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Abstract

Recent observations have shown that in many large solar energetic particle (SEP) events the event-integrated
differential spectra resemble double power laws. We perform numerical modeling of particle acceleration at
coronal shocks propagating through a streamer-like magnetic field by solving the Parker transport equation,
including protons and heavier ions. We find that for all ion species the energy spectra integrated over the
simulation domain can be described by a double power law, and the break energy depends on the ion charge-to-
mass ratio as EB∼ (Q/A)α, with α varying from 0.16 to 1.2 by considering different turbulence spectral indices.
We suggest that the double-power-law distribution may emerge as a result of the superposition of energetic
particles from different source regions where the acceleration rates differ significantly due to particle diffusion. The
diffusion and mixing of energetic particles could also provide an explanation for the increase of Fe/O at high
energies as observed in some SEP events. Although further mixing processes may occur, our simulations indicate
that either a power-law break or rollover can occur near the Sun and predict that the spectral forms vary
significantly along the shock front, which may be examined by upcoming near-Sun SEP measurements from the
Parker Solar Probe and Solar Orbiter.

Unified Astronomy Thesaurus concepts: Solar energetic particles (1491); Solar particle emission (1517); Solar
coronal mass ejection shocks (1997); Solar coronal streamers (1486)

1. Introduction

During explosive solar activities, a large number of charged
particles are accelerated to high energies near the Sun. As a
consequence, the radiation level of energetic particles in near-
Earth space can be significantly enhanced, known as solar
energetic particle (SEP) events (Reames 1999; Desai &
Giacalone 2016). Large SEP events can pose serious threats
to satellites and astronauts in space, and therefore they are of
particular importance to space weather. In these events,
energetic particles are mainly accelerated by the shocks driven
by fast coronal mass ejections (CMEs). In situ observations at
1 au have shown that the fluence spectra (integrated over the
individual events) of energetic protons and heavy ions often
exhibit double power laws and the spectral break energy
depends on the ion charge-to-mass ratio as EB∼ (Q/A)α (e.g.,
Cohen et al. 2005; Mewaldt et al. 2005, 2012; Desai et al.
2016a, 2016b; Cohen & Mewaldt 2018).

The double-power-law feature observed in SEP spectra puts
critical constraints on the physics affecting the acceleration and
transport of energetic particles. However, the formation
mechanism remains unclear. While it may emerge as a result
of particle acceleration at CME shocks close to the Sun (Li
et al. 2005a, 2005b, 2009; Tylka & Lee 2006; Schwadron et al.
2015; Kong et al. 2019a), it may also be due to transport effects
in interplanetary space (Li & Lee 2015; Zhao et al.
2016, 2017). The species independence of spectral indices
and the systematic Q/A dependence of EB, as well as the α

values, may suggest that the double-power-law SEP energy
spectra occur due to diffusive shock acceleration (DSA) near
the Sun rather than interplanetary scattering (Desai et al.
2016b). The DSA theory predicts a steady-state solution of a
power-law energy spectrum with the spectral index only
depending on the compression ratio for a 1D planar shock. The
shock-accelerated particles can exhibit an exponential rollover
at high energies due to various effects including the finite shock
size, limited acceleration time, shock geometry, and adiabatic
cooling (Ellison & Ramaty 1985; Zank et al. 2000). However,
the standard DSA theory could not explain how the second
power law above the break is produced (see Figure 1(a)). Li
et al. (2005a) introduced a loss term in the Parker transport
equation and showed that a broken power law can form if the
escaping effect suddenly kicks in above a certain energy.
Schwadron et al. (2015) studied particle acceleration at size-
limited coronal shocks based on analytic solutions of the
transport equation and found that double-power-law distribu-
tions can form due to particle diffusion and escape from the
acceleration sites.
CME-driven shocks can form near the Sun and accelerate

particles to ∼GeV in GLE events (e.g., Reames 2009;
Gopalswamy et al. 2012, 2013). When the shock sweeps through
the complex magnetic field structures in the corona, the shock
geometry varies both along the shock front and with the shock
propagation (Sandroos & Vainio 2009; Kozarev et al. 2015;
Kong et al. 2016, 2017; Rouillard et al. 2016; Kouloumvakos
et al. 2019), which strongly affects the rate of particle acceleration
(Tylka et al. 2005; Giacalone 2005a, 2005b). An example of the
magnetic structures are streamers, the most prominent quasi-
steady structures in the corona that commonly interact with CME
shocks. For instance, CME-streamer interactions can be observed
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in the two GLE events in solar cycle 24 (Kong et al. 2019a). In
some SEP events, streamers may play an important role in the
acceleration, trapping, and release of energetic particles (e.g.,
Kocharov et al. 2017; Cliver et al. 2020; Kouloumvakos et al.
2020). Recently, Kong et al. (2017, 2019a) numerically modeled
the acceleration of protons at a coronal shock and found that the
shock-streamer interaction region favors more efficient particle
acceleration due to both the trapping effect of closed fields and
the quasi-perpendicular shock geometry. This suggests that the
coronal magnetic field configuration can be an important factor
for producing large SEP events. Kong et al. (2019a) also found
the emergence of a double-power-law feature in particle spectra
and suggested that it may be a mixture of two distinct populations
accelerated in the streamer and open field regions, where the
particle acceleration rate differs greatly. As shown in Figure 1(b),
the superposition of two particle spectra of the form “power law
with exponential rollover” but with different break energies can
lift up the high-energy spectrum and result in a second power-law
feature below a certain energy.

In this work, we investigate the acceleration of both protons
and heavier ions at coronal shocks and focus on the formation
mechanism of double power laws. Our simulations show that
the double-power-law distribution can occur during particle
acceleration at near-Sun shocks due to the superposition of
energetic particles from different source regions. This paper is
organized as follows. In Section 2, we introduce our numerical
model. In Section 3, we present the simulation results including
spatial distributions and energy spectra of accelerated particles,
and examine the Q/A dependence of break energy. We explain
the mechanism of the double-power-law energy spectrum
based on the superposition scenario as shown in Figure 1. We
also discuss the increase of Fe/O at high energies as observed
in some SEP events based on our simulations. Conclusions and
discussion are given in Section 4.

2. Numerical Model

Following our previous studies (Kong et al. 2017, 2019a),
we explore numerically the acceleration of energetic particles at
a coronal shock. The shock is described in a kinematic
approach and simplified as an expanding circular front. The
center of the shock is fixed in the solar equatorial plane at the

height of 1.1 Re and the shock propagates outward with a
constant speed Vsh= 2000 km s−1 and a compression ratio
X= 3. The background magnetic field is given analytically as a
partially open streamer-like magnetic field (Low 1986). The
magnetic field in the downstream region is compressed by the
shock and calculated from the ideal MHD induction equation.
Here, we consider the configuration when a CME-driven shock
sweeps through the streamer magnetic field from its flank
(Figure 2(a)).
We model the acceleration and transport of particles by

numerically solving the Parker transport equation (Parker
1965). It is achieved by integrating stochastic differential
equations corresponding to the Fokker−Planck form of the
transport equation using a large number of pseudo-particles
(e.g., Zhang 1999; Guo et al. 2010; Kong et al. 2017; Li et al.
2018; Kong et al. 2019b). In addition to protons, we also
consider different elements, He, O, Mg, and Fe. Their charge-
to-mass ratios are taken as Q/A= 2/4, 7/16, 9/24, and 12/56,
respectively (Cohen et al. 2005; Zhao et al. 2016).
In the corona, the presence of solar wind turbulence can

significantly enhance the trapping of charged particles near the
shock front and affect the acceleration and transport of
energetic particles. We consider the turbulence power spectrum
in the coronal region as (Giacalone & Jokipii 1999)
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where p is the particle momentum, γ is the Lorentz factor, and
the subscript 0 refers to that for the injection energy. For a
Kolmogorov turbulence spectrum (Γ= 5/3), the parallel

Figure 1. (a) DSA theory predicts a single power law for particles accelerated by a 1D planar shock, while the particle energy spectra often exhibit an exponential
rollover at high energies (Ellison & Ramaty 1985). The fluence spectra in some large SEP events are better fitted by double power laws (Band et al. 1993). (b) A
superposition scenario to explain the formation mechanism of the double-power-law energy spectrum. The blue solid line is obtained by the superposition of two
energy spectra of “power law × exponential” form but with different break energies (EB = 10, 50 MeV nuc−1). The superposed energy spectrum resembles a double
power law below a certain energy (∼200 MeV nuc−1).
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diffusion coefficient of protons with the initial energy of
100 keV is taken as κ∥0= 1.4× 1017 cm2 s−1. Since we only
focus on the low coronal region, we assume that the turbulence
variance and coherence length are independent of distance from
the Sun. In the simulations, we normalize the length L0=
1 Re= 7× 105 km and the velocity V0= Vsh= 2000 km s−1.
So, the normalization of the diffusion coefficient is κ0=
L0V0= 1.4× 1019 cm2 s−1, and then κ∥0= 0.01 κ0. In addition
to a Kolmogorov turbulence spectrum, we also consider
different turbulence spectra by varying the spectral indices
Γ= 1.9, 1.1, and 0.5. Diffusion coefficient κ∥0 is taken as 0.01
κ0 for Γ= 1.9 and 0.001 κ0 for Γ= 1.1 and 0.5.

Charged particles normally move along magnetic field lines,
but pitch-angle scattering, drift, and field line random walks
can cause perpendicular diffusion. Test-particle calculations
show that the perpendicular diffusion coefficient κ⊥ is
approximately a few percent of the parallel diffusion coefficient
κ∥, and that κ⊥/κ∥ is independent of ion energy (Giacalone &
Jokipii 1999). We take κ⊥= 0.01 κ∥ in this work.

As the shock propagates outward, we inject the ions with an
initial energy of 100 keV nuc−1 at a constant rate into upstream
of the shock. For different elements, we inject the same number
of pseudo-particles (∼half of a million) and normalize the
density by their coronal abundance. To improve the statistics of
the high-energy particle distribution, we use a particle splitting
technique (e.g., Kong et al. 2017, 2019a). The particle injection
energy is approximately equal to what is required to describe

the acceleration process in the Parker transport equation, i.e.,
the streaming anisotropy is sufficiently small (Giacalone &
Jokipii 1999; Guo et al. 2021). We only focus on particle
acceleration and transport in the low coronal region, and
therefore the simulation is terminated when the shock travels to
4 Re. A particle will be removed from the simulation if it
reaches the z-axis or the solar surface.

3. Simulation Results

We first investigate the acceleration of different ion species,
i.e., H, He, O, Mg, and Fe, in the case of the Kolmogorov
turbulence spectrum. Figure 2(a) shows the spatial distribution
of accelerated protons with energies >10MeV when the shock
moves to 4 Re. The upper flank of the shock is defined as the
nonstreamer region, while the lower flank is the streamer
region. The intensity of high-energy particles in the streamer
region is much higher than that in the nonstreamer region. This
indicates that the trapping effect of a closed magnetic field
when the shock sweeps through a streamer can result in more
effective particle acceleration (Kong et al. 2017, 2019a). For
heavy ions, the spatial distributions show consistent results (see
below).
Figure 2(b) shows the energy spectra of different ion species

integrated over the whole simulation domain, which all exhibit
double power laws at energies less than 300−500MeV nuc−1.
We fit the particle spectra using the Band function

Figure 2. (a) Spatial distribution of accelerated protons with energies >10 MeV as the shock propagates to 4.0 Re. The shock front is indicated by the black circle. (b)
Energy spectra of different ions (H, He, O, Mg, and Fe) accelerated by the shock in a Kolmogorov turbulence spectrum. The solid curves are the fitting energy spectra
using the Band function (Band et al. 1993) with low-energy indices γ1 ∼ 1.3 and high-energy indices γ2 ∼ 2.4. (c) Spectral break energy EB vs. the ion charge-to-mass
ratio Q/A. The solid line shows the fitting with a power-law function EB ∼ (Q/A)α.
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(Band et al. 1993),
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where C is the normalization constant, γ1 and γ2 are the
power-law indices for low-energy and high-energy particles,
and EB is the break energy. The fitting parameters for H, He,

O, Mg, and Fe are γ1= 1.29, 1.30, 1.29, 1.29, 1.30; γ2= 2.37,
2.42, 2.37, 2.35, 2.37; EB= 28, 22, 18, 17, 13 MeV nuc−1,
respectively. In our model, the shock compression ratio is a
constant X= 3. The DSA theory predicts a particle spectrum
f (p)∝ p−3 X/(X−1)= p−4.5, corresponding to the differential
intensity dJ/dE= p2f (p)∝ E−1.25. Therefore, the low-energy
spectral indices of different ion species are close to the
theoretical prediction. We note that an additional rollover
appears at several hundred MeV nuc−1 as observed in large

Figure 3. Panels (a), (c) and (e): energy spectra of accelerated particles, with the spectral indices of magnetic turbulence being 1.9, 1.1, and 0.5, respectively. The solid
curves are fits to the spectra using the Band function. Panels (b), (d), and (f): spectral break energy EB vs. the ion charge-to-mass ratio Q/A.
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SEP events (Bruno et al. 2018, 2019). For heavier ions
(smaller Q/A), their break energies EB are lower. Figure 2(c)
shows EB as a function of Q/A. By fitting the distribution with
a power-law function EB∼ (Q/A)α, we find α= 0.51. Cohen
et al. (2005) suggested that the spectral breaks of different
species should occur at the same value of the diffusion
coefficient. Then, it can be inferred that α= 2(2− Γ)/(3− Γ)
by assuming the turbulence spectrum is in the form of
P(k)∼ k−Γ (Dröge 1994; Cohen et al. 2005). For the
Kolmogorov turbulence spectrum, Γ= 5/3, and it gives
α= 0.5, agreeing with our simulation results.

The turbulent magnetic field in the corona and solar wind
can affect the acceleration and transport of energetic charged
particles. In Figure 3 we show the simulation results for three
cases with different turbulence spectral indices, Γ= 1.9, 1.1,
and 0.5. The energy spectra of different species integrated over
the whole simulation domain are all approximately double
power laws, and we fit the spectra using the Band function
(Equation (3)). When Γ= 1.9, the break energies EB of
different ion species are 72, 64, 58, 59, and 57MeV nuc−1;
when Γ= 1.1, EB= 66, 37, 34, 29, and 18MeV nuc−1; and
when Γ= 0.5, EB= 14, 6.7, 5.6, 5.1, and 2.6 MeV nuc−1,
respectively. We also examine the correlation between EB and
Q/A by using a power-law function, EB∼ (Q/A)α, and find that
α is in the range of 0.16−1.2. Our simulation results agree well
with the “equal diffusion coefficient” condition proposed by
Cohen et al. (2005). Note that previous numerical simulations
of the acceleration of heavy ions at coronal shocks have also
shown that the rollover energies depend on Q/A (e.g.,
Sandroos & Vainio 2007; Battarbee et al. 2011), although

they did not obtain any double-power-law feature. This
indicates that the Q/A dependence of a spectral break/rollover
is a common result of DSA.
In our previous work, Kong et al. (2019a) found that the

proton spectra integrated over the whole simulation domain
display a double-power-law feature and suggested that it may
be due to a mixture of two distinct populations accelerated in
the streamer and nonstreamer regions. As shown in Figure 1(b),
here we refer it as a superposition scenario. We now further
explore the formation mechanism of the double-power-law
distribution by examining particle spectra in localized regions
along the shock front. As shown in Figure 4(a), we first select
three localized regions, the nonstreamer region, the streamer
region, and the transition region, referred to as regions I, II, and
III, respectively. The particle spectra in regions I and II drop
rapidly at high energies and are better fit with the form of a
“power law× exponential rollover,” as suggested by Ellison &
Ramaty (1985). When we fit the spectra, the low-energy
spectral index is fixed as γ1= 1.25, and we obtain the rollover
energies EB= 30 and 205MeV nuc−1, respectively. The
spectral rollover energy in region II is much higher than that
in region I, which also shows that particles can be more
efficiently accelerated in the streamer region. In region III, the
high-energy interval of the spectrum apparently displays a
power law, and the spectrum can be well fit with the Band
function. The Band parameters are γ1= 1.25, γ2= 3.11, and
EB= 15MeV nuc−1. We also find that both the rollover energy
in region I and the break energy in region III scale with Q/A,
with the index α similar to that found in the energy spectra
integrated over the whole simulation domain as shown above.

Figure 4. Panel (a): as in Figure 2(a), the spatial distribution of accelerated protons with energies >10 MeV as the shock propagates to 4.0 Re. Panels (b) and (c):
energy spectra of accelerated protons in regions I and II, and region III, respectively. Solid lines are the fits to the spectra using the exponential rollover function in
regions I and II, and the Band function in region III. Panel (d): energy spectra in regions IV and V, and the superposed energy spectrum of these two regions. Panel (e):
energy spectra in regions IV and II, and the superposed energy spectrum of region IV and 0.05 × region II.
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To understand the formation of a double power law in region
III, we select two other regions near region III, referred to as
regions IV and V. As shown in Figure 4(d), the particle spectra
in the two regions are nearly identical below 10MeV, but differ
substantially at high energies. In region V, which is closer to
the streamer axis, the spectrum above 100MeV clearly has a
bump and is much flatter than that in region IV. If we compare
the high-energy flux of the spectra from regions II, V, III, and
IV to that of region I, it exhibits a decreasing trend according to
the distance from the streamer axis. Combining the spatial
distribution of accelerated protons, we suggest that >100MeV
particles in regions III, IV, and V mainly originate from the
streamer region (region II) due to the transport effect, and the
double-power-law distribution in region III may occur as a
result of the superposition of these high-energy particles with
the locally accelerated relatively lower-energy particles. In
Figure 4(d), we show that the combination of spectra in regions
IV and V can give rise to a spectrum comparable to that in
region III. In addition, as shown in Figure 4(e), if we assume
that a small fraction (5%) of high-energy particles escapes from
region II and mixes with the particles in region IV, the
compound spectra can produce a double power law, which also
looks similar to that in region III.

According to the DSA theory, heavier ions are less
efficiently accelerated. If the shock-accelerated particles can
be typically described by the “power law× exponential
rollover” spectral form (Ellison & Ramaty 1985), the Fe/O
ratio is expected to fall rapidly with increasing energy.
However, in some large SEP events, such as the event on
2002 August 24, at high energies above ∼10 MeV nuc−1, Fe/
O increases with increasing energy (Tylka et al. 2005). The

mechanism of the variability in the energy-dependent behavior
of Fe/O remains unsolved, and most proposed ideas take into
account energetic particles associated with solar flares, by
either direct contributions or reacceleration by CME shocks
(see Section 2.6 in Desai & Giacalone 2016 for a review). Here,
we suggest a different mechanism that may provide an
explanation for this phenomenon.
Figures 5(a)–(b) show the spatial distributions of Fe and O

with energies >10MeV nuc−1 when the shock moves to
3.5 Re for the case of a turbulence spectral index Γ= 1.1. The
intensity of O is much higher than that of Fe, indicating a more
efficient acceleration of O. As in Figure 4, we select three
localized regions along the shock front, a nonstreamer region
(I), a streamer region (II), and the transition region (III).
Figures 5(c)–(d) plot the variations of Fe/O with energy. Since
we only focus on the variability of energy dependence of Fe/O
rather on the realistic values, we have normalized the curves to
the corresponding value at 100 keV nuc−1. At low energies,
Fe/O in the three regions generally remains constant. This is
because for different ion species the particle spectral shapes
below the break energy are essentially the same, as predicted
by the DSA theory (see Figure 3(c)). However, at higher
energies, the energy dependence of Fe/O shows significantly
different trends. In regions I and II, Fe/O drops promptly with
energy above ∼10 and ∼40 MeV nuc−1, respectively. In region
III, Fe/O first drops with energy between ∼10–50MeV nuc−1,
then it increases with energy between ∼50–150MeV nuc−1,
and then it decreases again. Based on our previous analysis, we
suggest that this is due to the contribution of high-energy
particles escaping from the streamer region (II) where Fe/O is
much larger than that of locally accelerated particles. Note that

Figure 5. Panels (a) and (b): spatial distributions of Fe and O with energies >10 MeV nuc−1 as the shock propagates to 3.5 Re. Panels (c) and (d): variations of Fe/O
with energy in regions I and II when the shock moves to 3.5 Re, and in region III when the shock moves to 3 Re and 3.5 Re. The values in each curve have been
normalized to that at 100 keV nuc−1.
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the curve when the shock moves to 3 Re shows that Fe/O at
∼150–200MeV nuc−1 is even larger than the value below
10MeV nuc−1. Since Fe particles have a larger diffusion
coefficient than O at the same energy per nucleus, they
transport from the streamer region to other regions faster,
leading to this enhanced Fe/O. This feature may be detected if
an observer is connected magnetically with region III. We also
find a similar energy dependence for other abundance ratios,
e.g., He/H.

4. Conclusions and Discussion

In this work, we numerically model the acceleration of both
protons and heavier ions at coronal shocks and investigate the
double-power-law feature in the particle energy spectra. We
find that the energy spectra of all ion species integrated over the
whole simulation domain are approximately double power laws
and the break energy EB has a power-law dependence on the
ion charge-to-mass ratio as EB∼ (Q/A)α, with α varying
between 0.16−1.2. The correlation of α with the turbulence
spectral index Γ agrees well with the theoretical predication,
α= 2(2− Γ)/(3− Γ), inferred from the “equal diffusion
coefficient” condition (Cohen et al. 2005). By considering
enhanced turbulence in the form of self-generated Alfvén
waves, Li et al. (2009) showed that α can reach 2 for a quasi-
parallel shock.

We also examine the particle spectra in three localized
regions close to the Sun. We find that in the transition region
between the streamer and nonstreamer regions the particle
spectra can be well described by a double power law, while in
the localized streamer and nonstreamer regions the particle
spectra exhibit a power law with an exponential rollover. We
suggest that the superposition scenario, as shown in Figure 1,
can explain the formation of the double-power-law distribution
in this transition region. High-energy (>100MeV nuc−1)
particles originate mainly from the streamer region where
particles are more efficiently accelerated, and the compound
populations of higher-energy particles diffused from the
streamer region and locally accelerated relatively lower-energy
particles can produce a double-power-law spectral shape.
Although at 1 au, these local spectral features may have been
washed out due to further mixing effects during SEP
propagation, the upcoming Parker Solar Probe and Solar
Orbiter observations may provide critical tests to this predic-
tion. In addition, we suggest that the diffusion and mixing of
energetic particles can also provide an explanation for the
puzzling problem of the variability in the energy dependence of
Fe/O. The variations of Fe/O with energy in the transition
region are similar to the simulation results in Sandroos &
Vainio (2007); however, they included flare suprathermals as
the seed population.

We note that the DSA theory applies when the anisotropy
is small, leading to the so-called “injection problem.” The
injection energy has a dependence on the shock normal angle
and is larger for quasi-perpendicular shocks (Zank et al.
2006; Giacalone 2017). Hybrid simulations have shown that
even thermal particles can be efficiently accelerated at
perpendicular shocks if large-scale turbulence is present
(Giacalone 2005a, 2005b). We find that when we consider the
dependence of injection energy on the shock geometry, the
double-power-law distribution may still be obtained and our
proposed superposition scenario remains reasonable. In
addition, the number density in the corona varies from the

streamer to the open field region and may affect the particle
injection rate along the shock front. The coronal (electron)
density can be deduced from coronagraph polarized bright-
ness images, and it is found that the density in the streamer is
about a few times that of the ambient corona (e.g., Chen et al.
2011; Kwon et al. 2013). We find that a double power law
can still emerge when we set the ratio of the particle injection
rate between the streamer and open field region to be 10. This
is because only a small fraction of high-energy particles
diffused from the streamer contribute to the high-energy
portion of the double power law in region III (about 5% as
shown in Figure 4(e)).
Our simulations reveal that the double-power-law distribu-

tion can occur near the Sun as a result of particle acceleration at
CME shocks. It also predicts that the spectral forms near the
Sun can vary significantly along the shock front and depend on
the region to which the observer is connected. In observations,
previous studies have shown that if one SEP event is detected
by multiple spacecraft from different points of view, the energy
spectral shapes differ largely from one spacecraft to another for
the same event (e.g., Mewaldt et al. 2013; Cohen et al. 2017).
Note that the double power laws as observed in large SEP
events are event-integrated fluence spectra measured at 1 au.
The spectral properties of energetic particles may be modified
during interplanetary transport due to effects including
adiabatic deceleration and scattering (Li & Lee 2015; Zhao
et al. 2016). However, Mason et al. (2012) showed that
although the break energy slightly decreases due to transport
effects, the basic spectral form remains unchanged, and
therefore spectral breaks should be present near the Sun. The
recently launched Parker Solar Probe and Solar Orbiter can
provide SEP measurements near the Sun, where the accelera-
tion takes place and transport effects are reduced, and will
advance our understanding of spectral properties in SEP events.
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Appendix
Derivation of the Particle Diffusion Coefficient from the

Quasi-linear Theory

Following the approach of Giacalone & Jokipii (1999), we
derive the particle diffusion coefficient from the quasi-linear
theory (Jokipii 1966).
The turbulence power spectrum P(k) is in the form of

P k A L B
kL

1

1
, A1c

c
0

2
0
2s=

+ G
( )

( )
( )

where k is the wavenumber, Lc is the turbulence correlation
length, Γ is the spectral index in the inertial range, σ2 is the
variance of the turbulent magnetic field, and A0 is the
normalization constant, such that the integral over k gives the
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turbulence level,

P k dk B B . A2
0

2
0
2 2ò s d= = á ñ

¥
( ) ( )

In Equation (A1), A
k

k d kL

kL0 1

1
c

cmin

max

ò=
+

-

G⎡
⎣

⎤
⎦

( )
( )

, and kmin and

kmax correspond to the largest and smallest wavelengths in the
system. Here, the integral is taken from 0 to∞ for Γ> 1, so it
can be easily obtained.

In the standard quasi-linear theory, the resonant interaction
between the particle and the turbulent magnetic field can
be related by the pitch-angle diffusion coefficient Dμμ

(Jokipii 1971),

D
k P k

B4
1 , A3r r

0
2

0
2

p
m= W -mm ( ) ( ) ( )

where kr= |Ω0/vμ| is the resonant wavenumber, Ω0 is the
particle gyrofrequency, and μ is the pitch-angle cosine.

The diffusion coefficient along the parallel direction of the
magnetic field can be related to the pitch-angle diffusion
(Jokipii 1966; Earl 1974; Luhmann 1976) by

v
v

D
d

4

1
, A4

2

0

1 2 2

 òk
m

m=
-

mm
( ) ( ) ( )

where v is the particle’s velocity.
Substituting Equations (A1) and (A3) into Equation (A4), we

get

v

A L

L

v

1

4

2

2 4
. A5

c

c
3

0 0
2 2

0
k

p s
=

W
+

W
- G - G

G
⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥( )( )

( )

For the Kolmogorov spectrum with Γ= 5/3, the equation
will be equivalent to that given in Giacalone & Jokipii (1999)
and used in our previous studies (Kong et al. 2017, 2019a). If
we take B= 1 G, Lc= 0.01 Re, and B B 0.142 2

0
2s d= á ñ = ,

we can get κ∥0= 1.4× 1017 cm2 s−1 for protons of
E0= 100 keV.

In this study, we consider Γ� 0.5 and particle energy

<1 GeV nuc−1, so L

v

2

2 4

1

4
c0 >W G

- G - G( ) ( )( ) , and Equation (A5)
can be simplified as

v
L
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m

v Q
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2 4

, A6

c c

p0
2

2

3

2

2

k
ps

g

=
- G - G

´

G-

-G

G-
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( )( )
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where γ is the Lorentz factor, mp is the proton mass, e is the
elementary charge, and for different ion species the gyrofre-
quency Ω= (Q/A)(eB/γmp).

We assume the ions have the same initial velocity as protons,
i.e., E0,i= 100 keV nuc−1. Particle momentum p=mv=
γAmpv, and p0= γ0Ampv0, corresponding to the injection
energy E0 with γ0= 1.0001≈ 1. So, Equation (A6) can be
written as

p
p

p

Q

A
, A70

0

3 2
0

 k k
g
g

=
-G G-
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where

L

A
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v2

2 4
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p
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2

2
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0
2k

ps g
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- G - G

G- -G
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⎛
⎝

⎞
⎠( )( )
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For the same form of the turbulence power spectrum P(k),
κ∥0 remains a constant for different ions. In this work, we also
examine the effects of turbulence spectra by considering
different spectral indices.
Note that the form of the diffusion coefficient in

Equation (A7) is similar to Equation (10) in Li et al. (2013),
except that they only consider electrons with Q/A= 1.
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