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Control of Spherical Robots on Uneven Terrains

Sahand Sabet1, Mohammad Poursina2, Parviz E. Nikravesh1

Abstract— Hybrid robots incorporate the advan-
tages of both aerial-only and terrestrial-only vehi-
cles to achieve enhanced mobility and better energy
efficiency. Among hybrid vehicles, spherical robots
offer the best maneuverability. While operating on
uneven surfaces is one of the main benefits of spherical
robots, the current literature only covers control of
these robots on flat surfaces. This work presents
two control algorithms to track a desired trajectory
and angular velocity of spherical robots on uneven
terrains. The proposed control algorithms can be used
when the terrain is known analytically or empirically
(i.e., point cloud). By allowing the controller to use
empirical information about the terrain profile, this
work broadens the implementation of spherical robots
in real applications.

I. Introduction

Two of the main challenges of using aerial-only robots
are the limits on flight time and load-carrying capa-
bilities. Whilst terrestrial-only robots are not restricted
by such limitations, their drawbacks lie in restricted
mobility. By switching between flying and rolling modes,
hybrid vehicles are capable of overcoming the aforemen-
tioned drawbacks.

Research on hybrid aerial/ground robots has recently
increased. These vehicles usually consist of a multiple
set of rotors encompassed within a shell (see Fig. 1). A
quad-copter hinged inside a passive cylindrical cage was
proposed by Kalantari and Spenko in [1]. Fan et al. [2]
proposed a quad-rotor that is attached to a passive wheel
on both sides of the quad-rotor’s frame. A multi-pose
morphing spherical robot capable of crawling, rolling,
and flying was introduced by Zhang et al. [3]. In the work
of Sabet et al. [4], a spherical shell enclosing a hexacopter
was introduced.

These hybrid multi-functional robots can be used in
different applications such as sensing [4] and exploration
[5]. While the outer shell can be designed in different
shapes (i.e. cylinder or ellipsoid), robots with spherical
shapes are significantly distinguished among their coun-
terparts. They are omnidirectional and are able to roll
on a variety of terrains. They experience less friction due
to maintaining only one contact point with the ground.
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Fig. 1: A spherical robot developed at JPL (Rollocopter,
[4]). Left: Concept art. Middle: system without the shell.
Right: A prototype.

They also benefit from having a simpler dynamic model
compared to the other designs. Additionally, spherical
robots have a high maneuverability, are capable of restor-
ing their own stability and have a low likelihood of tip-
ping over. The shell protects the system in collisions and
provides resiliency to shock. The aforementioned benefits
make spherical robots an appropriate candidate for harsh
and hostile environments such as planetary subsurface
voids, mines, confined spaces, and rough terrains.

Spherical robots with the kinematic constraint that
enforces pure rolling belong to the category of nonholo-
nomic robots. The controllability of spherical robots was
proved by Li and Canny in 1990 [6]. Since then, various
authors have studied the dynamic modeling and control
of these robots on a flat terrain [7][8][9]. An adaptive
estimation and control algorithm was proposed by Tomik
et al. [10] to control the position of a spherical robot.
Control of the angular velocity of a spherical robot with
an inverted pendulum was studied by Liu et al. [11]. In
the work presented by Madhushani et al. [12], a semi-
globally exponential trajectory tracking approach was
introduced. The control of spherical robots on inclined
plane surfaces was studied by Yu et al. [13].

The current literature only covers the control of the
hybrid robots on flat surfaces, despite the simplicity of
operation of spherical robots on uneven terrains. Lack of
reliable control algorithms and accurate dynamics mod-
eling on uneven terrains have delayed the incorporation
of spherical robots. Few authors have worked only on
the dynamic modeling of these robots on uneven terrains
[14] [15]. Borisov et al. [14] solved the dynamic equations
on generic terrain while Hogan et al. [15] investigated
the dynamics modeling of a sphere with an inverted
pendulum. In their analysis, the vehicles are assumed to
have pure rolling and the soil mechanic is not considered
(a justified assumption for lightweight vehicles). These
dynamic models were formulated in terms of angular
velocity and acceleration of the spherical protecting shell.



Contribution The main objective of the proposed
control algorithm is to guarantee that the vehicle is
capable of following a prescribed trajectory. Recently,
the authors have developed a novel formulation capable
of predicting the dynamics of a nonholonomic spherical
robot based on the coordinates, velocity, and acceleration
of the contact point of the spherical shell with the ground
[16]. As a result, using this new dynamic model, we
present a systematic control strategy to track the trajec-
tory of the point of contact of the shell with the ground.
Additionally, an algorithm to control the angular velocity
of the system is proposed. One of the advantages of the
proposed work is that the developed control algorithm
can be applied when empirical information about the
terrain profile is given or when the analytical expression
of the 3D terrain is available. As a result, this research
can broaden the development of spherical robots in real
applications.

II. Generic Terrain Model
In this paper, we develop the dynamic model assuming

that the analytical expression of the terrain profile is
given [16]. Then, the model is extended to a situation
where only empirical data about the terrain is available.
The terrain is considered non-deformable due to the light
weight of the system.

The instantaneous contact point of the system with
the terrain is denoted by C in Fig. 2. Point C is defined
on the terrain while C ′ is the contact point defined on
the sphere. These two points are separated for clarity in
Fig. 2. The origin of the inertial frame If (X-Y -Z) is
connected to point C by vector rC = [xC , yC , zC ]T .
The analytical equation of an uneven terrain (see Fig. 2)
is defined as:

Q(rC) = zC +H(xC , yC) = 0 (1)

where it is assumed that Q and H are continuous func-
tions (up to the third derivative). The normal vector to
the terrain at the contact point C denoted by γ and the
corresponding unit vector n can be calculated using the
gradient formula as:

γ = ∇Q = [ ∂H
∂xC

,
∂H

∂yC
, 1]T , n = γ

||γ||
(2)

III. Dynamics Model in Newton-Euler Form
This section provides a methodical approach for de-

veloping the equations of motion of a rolling vehicle on
the uneven terrain described in the previous section. The
proposed system shown in Fig. 1 is composed of a spheri-
cal shell and an actuation unit [16]. The actuation unit is
placed at the geometric center of the sphere (the center
of mass of the system is also at the geometric center
of the sphere). The spherical shell and the actuation
system rotate and translate together as a single rigid
body. Therefore, assuming a pure-rolling condition of the
outer shell on the generic terrain, the number of degrees
of freedom of the system becomes three. The proposed

Fig. 2: Demonstrating the system and its contact point
with the terrain [16].

system can operate in both rolling and flying modes,
however, this work only focuses on the rolling mode.
Coordinate Systems In order to generate the dynamics
formulation, in addition to the inertial frame If , a body-
fixed frame Bf (ξ-η-ζ) is defined (see Fig. 2) where its
origin is located at the mass center.
Notation Throughout the paper, the “∼” over-head on
a vector is used to show the skew-symmetric matrix op-
erator corresponding to the cross product of two vectors
i.e., ãb = a× b where

ã =

 0 −az ay

az 0 −ax

−ay ax 0

 (3)

Additionally, matrices and vectors are shown with bold-
face variables; scalar quantities are denoted using normal
font, and points are shown using uppercase light-face
letters.

Using Newton-Euler formulations, the equations of
motion of the vehicle in the presence of rolling constraint
are expressed as:

Mv̇ + gn = gd + gp + gc (4)

where

M =
[
mI3 03
03 J

]
, v̇ =

[
r̈P

ω̇

]
, gn =

[
−w
ω̃Jω

]
(5)

In this equation, I3 and 03 denote 3-by-3 identity and
null matrices, respectively. Furthermore, m represents
the mass of the system, while J ∈ R3×3 is the mass
moment of inertia matrix (defined in the inertial frame
If ). The gravitational force is represented by w =
[0, 0,−mg]T . The angular velocity of the system in iner-
tial frame is denoted by ω, and r̈p represents the transna-
tional acceleration of the center of mass of the sphere,
i.e., P . The 6× 1 arrays of propellers’ force/moment gp,
constraint force/moment gc, and drag force/moment gd

are explained in the following. These arrays containing
both forces and moments are referred to as the array of
force throughout the paper.
Constraint Force/moment The kinematic condition



between the contact point on the sphere and that of
the terrain is the source of the constraint force gc, (the
reader may refer to [16] for a discussion on slipping). In
fact, no-loss-of-contact and no-slip kinematic constraints
between points C and C ′, (see Fig. 2), are enforced by
the following pure rolling equation [16]:

φ̇ = Rω̃n− ṙP = 0 (6)

where the radius of the sphere is shown by R and 0
denotes a 3 × 1 null array throughout the paper. Using
(6), we can express the Jacobian matrix of the no-loss-
of-contact and no-slip kinematic constraints D ∈ R3×6

as:
φ̇ =D

[
ṙP

ω

]
(7)

=[I3 , Rñ]
[
ṙP

ω

]
= 0

Finally, the array of constraint force gc which must be
applied to the system to enforce the constraint of (6) can
be expressed as:

gc = DTλ (8)

where λ ∈ R3×1 represents the unknown array of La-
grange multipliers.
Propellers’ Force/moment Each of the six propellers
designed for this system generates a force vector fpi

∈
R3×1 and the resulting moment vector τpi ∈ R3×1 that
is evaluated about P . Defining the 6×1 array of force of
the ith propeller as gpi

= [fT
pi
, τT

pi
]T ∈ R6×1, the system

experiences the actuating force/moment gp =
∑6

i=1 gpi
.

The arrangement of the actuation unit in the system
allows generating force and moment in all Euclidean
dimensions [4].
Drag Force/moment The array of aerodynamic drag
force fd and the resulting drag moment τd about the
mass center is calculated using the following analytical
model [17]:

gd = [fT
d , τ

T
d ]T , where fd = −1

2 ρ̄CdAd||vf ||2uvf
,

uvf
= vf ||vf ||−1, τ d = 0 (9)

In these equations, ρ̄ is the air density and Cd represents
the drag coefficient. Furthermore, Ad refers to the
cross-sectional area of the sphere, while vf shows the
airstream velocity relative to the linear velocity of the
center of mass of the sphere.

A. Minimum-Coordinate Dynamic Representation
For control applications it is mainly desired to express

equations of motion in terms of the minimum number
of independent coordinates. This process is usually per-
formed by eliminating the array of constraint loads, i.e.
gc, through pre-multiplying the equations of motion in
(4) by BT , where B is the the nullspace of the Jacobian
matrix (BTDT = 0).

For this particular system with three degrees of free-
dom, kinematics of the system can be described by
defining three independent variables. As such, the six
variables of [r̈P , ω̇] used in (4) must be described using
three wisely-selected variables. For instance, to perform
trajectory tracking, it is more desirable to generate a
dynamic model in terms of the coordinates, velocity
and acceleration of the contact point. This model was
developed by Sabet et. al [16] and it is not provided
here to avoid redundancy. We refer to this model when
developing the trajectory tracking algorithm in Section
IV.

Since our goal is to control the angular velocity of the
system as well, the dynamic model is desirably expressed
in terms of system’s angular velocity by selecting the
generalized velocity vector θ̇ as:

θ̇ = ω = [ωx , ωy , ωz]T (10)

The nonholonomic constraint of (6) can be used to
express the array of velocity v = [ṙP , ω]T ∈ R6×1 in
terms of the angular velocity vector ω as:[

ṙP

ω

]
= Bθ̇,where (11)

B =
[
−Rñ
I3

]
where B is a transformation matrix. One may substitute
the array of velocity v from (11) into the constraint
equation of (7), and find:

φ̇ = DBθ̇ = 0 (12)

It can be observed that B lies on the nullspace of D (θ̇
cannot be always equal to zero, therefore DB = 03).
Consequently, the premultiplication of the equations of
motion of (4) by BT can eliminate the array of unknown
constraint force BTgc = BTDTλ = 0 [18]. Additionally,
one may find the array of acceleration v̇ by taking the
derivative of (11) with respect to time as:

v̇ = Ḃθ̇ +Bθ̈ (13)

By replacing the term v̇ in (4) with the expression of
(13) and pre-multiplying BT into (4), the Minimum-
Coordinate Dynamics Representation of the system for
the purpose of angular velocity control can be expressed
as:

BTMBθ̈ = BT (gd + gp − gn)−BTMḂθ̇ (14)

It can be observed that the array of unknown force gc

has been eliminated in this dynamics model. This new
representation of equations of motion directly depends on
the geometry of the terrain since B and Ḃ are functions
of the trajectory (see Eqns. (2) and (11)).



B. Dynamics Model Using Empirical Data
In real applications, knowing the analytical expression

of the terrain profile could prove to be difficult. Herein,
we introduce a method that allows us to evaluate the dy-
namic equations knowing only the empirical information
about the terrain.

Solving the dynamic equations in (14) for θ̈ relies on
evaluating B and Ḃ. First, we focus on the numerical
computation of matrix B. As shown in (11), this matrix
is a function of n, which can be formulated as (see (2)):

n = γ

||γ||
=

[ ∂H
∂xC

, ∂H
∂yC

, 1]T√
( ∂H

∂xC
)2 + ( ∂H

∂yC
)2 + 1

(15)

The unit vector n is a function of ∂H
∂xC

and ∂H
∂yC

. These
terms can be easily computed by having the empirical
information about the terrain. Consequently, B can be
calculated numerically. The first time derivative of ma-
trix B which is a function of ṅ which can be formulated
as:

Ḃij = [ ∂Bij

∂rCm

]ṙCm
, where ṙCm

=
[
ẋC

ẏC

]
(16)

By analyzing n in (15) and B in (11), it is observed that
Ḃ, is a function of the terrain’s gradient ( ∂H

∂xC
and ∂H

∂yC
)

and the terrain’s Hessian (H(H)ij = ∂2H
∂xi∂xj

). As a result,
B and Ḃ can be computed numerically at each time step,
followed by numerically forming and solving the dynamic
equations of (14). In the next section, two frameworks are
introduced to respectively control the angular velocity
and trajectory of spherical robots on uneven terrains.

IV. Control Algorithms
Control of nonholonomic spherical systems has been

studied by various researchers. To the best of the authors’
knowledge, the existing control approaches can only be
applied when the system is rolling on a flat plane. In this
section, a control framework is introduced to track the
trajectory of the vehicle as well as its angular velocity
on a generic terrain. This control algorithm can be used
in cases where the terrain’s model is known analytically
(see Q in (1)) and where only the point cloud, gradient,
and the Hessian of the terrain are available (the gradient
and Hessian can be easily found from the point cloud
representation of the terrain in a real application). Using
the provided dynamic equations, various control methods
can be applied to the system. In this work, the desired
force/moment (gp) to follow a trajectory is evaluated
via constructing a feedback-linearization-based controller
[19], however, using the dynamics model developed, var-
ious control algorithms can be applied to the system.

A. Control of Angular Velocity
We start with controlling the angular velocity. The

dynamic equations provided in (14) are used to develop
the control model for this case. It is desired to have ω

Parameter Value
Kv 10

mass 1 Kg
R 25 cm
xc0 -0.5 m
yc0 -0.5 m
ωx0 4.5 m/s
ωy0 3 m/s
ωz0 2 m/s

TABLE I: System’s State and Parameters (for Control-
ling Angular Velocity)

Fig. 3: Trajectory tracking of the system.

follow a desired angular velocity ωd, while ensuring that
the system does not violate the pure rolling constraint
at the point of contact with the predefined uneven 3D
terrain profile. To construct the mathematical framework
of the controller, we define the error at the velocity level
as:

ė(t) = ωd(t)− ω(t) (17)

Following the work in [19], the inverse-dynamics-based
feedback linearization algorithm generates the following
desired propeller force/moment:



BTgp=BT

[
M 03×3
03×3 J

]
B(ω̇d +Kvė(t))

+BT (−gd +
[
−w
ω̃Jω

]
+
[
M 03×3
03×3 J

]
Ḃω), (18)

Kv = KvI3×3

where Kv is a diagonal gain matrix with a positive gain
Kv. One may find the closed-loop control equations of
the system by substituting the evaluated gp into (14) as:

BTMB[ë(t) +Kvė(t)]=03×1 (19)

Since the kinematic constraints used for developing the
dynamic model are independent (see (6)), the resulting
transformations matrix B is full rank. The mass matrix
M is also a full rank matrix. Consequently, the term
BTMB in (19) does not suffer from any rank deficiency.
Therefore, by left-multiplying the inverse of BTMB into
the closed-loop control equations of (19) we obtain:

ë(t) +Kvė(t)=03×1 (20)

By analyzing (20) it is observed that the equations
governing the dynamics of error of the closed-loop control
system are exponentially stable. In fact, these equations
satisfy the conditions of Lyapunov stability for any pos-
itive definite gain matrix Kv [19] [20].

To evaluate the proposed control model, a simulation
is provided where the vehicle is constrained to roll on
a crater defined as Q(rc) = zc + e(1−x2

c−y2
c ) with the

following desired angular velocity components (defined
in inertial frame):
ωxd

= 1 + cos(t), ωyd
= sin(t)− 1, ωzd

= − 5 + e−t.
The vehicle’s parameters and initial states of the system
are shown in Table I. The required force to control the
angular velocity is evaluated at each time step using (18).
Figure 3 demonstrates the simulation results. The terrain
and the vehicle trajectory are shown in the top figure
while the bottom figure demonstrates the error in angular
velocity in the x, y, and z directions. It is observed that
the error reaches zero after 1.5 seconds.

B. Trajectory Tracking
In this case, we follow the dynamic model developed in

[16] to conduct a trajectory tracking control. The reader
may refer to that work for more details on development of
the dynamic model. For trajectory tracking, it is desired
to have the contact point follow a prescribed trajectory.
Therefore, the three independent generalized velocities
of (10) are redefined as:

θ̇t = [ẋC , ẏC , ψ̇]T (21)

where

ψ̇ = nTω (22)

presents the angular velocity value about the normal
vector n. The subscript “t” in θ̇t is used to emphasize
that this vector is defined for the trajectory tracking case.

As proven in [16], the transformation matrixB presented
in (11) can be calculated for this case as:

v =
[
ṙP

ω

]
= Bt

[
ṙCm

ψ̇

]
= Btθ̇t, (23)

Bt =

 [
S3 03×1

]
S−1

4

[
−S3m

02×1
01×2 1

]
where

S1 =
[
I3 +R

∂n

∂rC

]
, S2 =

 1 0
0 1

− ∂H
∂xC

− ∂H
∂yC

 (24)

S3 = S1S2, S4 = R

 0 −nz ny

nz 0 −nx
1
Rnx

1
Rny

1
Rnz


and the term S3m

in (23) includes the top two rows of S3.
Using the same approach used to find (14), the dynamic
equations for trajectory tracking can be expressed as:

BT
t MBtθ̈t = BT

t (gd + gp − gn)−BT
t MḂtθ̇t (25)

This equation is used to develop a control algorithm for
the trajectory tracking problem.

It is desired to have vector rCm = [xC , yC ]T follow
a reference trajectory rCmd

(t) = [xCd
(t), yCd

(t)]T . To
start the control algorithm, the array of desired joint
coordinates is defined as:

θd = [xCd
(t), yCd

(t), d(t)]T (26)

where d(t) is equal to zero since the focus is on trajec-
tory tracking. Then, the array of tracking error e(t) ∈ R3

is defined as:

e(t) = θd(t)− θt(t) (27)

Following the work in [19], the desired force/moment
generated by the propellers can be calculated as:

BT
t gp = BT

t MBt(θ̈d +Kvė(t) +Kpe(t))+
BT

t (gn − gd + MḂtθ̇t), (28)
Kv = KvI3, Kp = KvI3

where Kv and Kp, are diagonal gain matrices with
positive gains Kv and Kp, respectively. One may find
the closed-loop control equation of the system by substi-
tuting this total force into (25) as:

BT
t MBt[ë(t) +Kvė(t) +Kpe(t)]=03×1 (29)

The transformations matrix Bt and mass matrix M

are full rank matrices. Consequently, the term BT
t MBt

in (29) is a full rank matrix. As a result, by left-
multiplication of the term (BT

t MBt)−1 into the closed-
loop control equations (29), one can find:

ë(t) +Kvė(t) +Kpe(t)=03×1 (30)

It can be seen that the closed-loop control equations of
the system (30) are exponentially stable. They satisfy the



Parameter Value
Kv 5
Kp 10

mass 1 Kg
R 25 cm
xc0 3 m
yc0 6 m
ẋc0 0 m/s
ẏc0 1 m/s
ψ̇d 0 rad/s

TABLE II: System’s State and Parameters (for Trajec-
tory Tracking)

Lyapunov stability conditions (if the gain matrices are
positive definite [19]). To avoid the control effort caused
by controlling ψ, the gain values of the feed-forward term
corresponding to the terms ψ and ψ̇ can be set to zero.
Additiobally, an integral term can be added to (28) when
disturbance exists in the model.

The proposed control method is verified by the follow-
ing simulation. The 3D terrain profile is defined as:

Q(rC) = zC + 6e(0.1−(x2
C +y2

C )/100) = 0 (31)

and the vehicle is desired to move on the following path:

xCd
= 5cos(t), yCd

= 5sin(t) (32)

The initial states of the system and the vehicle’s param-
eters are shown in Table II. The simulation results are
provided in Fig. 4. The reference trajectory is shown in
blue and the vehicle’s trajectory is shown in red. It can
be seen that the vehicle follows the desired trajectory.

It is observed that both of the control algorithms
were successfully applied to the system. Evaluating the
velocity transformation matrix Bt developed for the tra-
jectory tracking case (see (23)) is more computationally
complex compared to the one for tracking angular veloc-
ity (see B in (11)). Therefore, evaluating the required
force for trajectory tracking, see (28), requires more
computational effort compared to the angular velocity
tracking case (see (18)). As a result, using the trajectory
tracking algorithm might yield to a higher computation
cost. For a case where an exact trajectory tracking is not
required, one might control the angular velocity in order
to guide the vehicle towards the proximity of a desired
destination.
C. Control Model Using Empirical Data

This subsection introduces an algorithm to control the
angular velocity of the system for a case that only empir-
ical representation of the surface is available. The same
logic described here can be used to perform trajectory
tracking with empirical data.

The required propellers’ force to control the angular
velocity of the system can be found using (18). The terms
B and Ḃ need to be evaluated in order to solve (18). Sec-
tion III-B provided an algorithm to evaluate matrices B
and Ḃ numerically by finding the terrain’s gradient ( ∂H

∂xC

and ∂H
∂yC

) and the terrain’s Hessian (H(H)ij = ∂2H
∂xi∂xj

)
from a point cloud. After finding these terms numerically,

Fig. 4: Trajectory tracking of the system.

knowing ω̇d, ωd, and ω̇, one can use (18) to find the
required propellers’ force. It should be emphasized that
B and Ḃ are only function of the gradient and the
Hessian of the surface and are not directly function
of the analytical terrain. This is important since in a
real application, finding the analytical expression of the
terrain could prove to be challenging while the gradient
and the Hessian can be simply evaluated from a point
cloud.

Using the same method provided in Section III-B, the
terms Bt and Ḃt in (23) can be computed numerically.
Consequently, the trajectory tracking can be done with
numerical data.

V. Conclusion

Ability to operate on uneven terrains is one of the
main benefits of spherical robots. To the best of our
knowledge, control of such systems on uneven terrains
has not been studied. Lack of reliable control methods
on uneven terrains have delayed the implication of such
systems in real applications.

In this work, a systematic method is first introduced
to evaluate the dynamic model of a spherical robot
on a generic terrain. Then, two control algorithms are
designed to track the trajectory of the vehicle and its



angular velocity. The proposed dynamics and control
algorithms can be used when the terrain is known an-
alytically or empirically (i.e., point cloud). It is believed
that controlling spherical robots on uneven terrains could
further the application and development of such systems.
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