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Abstract

Abstract

One of the goals of a traditional imaging system is to acquire image of the scene

with the highest-resolution possible to infer relevant details or features. However, the

traditional imaging approach employs a digital focal plane to capture the optical image

at or near the diffraction limit followed by electronic-domain post-processing, which is

known to be sub-optimal for many tasks (e.g., classification). Using tools from quantum

information theory, recent analysis has shown that the traditional imaging approach is

sub-optimal for resolving sub-Rayleigh features in the information-theoretic sense. In this

work, we employ the framework of classical/quantum information theory to understand

the problem of optical resolution from a different perspective.

We briefly outline of the concepts of classical and quantum information theory and

how they are related to imaging and sensing, in particular resolution problem. Tradition-

ally, in optics one employs the Rayleigh criterion to determine whether two incoherent

point source, or in a more general sense, the smallest scale feature of the scene can

be resolved. However, this criteria gives only a visual bound of resolvability without

any quantification. An information-theoretic analysis allows us to not only quantify

resolution but also find its fundamental limit.

Using an information-theoretic approach we analyze the resolution of partially co-

herent point- and line- sources. In particular, we apply the Hermite Gaussian (HG)

mode sorting measurement, which is proven to be the best measurement to resolve 2-
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point sources, proposed by Tsang et al. to partially coherent sources and compare its

performance using traditional imaging with high-resolution focal plane arrays. The un-

derstanding of this new modal measurement under different scenarios (partial coherence,

extended sources, broadband, etc.) has important implications in many real-world ap-

plications.

We also develop an adaptive measurement scheme to resolve point sources with

sub-Rayleigh separation in a constellation. By leveraging the quantum information the-

ory, instead utilizing the HG mode for static measurements, we design a modal basis in

each adaptive measurement step as the modal projection basis. We compare this tech-

nique with traditional imaging followed by different image estimation algorithms such

as deconvolution with k-mean and the state-of-art convolution neural network (CNN)

for different image fidelity metrics and demonstrate optical super-resolution in the deep

sub-Rayleigh regime.
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Chapter 1. Introduction

Chapter 1

Introduction

1.1 New Perspective on Optical Resolution

For an optical system, resolution often refers to how well one can tell apart small

features in the objects. In astronomy, data points per arcsecond subtended in the image

is often measured to specify resolution while in microscopy, the minimum separation

detectable between adjacent parallel lines on the resolution test chart sets the standard

of the system. All criteria can be theoretically reduced to the differentiability of distinct

spatially separated incoherent point sources. If time plays a role in the system such as

video cameras and high-speed cameras, one can quantify temporal resolution using, for

example frame rate, to describe the precision of a measurement with respect to time.

For any sensor or digital display, resolution is usually related to the “number of pixel

count” in the devices. In this thesis, we refer resolution as the ability of the whole system,

including the optics and sensor, to identify the small features in the scene.

In an ideal optical imaging system, the object and image is an one-to-one mapping.

For such situation, resolution is said to be perfect since every single point on the object
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1.1. New Perspective on Optical Resolution

can be differentiated from the others. However, the natural of light, the imperfection

of the optical elements and the quantization of pixels on the sensor limit the resolving

power of the system.

On the optics side, resolution is limited by aberration and diffraction. Aberration

refers to the failure of the light from a point on the object converging to a single point

on the imaging plane due to the properties of optical elements. Depending on the type

of aberration, blurred or distorted image could be the result which set the system apart

from ideal. Aberration can be reduced by improving the design of the optical system,

which is the core mission of many optical engineers. In our study, we assume that all the

system can be well approximated by paraxial optics and aberration has minimal effect

that it can be neglected from our analysis.

As another limiting factor of resolution, diffraction is caused by the self interference

of light when it passes through an aperture with finite size. As a nature of light, diffrac-

tion can only be eliminated when the aperture size is infinite which can never happen in

reality. As the result of diffraction, the object-image mapping is no longer one-to-one as

in the ideal case, instead each point on the object is mapped to a point spread function

(PSF), the shape of which depends on the aperture, centred at the point location on

the image plane. The image is blurred due to the overlap of the PSFs contributed by

different points of the object.

The study of the effect of diffraction to resolution can be dated back to 19th century.

In 1835, an English astronomer Sir George Biddell Airy provided a formal mathematical

treatment [2] to describe and explain the image pattern given by an uniformly illuminated

circular aperture and this pattern is named after him as Airy disk. Airy disk is the best-

focused spot can be formed with circular aperture in an aberration free system which is

also referred as diffraction limited system. Ernst Karl Abbe, a German optical scientist,

gave a verbal explanation on principle of image formation using microscope and stated

that the resolution of a microscope is inversely proportional to its numerical aperture
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Chapter 1. Introduction

in 1873 [1, 61]. Another English astronomer William Rutter Dawes defined the smallest

resolvable angular separation of binary stars is θ = 4.56/D, where θ is the angular

separation in arcsecond, D is the diameter size in inch, by empirically tested human

observers on binary stars [19]. The resolution criterion most commonly used nowadays

was defined by Lord Rayleigh, stating that two incoherent point sources can only be

resolved if their angular separation is grater than θ = 1.22×λ/D, where θ is the angular

separation of the sources in radian, λ is the wave length and D is the size of the aperture.

This criterion is determined by the coincident of the peak of the Airy disk given by the

first source and the first zero of the second Airy disk.

On the sensor side, resolution is limited by the pixel size. The modern digital

electronic sensors, such as coupled charge device (CCD) and complementary metal-oxide

semiconductor (CMOS), measure the spatial photon distribution by the electric current

generated from photon-electric effect in each pixel on the sensor. We refer this process

as direct imaging in this thesis. In a diffraction limited system, either the size of the

PSF or the pixel is the limiting factor of the resolution of the whole system, depending

on which one is larger. In our study, we assume that pixel size of the sensor for direct

imaging is much smaller than the size of the PSF, and thus the PSF size is always the

limiting factor of resolution of the whole system.

Resolving the point sources with separation or features with scale smaller than the

Rayleigh criterion is what we refer as super-resolution here, and many of such techniques

are developed for microscopy. For examples, Stimulated Emission Depletion (STED),

which excites fluorophore by an excitation beam and uses a “doughnut” shaped deple-

tion laser induces stimulated emission around the centre of excitation beam (off state),

results in a reduction of the effective PSF size by around 80% of the original excitation

beam [43] to produce super-resolved 2D [84, 41, 117] and 3D [132, 115] cellular struc-

tures; localization microscopy employs excitation with a controlled weak beam such that

in each time-point, only a sparse subset of fluorophores, which can be accurately local-

ized, are excited, and the final image is given by the combination of frames at different
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1.2. Main Contributions

time-point [106, 4, 111, 11]; structured illumination microscopy, which excites the sam-

ple by spatially structured light (e.g. sinusoidal patterns) to obtain the interference

patterns of light and the sample for the reconstruction image by deconvolution, provides

a twofold improvement in resolution [39], and has been widely used to image biological

structure [110] and nanomaterial in the cells [59, 120, 108, 71, 121]. The techniques

which combine the aforementioned methods are also developed [16, 94].

Those methods achieve great success in the field of microscopy, but may not be

applicable in other domain such as astronomical observation since engineering of the

sources is required. Passive techniques which can be applied to any sources are always

more desirable. The goal of our work is to develop such a technique to achieve optical

super-resolution. We exploit the classical and quantum information theory to understand

resolution quantitatively, and use them as the guideline to design the measurement that

can extract the most information of interest from the object.

1.2 Main Contributions

Tsang [125] studied the resolution of a simple incoherent 2-point source problem us-

ing classical and quantum information theory and found out the optimal measurement

that achieve the quantum limit is the Hermite Gaussian (HG) modal projection. This

ground-breaking result sparked the research on the concept itself and also the appli-

cation of mode sorting measurement in different situations. In this thesis, we analyze

the classical information, which is also the resolving power, of partially coherent point

and line sources for both direct imaging and HG mode sorting measurement. For a

more general point sources problem, namely resolving N -point sources with separation

smaller than the Rayleigh criterion, we develop a Bayesian adaptive scheme, with the

measurement designed based on the quantum estimation theory. We simulate the de-

tection process and prototype the adaptive scheme, compare its performance with direct
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Chapter 1. Introduction

imaging and the state-of-art convolutional neutron network (CNN) with various image

fidelity metrics.

The main contributions of this dissertation are as follow :

1. We extend the analysis of Fisher information of direct imaging and HG mode sort-

ing measurement on the separation of two incoherent point sources by Tsang et

al. [125] and the same analysis of line source by Kerviche et al. [23], to partially

coherent point and line sources. We show that partial coherence may enhance or

reduce the information in the two point sources problem depending on the relative

phase of the light from the two sources. For the line sources, we compare the in-

formation given by evenly intense source with different coherent length, and show

that when partial coherence presents, unlike the incoherent sources for which the

average number of photon received on the image plane is constant for the sources

with the same power, the average photon counts varies as the geometry or the

degree of partial coherence of the sources change and it has great impact on the

information one can obtain by counting the photons on the image plane. Compar-

ing with incoherent sources, which may be a good approximation for astronomical

observation, the information-theoretic study of partially coherent sources is signif-

icant for microscopy because the light from the object is usually partially coherent

due to the illumination of coherent or partially coherent light. Understanding the

limit of the new mode sorting technique in a more realistic situation is the first

step to turn the theory into application.

2. For single parameter estimation, quantum information theory can be used to de-

termine the lower bound on the precision and more importantly, it allows as to

find the measurement that saturates the bound. However, for multi-parameter es-

timation, the measurement that is optimal for all parameters may not even exist,

or maybe difficult to find. Moreover, the optimal measurement design is in general

parameter dependent, which makes the search of optimal design even more harder.
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1.3. Dissertation Organization

We propose a Bayesian adaptive scheme [68], uses the current estimation of pa-

rameters together with quantum information theory to design the measurement for

the next iteration step. Our scheme picks the parameter which is locally optimal

in the sense of minimizing the MMSE among all the linear combination of the

original parameters, and uses it to construct the modal basis for the measurement

in the next step. This scheme is general that it can be applied to not only the

super-resolution problem, but any multi-parameter estimation problem which can

be framed using the density operator.

3. The adaptive measurement scheme is applied to the challenging optical super-

resolution problem, resolving N -point sources with sub-Rayleigh separations in a

constellation. We compare the performance of our proposed scheme with direct

imaging, followed by the traditional reconstruction methods such as Richardson-

Lucy (RL) deconvolution, k-mean, as well as the deconvolution based CNN. The

performance of the estimations are evaluated using various image fidelity metrics,

such as the number of sources estimated, the distribution of relative position error,

Jaccard index score, etc. The performance of our scheme, which is a passive imag-

ing technique, is much better than direct imaging, and its capability of resolving

point sources with separation around 0.1 rl (Rayleigh length) is comparable to

those previously mentioned active techniques.

1.3 Dissertation Organization

This dissertation is organized as follows. Chapter 2 provides a brief introduction

of the classical and quantum information theory and the mathematical treatment to

quantify resolution using information-theoretic measures. This chapter presents a litera-

ture review forming the foundation of the theoretical analysis in the subsequent chapters.

Thus, this is an important chapter that serves as the theoretical cornerstone of the thesis.
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Chapter 1. Introduction

In chapter 3, we adopt the framework used by Tsang et al. [125] on the incoherent

tow point sources to some more complex scenes. We extend the dimension of analysis

to partial coherence and extended sources space. In particular, we study the classical

Fisher information (CFI) of HG mode sorting measurement and direct imaging of partial

coherent tow point sources and line source in one dimension. Although the HG mode

sorting measurement is unlikely the quantum optimal measurement in those scenarios,

it is shown that HG mode sorting has higher resolving power (i.e. higher information

content) in the sub-Rayleigh regime than direct imaging.

Chapter 4 and 5 present a new quantum-inspired adaptive measurement scheme

we designed for a general multi-parameter estimation. In chapter 4, the details of the

measurement scheme is discussed. We point out the challenges of applying quantum esti-

mation theory onto multi-parameter problems, and show how they are partially resolved

by our proposed adaptive measurement scheme.

Chapter 5 focues on the performance analysis of applying our proposed adaptive

measurement scheme to imaging a constellation of point emitters. We estimate the

number of incoherent point sources, their location and relative brightness in the constel-

lation. We set the separations of the point sources to be sub-Rayleigh, which makes it a

challenge problem for traditional imaging constrained by diffraction-limited focal plane

measurement. The shot-noise limited measurement process is simulated for both our

scheme and direct imaging. We quantify the performances of our adaptive scheme and

direct imaging, which followed by traditional algorithm and the cutting-edge technique

CNN, using a variety of imaging ffidelity metrics.
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Chapter 2

Resolution: An Alternate

Perspective

In the optics community, Rayleigh’s criterion is the most commonly used resolu-

tion criterion, determines the minimum separation at which two incoherent point can

be visually resolved. However, the criterion tells us only whether the sources can be

resolved, but not quantify the resolvability in any sense. In addition, this criterion is

valid only for incoherent point sources with circular aperture which limits its applicabil-

ity. The introduction of (classical) Fisher information quantifies the resolving power of

any particular measurement and sources of any nature, which tremendously generalizes

the concept of resolution. Further more, for a fixed set of hardware design, quantum

information theory guides us to find the ultimate resolving power (i.e. precision of the

estimation) by optimizing all the measurement allowed by physics. In this chapter, we

examine the concepts of classical and quantum information theory and see how they

accomplish defining resolution.
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Chapter 2. Resolution: An Alternate Perspective

2.1 Review on Rayleigh Criterion

The traditional Rayleigh criterion states that two incoherent point sources as viewed

through a circular optical aperture can be resolved only if their angular separation is

grater than θrl = 1.22 × λ/D, where λ is the wavelength of the sources and D is the

diameter of the aperture. This implies, as shown in Fig. 2.1a, that the maximum of

the first Airy disk coincides with the first zero of the second Airy disk. However, with

this criteria, it is not possible to quantify the fidelity of separability or resolution. Fur-

thermore, the Rayleigh criterion in strictly applicable to circular aperture, though it has

been generalized to θrl ≈ λ/D. As such, to better quantify the concept of resolution one

can apply various measures of information, which is discussed in the next section.
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(a) Two Airy disks separated by 1.22 ×
λ/D.
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(b) An Airy disk and its Gaussian approx-
imation.

Figure 2.1: (a) As a 1D illustration, the Rayleigh length (rl) is defined by the overlap of
the peak of the first Airy disk and the first minimum of the second one; (b) The Airy
disk and its best Gaussian approximation. The Rayleigh length is defined by the FWHM
of the Gaussian function.

For analytical purpose, throughout this dissertation, we assume that the PSF is a

Gaussian function without loss of generality. An approximation of the Airy disk using

Gaussian function can be obtained by setting the standard deviation σi of the Gaussian

PSF σi = 0.42 × λ/D, such that in the mean square error sense the two PSFs are
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2.2. Classical Fisher Information

similar [137]. Fig. 2.1b shows the original Airy disk with its Gaussian approximation.

Noted that for the full width at half maximum (FWHM) of the Gaussian PSF, σi =

FWHM/2
√

2 ln 2 ≈ 0.42 × FWHM. Thus, the length scale λ/D approximately equals

the FWHM of the Gaussian and we use it as the Rayleigh length (rl) scale throughout

this dissertation.

2.2 Classical Fisher Information

Figure 2.2: Schematic diagram shows the flow of information throughout the detection
process.

The inadequacy of the Rayleigh criterion to provide a quantitative measure moti-

vate need for a more rigorous resolution measure. The concept of using information to

quantify resolution has been considered for some time ago [45]. However, Tsang et al.

proposed a more explicit definition in [125], in which the resolution is defined as how well

the separation of the angular separation of a pair of incoherent sources can be estimated.

To formulate resolution in the framework of information theory, imaging is treated as

an estimation task i.e., estimating the angular separation θ of two sources. Consider the
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Chapter 2. Resolution: An Alternate Perspective

imaging pipeline as shown in Fig. 2.2:

Although the “information” in θ of has not be defined rigorously yet, intuitively

in each stage of the imaging pipeline, the information from the object encoded in the

photons drops due to, for example, finite aperture size which causes photon loss and

diffraction; finite pixel size which causes quantization error; using sub-optimal estimator

that the data collected is inappropriately handled, etc. For a given set of hardware

(optics) and measurement (e.g. pixel detector on the focal plane), the mean square

error MSE(θ) =
´

[θ − θ̂(l)]2p(l; θ)dl for an unbiased estimator θ̂(l) given by any data

processing method, is lower bounded by classical Fisher information (CFI) [57]. The

CFI is given by the following equation:

CFI(θ) =

ˆ [
∂

∂θ
ln p(l; θ)

]2
p(l; θ)dl. (2.1)

As the CFI is inversely proportional to the error, we can use it to quantify resolution as a

function of separation θ. Also, it is not limited to circular aperture point sources because

as long as the scene is determined by a parameter angular θ which describes any feature,

we can specify the probability of the measurement by the spatial intensity of the image:

I(l; θ) = p(l; θ) and use it to calculate the corresponding resolution (information). This

formalism offers another advantage that the whole system, including the measurement,

is considered. The traditional Rayleigh criterion is purely determined by the optics,

which produces the PSF. Thus, the resolution of the sensor, which is determined by the

pixel density for direct imaging, is not reflected by Rayleigh criterion. In constrast, when

information criterion is used, pixel density can be taken into account by the quantization

of the spatial intensity of the image so that the resolution of the sensor is also inherently

incorporated in the CFI.
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Figure 2.3: The QFI (dashed line) and the CFI of HG mode sorting measurement and
direct imaging normalized by N/σ2, where N is the number of photons received and σ
is the standard deviation of the Gaussian PSF.

2.3 Quantum Fisher Information

To further apply the concept extend of information, quantum Fisher information

(QFI) is introduced [87]. With a fixed set of hardware (optics), QFI gives the upper

bound of the information that can be obtained regardless of the measurement. In other

words, it is the supremum of CFI over all allowable physical measurements.

To calculate QFI, we have to first formulate the problem in terms of a parameter-

dependent density operator ρ(θ) [107] and find its derivative ∂ρ(θ)/∂θ with respect to θ.

Next, we need to solve the equation: 2∂ρ(θ)/∂θ = Lρ(θ)+ρ(θ)L for the symmetric loga-

rithmic derivative (SLD) operator L. Finally, QFI is obtained by: QFI(θ) = Tr[ρ(θ)L2].

To summarize we have MSE(θ) ≥ CFI(θ)−1 ≥ QFI(θ)−1.
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Chapter 2. Resolution: An Alternate Perspective

To illustrate the concepts of information to quantify resolution, we use the resolution

of two incoherent point sources as an example [125]. Fig. 2.3 shows the QFI, the CFI

of HG mode sorting measurement and direct imaging (diffraction limited focal plane

measurement). The CFI of HG mode sorting measurement saturates QFI, thus it is

the best measurement one can use in this particular problem. Conversely, the CFI of

direct imaging starts dropping around 2 rl (θ/σF = 2), and eventually becomes 0 as θ

approaches 0, which means it loses all its resolving power. Noted that by considering

the information, we are now able to tell at a certain separation, how well one can resolve

the source with a particular measurement using CFI, and how good is the measurement

by comparing its CFI with the QFI.
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Chapter 3

Information Analysis on Partially

Coherent Sources

Two main issues are reported in this chapter. First, we study the classical Fisher

information (CFI) of the Hermite Gaussian (HG) mode sorting measurement for par-

tially coherent 2-point sources, with unknown real partial coherence. We found that the

information provided by the photon frustration induces qualitative difference in the CFI.

Second, we use a partial coherence model to study the effect of partial coherence on the

Fisher information of extended (line) source.

3.1 Introduction

The quantum limit of estimating the separation of incoherent 2-point sources was

found and and was proven to be achievable using HG mode sorting measurement [125].

Later, the quantum Fisher information (QFI) for partially coherent 2-point sources was

studied [65, 49] and sparked some debates [124, 66, 67]. The main issue in the discussion

Page 30



Chapter 3. Information Analysis on Partially Coherent Sources

is about the normalization of power, i.e. number of photon, which can be done in two

different ways: normalizing the number of photons received on the focal plane or emitted

by the source. The two formulations correspond to different situations.

When normalization of photon is carried out on the focal plane, it is assumed that

one has no information about the power of the object. In this situation, it was found

that if the partial coherence is known, the QFI remains finite as the separation of the

sources decreases to zero [66]. On the other hand, if the partial coherence is an unknown

real number ranging from -1 to 1, the QFI drops to zero as the separation of the sources

decreases to zero [66]; however if the partial coherence is allowed to have complex degree

of freedom, the QFI remains finite as the sources shrink to a single point as long as the

partial coherence is not real [69].

On the contrary, if prior information about the power of the source is available, the

normalization of the power on the sources is appropriate since the fluctuation of photons

provides us extra information when photon count depends on the parameters of interest.

The QFI when the partial coherence is known for such situation is studied in [63], and

it has qualitative difference with the other normalization method on the information

content for some values of partial coherence. However, the information analysis for the

situation that the knowledge of source power is given but that of the partial coherence

is missing has not been done.

In the first part of this chapter, we find the CFI of the separation of the HG mode

sorting measurement and direct imaging for a pair of partially coherent point sources,

assuming that there are both uncertainty in the separation and the degree of the real

partial coherence. We consider the situation that the power of the sources are even and

known so that the fluctuation of received photons can be taken into account. This is the

situation that have not been considered in [65, 69], nor in [63] in which the degree of

partial coherence is assumed to be known. It is found that even for real partial coherence,

the CFI of the separation provided by the HG mode sorting measurement is still finite
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3.1. Introduction

as the separation of the sources drops to zero. This shows that the QFI must be finite

in the same situation.

The super-resolution problem has also been stretched to extended sources. The

information-theoretic analysis on the moments of general incoherent sources has been

done in [122, 123], and the similar study on partial coherent sources for both normaliza-

tion strategies can be found in [70]. Although the exact QFIs of different moments are

not found, their the scaling of as the size of the scene changes are computed in the above-

mentioned works. For a more particular case, the incoherent line source of even bright-

ness are studied in [23] but the partial coherence effect was not considered. The resolution

problem on the extended partially coherent source is significant because the light from ob-

jects is correlated if they are illuminated by coherent or partially coherent light e.g., light

from a point source, laser beam, etc. These kinds of illumination are widely used in dif-

ferent microscopy techniques, such as digital holographic microscopy (DHM) [89, 90, 29],

interferometric synthetic aperture microscopy (ISAM) [96, 78], as well as other imaging

techniques such as optical coherence tomography (OCT) [50, 112, 109], X-ray diffractive

imaging [100, 91] etc. In the second part of this paper, we propose a partial coherence

model for one dimensional extended object, i.e. a line source, and analyze the CFI of

separation given by the HG mode sorting measurement and direct imaging. We again

find that the prior information on the source power crucially affects the information.
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3.2 Theory

Figure 3.1: Schematic diagram showing the mode shorting measurement.

We begin by defining the mutual intensity of the object denoted by Jo(θ1, θ2; θ),

where θi, i = 1, 2 are the coordinates in the object plane and θ is the separation of the

2 point sources/the length of the line source. Assuming paraxial condition holds, using

propagation of mutual coherence [35] for quasi-monochromatic light with wavelength λ

through a simple lens as shown in Fig. (3.1), the mutual intensity on the image plane is:

Ji(x1, x2; θ) =

¨
P̃ ∗(x2, θ2)Jo(θ1, θ2; θ)P̃ (x1, θ1)dθ1dθ2, (3.1)

where

P̃ (θj, xj) =

exp

(
i π
λzo
θ2j

)
√
λzo

exp

(
i π
λzi
x2j

)
√
λzi

P (θj, xj), (3.2)

P (θj, xj) is the point spread function (PSF) of the system. For the analysis in this

paper, we assume that the aperture is a Gaussian function: exp[−α2/(4σ2
a)](α is the

aperture plane coordinate) such that the PSF is also a Gaussian: P (θj, xj) = exp[−(xj−

mθj)
2/(4σ2

i )], where xj is the image plane coordinate, m = zi/zo is the magnification of

the system and σi = λzi/(4πσa) is the width scale of the PSF. Measuring the field on
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3.3. Partially Coherent 2 Point Sources

the image plane using a set of modal basis {ψq(xj)}, for the qth mode, its intensity Qq(θ)

can be found by:

Qq(θ) =

¨
ψ∗
q (x2)Ji(x1, x2; θ)ψq(x1)dx1dx2. (3.3)

In the following sections, we use the HG modes as the modal projection basis such that:

ψq(xj) =
(2πσ2

i )−1/4

√
2qq!

Hq

(
xj√
2σi

)
exp

(
−

x2j
4σ2

i

)
. (3.4)

3.3 Partially Coherent 2 Point Sources

In this section, we give the analysis of classical information of HG mode sorting

measurement when the partial coherence is an unknown real parameter. Instead of

normalizing the photon number on the image plane as in [69, 65, 66], we keep the power

of the object the same. We start with the object mutual intensity model:

Jo(θ1, θ2; θ) =
N0

2

∑
r,s=+,−

µo(θ1, θ2)δ

(
θ1 +

θ(r)
2
, θ2 +

θ(s)
2

)
, (3.5)

where θ(±) = ±θ and µo(θ1, θ1) is the complex degree of coherence which describes the

coherence of the two point sources [35]. Here we consider µo(θ1, θ1) to be real, such that

µo(θi, θj) = 1 if i = j while −1 ≤ µo(θi, θj) ≤ 1 if i ̸= j. P0 is a power proportional

constant. Note that the total power of the object is given by:
´∞
−∞ J(θ1, θ1)dθ1 = Po, so

that the total power Po, which is numerically equals No, is independent of θ or µo(θ1, θ2).

Putting Eq. (3.5) into Eq. (3.1) we can calculate the mutual intensity Ji(x1, x2; θ) on the
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image plane:

Ji(x1, x2; θ, µ) = C ′
p

{
exp

[
− (x1 −mθ/2)2 + (x2 −mθ/2)2

4σ2
i

]
+ exp

[
− (x1 +mθ/2)2 + (x2 +mθ/2)2

4σ2
i

]
+ µ exp

[
− (x1 −mθ/2)2 + (x2 +mθ/2)2

4σ2
i

]
+ µ exp

[
− (x1 +mθ/2)2 + (x2 −mθ/2)2

4σ2
i

]}
, (3.6)

where C ′
p = πσ2

aNo/2λ
2zozi× exp[i(x21−x22)/λzi] . The phase factor exp[iπ(x21−x22)/λzi]

is unimportant here regardless the measurements. For the direct imaging, the intensity

Ii(x) = Ji(x, x) is measured so that the phase factor is just 1. For the HG mode sorting

measurement, we introduce a global phase factor exp[−iπx2j/λzi] to the basis in order

to cancel phase. Therefore, the phase factor is dropped in the following calculations and

we use Cp = πσ2
aNo/2λ

2zozi = mN0/32πσ2
i to replace C ′

p. Replacing the variables and

parameters with their angular counterparts: xj → xj/zi, θj → θj/zo and σi → σi/zi, we

can simplify Eq. (3.6) as:

Ji(x1, x2; θ, µ) = Cp

{
exp

[
− (x1 − θ/2)2 + (x2 − θ/2)2

4σ2
i

]
+ exp

[
− (x1 + θ/2)2 + (x2 + θ/2)2

4σ2
i

]
+ µ exp

[
− (x1 − θ/2)2 + (x2 + θ/2)2

4σ2
i

]
+ µ exp

[
− (x1 + θ/2)2 + (x2 − θ/2)2

4σ2
i

]}
. (3.7)

Noted that if the mutual intensity is normalized by the total intensity, the model would

be equivalent to that in [65, 66].

Putting Eq. (3.7) and (3.4) into Eq. (3.3), the modal intensity Qq(θ) can be numer-

ically found. Assuming the centroid of the sources is known and treating θ and µ as the
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3.3. Partially Coherent 2 Point Sources

unknown parameters, the Fisher information matrix can be found by [58]:

FI(m)(θ, µ) =
∞∑
q=0

1

Qq


[
∂Qq

∂θ

]2
∂Qq

∂θ

∂Qq

∂µ
∂Qq

∂θ

∂Qq

∂µ

[
∂Qq

∂µ

]2
 . (3.8)

In Eq. (3.8), the dependencies of the mode intensity Qq on µ on θ are not explicitly

shown for brevity. The Cramér Rao lower bound (CRLB), which is the lower bound of

the variance Var(·) of any unbiased estimators θ̂ and µ̂, can be obtained by taking the

corresponding matrix element in the diagonal of the inverse of the CFI matrix in Eq.

3.8:

Var(θ̂) ≤ CRLB
(m)
θ (θ, µ) = [FI(m)−1(θ, µ)]θ,θ,

Var(µ̂) ≤ CRLB(m)
µ (θ, µ) = [FI(m)−1(θ, µ)]µ,µ. (3.9)

Here, we define the effective Fisher information F̃Iθ/µ of for a particular parameter as

the inverse of the diagonal element of the CRLB matrix:

F̃I
(m)

θ (θ, µ) = [CRLB
(m)
θ (θ, µ)]−1

θ,θ,

F̃I
(m)

µ (θ, µ) = [CRLB(m)
µ (θ, µ)]−1

µ,µ. (3.10)

For direct imaging, the intensity on the image plane can be found by: Ii(x; θ, µ) =

Ji(x, x; θ, µ). The FI matrix for imaging measurement can be written as:

FI(i)(θ, µ) =


ˆ

1

I

[
dI

dθ

]2
dx

ˆ
1

I

[
dI

dθ

][
dI

dµ

]
dx

ˆ
1

I

[
dI

dθ

][
dI

dµ

]
dx

ˆ
1

I

[
dI

dµ

]2
dx

 . (3.11)

Again, the dependencies of x, θ and µ in I and are not explicitly shown. The corre-

sponding Cramér Rao lower bound CRLBθ/µ and effective Fisher information F̃Iθ/µ can
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Chapter 3. Information Analysis on Partially Coherent Sources

be obtained in the same way as Eq. (3.9) and (3.10).

For µ = −0.9,−0.1, 0 (incoherence), 0.1 and 0.9, the CFIs of the HG mode sorting

measurement normalized by Cp are plotted against θ/σF , where σF = 2
√

2 ln(2)σi is the

full width at half maximum of the PSF. Fig. 3.2a shows that in general, the effective

CFI is finite as θ → 0 which is different from the results when the intensity on the image

plane is normalized, for which the QFI drops to 0 whenever the partial coherence µ is

real [69]. The finite CFI of HG mode sorting measurement shows that, the QIF, which

is larger than or equal to the CFI by any measurement, is finite as θ approaches 0 if the

power of the sources is known. This example also shows that the number of photons

count, which depends on the µ, is the dominated source of information of θ at the limit

θ → 0 when µ is unknown.

Fig. 3.2b to 3.2f compare the effective CFI of HG mode sorting measurement and

direct imaging for the situations that µ is known and unknown. When µ is known, the

effective CFI is just the CFI of θ. The CFIs when µ is unknown are all lower than when

µ is unknown since the uncertainty in µ reduces information. In any particular case, the

effective CFI of HG mode sorting is always higher than that of direct imaging, and thus

the HG mode sorting still outperforms direct imaging regardless the degree of and the

uncertainty in the partial coherence. The CFI for all situation converges to the CFI of

incoherent sources as θ increases beyond the Rayleigh limit.
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(f) µ = 0.9.

Figure 3.2: Fisher information for partially coherent 2-point source with different µ. (a)
The effective CFI of θ with different µ using HG mode sorting measurement. In general,
the effective CFI is finite as θ → 0. (b)-(e) The effective CFI of θ of the HG mode sorting
measurement (HG MS) and imaging measurement (Imaging) when µ is unknown; and
HG mode sorting measurement and imaging measurement when µ is known.
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3.4 Partially Coherent Line Source

We use the same paradigm as in the previous section to analyze the CFI of partially

coherent line source. The following object mutual intensity is considered:

Jo(θ1, θ2) =
Po

θ
rect

(
θ1
θ

)
rect

(
θ2
θ

)
exp

[
− (θ1 − θ2)

2

2σ2
o

]
, (3.12)

where Po is the optical power emitted by the object, θ is the length of the object and θ1

and θ2 are the coordinates on the object. The mutual intensity is modelled as a Gaussian

function, with the coherent length parameterized by the standard deviation σo. This

mutual coherence function is used in the Gaussian Schell-model [76], nevertheless the

object used here is line source with uniform intensity instead of the Gaussian source in

the Gaussian Schell-model model. We construct our model such that the total power of

the source
´∞
−∞ J(θ1, θ1)dθ1 = Po is independent of the length of the source and assume

that Po is a known quantity. Use again the propagation of mutual coherence, the mutual

intensity on the image plane is:

Ji(x1, x2; θ, σo) = Clθ

ˆ 1

−1

ˆ 1

−1

exp

[
−

(x1 − θ
2
y1)

2

4σ2
i

]
exp

[
−

(x2 − θ
2
y2)

2

4σ2
i

]
× exp

[
− (y1 − y2)

2θ2

8σ2
o

]
exp

[
i
(y21 − y22)θ2

4α2

]
dy1dy2, (3.13)

where Cl = Po/16πziσ
2
i is a constant independent of the object length, and xi, θ, σo,

σi are all angular coordinates/distance as in Eq. (3.7). α =
√
λ/πzo is the unit-less

Fresnel phase parameter. Again, the phase factor exp[iπ(x21 − x22)/λzi] is ignored as in

Eq. (3.7). The corresponding HG model intensity Qq is given by:

Qq(θ) =
√

2πσiClθ

ˆ 1

−1

ˆ 1

−1

1

q!

[(
θ

4σi

)2

y1y2

]q
exp

[
− (y1 − y2)

2θ2

8σ2
o

]
× exp

[
− 1

2

(
θ

4σi

)2

(y21 + y22)

]
exp

[
i
(y21 − y22)θ2

4α2

]
dy1dy2. (3.14)
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3.4. Partially Coherent Line Source

Assuming the coherent length σo is known, the CFI of HG mode sorting measure-

ment and direct imaging can be found numerically. As an example we set α = 10−8.

For this α, if the wavelength λ is in the order of 10−7 m, the the object distance is in

the order of 109 m. The long object distance allows us to make comparison with the

incoherent line source for which the object is assumed located at infinity later [23]. Some

of the features of the CFI are discussed in the following sections.
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Figure 3.3: The CFI of the HG mode sorting measurement (solid lines) and direct imag-
ing (dashed lines) normalized by Cl against the angular extension of source normalized
by the Rayleigh length σF . Different colour refers to different coherent length (σo) of the
source in the unit of σF .

3.4.1 Comparison with Direct Imaging

Fig. 3.3 shows the CFI normalized by Cl of the HG mode sorting measurement and

direct imaging against the angular separation normalized by the Rayleigh length scale

σF , which is defined in the same way as in previous section. The range of θ covers
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Chapter 3. Information Analysis on Partially Coherent Sources

the the whole sub-Rayleigh regime (i.e. θ ≤ σF ). For the coherent length, we consider

σo = 5 × 10−4σF to 5 × 10−1σF . It is assumed that the source power is known.

For the sources with small coherent length (σo ≤ 5×10−3σF ), the HG mode sorting

measurement outperforms the direct imaging. However, for large σo, the CFI of the

two measurements are more or less the same. The divergence of information for small θ

and the oscillation of information for large coherent length are new features for partially

coherent sources. These features are discussed in the following sections.

3.4.2 Divergence of Information
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Figure 3.4: The CFI of HG mode sorting measurement (solid lines), direct imaging
(dashed lines) and total photon counting FIN (dotted lines) normalized by Cl against
the angular extension of source normalized by the Rayleigh length σF . Different colours
represent different coherent lengths σo in the unit of σF .
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3.4. Partially Coherent Line Source

For all σo, the CFI diverge as θ → 0 which means the information increases with

no bound. Mathematically, this can be understood by expanding the mode intensity

in term of θ. For different leading order of Qq, the corresponding limiting behavior of

CFI is listed in Appendix C. For q = 0, the leading order Q0(θ) is 1, which leads to

the divergence of CFI as θ → 0. For other q, the leading order are all greater than 2

so they contribute nothing to the Fisher information. Nevertheless, this analysis is only

correct when the actual source length is much greater than the wavelength so that the

propagation equations for mutual coherence is valid.

Physically speaking, as θ → 0, photons concentrates in the 0th mode and the infor-

mation comes from the fluctuation of the total number of incoming photons. This can

be seen by the information provided by all modes converges to the information content

provided by using only total photon counting FIN = (dN/dθ)2/N , where N is the total

photon collected per unit time, in Fig. 3.4. Again by the expansion of N , FIN ∼ 1/θ so

that the information grows to infinity.

The fluctuation of photons number is due to the finite size of the aperture which

causes the variation of power transmission. The total power before the light passes

through the aperture is P0 as the result of conservation of energy. However, the Gaussian

aperture is partially transparent so not all the energy from the object side can reach the

focal plane. As the source length and coherent length vary, the intensity distribution

incident on the aperture changes due to diffraction and interference, and as a result the

power transmission changes accordingly.

3.4.3 Oscillation of Information

In Fig. 3.3, the CFI shows oscillating behavior. The oscillation pattern occurs when

the phase factor exp[i(y21 − y22)θ2/4α2] in Eq. (3.14) becomes significant. This happens

when 1/4α2 and the coherent length σo are both large enough such that the spread of
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Chapter 3. Information Analysis on Partially Coherent Sources

the mutual coherence function covers more than one period of the phase term. Roughly

speaking, in the regime θ ≫ α2/σo, when θ varies, interference becomes considerable

and it leads to periodic change of the focal plane intensity distribution, thus the CFI

changes accordingly. In our calculation, we set α = 10−8 and σF = 2.355× 10−7, so σo is

ranging from about 10−6 to about 10−9. θ is about the same order of magnitude of σF ,

thus we can see the oscillation appears when σo increases.

3.4.4 CFI Analysis When Source Power Is Unknown
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Figure 3.5: The CFI of the HG mode sorting measurement (HG MS) and direct imaging
(Imaging) normalized by N/σ2

i when the source power Po is unknown, such that the
intensity on the focal plane is normalized. For short coherent length in the unit of σF ,
the CFI converges to the corresponding incoherent models (black lines).

In order to compare the results with those in [23], in which the mutual coherence

function is modelled by a delta function such that the power on the image plane is
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3.4. Partially Coherent Line Source

constant regardless the length of the source, we find also the CFI with normalized spatial

and modal intensity on the image plane. This refers to the situation that the information

of the source power Po is unknown and it captures information per photon received on

the detector.
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Figure 3.6: The CFI of the HG mode sorting measurement (HG MS) and direct imaging
(Imaging) normalized by N/σ2

i when the source power Po is unknown, such that the
intensity on the focal plane is normalized. For long coherent length in the unit of σF ,
the HG mode sorting measurement still outperforms direct imaging.

In Fig. 3.5, the CFI of the HG mode sorting measurement and direct imaging

normalized by N/σ2
i given by the source with small coherent length σo converge to the

corresponding incoherent models. The incoherent model is a good approximation if

σo ≪ θ ≪ α2/σo. The first inequality requires the coherent length is much smaller

than the object length such that the source is close to the incoherent condition. The

second inequality requires the phase factor mentioned in the previous section plays an

unimportant role so that the interference effect, which is absence in the incoherent source

by definition, can be ignored. As an example, one can look at the CFI for the two
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measurements when σo = 5 × 103σF (the red lines). When θ/σF is very close to 0, θ is

smaller than σo, the sources can no longer be considered close to incoherence and the CFIs

no longer consists with the delta function models (the black lines). In such situation,

even for the HG mode sorting measurement the CFI drops to zero. As θ/σF increases,

both CIFs are close to their incoherent counterparts until θ/σF ≈ 0.3, after which θ

is comparable to α2/σo and the CFIs deviate again from the incoherent models. In

Fig. 3.6, the source with relatively large σo, we have θ is comparable to α2/σo even when

it is small and the CFIs demonstrates oscillation as discussed in the previous section.

In all the scenarios we analyze here, the HG mode sorting measurement outperforms

direct imaging and the introduction of partial coherence brings down the CFIs in the

sub-Rayleigh regime.

3.5 Conclusion And Future Work

In this chapter, we find the CFI of HG mode sorting measurement and direct imaging

on the 2-point sources problem with partial coherence when the prior information of the

source power is given. We to demonstrate that different assumption on source power

leads to leads to qualitative difference in the CFIs. For any real partial coherence, it is

found that the QFIs drops to zero when the partial coherence is unknown [69] if the source

power is not given, while in our study, the CFI of the HG mode sorting measurement is

finite in the same situation if the prior information of the source power is available. In

the cases we studied, the HG mode sorting measurement still has advantage over direct

imaging.

Also, we extend the analysis to partially coherent line source, and calculate the

CFI under two circumstances. First we consider the CFI given by sources with constant

known power. We find that the total photon counting contributes the majority of the

information as the length of the source approaching zero and the information grows to
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infinity at that limit. For the sources with long coherent length, CFI oscillates as the

object length changes due to interference. The performance of the HG mode sorting

measurement is still better than that of direct imaging for short coherent lengths, while

the gap closes as the coherent length increases. Second, we compare the CFIs when

the source power is not known with the delta function incoherence model [23]. For the

sources with short coherent length, the CFI of the two models converge in the regime

σo ≪ θ ≪ α2/σo. HG mode sorting measurement still outperforms direct imaging and

the introduction on partial coherence reduces the CFIs is all cases studied.

It has been a long debate that whether one should normalize the intensity on the

image plane when we analyze the information content of a measurement. We demon-

strates with the CFIs that either way is valid and they are just referring to different

situations. If one knows the power of the source as a prior information, normalization of

power should be carried out on the object since photon counting provides information

especially when the separation/length of the source(s) is small. On the other hand, if

the knowledge of the source power is not available, one can only estimate the length or

other parameters by the photon distribution but not the number of photons and thus

the intensity on the image plane should be normalized.
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Chapter 4

Bayesian Adaptive Measurement for

Multi-Parameter Estimation

We propose a Bayesian sequential adaptive measurement scheme for general multi-

parameter estimation problem. In each measurement step, the scalar parameter, specif-

ically a linear combination of the parameters of interest, is chosen to give the minimum

mean square among all of its kind. We demonstrate our estimation scheme for the op-

tical super-resolution problem of multiple point emitters with sub-Rayleigh separation

in a constellation. Using simulations we demonstrate that our proposed scheme is su-

perior to the traditional diffraction limited imaging measurement in the next chapter.

Our proposed scheme could potentially be applied to a variety of fields in sciences and

engineering, such as microscopy and astronomical observation and remote sensing.
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4.1 Introduction

In various fields of science and engineering, multi-parameter estimation is an impor-

tant problem relevant in many applications. Examples include, simultaneous estimation

of phase and other parameters such as loss, diffusion coefficients, uncertainty of the

probe, etc. in optical/atomic interferometry [18, 129, 101, 32], estimation of location of

point emitters in multiple dimensions for super-resolution [6, 83, 93], waveform estima-

tion [126, 10], Hamiltonian estimation [135, 136, 86], measuring range and velocity using

lidar [28, 140, 13], object tracking [133, 44] and even modeling biological processes [127].

In classical estimation theory, minimizing the covariance matrix over all the unbi-

ased estimators in the positive semidefinite sense yields the Cramer-Rao lower bound

(CRLB) for multi-parameter estimation, which is the inverse of the classical Fisher in-

formation (CFI) matrix [56]. The CRLB can always be achieved asymptotically by

the maximum likelihood estimator (MLE). In quantum estimation theory, the inverse

of quantum Fisher information (QFI) provides an operator lower bound on the error

covariance matrix or the Quantum CRLB (QCRLB) by further minimization over all

physically allowed measurements, in absence of any available priors [46]. Thus it serves

as the performance benchmark of measurement design for sensing [125, 129, 75] and

probe design for meteorology [64, 22]. The counterpart of CFI in a Bayesian setting

referred to as the Van Trees inequality or bound [128, 33], while a Quantim Bayesian

version of this QFI has been proposed by Tsang [126]. Besides using the information

matrices, a lower bound of the covariance error matrix for a single-shot measurement can

also be found by carrying out direct minimization over all the unbiased estimators and

measurements on the covariance error matrix itself [88, 104, 105]. Although the quantum

information analysis discussed above provides the ultimate precision limit of parameter

estimation, the optimal measurement that achieves the limit for all parameters simulta-

neously may not exist in general and/or be challenging or analytically intractable. The

saturation conditions and the trade-off of the precision of estimating different parameters
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have been analyzed for both QFI and its Bayesian counterparts [129, 95, 105].

Apart from the theoretical analysis on the estimation precision limit, the develop-

ment of practical estimation protocols is also a key concern to scientists and engineers

for various real-world applications. Various approaches, ranging from the traditional

methods such as maximum likelihood estimation [81, 73, 38], (adaptive) Bayesian esti-

mation [131, 25, 116, 52], stochastic algorithms [74, 15], to the state-of-art data-driven

neural networks [14, 30], have been employed to solve a diverse range of estimation

problems. Although the performance of such estimation schemes may not achieve their

corresponding classical/quantum limits, they are still useful due to their tractable and

efficient implementations, given that their performance meets the user/application min-

imum requirements.

In this work, we propose a sequential adaptive measurement scheme for multi-

parameter estimation within a full Bayesian inference framework by leveraging tools

from the Bayesian quantum estimation theory. Sec. 4.2 outlines three different potential

measurement protocols, while Sec. 4.3 provides a more comprehensive review on the pre-

cision limits under different statistical frameworks (i.e., frequentist and Bayesian). The

details of our proposed measurement scheme are presented in Sec. 4.4. In Sec. 4.5, we em-

ploy our proposed measurement scheme to the problem of localizing an unknown number

of point-emitters in a sub-Rayleigh (below diffraction-limit) field of view in an optical

imaging context. This illustrative imaging application is motivated by the fact that

traditional direct focal-plane imaging, which employs intensity measurements followed

by electronic-domain processing, is known to be highly sub-optimal [125] in the sub-

Rayleigh regime. We compare our quantum-inspired adaptive sequential measurement

design with the direct imaging technique to quantify the significant optical resolution

improvement obtained with our proposed scheme. In Sec. 4.6 we briefly summarize key

aspects of our work and point to future directions for further optimizations to improve

upon the current results.
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4.2 Measurement Protocols

In classical sensing and imaging paradigm, a measurement channel is modelled by

a conditional probability p(l|X(θ)), where X(θ) and l = [l1, l2, ..., lN ]T are the vector-

valued measurement input (e.g., object/scene/signal) and outcome of the measurement

channel respectively. The input X(θ) itself can be a deterministic function or a random

variable parameterized by M parameters θ = [θ1, θ2, ..., θM ]T . Thus, the channel can be

expressed by the conditional probability density p(l|θ). This measurement model can be

also applied to quantum sensing, where the input X(θ) is replaced by a density operator

ρ(θ) describing the object being measured and the measurement channel is given by a

positive-operator-valued measure (POVM) {Πl} operating on ρ(θ) resulting in outcome

l with probability p(l|θ) = Tr (ρ(θ)Πl) [55]. Note that a classical measurement channel

can always be expressed as: ρ(θ) =
´
p(l|θ)dl|αl⟩⟨αl| with the projection operator

POVM {Πl} = {|αl⟩⟨αl|}, where {|αl⟩} is a set of orthonormal complete basis. Thus,

in the following discussion we only consider the quantum formulation as the classical

channel can be considered as a special case.

Classical

Input

Channel

Outcome

General

Figure 4.1: A schematic diagram shows the classical and quantum channel model.

Page 50



Chapter 4. Bayesian Adaptive Measurement for Multi-Parameter
Estimation

In practice, if N copies (N ≥ 2) of quantum states ρ(θ)⊗N are available, the receiver

can: (1) in the most general setting, choose a joint-measurement POVM {Πl(N)
} acting

collectively on ρ(θ)⊗N , producing the outcome l(N); (2) employ the local operations and

classical communications (LOCC) scheme, such that each batch of state ρ(θ)⊗Kτ , where

Kτ is the number of copies of state ρ(θ) comprising the τ th measurement batch, with

0 ≤ τ ≤ S and N =
∑S

τ=0Kτ , is measured by the POVM {Π
(τ)
l } chosen for exam-

ple, based on the information available from the previous set of measurement outcomes

{l(0), l(1), . . . , l(τ−1)}; or (3) use independent identical measurements on each copy of the

state, described by the POVM {Πl}. The schematic diagram illustrating these three

measurement approaches is shown in Fig. 4.2.

No matter the receiver strategy, after measuring all N copies, the receiver gen-

erates an estimate of θ, i.e., θ̂(lset) where lset = l(N) for case (1) above, and lset =

[l(0), l(2), . . . , l(S)] for cases (2) above and lset = [l(1), l(2), . . . , l(N)] for case (3) above.

The receiver chooses the estimator to optimize a desired objective/loss function. A nat-

ural choice of the objective function associated with sensing and imaging estimation

tasks is mean (expected) squared-error (MSE), E[||θ − θ̂(lset)||2].

4.3 Precision Limit of Different Statistical

Frameworks

For any given measurement POVM {Πl}, assuming strategy (3) above, i.e., the

same measurement acts on each copy of ρ(θ), the problem reduces to the standard

classical estimation theory problem of estimating θ from N i.i.d. samples of l, each

described by p(l|θ). The covariance Cov(θ̂(lset),θ) for any unbiased estimator θ̂(lset)

of θ is lower bounded by ΣC [105]. This means Cov(θ̂(lset),θ) − ΣC is a semi-positive

definite matrix, denoted compactly as Cov(θ̂(lset),θ) ≥ ΣC . The receiver’s task is

to pick the optimal estimator θ̂
opt

(lset) on the measurement outcomes lset, such that
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(1) Joint 

Measurement
(2) LOCC

Figure 4.2: A schematic diagram shows the three different measurement approaches on
N -copy of quantum states ρ(θ)⊗N .

Cov(θ̂
opt

(lset),θ) saturates the bound ΣC when permissible.

Tools of quantum estimation theory allow us find a tight lower bound to Cov(θ̂(lset),θ),

which automatically optimizes over all physically-permissible choices of a POVM {Πl}

(again, assuming that the same measurement is used to detect each copy of ρ(θ)). The

Cov(θ̂(lset),θ) is lower bounded by ΣQ (a quantum bound) [105], which itself is an infi-

mum of all bounds ΣC associated with all possible choices of {Πl}. For certain cases (for

example when θ is a single scalar parameter), quantum estimation theory also provides

the optimal receiver POVM {Π
(opt)
l } [105]. Once the optimal receiver is chosen, it uses

the optimal estimator θ̂
opt

(lset) using standard classical estimation tools, such that co-

variance Cov(θ̂
opt

(lset),θ) saturates ΣQ when permissible. Therefore, in general we can
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state: Cov(θ̂(lset),θ) ≥ ΣC ≥ ΣQ, where ΣC corresponds to any choice of POVM.

The aforementioned lower bounds on the covariance of multi-parameter estimators

can be defined within the statistical inference frameworks of the frequentist approach,

i.e., Fisherian (with no prior), or the Bayesian (with prior p(θ)) inference approach. We

review below some known bounds for both inference approaches.

In the Fisherian (frequentist) approach, when no prior p(θ) is available or defined,

the Cramer-Rao lower bound (CRLB) ΣC on the covariance Cov(θ̂(l),θ) of an unbiased

estimator is given by the inverse of the Fisher information (FI) matrix I [56]:

Iij =

ˆ [
∂

∂θi
ln p(l|θ)

][
∂

∂θj
ln p(l|θ)

]
p(l|θ)dl, (4.1)

with 1 ≤ i, j ≤M , and the likelihood p(l|θ) = Tr(ρ(θ)Πl). The quantum version of this

lower bound ΣQ, which only depends on ρ(θ) (since the measurement Πl is automatically

optimized over all POVMs) is given by the inverse of the quantum Fisher information

(QFI) matrix Q [72], with elements:

Qij = Tr

[
ρ(θ)

LiLj + LjLi

2

]
, (4.2)

where Li is the symmetric logarithmic derivative (SLD) operator. The SLD operator

can be determined from the following implicit relationship:

2
∂

∂θi
ρ(θ) = ρ(θ)Li + Liρ(θ), (4.3)

with 1 ≤ i ≤ M . Thus, we have Cov(θ̂(lset),θ) ≥ I−1 ≥ Q−1 in the Fisher framework.

For N -copy i.i.d. measurement of ρ(θ)⊗N , both the classical and quantum bounds scale

by a factor of 1/N . The classical one is asymptotically attained by the maximum like-

lihood estimator (MLE). The quantum CRLB (Q−1) can not be saturated in general

for M > 1. Sometimes solving Li in Eq. (4.3) or Γi,1 in Eq. (4.7), which are Lyapunov

equations [79], is not easy. Even if the integral form of the solution is known [92], it is
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hard to implementation of the solution is hard in general. Different approaches, such as

numerical methods [7, 119], using vectorization of the matrices [9, 54], direct calculation

using the eigenvectors of ρ(θ) or Γ0 [12, 87], etc. We exploit the idea from [31] and

developed a systemic scheme to solve Eq. (4.3), with the density operator ρ(θ) in the

In Bayesian setting, Personick finds the minimum means square error of a single

parameter problem by optimizing first the estimator and then the measurement and [88],

and the multi-parameter counterpart on the covariance Cov(θ̂(l),θ) of any estimator θ̂(l)

are found in [105]. In this work we refer to this as the Bayesian Personick lower bound

(BPLB), given by,

ΣC =

ˆ
p(θ)θθTdθ − J, (4.4)

where the M -by-M matrix J is defined as:

Jij =

ˆ
[
´
p(l,θ)θidθ][

´
p(l,θ)θjdθ]

p(l)
dl, (4.5)

and p(l,θ) = p(l|θ)p(θ) is the joint distribution of l and θ. This bound is analogous to

the CRLB in the Fisherian setting. The posterior mean of the parameters
´
θip(θ|l)dθ

saturate the bound in Eq. (4.4) and the proof is shown in Appendix A.1. For the quantum

version of this lower bound, we first define the following operators, for 1 ≤ i ≤ M and

k = 0, 1, 2 [88]:

Γi,k =

ˆ
dθp(θ)ρ(θ)θki , (4.6)

and operators Bi, 1 ≤ i ≤M , that satisfy:

2Γi,1 = Γ0Bi +BiΓ0. (4.7)
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For k = 0, Γi,0 = Γj,0, ∀(i, j), thus we can drop the first index and denote it as Γ0 =´
dθp(θ)ρ(θ), the average received state. The quantum BPLB ΣQ can be written as:

ΣQ =

ˆ
p(θ)θθTdθ −G, (4.8)

where

Gij = Tr

[
Γ0
BiBj +BjBi

2

]
. (4.9)

Thus in a Bayesian inference framework, we have Cov(θ̂(l),θ) ≥ ΣC ≥ ΣQ. Table 4.1

summarizes these Fisherian and Bayesian bounds.

Table 4.1: Summary of classical and quantum bounds for Fisherian and Bayesian ap-
proaches.

Fisher Bayesian
Classical Information Matrix: I Covariance Bound: ΣC

Quantum Information Matrix: Q Covariance Bound: ΣQ

Bounds Cov(θ̂,θ) ≥ I−1 ≥ Q−1 Cov(θ̂,θ) ≥ ΣC ≥ ΣQ

To achieve the quantum bound, an optimal measurement is required (i.e. an optimal

choice POVM, that acts on each copy of ρ(θ)). For a single parameter problem (M = 1),

the projective measurement onto the eigenvectors of the SLD operator L in Eq. (4.3)

saturates the Fisher quantum bound, i.e., the I for the SLD measurement equals Q [113].

Likewise, the Bayesian quantum bound on the covariance is saturated (i.e. ΣC = ΣQ),

for the case of a single parameter (M = 1) by a projective measurement onto the

eigenvectors of the operator B in Eq. (4.7) [88].

For multi-parameter estimation, if the operators associated with parameter θi: Li

and Bi, 1 ≤ i ≤M commute with one another, for the Fisher and Bayesian frameworks

respectively, the corresponding covariance bound can be saturated by the above-said

measurements, calculated by evaluating the eigenvectors of Li or Bi, respectively (which
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i does not matter as they are simultaneously diagonal). However, if the operators do

not commute, which is the case in general, a measurement that is jointly optimal for all

parameters may not exist and/or likely to be challenging to derive [113].

In the quantum case, the Holevo Cramer-Rao bound (HCRB) [47] is the most fun-

damental scalar lower bound on the weighted mean square error Tr[WCov(θ̂(l),θ)], for

a positive definite W . The HCRB represents the best precision attainable with a col-

lective measurement (discussed as case (1) above) on an asymptotically large number of

identical copies of ρ(θ).

To partly address the aforementioned challenges relating to multi-parameter bounds

and utilize quantum estimation theory to design realizable measurements for multi-

parameter estimation problems, we propose an adaptive sequential measurement scheme

as described in the following section.

4.4 Adaptive Sequential Measurement Scheme

Consider a system or a field in the state described by the density operator:

ρ(θ) =
P∑
i=1

bi(θ)|ψi(θ)⟩⟨ψi(θ)|, (4.10)

where θ = [θ1, θ2, ..., θM ]T are the parameters of interest, |ψi(θ)⟩ and bi(θ) are the

parameter-dependent pure states and the corresponding weights respectively. As ρ(θ) is

unit trace, we have ⟨ψi(θ)|ψi(θ)⟩ = 1,∀i and
∑P

i=1 bi(θ) = 1. The states |ψi(θ)⟩ are not

necessarily orthogonal, i.e. ⟨ψi(θ)|ψj(θ)⟩ ≠ 0 for i ̸= j in general. P itself, in general, is

an unknown parameter (positive integer) such that: Pmin ≤ P ≤ Pmax. Here we assume

that P is upper bounded by Pmax, i.e., a prior on P . If the lower bound Pmin is not

known/available, we can set it to 1. When Pmin ̸= Pmax, both P and θ need to be

estimated. On the contrary, if Pmin = P = Pmax, i.e., P is known a priori exactly, then
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we only need to estimate the parameters θ.

Initialization

The measurement is initialized by setting up {Π(0)} and p(0)(θ), which are the

POVM for measuring ρ(θ)⊗K0 and the prior on the parameters θ respectively. If by

any means a set of pre-estimated parameters θ̂
(0)

can be found, one may construct an

estimated density operator ρ(θ̂
(0)

) and use the method described below to construct

{Π(0)}. Otherwise, any POVM can be used in this stage.

Measurement Cycle/Step

Let us take N =
∑S

τ=0Kτ , such that we adapt the measurement choice S times,

denoted by τ as the iteration index, 0 ≤ τ ≤ S. In the τ th measurement cycle,

Kτ of copies of ρ(θ), the density operator of which is ρ(θ)⊗Kτ , are measured. The

notation used here is the same as that in the previous section. In each measure-

ment cycle/step, we employ the measurement strategy (3) introduced in Sec. 4.1. As-

sume that in the τ th measurement cycle, we have a POVM {Πl(τ)} to measure each

single copy of ρ(θ). For the ith copy of ρ(θ), where 1 ≤ i ≤ Kτ , the probability

of obtaining the outcome l
(τ)
i is p(l

(τ)
i |θ) = Tr[ρ(θ)Π

l
(τ)
i

], such that Π
l
(τ)
i

∈ {Πl(τ)}.

The probability of observing the measurement outcomes l(τ) = [l
(τ)
1 , l

(τ)
2 , ..., l

(τ)
Kτ

]T is

p(l(τ)|θ) = Tr[ρ(θ)⊗Kτ Π(τ)] =
∏Kτ

i=1 Tr[ρ(θ)Π
l
(τ)
i

], where Π(τ) ≜ Π
l
(τ)
1

⊗ . . .⊗Π
l
(τ)
Kτ

. At the

end of the sequential measurement scheme, a N -copy state ρ(θ)⊗N has been measured.

Note that Kτ can be deterministic in some situations (e.g. the number of bits being

transferred in a channel), but in many sensing/imaging problems, it is likely to be a

random variable. For example, in the imaging problem discussed in the next section,

a single photon is described by ρ(θ) and the number of photons (copies of ρ(θ)) Kτ

received in a fixed time period is a random variable governed by Poisson distribution.
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Figure 4.3: A schematic diagram illustrating various steps comprising our proposed
sequential adaptive measurement scheme.
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Nevertheless, our measurement protocol works for varying Kτ thus it fits naturally a

wide range of sensing/imaging problems.

The parameter estimate θ̂
(τ)

, available after the τ th sequential measurement is de-

noted by θ̂
(τ)

= [θ̂
(τ)
1 , θ̂

(τ)
2 , ..., θ̂

(τ)
M ]T . In a Bayesian inference setting, the parameter

estimate θ̂
(τ)

is given by posterior mean: θ̂
(τ)

= Ep(θ|l(τ))[θ] if we wish to minimize

the objective/loss function of MSE. For other loss functions (e.g., probability of detec-

tion/classification) other optimal estimators/detectors/classifiers can be chosen. The

posterior is given by: p(θ|l(τ)) = p(l(τ)|θ) · p(τ)(θ)/p(l(τ)), where p(τ)(θ) is the prior at

the τ th iteration. Note that the prior p(τ)(θ) in turn equals the posterior p(θ|l(τ−1)) at

the previous (τ − 1)th iteration. The density operator at the τ th iteration is represented

as ρ(θ̂
(τ)

). Now what remains to be determined is how we choose the POVM {Πl(τ)} at

the τ th iteration. We use the following strategy to pick/construct the POVM {Πl(τ)}.

It is known that for a single parameter estimation problem, the eigen-projection

measurement of B1 in Eq. (4.7) saturates the quantum bound ΣQ [88], which reduces

to a lower bound of the variance of the scalar parameter. In this case the minimum

mean square error (MMSE) is given by ΣQ = Tr[Γ1,2 −B1Γ1,1], where Γi,j are defined in

Eq. (4.6). We refer to this measurement as the Personick projection in this work. For

the multi-parameter problem, the counter-part of Tr[B1Γ1,1] is a matrix G in Eq. (4.9).

If all Bi operators commute, the quantum optimal measurement is given by the eigen-

projections of any of the Bi operators [105]. However, there is no such guarantee that the

optimal measurement for all parameters exists or can be found in general. As such for the

general case, where such optimal measurements may not exist or may not be accessible,

we propose to utilize Personick’s result for single parameter estimation, to define a single

meta parameter γ(τ) for estimation at the τ th iteration of the sequential measurement.

This scalar parameter γ(τ) is defined as a linear combination of the M parameters given

by the the eigenvector of the matrix ΣQ with the smallest eigenvalue. We claim that our

approach is optimal (in MSE sense) for estimating this single parameter. Appendix A.2

provides the optimality proof this approach. The BPLB ΣQ on the error covariance
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matrix is defined per Eqs. (4.8) and (4.9) for the density operator ρ(θ̂
(τ−1)

). The scalar

parameter γ(τ) is used to construct the operator Bγ(τ) and the corresponding Personick

projection, constructed using Bγ(τ) , is chosen as the POVM {Πl(τ)} at the τ th iteration.

The sequential measurements are terminated when all the N available copies of ρ(θ)

have been exhausted.

As a reminder we note that in each iteration step, the Personick measurement

describe above is not necessarily optimal given the actual state (density operator) due to

reasons stated earlier. Furthermore, as an aside we also note that our approach chooses

the next optimal measurement based on the current state estimate, which can be viewed

as a result of greedy optimization approach within the context of adaptive sequential

estimation [130]. In contrast, a non-greedy adaptive sequential scheme selects the design

for the next measurement while considering not only the current state estimate but

also all possible future measurements and associated estimates within a game-theoretic

framework [51, 8].

The sequential measurements are terminated when all the N available copies of ρ(θ)

have been exhausted.

Extension: P not known a priori

If the scalar P in Eq. (4.10) i.e. the number of parameters is unknown, we can

employ and initialize multiple models of density operators ρ(θP ) with the corresponding

prior p(θP ). Here θP = [θ1, θ2, ..., θMP
]T for Pmin ≤ P ≤ Pmax. In such a scenario,

the number of parameters, denoted by MP , for each model corresponding to a P can be

different in general. In τ th iteration of the sequential measurement, one model is selected

and used to construct the Personick measurement. The model can be selected randomly

at τ = 0, and the one that maximizes p(l(τ−1)) can be used for the τ th measurement

iteration. We also propose an alternative model selection method in the next section.
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After model selection, the measurement scheme defined in the previous section can be

applied unaltered. Note that at τ th iteration, not only selected model but all the models

are updated in a Bayesian inference setting, using the measurement outcome l(τ). When

the sequential measurements eventually terminate, we can simply pick a model using the

same model selection criteria described above and compute the final multi-parameter

estimate as the posterior mean. However, other model selection criterias can also be

applied as desired.

4.5 Application: Multi Point-emitter Estimation

4.5.1 Background

In traditional optical imaging, incoherent point emitters are considered to be unre-

solvable when their separation is smaller than the Rayleigh limit [97]. However, Tsang

et. al. ’s recent quantum information theoretic analysis of the two-point resolution as

a estimation problem showed that the Rayleigh limit is not fundamental and in fact an

outcome of the sub-optimality of the diffraction-limited optical image intensity measure-

ment, referred to as direct imaging [125]. Furthermore, they show that the Hermite

Gaussian (HG) modal projection measurement saturates the QFI, i.e. it is the optimal

measurement (in minimum variance unbiased estimation sense) to use in such scenario.

Although this ground-breaking result has shed new light on applying modal projec-

tion measurement to achieve super-resolution (i.e. resolving features with sub-Rayleigh

scale), the optimal measurements in general situations are still unknown, due to the

involvement of multi-parameters in such situations and the parameter dependent nature

of the optimal measurement.

We employ our proposed adaptive sequential measurement scheme to illustrate one

such complex multi-parameter imaging problem of optical super-resolution, specifically
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estimating the locations and relative brightness of incoherent point emitters comprising

a cluster/constellation. The optical super-resolution estimation problem typically arises

in many optical imaging applications such as astronomy and microscopy [134, 48]. For

instance, in fluorescence microscopy, flourophore (point-like) emitter position reveal the

structure of the specimen. The state-of-art super-resolution techniques require illumi-

nation engineering in either the spatial domain, such as Stimulated Emission Depletion

(STED) [42] and structured illumination [40], to reduce the effective size of the point

spread function (PSF) by about 2 to 4 times, or in the temporal domain using single

molecule localization microscopy (SMLM) [4], which yields 10 to 100 folds of resolution

improvement depending on the strength of the emitters and integration time. On the

other hand, astronomers exploit coherent interference of radio signals from array of tele-

scopes, known as very long base line interferometry (VLBI) [17], to enhance the angular

resolution for imaging celestial objects. Although such long baseline interferometry tech-

niques have a long history, with exponential increase in available computational power

available now, the Event Horizon Telescope (EHT), based on the principle of VLBI,

is able to capture the first image of blacks hole with the effective aperture size of the

earth [3].

Notwithstanding the variety of existing optical super-resolution techniques, modal

projection based optical super-resolution techniques, inspired by quantum information

theory, have some inherent advantages: (1) applicability to passive imaging applications

where it is not feasible to engineer object properties nor possible to deploy structured il-

lumination (e.g., many long-standoff applications such as astronomy and long range hori-

zontal imaging), and (2) approach (and potentially achieve) fundamental limits delivering

order-of-magnitude better performance for a given aperture size and/or signal/photon

budget relative to existing techniques, e.g. for applications such as exo-planet imaging

and space surveillance. Moreover, resolution can also be further improved by combining

SMLM with traditional multi-baseline interferometry techniques [24, 80].

For a given optical PSF or equivalently optical aperture, spatial mode sorting
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required for realizing modal projection measurement can be realized using linear op-

tics [98, 82]. Various spatial mode sorters designs, based on the principle of spatial-mode

demultiplexing (SPADE) [139, 138, 26] or super-localization via image-inversion inter-

ferometry (SLIVER) [118, 66] have been proposed and demonstrated experimentally.

However, existing mode sorters are designed for fixed set of spatial modes, an adap-

tive mode sorter that can switch the modal basis dynamically is needed to implement

the multi-parameter estimation technique proposed here. Various efforts to realize such

adaptive mode sorter has been reported in the literature [36, 27, 20].

4.5.2 Formulation

We now illustrate our proposed adaptive sequential measurement scheme for esti-

mating the location and relative brightness of incoherent point emitters comprising a

cluster/constellation per the formulation in [125]. This type of estimation problem typ-

ically arises in many optical imaging applications such as astronomy and microscopy.

The quantum state of photons incident on the image plane viewed through an optical

lens is given by the density operator ρfull:

ρfull = (1 − ϵ)|0⟩⟨0| + ϵρ+O(ϵ2), (4.11)

where |0⟩ is the vacuum state, ρ is the single photon state density operator, which has

the form of Eq. (4.10), and ϵ is the total number of photons arriving on the image

plane within the coherence time of the source. For ϵ ≪ 1 (valid for weak thermal

source), the photon states with order O(ϵ2) become negligible [77, 34]. Furthermore, in

this application as we are only interested in the relative brightness of the sources, the

vacuum state |0⟩, which could be use to estimate the total power of the sources, provides

no information and thus we exclusively focus on ρ. The components of Eq. (4.10) have

the following meaning in the present problem context: P is the number of point emitters,

{bi}Pi=1 are the relative brightness of each point emitter or source (sum normalized to 1)
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and the states |ψi⟩ are given by:

|ψi⟩ =

ˆ ∞

−∞

ˆ ∞

−∞
ψ(x− xi, y − yi)|x, y⟩dxdy, (4.12)

such that (xi, yi) are the coordinates of the ith point source on the image plane. Here the

point spread function (PSF) ψ(x, y) of the imaging system is modeled by a 2D Gaussian

function:

ψ(x, y) =
1√

2πσxσy
exp

(
− x2

4σ2
x

− y2

4σ2
y

)
, (4.13)

where σx and σy are the standard deviation (a measure of width) of the PSF in x and

y direction respectively. For a given PSF, σx and σy are known parameters and set to

σx = σy in our study. We define the full width at half maximum (proportional to σx) of

the PSF as Rayleigh length (rl) in our analysis.

The parameters of interest in this problem are thus the position and relative bright-

ness of the P point emitters, i.e. θ = [x1, ..., xP , y1, ..., yP , b1, ..., bP ]T = [x,y, b]T .

For the positions [x,y]T , we use an independent Gaussian distribution N prior:

p(x,y) =
P∏
i

N (xi; x̄i, σ̄xi
)N (yi; ȳi, σ̄yi), (4.14)

where for 1 ≤ i ≤ P , x̄i, ȳi, σ̄xi
, σ̄yi are the mean and standard deviation of the position

parameters xi and yi respectively.

For the brightness bT parameters a Dirichlet distribution [21] is used as a prior:

p(b) = Dir(b;a), where a = [a1, ..., aP ]T are the hyper-parameters of the Dirichlet

distribution. Thus, the overall prior is expressed as: p(x,y, b) = p(x,y)p(b).

We have defined all relevant detail (i.e., photon state density operator, prior dis-

tribution) for the proposed adaptive sequential measurement scheme described in the
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previous section. Note that as p(x,y, b) is not a conjugate prior for the Poisson likeli-

hood, we update the hyper-parameters of the prior distribution at τ th iteration to derive

the posterior, which assumes the role of the prior in the next (τ + 1)th iteration. The

prior hyper-parameters are: h = [x̄1, .., x̄P , ȳ1, .., ȳP , σ̄x1 , .., σ̄xP
, σ̄y1 , .., σ̄yP , a1, ..aP , δ]

T =

[x̄, ȳ, σ̄x, σ̄y,a, δ]
T . Here, δ is another hyper-parameter associated with the brightness

prior distribution which is explained later.

To update the hyper-parameters of the position prior at the (τ + 1)th iteration, we

use the first- and the second-moments of the posterior distribution at the τ th iteration:

ᾱ
(τ+1)
i =

ˆ
αip(θ|l(τ);h(τ))dθ, (4.15)

σ̄2

α
(τ+1)
i

=

ˆ
[αi − α

(τ+1)
i ]2p(θ|l(τ);h(τ))dθ, (4.16)

where α represents x or y co-ordinate.

For the hyper-parameters aT of the brightness prior, an expectation maximization

(EM) approach is used. We first find the mean of the brightness vector as:

b̂
(τ+1)
i =

ˆ
bip(θ|l(τ);h(τ))dθ. (4.17)

Then, aT is updated such that b̂
(τ+1)

becomes the mode of the distribution:

a(τ+1) = b̂
(τ+1)

[a
(τ)
0 + δ(τ) − P ] + 1

= b̂
(τ+1)

[a
(τ+1)
0 − P ] + 1, (4.18)
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where a
(τ)
0 =

∑P
i a

(τ)
i and a

(τ+1)
0 = a

(τ)
0 +δ(τ). Qualitatively the larger the a

(τ)
0 , the smaller

the total variance of the Dirichlet distribution. Adding δ(τ) ≥ 0 leads to a
(τ+1)
0 ≥ a

(τ)
0 ,

such that the variance reduces monotonically with each iteration τ . Note that the

introduction of δ(τ) does not change the position of the mode in the distribution. We set

δ(τ) to a constant for all τ .

When P (i.e. number of point emitters) is unknown a priori, we select the model

in each measurement cycle as follow. Let pP (l(τ)) denote the likelihood of the model

consisting of P point emitters in the τ th cycle. We calculate the following weighted log

likelihood Z
(τ)
P :

Z
(τ)
P =

τ∑
t=1

exp

[
− κ

(
1 − t

τ

)]
ln pP (l(t)), (4.19)

and pick the model with largest Z
(τ)
P as the estimate in the (τ + 1)th measurement

cycle. Here we set κ = 10 for this illustrative application. The selection of κ affects

the performance of the estimation scheme and its optimization is outside the scope

of this work. We use this model selection method instead of just picking the model

that maximizes pP (l(τ)) so that the estimation of P is not purely determined by the

single measurement result at iteration τ . As measurements proceed, the more recent

likelihoods successively improve due to improving precision of parameter estimates and

thus larger weight are assigned to them. It should noted that this model selection method

is only illustrative and more appropriate and efficient model selection methods may be

applicable in other applications.

4.6 Conclusion And Future Work

Based on quantum estimation theory, we propose an adaptive sequential Bayesian

multi-parameter estimation scheme with applications in sensing and imaging. It is worth
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noting that our POVM choice i.e. measurement design used in each sequential measure-

ment step is provably optimal (in the MSE sense) when estimating a scalar parameter,

which is a linear combination of the multiple parameters of interest in a given estimation

task. We believe our proposed multi-parameter estimation scheme is an important step

towards achieving quantum optimal performance for practical sensing and imaging tasks,

especially for sources/objects/signals that are fully described by semi-classical models

that span a wide-range of real-world applications, such as exo-planet search, fluorescence

microscopy and space situational awareness.

Recall that the proposed sequential adaptive measurement scheme can be also ap-

plied to a general multi-parameter estimation problem. However, the optimization of

the implementation details, such as the choice of prior, model selection method, the

number of adaptation steps, number of photons in each adaptation steps etc., require

future work. Moreover, with regard to the scalar parameter choice γ(τ) in each adaption

step, one can also consider a function of the parameters of interest instead of their linear

combination as the single parameter as chosen in this work. In such a case the optimal

choice of the function remains an open problem that requires further investigation. We

are also currently exploring extensions of proposed multi-parameter estimation scheme

along various directions; including optimal or near-optimal measurement design for more

than one parameters in each adaptive sequential step as as well as considering non-greedy

adaptive sequential scheme(s) inspired by our prior work [51].
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Super-Resolution of Multi-Point

Sources Constellation

In this chapter, we present a detail analysis of the quantum inspired adaptive mea-

surement scheme on the super-resolution problem, i.e. resolving point sources with sep-

aration smaller than the Rayleigh criterion, using the measurement scheme proposed in

chapter 4. Various metrics are used to compare the adaptive scheme with direct imaging

followed by different algorithm and the state-of-art convolutional neural network (CNN)

under different simulation setting, such as the separation of sources, dynamic range,

total number of photons, etc. Out adaptive scheme shows the capability to resolve the

point sources in the constellation problem, and it outperforms direct imaging under the

assessment of various metrics.

Page 68



Chapter 5. Super-Resolution of Multi-Point Sources Constellation

5.1 Introduction

Obtaining better resolution has always been a big challenge for optical engineers and

scientists. Traditionally, point sources are said to be unresolvable if their separation is

below the well-known Rayleigh criterion. In other words, optical resolution is understood

to be maximized by the diffraction-limited focal plane array measurement. Nevertheless,

for resolving two incoherent point sources, which is also the original problem considered

in the Rayleigh criterion, Tsang et al. have shown that the quantum information, which

is the maximum resolution given by the best measurement allowed by physics, exceeds the

classical information (resolution) given by direct imaging and the quantum information

is achieved by mode-sorting measurements [125]. Some super-resolution techniques had

been developed for microscopy, such as Stimulated Emission Depletion (STED) [43] and

localization microscopy [106]. However, these methods, which are regarded as active

approaches, require the engineering of sources which may not be applicable in other

domain such as astronomical observation. The ground-breaking result by Tsang et al.

not only sheds light on the quantitative understanding of resolution but also provides us

the insight to search new passive approach for super-resolution.

In reality, the original result by Tsang et al. , which is limited to two point sources

with know centroid and uniform brightness, cannot be directly applied. Nonetheless,

since then there have been several extensions on the same problem that relax those

constraints. Our prior work using adaptive sequential measurements demonstrates per-

formance near quantum limit for unknown centroid [37]. Prior works by others have

examined the brightness of the sources [53], multiple point sources in one dimensions [9],

two point sources in two dimension [6], general scene by moment decomposition [122]

and even the depth of the sources (i.e. sources in three dimension) [83].

We are interested in extending this line of work to two and higher dimensional

super-resolution problem in imaging and sensing and have proposed a general adaptive
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sequential measurement design and inference framework for multi-parameter estimation

problem using a full Bayesian local operations and classical communications (LOCC)

approach that has application in optical super-resolution imaging, the details of which

can be referred to chapter 4. In this chapter we analyze the performance of our multi-

parameter estimation approach, which we call the Personick measurement, to the super-

resolution problem stated in chapter 4.5 and compare it with the performance of direct

imaging using different metrics.

This chapter is organized as follow. In Section 5.2, we first demonstrate how the

algorithm selects the parameter for the modal basis construction using simple 2-point

sources problem. Next, in Section 5.3 and 5.4, the mechanism to generate the scenes for

our study and the metrics used to assess the measurement schemes are introduced respec-

tively. Applying different measurement schemes on the scenes and utilizing those metrics,

the performances under various circumstances, such different number of sources, sepa-

ration of the sources, dynamic range, photon budget, etc., are evaluated in Section 5.5.

The last section is the conclusion.

5.2 Parameter Selection for 2-Point Sources

Constellation

Before analyzing the general constellation problem, we first use a toy problem with

two evenly bright point sources to get some insight on the parameter selection process of

the algorithm. To simplify the problem we assume that the actual number of sources P

is known. The mean total number of photon is 5× 105 and 1× 104 photons are collected

in each measurement cycle on average (details can be referred to Section 5.5.1). Consider

two constellations where the 2-point sources are separated in x and y direction by 0.1

(rl). We call them X-case and Y-case respectively. Among the linear combination of the

parameters θ = [x1, x2, y1, y2, b1, b2], the separation x1−x2 and y1−y2, which correspond
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Figure 5.1: The projection intensity (h · qx/y)2 of the selected parameter vector h onto
qx/y, representing the separation in x/y direction, against the iteration step τ . Each
data point is averaged over 50 different simulations.

to the projection vector qx = [1/
√

2,−1/
√

2, 0, 0, 0, 0] and qy = [0, 0, 1/
√

2,−1/
√

2, 0, 0]

respectively, are in particular interest of the X- and Y- case respectively. Thus, we

consider the quantities (h ·qx/y)2 for the X/Y-case, where h is the eigenvector picked by

the algorithm, to see how they evolve during the detection process. 50 simulations are

conducted for each case and the evolution of the mean of (h ·qx/y)2 against the iteration

step τ is plotted in Fig. 5.1. We can see that in the beginning (τ ⪅ 5) the algorithm

does not care about the separation. Nevertheless, it pays more and more attention to

the separation gradually (5 ⪅ τ ⪅ 20) and after around τ ≈ 20 the projection vector h

comprises 60%-70% of qx/y.

Fig. 5.2 and 5.3 show the evolution for a X- and Y- case respectively. The left figure

is the state of estimation at the iteration step τ ; the right figure is the eigenvectors of the

ΣQ matrix defined in Eq. (4.8), arranged in the descending order of the corresponding
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eigenvalue; while the middle figure is the projection intensity of the eigenvectors of the

Bγ defined in Eq. (4.7), where γ = h ·θ, in each HG mode. Since we pick the eigenvector

of ΣQ with the smallest eigenvalue, thus h here is the 6th eigenvector, i.e. the right most

one in the right figures.

In Fig. 5.2, due to the good initial position, the estimation gets close to the ground

truth less than 10 iterations. The parameters being selected from then are mainly the x

separation or one of the x coordinates. In Fig. 5.3, the geometry of the initial position

is not close to the ground truth, therefore even around τ = 20, the algorithm select the

parameters comprise mostly the x coordinates. Afterward it switches its attention back

to the y coordinates to get a better estimation of the y separation.
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(a) τ = 0

(b) τ = 10

(c) τ = 20

(d) τ = 30

(e) τ = 40

Figure 5.2: A simulation of the X-case: current state of estimation (left); the projection
intensity of the eigenvectors of Bγ, where γ = h · θ, onto HG modes (middle); the
eigenvectors of ΣQ arranged in the descending order of the corresponding eigenvalue
(right), evolves with τ (up to down).
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(a) τ = 0

(b) τ = 10

(c) τ = 20

(d) τ = 30

(e) τ = 40

Figure 5.3: A simulation of the Y-case: current state of estimation (left); the projection
intensity of the eigenvectors of Bγ, where γ = h · θ, onto HG modes (middle); the
eigenvectors of ΣQ arranged in the descending order of the corresponding eigenvalue
(right), evolves with τ (up to down).
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5.3 Scene Generation

To generate a scene with P sources, we have to assign the each source with the

brightness and position parameters. For the position parameters, we first pre-determine

two constant d and δd. We call d the typical distance and δd0 should be chosen such

that 0 ≤ δd0 ≪ d. In a circle with radius of 0.375 rl (the FoV), we uniformly pick

the position of the 1st source. For the ith source, i > 1, we generate its coordinate

by: [xi, yi] = [xi−1, yi−1] + [(d + δd)cosϕ, (d + δd)sinϕ], where δd and ϕ are uniformly

distributed random variables over the intervals [−δd0/2, δd0/2] and [0, 2π) respectively.

If [xi, yi] falls outside the FoV or the separation of any pair of sources is smaller than

d − δd0/2, the position of the ith source is re-selected. By doing so, for each source,

the closest neighbour is located around d and minimum separation of any pair of point

sources is guaranteed to be no less than d − δd0/2. The brightness parameters are

generated by deterministic method which depends on the predetermined dynamic range.

The dynamic range of each scene is specified by an integer Br which is the brightness

ratio of the brightest and the dimmest source. If the sources are arranged in descending

order of their brightness, the differences between the brightness of consecutive sources are

the same. For example, for P = 3 and Br = 5, b = [1/9, 3/9, 5/9] such that b3/b1 = Br

and bi+1 − bi = 2/9, 1 ≤ i ≤ 2.

5.4 Metrics

We assess the Personick measurement and direct imaging by Monte Carlo simula-

tion, using several metrics in order to obtain a comprehensive analysis on the performance

of the different schemes. The two metrics introduced in Section 5.4.1 and 5.4.2 measure

the accuracy of the estimated parameters directly. On the other hand, the metrics in

Section 5.4.3 and 5.4.4 summarize the virtue of the reconstructed scene by a single num-
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ber or a function. In Section 5.5, these metrics are used to appraise the performance by

different approaches, and at the same time the pros and cons of the metrics are discussed

using examples.

5.4.1 Number of Estimated Sources

We present the estimation on the number of sources P̂ as a distribution across P̂ = 1

to Pmax. However, as we will see from examples in the next section, sometimes even if

P̂ ̸= P (P is the actual number of sources in the scene), it is still a good reconstruction

of the scene. Thus, the cumulative function, which shows then number of estimation

that P̂ ≥ P , is plotted as well because as long as P̂ ≥ P , there is still chance that all

sources in the scene are resolved. Also, for some applications, the minimum number of

sources, which can be reflected by the cumulative plot, is important.

5.4.2 Relative Error of Position Parameters

Direct calculation of the root mean square error (RMSE) of the position parameters

is apparently the most simple but effective way to determine the quality of the estimation.

Yet, it is not strict forward to apply it to our problem because the ground truth and

estimation are two sets of unpaired sources, not to mention that the numbers of sources

in each set are unequal in the case of under/over estimation. Therefore, to compute

the RMSE of the position parameters, we first use the Hungarian algorithm [62], with

the RMSE of position parameters
∑

i

√
(xi − x̂i)2 + (yi − ŷi)2 as the loss function, to

match the estimated sources and the ground truth. In the following discussion, the term

matched pair refers the matching of a actual source in the scene and an estimated sources

as a output of the Hungarian algorithm. The distribution of the position error of the

matched pairs relative to the typical distance d are plotted. We consider only the case

when P̂ ≥ P such that the under-resolved cases are not taken into account. The excess
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estimated sources are ignored.

5.4.3 Jaccard Index Score

s1

s2

Fail condition 2 if s1< μ	s2

Ground Truth

Estimate

Matched Pair

Fail condition 1

True Positive

ε

Figure 5.4: A schematic diagram illustrating the two conditions being used to determine
true positive pairs.

The calculation of Jaccard index score starts again by matching the estimated point

sources with the ground truth as in Section 5.4.2. Refer to Fig. 5.4, the true positive

matched pair is defined if the following two conditions are satisfied: 1). the separation

of the matched pair s1 is smaller than some pre-decided value ϵ, i.e. s1 < ϵ; 2). let the

separation between the estimated source and its closest true source except the one it

paired up with be s2 (usually the second closest source), for some pre-decided µ, where

0 < µ < 1, s1 < µs2. Fig. 5.4 illustrates the failure of the two conditions. The first

condition is an absolute condition while the second is a relative one. Denote the number

of true positive matched pairs be TP , the number of true negative (TN) and number of

false negative (FN) are defined by:
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TN = ♯ not TP + ♯ estimated sources

− min(♯ estimated sources, ♯ true sources), (5.1)

FN = ♯ true sources − TP, (5.2)

where ♯ stands for “the number of”, and the Jaccard index Jac is found by:

Jac =
TP

TP + TN + FN
. (5.3)

For our analysis, ϵ and µ are set to be 0.1 (rl) and 0.5 respectively. Finally, the Jaccard

index score is given by:

100 −
√

(100 − 100 × Jac)2 + αMSE(x,y) + βMSE(b). (5.4)

MSE(x,y) and MSE(b) are the mean square errors of the position and brightness of

the true positive pairs respectively, while α and β are the weights of the MSEs which

are both set to be 1. The score ranging from 0 to 100. Noted that unlike the relative

position error presented in Section 5.4.2 which consider only the cases where P̂ ≥ P ,

the Jaccard index is applied to the estimation with any P̂ . Also, the calculation of the

relative position error does consider the two conditions stated above but count all the

matched pair no matter it is true positive or not.

5.4.4 Psuedo Imaging

For the psuedo imaging metric, we first define the following function:

I(x, y;θ, σ) =
1

2πσ2

P∑
i=1

bi exp

[
− (x− xi)

2

2σ2
− (y − yi)

2

2σ2

]
, (5.5)
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where σ is a scaling parameter represents the width of the “psuedo PSF”. If we put the

ground truth parameters θo as the input and set σ = σo where σo is the width of the true

PSF, then I(x, y;θo, σo) is the actual intensity on the image plane. For a fixed set of θ

and σ, I is the “psuedo image” produced by the point sources at the location specified

by [x,y], with the relative brightness b, through an imaginary optics which gives the

PSF with the width σ. For a set of estimate θ̂ obtained from any measurement scheme,

the psuedo imaging metric M×(σ) is given by the following overlap integral:

M×(σ) =

¨ √
I(x, y;θo, σ)I(x, y; θ̂, σ)dxdy. (5.6)

M×(σ) is a function of σ. The change of σ is equivalent to the change of the size of

an imaginary aperture. With a larger imaginary aperture (smaller σ), the defect of

the estimation is more apparent so that M×(σ) decrease. On the other hand, with a

small imaginary aperture (large σ), the wide-spread “psuedo PSF” gives large M×(σ)

even if the estimation is not accurate enough. As σ → 0, M×(σ) remains finite only if

the position of some sources are exactly estimated, otherwise M×(σ) approaches zero. If

every parameter are estimated exactly, M×(σ) = 1 for all σ > 0. For a fixed σ, 1−M×(σ)

can be interpreted as the defect of the image when the estimation is examined by the by

an imaginary aperture which produces the PSF with width σ. The higher the M×(σ),

the better the performance of the estimation.

5.5 Results

In this section, the performance of the Personick Measurement on different simula-

tion settings are evaluated by the metrics mentioned in the previous section and they

are compared to that of direct imaging.
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5.5.1 Performance of Personick Measurement for Different

Number of Sources (P ) and Typical Distance (d)
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Figure 5.5: Estimation of number of sources for P = 2 to 6, d = 0.05, 0.1, 0.15, Br = 1.
The legend shows the mean and standard deviation of the distribution.

In this section we consider P = 2 to 6, d = 0.05, 0.1, 0.15. Pmax = 6 is given as a

prior knowledge. We set the relative brightness of the sources to be even (i.e. Br = 1).

It is expected that the difficulty of the task increases with larger P or smaller d. For

each P − d pair, 10 scene is generated and 10 Monte Carlo simulations are performed

on each scene. Thus, there are total 15 sets of scene and each set has 100 samples. For

each simulation, the adaptive scheme is initiated by detecting around Nimag photons,

where Nimag is generated by Poisson distribution with mean 1000, using direct imaging.

The number of photons spent on the Personick measurement is generated by Poisson

distribution with mean (5×105−1000) and thus the total number of photon detected N

is around ×105. In each measurement step, around Nad photons, where Nad is generated
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by Poisson distribution with mean 10000, are detected by Personick measurement until

the total number of detected photons reaches N .

The metrics in Fig. 5.5 is the estimation of number of sources with different d for

a particular P . If one wants to estimate the exact number of sources, the Personick

measurement gives more than 50% of accuracy for P = 2 for all d considered. For other

P the accuracy of the algorithm output is in general below 50. The estimation is a good

approximation of the scene if the number of sources is correctly predicted, and at the

same time the position and relative brightness are close to the ground truth, such as the

situation shown in Fig. 5.6a. However, sometimes correct estimation of the number of

sources may not be a good estimation of the scene. For example, in Fig. 5.6b, although

the number of sources is correctly estimated, the position of some sources are not close

to ground truth (i.e. the separation of the matched pairs are relatively large). On the

other hand, due to the degeneracy of the models, occasionally even if the estimation of

the number of sources is incorrect, it still gives a good approximation for the position

of the sources. For example, in Fig. 5.6c, an extra source is predicted in the estimation,

nevertheless the position of the estimated sources are close to the ground truth. Since

overestimating P may still give a good estimation and for some applications the minimum

number of sources in the scene is the number of concern, we plot also the cumulative

distribution of the number of sources. In general we see the trend that the performance

in terms of the cumulative distribution is better when d is larger (except for P = 6 and

d = 0.1, 0.15). For P = 2, 3 and d = 0.1, 0.15, underestimation of P is very rare.

Page 81



5.5. Results

-0.4 -0.2 0 0.2 0.4

x (rl)

-0.4

-0.2

0

0.2

0.4

y
 (

rl
)

FoV

Ground Truth

Personick Proj

(a) Correct estimation of P ; the esti-
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(c) Incorrect estimation of P ; the esti-
mated sources are close to the ground
truth, even for the extra estimated
source.
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(d) Incorrect estimation of P ; some of
estimated sources are scattered.

Figure 5.6: Examples of different Monte Carlo simulation of the Personick measurement
for the same scene. The size of the markers are proportional to the relative brightness.

Fig 5.7a is the mean position error of the matched pairs relative to the typical

distance d against P for different d. We consider the relative error not the absolute error

because the absolute error usually goes down with d. So, even if the separation of the

matched pairs is reduced for a smaller d, the position of the estimated source may be
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also closer to an unpaired sources in the scene (i.e. both s1 and s2 decrease referring to

Fig. 5.4), which is a deterioration in terms of resolving the point sources. The typical

distance d is the scale of the separation of the sources in the scene, thus normalization by

d eliminate the scaling effect of the position error. The relative position error increases

as d decreases or P increases, which matches with our intuition. The left column of

Table D.1 in Appendix. D shows the details of the distribution for the relative position

error.
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Figure 5.7: The mean of various metrics for d = 0.05, 0.1, 0.15 and Br = 1 (even bright-
ness) against P .

The mean Jaccard index scores are plotted in Fig 5.7b and the distribution of the

scores can be found in the middle column of Table D.1. Again smaller P or larger d lead

to lead to better performance and thus higher score in general. When calculating the

Jaccard index score, the Jaccard index itself weights the most. Any miscounting of the

sources or bad matching (i.e. cannot fulfill the conditions stated in the previous section)

bring down the Jaccard index. Hence, using the score, together with the distribution

of P and the relative position error provide us better insight on the performance of the

algorithm. For example, for P = 2 and different d, the percentage of getting the correct

number of sources (Fig. 5.5) is close to that getting high Jaccard index score (80-100),

which is shown in the middle column of Table. D.1. This, along with the small relative

position error, tells us that in those settings, the algorithm predicts not only the correct

number of sources but also the position of the sources well, just like the scenario in
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Fig. 5.6a. On the other hand, for P = 5, we see that when d = 0.1, the number of

correct estimation of P is higher than when d = 0.15. However, for the Jaccard index

score, the mean and the counting in the high end (80-100) is higher when d = 0.15.

This, together with the relative position error, imply that even though when d = 0.1

the number of correctly estimated P is higher, the position of the estimations are not

as accurate as those when d = 0.15. It turns out that the true positive rate is relatively

low and thus the Jaccard index score.

Fig 5.7 is the mean of the pseudo-imaging score evaluated at σ/σo = 0.05. The

metrics are based on the quality of the reconstructed pseudo image, which reflects the

absolute position error in the estimation. Thus, as aforementioned, the absolute position

error goes down with d and so is the performance as reflected by the score. For the same

d, the performance assessed by this metric decreases with P . The pseudo imaging score

as a function of σ/σo for different P and d are shown in the right column of Table D.1.

5.5.2 Comparison with Direct Imaging

In this section we pick the setting with P = 3, 4 and d = 0.1 and use them to compare

the performance of the Personick measurement and direct imaging. The simulation

setting is same as the previous section. For direct imaging, the detector size is set at

2.4× 2.4 rl2 with 512× 512 pixels. After the collection of photons, three approaches are

used to recover the parameter.

The first method is to use Richardson–Lucy (RL) deconvolutio algorithmn [99] fol-

lowed by thresholding and k-mean clustering [60].1 After performing the RL deconvo-

lution, the pixels with intensity below 95 percentile is eliminated and the rest of the

pixels are treated as data points on which the k-mean algorithm is carried out. The

k-mean algorithm is run for P = 1, 2, ..., Pmax, where we have Pmax = 6 in our analysis.

1The original algorithm is developed by The Johns Hopkins University Applied Physics Laboratory
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Figure 5.8: Two simulations with P = 3 (left) and 4 (right). The estimation give by,
direct imaging followed by RL deconvolution then k-mean ( Decon.→k-mean), CNN then
k-mean (CNN→k-mean) and CNN then local maximum search (CNN→Loc. Max.), and
Personick measurement (Personick). The size of the markers are proportional to the
relative brightness. The scene is generated using d = 0.1 and Br = 1.

The position of the sources for each P is the output of the k-mean algorithm, while the

sum of the intensity of the data points (i.e. pixels) in the same cluster is assigned as

the brightness of the estimated source. For each P , image is reconstructed using the

estimated parameters and the estimation corresponding to the reconstructed image that

gives the least RMSE with the original image is picked. The estimated sources outside

the FoV are eliminated.

The second mothed is to use convolutional neural network (CNN) [85] to replace

RL deconvolution. The CNN being used is called UNet, which was first developed

for biomedical segmentation [102]. In the training process, the original images is used

as input, while on the output side the corresponding pseudo image given by the true

parameters θo and σ = 0.05σo is used. 10000 scenes, the setting of which comprises

P = 2 to 6, d = 0.05 to 0.15 and even brightness are used to train the CNN.2 The CNN

output is expected to be a deblurred image, so further treatment is needed to get the

2The work on the CNN is contributed by Hwang-Jey Yang, College of Optical Sciences, The Uni-
versity of Arizona.
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Figure 5.9: Comparison of different approaches, under the setting P = 3, d = 0.1 and
Br = 1. The legend in (a), (b) and (c) shows the mean and standard deviation of the
distribution.

parameter estimation. Here we use two different algorithms to retrieve the parameters.

The first one is to feed the output image from the CNN into the k-mean algorithm

mentioned above. The second one is to perform local maximum search on the CNN

output and treat the local maximum as the sources. The sources that is out of the

FoV are eliminated. The dimmer sources are also removed to ensure that the maximum

number of sources is Pmax = 6.

Fig. 5.8 shows two estimation realization using the four approaches. In the cases of

P = 3, only the CNN with local maximum search is able to figure out the correct number

of sources. Nevertheless, the Presonick measurement gives the best approximation on
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Figure 5.10: Comparison of different approaches, under the setting P = 4, d = 0.1 and
Br = 1. The legend in (a), (b) and (c) shows the mean and standard deviation of the
distribution.

the position of two sources among all the four approaches. In the cases of P = 4, all

approaches fail to get the correct number of sources, but the the estimation by the

Personick measurement is qualitatively better than the other three because it mimics

the geometry of the scene while the others do not.

Fig. 5.9 and 5.10 are the quantitative comparison between the four approaches.

For the P estimation, CNN together with k-mean always under estimate the number

of sources. Among all the approaches, Personick measurement is the most accurate

and makes least under estimation. As for the relative position error, since the CNN

together with k-mean fails to provide any sample with P̂ ≥ P , only the remaining three
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approaches are compared. Still, the Personick measurement way outperforms the other

two approaches, while using CNN with local maximum search is slightly better than using

the RL deconvolution with k-mean. For the other two metrics Personick measurement

is again predominant , while using the RL deconvolution with k-mean is the worst in

the pseudo imaging but does a better job than using CNN with local maximum search

if they are judged by Jaccrad index score.

All in all, Personick measurement is unarguably the best approach, while the other

three show only limited ability to tackle this problem.

5.5.3 Dynamic Range

In this section, we analysis the performance of the Personick measurement on the

scene with different dynamic range. We consider P = 2, 3, d = 0.05, 0.1, 0.15 and

Br = 5, 10, total 12 settings, together with the corresponding settings with Br = 1

considered in Section 5.5.1. The of total number and partition of photons, number of

simulations for each setting are all same as those in Section 5.5.1. The initial prior of

the brightness are set to be even.
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Figure 5.11: Three simulations for P = 2 and d = 0.1 under different dynamic range. The
size of the markers are proportional to the relative brightness. The estimated position
of the dimmer source is drawn towards the position of the brighter one.

Fig. 5.13 is the estimation of P for P = 2. The performance of getting the correct P
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Figure 5.12: Three simulations for P = 3 and d = 0.1 under different dynamic range.
The size of the markers are proportional to the relative brightness. The algorithm adapts
the change in dynamic range by putting more estimated sources around the true position
of the bright sources.

or number of P̂ ≥ P are quite close across different dynamic range (specially for d = 0.1).

However the performances are not even for different Br if we look into the details of the

estimation. Fig 5.13 shows three examples for P = 2, d = 0.1 and different Br. It

can be seen that in order to adapt the change in dynamic range, the algorithm makes

biased estimation on the position towards the brighter source. This is also reflected in the

metrics. Fig. 5.15a shows that as the dynamic range increases, the relative position error

also increases. In left column of Table. D.2 in Appendix D, which shows the distribution

of the relative position error, the relative error concentrated around two different values.

The smaller value corresponds to the brighter source while the larger one corresponds to

the dimmer. The Jaccard index score in the middle column of Table D.2 tells the same

story. For example, for d = 0.1, all Br has similar successful rate of getting the correct

number of sources, but the average Jaccard index score when Br = 1 is much higher

than when Br = 5, 10, due to the reduction of true positive rate caused by the increase

of the relative position error in the estimation of the dimmer source. As for the pseudo

imaging metrics, we observed that still Br = 1 has the best performance as expected.

However, the performance when Br = 10 is better than that of Br = 5 unlike the other

metrics. This is because as the dynamic range increases, although the estimated sources

are closer to the bright sources which causes the raise in the position error, the overlap of
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several estimated sources with the brighter sources gives a higher pseudo imaging score.
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Figure 5.13: The estimation of P for P = 2 (the ground truth) under different dynamic
range Br and typical distance d. The legend shows the mean and standard deviation of
the distribution.
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Figure 5.14: The estimation of P for P = 3 (the ground truth) under different dynamic
range Br and typical distanced. The legend shows the mean and standard deviation of
the distribution.

Fig. 5.14 is the estimation of P for P = 3. The trend is not as obvious as those of

P = 2, nevertheless we can still see that for d = 0.1 and 0.15, the accuracy of getting

the correct P and P̂ > P are higher when Br = 1. From the three examples shown in

Fig 5.14, we observe that the algorithm uses another strategy to adapt the changes in the

dynamic range. Again instead of changing the brightness of the sources, it approximates

bright sources using two or more dimmer sources with close relative brightness, as the

approximation of the brightest source at the top in Fig 5.12b and 5.12c. This behavior

can be seen also when P = 2, but it happens more frequently when P = 3. In some

situations the dimmest source is ignored, like the source at the bottom in Fig 5.12c. This

behavior again implies positive correlation between the relative position error and the
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Figure 5.15: The mean of various metrics for P = 2, 3 and Br = 1, 5, 10 against the
typical distance d.

dynamic range as shown in Fig. 5.15a. The other two metrics have the similar trend as

those for P = 2, which can be seen in Fig. 5.15b and 5.15c. The details of the metrics

can be referred to Table. D.3 in Appendix D.

5.5.4 Change in Adaptation Size

We explore the how the change in adaptation size, i.e. the average number of photons

collected in each measurement step, affects the performance of the algorithm. For a fixed

photon budget, there is a trade off between the number of adaptation can be taken and

the signal-to-noise ratio (SNR) in each measurement step. If the adaptation size is small,

more adaptations can be taken but at the same time the SNR in each measurement step

is high. On the other hand, if the adaptation size is large, less adaptations can be taken

but in each measurement step estimation is expected to be better due to the lower SNR.

The adaptive algorithm developed by Grace et al. to resolve two incoherent point source

when their centroid is unknown finds the optimal adaptive size empirically [37]. In the

constellation problem we considered, it is not feasible to empirically find all the optimal

adaptation size, which is parameter dependent, due to the high dimensionality of the

problem. Thus, we select some settings and test it with different adaptation sizes as a

case study here.
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Figure 5.16: Metrics show the performance of the Personick measurement with different
adaptation step size Nad, under the setting P = 3, d = 0.1 and Br = 1. The legend
shows the mean and standard deviation of the distribution.

We pick two settings P = 3, 4, with d = 0.1 and Br = 1 for our study. Other

simulation parameters are same as those in Section 5.5.1. The adaptation size: 5 × 103,

1 × 104 (the result of which is also shown in Section 5.5.1), 2 × 104 and 2.5 × 104 are

considered. From the estimation of P , the relative positive error and Jaccard index score

shown in Fig. 5.16 and 5.17, we can see that for the cases being studied, the performance

of the algorithm is enhanced when the adaptation size increases from 5×103, to 2×104,

and it drops when the adaptation size further increases to 2.5 × 105. The change in

performance is not very significant in the pseudo-imaging score. Nevertheless, the results

from the former three metrics suggest that setting the adaptation size to 2 × 104 is the

best choice among the four values considered in these circumstances.
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Figure 5.17: Metrics show the performance of the Personick measurement with different
adaptation step size Nad, under the setting P = 4, d = 0.1 and Br = 1. The legend
shows the mean and standard deviation of the distribution.

5.5.5 Change in Total Number of Photons

In the last part of this section, we discuss the effect of the total photon number

N on the performance of the Personick measurement. As we point out in Section 4.1,

the CFI/QFI for any particular parameter scales as 1/N . Thus, if we have the optimal

measurement along with the best estimator, the mean square error of that parameter

should stick to the inverse of the QFI and scale in the same way. However, the problem

considered here is a multi-parameter problem and our algorithm is only proven to be

locally optimal for a parameter which is the linear combination of the original parameters.
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Therefore, it is worth to see how the performance of the adaptive scheme changes as the

total number of photons varies. We consider the setting with P = 3, d = 0.1 and Br = 1.

Except the total photon number, all other parameters are same as those in Section 5.5.1.

We consider N = 1× 105, 2× 105, 3× 105, 4× 105, together with N = 5× 105 which has

been shown in the previous sections.
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Figure 5.18: Metrics show the performance of the Personick measurement with different
total number of photons N , under the setting P = 3, d = 0.1 and Br = 1. The legend
in (a), (b) and (c) shows the mean and standard deviation of the distribution.

From Fig. 5.18a, we can see that when photon number is low, the number of sources

is more frequently under estimated (P̂ < 3), especially when N = 1 × 105, at which

about 50% of the time the scene is under resolved. As the number of photons increases,

for most of the time the algorithm figures out there are more than two sources. All

the metrics show that when N increases from 1 × 105 to 3 × 105 the performance also
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increases. However, when N increases from 3 × 105 to 5 × 105, the Jaccard index score

and relative position error drops while the pseudo imaging still indicates that the more

the photons the better the performance. It seems suggesting that the algorithm saturates

after N = 3 × 105, but it may not be the case. First, for each N there should be an

optimal adaptation size. The empirical study in Section 5.5.4 signifies that for the setting

with N = 5 × 105, the performance is enhanced if the adaptation size is set at 2 × 104

and, on the other hand, the adaptation size of Nad = 1 × 104, which is being used here,

may fit more to the situation of N = 3 × 105. Second, as suggested by Tsang [122], the

upper bound of the QFI of the µth moment of the scene is scaled with d2⌊µ/2⌋, where

⌊·⌋ means rounding down. For the same d if we want to get a better estimation on the

higher order moment, which is essential for the estimation of the parameters considered

in our problem, we may have to raise N by some orders of magnitude in order to see

significant change in the performance.

5.6 Conclusion And Future Work

We analyze the performance of our algorithm on various scene settings using different

metrics we proposed. For the scene settings, we consider the parameters: the number of

sources P , the typical distance d and the dynamic range Br.

For even brightness (i.e. Br = 1), we study the scenes generated by all the combi-

nation of P = 1 to 6 and d = 0.05, 0.1, 0.15. The accuracy of getting the correct number

of sources is high for P = 2 (all about 50% for d = 0.05, 0.15, 70% for d = 0.1), but

it is only fair for the others. Nevertheless, as per discussion above, it is unfair to judge

the estimation by just looking at a single value, thus we show also the cumulative distri-

bution, which specifies the number of cases that P is not under-estimated, and propose

different metrics such as relative position error of the cases that P̂ ≥ P , the Jaccard

index score and the pseudo imaging score. The performance of schemes drops when P
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increases. When d changes, the change in the performance depends on the nature of the

metrics. For the relative position error and Jaccard index score, which take the relative

error into account, the performance raise with d. On the other hand, the pseudo imaging

score which depends on the absolute error, the performance degrades with the raise of

d.

In addition, we also make comparison between our adaptive scheme and direct imag-

ing, followed by RL deconvolution/CNN to deblur the resulting image, and k-mean/local

maximum search to retrieve the parameters. We studied the cases for P = 3, 4, d = 0.1

and Br = 1. In those cases our approach is way better than the others despite the metric

used.

As for the dynamic range, we investigate P = 2, 3, d = 0.05, 0.15 and Br = 5, 10. As

the dynamic range increases, instead of adjusting the estimation of relative brightness,

the algorithm tends to adapt the change by either moving the position of the estimated

sources towards or put more than one estimated sources around the position of the

brighter sources to imitate the high intensity from that location. Comparing with the

setting of even brightness, the performance in all the metrics drops when the dynamic

range increases as expected. From Br = 5 to Br = 10, performance depends on the

metrics used. Improving the sensitivity of the adaptive scheme on the change in dynamic

range will be a great topic to study in the future.

Besides the scene parameter, we also examine two simulation parameters: the adap-

tation size Nad and the total number of photons N and see how they affect the perfor-

mance. For the adaptation size, it is expected that for a particular setting there should

be an optimal Nad to be used. We choose P = 3, 4, d = 0.1 and Br = 1 and N = 5× 105

as a case study, and find that Nad = 2 × 104 is the best pick in those situations. For

the total number of photons, for which the performance is expected to increase with, we

find that for P = 3, d = 0.1 and Br = 1 and Nad = 1× 104, the performance raises from

N = 1 × 105 to N = 3 × 105 while it stays more or less the same when N is further
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increases to N = 5 × 105. The reasons could be that Ngp = 1 × 104 is a better fit for

N = 3 × 105 or there is inefficient photons to create significant improvement on the

estimation.
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Chapter 6

Conclusions and Future Directions

In this dissertation, we review the the resolution problem and reformulate it into an

estimation problem of parameters. The nature of the problem allows us to use classical

information theory, which gives us the advantage of resolution quantification over the

traditional Rayleigh criterion, to describe resolution for a particular measurement. More-

over, by applying quantum information theory, we can determine the ultimate resolution

for a given optical system when the measurement and estimator are both optimized if

possible. In Chapter 2, we review the traditional way of thinking about resolution,

namely the Rayleigh criterion, and a new perspective on quantifying resolution of, not

only incoherent point sources but all sort of object the scale of which can be specified

by some parameters, by (classical) Fisher information (CFI). Moreover, the concept of

quantum information (QFI), which is the best resolution one can have with a particu-

lar hardware design, is introduced. Although no new result is presented, the concepts

illustrate in this chapter serve as cornerstone for all the analysis in the following chapters.

In Chapter 3, we employ the concept of CFI to analyze the resolution of partially

coherent point sources and extended source in one dimension using HG mode sorting

and direct imaging. For the two point sources, we treated it as a two-parameter problem
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(separation and the degree of partial coherence) and find that there is qualitative differ-

ence in the effective CFI under different assumptions, i.e. if the sources power is known

or not known a priori. For the partially coherent extended source in one dimension, the

knowledge of source power is still crucial because when the source length approaches

zero, we find that the total photon counting contributes the majority of the information

and it leads to the divergence of the information for both measurements. On the other

hand, if the source power is unknown, any partial coherence introduced into the sys-

tem brings the information of both measurements to zero as the separation approaches

zero. Our study partially resolve the somewhat controversial debate that whether the

normalization of intensity should be carried out on the image plane or on the source

side when we analyze the information content of a measurement. The former approach

refers to the situation that the source power is known while the later makes the opposite

assumption. When the separation of point sources or the length of line source is small,

for partially coherent cases, the majority of the information derives from total photon

counting, thus when normalization of power is carried out on the object side (i.e. source

power is given as a prior knowledge) , the information content is higher in such scenario.

In microscopy, usually the illumination power can be controlled so taking the source

power into account is relevant in those cases; while the source power in more unlikely

to be known in astronomical observation, yet the objects of interest (e.g. stars, planets,

etc.) are mostly considered as incoherent. In the future, we can extend the study to the

QFI of of partial coherence sources, the optimal measurement to be used when partial

coherence presents, not only for the simple scenes considered in this chapter, but the

more complicated scenes, such as the N -point sources constellation studied in Chapter 4

and 5, general continuous objects and even 3D imaging.

In Chapter 4, we design an adaptive scheme for general parameter estimation. Un-

like the single parameter estimation problem, for which the eigen-projection of SLD

operator is known to be quantum optimal (i.e. achieves the QFI), the optimal measure-

ment that saturates the QFI for all parameters simultaneously may not exist or hard to
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find. Also, the optimal measurement, even for a single parameter, is in general parame-

ter dependent. In order to overcome these challenges, we employ an adaptive approach,

such that in each measurement step, a hyperparameter, which is a linear combination

of multiple parameters is chosen and used to construct the measurement modal basis

that achieves the MMSE of the hyperparameter selected. As for the hyperparameter

selection, we use the current state of estimation to approximate the density operator

and find the BCRLB matrix. The porjection of the parameters of interest onto the

eigenvector of the BCRLB matrix with the smallest eigenvalue is picked as the single

hyperparameter. This selection of parameter is proven to be optimal among all the linear

projection in the sense that it minimizes the MMSE. This approach is applied to the

super-resolution problem in this dissertation, nevertheless it is pertinent to any multi-

parameter estimation problem for which the parameters of interest are encoded in the

density operator. However, there are still many aspects of the scheme worth investigat-

ing. From the theoretical point of view, instead of choosing a single parameter among all

the linear combination of the parameters of interest, one may pick the single parameter

which is a general function of the parameters of interest to further reduce the MMSE.

The search of the optimal parameter in the space of all function of the parameters of

interest could be a direction of research in future. In addition, we do see the algorithm

converge in constellation problem, the convergence conditions and the rate of conver-

gence are unknown. On the other hand, as for the application, although our strategy

provides the architecture to solve wide range of problems, for each situation, the details

of the algorithm, like the choice of prior, the strategy to update the hyper-parameters,

the rate of adaptation, have to be specified by the user. For instance, we current pick

the independent Gaussian prior for the position parameters, a general multi-parameter

Gaussian distribution could be used and this may affect the performance. Thus, the

optimization and performance analysis for every particular application is a challenge in

itself. Implementing this scheme to the super-resolution problem via simulation, we see

that, in chapter 5, the proposed scheme gives a much better performance than the direct

imaging.
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In chapter 5, we apply the Personick measurement, the adaptive scheme proposed

in chapter 4, to resolve the point sources, the separation of which are all smaller than

the Rayleigh length, in a constellation. In particular, we estimate the number of sources

N , their relative brightness b and their position x and y when the maximum number of

source Nmax is known. The scene is generated using different parameters: the number

of sources P , the typical distance d and the dynamic range Br. We assess the perfor-

mance of the scheme by a variety of metrics: the accuracy of getting the correct P , the

cumulative distribution of P̂ (the estimator of P ), relative position error for the cases

that P is not under estimated (P̂ ≥ P ), the Jaccard index score and the pseudo imaging

score. For even brightness (i.e. Br = 1), the performance of the Personick measurement

drops with P , because the number of parameters to be estimated increases with P and

the problem becomes harder. When d decreases, the absolute error goes down with the

scale of the scene. Therefore, if the absolute position is considered in the metric (the

pseudo imaging score), increases with d, while the trend reverses if the relative position

is considered (relative position error and Jaccard index score) as the change in scale is

eliminated. We compare the performance with direct imaging, followed by RL decon-

volution/CNN to deblur the resulting image, and use k-mean/local maximum search to

retrieve the parameters. Our proposed approach demonstrates much better performance

than all other approaches based on direct imaging, regardless of the metric used. To

further improve the Personick measurement, post processing could be introduced into

the algorithm. For example, one may exclude the sources with relative brightness below

some threshold or merge the sources if their separation is smaller than a certain value.

Another modification can be made is to allow the models (i.e. different P ) learn from

each other when they are updated during the photon detection process. When the dy-

namic range increases, the performance drops as expected. However for Br = 5 and 10,

the performance depends on the metrics used. By qualitative study, we see that instead

of altering the relative brightness in the estimation when the dynamic range goes up, the

algorithm adapts the change by estimating the sources closer to or assigning more than

one source around the true location of the brighter sources. To boost the sensitivity to
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the relative brightness is an important direction for algorithm improvement. In addition

to the scene parameters, we also examine the effect of adaptation size Nad and the total

number of photon N on the performance. Due to the trade off between the number of

adaptation and the quality of estimation (i.e. the SNR) in each measurement step, it

is expected that for a fixed photon budget N , there should be an optimal Nad to use.

We demonstrates the existence of the optimal Nad for some cases. To find the optimal

Nad for different setting will be a good topic for future study. A more ambitious goal is

to implement adaptation of Nad in the algorithm so that in each measurement step, a

good, if not optimal, Nad can be chosen. The performance of the algorithm is expected

to increase with the total number of photons N . We exhibit the enhancement of per-

formance as N increases, and see the saturation of performance after N reaches certain

level. A conjecture of saturation is that further improvement requires raising N by some

orders, thus significant change cannot be observed as N increases linearly. This may also

be another potential research topic to investigate. On the top of refining the algorithm,

understanding the consequence of the existence of non-idealities, such as background,

aberrations, pointing errors, etc. to the measurement is another crucial domain which

worth putting effort in [114]. We are currently also exploring extensions of proposed

multi-parameter estimation scheme along various directions; including optimal or near-

optimal measurement design for more than one parameters in each adaptive sequential

step as as well as considering non-greedy adaptive sequential scheme(s) inspired by our

prior work [51].
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Appendix A

Additional Derivation for Bayesian

Adaptive Measurement

A.1 Posterior Mean Saturates Quantum Bound

For any parameters θ = [θ1, θ2, ..., θM ]T and their estimators θ̂(l) = [θ̂1(l), θ̂2(l), ..., θ̂M(l)]T ,

where l = [l1, l2, ..., lN ]T are the measurement through a channel represented by POVM

{Π}, the covariance matrix elements are: [Cov(θ̂(l),θ)]ij = E[(θi − θ̂i(l))(θj − θ̂j(l))]. In

Bayesian setting, the expectation is taken over the joint distribution p(θ, l) of both θ

and l. Upon expending, the covariance matrix elements can be also written as:

[Cov(θ̂(l),θ)]ij = E[θiθj] − E[θiθ̂j(l)] − E[θj θ̂i(l)]

+ E[θ̂i(l)θ̂j(l)]. (A.1)
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The first term E[θiθj] in Eq. (A.1) matches the first term in Eq. (4.4). Now, substitute

θ̂i(l) =
´
θip(θ|l)dθ, the second term of Eq. (A.1) becomes:

E[θiθ̂j(l))] =

ˆ ˆ
θi

[ ˆ
θ′jp(θ

′|l)dθ′
]
p(θ, l)dθdl

=

ˆ [ˆ
θip(θ|l)dθ

][ˆ
θ′jp(θ

′|l)dθ′
]
p(l)dl

= Jij. (A.2)

Similarly, the third and the fourth terms in Eq. (A.1) equal Jij, and thus Cov(θ̂(l),θ) =

ΣC exactly. If M = 1, i.e. θ is a single parameter, ΣC gives the minimum mean square

error with the posterior mean as the estimator.

A.2 Parameter Selection

For a single parameter γ = h · θ, where h is some unit vector, the variance of

estimating γ is:

Var(γ) =

ˆ ˆ
dl[h · θ̂(l) − h · θ]2

= hTCov[θ̂(l),θ]h

≥ hTΣQh. (A.3)

Applying Eq. (4.6) for k = 1 to γ, we have:

Γ1,γ =

ˆ
dθp(θ)ρ(θ)(h · θ)

=
∑
i

hiΓ1,i. (A.4)
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Thus, if we set Bγ =
∑

i hiBi, Eq. (4.7) can be satisfied. Under the constrain |h|2 = 1, we

search for the h that minimizes the MMSE= Tr[Γ2,γ−BγΓ1,γ] using Lagrange multiplier:

L =

ˆ
dθp(θ)(h · θ)2 − Tr

[(∑
j

hjBj

)(∑
k

hkΓ1,k

)]
− λ

(∑
i

h2i − 1

)
. (A.5)

Taking the derivative with respect to h and λ, we have:

∂L

∂hi
= 2

ˆ
dθp(θ)(h · θ)θi − 2λhi

− Tr

[
Bi

(∑
k

hkΓ1,k

)
+

(∑
j

hjBj

)
Γ1,i

]
= 0, (A.6)

∂L

∂λ
=

∑
i

h2i − 1 = 0. (A.7)

Using Eq. (A.6), we have:

hi =
1

λ

∑
j

hj

[ˆ
dθp(θ)θiθj −

1

2
Tr

(
BiΓ1,j +BjΓ1,i

)]
=

1

λ

∑
j

hj

[ˆ
dθp(θ)θiθj − Tr

(
Γ0
BiBj +BjBi

2

)]
=

1

λ

∑
j

hj

[ˆ
dθp(θ)θiθj −Gij

]
. (A.8)

Substituting Eq. (A.8) into Eq. (A.7), we have:

λ =

√√√√∑
i

{[∑
j

hj

[ˆ
dθp(θ)θiθj −Gij

]}2

. (A.9)

It can be easily seen that Eq. (A.8) is precisely the equations to determine the eigenvector

of ΣQ, with the corresponding eigenvalue λ. Thus, if we pick the eigenvector hm with the

smallest eigenvalue λm, the MMSE would be: hT
mΣQhm = λm, which can be saturated
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A.2. Parameter Selection

by the eigen-projection measurement of Bγ. Since the MMSE is lower bounded by 0,

λm is the global minimum. In other words, λm is the minimum MMSE one can get for

a single parameter which is the linear combination of the original parameters θ.
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Appendix B

Solving SLD Equation for the

Statistical Mixture of Finite

Number of Pure States

To find the QFI matrix for Eq. (4.10), we have to solve Eq. (4.3) which in general is

not a trivial task. In [5, 125], Eq. (4.3) is solved for 2-point sources (P = 2) in one and

two dimension. Bisketziet al. used the matrix vectorization method [54] to find the QFI

matrix for any point sources (i.e. any P ) in one dimension [9] without solving Eq. (4.3)

and this approach can be extended to two dimension. However, if the SLD itself is object

in interest, for example using the SLD to design the modal projection basis for the next

measurement cycle in our adaptive scheme, this method cannot provide the solution.

Here we provide an alternative method to find the SLD as well as QFI matrix for all

density operator which can be written in the form of Eq. (4.10).
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B.1 Tangent Space

Here we propose a method that can be used to calculate the SLD of the density

operator which is expressed in terms of a set of parameter dependent non-orthogonal

density operator in Eq. (4.10) systemically. Denote the eigenstates of the density op-

erator ρ(θ) by |ρi(θ)⟩ and the corresponding eigenvalue by ρi(θ), we can express the

eigenstate by the non-orthogonal states |ψi⟩:

|ρi⟩ =
P∑

j=1

cji|ψj⟩. (B.1)

From Eq. (B.1), the explicit dependence on θ is not shown but one should keep in

mind that all states, eigenstates and eigenvalues depend on θ. By applying the density

operator to the eigenstates, we have:

ρ|ρi⟩ = ρi|ρi⟩
P∑

k=1

⟨ψj|ρ|ψk⟩cki = ρi

P∑
k=1

⟨ψj|ψk⟩cki

ρc⃗i = ρiGc⃗i, (B.2)

where c⃗i = (c1i, ..., cPi)
T and G is the Gramian matrix such that Gij = ⟨ψi|ψj⟩. The

is exactly the general eigenvalue problem [103]. For simplicity, we assume that the

operators are all full rank so that their inverse exist. For the point source problem, this

means there is no two sources are in the same position.

Next we have find the derivatives of ρ w.r.t. the components of θ, namely |∂θjψi⟩.

Since the derivatives are living in the tangent space that is not spanned by {|ψi⟩}ni=1, we
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have to decompose the derivatives in two parts:

|∂θjψi⟩ = |∂θjψi⟩⊥ + |∂θjψi⟩∥ (B.3)

=
P∑

k=1

a
θj⊥
ki |ρk⟩ +

PM∑
k=1

a
θj∥
ki |µk⟩, (B.4)

where

|∂θjψi⟩⊥ =
P∑

k=1

a
θj⊥
ki |ρk⟩, (B.5)

|∂θjψi⟩∥ =
PM∑
k=1

a
θj∥
ki |µk⟩, (B.6)

such that

⟨ρi|µj⟩ = 0,∀i, j, (B.7)

⟨µi|µj⟩ = δij,∀i, j. (B.8)

The tangent space is spanned by the set {|∂θjψi⟩∥, i = 1, ..., P ; j = 1, ...,M}, which has

the maximum dimension P ×M . {|µi⟩}PM
i=1 is a set of orthonormal states that spans

the tangent space. Noting that ρ is a Hermitian operator so that its eigenstates |ρi⟩

are all orthogonal, we can now work in the whole space spanned by the orthonormal set

{|ρi⟩}Pi=1 ∪ {|µi⟩}PM
i=1 . The question now is to find all the coefficients a

θj⊥
ki and a

θj∥
ki in

Eq. (B.4).
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B.1. Tangent Space

We first look at a
θj⊥
ki . Consider the inner product:

⟨ψi|∂θkψj⟩ =
P∑
l=1

aθk⊥lj ⟨ψi|ρl⟩ (∵ ⟨ψi|µj⟩ = 0,∀i, j)

=
P∑
l=1

aθk⊥lj ⟨ψi|
P∑

p=1

cpl|ψp⟩

=
P∑

l,p=1

⟨ψi|ψp⟩cplaθk⊥lj

=⇒ G∂θk
= GCA⊥

∂θk
, (B.9)

where the [G∂θk
]ij = ⟨ψi|∂θkψj⟩, C = [⃗c1, ..., c⃗P ] and [A⊥

∂θk
]ij = aθk⊥ij . Under the assump-

tion that the inverse of G and C exist, A⊥
∂θk

can be found by :A⊥
∂θk

= C−1G−1G∂θk
.

Next we look at a
θj∥
ki . Consider the inner product:

⟨∂θkψi|∂θlψj⟩ =
P∑

p=1

(aθk⊥pi )∗⟨ρp|
P∑

q=1

aθl⊥qj |ρq⟩ +
PM∑
p=1

(a
θk∥
pi )∗⟨µp|

PM∑
q=1

a
θl∥
qj |µq⟩

=
P∑

p=1

(aθk⊥pi )∗aθl⊥pj +
PM∑
l=p

(a
θk∥
pi )∗a

θl∥
pj

=⇒ G∂θk∂θl
=

(
A⊥

∂θl

)†
A⊥

∂θk
+
(
A

∥
∂θl

)†
A

∥
∂θk
, (B.10)

where the [G∂θk∂θl
]ij = ⟨∂θkψi|∂θlψj⟩ and [A

∥
∂θk

]ij = a
θk∥
ij . The size of G∂θk∂θl

and A⊥
∂θk

are both P × P while that of A
∥
∂θk

is (PM) × P , therefore for a single pair of k, l, one

cannot determine neither A
∥
∂θk

nor A
∥
∂θl

using Eq. (B.10). Nevertheless, up to a unitary

transformation, one can determine all A
∥
∂θk

by considering the following block matrix
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equation:


G∂θ1∂θ1

· · · G∂θ1∂θM
...

. . .
...

G∂θM ∂θ1
· · · G∂θM ∂θM

 =


(
A⊥

∂θ1

)†
...(

A⊥
∂θM

)†
(

A⊥
∂θ1

· · · A⊥
∂θM

)

+


(
A

∥
∂θ1

)†
...(

A
∥
∂θM

)†


 A
∥
∂θ1

· · · A
∥
∂θM

 (B.11)

G∂2
θ

=
(
A⊥

∂θ

)†
A⊥

∂θ
+
(
A

∥
∂θ

)†
A

∥
∂θ

(B.12)

A
∥
∂θ

= U

√
G∂2

θ
−
(
A⊥

∂θ

)†
A⊥

∂θ
. (B.13)

The matrices in Eq. (B.12) are the block matrices in Eq. (B.11), which are placed in the

same order. The block matrices G∂2
θ

and A
∥
∂θ

are of the size PM × PM while A⊥
∂θ

is of

the size PM × P .
√
G∂2

θ
−

(
A⊥

∂θ

)†
A⊥

∂θ
can be uniquely determined if it is required to be

semi-positive definite, and A
∥
∂θ

can be found up to an arbitrary unitary transformation

U (The QFI matrix should be independent of U).

Up to this point, all the coefficients a
θj⊥
ki and a

θj∥
ki are determined and they are put in

the matrices A⊥
∂θi

and A
∥
∂θi

. The SLDs, as we shall see, can all be determined by matrix

multiplication.

B.2 SLD Operators

Let |ej⟩ ∈ {|ρi⟩}Pi=1 ∪ {|µi⟩}PM
i=1 . Denote the SLD for the parameter θk by L̂θk . In

the basis |ej⟩, the SLDs are:

L̂θk = 2
∑

ρi+ρj ̸=0

⟨ei|∂θkρ|ej⟩
ρi + ρj

|ei⟩⟨ej|, (B.14)
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where ∂θkρ can be obtained by differentiating Eq. (4.10) by θk:

∂θkρ =
P∑
i=1

bi(|∂θkψi⟩⟨ψi| + |ψi⟩⟨∂θkψi|) + ∂θkbi|ψi⟩⟨ψi|. (B.15)

Consider the following four cases:

1. |ei⟩ = |ρi⟩ and |ej⟩ = |ρj⟩

L̂θk
ij = 2

P∑
l

1

ρi + ρj
⟨ρi|

[
bl(|∂θkψl⟩⟨ψl| + |ψl⟩⟨∂θkψl|) + ∂θkbi|ψl⟩⟨ψl|

]
|ρj⟩

= 2
P∑
l

1

ρi + ρj

[
bl

( P∑
p=1

aθk⊥pl ⟨ρi|ρp⟩⟨ψl|
P∑

q=1

cqj|ψq⟩

+
P∑

p=1

c∗pi⟨ψp|ψl⟩
P∑

q=1

(aθk⊥ql )∗⟨ρq|ρj⟩
)

+ ∂θkbl

P∑
p,q=1

c∗picqj⟨ψp|ψl⟩⟨ψl|ψq⟩
]

= 2
P∑

l,p=1

1

ρi + ρj

(
aθk⊥il blGlpcpj + (aθk⊥jl )∗blG

∗
lpc

∗
pi

)
+ 2

P∑
l,p,q=1

G∗
lpc

∗
pi∂θkblGlqcqj

= 2
[A⊥

∂θk
D(b)GC]ij + [A⊥

∂θk
D(b)GC]†ij + [C†G†D(∂θkbl)GC]ij

ρi + ρj
, (B.16)

where D(b) and D(∂θkbl) are the diagonal matrix with diagonal elements {bl}Pl=1

and {∂θkbl}Pl=1 respectively. In the derivation of Eq. (B.16), the symmetric property

of G is used.
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2. |ei⟩ = |µi⟩ and |ej⟩ = |ρj⟩

L̂θk
ij = 2

P∑
l

1

ρj
⟨µi|

[
bl(|∂θkψl⟩⟨ψl| + |ψl⟩⟨∂θkψl|) + ∂θkbi|ψl⟩⟨ψl|

]
|ρj⟩

= 2
P∑
l

bl
ρj

PM∑
p=1

a
θk∥
pl ⟨µi|µp⟩⟨ψl|

N∑
q=1

cqj|ψq⟩

= 2
P∑

l,p=1

a
θk∥
il blGlpcpj

ρj

= 2
[A

∥
∂θk
D(b)GC]ij

ρj
, (B.17)

3. |ei⟩ = |ρi⟩ and |ej⟩ = |µj⟩

By the Hermitian property L̂θk
ij = 2[A

∥
∂θk
D(b)GC]†ij/ρi

4. |ei⟩ = |µi⟩ and |ej⟩ = |µj⟩

Since ρi + ρj = 0, the QFI doesn’t depend on those entries, any value can be

assigned as long as L̂θk is Hermitian. We simply set them to be zero.
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Analysis of the Fisher Information

for HG Modal Measurement

For finite σo, we classify the behaviors of the FI of HG modal measurement as θ → 0.

1. Qq ∼ a0 + a1θ +O(θ2)

FIQq(θ) ∼
a21 +O(θ)

a0 +O(θ)
→ a21

a0
. (C.1)

2. Qq ∼ a0 + arθ
r +O(θr+1), r > 1

FIQq(θ) ∼
a2rr

2θ2(r−1) +O(θ2r−1)

a0 +O(θr)
→ 0. (C.2)

3. Qq ∼ a1θ +O(θ2)

Page 114



Appendix C. Analysis of the Fisher Information for HG Modal
Measurement

FIQq(θ) ∼
a21 + +O(θ)

a1θ +O(θ2)
→ ∞. (C.3)

4. Qq ∼ a2θ
2 +O(θ3)

FIQq(θ) ∼
4a22θ

2 +O(θ3)

a2θ2 +O(θ3)
→ 4a2. (C.4)

5. Qq ∼ arθ
r +O(θr+1), r > 2

FIQq(θ) ∼
a2rr

2θ2(r−1) +O(θ2r−1)

arθr +O(θr+1)
→ 0. (C.5)

The above analysis can be summarized by the following table:

Qq FIQq

a0 + a1θ +O(θ2)
a21
a0

a0 + arθ
r +O(θr+1), r > 1 0

a1θ +O(θ2) ∞

a2θ
2 +O(θ3) 4a2

arθ
r +O(θr+1), r > 2 0

Expanding Eq. (3.14), we have:

Qq(θ) ≈ Cθ

ˆ 1

−1

ˆ 1

−1

fq(y1, y2)θ
2q × [1 − g(y1, y2)θ2 + ...]dy1dy2

≈ Cθ2q+1

ˆ 1

−1

ˆ 1

−1

fq(y1, y2)dy1dy2 +O(θ2q+3). (C.6)

Therefore, for q = 0, the leading order in Eq. (C.6) thus it gives infinite information as
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θ → 0. For the other modes, the leading order are all greater than 2, thus they give no

information.
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Appendix D

Details of the Metrics

In Section 5.5.1 and 5.5.3, we show the summary of different metrics. In this Ap-

pendix, we further break down the statistics and show the distribution for each scene

setting.

For all the tables below, the left, middle and right column are the distribution of

relative position error for the cases which P is not under estimated, the Jaccard index

score and the pseudo imaging score respectively. Table. D.1 refers to the scenes with

Br = 1 which corresponds to the graphs in Section 5.5.1. Table. D.2 and D.3 shows the

metrics for P = 3, 4 respectively, upon which the graphs in Section 5.5.3 are plotted.
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Even brightness, different P and d

P Relative Position Error Jaccard Index Score Pseudo Imaging Score
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Table D.1: Left column: relative error of the matched pairs; middle column: Jaccard
index score; right column: pseudo imaging score, the legends shows the mean and stan-
dard deviation of corresponding distribution. Br = 1
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P = 2, different d and Br

d Relative Position Error Jaccard Index Score Pseudo Imaging Score
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Table D.2: Left column: relative error of the matched pairs; middle column: Jaccard
index score; right column: pseudo imaging score, the legends shows the mean and stan-
dard deviation of corresponding distribution. Br = 1, 5, 10
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Table D.3: Left column: relative error of the matched pairs; middle column: Jaccard
index score; right column: pseudo imaging score, the legends shows the mean and stan-
dard deviation of corresponding distribution. Br = 1, 5, 10
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