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ABSTRACT

High levels of clean renewable energy are being integrated into the power systems

as a result of recent government incentives and technological advancements. The

electricity generated from renewable resources such as wind and solar are highly

intermittent and uncertain, significantly threatening the stability, reliability, and

efficiency of the power grid. In particular, the electrical power system is known to

be notoriously complex and small violations of the system limits can lead to system-

wide catastrophic events. Therefore, the increasing level of uncertainty introduced

into the network through renewable distributed generation units is further compli-

cating the planning and operation of the network at various stages; from long-term

planning decisions to the real-time operation decisions.

As a result of recent computational advances alongside large-scale availability of

data, data-driven distributionally robust and stochastic optimization methodologies

have been extensively developed to find low cost and highly reliable solutions to

large-scale complex problems under uncertainty. In this dissertation, we develop

novel data-driven distributionally robust and stochastic optimization methodologies

for addressing (i) long-term planning, (ii) short-term planning and (iii) real-time op-

erational decisions of a power system under high penetration of uncertain renewable
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energy.

First and to address the long-term planning of renewables, we propose a distri-

butionally robust model for the optimal sizing of new renewable sites in an existing

distribution system. In particular, we first propose a two-stage data-driven distribu-

tionally robust optimization model (O-DDSP) for the optimal planning of renewable

distributed generation units (RDGs). The objective is to minimize the total cost of

RDG installation plus the total operational cost on a planning horizon. Next, we

introduce a tight approximation of O-DDSP based on principal component analysis

(leading to a model denoted by P-DDSP), which reduces the original problem’s size

by projecting the ambiguity set to lower dimensions. Finally, extensive numerical

experiments demonstrate that our solution methodology significantly out-performs

the state-of-art. Our optimal RDGs planning decisions lead to significant savings as

well as increasing penetration of intermittent renewable energy in the distribution

network.

Next and to tackle the short-term challenges that are caused by high penetration

of renewables in the power systems, we propose a mixed-integer stochastic optimiza-

tion methodology for integrated transmission and distribution systems planning. In

particular, through a careful and systematic analysis of the power system planning

problems, we underline the necessity of developing methods that can tackle the

planning of both the power transmission system (TS) and distribution system (DS)

and realize the potential benefits of considering their planning in a coordinated
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mode. To that end, we introduce an integrated transmission and distribution sys-

tem (InTDS) problem which minimizes both the unit commitment costs of the TS

and the distributed energy resource (DER) management costs of the DSs, respec-

tively, while respecting the technical constraints of both systems. We show that

our integrated model achieves significant lower costs as compared to solving these

problems separately.

At last and to address the real-time operation of power system under high pen-

etration of renewables, we propose a chance-constrained stochastic optimization

methodology for the optimal power flow (OPF) problem. The increasing pene-

tration of renewable energy in power systems calls for secure and reliable system

operations under significant uncertainty. To that end, we introduce a fully two-sided

chance-constrained ACOPF problem (TCC-ACOPF), in which the active and re-

active generation, voltage, and power flow all remain within their upper and lower

bounds simultaneously with a predefined probability. Instead of applying Bonfer-

roni approximation or scenario-based approaches, we present an efficient second-

order conic (SOC) approximation of the TCCs under Gaussian Mixture (GM) dis-

tribution via a piecewise linear (PWL) approximation. We show that our SOCP

provides consistently more robust solutions (about 60% reduction in constraint vi-

olation) without significant additional computational costs, as compared to other

state-of-art ACOPF formulations.
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CHAPTER 1

Introduction

In this chapter, the optimization problems addressed in this dissertation are

introduced at first. Problems are defined by exploring the motivations and contri-

butions of each work. Secondly, a note on the organization of the dissertation is

presented.

1.1 Motivation

Large-scale integration of power from renewable energy resources such as wind and

solar is causing many challenges in the power system at various stages; from long-

term planning to the real-time operation of the system. The reason is that renewable

energy from wind and solar resources are uncertain, intermittent and hard to pre-

dict. Thus, decisions like “where to install new renewable (solar/wind) sites?,” and

“how to coordinate and operate transmission systems with highly variant distribu-

tion system loads?” are significantly affected by uncertainty. To that end, stochastic

programming techniques are popular methods for finding reliable and low cost so-

lutions for generating and distributing power. Recently, data-driven methodologies,

due to the large-scale availability of data and computing power, play an important

role in achieving this goal.
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On a long-term planning horizon (years), there is a continuous trend of invest-

ment in renewable energy. Many countries are setting ambitious goals to integrate

large amounts of sustainable, low-emission renewable energy into their electricity

supply. These to-be-installed renewable sites, mainly wind farms or solar farms,

are highly uncertain sources of electricity. Thus, meeting these ambitious goals will

require careful planning and operational strategies. It is often challenging to fore-

cast both the electricity outputs of these to-be-installed renewable (wind/solar) sites

and also the future power demands of a power system. As a result, an arbitrary

installation of the renewable sites can lead to unbalanced supply and demand, high

operating costs, and low system reliability. Thus, a challenge is faced by the power

utility on how to optimally choose the location and the capacity of each new renew-

able energy resource. The first work in this dissertation, proposes a novel two-stage

data-driven distributionally robust planning model for the optimal sizing of these

renewable energy resources. The goal is to minimize the installation cost, while also

minimizing the expected operational costs on a planning horizon. We consider both

load and generation uncertainties on a long-term planning horizon, and accordingly

construct a moment-based ambiguity set that considers uncertainty in the proba-

bility distribution of random variables. This set is multi-period to account for the

seasonality effect. Furthermore, we develop a specific delayed constraint generation

algorithm to efficiently solve the problem. Results are presented on an IEEE 33-bus

test system with real data set, where (i) our methodology is extensively compared
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to the state-of-art,and (ii) our model is used to obtain effective siting strategies for

RDG units.

On a short-term planning horizon (day-ahead to hour-ahead), the uncertainty

from near-demand renewable energy resources extremely complicates the operation

of a distribution system (DS). The penetration of on-site electricity generations

through devices referred to as distributed energy resources (DERs) is reaching levels

that cannot be neglected anymore. The negligence of detailed operations of DERs

in the power distribution systems (DSs) can lead to extreme operational problems

in the whole power grid. In particular, this uncertainty at one DS further imposes a

high pressure on the whole transmission system (TS), and leads to novel issues such

as reverse power flow from a highly renewable DS towards the TS. In the second

work presented in this dissertation, a two-stage stochastic program for coordinated

planning of TS and DS operations is presented. The goal is to minimize the unit

commitment (UC) costs of the TS and the renewable energy management costs of the

DSs, while considering the interactions and the technical constraints of both systems.

In particular, both the combinatorial nature of UC decisions and the AC power flow

characteristics of the distribution system are considered in the model. That results

in a large-scale mixed-integer linear programming (MILP) formulation which is then

tightened by adding valid inequalities for efficiently solving the problem. Numerical

results are presented on standard IEEE test systems using real and synthetic data

sets.
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Last but not the least, the secure and reliable real-time operation of the power

system is also extremely challenged under high penetration of renewable energy

resources. As a result, it is important to consider optimal power flow (OPF) models

that can accurately account for uncertainty in their formulation while also being

computationally fast. To that end, the chance-constrained AC optimal power flow

(CC-ACOPF) problem has been proposed in past. Most research in the literature

of CC-ACOPF focus on one-sided chance constraints. However, two-sided chance

constraints (TCCs), albeit more complex, provide more accurate formulations as

both upper and lower bounds of the chance constraints are enforced simultaneously.

Therefore, we propose a two-sided chance-constrained AC optimal power flow (TCC-

ACOPF) problem as the third work of this dissertation. The uncertainty of forecast

errors is modeled through a Gaussian Mixture (GM) distribution, to account for non-

normalities such as skewness and bi-modality in the data. An efficient second-order

conic (SOC) approximation is then developed and validated on both real historical

data and synthetic data on IEEE 30-bus and 118-bus systems.

1.2 Contributions

The main purpose of this dissertation is to design and implement novel distribution-

ally robust and stochastic optimization methodologies to address the planning and

operational challenges of modern power systems under high penetration of renewable

energy resources. In the following, the primary contributions of this dissertation are
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summarized.

1.2.1 Optimization of Long-term Renewable Energy Planning Decisions

• A novel two-stage data-driven distributionally robust optimization (DRO)

model for optimal planning of renewable distributed generation units is pro-

posed. This model considers uncertainty in both renewable generations and

power demands, and assumes that the probability distribution function of the

uncertainties belong to an ambiguity set. This ambiguity set considers multi-

ple periods and is characterized by support, first-moment and second-moment

information that are estimated from real historical data. The multiple periods

are considered to address the seasonality of uncertainty parameters, i.e., loads

and generations. Furthermore, the objective function here is to minimize the

total long-term installation costs of renewables in the system in the first-stage,

while also minimizing the expected operational costs of the system against the

worst-case distribution in the second-stage.

• A semi-definite programming formulation of the problem is then proposed and

solved using a delayed constraint generation algorithm. However, this problem

is computationally expensive for large-scale instances. Therefore, we next

develop an approximation of the original model based on principal component

analysis (PCA), which improves the computational time significantly while

being very tight. Through extensive numerical results, we demonstrate the
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efficiency of our proposed PCA-based DRO methodology on various problem

settings as compared to the stochastic optimization and robust optimization

methodologies.

• Using sensitivity analyses through in-sample and out-of-sample tests, we then

propose a general framework to decentralize planning of renewable distributed

generation units. Our numerical results confirm that our data-driven result

for sizing and siting of new renewable sites lead to conclusive reduction of the

total costs, that is both current investment and future expected operational

costs, while significantly increasing the penetration of clean renewable energy

in the system.

1.2.2 Optimization of Short-term Integrated Transmission and Distri-

bution Systems Planning Decisions

• A large-scale mixed-integer stochastic program for planning of Integrated

Transmission and Distribution Systems (InTDS) problem is proposed. The

problem here has two levels. The upper level is a two-stage Unit Commitment

(UC) and Economic Dispatch (ED) problem at the TS, and the lower level

formulates a renewable energy resource management problem at the DS level

to measure its accurate demand on the TS. This formulation tries to minimize

the total costs of both TS and DS levels while also considering uncertainties

from both levels.
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• The problem is then solved using a sample average approximation (SAA)

method. However, the problem is computationally expensive for large-scale

instances. We next add strong valid inequalities to the problem which speeds

up the solution procedure by tightening the feasibility region of the problem;

thus, making our integrated model more adaptable for large-scale problems.

• Numerical results show that our integrated model for short-term integrated

planning of TS and DSs can lead to significant cost reductions in both levels.

This combined model is also shown to reliablely address the reverse power flow

problem that is caused by a high penetration of renewables in DSs.

1.2.3 Optimization of Real-time Power Flow Operational Decisions

• We propose a two-sided chance-constrained ACOPF (TCC-ACOPF) model to

address the real-time operational decisions of an AC power network. The pro-

posed stochastic TCC-ACOPF model uses two-sided chance constraints and

GM distribution to more accurately represent the uncertainty of renewable

power generations in the problem. Firstly, the two-sided chance constraints

(TCCs) provide more accurate formulations than the one-sided chance con-

straints; as both upper and lower bounds of the chance constraints are en-

forced simultaneously. Secondly, the GM distribution is able to address non-

normalities such as skewness and bi-modality in power forecast data, which

are not captured under the common normal distribution.
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• A general convex inner approximation of a TCC under GM distribution is then

proposed, which is exact under a mild condition. This formulation, although

very tight, is nonlinear and therefore computationally expensive for large-

scale instances. Hence, a tractable second-order cone (SOC) approximation is

proposed.

• The quality of our final SOC program depends on the quality of the piecewise

linear approximation that is implemented to approximate the standard normal

cumulative distribution function. Further analyses on this approximation show

that our SOCP enjoys asymptotic convergence properties.

• Through numerical results on both real-world and synthetic data sets, we

show that our final SOCP formulation of the TCC-ACOPF can be solved effi-

ciently. Furthermore, it is shown that our methodology achieves significantly

more robust solutions as compared to deterministic and state-of-art one-sided

chance-constrained ACOPF formulations.

1.3 Dissertation Organization

This dissertation includes 6 chapters, and the remaining 5 chapters are organized as

follows. Chapter 2 provides a brief overview of the relevant optimization under un-

certainty techniques that are used to address an uncertain power systems under high

penetration of renewable energy. This overview includes both mathematical mod-
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eling and optimization methodology techniques. Regarding modeling, the optimal

power flow problem for formulating the real-time operational decisions of a power

system is introduced first. Then the chance-constrained programming and two-stage

programming are explored as means of formulating the stochastic operational and

planning decisions of a power systems, respectively. Regarding the optimization

under uncertainty methodologies, we review (i) Stochastic Optimization, in partic-

ular, Sample Average Approximation method, (ii) Robust Optimization, and (iii)

Distributionally Robust Optimization.

In Chapter 3, we propose a data-driven distributionally robust location and al-

location methodology for the optimal placement of the renewable distributed gener-

ation units (RDGs) in an existing distribution system. First, the motivation behind

the work alongside a literature review of related methodologies presents a case for

our research. Then, the mathematical modeling of the two-stage multi-period plan-

ning problem and its DRO reformulation are introduced. An SDP reformulation of

the DRO problem, a PCA approximation of the original DRO problem, and also a

constraint generation algorithm used to solve the problem are discussed next. At

last, we present numerical results on an standard IEEE system paired with real-

world data to validate our methodology.

Chapter 4 introduces an integrated transmission and distribution system

(InTDS) problem so as to minimize the operational costs of both the transmis-

sion and distribution systems, while respecting the technical constraints of both
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systems. The motivation behind the work alongside a literature review of related

methodologies is presented at first. The mathematical modeling of the InTDS prob-

lem as well as its strengthened formulation is presented next. At last, the numerical

results based on standard IEEE systems paired with real-world data are presented

to validate our methodology.

Chapter 5 proposes a new stochastic ACOPF methodology to mitigate the im-

pact of renewable power generation’s forecast error uncertainty and to securely op-

erate a power system under uncertainty. First, the motivation behind the work

alongside a detailed literature review of related methodologies is presented. Next,

we introduce the ACOPF problem and the two-sided chance-constrained ACOPF

(TCC-ACOPF) problem in a general form, and then we show how to approximate

the TCC-ACOPF by an efficient second-order cone program. Moreover, an algo-

rithm to speed up the computation is also proposed. Lastly, we numerically illustrate

the strengths of the proposed methodology.

Chapter 6 concludes the dissertation by summarizing each work and provides

future research directions.
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CHAPTER 2

Optimization under Uncertainty Techniques for Renewable Energy

Integration

Optimization under Uncertainty is a framework for handling optimization prob-

lems that involve uncertain parameters. The goal is to find some solutions that are

feasible for all (or almost all) the possible random variable realizations by optimizing

some function of the decisions and the random variables. This chapter presents a

brief review of a variety of essential distributionally robust and stochastic optimiza-

tion modeling techniques and solution methodologies that are used in this disserta-

tion to address some of the most critical problems in electrical power systems under

high penetration of uncertain renewable energy. That includes, two-stage programs,

chance-constrained programs, and the main three categories of methodologies of ad-

dressing the uncertain optimization problems, i.e., Stochastic Optimization (SO),

Robust Optimization (RO), and Distributionally Robust Optimization (DRO).

2.1 Mathematical Modeling

Here, we review the modeling techniques used in this dissertation to formulate power

system problems under uncertainty. In particular, we first elaborate on the mod-

eling of the operational and planning decisions of a power system. Then, chance-
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constrained programming is introduced which is a great tool for considering uncer-

tainty in an operational problem. Next, two-stage programming is reviewed, which

is used to formulate short-term and long-term planning decisions under uncertainty.

Consider a general electrical power network either at the transmission level or dis-

tribution level. The power system operator is responsible for balancing the supply-

and-demand relationship across the network by making decisions such as adjusting

the power generation at dispatchable generators and controlling the flow of elec-

tricity through power lines. The AC optimal power flow problem (ACOPF) is an

optimization problem that considers the AC power flow equations of the network

and guarantees the secure and optimal operation of the system by enforcing con-

straints such as voltage limits, generation limits, and line capacity (Stott and Alsaç

2012). Hence, it is used by the power system operators to provide real-time control

measures to support the systems’ stability (Capitanescu et al. 2011). When ad-

dressing the real-time decisions in an electrical power system network (as opposed

to long-term decisions), it is immensely valuable to solve the ACOPF problem in

the most accurate and efficient manner (Frank et al. 2012). However, the set of con-

straints in the ACOPF problem are naturally nonlinear and nonconvex, and thus

very hard to deal with. As a reminder, the AC power equations include trigono-

metric terms to represent the complex power. Now, considering uncertainty in some

of the parameters (generation and demand) of this model adds an extra layer of

complexity to the already complicated AC power flow analysis (Capitanescu 2016).
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The challenges related to the real-time ACOPF problem under uncertainty are ad-

dressed in Chapter 5 of this dissertation, where we present an accurate and efficient

methodology to formulate and solve a stochastic ACOPF problem that accounts for

the power forecast uncertainty via chance-constrained programming.

Note that having a somewhat model of the power system operations is necessary

even when formulating short-term (day-ahead or hour-ahead) or long-term (months

or years) planning decisions. However, since we deal with planning decisions, it is

reasonable to approximate the operation of the system (the ACOPF problem) by

more tractable formulations. Thus, approximations of ACOPF are used for for-

mulating planning problems in this dissertation. In particular, the transmission

network operations in Chapter 4 are modeled via a DC approximation of ACOPF,

and the distribution network operations in both Chapters 3 and 4 are formulated

with a second-order cone approximation. The uncertainty in these planning prob-

lems is modeled via two-stage programming techniques which are also introduced in

this section.

2.1.1 Chance-constrained Programming

The chance-constrained programming is one of the major approaches to formulate

and solve optimization problems under uncertainty, where the constraints of the

problem hold with a certain probability. A chance-constrained problem can be
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written in the following form:

min
x

f0(x) (2.1a)

s.t. P (fi(x, ξ) ≤ 0) ≥ 1− ϵi, ∀i ∈ {1, . . . ,m}. (2.1b)

where P denotes the probability of an event with respect to the distribution of ξ,

and the maximum probability of violating each chance constraint i ∈ {1, . . . ,m}

is less than ϵi. Generally, chance (or probabilistic) constraints are hard to deal

with, however, a variety of approximation and reformulation techniques for them,

depending on specific assumptions on the constraint function fi and probability

distribution of the random variables, have been developed in recent years (Shapiro

et al. 2021). The chance-constrained programming has interesting applications in

various fields such as renewable energy integration, financial risk management, and

autonomous vehicle navigation (Li et al. 2008, Van Ackooij et al. 2011, Zhang and

Li 2011). In this dissertation, we use chance-constrained programming to guarantee

the reliability of the solutions obtained from the ACOPF analysis in Chapter 5. In

particular, the power system limits, i.e., voltage limits, power generation limits, and

power flow capacities, are enforced via chance constraints. That is, the probability

of violating each constraint is limited to a prespecified threshold. We propose a

novel methodology of handling two-sided chance constraints (where upper and lower

bounds must hold simultaneously) under a Gaussian mixture distribution. Lastly, we

refer the readers to Nemirovski and Shapiro (2007) and Prékopa (2013) for a general

guide on the methods and approaches of dealing with the chance constraints.
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2.1.2 Two-stage Programming

Two-stage modeling is the most widely applied stochastic model to formulate plan-

ning decisions in various areas including health, power, and smart city systems

(Birge and Louveaux 2011). This model includes two stages where the first-stage

deals with planning decisions and the second-stage deals with the operational deci-

sions conditioned on the first-stage decision. A two-stage model generally takes the

following form.

min
x

f0(x) + Eξ[Q(x, ξ)] (2.2a)

s.t. fi(x) ≤ 0, ∀i ∈ {1, . . . ,m1}, (2.2b)

where, x ∈ Rn1 is the first-stage decision variable vector, f0 : Rn1 → R, is the

objective function of the first-stage, and the constraint functions of the first-stage

are fi : Rn1 → R. Here, Eξ represents the expectation over the random variable ξ,

and Q(x, ξ) is the second-stage optimization problem as follows,

Q(x, ξ) := min
y

g0(y) (2.3a)

s.t. gi(y|x, ξ) ≤ 0, ∀i ∈ {1, . . . ,m2}, (2.3b)

where y ∈ Rn2 is the second-stage decision variable vector, g0 : Rn2 → R, is the

objective function of the second-stage, and the constraint functions of the second-

stage are gi : Rn2 → R.

In a two-stage model, the decisions from the first-stage are often referred to as

the here-and-now decisions, while the second-stage decisions are commonly referred
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to as wait-and-see decisions (Shapiro and Philpott 2007). That is, the first-stage

decisions are the planning decisions that we might take today, and the second-stage

decisions determine the average performance of the system given the first-stage

planning decisions and uncertainty realization. For instance, in Chapter 3 and to

formulate the long-term (strategic) planning decisions for optimal placement of re-

newable distributed generation units (RDGs) in the DS, we use a two-stage model.

In particular, the decisions about the size of new RDGs are taken in the first-stage

(i.e., here-and-now) so that the total costs, i.e., investment costs (now) plus ex-

pected operational costs over the planning horizon (e.g., in the next two years) are

minimized. The operational decisions in the second-stage are made under the un-

certainty of renewable power generations (wind or solar farms) and the uncertainty

of the demands. In Chapter 4, a two-stage model is used to make the unit com-

mitment planning decisions of a transmission network in the first-stage while the

operational economic dispatch decisions of the transmission network are considered

via the second-stage. Lastly, to read more about two-stage models we refer our

readers to Shapiro et al. (2021).

2.2 Optimization Methodologies

From the perspective of objective function and the assumptions on probability dis-

tribution of random variables, there are three distinguished methods of handling

uncertainty in an optimization problem; Stochastic Optimization (SO), Robust Op-



29

timization (RO) and Distributionally Robust Optimization (DRO). In this section,

we present the mathematical formulation associated with each optimization problem

alongside some of their important assumptions and specifications.

2.2.1 Stochastic Optimization

At the outset, we introduce the general Stochastic Optimization formulation. Con-

sider objective function f, decision variable x, feasibility set X , and uncertain pa-

rameter ξ, then a stochastic optimization problem in general form can be formulated

as follows:

min
x∈X

Eξ[f(x, ξ)], (2.4)

where the goal is to minimize expectation E of the objective function under known

probability distribution of ξ (Shapiro and Philpott 2007, Shapiro et al. 2021). It

is not possible to analytically compute the expected cost function, Eξ[f(x, ξ)], for

most problems. Therefore, Sample Average Approximation (SAA) method is widely

popular to solve this problem.

2.2.1.1 Sample Average Approximation Method

The idea behind the SAA technique is that we can approximate an expectation term

by samples. Let {ξi, i = 1, . . . , n} be a set of n independent, identically distributed

realizations of ξ. This sample set could be either i) a set of randomly generated

samples from a know distribution or ii) a set of historical data that estimate empirical
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distribution of the data. The expected cost function is then approximated by the

average of the realizations as follows:

min
x∈X

Eξ[f(x, ξ)] = min
x∈X

1

n

n∑
i=1

f(x, ξi), (2.5)

which is deterministic hence can be solved via deterministic optimization methods.

For the SAA problem (2.5) to give a reasonably accurate approximation of the true

problem, it is important to decide how large the sample size should be. We refer our

readers to (Kleywegt et al. 2002, Calafiore and Campi 2006, Shapiro et al. 2021) for

comprehensive study of the statistical properties of SAA estimators.

SO problems assume that the probability distribution function of random pa-

rameters ξ is known, or can be estimated. It is often impractical however to accu-

rately estimate the probability distribution in practice. Moreover, the SAA method

can be computationally expensive to solve the large-scale problems with large-scale

data sets (Nemirovski and Shapiro 2007, Shapiro et al. 2021). In that case, Robust

Optimization problems are often very practicalespecially, where no distributional

assumptions about the probability distribution of the random variables are made.

2.2.2 Robust Optimization

Assuming that ξ ∈ U, where U is some uncertainty set, then a robust optimization

problem (or the worst-case optimization problem) in general form can be formulated

as follows:

min
x∈X

sup
ξ∈U

[f(x, ξ)], (2.6)
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where the goal is to minimize the worst-case objective function under the uncertainty

set U (Ben-Tal et al. 2009). The RO is extremely conservative as it only minimizes

the objective function for the worst case realization of the uncertainty ξ. However,

it is widely used in many applications especially where limited information about

the uncertainty are present. Some applications of RO are in electrical engineering,

control theory, and uncertain dynamic systems (Ben-Tal and Nemirovski 2002).

Generally RO is applied when SO cannot be applied, i.e., the probability distribution

of random variables is not available, however, there are occasions when even if

the underlying distribution is known, applying RO might be preferred due to the

tractability of the RO. In this case, one can compute a priori as a function of the type

and size of the uncertainty set, hence, the designer is able to choose a specific level of

probabilistic protection, i.e., the corresponding robust feasible solutions satisfy the

constraints with a prespecified probability. That allows for controlling the trade-off

between the robustness and performance of the RO problem (Bertsimas et al. 2018).

Last but not the least, we mention that the tractability of a RO problem de-

pends on the structure of the nominal problem and the class of its uncertainty set

(Bertsimas et al. 2011). In Chapter 3, we use a robust program under scenario-based

uncertainty set as a benchmark to solve an RDG planning problem and we show

that worst-case solutions from robust programming framework are very conserva-

tive. Moreover, we also show that as the uncertainty set grows (more realizations)

the solution quality improves. However, the robust program becomes computation-
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ally intractable for large-sample sizes, which is a major drawback of scenario based

methods in general. Therefore and to tackle the limitations of both Stochastic Op-

timization (distribution requirement) and Robust Optimization (conservativeness),

the Distributionally Robust Optimization methods are used extensively especially

in recent years, where partial information about the random variable is available

through an ambiguity set.

2.2.3 Distributionally Robust Optimization

Assuming that the distribution of uncertain parameters iis unknown, however, it

belongs to an uncertainty (ambiguity) set, i.e., Fξ ∈ D, then a distributionally

robust optimization problem in general form can be formulated as follows:

min
x∈X

sup
Fξ∈D

EFξ
[f(x, ξ)], (2.7)

where the objective is to minimize the worst-case expected cost under a family of

probability distributions of uncertain parameters. Here D represents the uncertainty

set for the distribution of the random variables, and it is commonly referred to as

the ambiguity set of the DRO problem (Wiesemann et al. 2014). In short, DRO is a

methodology of dealing with uncertainties which takes advantage of the benefits of

both stochastic optimization and robust optimization as summarized in Table 2.1.

It assumes that the distribution of the uncertain parameters belong to an ambiguity

set, hence, it is not as conservative as the RO, and also it is not as restrictive as

the SO where a prior knowledge of the underlying distribution is required (Goh and
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Table 2.1: SO vs. RO vs. DRO

Methodology SO RO DRO

Assumption on the
distribution of
random variable

Prior knowledge
of distribution
is required

No distribution
information is
required

Partial information
about distribution
is required

Objective function
form

Expected cost
over a distribution

Worst-case cost over
an uncertainty set

Worst-case expected cost
over a set of distributions

Solution
Methodology

Not practical
& intractable
for large sample-
based instances

Too conservative &
intractable for large
sample-based instances

Uses large samples in its
advantage to create ambiguity
sets that reflect the nature of
the stochastic problem.

Sim 2010, Cheng et al. 2018). The ambiguity set represents a family of distribu-

tions characterized by some descriptive statistics; hence, it is suitable for addressing

data-driven optimization problems where the corresponding ambiguity set can be

specifically designed to reflect the nature of the problem (Rahimian and Mehrotra

2019). The two main classes of ambiguity sets in the literature, i.e., moment-based

ambiguity sets, and distance based ambiguity sets are briefly introduced below.

• Moment-based ambiguity sets: These types of ambiguity sets contain all the

distributions that share certain moment information (Scarf 1958, Gallego and

Moon 1993, Ghaoui et al. 2003, Cheng et al. 2018). The most well-known work

on the topic is presented by (Delage and Ye 2010). This paper considers the

case where the information about the first two moments (i.e., the mean and the

covariance) is known. This problem admits a conic formulation, and moreover,

given particular conditions are satisfied, it can be solved in polynomial time.

• Distance-based ambiguity sets: These types of ambiguity sets are defined as a
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neighborhood of a nominal probability distribution by allowing some pertur-

bations around it (Gao and Kleywegt 2016, Luo and Mehrotra 2019, Shapiro

2017, Shafieezadeh Abadeh et al. 2018). One of the most notable work in this

area is presented by Esfahani and Kuhn (2018). The authors in this work

provide strong duality results for a DRO problem under Wasserstein ambigu-

ity, where Wasserstein metric is used to measure the perturbations around a

given nominal distribution. They reformulate this DRO problem as a finite-

dimensional convex program for different cost functions, including a pointwise

maximum of finitely many concave functions, convex functions, and sums of

maxima of concave functions.
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CHAPTER 3

Data-driven Planning for Renewable Distributed Generation

Integration

In this chapter, we propose a data-driven distributionally robust model for the

optimal planning of the renewable distributed generation units (RDGs) in an exist-

ing distribution system. First, the motivation behind the work alongside a literature

review of related methodologies are presented in Section 3.1. Then, the mathemat-

ical modeling of the two-stage multi-period planning problem and its DRO refor-

mulation is presented in Section 3.2. A SDP reformulation of the DRO problem, a

PCA approximation of the original DRO problem, and also a constraint generation

algorithm are presented in Section 3.3. Numerical results are provided in Section

3.4. Finally, we conclude this chapter in Section 3.5.

3.1 Introduction

Renewable energy is becoming an increasingly prevalent source of electricity

throughout the world. Recent technological advances along with supportive gov-

ernment policies have provided the means for significant investments in exploiting

wind and solar energy. For instance, the total installed capacity for renewable en-

ergy was higher than that of traditional fossil fuels in 2017 (IRENA 2018b). This
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implies a tremendous integration of renewable distributed generation (RDG) at the

distribution level of the power grid. However, the electrical outputs from RDGs

are extremely variable and uncertain over different time windows, from minutes to

hours to days –because of weather patterns, diurnal nature of the sun, changes in

sun angles, etc. This variability makes it extremely harder to maintain the balance

between electricity supply and demand at all times, and it can lead to blackouts

or other cascading problems. Therefore, there is a limit to safe development of

RDGs in an existing distribution system. In brief, adding RDGs complicates the

configuration of circuit breakers and other protection systems and leads to more

sophisticated distribution networks. Moreover, it further raises new challenges in-

cluding managing the distribution voltage and managing the contingency plan for

power generators and distribution lines, all of which could lead to higher costs and

faults on the electricity network (Kroposki et al. 2017). To overcome these chal-

lenges, improved analysis of distribution system such a careful siting and sizing of

RDGs within a distribution feeder is proven to be an accessible and low-cost strat-

egy that can increase the penetration of renewable energy while guaranteeing the

smooth operation of an existing distribution system (Prakash and Khatod 2016).

Indeed, if RDG units (RDGs) are installed efficiently (with optimal sizing and

siting decisions), then they can not only increase the penetration of clean and cheap

renewable energy, but also boost the overall efficiency and reliability of a microgrid

as well as the whole power grid by providing reactive power support, minimizing
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the network power loss, and improving the voltage stability and energy security

(Abdmouleh et al. 2017, Qiu and Wang 2014). On the contrary, an improper instal-

lation of the RDGs can cause various malfunctions in the system such as unbalanced

supply and demand, power quality decay, voltage increase at the end of the feeder,

more power losses, and low system reliability (Ehsan and Yang 2018, Oree et al.

2017). Therefore, the planning of the RDGs is of outstanding importance to ensure

the aforementioned benefits as well as to maximize the expansion of renewable en-

ergy penetration while minimizing the installation and operation costs of the RDGs.

Consequently, the problem of siting and sizing of new RDGs has received much at-

tention from both academia and industry practice (Bahar et al. 2019, Palmintier

et al. 2016). For instance, Ali et al. (2017) suggests that the siting and sizing

of RDGs have a large affect on the system losses and proposes an ant lion opti-

mization algorithm that minimizes power losses. An environmentally committed

short-term planning of electrical distribution systems considering RDGs siting and

sizing is proposed in Dominguez et al. (2017). Moreover, Melgar-Dominguez et al.

(2018) proposes a mixed-integer linear programming technique to find the optimal

short-term siting and sizing plan of RDGs and reactive power sources.

The RDG sizing and siting problems are difficult to solve in general because

1) the distribution systems are extremely complex as the mathematical model in-

cludes nonlinear expressions, complex numbers, and large number of variables and

constraints, and 2) there is a significant amount of uncertainty incorporated in the
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model. Therefore, implementation of meta-heuristic methods (e.g., genetic algo-

rithms, particle swarm optimization, tabu search) (Su 2017, Ali et al. 2018) and

analytical techniques (e.g., eigen-value based analysis, index method) (Ehsan and

Yang 2018) are usually preferred to the exact mathematical programming meth-

ods. While the meta-heuristic techniques are efficient and provide a fast search of

the solution space, they may not be able to obtain global optimality and there is no

guarantee about the quality of the solution. The analytical approaches, on the other

hand, are valuable as they ensure the convergence of RDG planning solution. How-

ever, the assumptions used for over-simplifying the problem come at the expense of

the accuracy of the solution.

Among few papers that use mathematical programming methods to solve the

sizing and siting of RDGs, the uncertainty has been mostly modeled by stochastic

optimization (SO) (Xing et al. 2018, Cetinay et al. 2017, Quijano et al. 2017) and

robust optimization (RO) (Wang et al. 2014, Melgar-Dominguez et al. 2018, Zubo

et al. 2017). Although both of these techniques have been studied to support deci-

sion making under uncertainty, their shortcomings for the RDG planning problem

are also straightforward. In particular, SO requires exact probability distribution

of random parameters, which is usually impractical to accurately estimate in real

practice. Thus, Sample Average Approximation (SAA) is often used to solve SO

because of its advantage in guaranteeing convergence to the optimal solution with

large enough scenarios. Nevertheless, the SAA is proven to be extremely computa-
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tionally expensive when the sample size is large. Meanwhile, RO is too conservative

because it finds solutions by considering the worst case of uncertain parameters,

which rarely happens in practice. Distributionally robust optimization (DRO), on

the other hand, considers both distributional information and the range of uncer-

tain parameters, and can help address the limitations of RO and SO (Bertsimas

et al. 2010, Delage and Ye 2010). Other advantages of applying the DRO method to

the sizing and siting of RDGs are 1) we can use historical data to estimate certain

information (e.g., support, mean, variance, etc.) of random parameters, which can

be further used to support decision making, leading to a data-driven approach. 2)

Increasing the sample size in DRO problems will further improve the accuracy of

its ambiguity set without adversely affecting the size of the problem, whereas for

the classic optimization methods, i.e., SO and RO, the computation time grows ex-

ponentially with larger sample sizes. This is especially important as the sizing and

siting decisions are medium-term planning decisions that are made by considering

the big dataset of distribution system’s load and generation data over a long plan-

ning horizon (6-48 months). Moreover, 3) these data usually do not follow a single

distribution as stochastic optimization assumes. In contrast, DRO provides a lot of

flexibility as it allows to incorporate information about the estimation errors into

the optimization problem and its solutions are guaranteed for all the distributions

in the ambiguity set (Wiesemann et al. 2014).

Therefore, DRO has been recently used to determine the optimal size of wind
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farms in power system (Alismail et al. 2017), however, this work only considers a low

dimension uncertainty vector (with five random variables), and it solves the DRO

model using linear decision rule which fails for large-scale problems (i.e., with a lot

of uncertain parameters). A DRO based data-driven RDG sizing model is proposed

in Chen et al. (2016) which considers both uncertain RDG outputs and uncertain

load demands, however, it uses the CVaR (conditional value at rist) objective func-

tion to maximize the penetration of RDGs for active distribution networks. Note

that a DRO problem with first- and second-moment information can be reformu-

lated exactly as a semidefinite programming problem (SDP), and if the size of the

uncertainty vector increases, size of SDP constraints will increase as a result and

the corresponding problem becomes quickly intractable dealing with large SDP con-

straints. Indeed, most of the DRO papers in the power system literature study only

the case when the size of the uncertainty vectors is low. For instance, Xiong et al.

(2017) considers a maximum of two wind outputs (with 2 random variables) and

Yang and Wu (2018) considers a maximum of four wind outputs (with 4 random

variables) in their numerical tests. Also, Chen et al. (2016) considers CVaR objec-

tive function which limits the number of SDP constraints to very few. In general,

while showing the benefits of using the DRO vs. RO or SO, none of DRO papers in

literature introduce any means to deal with large-scale uncertainty which is usually

the case in power system problems. Moreover, to the best of our knowledge, few

DRO studies have focused on planning strategies regarding the placement and ca-
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pacity of intermittent RDGs in the power distribution network, and even less have

studied the efficient computational approaches to solve practical large-scale planning

problems.

Therefore, in this chapter, we aim to determine the sizing and siting plan for

the RDGs in an active distribution network by using historical generation and load

data and constructing the corresponding DRO model. The main contributions of

this chapter can be summarized as follows:

• A novel two-stage data-driven distributionally robust optimization model (O-

DDSP) to make the planning decision for the RDGs in an active distribution

network considering multiple periods is proposed. In our model, the probabil-

ity distribution function (PDF) of uncertain renewable generation, as well as

uncertain demand of each bus, belongs to a set of multivariate distributions

with known support, first- and second-moment information. The information

is estimated by using historical data from real industry. The historical load

data is obtained from the Pecanstreet project (PECANSTREET 2019), which

provides access to a large set of real electricity usage data for academic use.

The renewable generation data is from ERCOT (ERCOT 2019). The objective

function is to minimize the expected total cost, including strategic installation

cost in the first-stage and operational cost against the worst-case distribution

in the second-stage.

• We present an exact semidefinite programming (SDP) reformulation of the
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proposed multi-period O-DDSP model, and it is solved by a delayed constraint

generation algorithm. The size of the O-DDSP problem, however, can be very

large-scale in practice so that it cannot be handled by the solvers. To overcome

the significant computational difficulty of the SDP reformulation, we propose

a tight approximation of the O-DDSP based on principal component analysis

(PCA), leading to a model denoted by P-DDSP, by keeping the most dominant

information in the ambiguity set. This P-DDSP formulation has significantly

lower CPU times, and it allows for investigating practical sizing and siting

optimization problems that have large-sized uncertainty vectors. The efficiency

of P-DDSP, as compared to O-DDSP, SO method and RO method, has been

demonstrated with extensive numerical results.

• A general framework to decentralize planning strategies is proposed. By per-

forming numerical tests and sensitivity analyses on the detailed second-stage

cost components, we confirm the efficiency of our data-driven results such that

the RDG sizing and siting decisions can have a conclusive impact on the total

cost. The joint RDG siting and sizing problem requires several instances of

the RDG sizing problem to be run quickly, and our P-DDSP allows several

instances to be run within several minutes. Note that, it would take several

days instead of minutes to run the several instances of the sizing problem with

RO or SO. Therefore, our proposed method makes it possible to practically

expand the RDGs towards the minimum cost and high penetration of renew-
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able energy as compared to RO which is too conservative, and SO which is

too computationally expensive for large sample sizes.

3.2 Mathematical Model

In this section, we first present a two-stage planning model for RDG placement and

then introduce its DRO counterpart.

3.2.1 Nomenclature

The sets, indices, parameters, and decision variables used in the model are defined

as follows.

Indices and Sets

n/k/t Index of buses / RDGs / periods.

N /E Set of buses / power distribution lines.

N0 Set of buses connected to bus 0.

N1 Set of buses with dispatchable DG units.

N2 Set of buses with reactive power sources.

X Feasibility set of the first-stage decision x.

Y t Set of all the power flow variables at period t.

Dt/Dt
r Original/projected ambiguity set of ξt at period t.

F t Feasibility region of the dual of the second-stage problem at

period t.

VFt Set of selected vertices of F t used to solve O-DDSP and

P-DDSP.

GK Set of location alternatives for installing K RDGs.

Parameters

Â/B̂/ê/Ĉ(x)/d̂ Auxiliary matrices and vectors used to represent the second-

stage problem in compact form.



44

c0kn Setup cost of placing the kth RDG at bus n.

c1k/c
2
k Size-based investment / maintenance cost of the kth RDG.

ctp/c
t
q Electricity price of purchasing active / reactive power from the

main grid.

cfn/c
e
n Fuel / emission price for the dispatchable DGs at bus n.

ω Emission factor of the dispatchable DGs (kg/kWh).

K The total number of RDGs to be installed.

T The total number of time intervals in the planning horizon.

c̄mn Capacity of the power transmission line (m,n).

(p̄tn, p
t
n
)/(q̄tn, q

t
n
) Active / Reactive power output bounds of dispatchable DGs at

period t

Rmn/Xmn Electrical resistance / reactance of line (m,n).

δn Binary indicator if bus n has a dispatchable unit.

τkn Binary indicator if kth reactive power source is installed at bus n.

µt/Σt/St Mean vector / covariance matrix / support set of random

variable ξt

A, b Coefficients used to represent St.

U t/Λt Matrix of eigenvectors / eigenvalues of Σt.

U t
m×m1

/Λt
m1

The dominant m1 elements in matrix of eigenvectors /

eigenvalues of Σt.

x̄k/xk The max / min capacity of the kth RDG.

zkn Binary indicator if kth RDG is located at bus n.

u Number of pieces in the polyhedral ϵ-approximation of the

SOCP constraint.

v̄/v The upper / lower bound of voltage magnitude.

Random Variables

dtpn/d
t
qn Active / reactive load at bus n at period t.

stk Active power output of the kth RDG at period t.

ξt Vector of uncertainty in compact form at period t, i.e.,

[st1, ..s
t
k,

t
p1 , ...d

t
pN , d

t
q1, . . . , d

t
qN ]

T .

ξtr The PCA projection of the ξt into m1 dimensions.

Decision Variables
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x Size (i.e., capacity) of RDG units, i.e., [x1, ..xK ]
T .

pt0/q
t
0 Active / reactive power purchased from the main grid at bus 0

at period t.

P t
mn/Q

t
mn Active / reactive power flow from buses m to n at period t.

V t
n/|V t

n |2 Complex voltage at bus n at period t / its magnitude.

I tmn/|I tmn|2 Complex current from buses m to n at period t / its magnitude.

ptn/q
t
n Active / reactive power output of the dispatchable DG units

(reactive DG units) at bus n at period t.

W t Auxiliary variable denoting the second-stage OPF variables at

period t in compact form.

λt Dual variable of the second-stage constraints at period t.

βt Dual variable corresponding to the polyhedral support

constraint at period t.

st/str Scalar dual variable used in reformulation process for O-DDSP /

P-DDSP.

qt/qt
r Vector dual variable used in reformulation process for O-DDSP /

P-DDSP.

Qt/Qt
r Matrix dual variable used in reformulation process for O-DDSP /

P-DDSP.

Auxilary variables for ϵ-approx. of SOCP cons.

Yt
1,mn /Yt

2,mn/ Yt
3,mn/ ε1

0, . . . , ε3
u/ η1

0, . . . , η3
u

Functions

Q(x, ξt) Optimal value of the second-stage problem at period t when

x and ξt are given.

EFξt
Expectation over distribution Fξt .

P Probability of an event.

“•” The trace of two conformal matrices.

vert(.) The set of vertices of a polytope.
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3.2.2 Two-stage Model Formulation

We consider a common topology of distribution networks, i.e., a radial network. The

load demand in the distribution network is primarily satisfied by the power internally

generated from the DG units. When the internal power supply is not enough, the

system will buy power from the main grid via the Point of Common Coupling

(PCC), thus incurring operating costs. This chapter investigates the optimal siting

and sizing of RDGs at each bus in N to minimize the total cost during the whole

time horizon, including investment, maintenance, and operational costs. In the

following, we formulate the planning model as a two-stage optimization model and

describe the corresponding first-stage and second-stage objectives and constraints.

1) First-stage planning model: The objective is to minimize the total cost,

including a set-up cost and size-based investment and maintenance costs for the

RDGs as follows:

C1(x) =
∑K

k=1

(∑
n∈N c0knzkn + (c1k)xk + (c2k × T )xk

)
. The support of first-stage

decision variable x is defined as

X :=
{
x ∈ RK : xk ≤ xk ≤ x̄k, ∀k = 1, 2, · · · , K

}
.

2) Second-stage operational model: The objective is to minimize the costs of

the power generated by the dispatchable DG units as well as the power purchased

from the main grid, while respecting physical constraints such as optimal power

flow (OPF) constraints. Note that the OPF problem is non-convex and thus is

hard to solve. Recently, Farivar and Low (2013) shows that when the network is
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radial, the OPF constraints can be exactly reformulated to a set of Second Order

Cone Programming (SOCP) constraints in a branch flow model. Hence, we adopt

the branch flow model to construct the OPF constraints. Therefore, given the first-

stage decision x and the actual realization of uncertainty ξt at period t, the minimum

operating cost (denoted by Q(x, ξt)) is obtained by solving the following problem:

min
Y,p

ctpp
t
0 + ctqq

t
0 +

∑
n∈N1

cfnp
t
n +

∑
n∈N1

cenωp
t
n (3.1a)

s.t. pt
n
≤ ptn ≤ p̄tn, ∀ n ∈ N1 (3.1b)

qt
n
≤ qtn ≤ q̄tn, ∀ n ∈ N2 (3.1c)

v ≤ |V t
n |2 ≤ v̄, ∀ n ∈ N \ {0} (3.1d)

pt0 =
∑

n∈N0
P t
0n, qt0 =

∑
n∈N0

Qt
0n, (3.1e)

P t
mn −Rmn|I tmn|2 = dtpn −

∑K
k=1 zkns

t
kxk − δnp

t
n+∑

l∈Nn
P t
nl,

∀ (m,n) ∈ E (3.1f)

Qt
mn − Xmn|I tmn|2 = dtqn −

∑
k∈N2

τknq
t
kn +

∑
l∈Nn

Qt
nl, ∀ (m,n) ∈ E (3.1g)

|V t
m|2 − |V t

n |2 = 2RmnP
t
mn + 2XmnQ

t
mn − (R2

mn+

X2
mn)|I tmn|2,

∀ (m,n) ∈ E (3.1h)

∥[2P t
mn, 2Q

t
mn, |V t

m|2 − |I tmn|2]∥2 ≤ |V t
m|2 + |I tmn|2, ∀ (m,n) ∈ E (3.1i)

(P t
mn)

2 + (Qt
mn)

2 ≤ (c̄mn)
2, ∀ (m,n) ∈ E , (3.1j)

where |V t
m|2 represents the voltage magnitude of bus m and |I tmn|2 represents the
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current magnitude on line (m,n). Constraints (3.1b) and (3.1c) restrict the active

and reactive generations of each unit to their bounds, respectively. (3.1d) sets

the bounds on voltage of each bus. Constraints (3.1e) represent the active and

reactive power balance equations at bus 0, respectively. Constraints (3.1f) and

(3.1g) are active and reactive power balance equations from the Kirchhoff’s current

law, respectively. (3.1h) represents the voltage drop on each line. (3.1i) is the branch

power flow constraint and the capacity of each transmission line is limited by (3.1j).

Note that constraints (3.1i) and (3.1j) are nonlinear SOCP constraints. For

reformulation purposes and in order to obtain a tractable formulation that can be

used practically in large-scale settings, we approximate these constraints with linear

constraints. First, we build a polyhedral ϵ-approximation for (3.1i) according to

Ben-Tal and Nemirovski (2001) with the following constraints:


ε1

0 ≥ |2P t
mn| , η1

0 ≥ ||V t
m|2 − |I tmn|2| ,

ε2
0 ≥

∣∣Yt
3,mn

∣∣ , η2
0 ≥ |2Qt

mn| ,
ε3

0 ≥
∣∣Yt

1,mn

∣∣ , η3
0 ≥

∣∣Yt
2,mn

∣∣ , (3.2a)



ε1
j = cos( π

2j+1 )ε1
j−1 + sin( π

2j+1 )η1
j−1 ,

η1
j ≥

∣∣− sin( π
2j+1 )ε1

j−1 + cos( π
2j+1 )η1

j−1
∣∣ ,

ε2
j = cos( π

2j+1 )ε2
j−1 + sin( π

2j+1 )η2
j−1 ,

η2
j ≥

∣∣− sin( π
2j+1 )ε2

j−1 + cos( π
2j+1 )η2

j−1
∣∣ ,

ε3
j = cos( π

2j+1 )ε3
j−1 + sin( π

2j+1 )η3
j−1 ,

η3
j ≥

∣∣− sin( π
2j+1 )ε3

j−1 + cos( π
2j+1 )η3

j−1
∣∣ ,

j = 1, 2, . . . , u , (3.2b)


ε1

u ≤ Yt
1,mn , η1

u ≤ tan( π
2v+1 )ε1

u ,

ε2
u ≤ Yt

2,mn , η2
u ≤ tan( π

2v+1 )ε2
u ,

ε3
u ≤ |V t

m|2 + |I tmn|2, η3
u ≤ tan( π

2v+1 )ε3
u ,

(3.2c)
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Figure 3.1: Linearization of circular constraints: the intersection of the two squares,
i.e., grey area, is used to approximate the circle.

Note that the system of constraints (3.3) are a polyhedral ϵ approximation of

constraint (3.1i). Thus, the error ϵ of this approximation depends on the parameter

of the construction u, and it is calculated by 1
cos(π/2u+1)

− 1. For example, for u

equal to 2, 5, and 10, the ϵ is 0.41, 10−3 and 10−6, respectively. Next, note that

the inequality (3.1j) describes the area of a circle, and it can be approximated by

intersection of areas of several squares as depicted in Figure 3.1. Generally, the more

squares considered, the higher the accuracy. Here, we used 2 squares as it already

provides a tight approximation appropriate for engineering applications:

− c̄mn ≤ P t
mn ≤ c̄mn , (3.3a)

− c̄mn ≤ Qt
mn ≤ c̄mn , (3.3b)

−
√
2c̄mn ≤ P t

mn +Qt
mn ≤

√
2c̄mn , (3.3c)

−
√
2c̄mn ≤ P t

mn −Qt
mn ≤

√
2c̄mn , (3.3d)

For notational brevity, we use a compact matrix form to represent the linearized
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model (3.1), as shown in the following:

Q(x, ξt) = min
W t

ê⊤W t (3.4a)

s.t. ÂW t + B̂x+ Ĉ(x)ξ
t ≤ d̂ (3.4b)

The dual of model (3.4) can be represented as follows:

Q(x, ξt) = max
λt

λt⊤(B̂x+ Ĉ(x)ξ
t − d̂) (3.5a)

s.t. F t =
{
λt|Â⊤λt + ê = 0,λt ≥ 0

}
. (3.5b)

where λt are the dual variables corresponding to constraints (3.4b).

3.2.3 O-DDSP Model

In reality, when we make the RDG planning decisions, we do not know the real

value of the uncertainty vector ξt in advance. More specifically, the multivariate

PDF of ξt is unknown in many cases in practice, which prevents us from performing

a stochastic programming approach. Accordingly by adopting the DRO method, we

assume that the PDF of ξt belongs to a moment-based ambiguity set Dt(St,µt,Σt).

It consists of all the possible probability distributions that share the mean vector

µt and covariance matrix Σt and are on the support set St as follows:

Dt(St,µt,Σt) =

F

∣∣∣∣∣∣∣∣
P(ξt ∈ St) = 1

EF [ξ
t] = µt

EF [(ξ
t − µt)(ξt − µt)T ] ⪯ Σt

 , (3.6)
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where these parameters (St,µt,Σt) are usually calculated empirically from the his-

torical data.

The DRO approach looks for the solutions that perform the best under the

worst-case distribution within the ambiguity set. Since uncertain vector ξt follows

an independent PDF with specific ambiguity set Dt for each period t, we can present

the multi-period second-stage problem as follows:

sup
Fξt∈Dt

EFξt
[

T∑
t=1

Q(x, ξt)] =
T∑
t=1

sup
Fξt∈Dt

EFξt
[Q(x, ξt)]. (3.7)

Combined with the first-stage problem, the complete DRO model, denoted by O-

DDSP, can be described as the following two-stage optimization problem:

min
x∈X

[
C1(x) +

T∑
t=1

sup
Fξt∈Dt

EFξt
[Q(x, ξt)]

]
. (3.8)

By replacing the inner maximization problem in (3.8) under ambiguity set Dt

with its conic dual, we obtain the following equivalent reformulation:

min
x,st,

qt,Qt

C1(x) +
T∑
t=1

[
st + (µt)⊤qt + (Σt + µt(µt)⊤) •Qt

]
(3.9a)

s.t. st + ξt
⊤
qt + ξt

⊤
Qtξt ≥ Q(x, ξt),∀ξt ∈ St, t = 1, ..T, (3.9b)

x ∈ X ,Qt ⪰ 0, (3.9c)

where st ∈ R, qt ∈ Rm, Qt ∈ Rm×m. Note that strong duality holds because Q(x, ξt)

is F-integrable for any F ∈ Dt.

Note that, when the ambiguity set is singleton and the distribution of uncer-

tainty is assumed to be known beforehand, then the DRO model becomes the clas-
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sic stochastic optimization. Alternatively, when the ambiguity set only includes

support information, then the DRO model becomes robust optimization.

3.3 Solution Method

In this section, we first obtain the equivalent SDP reformulation of O-DDSP (3.9).

Next, we introduce P-DDSP, which is a relaxation of O-DDSP (3.8) based on PCA.

Finally, we present the algorithm that we will use to solve both O-DDSP and P-

DDSP.

3.3.1 O-DDSP in SDP Form

Note that we cannot solve O-DDSP (3.9) directly because (3.9b) includes an infinite

number of constraints and also the function Q(x, ξt) is not given in a closed form.

To resolve the latter issue, we replace Q(x, ξt) with the dual of the second-stage

problem (3.5). Thus, constraints (3.9b) can be equivalently reformulated with the

following constraints:

st + ξt
⊤
qt + ξt

⊤
Qtξt ≥ λt⊤(B̂x+ Ĉ(x)ξ

t − d̂),

∀λt ∈ F t, ξt ∈ St, t = 1, . . . , T.

(3.10)

Here we assume the support set St are in the form of a polytope with at least one

interior point, i.e. St = {ξt|Aξt ≤ b} ≠ ∅, ∀t = 1, 2, ..T . Thus model (3.8) can be

reformulated as the following SDP problem:
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min
x,st,βt,

qt,Qt

C1(x) +
T∑
t=1

[
st + (µt)⊤qt + (Σt + µt(µt)⊤) •Qt

]
, (3.11)

s.t. x ∈ X ,

βt ≥ 0,Qt ⪰ 0, M t
11 M t

21
⊤

M t
21 M t

22

 ⪰ 0, ∀λt ∈ vert(F t), t = 1, . . . , T,

M t
11 = st + λt⊤(d̂− B̂x)− βt⊤b,

M t
21 =

[
1
2
(qt − Ĉ⊤

(x)λ
t +A⊤βt)

]
, M t

22 = [Qt] ,

where set vert(F t) includes all the vertices of the feasibility region {λt|λt ≥

0, Â⊤λt + ê = 0}.

3.3.2 Low-rank Approximation for O-DDSP

It is important to notice that O-DDSP (3.11) still has an exponential number of

SDP constraints. Each of these constraints are of size m ×m, leading to a heavy

computational burden. Thus, to improve the computational performance, we imple-

ment a relaxation technique based on PCA (Cheng et al. 2018) to decrease the size

of the SDP constraints to a lower size of m1 ×m1 with m1 < m. To that end, we

excavate the dominant and accordingly useful information in the ambiguity set by

projecting the random variable ξt with original dimension m to a m1-dimensional

vector ξtr.

Consider the ambiguity set Dt(St,µt,Σt). Given a positive definite matrix Σt,

its eigendecomposition can be presented as Σt = U tλtU t⊤ = U tΛt
1
2 (U tΛt

1
2 )⊤,
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where U t ∈ Rm×m and Λt ∈ Rm×m is a diagonal matrix with the eigenvalues on

the diagonal. By sorting the eigenvalues in Λt in a decreasing order and picking

the largest m1 elements and their corresponding eigenvectors, U t
m×m1

Λt
1
2
m1

ξtr will

carry the highest variability of the uncertainty in the data in m1 dimension. Thus,

the distributional ambiguity set for random variable ξtr centered around zero can be

represented as:

Dt
r =

Fr

∣∣∣∣∣∣∣∣
P(ξtr ∈ St

r) = 1

EFr [ξ
t
r] = 0m1

EFr [(ξ
t
r)(ξ

t
r)

T ] ⪯ Im1

 , with (3.12)

St
r := {ξtr ∈ Rm1 : U t

m×m1
Λt

1
2
m1

ξtr + µt ∈ St}, (3.13)

where 0m1 is a vector of zeros with dimension m1 and Im1 is an identity matrix with

dimension m1.

Therefore, problem (3.8) with the projected uncertainty vector ξtr instead of the

ξt and under the new ambiguity set Dt
r is an approximation of O-DDSP and we

refer to it as P-DDSP. Similar to Subsection (3.3.1), we can derive an equivalent

SDP reformulation of P-DDSP as follows:

min
x,st,βt,

qt
r,Q

t
r

C1(x) +
T∑
t=1

[
st + Im1 •Qt

r

]
, (3.14)

s.t. x ∈ X

βt ≥ 0, st ∈ R, qt
r ∈ Rm1 ,Qt

r ∈ Rm1×m1
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 M ′
11 M ′

21
⊤

M ′
21 M ′

22

 ⪰ 0, ∀λt ∈ vert(F t), t = 1, 2, ..T

M ′
11 = st + λt⊤(d̂− B̂x)− βt⊤b+ (βt⊤A− λt⊤Ĉ(x))µ

t

M ′
21 =

[
1
2
(qt

r + (U t
m×m1

Λt
1
2
m1

)(A⊤βt − Ĉ⊤
(x)λ

t))
]

M ′
22 = [Qt

r] .

3.3.3 Delayed Constraint Generation Algorithm

Since enumerating all the vertices of the feasibility region F t in both O-DDSP (3.11)

and P-DDSP (3.14) is not practical, we present an efficient algorithm (as shown in

Algorithm 3.1) to solve both models in this subsection. In fact, SDP constraints

are highly computationally intense and the global optimization techniques would

quickly become computationally expensive, especially for such large-scale problems.

In Algorithm 3.1, we present the details of the delayed constraint generation al-

gorithm (Wei et al. 2016) to overcome this challenge and solve (3.11) efficiently.

According to this algorithm, we start to solve a relaxed version of the SDP problem

by considering a subset of vert(F t). We then check (3.9b) to see if the SDP con-

straint in (3.11) is satisfied. If yes, then the optimal solution is found. Otherwise,

we add the corresponding feasibility cuts.

Note that in the first step of Algorithm 3.1 and to find the vertices of the fea-

sibility region {λt|λt ≥ 0, Â⊤λt + ê = 0}, we solve a linear program with different

objective functions each time subject to this feasibility region. In this way, the

obtained solution is a vertex of the feasibility region. In Step3, the optimization
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Algorithm 3.1: Delayed Constraint Generation Algorithm

Step1 : Find initial sets of vertices of the feasibility region

{λt|λt ≥ 0, Â⊤λt + ê = 0} for each t, as the starting point for V t
f .

Step2 : Solve the problem (3.11) considering the vertices only in V t
f ,

namely the master problem. Then, save the optimal value R∗ and

optimal solution X ∗.

Step3 : Solve the following biconvex subproblem on each period t using

the optimal values of s, qt, Qt , x from Step2 :

min
λt,ξt

st + ξt
⊤
qt + ξt

⊤
Qtξt − λt⊤(B̂x+ Ĉ(x)ξ

t − d̂)

s.t. ∀λt ∈ F t, ξt ∈ S,
and save the optimal value as rt

∗
and optimal solution as λt∗. To do so,

we use the alternating direction search algorithms.

Step4 : If rt
∗ ≥ 0 for all t, then (3.9b) is feasible and the optimal solution

R∗ obtained in Step2 is optimal for O-DDSP. Otherwise, if rt
∗
< 0 for

some t, then add the optimal λt∗ obtained in Step3 to set V t
f and go to

Step2.
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problem is nonlinear due to the bilinear term λt⊤ξt and it can be solved by the

nonlinear optimization solvers to the exact optimal point for small-size problems.

For the large-scale problems, it is possible to solve the problem in Step3 to the near-

optimal solutions using alternating direction search techniques. In addition, note

that Algorithm 3.1 is specially designed to solve O-DDSP (3.11), while a similar one

can be developed to solve P-DDSP (3.14) and thus we omit it due to limited space.

3.4 Numerical Results

In this section, first we briefly introduce the IEEE 33-bus system and the historical

real data that we acquired. Next, we investigate the effectiveness of Algorithm 3.1

to solve the proposed multi-period model O-DDSP (3.11) and its PCA relaxation

P-DDSP (3.14). Finally, sensitivity analyses are carried out by using in-sample and

out-of-sample tests to further validate the effectiveness of the obtained planning

solutions. All numerical tests were executed on a PC with an Intel Core i7-7700 CPU

and 16 GB RAM. The master problem and subproblems were solved by MOSEK

solver on CVX software.

3.4.1 Data

We consider a modified IEEE 33-bus radial distribution network (Moham-

madi Fathabad 2019). All generators and DGs are connected to the grid in three

phases. Two active power DGs are considered at buses 15 and 29, and three reactive
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power sources are considered at buses 11, 13, and 32. The reactive power sources

are of the hybrid (capacitive and inductive) compensator type which have the abil-

ity to both generate and absorb reactive power in order to stabilize the voltage.

Three RDGs are to be placed in the network, i.e., K = 3. The optimal capacity

of each of these RDGs (between xk = 0.2 MW and x̄k = 2.5 MW for k=1,2,3)

should be decided by O-DDSP (3.11), while the siting decision will be analyzed

later. We consider two folds of uncertainties: 1) the hourly active/reactive loads at

each bus, i.e., dtpn/d
t
qn, at period t, and 2) the renewable generation outputs of each

RDG, i.e., stk, at period t. Our dataset includes hourly load data (from Pecanstreet

project (PECANSTREET 2019)) and hourly wind generation coefficient data (from

ERCOT (ERCOT 2019)) for 4 years. As we consider our planning periods to be

seasonal, we have 2160 (90 days× 24 hours) sample points available at each season.

3.4.2 Performance Analyses of O-DDSP and P-DDSP

First, in Table 3.1, we report the performance of O-DDSP by considering different

number of seasons T (labeled as “T”) and two different candidate location alterna-

tives to install the RDGs, which are labeled as Alte. A at buses (32, 17, 21) and

Alte. B at buses (24, 29, 13). In addition, we consider two different cases regarding

the support set S, in which the results inside the parenthesis are obtained when

increasing the support set from [−2σ,+2σ] to [−3σ,+3σ]. From the table, we can

observe that the penetration of the RDGs (labeled as “Pene. (MWh)”) increases
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when we consider longer planning horizons, and also the grid will have higher costs

(labeled as “Tot. Cost (K$)”) as the planning horizon increases. However, it is

easy to infer that the average second-stage costs per season (labeled as “ Season

OPT (K$)”) is significantly lower when we consider a longer planning horizon. This

clearly shows the long-term cost-wise benefits of the RDG penetration. Moreover,

we can see that adopting a less accurate ambiguity set, which may be due to insuffi-

cient data, usually leads to longer computational time (labeled as “ Time (s)”) and

more iterations (labeled as “# ITE”) towards optimality. Indeed, a broader support

set means a larger solution space to search for the optimality, and thus potentially

longer computational time. In addition, comparing the results for alternatives A

and B, we can see that the siting decision will have a decisive effect on the out-

comes, especially on the renewable penetration, and we will investigate it in detail

in Subsection 3.4.3.

Table 3.1: The O-DDSP Performance

Alte. T Tot. Cost (K$) Season Cost (K$) Pene. (MWh) Time (s) # ITE

A

2 6988 (7159) 1747 (1790) 0.60 (0.60) 59 (192) 4 (9)
4 14768 (9558) 923 (597) 0.60 (0.60) 112 (223) 11 (12)
6 19624 (14975) 545 (415) 2.77 (1.75) 611 (757) 22 (13)
8 24305 (17147) 379 (268) 3.44 (2.57) 606 (461) 6 (15)

B

2 7228 (7286) 1807 (1821) 0.60 (0.60) 3275 (1370) 6 (9)
4 14919 (9666) 932 (705) 0.60 (0.60) 1196 (2271) 11 (9)
6 19837 (19889) 551 (553) 2.63 (2.76) 2353 (2334) 13 (17)
8 26177 (26023) 409 (407) 3.98 (4.07) 3033 (3627) 19 (19)

Next, we compare the performance of O-DDSP with its approximation, P-DDSP,

on solution quality and time in Tables 3.2 and 3.3. In Table 3.2, we consider m1 =
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67, 40, 30, 20,and 10, which corresponds to 100%, 60%, 45%, 30%, and 15% of the size

of ξ, respectively. In Table 3.2, the optimality gap between P-DDSP and O-DDSP

(labeled as “GAP(%)”) is defined as π∗(m)−π∗(m1)
π∗(m)

× 100%, where π∗(m) and π∗(m1)

are the optimal values of O-DDSP and P-DDSP, respectively. We can observe

that P-DDSP will provide very high-quality solutions in dramatically shorter CPU

times (labeled as “ Time (s)”). For instance, for the case with T = 8 and support

[−2σ,+2σ], solving the original reformulation O-DDSP takes 7227 seconds, while

P-DDSP obtains a high-quality solution (less than 1% optimality gap) in only 247

seconds when m1 = 10. This is because the dimension of SDP constraints for

O-DDSP is 68×68 while for P-DDSP with m1 = 10 the dimension is 11×11. The O-

DDSP, having to deal with large number of big SDP constraints, becomes very slow

while the P-DDSP is able to solve the problem and provide high quality solution in a

fraction of O-DDSP’s computational time. Table 3.3 shows that such improvements

get amplified by further increasing the number of periods to T = 16, as it leads to

larger number of SDP constraints (e.g., P-DDSP is 2000 times faster). Therefore,

we show that when the size of the problem is very large-scale so that it cannot be

handled by the solvers, our proposed P-DDSP maintains a very tight optimality

gap, thus, it brings about practical usefulness. Note that the results in Tables 3.2

and 3.3 is based on a given candidate location to install RDGs at buses 17, 32,

and 24. To better show the efficiency of model P-DDSP, we try to obtain average

performance of Algorithm 3.1 by running instances that consider different candidate
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location alternatives.

Table 3.2: O-DDSP vs. P-DDSP

m1
T=2 seasons T=8 seasons

GAP(%) Time (s) # ITE GAP(%) Time (s) # ITE

P
-D

D
S
P

10 1.36 24 6 0.92 247 12
20 0.17 40 8 0.26 251 11
30 0.88 45 8 0.70 296 11
40 1.22 125 13 0.48 556 13
67 0.59 822 18 0.13 4939 20

O-DDSP 0 721 15 0 7227 24

Table 3.3: O-DDSP vs. P-DDSP: T = 16

T Tot. Cost (K$) Time (s) # ITE

O-DDSP 16 17015.1 31925 65
P-DDSP 16 17097.4 63 4

In particular, we consider different values of m1 and two different support sets.

For given m1 and the support set, models O-DDSP and P-DDSP ran forty times,

each time considering a different location alternative, and we obtain the average

optimality gap and computational time, as shown in Figure 3.2. From Figure 3.2,

we summarize the following observations: 1) the gap between O-DDSP and P-DDSP

is very small, which is as low as 5% when m1 = 10; 2) the computational time of

P-DDSP is largely reduced when m1 decreases; 3) more accurate ambiguity sets

with tighter supports will bring not only less conservative solutions but also shorter

computational times; 4) even when less accurate ambiguity set is used (e.g., due to

lack of enough data), our proposed P-DDSP will lead to high percentage reduction

of the computational time.

In table 3.4, we compare the out-of-sample performance between the two pro-
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Figure 3.2: Performance of P-DDSP (with m1=10, 20, 30, 40, and 67) on two dif-
ferent support sets: [−σ,+σ] on top, and [−2σ,+2σ] in below. Green line indicates
the average O-DDSP time. The red line shows the P-DDSP run time in seconds
and the blue line shows the optimality gap.

posed methods, i.e., O-DDSP and P-DDSP, versus the conventional SO and RO

methods. The data-driven SO problem is solved by SAA method, and we use the

scenario-based polyhedral uncertainty sets introduced in Nemirovski (2012), Velloso

et al. (2019) to solve the RO problem. Here, we randomly divide the N samples into
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Table 3.4: Out-of-sample Performance

T N
OPT (K$) Time (s)

RO SO O-DDSP P-DDSP RO SO O-DDSP P-DDSP

2

200 3664.8 3532.6 3545.8 3586.7 109 73 464 18

600 4047.5 3688.7 3752.6 3704.0 707 423 1355 100

1000 3359.8 2997.5 2988.3 2992.7 1992 1031 1171 41

2000 1570.2 1570.2 1570.2 1570.2 7028 3329 1177 40

4

200 11090.4 10599.2 11125.5 10911.8 306 194 896 86

600 12400.0 11067.9 11084.2 11088.2 1910 1003 1628 111

1000 8435.8 7520.7 7523.6 7523.6 7081 3107 2246 208

2000 3426.4 3426.4 3426.4 3426.4 28089 12190 3880 75

a training dataset (75% of the samples) and a validation dataset (25% of the sam-

ples). We first solve the sizing problem on the training dataset using each method,

and then use the validation dataset to obtain the out-of-sample performance of

each method. We can observe that the proposed P-DDSP formulation reduces the

computational times dramatically. This is especially important for our data-driven

problem because the accuracy of the results will increase by including more sam-

ples. However, the disadvantage of SO and RO methods is that its computational

time severely increases with large sample sizes while increasing the sample size in

our proposed DRO based methods, i.e., O-DDSP and P-DDSP, will only increase

the accuracy of the mean vectors and covariance matrices of uncertainty without

adversely affecting the size of the problem. Especially, by using the PCA concept,

our P-DDSP formulation outperform SO and RO in all cases with its extra-ordinary

shorter CPU times.
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3.4.3 RDGs Site Planning Analyses

From Table 3.1 in Section 3.4.2, we observed that the sizing decision is highly depen-

dent on the predetermined RDG locations. Mathematically, it is possible to consider

the siting decision in model (3.8) by turning the parameter zkn to a binary deci-

sion variable and solve the mixed-integer sizing and siting problem. Unfortunately,

due to the weakness of optimization solvers and the CPU limits to this date, the

corresponding problem becomes quickly intractable dealing with SDP constraints

integrated with large-scale mixed-integer variables, not to mention that the current

model O-DDSP is already difficult to solve. Nevertheless, considering that usually

the options for RDG placement are limited due to natural barriers and constraints,

enumerating these different candidate location alternatives and comparing their cor-

responding costs is a plausible alternative approach that we investigate hereafter.

For each given candidate location alternative, we will assess the corresponding

first-stage investment cost and second-stage operational cost on an 8-season planning

horizon (2 years) in order to identify the elements of a successful RDG placement as

general siting strategies. Note that solving the SDP formulation of P-DDSP (or O-

DDSP) does not tell each individual cost component of the second-stage operational

cost, i.e., the costs of purchasing active/reactive electricity from the main grid, the

fuel and emission costs of dispatchable DGs, because all of them are aggregated

by the dual of the second-stage problem. Thus, to numerically retrieve these cost

components in the second-stage, we perform the following procedure and thereby
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validate the first-stage solution, where we use the historical data in years 2014-2015

and 2016-2017 as the primary and secondary sets of historical data, respectively.

a) Use the primary set of historical data to construct the ambiguity set Dt at

each period t.

b) Consider a set of different location alternatives for the placement of K RDGs

in set GK .

c) For each candidate location alternative gs ∈ GK :

1) Solve P-DDSP and report the first-stage costs, then fix the first-stage

decision.

2) To retrieve the second-stage cost components, sample 1000 scenarios from

the primary (resp. secondary) set of historical data on each period t to

conduct in-sample (resp. out-of-sample) test. That is, for each scenario,

given the obtained first-stage decision, solve the deterministic second-

stage problem, i.e., model (3.1).

Here, we consider the IEEE 33-bus network as shown in Figure 3.3 and let K =

3 and |GK | = 60 to show the main results.

To begin with, we employ the in-sample test results to present the detailed cost

components in the second-stage, more specifically the variance of the electricity pur-

chased from the main grid under these different location alternatives in GK , as shown
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in Figure 3.4. We can observe that the candidate location alternatives with higher

penetration of renewables lead to higher variance of electricity purchase, which indi-

cates higher pressure towards the main grid and further implies a trade-off between

renewable penetration and the pressure towards the main grid. This trade-off is

one of the major drawbacks of renewable expansion and confirms the complexity

of the problem and the necessity of developing optimal planning strategies. In the

following part, we will show how we can address this trade-off by inferring some

general rules for the optimal planning of the RDGs. The rules will help the distri-

bution network operators and utility companies validate different candidate location

alternatives quickly and reasonably.

Figure 3.3: The radial 33-bus network with varying range of demand on each bus.
Region A representing medium load. Region B has few but high demand buses.
Region C has a larger number of low demand buses.

To clearly derive some RDG siting strategies, we report numerical results corre-

sponding to 9 representative location alternatives in Figure 3.5 and the numerical

results corresponding to another 9 alternatives in Figure 3.6. Here, we use the out-

of-sample test results to validate the obtained first-stage decision and better present
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Figure 3.4: The variance of the electricity purchased from the main grid is plotted
against the penetration of renewable energy for 60 different location alternatives.

the second-stage operational performance against those future scenarios (e.g., in the

secondary set of historical data). Figure 3.5 shows the results including the first-

stage investment (labeled as RDG Inv.) and maintenance costs and the average

second-stage operational cost of individual location alternatives. We can see that

the placement of the RDGs at buses that are further away from bus 0 will reduce (i)

the pressure on the main grid, (ii) the traditional and costly electricity generation

at buses 15 and 29, and (iii) the total cost in the network.

Moreover, the distance between a bus and bus 0 is not the only decisive factor

for optimal RDG planning strategy. Note that in Figure 3.3, we use different colors

to represent the load intensity at each bus as well as at different demand regions,

and our numerical results show that these load intensities are an important factor

for successful RDG placement. In particular, demand regions B and C are both far

away from bus 0 so they are potential regions for RDG placement, and it is clear to



68

Figure 3.5: The distribution network costs ($×103) for 9 different location alterna-
tives of 3 RDGs; longer (resp. shorter) distance from bus 0 on the left (resp. right)
side of the horizontal axis.

see from Figure 3.6 that ignoring both demand regions B and C (candidate location

alternatives labeled as “Ignores both Regions”, i.e., candidate location alternatives

that does not place any RDGs in regions B and C) does not have economic jus-

tification, as it leads to minimum RDG penetration and highest total cost. More

specifically, we observe that candidate location alternatives that ignore region B

(i.e., a highly demanded region) bring the highest costs of purchasing electricity

from bus 0 and lead to high pressure on the dispatchable DG at bus 29 (which is in

region B) to produce electricity. Thus, a sparse arrangement of RDGs (e.g., candi-

date location alternatives labeled as “Covers both regions”) within the distribution

network with consideration of the regional demand is the best strategy, which will

lead to the maximum RDG penetration and minimum total cost. By merely com-
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paring the two location alternatives that place RDGs at buses (24,32,17) and at

buses (18,22,2) as shown in Figure 3.6, there is a $5,000,000 decrease in total cost

on a 2-year horizon when picking optimal planning decisions. This means the utility

companies can have as much as 20% decrease in the total cost (selecting the candi-

date location alternatives sparsely to include high-demand regions) in the microgrid

while following their renewable expansion goals.

Figure 3.6: The distribution network costs ($×103) for 9 different location alterna-
tives in 3 groups of strategies regarding demand regions B and C.

Finally, in Table 3.5, the out-of-sample performance of our proposed planning

methodology is compared with SO and RO. Here, we randomly divide 500 scenar-

ios in two parts; we first use the training dataset (includes 400 samples) to solve

the sizing and siting problem, and then we use the validation dataset (includes 100

samples) to examine the performance of the solution obtained by each method. The
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Table 3.5: Out-of-sample Performance for Siting and Sizing

Method N OPT (K$) Time (s)

T=2 T=8 T=2 T=8

SAA
5 3620.4 24895.2 13,432 ***
10 3651.3 26782.4 28,957 ***
100 *** *** *** ***

RO
5 3611.0 25225.2 21,202 ***
10 3816.4 26814.4 *** ***
100 *** *** *** ***

DRO 400 3542.5 22964.4 120 3481

time used by MOSEK to reach optimality is reported in column labeled “Time

(s),” where “***” means MOSEK cannot solve the problem within ten hours time

limit, if so we use the best integer solution retrieved from the solver to examine

the out-of-sample performance. The out-of-sample performance is reported in the

column labeled “OPT (K$),” where “***” means MOSEK cannot obtain any fea-

sible solutions within the time limit. We can observe that our proposed planning

methodology outperforms SO and RO dramatically. Indeed, for the case of T = 8

and N = 5, MOSEK could not solve the SO and RO problems in more than 2 days,

so that’s why we set a time limit. When we choose sample sizes larger than 100 for

the SO and RO methods, the sizing and siting problem becomes completely imprac-

tical computationally. Our proposed methodology, on the other hand, is based on

capturing the first- and second-moment information in the ambiguity set, and in-

creasing the sample size does not increases the size of our problem but only make the

solution more accurate. The extremely short computational times of the P-DDSP

is also promising, as the P-DDSP problem can be further extended to include the
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siting decision as well, which is our ongoing research that deals with mixed-inter

SDP problems.

3.5 Discussion and Remarks

The recent technological advances together with governments supportive policies

have progressively promoted the penetration of renewable electricity generation.

The solar and wind renewable energy, though, is a highly uncertain source of elec-

tricity and its integration into the grid is extremely challenging and requires novel

planning techniques. In this chapter, a data-driven DRO approach with first- and

second-moment information is proposed for RDG sizing problem to safely increase

the penetration of low-carbon-emission renewable energy while mitigating the risk

for damaging the network equipment, blackouts, more power losses, etc. that hap-

pens by over-sizing and under-sizing the renewable sites. Additionally, a tight PCA

based approximation of the DRO model is proposed which speeds up the solution

procedure thus enables practical usefulness in industry. Unlike conventional RO and

SO methods that become impractically time-consuming to solve the sizing problems

with large sample sizes, the proposed DRO models use the large sets of historical

data in their advantage to increase the accuracy of their ambiguity sets thus their

solutions, and they are solved efficiently. In addition, unlike other DRO works in

literature, we do not limit our chapter to only problems with small uncertainty

vectors, or a small number of SDP constraints. Moreover, a general framework for
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siting strategies was proposed through sensitivity analyses, and it is compared to

conventional SO and RO methods.

Through numerical results we showed that while the conventional methods be-

come intractable to solve the siting and sizing problems with even 5 samples, our

method is able to use huge sample sizes to make planning decisions. Moreover, we

show that our optimal planning of the RDGs will lead to minimum planning cost,

less pressure on the main grid, maximum penetration of renewables, and decreasing

greenhouse gas production from the dispatchable DGs. More specifically, our nu-

merical results indicate that a sparse arrangement of RDGs with optimal sizing and

siting decisions will lead up to a 20% reduction in costs. This is achieved while guar-

anteeing the performance of the distribution system through our proposed detailed

mathematical model based on the optimal power flow equations. Overall, we pro-

vided an optimal planning tool for the management of utility companies when RDG

placement decision is not trivial due to the uncertainties in data and the large-scale

size of the problem.

Future research would consider developing tractable mixed-integer DROmethods

that can integrate the sizing and siting of RDGs in one DRO model instead of using

sensitivity analyses for siting. In addition, alternative ambiguity set techniques,

such as Phi-divergence and Wasserstein ambiguity sets are to be analyzed. Another

relevant avenue of research is the extension of this work to include battery storage

in the model.
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CHAPTER 4

Integrated Power Transmission and Distribution Systems

In this chapter, we introduce a model for integrated transmission and distribution

system (InTDS) so as to minimize the operational costs of both the transmission

and distribution systems, while respecting the technical constraints of their sys-

tems. First, the motivation behind the work alongside a literature review of related

methodologies is presented in Section 4.1. The mathematical modeling of the InTDS

problem as well as its strengthened formulation are presented in Section 4.2. The

numerical results are reported in Section 4.3. Finally, we conclude this chapter in

Section 4.4.

4.1 Introduction

The interactions between the transmission and distribution systems of the power

systems are increasing as a result of integrating large amounts of on-site generations

in the distribution system (DS) through devices referred to as distributed energy

resources (DERs). These DER generations, mostly from intermittent renewable

resources, are driven by economic factors of on-site generations, clean means of re-

newable energy production, and recent advances in DER technology. However, the

expansion of these technologies is limited by the high operational costs of stabilizing
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the power system. In this chapter, we introduce a model for integrated transmis-

sion and distribution system (InTDS) so as to minimize the operational costs of

the transmission and distribution systems, respectively, while respecting the tech-

nical constraints of both systems. Our proposed InTDS model can address several

challenges of the modern power systems (e.g., mitigating renewable production un-

certainty and stabilizing energy flow).

The transmission and distribution systems have transitioned from a convention-

ally centralized paradigm to a currently decentralized one. The conventional power

systems in Figure 4.1, have one-way energy flows from generation to consumption,

and they include large-scale central power stations (such as coal-, gas-, and nuclear-

powered plants) where electricity is generated and then delivered to consumers by

conventional transmission and distribution networks. In contrast, a decentralized

power system can be divided into many modern distribution systems, which nowa-

days are turning to localized grids that could be independent of the transmission

system (TS). In particular, the modern distribution systems can harness on-site

generations to serve local loads through near-demand generation and storage com-

ponents, as shown in Figure 4.2. They usually represent low-voltage AC grids and

use such DERs as solar panels, wind turbines, and stationary batteries, which can

help reduce carbon emission significantly. The distribution system is connected to

the transmission system through the point of common coupling (PCC), but it could

be isolated from the transmission system. Thus, a mixture of electricity gener-
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ated from both the transmission and distribution systems can be delivered to the

consumers, leading to a highly reliable service.

Figure 4.1: Conventional T&D Systems Figure 4.2: Modern T&D Systems

Currently, most of these modern distribution systems are short of electricity

generation and still need to purchase large amounts of electricity from the trans-

mission system via PCC at peak hours (needy distribution systems). However, the

increasing penetration of renewable energy resources (RES) in the DS is changing

this notion. Indeed, investments in renewable generation developments were higher

than investments in the fossil fuel energy sector for the first time in 2017 (IRENA

2018a). As a result, the distribution systems are growing more independent over

time, as they become able to satisfy more demands internally (balanced distribu-

tion system). Furthermore, they may generate extra electricity to share with other

sections of the transmission network (rich distribution systems). Thus, the shift of

paradigm towards a decentralized power system is going to intensify for the years to
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come, and it will be centered around the high penetration of renewable generations.

The major challenge in the transmission system is that electricity must be gen-

erated at the same rate as it is consumed. A sophisticated optimization and control

system is required to assure the match between the generation and consumption

at any moment. The transmission system is usually operated by a transmission

system operator (TSO) who balances the supply and demand through scheduling

and controlling physical devices such as electrical power generators, switches, and

circuit breakers. More specifically, to schedule the generators, TSOs use a family

of optimization problems called Unit Commitment (UC) problem to coordinate a

set of generators that are geographically located at different locations to match the

network’s demand. Solving the UC problem is very important because an imbalance

may lead to major blackouts and shutdowns. However, solving the UC problem is

very challenging because (1) on the generation side, a large number of generators are

available to be online/offline in the transmission system (hundreds to thousands)

and are geographically located at different regions, and (2) on the demand side, it

is very challenging to accurately forecast future demands of the system, especially

when different types of wind and solar generations are integrated in the system be-

cause they are highly uncertain and difficult to predict. As a consequence, the UC

problem is usually very difficult to solve. Especially note that some units require

hours to start up or shut down. It follows that the UC decisions should be made

in advance, which implies that the UC problem needs to be solved within several
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minutes to a few hours. Therefore, for the purpose of simplification, most of the UC

problems in the literature are solved by assuming that the distribution systems con-

nected to the transmission network are load points to represent the whole complex

distribution systems.

For the distribution system, it obtains electricity from three sources to satisfy

demands: (1) electricity purchased from the TS, (2) internal generations by DERs

(non-dispatchable and dispatchable), and (3) control tools (such as storage units).

Optimizing the operation of distributed generations and storage facilities under un-

certain renewable generations and loads leads to a specific mathematical optimiza-

tion problem, and we call it DER management problem. Such problem minimizes

the operating cost of distributed generations, enhances the efficiency of the DER’s

utilization, and stabilizes the distribution system (Ackermann and Knyazkin 2002).

Solving the DER management problem helps a distribution system operator (DSO)

to optimally balance the generation and consumption of electricity at the distribu-

tion level. However, the uncertain loads, the large amount of uncertain renewable

generations, and the nonlinear characteristics of the problem make this optimization

problem extremely complex.

Traditionally, the UC problem and DER management problem are solved sep-

arately. However, today’s power system is facing a lot of challenges (e.g., high

pressure on the TS and reverse power flow from the DS to TS) mainly caused by

DER generations in the DS, and solving them require a synchronal attention from
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TSOs and DSOs. More specifically, based on the projected RES growth (Barbose

2017), the DER generations in the distribution system are gradually reaching levels

where their effects on the transmission network can no longer be neglected. Indeed,

Mohammadi Fathabad et al. (2020) shows that increasing the penetration of RDGs

in the distribution level will lead to higher pressure on the TS because the vari-

ance of the loads that the distribution system will impose on the TS will increase.

Therefore, it will be very demanding for the UC problem to additionally consider

the impulsive variations of DS loads, rather than consider the DS systems as fixed

load points.

In addition, DSs are growing more independent from the TS, and in some cases

even produce more electricity than their local demand. From a technical perspec-

tive, the surplus electricity generations can be curtailed (e.g., by adjusting the blade

angles in a wind farm) (Bird et al. 2016) or stored using energy storage technolo-

gies such as battery storage (Root et al. 2017), elevated water (Jiang et al. 2011),

and compressed air (Cleary et al. 2015). From an operational perspective, renew-

able curtailment has a negative value because it wastes the investments (Khodayar

et al. 2016) and may cause system disturbance. A more robust approach to han-

dle the extra electricity in the distribution system is to sell it to the transmission

network. Using an integrated transmission and distribution system (InTDS), the

whole power system can coordinate the DSs by buying exta electricity from some of

them and selling electricity to the others, which eventually may support the trans-
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mission system to reduce and stabilize the electrical generation and transmission.

In an ideal scenario, this will lead to shutting down some of the transmission net-

work’s generators and lead to saving a lot of money. Nevertheless, existing studies

on such important coordination (Kasembe et al. 2009) are limited in the literature

and clearly a thorough research is demanded. There have been some attempts in

the literature to integrate the transmission-level problems (e.g., unit commitment,

economic dispatch, etc.) with the distribution-level problems (e.g., optimal power

flow, RDG planning, etc.). Most of these attempts, however, simply assume that

the online/offline status of each generator in the transmission system is given, which

reduces the generation flexibility. For example, Li et al. (2016a) and Li et al. (2016b)

focus only on the economic dispatch of the transmission system. A similar exam-

ple happens in Caramanis et al. (2016), which focuses on the distribution level’s

dynamic pricing of electricity services. Simulation tools are also used to coordi-

nate the two systems. For example, Jain et al. (2016) demonstrates the need for

and benefits of studying an integrated planning of transmission and distribution

through simulating such systems. Moreover, Venkatraman et al. (2017) emphasises

the increasing penetration of DERs in the distribution network, and proposes a

combined simulation platform for studying the penetration of DERs in distribution

systems. More recently, Samaan et al. (2018) proposes a test system under high

penetration of solar photovoltaic (PV) generations and such system can help study

existing problems like reverse power flows, while Bragin et al. (2018) proposes a
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model to operate transmission and distribution systems in a coordinated manner.

The proposed model, however, only considers the DC power flow of the DS and is

solved using a Surrogate Lagrangian Relaxation (SLR) approach. In this chapter,

we propose mathematical formulations for an integrated unit commitment and DER

management problem that considers both the combinatorial nature of the UC prob-

lem and the AC power flow characteristics of the DER management problem. The

main contributions of this chapter can be summarized as follows:

• A two-stage stochastic programming formulation for the InTDS problem is

proposed. This formulation includes uncertainties in both the transmission

and distribution levels. The objective is to minimize the total cost of the two

systems. We use sample average approximation (SAA) to solve the problem

with an empirical distribution corresponding to historical data to approximate

the joint probability distribution of uncertainties.

• We strengthen our formulation by adding strong valid inequalities to the orig-

inal InTDS problem. Note that the original InTDS problem is a complex

mixed-integer linear programming (MILP) problem that includes the complex-

ities of both the transmission system and the distribution system. These cuts

can speed up the calculations and make our method adaptable for large-scale

power system problems.

• Through extensive numerical results, we show that the InTDS problem will
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lead to significant savings in both transmission and distribution systems as

compared to the isolated ones. Moreover, we show that the “net load” concept

used commonly to approximate the distribution loads is a weak approximation

of DS loads, while our proposed InTDS model not only describes the DS loads

on the transmission system with superb accuracy, but also enables the power

system operators to tackle state-of-the-art problems in power system such as

reverse power flow and turn it into profit.

4.2 Mathematical Model

Traditionally, the UC problem and DER management problem are solved separately.

In that case, the DS is referred to as “isolated distribution systems” (IsDS), and the

UC decisions of the transmission system is usually made by treating each IsDS as a

net load point (in Figure 4.3, DS1 and DS2 are traditional IsDSs). Here, we explicitly

represent the physical characteristics of each distribution system and integrate them

with those of the transmission system when unit commitment decisions are made.

For such case, we call these types of distribution systems “integrated distribution

system”(InDS), and this type of power system, an InTDS. For example, in Figure

4.3, DS3 is an InDS. In this section, we will introduce a two-stage stochastic InTDS

model that includes both IsDSs and InDSs.

In our model, we consider a power system layout similar to the US power sector,

in which a transmission system is connected to multiple distribution systems as
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Figure 4.3: Power System, DS1 and DS2 are IsDSs, and DS3 is an InDS.

shown Figure 4.3. The transmission and distribution networks are given by graphs

(B, E) and (N̂ , Ê), respectively. We use a mesh grid to represent the transmission

system, and a radial tree to represent the distribution system. Note that, throughout

this chapter, we use the hat symbol, i.e., .̂, to represent the parameters and variables

involved in the distribution level in order to distinguish them from those in the

transmission level. In the following, we first introduce the two-stage integrated unit

commitment and economic dispatch model for the transmission level in Sections

4.2.1 and 4.2.2, then describe the details of the distribution system considered in the

integrated model in Section 4.2.3, and finally present the strengthened formulation

in Section 4.2.4.

4.2.1 First-stage Unit Commitment Model

We let G (Gb), B (Bs), and E represent the set of generators (the set of generators

at bus b), the set of buses (the set of buses with InDSs), and the set of transmission

lines, respectively. The number of time intervals in the scheduling horizon is denoted
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by T . We use index k to represent a generator (also called “unit”) in G, index b

to represent a bus in B, and index e to represent a transmission line in E . The

table below presents the parameters (labeled as “Para.”), random variables (labeled

as “RVs.”), and decision variables (labeled as “Vars.”) of the unit commitment

problem.

Para. Description

SUk The start-up cost of unit k.

SDk The shut-down cost of unit k.

Lk/ℓk The minimum-up /-down time limit of unit k.

Ḡk/Gk The generation upper / lower bound when unit k is online.

R̄k The start-up and shut-down ramp rate of unit k.

Rk The regular ramp rate in the stable generation region of unit k.

Fmn Capacity of the transmission line (m,n) ∈ E .
rt The system reserve factor at time t.

Xe Reactance of transmission line e.

τ b Binary indicator, 1 if an InDS is connected at bus b, 0 otherwise.

RVs. Description

Db
1t Uncertain net load at bus b ∈ B at time t when the distribution system

connected to bus b is considered as a fixed load point.

Db
2t(ξ̂

b
2t) Uncertain load at bus b ∈ Bs at time t when the distribution system

connected to bus b is explicitly represented.

ξ̂b2t Vector of uncertainty in compact form at distribution system b ∈ Bs at
time t.

Vars. Description

ykt Binary variable indicating if unit k is online (i.e., yt = 1) or offline (i.e.,

yt = 0) status.

uk
t Binary variable indicating if unit k starts up (i.e., ut = 1) or not (i.e.,

ut = 0) at time t.

xk
t The amount of active power generation by unit k.

θbt The voltage phase angle at bus b at time t.

f e
t The power flow on transmission line e at time t.
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Thus, the first-stage model of the unit commitment problem can be represented

as follows:

min
y,u

f =
∑
k∈G

(
T∑
t=2

(SUkuk
t + SDk(ykt−1 − ykt + uk

t )) + E[Q(y, u)], (4.1a)

s.t.

t∑
i=t−Lk+1

uk
i ≤ ykt , ∀t ∈ [Lk + 1, T ]Z,∀k ∈ G, (4.1b)

t∑
i=t−ℓk+1

uk
i ≤ 1− ykt−ℓk , ∀t ∈ [ℓk + 1, T ]Z,∀k ∈ G, (4.1c)

− ykt−1 + ykt − uk
t ≤ 0, ∀t ∈ [2, T ]Z,∀k ∈ G, (4.1d)

ykt ∈ {0, 1}, ∀t ∈ [1, T ]Z,∀k ∈ G, (4.1e)

uk
t ∈ {0, 1}, ∀t ∈ [2, T ]Z, ∀k ∈ G, (4.1f)

where the objective function (4.1a) is to minimize the start-up and shut-down costs

and the expected second-stage cost Q(y, u), which is described in detail in Section

4.2.2. Constraints (4.1b) and (4.1c) impose the minimum-up/-down time limits for

generator k, respectively. For instance, if generator k starts up at time t− Lk + 1,

then it has to stay online at least in Lk consecutive time periods till time t; if

generator k shuts down at time t − ℓk + 1, then it has to stay offline at least in lk

consecutive time periods till time t. Constraints (4.1d) describes the relationship

between binary variables y and u. Note that we use [a, b]Z to denote the set of

integer numbers between a and b where a < b.
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4.2.2 Second-stage Economic Dispatch Model

After making the unit commitment decisions in the first-stage (the day-ahead plan-

ning), each generator can be slightly adjusted to produce electricity to satisfy de-

mand after the realization of the uncertainty (here and now decision). In the second-

stage problem Q(y, u), we aim to minimize the operating costs of the transmission

system that is connected to both IsDSs and InDSs:

Q(y, u) = min
x,θ,f

∑
k∈G

T∑
t=1

hk(xk
t ) (4.2a)

s.t. Gkykt ≤ xk
t ≤ Ḡkykt , ∀t ∈ [1, T ]Z,∀k ∈ G, (4.2b)

xk
t − xk

t−1 ≤ Rkykt−1 + R̄k(1− ykt−1), ∀t ∈ [2, T ]Z,∀k ∈ G, (4.2c)

xk
t−1 − xk

t ≤ Rkykt + R̄k(1− ykt ), ∀t ∈ [2, T ]Z,∀k ∈ G, (4.2d)∑
k∈Gb

xk
t +

∑
e∈E+

(b)

f e
t −

∑
e∈E−

(b)

f e
t = Db

1t + τ bDb
2t(ξ̂

b
2t), ∀b ∈ B,∀t ∈ [1, T ]Z,

(4.2e)

θmt − θnt
Xe

+ f e
t = 0, ∀e = (m,n) ∈ E , ∀t ∈ [1, T ]Z, (4.2f)

− Fmn ≤ f e
t ≤ Fmn, ∀e ∈ E ,∀t ∈ [1, T ]Z, (4.2g)∑

k∈G

Ḡkykt ≥ (1 + rt)
∑
b∈B

(Db
1t +Db

2t(ξ̂
b
2t)), ∀t ∈ [1, T ]Z, (4.2h)

Db
2t(ξ̂

b
2t) := Arg min J(ξ̂b2t) ∀b ∈ Bs, ∀t ∈ [1, T ]Z, (4.2i)

The operational costs for generator k at period t is denoted by hk(xk
t ), which is

usually a quadratic non-decreasing function, i.e, hk(xk
t ) = ck(xk

t )
2 + bk(xk

t ) + ak,
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that can be approximated by piecewise linear function (Carrión and Arroyo 2006).

Constraints (4.2b) describes the generation upper/lower bounds of each unit, con-

straints (4.2c) [resp. (4.2d)] limit the ramping-up (resp. ramping-down) capacity of

each unit, constraints (4.2e) enforce demand balance, and transmission line capacity

is restricted by constraints (4.2f) and (4.2g). Constraints (4.2h) restrict the system

spinning reserve requirement. Note that, there are two types of loads involved in

constraint (4.2e):

1. Db
1t represents the isolated distributions system (IsDS) load at period t at

bus b, which is commonly considered in the literature. In this case, the “net

load” (Db
1t) is the raw electricity demand at each bus minus the renewable

generations at each bus.

2. Db
2t(ξ̂

b
2t) represent the integrated distribution system (InDS) load connected

at bus b ∈ Bs at period t. It is obtained by solving a distribution system’s

DER management problem in constraint (4.2i).

Therefore, constraint (4.2i) indicate that the amount of energy that each InDS

purchased from the transmission system must be determined based on the economics

and characteristics of the distribution system’s DER management problem J that

is described in the next subsection.
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4.2.3 DER Management Problem

We use a radial network (i.e., a common topology of distribution networks) to model

the DS. The radial network is modeled as a tree Ĝ := (N̂ , Ê), as shown in Figure 4.4.

Here, N̂ denotes the set of sub-buses (distribution buses) and |Ê | is the cardinality

of the set of power lines Ê . The radial network connects to one of the buses of

the transmission network via one of its distribution substations (i.e., PCC). In our

model, DERs include 1) dispatchable active power generation units (collected in

set N̂1 ⊆ N̂ ), such as micro turbines (MTs), 2) reactive power generation units

(collected in set N̂2 ⊆ N̂ ), and 3) renewable distributed generation (RDG) units

(collected in set N̂r ⊆ N̂ ), such as wind farms and solar farms, are connected to

the distribution network. The loads in the distribution network are first satisfied by

the power internally generated from the DERs, and when the internal power supply

is not economic, the system will buy power from the transmission system via the

PCC.

Figure 4.4: A radial network

For each InDS located at bus b of the TS, the objective of DER management

problem is to minimize the costs of power generated by the dispatchable DERs and
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power purchased from the transmission system, while respecting physical constraints

such as optimal power flow (OPF) constraints. Without the loss of generality we

omit the subscript b from our DER management formulation. We use random

variable ŝnt to represent the active power output of the RDG located at sub-bus

n at period t, and random variable d̂pnt (resp. d̂qnt ) to represent the real (resp.

reactive) power demand of sub-bus n at period t. Moreover, a short description of

the other parameters (labeled as “Para.”) and decision variables (labeled as “Vars.”)

is presented in the following table:

Para. Description

ĉpt/ĉ
q
t Electricity price of purchasing active / reactive power from the

transmission system at period t.

ĉnf/ĉ
n
e Fuel / emission cost for the dispatchable DGs at bus n.

ω̂ Emission factor of the dispatchable DGs (kg/kWh).

R̂mn/ X̂mn Electrical resistance / reactance of distribution line (m,n) of DS.
ˆ̄Cmn Electrical capacity of distribution line (m,n) of DS.

δ̂nr Binary indicator if sub-bus n has a RDG unit.

δ̂n1 Binary indicator if sub-bus n has a dispatchable unit.

δ̂n2 Binary indicator if sub-bus n has a reactive power source.

û Number of pieces in the polyhedral ϵ -approximation of the SOCP

constraint.

ˆ̄v/v̂ The upper / lower bound of voltage magnitude of DS.

Vars. Description

p̂0t/q̂
0
t Active / reactive power load of distribution system from the

transmission system at

sub-bus 0 at period t.

P̂mn
t / Q̂mn

t Active / reactive power flow of distribution system from sub-buses m

to n at period t.



89

V̂ n
t / v̂nt Complex voltage of distribution system at sub-bus n at period t /

its magnitude.

Îmn
t / ℓ̂mn

t Complex current of distribution system from sub-buses m to n at

period t / its magnitude.

p̂nt Active power output of the dispatchable DG unit at sub-bus n at

period t.

q̂nt Reactive power output of the reactive DERs at sub-bus n at period t.

Thus, given the actual realization of uncertainty ξ̂2t :=

[ŝ1t , . . . , ŝ
n
t , d̂

p1
t , . . . , d̂pnt , d̂q1t , . . . , d̂qnt ] at period t, the minimum operating costs

of distribution system is obtained by solving the following second-order cone

programming (SOCP) problem:

J = min
Z

ĉpt p̂
0
t + ĉqt q̂

0
t +

∑
n∈N̂1

ĉnf p̂
n
t +

∑
n∈N̂1

ĉne ω̂p̂
n
t (4.3a)

s.t. p̂n
t
≤ p̂nt ≤ ˆ̄pnt , ∀ n ∈ N̂1 (4.3b)

q̂n
t
≤ q̂nt ≤ ˆ̄qnt , ∀ n ∈ N̂2 (4.3c)

ẑt ∈ Z(ŝt, d̂t, p̂t), (4.3d)

In the objective function (4.3a), ĉpt p̂
0
t + ĉqt p̂

0
t is the payment to the transmission

system under the net metering rule. The active power purchased from the TS, i.e,

p0t , is the active power exchange between the TS and InDS (its optimal value is

assigned to the transmission system problem as := Db
2t(ξ̂2t)). Moreover, the pairs

(ˆ̄pnt , p̂
n

t
) and (ˆ̄qnt , q̂

n

t
), in (4.3b) and (4.3c), are the upper and lower bounds on the

dispatchable active DERs and reactive DERs, respectively. We use Z(ŝt, d̂t, p̂t) in

(4.3d) to denote the set of all the OPF constraints and ẑt to represent a vector of
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second stage variables, p̂0t , q̂
0
t , p̂

n
t , q̂

n
t , P̂

mn
t , Q̂mn

t , v̂nt , and ℓ̂mn
t . The OPF constraints

(4.3d) are non-convex in general, but recently Farivar and Low (2013) shows that

when the network is radial, the OPF problem can be exactly convexified to a SOCP

problem in a branch flow model. Hence, we use the branch flow model to construct

the constraint set Z(ŝt, d̂t, p̂t) as follows:

• The real power balance equations at PCC or sub-bus 0 at period t are

p̂0t =
∑
n∈N̂0

P̂ 0n
t , (4.4a)

where N̂0 is the set of sub-buses connected to PCC (or sub-bus 0). Similarly,

reactive power balance equations at PCC or sub-bus 0 at period t are

q̂0t =
∑
n∈N̂ b

0

Q̂0n
t . (4.4b)

• From the Kirchhoff current law (active and reactive nodal balance), we have

the following two sets of constraints:

1- The real power balance equations for all n ∈ N̂ \ {0} at period t are

P̂mn
t − R̂mnℓ̂mn

t = d̂pnt − δ̂nr s
n
t − δ̂n1 p̂

n
t +

∑
l∈N̂ b

n
P̂ nl
t , (4.4c)

2-The reactive power balance equations for all n ∈ N̂ \ {0} at period t are

Q̂mn
t − X̂mnℓ̂mn

t = d̂qnt − δ̂n3 q̂
n
t +

∑
l∈N̂ b

n
Q̂nl

t , (4.4d)

In (4.4c) δ̂n1 = 1 (n ∈ N̂1) indicates that location sub-bus n has dispatchable

active DERs. Otherwise, δ̂n1 = 0. Moreover, δ̂nr = 1 (n ∈ N̂r) indicates that
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location sub-bus n has an RDG unit. Otherwise, δ̂nr = 0. Here, N̂1 (resp. N̂r)

are the set of buses connected to the dispatchable DERs (resp. RDG units).

In constraint (4.4d), δ̂n2 = 1 (n ∈ N̂2) indicates that sub-bus n is connected

to a reactive power resource. Moreover, N̂2 is the set of all reactive power

resources. The locations and capacities of these reactive power sources are

predetermined.

• The voltage drop on all lines (m,n) ∈ Ê at period t is

v̂mt − v̂nt = 2R̂mnP̂mn
t + 2X̂mnQ̂mn

t − ((R̂mn)2 + (X̂mn)2)ℓ̂mn
t , (4.4e)

where v̂mt := |V̂ m
t |2 represents the voltage of sub-bus n and ℓ̂mn

t := |Imn
t |2

represents the current on dsitribution line (m,n).

• The branch power flow constraint shown in Farivar and Low (2013) is

∥[2P̂mn
t , 2Q̂mn

t , v̂mt − ℓ̂mn
t ]∥2 ≤ v̂mt + ℓ̂mn

t , (4.4f)

for all lines (m,n) ∈ Ê and all periods t ∈ T .

As solving this SOCP is computationally expensive for large-scale applications,

in order to solve the problem efficiently and similarly to the DS model in Chap-

ter 3, we linearize the SOC constraints. Base on the method introduced in

Ben-Tal and Nemirovski (2001), we build a polyhedral ϵ-approximation of the

above cone. We first represent a conic quadratic constraint (4.4f) by a system

of conic quadratic constraints. To do so, we introduce the auxiliary variable
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Ŷmn
3t , which is set as zero, in order to have an even number of components

inside the L2-norm function as follows:

∥[2P̂mn
t , 2Q̂mn

t , v̂mt − ℓ̂mn
t , Ŷmn

3t ]∥2 ≤ v̂mt + ℓ̂mn
t .

By further introducing variables Ŷmn
1t and Ŷmn

2t , we represent the above conic

quadratic constraint in the form of a system of conic quadratic constraints:

√[
2P̂mn

t

]2
+
[
2Q̂mn

t

]2
≤ Ŷmn

1t (4.4ga)√[
v̂mt − ℓ̂mn

t

]2
+
[
Ŷmn

3t

]2
≤ Ŷmn

2t (4.4gb)√[
Ŷmn

1t

]2
+
[
Ŷmn

2t

]2
≤ v̂mt + ℓ̂mn

t (4.4gc)

We next reformulate the constraints above to a system of linear constraints.

According to Ben-Tal and Nemirovski (2001), the constraints (4.4ga), (4.4gb)

and (4.4gc) can be approximated by the following set of linear constraints:


ε̂01 ≥

∣∣∣2P̂mn
t

∣∣∣ , η̂01 ≥
∣∣∣v̂mt − ℓ̂mn

t

∣∣∣ ,
ε̂02 ≥

∣∣∣Ŷmn
3t

∣∣∣ , η̂02 ≥
∣∣∣2Q̂mn

t

∣∣∣ ,
ε̂03 ≥

∣∣∣Ŷmn
1t

∣∣∣ , η̂03 ≥
∣∣∣Ŷmn

2t

∣∣∣ , (4.4ha)



ε̂j1 = cos( π
2j+1 )ε̂

j−1
1 + sin( π

2j+1 )η̂
j−1
1 ,

η̂j1 ≥
∣∣− sin( π

2j+1 )ε̂
j−1
1 + cos( π

2j+1 )η̂
j−1
1

∣∣ ,
ε̂j2 = cos( π

2j+1 )ε̂
j−1
2 + sin( π

2j+1 )η̂
j−1
2 ,

η̂j2 ≥
∣∣− sin( π

2j+1 )ε̂
j−1
2 + cos( π

2j+1 )η̂
j−1
2

∣∣ ,
ε̂j3 = cos( π

2j+1 )ε̂
j−1
3 + sin( π

2j+1 )η̂
j−1
3 ,

η̂j3 ≥
∣∣− sin( π

2j+1 )ε̂
j−1
3 + cos( π

2j+1 )η̂
j−1
3

∣∣ ,
j = 1, 2, . . . , û , (4.4hb)
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ε̂û1 ≤ Ŷmn

1t , η̂û1 ≤ tan( π
2v+1 )ε̂

û
1 ,

ε̂û2 ≤ Ŷmn
2t , η̂û2 ≤ tan( π

2v+1 )ε̂
û
2 ,

ε̂û3 ≤ v̂mt + ℓ̂mn
t , η̂û3 ≤ tan( π

2v+1 )ε̂
û
3 ,

(4.4hc)

• The voltage limit on bus n (n ∈ N̂ \ {0}) is

v̂ ≤ v̂nt ≤ ˆ̄v, (4.4i)

where ˆ̄v := | ˆ̄V |2 and v̂ := |V̂ |2 are the upper and lower bounds on the voltage

magnitude of the distribution network.

• The line capacity on all lines (m,n) ∈ Ê is limited by

(P̂mn
t )2 + (Q̂mn

t )2 ≤ ( ˆ̄Cmn)2. (4.4j)

Using the quadratic constraint linearization method in Chen et al. (2015), the

circle shape constraint (4.4j) is replaced with a number of linear constraints

(intersection of two squares) as follows.

− ˆ̄Cmn ≤ P̂mn
t ≤ ˆ̄Cmn , (4.4ka)

− ˆ̄Cmn ≤ Q̂mn
t ≤ ˆ̄Cmn , (4.4kb)

−
√
2 ˆ̄Cmn ≤ P̂mn

t + Q̂mn
t ≤

√
2 ˆ̄Cmn , (4.4kc)

−
√
2 ˆ̄Cmn ≤ P̂mn

t − Q̂mn
t ≤

√
2 ˆ̄Cmn . (4.4kd)

Using the constraints (4.4h) and (4.4k) instead of (4.4f) and (4.4j), respectively,

the SOCP DER management problem is linearized to an efficient LP.



94

As mentioned before, the isolated UC problem is already very difficult to solve.

Integrating the DER management problem with the UC problem leads to even

more challenges as the size of the problem increases dramatically. Therefore, we

introduce a tighter reformulation of the UC problem to speed up the solution process.

4.2.4 Tighter Formulations

We introduce a strengthened MILP formulation for the InTDS problem. By investi-

gating the structure of constraints (4.1b)-(4.1d) and (4.2b)-(4.2d), we derive strong

valid inequalities that can help reduce the computational time of the InTDS prob-

lem. We present three of such inequalities that show a general overview of these

types of cuts. Similar strong inequalities can be derived to shorten the computa-

tional time of solving difficult UC problems.

Without loss of generality, we drop the index k for the generators, as we investi-

gate each individual generator. For any two consecutive time periods of the InTDS

problem, when L = l = 1, and Ḡ − G − R ≥ 0, the generation amount for each

time period can be tightened by the following constraint considering the generation

upper bounds and ramp rate limits.

xt ≤ R̄yt + (Ḡ− R̄)(yt+1 − ut+1), ∀t ∈ [1, T − 1]Z. (4.12)

The validity of (4.12) can be verified easily. If yt = 0 then xt = 0, so (4.12) becomes

yt+1 ≥ ut+1, which is valid because of (4.1b). If yt = 1, then ut+1 = 0 due to (4.1c)
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and one of the two following cases happens: (Case 1) xt ≤ Ḡ if yt+1 = 1 , or (Case

2) xt ≤ R̄ if yt+1 = 0. Both cases are valid due to constraints (4.2b) and (4.2c).

Moreover, under the same set of conditions, i.e., when L = l = 1, and Ḡ−G−

R ≥ 0, the following set of tighter ramping constraints can provide a tighter MILP

formulation for the whole problem.

xt+1 − xt ≤ (G+R)yt+1 −Gyt − (G+R− R̄)ut+1, ∀t ∈ [1, T − 2]Z, (4.13a)

xt − xt+1 ≤ R̄yt − (R̄−R)yt+1 − (G+R− R̄)ut+1, ∀t ∈ [1, T − 2]Z. (4.13b)

To verify the validity of the above inequalities, there are a few scenarios that can

happen:

• if yt = 0 and yt+1 = 0, then clearly ut+1 = 0; therefore, xt and xt+1 should be

zero.

• if yt = 0 and yt+1 = 1, then clearly xt = 0 and ut+1 = 1; therefore, xt+1 ≤ R̄,

and xt+1 ≥ G.

• if yt = 1 and yt+1 = 1, then clearly ut+1 = 0; therefore, xt+1 − xt ≤ R, and

xt − xt+1 ≤ R.

• if yt = 1 and yt+1 = 0, then clearly xt+1 = 0, ut+1 = 0; therefore, xt ≤ R̄, and

xt ≥ G.

For any three consecutive time periods, when L = l = 1, and Ḡ − G − 2R ≥

0, we use the following three-period ramping constraint to strengthen the MILP
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formulation.

xt−xt+1+xt+2 ≤ R̄yt−(R̄−R)yt+1+R̄yt+2+(Ḡ−R̄)(yt+2−ut+2−ut+1),∀t ∈ [1, T−3]Z.

(4.14)

The above inequalities can be extended to include four or more continuous variables.

Also similar inequalities can be obtained at other settings such as when L = l = 2,

as shown in Pan and Guan (2016). Note that this tight formulation is necessary

to solve the large-scale InTDS problem, especially when the parameter settings are

in a way that the feasible region is too large. In particular and in this study, we

will investigate the effect of highly intermittent renewable generations and highly

uncertain distribution system loads which is another mechanism that makes the UC

problem more difficult. Therefore, the tighter formulation is necessary for solving

the problem efficiently.

4.3 Numerical Results

In this section, we report the computational results for InTDS problem on an IEEE

six-Bus transmission system, and on an IEEE 118-bus transmission system, based on

the ones given online at http://motor.ece.iit.edu/data/. Each of them connects

to multiple isolated distribution systems (IsDSs), which are simply considered as

load points. In our tests, we replace some of these IsDSs with Integrated distribution

systems (InDSs). All of the InDSs are based on the modified IEEE 33-bus radial

system available on the web at Mohammadi Fathabad (2019), and their components

http://motor.ece.iit.edu/data/
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are then scaled to different degrees in order to be compatible with the loads on

transmission system. The operation interval was set to 24 hours (i.e., T = 24). The

system spinning reserve amount was set to 5% for each time period. All numerical

tests were implemented on a computer with an Intel Core i7-7700 CPU and 16

GB memory. All optimization problems were solved by MOSEK solver on CVX

software.

Before analyzing the InTDS results in Section 4.3.3, we describe the characteris-

tics of the isolated UC problem and isolated DER management problem, and report

their operational results in Section 4.3.1 and Section 4.3.2, respectively. Note that

we mention the isolated results (1) to show the sensitivity of UC decisions with re-

spect to the loads, (2) to demonstrate the decline in the capacity of the transmission

networks as a result of high penetration of renewables, and (3) to compare them

with our proposed InTDS method. It follows that the importance of developing

InTDS planning methodologies is emphasized. Finally, we show the InTDS results

for a 118-bus system in the presence of the valid inequalities that we introduced in

Section 4.2.4 in order to show the effectiveness of the proposed model for large-scale

problems.

4.3.1 Isolated Unit Commitment Problem

The original IEEE six-Bus transmission system, as shown in Figure 4.5, includes

three generators (at buses 1,2, and 6, respectively) and three IsDS load points
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(at buses 3,4, and 5, respectively). The raw load data were obtained from http:

//motor.ece.iit.edu/data/6bus_Hourly_Data.xls, which also includes hourly

wind generation coefficients. In addition, the hourly solar generation coefficients

were obtained from NREL (2020). Moreover, the characteristics of the units and

transmission lines are described in Tables 4.1 and 4.2, respectively.

Figure 4.5: 6-bus transmission system

Table 4.1: Generation Units Data

Unit k SUk ($) SDk ($) Gk

(MW)
Ḡk

(MW)
Ramp

(MW/h)
Lk (h) ℓk (h)

Cost Coefficients
ak ($) bk ($/MW) ck ($/MW2)

G1 100 50 50 200 55 4 4 177 13.5 0.00045
G2 200 100 5 100 50 3 2 130 40 0.001
G3 0 0 5 40 20 1 1 137 17.7 0.005

Table 4.2: Transmission Line Data

Line
No.

From
Bus

To
Bus X (pu)

Flow Capacity
(MW)

1 1 2 0.170 200
2 2 3 0.037 100
3 1 4 0.258 100
4 2 4 0.197 100
5 4 5 0.037 100
6 5 6 0.140 100
7 3 6 0.018 100

In Table 4.3, we report the results under three different types of loads. First,

we explain each column of the table. The column “NET LOAD” shows the type of

http://motor.ece.iit.edu/data/6bus_Hourly_Data.xls
http://motor.ece.iit.edu/data/6bus_Hourly_Data.xls


99

loads that are used in the isolated UC problem: (1) “No Gen.” describes raw loads

with no renewable generation penetrated, as shown in Figure 4.6; (2) “Wind Gen”

describes net loads with wind generation penetrated, as shown in Figure (4.7); and

(3) “Solar Gen” describes net loads with solar generation penetrated, as shown in

Figure (4.8). The total net load during 24 hours is denoted by “TNL”. The column

“Time(s)” represents the CPU times for the UC problem in seconds and the column

“Total Cost($)” represents the total optimal cost of the UC problem. The last

column shows the online/offline status of the three generators.

Next, we describe the details of the three types of loads. We start with the

raw load data in Figure 4.6, which shows different load scenarios highlighted in

different colors. The load ranges in the data set are [50MW − 130MW ] at bus 3,

[30MW − 80MW ] at bus 4, and [20MW − 50MW ] at bus 5, and the overall load

pattern does not change much between the different scenarios. There are two peaks

in the daily loads, one in the morning at around 8AM-10AM, and the other around

17PM-21PM. Therefore, the UC problem can be solved relatively easily over the

predicted demands to obtain the generator status and generation amounts. The

first row of the Table 4.3 shows results for the case of raw loads, the total cost is

$67081, and a total of 4.5 GW electricity is scheduled for the next 24 hours.

Nowadays, with more renewable penetration, the net load that should be satisfied

by traditional generators changes, as compared to the raw load shown in Figure 4.6.

This can be seen in Figure 4.7 (resp. Figure (4.8)) where a large-scale 50MW wind
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Figure 4.6: Hourly raw loads of buses 3, 4, and 5 for five different scenarios in five
colors.

farm (resp. solar farm), and a medium-scale 25MW wind farm (resp. solar farm)

are connected at buses 3 and 4. There is no renewable source at bus 5. These plots

demonstrate how uncertain wind (or solar) generations at buses 3 and 4 would distort

the smooth and predictable trend of raw load. Moreover, bus 3 has an even more

disrupted load structure because it has a larger solar (or wind) generation capacity

integrated, as compared with bus 4. From the results in Table 4.3, we can observe

that following such complex trend of net load is very troublesome. Furthermore,

from the results in the 4th row, the TSO can shut down G3 for majority of the day

when there is sunlight. This is because there is a deep convex curve in the middle

of the day in Figure 4.8 as the solar generations reach their peak. Moreover, by

comparing the results in the second and 4th rows, the advantage of wind generation
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is that it exists throughout the day; thus, wind farms lead to more substantial cost

savings than the same size solar farms.

Figure 4.7: Net loads including wind generations.

Figure 4.8: Net loads including solar generations.
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Furthermore, the third and fifth rows of Table 4.3 shows that integration of solar

and wind generations puts enormous pressure on the transmission system that is not

designed to handle such variations. Indeed, when we scale up the total net load to

more than 4.2 GW/day, the UC problem becomes infeasible, while in the case of raw

demands the transmission system was able to supply 4.5 GW/day. This indicates a

huge reduction (about 7%) of the ability of transmission system to satisfy demand

as we integrate more renewable generations. Therefore, the load information is very

conclusive for the optimal UC decisions, and having more accurate load information

at each DS will be extremely valuable.

Table 4.3: The Unit Commitment Decisions for Isolated TS

Row NET LOAD Time(s) Total Cost($) Unit Commitment Status t = 1 : 24

1
No Gen.
TNL = 4.5 GW/day 1.1 67081.7

G1: 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
G2: 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
G3: 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0

2
Wind Gen.
TNL = 3.5 GW/day 1.6 50714.5

G1: 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
G2: 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
G3: 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

3
Wind Gen.
TNL>4.2 GW/day *** *** ** ***

4
Solar Gen.
TNL = 4.0 GW/day 1.7 62117.8

G1: 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
G2: 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
G3: 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 1 1 1 1 1 1 0

5
Solar Gen.
TNL>4.0 GW/day *** *** ** ***

4.3.2 Isolated DER Management Problem

In this section, we briefly present the physical characteristics of the IEEE 33-bus

radial DS, and use a simple example to illustrate the dynamics and complexity of

the decisions made by the DSOs. The IEEE 33-bus radial system has 33 buses

which are referred to as sub-buses in this chapter in order to avoid confusion with
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the buses of the TS. This DS uses electricity purchased from the TS, active power

generated by micro turbines (MTs) at sub-buses 15 and 29, reactive power sources

at sub-buses 11, 13, and 32, and three RDGs located at sub-buses 17, 24, and 32 to

satisfy the uncertain active and reactive demands of the sub-buses. The uncertain

loads were obtained from historical load data available from the Pecanstreet project

(PECANSTREET 2019), which provides access to a large set of real electricity usage

data for academic use. Meanwhile, we use historical data from ERCOT (2019) for

the RDG data. For instance, the historical load data for sub-buses 15, 18, 21,

and 30 are depicted in Figure 4.9, respectively. In each scenario, for each hour

of the day (T=24), there are 67 uncertain parameters, including 3 uncertain wind

generation outputs (ŝ17t , ŝ24t , ŝ32t ), 32 uncertain active demands (d̂p1t , ...d̂p32t ), and 32

reactive demands (d̂q1t , . . . , d̂q32t ). Depending on the amount of uncertain generations

inside the DS and the uncertain generations by the RDGs, the demand of InDS from

the transmission system will be obtained by solving the DER management model

presented in Section 4.2.3.

Table 4.4 shows the optimal DER management results for the IEEE 33-bus

system described above at time t = 20 by considering five possible scenarios. The

optimal values for the active and reactive power purchase from the transmission

system are labeled as “Power Purchase,” the optimal power production by the micro

turbines at 15 and 29 are labeled as “MT Generation”, and the optimal cost of such

decisions for a small-size IsDS are labeled as “Optimal Cost”.
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Figure 4.9: Hourly loads for 4 of the sub-buses of the DS problem. Defferent colors
represent different scenarios.

Table 4.4: Optimal DER Management Decisions

Scenarios Power Purchase (MWh) MT Generation (MWh) Optimal Cost($)
Active Reactive BUS 15 BSU 29

1 1.79 1.72 0.57 1.03 1246
2 2.09 1.61 1.51 0.85 1765
3 1.78 1.74 1.12 0.95 1538
4 1.72 1.64 0.30 0.66 835
5 1.65 1.63 0.49 0.28 705

Furthermore, Figure 4.10 depicts the optimal active power purchase by the InDS

from the TS during a 24-hours period, which is to be considered as load for the TS.

Note that such load pattern is completely different from the simplified net loads

where the whole distribution system is considered as a single load point, and it

follows the somehow predictable the two-peaks pattern as shown in Figures 4.6,4.7,
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and 4.8. The reason is that there are a lot of factors involved in the optimal planning

of the distribution system and therefore in accurately determining the DS loads

towards TS. Such factors include the amount and location of renewable generations,

and the location and intensity of uncertain loads. For example, in a scenario that

there is a high intensity of DS loads concentrated far away from the bus-0, perhaps,

it is more economical to generate more electricity by the MT closer to those loads

than to purchase from the TS. Such factors make it clear that a lot of details in the

distribution system are missed when the TSOs make decisions, and further show

how valuable it is to develop the InTDS model that accounts for DER management

problem while solving the UC problem.

Figure 4.10: Active power purchased by the distribution system under five different
scenarios
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4.3.3 Integrated Transmission and Distribution Systems

In this section, we first show the results for an integrated transmission and distribu-

tion problem, and the advantages of combining the two levels. Next, by sensitivity

analyses, we show the effect of InDS’s type and scale on unit commitment decisions.

Moreover, we demonstrate how the power system scheduling changes under high

penetration of RDGs in an integrated scheme.

To begin with, we report the results for 3 configurations of IEEE 6-Bus system in

Table 4.5. The configurations are the same as that in subsection 4.3.1 except that the

load at bus 5 is replaced with an InDS. This InDS is based on the IEEE 33-bus net-

work and it is scaled up to have a load range of [40MW−80MW ]. We compare the

results in two modes: the integrated mode and the isolated mode. For the integrated

mode, the integrated system is run over 5 global scenarios of uncertainties that in-

cludes uncertainties in both transmission system and distribution system. Each sce-

nario has 69 elements in the integrated mode. These scenarios include 2 transmission

level uncertain loads at buses 3 and 4 (µTS =: D3
1t, D

4
1t), and 67 uncertain param-

eters of the InDS connected at bus 5 (µDS =: ŝ15t , ŝ29t , d̂p1t , . . . , d̂p32t , d̂q1t , . . . , d̂q32t ).

In the isolated mode, we will divide the uncertainty vector into two parts of the

transmission system uncertainties (µTS) and the distribution system uncertainties

(µDS). We use the distribution uncertainties (µDS) to run the isolated DER man-

agement problem to obtain the loads that this distribution system will put on the

transmission system under each scenario. Then, we run the isolated UC problem
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by using these loads to represent loads at bus 5, and µTS to represent loads at

buses 3 and 4. We solve the isolated UC problem and isolated DER management

problem over 5 scenarios with all 120 possible alternatives (note that there are 5!

possibilities of permutating the InDS load scenarios with transmission system load

scenarios) and report the average results. As shown in Table 4.5, in the integrated

mode, there are significant savings in both UC decisions of the transmission sys-

tem (labeled as “TS Cost”) and the DER management decisions of the distribution

system (labeled as “DS Cost”). Additionally, the total costs of UC problem and

DER management problem reduce by 2%, 2.9%, and 3.5% for the configurations of

No Gen., Solar Gen. and Wind Gen, respectively. Thus, applying this model to a

real-world power system could lead to millions of dollars in terms of savings.

Table 4.5: Integrated Mode vs. Isolated Mode

Configuration TS Cost ($) DS Cost ($) Total Cost ($)

No Gen. Isolated 70509.62 30973.08 101482.7
Integrated 70358.64 29126.01 99484.65

Wind Gen. Isolated 54661.76 32702.94 87364.7
Integrated 54503.58 29854.16 84357.74

Solar Gen, Isolated 65913.51 32702.94 98616.46
Integrated 65910.81 29854.16 95764.97

Note that only one of the load buses (i.e., bus 5) is explicitly represented as an

InDS that considers the DER management problem. To show more general insights,

we also report the results for the case when all three load buses are replaced with

the InDSs in Table 4.7. Here, the IsDS loads at buses 3, 4, and 5 are replaced with

integrated distribution system 1 (InD-1), integrated distribution system 2 (InD-2),
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and integrated distribution system 3 (InD-3), respectively. Each of these InDSs are

based on the IEEE 33-bus radial network, as described in subsection 4.3.2, and are

modified as shown in Table 4.6.

Table 4.6: The Characteristics of the three Integrated Distribution Systems

Distribution
Network

RDG
Locations

MT
Locations

Load on TS
(MW)

InD-1 14 28 – 9 29 60-120
InD-2 17 24 32 15 29 40-80
InD-3 17 24 30 15 5 30-70

Table 4.7: Integrated Mode vs. Isolated Mode

Configuration TS Cost($) InD-1 Cost($) InD-2 Cost($) InD-3 Cost($) Total Cost($)
Integrated 62752.2 31670.04 23914.82 21844.51 140181.6
Isolated 63640.92 36356.49 27044.8 22326.12 149368.3

From Table 4.7 it is observed that the integrated mode leads to significantly

lower total costs than the isolated mode does, which is because of the coordination

between the distribution and transmission systems. Moreover, when the InDS has

a larger capacity (e.g., InD-1), the savings are even more significant. Note that all

the InDSs that we considered are the case when the distribution system needs to

purchase large amounts of electricity from the transmission system. In fact, in the

modern transmission systems with high penetrations of renewable generations, the

distribution systems are growing more independent, and excessive renewable genera-

tion during certain hours is becoming a daily problem for some distribution systems.

Instead of curtailing the extra energy or saving it using storage units, both of which

are costly, a distribution system can sell the extra electricity to the transmission

system and turn it into profit for the distribution system with efficient modeling
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tool such as our proposed InTDS model. We will demonstrate this advantage of our

model in the coming Section 4.3.3.1.

4.3.3.1 Sensitivity Analyses: Types of the Integrated Distribution Sys-

tems

The trend toward higher penetration of RDGs in the distribution systems is propos-

ing new challenges on the operation of distribution systems, and further on the

operation of the whole power system. Figure 4.11 shows the development of the

distribution systems from the needy ones towards the rich ones. A “Needy InDS”

needs to purchase electricity from the transmission system in bulk amounts, how-

ever, in a “Balanced InDS” (resp. a “Rich InDS”), the distribution system will face

the problem of excessive electricity in some (resp. most) of its operation time. In-

stead of dealing with excessive electricity with costly methods, our proposed model

can provide operational decisions with the InTDS model at no additional cost. The

integrated transmission and distribution model will allow the InDS to serve as a

generator when it has excessive electricity and support the operations of both trans-

mission and distribution system.

The effect of a Needy, Balanced, and Rich InDS on the unit commitment deci-

sions are reported in Table 4.8. We can observe that “Balanced InDS” and “Rich

InDS” incur lower unit commitment costs than the “Needy InDS.” The reason is

that InTDS model allows the excessive electricity at bus 2 that occurs with “Bal-
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Figure 4.11: Hourly loads given by the Needy, Balanced and Rich InDS on the
transmission system.

anced InDS” and “Rich InDS” to be utilized in the power system. Indeed, a Rich

InDS allows the TSOs to shut down many of their generators in transmission system

at some hours.

Table 4.8: The effect of InDS’s type on the TS

InDS Type CPU(s) UC Cost($) Unit Commitment Status t = 1 : 24

Needy InDS
(Today’s)

[10MW , 20MW]
1.1 72839.1

G1: 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
G2: 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0
G3: 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0

Balanced InDS
(Transition’s)

[-20MW , 20MW]
1.1 67544.6

G1: 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
G2: 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
G3: 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0

Rich InDS
(Future’s)

[-35MW , 10MW]
1 60763.1

G1: 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
G2: 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
G3: 0 0 0 0 0 0 0 1 1 1 1 1 0 0 1 1 1 1 1 1 1 1 1 0
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4.3.3.2 IEEE 118-bus Network Results

Here, we use a modified IEEE 118-bus TS, integrated with numerous InDSs based

on the IEEE 33-bus system to study the large-scale InTDS problem and the effect of

the valid inequalities proposed in Section 4.2.4. The 118-bus TS, which is available

at http://motor.ece.iit.edu/data/SCUC_118/, includes 186 transmission lines,

54 generators, and 91 load buses. The results for the IEEE 118-bus system with

81 IsDS, 10 InDS, and 54 generators under five scenarios are provided in Table 4.9.

The InDSs were obtained based on the 33-bus system, and scaled up proportionally

to replace the loads at buses 18, 23, 31, 43, 49, 58, 74, 79, 86, and 101. We

run the test for different ramp levels compared with the original IEEE data and

the corresponding results. We can see that the UC problem for a large power

system can be challenging to solve, but we can reduce the complexity of the problem

dramatically by adding only some valid inequalities.

Table 4.9: The Unit Commitment Results Summary for the 118-bus System with
10 InDS

Case Ramp Degree
Optimal
Value ($)

CPU
Time (s)

No Cuts
High 1,047,090 2523
Medium 1,045,180 2602
Low 1,042,900 1245

With Cuts
High 1,047,090 2088
Medium 1,045,180 2371
Low 1,042,900 985

Moreover, we increase the number of scenarios to be 20 and reports the results in

Table 4.10. This table also includes the number of variables and constraints for the

http://motor.ece.iit.edu/data/SCUC_118/
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InTDS with/without the valid inequalities. Observe that the number of constraints

and the number of variables slightly increases when we add the inequalities, while

contrarily the problem is solved faster with cuts as it has a tighter MILP formulation.

Table 4.10: The Unit Commitment Results Summary for the 118-bus System with
10 InDS and 20 Scenarios

Case Ramp Degree
Optimal
Value ($)

CPU
Time (s)

Scaler
Variables

Binary
Variables Constraints

No Cuts High 1.0602e6 6871 320968 2538 292510
Low 1.0517e6 3943 320968 2538 292510

With Cuts High 1.0602e6 6026 337688 2538 309230
Low 1.0517e6 2624 337688 2538 309230

From Tables 4.9 and 4.10, the integrated model performs essentially superb when

it was combined with the valid inequalities. Note that, we used only 3 valid inequal-

ities to demonstrate the efficiency of solving such problems for the real power system

setting, and it is possible to derive many other valid inequalities that could lead to

even more significant reduction of the computational time.

4.4 Discussion and Remarks

In this chapter, we propose an integrated model for the unit commitment problem in

transmission system combined with the DER management problem in distribution

systems. Through numerical results, we show that the integrated transmission and

distribution systems lead to significant cost savings compared to the total costs of the

isolated systems solved separately. In addition, we show that by using the integrated

model, we are able to include the characteristics of the distribution system into the
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UC analyses of the TS, which performs much better than the case of considering the

distribution system as a single load point. In addition, the integrated model allows

for interactions between the characteristics of the transmission system (and other

DSs connected to the TS) with the DER management analyses of each DS, which

leads to more smooth operation of the power system and solves the issue of excessive

power generations in DS by turning them into profit. Finally, we demonstrate that

it is possible to tighten the proposed MILP formulation by adding valid inequalities

for the problem. The computational results verify the efficiency of our proposed

integrated model combined with the valid inequalities.
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CHAPTER 5

Tight Conic Approximations for Chance-Constrained AC Optimal

Power Flow

In this chapter, a novel stochastic ACOPF methodology is proposed which mitigates

the impact of renewable power generation uncertainty and increases the reliability

of a power system. First, a thorough literature review of related methodologies is

presented in Section 5.1, which introduces the motivation behind the work. Then,

Section 5.2 introduces the ACOPF problem and the two-sided chance-constrained

ACOPF (TCC-ACOPF) problem. Moreover, Section 5.3 shows how to reformu-

late the TCC-ACOPF into a convex problem and then how to approximate it by a

second-order cone program. An algorithm to speed up the computation is also pro-

posed in this section. Furthermore, Section 5.4 numerically illustrates the strengths

of the proposed model. Lastly, Section 5.5 concludes the chapter.

5.1 Introduction

Recently, the penetration of renewable energy resources such as wind turbines and

solar panels is increased rapidly in the power system. At the same time, the uncer-

tain output of these non-dispatchable renewable resources prompts various issues in
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power system’s operations. In particular, with many renewable energy resources,

it is well known that supply-and-demand balance control becomes very difficult to

manage. Indeed, the integration of the uncertain power resources increases the risk

of supply-and-demand mismatch, which leads to significant challenges from voltage

fluctuations to overloaded branches and can shut down the entire or parts of the

power system (De Rubira and Hug 2016, Kundur et al. 2004, Filabadi and Azad

2020). Such complexities raise the need for fast and reliable optimization methods

that can securely and economically schedule the power system’s operations. As a

solution, the optimal power flow (OPF) problem provides real-time control mea-

sures to support the system’s stability. It guarantees the system’s secure operation

by enforcing constraints such as voltage limits, generation limits, and line capacity.

First introduced by Carpentier (1962) over half a century ago, the OPF problem

has gained great attention due to its importance in power system’s operations. Due

to the physical complexity in power systems, the majority of the OPF research in the

literature oversimplifies the OPF problem using direct current (DC) and determinis-

tic formulations (Lin et al. 2018, Skolfield and Escobedo 2021). The DC formulation

is an approximation of the actual nonlinear alternating current (AC) power flow

formulas and the deterministic formulation is a rough estimation of the stochastic

nature of the power system. In traditional centralized power systems, with low pen-

etration of wind and solar renewable energy, such simplifications, albeit imperfect,

are acceptable to run the system without major catastrophic problems. Indeed, the
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deterministic DC models are still being used in many commercial and industrial

applications (Stott and Alsaç 2012). However, the DC approximation neglects both

power losses and reactive power, which are natural components of a power system.

Omitting these components leads to decisions that may not be feasible to the power

system. As a result, the AC optimal power flow (ACOPF) problem is proposed in

the literature (Cain et al. 2012). The ACOPF is specially of value when addressing

real-time decisions of a power system where accuracy is of critical real-time value.

Moreover, the ACOPF is very important at the transmission level of the power sys-

tem which is usually high-voltage. However, the ACOPF is also critical to address

long-term planning decisions of a distribution system when high levels of uncertain

renewable energy is integrated into the system (Mohammadi Fathabad et al. 2020).

In particular, the large-scale integration of renewable generations in recent years

is exposing the deficiencies of the traditional OPF formulations and calling for fur-

ther accuracy. Specially, as penetration levels of volatile and intermittent power

from sources such as wind and solar, reaches massive fractions of the total supplied

power, the risk of extreme catastrophic outcomes (e.g., power supply interruptions,

power mismatch, increased power losses, and network instability) escalates rapidly.

The traditional deterministic models do not work as well as before because it is more

difficult to predict the renewable power outputs as residential houses are becoming

both the load and generation points. These uncertain forecast errors can lead to

insufficient or excess electricity generation, and if unaccounted for, can result in
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major reliability issues and cause significant damage to the system via costly black-

outs or other catastrophic events. In fact, major power outages and the risk for

power interruptions increased rapidly in the past few decades (Bloomenergy 2021,

NREL 2021, WirfsBrock 2014) as more renewables are integrated in the system. To

account for the increasing risks caused by uncertainty, stochastic ACOPF problems

have been addressed in recent years (Capitanescu 2016).

An accurate representation of the stochastic ACOPF is achieved using chance-

constrained optimization (Bienstock et al. 2014). In particular, the ACOPF problem

enforces limits on voltage, active power, reactive power, and power flow, and a

chance-constrained ACOPF (CC-ACOPF) enforces those limit constraints with a

certain probability. In other words, chance constraints restrict the feasible region so

that the confidence level of the solution is high, and thus it can address the stochastic

nature of the problem accurately. Moreover, in a recent survey of the actual power

system operators, it was determined that using the chance-constrained formulation

to choose a predetermined level of violation for constraints is both an intuitive and

transparent way of representing an ACOPF problem under uncertainty (Roald and

Andersson 2017).

While the CC-ACOPF presents an intuitive way to model forecast uncertainty,

the nonlinearity of the AC power flow equations and the probabilistic constraints ren-

der the problem computationally intractable (Nemirovski and Shapiro 2007, Paudyal

et al. 2011). More importantly, the ACOPF problem needs to be solved at different
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levels of the power system (e.g., transmission and distribution grids) and under dif-

ferent stages (e.g., long-term planning and short-term operations). Thus, a tractable

and accurate formulation of the ACOPF problem is highly demanded. To develop a

practical method, it is necessary to consider both an approximation of the AC power

flow equations and a pertinent convex approximation of the chance constraints.

First, as previously mentioned, the underlying physical characteristics of a power

system include nonconvex and nonlinear AC power flow equations; thus, most works

in literature approximate these nonlinear equations with an imprecise DC model to

reduce the complexity (Overbye et al. 2004, Bienstock et al. 2014, Xie and Ahmed

2017, Zhang et al. 2016, Aigner et al. 2021). Modeling the AC power flow equa-

tions, on the other hand, allows us to accurately consider new constraints and

chance constraints on reactive power, power angles, and power transmission capac-

ity (Zohrizadeh et al. 2020). Several different methods for linear approximation of

full nonlinear AC power flow equations are proposed in the literature of CC-ACOPF

that attempt to represent the output variables as linear combinations of input vari-

ables. For example, Dall’Anese et al. (2017) distinctly models linearized AC power

flow equations around a given voltage profile. In another effort, Vrakopoulou et al.

(2013) uses SDP relaxations for the AC power equations; however, the resulting

formulation is computationally expensive for large instances. Others (Hojjat and

Javidi 2015, Zhang and Li 2011) have considered full linearization of the responses

around expected values of the random variables using linear decision rules. In this
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study, similar to Fu and McCalley (2001), Roald and Andersson (2017) and Lubin

et al. (2019), we use first-order Taylor expansion to linearize the AC power flow

equations around a predicted operating point. This predicted point is identified by

solving the deterministic nonlinear ACOPF problem. This technique is more practi-

cal for us than other methods as the purpose of our model is to determine the system

responses to uncertain variations in renewable generations; therefore, linearizing the

system around that the current operating point of the system is rather more ac-

curate and effective than fully linearizing the system (Roald and Andersson 2017).

Moreover, the Taylor approximated ACOPF problem is expected to remain very

tight to the nonlinear deterministic ACOPF problem in terms of optimal solution

(Lubin et al. 2019). And lastly, it also further allows for development of analytical

chance-constrained reformulations.

Second, to facilitate the development of analytical chance-constrained reformula-

tions, a one-sided chance constraint (OCC) relaxation is commonly used. In particu-

lar, most works in the literature of CC-ACOPF treat the physical bounds separately

(Dall’Anese et al. 2017, Roald and Andersson 2017, Lubin et al. 2019), i.e., a single

chance constraint is imposed on the upper bound and another chance constraint

is imposed on the lower bound. While using OCCs is convenient as they can be

reformulated and implemented more easily (Baker et al. 2016, Bienstock et al. 2014,

Zhang and Li 2011), the OCC relaxation provides an inexact approximation of the

OPF problem. More specifically, it is known that active power, reactive power, and
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voltage at each bus, as well as the power flow at each branch in general, have both

lower and upper bound limits. Hence, it is more accurate to represent each by a two-

sided chance constraint (TCC). To the best of our knowledge, Lubin et al. (2015),

Xie and Ahmed (2017), and Pena-Ordieres et al. (2019) are the only known studies

treating the lower and upper bounds simultaneously. Among them, the distribu-

tionally robust results in Xie and Ahmed (2017) and Pena-Ordieres et al. (2019)

depend on inaccurate DC approximations, and the analytical results in Lubin et al.

(2015) only consider a subset of constraints with a TCC formulation that is limited

to a Gaussian assumption.

In fact, many papers in the literature that study closed-form analytical reformu-

lations of CC-ACOPF simply model the forecast errors through Gaussian distribu-

tion (Bienstock et al. 2014, Roald and Andersson 2017, Li et al. 2017, Lubin et al.

2019, 2015). This Gaussian assumption is often criticized in the literature as it may

lead to further inaccuracies that can cause cascading shutdowns and power inter-

ruptions in the grid. To be more specific, recent statistical analyses of renewable

forecast errors have shown that the forecast error distribution differs greatly from

the commonly assumed normal distribution (Lange 2005, Hodge and Milligan 2011).

In particular, the large-scale availabile historical data on renewable generation and

forecast can be analyzed to obtain data on renewable forecast errors. This forecast

data then can be analyzed to obtain an estimation of the forecast error distribution.

For example, Hodge et al. (2012) study historical wind generation data from multiple
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countries to analyze the underlying probability distributions of forecast errors, and

the results show that forecast error distributions are skewed in many cases. They

further show that the simple Gaussian distribution performs poorly when skewness

is present. In view of this, in our research, we have modeled the forecast error

distribution through Gaussian mixture (GM) modeling. With the GM modeling

approach, the forecast error distribution can be modeled as a convex combination of

multiple normal distributions with respective means and variances. Consequently,

it not only encompasses the normal distribution but also can be used to model a

continuous distortion of the latter, such as skewness or bi-modality (Bertholon et al.

2007). More importantly, any distribution can be approximated by a GM distribu-

tion through nonparametric estimation method. For instance, if we use the kernel

density estimation, a commonly used nonparametric method proposed by Rosen-

blatt (1956) and Parzen (1962), to estimate the distribution, then the well-known

normal kernel density estimator (Dattatreya and Kanal 1990, Zhuang et al. 1996,

Reynolds 2009) becomes a GM distribution. Hence, we can approximate the distri-

bution of any uncertainty using a GM distribution. Furthermore, GM is stable by

convolution and easy to simulate. Therefore, employing the GM distribution helps

us represent the forecast error uncertainties more accurately and develop OPF solu-

tions that are significantly robust against such uncertainties, thereby it adds great

accuracy and flexibility to our proposed chance-constrained model.

The resulting two-sided chance-constrained ACOPF (TCC-ACOPF) problem
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under the GM distribution, however, relies on nonconvex and nonlinear TCCs that

need to be convexly approximated. In this Chapter, we present a tractable approx-

imation methodology for the TCC-ACOPF to provide an accurate solution for the

problem in a timely manner. We first provide a convex approximation of the TCC

under a GM distribution. Furthermore, we show that our approximation is exact

for the case of simple Gaussian and some special GM distributions, so it generalizes

the convexity results in Lubin et al. (2015). In spite of being convex, this approx-

imation is nonlinear, which makes it less efficient for large-scale applications. The

source of nonlinearity, i.e., the Gaussian cumulative distribution function (CDF),

is then approximated by a piecewise linear (PWL) function, which is often used in

the existing studies (see, e.g., Ardestani-Jaafari and Delage 2016 and Kuryatnikova

et al. 2021) for the tractability purpose (Cheng and Lisser 2012). The resulting final

formulation is a series of linear and second-order conic (SOC) constraints, which can

be solved efficiently by many commercial solvers.

The quality of our final SOC approximation of the TCC is adjustable depending

on the quality of the PWL approximation of the Gaussian CDF. Intuitively, the

more linear pieces there is, the more accurate the approximation is. However, a

PWL approximation with many pieces also leads to a large set of constraints in

our final SOC formulation, which means higher computational costs. Hence, it is of

interest to choose an optimal PWL approximation that guarantees a given accuracy

threshold with the minimum number of segments.
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Several studies have investigated the idea of finding the optimal PWL fit to

a uni-variate function. For example, Hamann and Chen (1994) find the optimal

locations of segments based on a root-mean-square error tolerance. Tomek (1974)

develops two heuristics to minimize the number of approximating segments subject

to an error limit. More recently, Rebennack and Krasko (2020) and Kong and

Maravelias (2020) develop algorithms that use mixed-integer techniques for finding

segments that incite the exact amount of error required; however, their methodology

is only applicable to bounded functions. In this Chapter, to choose an optimal PWL

function, we introduce an algorithm based on the linear interpolation error. Our

methodology relies on the monotonocity and concavity of the target function, and

it avoids introducing mixed-integer variables. Moreover, it can be generalized to

approximate any strictly monotone concave or convex function that is bounded

from at least one side. In our theoretical results, we prove that our algorithm

provides the best fit, and in our numerical results, we compare this algorithm with

the uni-distance algorithm that is commonly used to obtain a PWL approximation.

We show that our method can achieve similar accuracy with significantly fewer

linear segments (e.g., 40% reduction in number of piece when the error tolerance is

0.05%). Hence, employing our algorithm speeds up the computational time for our

SOC approximation of the TCCs significantly.

In summary, the main contributions of this Chapter are the following:

• A novel TCC-ACOPF problem is presented which models the forecast error
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uncertainty accurately using the GM distribution. In particular, our TCC-

ACOPF problem based on GM distribution is able to handle non-normalities

such as skewness in power forecast data, which are in fact common and cannot

be captured by the common normal distribution.

• Next, a convex inner approximation of a TCC under a GM distribution with

K components is presented, and then, it is shown that our convex formu-

lation is exact under an easily verifiable condition. Since this intermediate

convex formulation may be expensive to solve on large-scale applications, we

then introduce a tractable SOC approximation for TCCs based on a PWL

approximation of the standard normal CDF.

• Moreover, the quality of our SOC approximation for TCCs depends on the

quality of the underlying PWL approximation, which can be improved by in-

creasing the number of well-positioned PWL segments. To that end, a proof is

presented that shows our SOC approximation enjoys asymptotic convergence

properties. Furthermore, as higher number of PWL segments lead to more

computational costs, an algorithm is then proposed that obtains the mini-

mum number of segments (and their optimal positioning) required for a PWL

function, and therefore it speeds up the computation.

• Finally, computational results with both synthetic and real-world datasets

demonstrate that the TCC-ACOPF problem can be solved efficiently using
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our proposed methodology. That is, it finds significantly more robust solutions

for the ACOPF problem as compared to the state-of-art OCC-ACOPF and

deterministic ACOPF. Our results on real-world data further indicates that

the TCC-ACOPF approach significantly improves the feasibility of ACOPF

solutions.

5.2 Mathematical Model

In this section, we introduce mathematical formulations for deterministic ACOPF

and TCC-ACOPF, in the following Subsections 5.2.1 and 5.2.2, respectively. We use

boldface and normal symbols to represent vectors and scalars, respectively, through-

out the Chapter.

5.2.1 Deterministic ACOPF

We use B, G, andR to denote the set of all buses, thermal generators, and renewable

generators respectively. For each bus i ∈ B, we use Gi (resp. Ri) to denote the set

of thermal generators (resp. renewable generators) at this bus, and v̄i (resp. vi) to

denote the upper (resp. lower) bound on nodal voltage magnitude at this bus. For

each bus i ∈ B and bus j ∈ B, we use L to denote the set of tuples (i, j) such that

there is a branch between bus i and bus j, and Īij to denote this branch’s apparent

power flow limit. For each thermal generator g ∈ G, we use P̄g (resp. P g) to denote

its maximum (resp. minimum) active power generation amount, and Q̄g (resp. Q
g
)
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to denote its maximum (resp. minimum) reactive power generation amount. To

define decision variables, we let pg (resp. qg) represent the active (resp. reactive)

power output of each thermal generator g ∈ G, ep

ij (resp. eq

ij) represent the active

(resp. reactive) power flow of each tuple (i, j) ∈ L, and vi (resp. θi) represent the

nodal voltage magnitude (resp. angle) at each bus i ∈ B. Therefore, the ACOPF

model can be described as follows:

min
p,q,v,θθθ,
ep,eq

∑
g∈G

cg(pg) (5.1a)

s.t. P g ≤ pg ≤ P̄g, ∀ g ∈ G, (5.1b)

Q
g
≤ qg ≤ Q̄g, ∀ g ∈ G, (5.1c)

vi ≤ vi ≤ v̄i, ∀ i ∈ B, (5.1d)

(ep

ij)
2 + (eq

ij)
2 ≤ (Īij)

2, ∀ (i, j) ∈ L, (5.1e)

φ(p,q,v, θθθ) = 0, (5.1f)

θref = 0. (5.1g)

In the objective function (5.1a), cg(pg) represents the power production cost of

generator g and it is typically a convex quadratic function (Wood et al. 2013).

Constraints (5.1b) and (5.1c) restrict the active and reactive generation amount of

each unit, respectively. Constraints (5.1d) set the upper/lower bounds of the nodal

voltage magnitude at each bus i ∈ B. The capacity of each branch is bounded by

(5.1e) and the voltage angle at the reference bus is set to zero by (5.1g). The set

of active and reactive power balance equations from the Kirchhoff’s current and
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voltage laws are enforced by (5.1f). Specifically, the active and reactive power flows

are functions of the voltage magnitudes v and voltage angles θθθ, as illustrated in the

following line power flow equations:

ep

ij = vivj (Gij cos(θi − θj) +Bij sin(θi − θj)) , ∀(i, j) ∈ L, (5.2a)

eq

ij = vivj (Gij sin(θi − θj)−Bij cos(θi − θj)) , ∀(i, j) ∈ L, (5.2b)

where parameters Gij and Bij represent the real and imaginary parts of network

admittance for each tuple (i, j) ∈ L, respectively. It follows that the nodal power

flow equations can be represented as follows:

∑
g∈Gi

pg −Dp

i +
∑
g∈Ri

rp

g = v2iGii +
∑

j:(i,j)∈L

ep

ij, ∀i ∈ B, (5.3a)

∑
g∈Gi

qg −Dq

i +
∑
g∈Ri

rq

g = −v2iBii +
∑

j:(i,j)∈L

eq

ij, ∀i ∈ B, (5.3b)

which shows that the net active (resp. reactive) power injection at each bus i ∈ B is

equal to power losses plus the active (resp. reactive) power flow leaving this bus. In

(5.3), Dp

i (resp. Dq

i ) denotes the active (resp. reactive) power demand at each bus

i ∈ B, and rp
g (resp. rq

g) denotes the forecast active (resp. reactive) power injections

from a given renewable generator g ∈ R. Note that since for any (i, j) ∈ L, if vi,

vj, θi, and θj are given, then ep

ij and eq

ij are uniquely determined. Thus, ep and eq

are not involved in the function φ(p,q,v, θθθ) = 0 as arguments in (5.1f).

From (5.3), we can see that there are more variables than equations, which

implies that some variables can be chosen independently and the others will be im-

plicitly determined. In fact, certain physical structure settings of the power systems
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enable us to choose such variables independently, thereby controlling the balance

in (5.3). Specifically, to that end, three bus types are considered in power sys-

tem operations, i.e., pv buses, pq buses, and a vθ bus. The pv buses (referred to

as “generation buses” and collected in set Bpv) maintain constant values of active

power generation and voltage magnitude; the pq buses (referred to as “load buses”

or “buses without generation” and collected in set Bpq) maintain constant active

and reactive power outputs; the vθ bus (referred to as “reference bus” and collected

in singleton Bvθ) is unique and maintains constant values of the voltage magnitude

and angle (Kothari and Nagrath 2003, Roald 2016).

The deterministic ACOPF (5.1) assumes that the renewable generation outputs

(i.e., rp
g and rq

g for each i ∈ B) are known exactly; that is, the forecast values

are exact. However, wind and solar renewable energy actually create significant

uncertainties in power system’s operations due to their uncertain and intermittent

nature (e.g., wind fluctuates and solar relies on sunny weather); therefore, stochastic

optimization techniques are required for the handling of the ACOPF problem under

uncertainty.

Remark 5.1. The deterministic ACOPF (5.1) is solved to support the power sys-

tem operations at different levels and stages. For instance, at the transmission

level, the transmission grid operator may solve the day-ahead unit commitment and

economic dispatch problems with the ACOPF formulation incorporated to perform

market clearing. The operator may also solve the ACOPF (5.1) in the real-time
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market to evaluate the imbalances of power supply and demand and thus activate

the ancillary services, thereby ensuring the system stability. Note that the ACOPF

formulation becomes more crucial than before at the transmission level because it

is high voltage and power loses and fluctuations due to the high penetration of re-

newable energy leads to significant uncertainties in the system and a more accurate

OPF formulation can help the grid operator make a decision that can better hedge

against the uncertainties. In addition, at the distribution level, the distribution grid

operator may solve the ACOPF formulation in various stages, such as generation

expansion planning and short-term operations. Specifically, as a distribution grid

is usually represented as a radial network, the generic ACOPF formulation (5.1)

can be equivalently reformulated as an SOC formulation (Farivar and Low 2013) by

using the special radial network structure. Note that our proposed approach in the

remainder of this Chapter also works for this equivalent ACOPF formulation.

Remark 5.2. Note that the non-dispatchable renewable generation may have a large

impact on the overall cost of the power system. Besides adjusting the generation

outputs of the existing dispatchable thermal generators in the system, the system

imbalances due to the renewable generation uncertainty may also be leveled by other

market tools, such as ancillary services. These services could range from energy

storage devices and immediate power purchase strategies, to reactive power genera-

tion devices. These services can be implemented at different levels and stages of the

power system (as mentioned in Remark 5.1), including transmission and distribution
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levels, to balance the network. Thus, a direct cost component for each service can

be considered in the objective function of model (5.1), and we leave this for future

research.

5.2.2 TCC-ACOPF

To account for the uncertainty due to renewable generation, we introduce a TCC-

ACOPF that ensures a secure operation of the system under uncertainty. In partic-

ular, for a given renewable generator g ∈ R, we denote this generator’s uncertain

active power generation amount by rp
g(ξξξ) = rp

g + ξg, where rp
g denotes the forecast

active power generation amount of generator g, ξg denotes a random variable rep-

resenting the real-time deviation of this generator from the forecast value rp
g, and

ξξξ denotes the vector of ξg’s with any g ∈ R. Facing the active power generation

variation of each renewable generator g ∈ R, the power system has to respond to

the variation by adjusting the values of other decision variables, i.e., rq
g(ξξξ) for g ∈ R,

pg(ξξξ) for g ∈ G, qg(ξξξ) for g ∈ G, vi(ξξξ) for i ∈ B, and θi(ξξξ) for i ∈ B, where applicable

depending on the bus types. Such responses result in controlling system’s balance

and stability in the real-time operations, and technically, they maintain the ACOPF

model (5.1) to be feasible. To track such adjustments and avoid high complexities,

system operators often adopt a family of affine response control policies for practical

purpose (Jaleeli et al. 1992). In this Chapter the response policies are selected as

follows. First, the reactive power output of a renewable generator g changes fol-
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lowing the active power output variations of this renewable generator according to

rq

g(ξξξ) = γgr
p

g(ξξξ), ∀g ∈ R, (5.4)

where γg is a decision variable that depends on operational requirements (Roald

2016, Cabrera-Tobar et al. 2019). Second, according to the automatic generation

control (AGC) policy (Borkowska 1974, Venzke et al. 2017), the active power output

of a thermal (dispatchable) generator under the renewable generation uncertainty

is adjusted by the following equation:

pg(ξξξ) = pg − αgΞ, ∀g ∈ G, (5.5)

where αg is the participation factor of each thermal generator g ∈ G and Ξ =∑
g∈R ξg. In our model, αg will be optimized as a decision variable for any g ∈ G,

and it indicates the fraction of the total forecast error that is balanced by thermal

generator g. Third, a distinction between pv, pq, and vθ buses becomes important for

the reactive power balancing and voltage control. Considering common practice, we

assume that the voltage is adjusted at pq buses to keep the reactive power constant

with uncertainty, however, pv and vθ buses can adjust their reactive power to keep

the voltage magnitude constant with uncertainty.

With the uncertainty representation and response policies described above, we

then can enforce the probability that each set of constraints of (5.1b) – (5.1e) hold

with respect to the distribution of ξξξ, leading to the following four sets of chance
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constraints, respectively:

P
(
P g ≤ pg(ξξξ) ≤ P̄g

)
≥ 1− ϵp, ∀ g ∈ G, (5.6a)

P
(
Q

g
≤ qg(ξξξ) ≤ Q̄g

)
≥ 1− ϵq, ∀ g ∈ G, (5.6b)

P (vi ≤ vi(ξξξ) ≤ v̄i) ≥ 1− ϵv, ∀ i ∈ B, (5.6c)

P
((

ep

ij(ξξξ)
)2

+
(
eq

ij(ξξξ)
)2 ≤ (Īij)2) ≥ 1− ϵL, ∀ (i, j) ∈ L. (5.6d)

Here, P denotes the probability of an event with respect to the distribution of

ξξξ. Constraints (5.6a) enforce both the upper and lower bounds on active power

generation amount of a given generator g ∈ G to be held simultaneously with a

probability that is no less than 1−ϵp. Similarly, the probabilistic bounds on reactive

power flow, voltage magnitude, and apparent power flow are enforced through (5.6b),

(5.6c), and (5.6d), with violation probability less than ϵq, ϵv, and ϵL, respectively.

Note that constraints (5.6d) have quadratic dependency on ξξξ, while the other

constraints have linear dependency on ξξξ. Although there is no known tractable

reformulation of (5.6d), it is known that (5.6d) is convex in ep

ij(ξξξ) and eq

ij(ξξξ) when

ϵL < 1/2 and it can be inner approximated by the following constraints (Lubin et al.

2015):

P
(
|ep

ij(ξξξ)| ≤ ζp

ij

)
≥ 1− β ϵL, ∀ (i, j) ∈ L, (5.7a)

P
(
|eq

ij(ξξξ)| ≤ ζq

ij

)
≥ 1− (1− β)ϵL, ∀ (i, j) ∈ L, (5.7b)(

ζp

ij

)2
+
(
ζq

ij

)2 ≤ (Īij)2 , ∀ (i, j) ∈ L, (5.7c)

where ζp

ij and ζq

ij are auxiliary decision variables and β ∈ (0, 1) is a given parameter
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that is typically set as 0.5. The resulting constraints (5.7a) and (5.7b) are two-sided

chance constraints with linear dependency on ξξξ and (5.7c) is a deterministic convex

quadratic constraint.

Therefore, the mathematical formulation of TCC-ACOPF can be described as

follows:

min
p,q,v,θθθ,rq

ζζζp,ζζζq,ααα,γγγ

∑
g∈G

E [cg(pg(ξξξ))] (5.8a)

s.t. (5.6a), (5.6b), (5.6c), (5.7a), (5.7b), (5.7c), (5.1g),

φ̂(p(ξξξ),q(ξξξ),v(ξξξ), θθθ(ξξξ)|p̂, q̂, v̂, θ̂θθ) = 0, ∀ ξξξ, (5.8b)

where E denotes the expectation with respect to the distribution of ξξξ, objective

function (5.8a) minimizes the expected total operating cost, and constraints (5.8b)

describe the linearized version of AC power flow equations (5.2) and (5.3). This lin-

earization follows the existing studies (Fu and McCalley 2001, Roald and Andersson

2017, Lubin et al. 2019). Specifically, constraints (5.8b) are obtained from a Taylor

expansion of (5.2) and (5.3) around a feasible solution (denoted by (p̂, q̂, v̂, θ̂θθ)) to

the deterministic ACOPF model (5.1). As constraints (5.8b) hold for all the possible

realizations of ξξξ, these constraints ensure that the solution of (5.8) satisfies the lin-

earized power balance equations under all possible realizations of uncertainty. These

existing studies show that this approximation is very tight (see Lemma 1 in Lubin

et al. 2019 and the numerical results therein). In addition, in the power flow equa-

tions , the uncertain active and reactive power injections at each bus i ∈ B are calcu-
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lated as
∑

g∈Gi
pg(ξξξ)−Dp

i (ξξξ)+
∑

g∈Ri
rp
g(ξξξ) and

∑
g∈Gi

qg(ξξξ)−Dq

i+
∑

g∈Ri
rq
g(ξξξ), where

uncertain active and reactive power losses are given by vi(ξξξ)
2Gii and −vi(ξξξ)2Bii,

and the net active and reactive power flows are calculated via
∑

j:(i,j)∈L e
p

ij(ξξξ) and∑
j:(i,j)∈L e

q

ij(ξξξ), respectively. Note that, (5.6a) – (5.6c) and (5.7a) – (5.7b) represent

all the TCCs in our model, and they are nonlinear and nonconvex in general.

5.3 Reformulation Techniques for TCC

In this section, we develop a tractable convex formulation of (5.8) by approximating

the two-sided chance constraints (5.6a) – (5.6c) and (5.7a) – (5.7b) by a series of

linear and SOC constraints. To that end, we consider a general form of TCC as

follows:

P
(
lb ≤ h1(x)

⊤ξξξ + h0(x) ≤ ub

)
≥ 1− ϵ, (5.9)

where h1(x) and h0(x) are affine functions of a vector of decision variables x, lb and

ub are lower and upper bounds of the TCC, respectively, and ξξξ represents a vector

of random variables. For ease of exposition, we define h(x, ξξξ) := h1(x)
⊤ξξξ + h0(x),

which is affine in x.

In general, TCCs are very difficult to solve. As a result, many existing studies,

including Bienstock et al. (2014), Roald and Andersson (2017), and Dall’Anese et al.

(2017), approximate the TCC (5.9) by two one-sided chance constraints as follows:

P (h(x, ξξξ) ≤ ub) ≥ 1− ϵ̂, (5.10a)

P (h(x, ξξξ) ≥ lb) ≥ 1− ϵ̂. (5.10b)
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When ϵ̂ = ϵ, it is clear that (5.10) provides an outer approximation of (5.9). When

ϵ̂ = ϵ/2, (5.10) provides an inner approximation for (5.9), which is known as the

Bonferroni approximation of TCCs (Nemirovski and Shapiro 2007, Hanasusanto

et al. 2017).

The approximation (5.10) is inexact and often very weak (Xie and Ahmed 2017),

and it is accordingly followed by further studies seeking better approximations.

For instance, Lubin et al. (2015) developed an SOC approximation of a TCC, in

which ξξξ follows Gaussian distribution with known mean and covariance. In many

practical settings, however, the Gaussian distribution is known to lack accuracy

in modeling uncertainty, especially when it comes to skewness in the distribution,

which though is commonly present in power system applications (Hodge et al. 2012).

In the following Section 5.3.1, we provide a tight approximation for a general TCC

under a GM distribution, which allows for significantly more accurate modeling of

uncertainties. Our approximation has two controllable degrees of accuracy which is

of high value as they provide a high level of flexibility to the model that the power

system’s operators can take advantage of.

5.3.1 Tight Approximation

In this section, we show that TCC (5.9) under GM distributions can be inner approx-

imated by a set of convex constraints. A sufficient condition is also provided under

which the approximation becomes exact. Moreover, the resulting convex constraints
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can be efficiently approximated by a set of linear and SOC constraints, which con-

verges to the feasibility set of the original TCC (5.9). For notational brevity, we

define [n] = {1, 2, . . . , n} for any positive integer number n. We make the following

assumption throughout this Chapter.

Assumption 5.1. The random variable ξξξ follows a GM distribution with K com-

ponents as follows:

ξξξ ∼
K∑
k=1

wkN (µµµk, ηkΣ), (5.11)

where component k ∈ [K] is a Gaussian distribution with mean µµµk, positive definite

covariance ηkΣ, and weight wk > 0 such that
∑K

k=1 wk = 1.

We use F to denote the CDF of ξξξ and accordingly have F (ξξξ) =
∑K

k=1 wk Fk(ξξξ),

where Fk denotes the corresponding CDF of each component k ∈ [K]. Note that the

covariance of each component is a positive multiple of Σ ≻ 0, which is the covariance

matrix base for all components. Moreover, if the distribution of ξξξ only consists of

one Gaussian distribution, i.e., K = 1, the uncertainty distribution simplifies to the

Gaussian distribution.

Using the GM distribution to represent the uncertainty, the following proposi-

tion, in which we develop a convex reformulation of the TCC, is key to our main

results. Our results are related to the perspective function of the standard normal

CDF Φ(·). In particular, the perspective function of Φ, see Boyd and Vandenberghe
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(2004) and Combettes (2016), is defined as

Φ̃ : R× [0,∞)→ R, Φ̃(z, λ) :=


λΦ(z/λ), if λ > 0

0, if λ = 0.

Since Φ is a bounded continuous function, it is clear that Φ̃ is also continuous. Also,

since Φ is a continuous concave function on [0,∞), Φ̃ is concave on [0,∞)× [0,∞)

(Combettes 2016). For ease of exposition, we assume 0 · Φ(z/0) = 0 for all z ∈ R

without mentioning the perspective function. We also define µ′
k(x) := h1(x)

⊤µµµk +

h0(x) and Σ′(x) :=
√
h1(x)⊤Σh1(x) for the rest of the Chapter.

Proposition 5.1. Under Assumption 5.1, the two-sided chance constraint (5.9) can

be inner approximated by the following convex constraints in (x, λ):

λ

(
K∑
k=1

wk

(
Φ

(
ub − µ′

k(x)√
ηkλ

)
+ Φ

(
µ′
k(x)− lb√

ηkλ

)))
≥ λ(2− ϵ), (5.12a)

lb ≤ µ′
k(x) ≤ ub, ∀ k ∈ [K], (5.12b)

Σ′(x) ≤ λ, (5.12c)

where Φ(·) is the standard normal CDF and λ ∈ R is a nonnegative auxiliary vari-

able. Moreover, if ϵ ≤ (1/2)min{w1, . . . , wK}, then the approximation is exact; that

is, x satisfies (5.9) if and only if there exists λ ∈ R such that (x, λ) satisfies (5.12).

Proof. First, we show the convexity of constraints (5.12). Note that Φ(·) is concave

in the restricted domain [0,∞), which is enforced by (5.12b). As discussed above,

its perspective function Φ̃(z, λ) is concave over [0,∞)× [0,∞). Since affine substi-

tution and nonnegative weighted summation maintain concavity, (5.12a) is a convex
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constraint in (x, λ). It is easy to see that (5.12b) and (5.12c) are affine and SOC

constraints, respectively, and thus are convex.

Next, we show that (5.12) is an inner approximation of the TCC (5.9). We

consider two possible cases: Σ′(x) = 0 and Σ′(x) > 0. (i) When Σ′(x) = 0, we have

h1(x) = 0 because Σ ≻ 0 and accordingly (5.9) is reduced to (5.12b). (ii) When

Σ′(x) > 0, under Assumption 5.1, we have

PF (lb ≤ h(x, ξξξ) ≤ ub) =
K∑
k=1

wkPFk
(lb ≤ h(x, ξξξ) ≤ ub)

=
K∑
k=1

wkPFk

(
lb − µ′

k(x)√
ηkΣ′(x)

≤ h(x, ξξξ)− µ′
k(x)√

ηkΣ′(x)
≤ ub − µ′

k(x)√
ηkΣ′(x)

)

=
K∑
k=1

wk

(
Φ

(
ub − µ′

k(x)√
ηkΣ′(x)

)
− Φ

(
lb − µ′

k(x)√
ηkΣ′(x)

))

=
K∑
k=1

wk

(
Φ

(
ub − µ′

k(x)√
ηkΣ′(x)

)
+ Φ

(
µ′
k(x)− lb√
ηkΣ′(x)

))
− 1,

where the last equation holds because Φ(x) = 1− Φ(−x). As a result, (5.9) can be

recast as
K∑
k=1

wk

(
Φ

(
ub − µ′

k(x)√
ηkΣ′(x)

)
+ Φ

(
µ′
k(x)− lb√
ηkΣ′(x)

))
≥ 2− ϵ. (5.13)

Consider (x, λ) that satisfies constraints (5.12). Because Φ(·) is an increasing func-

tion, lb ≤ µ′
k(x) ≤ ub, and λ ≥ Σ′(x) > 0, we conclude that

Φ

(
ub − µ′

k(x)√
ηkΣ′(x)

)
≥ Φ

(
ub − µ′

k(x)√
ηkλ

)
and Φ

(
µ′
k(x)− lb√
ηkΣ′(x)

)
≥ Φ

(
µ′
k(x)− lb√

ηkλ

)
,

which, together with (5.12a), implies (5.13). Thus, for any (x, λ) that satisfies

constraints (5.12) under both the above two cases, the x satisfies (5.9).
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Finally, we show the equivalence between (5.12) and (5.9) when ϵ ≤

(1/2)min{w1, . . . , wK}. (i) Suppose that x satisfies constraint (5.9) with h1(x) = 0.

Then, Σ′(x) = 0 and h(x, ξξξ) = h0(x) = µ′
k(x) for all k ∈ [K]. By setting λ = 0,

we see that constraints (5.12) are satisfied by (x, λ). (ii) Suppose that x satisfies

constraint (5.9) with h1(x) ̸= 0. Then (5.13) is satisfied by x. We claim that such

an x satisfies (5.12b), that is, for all k ∈ [K],

Φ

(
ub − µ′

k(x)√
ηkΣ′(x)

)
≥ 0.5 and Φ

(
µ′
k(x)− lb√
ηkΣ′(x)

)
≥ 0.5.

If not, then there exists some κ ∈ [K] such that

Φ

(
ub − µ′

κ(x)√
ηκΣ′(x)

)
+ Φ

(
µ′
κ(x)− lb√
ηκΣ′(x)

)
< 1.5

because both Φ
(

ub−µ′
κ(x)√

ηκΣ′(x)

)
and Φ

(
µ′
κ(x)−lb√
ηκΣ′(x)

)
are no larger than 1 and one of them

is less than 0.5 by contradiction. It further follows that,

K∑
k=1

wk

(
Φ

(
ub − µ′

k(x)√
ηkΣ′(x)

)
+ Φ

(
µ′
k(x)− lb√
ηkΣ′(x)

))

<
∑
k ̸=κ

(2wk) + 1.5wκ = 2
K∑
k=1

wk − 0.5wκ = 2− 0.5wκ ≤ 2− ϵ,

which contradicts (5.13). Therefore, for any x satisfying (5.13), by setting λ = Σ′(x),

we see that constraints (5.12) are satisfied by (x, λ).

Remark 5.3. The exactness condition in Proposition 5.1, i.e., ϵ ≤

(1/2)min{w1, . . . , wK}, is always satisfied in the case of simple Gaussian (K = 1)

if ϵ ≤ 0.5. Hence, our proof recovers and generalizes the convexity results in Lubin

et al. (2015).
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Remark 5.4. The exactness condition in Proposition 5.1 is usually satisfied in

practice where smaller values of ϵ are of interest. For example, in the case where

wk = 1/K for each k ∈ [K], our reformulation is exact for ϵ ≤ 1/(2K). That means

a mixture of 4 Gaussians with ϵ ≤ 0.125 is convex and can be exactly reformulated

by Proposition 5.1.

Although (5.12) consists of convex constraints, it can be computationally ex-

pensive to solve for large-scale applications. In the rest of this section, we discuss

how to approximate (5.12) using linear and SOC constraints. By Proposition 5.1,

the domain of Φ(·) can be restricted to [0,∞) in our model (5.12) without loss of

generality, on which Φ(·) is concave. As a result, a PWL inner approximation of

Φ(·) on the interval [0,∞) can be found by a modified linear interpolation. Specif-

ically, we call a vector t = (t0, t1, · · · , tM)⊤ ∈ RM+1 a valid interpolation vector if

0 = t0 < t1 < · · · < tM . For a valid interpolation vector t ∈ RM+1, we define

Φ̂t
M(z) := min

m∈[M+1]
{atmz + btm}, the PWL function from [0,∞) to R with M + 1

segments such that 
atmtm−1 + btm = Φ(tm−1),

atmtm + btm = Φ(tm),

∀ m ∈ [M ],

atM+1 = 0, and btM+1 = Φ(tM), as illustrated in Figure 5.1. The following lemma

about Φ̂t
M(·) is straightforward due to the concavity of Φ(·), and the proof is omitted.

Lemma 5.1. For any valid interpolation vector t ∈ RM+1, Φ̂t
M(·) is a concave
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increasing PWL function over [0,∞), and Φ̂t
M(z) ≤ Φ(z) for all z ∈ [0,∞).

Figure 5.1: An example of PWL fitting of the standard normal CDF (M = 4).

Replacing the standard normal CDF Φ(·) with a PWL function Φ̂t
M(·), we have

an inner approximation of (5.12a):

λ

(∑
k

wk

(
Φ̂t

M

(
ub − µ′

k(x)√
ηkλ

)
+ Φ̂t

M

(
µ′
k(x)− lb√

ηkλ

)))
≥ λ(2− ϵ). (5.14)

Let ∆t
m := tm − tm−1 for each m ∈ [M ], ∆t := maxm∈[M ] ∆

t
m, and E(t) :=

supz≥0{Φ(z)− Φ̂t
M(z)}. We are interested in the asymptotic behavior of the approx-

imation as E(t)→ 0. To that end, we introduce the following definition.

Definition 5.1. Let {tr}r := {t1, t2, . . .} be a sequence of valid interpolation vectors

where tr = (tr0, t
r
1, . . . , t

r
Mr

)⊤. We call {tr}r a “fine” sequence if Φ̂tr

Mr
(z) → Φ(z) as

r →∞ for all z ∈ [0,∞).

In other words, the choice of valid interpolation vectors in a “fine” sequence

guarantees pointwise convergence of {Φ̂tr

Mr
}r to Φ on [0,∞). The following lemma

shows that a “fine” sequence converges not only pointwisely but also uniformly.
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Lemma 5.2. Let f : [a,∞) → [b, c) be an increasing surjective function. For each

r ≥ 0, let fr : [a,∞) → [b, c) be an increasing function such that fr(z) ≤ f(z) for

all z ∈ [a,∞). If limr→∞ fr(z) = f(z) for every z ∈ [a,∞), then fr converges to f

uniformly. That is, for any ϵ > 0, there exists R ≥ 0 such that |fr(z) − f(z)| < ϵ

for all r ≥ R and z ∈ [a,∞).

Proof. For any ϵ > 0, let M := ⌈2(c− b)/ϵ⌉ − 1. Since f is an increasing surjective

function, f(a) = b and f is invertible. Let si := f−1(b + i ϵ/2) for i = 0, . . . ,M .

Then, f(si+1) − f(si) = ϵ/2 for i = 0, . . . ,M − 1, and f(sM) ≥ c − ϵ/2. For

each i = 0, . . . ,M , since limr→∞ fr(si) = f(si), there exists Ri ≥ 0 such that

f(si) − fr(si) < ϵ/2 for all r ≥ Ri. Due to the monotonicity of f and fr, for any

z ≥ a = s0, if z ∈ [si, si+1] for some i = 0, . . . ,M − 1, then for all r ≥ Ri,

f(z)− fr(z) ≤ f(si+1)− fr(si) = (f(si+1)− f(si)) + (f(si)− fr(si)) <
ϵ

2
+

ϵ

2
= ϵ;

if z ∈ [sM ,∞), then for all r ≥ RM ,

f(z)− fr(z) ≤ c− fr(sM) = (c− f(sM)) + (f(sM)− fr(sM)) <
ϵ

2
+

ϵ

2
= ϵ.

Let R := maxi∈{0,...,M}{Ri}. We see that 0 ≤ f(z) − fr(z) < ϵ for all r ≥ R and

z ∈ [a,∞).

With Lemma 5.1 and Lemma 5.2, it is clear that a sequence of valid interpolation

vectors {tr}r is “fine” if and only if E(tr)→ 0 as r →∞.
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Note that it may be inconvenient to check the convergence of a sequence to deter-

mine whether it is “fine.” The following lemma provides an easy-to-check sufficient

condition.

Lemma 5.3. A sequence of valid interpolation points {tr}r is “fine” if ∆tr → 0

and trMr
→∞ as r →∞.

Proof. For any valid interpolation vector t ∈ RM+1, note that

E(t) ≤ max

{
max
m∈[M ]

{Φ(tm)− Φ(tm−1)}, 1− Φ(tM)

}
.

For any small 0 < ϵ < 1
2
, since trMr

→ ∞ as r → ∞, there is r̄ > 0 such that

trMr
> Φ−1(1− ϵ) for all r ≥ r̄. That is,

1− Φ(trMr
) < ϵ, ∀ r ≥ r̄.

Also, since ∆tr → 0 as r →∞, there is r̂ > 0 such that ∆tr < Φ′(0) ϵ for all r ≥ r̂,

where Φ′(·) is the derivative function of Φ(·). Due to the concavity and monotonicity

of Φ over [0,∞), for all r ≥ r̂,

Φ(trm)−Φ(trm−1) ≤ Φ′(trm−1)(t
r
m− trm−1) ≤ Φ′(0)∆tr < (Φ′(0))2ϵ < ϵ ∀ m ∈ [Mr].

Consequently, E(tr) < ϵ for all r ≥ max{r̄, r̂}, which completes the proof.

As an example, the sequence {tr}r, where tr = (0, 1
r
, 2
r
, · · · , r2

r
)⊤ ∈ Rr2+1,

is a “fine” sequence. Another example of a “fine” sequence is {tr}r, where

tr = (0,Φ−1( r+1
2r

),Φ−1( r+2
2r

), · · · ,Φ−1(2r−1
2r

))⊤ ∈ Rr. Both of the examples can be
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checked easily using Lemma 5.3. We remark here that Lemma 5.3 is not a necessary

condition. For example, the sequence {tr}r, where tr = (0, 1
r
, 1
r
+ 1

r−1
, · · · , 1

r
+ 1

r−1
+

· · ·+ 1
2
+1)⊤ ∈ Rr+1, is a “fine” sequence by the definition — we leave the details to

the readers — however, ∆tr = 1 for all r > 0, which does not satisfy the condition

in Lemma 5.3.

When {tr}r is a “fine” sequence, constraint (5.14) converges to (5.12a) in the

following sense.

Proposition 5.2. Suppose that f(·, ·) is a continuous function of (x, λ). Let (x∗, λ∗)

be an optimal solution of

inf { f(x, λ) | (x, λ) satisfies (5.12) } , (5.15)

and let (x∗
t, λ

∗
t) be an optimal solution of

inf { f(x, λ) | (x, λ) satisfies (5.14), (5.12b), (5.12c) } . (5.16)

Then, we have f(x∗
t, λ

∗
t) ≥ f(x∗, λ∗) for any valid interpolation vector t. Moreover,

if there exists (x̄, λ̄) such that (5.12) are satisfied and (5.12a) is strictly satisfied,

then

lim
r→∞

f(x∗
tr , λ

∗
tr) = f(x∗, λ∗)

for any “fine” sequence {tr}r.

The proof of Proposition 5.2 relies on the following technical lemma.
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Lemma 5.4. Let X ⊆ Rn be a nonempty convex set, Ψ : Rn → R be a concave

function over X, and f : Rn → R be a continuous function. Suppose that {Ψr}r is

a sequence of functions from Rn to R such that for any y ∈ X,

Ψr(y) ≤ Ψ(y) and lim
r→∞

Ψr(y) = Ψ(y).

Let y∗ be an optimal solution of inf { f(y) | Ψ(y) ≥ 0, y ∈ X }, and let y∗
r be an

optimal solution of inf { f(y) | Ψr(y) ≥ 0, y ∈ X }. If there exists ȳ ∈ X such that

Ψ(ȳ) > 0, then f(y∗
r) ≥ f(y∗) for all r ≥ 0, and limr→∞ f(y∗

r) = f(y∗).

Proof. For any ϵ > 0, since f(·) is continuous, there exists σ1 ∈ (0, ∥ȳ − y∗∥) such

that |f(y)− f(y∗)| < ϵ whenever ∥y − y∗∥ ≤ σ1. Let

ŷ := σ1
ȳ − y∗

∥ȳ − y∗∥
+ y∗ =

σ1

∥ȳ − y∗∥
ȳ +

(
1− σ1

∥ȳ − y∗∥

)
y∗,

which represents a convex combination of ȳ and y∗. It follows that ∥ŷ − y∗∥ ≤ σ1,

implying f(ŷ)− f(y∗) < ϵ due to the continuity of f(·), and that ŷ ∈ X due to the

convexity of X. Moreover, by the concavity of Ψ(·) over X, we have

Ψ(ŷ) ≥ σ1

∥ȳ − y∗∥
Ψ(ȳ) +

(
1− σ1

∥ȳ − y∗∥

)
Ψ(y∗) > 0.

Since limr→∞ Ψr(ŷ) = Ψ(ŷ) > 0, there exists R ≥ 0 such that Ψr(ŷ) > 0 for

any r ≥ R. It follows that ŷ is a feasible solution to the minimization prob-

lem inf { f(y) | Ψr(y) ≥ 0, y ∈ X } for any r ≥ R, and accordingly f(y∗
r) ≤ f(ŷ).

Therefore, we can conclude that f(y∗
r) − f(y∗) ≤ f(ŷ) − f(y∗) < ϵ for any r ≥ R.
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That is, we have

lim sup
r→∞

f(y∗
r) ≤ f(y∗). (5.17)

In addition, for any r ≥ 0, since Ψr(y) ≤ Ψ(y) for any y ∈ X, we have

inf { f(y) | Ψ(y) ≥ 0, y ∈ X } is a relaxation of inf { f(y) | Ψr(y) ≥ 0, y ∈ X }.

Therefore, we conclude that for any r > 0,

f(y∗
r)− f(y∗) ≥ 0. (5.18)

By combining (5.17) and (5.18), we complete the proof.

Lemma 5.4 shows that for an optimization problem under the setting mentioned

therein, its inner approximations converge to one formulation that has the same

optimal value of the original problem. We prove this conclusion by creating a se-

quence of feasible regions (represented based on {Ψr}r) contained in the original

feasible region (represented based on Ψ), where this sequence converges to one that

produces the optimal value of the original problem. With this lemma, we are now

ready to prove Proposition 5.2.

Proof. Proof of Proposition 5.2. For any valid interpolation vector t, Lemma 5.1

implies that (5.16) is an inner approximation of (5.15). Therefore, f(x∗
t, λ

∗
t) ≥

f(x∗, λ∗) for any valid interpolation vector t. Now consider a “fine” sequence {tr}r.

Let

Ψ(x, λ) := λ

(∑
k

wk

(
Φ

(
ub − µ′

k(x)√
ηkλ

)
+ Φ

(
µ′
k(x)− lb√

ηkλ

))
+ ϵ− 2

)
,
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Ψr(x, λ) := λ

(∑
k

wk

(
Φ̂tr

Mr

(
ub − µ′

k(x)√
ηkλ

)
+ Φ̂tr

Mr

(
µ′
k(x)− lb√

ηkλ

))
+ ϵ− 2

)
,

and X := { (x, λ) | (x, λ) satisfies (5.12b), (5.12c) }. By Proposition 5.1 and the

existence of (x̄, λ̄), we have that X is a nonempty convex set, Ψ(·, ·) is a concave

function over X, and there exists (x̄, λ̄) ∈ X such that Ψ(x̄, λ̄) > 0. Moreover, by

Lemma 5.1 and Definition 5.1, it is easy to check that

Ψr(x, λ) ≤ Ψ(x, λ) and lim
r→∞

Ψr(x, λ) = Ψ(x, λ)

for all (x, λ) ∈ X. Therefore, the proof is completed by a direct application of

Lemma 5.4.

Remark 5.5. The assumption about the existence of (x̄, λ̄) in Proposition 5.2 is

easy to satisfy in practice. In particular, if there exists x̄ such that P(lb ≤ h(x̄, ξξξ) ≤

ub) > 1− ϵ and Σ′(x̄) > 0, then under Assumption 5.1, (5.13) is satisfied strictly at

x̄, and thus (x̄,
√

h1(x̄)⊤Σh1(x̄)) satisfies (5.12) and satisfies (5.12a) strictly.

In summary, constraints (5.14), (5.12b), and (5.12c) provide an inner approx-

imation of constraints (5.12), and more importantly, they guarantee asymptotic

convergence in terms of optimal values. In the following proposition, we show that

the set defined by (5.14) is in fact polyhedral.

Proposition 5.3. Consider (x, λ) that satisfies (5.12b) and (5.12c). Then, (x, λ)

satisfies (5.14) if and only if there exists πππ ∈ R2K such that (x, λ,πππ) satisfies the
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following linear constraints:
atm(ub − µ′

k(x)) + btm
√
ηkλ ≥

√
ηkπk,1,

atm(µ
′
k(x)− lb) + btm

√
ηkλ ≥

√
ηkπk,2,

∀ m ∈ [M + 1], ∀ k ∈ [K], (5.19a)

K∑
k=1

wk(πk,1 + πk,2) ≥ λ(2− ϵ). (5.19b)

Proof. First, if (x, λ,πππ) satisfies (5.19) for some πππ ∈ R2K , then

λΦ̂t
M

(
ub − µ′

k(x)√
ηkλ

)
=λ min

m∈[M+1]

{
atm

(
ub − µ′

k(x)√
ηkλ

)
+ btm

}
=

1
√
ηk

min
m∈[M+1]

{
atm(ub − µ′

k(x)) + btm
√
ηkλ
}
≥ πk,1, (5.20)

where the inequality holds due to (5.19a). With similar arguments, we have

λΦ̂t
M

(
µ′
k(x)− lb√

ηkλ

)
≥ πk,2. (5.21)

Combining (5.19b) and (5.20) – (5.21), we see that (5.14) is satisfied by (x, λ).

Next, if (x, λ) satisfies (5.14), then we can set

πk,1 := Φ̂t
M

(
ub − µ′

k(x)√
ηkλ

)
and πk,2 := Φ̂t

M

(
µ′
k(x)− lb√

ηkλ

)

for k ∈ [K]. It follows that (x, λ,πππ) satisfies (5.19).

For any continuous function f(·) and any valid interpola-

tion vector t, let f ∗ := inf { f(x) | x satisfies (5.9) } and f ∗
t :=

inf { f(x) | x satisfies (5.19), (5.12b), (5.12c) with some λ,πππ }. Note that (5.12c) is

an SOC constraint as it is equivalent to ∥Σ1/2h1(x)∥ ≤ λ, where Σ1/2 is a symmetric
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positive definite matrix such that Σ1/2Σ1/2 = Σ. We summarize our results in this

section in the following theorem.

Theorem 5.1. Under Assumption 5.1, TCC (5.9) can be inner approximated by the

set of linear constraints (5.19), (5.12b) and SOC constraint (5.12c). In addition,

if ϵ ≤ (1/2)min{w1, . . . , wK} and (5.9) is strictly satisfied by some x̄, the inner

approximation converges to (5.9) in the sense that f ∗
tr → f ∗ as r → ∞ for any

“fine” sequence {tr}r.

Using the results from Theorem 5.1, one can provide an SOCP approximation

of the TCC-ACOPF (5.8) — each of the TCCs (5.6a) – (5.6c) and (5.7a) – (5.7b)

can be replaced with its counterpart as in (5.19), (5.12b), and (5.12c).

5.3.2 Selection of Interpolation Points

The quality of our SOCP approximation in Section 5.3.1 is related to the choice of

the valid interpolation vector t = (t0, . . . , tM)⊤. Loosely speaking, a smaller max-

imum error E(t) = maxz∈[0,∞){Φ(z) − Φ̂t
M(z)} is likely to lead to a better SOCP

approximation. The maximum error E(t) depends on two factors: the number of

interpolation points and where the interpolation points are positioned. Intuitively,

more interpolation points (i.e., a larger M) often lead to more accurate approxima-

tion. Nevertheless, a larger M results in more constraints in (5.19) and thus more

computational costs. For a given δ, we are interested in how to choose the minimum

number of interpolation points such that E(t) ≤ δ. First, we provide the following
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lemma to help characterize the maximum error of a linear interpolation.

Lemma 5.5. Given two interpolation points b > a ≥ 0, let Φ̂a,b(·) be the linear

interpolation of Φ(·) such that Φ̂a,b(a) = Φ(a) and Φ̂a,b(b) = Φ(b). The maximum

error of the linear interpolation on [a, b] is

max
z∈[a,b]

{
Φ(z)− Φ̂a,b(z)

}
= Φ

(√
− ln(2πs2)

)
− s
(√
− ln(2πs2)− a

)
−Φ(a), (5.22)

where s = (Φ(b)− Φ(a))/(b− a). Moreover, define two functions

Ea(b) = Ēb(a) := max
z∈[a,b]

{
Φ(z)− Φ̂a,b(z)

}
.

Then, Ea(·) is an increasing continuous function on (a,∞) and Ēb(·) is a decreasing

continuous function on (−∞, b).

Proof. The linear interpolation of Φ(·) on [a, b] can be expressed as Φ̂a,b(z) = Φ(a)+

s(z − a). Since Φ(·) is strictly concave on [0,∞), the maximum error on [a, b], i.e.,

max
z∈[a,b]

{Φ(z)− s(z − a)− Φ(a)} ,

occurs at z∗ ∈ (a, b) such that Φ′(z∗) = s, i.e., (1/
√
2π)e−

(z∗)2
2 = s. Therefore,

z∗ =
√
− ln(2πs2), and the maximum error is Φ(z∗)−s(z∗−a)−Φ(a), which proves

(5.22).

Now consider any 0 ≤ a < b < c. Since Φ(·) is strictly concave on [0,∞),

Φ(b)− Φ(a)

b− a
>

Φ(c)− Φ(a)

c− a
.
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Therefore, for any z ∈ (a, b],

Φ̂a,b(z) = Φ(a) +
Φ(b)− Φ(a)

b− a
(z − a) > Φ(a) +

Φ(c)− Φ(a)

c− a
(z − a) = Φ̂a,c(z).

As a result,

Ea(b) = max
z∈(a,b)

{
Φ(z)− Φ̂a,b(z)

}
< max

z∈(a,b)

{
Φ(z)− Φ̂a,c(z)

}
≤ max

z∈[a,c]

{
Φ(z)− Φ̂a,c(z)

}
= Ea(c).

That is, Ea(·) is an increasing function. Similarly, we can show that Ēb(·) is de-

creasing. By (5.22), it is clear that both Ea(·) and Ēb(·) are continuous.

Algorithm 5.1: Interpolation points positioning

Data: approximation tolerance δ > 0.

Result: a valid interpolation vector t = (t0, . . . , tM)⊤ such that E(t) ≤ δ

and M is minimal.

m← 0, t0 ← 0;

while Φ(tm) < 1− δ do

use line search to find tm+1 ∈ [tm,∞) such that Etm(tm+1) = δ;

m← m+ 1;

M ← m;

Based on Lemma 5.5, we propose Algorithm 5.1 to calculate the positions of

interpolation points. Given a tolerance δ of the maximum error E(t), Algorithm

5.1 finds a PWL approximation of Φ(·) with the least interpolation points. The

minimality of the number of interpolation points is guaranteed by the following

theorem.
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Theorem 5.2. For δ > 0, let t = (t0, . . . , tM)⊤ be the output of Algorithm 5.1.

Let Φ̂t′

M ′(·) be a PWL approximation of Φ(·) defined by a valid interpolation vector

t′ = (t′0, . . . , t
′
M ′)⊤. If E(t′) ≤ δ, then M ′ ≥M .

Proof. We prove by contradiction. Suppose that M ′ < M . We first show that t′m ≤

tm for all m ∈ [M ′]. Note that for any m ∈ [M ′], Et′m−1
(t′m) = maxz∈[t′m−1,t

′
m]{Φ(z)−

Φ̂t′

M ′(z)} ≤ E(t′) ≤ δ by Lemma 5.5. As t′ is a valid interpolation vector, t′0 = 0.

Since

E0(t1) = Et0(t1) = δ ≥ E(t′) ≥ Et′0
(t′1) = E0(t

′
1)

and E0(·) is increasing on (0,∞), we have t′1 ≤ t1. Now suppose that t′m ≤ tm for

some m ∈ [M ′ − 1]. Then,

Et′m(tm+1) = Ētm+1(t
′
m) ≥ Ētm+1(tm) = Etm(tm+1) = δ ≥ Et′m(t

′
m+1),

where the first inequality holds because Ētm+1(·) is decreasing on (−∞, tm+1). Since

Et′m(·) is increasing on (t′m,∞), we have t′m+1 ≤ tm+1. By induction, t′m ≤ tm for all

m ∈ [M ′].

Since M ′ < M , t′M ′ ≤ tM ′ ≤ tM−1. Therefore, Φ(tM−1) ≥ Φ(t′M ′). On the other

hand, since Φ̂t′

M ′(z) = Φ(t′M ′) for all z ∈ [t′M ′ ,∞),

δ ≥ Φ(z)− Φ̂t′

M ′(z) = Φ(z)− Φ(t′M ′) ∀ z ∈ [t′M ′ ,∞).

Taking z →∞, we have Φ(t′M ′) ≥ 1−δ. Therefore, Φ(tM−1) ≥ Φ(t′M ′) ≥ 1−δ, which

contradicts the assumption that Algorithm 5.1 does not terminate at M − 1.
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It is worth noting that although our proposed PWL algorithm is tailored for the

standard normal CDF in this Chapter, it can be generalized to approximate any

other strictly monotone convex or concave functions that are bounded from at least

one side.

5.4 Computational Experiments

In this section, we implement the proposed TCC-ACOPF model and approximation

from Theorem 5.1 on modified IEEE 30-bus and 118-bus test systems. First, in

Section 5.4.1, we introduce the test systems, the real historical data that we collect,

and the synthetic data that we create. Next, in Section 5.4.2, we present computa-

tional results to demonstrate the effectiveness of our proposed TCC-ACOPF model

in comparison to the state-of-art methods. All computational experiments are per-

formed on a PC with an Intel Core i7-7700 CPU and 16 GB RAM. We use JuMP in

Julia (Dunning et al. 2017) to implement all of the models. Ipopt solver (Wächter

and Biegler 2006) is used to solve the nonlinear deterministic ACOPF model (5.1),

and Gurobi 9.0 solver is used for solving the SOCP formulations.

5.4.1 Data Setting

Our modified IEEE 118-bus system is based on the original IEEE 118-bus sys-

tem available online at MATPOWER (Zimmerman et al. 2010), which includes 118

buses, 54 thermal generators, and 186 transmission lines. The following modifica-
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tions are made: the value of P̄g for each g ∈ G is reduced by 30% and the values of

Dp

i and Dq

i for each i ∈ B are increased by 10%. We also include 11 wind farms,

which provide about 33% of the total demand, and their forecast power outputs

are listed in Table 5.1. Moreover, the standard IEEE 30-bus system has 30 buses,

6 thermal generators, and 41 transmission lines, and it is also available online at

Zimmerman et al. (2010). We will consider different number of wind farms (leading

to different penetration levels of renewable energy) in our modified IEEE 30-bus

system in Section 5.4.2.3. In our computational experiments, we set the risk control

parameters ϵp = ϵq = ϵv = ϵL in (5.8) and use a single risk parameter ϵ to denote all

of them thereafter.

Table 5.1: Hourly Wind Power Forecast (MW)

Bus i 3 8 11 20 24 26 31 38 43 49 53∑
g∈Ri

rp
g(0) 70 147 102 105 113 84 59 250 118 76 72

We consider the renewable power generation forecast errors (i.e., ξξξ) of the wind

farms in the test systems to be uncertain. The real wind power outputs and the

hour-ahead wind power forecasts from Wind Integration National Dataset Toolkit

of National Renewable Energy Laboratory (NREL) are analyzed to obtain historical

data on forecast errors (Draxl et al. 2015). Note that, the wind power forecast errors

are then scaled based on the wind power capacity. In addition to the historical data,

we also generate synthetic data that can reflect controlled skewness in the forecast

error distribution. Specifically, three synthetic datasets are generated and they are

referred to as “Left-skewed,” “Normally distributed,” and “Right-skewed” datasets,
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respectively, with each of them having a size of N = 20, 000 data samples and |R|

variates, where |R| represents the cardinality of set R, i.e., the total number of

renewable wind generators in our studied test systems. For each dataset, we create

three groups of data samples (referred to as “Group 1,” “Group 2,” and “Group

3” data samples) and merge them to create the entire dataset, as specified in the

following:

• First, we randomly create an |R| × |R| correlation matrix ρ.

• Second, we create Group 1 data samples with size of N/2. Each data sample

follows a multivariate normal distribution N (µ̌1, 0.1ρ
⊤ρ), where each element

of µ̌1 (i.e., µ̌1r, ∀r ∈ R) is randomly generated within the interval [−0.05, 0.05].

That is, each data sample is around zero.

• Third, we introduce a parameter ϖ ∈ (0, 1), which is used to control

the skewness of the dataset, and create Group 2 data samples with size

of (N/2)ϖ. Each data sample follows a multivariate normal distribution

N (µ̌2/(1 −ϖ), ρ⊤ρ), where each element of µ̌2 is randomly generated within

the interval [−0.15,−0.05]. That is, most data samples are below zero.

• Fourth, we create Group 3 data samples with size of (N/2)(1−ϖ). Each data

sample follows a multivariate normal distribution N (µ̌3/ϖ, ρ⊤ρ), where each

element of µ̌3 is randomly generated within the interval [0.05, 0.15]. That is,

most data samples are above zero.
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For the modified IEEE 118-bus system with |R| = 11 wind farms, we set ϖ to

be 0.7, 0.5, and 0.3 for creating the “Left-skewed,” “Normally distributed,” and

“Right-skewed” datasets, respectively.

For each of the real and synthetic datasets described above, a Gaussian distribu-

tion (K = 1) and a GM distribution with two components (K = 2) are separately

fitted to the data, both of which are used in our computational experiments, thereby

obtaining necessary parameters therein. It leads to “Guassian Fit” and “GM Fit”

correspondingly for each dataset. For the Gaussian Fit, the mean vectors and co-

variance matrices are simply calculated from the data. For the GM Fit, the weighted

means and covariance are obtained using the mvnormalmixEM package in R, which

fits a multivariate GM distribution to the data via an expectation-maximization

algorithm (Benaglia et al. 2010). In Figure 5.2 the fitting results to the synthetic

forecast errors for one renewable generator are shown visually as an example based

on the histogram of the data. It is observed that both GM and Gaussian distribu-

tions fit similarly to the “Normally distributed” dataset, but the GM distribution

fits much better for the “Left-skewed” and “Right-skewed” datasets.

5.4.2 Results and Discussions

We implement our proposed TCC-ACOPF model and approximation approaches by

considering (i) a Gaussian distribution (K = 1) and (ii) a GM distribution with two

components (K = 2), leading to two specific models denoted by TCC-ACOPF-K1
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Figure 5.2: Synthetic data alongside Gaussian and GM fits for forecast error of a
wind farm.

and TCC-ACOPF-K2, respectively. Our approaches are compared with the one-

sided chance-constrained model (denoted by “OCC-ACOPF”), where Lubin et al.

(2019) assume that the active power, reactive power, and voltage limits are specified

in one-sided chance constraints and the apparent flow constraints (5.7a) – (5.7b) are

approximated by a TCC SOC formulation. The computational results are presented

in the following sequence: (i) comparisons are presented regarding the optimality

and violation probability of each approach, as shown in Section 5.4.2.1; (ii) sensi-

tivity analyses are performed to verify the accuracy and computational efficiency of

our proposed approach, as shown in Section 5.4.2.2; (iii) the scalability of our pro-

posed approach is discussed under various levels of renewable energy penetration, as

shown in Section 5.4.2.3; and (iv) real case studies are provided to demonstrate the

out-of-sample performance of the solutions generated by our proposed model and

approaches, leading to real-world nonlinear ACOPF feasibility analyses in practice,

as shown in Section 5.4.2.4.
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5.4.2.1 Optimality and Violation Probability

First, we compare the computational performance of OCC-ACOPF, TCC-ACOPF-

K1, and TCC-ACOPF-K2 over the synthetic data. The in-sample optimal values

and out-of-sample violation probabilities are evaluated on the modified 118-bus sys-

tem with |R| = 11 wind farms. We set ϵ = 0.2 and obtain 10 optimal segments

via Algorithm 5.1 by setting δ = 0.002 when performing the PWL approximation.

In addition, for each of the three synthetic datasets, we randomly select 5, 000 data

samples therein to fit a Gaussian distribution (K = 1) and a GM distribution with

two components (K = 2). We correspondingly solve all the three aforementioned

models, recording the solutions and reporting the optimal values (represented by

“Opt. Val. ($)”) in Table 5.2.

Based on the solution induced by a model, we further evaluate its quality over the

remaining 15, 000 data samples by calculating the maximum violation probability

(represented by “Vio. Prob.” in Table 5.2) across all the nominal constraints in the

model. Specifically, given an uncertainty realization and an obtained solution, we

check whether each set of the nominal two-sided constraints on active power, reactive

power, voltage, and power flow is violated or not. For example, given an uncertainty

realization ξ̂ξξ, an optimal solution (p∗g, α
∗
g), and a generator g ∈ G, we check whether

P g ≤ pg(ξ̂ξξ) − α∗
g

∑
r∈R ξ̂r ≤ P̄g in (5.1b) is violated. By running evaluation tests

over 15, 000 data samples, we can obtain the corresponding violation probability of

this constraint (i.e., the number of times that this constraint is violated divided by
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15, 000). We then report the maximum violation probability across all of such two-

sided nominal constraints enforced by chance constraints in each model, as shown

in Table 5.2.

Table 5.2: Performance on Optimality and Violation Probability with ϵ = 0.2

Datasets OCC-ACOPF TCC-ACOPF-K1 TCC-ACOPF-K2

Right-skewed Opt. Val. ($) 91289.2 92291.0 93003.1
Vio. Prob. 0.431 0.286 0.178

Normally
distributed

Opt. Val. ($) 89699.4 90081.2 90105.7
Vio. Prob. 0.314 0.184 0.182

Left-skewed Opt. Val. ($) 89568.1 90225.1 90282.4
Vio. Prob. 0.378 0.233 0.182

In terms of the optimal values, we can observe that there is no significant differ-

ence (within 5%) among the three models, irrespective of which dataset is applied.

This is mainly because there is no direct renewable generation cost in objective func-

tion (5.8a), and accordingly the effect of renewable generation uncertainty appears

to be small on the optimal cost.

In terms of the maximum violation probability, we can observe that as compared

to the other two models, the OCC-ACOPF is subject to a relatively high violation

probability. It indicates that a nominal constraint in ACOPF is likely to fail with

a very high probability (e.g., 43.1%), which is much higher than the pre-set risk

control parameter ϵ = 0.2. In addition, while TCC-ACOPF-K1 clearly performs

better than the OCC-ACOPF by ensuring less violation probability, it does not well

account for the data skewness. In fact, the violation probabilities induced by TCC-

ACOPF-K1 over the Left-skewed and Right-skewed datasets can be up to 23.3%

and 28.6%, respectively, both of which are higher than the pre-set risk control pa-
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rameter ϵ = 0.2. Finally, we can observe that TCC-ACOPF-K2, which considers

a GM distribution with two components, significantly outperforms the above two

models by providing the most robust solutions. The corresponding maximum vio-

lation probabilities under various datasets are all less than the pre-set risk control

parameter ϵ = 0.2.

Figure 5.3: Sensitivity analyses on the maximum violation probability with respect
to ϵ

Next, we use the Right-skewed dataset to perform sensitivity analyses with re-

spect to the value of ϵ, with results illustrated in Figures 5.3 – 5.5. Several obser-

vations are made by Figure 5.3. First, it shows that the the maximum violation

probability guaranteed by the OCC-ACOPF model, which always exceeds the pre-

set risk control parameter ϵ, is also very sensitive to ϵ. It further indicates that

the solution provided by OCC-ACOPF is not robust and may lead to unstable

operations in practice. The blue curve representing TCC-ACOPF-K1 stays lower

than the the red curve representing OCC-ACOPF and accordingly ensure less vi-
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olation probability, but it is always above the neutral line representing the value

of ϵ. Therefore, the solution provided by TCC-ACOPF-K1, albeit further incorpo-

rating the TCCs, is not robust enough. In contrast, the green curve representing

TCC-ACOPF-K2 turns out to be very robust with respect to the risk parameter ϵ

because the maximum violation probability always stays below the neutral line, re-

gardless of the specific value that ϵ takes. In short, the results for TCC-ACOPF-K1

demonstrates the quality of our proposed TCC approach over the OCC approach on

enforcing joint probabilistic bound on two-sided constraints. Moreover, the results

for TCC-ACOPF-K2 further confirms the advantages of adopting GM distribu-

tion over simple Gaussian distribution in covering skewness in the data, which was

intuitively expected from the supremacy of GM fits illustrated in Figure 5.2.

Figure 5.4: Sensitivity analyses on the
total cost with respect to ϵ

Figure 5.5: Sensitivity analyses on
cost difference with respect to ϵ

Furthermore, Figure 5.4 shows the optimal total cost of the models, and Fig-

ure 5.5 shows the cost difference between TCC-ACOPF-K2 and OCC-ACOPF (in
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square-dotted blue) and that between TCC-ACOPF-K2 and TCC-ACOPF-K1 (in

triangle-dotted red). We observe that as the risk threshold ϵ increases, (i) the total

costs of all models decrease because each model requires less restricted generation

strategies when a higher risk level is allowed; (ii) both cost differences decrease as

well due to the same reason. Moreover, both cost differences are relatively small

(within 5%) because the renewable generation uncertainty does not significantly

affect the total generation cost, as there is no need to include direct renewable gen-

eration cost in the objective function of each model. Nevertheless, as Remark 5.2

notes, ancillary service’s cost components can be considered in the objective func-

tion of model (5.1), by which the cost differences may be larger. In addition, the

consideration of renewable generation uncertainty does affect the reliability of the

obtained solutions, as shown in Table 5.2. Combining the results from Figures 5.3,

5.4, and 5.5, we can observe that, in order to gain a highly reliable ACOPF solution

under the Right-skewed dataset, TCC-ACOPF-K2 is preferred because it accurately

enforces the probabilistic constraints for a range of pre-set risk control parameters

while inducing higher yet relatively similar costs.

5.4.2.2 Computational Efficiency

We demonstrate the computational efficiency of our proposed models and other

benchmark models using the Right-skewed dataset on the modified IEEE 118-bus

system. We first report the computational times of the four models, i.e., determin-
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istic ACOPF (5.1), OCC-ACOPF, TCC-ACOPF-K1, and TCC-ACOPF-K2, with

respect to different values of ϵ, as shown in Table 5.3. We observe that all four

models can be solved very efficiently (within 10 seconds). The slight computational

time increase for TCC-ACOPF-K2 is due to the relatively high number of linear

segments in the PWL approximation, i.e., M = 10.

Table 5.3: Computational Time (seconds)

Model ϵ (%)
20 10 5 1 0.5

ACOPF 2.30 1.54 2.08 2.33 1.95
OCC-ACOPF 0.35 0.38 0.38 0.36 0.36

TCC-ACOPF-K1 2.19 2.82 2.42 2.52 2.92
TCC-ACOPF-K2 4.97 6.24 5.28 5.49 5.93

Next, we focus on the effect of PWL approximation accuracy on the efficiency

of solution obtained from TCC-ACOPF-K2. As we mentioned in Section 5.3.2, the

PWL approximation error is controllable through the number of interpolation points

and their positioning in the PWL approximation, and we proved that Algorithm 5.1

obtains the minimum number of interpolation points required for an approximation

error δ when approximating the Gaussian CDF. To numerically demonstrate the

significance of using Algorithm 5.1, we compare it with the typical uni-distance

algorithm used for PWL approximation. Different from Algorithm 5.1, the uni-

distance algorithm positions t0, . . . , tM such that ti−ti−1 = tj−tj−1 for any i, j ∈ [M ]

and i ̸= j. We first report the number of pieces required by each algorithm to reach

the approximation error δ in Table 5.4. We have the following observations. (i)

By increasing the approximation quality, i.e., reducing δ, both algorithms rationally
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require more linear pieces. Moreover, the convergence rate of the Algorithm 5.1

is noticeably faster. In particular, the error reduction for Algorithm 5.1 happens

by a factor of about 0.56 per PWL segment at the beginning and slows down to a

factor of 0.83 per PWL segment when higher accuracy is required. This factors for

the uni-distance algorithm are 0.72 and 0.9, respectively, which is much slower. (ii)

For given δ, Algorithm 5.1 requires significantly fewer linear pieces, as compared to

the uni-distance algorithm. For instance, when δ = 0.001, Algorithm 5.1 requires

around 40% fewer pieces than the uni-distance algorithm. The demand of fewer

pieces leads to significant reduction in computational time because fewer constraints

are involved.

Table 5.4: Algorithm 5.1 vs. Uni-distance: # Pieces Required

δ 0.05 0.01 0.005 0.002 0.001 0.0005
Algorithm 5.1 3 6 7 10 14 19
Uni-distance 4 8 11 17 23 33

We then perform sensitivity analyses to investigate how the approximation er-

ror δ affects the optimal value (represented by “Opt. Val. ($)” in Table 5.5) and

computational time (represented by “CPU (seconds)” in Table 5.5) of model TCC-

ACOPF-K2. In Table 5.5, it is clear that more accurate PWL approximations (i.e.,

smaller values of δ) lead to higher-quality solutions for TCC-ACOPF-K2, while such

increasing quality comes at the price of longer computational times. In practice, sys-

tem operators can choose an appropriate value of δ based on practical considerations

to reach a balance between solution quality and computational time.
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Table 5.5: Effect of PWL Function on the Solution Quality of TCC-ACOPF-K2

δ 0.05 0.01 0.005 0.002 0.001 0.0005
Opt. Val. ($) 98120.3 93263.8 93018.2 93003.3 92956.8 92951.9
CPU (seconds) 3.8 4.1 4.4 4.8 8.9 14.2

5.4.2.3 Scalability

We evaluate the scalability of our proposed approach under various penetration

levels of wind renewable energy. We compare the performance of the four models

mentioned above: deterministic ACOPF (5.1), OCC-ACOPF, TCC-ACOPF-K1,

and TCC-ACOPF-K2, over the IEEE 30-bus test system. In this system, we con-

sider |R| = 3, 4, and 5 wind farms, respectively, leading to 20%, 30%, and 40% of

renewable penetration levels. The forecast power outputs of all the five wind farms

are described in Table 5.6.

Table 5.6: Hourly Wind Power Forecast (MW)

Farm g 1 2 3 4 5
rp
g(0) 70 147 102 150 160

To represent the uncertainty, we follow the process described in Section 5.4.1 to

generate synthetic data samples with Left-skewed distributions, where the skewness

parameter ϖ = 0.9. To address the randomness in the input forecast error data, we

generate 100 data instances, where each instance is generated following the process

in Section 5.4.1 and has N = 20, 000 data samples and |R| variates. Given one of

the four models above, we follow the experiments in Section 5.4.2.1 to first obtain

its in-sample optimal value and out-of-sample violation probability for each of the

100 data instances, and then report the average result in Table 5.7. In Table 5.7, the
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column “Problem Setting” describes how the wind farms are installed, the columns

“Opt. Val. ($)” and “Vio. Prob.” have the same meaning with those in Table 5.2,

and the column “CPU (seconds)” represents the average computational time for the

in-sample tests.

Table 5.7: Performance on Scalability with ϵ = 0.2

Problem Setting Model Numerical Results
Opt. Val. ($) Vio. Prob. CPU (seconds)

3 Farms:
{1, 2, 3}
at buses:
{2, 7, 30}

ACOPF 484.80 — 0.14
OCC-ACOPF 484.80 0.24 0.06

TCC-ACOPF-K1 484.82 0.21 0.16
TCC-ACOPF-K2 484.82 0.19 0.42

4 Farms:
{1, 2, 3, 4}
at buses:
{2, 7, 17, 30}

ACOPF 413.50 — 0.14
OCC-ACOPF 413.58 0.22 0.05

TCC-ACOPF-K1 413.77 0.21 0.19
TCC-ACOPF-K2 414.15 0.19 0.52

5 Farms:
{1, 2, 3, 4, 5}
at buses:

{2, 7, 17, 24, 30}

ACOPF 340.60 — 0.17
OCC-ACOPF 340.65 0.25 0.04

TCC-ACOPF-K1 343.47 0.24 0.24
TCC-ACOPF-K2 345.45 0.18 0.46

We have the following observations. First, as the renewable penetration level

increases, the total generation cost of the dispatchable thermal generators decreases

for all the four models because the thermal generators need to produce less electricity

when more renewable energy is available. Second, all the models can be efficiently

solved in less than one second, and the computational times are similar for all the

models under different penetration levels. Third, when the penetration level is fixed,

the optimal objective values of the four models are similar. Fourth, with a slightly

higher generation cost and longer computational time, the model TCC-ACOPF-K2

can generate solutions that does not surpass the pre-set violation probability (i.e.,

≤ ϵ = 0.2) under different penetration levels. Specifically, it is the only model that
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can do so. Meanwhile, we observe that the model TCC-ACOPF-K2 performs better

than the model TCC-ACOPF-K1, further indicating the benefits of adopting a GM

distribution based on our proposed TCC models. Overall, the results demonstrate

the effectiveness of our proposed approach in dealing with the increasing renewable

energy penetration.

5.4.2.4 Real Case Studies

We perform case studies on the modified IEEE 118-bus test system using exist-

ing real-world historical data to further evaluate the feasibility of the solutions

obtained via the four models: deterministic ACOPF (5.1), OCC-ACOPF, TCC-

ACOPF-K1, and TCC-ACOPF-K2. Specifically, we evaluate how the solutions to

the four models perform under different uncertainty realizations. To that end, we

first take 5, 000 data samples from the real-world dataset for each wind farm lo-

cation, fit them to the corresponding distribution of the uncertain forecast error

for each model, and obtain certain parameters (e.g., mean, variance, and weighted

means) of the distribution for each model. Then, we solve the four models to obtain

the optimal solution to each model. Given an optimal solution obtained from each

model, denoted by (p∗,q∗,v∗, θθθ∗,ααα∗, γγγ∗), we evaluate the out-of-sample performance

of this solution over another 2, 000 data samples. Specifically, given one of the 2, 000

data samples, i.e., a given uncertainty realization ξ̂ξξ, we perform the out-of-sample

evaluation by solving the following re-dispatch model, where the obtained solution
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(p∗,q∗,v∗, θθθ∗,ααα∗, γγγ∗) is given as input parameters, to evaluate its feasibility.

The re-dispatch model is essentially a modified nonlinear ACOPF (5.1), in which

the implicit variables are fixed to their optimal values and also slack variables

(spg, s̄
p
g), (s

q
g, s̄

q
g), (s

v
i , s̄

v
i ), and s̄lij are added to measure constraint violations. The

variables are fixed through the response policies. The detailed mathematical formu-

lation for such re-dispatch is provided as follows:

min
∑

(i,j)∈L

s̄L

ij +
∑
g∈G

(sp

g + s̄p

g + sq

g + s̄q

g) +
∑
i∈B

(sv

i + s̄v

i ) (5.23a)

s.t. P g − sp

g ≤ pg(ξ̂ξξ) ≤ P̄g + s̄p

g, ∀ g ∈ G, (5.23b)

Q
g
− sq

g ≤ qg(ξ̂ξξ) ≤ Q̄g + s̄q

g, ∀ g ∈ G, (5.23c)

vi − sv

i ≤ vi(ξ̂ξξ) ≤ v̄i + s̄v

i , ∀ i ∈ B, (5.23d)(
ep

ij(ξ̂ξξ)
)2

+
(
eq

ij(ξ̂ξξ)
)2
≤
(
Īij + s̄L

ij

)2
, ∀ (i, j) ∈ L, (5.23e)

(5.1f), (5.1g)

rq

g(ξ̂ξξ) = γ∗
gr

p

g(ξ̂ξξ), ∀g ∈ R, (5.23f)

pg(ξ̂ξξ) = p∗g − α∗
g

∑
r∈R

ξ̂r ∀ g ∈ G, (5.23g)

qg(ξ̂ξξ) = q∗g , ∀g ∈ Gi, i ∈ Bpq, (5.23h)

vi(ξ̂ξξ) = v∗i , ∀ i ∈ Bpv ∪ Bvθ, (5.23i)

sp

g, s̄
p

g, s
q

g, s̄
q

g, s
v

i , s̄
v

i , s̄
L

ij ≥ 0. (5.23j)

The above re-dispatch model is essentially a modified nonlinear ACOPF (5.1), in

which nonnegative slack variables (sp
g, s̄

p
g), (sq

g, s̄
q
g), (sv

i , s̄
v
i ), and s̄L

ij are added to
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measure constraint violations and the original variables in (5.1) are fixed to their

optimal values through the affine response control policies (see Section 5.2.2). Here

the objective function (5.23a) is to minimize the total amount of violations (i.e., the

summation of all slack variables). Constraints (5.23b), (5.23c), (5.23d), and (5.23e)

measure the violation of two-sided bounds through slack variables. Constraints

(5.23g), (5.23h), and (5.23i) fix the values of the explicit decision variables at the

given optimal solution (p∗,q∗,v∗,ααα∗, γγγ∗). For instance, (5.23g) fixes the amount of

active power generation from each thermal generator according to the AGC power

response policy mentioned in equation (5.5). Note that, to evaluate the solution

to the deterministic ACOPF (5.1), which does not have the participation factor ααα

as decision variable, we manually set α∗
g = U(g)/

∑
g∈G U(g) for each g ∈ G, where

U(g) = max{P̄g − Pg, Pg − P g}, representing unused capacity of generator g ∈ G.

Table 5.8: Out-of-Sample Performance over Real Data

Model Ip Iq Iv Il
ACOPF 6.9 (31.2) 93.5 (285.2) 0.6 (1.4) 58.6 (185.3)

OCC-ACOPF 2.1 (13.1) 26.7 (109.1) 0.2 (0.5) 15.5 (56.3)
TCC-ACOPF-K1 0.6 (2.6) 7.2 (33.7) 0.2 (0.4) 8.9 (37.1)
TCC-ACOPF-K2 0.2 (1.8) 6.4 (24.2) 0.1 (0.2) 5.1 (25.3)

When the re-dispatch model leads to an optimal value at zero, i.e., no violation,

then the given solution (p∗,q∗,v∗, θθθ∗,ααα∗, γγγ∗) is feasible to the corresponding given

uncertainty realization ξ̂ξξ under the existing dispatchable resources. Otherwise, when

some slack variables take positive values, the given solution is infeasible to the

given uncertainty realization. We accordingly introduce four “imbalance metrics” to



170

measure the violations corresponding to each of (5.1b) – (5.1f): Ip =
∑

g∈G(s̄
p
g + spg),

Iq =
∑

g∈G(s̄
q
g+sqg), Iv =

∑
i∈B(s̄

v
i +svi ), and eij =

∑
ij∈L s̄

l
ij. The results are reported

in Table 5.8, where we report the average value and standard deviation (i.e., the

number within a parentheses) of each imbalance metric over the 2, 000 data samples.

From the table, we can observe that while the chance-constrained models outperform

the deterministic one and the TCC-based models outperform the OCC-based one,

the TCC-ACOPF-K2 model based on our proposed approaches provides the smallest

values over all of the four metrics. That is, TCC-ACOPF-K2 is exceptionally robust

in terms of the feasibility of the optimal solutions by providing solutions that are

less likely to be infeasible. Such high reliability demonstrates the significance of our

proposed model and approaches, which consider two-sided chance constraints for

the ACOPF problem under uncertainty and include more accurate distributional

information to represent the uncertainty by adopting GM distributions.

5.5 Discussion and Remarks

As higher levels of renewable electricity penetrate the power system, the increased

uncertainty in the power system can cause adverse power interruptions, power out-

ages, and network instability. To secure the smooth operation of the power system,

more accurate attention to these uncertainties is necessary. In this Chapter, we

propose a fully two-sided chance-constrained AC optimal power flow formulation.

This TCC-ACOPF guarantees (with a predefined probability) that both upper and
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lower bounds on active and reactive power generations, voltage, and approximated

power flows simultaneously hold under uncertainty. In our formulation and to model

the effect of uncertainty, we adapt a GM distribution to represent the forecast er-

rors. Hence, we address the forecast errors much more accurately, especially in cases

where the data are skewed or bi-modal and the common normality assumption fails.

This novel TCC-ACOPF problem, however, is nonlinear and nonconvex; hence, we

propose an tractable SOC approximation for it. To do so, we first provide a convex

approximation of a TCC under GM distribution, which is also exact when a suffi-

cient condition is satisfied. The resulting convex formulation is nonlinear; hence, it

is next efficiently approximated by a set of SOC constraints using PWL approxi-

mation of the CDF function. We prove that the resulting SOC formulation enjoys

asymptotic convergence properties. Moreover, the resulting tractable formulation

becomes more accurate if a high number of well-positioned segments construct the

PWL function. On the other hand, a higher number of segments also leads to

computational difficulties. Therefore, to speed up our solution procedure, we also

provide an algorithm to optimally select the PWL segments. A proof of optimality

of the algorithm is also included.

In case studies on modified IEEE 30-bus and IEEE 118-bus test systems, we

show that our TCC-ACOPF formulations achieve higher quality optimal solutions

compared to the OCC-ACOPF and deterministic OPF benchmarks. Moreover, it is

shown that our formulations are significantly more robust against uncertainty, espe-
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cially for systems that are under high penetration levels of renewable energy, while

they are computationally tractable. In particular, we observe that the utilization

of GM distribution with two-sided chance constraints in TCC-ACOPF-K2 leads to

maximum robustness both on synthetic and real historical datasets. We also show

that our proposed PWL δ−approximation algorithm can successfully speed up our

TCC methodology by the efficient selection of PWL segments, hence, making our

methodology suitable for large-scale real-world applications.
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CHAPTER 6

Conclusion

The increased penetration of intermittent renewable energy, though close to de-

mand, significantly challenges the operations of electrical power systems, mainly due

to the uncertainty of electricity generations from wind and solar resources. Many

data-driven optimization methodologies under uncertainty have been recently de-

veloped and implemented to plan and operate power system networks in reliable

fashion, and that is mainly due to the large-scale availability of data together with

the increased computational power in recent years. In this dissertation, we develop

and implement various novel distributionally robust and stochastic optimization

methodologies to address the rising reliability and stability issues of power systems

at various planning horizons. First, a long-term planning strategy for the opti-

mal placement of new renewable sites (wind/solar farms) in an existing distribution

system under uncertainty is detailed. Second, a short-term stochastic planning

methodology to coordinate the planning of transmission system’s and distribution

system’s operations is introduced. Lastly, a stochastic methodology to ensure re-

liable real-time operation of transmission or distribution systems is proposed. In

the following, a brief summary of each work covered in this dissertation along some
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future research directions are presented.

6.1 Summary

First and in Chapter 3, we formulate a data-driven distributionally robust opti-

mization methodology for the optimal placement of wind or solar renewable energy

resources in an existing distribution system. A moment-based multi-period ambigu-

ity set is developed to model the uncertainties from the renewable energy resources

as well as from the demand side of the network. The multiple planning horizons

are specifically considered to reflect the effect of the seasons when considering long

planning horizons (years). In our model, we consider both load and generation un-

certainties through a data-driven ambiguity set, which enables more flexibility than

stochastic optimization and allows for less conservative solutions than robust opti-

mization. The mathematical model of our DRO problem (O-DDSP) is reformulated

as semi-definite programming and it is solved via a delayed constraint generation al-

gorithm. To improve computational speed, a PCA-based approximation (P-DDSP)

is also introduced which reduces the problem size by projecting the ambiguity set

to a lower dimension. The performance of O-DDSP and P-DDSP is compared with

stochastic optimization (SO) and robust optimization (RO) on the IEEE 33-bus ra-

dial network with real data set, where we show that our P-DDSP significantly speeds

up the solution procedure, especially when the number of periods increases. Indeed,

as compared to SO and RO, which become computationally impractical solving the

siting and sizing problem with large sample sizes, our P-DDSP formulation can in-
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crease the accuracy of its solutions by utilizing larger sample sizes. Furthermore, the

numerical results indicate that the proposed novel methodology can lead to signifi-

cant cost reductions and high penetration of clean renewable energy for an existing

distribution system.

Second and in Chapter 4, a large-scale stochastic program is introduced for

combined planning of the operations of transmission system (TS) and distribution

system (DS). We introduce a novel two-stage stochastic optimization framework in

which two levels are present; the upper-level is a Unit-Commitment and Economic

Dispatch problem at TS level, where the loads in the TS network are obtained from a

lower-level optimization problem at each DS. The proposed integrated transmission

and distribution system (InTDS) problem considers load and generation uncertain-

ties at both TS and DS levels using real-world historical data. In our model, both the

combinatorial nature of UC decisions and the AC power flow characteristics of the

distribution systems are considered. The resulting mixed-integer stochastic problem

under empirical distribution is then solved using a sample average approximation

algorithm. Furthermore, a tightened mixed-integer linear programming (MILP)

formulation is proposed by adding valid inequalities for the problem. The computa-

tional results verify the efficiency of our proposed integrated model combined with

the valid inequalities. Last but not the least, the numerical results indicate that

our large-scale InTDS problem leads to the efficient short-term (day-ahead or hour-

ahead) combined planning of the TS and DS’s operations. That is, it significantly
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reduces the costs while addressing the reliability and challenges (e.g., reverse power

flow) of modern power grids under uncertainty.

Lastly and in Chapter 5, a chance-constrained ACOPF is proposed that limits the

probability of constraint violations under uncertainty at minimum operational costs.

Our model takes advantage of two-sided chance-constraints instead of one-sided

chance-constraints and Gaussian Mixture distribution instead of a simple Gaussian

to increase the accuracy of modeling power system’s operations under uncertainty.

Moreover, we develop a tractable second-order cone programming approxima-

tion of the two-sided chance constraints under Gaussian mixture distribution. An

algorithm to improve the computational procedure by optimally selecting the ap-

proximating piecewise linear function is also proposed. Furthermore, we show that

our SOCP formulation has adjustable rates of accuracy and its optimal value enjoys

asymptotic convergence properties. Finally by numerical results on both real and

synthetic data sets and on both modified IEEE 30-bus and 118-bus systems, we

show that our two-sided formulation significantly improves the robustness and reli-

ability of AC optimal power flow solutions against uncertainty as compared to the

deterministic and one-sided-constrained formulation, while they are computationally

applicable to for large-scale real-world instances.
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6.2 Discussion and Future Work

Regarding long-term planning of renewable distributed generation units, a suggested

direction for future research is to consider developing tractable mixed-integer DRO

methods that can integrate the sizing and siting of RDGs in one DRO model instead

of using sensitivity analyses for siting. Another interesting direction is to analyze

and compare alternative ambiguity set formats, such as Phi-divergence and Wasser-

stein ambiguity sets with the moment-based formulation that is proposed in this

dissertation. An additional relevant avenue of research is the extension of this work

to include or plan energy storage devices in the distribution system.

Secondly and to extend the integrated planning of TS and DS described in

Chapter 3, some suggestions are as follows: (i) including a subset of constraints from

the DS (such as generation bounds) as a part of the TS constraints to improve the

modeling of the InTDS; (ii) consideration of distributionally robust ambiguity sets

to represent the uncertainties instead of the empirical distribution assumption; and

(iii) developing decomposition algorithms such as benders to speed up the solution

procedure.

Lastly and regarding the novel two-sided chance-constrained ACOPF methodol-

ogy, it would be interesting to extend our formulation (5.8) by considering various

distributionally robust ambiguity sets to represent the uncertainty on the chance-

constraints and to compare their solution and speed with our method. Moreover, our

methodology of handling the TCC-ACOPF is an efficient approximation of the op-
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timal power system’s operations under uncertainty which is solved efficiently, hence,

the proposed SOCP formulation can be extended to address various decisions in

power system, e.g., economic dispatch, distributed energy resource management,

and other smart grid and microgrid problems. In particular, the objective function

of our generic ACOPF model (5.1) includes only the generation cost of dispatch-

able thermal generators. It would be interesting to consider more cost components

(e.g., ancillary services costs) in the objective function, as additional practical cost

considerations may be included in the industry. Second, our current experiments

consider the number of Gaussian mixture components, K, at 1 and 2. More results

that demonstrate the benefits of adopting GM distributions can be obtained by in-

creasing the value of K. Indeed, a larger K helps better represent the distribution

of the uncertainty. From a theoretical perspective, when the number of the GM

components K matches the number of samples selected for estimating the under-

lying probability distribution then the two-sided chance-constraints can be directly

and tightly approximated via the set of linear and SOC constraints proposed in this

work. Another future research direction is then to study the especial structure of

our SOC formulation and develop parallel computing algorithms to solve it more

efficiently. Lastly, we would like to mention that our approximation (5.19) for two-

sided chance-constraints is general for any two-sided chance-constraint; hence, it

would be great to see its application to other fields such as production planning,

supply chain management, financial portfolio optimization where chance constraints
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are popular.
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