
Radiation reaction and limiting acceleration

Item Type Article; text

Authors Price, W.; Formanek, M.; Rafelski, J.

Citation Price, W., Formanek, M., & Rafelski, J. (2022). Radiation reaction
and limiting acceleration. Physical Review D.

DOI 10.1103/PhysRevD.105.016024

Publisher American Physical Society

Journal Physical Review D

Rights Copyright is held by the author(s) or the publisher. If your
intended use exceeds the permitted uses specified by the license,
contact the publisher for more information. Published by the
American Physical Society under the terms of the Creative
Commons Attribution 4.0 International license.

Download date 24/05/2023 20:04:50

Item License https://creativecommons.org/licenses/by/4.0/

Version Final published version

Link to Item http://hdl.handle.net/10150/663635

http://dx.doi.org/10.1103/PhysRevD.105.016024
https://creativecommons.org/licenses/by/4.0/
http://hdl.handle.net/10150/663635


Radiation reaction and limiting acceleration
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We investigate the strong acceleration properties of the radiation reaction force and identify a new and
promising limiting acceleration feature in the Eliezer-Ford-O’Connell model; in the strong field regime, for
many field configurations, we find an upper limit to acceleration resulting in a bound to the rate of radiation
emission. If this model applies, strongly accelerated particles are losing energy at a much slower pace
than predicted by the usual radiation reaction benchmark, the Landau-Lifshitz equation, which certainly
cannot be used in this regime. We explore examples involving various “constant” electromagnetic field
configurations and study particle motion in a light plane wave as well as in a material medium.
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I. INTRODUCTION

Inspired by the Born-Infeld (BI) theory of electromag-
netism [1–3], we ask if there can be a natural upper limit to
the acceleration that a charged particle can experience. In
the BI model, this bound can be achieved by introducing
an upper limit to the electromagnetic field strength. For
particle motion in certain field configurations, the upper
bound on field strength leads to an upper bound on the
acceleration. We identify the presence of an upper bound to
acceleration in the Eliezer-Ford-O’Connell (EFO) descrip-
tion of radiation reaction (RR) (see, for example, [4–6]) for
nonhyperbolic motion. We study the resulting (classical)
charged particle dynamics for a few simply soluble force
field configurations: (a) constant fields, (b) plane waves,
and (c) a covariant material friction force. We compare
results to another well-known description of the RR force,
the Landau-Lifshitz (LL) equation [7].
An accelerated (relativistic) charge emits radiation and

loses energy at a rate given by the relativistic Larmor
formula [8]

P ¼ −mτ0aμaμ; τ0 ¼
2

3

e2

4πϵ0mc3
¼ 6.27 × 10−24 s: ð1Þ

Here and below, the numerical values are obtained using the
mass and charge of an electron. This means that an electron
experiencing an acceleration of the magnitude

aRR ¼ c
τ0

¼ 4.78 × 1031
m
s2

ð2Þ

emits an energy equal to its rest mass equivalent in a span of
time equal to the characteristic RR time interval τ0,

PRR ¼ mc2

τ0
: ð3Þ

This situation has motivated our search for a RR force with
properties akin to the BI theory; if a particle’s acceleration
was bounded by aRR, Eq. (2), the particle’s radiation rate is
bounded by Eq. (3). For such bounded radiation emission
Eq. (3) the EFO equation generates a RR force that in turn
generates a limited acceleration aRR, creating a physically
self-consistent model of charged particle motion.
The conventions used in this paper are as follows. We use

a flat spacetime metric

gμν ¼ diagð1;−1;−1;−1Þ: ð4Þ

The external field is given by the electromagnetic (EM)
tensor

Fμν ≡ ∂μAν − ∂νAμ ¼
�

0 −E=c
E=c −ϵijkBk

�
; ð5Þ

where ϵ123 ¼ þ1 and the 4-potential is given by
Aμ ¼ ðV=c;AÞ, where V is the scalar potential and A is
the vector potential. E and B are the electric and magnetic
field vectors which can be computed from the 4-potential
components as

E ¼ −∇V −
∂A
∂t ; B ¼ ∇ × A: ð6Þ
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The dual EM tensor is defined by

F̃αβ ≡ 1

2
ϵαβμνFμν; ð7Þ

with the totally antisymmetric symbol defined by
ϵ0123 ¼ þ1.
For constant fields, we will use the following electric and

magnetic constants with units of frequency:

ΩE ¼ eE
mc

; ΩB ¼ eB
m

; ð8Þ

where e and m are the charge and mass of the particle,
respectively.
We also define the following EM field invariants S and P:

S ≡ 1

4
FμνFμν ¼

1

2
ðB2 − E2=c2Þ; ð9Þ

P ≡ 1

4
FμνF̃μν ¼ B · E=c: ð10Þ

In Sec. II, we reintroduce the Eliezer-Ford-O’Connell
RR force. A comparison of key features of different models
of the RR force is presented in Sec. III. For spacetime-
independent field configurations we present in Sec. IV a
general result determining the form of the acceleration
magnitude in terms of the invariant Lorentz force accel-
eration and field invariants; we then describe special
dynamical examples in different field configurations.
Among nonconstant fields, the configuration of particular
physical relevance is the plane electromagnetic wave
explored in Sec. V. Another case of interest is a friction
force due to passage through matter [9] which is considered
in Sec. VI. In Sec. VII, we discuss the connection to the
limiting EM field strength recognized in quantum electro-
dynamics. We summarize our results and provide future
outlook in Sec. VIII.

II. ELIEZER-FORD-O’CONNELL RR FORCE

In this section we present the EFO form of the radiation
reaction force. For a particle subject to an external force
F μ

ext, the EFO equation takes the following form:

maμ ¼ F μ
ext þ τ0P

μ
ν
d
dτ

F μ
ext; ð11Þ

where the projection tensor is given by

Pμ
ν ¼ δμν −

uμuν
c2

; ð12Þ

which projects onto the hypersurface orthogonal to the
4-velocity uμ. We will show that, outside of a few specific
external field configurations, Eq. (11) generally predicts

that particles cannot reach an acceleration greater than the
limiting value aRR.
The EFO equation is known to correspond with the LL

RR force [7] in the leading perturbative limit (for the most
recent studies see [4,5,10]), and we show this explicitly
through several examples. This demonstrates that the
EFO model can be thought of as a strong field, limiting
acceleration generalization of the LL model. However,
there are exceptional cases that do not conform to the
limiting acceleration principle which are of special interest.
The EFO equation of motion was first studied by Eliezer

in 1948 [11] and later by Ford and O’Connell in 1991
[12,13]. Both studies derived the EFO equation as an
approximate RR equation of motion for a charged particle
with an extended size. To the best of our knowledge, the
important consequence of this equation, the upper limit on
the acceleration, is for the first time discussed here. It also
should be noted that in the absence of Google Scholar, we
would have rediscovered the EFO-RR force for a third
time, as we were constructing a RR force based on the
desired properties: a hybrid format involving fields and
acceleration leading to a limiting acceleration. These are
uniquely satisfied by the EFO form.
For a particle in an EM field with the external force given

by the Lorentz force

F μ
ext ¼ eFμνuν; ð13Þ

the EFO equation takes the form

maμ ¼ eFμνuν þ eτ0ðuα∂αFμνuν þ Pμ
νFναaαÞ: ð14Þ

Grouping the acceleration-dependent terms and defining
the tensor

Mμ
ν ≡ δμν −

eτ0
m

PμαFαν; ð15Þ

we obtain the following expression:

Mμ
νaν ¼ e

m

�
Fμν þ τ0

d
dτ

Fμν

�
uν: ð16Þ

In order to integrate Eq. (16) and calculate the motion of a
particle, the tensorMμ

ν must be invertible to allow us to solve
for the acceleration 4-vector aμ, orthogonal to 4-velocity
a · u ¼ 0. Since the right side of Eq. (16) is also orthogonal
to the 4-velocity uμ, the inverse ðMμ

νÞ−1 only needs to act on
the subspace orthogonal to uμ. Due to this fact, an inverse
can be found and is done so in Ref. [5]. This allows one to
rewrite Eq. (16) with the 4-acceleration expressed purely in
terms of the EM field and the 4-velocity.
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III. COMPARISON OF RR MODELS

Before exploring the predictions of the EFO equation,
we discuss it in the context of the standard formulation of
radiation reaction for weak acceleration.

(i) The covariant form of Larmor radiation power
loss cast into reaction force form is the Lorentz-
Abraham-Dirac (LAD) equation [14]

maμ ¼ eFμνuν þmτ0

�
daμ

dτ
þ a2

c2
uμ
�
: ð17Þ

To obtain LAD, the self-action of the radiation field of
a charge on itself needs to be allowed for [15]. This
procedure is questionable for point particles and there
is a hefty price to be paid for this: Eq. (17) is known
to allow for runaway solutions, i.e. motion in which
particles accelerate exponentially irrespective of the
applied force. Since LAD includes derivatives of
acceleration, causality is not guaranteed and indeed is
violated in general [16]. The LAD equation of
motion, when considered as an initial value problem,
requires an additional boundary condition aside from
the initial position and momentum.

(ii) For all the above reasons, in most applications of
RR, one encounters the form presented originally in
the LL textbook [7] as a reduction of order approxi-
mation of the LAD equation by making repeatedly
the substitution aμ → e

mF
μνuν on the right-hand side

of Eq. (17)

maμ ¼ eFμνuν þ eτ0

�
uα∂αFμνuν

þ e
m
PμνFναFαβuβ

�
: ð18Þ

The LL equation can be also derived as a first order
RR correction to the Lorentz force as shown in [17].
This method does not rely on the LAD equation as a
starting point and therefore establishes the LL
equation as a trustworthy RR force for weak accel-
eration independent of the LAD model.

In some translated editions of the Landau and Lifshitz
textbook, these authors appeared as claiming that the LAD
and LL formulations were equivalent. Clearly, this is not
the case in general, as the LAD equation contains unphys-
ical solutions absent from the LL equation [18]. Unlike the
LAD formulation, which aims to be a fully consistent RR
force, the LL model is a manifestly perturbative description
of RR applicable only in the weak acceleration domain.
We are however interested in studying the strong accel-

eration domain, beyond the applicability of the LL equa-
tion. To formulate an equation capable of this, as a first
step, we note that the LAD equation can be equivalently
written as

maμ ¼ eFμνuν þ τ0P
μ
ν
d
dτ

ðmaνÞ: ð19Þ

If we then make the substitution maν → eFναuα, we
arrive at

maμ ¼ eFμνuν þ eτ0P
μ
ν
d
dτ

ðFναuαÞ; ð20Þ

which is the EFO equation.
We recall that the LL equation is obtained from LAD

as a reduction of order approximation [7] obtained by
replacing the acceleration with the applied force. Our
argument seen in Eq. (20) could be interpreted in the same
way: The EFO equation follows using such a (modified)
procedure. However, the EFO equation was originally
derived through a different line of thinking: as a RR
equation of motion for extended particles. As long as we
lack a satisfactory first principles treatment of RR for
point particles we cannot view any RR version as being
more fundamental than another. However, EFO appears to
be more justified by first principles as well as more elegant
in its form. Therefore, for the purposes of this work, we
will assume the EFO equation as being the best approxi-
mate to the exact, yet to be discovered, RR particle
dynamics formulation.
Comparing the EFO equation to the LAD and LL

equations, we emphasize the hybrid EFO format: LAD
places RR alone as an effect of dynamic motion using
4-velocity and 4-acceleration to describe RR; on the other
hand, LL only uses EM fields to characterize the RR. The
EFO format employs all available 4-vectors uμ; aμ;F μ

ext,
including both dynamical variables and fields, and thus
creates a “hybrid” formulation conceptually lying between
the LAD and LL formalism.
It is easy to see that the EFO equation leads to the LL

equation in a perturbative iteration using τ0 as a smallness
parameter. We will therefore assume the EFO equation as
the full RR force, and, in light of the equivalence between
the LL and EFO equations for weak acceleration, we will
view the LL equation as a perturbative approximation of the
EFO equation. The hierarchy of these equations can be seen
in Table I.
The last entry in the table, the Mo-Papas equation [19],

is the constant field form of the EFO form. It cannot be
viewed as another potentially valid RR force, as it is
missing a field derivative term and thus disagrees with
LL equations for weak fields, leading to unphysical
solutions. It has been shown [20] that the Mo-Papas
radiation reaction force vanishes for any motion in one
dimension, an unphysical result not seen in other RR
formulations.
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IV. HOMOGENEOUS AND CONSTANT FIELDS

A. Acceleration as a function of the Lorentz force
and field invariants

For constant, homogeneous EM fields, the uν · ∂Fμν ¼
uνdFμν=dτ term in EFO Eq. (11) and LL Eq. (18) vanishes.
The EFO equation can then be written as

aμ ¼ e
m
Fμνuν þ τ0

e
m
Pμ
νFναaα; ð21Þ

i.e. the Eliezer-Ford-O’Connell equation reduces to the
Mo-Papas equation; compare with Table I. Therefore, all
our analysis in this section, including the result of limiting
acceleration, will also apply to the Mo-Papas equation.
We will now show that the Eliezer-Ford-O’Connell

equation of motion can be explicitly solved for the invariant
square of the 4-acceleration for constant fields. First, let us
denote the invariant quantities

C1 ≡ uFFa; C2 ≡ aFFa; ð22Þ

C3 ≡ uFa; C4 ≡ uF̃a; ð23Þ

where in our notation uFFa ¼ uμFμνFναaα, and so on. We
can then multiply Eq. (21) with the 4-vectors aμ, ðuFÞμ,
ðuF̃Þμ, and ðuFFÞμ, to derive the following linear equations
in terms of the introduced invariants:

aμ∶ a2 ¼ −
e
m
C3; ð24Þ

ðuFÞμ∶ C3 ¼
e
m
uFFuþ eτ0

m
C1; ð25Þ

ðuF̃Þμ∶ C4 ¼ −
e
m
Pc2; ð26Þ

ðuFFÞμ∶ C1 ¼
eτ0
m

�
−PC4 − 2SC3 −

C3

c2
uFFu

�
: ð27Þ

The identities

ðFF̃Þμν ¼ ðF̃FÞμν ¼ −Pδμν ; ð28Þ

ðF3Þμν ¼ −PF̃μ
ν − 2SFμ

ν ð29Þ

were used to simplify the expressions.
From the system of equations Eq. (24)–(27), we can

eliminate the invariants C1, C2, C3, and C4 by substituting
from Eqs. (24)–(26) to Eq. (27). We then define the Lorentz
force acceleration as

aμLF ¼ e
m
Fμνuν; ð30Þ

so that we can express a2 as a function of a2LF, S, and P,
yielding

aμaμ ¼ a2LF
1þ τ20

e4

m4
c2P2

ja2LF j

1þ τ20

�
e2

m2 2S þ ja2LF j
c2

� : ð31Þ

By inspecting Eq. (31), we can see that the presence of
limiting acceleration is dependent on the behavior of the
two field invariants (S and P) and the dynamical invariant

a2LF ¼ −
e2

m2
uFFu: ð32Þ

The Lorentz force acceleration is a spacelike vector, so
a2LF < 0 at all times.
For comparison, the square of the acceleration for the LL

equation can be written as

aμaμ ¼ a2LF

�
1 − τ20

�
e4

m4

c2P2

ja2LFj
− 2

e2

m2
S −

ja2LFj
c2

��
: ð33Þ

Equation (33) does not have an upper bound in strong
fields. When compared to the EFO result Eq. (31), the sign
of the lowest order correction (quadratic in τ0) differs. This
supports our assumption that the EFO equation lowers
the invariant magnitude of acceleration compared to the
Lorentz force case whereas the LL equation raises it, in
certain field configurations.
In the rest of this section we will discuss examples

characterized to a large extent by specific values of S and P

TABLE I. Classical radiation reaction models for electromagnetic force F μ ¼ eFμνuν. Top: the LAD and EFO forms which attempt
complete description. Bottom: EFO approximations; LL for “small” τ0, Mo-Papas for constant fields.

Name Covariant equation Year Reference

Lorentz-Abraham-Dirac (LAD) maμ ¼ F μ þ τ0P
μ
ν

d
dτ ðmaνÞ 1938 [14]

Eliezer-Ford-O’Connell (EFO) maμ ¼ F μ þ τ0P
μ
ν

d
dτ ðeFναuαÞ 1948, 1991 [11–13]

Landau-Lifshitz (LL) maμ ¼ F μ þ τ0ðe d
dτ ðFμνÞuν þ e2

m Pμ
νFναFαβuβÞ 1962 [7]

Mo-Papas (MP) maμ ¼ F μ þ eτ0P
μ
νFναaα 1971 [19]
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in order to understand exactly under what circumstances
limiting acceleration can arise.

B. Motion parallel to a constant electric field

For a pure electric field and motion in one dimension,
P ¼ 0 and S < 0. Moreover, by squaring the Lorentz force
we also find in the current case

e2

m2
2S ¼ −

ja2LFj
c2

: ð34Þ

By Eq. (31) this implies

aμaμ ¼ a2LF: ð35Þ

There is then no EFO radiation reaction for a charge
uniformly accelerated along electric field lines, which is
also a well-known feature of the Landau-Lifshitz RR model.
Motion in the case of either model is then governed solely
by the 1D Lorentz force and the acceleration is unbounded
(in the literature referred to as hyperbolic motion).
The question of radiation reaction in a one-dimensional

constant electric field has a long history [21] as a well-
known controversy of radiation reaction models and the
problem remains unsolved by the EFO equation. We will
continue this discussion in concluding Sec. VIII.

C. Constant magnetic field (S > 0;P = 0)

Let us consider a constant magnetic field in the
z-direction B ¼ ð0; 0;BÞ. For a particle with velocity in
the plane perpendicular to the field we have

uμ ¼ ðγc; ux; uy; 0Þ ¼ γcð1; βx; βy; 0Þ; ð36Þ

aμ ¼ ð_γc; _ux; _uy; 0Þ; ð37Þ

in which the dot here refers to the proper time derivative.
Rewriting the Eliezer-Ford-O’Connell equation (11) with
the acceleration terms on the left side, we obtain

aμ −
e
m
τ0ðFμνaν − ðuFaÞuμÞ ¼ e

m
Fμνuν: ð38Þ

The quantity uFa can be evaluated as

uFa ¼ uμFμνaν ¼
B
c2

ð _uxuy − ux _uyÞ: ð39Þ

We then write out the spatial components of Eq. (38)

�
1

ΩB
þ τ0

uxuy
c2

�
_ux − τ0

�
1þ u2x

c2

�
_uy ¼ uy; ð40Þ

τ0

�
1þ u2y

c2

�
_ux þ

�
1

ΩB
− τ0

uxuy
c2

�
_uy ¼ −ux: ð41Þ

This is a linear system of equations in the acceleration
components, which can be inverted to obtain

_ux ¼ ΩB
uy − ΩBτ0uxγ2

1þ ðΩBτ0γÞ2
; ð42Þ

_uy ¼ −ΩB
ux þ ΩBτ0uyγ2

1þ ðΩBτ0γÞ2
; ð43Þ

in which we used the constraint u2 ¼ c2 to simplify the
equations.
We can also differentiate this constraint to relate _γ to the

above acceleration components Eqs. (42) and (43) as

_γ ¼ 1

γ
ðux _ux þ uy _uyÞ: ð44Þ

If we insert Eqs. (42) and (43) into Eq. (44), we get

_γ ¼ Ω2
Bτ0γð1 − γ2Þ

1þ ðΩBτ0γÞ2
: ð45Þ

We now have each component of the acceleration and, after
a bit of manipulation, the square of its magnitude reads

aμaμ ¼ −
Ω2

Bc
2ðγ2 − 1Þ

1þ ðΩBτ0γÞ2
; ð46Þ

which agrees exactly with Eq. (31). We can then investigate
the strong field limit ΩB → ∞ to see

aμaμ → −
c2ðγ2 − 1Þ

τ20γ
2

¼ −
c2

τ20
β2: ð47Þ

For ultrarelativistic particles, β → 1, and we obtain a finite
limit to the acceleration magnitude

aμaμ → −
c2

τ20
: ð48Þ

We see in this key result that the covariant limit to
acceleration appears for a (magnetic) force acting, in this
case, normal to the direction of motion.
We can also compare the EFO equation with the LL

equation for the constant magnetic field. Written out in
components, the LL acceleration is

_ux ¼ ΩBðuy − ΩBτ0uxγ2Þ; ð49Þ

_uy ¼ −ΩBðux þ ΩBτ0uyγ2Þ; ð50Þ

_γ ¼ −Ω2
Bτ0γðγ2 − 1Þ: ð51Þ

A study of the numerical properties of the LL system in a
constant magnetic field is presented in [22], and analytical
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solutions of the LL equation in constant fields appear in
[23,24]. We note that each component of the LL accel-
eration is equivalent to the numerator in the corresponding
EFO accelerations, Eqs. (42), (43), and (45). As the LL
equation is a perturbative approximation to the EFO
equation, we can see that the LL approximation is only
valid for ΩBτ0γ ≪ 1. Additionally, it is clear that the LL
acceleration is unbounded as each component of the
acceleration scales quadratically with the magnetic field.
Numerical solutions for both the EFO and LL equations of

motion are presented for an electron injected into the field
with γ0 ¼ 104 at τ ¼ 0. Figure 1 shows the motion of the
particle in a weak (subcritical) field of B ¼ 4.41 × 106

T ¼ 10−3Bc where Bc is the Schwinger critical magnetic
field discussed in Sec. VIII. At this field strength the EFO
and LL equations yield nearly identical results.
Figure 2 shows the invariant magnitude of acceleration

a ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
−aμaμ

p
and γ for the EFO and LL equations. For the

EFO solution, the particle begins with a value of γ large
enough to reach limiting acceleration, which is marked by
the horizontal line. It radiates at a constant rate correspond-
ing to this limiting acceleration until γ decreases enough
that the acceleration falls below c=τ0. The LL acceleration
is not limited. The LL and EFO solutions differ only for
short times while the acceleration is above or at the limiting
value, and quickly converge when the acceleration drops
below this limit. We note that at this field strength the LL
equation is not valid since the perturbative approach is no
longer justified.

D. Constant electric field (S < 0;P = 0)

We now consider a constant electric field in the
z-direction so that E ¼ ð0; 0; EÞ. For motion parallel to
the field, the Eliezer-Ford-O’Connell radiation reaction
force vanishes as seen in Sec. IV B. However, we can

FIG. 1. Numerical solutions of the EFO and LL equations for
an electron in a subcritical field B ¼ 4.41 × 106T ¼ 10−3Bc with
an initial velocity corresponding to γ0 ¼ 104. The EFO curve is
the solid blue line while the LL curve is the dashed red line. The
plot above shows the spiraling trajectory of the particle, while the
plot below shows γ as a function of τ. At this field strength
the EFO and LL solutions are effectively identical.

FIG. 2. Numerical solutions of the EFO and LL equations for
an electron in a critical field B ¼ 4.41 × 109T ¼ Bc with an
initial velocity corresponding to γ0 ¼ 104. The plot above is of
the invariant acceleration magnitude of the electron in units
of aRR. The plot below shows γ as a function of τ. The EFO and
LL solutions differ above the limiting acceleration region, but
quickly converge as the acceleration decreases.
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study a particle with initial velocity perpendicular to the
field so that the motion is in two dimensions. The particle
will turn into the field and radiate while doing so. In this
case the particle will have a 4-velocity

uμ ¼ ðγc; uk; 0; u⊥Þ ¼ γcð1; βk; 0; β⊥Þ; ð52Þ

where uk, u⊥ are the components of the particle’s velocity
parallel and perpendicular to the field, respectively. The
components of the acceleration for the EFO equation can be
solved for to obtain

_uk ¼ ΩE
γc −ΩEτ0u2⊥uk=c2

1þ ðΩEτ0u⊥=cÞ2
; ð53Þ

_u⊥ ¼ −Ω2
Eτ0

u⊥ð1þ u2⊥=c2Þ
1þ ðΩEτ0u⊥=cÞ2

; ð54Þ

_γ ¼ ΩE
uk=c −ΩEτ0u2⊥γ=c2

1þ ðΩEτ0u⊥=cÞ2
: ð55Þ

Using these components to calculate the square of the
acceleration results in

aμaμ ¼ −
Ω2

Ec
2ð1þ u⊥=cÞ2

1þ ðΩEτ0u⊥=cÞ2
: ð56Þ

Taking the strong field limit ΩE → ∞ of Eq. (56), we
arrive at

aμaμ → −
�
c
τ0

�
2 ð1þ u⊥=cÞ2

u2⊥=c2
: ð57Þ

We then see that the existence of limiting acceleration in
this case is dependent on the transverse velocity u⊥. We can
separately take the limits of large and small transverse
velocity to obtain

aμaμ →

�
−c2=τ20; β⊥ → 1;

−∞; β⊥ → 0:
ð58Þ

While the particle maintains an ultrarelativistic speed in the
direction transverse to the field, its acceleration will be
bounded. However, for a particle moving parallel to the
field, the acceleration is unbounded as we know the EFO
radiation reaction force vanishes.
Again, we can compare the Eliezer-Ford-O’Connell

solution with that of the Landau-Lifshitz equation.
Writing out each component of the acceleration, we have

_uk ¼ ΩEðγc − ΩEτ0u2⊥uk=cÞ; ð59Þ

_u⊥ ¼ −Ω2
Eτ0u⊥ð1þ u2⊥=c2Þ; ð60Þ

_γ ¼ ΩEðuk=c −ΩEτ0u2⊥γ=c2Þ: ð61Þ

We can see that the LL acceleration components are
equivalent to the EFO acceleration components expanded
to order τ0.

E. Constant crossed fields (P = 0)

We now consider constant crossed electric and magnetic
fields, E ¼ ðE; 0; 0Þ and B ¼ ð0; 0;BÞ. We then can study
the following regimes: electrically dominated (S < 0),
magnetically dominated (S > 0), and low-frequency plane
wave (S ¼ 0) regime. We note that the cases of S < 0 and
S > 0 are related to the pure constant electric (Sec. IV D)
and magnetic fields (Sec. IV C) respectively by a Lorentz
transformation. The case of S ¼ 0 is the only new
configuration arising in discussion of the long-wavelength
limit of plane waves. Since constant crossed fields are
important for the locally constant field approximation we
will consider all possible values of S in this section.
Let the particle motion be restricted to the xy plane so

that its 4-velocity is

uμ ¼ ðγc; ux; uy; 0Þ ¼ γcð1; βx; βy; 0Þ: ð62Þ

We will now evaluate our expression Eq. (31) to determine
under which circumstances a limiting acceleration occurs.
The Lorentz force acceleration Eq. (32)

a2LF ¼ c2ðΩ2
B − Ω2

E − ðΩEuy=cþ ΩBγÞ2Þ: ð63Þ

From this, we can then evaluate the EFO acceleration using
Eq. (31)

aμaμ ¼
c2ðΩ2

B −Ω2
E − ðΩEuy=cþ ΩBγÞ2Þ

1þ τ20ðΩEuy=cþ ΩBγÞ2
: ð64Þ

We will first consider S ≥ 0, which encompasses both
the magnetically dominated and low-frequency plane wave
cases. We can rewrite our acceleration as

aμaμ ¼ c2
ðΩ2

B − Ω2
EÞ − ðΩEuy=cþΩBγÞ2

1þ τ20ðΩEuy=cþ ΩBγÞ2
: ð65Þ

Since we must have a2 < 0, as the acceleration is a
spacelike vector, we can conclude that the second term
in the numerator must always be larger than the first. This
term will therefore dominate in the limit ΩE;ΩB → ∞, and
we see that

aμaμ → −c2
ðΩEuy=cþ ΩBγÞ2
τ20ðΩEuy=cþ ΩBγÞ2

→ −
�
c
τ0

�
2

: ð66Þ

Therefore the acceleration will be bounded for S ≥ 0.
We now turn to the electrically dominated case, S < 0.
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If we first consider when uy ¼ 0 so that the particle is
moving parallel to the electric field, we have

aμaμ ¼ −c2
Ω2

E þ Ω2
Bðγ2 − 1Þ

1þ ðτ0ΩBγÞ2
: ð67Þ

If we take the limit in which ΩE, ΩB → ∞, we see that the
acceleration will reach the limiting value c=τ0 only if
ΩBγ ≫ ΩE. That is, if the magnetic field is strong enough
to deflect the particle away from motion parallel to the
electric field, then the acceleration will be bounded.
Otherwise, the particle will continue to travel parallel to
the electric field with an unbounded acceleration.
If we now consider when the particle’s velocity is

entirely in the transverse direction, uy ≈ γc, we have in
the strong field limit

aμaμ → −c2
Ω2

E þ Ω2
Eγ

2

1þ τ20Ω2
Eγ

2
→ −

�
c
τ0

�
2

: ð68Þ

The acceleration is therefore bounded for a particle moving
transverse to the electric field, and it will only become
unbounded if it is allowed to turn entirely in the direction
parallel to the electric field.
From the discussion in this section we see that all cases

of an acceleration greater than c=τ0 are rooted in the
problem of a particle moving parallel to a constant electric
field. For S ≥ 0 the magnetic field is strong enough to keep
this from happening, but the particle can turn entirely in the
direction of the electric field for S < 0.

F. Constant parallel fields of the same
magnitude (S = 0;P ≠ 0Þ

We now consider the case of constant parallel electric
and magnetic fields of equal strength, both pointing in the
z-direction: E ¼ ð0; 0; EÞ and B ¼ ð0; 0;BÞ. For fields of
equal magnitude, we have

ΩE ¼ ΩB ≡Ω: ð69Þ

Let the particle’s 4-velocity have a component along each
axis

uμ ¼ ðγc; ux; uy; uzÞ: ð70Þ

We will again use Eq. (31) to determine if acceleration is
limited for this case. First evaluating the Lorentz force
acceleration, we find

a2LF ¼ −c2Ω2½ðγ2 − u2z=c2Þ þ ðu2x þ u2yÞ=c2�: ð71Þ

Defining the transverse component of the velocity as

u2⊥ ¼ u2x þ u2y; ð72Þ

the Lorentz force acceleration becomes

a2LF ¼ −c2Ω2ð1þ 2u2⊥=c2Þ: ð73Þ

This allows us to write the EFO acceleration as

aμaμ ¼ −
c2Ω2ð1þ 2u2⊥=c2Þ þ c2τ20Ω4

1þ τ20Ω2ð1þ 2u2⊥=c2Þ
: ð74Þ

We now take the strong field limit Ω → ∞. If we first
consider u⊥ ¼ 0, we again have the case of a particle
moving parallel to a constant electric field. We already know
that the acceleration reduces to its Lorentz force value,

aμaμ ¼ −c2Ω2 → −∞; ð75Þ

which is unbounded. This result is obtained by canceling the
terms in the numerator and denominator. For u⊥ ≠ 0, the
presence of the P term in this example again leads to an
unbounded acceleration:

aμaμ → −
c2Ω2

1þ 2u2⊥=c2
→ −∞: ð76Þ

We can infer that field configurations with a nonzero value of
P do not yield a limiting acceleration.

V. LIGHT PLANE WAVE FIELD

The plane wave field is our first example of a time-
dependent field where the u · ∂Fμνuν term in both the LL
and EFO equations will be relevant since S ¼ 0 and P ¼ 0.
We consider a plane wave field 4-potential

Aμ ¼ εμA0fðξÞ; ξ ¼ k · x; ð77Þ

where f is an arbitrary function of the phase ξ and kμ is the
lightlike wave vector with k2 ¼ 0 orthogonal to polariza-
tion εμ so that k · ε ¼ 0 and ε2 ¼ −1. Then for the EM
tensor Eq. (5) and its derivative we have

Fμν ¼ ðkμεν − εμkνÞf0ðξÞA0; ð78Þ

_Fμν ¼ ðkμεν − εμkνÞðk · uÞf00ðξÞA0: ð79Þ

The primes denote derivatives with respect to the phase ξ.
Substituting into the Eliezer-Ford-O’Connell equation of
motion (14), we get

aμ ¼ e
m
½kμðε · uÞ − εμðk · uÞ�½f0 þ τ0ðk · uÞf00�A0

þ τ0
e
m
½kμðε · aÞ − εμðk · aÞ�f0A0

− τ0
e
m
uμ

c2
½ðk · uÞðε · aÞ − ðε · uÞðk · aÞ�f0A0: ð80Þ
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If we multiply by aμ we obtain

a2 ¼ eA0

m
½f0 þ τ0ðk · uÞf00�W; ð81Þ

where we defined the tensor part of the contraction uFa as

W ≡ ðk · aÞðε · uÞ − ðε · aÞðk · uÞ: ð82Þ

If we project the equation of motion (80) by kμ or εμ we get,
respectively,

k · a ¼ τ0
eA0

m
k · u
c2

f0W; ð83Þ

ε · a ¼ eA0

m
ðk · uÞ½f0 þ τ0ðk · uÞf00�

þ τ0
eA0

m
ðk · aÞf0 þ τ0

eA0

m
ε · u
c2

f0W: ð84Þ

Now we eliminate W by evaluating the combination
Eq. (83)×ðε · uÞ—Eq. (84)×ðk · uÞ and substitute for k · a
from Eq. (83). Thus W is equal to

W ¼ − eA0

m ðk · uÞ2½f0 þ τ0f00ðk · uÞ�
1þ τ20

e2A2
0

m2c2 ðk · uÞ2f02
; ð85Þ

which we can substitute back to Eq. (81)

aμaμ ¼
− e2A2

0

m2 ðk · uÞ2½f0 þ τ0f00ðk · uÞ�2
1þ τ20

e2A2
0

m2c2 ðk · uÞ2f02
: ð86Þ

We can write Eq. (86) in terms of the Lorentz force
acceleration, which is

a2LF ¼ −
e2A2

0

m2
ðk · uÞ2f02; ð87Þ

giving us a final result of

aμaμ ¼
a2LF½1þ τ0ðk · uÞf00=f0�2

1þ τ2
0

c2 ja2LFj
: ð88Þ

Compared to the first iteration of the Landau-Lifshitz
model, which has an analytical solution for plane wave
fields [25–27], the expression for k · a Eqs. (83) and (85) in
our model has a complicated dependence on k · u, and thus,
is in general, not integrable.
We notice that if the f0 term in the numerator of Eq. (86)

dominates over the f00 term in the limit of strong fields,
the acceleration will approach the usual limiting value
a2 → −ðc=τ0Þ2. However, the f00 term will be large if

τ0ωγ ∼ 1: ð89Þ

If we take as an example a wavelength of 1000 nm, then
ωτ0 ∼ 10−8 for an electron. Overcoming the limiting
acceleration in this case would take an electron of energy
50 TeV. As shown in [4], a particle colliding with a wave
will typically radiate energy too quickly to reach large
accelerations. We can conclude that an electron in a plane
wave of typical experimental amplitude and frequency will
not reach above the value of the limiting acceleration.
For comparison, we can compute the LL acceleration

squared Eq. (33) as

aμaμ ¼ a2LF

�
½1þ τ0ðk · uÞf00=f0�2 þ

τ20
c2

ja2LFj
�
: ð90Þ

If we expand the result Eq. (88) in the powers of τ0, we can
match the LL result Eq. (90) in linear order and the
expressions again start to differ for quadratic order and
higher as we saw in constant fields.

VI. APPLICATION FOR THE MATERIAL
FRICTION FORCE

As we have shown in [9], studying a material friction as
the external force driving the motion poses certain con-
ceptual advantages. The material medium provides a
unique reference frame which is not available in the
Lorentz-invariant vacuum. Also, the use of an empirical
friction force avoids the need to resolve the consistency
issue between the EM field equations and a description of
charged particle motion. Finally, since the motion in the rest
frame of the medium is in one dimension, it poses a simple
case for which the RR force does not vanish and the EFO
equation can be inverted to obtain aμ rather than just its
magnitude.
The external material friction force can be taken in

covariant form as

F μ
ext ¼ mrRμνuν; ð91Þ

where r is the resistive medium friction coefficient and the
antisymmetric tensor Rμν reads

Rμν ¼ ημuν − uμην; ð92Þ

where ημ is the constant 4-velocity of the resistive medium
with η2 ¼ c2. The Eliezer-Ford-O’Connell formulation
Eq. (11) for this driving force leads to

aμEFO ¼ rRμνuν þ τ0rP
μ
α
d
dτ

ðRανuνÞ: ð93Þ

We use the subscript EFO to avoid confusion with the LL
and Mo-Papas (MP) models, which are also discussed in this
section. If we substitute the tensor Rμν Eq. (92) we obtain
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aμEFO ¼ rRμνuν − τ0rðη · uÞaμEFO: ð94Þ

We can then solve for the 4-acceleration to get

aμEFO ¼ rRμνuν
1þ τ0rðη · uÞ

: ð95Þ

Defining the acceleration due to solely the material friction
force as

aμext ¼ rRμνuν; ð96Þ

we can write the invariant square of the full acceleration as

a2EFO ¼ a2ext
½1þ τ0rðη · uÞ�2

: ð97Þ

The effect of the radiation reaction is to lower the particle’s
acceleration. The η · u product is manifestly positive

η · u ¼ γmedγc2ð1 − βmed · βÞ; ð98Þ

where the “med” subscript refers to quantities belonging to
the medium. In the rest frame of the medium γmed ¼ 1 and
βmed ¼ 0, so η · u ¼ cγ. In the rest frame of the medium the
motion is also in one dimension (see [9]) and if we take the
r → ∞ and β → 1 limits of Eq. (97) we obtain

a2EFO → −
c2

τ20
; ð99Þ

which is the same limiting acceleration as in the case of
an external electromagnetic force. We can also define an
effective mass

Mðη · u; rÞ≡ 1þ τ0rðη · uÞ; ð100Þ

which is dependent both on the relative velocity between
the medium and particle as well as the strength of the
friction force. The equation of motion then takes the
Newtonian-like form

Mðη · u; rÞaμEFO ¼ mrRμνuν: ð101Þ

We can then interpret the effect of the Eliezer-Ford-
O’Connell radiation reaction force as a change in the inertia
of the particle. When the limiting acceleration c=τ0 is
reached, the force goes entirely into increasing the effective
mass rather than accelerating the particle. We can contrast
our result with the Mo-Papas formulation which omits the
proper time derivative of the Rμν term

aμMP ¼ rRμνuν þ τ0rP
μ
αRα

νaνMP; ð102Þ

where the second term identically vanishes since

Rα
νaνMP ¼ −uμðη · aMPÞ ð103Þ

is proportional to 4-velocity which gets projected out by Pμ
α.

Thus there is no radiation friction contribution aμMP ¼ aμext.
For the Eliezer-Ford-O’Connell equation the entire radiation
reaction effect comes from the d

dτR
μν term.

We then turn to the Landau-Lifshitz equation with the
material friction force. The first order iteration of the
Landau-Lifshitz model has the form

aμLL ¼ rRμνuν þ rτ0

	
d
dτ

ðRμνÞuν þ rPμ
αRαβRβγuγ



: ð104Þ

Again the last term vanishes, because

RαβRβγuγ ¼ ½ðη · uÞ2 − c4�uμ ð105Þ

is proportional to 4-velocity. If we apply the usual iteration
scheme by substituting in the driving force for the accel-
eration, we get to lowest order

aμLL ¼ rRμνuν − τ0r2ðη · uÞRμνuν ð106Þ

¼ ½1 − τ0rðη · uÞ�rRμνuν: ð107Þ

The square of the first iteration LL acceleration is

a2LL ¼ a2ext½1 − τ0rðη · uÞ�2: ð108Þ

If we compare with the EFO result we again see agreement
in linear order of τ0 and differences at second order and
beyond.
In this simple 1D example we can continue the Landau-

Lifshitz iterations to arrive at an alternating geometric
series in τ0rðη · uÞ,

aμLL;∞ ¼ aμext
X∞
n¼0

ð−τ0rðη · uÞÞn: ð109Þ

If τ0rðη · uÞ < 1, we can resum the series and obtain the
Eliezer-Ford-O’Connell result Eq. (95). Thus, we have
discovered the radius of convergence for the Landau-
Lifshitz approximation for this problem. If the convergence
condition is not satisfied, the Landau-Lifshitz equation
will fail to yield physical solutions and will instead have
only runaway solutions reminiscent of those of the LAD
equation. This is made clear by noting that the sign of the
acceleration changes in Eq. (107) when τ0rðη · uÞ > 1. This
results in a particle being accelerated by the radiation
reaction force rather than decelerated. It is notable that the
EFO equation has no such deficiency for τ0rðη · uÞ > 1 and
predicts that a particle will experience limiting acceleration
in this regime.
Interestingly, the resummation of the LL series yields

the EFO equation of motion and not LAD. A more
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sophisticated resummation of the LL series is carried out
in [28] in the locally constant crossed field approximation.
The resulting equation is found to differ from LAD for
short times before the two converge. Since we directly
obtain the EFO equation through resummation for the
simple example of mechanical friction force, we can
speculate that extending the results of [28] to compare
with the EFO equation may yield a closer relationship of
the resummed LL equation with EFO than LAD.
For the purpose of solving the equations of motion

numerically, we write them in terms of the rapidity

coshðyÞ ¼ γ; ð110Þ

and a dimensionless friction strength

r̃ ¼ rτ0
mc2

: ð111Þ

Written in terms of these quantities and evaluated in the
medium’s rest frame, the EFO equation takes the form

dyEFO
dτ

¼ −
r̃ sinhðyEFOÞ=τ0
1þ r̃ coshðyEFOÞ

: ð112Þ

Similarly, we can write the Landau-Lifshitz equation as

dyLL
dτ

¼ −
r̃
τ0
sinhðyLLÞ½1 − r̃ coshðyLLÞ�: ð113Þ

Here we can clearly see the range of validity of the LL
equation. The force changes sign at r̃γ ¼ 1; a positive force
will accelerate, rather than decelerate the particle, resulting
in behavior similar to the runaway solutions of the LAD
equation [16].
Figure 3 shows the weak acceleration behavior of γ for

the EFO and LL equations with r̃ ¼ 10−5. r̃γ < 1, so the
two equations give identical results.
Figure 4 shows both γ and the invariant acceleration

magnitude for the EFO equation with r̃¼10−3 and γ0¼104.
Since r̃γ > 1, limiting acceleration is reached. The LL
equation, on the other hand, breaks down for a friction
force of this strength and predicts runaway solutions that
rapidly accelerate instead of decelerate the particle.

VII. ON A QUANTUM LIMIT TO ACCELERATION

The extreme forces required to explore the limits to
acceleration can be achieved today by, for example,
colliding relativistic electrons with laser pulses [26],
provided that the classical electron dynamics allowing
for radiation loss is introduced. This is commonly done
in terms of the Landau-Lifshitz [7] field-dependent formu-
lation of the Larmor radiation power formula, resulting in
the equation of motion (18). When the LL perturbative
approach is not applicable, the classical description of the

FIG. 3. γ as a function of τ for the EFO and LL equations with
r̃ ¼ 10−5 and γ0 ¼ 104. r̃γ < 1 for the entirety of the motion so
the LL and EFO equations are equivalent.

FIG. 4. EFO solution for r̃ ¼ 10−3 and γ0 ¼ 104. The LL
solution yields runaway solutions at this friction strength and
is not shown on the plot. The plot above is of γ as a function of τ
while the plot below is of the invariant acceleration magnitude.
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interaction is usually superseded by the quantum frame-
work. In this section we will discuss a limit on acceleration
arising from the field screening by a pair production
from vacuum.
Let us start by comparing the EFO limiting acceleration

with the natural scales appearing in the quantum (QED)
and classical (CED) descriptions of electrodynamics. In
QED the commonly quoted “critical” Euler-Heisenberg-
Schwinger field [29,30] corresponds to an electron acquir-
ing its rest mass energy equivalent over the distance of one
reduced Compton wavelength ƛC. The critical QED field
and corresponding acceleration are

EQED ¼ mc2

eƛC
¼ m2c3

eℏ
; aQED ¼ eEQED

m
¼ mc3

ℏ
: ð114Þ

Comparing with aRR Eq. (2) we find

aRR
aQED

¼ 3

2
α−1 ¼ 205.5; α ¼ e2

4πε0ℏc
≈

1

137.0
: ð115Þ

The classical critical field strength ECED can be obtained by
replacing the reduced Compton wavelength in Eq. (114) by
the classical electron radius r0,

ECED ¼ mc2

er0
¼ EQED=α ð116Þ

and the relationship between the three scales for accel-
eration reads

aRR ¼ 3

2
aQED=α ¼ 3

2
aCED: ð117Þ

Therefore, apart from the numerical factor 3=2 the EFO
limiting acceleration is equivalent to the acceleration
corresponding to the classical critical field scale.
EQED arises in quantum electrodynamics as the bench-

mark field strength characterizing the instability of a strong
electromagnetic field capable of rapid spontaneous decay
into electron-positron pairs. Such quantum particulization
of field energy has no classical analog. This field “decay”
into particle pairs appears on first sight to lead to an
effective quantum upper limit of acceleration 200 times
smaller when compared to the here presented limiting
value aRR.
First we recall that a detailed exploration of experimental

conditions carried out over past decades shows that
experimental detection of vacuum field decay into pairs
remains to this day exceedingly difficult. Present-day
particulization experiments appear to struggle generating
even one particle pair, let alone many pairs capable of
backreacting and “neutralizing” the applied field. Even so,
the effort to experimentally identify field decay into pairs
continues [31]. Moreover, field decay into particle pairs

does not occur for all field configurations and hence this
quantum acceleration limit is not universal. The key
exceptions to the applicability of the quantum limit are
as follows:
(1) Quantum instability does not afflict strong magnetic-

field-dominated environments [29], i.e. whenB2>E2.
Moreover, the presence of an anomalous magnetic
moment suppresses this instability [32] for B2 < E2.

(2) Schwinger [30] has shown that monochromatic
plane waves of arbitrary strength and wavelength
pass through the vacuum without pair production.
The arguments Schwinger presented are based in the
nature of light-wave and spacetime symmetry, and
very likely remain valid at any level of nonpertur-
bative QED. Another way to recognize this is to note
that both field invariants Eqs. (9) and (10) character-
izing the plane wave are zero. However, charged
particles riding such waves experience, according to
the Lorentz force, an acceleration of arbitrarily large
strength.

(3) Another ultrastrong acceleration occurring without
pair production arises in the study of relativistic
nuclear (heavy ion) collisions. In order to create
particle-antiparticle pairs, the fields of the nuclei
must exist for a long enough time [33]. Moreover,
the potential well which is associated with any
transitory field configuration must be capable of
supplying to each produced pair the energy required
for pair materialization.

We thus believe that the computation of classical
radiation emission by charged particles we presented can
be a physically meaningful model, establishing a classical
RR force limit over 200 times greater than the quantum
particulization limit, Eq. (115). Even so, several further
questions emerge when considering quantum dynamics:
(1) Is the classical method of establishing radiation limit

permissible or will it be in a decisive way superseded
by the inclusion of quantum emission effects in the
radiation reaction?

(2) Since field configurations and kinematic conditions
exists that allow us to bypass the well-known
quantum limit to field strength, we should ask if
indeed a universal limiting acceleration can be a
feature of a complete theory. If it is as our discussion
suggests, then very likely the quantum theory also
will require modification to allow for such extreme
strengths of applied force.

As this work clarified, to answer these questions we must
push the laboratory experimental conditions into the
domain where the classical radiation limit becomes with
certainty inapplicable and the actual experimental outcome
will differ decisively from our classical model. Given that
particles experiencing large acceleration usually have a
large laboratory energy, they often satisfy, to a good
approximation, classical dynamics. Therefore special effort
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needs to be made to find a parameter niche where quantum
dynamics dominates.
In general, a particle is capable of entering the quantum

regime when the applied forces in the comoving frame
surpass the quantum critical field strength over the space-
time domain larger than the Compton wavelength of the
particle. In this regime a new “critical acceleration” test of
QED could be considered. In preparation for this step, in
this work we have explored classical particle dynamics
providing a reference for a parallel study in the context of
QED. Our work clarifies how RR can self-consistently
constrain the strength of applied forces.
For strong fields and accelerations above the critical

value, quantum corrections to the radiation reaction force
are known to be important [34]. To first order in τ0, the LL
and EFO equations are known to be identical as we have
also demonstrated here. Both of these equations are
consistent with the classical limit of leading order QED
calculations as shown in [35]. However, we still view the
question of connecting classical and quantum radiation
reaction dynamics for strong accelerations as an open one.

VIII. CONCLUSIONS

The understanding of interactions between charged
particles and strong electromagnetic fields is a problem
of fundamental importance, and one that has occupied
physicists for over a century. Particles in strong fields will
experience a strong acceleration and emit radiation; the
backreaction of this radiation on the particle can then play a
significant role in the dynamics.
In this work we have demonstrated that, for nearly all

cases considered, an upper limit to the acceleration of
classical charged particles can be introduced through the
Eliezer-Ford-O’Connell radiation reaction force. We have
obtained an analytical formula for the invariant acceleration
magnitude for both a particle in a constant, homogeneous
electromagnetic field Eq. (31), as well as in a plane wave
field Eq. (86). A notable exception to the limiting accel-
eration is the case of a particle uniformly accelerated by an
electrical field (1D hyperbolic motion), which does not
experience RR effects according to the EFO equation. Both
the LAD and LL equations predict the same behavior for
this case.
The EFO limiting acceleration Eq. (2) arises in the strong

field, large velocity limit and has a value of c=τ0 leading via
the Larmor formula to a limiting rate of radiation emission
of mc2=τ0. We have compared solutions of the EFO
equation with the LL equation for a charged particle
subjected to several different external forces, showing that
the two theories are equivalent for weak accelerations. One
can expand the EFO equation of motion to lowest order in
τ0 to obtain the LL dynamics. For an example of this, see
Eqs. (95) and (107). In this sense, the EFO equation will
yield the same solutions as the LL equation within the

domain where the LL approximation can be applied. The
EFO equation is therefore equally valid as the LL equation
as a perturbative model of the RR force.
In the strong acceleration domain, the LL approximation

itself breaks down as seen explicitly in the example of 1D
material friction force in Sec. VI. The EFO equation,
however, yields more palatable limiting acceleration sol-
utions. We can then view the EFO equation as a superior
alternative to the LL equation in the strong acceleration
domain.
Irrespective of the above considerations, there remains in

any current RR force formulation the problem seen at the end
of Sec. IV B, where we have recognized that constantly
accelerated linear motion (1D hyperbolic motion) accom-
panied by radiation emission has a vanishing RR EFO force.
This is a universal defect of the current theoretical RR force
picture seen in LAD, LL, and EFO equations of motion. In
our opinion, this behavior should be absent in a completely
self-consistent theory of charged particle dynamics.
An upper bound on acceleration is not a universal feature

of the EFO equation for all field configurations. However,
the RR force is a phenomenological add-on to the Lorentz
force, and the EFO form may not be accurate for all field
configurations. In seeking a more complete description of
RR theory we could postulate a limiting acceleration as a
fundamental characteristic of charged particle motion and
not an occasional feature, as it appears in the EFO model.
In the future, we will return to this problem by modifying
the EFO equation with the aim of developing a fully
consistent description of radiation emission and classical
particle dynamics in which limiting acceleration is taken as
a fundamental principle. We see two possible approaches
toward this end:
(1) The limiting acceleration feature of the EFO equation

is reminiscent of the Born-Infeld limiting field theory
and one may explore how a limiting field strength
can, in some circumstances, lead to a limiting force
which imposes a limit on the acceleration. Moreover,
the question of radiation reaction in Born-Infeld
theory is an intriguing one since the limiting field
regularizes the divergence usually present in the self-
force [36]. It remains to be seen if consistency can be
established between the EFO radiation reactionmodel
and a limiting EM field strength model.

(2) The path warping method developed in [9] allows us
to relax the four-dimensional orthogonality con-
straints on covariant equations of motion. This offers
an additional freedom in formulating a RR equation
of motion, allowing the introduction of limiting
acceleration as a guiding principle to formulate a
RR force. We hope that this will assist in the
development of a RR model in which limiting
acceleration appears for all cases of applied force.

The path warping method is a step out of the set of
conventional RR theories discussed in this work. However,
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it is an additional promising method that can be combined
with either the EFO equation or extended into the quantum
domain to create a more consistent RR formulation with
limiting acceleration. In Ref. [9] path warping for particle
motion in a medium was presented as a dynamical
deformation of the medium induced by motion of the
particle. Such a deformation absorbs kinetic energy which
is ultimately released as radiation. While special relativity
forbids “æther warping” by velocity, a similar mechanism
can operate driven by acceleration or force allowing the
particle path to be impeded by radiation energy loss for any
form of applied force.
We have also discussed in Sec. VII the 200 times lower

limit to acceleration introduced by strong field “decay” into
particle pairs. The associated “quantum” limiting field
strength introduces an effective quantum upper limit to
acceleration which does not occur in all field configurations

of experimental interest. It remains to be seen how a
quantum theory of radiation reaction will change the
classical results presented here and if a quantum limit to
acceleration can be introduced directly through radiation
emission rather than indirectly through pair production.
In conclusion, we believe that the EFO equation is,

among all classical descriptions of RR, the most promising.
Taking seriously the new insights about RR presented here,
and in particular the upper limit to acceleration, we believe
that exploration of a quantum theory of radiation reaction
built upon a classical theory with limiting acceleration
would be an appropriate fresh start.
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