsivity curve of the detector 

this corresponds to about 11.7 pJ/cm2. Using the detector area and the energy of a photon, this 

corresponds to about 18.5 photons of electrical noise which includes the read noise (estimated to 

be around 2-10 electrons from Table 7) and the shot noise from any other electronic sources. 

Other electronic sources of noise include ADC quantizing noise, sense node reset noise, and 

pixel source follower noise from the systems MOSFET, but the read noise should dominate [28]. 

Despite this, the 18.5 photons of electrical noise will be used to estimate the system noise. The 

dark current of the system is the driving thermal noise component. This is usually reported in 

units of electrons per pixel per second because the total dark current depends on the number of 

pixels integrated for a piece of the signal, and it is dependent on the exposure time. The 

temperature of the detector also drives the number of spontaneous electrons generated on the 

photosensitive region. However, the small exposure/integration time of the 59.524 kHz operation 

of this sensor leads to there being an insignificant amount of dark current that would affect the 
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signal as discussed in Section 4.3. The total noise is the root mean square (RMS) of the Shot 

Noise, the thermal noise, and electronic noise mentioned earlier. Here 𝑟𝑑𝑎𝑟𝑘 is the rate of 

thermally generated electrons in the signal, and in the worst-case scenario for a single pixel, it is 

about 10,000 electrons per second (see Fig. (51)). It is commonly known that the shot noise is 

simply the square root of the signal [28]. Using Eq. (109), it is possible to estimate the photon 

noise of the system as seen in a single pixel under illumination of the fringe pattern described in 

Eq. (73):  

 

 𝑁𝑛𝑜𝑖𝑠𝑒 = √𝑁𝑠ℎ𝑜𝑡
2 + 𝑁𝑡ℎ𝑒𝑟𝑚𝑎𝑙

2 + 𝑁𝑒𝑙𝑒𝑐𝑡
2       , (108) 

 

 𝑁𝑛𝑜𝑖𝑠𝑒 = √𝑁𝑝ℎ𝑜𝑡𝑜𝑛 + (𝑟𝑑𝑎𝑟𝑘𝑡𝑖𝑛𝑡)2 + 𝑁𝑒𝑙𝑒𝑐𝑡
2 ≈ 53 𝑝ℎ𝑜𝑡𝑜𝑛𝑠    . (109) 

 

With an estimate of the noise, it is possible to determine an estimate of the Signal-to-Noise Ratio 

(SNR) of a single detector for the average signal in the interference pattern seen by the linescan 

camera. 

 

 
𝑆𝑁𝑅𝑑𝑒𝑡 =

𝑁𝑝ℎ𝑜𝑡𝑜𝑛

𝑁𝑛𝑜𝑖𝑠𝑒
=

𝑁𝑝ℎ𝑜𝑡𝑜𝑛

√𝑁𝑝ℎ𝑜𝑡𝑜𝑛 + (𝑟𝑑𝑎𝑟𝑘𝑡𝑖𝑛𝑡)2 + 𝑁𝑒𝑙𝑒𝑐𝑡
2

≈ 46.46    . 
(110) 

 

Even though the SNR for a single pixel was estimated to be 46.46, it could be much lower in 

regions of destructive interference where the noise could dominate. Despite this, the SNR is large 

enough to support the use of this system under the current laser power, as this SNR value 

supports a high probability that each pixel should detect usable signal for the data collection 

algorithm from Section 3.1.  

 

The basic principle of collecting the phase of the fringe pattern will involve taking the discrete 

Fourier Transform of the pixels measured signal. Then, the angle made by the imaginary and real 

components of the transform will yield the fringe phase for a given frame. The concern with 

fringe measurement accuracy is the total number of photons measured in the fringe pattern. More 

photons yield higher phase measurement accuracy. Each detected photon represents an 

independent measurement of the fringe location. From the given detection scheme, the number 

of detectors, 𝑁𝑝𝑖𝑥, spanning the entire fringe pattern will affect the accuracy as it increases the 

number of fringe pattern photons that are detected. For the algorithm, based on the expected size 

of the overlap region where the fringes will occur, this will be 300 pixels. The measured phase 

values in the data collection algorithm are bounded by ±π, and assuming the phase of a static 

shot noise fringe pattern has a phase mean of zero the uncertainty in the phase measurement of 

the system should be equal to the standard deviation of the measured phase values. So, the 

uncertainty in the phase measurement of the system is equal to this bounded region of the phase 

wrap divided by the square root of the total number of photons that detect the fringe pattern. This 

is just the square root of the product of the number of pixels and the average number of photons 
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seen by a single pixel. This result is expressed in Eq. (111) and is representative of the estimated 

uncertainty, 𝜎Δϕ(x,y) (seen in Eq. (85)’s expressed uncertainty) which results when measuring the 

phase of the fringes using the FLGSI and the calculation methods described in Eq. (76). 

 

 𝜎Δϕ(x,y) =
𝜋

√𝑁𝑝𝑖𝑥𝑁𝑝ℎ𝑜𝑡𝑜𝑛

= 3.660 𝑚𝑟𝑎𝑑  . (111) 

 

This uncertainty value when the visibility is unity closely follows the Poisson noise limited 

exploration of the error in the data collection algorithm as seen in Fig. (28). Essentially, Eq. 

(111) is assuming that the system is dominated by Shot noise and thus the phase wrap is being 

divided by the SNR of the system, or the square root of the total number of photons (𝑁𝑡ℎ𝑒𝑟𝑚𝑎𝑙
2  

and 𝑁𝑒𝑙𝑒𝑐
2  are << 𝑁𝑝ℎ𝑜𝑡𝑜𝑛). This assumption is reasonable, as the SNR for just shot noise is 49.56, 

a 6.67% error. Assuming that no measurable phase change was detected between two frames, 

Δϕ(x, y) = 0, this would describe the case where the system is unable to discern any mirror 

movement, or it is the smallest RMS accuracy that the system can expect to accurately measure 

the FSM mirror. It is possible to use Eq. (85), and the partial derivatives in Eq. (88-91) to see 

that only the partial derivative with respect to the phase measurement, Eq. (91), will determine 

the total propagated uncertainty in the system since the other values will be zero when the 

measured phase change is zero. Thus, this simplified propagated uncertainty in Eq. (85) when 

substituting Eq. (91) becomes: 

 

 𝜎𝜃𝐹𝑆𝑀
= √𝜎𝛾

2 (
𝜕𝜃𝐹𝑆𝑀

𝜕𝛾
)

2

+ 𝜎Δ𝜙(𝑥,𝑦)
2 (

𝜕𝜃𝐹𝑆𝑀

𝜕Δ𝜙(𝑥, 𝑦)
)

2

  , Δ𝜙(𝑥, 𝑦) = 0 , (112) 

 

 𝜎𝜃𝐹𝑆𝑀
=

𝛾𝜋

2√𝑁𝑝𝑖𝑥𝑁𝑝ℎ𝑜𝑡𝑜𝑛

 =  29.46 𝑛𝑟𝑎𝑑   . (113) 

 

Eq. (113) and Eq. (111) assume the number of pixels spanning a fringe is constant and the 

visibility of the fringes is constant across the window used to sample the fringes. So, by 

evaluating the propagation of uncertainty from Eq. (85) when there is no phase change, as 

described in Eq. (112), the FSM measurement uncertainty simplifies to depend only on the phase 

measurement uncertainty in Eq. (111) scaled by the geometric coefficient, γ, and this value is 

divided by two to represent the scaling from wavefront tilt space to mirror position space (via the 

law of reflection, and described by Eq. (79)). The uncertainty value in Eq. (113) represents the 

smallest measurement uncertainty possible in the system, and this is essentially the smallest 

RMS mirror movement that can be accurately measured by the FLGSI. In other words, Eq. (113) 

describes the lowest predicted noise measurement level of this system assuming no other noise 

sources than the sources from electrical readout and photon shot noise [17]. Using the mean 

values in Table 4 to calculate a geometric coefficient of 1.610 x 10-5, and with no other noise 

sources, perfect fringe visibility, and assuming the geometric coefficient was measured perfectly, 

this predicts an RMS FSM mirror movement uncertainty of 29.46 nrad. This is incredibly 

accurate considering how fast the system can measure the FSM as well given the 59.524 kHz 
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achievable framerate. As a result, this system has both speed and high resolution, but this only if 

there are no other sources of error. Any mechanical vibration in the system, or any instability in 

the light source, or any errors in the data acquisition algorithm will lead to an increase in this 

measurement uncertainty.  

 

In the FLGSI, the uncertainty from measurement to measurement must increase because the 

system’s measurement of the FSM’s position relative to the first movement depends on the 

previous phase measurements to determine where the FSM is positioned. The unwrapping 

algorithm is a series of operations on the initial measured phases at each point in time. The 

unwrapping of Eq. (77) by MATLAB’s unwrap() function can be written in the form of a 

cascade of differentiation, wrapping, and then integrating the result to arrive at the unwrapped 

phase [38]. Thus, the real expression of Eq. (77) which is then inserted into Eq. (79) is shown in 

Eq. (114). 

 

Δ𝜙𝐹𝑆𝑀(𝑡𝑚) = 𝜙𝐹𝑆𝑀(𝑡0)

+ ⋯ ∑{𝜙𝐹𝑆𝑀(𝑛) − 𝜙𝐹𝑆𝑀(𝑛 − 1)} + 2𝜋{𝑘1(𝑛) − 𝑘1(𝑛 − 1) + 𝑘2(𝑛)}

𝑚

𝑛=1

 
(114) 

 

In the above expression, 𝑘1 and 𝑘2 are a sequence of integers that can be random, but must exist 

in such a way that the initial measured phase that was wrapped, 𝜙𝐹𝑆𝑀, must exist between ±π. 

That is to say that each successive phase measurement must not miss a phase wrap, or the true 

phase of the FSM, Δ𝜙𝐹𝑆𝑀, will be erroneously measured. If the measured phase in each frame is 

not constantly close to a phase wrap point of ±π, the unwrapping algorithm should not introduce 

any uncertainty to the phase measurement relative to the starting phase measurement. The FLGSI 

measures the phase of a given frame capture, and then the data processing algorithm takes the 

difference between that frame and the previous frame and adds it to the previous frame’s 

measurement to measure the FSM’s position relative to the first frame. Because of this, 

Eq. (114), which describes the data processing algorithm’s measurements, asserts that the 

uncertainty from a given measurement will be added to the next measurement in the system, and 

the uncertainty increases in this manner due to the additive nature of the previous phase 

measurements. Fundamentally though, each frame measurement of the mirror is a measure of the 

mirror tilt, so the only reason this phase wrap algorithm is considered is to show how uncertainty 

increases after each measured frame when referencing the FSM position from the first tilt 

measurement. If the phase is not sitting at an unwrap point where the measured argument from 

the FFT in Eq. (unwrapping done prior to converting the measured phase to the FSM angle using 

Eq. (79). In this way, the uncertainty will grow with the previous uncertainties of Δ𝜙𝐹𝑆𝑀 and the 

phase measurement of the next point. So, the size of the phase jump from one point to the next 

also adds to the uncertainty. However, if a phase wrap were to be missed, the uncertainty in the 

position would be significantly hindered, as it would be unclear just how many other phase 

wraps were missed. So, the real uncertainty across the points of Δ𝜙𝐹𝑆𝑀 can be expressed as a 

propagation of uncertainties from the summation and difference operators in Eq. (114). 
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𝜎Δϕ(x,y)(𝑡𝑚) = √∑ (𝜎𝜙(𝑛))
2

𝑚

𝑛=1

     . (115) 

 

In Eq. (115), m, is the frame number of the collected data and it represents the uncertainty 

accumulated after m frames. However, the expression for the uncertainty of the phase measured 

at the next successive point is really the same expression as the first point in that it depends on 

the number of photons measured by the system. Furthermore, the derivative with respect to time 

is just the difference between the successive phase measurements. Substituting Eq. (111) and 

factoring this out of the summation in Eq. (115) yields the uncertainty expression for any frame 

in the system. 

 

 𝜎Δϕ(x,y)(𝑡𝑚) = √∑ (
𝜋

√𝑁𝑝𝑖𝑥𝑁𝑝ℎ𝑜𝑡𝑜𝑛(𝑡𝑚)
)

2𝑚

𝑛=1

     . (116) 

 

Eq. (116) can be simplified further if the photons and visibility remain constant which assumes a 

steady laser source. With that assumption, the summation simplifies to: 

 

𝜎Δϕ(x,y) =
𝜋

√𝑁𝑝𝑖𝑥𝑁𝑝ℎ𝑜𝑡𝑜𝑛

√𝑚     . (117) 

 

So, the uncertainty after m measurements is just the square root of the number of measurements 

multiplied by the uncertainty of the number of photons collected by the FLGSI’s data window 

used to sample the fringe pattern. In this sense, the compounding uncertainty after each frame 

collected by the FLGSI determines the RMS total translation of the FSM as measured by the 

FLGSI. Now, this result from Eq. (117) sets a theoretical limit on the number of frames that can 

be captured by this system before the uncertainty in the measured phase for a new point is larger 

than half a phase wrap. Obviously if the variance is large between successive steps, this limit will 

be reached faster, but with the fast frame rate of the FLGSI, this should not be the case. 

Therefore, collects for this system were limited to 30,000 frames. However, this limit was also 

dictated by the physical memory limit of the cameras in the system, as it was not capable to 

transfer frames fast enough to the computer when the frame rate is very high, and this would 

result in lost frames. 

 

It is possible using the camera calibration from Table 7 to determine how many photons were 

detected by the system, and this allows for a measurement of the expected fringe uncertainty to 

occur using the FLGSI. This can be written using Eq. (116) and noting that K multiplies the DN 

count measured by the camera to determine the number of photons measured by the FLGSI: 
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 𝜎Δϕ(x,y) =
𝜋

√𝑁𝑝𝑖𝑥(𝑁𝐷𝑁𝐾)
√𝑚  .  (118) 

 

In Eq. (117), K comes from Eq. (102), and 𝑁𝐷𝑁 represents the mean DN count across the pixels 

used to determine the phase of the fringe pattern (the window size in the data collection 

algorithm). Eq. (117) represents a measurement of the fringe phase uncertainty that was 

recovered, but it depends on the accuracy of K, the camera pixel sensitivity constant, which 

varies with each pixel, but more importantly, it has its own uncertainty dictated by Eq. (106). 

The uncertainty in this measurement can be expressed as: 

 

𝜎𝑀𝜎 = 𝜎𝑘 ∗
𝜕𝜎Δϕ(x,y)

𝜕𝐾
=  

𝜋√𝑚

√2𝑁𝑝𝑖𝑥 𝐶𝑎𝑙𝑁𝑝𝑖𝑥(𝑁𝐷𝑁𝐾)
 

 

(119) 

Note that 𝑁𝑝𝑖𝑥 𝐶𝑎𝑙 is equal to 2032 as this was the number of pixels used to determine the pixel 

sensitivity constant. If the number of photons detected is not the same with each successive 

measurement, then the uncertainty will vary for each point depending on the photons collected. 

Eq. (119) will be useful in determining the measured uncertainty in each measurement performed 

by the FLGSI (not the compounded uncertainty), as the FLGSI measurement uncertainty 

depends on the number of photons measured by the system, and this measurement uncertainty 

depends on the quality of the calibration performed in Section 5.3. Furthermore, Eq. (119) will 

be helpful in determining the final uncertainty at each point using Eq. (115), as the uncertainty in 

the fringe phase measured by the FLGSI will depend on the number of photons collected as well.  

 

From these calculations, it was shown that in a purely shot noise dominated system the FSM 

mirror measurement accuracy of the FLGSI is better than 0.1 µrad. This very small tilt value 

represents the error expected by this system if no other noise is present in the system. 

Furthermore, it means that the FLGSI can measure angular movements just an order of 

magnitude larger with relatively high repeatability and accuracy. However, from Eq. (115), this 

uncertainty in measurement increases with each extra frame the FLGSI takes, because it adds to 

the previous measurement’s uncertainties. With the phase wrap occurring at FSM movements of 

50.57 µrad while its lower bounded accuracy is less than 0.1 µrad, this system has a large 

dynamic range for measuring the FSM in just one phase wrap. With the capability of fast frame 

operation, if the FSM is not moving faster than described in Table 6, the dynamic range would 

be even larger, with angles of ±2 mrad which would yield a dynamic range of ≈ 30,000. 
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5.2    FLGSI MESASURED NOISE FLOOR, RANDOM WALK 

TEST, CLAP SENSITIVITY TEST, AND NOISE MODEL 

CORRECTION RATIO 
 

With all the modeling and estimation performed, the FLGSI system was ready to begin collects. 

To start, it was necessary to verify how much inherent noise is in the system that is separate from 

the noise due to electronic read noise and shot noise quantified in Section 4.3. The FLGSI was 

placed on a floating table, and it had a small flat mirror placed directly at its exit aperture, so the 

mirror reflected the beam back into the FLGSI. This mirror was coupled mechanically with the 

system so that it would attempt to minimize any unwanted mechanical vibrations that were 

inherent to the retro-reflect mirror but not inherent to the system. Then, the FLGSI was set to 

collect at 10000 Hz so that the camera could observe any movement of the fringes over three 

seconds, roughly 6 times the expected total collect time when the FLGSI will attempt to track the 

FSM motion using the maximum allowed frame rate. The exposure time was kept at 15 µs to 

verify if Eq. (111) and Eq. (107) predicted the correct RSM measurement accuracy and mean 

photon count, respectively. Fifteen collects were taken of the system, and the FLGSI’s measured 

phase change in the fringes of the 0th, -1st order overlap region and the 0th, +1st order overlap 

region were plotted versus time for both the X-axis and Y-axis measurement arms of the 

interferometer. The nosiest phase versus time measurement and its power spectrum (modulus 

squared Time Fourier Transform of the measured phase) are shown in Fig. (54) and Fig. (55) 

respectively. The least noisy phase measurement and its power spectrum are shown in Fig. (56) 

and Fig. (57) respectively. These plots contain data from both interference regions sampled by 

each camera in the FLGSI, so there are two phase change measurements for the X-axis 

measurement arm and two phase change measurements for the Y-axis measurement arm of the 

FLGSI. 

 

The phase change measurements in Fig. (54) and Fig. (56) were expected to be far quieter, as the 

system’s predicted RMS phase measurement accuracy (or measurement uncertainty for the 

smallest possible phase shifts) from Eq. (111) should allow for resolved phase measurements 

smaller than 0.01 rad, but the flat mirror should be considerably more still. There appears to be a 

significant amount of phase drift, and over time these drifts can be as large as 40 times this 

predicted RMS phase accuracy of 0.0073 rad. However, if the derivative of this time varying 

data in Fig. (54) and Fig. (56) is taken to see the mean phase change and the standard deviation 

of the phase change between each frame, during the 3 second collect, an interesting result 

appears. The mean of both sets of data in Fig. (54) and Fig. (56) are at roughly zero, but the 

standard deviation in Fig. (54) is 0.0038 rad and 0.0047 rad for the X and Y axis, respectively, 

and the standard deviation in Fig. (56) is 0.0036 rad and 0.0046 rad for the X and Y axis, 

respectively. The histogram of the phase step size seen in the ± order of each axis are shown in 

Fig. (58) and Fig. (59). Since Fig. (58) is representing a noisier measurement from Fig. (54) 

where the steps are larger, the distribution is wider than that seen in Fig. (59).  It is interesting to 

point out that most of the step sizes measured by the FLGSI in Fig. (58) and Fig. (59) are smaller 

than 2 times the fringe phase uncertainty predicted by Eq. (111). Thus, the fringe movement is 
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most likely statistically random. But to prove this, it is important to consider the RMS total travel 

over the collects to determine if the signal is biasing the movement of the fringes in any one 

direction. Fig. (58) and Fig. (59) are important because they help identify the expected RMS total 

translation distance that the mirror has moved in phase space assuming the only errors are 

associated with the fringe position uncertainty in Eq. (115).  

 

 
Fig. (54): Phase change measurement of the FLGSI when staring at a stationary flat mirror for 3 seconds. Notice 

that there is quite a bit of recorded phase movement associated with the measured flat mirror. The phase movement 

over this time frame is almost 40 times above the predicted RMS accuracy predicted in Eq. (111). 

 

 
Fig. (55): Phase change measurement temporal power spectrum for the FLGSI measurements in Fig. (54). Notice 

the frequency peaks present in both axes that are at discrete frequencies which could be acoustic in nature. 
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Fig. (56): Phase change measurement of the FLGSI when staring at a stationary flat mirror for 3 seconds. Notice 

that this is over 2 times quieter than the noise in Fig. (57), but the recorded phase change is still over 10 times above 

the predicted RMS accuracy predicted in Eq. (111). 

 

 
Fig. (57): Phase change measurement temporal power spectrum for the FLGSI measurements in Fig. (56). Notice 

the frequency peaks present in both axes that are at discrete frequencies which could be acoustic in nature. These 

frequencies are also present in the power spectrum seen in Fig. (55). 
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Fig. (58): Histogram of the derivative of the data in Fig. (54). Notice that the step sizes are almost entirely smaller 

than twice the predicted fringe phase uncertainty in Eq. (111). The Y-axis distribution is broader due to the larger 

movements recorded by the FLGSI. 

 

 

 
Fig. (59): Histogram of the derivative of the data in Fig. (56). Notice that the step sizes are almost entirely smaller 

than twice the predicted fringe position uncertainty in Eq. (111). The Y-axis distribution is broader due to the larger 

movements recorded by the FLGSI. These distributions are skinnier than those in Fig. (58). 
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Using the histogram standard deviation which initially serves as a measurement of the noise of 

the FLGSI, the nearly gaussian distribution estimates that there is a 68.27% probability that the 

RMS total translation distance is predicted by the standard deviation of Fig. (60 or 61) multiplied 

by the square root of the number of steps measured by the FLGSI, 𝜎𝑠𝑡𝑒𝑝√𝑚𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑠 [39]. This 

assumption is analogous to the expression in Eq. (117) in that the total uncertainty for m steps is 

determined by the square root of the number of steps and the uncertainty of each fringe position. 

The comparison of the RMS translation distance to the step size standard deviation multiplied by 

the square root of the number of FLGSI measurements was done for each fringe position (±) in 

each axis. The results from Table 8 demonstrate that this system is experiencing a truly random 

walk associated with the noise sources inherent to this system. In fact, it is supported more by the 

larger difference from the values found using Eq. (117) which describes the true uncertainty after 

the measurements. This is because the RMS total travel falls within the bounds of the cumulative 

bounds of the normal distribution assumption, 𝜎𝑠𝑡𝑒𝑝√𝑚𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑠. Another way of thinking of this 

is that the noise seen by the FLGSI (when it was expected to be a perfectly still mirror) is 

random noise that is not biasing the data in any direction. It is interesting to note that the values 

using the histograms’ standard deviations of Fig. (60-61) are almost twice as small as the 

predicted uncertainty after m collects, and this was due to the histogram standard deviations 

being almost twice as small as the uncertainty in fringe position as dictated by the number of 

photons collected for a given measurement. 

 

Fringe Measurement 𝜎Δϕ(x,y)   [rad] 

Eq. (117) 

𝜎𝑠𝑡𝑒𝑝√𝑚𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑠   [rad] RMS Total Travel 

[rad] 

Fig. (54) X-axis (-) 0.5915 0.7125 0.2129 

Fig. (54) X-axis (+) 0.5037 0.5804 0.1793 

Fig. (54) Y-axis (-) 0.7229 0.8181 0.1514 

Fig. (54) Y-axis (+) 0.6327 0.8096 0.1691 

Fig. (56) X-axis (-) 0.5744 0.6605 0.0513 

Fig. (56) X-axis (+) 0.5048 0.5888 0.0466 

Fig. (56) Y-axis (-) 0.6875 0.8681 0.0336 

Fig. (56) Y-axis (+) 0.6565 0.7364 0.0229 
Table 8: Summary of the random walk statistic test to prove that the assumed stationary mirror measurements by 

the FLGSI have no biased noise and only random noise. The two left column’s numbers are all larger than the right 

column’s numbers and this statistic proves that the noise influencing the FLGSI signal is statistically random. 

 

By summing the number of measured photons in each collect and using Eq. (115) to predict the 

uncertainty of Fig. (54) and Fig. (56), it was possible to predict the uncertainty in the fringe 

phase over the collect time. Using Eq. (119) to place error bars on the uncertainty measurements 

that were correlated to the FLGSI measurements, it was possible to give a clear picture of the 

true uncertainty and how it rapidly increases as the number of collected frames increases. These 

results are shown in Fig. (60) which represents the uncertainty of the fringe phase measurements 

in Fig. (54), and the results are shown in Fig. (61) which represents the uncertainty of the fringe 

phase measurements in Fig. (56). The error bars were on the order of tens of microradians and so 

this shows that enough collected photons significantly improve the predicted uncertainty in the 
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fringe phase. For the exact same reason, if more photons are collected, the uncertainty in the 

fringe phase decreases as well. The maximum uncertainty from Fig. (56) are smaller than the 

maximum uncertainties from Fig. (54) as shown by Figs. (62-63). However, this result, still does 

prove that the FLGSI measurements are of a mirror that experiencing motion that leads to phase 

changes that are statistically random. The only difference is that more photons were collected in 

the less noisy case as the measured uncertainty expression in Eq. (117) does not have any other 

potential noise source. Since the mirror is supposedly static, this noise must be coming from a 

source that is also random. All of this supports that there is nothing directly biasing the FLGSI 

measurements so that it is behaving in a way not modeled by previous sections, and the noise 

sources are statistically random. However, this is still a noisy measurement for what should be 

essentially motionless, and this noise needs to be identified and quantified further if possible. 

 

 
Fig. (60): Measured RMS fringe phase uncertainty in the results from Fig. (54). These curves were plotted using 

photon counts from measurements and Eq. (115). Error bars were placed using Eq. (119). Note the rapid increase in 

uncertainty over the 30,000 collects taken by the FLGSI. 

 

The observed power spectrum of the oscillations in Fig. (55) and Fig. (57) shows several 

different discrete frequencies contributing to the noise in the system. These peak frequencies 

were at or close to 72 Hz, 120 Hz, 130 Hz, 188 Hz, 220 Hz, and 300 Hz. All these frequencies 

are those achievable by acoustic humming of electronics and air flow controllers that are 

common to the clean room lab space that this system was operating in. With the very loud 

acoustic symphony of these machines, it is possible that these were heavily contributing to the 

noise observed at the 0.1 ms time scale which can be ignored at faster frame rates. But these 

machine sounds, when coupled together, should appear random so this may explain why the 

noise is not excessively biasing the data from Fig. (54) and Fig. (56). To attempt to solidify this 

as a potential root cause, a “clap” sensitivity test was performed. This was done to verify if the 

system had enough resolution to see the fringe phase changing due to acoustic coupling with the 

mechanical mounting of the system. A system collect was started, and the operator walked to the 
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other side of the room, roughly 30 ft from the system. Then, the operator moderately clapped 5 

times during the collect to observe the results. The resulting phase measurements are shown in 

Fig. (62), the resulting Fourier Transform Power Spectrum in the time domain is shown in Fig. 

(63), and the uncertainty associated with these results are shown in Fig. (64). Notice how much 

more amplitude energy exists in the frequency peaks in Fig. (63) and compare these peaks with 

the original sources of random oscillation described by the peaks in Fig. (55) and Fig. (57). 

Clearly more noise is present in this collect, and this time, it is certainly a result of the claps. The 

5 claps are clearly visible in Fig. (62), and the ringing associated with the FLGSI-clap acoustic 

coupling is clearly visible as the acoustic energy dissipates. However, it is important to note that 

there is a temporal offset between the X-axis measurements and the Y-axis measurements, and 

this is caused by a lag in the triggering of each camera. This will have to be addressed when 

measuring the FSM movements. The uncertainty associated with the phase measurements in Fig. 

(64) do not change though, and this points to a stable signal which rules out any significant laser 

drift even though this was not the suspected cause for such a fast temporal noise present in the 

measured signal. Finally, a similar statistic in Table 8 was ran to create values in Table 9. The 

interesting point to note here is how much closer the two columns are in Table 9. The RMS total 

travel values in this clap sensitivity test are far closer to the 𝜎𝑠𝑡𝑒𝑝√𝑚𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑠   values than in the 

other cases. The clap influence had a marked effect on the expected random walk of the fringe 

phase when measuring the static mirror. The fact that the fringe phase moved rapidly due to 

these claps is proof that the FLGSI system can acoustically couple with the surrounding lab 

environment even though it is on a floating table. Sadly, the clean room that the FLGSI system is 

in is unable to be dampened acoustically. The air handlers and other electronic noises cannot be 

turned off, so the inherent noise from these sources will be part of future measurements. 

Regardless, the sensitivity of the system is quite high considering it can measure acoustic waves 

perturbing a static mirror. 

 

 
Fig. (61): Measured RMS fringe phase uncertainty in the results from Fig. (56). These curves were plotted using 

photon counts from measurements and Eq. (115). Error bars were placed using Eq. (119). Note the rapid increase in 

uncertainty over the 30,000 collects taken by the FLGSI. 
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Fig. (62): Phase change measurement of the FLGSI during the Clap Sensitivity test. Notice that there are 5 distinct, 

sharp peaks where the claps occurred. This proves that the FLGSI can measure mirror perturbations caused by 

acoustic coupling with the lab environment’s acoustic sources The phase movement over this time frame is almost 

40 times above the predicted RMS accuracy predicted in Eq. (111). 

 

 
Fig. (63): Phase change measurement temporal power spectrum for the FLGSI measurements in Fig. (62). Notice 

the significant amplitude energy across the frequency spectrum, and that the original peaks seen in Fig. (55) and 

Fig. (57) are also present. This points to the FLGSI’s ability to acoustically couple with the lab environment which 

can bias future measurements. 
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Fig. (64): Measured RMS fringe phase uncertainty in the results from Fig. (62). These curves were plotted using 

photon counts from measurements and Eq. (115). Error bars were placed using Eq. (119). Note how the uncertainty 

increases faster than the uncertainty increases in Fig. (60) and Fig. (61). 

 

Fringe Measurement 𝜎Δϕ(x,y)   [rad] 

Eq. (117) 

𝜎𝑠𝑡𝑒𝑝√𝑚𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑠   [rad] RMS Total Travel 

[rad] 

Fig. (62) X-axis (-) 0.6434 1.1363 0.0956 

Fig. (62) X-axis (+) 0.5754 1.0530 0.0973 

Fig. (62) Y-axis (-) 0.8172 1.2194 0.0901 

Fig. (62) Y-axis (+) 0.7094 1.1522 0.0878 
Table 9: Summary of the random walk statistic test for the Clap Sensitivity test ran to prove that the assumed 

stationary mirror measurements by the FLGSI can acoustically couple with the lab surrounding. The left two 

column’s numbers are larger than the right column’s numbers and this statistic proves that the noise sources 

influencing the FLGSI signal is still statistically random, but it is approaching a bias which shows the acoustic 

sensitivity of the FLGSI. 

 

The histograms in Fig. (58) and Fig. (59) are representative of the noise of the system at 10 kHz, 

the frame rate of the FLGSI. Since the mirror is not being moved by the operator, if no other 

noise sources exist, this 10 kHz noise should represent the noise of the system when measuring a 

still mirror. So, this serves to check the noise model in Eq. (111), and it is a true measure of how 

noisy the system is. However, the step size is measured using two frames, so the uncertainty 

measurement from real data should be representative of Eq. (111) multiplied by the square root 

of two. The comparison of the measured noise estimated by the standard deviation of the step 

size, and the noise estimated by the noise model in Eq. (111) multiplied by the square root of two 

is shown in Table 10. The values were found by taking the mean and standard deviation of the 

calculated values for 15 collects that were done at 10000 Hz. Fig. (54) and Fig. (56) were two of 

these collects of the 15 used to calculate the values in Table 10. 
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Fringe 

Measurement 

Measured Noise 

Model 

𝜎Δϕ(x,y)√2 

[mrad] 

Eq. (111) 

Measured Noise 

𝜎𝑠𝑡𝑒𝑝 

[mrad] 

Correction Ratio 

 
𝜎𝑠𝑡𝑒𝑝

𝜎Δϕ(x,y)√2
 

 

Noise Model 

Error 

[%] 

X-axis (-) 4.7948 ± 0.056 3.8841 ± 0.247 0.8098 ± 0.045 23.85 

X-axis (+) 4.1775 ± 0.078 3.4906 ± 0.190 0.8351 ± 0.032 19.90 

Y-axis (-) 5.7049 ± 0.213 4.7838 ± 0.169 0.8404 ± 0.057 19.50 

Y-axis (+) 5.1947 ± 0.050 4.4472 ± 0.317 0.8565 ± 0.066 17.40 
Table 10: Measurements of the actual noise in the system based on the step size standard deviation at 10000 Hz and 

based on the number of photons collected by the camera system. The ratio of these measurements points to a very 

common factor missing from the noise model to represent the noise measured in the system. The model error is 

compared to the step size standard deviation that represents the actual noise of measuring a stationary mirror. 

 

In Table 10, the 2nd column represents the measured noise as the standard deviation of the step 

size. If the FLGSI were measuring a truly still mirror and had no noise, the standard deviation 

would be zero, but the noise floor of the system, which affects the uncertainty in the 

measurement, has led to a small step size standard deviation. Thus, this measurement of the 

standard deviation of the step size is a true estimation of the uncertainty in the measurement of 

the system. The small size of the standard deviation supports the measurement truth that the 

mirror is not experiencing any noise sources at 10000 Hz. The 1st column in Table 10 represents 

the measurement uncertainty calculated using the noise model which uses the camera photon 

count. The ratio of these two measurements, in the third column of Table 10, shows a constant 

factor that the two values are off by. With the noise model error above 15 % when referenced 

from the standard deviation of the phase step size, there is clearly some quantitative error with 

the noise model expression. Despite this, the noise model is very close to predicting the noise of 

the FLGSI and it is surprising that the measured noise is smaller than the predicted noise model 

of the system. This must be corrected though, because the FLGSI cannot perform better than the 

theoretical limits set by the number of photons collected. The noise model is still qualitatively 

correct, and this is supported by the relative closeness of the calculated noise to the measured 

noise in the system at 10 kHz (the standard deviation of the phase step size). However, from Eq. 

(118), the noise model depends on the camera’s pixel sensitivity constant to be accurate, and if it 

is not, then the calculated number of photons measured by the camera will be inaccurate. To 

demonstrate how the noise model’s prediction of the measurement uncertainty changes with a 

different camera pixel sensitivity constant, Fig. (65) was created. The average value of column 3 

of Table 10 for the X-axis and the Y-axis measurements was used to show what the Pixel 

sensitivity constant would make the noise model agree perfectly with the measured uncertainty 

using the standard deviation of the step size differences across a collect. Fig. (65) is essentially 

demonstrating that a scalar correction to the noise model should be included when making an 

estimate of the measurement uncertainty of the FLGSI. This correction value is supported by the 

measurements in this section, and the measured noise floor as calculated by the standard 

deviation of the steps. Also, it is likely that the camera calibration in Section 4.3 has some 

inaccuracies, and it is notoriously difficult to perform accurate calibration of the camera even if a 

very stable calibrated source is used in the calibration efforts [28], and this was not the case for 
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this thesis. Only an LED was available for the source, and its temporal light output instability 

was not quantified. It is recommended that this be done in future efforts to give a better camera 

calibration. Notwithstanding, Fig. (65) shows that if the camera sensitivity constant were 4.1013 

e-/DN for the X-axis camera and if the camera sensitivity constant were 3.9165 e-/DN for the Y-

axis camera in Eq. (118), then the noise model would agree perfectly with the measured noise in 

Column 2 of Table 10. That is to say, the correction ratio for the X-camera should be 0.8225 and 

the correction ratio for the Y-camera should be 0.8484. Essentially, this correction is accounting 

for there being more photons measured because the scaling from DN to measured photons is not 

quite correct. This will only affect the predicted uncertainty in the measurements, and it will not 

affect the measurements of the FLGSI. This is because the FLGSI’s data processing algorithm 

performs the phase measurement using DN values and not scaled photon values. In this way, the 

raw data is used for the measurements, but the data is then scaled to predict the uncertainty using 

a corrected noise model. 

 

 
Fig. (65): Pixel Sensitivity constant correction ratio to improve agreement of the noise model with the measured 

noise as seen in Table 10. This correction ratio would scale Eq. (118) to scale the noise model to agree with the 

measured noise which represents the standard deviation of the phase step size seen by the FLGSI staring at a 

stationary mirror. The ratio would be unique for the X-axis and Y-axis due to the camera manufacturing differences.  

 

The noise floor at 10 kHz shows that the FLGSI is capable of measuring very small mirror 

movements that result in phase steps that are larger than twice the uncertainty predicted by the 

corrected noise model. Using, Eq. (113) with the mean correction ratio predicted by the two 

ratio values in Fig. (65) this means that the FLGSI should have a statistically significant 

measurement of FSM movements as small as 49.22 nrad (movements greater than twice the 

predicted FLGSI measurement uncertainty). 
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All these results point to the fact that there will be inherent noise associated with the acoustic 

environment of the lab. The noise is random based on the random walk statistic that was 

utilized [39]. However, certain noise sources not included in the noise model can bias the 

measured movement of the system and lead to a statistically significant movement of the mirror, 

but only at low camera frame rates where the acoustic coupling is occurring. It was shown that 

the camera at 10 kHz was not registering any significant mirror movement even though the phase 

step sizes when added up in succession could show that the mirror had translated over the collect 

time. Surprisingly, the clap test performed in this section proved how acoustic waves can couple 

with the mechanical housing of the FLGSI and induce perceived mirror movement even though 

the mirror was coupled with the FLGSI. This shows the high sensitivity of the system, and from 

the histograms in Fig. (58) and Fig. (59), the phase step between expected static mirror 

measurements was no more than 3 times the predicted RMS measurement uncertainty of the 

FLGSI. This normal distribution showed that the acoustic coupling was not affecting the 

measurement accuracy at 10 kHz and thus the noise floor of the FLGSI could be calculated. The 

mirror movement was still a statistically random process, as it experienced truly random walk as 

shown from Table 8, but the clap test showed that the acoustic coupling was measurable by the 

system as the total translation of the fringe pattern over the collect was less random as shown in 

Table 9. The noise sources causing this walk were not present at 10 kHz and will likely not be 

present at the 59.524 kHz frame rate as well. When the RMS total walk of the signal measured 

by the FLGSI exceeds the uncertainty associated with the phase measurement predicted in Eq. 

(117) then the system is likely detecting a signal that is biasing the tilt of the mirror. 

Furthermore, if the phase step size is larger than 2 times the corrected noise model predicted 

uncertainty of the phase step, then the FSM has likely moved. In future works, it is 

recommended that the FLGSI is placed in a quiet lab, and perhaps a redesign of the mechanical 

mounting should be performed. While the convenience of the cage mounts was nice, the two 

arms of the FLGSI are not coupled to the same mechanical frame, and they are supported by bars 

that supply a long work arm that the cameras hang from. Thus, the acoustic coupling, though 

small in amplitude, can lead to larger angular deflections from the optical axis which might be 

leading to the phase shifts being seen during these sensitivity tests and noise tests. It is also 

highly recommended that a more accurate camera calibration be performed so that a correction 

ratio is not needed to have the noise model agree with the measured noise of the system. 
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5.3    FLGSI CALIBRATION AND TOTAL ESTIMATED 

UNCERTAINTY USING CORRECTED NOISE MODEL 
 

To improve the reliability of the measurements of the FLGSI, and to compare its measurements 

against a truly accurate system, a calibration was performed. To perform this calibration, a larger 

mirror was placed a few inches away from the exit port of the FLGSI. This time the mirror was 

not coupled with the FLGSI. This added another potential source of noise as this mirror could 

potentially couple acoustically with the lab environment, and it could lead to another additive, 

random noise to the noise floor of the system. Regardless, this mirror was aligned so it was 

reflecting the beam directly back into the FLGSI. In this way it was as close to the optical axis as 

possible, and any movements would be relative to the 0° field angle of the FLGSI. An 

autocollimator was set up to stare at the same mirror, and the autocollimator was adjusted so that 

it was retro-reflecting off the mirror and recording angular measurements as close to zero as 

possible. The autocollimator had a quoted resolution of 0.24241 µrad (0.05 arcsec), so this was 

the assumed angle measurement uncertainty under static conditions, and if it is larger than this by 

a significant amount, then the mirror has some other noise source associated with the 

measurement. The FLGSI was set to collect 30,000 frames at 10,000 Hz so that the operator had 

a 3 second window to move the mirror while the FLGSI was collecting. In this way, the FLGSI 

tracked the relative phase change from start to finish, and then this measurement could be 

compared with the autocollimator’s measurement. The goal was to allow the regression to find 

coefficients that scaled the erroneous FLGSI measurements of the mirror movement to match the 

measurements made by the autocollimator. In this way any aberrations or fringe pattern 

displacements that led to phase differences not associated with wavefront tilt created by the 

mirror could be calibrated for. Ideally this calibration would leave those uncertainties out of the 

measurement, and instead leave only the uncertainties in Eq. (118). Another goal of the 

calibration was to provide a range of angles to the FLGSI that paralleled the expected range of 

motion and step sizes that the FSM was modeled to move. By providing these angles, the 

calibration effort would improve the reliability of the FLGSI measurements, as the FLGSI 

measurements would be calibrated against a truth reference, the autocollimator. 

 

For this calibration, it was assumed that there would be crosstalk between the X-axis and Y-axis 

measurement arms of the FLGSI. So, this means that there should be terms in the phase 

measurement that depend on both arm’s measurements and not just a polynomial term dependent 

on measurements on just one axis. For the fit, the phase measurement term, Δ𝜙(𝑥, 𝑦), was of the 

form shown in Eq. (120). 

 

Δ𝜙(𝑥, 𝑦) = 𝛾0 + 𝛾1 Δ𝜙𝐹𝑆𝑀(𝑦, 𝑡) + 𝛾2Δ𝜙𝐹𝑆𝑀(𝑥, 𝑡)
+ 𝛾3Δ𝜙𝐹𝑆𝑀(𝑦, 𝑡)Δ𝜙𝐹𝑆𝑀(𝑥, 𝑡) + ⋯ 

(120) 

 

The coefficients 𝛾𝑛 were the focus for the fit. Notice that the Δ𝜙𝐹𝑆𝑀 terms have Y or X 

dependencies but if multiplied together, it allows for cross correlation to be modeled. Of interest, 

in Table 1, the expression for Coma has an XY term and since the modeling of the system in 
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Section 2.3 and Section 3.3 showed expected coma, this term could be critical (see Fig. (41)).  

Also, the fact that a single axis of the FLGSI depends on the other axis measurements allows for 

any clocking of the cameras to be accounted for where both mirror axis movements could be 

read by a single axis. For each measurement taken by the FLGSI, the total phase accumulated by 

the mirror movement is found by averaging the end points of the frames collected. The FLGSI 

takes m measurements for a single calibration collect. The end points are averaged to find the 

total accumulated phase from the mirror movement as shown in Eq. (121) and Eq. (122). Similar 

averaging is done to find the position of the mirror as recorded by the autocollimator as shown in 

Eq. (123) and Eq. (124). 

 Δ𝜙𝐹𝑆𝑀(𝑦𝑐) =
1

𝐿
∑ ΔϕFSM(𝑦𝑐, 𝑡𝑝)

𝑚

𝑝=𝑚−𝐿

−
1

𝐿
∑ ΔϕFSM(𝑦𝑐, 𝑡𝑞)

𝐿

𝑞=1

 (121) 

 

 Δ𝜙𝐹𝑆𝑀(𝑥𝑐) =
1

𝐿
∑ ΔϕFSM(𝑥𝑐, 𝑡𝑝)

𝑚

𝑝=𝑚−𝐿

−
1

𝐿
∑ ΔϕFSM(𝑥𝑐, 𝑡𝑞)

𝐿

𝑞=1

 (122) 

 

 ΔΘ𝐴𝑢𝑡𝑜(𝑦𝑐) =
1

𝐿
∑ ΘAuto(𝑦𝑐, 𝑡𝑝)

𝑚

𝑝=𝑚−𝐿

−
1

𝐿
∑ ΘAuto(𝑦𝑐, 𝑡𝑞)

𝐿

𝑞=1

 (123) 

 

 ΔΘ𝐴𝑢𝑡𝑜(𝑥𝑐) =
1

𝐿
∑ ΘAuto(𝑥, 𝑡𝑝)

𝑚

𝑝=𝑚−𝐿

−
1

𝐿
∑ ΘAuto(𝑥𝑐, 𝑡𝑞)

𝐿

𝑞=1

 (124) 

 

There are c calibration collects, and for each FLGSI calibration collect, Δ𝜙𝐹𝑆𝑀(𝑥𝑐) and 

Δ𝜙𝐹𝑆𝑀(𝑦𝑐), it has a matching autocollimator measurement, ΔΘ𝐴𝑢𝑡𝑜(𝑥𝑐) and ΔΘ𝐴𝑢𝑡𝑜(𝑦𝑐). This 

creates one row in the matrix, 𝑍Δϕ, which serves as a single equation of the system. 

Eq. (120-124) can be written in the form of a matrix equation using Eq. (125-127), and this 

equation is of the form of Eq. (79). This result, Eq. (128) creates a system of equations that can 

use a least squares error fitting method that minimizes the mean-squared error in this designed 

system of equations [40]. 

 

 𝑍Δϕ = [
1 Δ𝜙𝐹𝑆𝑀(𝑦1) Δ𝜙𝐹𝑆𝑀(𝑥1) ⋯ [Δ𝜙𝐹𝑆𝑀(𝑥1)]𝑎[Δ𝜙𝐹𝑆𝑀(𝑦1)]𝑏

⋮ ⋮ ⋮ ⋮ ⋮
1 Δ𝜙𝐹𝑆𝑀(𝑦𝑐) Δ𝜙𝐹𝑆𝑀(𝑥𝑐) ⋯ [Δ𝜙𝐹𝑆𝑀(𝑥𝑐)]𝑎[Δ𝜙𝐹𝑆𝑀(𝑦𝑐)]𝑏

] (125) 

 

 𝐴ΔΘ = [
ΔΘ𝐴𝑢𝑡𝑜(𝑥𝑐) ΔΘ𝐴𝑢𝑡𝑜(𝑦𝑐)

⋮ ⋮
ΔΘ𝐴𝑢𝑡𝑜(𝑥𝑐) ΔΘ𝐴𝑢𝑡𝑜(𝑦𝑐)

] (126) 

 ΓΔϕ = [

𝛾1𝑥 𝛾1𝑦

⋮ ⋮
𝛾𝑛𝑥 𝛾𝑛𝑦

] , 𝑛 = max(𝑎) + max(𝑏) (127) 
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 𝜙𝐹𝑖𝑡(𝑥, 𝑦) = 𝑍ΔϕΓΔϕ = tan(2𝐴ΔΘ) (128) 

 

 ΓΔϕ = 𝑍Δϕ[𝑍Δϕ
𝑇 𝑍Δϕ]

−1
𝑍Δϕ

𝑇 tan(2𝐴ΔΘ) (129) 

 

Using Eq. (129), it is possible to find the coefficients ΓΔϕ that scale the FLGSI measurements 

appropriately to fit the trusted angle measurements made by the autocollimator. MATLAB can 

be used to find the desired coefficients. There was a total of 165 points that were taken over the 

FOV of the FLGSI to solve Eq. (129). The absolute position of the points was measured by the 

autocollimator, and they are shown in Fig. (66). It is critical to note that the points cover a full 

range of X and Y points in the FOV, and the distance between each point (which is used in the 

fit) has a histogram distribution shown in Fig. (67). Both figures describe the Mirror motion 

which is half of the angle of the beam that would be entering the FLGSI. Various points were 

taken around the expected ±4 mrad FOV (±2 mrad mirror movement) in anticipation for the 

maximum movement of the FSM (see Section 4.1). The coverage of points across all four 

quadrants of the FOV was critical for determining any cross-correlation coefficient values, and 

the points at the edge of the field were necessary to allow for any aberrations that were field 

dependent to cause a non-tilt related phase change of the fringes. This would allow for the 

coefficients in Eq. (129) to best calibrate for any uncharacterized phase change sources that 

could bias the phase measured by the FLGSI which is expected to depend only on the FSM tilt. 

 

 
Fig. (66): Constellation of mirror positions measured by the autocollimator. The origin of the plot roughly 

represents the optical axis of the FLGSI. Notice the relatively random positions that fall within the four quadrants of 

the FOV. The error bars in the plot represent the standard deviation of the autocollimator measurements taken at 

each point. 

 



122 
 

 
Fig. (67): Histogram of the step size of the 165 points used in the calculations of Eq. (129). Notice the roughly 

normal distribution that gives a full range of step sizes in the calibration calculations. This will improve the accuracy 

of the calibration as the coefficients in Eq. (129) will represent a broader range of potential FSM movements.  

 

In Fig. (67), the roughly normal distribution of the step sizes used in the calibration effort yields 

a full range of step sizes that better represents the expected range of FSM movements that would 

be seen when the FLGSI. In Fig. (66), multiple points were taken at each mirror position using 

the autocollimator. This allowed for a determination of the standard deviation of each point and 

calculate the error bars seen in Fig. (66). This uncertainty was combined into the calculations of 

Eq. (129) with the uncertainty of the fringe movement. 

 

The uncertainty in the accuracy of the calibration effort, the fit described in Eq. (129), is best 

estimated by using the residuals of the fit which is the mean squared error between the fit (scaled 

FLGSI measurements) and the expected mirror measurement (the autocollimator) [40]. It is also 

important to include the uncertainty of the autocollimator’s points that the fit maps FLGSI 

measurements to. This uncertainty, 𝜎𝑎𝑢𝑡𝑜, was found by taking the RMS value of the error bars 

in Fig. (66) and multiplying by sqrt (2) because these absolute positions had their difference 

taken to determine the autocollimator’s measurement of the mirror step size. This is described by 

Eq. (130), and several fits were performed with varying integer values of a and b in Eq. (125). In 

Eq. (130), 𝑁𝐷𝑂𝐹 represents the number of coefficients used  

 

𝜎𝐹𝑖𝑡 = √
1

𝑚 − 𝑁𝐷𝑂𝐹
∑ (

1

2
tan−1(𝑍ΔϕΓΔϕ) − 𝐴ΔΘ)

2𝑚

𝑖=1

+ (
√2

𝑁𝑎𝑢𝑡𝑜
∑ (𝜎𝑎𝑢𝑡𝑜𝑖

)
2

𝑁𝑎𝑢𝑡𝑜

𝑖=1

)

2

 (130) 
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The goal was to minimize the mean squared error between the fit and the expected points without 

using too high of a polynomial order fit that was set by the a and b values. It was interesting to 

note that if values of a and b were greater than unity, MATLAB would warn that the matrix was 

ill-conditioned because the matrix, 𝑍Δϕ, was close to singular. This happened because the inverse 

was inaccurate based on the way MATLAB calculates the results, and ultimately, this was 

because the ratio of the largest singular value of 𝑍Δϕ to the smallest singular value was very 

large [41]. This calculation is performed using cond() on the matrix 𝑍Δϕ. In an orthogonal 

matrix, this ratio would be unity, but if a matrix is sensitive to inversion, necessary for the fit 

equation in Eq. (129), this value will be much larger [40]. Essentially this number can be seen as 

a “gain” of the matrix when noise is introduced into the matrix. If the values is larger than unity, 

small changes in the matrix’s original values (i.e. noise from a separate calibration run) would 

lead to a drastically different result. Since the values in 𝑍Δϕ are inherently noisy, if this condition 

number for inversion is much greater than zero, the matrix will significantly amplify this noise 

and cause the fit to be very inaccurate [41]. Another way of looking at this is that if too many 

parameters are used to fit the FLGSI’s measurement to the autocollimator’s measurements, those 

parameters may be useless and have coefficients in ΓΔϕ that are essentially zero. So, the fit is 

inaccurate and a better assembly of 𝑍Δϕ using different values of a and b should be used.  

 

To determine the most stable fit that will be relatively impervious to noise associated with the 

elements of 𝑍Δϕ and 𝐴ΔΘ the condition number [41] in Eq. (131) was calculated for various 

assemblies of 𝑍Δϕ by varying the values of a and b. This equation represents the 2-norm 

condition number and it is a multiplication of the maximum singular value of the matrix and the 

maximum singular value of the matrix’s inverse. Thus, it requires the single value decomposition 

of the matrix, but all of this is accomplished using MATLAB’s cond() function. 

 

 𝜅(𝑍Δϕ) = ‖𝑍Δϕ‖‖𝑍Δϕ
−1‖ = 𝒄𝒐𝒏𝒅(𝑍Δϕ) (131) 

 

Using the 165 measured FLGSI phase values associated with the autocollimator step 

measurements contained in Fig. (67), Table 11 summarizes the various constructions of 𝑍Δϕ and 

the associated condition number. Note that the goal is to have a value as close to unity as 

possible [41], as that is the minimum value of Eq. (130). 
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Equivalent Polynomial Expression of a row from Eq. (125) Condition Number,  𝜅(𝑍Δϕ) 

Eq. (130) 

1 + x + y 59.9309 

𝑥 + 𝑦 1.0694 

1 + 𝑥 + 𝑦 + 𝑥𝑦 4251.6 

𝑥 + 𝑦 + 𝑥𝑦 76.1497 

1 + 𝑥 + 𝑦 + 𝑥2 + 𝑦2 9670.9 

𝑥 + 𝑦 +  𝑥2 + 𝑦2 126.5616 

1 + 𝑥 + 𝑦 + 𝑥2 + 𝑦2 + 𝑥𝑦 + 𝑥2𝑦 + 𝑥𝑦2 + 𝑥2𝑦2 81,933,991 

Table 11: Condition number for various constructions of the matrix 𝑍Δϕ in Eq. (125). Condition numbers closer to 

unity will yield a more accurate fit based on the least squares error method used in the fit of Eq. (129). This is 

because the sensitivity will be lower to changes in the matrix that are possible due to the inherent noise of the 

measurements used in creating the matrices in Eq. (129). 

 

Using the results from Table 11, the fit should only use the linear X term and the linear Y term 

dependent on the sum of the linear X and linear Y terms, as this gives the best condition number 

and thus the constructed matrix  𝑍Δϕ has a well-conditioned inverse. The resulting fit coefficients 

are shown in Table 12, and the residuals are plotted in Fig. (68). Notice how the residuals exhibit 

noisy characteristics, but the distribution of the residuals is close to a normal distribution. From 

Table 12, it is also interesting to note that each axis of the FLGSI depends on the other’s 

measurement by a very small amount but most of the dependence is on the linear term of its 

respective axis. These coefficient values are surprisingly close to the geometric coefficient 

found in Eq. (79) where a maximum value of 1.647 x 10-5 was predicted from the Monte Carlo 

simulation results from Table 4 in Section 3.3. This is only an 11.55% error using all the 

previously developed theory and ZEMAX modeling. 

 

Coefficient (Eq. (120)) X-Axis Y-Axis 

𝛾1     (Δ𝜙𝐹𝑆𝑀(𝑦, 𝑡)) 1.6416 ∗ 10−7 1.8557 ∗ 10−5 

𝛾2     (Δ𝜙𝐹𝑆𝑀(𝑥, 𝑡)) 1.8621 ∗ 10−5 1.0918 ∗ 10−7 

𝜎𝐹𝑖𝑡      [µrad] 4.74 3.16 

Table 12: The coefficients resulting from the fit using an 𝑥 + 𝑦 polynomial fit in Eq. (129). Notice how the 

dependence of a given axis on the measurement of the other axis is 2 orders of magnitude lower than that axis’ 

dependence on the same axis movement. This shows there is some crosstalk, but it is minimal. 
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Fig. (68): Residual Errors of the fit found using the coefficients from Table 12 and implementing them into 

Eq. (128). Notice the normal distribution of the residuals, and the residual errors are no larger than ±12 µrad. 

 

From Fig. (68), the residual errors are no larger than ±12 µrad which is over 150 times the 

estimated RMS uncertainty from photon noise (see Eq. (113)). However, these residuals come 

from movements whose RMS step size are 523.7 µrad and 554.5 µrad for the X-axis and Y-axis, 

respectively. So, the fit error on these movement sizes is roughly 2.30% and 2.16% for the X-

axis and the Y-axis, respectively. Using Eq. (130) and the data from Fig. (68), it is possible to 

calculate the uncertainty in the fit that is introduced by using the coefficients from Table 12 with 

the measured phase data constructed in Eq. (128). Since only two coefficients were used for the 

fit, 𝑁𝐷𝑂𝐹 is equal to 2. For the X-axis fit, the uncertainty was calculated to be 4.74 µrad, and the 

uncertainty was calculated to be 3.16 µrad for the Y-axis fit. Now this uncertainty compounds on 

the uncertainty that was already estimated in Eq. (118) and needs to be defined in terms of the 

final calculation of the mirror angle. Using Eq. (79) and Eq. (128), the equation for taking FLGSI 

measured phase shifts and converting them to FSM positions is written in Eq. (132) which is 

representative of the FSM angle measured by a single camera. So, Eq. (132) needs to be used for 

each camera to determine the FSM’s X-axis and Y-axis positions. 

 

 𝜃𝐹𝑆𝑀(𝑡𝑚) =
1

2
tan−1[ 𝛾1Δ𝜙𝐹𝑆𝑀(𝑦, 𝑡𝑚) + 𝛾2Δ𝜙𝐹𝑆𝑀(𝑥, 𝑡𝑚)] (132) 

 

The uncertainty for Eq. (132) can then be written using the propagation of uncertainty. The 

partial derivatives are quite simple as seen in Eq. (88-91) which allows for Eq. (133) to simplify 

down into Eq. (134). 
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𝜎𝜃𝐹𝑆𝑀
(𝑡𝑚) = ±√𝜎𝛾1

2 (
𝜕𝜃𝐹𝑆𝑀

𝜕𝛾1
)

2

+ 𝜎Δ𝜙𝑦

2 (
𝜕𝜃𝐹𝑆𝑀

𝜕Δ𝜙𝑦
)

2

+ 𝜎𝛾2
2 (

𝜕𝜃𝐹𝑆𝑀

𝜕𝛾2
)

2

+ 𝜎Δ𝜙𝑥

2 (
𝜕𝜃𝐹𝑆𝑀

𝜕Δ𝜙𝑥
)

2

 (133) 

 

 𝜎𝜃𝐹𝑆𝑀
(𝑡𝑚) = ±√

𝜎𝛾1
2 (Δ𝜙𝑦)

2
+ 𝜎Δ𝜙𝑦

2 𝛾1
2 + 𝜎𝛾2

2 (Δ𝜙𝑥)2 + 𝜎Δ𝜙𝑥

2 𝛾2
2

4 ((𝛾1Δ𝜙𝑦 + 𝛾2Δ𝜙𝑥)
2

+ 1)
2  (134) 

 

So, Eq. (134) depends on the current phase measurement and the uncertainty at that point in 

time. However, it is difficult to determine the uncertainty associated with a particular coefficient, 

and instead, Eq. (130) should be used to represent the summed uncertainty of the two, and the 

other uncertainties in the phase measurement of the FLGSI are determined by Eq. (118). 

 

 𝜎𝜃𝐹𝑆𝑀
(𝑡𝑚) = ±√

𝜎𝑓𝑖𝑡
2 ((Δ𝜙𝑥)2 + (Δ𝜙𝑦)

2
) + 𝜎Δ𝜙𝑦

2 𝛾1
2 + 𝜎Δ𝜙𝑥

2 𝛾2
2

4 ((𝛾1Δ𝜙𝑦 + 𝛾2Δ𝜙𝑥)
2

+ 1)
2  (135) 

 

Eq. (135) represents the total uncertainty involved with the FLGSI measurement of the FSM 

after the phase measurement is converted to the real FSM angle using the fit coefficients 

described in this Section. Eq. (135) also references Eq. (118), and it uses the phase 

measurements of the FLGSI, Δ𝜙𝑥 and Δ𝜙𝑦, to calculate the uncertainty for the entire collect. It is 

important to note that the uncertainty is not dependent on the absolute position but rather the 

phase difference from one step to the next. The uncertainty of a given collect depends on the 

previous uncertainties measured in each frame. Furthermore, the uncertainty of the fit, which was 

found using Eq. (130), gives another factor in the uncertainty calculation. So, the step size 

between two successive points, the uncertainty of the fringe phase due to photon noise, and the 

uncertainty in the fit, Eq. (135) combines these uncertainties to estimate the total uncertainty for 

the FLGSI system for each frame of the collect. This will determine the accuracy of the 

measurements performed on the FSM. The accuracy of the FLGSI will be compared against the 

Optical position sensor in the system which was also calibrated by an autocollimator. With two 

measurements of the same FSM moving at various speeds, it will be possible to gauge the 

accuracy and speed of this system. 
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6. FSM MEASUREMENT RESULTS AND 

CONCLUSIONS 
 

6.1    FSM SINUSOIDAL WAVE MOVEMENT TEST: 

MEASUREMENT CLOCK ACCURACY AND MAXIMUM 

MEASURED FSM VELOICITY FOR THE FLGSI 
 

With the FLGSI uncertainty quantified in Eq. (135), and after performing a calibration with an 

autocollimator, it was time to measure the movement of the OIM 202 FSM. From Section 4.1, 

the FSM modeling results in Table 6 can set a series of tests to determine whether the modeled 

FLGSI is capable of truly measuring the FSM without losing its true position. The calibration of 

the Optical Position Sensor (OPS) in Section 4.1 allows for this sensor to serve as a secondary 

truth to the calibrated performance of the FLGSI. In this way, the FLGSI measurements had a 

second point of validation that can serve to quantify the accuracy of the measurement. However, 

it is critical to note that in Table 6, the confidence intervals reported for the calibration of the 

OPS will drive its uncertainty in measuring the FSM’s position. The confidence interval for the 

X-axis measurement gives an uncertainty of 1.322% and the confidence interval for the Y-axis 

measurement gives an uncertainty of 0.429%. Note that this uncertainty scales with the 

measurement voltage of the OPS, so larger OPS voltage measurements will lead to a higher 

uncertainty in the measured FSM position. 

 

The first set of tests involve measuring the FSM when it was being driven by the HP 8111A 

Function generator under a sinusoidal wave at 140 Hz. In the system setup, a Tektronix 

DPO3014 oscilloscope was used to measure the input waveform of the function generator as well 

as the output waveform. This output waveform was the readout of the OPS integrated on the 

FSM to track its position. The FSM was powered on and aligned to reflect the beam of the 

FLGSI so that the FSM’s nominal position was as close to the FLGSI’s optical axis as possible. 

In this way, the chosen amplitudes of the waveforms driving the FSM would allow the FSM to 

stay within the range of points used in the calibration of the FLGSI as shown in Fig. (66). The 

strict sinusoidal test was performed first to ensure that the estimated maximum allowed velocity 

that the FLGSI could still accurately track was not egregiously mischaracterized. The amplitude 

of the driving sinusoidal wave was set to 263 mV and the frequency was set to 140 Hz. The 

output of the function generator was split between both the X-axis and Y-axis drive ports, so it 

was expected that the FSM was moving in the ±45° direction. This test case was described as the 

strict sinusoid case from Table 6, so if the FLGSI lost track of the FSM, then it was moving far 

faster than expected. 

 

The FLGSI was expected to be sampling at its frame rate of 59.524 kHz, and the oscilloscope 

was set to sample the OPS at 2.5 MHz. The oscilloscope was a calibrated piece of equipment, 

and it was trusted to serve as the clock of the system. So, since a trigger had to be sent to the 
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oscilloscope, and the two FLGSI cameras to begin a collect, any temporal differences were 

referenced from the oscilloscope’s internal clock, so the FLGSI’s measurements were linearly 

offset, accordingly when the collect was performed. The initial measurements Fourier transforms 

were performed to ensure that the mirror movement’s sinusoidal frequency was recorded as the 

same frequency by the FLGSI and the OPS. This frequency must be the same (within reason as 

there is noise in the frequency measurement of both the OPS and the FLGSI) because the mirror 

cannot be moving at two different frequencies. When this test was performed, the FLGSI and the 

OPS recorded different frequencies as seen in Fig. (69). Now the frequency spacing of the 

oscilloscope’s measurement was only 25 Hz, so it was unable to find the expected frequency of 

140 Hz that the function generator was at, but it does show spectral energy in the 125 Hz and the 

150 Hz bins which proves that the mirror is moving at a rate between these frequencies.  

 

To correct for the clocking issues, it was necessary to scale the FLGSI’s time that it recorded 

because this disagreement of the FSM motion had to be corrected. A linear fit of the FLGSI’s 

timestamps for the frames collected was performed, and the points were fit to the OPS’s 

oscilloscope time stamps, as the oscilloscope was assumed to be the true clock. Essentially, this 

linear fit that was performed was a way of measuring the actual FLGSI framerate using the OPS 

oscilloscope timestamps and the fact that the same FSM movement was being observed by both 

systems. From the linear fit, it was shown that the difference between the FLGSI and the 

oscilloscope clocks were offset by 59.5 ms, and the FLGSI was collecting at a frame rate that 

was 73.94% of its expected frame rate, or 40.011 kHz. This had to be accounted for every time 

the FLGSI was collecting and reporting its time stamps, and it had to be referenced to the 

oscilloscope’s assumed truth clock so that the measurements were referenced from the same 

starting point in time. With the corrected scale, the FLGSI measured the FSM to be moving at 

142.3025 Hz which is in good agreement with the function generator’s driven sinusoid which 

was expected to be at 140 Hz. The oscilloscope, using a sinusoidal fit of the data measured a 

frequency of 142.178 Hz which also supports the function generator’s settings. 
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Fig. (69): Measured FSM movement frequency when driven by a 263 mV amplitude wave with an expected 

frequency of 140 Hz. The Fourier Transform was used here and notice that the frequency of the movements does not 

agree, and this is not possible since the FLGSI and the OPS are measuring the same FSM motion. This is evidence 

that there is an inherent clocking error in the system. 

 

It is important to note that the FSM X-axis movement and FSM Y-axis movement will not be 

perfectly in sync with each other because of minute differences in the electronic response and 

system gain described by Eq. (94). This can be easily measured though using the oscilloscope, 

and it was found that the X-axis was lagging the Y-axis by about 45.2 µs which is only about 

two frames of the FLGSI camera (since the measured frame time of the FLGSI was 22.72 µs). 

With the clocking errors measured and resolved, the measurements of the FSM as it was driven 

by one waveform period was recorded in Fig. (70). Error bars for the FLGSI were calculated 

using Eq. (135). The error bars for the OPS were calculated from the confidence intervals in 

Table 6 which represent the fit error, and this fit error should be larger when larger voltages are 

read due to the fit error being amplified by the voltage to angle conversion error.  

 

Now the uncertainty in position for the FLGSI was the highest when the FSM was taking the 

largest steps which occurred between the maxima and minima of the FSM positions. These 

uncertainties were no larger than 7.25 µrad. This is because of the dependence of the FLGSI’s 

uncertainty is dependent on the phase step size measured, and between peaks, the FSM is taking 

the largest phase steps at each frame captured by the FLGSI.  
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Fig. (70): Measured FSM position when the FSM is driven at 140 Hz with a 263 mV amplitude sinusoidal wave. 

The FLGSI and the OPS values are in close agreement, but the uncertainty in the OPS measurements is far higher, 

as the theoretical methodology that the OPS uses to measure the FSM position was not fully characterized. 

 

 

 
Fig. (71): Error between OPS and FLGSI measurements of the FSM when it is driven at 140 Hz with a 263 mV 

amplitude sinusoidal wave. The errors are relatively small and on the order of less than 8 times the uncertainty of the 

OPS. There is far larger error in the Y-axis measurements than the X-axis measurements. 
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The error between the FLGSI measurement of the FSM position and the OPS measurement of 

the FSM position are shown in Fig. (71). As stated earlier, the OPS’s measurement uncertainty is 

largest at the peaks of the FSM because any error in the linear fit will be amplified by a larger 

voltage measurement. This is due to the simplicity of the OPS calibration methodology in 

Section 4.1. The maximum error between the OPS and the FLGSI measurements of the FSM are 

less than 100 µrad. Note that the maximum error is no larger than 8 times the largest uncertainty 

of the OPS as quantified by the linear error of the OPS calibration fit. It is interesting to note that 

the Y-axis has larger errors than the X-Axis, and these errors are largest at the peaks of the FSM 

positions. Although the OPS Y-axis data is falling under the FSM position as measured by the 

FLGSI, the FLGSI’s uncertainty is smaller than the OPS here. Since the characterization was a 

simple linear fit, and the true physical measurement method of the OPS was not as deeply 

analyzed as the FLGSI, it is likely that this linear scaling of the OPS voltage measurement to the 

FSM angle is not entirely accurate. The larger purpose of the OPS was to serve as a sanity check 

so that the FLGSI results were qualitatively supported by a secondary measurement. The primary 

use of the OPS was really to serve as the clock for the experiments and to ensure that data from 

the FLGSI axes could be compared appropriately even if the collects of each camera was started 

at a slightly different time. 

 

Taking the derivative of the results in Fig. (70) allowed for the maximum achieved velocity of 

the FSM to be estimated. This was found to be 0.8747 rad/s for the X-axis and 0.8658 rad/s, and 

this agrees well with the estimate of 0.7526 rad/s in Table 6. It is important to note that the gain 

of the system, described in Eq. (94), can be estimated by the amplitude of the measured sine 

wave to the amplitude of the driving sine wave. This was estimated to be 1.34 from Fig. (45) 

which modeled the FSM control system. The actual measured value was 1.4512 for the Y-axis 

and 1.4871 for the X-axis. The error between the estimated FSM velocity and the real velocity is 

because the velocity was predicted using frame rate and the estimated phase wrap size for the 

FLGSI. The measured velocity is the true velocity of the mirror, and it shows that the 

conservative estimate of the FLGSI’s performance limit was too conservative, as this data from 

Fig. (70) is not aliased and the FLGSI tracked the FSM without losing its phase. 

 

The next experiment revolved around finding the maximum velocity of the FSM that can be 

tolerated by the system before the FLGSI loses track of the mirror. From Table 6, this required a 

sinusoidal drive wave of 396 mV at 140 Hz, and this tested the lenient sinusoid case based on the 

FLGSI design and FSM modeling. The measured phase using the FLGSI was plotted in Fig. 

(72), and from this the FLGSI is losing the ability to accurately track the FSM at this setting. 

This is clear in the diverging phase count, and how each measured interference pattern has a 

different divergence from the expected sinusoidal movement that the FSM is subjected to. 
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Fig. (72): Measured FSM position when the FSM is driven at 140 Hz with a 396 mV amplitude sinusoidal wave. 

The FLGSI is clearly failing to track the phase changes properly and the measured phase is constantly diverging. 

This shows that the FSM is moving too fast for the FLGSI system to track its position as it is missing phase wraps. 

 

Fig. (72) shows that the FLGSI camera is unable to measure the FSM properly at this frequency 

and amplitude because the maximum velocity of the FSM exceeds the allowed speed to avoid 

missing phase wraps. Similar aliasing was observed at 375 mV, but this was not the case at a 

drive amplitude of 350 mV. The results of the measured waveform are shown in Fig. (73) and 

the error between the OPS and the FLGSI are shown in Fig. (74). 

 

This time, the camera was collecting at a sped that was 74.6% of the expected frame rate, or at a 

frame rate of 44.407 kHz instead of the expected 59.524 kHz. After the temporal correction was 

applied, the FLGSI measured frequency of the FSM’s movement was found to be 142.1032 Hz, 

which is in close agreement with the OPS measurement of the FSM’s frequency which was 

142.29 Hz. The error bars in Fig. (73) for the FLGSI, or the FLGSI measurement uncertainties 

for both measurement axes were smaller than 9.50 µrad. The measured gain of the system was 

still relatively unchanged with a value of 1.49 for the X-axis and 1.456 for the Y-axis. The errors 

between the OPS measurement of the FSM’s position and the FLGSI’s measurement of the 

FSM’s position, as seen in Fig. (74), are larger than those seen in Fig. (71). It is possible that not 

fully characterizing the noise sources of the OPS could be leading to larger amplification in error 

between FLGSI and OPS because the error has increased when the FSM is moving in larger 

steps and sweeping a larger angular range. That is to say that the calibration performed in 

Section 4.1 may be scaling the OPS voltage measurements incorrectly and this is what would be 

causing even larger errors in Fig. (74) since the amplitude driving the FSM was larger here by a 

factor of 1.33. But the interesting thing here is that the OPS measured the FSM to have gone 

more negative in travel than positive in travel. From Fig. (73), the peaks in the positive position 

are about 50 µrad smaller than the peaks in the negative position, so it is possible that the OPS 

has erroneously measured the FSM position due to the lack of fully characterizing the OPS 

performance across the whole FOV in Section 4.1. 



133 
 

 
Fig. (73): Measured FSM position when the FSM is driven at 140 Hz with a 350 mV amplitude sinusoidal wave. 

The FLGSI and the OPS values are not as close in agreement as in Fig. (70). The theoretical methodology that the 

OPS uses to measure the FSM position was not fully characterized and its possible that this is leading to an 

amplification in error when the FSM is moving in larger angular ranges. 

 

 
Fig. (74): Error between OPS and FLGSI measurements of the FSM when it is driven at 140 Hz with a 350 mV 

amplitude sinusoidal wave. The errors are larger than those seen in Fig. (71) and the peak errors are occurring where 

the FSM is at its maximum positions in its travel. This is likely due to mischaracterization of the OPS. 
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In Fig. (73), the FLGSI did not see this peak difference like the OPS did. The characterization of 

the OPS was only done with one axis moving at a time, so it is possible that cross talk was not 

characterized in the system. Since the basics of the OPS assume that the sensor was 

manufactured to be perfectly orthogonal, and this is not likely the case, the X & Y motion of the 

FSM could lead to the sensor registering a larger voltage that is not the result of a single axis’ 

motion. This could lead to an error in the calibration performed in Section 4.1 that is not 

formally accounted for. Regardless, the OPS and the FLGSI are qualitatively in strong 

agreement, as the errors between the systems is still less than 150 µrad, and the OPS’ resolution 

and true accuracy has not been formally quantified. 

 

By taking the derivative of the measured waveform in Fig. (73) it is possible to determine the 

velocity of the FSM that the FLGSI measured. This result along with the uncertainty associated 

with the velocity measurement is shown in Fig. (75). The uncertainty was found by taking the 

root sum square of the uncertainty of the two points used in the difference calculation of 

position, and then this result was scaled by the time separating the two frames of data. The 

maximum velocity seen by the FLGSI was 1.1761 ± 0.58 rad/s, and surprisingly this is 

reasonably close to the estimated maximum velocity allowed which was 1.1289 rad/s. However, 

the maximum velocity where the FLGSI loses the ability to track the phase wraps accurately 

exists somewhere between a 350 mV and a 375 mV amplitude sinusoidal wave. This velocity is 

much closer to the lenient case, and it supports the modeling efforts done in Section 3.5 and 

Section 4.1 which set a limit on the driving parameters to be used with the Function Generator to 

ensure that the FSM position is not lost by the FLGSI. 

 

 
Fig. (75): Velocity Measurement of the FSM in Fig. (73) using the FLGSI. Notice how the uncertainty is far higher 

when the measured velocity is high. The position uncertainty, and thus the velocity uncertainty, increases when the 

FLGSI registers larger phase step sizes that the FSM covers in each frame.  
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6.2    FSM SQUARE WAVE MOVEMENT TEST AND FSM 

MEASURED MOVEMENT PROPERTIES 
 

With the maximum velocity of the FSM that can be tracked by the system before the FLGSI 

loses the FSM position estimated using quantified results, it was time to determine the step 

response modeling accuracy for the system. The goal was to see if the FLGSI could keep track of 

the FSM when it was being accelerated rapidly as the FSM attempts to follow a square wave 

driving pattern. This was performed by driving the FSM with a square wave at 10 Hz and an 

amplitude of 100 mV. The same temporal corrections were applied as in Section 6.1 so that the 

oscilloscope readings of the OPS were the true clock for the collections performed with both the 

OPS and the FLGSI.  

 

The measured results for a single step are shown in Fig. (76), and the error between the OPS 

measurements and the FLGSI measurements are shown in Fig. (77). The OPS and FLGSI 

measured FSM positions errors are much smaller than the previous sinusoidal plot errors in Fig. 

(71) and Fig. (74). The error bars in Fig. (76) for the FLGSI, or the FLGSI measurement 

uncertainties for both measurement axes were smaller than 6.50 µrad. From Fig. (76), the X-axis 

had an overshoot ratio (maximum perturbation from its initial position divided by total settle step 

size) of about 1.5042 and the Y-axis had an overshoot ratio of about 1.5417. These overshoots 

match closely with the modeled system in Fig. (46). The FSM X-axis took 9.8 ms to settle on a 

237.2 ± 1.38 µrad position after moving from a position of -242.5 ± 0.36 µrad. This is slightly 

slower than the quoted spec by the FSM manufacturer which stated that a 1 mrad step would take 

less than 7 ms to complete. However, it is unclear what the manufacturer’ true definition of “step 

response time” was, as this thesis assumed that the step was complete when the oscillations of 

the FSM were within ±1 % of the mean position of 1000 frames before it started its next move. 

Using this same definition, the FSM Y-axis took 6.7 ms to settle on a 245.3 ± 0.93 µrad position 

after moving from a position of -249.3 ± 0.23 µrad. The rise time, defined by the time for the 

FSM to move from 10 % of its final position to 90% of its final position [22] was found to be 

0.59 ms for the X-axis and 0.57 ms for the Y-axis. As for the pointing accuracy, this was defined 

as the standard deviation of the FSM movement from its mean position for the 1000 frames 

before it made its next movement, and these frames were obviously considered after it reached 

its settle time. The pointing accuracy for the X-axis and Y-axis was found to be ±1.38 µrad and 

±0.94 µrad, respectively. This is about 2 times larger than the manufacturer quoted value of <0.6 

µrad for the angular resolution of the FSM. These FLGSI measured results of the FSM 

movement properties are summarized in Table 13. While it appears that the Y-axis of the FSM is 

faster and more accurate, the measurements in Table 13 are only for a single step case. To truly 

quantify this result, more tests should be ran using the step function.  
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FSM Measured 

Properties 

X-Axis Y-Axis Manufacturer 

Step Size [µrad] 479.84 494.62 1000 

Pointing Accuracy 

[µrad] 

±1.38 ±0.94 <0.6 

Settle Time [ms] 9.82 6.69 <7 

Rise Time [ms] 0.59 0.57 N/A 
Table 13: Summary of the FLGSI measured FSM movement properties when the FSM is driven by a 10 Hz square 

wave with an amplitude of 100 mV. The Y-axis performance appears to be faster and more accurate, but this 

measurement was only considered for this single case and more measurements are needed to truly quantify this. 

 

 

 
Fig. (76): Measured FSM step response when driven by a 10 Hz square wave with a 100 mV amplitude. Notice the 

strong agreement between the OPS measurements and the FLGSI measurements of the FSM position. However, also 

notice the far smoother and less noisy measurements of the FLGSI. 
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Fig. (77): Error between the OPS and the FLGSI for Fig. (76). Notice how the errors are much smaller than those 

measured in Fig. (71) and Fig. (74). Since the FSM was driven at a smaller amplitude, the angular range of the FSM 

position was smaller and the error in the OPS characterization was not amplified as much. 

 

The plot of the velocity of the FSM motion from Fig. (76) is shown in Fig. (78). The error bars in 

the velocity were found using the errors calculated in Fig. (76), as the velocity was the difference 

of two points. So, the error is the root sum square of the error of the two points, and then this 

error was divided by the time between the two points to estimate the uncertainty in the FLGSI’s 

measurement of the FSM velocity. The largest uncertainties were where the velocity was at its 

maximum, and this makes sense because at this point the FSM is creating the largest phase step 

in each frame. The position uncertainty increases with larger step sizes, and the velocity 

uncertainty should also increase with larger step size. Despite this uncertainty, the shape of the 

velocity curve in Fig. (78) closely matches the modeled velocity curve found in Fig. (49). The 

maximum velocity measured by the FLGSI in the Y-axis, 0.7806 ± 0.2545 rad/s, and the 

maximum velocity measured by the FLGSI in the X-axis, 0.7582 ± 0.3811 rad/s likely exceeded 

the stringent velocity requirement, 0.7526 rad/s, in Table 6, but it did not exceed the lenient 

velocity requirement of 1.1289 rad/s. So, this step function test at 10 Hz does qualitatively 

support that the modeling of the FSM and the FLGSI capabilities which produced the results in 

Table 13. The true frame rate of the camera from Fig. (76) was 43.783 kHz which was 26.44 % 

slower than the framerate used to model these values. So, if this value were used along with the 

coefficients in Table 4 to determine the FSM angular displacement that led to a phase wrap, the 

stringent velocity case would be 0.6403 rad/s for the X-axis and 0.6381 for the Y-axis, and the 

lenient velocity case would be 0.9605 rad/s for the X-axis and 0.9572 rad/s for the Y-axis. 
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Fig. (78): Measured FSM velocity as seen by the FLGSI when the FSM was driven by a 10 Hz square wave with an 

amplitude of 100 mV. Notice that the maximum velocity saw the largest uncertainty, as the position uncertainty was 

the highest due to the larger phase steps between each frame. 

 

The maximum errors in Fig. (76) are about 3.5 times smaller than the maximum errors seen in 

Fig. (74), and it is important to note that the amplitude driving the FSM was 3.5 times smaller. 

The error between the OPS and the FLGSI measurements appears to increase when the FSM is 

driven to larger angular ranges because of greater amplitudes of the drive wave. This result 

points to an inaccurately characterized OPS where the linear scaling of the OPS voltage reading 

to the FSM’s angular position is causing more error when the FSM position is larger. For small 

movements, like the step size shown in Fig. (75), the OPS calibration is not as large of a factor, 

thus the OPS and the FLGSI measurements are in better agreement. The OPS also is inherently 

noisy, as can be seen by the oscillations before and after the step in Fig. (75). There is inherently 

more noise than was considered in the assumptions for a simple OPS calibration methodology, 

and this is due to the general way in which the OPS measures the FSM angle. From Section 4.1, 

the position sensing device measures the angle using only 4 pixels and the centroiding method 

will be noisy and not as reliable for several reasons, including the source spot size on the OPS 

pixel array and the electric noise of each of those pixels. These uncharacterized noise sources in 

the OPS lead to it not being the most reliable estimate of FSM position quantitatively, but from a 

qualitative standpoint, comparing the OPS and the FLGSI measurements are helpful in adding 

confidence that the FLGSI is measuring the same FSM measurement that the OPS is measuring. 

 

The next square wave experiment involved driving the FSM with a 140 Hz square wave that had 

an amplitude of 100 mV. Since the time of one period was set to be 7.1 ms, this means that the 

FSM was expected to only be able to complete part of its step before it is moving to the next 
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step. As a result, the FSM is expected to have a rather ill-shaped wave behavior that is less 

square like and a shape approaching a sinusoid. This is because the FSM will be overshooting 

and repeating the process to keep up with the driven frequency of the wave from the Function 

Generator. The results of this test are shown in Fig. (79). The error bars in Fig. (739) for the 

FLGSI, or the FLGSI measurement uncertainties for both measurement axes were smaller than 

6.50 µrad. 

 

  
Fig. (79): Measured FSM position when driven by a 140 Hz Square wave with a 100 mV amplitude. Notice the 

difference in how the X-axis and Y-axis follow different shapes when driven by the same wave. Also notice that the 

FSM does not have enough time to settle to a static position before it is moving again. 

 

The inability of the FSM to settle to its final position is clear when comparing the measured 

waveform in Fig. (79) to the proper step execution performed by the FSM in Fig. (76). Also, it is 

clear how the tuning parameters of the FSM’s X-axis and Y-axis differ because the way they 

track this 140 Hz wave is different even though both axes are being driven by the same square 

wave. These parameters, which are present in the PID controller modeling from Table 5, affect 

the overshoot and step shape that the FSM is commanded to follow when the controller attempts 

to follow the driving square wave [23]. This variation in tuning parameters might also explain 

why the X-axis took longer to settle than the Y-axis as seen in Table 13. 
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Fig. (80): Error between the OPS and the FLGSI for Fig. (79). Notice how the errors are slightly smaller than those 

measured in Fig. (71) and Fig. (74). Since the FSM was driven at the same amplitude as Fig. (76) but has about the 

same maximum range of error, the this might further explain how the OPS conversion from a voltage measurement 

to an angular position is inaccurately characterized. 

 

The errors between the OPS measured FSM position and the FLGSI measured FSM position are 

shown in Fig. (80). The errors are smaller than those seen by Fig. (71) and Fig. (74) where a 

larger amplitude wave drove the FSM to sweep larger angular ranges. However, the errors of the 

OPS in Fig. (80) have roughly the same maximum range of error as seen in Fig. (77), and both 

error plots explain OPS errors when the FSM is being driven by the same 100 mV amplitude. 

These two plots might further support how the OPS voltage reading of the FSM position is being 

converted to an angular position inaccurately. Thus, a more thorough characterization of the OPS 

should be done in future work rather than relying on a simple linear fit to convert the OPS values 

as was described in Section 4.1. 

 

The measured FSM velocity in this test is shown in Fig. (81). The velocity uncertainties are 

largest when the FSM is traveling the fastest, and this finding is the same as was seen in Fig. 

(78). Notice how the velocity is almost never zero in Fig. (81) whereas the velocity can approach 

zero when the FSM settles at the desired angular position as seen in Fig. (78). This result points 

to the conclusion that driving the FSM at 140 Hz with a square wave is not the most accurate 

way to drive the FSM if pointing accuracy is desired. This is because the FSM never reaches its 

settle point and instead is overshooting the position constantly before having to wrap back 

around to the opposite amplitude of the driving square wave. In determining how to use the FSM 

appropriately, speed is a consideration, but the characterization of the FSM when it is moving 

under different driven waveforms determines how fast the FSM can be moved to a position 

accurately and consistently. 

 



141 
 

 
Fig. (81): Measured FSM velocity as seen by the FLGSI when the FSM was driven by a 140 Hz square wave with 

an amplitude of 100 mV. Notice that the maximum velocity saw the largest uncertainty, as the position uncertainty 

was the highest due to the larger phase steps between each frame. Also notice how the velocity is almost never zero, 

and this shows how the FSM is unable to settle at a steady pointing position. 

 

From these square wave tests, it was found how accurately the FSM can point at a given position 

after a step, and it found how the two axes have different tuning parameters, and thus will 

struggle to follow sudden commanded step changes in the same exact pattern of motion. 

Furthermore, the inaccuracies seen between the OPS and the FLGSI were about the same when 

the amplitude was the same for the driving wave. And the errors were smaller for this 100 mV 

amplitude than were seen by the sinusoidal tests that had amplitudes of 263 mV or greater. This 

points to an inaccurate calibration of the OPS’s measured FSM position when converting the 

OPS voltage measurement to the measured FSM position. Overall, it was shown that the FLGSI 

could track the FSM position even when it was moving at over 1 rad/s in speed, and this allowed 

for the FSM’s motion to be fully characterized as it followed the periodic driving wave from the 

Function Generator. 
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6.3 CONCLUSIONS AND FUTURE WORK 
 

The theoretical aim of this thesis was to characterize and model a Fast-Frame Linescan Grating 

Shear Interferometer (FLGSI).  Beginning with simple interference and diffraction theory, a 

robust model was created for the expected interference pattern seen by the grating shear 

interferometer. Straight line fringes would be observed in a system with a grating that is 

defocused from the focusing lens group of the system. Wavefront tilt was observed as a phase 

shift of these fringes across the FLGSI detector plane. From these findings, the system’s 

detectability of a mirror’s wavefront tilt could be quantified in terms of the optical prescription 

used by the FLGSI design. From this theoretical work, the data collection algorithm for the 

system, a Fourier Transform phase retrieval algorithm, was developed, and by simulating this 

algorithm, two important conclusions were deduced. First, the phase wrap of the fringe pattern, a 

2π radian shift from the initial phase measurement, could be quantified theoretically using the 

geometric coefficient that relied on the FLGSI’s magnification, source wavelength, and grating 

period. Second, the uncertainty/error in the FLGSI’s measurement of the phase shift induced by 

the target mirror’s tilt was dependent on the fringe pattern’s amplitude which was driven by the 

number of photons collected by the system. With these two conclusions, an in-depth ZEMAX 

modeling endeavor was performed where Monte Carlo simulations of the FLGSI’s COTS optical 

components yielded a wide variety of optical prescriptions. The FLGSI’s sensitivity to 

misalignment and optical aberrations were modeled in these Monte Carlo simulations, and by 

modeling the fringe pattern changes due to aberrations, it was found that Coma dominated the 

system performance, and this could be minimized with proper alignment. Without proper 

alignment, these aberrations could hinder the FLGSI’s ability to accurately measure wavefront 

tilt from the target mirror. 

 

With this characterization and modeling, the target for the FLGSI, a fast-steering mirror (FSM), 

was modeled to predict the speed and motion characteristics that the FLGSI was expected to 

measure. The controller and mirror response systems were modeled, and using the geometric 

coefficient modeling, as well as the frame rate of the camera systems for the FLGSI, it was 

possible to determine the fastest FSM velocity that could be measured by the system. Other 

movement properties of the FSM were modeled using its step response function. The step 

response in Fig. (46) was compared against measured data to ensure model correlation. Scaling 

this step response function from a measured voltage output from the FSM system to a measured 

angular position was critical in predicting the mirror position and proving the accuracy and 

system capabilities of the FLGSI. By calibrating the Optical Position Sensor (OPS) of the OIM 

202 FSM with an autocollimator, and applying these results to the models, it was found that the 

FSM could not be moving much faster than 1.1289 rad/s before the FLGSI would potentially 

miss a phase wrap and lose track of the mirror’s position. From this point, the Function 

Generator planned for use in characterization of the FSM motion could be limited in the 

amplitude that it could use to drive the FSM, because the OPS had been determined to have a 

linear scaling between its measured voltage and the FSM position, and this could be correlated 

back to the Function Generator’s waveform amplitude. 
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With the experimental tests outlined for the FSM motion characterization, it was time to develop 

a noise model for the system, and this was started by estimating the FLGSI throughput with a 

model that was supported by thermopile power measurements of the HeNe laser propagating 

through the system. By performing a photometric calibration of the linescan cameras of the 

system, it was possible to predict how many photons were collected by the system using the 

power throughput model. From there, noise sources such as dark current and read noise which 

had been characterized in the linescan camera calibration were combined along with the Shot 

Noise from the photon signal to demonstrate that the system could be adequately estimated as a 

shot noise limited system. In contemplating the data collection algorithm, based on the FLGSI 

tracking the FSM relative to previous phase measurements, it was shown that the uncertainty in 

the FSM position increases by the square root of the number of frames used to collect the FSM 

position. 

 

With a standing noise model based on theoretical framework, various modeling efforts, and some 

calibration measurements, a mirror was coupled to the FLGSI to measure the actual system noise 

and measurement uncertainty. Although there was clearly acoustic coupling of the FLGSI with 

the lab environment’s air handlers, fans, and other electronic hums, when the FLGSI was 

collecting at frame rates above 10 kHz, the standard deviation of the measured FSM step size for 

each frame in the collect was about 80% of the predicted noise model uncertainty. Surprisingly, 

the noise model was predicting a worse performance than the measured system, and this is not 

usually possible since the noise model is based on theoretical, ideal limits. Due to the use of an 

LED that may not have properly illuminated the integrating sphere, an inaccurate calibration of 

the linescan camera may have affected the accuracy of the predicted noise model. Although the 

noise model qualitatively pinned the dependence of the FSM position uncertainty on the number 

of photons collected, when this model was quantitatively tested using the linescan pixel 

sensitivity constant (e-/DN conversion), it consistently differed from the measured phase step 

standard deviation by 80%. Due to this, several collects were taken using the coupled 

FLGSI-mirror configuration, and the resulting correction ratio was quantified to predict the true 

uncertainty of the FSM position as measured by the FLGSI at the “noise floor” of the system 

where the mirror was stationary. Using, Eq. (113) with the geometric coefficient mean predicted 

from the Monte Carlo simulations and the correction ratio predicted in Fig. (65) this means that 

the FLGSI, with 95% confidence (greater than twice the measured uncertainty of the measured 

FSM position), will have a statistically significant movement measurement with FSM 

movements as small as 49.22 nrad. With the exposure time of the linescan cameras in the FLGSI 

held constant at 15 µs, this means that at frame rates faster than 10 kHz, the FLGSI was expected 

to have an uncertainty better than 0.1 µrad at the first collect, and an uncertainty better than 

roughly 8.5 µrad after 30,000 collects for a stationary mirror. 

 

With the noise model qualitatively supported by a correction ratio based on stationary mirror 

measurements of the FLGSI system, the next step involved calibrating the FLGSI measurements 

relative to an autocollimator. A range of mirror movement sizes across the whole field of view 

(FOV) of the FLGSI were recorded, and from these measurements a system of equations was 

constructed so a least squares error fitting method could be applied that minimizes the mean-
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squared error in this designed system of equations. This system of equations was constructed 

using a condition number that ensured that the highest correlation variables were used to 

describe the relation between the FLGSI measured mirror positions and the autocollimator 

measured mirror positions. With this, it was found that the FLGSI’s position measurements of 

the X-axis and Y-axis movement of the FSM was heavily dependent just scalar constants 

multiplied by the phase measurement of the respective axis. A far less heavy dependency was 

present on the orthogonal axis, and this was most likely due to a rotational positioning error of 

the linescan camera where it was not truly parallel to one measurement axis of the FSM. The 

important finding of this least squares fit was that the scalar constant of the measurement axis 

had an error less than 11.6% from the predicted geometric coefficient found using Monte Carlo 

simulations and theoretical calculations. Uncertainty propagation from this fit’s residual errors 

along with the uncertainty in the FLGSI’s measurements of the FSM position showed that the 

uncertainty should constantly increase with each successive frame used to measure the FSM 

position. However, the dominating factor from Eq. (135) was the step size of the phase between 

successive phase measurements of the FSM position, and this should have created larger 

uncertainties when the FSM was moving at higher velocities. 

 

Using the FLGSI calibration and the corrected noise model which were both based on real 

measurements, the FSM target mirror was measured with the FLGSI when the FSM was driven 

by sinusoidal and square waveforms. The primary goal of this thesis was to demonstrate that the 

FLGSI was capable of constantly tracking the relative FSM position while it was driven by 

sinusoidal and square waveforms. The secondary objective of the thesis was to show that the 

FLGSI could continuously track the FSM position when the FSM was moving faster than 1 rad/s, 

and the FLGSI could maintain the measured FSM position uncertainty under 10 µrad. The 

measurements were compared against the basic calibration of the OPS which was simultaneously 

measuring the FSM. Surprisingly, the first measurement of the FSM when it was driven by a 

sinusoidal waveform showed that there was a noteworthy difference between the measured 

frequency of the FSM movement recorded by the FLGSI as compared to the frequency of the 

FSM movement recorded by the OPS. Since the OPS and the FLGSI are measuring the same 

FSM movement, one of the system’s was timestamping measurements erroneously. Since the 

oscilloscope measuring the OPS was calibrated externally by a trustworthy source, this was 

chosen as the truth clock for the system, and thus a linear fit was chosen to scale the FLGSI 

frame timestamps to match the OPS clock. Resultantly, the FLGSI cameras, which claimed to be 

collecting at 59.524 kHz, was measured to have a framerate as low as 73.5 % of the camera 

reported framerate. Correcting for this clocking error led to both the OPS and the FLGSI 

observing the FSM movement frequency that was agreeably close (<3 Hz) to the expected 

Function Generator driven waveform frequency. This demonstrated the importance of having a 

secondary measurement system to verify that the camera of interest is indeed measuring at the 

rate it was commanded to. 

 

With the clocking issue fixed, the FLGSI measurements of the FSM when driven by a 140 Hz 

sinusoidal wave with an amplitude of 263 mV was compared against the measurements of the 

FSM made by the OPS. Qualitatively speaking, the shape of the FSM motion over a single 
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period of movement measured by the FLGSI and the OPS was in good agreement, where the 

shape of the motion was similar. However, the OPS measurements of the FSM position at the 

furthest angular extent were consistently smaller than those measured by the FLGSI, and this 

could be caused by a potential mischaracterization of how the OPS voltage measurements are 

scaled to actual FSM positions with only a simple linear model. When the FSM was driven by a 

large enough amplitude, it was seen that the velocity of the FSM was too fast for the FLGSI to 

keep track of the phase wraps and thus the FLGSI lost the position of the FSM during the 

collects. However, using this, it was possible to find that the maximum allowed velocity of the 

FSM existed at some point where the 140 Hz driving sinusoidal wave had an amplitude between 

350 mV and 375 mV. At 350 mV, the FLGSI measured the FSM to have a maximum velocity of 

1.1761 ± 0.58 rad/s, and this is reasonably close to the modeled maximum FSM velocity allowed 

which was 1.1289 rad/s. The highest uncertainty of the measured velocity occurred where the 

phase step sizes were largest, and this is a result of the fit uncertainty in the conversion of the 

FLGSI phase measurements to realized FSM angular position. It was seen that the OPS 

measured FSM position differed even further from the FLGSI’s measured FSM position, and this 

further supported an error in the scaling factor used to convert the OPS measurements to the 

FSM angular position. 

 

After finding the estimated maximum allowed velocity, the FSM was driven by a 10 Hz square 

wave with an amplitude of 100 mV to characterize the FSM movement properties and compare 

them against the manufacturer quoted FSM movement properties. The manufacturer quoted 

value for the settle time was practically the same settle time measured in the Y-axis, but the X-

axis settle time was measured to be almost 3 ms slower. The manufacturer quoted value for the 

FSM movement resolution was 2 times better than the FSM movement resolution which was 

measured by how noisy the system was in a truly settled position. While it appears that the Y-

axis of the FSM is faster and more accurate, the measurements in Table 13 are only for a single 

step case. To truly quantify this result, more tests should be ran using the step function. It was 

observed that the OPS and the FLGSI measurements of the FSM position were in the best 

agreement for this case, and this occurred when the amplitude of the driven waveform was the 

smallest, so this is another supporting point that the OPS’ purely linear scaling coefficient to 

convert from voltage to FSM angular position was not the most accurate model of how the OPS 

measured the FSM position. If the OPS were a quad cell, it is not surprising that the response 

would become non-linear far from the optical axis. Once again, it was observed that the velocity 

had the highest uncertainty when the FSM had the largest step size between frames, and the FSM 

was seen to be moving no faster than 1.2 rad/s over the whole collect, even with the measured 

velocity uncertainty. When the FSM was driven by the same amplitude square wave, but the 

drive frequency was changed to 140 Hz, it was seen how the step shape of the X-axis and the Y-

axis differed. This pointed to a difference in PID tuning coefficients. Once again, at the lower 

amplitude, the OPS measured FSM position differences as compared to the FLGSI measured 

FSM positions were smaller than both sinusoidal test cases, and this supports an error in the OPS 

measurement conversion to the FSM angular position.  The FSM settle time was proved further 

by this test, as the velocity was almost never zero in the 140 Hz waveform driving the FSM. The 

frequency for a 7.1 ms period, but the FSM never had time to settle, and only the overshoot 
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shape of the step response function of the FSM was observed. This would not be the most 

accurate way to drive the FSM as the overshoot was measured to be greater than 1.5 times the 

commanded amplitude in the system at this frequency. 

 

In all these tests with the FSM, the OPS was used qualitatively to ensure the FLGSI was 

measuring the FSM accurately enough without missing any phase wraps. The issue with using 

the OPS as a quantitative truth is that it was not reliably calibrated, and this is evident in the 

increasing disagreement between the OPS and FLGSI measurements when the driving waveform 

amplitude increased. It is suggested in future work that the OPS calibration efforts are more 

robust than a simple linear fit scaling from a voltage measurement to an angular position. Since 

the physical mechanisms of this device are proprietary to the manufacturer, simple assumptions 

had to be made to make a baseline calibration for this thesis which assumed linearity between 

FSM position and the OPS measured voltage. By making more measurements with the OPS, a 

more inclusive model could be developed that accounts for electronic error and the true 

measuring mechanisms involved with the voltage/resistance created by the Position Sensing 

Device inherent to the OPS. 

 

Another suggestion for future work would be to perform a more rigorous camera calibration to 

improve the accuracy of the noise model. This would ensure the proper conversion of analog DN 

measurements form the linescan cameras into the estimated number of photons collected by the 

FLGSI. The error in the noise model was corrected by a constant correction ratio which came 

from real noise measurements in the system. This constant could be explained by an inaccurate 

pixel sensitivity value, and if that value were to be about twice as large this would mean the 

FLGSI collected twice as many photons, and the noise model would agree more with the 

measured noise without the use of a correction ratio. One suggestion in the calibration efforts of 

the camera is to ensure that the integrating sphere is illuminated properly, and this would ensure 

that when the camera is taking collects of the integrating sphere at various exposure times, the 

linescan camera is observing a roughly uniformly illuminated integrating sphere exit port. 

 

The overall design of the FSM allowed for measurements of the FSM moving no faster than 

1.2 rad/s, and the maximum uncertainty of those measurements was less than ±10 µrad. This was 

only over a ±2 mrad mirror movement or a ±4 mrad FOV of the FLGSI, so this system FOV is 

limited for applications where the mirror movement is quite small. To improve the system 

performance by making larger FOV, it would be necessary to have a more powerful laser source 

so that a constant photon collection could be expected at faster frame rates. This would allow for 

the FSM to have a faster velocity. Another way to increase the FOV of the system would be to 

change the geometric coefficient so that the phase wrap occurred at a larger angular movement 

of the FSM. This would reduce the resolution of the system, but it would allow for larger angular 

ranges and faster FSM movement. Such a change in the geometric coefficient could be done by 

increasing the grating period which would decrease the shear. The other way would be to 

decrease the angular magnification of the system by having a longer focal length system. It 

would also be possible to use a 2D camera to track the absolute position of the FSM in the FOV 

and combining that camera’s slow frame rate with the fast frame and high-resolution capabilities 
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of the FLGSI, it would be possible to track a faster moving FSM over a larger FOV. Overall, the 

FLGSI’s optical prescription, laser source power, and the framerate of the linescan camera will 

affect the measurement uncertainty of the target mirror’s tilt measurement and the fastest 

velocity that the mirror can move at before the FLGSI loses track of the mirror’s relative 

position. 
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