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Abstract 

Data has become exceedingly important to organizations, especially with regard to decision 

making. The large amount of available data is crucial in engineering applications as it ensures the 

understanding of the problem and the efficient execution of the solution. Studies have also shown 

that the employment of large amounts of data in engineering applications makes it easier for the 

data-driven model to generate insights that can be acted on in the best interest of the optimal 

solution. With the existence of multiple data sources, we can unveil hidden patterns and trends to 

determine possible relationships in the most complex engineering applications. This has 

traditionally been achieved by building single statistical models independently to explain single 

data sources. Nonetheless, when there exists a correlation among several data sources, a single 

statistical model strategy has been shown to be time consuming, result in loss of pertinent 

information, and is tedious. It is against this backdrop that this dissertation aimed at developing 

statistical models that can accurately predict the responses of three important engineering 

applications. To achieve this aim, this dissertation developed three integrated statistical modeling 

(ISM) techniques for these three applications. The choosing of the techniques was informed by the 

fact that they have shown great performance benefits. First was the modeling of multivariate 

profiles. In some manufacturing processes, profile data are collected to monitor process variations. 

In situations when multiple profiles are collected together, correlations might exist across profiles. 

Modeling these multivariate profiles requires describing both within and between profile 

correlations. Second was the discovery of material oxides, which often suffers from data scarcity. 
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In some cases, collecting data from the target source can be expensive, while there are auxiliary 

data sources that are cheaper to collect. In such situations, auxiliary data sources can be exploited 

to improve the performance of the expensive target data. Third was the investigation of data by 

grouping information where subjects are clustered into various groups. Through employment of 

the above strategies and applying them to examples and case studies, it was evident that 

improvement of the prediction accuracy can be realized by exploiting the within-group and 

between-group characteristics in these data sources, instead of modeling each data source 

separately. In general, transferring the knowledge across sources is complicated for most real-

world systems, and often traditional modeling approaches are not adequate to capture the relations, 

when data are not stationary or are changing abruptly in a small interval. In addition, the modeling 

time can be burdensome with the increased number of sources and observations. Hence, 

developing efficient and flexible frameworks for multiple correlated data sources is imperative. 

This dissertation proposed novel ISM techniques to deal with the complicated scenarios associated 

with correlated data sources. This study further demonstrated that the proposed ISM techniques 

have the ability of helping to model correlation among different data sources into a single modeling 

framework. The major advantage of the proposed ISM methods was found to be their flexibility 

over individual modeling of each data sources. The study concludes by proving that it is possible 

to effectively handle data nonstationarity with reasonable computation loads. 
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Chapter 1  

Introduction 

Data is fast becoming the ultimate driver of decision making for many organizations presently. 

Business decisions for most companies largely depend on the explanatory analysis of data. Every 

day, the amount of data generated is constantly increasing. It is estimated that over the last decade, 

the amount of data has increased from 2 zettabytes to 64.2 zettabytes, and is forecasted to reach 

181 zettabytes by 2025 (Hlebowitsh, 2022). Similarly, it is estimated that every person on average 

creates 1.7 megabytes of data per second and 2.5 quintillion bytes of data are generated each day. 

In the past there were limiting factors for technology to store the huge amount of data generated 

each second. The first commercially launched computer by IBM had magnetic disc storage with a 

limited capacity of only 5 megabytes of data. At the present time, however, any commercial 

computers can easily hold gigabytes of data.  

With technological advancement, an organization can store huge amounts of data and use 

the data to extract critical insights. With more capacity to collect the growing size of data and tools 

to analyze the data, organizations are inclined to make decisions supported by data. The use of 

data in decision making can be traced back to the nineteenth century when Frederick Winslow 

Taylor used time management exercises to make business decisions for efficient and increased 

productivity (Hlebowitsh, 2022). A similar example of data usage in earlier history can be found 

with Henry Ford, who used the speed line assembly for better efficiency in the automobile industry. 
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With the advancement of computers as a decision-making support system, more and more 

industries are inclined to use the data in their business. By leveraging on the huge potential of 

available data, businesses can now predict their potential customers and their customers’ behaviors 

(Putz & Brandenburg, 2021). They can forecast about trends and patterns of their businesses with 

the help of data. This gives organizations several options to consider before moving in a given 

direction or incurring any loss and gaining insights on how to make more profits (Forrester et al., 

2008). However, this is not possible for every organization. Data collection is expensive, time 

consuming, and tedious (Kang & Albin, 2000). For example, for multiple data sources, they can 

be in different scales, formats, and structures which is difficult to merge. On the other hand, data 

source with fewer data points suffers from low performance, commonly known as data scarcity. 

The modeling performance of a data source with the data scarcity issue can hardly be improved. 

1.1   Data Scarcity 

Data scarcity is a common issue in machine learning-based modeling. The emergence of advanced 

engineering applications has introduced lots of complexities to the model and as a result, the need 

for data has become greater. Data need to grow with the model complexity. Mobile devices and 

Internet of Things (IoT) sensors have increased data avaiablity (Persson, 2021). Data scarcity 

occurs when: (a) there is not enough data for the model to be effectively trained and (b) when some 

regions of data are relatively unexplored compared to other regions due to unavailability (Antoniuk 

et al., 2021; Kang & Albin, 2000). With the increase of model parameters, the number of data 

requirements has also grown. For example, the deep learning model, the number of parameters is 

high and, thus, models require a lot of data to train (Wang et al., 2019; Ghosh et al., 2021; Van et 
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al., 2020; Van et al., 2021). For example, high-performing image classification deep learning 

models, such as AlexNet has 60 million parameters (Krizhevsky et al., 2012), and GoogleNet has 

23 million parameters (Szegedy et al., 2015), ResNet has 25 million parameters (He et al., 2018). 

Thus, with the increase in flexibility, the model needs to train with more unique data. Also, there 

is a possibility that the model will overfit if we have fewer data to train the model.  

Several solutions have been advanced to solve the issue of data scarcity. One of the 

solutions can be data augmentation. Data augmentation addresses the problem of data scarcity by 

creating more data from the existing one (Wang et al., 2019; Van et al,. 2020). This solution is 

most suitable for unstructured data. Second can be transference of learning, which addresses the 

problem making a model more data-efficient by reducing its need for larger target data (Lee & 

Van der Werf, 2016; Ghosh et al., 2017). Berger et al. (2012), however, add that the cleverest way 

of tackling the issue of data scarcity is to combine similar datasets into the same modeling 

framework. The idea is similar to transference of learning although transference of learning is used 

most specifically in deep learning frameworks (Persson, 2021). The modeling frameworks are 

known as Integrated Statistical Modeling (ISM). ISM framework can consider multiple datasets 

or auxiliary datasets based on the requirement. ISM can also adapt the clustered dataset which is 

common in many engineering problems.  

1.2   Integrated Statistical Modeling Framework 

In many cases focusing on a single data source may not be enough to capture the true hidden 

pattern within a data source, especially when there is a data scarcity issue. ISM is the training 
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paradigm in which all the related sources of data are trained in a common framework, using shared 

representations, to learn the common ideas between a collection of related sources (Barlow et al., 

2020). ISM mimics the learning process of human intelligence by assimilating knowledge across 

domains (Crawshaw, 2020). The fundamental difference between ISM and Separate modeling for 

n data sources is that in ISM, we build a single modeling framework, whereas for separate 

modeling, n different models are generated for each of the n data sources independently, and hence 

there is no transfer of information between these n separated models (Berger et al., 2012).  In 

Figures 1.1 (a) and (b), the modeling frameworks for separate modeling and ISM are shown.  

(a)               (b) 

With the availability of the huge amounts of data currently, we can disclose the hidden 

relationship between various related sources. Dependency between datasets ends up influencing 

each other in the decision-making process. For example, if we want to predict the performance of 

a product’s characteristics daily within a manufacturing plant that has fewer products to collect 

daily, we can leverage the data from other manufacturing plants which may be collected in 

different locations or are using different manufacturing processes given that the standards of the 

Figure 1.1: (a) Separate modeling for n data sources. (b) ISM for n data sources. 
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product’s qualities and characteristics are similar in all of these plants (Barlow et al., 2020). ISM 

framework will then model the correlation between related sources. For example, in Figure 1.2, 

we can see three data sources that are coming from a common process. These data sources are 

related to each other. Their behavior for different regions of the input space is similar. However, 

for some data sources, there are some regions (as shown by the light blue colors in Figure 1.2) 

where no label data is available for the training. ISM framework can solve this problem by 

borrowing information for these regions from other correlated data sources.  

 

Figure 1.2: Importance of ISM for related data sources 

According to Crawshaw (2020), integrated modeling can improve the performance of a 

model in the following situations: (i) the dataset from each correlated source does not contain 

enough information individually to create an accurate separate model; (ii) when there are 

similarities across the sources such that we can leverage the relatedness between responses to 

improve the performance of the learning models; (iii) when target data source is expensive to 

collect and does not contain enough information. 

IS
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When we can separate a group of correlated data sources into clusters by common traits, 

we can then easily learn these clusters by ISM framework. Within the integrated modeling 

paradigm, information can be shared across some or all the data sources. Depending on the 

hierarchy of sources relatedness, one may want to share information selectively across the sources. 

For example, sources of data may be grouped or exist in a hierarchy according to the flow of 

information. When the hierarchy of the sources is clearly defined, we can conveniently use nested 

modeling to allow the information to flow with correspondence to the hierarchical structure (Zeng 

and Chen, 2015). But hierarchical information is unavailable for most complex systems. 

The structure of integrated statistical modeling can be differentiated based on source-

relatedness and source priority (Brevault et al., 2020). If the data sources within a system flow 

information across each other and the output from these sources are equally important, this 

modeling is known as a multivariate output modeling. Multivariate output modeling is a unified 

modeling framework where all information from the data sources is blended within the same 

framework (Barlow et al., 2020). For example, the profile modeling application in statistical 

process control, where related profiles can be modeled in a multivariate output modeling approach 

and where the prediction from each profile level data is equally important. The run-time 

complexities of these models are usually high due to increased dimensionality. On the other hand, 

if the primary focus is to improve the performance of a particular or target source (high-fidelity) 

given that there is a shortage in high-fidelity/target data, other auxiliary sources (low fidelities) of 

data can be employed to improve the performance of the target source model (Crawshaw, 2020). 

This is a multi-fidelity-based learning schema, where information flows in one direction (low- to 
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high-fidelity models). For example, the application of the material search for novel oxides in power 

electronics falls in this category, where the high-fidelity experimental data is expensive to collect 

contrary to the easy-to-access low-fidelity auxiliary data. With the abundance of correlated 

auxiliary data, the performance of high-fidelity modeling will improve in the multi-fidelity 

modeling performance. Although computationally cheaper compared to multivariate output 

modeling, multi-fidelity modeling only focuses on the improvement of the performance of the 

high-fidelity modeling (Le Gratiet, 2013).  

Another approach to ISM of the correlated sources is to separate a group of sources into 

clusters by common traits and then learn each cluster independently by the separate ISM 

frameworks, a type of ISM framework called latent class modeling (Brevault et al., 2020). Each 

cluster consists of highly correlated data sources. Predicting the remaining useful life (RUL) of 

the batteries in a wireless network system falls in this category, where batteries with similar 

degradation paths can be clustered together and an integrated modeling schema can be deployed 

to each cluster.  
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Figure 1.3: Different versions of ISM frameworks in engineering application. 

1.3   ISM Framework in Engineering Applications 

Three previously mentioned engineering applications for ISM will be elaborated in this section as 

mentioned in Figure 1.3.  

1.3.1   Profile Modeling 

Nowadays, manufacturing data in the form of profiles have become increasingly common for 

inspection and sensing purposes. Profile monitoring, a subarea of Statistical Process Control 

(SPC), has hence attracted increasing levels of attention. Finucane et al. (2007) explain that a 

profile describes the functional relationship between a response variable and one (or more) 

explanatory variable(s). Profile data arise when the measured response variable is represented as 

a function of its explanatory variables (Ghosh et al., 2021). For example, Figure 1.4 represents 
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normalized multivariate optical profiles of low emission (low-E) glass panels. The dataset mainly 

contains laser scanning profiles that were taken at inspection points on glass panels. At each 

location, an optical reflectance or transmittance profile was obtained. The dataset consists of 192 

glass panels, each observed at 25 inspection points and hence associated with 25 transmittance 

profiles. Different regions of the wavelength spectrum represent different colors of light. Diverse 

modeling techniques are used to model the profile. These profiles are then used in the process 

monitoring application to detect any changes in the process or not. Modeling profiles is the most 

important part of this profile monitoring application. Many profile modeling approaches are 

introduced, for example, Woodall et al. (2004) proposed simple linear profiles, Zheng et al. (2011) 

used splines to model the profile, and Pan et al. (2019) proposed a support vector regression model 

to describe nonlinear profile, among many others. Although univariate profile modeling is mostly 

discussed in the literature, in many applications, multiple correlated response variables need to be 

considered as a multivariate profile. 

 

Figure 1.4: Normalized profiles from a glass panel. Different regions of the wavelength spectrum 

represent different colors of light. 
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Evidently, profile modeling application falls into the category of ISM framework where 

each profile can be treated as a single output. Li et al. (2018) proposed Multivariate Gaussian 

Process (MGP) modeling where they used only half of the observed locations on each profile level, 

due to ill-conditioned covariance matrices for densely sampled points ̶ a common problem for most 

GP-based models. Also, the nonstationarity in the profiles (such as, at both ends of the profiles in 

Figure 1.4), cannot be modeled by the general MGP approach (Fricker et al., 2013). In this 

dissertation, a novel non-parametric multivariate output modeling approach is proposed for 

modeling these multivariate profiles.  

1.3.2    Discovery of the Novel Material Oxides in Material Science  

In materials informatics, the discovery of novel oxides with a high Baloga’s figure of merit 

(BFOM) and a high thermal conductivity k is an overarching problem for next-generation power 

electronics. The focus will be the BFOM quantity in this modeling approach. BFOM is defined as 

휀𝜇𝐸𝐵
3, where 휀  is a dielectric constant, 𝜇 the mobility, and 𝐸𝐵 the breakdown of the electric field. 

A higher BFOM value is an indication of less resistive losses. With typically large electronic 

bandgaps 𝐸𝑔, oxides are associated with a high breakdown voltage 𝐸𝐵 because a high electric field 

is required to produce charge carriers with sufficient kinetic energy to induce impact ionization 

(Zhuo et al., 2018). In general, an oxide often possesses a large electronic bandgap 𝐸𝑔 , and thus, 

a high 𝐸𝐵. Thus, machine learning models are developed based on computed and measured 𝐸𝑔 for 

oxides.  
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The structural-property relationships in materials genome efforts (e.g., oxide electrodes, 

thermoelectric, orbital orientation) can be taken as the features for this material discovery using 

informatics. The proposed integration of the Materials Genome approach with experimental 

studies will advance the current knowledge of phonon and electron engineering in general 

materials for applications in nanoelectronics, spintronics, and optics. The expected fundamental 

knowledge base will reach beyond existing materials for power electronics, which can be widely 

used for hybrid/electric vehicles, smartphones, electric grids, and radar systems. For materials with 

a significantly increased bandgap 𝐸𝑔 , and thus 𝐸𝐵 , lead to a high BFOM because the gain in 𝐸𝐵
3 

overshadows the possible loss in 𝜇  (Zhuo et al., 2018). A modeling framework for the next-

generation oxides with a high BFOM using the Martials Genome information is much needed. 

Various regression models are deployed to predict the bandgap based on the descriptors 

that uniquely define the oxides, for example, support vector regression (SVR), kernel ridge 

regression (KRR), bootstrap aggregating (bagging), and Gaussian process regression (GPR) (Wu 

et al., 2020;  Rajan et al., 2018; Huang et al., 2019). Despite the success in these efforts by adopting 

various data-driven methods in material science, some common challenging issues have seldom 

been well addressed, namely: the quality of data from various sources; the nonstationarity or 

heterogeneous properties of the materials across the input space; and the quantification of 

prediction uncertainty. As the original experimental data is expensive to collect, various fidelities 

of data sources are used to improve the prediction performance which carries high risks (Geng et 

al., 2015). Also, Antoniuk et al. (2021) pointed out that most machine learning methods do not 

provide an assessment of the prediction uncertainty. This is particularly troublesome for a 
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composite quantity, like BFOM, as it will compound and magnify the prediction errors if it is 

constituting properties. Without uncertainty quantification, the predicted BFOM values are 

difficult to use in practice. On top of these requirements, materials in high dimensional input space 

forms cluster based on their physical and chemical properties, introducing a nonstationarity effect 

across the input space (Amit & Geman, 1997). The modeling framework needs to address this 

complex phenomenon.  

1.3.3   RUL Prediction of Battery Life  

The overarching uses of the Internet of Things (IoT) have led to an explosive number of battery-

powered devices deployed currently. The growing network of connected physical objects has 

opened up unprecedented opportunities-smart manufacturing, smart homes, and cities, smart 

energy, and smart agriculture, among others. The necessity of sensing real-time information is 

critical to many IoT applications. The employment of sensors needs to be made wireless for 

Figure 1.5:  Wireless sensor network (WSN) monitors the structural health of a bridge where each 

node is powered by a battery 
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deployment in countless scenarios. Battery life has been one of the major hurdles for wireless 

sensors, and hence many IoT applications in practice. A natural concern is related to battery life. 

An effective battery life management strategy is crucial in practice and is dependent on the 

accurate RUL prediction of the battery.  

IoT-based wireless sensors are an economic solution for monitoring the health and integrity 

of large-scale infrastructures, such as buildings, bridges, offshore wind turbines, and power/oil 

transmission structures. In many applications, wireless sensors are deployed to hard-to-reach areas 

or remote locations. Among these systems, some are mission-critical, which means failure to detect 

events of interest will lead to serious consequences. Figure 1.5 describes the use of sensors at each 

battery-powered node to monitor the structural health of a bridge. To correctly predict the 

degradation path of each battery is imperative to prevent the failure of the overall system, and thus 

the Wireless Sensor Network (WSN) needs to operate with a highly reliable power supply.   

Batteries degrade at different rates even in the same WSN, due to temperature variation 

and varying workloads (Bloom et al., 2001). For monitoring structural health, Quality of Services 

(QoS) matrices (throughput rate, energy efficiency, timeliness, etc.) are developed. The network 

QoS quantifies how well the WSN performs in terms of its overall intended functionality, while 

the node QoS determines how much a node contributes to the network and the workload of the 

node’s battery. Thus, under the same operating condition, battery health (i.e., capacity) of the 

higher QoS node degrades faster. The aim of studying this engineering application is to develop a 

prognostic algorithm that can accurately predict the RUL of a battery, given its assigned node level 

QoS and condition monitoring (CM) data of all batteries in the network.  



 

 

26 

 

1.4   Dissertation Overview 

In this dissertation, chapter 2 is dedicated to discussing the various existing popular approaches in 

the ISM modeling framework, focusing on the three mentioned engineering applications in this 

chapter. More recent advances regarding ISM frameworks will be elaborated in chapter 2. The 

pitfalls of these modeling frameworks for these engineering applications will also be explored.  

In chapter 3, related works in profile modeling, an important engineering application, will 

be explored in detail. Modeling profile is an important process diagnostic tool nowadays that is 

heavily used in quality inspections. But with the increase in data and complex processes, the 

current state-of-the-art models are not performing as requirements. We propose an ISM framework 

that will consider the multivariate profile modeling framework. The proposed framework 

considers both the within profile and between profiles correlations. The framework is also robust 

to handle the nonstationarity across the input space. Another important property of the proposed 

approach is its efficiency to handle the large stream of profile data. We use the Linear Mixed model 

framework to formulate the model while the flexibility of the approach is enhanced by the GP-

controlled B-splines. The detail of the framework will be explored in chapter 3. 

In chapter 4, novel material oxides discovery will be discussed in detail. The traditional 

experimental pipeline to discover the novel material is time exhaustive, expensive, and tiresome. 

It takes days or even weeks to conduct a single experiment. Usually, there is a data scarcity issue 

for this problem. On the other hand, materials across the high dimensional input space show similar 

physical and chemical properties. Firstly, the data scarcity issue is alleviated in the proposed 
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framework by using a correlated auxiliary data source. The clustering impact of the problem is 

also dealt with in the proposed framework with the combination of random forest and multi-fidelity 

Gaussian process.  The structure of the random forest creates partitioning among the materials and 

the multi-fidelity Gaussian process tackles the data scarcity issue. The detail of this framework 

will be further explored in chapter 4. 

In chapter 5, a sensor network, which is an IoT-based application, will be discussed. The 

RUL of the batteries in these sensors will be predicted by the modeling framework. For critical 

applications, it is extremely important to know the RUL of the operating device ahead of time to 

avoid any catastrophic damages. Batteries degrade at different rates based on the operating 

workloads and share some patterns based on that also. The workload is changing dynamically, and 

it is becoming increasingly difficult to model the capacity degradation of these batteries accurately. 

A Simulink modeling platform is created to generate the capacity degradation curves for 100 

sensors. In the proposed framework, a latent class mixed effect model is considered to take care of 

the clustering of the batteries’ degradation curves based on the operated workload conditions. 

Uncertainty quantification is also conducted to predict the RUL of these sensors’ batteries.  

Chapter 6 concludes this dissertation. The overall summary of findings in this dissertation 

will be highlighted in this chapter.  
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Chapter 2 

Related Work 

ISM framework has been integrated into both machine learning and deep learning applications. 

The focus of this dissertation is more on the statistical modeling of the machine learning part. 

Mathematical modeling of multiple correlated sources is formulated in many applications by ISM. 

Some of the notable ISM works are Sheffield dynamic global vegetation modeling (Conti et al., 

2010; Antoniuk et al., 2021), active magnetic bearing systems modeling (Noshadi et al., 2015), 

hippocampal cognitive prosthesis modeling (Berger et al., 2012), cutting temperature and tool life 

in the face milling modeling (Kovac et al., 2014), among others. Zhang et al. (2017), Ruder (2017), 

and Liu et al. (2017) have also proposed various versions of integrated modeling approaches.  

Ballou et al. (1985) incorporated the ISM framework for the multi-user information-decision 

system to assess the impact of data and process quality. Wu et al. (2019) devised an ISM approach 

for wastewater treatment as an application of adaptive multioutput soft sensors. Berger et al. (2010) 

proposed a nonlinear dynamic version of the ISM approach in the neurobiological bases of 

cognitive processes. Niu et al. (2018) proposed a time series-based ISM for the modeling of 

offshore wind speed. Fox et al. (2004) identified outliers with the help of the ISM framework. Li 

et al. (2021) suggested the ISM approach to predict the molten iron quality of the blast furnace.  

Even though the application of the ISM framework is diverse, many of the proposed approaches 

are based on some of the popular statistical models, namely Linear Mixed Effect (LME), 

Multivariate Gaussian Process (MGP), Random Forest (RF), among others. A brief application of 
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these modeling approaches, as an ISM framework in various applications, is discussed here. LME 

model has been frequently used in the ISM framework. Wang et al. (2013) proposed multivariate 

t-LME in the presence of outliers to model multiple outputs with continuous repeated measures in 

clinical trials. Schafer et al. (2002) suggested multivariate LME with missing data as the ISM 

framework for the computation. Zhou et al. (2014) devised an efficient ISM framework based on 

LME for genome-wide association studies. Lee et al. (2016) used a multivariate LME framework 

to model the genomic information of humans and mice. Eerikäinen et al. (2009) modeled the tree 

height and crown ratio with the multivariate LME framework. MGP is growing in popularity as a 

rigid ISM approach. Mohanty et al. (2011) proposed MGP to predict fatigue crack growth. Feng 

et al. (2021) introduced MGP as an ISM framework in integrated parameter and tolerance design. 

Konomi et al.  (2014) introduced Bayesian treed MGP in carbon capture unit. Mohanty et al. (2008) 

predicted the fatigue life in an MGP based ISM approach. RF is one of the well-known and 

powerful ISM frameworks since its introduction by Breiman (2001). Zhang et al. (2021) proposed 

an assessment of drivability with an ensemble of RF and adaptive regression splines. Prasad et al. 

(2019) worked at multistage multivariate mode decomposition as an application of solar cells with 

an RF framework. Segal et al. (2011) and Breiman (2001) described more applications in the ISM 

framework with multivariate RF approaches.   
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2.1   Review of Relevant ISM Methods 

2.1.1   Linear Mixed Effect Model 

One of the popular tools used in ISM is the Mixed Effect (ME) model. A brief description of the 

ME model is given following which comes into effect due to clustering in the data. In modern data 

modeling applications, clustering is a common phenomenon. When observations based on subjects 

come from a randomly selected group, the effect of clustering takes place. For example, in a 

wireless sensor network, batteries are often clustered based on their location or other 

environmental factors. Another example can be seen in profile monitoring applications where 

spatially correlated profiles show common characteristics over time or space. To consider this 

effect in the modeling, ME models are the most popular statistical tool. ME models are also known 

as multilevel models or hierarchical linear models (Burghoff et al., 2015). Other examples of the 

dataset which is suitable for the ME modeling include longitudinal or repeated measurement and 

multilevel data, to mention but a few. ME models take into consideration both between-cluster 

interactions and within-cluster interactions.  

ME models have been intensively researched during the past decades, leading to a great 

deal of understanding regarding their properties.  Its increasing use in a wider field has also made 

the modeling approach popular, and thus almost all the popular statistical software contains ME 

modeling packages namely lmee (R), statsmodels (Python), and fitlme (Matlab). ME models take 

both subject-specific covariates and also cluster-specific covariates. The ME models assume that 

the unobserved heterogeneity is the source of the within-cluster correlation between the responses 

https://www.mathworks.com/help/stats/fitlme.html
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(Peng et al., 2012). To model this correlation, fixed effects (FE) and random effects (RE) are 

utilized. With the help of both of these effects, ME model allows for the representation of a 

covariance structure that is inherent to the experimental design. The FE considers the categorical 

or continuous covariates in the formulation, whereas the RE are associated with the random factors 

(Amit & Geman, 1997). More generally, FE describes the relationship between covariates and 

dependent variable for a whole population, while RE are related to the clusters or groups within a 

population (Lee & Van der Werf, 2016). FE coefficients are assumed to be unknown in ME models 

and are to be estimated fromdata. RE model the random variation in the dependent variable at 

different levels of the data (West et al., 2006).  The random deviation of a cluster from the overall 

population mean is usually captured by the covariance structure of the RE. Usually, the mean of 

the distribution of the RE is considered to be zero. Thus, an RE distribution is mainly described 

by the covariance structure. The flexible construction of the covariance function of the RE is a 

great advantage for ME models.  

In 1891 Airy’s work related to astronomy in one-way random effects modeling is one of 

the pioneering works in the ME models (Hall et al., 2003). His work was later used in many diverse 

fields such as randomized design, population genetics, variability of industrial processes, and 

educational testing (Tippett, 1931; Daniels, 1939; Cornfield & Tukey, 1965). Eisenhart (1947) was 

the first person to introduce the terms FE and RE. Details on the ME model formulation in recent 

times can be found in Pinherio et al. (2004), Gelman et al. (2007), Hariharan et al. (2008), and 

Gałecki et al. (2013).  
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There are various forms of ME modeling approaches in literature. If the parameters of the 

mixed effect models are linear in terms of the dependent variable, then it is called Linear Mixed 

Effect (LME) models. Parameters of the LME model are easier to estimate compared to the 

Nonlinear Mixed Effect (NLME) model where parameters are not linear in terms of the dependent 

variable (Lindstrom et al., 1990). Depending on the nonlinear form, the NLME can be 

computationally burdensome. The extension of linear mixed models to non-normal data is known 

as the Generalized Linear Mixed Effect (GLME) model (Breslow et al., 1993). LME along with 

its extensions is mostly considered based on the application.     

The application of LME is diverse and has been used intensively in many important areas. 

Liu et al. (2017) used an LME model in five deciduous broadleaf species to predict the leaf area, 

leaf mass, and specific leaf area. Wang et al. (2019) used LME to evaluate crop growth status. 

Cameron et al. (2013) proposed LME in species immigration, speciation, and extinction to a 

generalized island ontogeny application. Karlsson et al. (2000) suggested a pharmacodynamic 

Markov mixed-effects model to study the drug effect on sleep. Finucane et al. (2007) used LME 

to understand the association of alcohol consumption on markers of HIV disease progression in an 

observational cohort. Nikoloulopoulos et al. (2017) extended the LME to a trivariate copula mixed 

model in the diagnostic test accuracy studies. Patiño et al. (2013) proposed LME in oceanic island 

biogeography of spore-producing plants. 

If the assumption of the normality in the random effects is violated, then the estimation of 

the RE is not accurate, which deteriorates the performance of the LME. More often, the distribution 

of random effect can be assumed as a finite mixture of the normal distribution which can 

https://en.wikipedia.org/wiki/Mixed_model
https://en.wikipedia.org/wiki/Normal_distribution
https://www.sciencedirect.com/science/article/pii/S1470160X17301425?casa_token=Qo0XO7bRlQkAAAAA:Cdw3RJ5qe8xJWiXn8MVVkO6jpR7JMmrAmc4AHTYHmfpdf-JnUv7b7f7JpcYJR-CZiBlCZ8Ir#!
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accommodate the non-normal distribution for errors and random effects (McCulloch et al., 2002). 

This introduces the heterogeneity into the modeling and the presence of subgrouping is observed 

in the modeling approach. The Heterogeneous Linear Mixed Effect (HLME) models, which are an 

extension of the LME, are introduced to tackle this issue. HLME modeling approach falls into the 

latent class modeling framework. In HLME, a layer is added on top of the LME to group subjects 

into homogenous classes. HLME is also known as Latent class mixed models or growth mixture 

models.  HLME accounts for both individual variability and latent group structure (Verbeke et al., 

1996;  Muthen et al., 1999). HLME mainly consists of two sub models where in the first model, it 

assigns the latent class membership for each source or subject based on the maximum probability, 

and in the second model, it constructs the class-specific trajectory based on the covariates or 

predictors (Proust et al., 2005; Proust et al., 2015). HLME also considers class-specific random 

effects and fixed effects apart from a global fixed term. The posterior probability of the class 

membership assigns the latent class for each subject. Lin et al. (2000) proposed HLME where class 

membership is based on the polychotomous logistic regression to uncover the subpopulation 

structure for both biomarker trajectories and the probability of disease outcome. Greene et al. 

(2013) proposed the random parameter of the latent class model by allowing for another layer of 

preference heterogeneity within each class. Cugnata et al. (2018) used HLME to model the 

physiological responses induced by emotion recognition. Burro et al. (2018) used HLME to 

understand the nonlinear dynamics of the people profiles after terrorist attacks.  

Sometimes LME may not be sufficient to model the nonlinear behavior. To circumvent 

this issue, Pillonetto et al. (2008) proposed a mixed-effect Gaussian processes (GP) model where 
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both FE and RE are assumed to be a random realization of GP. GP is a powerful modeling approach 

to model a complex physical process and recently became popular in many engineering 

applications (Rasmussen et al., 2003; Sacks et al., 1989; Geng et al., 2015). Another advantage of 

using GP in LME is the fact that GP eliminates the importance of choosing appropriate fixed terms 

and random terms.  Luo et al. (2017) introduced mixed effect-GP for multi-task learning, where 

the sum of two GPs (one for FE formulation and another for RE formulation) captures the shared 

information of all processes and the specific deviations from the fixed effect. The classical 

multilevel model formulates the mean of the LME as GP. Foulley et al. (1992) proposed Gaussian 

mixed linear models where they studied the source of heterogeneous residual variance. Li et al. 

(2014) introduced a multilevel Gaussian model, where both mean and covariance follow a 

multilevel structure. Wang et al. (2012) suggested a sparse version for the multi-task mixed effect 

GP where sparse pseudo samples are chosen to reduce the computational budget and 

hyperparameters are shared across and efficiently learned. Shi et al. (2012) proposed a mixed-

effects GP functional regression to model the individual dose-response curves for a patient-specific 

treatment regime.  

2.1.2    Multivariate Gaussian Process   

Among the various models applied in integrated statistical modeling, the multivariate Gaussian 

process (MGP) is getting popular day by day. MGP is a direct extension of GP with more than one 

output consideration. Among the advantages of the MGP modeling framework are nonstationarity 

capability, formulation between and within output correlations, and uncertainty quantification 

(Burghoff et al., 2015). Most of these properties can be obtained by modifying the covariance 



 

 

35 

 

formulation of the MGP approach. Lu et al. (2019) proposed an integrated Gaussian process model 

to formulate the uncertainty propagation of the frequency response functions.  Barlow et al. (2020) 

modeled a combat helmet liner design for blunt impact absorption via MGP. Detailed of the MGP 

in integrated modeling can be found in Liu et al. (2018). However, most of the integrated statistical 

models are computationally expensive and built for the stationary date that cannot cope with the 

nonstationarity across the input space (Burro et al., 2018).  Cugnata et al. (2018) explain that when 

the property of data changes abruptly in the input subspace, most of these stationary methods fail 

to capture the right trend. But building a nonstationary MGP model is not a trivial task because 

nonstationary MGP cross-covariance functions are difficult to construct (Eerikäinen et al., 2009; 

Debnath et al., 2021), and they lose attractiveness due to the introduction of potentially many more 

parameters (Burghoff et al., 2015). Li (2009) and Meng et al. (2019) introduced MGP models in a 

multi-task learning schema that can successfully capture the nonstationarity, but the modeling time 

is a big hindrance for these models. Thus, the necessity of a flexible yet less expensive integrated 

model that can capture the nonstationarity is of utmost importance. Moreover, the efficient way to 

transfer the learning across the sources needs to be addressed. 

2.1.3    Random Forest 

Random forest (RF) is an excellent tool for both classification and regression problems. The 

building block of RF is the decision tree and was first introduced by Breiman (2001). RF is a 

supervised learning algorithm and is influenced by the prior work of Amit and German (1997), Ho 

(1998), and Dietterich (2000). RF is based on the divide and conquer principle, where data is 

partitioned based on some criterion and the randomized tree grows with the division of the data 
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into smaller portions (Biau et al., 2006). RF is popular due to its interpretability and accuracy (Biau 

& Scornet, 2016). RF is also versatile to deal with large-scale problems (Breiman, 2001) and can 

be used to tackle the heterogeneity (Biau & Scornet, 2001).  For example, in the material discovery 

problem, the input space is highly heterogeneous where the material’s property is clustered. The 

physical and chemical properties of the materials form buckets of the cluster where each bucket 

shares common properties. Using the RF framework will be highly effective in these situations. 

Simple RF splitting and its average prediction formula are not powerful enough to produce a highly 

accurate model for nonlinear input space. Tree-based GP is one of the ways to tackle this issue 

(Gramacy et al., 2008; Chen et. al., 2009; Wu et al., 2020).  

In the next subheading, focus is turned towards the engineering applications where ISM 

approaches have been developed. As mentioned in Chapter 1, the three important engineering 

applications introduced in this chapter are profile modeling, novel material oxides, and remaining 

useful life prediction of battery life.  

2.2   Recent Work in Profile Modeling 

Profile monitoring is one of the subareas of statistical process control. Profile data describes the 

functional relationship between responses and explanatory variables. Profile data is generated 

when a measured output is formulated as a function of the independent variables (Cugnata et al., 

2018). Details of the profile monitoring approaches are described in Woodall et al. (2004), 

Woodall (2007), and Noorossana et al. (2011). Simple linear profiles are considered for the 

monitoring purpose by Wade and Woodall (1993), Kang and Albin (2000), and Kim et al. (2003). 
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Li and Tsai (2019) proposed to model the random errors in their linear profile monitoring method 

to follow a skewed normal distribution. Zheng et al. (2011) and Chuang et al. (2013) proposed a 

spline-based modeling approach. Amiri et al. (2010) suggested polynomial-based profile 

modeling.  

Most of the proposed approaches are parametric models, which may not be flexible enough 

to model the complex functional relationship. There are complex profile modeling approaches 

related to the mixed-effects model (Jensen et al., 2008; Liu et al., 2018) and the GP model (Zhang 

et al., 2015;  Zhang et al., 2016).  Other notable nonparametric profile monitoring works are Qiu 

et al. (2010) and Chuang et al. (2013). In Qui et al. (2010), the nonparametric mixed-effect model 

was based on the univariate profile where only Within-Profile Correlation (WPC) was considered. 

Gu and Ma (2005) considered a nonparametric mixed effect model where fixed parts were 

formulated by a Penalized spline. Also, some of the significant nonparametric approaches in 

profile modeling are based on support vector regression (Pan et al., 2019), Haar wavelet approach 

(Piri et al., 2019).  

Most of the existing research dealt with the univariate profile. However, in modern 

applications, there is a need to consider multivariate profiles where multiple correlated profiles are 

generated. For example, NASA Langley Research Center used six responses and six explanatory 

variables in their calibration process. Noorossana et al. (2011) implemented multivariate linear 

profiles for the automotive plant body shop with six explanatory variables. One of the notable 

examples of multivariate profiles modeling can be taken from the Zeng and Chen (2015) where 

multivariate optical profiles are modeled by hierarchical linear mixed effect model. One important 



 

 

38 

 

aspect of multivariate profile modeling is the consideration of the Between Profile Correlations 

(BPC) along with the WPC. Without BPC, multivariate profiles level data are treated as 

independent profile data.  Building a multivariate profile modeling framework with BPC and WPC 

considerations is a challenging task. The repeatedly refitting issue is severe in modeling 

multivariate profile modeling. With the newly available profile data, during the monitoring phase, 

it is required for the model to be refitted to detect any process changes. This introduces a lot of 

dimensions in the data and thus the curse of dimensionality is an issue in multivariate profile 

modeling. This urges multivariate profile modeling to be efficient in terms of model fitting time.  

To detect both WPC and BPC, Li et al. (2018) used MGP to model the multivariate profiles. 

MGP, by its construction, is quite appealing for multivariate profile modeling. But it has certain 

disadvantages, especially with large data and nonstationarity issues. With large data size, the 

covariance of the MGP is large, and hence becomes expensive to invert (Zhou & Stephens, 2014). 

Thus, With the large covariance structure, the MGP model often faces numerical instability and 

computational issues. Also, MGP with stationary covariance is often inadequate in terms of fitting 

nonstationary data. Building a nonstationary covariance would introduce a lot of parameters. The 

popular way to construct a nonstationary covariance was introduced with convolution (Majumdar 

et al., 2010), coregionalizations (Gelfand et al., 2004), and regularization (Tzeng & Huang, 2014). 

To remedy the dimensionality issue, Alvarez and Lawrence (2009) proposed a sparse MGP by 

exploiting conditional independence by convolution. But none of the proposed approaches can 

deal with both the computational burden and non-stationary property of the profile data at the same 

time.   
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2.3   Recent Work in Discovery of Novel Material Oxides 

One of the growing interests in recent times is the discovery of new materials based on machine 

learning predictions (Antoniuk et al., 2021; Kusne et al., 2015). The experimental interfaces and 

computational methods, like density functional theory (DFT) or molecular dynamics (MD), are 

much more expensive computationally (Jain et al., 2013) and provide comparatively less 

throughput than the machine learning models (Ma et al., 2016).  Predicting bandgaps can be helpful 

in finding the ideal materials, which is beneficial in many applications, such as solar cells and 

heterojunction optical devices. It is of utmost importance to have a precise bandgap for these 

applications to evaluate the performance of the device (Dey et al., 2014). Machine learning models 

will be able to find the correlations between certain materials properties and attributes which will 

eventually help discover new materials (Gaultois et al., 2017). A self-adaptive differential 

algorithm to optimize a reduced mechanism of 2-Buttanone is devised by Wang et al. (2019). Peng 

et al. (2019) proposed random forest to analyze the importance of diverse features on solar 

evaporation. Zhang et al. (2013) elaborated a brief overview of the machine learning methods for 

screening of thermal conductivity for compounds, composites, and alloys. Wan et al. (2019) 

described the historical research in material discovery and properties prediction in thermal 

transport via materials informatics. But most of the current machine learning methods are only 

suitable for a reasonable amount of data. Data scarcity heavily influences the predictive 

performances of important elements like bandgaps predictions. 

Data scarcity is a common phenomenon in machine learning modeling. For a high-

dimension problem, fewer data are not enough to build the complex model. One of the popular 
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ways to tackle this issue is to use auxiliary data sources to compensate for the missing data (Chuang 

et al., 2013). While auxiliary data sources may not be that reliable, they are cheaper to collect 

(Cugnata et al., 2018). These data sources are also known as low-fidelity data (LFD). Conversely, 

the target or the experimental data, which is fewer in number and time-consuming to collect, is 

known as high-fidelity data (HFD) (Le Gratiet, 2013). LFD is collected from noisy experiments, 

simulations, or literature reviews, whereas HFD data is collected from accurate but exhaustive 

experiments. A popular framework that leverages the strength of both HFD and LFD is known as 

the multi-fidelity framework (Brevault et al., 2020). 

Multi-fidelity framework is gaining popularity in the machine learning community, 

especially for the data scarcity issue. Craig et al. (1998) proposed a multi-fidelity framework that 

is based on linear regression. A Bayes linear formulation of the multi-fidelity framework was 

devised by Cumming et al. (2009). However, models based on linear regression are not appropriate 

to handle complex problems and often result in poor accuracy (Chuang et al., 2013). A detailed 

discussion of the multi-fidelity approaches was reviewed by Peherstorfer et al. (2016), Forrester 

et al. (2008), Perdikaris et al. (2018). One of the well-established multi-fidelity frameworks is 

multi-fidelity GP (MFGP).  MFGP is an extension of GP that is capable of dealing with target data 

sources along with auxiliary data sources (Dietterich, 2000). Kennedy and O’Hagan (2000) used 

the cokriging based MFGP framework. A major assumption of linear cross-correlation between 

various tiers of fidelities is a major limiting factor. Also, with the growing number of dimensions 

and fidelities, the autoregressive MFGP modeling framework becomes computationally 

burdensome. An efficient recursive version of the cokriging based MFGP was later introduced by 
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Gratiet (2013). An h-level fidelity-based MFGP model takes roughly the same amount of time to 

fit an h-level GP-based model. The property of MFGP is mainly based on its covariance function.  

Apart from the data scarcity issue, another important factor that impacts the prediction 

performance of a model is the clustering effects of material in the high dimensional input space. 

Materials have chemical and physical properties that depend on their internal structure. Materials 

with similar structures share these properties, creating a clustering effect that needs to be addressed 

in the modeling framework. The heterogeneity effect created by the clustering factor introduces 

nonstationarity across the input space. Usually, an MFGP model with a stationary covariance 

function is not enough to model the nonstationary problem like the material discovery problem. 

One way to tackle the issue is using a nonstationary covariance function. But it will inherently 

introduce a lot of parameters in the model and may not provide enough flexibility as required for 

the problem.  

There are well-established methods to take these heterogeneous effects. One possible way 

we can handle this issue is by partitioning the input space with homogenous segments and then 

using each of these segments to fit a unique MFGP model. Tree-based partition is one of the ideal 

candidates for this splitting criterion (Gramacy et al., 2008; Chen et al.,2009; Wu et al., 2020). RF 

is one of the tree-based algorithms which has the advantage of reduced overfitting. The leaf nodes 

of the RF are the homogenous nodes filled with materials of similar properties. Thus, with the 

fusion of tree-based algorithms and MFGP modeling capability, most of the challenges in the novel 

material oxides discovery can be handled.   
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2.4   Recent Work in Battery RUL Prediction 

One of the important elements in the IoT is the battery. The use of batteries increased heavily 

recently with the advancement of the IoT because battery is the power source for many electronic 

devices (e.g., phones, cameras, laptops, electronic vehicles, satellite, monitoring, etc.). In 2019, 

GSMA (Global System for Mobile Communication) predicted that the number of usages of the 

IoT-based device powered will reach 25 billion by 2025 (GSMA, 2019). Even if we consider that 

half of these devices will be battery-powered with a 5-year life, then 2.5 billion batteries will be 

replaced each year, implying the great urgency to accurately predict battery end of life (EOL). 

While it is stagnating to see the progress in battery technology, there is still a major hindrance in 

the battery's RUL prediction.   

Even though the use of a battery is crucial for many devices, there are some limitations 

about battery power fading systems. The battery aging process occurs due to charging and 

discharging cycles (Santhanagopalan et al., 2008; Thomas et al., 2003; Spotnitz, 2004). Usually, 

when a battery discharge capacity declines to 80% of its original charge, the battery is considered 

to have reached its service life (Bloom, et al., 2001). At this point, the battery needs to be replaced 

at that moment immediately. Thus, the capacity fading of batteries is a serious issue for critical 

devices to avoid the disruption of the power supply. Due to the widespread adoption, the safety 

and reliability of batteries are more important now than ever. Predicting the lifetime of a battery 

has been studied heavily in the past decades. 
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Modeling RUL prediction of the battery can be classified into two broad categories: model-

based and data-driven methods. Model-based techniques are mostly dealing with nonlinear aging 

models combined with particle filtering (PF) techniques (Feng et al., 2021). Saha et al. (2008) 

proposed a Bayesian formulation for the RUL prediction of the battery where features from 

electrochemical impedance spectroscopy (EIS) were extracted from the relevance vector machine 

(RVM). The parameters of the model update along with the RUL prediction were done by the PF 

model. But a major pitfall of this approach is that the features from EIS are only available for the 

offline method. He et al. (2011) used Dempster-Shafer's theory to formulate a Bayesian Monte 

Carlo (BMC) method to make RUL predictions. Later Xing et al. (2013), Liu et al. (2016), Miao 

et al. (2013), and Su et al. (2017) have worked to improve the aging model or the PF performance 

to get a more accurate estimate of the RUL. A fusion of the Unscented Kalman filter (UKF) and 

relevance vector regression was proposed by Zheng et al. (2015) for the RUL prediction. Dong et 

al. (2014) devised a support vector regression PF to estimate the EOL of the battery. One of the 

disadvantages of these model-based techniques is that these models require online cells to work 

under the same operating conditions as offline cells, suggesting that these models do not consider 

the dynamic workload changing factor into consideration (Chuang et al., 2013).   

The data-driven approaches mainly rely on the machine learning approaches. Nuhic et al. 

(2013) proposed a support vector machine (SVM) as the prognosis framework for the RUL 

prediction of the Lithium-ion battery. A multistage version of the SVM was later introduced by 

Patil et al. (2015). Liu et al. (2015) used the box-cox transformed features to model the lithium-

ion capacity. The deep learning data-driven approach is also gaining recognition in recent years 
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(Ahmed et al., 2021; Van & Tang et al., 2021., Xie et al., 2022). Liu et al. (2010) adopted an 

adaptive recurrent neural network (ARNN) for the RUL prediction. Dong et al. (2014), however, 

contends that the pitfall of these deep learning models is that these models require a lot of data to 

predict accurately. Ramadass et al. (2004) devised a semi-empirical reliability model for the Li-

ion cells to predict capacity degradation. Ning et al. (2006) proposed a charging-discharging model 

based on the generalized first principle for simulating the cycle-life characteristics of rechargeable 

batteries. Li et al. (2017) proposed various machine learning algorithms to predict the degradation 

of a rechargeable battery. Gasper et al. (2020) considered penalized regression and bi-level 

optimization for the Li-ion batteries life model. Finegan et al. (2021) studied data-driven methods 

and physics-based learning and improved battery safety. Zhang et al. (2020) proposed impedance 

spectroscopy using machine learning to identify degradation patterns of the battery.   

Most of the real-time applications have dynamic or changing workloads based on the 

operating conditions (temperature, depth-of-discharge, discharge rate). Depending on the 

workload condition, battery capacity will degrade much faster or at slower rates (Feng et al., 2021). 

Also, most of the work in the prognosis of the battery RUL is based on a single battery (Dong et 

al., 2014). However, batteries are deployed in a network where they are exposed to different 

operating conditions. Batteries operate on a neighboring spatial location particularly share a similar 

pattern in their capacity degradation curves as they are operating on a similar workload. Mamun 

et al. (2015) devised a multi-objective optimization to minimize battery degradation based on the 

demanding workloads. Yang et al. (2019) comprehensively studied the degradation performance 

of the battery at different discharge rates. Onori et al. (2012) discussed a framework to estimate 
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the life of Li-ion batteries in PLUG-IN hybrid electric vehicles (PHEV) applications. The concept 

of severity factor map has been introduced by them, and is used to quantify the damage occurring 

to the battery under different driving scenarios, charging availability, and usage patterns. Since a 

network of batteries shares some common properties along with the individual characteristics, 

most of these methods do not consider the commonalities between the batteries and at the same 

time model the individual variations. Similar to the severity factor, to deal with the workload 

changing factor, we can model the capacity degradation with respect to the total amount of charged 

delivered in a given amount of time, i.e., 𝜂 = ∫ 𝑖(𝑡)𝑑𝑡 which is measured in ampere-hour (Ah). 

The mentioned quantity is also termed the total charge throughput (TCT). More discussion will be 

introduced on this term in chapter 5.   

Another important factor that needs to be considered during the modeling is the clustering 

impact of battery degradation curves based on the exposures of the operating conditions. Most of 

the frameworks avoid this important phenomenon in the modeling. One way to handle this issue 

is by using Latent Class Mixed Model (LCMM). The basic framework of the LCMM model is to 

use the cluster the degradation curves based on their operating conditions and then model LME 

for each of the clusters. A more in-depth discussion of this framework will be introduced in 

Chapter 5.  

 

Chapter 3 
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Multivariate Profiles Modeling with Gaussian 

Process-Controlled B-spline 

3.1   Introduction 

The quality of the product is a competitive advantage in today’s market. Maintaining the quality 

of the product to a high standard is becoming difficult with the introduction of complex technology 

and process. Variation from product to product is inadvertently introduced at the time of the 

manufacturing process due to many reasons and often this variation is not accurately predictable. 

Typical variations are a deviation from the standard dimension, shape, or functionality or even 

external or internal failure during the production process. The cost of variation from the standard 

product usually results in excessive waste of raw materials, and extra labor costs because of re-

worked or scarp. Statisticians have long been working to maintain high quality inspection 

standards in these processes. To monitor and control the processes in production, statisticians have 

developed many tools and techniques such that production costs can be reduced keeping the 

processes profitable with a high-quality manufactured product. These methods are known as 

Statistical Process Control (SPC). To maintain the credibility of SPC, the accuracy of these 

methods needs to be high. SPC consists of charts, data analysis, and reports based on statistical 

tools and techniques. SPC helps the process to be stable and capable. Stability means consistently 

producing the same product in terms of dimension and functionality. Whereas process capability 

refers to meeting the design criteria.  
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One of the most used SPC tools is the control chart. Control chart was first introduced by 

Walter Shewhart in the early 1920s. The control chart aims to differentiate between two types of 

process variation namely common cause variation and special cause variation. Common or chance 

cause variation is intrinsic to the process and will always be maintained. A process, only 

undergoing a chance cause, is statistically in control. Special cause variation generates from 

external sources and contributes to the out-of-control condition of the process. Special cause 

variation can arise from machine, materials, personnel, measurement, manufacturing environment 

or methods, etc. Compared with the chance cause variation, special cause variation is much larger 

and often causes the process to perform at an unacceptable level in terms of quality characteristics. 

Montgomery (2009) termed special cause as an assignable cause. Simply, a process that operates 

under unassignable causes results in statistically out of control. To detect unassignable causes, 

special statistical tools like control charts were developed.  

Control charts are categorized based on Phase-I or retrospective phase and Phase-II or 

prospective phase analysis. Phase-I is mainly about studying the historical data to detect any 

variation and measuring the stability over time. Phase-I uses historical data to construct the process 

performance and trial control limit after identifying and removing the anomaly in the data ensuring 

the process stability and estimating the unknown parameters. Thus, the control limits based on 

Phase-I are in the control condition. In Phase-II, online data is collected and the process is 

monitored by estimating if it is out of control conditions or not, based on the trial control limits 

formulated in Phase-I. In SPC, one of the important concerns in evaluating the process 

performance is monitoring the quality characteristics over time or space to confirm the process 
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capability. With recent technological advancements, a large number of observations are used to 

construct the functional relationship for the process of product performance. This kind of 

functional relationship is known as a profile. It is also referred to as a waveform or a signature in 

the literature. Profile data is used to measure the performance of the manufacturing and service 

industry to estimate the process performance over time or space.  

Profile monitoring is based on modeling the profiles data and has extensive application in 

many sectors. One of the popular applications is the calibration of measurement instruments. 

Monitoring the profile data ensures the instrument’s timely appropriate performance, resisting over 

calibration, and evaluating optimum calibration frequency. Croarkin et al. (1982) devised to plot 

the deviations of the measured observations for an optical image from the standard values on 

control charts to address the calibration issues. Their proposed monitoring scheme is based on 

linear profile modeling. Kang et al. (2000) monitored the functional relationship between the 

amount of aspartame (an artificial sweetener) dissolved per liter of water and temperature. They 

also observed that the profile data varies from sample to sample. Kang et al. (2000) devised a 

profile monitoring scheme for mass flow control (MFC) which is a device that dictates the flow of 

gas in a chamber during the production of semiconductors. Monitoring the performance of MFC 

is crucial. According to Sheriff (1995), a single MFC device that costs around $1500 can cause a 

downtime cost of around $250000 in production during its lifetime. Thus, SPC is crucial to this 

application by eliminating the redundant recalibration of the MFC device. Another famous 

application of profile modeling is the vertical density profile of the engineering wood board that 

was discussed by Walker et al. (2002). The vertical density of a board is evaluated at a certain 
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depth across the board. Amiri et al. (2010) proposed polynomial profiles to investigate the 

relationship between torque and speed in an automobile. Profile data has also application in 

acceptance sampling. Tsong et al. (1997) used the dissolution profile of pharmaceutical products 

to formulate the acceptance sampling rule for approval or denial. There exist complex types of 

profile data such as roundness, cylindricity, or flatness. These two-dimensional profiles are known 

as geometric profiles. Gardner et al. (1997) developed a spatial profile for wafer surfaces based on 

spatial information.  

Mostly univariate profile modeling has been discussed until now. Only the Within Profile 

Correlation (WPC) is considered in the univariate modeling approach. However, there may exist 

multiple correlated profile level data. By modeling univariate profiles independently, we are 

ignoring the Between Profile Correlation (BPC). For example, the National Aeronautics and Space 

Administration (NASA) Langley Research center considered a calibration experiment of force 

balance used in the wind tunnel (Parker et al., 2001). There were six response variables due to six 

generated force or torques and six explanatory variables. A multivariate linear regression model 

was introduced to model these six variate profile level data. Zeng and Chen (2015) investigated 

the multivariate optical profiles from low E-glass panels. They used a hierarchical linear mixed 

effect model. At each glass panel, there were multiple Inspection Points (IPs). Laser scanning is 

conducted on these IPs to obtain the optical reflectance or transmittance profiles. Multiple profile 

level data was collected from glass panels and these multivariate profiles reveal important quality 

characteristics of the glass.  
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3.2   Building Multivariate Profile Model 

Let's assume a multivariate profile level data structure for a K-variate profile with M independent 

samples. For explanatory variable 𝑥 ∈ ℝ, the mth sample (𝑚 = 1,2,… ,𝑀) from the ith (𝑖 =

1,2, … , 𝐾) profile level data has 𝑁𝑖 observations. The extension of the univariate (𝐾 = 1) Linear 

Mixed Effect (LME) framework is the multivariate LME framework. The modeling framework 

for the ith profile from the mth sample at the jth (𝑗 = 1,2, … ,𝑁𝑖) observations can be formulated 

as follows: 

Figure 3.1: An overview of the multivariate profile data where there are M samples, each of which 

is a K-variate profile. 

                            𝑦𝑖
(𝑚)(𝑥𝑖𝑗) = 𝐟𝑖(𝑥𝑖𝑗)

𝑇
𝛃𝑖 + 𝐮𝑖(𝑥𝑖𝑗)

𝑇
𝜸𝑖
(𝑚) + 휀𝑖

(𝑚)(𝑥𝑖𝑗),                                   (3.1) 
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where 𝐟𝑖(⋅)
𝑇𝛃𝑖 together forms the fixed effects part for the ith profile of the LME model. Here, 

𝐟𝑖(𝑥) = [𝑓𝑖1(𝑥), 𝑓𝑖2(𝑥),… , 𝑓𝑖𝑞𝑖(𝑥)]
𝑇  be the regression term and the associated coefficients are: 

𝛃𝑖 = [𝛽𝑖1, 𝛽𝑖2, … , 𝛽𝑖𝑞𝑖]
𝑇.  The term 𝐟𝑖(𝑥)

𝑇𝛃𝑖 is constant to the sample denotation (m) as this fixed 

term is the mean of the ith profile level. The term 𝐮𝑖(𝑥)
𝑇𝛄𝑖

(𝑚)
 defined the random deviation of the 

ith profile level in the mth sample from the mean. The 𝐮𝑖(𝑥) consists of the basis function and the 

associate random coefficients are defined by 𝛄𝑖
(𝑚)

. In the mth sample, the measurement error for 

the ith profile is defined as 휀𝑖
(𝑚)(⋅). Also, 휀𝑖

(𝑚)(⋅) follows iid 𝑁(0, 𝜎2). Assume, 𝛄𝑖
(𝑚)~𝑁(𝟎,𝐑). It 

is also generally assumed in the LME framework that 𝛄𝑖
(𝑚)

 and 휀𝑖
(𝑚)

 are independent of each other. 

Usually, the fixed part of the LME model can be modeled by polynomial regression or various 

kinds of spline-based basis functions. The formulation of the fixed part can be complicated, but 

our main focus is the formulation of the random parts of the LME model. Figure 3.1 demonstrates 

K-variate profile level data with M samples each. For notational ease, the column vector in 

concatenated form [𝐝1
𝑇 , 𝐝2

𝑇 , … , 𝐝𝑖
𝑇 , … ]𝑇  is presented in the semicolon expression 

[𝐝1; 𝐝2; … ; 𝐝𝑖; … ]. The multivariate model for the mth sample with K-variate profile can be written 

in the following matrix form:  

                                 𝐲(𝑚)(𝑥) = 𝐅(𝑥)𝑇𝛃 + 𝐮(𝑥)𝑇𝛄(𝑚) + 𝛆(𝑚)(𝑥),                                        (3.2) 

where 𝐲(𝑚)(⋅) = [𝐲1
(𝑚)(⋅); 𝐲2

(𝑚)(⋅);… ; 𝐲𝐾
(𝑚)(⋅)], the fixed part coefficient is a column vector 𝛃 =

[𝛃1; 𝛃2; … ; 𝛃𝐾] of length 𝑞𝑇 = ∑ 𝑞𝑖
𝐾
𝑖=1  and the block diagonal matrix 𝐅(𝑥) =

blkdiag(𝐟1(𝑥); 𝐟2(𝑥); … ; 𝐟𝐾(𝑥))  with block of 𝐟𝑖(𝑥) ’s. The distribution of 𝛆(𝑥)  follows a 

multivariate normal 𝑁(𝟎, 𝜎2𝐈).  The basis matrix for the random part is 𝐮(𝑥) =



 

 

52 

 

blkdiag(𝐮1(𝑥); 𝐮2(𝑥);… ; 𝐮𝐾(𝑥)) and the corresponding random effect column vector is 𝛄(𝑚) =

[𝛄1
(𝑚); 𝛄2

(𝑚); … ; 𝛄𝐾
(𝑚)] of length  𝑆𝑇 = ∑ 𝑆𝑖

𝐾
𝑖=1 . The random variables in the framework can be 

expressed as: 

[
𝛄
𝛆
] ∼ 𝑁 ([

𝟎
𝟎
] , [
𝐑 𝟎
𝟎 𝜎2𝐈

]). 

3.3   The Formulation of the Random Part of the LME Model 

In general, usually, a B-spline setting is used to formulate the random part of the LME where 𝐮 is 

constructed by the B-spline basis function and 𝜸  contains the random coefficient with some 

distribution. The above formulation leads to a large number of covariance parameters in 

multivariate profile settings. By reducing extra parameters while providing flexibilities, we 

propose a GP (Gaussian Process)-controlled B-spline. To introduce this concept, the usage of a B-

spline in a Computer-Aided Design (CAD) setting is important. B-spline in CAD parametrically 

designs a curve using control points. An alternative formulation of control points of the B-spline 

can be modeled as if they are a random realization from random GPs. This ensemble approach will 

help the model to take advantage of both LME and GP models. The reason behind taking the B-

spline setting in CAD instead of the general B-spline regression setting is that, in the general B-

spline regression setting, the coefficients are constant, and they do not have any physical meaning. 

Thus, it is not possible to construct them as GP realizations. The coefficients of the B-spline in the 

CAD are known as the control points, and they control the local shape of the curves. By fluctuating 
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these control points, we can make local changes in the curve. For this reason, the B-spline set up 

in CAD is considered.  

The B-spline curve in CAD will be described in this section where a two-dimensional or 

three-dimensional spline curve is formulated in a parametric framework (Farin et al., 2002). For 

the application aim, the two-dimensional formulation is discussed here with spline coordinates 

(�̃�(𝑡), �̃�(𝑡)). These coordinates are described as the linear combinations of the B-spline basis 

function in the following forms: 

                                   �̃�(𝑡) = ∑ 𝛿𝑖𝑖 𝑁𝑖
𝑣(𝑡), �̃�(𝑡) = ∑ 𝛾𝑖𝑖 𝑁𝑖

𝑣(𝑡),                                        (3.3) 

where the ith control point is defined as 𝑃𝑖 = (𝛿𝑖, 𝛾𝑖) and 𝑁𝑖
𝑣(𝑡) is the B-spline basis function with 

a degree of 𝜈. The following Cox-de Boor recursion approach demonstrates the B-spline basis 

formula: 

𝑁𝑖
0(𝑡) = {

1,  𝑎𝑖 ≤ 𝑡 < 𝑎𝑖+1 
0, else 

 

                            𝑁𝑖
𝜈(𝑡) =

𝑡−𝑎𝑖

𝑎𝑖+𝜈−𝑎𝑖
𝑁𝑖
𝜈−1(𝑡) +

𝑎𝑖+𝜈+1−𝑡

𝑎𝑖+𝜈+1−𝑎𝑖+1
𝑁𝑖+1
𝜈−1(𝑡),                                        (3.4) 

where 𝑎𝑖’s are called knots. Knots are the points where these splines join and demonstrate the 

smoothness of the overall curve. The knot sequence {𝑎0, 𝑎1, … , 𝑎𝑊−1} is non-decreasing. 

The above formulation is precise enough to model the complex geometries even for closed 

curves on a two-dimensional plane. In our proposed framework, the random part of the LME model 

is constructed with a similar formulation. For the aim of the formulation, the curves (�̃�(𝑡), �̃�(𝑡)) 
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is limited to be a function in the x-z plane, where x, z are the independent and dependent variables, 

respectively. For any independent values of x, there will only be a single z value. Thus, the curve 

can be formulated as 𝑧(𝑥) (note this is not the �̃�(∙)). To derive this, the constrain 𝛿0 ≤ 𝛿1 ≤ 𝛿2 ≤

⋯ ≤ 𝛿𝑛 needs to be added to Eq. (3.3). The added constraints will yield a non-decreasing function 

�̃�(𝑡). The proof of this claim is shown below: 

Proof:  For the function 𝑦 = 𝑓(𝑥)  to be non-decreasing on the interval (𝑎, 𝑏) , the 

necessary and sufficient condition is that the first derivative of the function is non-negative 

everywhere in this interval: 

𝑓′(𝑥) ≥ 0, ∀ 𝑥 ∈ (𝑎, 𝑏) 

Let, �̃�(𝑡) = 𝛴0
𝑛𝛿𝑖𝑁𝑖(𝑡) be an nth degree B-splines over some knot sequences 𝑎𝑖. Here, for 

simplicity, we write 𝑁𝑖(𝑡) = 𝑁𝑖,𝑛(𝑡) and �̃�(𝑡) = �̃�𝑛(𝑡) . From the definition of B-spline, we know 

that the spline segment �̃�𝑖(𝑡) determines the n control points 𝛿𝑖−𝑛, . . . , 𝛿𝑖. Conversely, every point 

𝛿𝑗 is determined by any segment �̃�𝑗(𝑡), … , �̃�𝑗+𝑛(𝑡), i.e., 

𝛿𝑖 = �̃�𝑖[𝑎𝑖+1, … , 𝑎𝑖+𝑛] = ⋯ = �̃�𝑖+𝑛[𝑎𝑖+1, … , 𝑎𝑖+𝑛]. 

The derivative of the polynomial B-spline can be written as: 

                        �̃�𝑛
′ (t) = ∑𝑖=1

𝑛 𝐷𝑖𝑁𝑖,𝑛−1(𝑡)… , 𝑡 ∈ [𝑎𝑛, 𝑎𝑛+1),                           (3.4a) 
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where knots are defined as: 𝑎0 ≤ 𝑎1 ≤ ⋯ ≤ 𝑎𝑛 ≤ 𝑎𝑛+1. Here, from Eq. (3.4a) unknown vectors 

𝐷𝑖 can be determined in terms of the 𝛿𝑖. Let the direction, Δ = 𝑎𝑛+𝑖 − 𝑎𝑖 be defined by the B-

spline 𝑁𝑖,𝑛−1(𝑡) support. Then, it follows from Prautzsch et al. (2002), 

𝐷𝑖 = �̃�𝑛
′ [𝑎𝑖+1, … , 𝑎𝑖+𝑛−1]. 

The derivative of the polynomial curve can be written in terms of its polar form such as 

�̃�(𝑡) = �̃�[𝑡1, 𝑡2, … , 𝑡𝑛] and differentiating this polar form we can write as: 

�̃�𝑛
′ (𝑡) =

𝑛

Δ
�̃�𝑛[Δ , 𝑎𝑖+1, … , 𝑎𝑖+𝑛−1]. 

Thus, we can write, 

𝐷𝑖 =
𝑛

Δ
�̃�𝑛[Δ , 𝑎𝑖+1, … , 𝑎𝑖+𝑛−1] 

                    =  
𝑛

Δ
�̃�𝑛[ 𝑎𝑖+𝑛 − 𝑎𝑖 , 𝑎𝑖+1, … , 𝑎𝑖+𝑛−1] 

=
𝑛

𝑎𝑖+𝑛 − 𝑎𝑖
(�̃�𝑛[𝑎𝑖+1, … , 𝑎𝑖+𝑛] − �̃�𝑛[𝑎𝑖 , 𝑎𝑖+1, … , 𝑎𝑖+𝑛−1]) 

=
𝑛

𝑎𝑖+𝑛−𝑎𝑖
(𝛿𝑖 − 𝛿𝑖−1), 

where ∇𝛿𝑖 = 𝛿𝑖 − 𝛿𝑖−1 denotes the first backward difference. Thus, the derivative of the B-spline 

can be written for all 𝑡 ∈ ℝ, as: 

�̃�𝑛
′ (𝑡) =∑

𝑛

𝑎𝑖+𝑛 − 𝑎𝑖
𝑖

∇𝛿𝑖 ∗ 𝑁𝑖,𝑛−1(𝑡). 
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Now we know, B-splines are positive over the interior of their support: 𝑁𝑖,𝑛(𝑡) > 0, where 

𝑡 ∈ [𝑎𝑖, 𝑎𝑖+𝑛+1). Thus, 𝑁𝑖,𝑛−1(𝑡) > 0, where 𝑡 ∈ [𝑎𝑖, 𝑎𝑖+𝑛+1), as [𝑎𝑖, 𝑎𝑖+𝑛) ∈ [𝑎𝑖, 𝑎𝑖+𝑛+1). Also, 

from the definition of knot vector and conditioned applied on control point we can say that: 

�̃�𝑛
′ (𝑡) = ∑

𝑛

𝑎𝑖+𝑛−𝑎𝑖
𝑖 ∇𝛿𝑖𝑁𝑖,𝑛−1(𝑡) ≥ 0. 

Hence, for the constraint, 𝛿0  ≤  𝛿1  ≤  𝛿2  ≤  …  ≤ 𝛿𝑛  we will get a non-decreasing 

function �̃�(𝑡) =  𝛴0
𝑛 𝛿𝑖𝑁𝑖(𝑡). This condition is also necessary and sufficient. The functional curve 

(�̃�(𝑡), �̃�(𝑡)) is uniquely determined by its control points 𝑃𝑖 = (𝛿𝑖, 𝛾𝑖) given the degree of the 

spline, the knot sequence and 𝛿0 ≤ 𝛿1 ≤ 𝛿2 ≤ ⋯ ≤ 𝛿𝑛. Figure 3.2 demonstrates a B-spline curve 

consisting of seven control points with non-decreasing 𝛿′s. The distance between 𝛿0, 𝛿1, 𝛿2, … , 𝛿𝑛 

are simply taken equally for the demonstration, whose corresponding values are generated from 

the GP 𝛾𝑖 = 𝛾(𝛿𝑖), i = 0, 1, …, n. 

 

 

 

 The vector of [𝛾0, 𝛾1, 𝛾2, … , 𝛾𝑛]
𝑇 have a covariance structure that is constructed similar to 

the GP covariance structure. Thus, the B-spline curve is governed by the random control points 

which are GP controlled. As described in Eq. (3.3) and (3.4), each of the spline curves is uniquely 

Figure 3.2 : A B-spline curve with seven control points that have non-decreasing δ’s. 

 



 

 

57 

 

defined by a set of control points that are coming from the GP realization. From this above 

formulation, it will now be easier to develop the random part of the LME model in Eq. (3.1). For 

ease of formulation, the sample index “(m)” can be ignored as it represents the random realizations 

of the GP. The random part for the ith profile can be written as: 

                                                 𝑧𝑖(𝑥) = 𝐮𝑖(𝑥)
𝑇𝛄𝑖,                                                               (3.5) 

where the B-spline basis function is demonstrated by 𝐮𝑖(·)  and the 𝛄𝑖 = [𝛾𝑖1, 𝛾𝑖2, … , 𝛾𝑖𝑆𝑖]
𝑇 =

[𝛾𝑖(𝛿𝑖1), 𝛾𝑖(𝛿𝑖2), … , 𝛾𝑖(𝛿𝑖𝑆𝑖)]
𝑇  denote the control points which follow a GP with a mean zero. 

Since the modeling framework is intended to generate for the K-variate profile, there is a K-variate 

random part that is correlated due to BPC existence. To model the K-variate  𝛄𝑖’s, MGP approach 

is used. Let's denote the MGP cross-covariance as Cov𝑖𝑗(𝛿𝑠, 𝛿𝑡) = Cov(𝛾𝑖(𝛿𝑠), 𝛾𝑗(𝛿𝑡)).  The 

marginal GP models 𝛄𝑖 where there are K-correlated MGP. From Eq. (3.5), it can be seen that the 

marginal GP 𝑧𝑖(𝑥)′s together constitute MGP for the column vector of  [𝑧1(𝑥), 𝑧2(𝑥),… , 𝑧𝐾(𝑥)]
𝑇 

due to the correlations between 𝛄𝑖’s.  Hence, for the ith and jth profile levels, the overall cross-

covariance structure can be formulated as: 

                  𝑉𝑖𝑗(𝑥, 𝑥
′) = Cov (𝑦𝑖(𝑥), 𝑦𝑗(𝑥

′)) 

                                    = Cov (𝑧𝑖(𝑥), 𝑧𝑗(𝑥
′)) + Cov (휀𝑖(𝑥), 휀𝑗(𝑥

′)) 

                                    = Cov(𝐮𝑖(𝑥)
𝑇𝛄𝑖, 𝐮𝑗(𝑥′)

𝑇𝛄𝑗) + 𝜎
2𝛥𝑖=𝑗,𝑥=𝑥′ 

                      = 𝐮𝑖(𝑥)
𝑇𝐂𝐎𝐕(𝛄𝑖, 𝛄𝑗)𝐮𝑗(𝑥

′) + 𝜎2𝛥𝑖=𝑗,𝑥=𝑥′ ,                                                 (3.6) 

where 𝐂𝐎𝐕(𝛄𝑖 , 𝛄𝑗) ∈ ℝ
(𝑆𝑖×𝑆𝑗), 𝜸𝑗 ∈ ℝ

𝑆𝑗  and Δ denotes the delta function. The choice of cross-
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covariance structure Cov𝑖𝑗(𝛿, 𝛿′) is many. One of the popular cross-covariance is the Matérn 

cross-covariance which was introduced by Gneiting et al. (2010). The most popular cross-

covariance is the squared exponential function. The nonseparable stationary version of the squared 

covariance function is adopted here. The MGP covariance formulation is done based on univariate 

GP covariance in many works in the literature (Fricker et al. (2013), Higdon (2002), Li and Zhou 

(2016), Majumdar et al. (2007)). Based on the MGP squared exponential covariance formulation 

by Fricker et al. (2013), which is based on the kernel convolution, the formulation of the cross-

covariance between the ith and the jth profile is constructed here in the following way: 

                    𝑅𝑖𝑗(𝛿, 𝛿
′) = 𝜎𝑖𝜎𝑗𝑇𝑖𝑗

exp {−(𝛿−𝛿′)𝑇(𝜙𝑖
−1/2+𝜙𝑗

−1/2)−1(𝛿−𝛿′)}

|(𝜙𝑖/2+𝜙𝑗/2)(𝜙𝑖
−1/2+𝜙𝑗

−1/2)|
1
4

 ,                             (3.7) 

where for the ith marginal GP, 𝜙𝑖 and 𝜎𝑖
2 represents the roughness parameter and variance for the 

ith profile level.  The cross-correlation between profile level i and j is denoted as: 𝑇𝑖𝑗 ∈ [−1,1]. 

The overall matrix 𝐓 = {𝑇𝑖𝑗} must be positive semidefinite with diagonal elements of 1, Tii = 1.   

𝐓  is constructed by Hypersphere Decomposition (HD), which guarantees its positive 

semidefiniteness. The HD method was introduced by Rebonato and Jackel (1999). It parametrizes 

a correlation matrix into an alternative space with independent parameters.  To keep positive semi-

definiteness in R, T must be a positive definite matrix with unit diagonal elements (PDUDE). HD 

parameterization provides a simple yet flexible way to model a PDUDE matrix. During the 

construction of matrix T, we need to formulate a positive semidefinite matrix with the unit diagonal 

element (PDUDE). HD is originally introduced by Rebonato et al. (1999). Zhou et al. (2011) 

describe the HD decomposition of the cross-correlation matrix in detail which provides a simple 
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way to formulate a flexible PDUDE matrix. At first, T is decomposed into Cholesky 

decomposition such that: 

𝐓 = 𝐄𝐄′, 

where 𝐄 = {𝐸𝑟𝑠} is a 𝐾 × 𝐾 lower triangular matrix with positive diagonals. The elements of 𝐄 

are then formulated in the spherical coordinate systems in the following way: 

𝐸𝑟𝑠 =

{
 
 
 

 
 
 
1,                             𝑟 = 𝑠 = 1 
cos(𝜔𝑟𝑠),          1 ≤ 𝑟 < 𝐾, 𝑠 = 1

cos(𝜔𝑟𝑠)∏sin(𝜔𝑟𝑡)

𝑠−1

𝑡=1

,   1 ≤ 𝑟 < 𝐾, 1 < 𝑠 < 𝑟 

∏sin(𝜔𝑟𝑡) ,

𝑠−1

𝑡=1

          1 ≤ 𝑟 < 𝐾, 𝑠 = 𝑟 ,

 

where the angels  𝜔𝑟𝑠 ∈ (0, 𝜋). Denote the alternative parameter space by 𝛀 = {𝜔𝑟𝑠}1≤𝑠<𝑟≤𝐾 . The 

proposed parameterization has several advantages. First, it turns the complicated PDUDE 

constraint on 𝐓 into box constraints 𝜔𝑟𝑠 ∈ (0, 𝜋). Second, because 𝜔𝑟𝑠 take values in (0, 𝜋), the 

entries in 𝐓 can be either positive or negative and thus can capture various correlations across 

different categories. Third, there is a one-to-one correspondence between a PDUDE matrix and 𝛀. 

That is, a PDUDE matrix with an arbitrary structure can be parameterized by using a particular 𝛀 

value and any given 𝛀 always gives a PDUDE matrix. The number of elements in matrix 𝐓 is 

𝐾(𝐾−1)

2
 for a 𝐾 variate profile. Parameters 𝜔𝑟𝑠 are estimated through the maximum likelihood, then 

converted to Tij.  Thus, the observed profile level data are following the multivariate normal 

distribution: 
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                                                 𝐲 ∼ 𝑁(𝐅(𝑥)𝑇𝛃, 𝐕) 

                                                        𝐕 = 𝐮𝑇𝐑𝐮 + σ2𝐈 ,                                                           (3.8) 

where R represents the cross-covariance matrix which is mentioned with 𝑅𝑖𝑗(𝛿, 𝛿
′) in Eq. (3.7). 

3.3.1   Knot Selection Strategy in B-spline 

As shown in Eq. (3.4), the degree 𝜈 and the knots {𝑎0, 𝑎1, … , 𝑎𝑊−1} number and location of the B-

spline need to be specified. In most cases, the degree of 3 is enough to fit any complex curves with 

B-spline. Usually, the higher the number of knots the more flexible a B-spline curve can be. But 

too many knots may also cause overfitting issues and computational burden (Friedman, 1991; 

Friedman et al., 1989; Silverman, 1985). The optimization of both knot number and knot location 

is very difficult. One way to tackle the issue is to predefine the number of knots by some popular 

approaches. Ruppert et al. (2003) proposed a method to choose the number of knots.  Let's assume 

that if a profile level data is located at locations 𝑥1, … , 𝑥𝑁 , the number of knots (W) can be taken 

for the B-spline as: 

                             𝑊 =

{
 
 

 
 5,              when 

𝑁

4
< 5 

⌊
𝑁

4
⌋ ,          when 5 ≤

𝑁

4
≤ 35 

35,            when 
𝑁

4
> 35 ,

                                                          (3.9) 

where the feature ⌊∙⌋ defines the floor function. The number of knots can be varied for each level 

if needed. However, the profile level data are similar to each other. And for most situations taking 

the same knot sequence for each profile level should be sufficient. As for the knot location, more 

knots should be located in regions where the curve fluctuates more and less in the flat regions. To 
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do this, the modeling approach should automatically adjust the location of the knots. The proposed 

modeling framework optimizes the location of the knots with the following constraints: 

|𝑎𝑖+1 − 𝑎𝑖| > 𝑏, 𝑖 = 0,1, … ,𝑊 − 2 

where b is a small positive constant. The reason behind this constraint is to avoid overfitting due 

to the clustering of multiple knots. The value of b can be determined by a method like cross-

validation.   

3.3.2   Parameter Estimation 

The log-likelihood function is used to find maximum likelihood estimates (MLEs) of the fixed 

effects and covariance parameters. The fixed effect estimates are: 

�̂� = (𝐗𝑇𝐕−1𝐗)−1𝐗𝑇𝐕−1𝐲 

and is sometimes referred to as generalized least squares (GLS). The maximum likelihood 

estimator (MLE) is also the uniformly minimum variance unbiased estimator (UMVUE) for the 

fixed effects (Ruppert et al., 2003). The restricted maximum likelihood estimator (REML) 

accounts for the degrees of freedom lost by estimating the fixed effects and makes an 

unbiased estimation of variance and covariance parameters. The MLE method treats 𝛃 as fixed but 

unknown quantities when the variance components are estimated but does not take into account 

the degrees of freedom lost by estimating the fixed effects. Thus, maximum likelihood estimators 

for the variance-covariance parameters are biased with reduced mean square errors (MSE) 

compared to REML estimators. So, if we want an unbiased variance-covariance parameters 

https://en.wikipedia.org/wiki/Bias_(statistics)
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estimation, we can use the REML estimator at the expense of relatively larger variability. If we 

want a relatively smaller MSE at the expense of some bias, we can use MLE estimators. With high 

variance, each time we fit the data, we will get slightly different results, which in turn will make 

slightly different predictions, for better or worse. On the other hand, high bias oversimplifies the 

model with the increase in model complexity. The estimates obtained from MLE and REML are 

often very similar to each other and can sometimes be asymptotically equivalent (Demidenko, 

2004). Although REML is generally used for the linear mixed effect method, the MLE estimation 

for the simulation and case studies is used since the fixed part of the longitudinal profiles is simple 

with only two parameters (𝑝 = 2 , the intercept, and the first-order term coefficient). Also, 

considering a much larger sample size n, MLE and REML produce very similar results. Hence, 

the MLE as a parameter estimation method is chosen in this work. However, incorporating REML 

estimation into the proposed approach is straightforward. Based on 𝐲(𝑚) = [𝐲1
(𝑚)
; … ; 𝐲𝐾

(𝑚)
], m = 

1, 2, …, M  independent observations the log-likelihood function is: 

log𝐿(𝛃, 𝛔,𝛟, 𝐓, 𝐚, 𝜎2; 𝐲(1), … , 𝐲(𝑚)) = −
1

2
∑ (log|𝐕| + (𝐲(𝑚) − 𝐅𝛃)

𝑇
𝐕−1(𝐲(𝑚) − 𝐅𝛃)) + const𝑀

𝑚=1 , 

where the constant term is denoted as ‘const’ above to represent the independent parameters. Also, 

𝐚 = [𝑎0, … , 𝑎𝑊−1]
𝑇 denotes the knot vector.  

3.3.3   Properties of the Covariance 

For the K-variate profile, the terms 𝑁𝑇 = ∑ 𝑁𝑖
𝐾
𝑖=1  and 𝑆𝑇 = ∑ 𝑆𝑖

𝐾
𝑖=1  denotes the number of total 

observations and the number of total random effects, respectively. The dimension of the overall 
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matrix 𝐕 is a 𝑁𝑇 × 𝑁𝑇 . Since the dimension of 𝑁𝑇  can be huge, the inversion of 𝐕 will take a 

longer time. However, as mentioned in Eq. (3.8) by Cressie et al. (2008), the inverse of the 

covariance matrix is: 

              𝐕−1 = (𝜎2𝐈)−1 − (𝜎2𝐈)−1𝐮{𝐑−1 + 𝐮𝑇(𝜎2𝐈)−1𝐮}𝐮𝑇(𝜎2𝐈)−1.                        (3.10) 

The approximate running time for the above inversion is 𝑶(𝑆𝑇 × 𝑆𝑇) and 𝑆𝑇 ≪ 𝑁𝑇 . This also 

reduces the numerical complexities related to inverting a large-scale matrix. Usually, the running 

time for an MGP model in inverting the covariance is 𝑶(𝑁𝑇 × 𝑁𝑇) (Li et al., 2016). This shows 

the advantage of using the GP-controlled B-spline control point formulations of the proposed 

modeling approach. This brings a huge advantage to the proposed approach given the fact that 

there are repeatedly refitting issues in profile modeling. Usually, in profile modeling, whenever 

new profile data emerges, the deployed model needs to be refitted to detect any process change. 

With each repetition of the refit, the computational resource will be under tremendous strain. Also, 

a general MGP which directly models the random parts of the LME model cannot be easily 

employed to capture the nonstationarity in data. Defining a valid nonstationary can be challenging 

especially with the constraints related to being a valid covariance. MGP direct nonstationary 

covariance will also involve a lot of parameters. In the proposed approach, a nonstationary 

covariance matrix is generated by using a station covariance with the help of the control points in 

the B-spline. The selection of knots’ location in the MLE helps the model gain the required 

flexibilities. The nonstationarity of the covariance V is introduced by the B-spline basis in u, where 

changing the knots’ location will affect the smoothness of the curves.  
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3.4   Simulation Study 

In this section, the proposed approach will be compared with three competing methods. For all the 

considered models, the degree of the spline is taken as 3. We name the proposed approach as REC 

(random effects as control points). The number of knots for the REC model is calculated from Eq. 

(3.9). The following three methods are considered for the comparisons: 

[1] An LME model where the basis function u is constructed with cubic polynomial basis 

function (LME-P). Thus, in the Eq. (3.1), 𝐮𝑖(𝑥) = [1, 𝑥, 𝑥2, 𝑥3]𝑇. 

[2] An LME model where the basis function u is constructed with B-spline basis function 

(LME-B) with a degree of freedom 3 and 𝑊 = 5. Knots are placed equidistantly and 

calculated by Eq. (3.8). 

[3] An MGP model where the random deviation [𝑧1(𝑥), 𝑧2(𝑥),… , 𝑧𝐾(𝑥)]
𝑇 is formulated 

by K-variate GPs. More specifically, 𝑧𝑖(𝑥) = 𝐮𝑖(𝑥)
𝑇𝛄𝑖 in the model (3.1). The stationary 

cross-covariance structure is considered in this formulation (Li et al., 2016). 

For all the considered four methods, the fixed effects term is considered by the first-order linear 

function of x. The following implementation steps are used for the simulation study: 

Step 1: Firstly, the knot’s number is predetermined by Eq. (3.9) 

Step 2: All the profile level data are fitted to the model 

Step 3: The adjacent knot’s distance parameter (b) is tuned by the cross-validation 

technique. 
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Step 4:  The evaluation of the model’s performance is based on test data.  

`Three important numerical studies are considered here. In Example 1, the computational 

advantage of the proposed approach is demonstrated with simple trivariate profile levels data. In 

Example 2, more complex six-variate profile levels data is considered to investigate the 

nonstationarity capability of the proposed approach. In Examples 3 and 4, the importance of knots’ 

optimal location in the proposed approach is investigated. 

3.4.1   Performance Evaluation 

Example 1 

For this example, a trivariate profile level data (𝐾 = 3) is considered based on the following 

functions: 

𝑦1 = 𝛽10 + 𝛽11𝑥 + 𝛾11𝑥 + 𝛾12 sin(−2.61√𝑥) exp(−0.7𝑥) − 1.3𝛾13𝑥
0.3 cos(𝑥) + 휀1 

           𝑦2 = 𝛽20 + 𝛽21𝑥 + 𝛾21𝑥 + 𝛾22 sin(−2.65√𝑥) exp(−0.7𝑥) − 1.4𝛾23𝑥
0.3 cos(𝑥) + 휀2 

           𝑦3 = 𝛽30 + 𝛽31𝑥 + 𝛾31𝑥 + 𝛾32 sin(−2.7√𝑥) exp(−0.7𝑥) − 1.45𝛾33𝑥
0.3 cos(𝑥) + 휀3. 

The error is iid and follows  휀𝑖~𝑁(0, 0.25). The coefficient values for the fixed effects are shown 

in Table 3.1.  
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Table 3.1: Fixed effect coefficients values in Example 1 

𝛽10 𝛽20 𝛽30 𝛽11 𝛽21 𝛽31 

0.211 0.212 0.213 -0.7 -0.73 -0.72 

As for the random effects, 𝛄, where 𝜸𝑖 = [𝛾𝑖1, 𝛾𝑖2, 𝛾𝑖3]
𝑇 , is a multivariate normal distribution that 

follows 𝑁(𝟎,𝐆). The variance-covariance term of dimension 9 ×  9 is given in Table 3.2. 

Table 3.2: Covariance matrix G of random effects in Example 1 

 

 

 

In this example, for each variate of profile level, 𝑁 = 20  observations are taken 

equidistantly [0,3.3/19,…,3.3]  and thus N1 = N2 = N3 = N. In total there are 𝑚 = 50 samples for 

each profile level at these 20 observed locations are created under the above setting.  A randomly 

simulated sample is shown in Figure 3.3. 

1 
0.864 0.896 0.888 0.936 0.863 0.856 0.872 0.933 

0.864 1 0.908 0.921 0.835 0.967 0.981 0.951 0.840 

0.896 0.908 1 0.902 0.892 0.908 0.909 0.906 0.893 

0.888 0.921 0.902 1 0.879 0.922 0.927 0.917 0.880 

0.936 0.835 0.892 0.879 1 0.833 0.820 0.849 0.960 

0.863 0.967 0.908 0.922 0.833 1 0.983 0.952 0.838 

0.856 0.981 0.909 0.927 0.820 0.983 1 0.963 0.826 

0.872 0.951 0.906 0.917 0.849 0.952 0.963 1 0.853 

0.933 0.840 0.893 0.880 0.960 0.838 0.825 0.853 1 
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Figure 3.3: A randomly simulated trivariate profile in Example 1. 

 

Figure 3.4: RMSE boxplot of predictive accuracy for Example 1. 

As mentioned previously, the degree is taken 3 for B-spline in REC and LME-B. The 

number of the knot is taken as 5 which is determined from Eq. (3.9). Only in the proposed REC 

approach, the locations of the knots are optimized while other approaches use equidistant knots. 

Root Mean Squared Error (RMSE) evaluation is used as the metric for the performance 

comparisons. For the mth sample, RMSE can be defined as: 

𝑅𝑀𝑆𝐸(𝑚) = √∑ ∑
(𝑦
𝑖𝑗
(𝑚)

−�̂�
𝑖𝑗
(𝑚)

)
2

 𝑁𝑖𝐾

𝑁𝑖
𝑗=1

𝐾
𝑖=1 , 
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where �̂�𝑖𝑗
(𝑚)

 and 𝑦𝑖𝑗
(𝑚)

 represents the predicted value and the observed true value for the ith profile 

level on the mth sample at the jth location, correspondingly. Also, 𝑁 = 20  and 𝐾 = 3 represent 

the total number of observations and number of profiles, respectively.  Also note that, since we 

have 𝑀 = 50 samples, there will be 50 RMSE values for each method in this example. In Figure 

3.4, the performance of the four considered approaches is shown. The LME-P performance is the 

worst due to its limited capacity to provide flexibility to describe the data with third-order 

polynomial terms. The LME-B performance is not good either due to the equidistance knots 

selections approach. The proposed REC method has similar accuracy compared to MGP. The 

modeling time for each of these approaches are: TREC = 2.4852 sec, TMGP = 4.2362 sec, TLME-P = 

63.3963 sec, and TLME-B = 1266 sec. This huge difference is due to the number of parameters that 

need to be evaluated differs for each of these methods. The number of parameters for the LME-P 

and LME-B is 85 and 385, respectively. Compared to that, REC and MGP have the number of 

estimated parameters 21 and 16, correspondingly. This gives a lot of advantages to methods like 

REC and MGP compared to other classical approaches in terms of efficiency and computational 

burden.  

Example 2 

In the previous example, we have seen that the performance of MGP and REC is much superior 

compared to methods like LME-P and LME-B. In this example, we can only consider methods 

REC and MGP with nonstationary six variate profile level data. The observation for each of these 

six variate profile level data is taken as 𝑁 = 17 and equal (𝑁1  =  … = 𝑁6 =  𝑁) over the input 

region of the [-2, 10] interval. The data for the ith profile level is constructed from the following 
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equation: 

                 𝑦𝑑𝑖 =

{
 
 

 
 1

2
(

8

|8 + 𝑥|
)

5
2
cos(𝛽1𝑖𝜋𝑥) +

1

2
(

8

|8 + 𝑥|
)

1
4
cos(2𝜋𝑥) ,             − 2 ≤ 𝑥 ≤ 0

√
𝛽2𝑖

𝑥 + 𝛽2𝑖
cos (

0.04𝛾𝑖𝑥 + 𝛽3𝑖
𝑥 + 1

𝜋𝑥) ,                                               0 < 𝑥 ≤ 10

 

𝑦𝑖 = 𝑦𝑑𝑖 + 휀𝑖 ,      𝑖 = 1,2, … ,6. 

Table 3.3 provides the values for the fixed effects coefficients 𝛽1𝑖, 𝛽2𝑖 and 𝛽3𝑖. Also, in the above 

equation, 𝑦𝑑𝑖 denotes the deterministic observations. An error term with 휀𝑖~𝑁(0, 0.065) is added 

to 𝑦𝑑𝑖 to obtain the noisy observation 𝑦𝑖 for the ith profile. There are 500 random observations 

taken from [-2,0] and another 500 random observation is taken from the region (0,10] for each 

profile level. Every 60th point out of 1000 is chosen to be the training observation (17 in total). The 

remaining observations are taken as the test data. This experimental setup creates nonstationary 

profile level data, where the observation curves change suddenly and abruptly in a close interval. 

As for the random coefficients 𝛄, it is following  𝑁(𝟎, 𝐆), with 𝛄 = [𝛾1, 𝛾2, 𝛾3, 𝛾4, 𝛾5, 𝛾6]
𝑇. The 

structure of the G is given in Table 3.4 with the dimension of 6 × 6.  

Table 3.3: Coefficients 𝛽1𝑖, 𝛽2𝑖 and 𝛽3𝑖 in Example 2 

Profile 𝛽1𝑖  𝛽2𝑖 𝛽3𝑖 

1 1 8 2 

2 0.90 8.10 1.90 

3 0.95 7.95 2.10 

4 1.10 8.13 2.05 

5 1.05 8.05 1.92 

6 1.92 7.93 1.95 
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Table 3.4: Covariance matrix G of random effects in Example 2 

1 0.950 0.935 0.861 0.928 0.853 

0.950 1 0.97 0.823 0.955 0.807 

0.935 0.970 1 0.846 0.939 0.835 

0.861 0.823 0.846 1 0.858 0.971 

0.928 0.955 0.939 0.858 1 0.849 

0.853 0.807 0.835 0.971 0.849 1 

 

 

Figure 3.5: A randomly simulated 6-variate profile in Example 2. 

 

Figure 3.6: A randomly simulated profile level in Example 2, without noise (left) and with noise 

added (right). 

In this example, 𝑀 =  20  samples are generated for the six-variate profile level. A 

simulated sample is generated randomly and shown in Figure 3.5. We can see the nonstationarity 

throughout the range among these profile levels. Also, a random profile level without noise and 
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with noise sample is shown in Figure 3.6. For the REC approach, the number of boundaries and 

internal knots are chosen as eight and seven, correspondingly. The size of the random effects for 

each level is taken as Si = 11 for the REC framework. Now, TREC = 11.39 sec and TMGP = 11.63 sec 

represent the modeling time for the REC and MGP approaches, respectively. The computational 

time is comparable for both models since the number of observations considered for this approach 

is similar to the number of control points. For REC, the covariance size is 𝑆𝑖𝐾 × 𝑆𝑖𝐾 = 66 × 66 

whereas, the size for the MGP covariance is  𝑁𝑖𝐾 × 𝑁𝑖𝐾 = 102 × 102. The advantages in the 

computational area will be more visible with the increase in dimensionality.  

For this example, noise-free observations are fitted at first followed by noisy observation 

fitting. The noise-free deterministic observations are shown in Figure 3.5. The model fitting for 

the REC and MGP is shown for these observations in Figure 3.7. The nonstationary effects cause 

the MGP with stationary covariance fitting inadequate. The MGP framework is not capable of 

handling the sudden changes in the curve in this example.  The proposed REC framework 

satisfactorily fits the nonstationary data over the entire regions due to its nonstationary property in 

the covariance.  

For the noisy observation training, the performance of the MGP and REC does not change 

much except that MGP fitting tries to fit the noise and shows less waviness as shown in Figure 

3.8. The noise term in the MGP partly explained the variation in the data and MGP fitting is 

inadequate for this example. The RMSE plot shown in Figure 3.9 confirms the REC model fitting 

superior advantage again compared to MGP fitting. In Figure 3.10, the model estimated error 

variances are shown and if we compare them with the true error variance of 0.065, we can see that 
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MGP significantly overestimates the noise variance. This is because of its lack of fittings to these 

considered profile levels. On the other hand, REC estimated noise variance is almost accurately 

similar to the error variance. This demonstrates the REC's capability to model nonstationary data 

without overfitting the noise.  

 

Figure 3.7: Fitting results of MGP and REC along with deterministic observations of a random 

sample from Example 2. The solid line represents the test function. The (*) are the training 

observations, dashed and dotted dashed lines are the REC and MGP fitting value 
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Figure 3.8: Fitting results of MGP and REC along with noisy observations of a random sample 

from Example 2. The dots are the noisy test observations, dashed and dotted dashed lines are the 

REC and MGP fitting values, respectively. 

 

Figure 3.9: RMSE boxplot of predictive accuracy for Example 2 (noisy data). 

 

Figure 3.10: Boxplot of the model estimated error variance; the dashed horizontal line represents 

the noise variance for Example 2. 
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3.4.2   Investigation of Knot’s Optimal Location Selection 

An important property of spline-based formulation is the placement of knots. As described 

previously, the knot number is calculated from Eq. (3.9). More knots should be placed in the 

location where the curve needs more fluctuation, on the other hand too many knots may cause 

overfitting. For the flat regions, the knot number should be kept few. In the proposed approach, 

the knots’ locations are optimized in the MLE approach. Most of the current research takes the 

equidistant knots’ location which does not reflect the required flexibility of the data. Optimizing 

the knot’s location brings extra flexibility to the proposed model’s covariance. To avoid overfitting, 

a previously mentioned constraint needs to be satisfied. Two examples are considered in this 

section to demonstrate the importance of knots’ location optimization. 

Example 3 

A trivariate profile level data are generated based on the following equations: 

𝑦1 = 𝛽11𝑥
3 cos(2𝑥) + 𝛽12 sin(1.4𝑥) exp(√𝑥) + 𝛾10 + 휀1 

                               𝑦2 = 𝛽21𝑥
3 cos(2.1𝑥) + 𝛽22 sin(1.6𝑥) exp(√𝑥) + 𝛾20 + 휀2                                

                   𝑦3 = 𝛽31𝑥
3 cos(2.15𝑥) + 𝛽32 sin(1.5𝑥) exp(√𝑥) + 𝛾30 + 휀3.                              

The measurement error 휀𝑖 is iid and follows 𝑁(0,100). In Table 3.5, the fixed effect coefficients 

are given.  
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Table 3.5: Fixed effect coefficients in Example 3 

𝛽10 𝛽20 𝛽30 𝛽11 𝛽21 𝛽31 

0.21 0.22 0.23 -0.7 -0.73  -0.72 

The random effects 𝛄 = [𝛾10, 𝛾20, 𝛾30]
𝑇, which are following 𝑁(𝟎,𝐆) where 𝐆 is a 3 ×  3 

covariance matrix described in Table 6. 

Table 3.6: Covariance matrix G of random effects in Example 3 

1 0.874 0.875 

0.874 1 0.974 

0.875 0.974 1 

 

 

Figure 3.11: Illustration of REC fitting for a typical trivariate profile generated in Example 3. Dots 

are observations on profiles, dashed lines are model fitted values, and the vertical lines at the 

bottom indicate locations of knots. At both ends, there are four boundary knots.  

The observations from these trivariate profiles are taken as, 𝑁 = 50  (note that 𝑁1  =

 𝑁2  =  𝑁3  =  𝑁 ) equally over the region of [0,7]. For this example, 𝑀 = 50  samples are 

generated where each of these samples contains a trivariate profile of 150 total observations. The 
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boundary and internal knots are assigned as 8 and 12, respectively. Because of the similarity 

between these profile level data, the locations of the same knots  are used for this example. In 

Figure 3.11, randomly simulated samples are shown for the trivariate profile with the REC fittings. 

From there, it can be seen that the proposed approach fits adequately the profile level data where 

the vertical bars represent the knots’ position. We can see from there that for the region [4,7] more 

knots are placed because of the more relative fluctuations of the curves. On the other hand, for the 

region [0, 4] the curves behave relatedly flat, and fewer knots are automatically assigned there. 

Example 4 

Similar to the previous example, trivariate profile level data are considered from the following 

equations: 

𝑦1 = 𝛽10 + 𝛾10 − 3𝛾11sin(exp(−0.3𝑥)) + 휀1 

      𝑦2 = 𝛽20 + 𝛾20 − 3.1𝛾21sin(exp(−0.31𝑥)) + 휀2 

           𝑦3 = 𝛽30 + 𝛾30 − 3.15𝛾31sin(exp(−0.315𝑥)) + 휀3. 

The range of the input space to observe the data is: [-8.5, 1]. Each of these profiles has 𝑁 = 50 

observations and it is the same for all trivariate profiles with 𝑀 =  50  observations. The fixed 

effects coefficients values are: 𝛽10 = 2, 𝛽20 = 2.3 and 𝛽30 = 1.8. Whereas the random effects 𝜸 =

[𝜸1; 𝜸2; 𝜸3]~𝑁(𝟎, 𝐆), Note that, 𝜸𝑖 = [𝛾𝑖0, 𝛾𝑖1]
𝑇, and the random error term 휀𝑖~𝑁(0,0.25). The 

size of the covariance matrix is 6 ×  6 with the structure as given  in Table 3.7: 
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Table 3.7: Covariance matrix G of random effects in Example 4 

1 0.834 0.858 0.763 0.837 0.798 

0.834 1 0.849 0.860 0.851 0.856 

0.858 0.849 1 0.845 0.849 0.847 

0.763 0.860 0.845 1 0.858 0.880 

0.837 0.851 0.849 0.858 1 0.854 

0.798 0.856 0.847 0.880 0.854 1 

Figure 3.12 shows one of the randomly simulated samples with REC model fittings for each of the 

trivariate profiles. The profile level data are varying significantly in the region [-8.5, -5] and more 

knots are automatically assigned in this region. The number of knots used here is similar to 

Example 3. 

 

Figure 3.12: Illustration of REC fitting for a typical curve generated in Example 4. Dots are 

observations on curves, dashed lines are model fitted values, and the vertical lines at the bottom 

indicate locations of knots. At both ends, there are four boundary knots. 

3.5   Case Study 

Zeng and Chen (2015) introduced low-E glass transmission profile data which was originally taken 

from US manufacturers. The energy-efficient low-E glass is getting popular in the glass industry 

and is manufactured with solid materials like metal, metal nitride, and metal oxide deposition on 
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the glass surface to improve its optical and thermal performance. Such kind of deposition will 

reflect 90% of the IR (Infrared Radiation), which is harmful. Thus, the significance of low-E glass 

manufacturing has increased recently in a tremendous manner. In the current inspection setting, 

25 locations on each glass are selected as the IP (Inspection Point). Each of the IPs generates 

optical transmittance profile level data. The dataset mainly consists of 25 IPs at 192 glass panels. 

Hence, 𝐾 = 25 variate transmittance profiles with 𝑀 = 192 samples exist in the dataset. Figure 

3.13 shows  these 25 profile-level data. 

 

 

Figure 3.13: Observed 25 transmittance profiles for a glass panel. 
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Figure 3.14: 25 centered profiles from a glass panel. Different regions of the wavelength spectrum 

represent different colors of light. 

The mean of each profile level is subtracted from its observations, thus centered profile 

levels are used  for the modeling as shown in Figure 3.14. For simplicity, only 5 systematically 

(every 5th profile level, hence 5th, 10th,15th, 20th, and 25th profiles are chosen) chosen profiles are 

selected out of 25 profiles. The nonstationarity in these profile level data over the entire region is 

visible as the statistical property of these data is changing. The proposed REC approach is built to 

handle this kind of nonstationarity through its covariance. Both ends of the profile are tempered 

with elevated error as shown in Figure 3.14. Thus, only the wavelength from 450-1000nm range 

profile data is considered for the modeling as shown in  Figure 14. Li et al. (2018) used only half of 

the observed location in the MGP modeling approach because of the ill-conditioned covariance 

matrices generation with high dimensional data. This is a common problem in GP-based 

formulation. For the REC approach, as shown in Eq. (3.10), the inversion depends on the 

dimension of the random effects, not the observation, the REC approach is not exposed to this 

problem. The issue is severely amplified for the MGP approach with larger densely sampled 
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observed locations added. REC approach is much simpler and numerically stable compared to the 

MGP approach. The number of observations  considered in this example is 𝑁i = 111 over the range 

450-1000nm. In Figure 3.16, 30 out of 192 samples for each of the selected five variate profile 

level data are shown. 

 

Figure 3.15: Illustration of 30 samples of the multivariate profiles for testing, each containing five 

profile levels (the 5th, 10th, 15th, 20th, and 25th from the original 25 profiles) observed over 450-

1000nm. 

In addition to the numerical instability, the MGP approach (Li et al., 2018) considered a 

stationary covariance function. We can see from Figure 3.15, that the profile level data are 

changing abruptly and stationary covariance is used to model the homogenous section of the curve. 

For example, for the region, 450nm-620 nm homogenous section, Li et al. (2018) modeled the 

profile level data with a stationary covariance. Incorporating a nonstationary covariance in the 
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MGP setting is infeasible as it will require more computational resources with lots of added 

parameters. Both REC and MGP models will be fitted in the current data setup.  For the fixed part 

modeling, a constant term is considered for both MGP and REC approaches. 

In Figure 3.16, some typical REC fittings are shown. Different profile level data are marked 

differently. We can see from these fitting that for each of these random samples, REC consistently 

fits these observations satisfactorily. The knot's location is optimized based on the required 

flexibility in the data and the nonstationarity capability in the modeling approach helps to capture 

the right trend in these sudden and abrupt changes in the data. Figure 3.17 shows the MGP fittings 

on some typical samples. As expected, the stationary MGP model is not performing consistently 

well in all these samples due to the lack of flexibility. The runtime for the REC and MGP 

approaches is 9.23 sec and 209.86 sec, respectively. Thus, REC  outperforms the MGP model 

both in terms of accuracy and efficiency for this setup. 
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3.6   Chapter Summary 

In this chapter, we propose a novel ISM framework for profile-level data modeling, one of the 

SPC applications. The proposed LME with GP control B-spline is capable of handling complexities 

related to profile modeling  applications. Compared to conventional approaches like MGP, LME-

P, and LME-B, the proposed approach           (REC) outperformed all of these methods both in terms of 

accuracy and resources requirement. The flexibility of random parts in the REC framework helps 

Figure 3.16: REC fitting results for four multivariate profile samples, each with five profile levels. 

Dots denote observed data points (.: profile level 1, o : profile level 2, ♦ : profile level 3, ★ : profile 

level 4, + : profile level 5), solid lines represent model fittings. 
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the model to capture the nonstationarity across the input space. Allowing the knots to be optimized 

in the modeling brings more flexibility to the proposed approach. Compared to the conventional 

nonstationary MGP approach, REC gives nonstationary properties without adding too many 

parameters to the modeling schema. 

 Figure 3.17: MGP fitting results for four multivariate profile samples, each with five profile levels. 

Dots denote observed data points (.: profile level 1, o : profile level 2, ♦ : profile level 3, ★ : profile 

level 4, + : profile level 5), solid lines represent model fittings. 

To model the multivariate profile with larger profile levels, a pairwise estimation strategy 

(Li et al. (2016)) can be deployed. Although this chapter is dedicated to the modeling of the profile 

level data, it is straightforward to extend this framework for profile monitoring applications. 

Ultimately profile monitoring will be used to diagnose the stability of the process and thus expose 

the variations if any exist in the ongoing process. Other post-modeling tools in SPC such as control 

charts later can be developed based on the proposed profile framework. 
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Chapter 4 

Random-Forest with Multi-fidelity Gaussian 

Process Leaves for the Discovery of Novel 

Material Oxides  

4.1   Introduction 

With the advancement of technology, demand for more complex engineering applications has 

emerged in material science. To meet the demand for these applications, new kinds of materials 

are needed for better performance more than ever. Also, to tackle the energy issue and 

environmental aspects and new characteristics of materials are needed. The traditional pipeline for 

the material discovery is too slow and resource exhaustive since it is not possible to know prior if 

experimental material will have the desired properties. Another problematic issue in this regard is 

the requirement of a large amount of data to identify the right material and its functionality. The 

studies of novel materials are mainly conducted related to inorganic, organic, and hybrid materials. 

To understand the properties and the functionality across the input space of the materials, a more 

conclusive study needs to be conducted. To model the problem, a collaboration of material science, 

physics, chemistry, statistics, and computer science knowledge is required.  

Among the materials often used are oxides. Oxide particles show a range of functionality 

from high-temperature superconductivity to magnetoresistance and multiferroic, making oxides 

ideal candidates for many technological solutions in the current world (Finegan et al., 2021). 
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Oxides have more degree of freedom to properties unlike their semiconductor counterparts at the 

molecular level (Feng et al., 2021). These properties can be exploited to create new kinds of 

unexplored behaviors. The molecular orbital of the oxides atoms plays a strong role in the material 

properties and is affected due to strain, magnetic and electrical fields. This creates room for new 

functionality of the oxides by turning their molecular structure. Novel phenomena are constantly 

being developed to understand the oxide structures. The key research applications in this direction 

are environment, health, and energy. The focus of the study would be energy applications. In the 

area of energy, by turning the valence bands and the position of the conduction, we can use 

materials in CO2 sequestration, photocatalysis, or water splitting (Ogale et al., 2013). The limiting 

factor of these energy applications regarding the material feasibility of deployment is the chemical 

stability of the material. Because of the relatively stable property in the corrosive environment, 

oxides are the best.  

The traditional experimental and theoretical methods are often inefficient and time 

consuming as the requirement of significant progress in chemical logic and serendipity. It is 

roughly estimated that the time frame for the discovery of a novel material until its first use can be 

10-20 years long in the traditional pipeline (Liu et al, 2017). The two most conventional 

approaches for material discovery are computer simulation and experimental measurement. Owing 

to the theoretical foundation and experimental conditions, there are inherent limitations of both 

these methods to accelerate the material search. Experimental measurement, which is based on 

property analysis and measurement, microstructure and synthetic experiments, is a comparatively 

easier method to conduct. However, the inefficient implementation over a long period and high 
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requirements for equipment, experimental environment, and experts have made it inefficient (Lee 

& Van der Werf, 2016).  The other popular approach, computational simulation, is based on 

electronic structure calculations such as molecular dynamics (Adler et al., 1959; Rahman,1964), 

density functional theory (Hohenberg et al., 1964; Kohn et al., 1965), phase-field method 

(Steinbach et al., 2009; Chen et al., 2002), Monte Carlo techniques (Baumgärtner et al., 2012; 

Baumgartner et al., 2012), and continuum approach which is based on exploiting existing theory 

by computer programs. The computational simulation requires less amount of time to discover 

novel material, however, the method’s high dependency on microstructure at the molecular level, 

high-performance experiment, and large computing clusters to run the computer simulation has 

made it difficult to implement (Finegan et al., 2021; Finucane et al., 2007; Geng et al., 2015).  

Given the limitation of both experimental measurement and computational simulation, 

both of these approaches are incapable of addressing the emerging needs of novel material oxide 

discovery. Material Genome Initiative (MGI) was introduced in 2011, to store the data of materials 

and their properties extensively, making it easier for the material science community to collect 

(MGI, 2021). With this initiative, machine learning modeling comes into the picture which can 

model the material properties and complex physical factors. Suzuki et al. (2020) proposed a fast 

approach with a recommendation framework for lithium-ion conducting oxides. Hautier et al. 

(2010) devised an approach of combination of machine learning and density functional theory to 

find novel ternary oxide compounds. Goldsmith et al. (2018) used machine learning for 

heterogeneous catalyst discovery. Liu et al. (2020) proposed to apply machine learning to discover 

rechargeable battery materials. Antoniuk et al. (2021) discovered materials for ultra-bright and air-
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stable photocathodes with machine learning and a density functional theory screening approach. 

Given the large experimental time, it is difficult to collect a large amount of data from the 

experiment. Modeling high-dimensional problems, like material discovery, requires a substantial 

amount of data otherwise the machine learning model may overfit and will be inaccurate. With 

that respect, the multi-fidelity framework emerges as an ideal framework in material discovery 

modeling. The multi-fidelity framework takes various ranges of fidelity-based data sources. The 

inexpensive low-fidelity data (LFD) are usually inexpensive to collect and are often generated by 

noisy simulation, equations, or taken from online sources (Finegan et al., 2021). LFD will be 

penalized in the modeling framework based on their deviation of expensive high-fidelity data 

(HFD). Thus, using LFD will compensate for the data scarcity issue in the HFD in the model. 

Pilania et al. (2017) and Patra et al. (2020) used the cokriging-based multi-fidelity model to predict 

the bandgap of the material. The bandgap is an important electronic property that acts as an ideal 

candidate for searching for appropriate material in any application. Another important aspect of 

the material's physical and chemical structures across the high-dimensional input space is the 

prediction of bandgap of the material. Materials tend to create clusters across the high dimensional 

space based on the physical and chemical properties. We need to consider the space partitioning 

algorithm while modeling the material bandgap data. None of the existing methods deal with the 

partitioning features of the material in their proposed approaches. 
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4.2   Multi-fidelity Modeling Framework 

With the advancement of computational science, data-driven approaches are gaining attention in 

recent years. One of the approaches that are taking center stage is the concept of transfer learning, 

which is effective in enhancing performance when it is expensive to collect sufficient training data 

and is becoming popular in machine learning communities (Pan et al., 2010). The knowledge is 

transferred from relevant auxiliary sources with the focus to improve the performance of a target 

task. One of the popular ways to transfer knowledge is by learning the task collectively, which is 

also known as multi-task learning. The multi-task learning approach can transfer information in 

both directions which is irrelevant and computationally burdensome in some situations. One of the 

subsets of multi-task is the multi-fidelity modeling that exploits the Markovian structure and flows 

information in one direction which is from low- to high-fidelity (Brevault et al., 2020).  

With multi-fidelity modeling, one can transfer knowledge from the inaccurate models with 

low computational cost to a small set of high-fidelity observations and enhance the high-fidelity 

model’s accuracy. By injecting information from the various low-fidelity data (LFD), we can gain 

a significant amount of performance gain which is seemingly impossible if we consider only a few 

high-fidelity data (HFD). The modeling framework efficiently captures the cross-correlations 

between various fidelity and allows us to tackle the problem of collecting data for a 

computationally exhaustive high-fidelity model. Craig et al. (1998) first proposed the linear 

regression-based multi-fidelity model. Cumming et al. (2009) introduced the Bayes linear 

formulation of the multi-fidelity model. These models are based on linear regression and are 

computationally cheap but ultimately suffer from a lack of accuracy. Peherstorfer et.al. (2018) 
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reviewed recently the multi-fidelity modeling approach in detail along with the uncertainty 

quantification, prediction, and optimization. Other extensive studies on multi-fidelity modeling 

can be found in Forrester et al. (2008), Perdikaris and Karniadakis (2016), and Perdikaris et al. 

(2016).  

The classical autoregressive multi-fidelity Gaussian process (MFGP) was proposed by 

Kennedy and O’Hagan. Later, Gratiet (2013) extended this version with a recursive formulation. 

The recursive MFGP is efficient compared to classical MFGP. Fitting an h-level MFGP model on 

average takes the same amount of time to fit an h-level independent GP model. For ease of 

explanation, we will demonstrate the modeling framework for two levels which can be easily 

extended for the h-level. Though the recursive version in Eq. (4.1) was initially introduced for the 

noiseless situation, it can be easily extended for the noisy data also. Let us consider the high-

fidelity locations at 𝐗ℎ = [𝐱1ℎ, 𝐱2ℎ, … , 𝐱𝑛ℎℎ], the measurement of  𝐲ℎ = [𝑦1ℎ, 𝑦2ℎ, … , 𝑦𝑛ℎℎ] are 

observed. As for the low-fidelity locations at 𝐗𝑙 = [𝐱1𝑙, 𝐱2𝑙, … , 𝐱𝑛𝑙𝑙], the measurement of  𝐲𝑙 =

[𝑦1𝑙, 𝑦2𝑙 , … , 𝑦𝑛𝑙𝑙] are observed. Note that, a nested design structure is considered for the observed 

location (𝐗ℎ ⊆ 𝐗𝑙), where 𝐱𝑖ℎ, 𝐱𝑗𝑙 ∈ ℝ
𝑑  and 𝑦𝑖ℎ, 𝑦𝑗𝑙 ∈ ℝ. The nesting structure can be violated 

with a few changes in the model and is done simply for ease of calculation. The overall output can 

be written as: 𝐲 = [𝐲ℎ; 𝐲𝑙]. The noisy version of the recursive MFGP can be written as: 

                                 {
𝑌ℎ(𝐱) = 𝛼(𝐱)�̃�𝑙(𝐱) + 𝜆(𝐱) + 휀(𝐱)  

𝛼(𝐱) = 𝐟𝛼
𝑇(𝐱)𝛃𝛼,

                                                               (4.1) 
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where 𝑌𝑙(𝐱) ∼ 𝐺𝑃(𝐟𝑙
𝑇(𝐱)𝛃𝑙, 𝐶𝑙(𝐱, 𝐱

′))  and 𝜆(𝐱) ∼ 𝐺𝑃 (𝐟𝜆
𝑇(𝐱)𝛃𝜆, 𝐶𝜆(𝐱, 𝐱

′)) . The measurement 

error 휀(𝐱) is following iid with 𝑁(0, 𝜎2). At first, the LFD is fitted with a single fidelity GP: 𝑌𝑙(𝐱). 

During the LFD model fitting, the parameter 𝛃𝑙 and 𝜎𝑙
2 are being evaluated. The HFD conditional 

GP �̃�𝑙(𝐱) =  [𝑌𝑙(𝐱)|𝐲𝑙, 𝛃𝑙 , 𝜎𝑙
2]  is conditioned on 𝐲𝑙  and estimated parameters 𝛃𝑙 and 𝜎𝑙

2 . Also, 

𝜆(𝐱) ⊥  �̃�𝑙(𝐱) . The regression terms 𝐟𝛼(𝐱), 𝐟𝜆(𝐱)   and 𝐟𝑙(𝐱)  are vectors of 𝑞𝛼 , 𝑞𝜆  and 𝑞𝑙 

dimension whereas the associated coefficients are 𝛃𝛼 = [𝛽𝛼1; … ; 𝛽𝛼𝑞𝛼] ,  𝛃𝜆 =

[𝛽𝜆1; … ; 𝛽𝜆𝑞𝜆
] , and 𝛃𝑙 = [𝛽𝑙1; … ; 𝛽𝑙𝑞𝑙  

], respectively. The covariance function of the LFD GP is: 

𝐶𝑙(𝐱, 𝐱
′) = 𝜎𝑙

2𝑟𝑙(𝐱, 𝐱
′) and for the HFD, the covariance is: 𝐶𝜆(𝐱, , 𝐱

′) = 𝜎𝜆
2𝑟𝜆(𝐱, 𝐱

′). The terms 𝜎𝑙
2  

and 𝜎𝜆
2 represent the process variance whereas the 𝑟𝑙(𝐱, 𝐱

′) and 𝑟𝜆(𝐱, 𝐱
′) represent the correlation 

function for the LFD and HFD, correspondingly. The fundamentals of the MFGP framework are 

based on the Markov assumption which means if we know 𝑌𝑙(𝐱), then nothing can be learned from 

𝑌𝑙(𝐱
′) about 𝑌ℎ(𝐱), given that 𝐱 ≠ 𝐱′. In terms of calculating the runtime complexities, most of 

the cost will be distributed in inverting the covariance of the GP calculation. The dimension for 

the HFD covariance of the classical MFGP is ((𝑛ℎ + 𝑛𝑙) × (𝑛ℎ + 𝑛𝑙)) whereas for the recursive 

MFGP, the dimension is reduced to (𝑛ℎ × 𝑛ℎ). Given the fact that it takes on average O(𝑛3) to 

invert a GP covariance with n observations, the recursive formulations save a lot of computational 

resources. This efficiency is more important in our modeling formulation where MFGP is required 

to be fitted many times. The prediction mean and variance for the HFD and LFD are shown below 

where subscripts ‘h’ and ‘l’ denote the high and low-fidelity-based prediction and ‘m’ and ‘S’ 

represent the mean and the variance of the predictions, respectively. The high-fidelity model can 

be written as: 
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[𝑌ℎ(𝐱)|𝐲, 𝛃𝜆, 𝛃𝛂, 𝜎ℎ
2] ∼ 𝑁(𝑚𝑌ℎ

(𝐱), 𝑆𝑌ℎ
2 (𝐱)), 

where  

𝑚𝑌𝑙
(𝐱) = 𝐟𝑙

𝑇(𝐱)𝛃𝑙 + 𝐫𝑙
𝑇(𝐱)𝐑𝑙

−1(𝐲𝑙 − 𝐅𝑙𝛃𝑙) 

𝑆𝑌𝑙
2 (𝐱) = 𝜎𝑙

2(1 − 𝐫𝑙
𝑇(𝐱)𝐑𝑙

−1𝐫𝑙(𝐱)) 

𝑚𝑌ℎ
(𝐱) = 𝛼(𝐱)𝑚𝑌𝑙

(𝐱) + 𝐟𝜆
𝑇(𝐱)𝛃𝜆 + 𝐫𝜆

𝑇(𝐱)𝐑𝜆
−1(𝐲ℎ − 𝛼(𝐗ℎ)ʘy𝑙(𝐗ℎ) − 𝐅𝜆𝛃𝜆) 

                               𝑆𝑌ℎ
2 (𝐱) = 𝛼2(𝐱)𝑆𝑌𝑙

2 (𝐱) + 𝜎𝜆
2(1 − 𝐫𝜆

𝑇(𝐱)𝐑𝜆
−1𝐫𝜆(𝐱)).                                   (4.2) 

 

The ʘ represents the element-wise multiplication or the Hadamard product. The correlation matrix 

for the LFD and HFD are in the following forms: 𝐑𝑙 = {𝑟𝑙(𝐱, 𝐱
′); 𝐱, 𝐱′ ∈ 𝐗𝑙}  and 𝐑𝜆 =

{𝑟𝜆(𝐱, 𝐱
′); 𝐱, 𝐱′ ∈ 𝐗ℎ} , respectively, given that 𝑟𝑙

𝑇(𝐱) = {𝑟𝑙(𝐱, 𝐱
′); 𝐱′ ∈ 𝐗𝑙} , 𝑟𝜆

𝑇(𝐱) =

{𝑟𝜆(𝐱, 𝐱′); 𝐱′ ∈ 𝐗ℎ}. The above formulation is mainly based on the fact that we are considering a 

nested data structure (𝐗ℎ ⊆ 𝐗𝑙). In the real world, we may have a data set design that violates the 

nested design. Gratiet (2013) discussed two such situations where 𝐗ℎ ⊈ 𝐗𝑙. These are partially 

nested  (𝐗ℎ⋂𝐗𝑙 ≠ ∅)  and non-overlapping (𝐗ℎ⋂𝐗𝑙 = ∅) . For the first case, there may be a 

situation where we have few data points to do the modeling. There will be a huge loss of 

information by disregarding a lot of non-overlapping data. Thus, in both of these situations, the 

non-overlapping modeling solution is preferable which utilizes all the data in both HFD and LFD. 

The details of these model formulations are tedious and can be found in Gratiet (2013).  
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4.3   Random Forest Incorporated MFGP Model 

The MFGP model with a stationary covariance function is not sufficient to handle the 

heterogeneity behaviors across the input space for the considered material science problem. Using 

nonstationary covariance in the MFGP formulation can be an expensive solution (Stroh et al., 

2016; Ghosh et al., 2021). Expensive in the sense that nonstationary covariance will introduce a 

lot of unknown parameters into the model. However, these covariances may not have enough 

flexibility as required in problems like materials discovery. One possible solution for clustering 

across the space is partitioning the input space into a homogenous subspace. After that using a 

stationary covariance function should suffice. Gramacy et al. (2004) proposed a GP model with 

Bayesian tree formulation. In the proposed framework, a similar approach is used, where we use 

tree-based partitions to split the heterogeneous data into more homogenous clusters and apply an 

MFGP model to each of these clusters. This modeling framework is much simpler than the global 

MFGP with nonstationary covariance. As for the tree partitioning algorithm, we use Random 

Forest (RF) (Breiman, 2001) framework. The reason for choosing the RF framework is due to its 

lower prediction variance and thus less overfitting and improved prediction over a single tree and 

other ensemble frameworks.  

The modeling framework will first fit the model with LFD. The fitted low-fidelity model 

will be stored and used in the later phase of the modeling. At each node of the considered binary 

tree, we fit the model with HFD (Eq. (4.1)) by using the low-fidelity model. The proposed approach 

is named the RF incorporated MFGP model (RF-MFGP). The HFD at the parent node (RC) will 

be partitioned into two child nodes based on an evaluation metric. We use Mean Squared Error 
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(MSE) as our evaluation metric. For example, a predictor 𝑥𝑗 ∈ 𝐱 will be split on value s into two 

regions  𝑅𝐶1  and 𝑅𝐶2, defined by 𝑥𝑗  ≤  𝑠  and 𝑥𝑗  >  𝑠 . Let's assume, the number of HFD in 

regions 𝑅𝐶1 and 𝑅𝐶2 are 𝑛𝑅𝐶1 and 𝑛𝑅𝐶2, respectively. Also, the total number of HFD at the parent 

node RC is 𝑛𝑅𝐶 = 𝑛𝑅𝐶1 + 𝑛𝑅𝐶2 . The MSE for node 𝑅𝐶1  is 𝑒1 = ∑
(𝑚𝑌ℎ

(𝐱𝑖)−𝑦ℎ𝑖)
2

𝑛𝑅𝐶1

𝑛𝑅𝐶1
𝑖

, where 

(𝐱𝑖, 𝑦ℎ𝑖)  is located in the region 𝑅𝐶1  as the ith high-fidelity data point, and 𝑚𝑌ℎ
(𝐱𝑖) is the 

predicted 𝑦ℎ𝑖 from the fitted RF-MFGP model in the parent node (RC). Similarly, the MSE 𝑒2 at 

the child node 𝑅𝐶2 can be calculated. The objective function would be to minimize 
𝑛𝑅𝐶1𝑒1+𝑛𝑅𝐶2𝑒2

𝑛𝑅𝐶
. 

A recursive partitioning of a typical tree is shown in Figure 4.1. The termination of the splitting 

process depends on the predefined depth of the tree or the minimum sample length at a node. There 

are some hyperparameters in the model that need to be tuned. Some of the possible tunning 

approaches will be discussed later. 

The prediction of 𝑦𝒉(𝐱
∗) at a descriptor 𝐱∗ at a single tree will produce its output from a 

predictive distribution from the MFGP model (Figure 4.2). Let's assume that we have K number 

of trees in the RF model.  Each of these trees is fed with bootstrapped samples or samples with 

replacement. For a single prediction, there will be K number of predictive distributions from the 

RF-MFGP model. We adopt a weighted average instead of a simple average from these predictive 

distributions. We aggregate these trees in the final prediction based on the Product of Expert (PoE) 

(Chen et al., 2009). The final predictive distribution for the high-fidelity model 𝑦ℎ
∗ = 𝑦ℎ(𝐱

∗) is 

based on these K predictive distributions and can be written as: 

𝑝(𝑦ℎ
∗|𝑀) ∝  ∏ 𝑝(𝑦ℎ

∗|𝑀𝑘)
𝐾
𝑘=1 ,                                                 (4.3) 
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The terms 𝑚
𝑦ℎ
∗
(𝑘)

 and (𝑆
𝑦ℎ
∗
(𝑘)
)2 represent the mean and variance for the kth predictive distribution 

𝑝(𝑦ℎ
∗|𝑀𝑘) as defined in Eq. (4.4). The mean and variance for the final predictive distribution 

𝑝(𝑦ℎ
∗|𝑀) will be: 

𝐸(𝑦ℎ
∗) = 𝑉𝑎𝑟(𝑦ℎ

∗)∑𝑚
𝑦ℎ
∗
(𝑘)

𝐾

𝑘

 (𝑆
𝑦ℎ
∗
(𝑘)
)−2 

                                              𝑉𝑎𝑟(𝑦ℎ
∗) = (∑ (𝑆

𝑦ℎ
∗
(𝑘)
)−2𝐾

𝑘=1 )
−1

,                                               (4.4) 

respectively. From Eq. (4.4), we can see that models with a larger predictive variance will 

contribute less to the final prediction. The pseudocode of the proposed approach is shown in Figure 

4.3. 

Figure 4.1: Illustration of a regression tree in the proposed RF-MFGP model. 

𝑥𝑖1 ≥ 𝑆1

𝑥𝑖2 ≥ 𝑆2 𝑥𝑖2 < 𝑆2

𝑥𝑖1 < 𝑆1

𝑥𝑖3 ≥ 𝑆3 𝑥𝑖3 < 𝑆3
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Figure 4.2: Prediction for an input 𝐱∗ from the RF-MFGP model 
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Figure 4.3: Pseudo-code of the proposed RF-MFGP model. 

We use the Maximum Likelihood Estimation (MLE) approach to estimate the parameters 

in the MFGP model in the proposed RF-MFGP model. Bayesian estimation procedure can also be 

deployed as suggested by Gratiet (2013). With a non-informative prior, Bayesian estimation is 

similar to the MLE for the MFGP parameters.  The hyperparameters such as tree depth, number of 

trees, minimum data points at a node, number of features randomly selected for the partition steps, 

etc. of the RF part of the RF-MFGP model can be tuned by methods like cross-validation, grid 
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search, or random search approaches.    

4.4   Simulation Study 

We compare our proposed approach (RF-MFGP) with four other competing methods. We consider 

two examples in this section. Example 1 demonstrates the capability of the RF-MFGP model to 

capture the heterogeneities across the input space. We incorporate noiseless observations for a 

better interpretation of the model performance. Example 2 consists of a large number of descriptors 

with noisy observation for a better understanding of the model performance in real-world 

applications. We also incorporate uncertainty quantification in these simulation examples. The 

following four methods are considered for the comparisons: 

(a) single-fidelity GP based on the HFD, 

(b) RF regression based on the HFD (Breiman, 2000), 

(c) RF incorporated GP (RF-GP) based on the HFD,    

(d) a global (unpartitioned) MFGP model (Gratiet, 2013) built on the multi-fidelity data. 

The first three methods are utilizing only HFD and do not exploit the LFD information similar to 

many of the existing machine learning models. Only the global MFGP and the proposed RF-MFGP 

approach consider the LFD. All of the simulation examples and case studies are considered with 

two fidelities.  
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4.4.1   Example 1 

In this example, two different sets of equations are considered for two fidelities of data. The entire 

input space is partitioned into four regions and each of its regions has a different curve thus the 

data overall behaves differently in different regions. This example aims to accurately reconstruct 

the high-fidelity curves. We consider limited amounts of HFD and a large amount of LFD. The 

extended version with noisy observations can be easily extended for this example. The LFD is 

generated from: 

 𝑦1(𝑥) = {

exp (𝑥),                     0 ≤ 𝑥 < 1

𝑥2,                               1 ≤ 𝑥 < 2
5cos (exp(𝑥)), 2 ≤ 𝑥 < 3
0.5,                              3 ≤ 𝑥 < 4

 

and the HFD is generated from: 

𝑦2(𝑥) = {

1.3exp (𝑥),             0 ≤ 𝑥 < 1
cos (3𝑥),                 1 ≤ 𝑥 < 2

4cos (exp(𝑥)),       2 ≤ 𝑥 < 3
 0.3.                           3 ≤ 𝑥 < 4

 

We sample 3 high-fidelity samples from the 13 low-fidelity samples from each region. A nested 

data structure is considered. Thus, in total, we have 12 HFD and 53 LFD. We consider 400 random 

HFD from each of the four high-fidelity test functions which do not overlap with the training set. 

In total thus, we have 1600 testing points which we use to calculate the model’s performance in 

terms of root mean squared error (RMSE). Figure 4.4(a) demonstrates high-fidelity and low-

fidelity functions along with the training observations. From these curves, we can see that the LFD 
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and HFD are correlated and they both have heterogeneity. We consider a single tree for the RF-

based GP and MFGP models and call them the GP tree and the MFGP tree, respectively. For the 

covariance function, we consider the matérn covariance function, and first-order regression terms 

are used for GP-based models. 

(a)                                                               (b) 

Figure 4.4: (a) Low- and high-fidelity functions in Example 1 with training data. (b) A global 

(stationary) GP model trained using only the 12 HFD from all four subregions.  

First, a single fidelity-based GP model is used to fit. As shown in Figure 4.4(b), the global 

GP performance is not adequate. The 95% confidence interval is also too wide. Using stationary 

covariance-based GP is not sufficient to capture the nonstationarity across the input space. We fit 

conventional RF and the GP tree model with the HFD. The performance of the RF is shown in 

Figure 4.5(a) which is very poor considering the HFD training point is very low. The performance 

of the GP tree, shown in Figure 4.5(b), is better compared to conventional RF and GP models. GP 

accurately partitions the input space however, due to the lack of enough data in regions [0,1] and 
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[2,3], the predictions are not consistent for these regions. 

                                              

  (a)                                                               (b) 

Figure 4.5: (a) A random forest regression model trained on the 12 HFD. (b) A GP tree trained on 

the 12 HFD. 

 The performance of the global MFGP is visualized in Figure 4.6(a). Although MFGP 

considers both HFD and LFD in the modeling framework, the modeling performance is still not 

good enough to accurately capture the cross-correlation between LFD and HFD. The reflectance 

of the bad performance of the model can also be seen in the wider confidence interval. The 

performance of the MFGP tree model is shown in Figure 4.6(b). The partitioning of the tree is 

accurately similar to the GP tree. However, due to the use of LFD, the MFGP tree accurately 

captures the heterogeneity across the input space in the HFD by transferring information from the 

LFD. In some regions, the prediction confidence interval seems comparatively higher. This is since 

more data are needed in these regions for the model to be more confident. The easiest solution is 

to incorporate more LFD, which is cheaper to collect in the real world. We extend LFD from 52 

to 200 observations and kept HFD the same (12 observations). Figure 4.7 shows the fitting of the 
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MFGP tree with the 200 LFD and 12 HFD training points. This time the model is more confident 

which is reflected by very narrow confidence intervals.     

 

      
     (a)                                                                       (b) 

Figure 4.6: (a) A global (unpartitioned) MFGP model trained on both LFD and HFD. (b) An MFGP 

tree trained on both LFD and HFD. The vertical lines indicate the x locations where the tree splits 

the input region. 

 

 

 

 

Figure 4.7: A MFGP tree trained based on 12 HFD and 200 LFD 
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We calculate the RMSE based on the 1600 HFD points for all methods in Table 4.1. MFGP 

tree generates the lowest RMSE value. The superiority of the MFGP tree compared to other 

methods is because it uses LFD and has the space partitioning capability.  

Table 4.1: RMSE values for the 1600 test points for all the models trained on 12 HFD and 52 LFD 

Model RMSE 
GP 2.092 
RF 1.765 

GP tree 1.496 
MFGP 0.777 
MFGP 

tree 

0.161 

 

4.4.2   Example 2 

This example aims to demonstrate the adequacy of the proposed approach in higher-dimensional 

data. We consider d=25-dimensional feature vectors with noisy observations. THE LFD with 𝐱 ∈

ℝ25 is constructed based on the following functions: 

𝑦1(𝑥) =

{
 
 
 
 
 

 
 
 
 
 1

100
∑[90(𝑥𝑖

2 − 𝑥𝑖+1)
2
+ (𝑥𝑖 − 2)

2]

𝑑−1

𝑖=1

,                                       0 ≤ 𝑥𝑖 < 1

−3exp

(

 0.22√
1

𝑑
∑𝑥𝑖

2

𝑑

𝑖=1
)

 −
1

10
exp(

1

𝑑
∑cos(2𝜋𝑥𝑖)

𝑑

𝑖=1

) + 3,   1 ≤ 𝑥𝑖 < 2   

 
1

10
∑ [𝑥𝑖

2 − 20cos(2𝜋𝑥𝑖) + 10]

𝑑

{𝑖=1}

,                                                         2 ≤ 𝑥𝑖 < 3 

                

and the high-fidelity observations are constructed from the following functions: 
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      𝑦2(𝑥) =

{
 
 
 
 
 

 
 
 
 
 1

100
∑ [100(𝑥𝑖

2 − 𝑥𝑖+1)
2
+ (𝑥𝑖 − 1)

2]

𝑑−1

𝑖=1

,                                     0 ≤ 𝑥𝑖 < 1

−2exp

(

 0.2√
1

𝑑
∑𝑥𝑖

2

𝑑

𝑖=1
)

 −
1

10
exp(

1

𝑑
∑cos(2𝜋𝑥𝑖)

𝑑

𝑖=1

) + 2, 1 ≤ 𝑥𝑖 < 2

 
1

10
∑ [𝑥𝑖

2 − 10 cos(2𝜋𝑥𝑖) + 10]

𝑑

{𝑖=1}

.                                                       2 ≤ 𝑥𝑖 < 3 

                  

 

Figure 4.8: Five-fold CV RMSE values for all competing models in Example 2. 

A measurement error of 𝜖~𝑁(0,0.25) is added to both of these equations set. As seen from 

the equations, the input space is partitioned into three regions for both HFD and LFD. We use 

Latin hypercube sampling (LHS) (Mckay et al., 2000; Stein et al., 1987) to choose 150 points from 

each of these three regions in the LFD. We then randomly choose 30 observations from each of 

the LFD regions and thus we have 90 HFD observations. Thus, a nested design structure is 

considered in this example also. We use a squared exponential covariance function and a first-

order linear regression term for the GP and MFGP-based models. We consider 10 trees for the RF, 

RF-GP, and RF-MFGP-based trees.  
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The five-fold Cross-validation (CV) RMSE values are shown in Figure 4.8 for each of 

these methods. The performance of the RF-GP and MFGP models are comparable, while GP and 

RF performances are the worst. The RF-MFGP performance again outshines the other methods. 

The superiority of the RF-MFGP model can be easily shown for the high-dimensional problem 

due to the fact of incorporating a rich amount of information from LFD. This compensates for the 

lack of information in the HFD and also homogenous partitioning in the RF-MFGP model 

improves the flexibility.  

We construct the ±3𝜎 predictive intervals for the RF-MFGP model in Figure 4.9. For each 

fold, we construct these plots. From the figure, we can see that most of the true observations are 

located within the upper and lower confidence intervals.  
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Figure 4.9: RF-MFGP ±3σ predictive intervals for some randomly selected high-fidelity validation 

points. Each figure corresponds to one CV fold. “.” represents the predictive mean, “*” represents 

the true value of the high-fidelity test point. 

4.5   Case Study 

We now move our focus to the first case study problem which is predicting the bandgap of the 

material oxides. We also extend another case study that is related to predicting the lift and drag 

coefficient of an airfoil (Burnaev & Zaytsev, 2016) to compare the performance of the RF-MFGP 

model at the different training sample sizes of HFD. 
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4.5.1   Novel Material Oxide Discovery Problem: 

The electronic property, bandgap, of material is used to measure the performance of devices that 

are deployed in applications like solar cells, heterojunction optical devices, etc. Obtaining bandgap 

data can be time-consuming. Data-driven approach thus replacing the traditional experimental 

pipeline with comparable accuracy at a much lower computational time.  

The dataset consists of metal oxides of semiconducting material for power electronic 

applications. The training data are collected from experiments and theoretical computation (based 

on easy and noisy methods) from various sources (Pulz et al., 2021; Persson, 2021).  The verified 

experimental data from the literature is considered as the HFD and computed data from the 

simplified simulated model which is also from the literature is taken as LFD. The search space of 

the material oxides is huge and also involves subgrouping which can be benefited from the space 

partitioning modeling approaches. Incorporating domain knowledge, 20 descriptors are chosen 

from various sources such as a python package pymatgen (Shyue et al., 2013) and the materials 

project Database (Persson, 2021). The HFD data is captured from Zhou et al. (2018), whereas the 

LFD is collected from Pearson’s Crystal Database (Pulz et al., 2022) and the material project 

Database (Persson, 2021) sources. We have in total 500 HFD and 5000 LFD. We use squared 

exponential covariance function and first-order linear regression term for the GP-based models. 

We also consider 10 trees for RF-based models. 

For the model fitting and evaluation, we use a 5-fold CV. In these five-folds, each time we 

train with four folds and used the remaining validation set to measure the performance. Thus, we 
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have a five-fold validation RMSE error in this way. Figure 4.10 shows the 5-fold CV RMSE 

performance based on these validation sets. Similar to the simulation study, single fidelity GP is 

giving the worst performance and the second-worst performing model is the RF. Compared to 

these models, RF-GP and MFGP performance are better. However, RF-MFGP performance is 

superior to the other four methods. This is because RF-MFGP takes into account the LFD 

information in its modeling performance similar to MFGP and also creates homogenous space 

partitioning similar to the RF-GP model. 

 

Figure 4.10: Five-fold CV RMSE values for the bandgap prediction. 

We also construct ±3𝜎 predictive interval produced by the RF-MFGP model. For the five-

fold validation sets, we randomly show 20 out of 100 validation points in Figure 4.11. For most of 

these points, the true observations are almost always located inside the upper and lower interval 

predicted by the model.  
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Figure 4.11: RF-MFGP model performance with ±3σ predictive intervals, means (“.”), and true 

high-fidelity test points (“*”). 

4.5.2   Airfoil Example 

The calculation of lift and drag coefficients of an airfoil under different flight conditions and airfoil 

geometry is crucial. The 52 design variables were reduced to six important variables by Zaytsev 

et al. (2011) with dimensional reduction techniques. The HFD and LFD of these two coefficients 

are generated from two different algorithms. LFD data contains 1996 observations and HFD 

contains 365 observations, and the design structure is nested. 

As for the modeling structure, we use squared covariance, and a first-order linear trend is 

used for the GP-based formulations. For this multi-fidelity data setting, we use 10-fold CV RMSE 



 

 

109 

 

for the performance evaluation for each of these methods. The 10-fold CV RMSE errors for the 

lift and drag coefficients are shown in Figures 4.12(a) and (b), respectively. As expected, for this 

high dimensional problem, RF-MFGP outperformed all of the other methods. We consider 10 trees 

for the RF-based model construction. 

          (a)                    (b) 

Figure 4.12: (a) 10-fold CV RMSE values for the lift coefficient. (b) 10-fold CV RMSE values for 

the drag coefficient 

We then vary the size of the HFD to 40, 60, and 80 which were randomly chosen in the 

training set, and build models from these training observations. We keep all the LFD observations 

for each of these tree modeling set up. We repeat this process 100 times for each of these sample 

sizes. Thus, each time a random subset of HFD is considered. For each of these sample sizes, we 

calculate RMSE based on the remaining observations out of the 365 observations. Thus, for each 

sample size, we have 100 RMSE error calculations. Figures 4.13(a) and (b) show the RMSE values 

for the lift and drag coefficients, correspondingly. Figures 4.14(a) and (b) show the mean of these 

100 RMSE calculated values in Figure 4.13. For both coefficients, the RF-MFGP models 
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outperform other models in terms of performance. Also, incorporating LFD makes the 

performance of RF-MFGP robust at different HFD sample sizes. Also, with the increase of the 

HFD at the training set, the mean of the RMSE is decreasing as expected. 
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Figure 4.13: (a) RMSE values over 100 repetitions of different HFD sample sizes (𝑛ℎ =

 40, 60 𝑎𝑛𝑑 80) for the lift coefficient. (b) RMSE values over 100 repetitions of different HFD 

sample sizes (𝑛ℎ =  40, 60 𝑎𝑛𝑑 80) for the drag coefficient. 

 

 

        

 

 

 

 

(a)     (b) 

Figure 4.14: (a) Mean values of lift coefficients for RMSEs in Figure 4.13 (a). (b) Mean values of 

drag coefficients for RMSEs in Figure 4.13 (b). 

4.6   Chapter Summary 

In this chapter, a novel ISM framework is introduced that shares information from different sources 

of fidelities. Discovering novel material oxides is an important engineering application in recent 

times. The proposed RF-MFGP framework takes advantage of both the RF and MFGP models by 
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fusing these two approaches. The proposed model has shown promising results.  It outperforms 

some of the state-of-the-art approaches in machine learning. The space partitioning feature of the 

proposed approach is crucial to deal with the nonstationarity introduced by the clustering of the 

materials based on physical and chemical properties. The proposed approach can also deal with 

high dimensional data and have the capacity to handle larger datasets.  
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Chapter 5 

Latent Class Mixed Effect Model for the 

Battery Remaining Useful Life Prediction 

under Dynamic Loading  

5.1   Introduction 

The proliferation of the Internet of Things (IoT) has led to an explosive number of battery-powered 

wireless devices deployed in the field.  In the era of IoT, the ever-growing networks of connected 

physical objects have opened unprecedented applications – smart manufacturing, smart homes & 

cities, smart energy, electric vehicles, etc. Among these applications, sensors act as the “eyes and 

ears'' which provide real-time information. The sensing device is critical to many IoT-based 

applications. While advancement in battery technology is stagnating, effective battery RUL 

prediction is still a major hindrance. This imposes a pressing need for accurate prediction of battery 

RUL. Given the use of the battery in many complex applications with dramatically changing 

operating conditions, a battery can reach its end of life (EOL) earlier than expected (Zhang et al., 

2018). Usually, EOL is defined when battery’s capacity degrades to approximately 80% of its 

defined value by the manufacturer (Song et al., 2017). An advanced technique needs to be 

developed which can consider different aspects of the battery operating conditions and dynamics 

in the modeling to predict the RUL, such that users can replace the battery ahead of time. 
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A major assumption for most of the existing prediction methods requires the battery to 

operate at a constant operating condition (i.e., depth of discharge (DOD), charge-discharge rate 

(C-rate), temperature, etc.). But in real-world applications, operating conditions are abruptly 

changeable, and batteries usually are deployed in a network. Thus, conventional approaches are 

not applicable for the RUL prediction of the battery. Many of the existing frameworks in literature 

are mainly based on the individual battery degradation model. These modeling techniques did not 

consider the network of batteries in their modeling approach. Modeling the interrelated batteries 

in a network independently will lose valuable information. So, most of these model-based and 

data-driven prediction methods are not appropriate for real-world applications. 

To build a successful model, knowledge of the aging dynamics is required for battery RUL 

prediction. This is related to knowing the factors that directly or indirectly affect the aging process. 

For example, for an electric vehicle, the performance of the electrochemical storage systems is 

affected due to factors such as current severity (C-rate), temperature, charge-discharge rate (DOD), 

amount and frequency of overcharge (Wang et al., 2011; Serrao et al., 2005), anomalies in charge 

and discharge cycles (Sauer & Wenzl, 2008). In predicting the RUL of a battery at any application, 

we will consider the most common external factors like DOD, the temperature distribution within 

a battery, and the current severity (C-rate) of the battery.  

The battery capacity degradation process is directly related to its usage history and working 

condition. Under static loading with identical charge/discharge cycles, the degradation process is 

often modeled directly against the calendar time or cycle number. However, sensor batteries work 

under dynamic loadings. For this reason, we model the capacity degradation against the total 
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amount of charge ever delivered by the battery, measured in ampere-hour (Ah), i.e., 𝜼 = ∫ 𝒊(𝒕)𝒅𝒕, 

where 𝑖(t) is battery current profile. The quantity is also called total charge throughput (TCT), Ah-

throughput, or capacity processed. TCT is suitable for dynamic loading as its relationship with 

capacity degradation is robust to parameters such as depth of charge and charge/discharge rate 

(Wang et al., 2011; Bloom et al., 2001). 

In a network of batteries, operating conditions create clusters in the capacity degradation 

of batteries. Usually, batteries employed under similar operating conditions degrade similarly. On 

the other hand, batteries in a network share some similarities in capacity degradation behaviors. 

To consider these clustering effects, we used the Latent Class Mixed Model (LCMM). LCMM, 

known as the heterogeneous LME model, assumes that a population is homogenous, and a unique 

profile is used to describe the population level (Persson, 2021). However, the LCMM model 

considers the heterogeneity of the population and is composed of more than one latent class of 

clusters. The latent process of the modeling part assigns the battery to the right cluster based on 

the covariates whereas the mixed model portion for each cluster contributes to the RUL prediction 

for each battery in the corresponding cluster. Each battery is assigned to one class only. Besides 

the class-specific fixed effects and random effects, the LCMM model considers a global fixed 

effects term. From the global fixed effects, batteries in a network will share similarities and have 

class-specific characteristics. Batteries in similar operating conditions will be assigned to the same 

class or cluster and these clusters are dissimilar from each other. Lin et al. (2000) used 

polychotomous logistic regression to assign the class membership in the LCMM. Greene et al. 

(2013) constructed an extra layer of preference heterogeneity within the class as a random 
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parameter in the LCMM. The application of LCMM can be seen in many diverse fields. Cugnata 

et al. (2018) proposed the use of LCMM in psychology to recognize emotion. Burro et al. (2018) 

suggested LCMM profile the nonlinear dynamics of people after an immediate terrorist attack. The 

details of this modeling approach can be found in (Proust et al., 2006; Proust et al., 2013). 

5.2   Battery Simulation Platform 

To test the aging process for a network of batteries, we build a network model of lithium-ion 

batteries in a Matlab Simulink platform. The cells have a nominal capacity of 1.0Ah. Also, the 

nominal voltage is 12.6V and the cut-off voltage is 10.5V. In Figure 5.1(a), we have 100 sensors 

in a network that are connected based on the operating conditions. Note that these sensors are 

powered by batteries. There were five clusters among these sensors which are marked by their 

colors. Sensors are assigned to each cluster based on the elevated temperature, DOD, and C-rate 

at which it is operating. In Figure 5.1(b), a schematic view of a sensor is provided. The battery 

model is taken from the existing Simscape library of the Matlab Simulink. 

The built Simulink model is run for 800 hours. The capacity degradation curves to times 

for these 100 sensors are shown in Figure 5.2(a). The different color of the curves indicates the 

status of their operating conditions. For example, the sensors with magenta-colored capacity 

degradation curves are operating in extreme workload conditions which are reflected in their high-

capacity loss in a given time compared to other sensors. On the other hand, the red-colored sensors 

are subjected to mild operating conditions which can be justified by their low degradation of the 

capacities in the given period. Also, we can see from Figure 5.2(a) that the magenta-colored 
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sensors are reaching their end of life at a comparatively faster rate, whereas the red-colored sensors 

are degraded to a much slower capacity loss over time. 

 

 

 

 

 

       (a) 

 

 

 

(b) 

Figure 5.1: (a) A Simulink model of a network of 100 sensors. (b) The structure of a typical sensor. 
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(a)                                                                              (b) 

Figure 5.2: (a) Capacity degradation(%) vs time for the 100 sensors. (b) Capacity degradation(%) 

vs the cumulative total Ah throughput for 100 sensors  

As these sensors are operating at various workload conditions, we convert these sensors' 

degradation curves into the cumulative total Ah-throughput (shown in Figure 5.2(b)). It will take 

care of the workload changing factors as Ah-throughput by considering the total amount of current 

generated in a given period under any operating conditions. In a certain period, the amount of 

current generated is directly proportional to the workload conditions. If the workload is extreme 

the total current generated will be high and vice versa. We continue to do the modeling with the 

dataset that consists of a percentage of the capacity loss and the cumulative total Ah-throughput. 

For any given period, if a sensor operates on a high workload, the cumulative total Ah-throughput 

will be higher for a given capacity loss than the sensor operating on a low workload. 
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5.3   Methodology 

In this section, we introduce the modeling framework for the RUL prediction of the network of 

batteries. First, we demonstrate the semi-empirical battery modeling equation that was introduced 

by Bloom et al. (2001). The capacity degradation equation for a single battery is:  

                                                       𝑄𝑙𝑜𝑠𝑠 = 𝐵 exp (−
𝐸𝑎

𝑅𝑇
)𝜂𝑧 ,                                                     (5.1) 

where 𝜂 represents the throughput. It consists of the amount of charge delivered during cycling by 

the battery at each C-rate. Also, 𝜂 is directly proportional to time and it links the capacity fading 

behavior with C-rates. The percentage of the capacity loss is evaluated by 𝑄𝑙𝑜𝑠𝑠. The activation 

energy (𝐸𝑎) in 𝐽𝑚𝑜𝑙−1 which represents the activation energy needed for the activation barrier. 

The activation energy changed at different discharge rates usually. Also, R and z represent the gas 

constant and power-law factor, respectively. Lastly, T and B denote the absolute temperature and 

the pre-exponential factor, correspondingly.  

Eq. (5.1) indicates that the increase of the capacity degrading occurs either by increasing 

the temperature or by decreasing the activation energy. After applying the log on both sides and 

adding a measurement error 𝜖 ∼ 𝑁(0, 𝜎𝜖
2), we can rewrite Eq. (5.1) in the following way: 

              log(𝑄𝑙𝑜𝑠𝑠) = log(𝐵) −
𝐸𝑎
𝑅𝑇

+ 𝑧 log( 𝜂) + 𝜖,         

Let, log(𝑄𝑙𝑜𝑠𝑠) = 𝑦, 𝑙𝑜𝑔( 𝜂) = 𝑋 and log(𝐵) −
𝐸𝑎

𝑅𝑇
= 𝛾. We can rewrite the equation as: 
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                                                                    𝑦 = 𝛾 + 𝑧𝑋 + 𝜖.                                                        (5.2) 

Eq. (5.2) is derived for single battery degradation. Most real-world applications involve a network 

of batteries each of which is operating on a different workload condition. A natural similarity of 

Eq. (5.2) is the Linear Mixed Effect (LME) model since we have multiple batteries in the network. 

The architecture of the LME model is suitable for the application where we have a network of 

batteries. For the ith (i = 1,…, N) subject, let us consider a vector of 𝑛𝑖  measurements: 𝑌𝑖 =

[𝑌𝑖1, … 𝑌𝑖𝑗, … , 𝑌𝑖𝑛𝑖]. The LME can be written as: 

𝑌𝑖𝑗 = 𝑋𝑖
𝑇𝛽 + 𝑍𝑖

𝑇𝑏𝑖 + 𝜖𝑖𝑗,                                                            (5.3) 

where 𝛽 and 𝑏𝑖 are the fixed effects and the ith battery’s random effects, respectively. Also, 𝑏𝑖 ∼

𝑁(0, 𝐺) and 𝜖𝑖𝑗 ∼ 𝑁(0, 𝜎𝜖
2). For the ith battery, we can rewrite the Eq. (5.2) in the following form: 

                                    𝑦𝑖 = 𝛾 + 𝛾𝑖 + (𝑧 + 𝑧𝑖)𝑋𝑖 + 𝜖𝑖 = 𝑋𝑖
𝑇𝛽 + 𝑍𝑖

𝑇𝑏𝑖 + 𝜖𝑖,                         (5.4) 

where 𝑋𝑖 = 𝑍𝑖 = [1, 𝑋𝑖], 𝛽 = [𝛾, 𝑧] and 𝑏𝑖 = [𝛾𝑖, 𝑧𝑖].  However, the above framework does not 

consider the clustering effect due to the population heterogeneity in the modeling framework.  

Latent Class Mixed Model (LCMM), also known as the heterogeneous linear mixed model, 

considers the heterogeneity of the population. Let us consider that there are Q latent classes of 

batteries based on their capacity degradation curves. LCMM assumes that each battery belongs to 

only one class. Let us introduce the latent variable 𝑐𝑖  which defines the assignment of the ith 

battery. Thus, 𝑐𝑖 = 𝑞 if ith battery belongs to class q (𝑞 = 1,… , 𝑄). Now, the probability of the ith 
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battery belonging to the class q can be formulated by a multinomial logistic model according to 

time-independent covariates Xci.: 

𝜋𝑖𝑞 = 𝑃(𝑐𝑖 = 𝑞|𝑋𝑐𝑖) =
exp (𝜉0𝑞 + 𝑋𝑐𝑖

𝑇𝜉1𝑞)

∑ exp (𝜉0𝑙 + 𝑋𝑐𝑖
𝑇𝜉1𝑙)

𝑄
𝑙

, 

where 𝜉0𝑞  and 𝜉1𝑞 represents the intercept and slope parameters for the class q. In the case of 

absences of the covariates, the model transformed to a class-specific probability. Another subtle 

difference between the LME and LCMM is that we can have class-specific fixed effects and the 

distribution of the random effects for the LCMM model. For the class q, the response of the ith 

battery can be modeled as: 

𝑌𝑖𝑗|𝑐𝑖=𝑞 = 𝑋1𝑖
𝑇 𝛽 + 𝑋2𝑖

𝑇 𝜈𝑞 + 𝑍𝑖
𝑇𝑏𝑖𝑞 + 𝜖𝑖𝑗, 

where previously defined 𝑋𝑖 is split into 𝑋1𝑖 with global fixed effects and 𝑋2𝑖 with cluster-specific 

fixed effects. Also, 𝛽  and 𝜈𝑞  represents the associated coefficients for the global and cluster-

specific fixed effects term. The distribution of the random effects is 𝑏𝑖𝑞 ∼ 𝑁(0,𝜔𝑞
2𝐺), where G 

represents variance-covariance matrix with unstructured form and 𝜔𝑞 is a proportional coefficient 

allowing for a class-specific intensity of individual variability.  

The parameters in the mixed model are estimated by the maximum likelihood framework. 

Let 𝜃𝑄 denotes the vector of all the parameters in the built model with Q latent classes. Note that 

for a homogenous population, Q = 1 where LCMM converts into the LME model. The log-

likelihood  𝑙(𝜃𝐺)  =  ∑ log(𝐿𝑖(𝜃𝐺))
𝑁
𝑖=1  where 𝐿𝑖 represents the contribution of the ith battery at the 
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likelihood. The individual battery contribution (𝐿𝑖) to the likelihood of an LCMM model can be 

written as: 

𝐿𝑖(𝜃𝑄) = ∑ 𝜋𝑖𝑞𝜙𝑖𝑞(𝑌𝑖|𝑐𝑖 = 𝑞 ; 𝜃𝑄)
𝑄
𝑞 , 

where 𝜙𝑖𝑞 represents the multivariate normal density function with mean 𝜇𝑖𝑞 = 𝑋1𝑖
𝑇 𝛽 + 𝑋2𝑖

𝑇 𝜈𝑞 and 

variance 𝑉𝑖𝑞 = 𝑍𝑖𝐺𝑞𝑍𝑖
𝑇 + Σ𝑖, where 𝐺𝑞 = 𝜔𝑞

2𝐺. Proust et al. (2006) chose the Newton-Raphson 

family with an extended Marquardt algorithm to optimize the LCMM model because of the 

computational efficiency and better convergence rate.  

After the parameter estimation, mixture models allow classifying each of the degradation 

curves based on the Q components. The classification is done according to the posterior 

probabilities (�̂�𝑖𝑞)𝑞=1.,,𝑄 . These posterior probabilities are obtained by: 

�̂�𝑖𝑞 = 𝑃(𝑐𝑖 = 𝑞|𝑌𝑖, �̂�) =
�̂�𝑞𝜙𝑖𝑞(𝝍,̂𝑌𝑖)

∑ �̂�𝑞𝜙𝑖𝑞(𝝍,̂𝑌𝑖)
𝑄
𝑞=1

, 

where �̂� = (𝝅,̂ �̂�). Each battery is assigned to the cluster in which it has the highest probability 

(�̂�𝑖𝑞)𝑞=1.,,𝑄. 

5.4   Numerical Study 

We transform the capacity loss and the cumulative total Ah-throughput with log, similar to Eq. 

(2). The log-transformed capacity loss (𝑦 = log(𝑄)𝑙𝑜𝑠𝑠) and cumulative total Ah-throughput (𝑋 =

log (𝜂) ) is shown in Figure 5.3. The relationship between 𝑦  and 𝑋  in Figure 5.3 can be 
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approximated as a linear, which is also verified by Eq. (5.4). Thus, we consider a first-order linear 

regression term for both fixed and random effects in the LCMM model. 

 

Figure 5.3: The Log-transformed capacity loss vs the log-transformed cumulative total Ah-

throughput for the 100 sensors. 

 



 

 

124 

 

 

                     (a)                            (b)                            (c) 

Figure 5.4: Model performance with the different cluster sizes in terms of (a) AIC, (b) BIC, and 

(c) log-likelihood values. 

We fit the log-transformed data with the LCMM model with different cluster sizes. Figure 

5.4 shows model performance with cluster sizes ranging from 1 to 6. We determine the value of 

AIC (Akaike information criterion), BIC (Bayesian Information Criterion), and log-likelihood for 

each cluster size. Usually, the lower values of AIC and BIC and higher values of log-likelihood 

are preferable. After cluster size 5, models with higher clusters did not give much improvement in 

terms of AIC, BIC, or log-likelihood values. Thus, we choose the optimum cluster size as 5, which 

coincides with the simulation setup. The classification accuracy for the LCMM with five clusters 

is 90% which is quite good given the capacity degradation curves in Figure 5.3 are difficult to 

classify.  
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Figure 5.5: Five randomly sampled capacity degradation data with prediction and confidence 

intervals are shown for each of the five clusters. The red dots are the true observations, the solid 

blue lines are the prediction mean and the light blue shades are 95% confidence intervals. 

We also construct the 95% confidence interval with the mean prediction for the 100 sensors. We 

plot the true and predicted capacity degradation along with the confidence intervals of some 

sensors that are taken randomly from each of the five clusters in Figure 5.5. We can see from the 

plot that this prediction interval is wider whenever extrapolation happens. The prediction means 

fit the observations adequately well. We convert the cumulative total charge throughput to the 
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calendar time to calculate the RUL of these batteries. Thus, we calculate the RUL for each of the 

100 sensors along with 95% confidence intervals in Figure 5.6. The red star in Figure 5.6 represents 

the true RUL which was calculated by running the Simulink model until each of the sensors 

reached its end of life. The black dots represent the prediction mean for the RUL of these sensors 

and the upper and lower end of the vertical bar represent the 95% upper and lower confidence 

interval of the RUL prediction of these sensors. We can see that for each of the sensors true 

observations are within the bounds of the confidence interval. This demonstrates the confidence 

of the LCMM model. We can also see there are approximately five clusters in terms of the sensor's 

RUL observations and predictions.   

Figure 5.6: RUL prediction for 100 sensors along with the 95% confidence interval. The red stars 

are the true RUL, the black dots are the prediction mean and both ends of the vertical bars represent 

the lower and upper 95% confidence intervals for RUL predictions. 



 

 

127 

 

5.5   Chapter Summary 

In this Chapter, RUL prediction for a network of batteries is done using LCMM modeling which 

is a special type of ISM framework. A latent variable is first assigned to each sensor which 

classifies the sensor to the accurate cluster. Total charge throughput considers the dynamic 

workload changing factor in the modeling. Apart from the prediction mean, the modeling 

framework also estimates the confidence interval which quantifies the uncertainty related to the 

extrapolations. The simulation data provided by 100 sensors are used to validate the modeling 

performance. The modeling framework considers the heterogeneity between different batteries’ 

degradation curves in the modeling through random effects as well as all population commonality 

where the batteries share similarities in the global fixed effects term.   
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Chapter 6 

Conclusion 

Developing an integrated statistical framework for multiple data sources is a significant challenge. 

There are issues related to efficient transfer of information flow, the high dimensionality of the 

data, resource constraints, etc. which need to be addressed in the modeling framework. The 

framework becomes more complex when data from the sources exhibit a nonlinear relationship. 

The within and between correlations of the data sources need to be considered in the modeling 

approach. In this dissertation, we present three integrated modeling frameworks based on the 

problem’s nature. In chapter 3, we developed a multivariate response modeling framework to 

model the multiple correlated profiles. In chapter 4, we developed an ensemble of multi-fidelity 

Gaussian process models in a random forest framework that can be used to search for novel 

material oxides. In chapter 5, we computed the remaining useful life of a battery by using latent 

class mixed effect model approaches and considered the dynamic workload changing factors 

during the model assumptions. Below are some of the core advantages of these proposed ISM 

approaches.  

Reducing Computational time: All of the considered problems in this dissertation require a large 

amount of time for traditional models to fit due to the high dimensional nature of these problems. 

Combining multiple data sources increases the dimensionality of the problem. We developed novel 

frameworks to reduce the modeling time. In chapter 3, we introduced a GP-controlled B-spline to 
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tackle the high-dimensional repeatedly refitting issue in profile modeling. In chapter 4, we 

exploited the parallel processing of the computer processing unit to construct the trees in the 

random forest with multi-fidelity Gaussian process nodes.  In chapter 5, we clustered the battery 

degradation curves based on their capacity degradation patterns and model each cluster separately 

to deal with the high-dimensional problem.  

Scaling to a large dataset: In all of the three modeling approaches, we developed modeling 

algorithms that scale well with the higher dimensional data. During the profile modeling 

application in chapter 3, instead of using the input design points, we used sparse control points 

which reduced the dimension of the covariance of our proposed approach. In chapter 4, we usually 

had lower amounts of high-fidelity observations. However, the dimensions of low-fidelity 

observations can be huge. To scale our algorithm for this formulation, we used a recursive version 

of the multi-fidelity Gaussian process which takes the roughly same amount of time in fitting 

independent single fidelity-based Gaussian process models. During our modeling formulation of 

battery remaining useful life prediction, we considered clustering of degradation curves and then 

model each cluster. This reduces the dimension of the correlation matrix drastically and thus scales 

well for a large network of batteries.  

Dealing with data scarcity: One important aspect of our proposed approaches is the ability to 

tackle the problem of data scarcity in any or all of the data sources. In our integrated modeling 

schema, the aim of modeling all the data sources in the same framework is to compensate for the 

lack of data in the sources. If the sources have a hierarchy in their information flow, we recommend 

using a modeling framework similar to RF-MFGP. If the prediction accuracy for all the sources is 
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equally important, we can use the REC approach as proposed in chapter 4. We can exploit the 

LCMM modeling framework introduced in chapter 5 if the data sources are clustered.  

Dealing with nonstationarity: Most real-world applications may be too complex to be modeled 

by stationary algorithms. For example, in profile modeling applications, each of these profiles’ 

behaviors can vary based on the location of the observations. These profile level data can change 

abruptly and suddenly in close intervals such that stationary models can not capture this 

nonstationarity. Also, in material search problems, materials are clustered across the space to 

create heterogeneity and that is difficult to be formulated by the stationary model. The proposed 

algorithms in this dissertation can tackle nonstationarity. The overall cross-covariance of our 

proposed approach in profile modeling is nonstationary and requires much fewer parameters than 

the traditional nonstationary covariance. This is since we construct nonstationary cross-covariance 

from the stationary covariance. This is an attractive solution to tackle the nonstationary data.   

Applying to the real-world application: We consider three important engineering applications 

in this dissertation. All these problems are highly important in many scenarios. For example, 

profile modeling is an important tool in statistical process control. In many quality control 

departments of manufacturing and service industries, profile data are used to detect in-control or 

out-of-control situations in the process. In chapter 3, we developed a novel statistical framework 

that considers many complex features of profiles. Novel material oxides discovery is a significant 

area in material science, semiconductor, and many related engineering fields. Much ongoing 

research is focused on developing efficient and accurate machine learning models to understand 

and predict the material's properties.  In chapter 4, we devised an ensemble approach where the 



 

 

131 

 

multi-fidelity Gaussian process is used to tackle the data scarcity and the random forest is used to 

tackle the heterogeneity of the materials. The Internet of Things applications are growing and one 

of its core components is the battery. The limiting factor in this area is the battery lifetime. In 

chapter 5, we developed a robust framework to predict the remaining useful life of a battery in a 

network. 

More and more engineering applications are emerging to use the ISM approach such that 

the information between data sources is not wasted. Individual modeling means loss of information 

unless data sources are completely independent. We believe the modeling framework introduced 

in this dissertation will show great potential in knowledge-sharing applications. We think research 

in the ISM direction will continue to flourish.  

 

 

 

 

 

 

 

 



 

 

132 

 

References 

[1] Ahmed, R., Turja, M. A., Sahneh, F. D., Ghosh, M., Hamm, K., & Kobourov, S. (2021). 

Computing Steiner Trees using Graph Neural Networks. arXiv preprint arXiv:2108.08368. 

[2] Airy, G. B. (1861). On the Algebraical and Numerical Theory of Errors of Observations 

and the Combination of Observations. Macmillan, London. 

[3] Alder, B. J., & Wainwright, T. E. (1959). Studies in molecular dynamics. I. General 

method. The Journal of Chemical Physics, 31(2), 459-466. 

[4] Alvarez, M. A., & Lawrence, N. D. (2008, January). Sparse Convolved Gaussian Processes 

for Multi-output Regression. In NIPS (Vol. 21, pp. 57-64). 

[5] Amiri, A., Jensen, W. A., & Kazemzadeh, R. B. (2010). A case study on monitoring 

polynomial profiles in the automotive industry. Quality and Reliability Engineering 

International, 26(5), 509-520. 

[6] Amit, Y., & Geman, D. (1997). Shape quantization and recognition with randomized trees. 

Neural computation, 9(7), 1545-1588. 

[7] Antoniuk, E. R., Schindler, P., Schroeder, W. A., Dunham, B., Pianetta, P., Vecchione, T., 

& Reed, E. J. (2021). Novel Ultrabright and Air‐Stable Photocathodes Discovered from 

Machine Learning and Density Functional Theory Driven Screening. Advanced Materials, 

33(44), 2104081. 

[8] Ballou, D. P., & Pazer, H. L. (1985). Modeling data and process quality in multi-input, 

multi-output information systems. Management science, 31(2), 150-162. 



 

 

133 

 

[9] Barlow, G. J., Page, C., Drane, P., Stapleton, S. E., Fasel, B., & Inalpolat, M. (2020). 

Combat helmet liner design for blunt impact absorption using multi-output Gaussian 

process surrogates. Proceedings of the Institution of Mechanical Engineers, Part C: Journal 

of Mechanical Engineering Science, 0954406220960764. 

[10] Baumgärtner, A., Burkitt, A. N., Ceperley, D. M., De Raedt, H., Ferrenberg, A. M., 

Heermann, D. W., ... & Young, A. P. (2012). The Monte Carlo method in condensed matter 

physics (Vol. 71). Springer Science & Business Media. 

[11] Berger, T. W., Song, D., Chan, R. H., & Marmarelis, V. Z. (2010). The neurobiological 

basis of cognition: identification by multi-input, multioutput nonlinear dynamic modeling. 

Proceedings of the IEEE, 98(3), 356-374. 

[12] Berger, T. W., Song, D., Chan, R. H., Marmarelis, V. Z., LaCoss, J., Wills, J., ... & 

Granacki, J. J. (2012). A hippocampal cognitive prosthesis: multi-input, multi-output 

nonlinear modeling and VLSI implementation. IEEE Transactions on Neural Systems and 

Rehabilitation Engineering, 20(2), 198-211. 

[13] Biau, G., & Scornet, E. (2016). A random forest guided tour. Test, 25(2), 197-227. 

[14] Bloom, I., Cole, B. W., Sohn, J. J., Jones, S. A., Polzin, E. G., Battaglia, V. S., ... & Case, 

H. L. (2001). An accelerated calendar and cycle life study of Li-ion cells. Journal of power 

sources, 101(2), 238-247.  

[15] Breiman L (2001) Random forests. Mach Learn, 45,5–32 

[16] Breslow, N. E., & Clayton, D. G. (1993). Approximate inference in generalized linear 

mixed models. Journal of the American statistical Association, 88(421), 9-25. 



 

 

134 

 

[17] Brevault, L., Balesdent, M., & Morio, J. (2020). Aerospace System Analysis and 

Optimization in Uncertainty. Springer Optimization and Its Applications. 

[18] Burghoff, T. (2016). Linear-Mixed Models-A Practical Guide Using Statistical Software, 

Second Edition. In B. T. West, K. B. Welch, and A. T. Galecki. (2015). Boca Raton, FL: 

Taylor and Francis/CRC Press. 440 Pages, ISBN-10: 1466560991, ISBN-13: 978-

1466560994. Biometrical Journal 58(3), 717-18. 

[19] Burro, R., Raccanello, D., Pasini, M., & Brondino, M. (2018). An estimation of a nonlinear 

dynamic process using latent class extended mixed models: affect profiles after terrorist 

attacks. Nonlinear Dyn. Psychol. Life Sci, 22(1), 35-52. 

[20] Cameron, R. A., Triantis, K. A., Parent, C. E., Guilhaumon, F., Alonso, M. R., Ibánez, M., 

... & Whittaker, R. J. (2013). Snails on oceanic islands: testing the general dynamic model 

of oceanic island biogeography using linear mixed effect models. Journal of Biogeography, 

40(1), 117-130. 

[21] Chen, L. Q. (2002). Phase-field models for microstructure evolution. Annual review of 

materials research, 32(1), 113-140. 

[22] Chen, T., & Ren, J. (2009). Bagging for Gaussian process regression. Neurocomputing, 

72(7-9), 1605-1610. 

[23] Chuang, S. C., Hung, Y. C., Tsai, W. C., & Yang, S. F. (2013). A framework for 

nonparametric profile monitoring. Computers & Industrial Engineering, 64(1), 482-491. 

[24] Conti, S., & O’Hagan, A. (2010). Bayesian emulation of complex multi-output and 

dynamic computer models. Journal of statistical planning and inference, 140(3), 640-651. 



 

 

135 

 

[25] Cornfield, J., & Tukey, J. W. (1956). Average values of mean squares in factorials. Ann. 

Math. Statist., 27 907–949. 

[26] Craig, P. S., Goldstein, M., Seheult, A., & Smith, J. (1998). Constructing partial prior 

specifications for models of complex physical systems: [Read before The Royal Statistical 

Society at a meeting on’Elicitation ‘on Wednesday, april 16th, 1997, the President, 

Professor AFM Smithin the Chair]. Journal of the Royal Statistical Society: Series D (The 

Statistician), 47(1), 37-53. 

[27] Crawshaw, M. (2020). Multi-Task Learning with Deep Neural Networks: A Survey. arXiv 

preprint arXiv:2009.09796. 

[28] Cressie, N., & Johannesson, G. (2008). Fixed rank kriging for very large spatial data sets. 

Journal of the Royal Statistical Society: Series B (Statistical Methodology), 70(1), 209-

226. 

[29] Croarkin, M. C., & Varner, R. N. (1982). Measurement assurance for dimensional 

measurements on integrated-circuit photomasks. Final Report National Bureau of 

Standards. 

[30] Cugnata, F., Martoni, R. M., Ferrario, M., Di Serio, C., & Brombin, C. (2018). Modeling 

physiological responses induced by an emotion recognition task using latent class mixed 

models. Plos one, 13(11), e0207123. 

[31] Cumming, J. A., & Goldstein, M. (2009). Small sample bayesian designs for complex high-

dimensional models based on information gained using fast approximations. 

Technometrics, 51(4), 377-388. 



 

 

136 

 

[32] Daniels, H. E. (1939). The estimation of components of variance. J. Roy. Statist. Soc. 

Suppl., 6, 186–197. 

[33] Debnath, P., & Ghosh, M. (2021). Multivariate Gaussian Process Incorporated Predictive 

Model for Stream Turbine Power Plant. arXiv preprint arXiv:2103.14871. 

[34] Demidenko, E., & Stukel, T. A. (2005). Influence analysis for linear mixed‐effects models. 

Statistics in medicine, 24(6), 893-909. 

[35] Dey, P., Bible, J., Datta, S., Broderick, S., Jasinski, J., Sunkara, M., ... & Rajan, K. (2014). 

Informatics-aided bandgap engineering for solar materials. Computational Materials 

Science, 83, 185-195. 

[36] Dietterich, T. G. (2000, June). Ensemble methods in machine learning. In International 

workshop on multiple classifier systems (pp. 1-15). Springer, Berlin, Heidelberg. 

[37] Dong, H., Jin, X., Lou, Y., & Wang, C. (2014). Lithium-ion battery state of health 

monitoring and remaining useful life prediction based on support vector regression-particle 

filter. Journal Of Power Sources, 271, 114-123. 

[38] Eerikäinen, K. (2009). A multivariate linear mixed-effects model for the generalization of 

sample tree heights and crown ratios in the Finnish National Forest Inventory. Forest 

Science, 55(6), 480-493. 

[39] Eisenhart, C. (1947). The assumptions underlying the analysis of variance. Biometrics 3, 

1–21. 

[40] Farin, G., Hoschek, J., & Kim, M. S. (Eds.). (2002). Handbook of computer aided 

geometric design. Elsevier. 



 

 

137 

 

[41] Feng, Z., Wang, J., Ma, Y., & Ma, Y. (2021). Integrated parameter and tolerance design 

based on a multivariate Gaussian process model. Engineering Optimization, 53(8), 1349-

1368. 

[42] Finegan, D. P., Zhu, J., Feng, X., Keyser, M., Ulmefors, M., Li, W.,  & Cooper, S. J. (2020). 

The Application of Data-Driven Methods and Physics-Based Learning for Improving 

Battery Safety. Joule.  

[43] Finucane, M. M., Samet, J. H., & Horton, N. J. (2007). Translational methods in 

biostatistics: linear mixed effect regression models of alcohol consumption and HIV 

disease progression over time. Epidemiologic Perspectives & Innovations, 4(1), 1-14. 

[44] Forrester, A., Sobester, A., & Keane, A. (2008). Engineering design via surrogate 

modelling: a practical guide. John Wiley & Sons.  

[45] Foulley, J. L., San Cristobal, M., Gianola, D., & Im, S. (1992). Marginal likelihood and 

Bayesian approaches to the analysis of heterogeneous residual variances in mixed linear 

Gaussian models. Computational Statistics & Data Analysis, 13(3), 291-305. 

[46] Fox, K. J., Hill, R. J., & Diewert, W. E. (2004). Identifying outliers in multi-output models. 

Journal Of Productivity Analysis, 22(1), 73-94. 

[47] Fricker, T. E., Oakley, J. E., & Urban, N. M. (2013). Multivariate Gaussian process 

emulators with nonseparable covariance structures. Technometrics, 55(1), 47-56. 

[48] Friedman, J. H. (1991). Multivariate adaptive regression splines. The Annals of Statistics, 

1-67. 

[49] Friedman, J. H., & Silverman, B. W. (1989). Flexible parsimonious smoothing and additive 

modeling. Technometrics, 31(1), 3-21. 



 

 

138 

 

[50] Gałecki, A., & Burzykowski, T. (2013). Linear mixed-effects model. In Linear Mixed-

Effects Models Using R (pp. 245-273). Springer, New York, NY. 

[51] Gardner, M. M., Lu, J. C., Gyurcsik, R. S., Wortman, J. J., Hornung, B. E., Heinisch, H. 

H., ... & Mozumder, P. K. (1997). Equipment fault detection using spatial signatures. IEEE 

Transactions on Components, Packaging, and Manufacturing Technology: Part C, 20(4), 

295-304. 

[52] Gaultois, M. W., Oliynyk, A. O., Mar, A., Sparks, T. D., Mulholland, G. J., & Meredig, B. 

(2015). A recommendation engine for suggesting unexpected thermoelectric chemistries. 

arXiv preprint arXiv:1502.07635. 

[53] Gelfand, A.E., Schmidt, A.M., Banerjee, S. and Sirmans, C.F. (2004) Nonstationary 

multivariate process modeling through spatially varying coregionalization. Test, 13(2), 

263–312. 

[54] Gelman, A. and J. Hill. Data Analysis Using Regression and Multilevel/Hierarchical 

Models. New York, NY: Cambridge University Press, 2007 

[55] Geng, Z., Yang, F., Chen, X., & Wu, N. (2015). Gaussian process based modeling and 

experimental design for sensor calibration in drifting environments. Sensors and Actuators 

B: Chemical, 216, 321-331. 

[56] Ghosh, M., Hassan, S., & Debnath, P. (2021). Ensemble based neural network for the 

classification of mura dataset. Journal of Nature, 4, 1-5. 



 

 

139 

 

[57] Ghosh, M., Kabir, G., & Hasin, M. A. A. (2017). Project time–cost trade-off: a Bayesian 

approach to update project time and cost estimates. International Journal of Management 

Science and Engineering Management, 12(3), 206-215. 

[58] Ghosh, M., Li, Y., Zeng, L., Zhang, Z., & Zhou, Q. (2021). Modeling multivariate profiles 

using Gaussian process-controlled B-splines. IISE Transactions, 1-12. 

[59] Gneiting, T., Kleiber, W., & Schlather, M. (2010). Matérn cross-covariance functions for 

multivariate random fields. Journal of the American Statistical Association, 105(491), 

1167-1177. 

[60] Goldsmith, B. R., Esterhuizen, J., Liu, J. X., Bartel, C. J., & Sutton, C. (2018). Machine 

learning for heterogeneous catalyst design and discovery. 

[61] Gramacy, R. B., & Lee, H. K. H. (2008). Bayesian treed Gaussian process models with an 

application to computer modeling. Journal of the American Statistical Association, 

103(483), 1119-1130. 

[62] Gramacy, R. B., Lee, H. K., & Macready, W. G. (2004, July). Parameter space exploration 

with Gaussian process trees. In Proceedings of the twenty-first international conference on 

Machine learning (p. 45). 

[63] Greene, W. H., & Hensher, D. A. (2013). Revealing additional dimensions of preference 

heterogeneity in a latent class mixed multinomial logit model. Applied Economics, 45(14), 

1897-1902. 

[64] GSMA (2019). IoT Connections Forecast: The Rise of Enterprise.  Internet of Things. 

https://www.gsma.com/iot/resources/iot-connections-forecast-the-rise-of-enterprise/ 



 

 

140 

 

[65] Gu, C., & Ma, P. (2005). Optimal smoothing in nonparametric mixed-effect models. The 

Annals of Statistics, 33(3), 1357-1379. 

[66] Hall, P., & Yao, Q. (2003) Inference in Components of Variance Models with Low 

Replication. The Annals of Statistics, 31(2) , 414-41. 

[67] Hariharan, S., &Rogers, J. H. (2008). Estimation Procedures for Hierarchical Linear 

Models. Multilevel Modeling of Educational Data (A. A. Connell and D. B. McCoach, 

eds.). Charlotte, NC: Information Age Publishing, Inc., 2008. 

[68] Hautier, G., Fischer, C. C., Jain, A., Mueller, T., & Ceder, G. (2010). Finding nature’s 

missing ternary oxide compounds using machine learning and density functional theory. 

Chemistry of Materials, 22(12), 3762-3767. 

[69] He, K., Zhang, X., Ren, S., & Sun, J. (2016). Deep residual learning for image recognition. 

In Proceedings of the IEEE conference on computer vision and pattern recognition (pp. 

770-778). 

[70] Higdon, D. (2002). Space and space-time modeling using process convolutions. In 

Quantitative methods for current environmental issues (pp. 37-56). Springer, London. 

[71] Hlebowitsh, N (2022). How Much Data and Content is Created Every Day? – Siteefy. 

Siteefy. https://siteefy.com/how-much-data-and-content-is-created-every-day/ 

[72] Hohenberg, P., & Kohn, W. (1964). Inhomogeneous electron gas. Physical review, 

136(3B), B864. 

[73] Jain, A., & Ong, S. P., Hautier, G. R., Chen, W., Richards, W. D., Dacek, S., Cholia, S., 

Gunter, D., Skinner, D., Ceder, G., & Persson, K. A.  (2013).  Materials Project: A materials 



 

 

141 

 

genome approach to accelerating materials innovation. APL Materials 1(1) 011002. h ps. 

doi. org/10.1063/1.4812323. 

[74] Jensen, W. A., Birch, J. B., & Woodall, W. H. (2008). Monitoring correlation within linear 

profiles using mixed models. Journal of Quality Technology, 40(2), 167-183. 

[75] Kang, L., & Albin, S. L. (2000). On-line monitoring when the process yields a linear 

profile. Journal Of Quality Technology, 32(4), 418-426. 

[76] Kang, L., & Albin, S. L. (2000). On-line monitoring when the process yields a linear 

profile. Journal Of Quality Technology, 32(4), 418-426.  

[77] Karlsson, M. O., Schoemaker, R. C., Kemp, B., Cohen, A. F., van Gerven, J. M., Tuk, B., 

... & Danhof, M. (2000). A pharmacodynamic Markov mixed‐effect model for the effect 

of temazepam on sleep. Clinical Pharmacology & Therapeutics, 68(2), 175-188. 

[78] Kennedy, M. C., & O'Hagan, A. (2000). Predicting the output from a complex computer 

code when fast approximations are available. Biometrika, 87(1), 1-13. 

[79] Kennedy, M. C., & O'Hagan, A. (2000). Predicting the output from a complex computer 

code when fast approximations are available. Biometrika, 87(1), 1-13. 

[80] Kim, K., Mahmoud, M. A., & Woodall, W. H. (2003). On the monitoring of linear profiles. 

Journal of Quality Technology, 35(3), 317-328. 

[81] Kohn, W., & Sham, L. J. (1965). Self-consistent equations including exchange and 

correlation effects. Physical Review, 140(4A), A1133. 

[82] Konomi, B., Karagiannis, G., Sarkar, A., Sun, X., & Lin, G. (2014). Bayesian treed 

multivariate gaussian process with adaptive design: Application to a carbon capture unit. 

Technometrics, 56(2), 145-158. 



 

 

142 

 

[83] Kovac, P., Rodic, D., Pucovsky, V., Savkovic, B., & Gostimirovic, M. (2014). Multi-output 

fuzzy inference system for modeling cutting temperature and tool life in face milling. 

Journal of Mechanical Science and Technology, 28(10), 4247-4256. 

[84] Krizhevsky, A., Sutskever, I., & Hinton, G. E. (2012). Imagenet classification with deep 

convolutional neural networks. Advances in neural information processing systems, 25, 

1097-1105. 

[85] Kusne, A. G., Keller, D., Anderson, A., Zaban, A., & Takeuchi, I. (2015). High-throughput 

determination of structural phase diagram and constituent phases using GRENDEL. 

Nanotechnology, 26(44), 444002. 

[86] Le Gratiet, L. (2013). Multi-fidelity Gaussian process regression for computer experiments 

(Doctoral dissertation). 

[87] Lee, S. H., & Van der Werf, J. H. (2016). MTG2: an efficient algorithm for multivariate 

linear mixed model analysis based on genomic information. Bioinformatics, 32(9), 1420-

1422. 

[88] Li, B., Bruyneel, L., & Lesaffre, E. (2014). A multivariate multilevel Gaussian model with 

a mixed effects structure in the mean and covariance part. Statistics In Medicine, 33(11), 

1877-1899. 

[89] Li, C. I., & Tsai, T. R. (2019). Linear profiles monitoring in the presence of nonnormal 

random errors. Quality and Reliability Engineering International, 35(8), 2579-2592. 

[90] Li, J., Hua, C., Qian, J., & Guan, X. (2021). Low-rank based Multi-Input Multi-Output 

Takagi-Sugeno fuzzy modeling for prediction of molten iron quality in blast furnace. Fuzzy 

Sets and Systems, 421, 178-192. 



 

 

143 

 

[91] Li, R. (2019). Multivariate sparse coding of nonstationary covariances with Gaussian 

processes. Advances in neural information processing systems. 

[92] Li, Y. R., & Chung, K. J. (2017, October). Predicting the degradation of li-ion battery using 

advanced machine learning techniques. In 2017 12th International Microsystems, 

Packaging, Assembly and Circuits Technology Conference (IMPACT) (pp. 258-262). 

IEEE. 

[93] Li, Y., & Zhou, Q. (2016). Pairwise meta-modeling of multivariate output computer 

models using nonseparable covariance function. Technometrics, 58(4), 483-494. 

[94] Li, Y., Zhou, Q., Huang, X., & Zeng, L. (2018). Pairwise estimation of multivariate 

gaussian process models with replicated observations: Application to multivariate profile 

monitoring. Technometrics, 60(1), 70-78. 

[95] Lin, H., McCulloch, C. E., Turnbull, B. W., Slate, E. H., & Clark, L. C. (2000). A latent 

class mixed model for analysing biomarker trajectories with irregularly scheduled 

observations. Statistics in Medicine, 19(10), 1303-1318. 

[96] Lindstrom, M. J., & Bates, D. M. (1990). Nonlinear mixed effects models for repeated 

measures data. Biometrics, 673-687. 

[97] Liu, D., Zhou, J., Liao, H., Peng, Y., & Peng, X. (2015). A health indicator extraction and 

optimization framework for lithium-ion battery degradation modeling and prognostics. 

IEEE Transactions on Systems, Man, and Cybernetics: Systems, 45(6), 915-928. 

[98] Liu, H., Cai, J., & Ong, Y. S. (2018). Remarks on multi-output Gaussian process 

regression. Knowledge-Based Systems, 144, 102-121. 



 

 

144 

 

[99] Liu, J., Li, M., Liu, G., Li, J., & Wang, Q. (2017, April). A Multi-Output power supply 

modeling based on Multiple Input and Multiple Output method. In 2017 3rd International 

Conference on Control, Automation and Robotics (ICCAR) (pp. 504-509). IEEE. 

[100] Liu, J., Saxena, A., Goebel, K., Saha, B., & Wang, W. (2010). An adaptive recurrent neural 

network for remaining useful life prediction of lithium-ion batteries. National Aeronautics 

And Space Administration Moffett Field CA Ames Research Center. 

[101] Liu, Y., Guo, B., Zou, X., Li, Y., & Shi, S. (2020). Machine learning assisted materials 

design and discovery for rechargeable batteries. Energy Storage Materials. 

[102] Liu, Y., Zhao, T., Ju, W., & Shi, S. (2017). Materials discovery and design using machine 

learning. Journal of Materiomics, 3(3), 159-177. 

[103] Liu, Z., Zhu, Y., Li, F., & Jin, G. (2017). Non-destructively predicting leaf area, leaf mass 

and specific leaf area based on a linear mixed-effect model for broadleaf species. 

Ecological Indicators, 78, 340-350. 

[104] Lu, J., Zhan, Z., Apley, D. W., & Chen, W. (2019). Uncertainty propagation of frequency 

response functions using a multi-output Gaussian Process model. Computers & Structures, 

217, 1-17. 

[105] Luo, L., Yao, Y., Gao, F., & Zhao, C. (2018). Mixed-effects Gaussian process modeling 

approach with application in injection molding processes. Journal of Process Control, 62, 

37-43. 

[106] Ma, J., & Wang, L. W. (2016). Using Wannier functions to improve solid band gap 

predictions in density functional theory. Scientific Reports, 6(1), 1-8. 



 

 

145 

 

[107] Majumdar, A., & Gelfand, A. E. (2007). Multivariate spatial modeling for geostatistical 

data using convolved covariance functions. Mathematical Geology, 39(2), 225-245. 

[108] Majumdar, A., Paul, D., & Bautista, D. (2010). A generalized convolution model for 

multivariate nonstationary spatial processes. Statistica Sinica, 675-695. 

[109] Mamun, A. A., Narayanan, I., Wang, D., Sivasubramaniam, A., & Fathy, H. K. (2015, 

January). Multi-objective optimization to minimize battery degradation and electricity cost 

for demand response in datacenters. In ASME 2015 Dynamic Systems and Control 

Conference. American Society of Mechanical Engineers Digital Collection. 

[110] McCulloch, C. E., Lin, H., Slate, E. H., & Turnbull, B. W. (2002). Discovering 

subpopulation structure with latent class mixed models. Statistics In Medicine, 21(3), 417-

429. 

[111] McKay, M. D., Beckman, R. J., & Conover, W. J. (2000). A comparison of three methods 

for selecting values of input variables in the analysis of output from a computer code. 

Technometrics, 42(1), 55-61. 

[112] Meng, R., Soper, B., Lee, H., Liu, V. X., Greene, J. D., & Ray, P. (2019). Nonstationary 

multivariate Gaussian processes for electronic health records. arXiv preprint 

arXiv:1910.05851. 

[113] MGI (2021). Materials Genome Initiative. Mgi.gov. https://www.mgi.gov/ 

[114] Mohanty, S., Chattopadhyay, A., Peralta, P., & Das, S. (2011). Bayesian statistic based 

multivariate Gaussian process approach for offline/online fatigue crack growth prediction. 

Experimental Mechanics, 51(6), 833-843. 

https://www.mgi.gov/


 

 

146 

 

[115] Mohanty, S., Chattopadhyay, A., Peralta, P., Das, S., & Willhauck, C. (2008). Fatigue life 

prediction using multivariate Gaussian process. In 49th AIAA/ASME/ASCE/AHS/ASC 

Structures, Structural Dynamics, and Materials Conference, 16th AIAA/ASME/AHS 

Adaptive Structures Conference, 10th AIAA Non-Deterministic Approaches Conference, 

9th AIAA Gossamer Spacecraft Forum, 4th AIAA Multidisciplinary Design Optimization 

Specialists Conference (p. 1837). 

[116] Montgomery, D. C. (2009). Introduction to Statistical Quality Control. John Wiley and 

Sons, New York. 

[117] Muthén, B., & Shedden, K. (1999). Finite mixture modeling with mixture outcomes using 

the EM algorithm. Biometrics, 55(2), 463-469.  

[118] Nikoloulopoulos, A. K. (2017). A vine copula mixed effect model for trivariate meta-

analysis of diagnostic test accuracy studies accounting for disease prevalence. Statistical 

Methods in Medical Research, 26(5), 2270-2286. 

[119] Ning, G., White, R. E., & Popov, B. N. (2006). A generalized cycle life model of 

rechargeable Li-ion batteries. Electrochimica Acta, 51(10), 2012-2022. 

[120] Niu, T., Wang, J., Lu, H., & Du, P. (2018). Uncertainty modeling for chaotic time series 

based on optimal multi-input multi-output architecture: Application to offshore wind 

speed. Energy Conversion and Management, 156, 597-617. 

[121] Noorossana, R., Saghaei, A., & Amiri, A. (2011). Statistical analysis of profile monitoring 

(Vol. 865). John Wiley & Sons. 



 

 

147 

 

[122] Noshadi, A., Shi, J., Lee, W. S., Shi, P., & Kalam, A. (2015). System identification and 

robust control of multi-input multi-output active magnetic bearing systems. IEEE 

Transactions on control Systems technology, 24(4), 1227-1239. 

[123] Nuhic, A., Terzimehic, T., Soczka-Guth, T., Buchholz, M., & Dietmayer, K. (2013). Health 

diagnosis and remaining useful life prognostics of lithium-ion batteries using data-driven 

methods. Journal Of Power Sources, 239, 680-688. 

[124] Ogale, S. B., Venkatesan, T. V., & Blamire, M. (Eds.). (2013). Functional metal oxides: 

new science and novel applications. John Wiley & Sons. 

[125] Ong, S. P., Richards, W. D., Jain, A., Hautier, G., Kocher, M., Cholia, S., Gunter, D., 

Chevrier, V., Persson, K. A., & Ceder, G. (2013). Python Materials Genomics (pymatgen) 

: A Robust, Open-Source Python Library for Materials Analysis. Computational Materials 

Science, 68, 314–319. doi:10.1016/j.commatsci.2012.10.028 

[126] Onori, S., Spagnol, P., Marano, V., Guezennec, Y., & Rizzoni, G. (2012). A new life 

estimation method for lithium-ion batteries in plug-in hybrid electric vehicles applications. 

International Journal of Power Electronics, 4(3), 302-319. 

[127] Pan, J. N., Li, C. I., & Lu, M. Z. (2019). Detecting the process changes for multivariate 

nonlinear profile data. Quality and Reliability Engineering International, 35(6), 1890-

1910. 

[128] Patil, M. A., Tagade, P., Hariharan, K. S., Kolake, S. M., Song, T., Yeo, T., & Doo, S. 

(2015). A novel multistage Support Vector Machine based approach for Li ion battery 

remaining useful life estimation. Applied Energy, 159, 285-297. 



 

 

148 

 

[129] Patiño, J., Guilhaumon, F., Whittaker, R. J., Triantis, K. A., Gradstein, S. R., Hedenäs, L., 

... & Vanderpoorten, A. (2013). Accounting for data heterogeneity in patterns of 

biodiversity: an application of linear mixed effect models to the oceanic island 

biogeography of spore‐producing plants. Ecography, 36(8), 904-913. 

[130] Patra, A., Batra, R., Chandrasekaran, A., Kim, C., Huan, T. D., & Ramprasad, R. (2020). 

A multi-fidelity information-fusion approach to machine learn and predict polymer 

bandgap. Computational Materials Science, 172, 109286. 

[131] Paul Gasper and Kandler Smith 2020 Meet. Abstr. MA2020-02 1055 

[132] Peherstorfer, B., Willcox, K., & Gunzburger, M. (2018). Survey of multifidelity methods 

in uncertainty propagation, inference, and optimization. Siam Review, 60(3), 550-591. 

[133] Peherstorfer, B., Willcox, K., & Gunzburger, M. (2018). Survey of multifidelity methods 

in uncertainty propagation, inference, and optimization. Siam Review, 60(3), 550-591. 

[134] Peng, G., Sharshir, S. W., Wang, Y., An, M., Kabeel, A. E., Zang, J., ... & Yang, N. (2019). 

Micro/nanomaterials for improving solar still and solar evaporation--A review. arXiv 

preprint arXiv:1906.08461. 

[135] Peng, H., & Lu, Y. (2012). "Model Selection in Linear Mixed Effect Models. Journal of 

Multivariate Analysis, 109 109-29. 

[136] Perdikaris, P., & Karniadakis, G. E. (2016). Model inversion via multi-fidelity Bayesian 

optimization: a new paradigm for parameter estimation in haemodynamics, and beyond. 

Journal of The Royal Society Interface, 13(118), 20151107. 



 

 

149 

 

[137] Perdikaris, P., & Karniadakis, G. E. (2016). Model inversion via multi-fidelity Bayesian 

optimization: a new paradigm for parameter estimation in haemodynamics, and beyond. 

Journal of The Royal Society Interface, 13(118), 20151107. 

[138] Perdikaris, P., Venturi, D., & Karniadakis, G. E. (2016). Multifidelity information fusion 

algorithms for high-dimensional systems and massive data sets. SIAM Journal on Scientific 

Computing, 38(4), B521-B538. 

[139] Persson, K. (2021). Materials Project. Materialsproject.org. https://materialsproject.org/ 

[140] Pilania, G., Gubernatis, J. E., & Lookman, T. (2017). Multi-fidelity machine learning 

models for accurate bandgap predictions of solids. Computational Materials Science, 129, 

156-163. 

[141] Pillonetto, G., Dinuzzo, F., & De Nicolao, G. (2008). Bayesian online multitask learning 

of Gaussian processes. IEEE Transactions on Pattern Analysis and Machine Intelligence, 

32(2), 193-205. 

[142] Pinherio, J. C., & Bates, D. M. (2004). Mixed-Effects Models in S and S-PLUS. Statistics 

and Computing Series, Springer. 

[143] Piri, S., Abdel-Salam, A. S. G., & Boone, E. L. (2021). A wavelet approach for profile 

monitoring of Poisson distribution with application. Communications in Statistics-

Simulation and Computation, 50(2), 525-536. 

[144] Prasad, R., Ali, M., Kwan, P., & Khan, H. (2019). Designing a multi-stage multivariate 

empirical mode decomposition coupled with ant colony optimization and random forest 

model to forecast monthly solar radiation. Applied Energy, 236, 778-792. 



 

 

150 

 

[145] Prautzsch, H., Boehm, W., & Paluszny, M. (2002). Bézier and B-spline techniques (Vol. 

6). Berlin: Springer. 

[146] Proust, C, & Jacqmin-Gadda, H. (2005). Estimation of Linear Mixed Models with a 

Mixture of Distribution for the Random Effects. Computer Methods and Programs in 

Biomedicine, 

[147] Proust, C., Jacqmin‐Gadda, H., Taylor, J. M., Ganiayre, J., & Commenges, D. (2006). A 

nonlinear model with latent process for cognitive evolution using multivariate longitudinal 

data. Biometrics, 62(4), 1014-1024. 

[148] Proust‐Lima, C., Amieva, H., & Jacqmin‐Gadda, H. (2013). Analysis of multivariate mixed 

longitudinal data: a flexible latent process approach. British Journal of Mathematical and 

Statistical Psychology, 66(3), 470-487. 

[149] Proust-Lima, C., Philipps, V., & Liquet, B. (2015). "Estimation of extended mixed models 

using latent classes and latent processes: the R package lcmm." arXiv preprint 

[150] Putz, H., & Brandenburg. G. (2021). Pearson's Crystal Data. Crystalimpact.com. 

http://www.crystalimpact.com/pcd/  

[151] Qiu, P., Zou, C., & Wang, Z. (2010). Nonparametric profile monitoring by mixed effects 

modeling. Technometrics, 52(3), 265-277. 

[152] Rahman, A. (1964). Correlations in the motion of atoms in liquid argon. Physical review, 

136(2A), A405. 

[153] Ramadass, P., Haran, B., Gomadam, P. M., White, R., & Popov, B. N. (2004). 

Development of first principles capacity fade model for Li-ion cells. Journal of the 

Electrochemical Society, 151(2), A196. 

http://www.crystalimpact.com/pcd/


 

 

151 

 

[154] Rasmussen, C. E. (2003, February). Gaussian processes in machine learning. In Summer 

school on machine learning (pp. 63-71). Springer, Berlin, Heidelberg. 

[155] Rebonato, R., & Jäckel, P. (2011). The most general methodology to create a valid 

correlation matrix for risk management and option pricing purposes. Available at SSRN 

1969689. 

[156] Ruder, S. (2017). An overview of multi-task learning in deep neural networks. arXiv 

preprint arXiv:1706.05098. 

[157] Ruppert, D., Wand, M. P., & Carroll, R. J. (2003). Semiparametric regression (No. 12). 

Cambridge university press. 

[158] Sacks, J., Welch, W. J., Mitchell, T. J., & Wynn, H. P. (1989). Design and analysis of 

computer experiments. Statistical Science, 409-423. 

[159] Santhanagopalan, S., Zhang, Q., Kumaresan, K., & White, R. E. (2008). Parameter 

estimation and life modeling of lithium-ion cells. Journal of The Electrochemical Society, 

155(4), A345. 

[160] Sauer, D. U., & Wenzl, H. (2008). Comparison of different approaches for lifetime 

prediction of electrochemical systems—Using lead-acid batteries as example. Journal of 

Power sources, 176(2), 534-546. 

[161] Schafer, J. L., & Yucel, R. M. (2002). Computational strategies for multivariate linear 

mixed-effects models with missing values. Journal of computational and Graphical 

Statistics, 11(2), 437-457. 

[162] Segal, M., & Xiao, Y. (2011). Multivariate random forests. Wiley interdisciplinary 

reviews: Data Mining and Knowledge Discovery, 1(1), 80-87. 



 

 

152 

 

[163] Serrao, L., Chehab, Z., Guezennee, Y., & Rizzoni, G. (2005, September). An aging model 

of Ni-MH batteries for hybrid electric vehicles. In 2005 IEEE Vehicle Power and 

Propulsion Conference (pp. 8-pp). IEEE. 

[164] Sheriff, D. (1995). Diagnostic procedures facilitate the solving of gas flow problems. Solid 

State Technology, 38(8), 63-68. 

[165] Shi, J. Q., Wang, B., Will, E. J., & West, R. M. (2012). Mixed‐effects Gaussian process 

functional regression models with application to dose–response curve prediction. Statistics 

In Medicine, 31(26), 3165-3177. 

[166] Silverman, B. W. (1985). Some aspects of the spline smoothing approach to non‐

parametric regression curve fitting. Journal of the Royal Statistical Society: Series B 

(Methodological), 47(1), 1-21.  

[167] Song, Y., Liu, D., Yang, C., & Peng, Y. (2017). Data-driven hybrid remaining useful life 

estimation approach for spacecraft lithium-ion battery. Microelectronics Reliability, 75, 

142-153. 

[168] Spotnitz, R. (2003). Simulation of capacity fade in lithium-ion batteries. Journal Of Power 

Sources, 113(1), 72-80. 

[169] Stein, M. (1987). Large sample properties of simulations using Latin hypercube sampling. 

Technometrics, 29(2), 143-151. 

[170] Steinbach, I. (2009). Phase-field models in materials science. Modelling And Simulation in 

Materials Science and Engineering, 17(7), 073001. 



 

 

153 

 

[171] Stroh, R., Bect, J., Demeyer, S., Fischer, N., & Vazquez, E. (2016). Gaussian process 

modeling for stochastic multi-fidelity simulators, with application to fire safety. arXiv 

preprint arXiv:1605.02561. 

[172] Su, X., Wang, S., Pecht, M., Zhao, L., & Ye, Z. (2017). Interacting multiple model particle 

filter for prognostics of lithium-ion batteries. Microelectronics Reliability, 70, 59-69. 

[173] Suzuki, K., Ohura, K., Seko, A., Iwamizu, Y., Zhao, G., Hirayama, M., ... & Kanno, R. 

(2020). Fast material search of lithium ion conducting oxides using a recommender system. 

Journal of Materials Chemistry A, 8(23), 11582-11588. 

[174] Szegedy, C., Liu, W., Jia, Y., Sermanet, P., Reed, S., Anguelov, D., ... & Rabinovich, A. 

(2015). Going deeper with convolutions. In Proceedings of the IEEE conference on 

computer vision and pattern recognition (pp. 1-9). 

[175] Thomas, E. V., Case, H. L., Doughty, D. H., Jungst, R. G., Nagasubramanian, G., & Roth, 

E. P. (2003). Accelerated power degradation of Li-ion cells. Journal of Power Sources, 

124(1), 254-260. 

[176] Tippett, L. H. C. (1931). The Methods of Statistics. Williams and Norgate, London. 

Wolfowitz, J. (1952). Consistent estimators of the parameters of a linear structural relation. 

Skand. Aktuarietidskr, 35, 132–151. 

[177] Tsong, Y., Hammerstrom, T., & Chen, J. J. (1997). Multipoint dissolution specification 

and acceptance sampling rule based on profile modeling and principal component analysis. 

Journal Of Biopharmaceutical Statistics, 7(3), 423-439. 

[178] Tzeng, S., & Huang, H. C. (2015). Non-stationary multivariate spatial covariance 

estimation via low-rank regularization. Statistica Sinica, 151-171. 



 

 

154 

 

[179] Van, H., Kauchak, D., & Leroy, G. (2020). AutoMeTS: the autocomplete for medical text 

simplification. arXiv preprint arXiv:2010.10573. 

[180] Van, H., Tang, Z., & Surdeanu, M. (2021). How May I Help You? Using Neural Text 

Simplification to Improve Downstream NLP Tasks. arXiv preprint arXiv:2109.04604. 

[181] Van, H., Yadav, V., & Surdeanu, M. (2021, July). Cheap and good? simple and effective 

data augmentation for low resource machine reading. In Proceedings of the 44th 

International ACM SIGIR Conference on Research and Development in Information 

Retrieval (pp. 2116-2120). 

[182] Verbeke, G., & Lesaffre, E. (1996). A linear mixed-effects model with heterogeneity in the 

random-effects population. Journal of the American Statistical Association, 91(433), 217-

221. 

[183] Wade, M. R., & Woodall, W. H. (1993). A review and analysis of cause-selecting control 

charts. Journal Of Quality Technology, 25(3), 161-169. 

[184] Walker, E., & Wright, S. P. (2002). Comparing curves using additive models. Journal of 

Quality Technology, 34(1), 118-129. 

[185] Wan, X., Feng, W., Wang, Y., Wang, H., Zhang, X., Deng, C., & Yang, N. (2019). 

Materials discovery and properties prediction in thermal transport via materials 

informatics: a mini review. Nano letters, 19(6), 3387-3395. 

[186] Wang, J., Liu, P., Hicks-Garner, J., Sherman, E., Soukiazian, S., Verbrugge, M., ... & 

Finamore, P. (2011). Cycle-life model for graphite-LiFePO4 cells. Journal of power 

sources, 196(8), 3942-3948. 



 

 

155 

 

[187] Wang, W. L. (2013). Multivariate t linear mixed models for irregularly observed multiple 

repeated measures with missing outcomes. Biometrical Journal, 55(4), 554-571. 

[188] Wang, Y., & Khardon, R. (2012). Nonparametric bayesian mixed-effect model: a sparse 

gaussian process approach. arXiv preprint arXiv:1211.6653. 

[189] Wang, Y., Liu, S., Cheng, J., Wan, X., Feng, W., Yang, N., & Zou, C. (2019). A New 

Machine Learning Algorithm to Optimize A Reduced Mechanism of 2-Butanone and the 

Comparison with Other Algorithms. ES Materials & Manufacturing, 6, 28-37. 

[190] Wang, Y., Zhang, K., Tang, C., Cao, Q., Tian, Y., Zhu, Y., ... & Liu, X. (2019). Estimation 

of rice growth parameters based on linear mixed-effect model using multispectral images 

from fixed-wing unmanned aerial vehicles. Remote Sensing, 11(11), 1371. 

[191] West, Brady T, Welch, Kathleen B, and Galecki, Andrzej T. Linear Mixed Models. 

Philadelphia, PA: Chapman and Hall/CRC, 2006. Web. 

[192] Woodall, W. H. (2007). Current research on profile monitoring. Production, 17(3), 420-

425. 

[193] Woodall, W. H., Spitzner, D. J., Montgomery, D. C., & Gupta, S. (2004). Using control 

charts to monitor process and product quality profiles. Journal of Quality Technology, 

36(3), 309-320. 

[194] Wu, J., Cheng, H., Liu, Y., Liu, B., & Huang, D. (2019). Modeling of adaptive multi-output 

soft-sensors with applications in wastewater treatments. IEEE Access, 7, 161887-161898. 

[195] Wu, L., Xiao, Y., Ghosh, M., Zhou, Q., & Hao, Q. (2020). Machine Learning Prediction 

for Bandgaps of Inorganic Materials. ES Materials & Manufacturing, 9(2), 34-39. 



 

 

156 

 

[196] Xie, Z., Kwak, A. S., George, E., Dozal, L. W., Van, H., Jah, M., ... & Jansen, P. (2022). 

Extracting Space Situational Awareness Events from News Text. arXiv preprint 

arXiv:2201.05721. 

[197] Yang, A., Wang, Y., Yang, F., Wang, D., Zi, Y., Tsui, K. L., & Zhang, B. (2019). A 

comprehensive investigation of lithium-ion battery degradation performance at different 

discharge rates. Journal of Power Sources, 443, 227108. 

[198] Zaytsev, A., & Burnaev, E. (2016). Minimax Error of Interpolation and Optimal Design of 

Experiments for Variable Fidelity Data. arXiv preprint arXiv:1610.06731. 

[199] Zeng, L., & Chen, N. (2015). Bayesian hierarchical modeling for monitoring optical 

profiles in low-E glass manufacturing processes. IIE Transactions, 47(2), 109-124. 

[200] Zhang, H., Hippalgaonkar, K., Buonassisi, T., Løvvik, O. M., Sagvolden, E., & Ding, D. 

(2019). Machine learning for novel thermal-materials discovery: early successes, 

opportunities, and challenges. arXiv preprint arXiv:1901.05801. 

[201] Zhang, L., Lei, Y., & Chen, N. (2015, December). Modeling tunnel profile using Gaussian 

process. In 2015 IEEE International Conference on Industrial Engineering and 

Engineering Management (IEEM) (pp. 1352-1356). IEEE. 

[202] Zhang, W., Wu, C., Li, Y., Wang, L., & Samui, P. (2021). Assessment of pile drivability 

using random forest regression and multivariate adaptive regression splines. Georisk: 

Assessment and Management of Risk for Engineered Systems and Geohazards, 15(1), 27-

40. 



 

 

157 

 

[203] Zhang, Y., & Yang, Q. (2017). A survey on multi-task learning. arXiv preprint 

arXiv:1707.08114. 

[204] Zhang, Y., Tang, Q., Zhang, Y., Wang, J., Stimming, U., & Lee, A. A. (2020). Identifying 

degradation patterns of lithium ion batteries from impedance spectroscopy using machine 

learning. Nature Communications, 11(1), 1-6. 

[205] Zhang, Y., Xiong, R., He, H., & Pecht, M. G. (2018). Lithium-ion battery remaining useful 

life prediction with Box–Cox transformation and Monte Carlo simulation. IEEE 

Transactions on Industrial Electronics, 66(2), 1585-1597. 

[206] Zheng, H., Nathan, D. M., & Schoenfeld, D. A. (2011). Using a multi-level B-spline model 

to analyze and compare patient glucose profiles based on continuous monitoring data. 

Diabetes Technology & Therapeutics, 13(6), 675-682. 

[207] Zheng, X., &  Fang, H. (2015). An integrated unscented kalman filter and relevance vector 

regression approach for lithium-ion battery remaining useful life and short-term capacity 

prediction. Reliab. Eng. Syst. Safety, 144, 74–82. 

[208] Zhou, Q., Qian, P. Z., & Zhou, S. (2011). A simple approach to emulation for computer 

models with qualitative and quantitative factors. Technometrics, 53(3), 266-273. 

[209] Zhou, X., & Stephens, M. (2014). Efficient multivariate linear mixed model algorithms for 

genome-wide association studies. Nature methods, 11(4), 407-409. 

[210] Zhuo, Y., Mansouri Tehrani, A., & Brgoch, J. (2018). Predicting the band gaps of inorganic 

solids by machine learning. The journal of physical chemistry letters, 9(7), 1668-1673. 


