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 ABSTRACT 

We describe numerical simulations to demonstrate the use of curvature 

polynomials introduced by Mahajan and Acosta in their paper “Zernike 

coefficients from wavefront curvature data” for determining the Zernike 

coefficients from wavefront curvature data. The wavefront curvature data was 

determined by evaluating the irradiance distributions in two planes that were 

symmetric about the focal plane. The irradiance distributions were calculated 

using the Zemax OpticStudio software program. 

For the aberration function, the wavefront curvature data was generated from 

the irradiance distributions. This data consists of the Laplacian of the wavefront 

across the pupil and its outward normal slope at its circular boundary. The inner 

products of the curvature polynomials and Laplacian of the wavefront are used to 

calculate the m ≠ n (i.e., non-harmonic) Zernike aberration coefficients, and the 

inner product of the boundary slope and curvature polynomials are required to 

calculate the m = n (i.e., harmonic) Zernike aberration coefficients. 

We explain the process of obtaining the Laplacian and slope of the wavefront 

from the two irradiance distributions. Independent case studies of different 

simulations are performed and explained in detail. The results obtained and 

limitations of the software are also presented. 

 

1 INTRODUCTION 

Wavefront measurement and phase retrieval are key research topics in the 

fields of optical metrology, adaptive optics, and imaging technology. They play an 

indispensable role in astronomy, industrial inspection, and biomedical imaging 

applications.  

In astronomy, adaptive optics is used to improve the performance of optical 

system by reducing the effect of incoming wavefront distortions by deforming a 

mirror in order to compensate for the distortion. In order to perform adaptive optics 

correction, the shape of the incoming wavefronts must be rapidly measured and as 

a function of position in the telescope aperture plane[1]. Shack─Hartman 
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wavefront sensor is used to calculate the mean wavefront perturbation in each 

pixel. This pixelated map of the wavefronts is fed into the deformable mirror and 

used to correct the wavefront errors introduced by the atmosphere.  

However, with advancement in technologies, new and improved methods for 

wavefront measurement techniques are always on hunt. Wavefront curvature 

sensors, which can be used to measure the shape of the wavefront from its 

irradiance distribution alone, can process the measurement faster resulting in more 

accurate and/ or fast wavefront measurements [3]. Let us understand the working 

of some of the popular and well-established wavefront measurement techniques 

which are discussed below. 

1.1 Interferometry 

With the invention of the laser and continued development in the field of 

optical metrology, interferometry is considered one of the most well-established 

wavefront-measurement methods. Since the principle of optical coherent 

interference was first proven as a potential measurement tool in the 1880s, 

interferometry has played a prominent role in optical metrology. Despite the 

advances in optical interferometry over the decades, its basic principle remains 

unchanged. By superimposing an additional coherent reference beam with the 

original object beam, the invisible phase information can be converted into an 

intensity signal, that is, the interference pattern, which can be directly captured by 

traditional imaging devices [4]. The phase can be demodulated from the 

interferogram using different types of fringe analysis algorithms. 

However, in this method, because of the high degree of spatial coherence of 

the light source, the imaging resolution is limited by the coherent diffraction, and 

this limits the magnitude of wavefront shape that can be measured. In addition, 

interferometry requires carefully designed optical systems to avoid coherent 

artifacts and implement phase shifting. 
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1.2  Shack–Hartmann Sensor 

To address the limitations posed by traditional interferometric phase imaging 

techniques, researchers have investigated different methods for phase retrieval. 

One such widely used non-interferometric method is the Shack–Hartmann 

wavefront sensor. The Shack–Hartmann wavefront slope sensor is a geometrical 

optics-based wavefront measurement technique often used in adaptive optics 

systems and is mainly used for applications in astronomical observation.  

The Shack–Hartmann wavefront slope sensor consists of a lenslet array with 

the same focal length. Light from each lens is focused onto a photon sensor. If the 

sensor is placed at the geometric focal plane of the lenslet and is uniformly 

illuminated, the integrated gradient of the wavefront across the lenslet is 

proportional to the displacement of the centroid. Consequently, any wavefront 

aberration can be approximated using its local tilt. By sampling the wavefront with 

an array of lenslets, the local tilts can be measured, and the whole wavefront can 

be reconstructed [5]. However, owing to the limitation of the physical size of the 

lenslet array, the Shack–Hartmann sensor does not make full use of all pixel 

resolution of the image sensor, resulting in a low spatial resolution of the recovered 

wavefront [6].  

 

1.3  Wavefront Curvature Sensor 

A wavefront curvature sensor indirectly provides aberrations in an optical 

wavefront by measuring the irradiance distributions at two symmetric planes about 

the focal plane perpendicular to the propagation direction. The wavefront 

curvature data obtained from the sensor consist of the Laplacian of the wavefront 

across the interior of the pupil and its outward normal slope at the boundary [1].  

Curvature sensors have applications primarily in astronomy and medical 

imaging [7]. Roddier [3] introduced the concept of curvature sensing in 

astronomical research to determine the Zernike coefficients of aberrated circular 

wavefronts. In principle, we can use the already existing standard focal plane 
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detector array on an instrument to obtain the irradiance distribution needed to 

measure the wavefront by translating the detector at different planes.  

1.4 Wavefront Reconstruction 

We have reviewed different wavefront measurement techniques in previous 

section. The interferometer measures the shape of the wavefront directly, the 

Shack–Hartmann measures the slope of the wavefront, and the wavefront 

curvature sensor measures the curvature. Reconstructing the wavefront from these 

three methods are very different. For wavefront curvature sensing, different 

methods of wavefront measurement have been proposed. 

Díaz-Douton et al. developed a curvature sensor for ocular wavefront 

measurements [7]. They obtained the Zernike coefficients iteratively, first without 

the boundary data and then by including the relevant data. 

In this thesis, we study the limits of the numerical implementation of the 

curvature polynomials proposed by Mahajan and Acosta [1], whose inner products 

with wavefront curvature data provide the Zernike aberration coefficients 

 

2 CURVATURE SENSING THEORY 

2.1 Transport-of-Irradiance Equation 

The curvature sensing theory is based on the transport-of-irradiance (TIE) 

equation, which shows that there is an inextricable tie between the irradiance and 

phase of a light wave [8]. A paraxial beam propagating along the z -axis can be 

expressed as: 

 

𝑈(𝑥, 𝑦, 𝑧) = 𝐴(𝑥, 𝑦, 𝑧) e−𝑖𝑘𝑊(𝑥,𝑦,𝑧),  (2.1.1) 

 

where 𝐴(𝑥, 𝑦, 𝑧) is the amplitude of a wave defined on a plane (𝑥, 𝑦)  and 

𝑊(𝑥, 𝑦, 𝑧) is the wavefront aberration of the wave. k is the wave number given by 
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2𝜋

𝜆
. The irradiance 𝐼(𝑥, 𝑦, 𝑧) of a wave is proportional to the squared amplitude 

𝐴2(𝑥, 𝑦, 𝑧). of the wave, i.e., 

 

 𝐼(𝑥, 𝑦, 𝑧) = 𝐴2(𝑥, 𝑦, 𝑧).  (2.1.2) 

 

The transport-of-irradiance equation derived by Teague [8] provides the 

relationship between the phase of the wave and its irradiance. 

 

−
𝜕𝐼(𝑥,𝑦,𝑧)

𝜕𝑧
=  ∇ [𝐼(𝑥, 𝑦, 𝑧) ∇𝑊(𝑥, 𝑦, 𝑧)],  (2.1.3a) 

 

Expanding the above equation, we obtain, 

 

−
𝜕𝐼(𝑥,𝑦,𝑧)

𝜕𝑧
=  ∇𝐼(𝑥, 𝑦, 𝑧)∇𝑊(𝑥, 𝑦, 𝑧) + I(𝑥, 𝑦, 𝑧)∇2𝑊(𝑥, 𝑦, 𝑧).  (2.1.3b) 

 

The TIE is essentially an expression of the energy conservation law. The right-

hand side of Equation 2.1.3b contains the wavefront slopes (the first 

 derivative ─ ⋅ ∇𝑊(𝑥, 𝑦, 𝑧)) and wavefront curvature (the second  

derivative ─ ∇2𝑊(𝑥, 𝑦, 𝑧)). The axial variation of the irradiance is determined by 

both the wavefront slope and curvature. The wavefront slope induces the 

irradiance translation, whereas the wavefront curvature induces the irradiance 

convergence or divergence.  

Let us consider an optical system with an irradiance that is constant in the pupil 

plane that is, at z = 0, 𝐼(𝑥, 𝑦, 𝑧) = 𝐼0 for all 𝑥, 𝑦. Because of the uniform illumination 

of the pupil, Equation 2.1.3b reduces to the following equation: 

 

−
𝜕𝐼(𝑥,𝑦,𝑧)

𝜕𝑧
|

𝑧=0
 =  𝐼0 ⋅  ∇2𝑊(𝑥, 𝑦).   (2.1.4) 

 

From Equation 2.1.4, we obtain the Laplacian of the wavefront inside the pupil. 

However, mathematically solving for the Laplacian does not provide a unique 

solution for the wavefront [9]. To obtain a unique solution, we require a boundary 
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condition for the partial differential equation. We can use either the Dirichlet 

boundary condition or Neumann boundary condition to obtain a unique solution, 

except for a piston.  

Let us consider the TIE Equation 2.1.3b If the irradiance in the geometrically 

illuminated region is uniform with a value 𝐼0 and 0 outside, then ∇𝐼 = 0 inside and 

outside the pupil, except at its circular boundary. At the circular boundary 𝑟 we 

have, 

 

 ∇𝐼(𝑟, 𝜃) =  −𝐼0�̂�𝛿𝑐 ,  (2.1.5) 

 

where 𝛿𝑐 is a linear Dirac distribution at the circular boundary, �̂� is the unit vector 

normal to the boundary pointing outward, and 𝑟 = √𝑥2 + 𝑦2. Substituting 

Equation 2.1.5 in the TIE Equation 2.1.3b we obtain, 

 

−
𝜕𝐼(𝑥,𝑦,𝑧)

𝜕𝑧
|

𝑧=0
=  𝐼0 ( 

𝜕𝑊(𝑟,𝜃)

𝜕𝑟
𝛿𝑐 −  ∇2𝑊(𝑥, 𝑦)),  (2.1.6) 

 

where 

 

 
𝜕𝑊(𝑟,𝜃)

𝜕𝑟
= �̂�  ⋅  ∇𝑊(𝑟, 𝜃).  (2.1.7) 

 

𝜕𝑊(𝑟,𝜃)

𝜕𝑟
 is the slope of the wavefront in the radial direction. This provides us with 

the Neumann boundary condition to obtain a unique solution for the aberration.  

2.2  Curvature Polynomials 

So far, we have discussed the mathematical process of obtaining the wavefront 

curvature data. The data consists of both local curvature measurements of a 

wavefront 𝑊(𝑟, 𝜃) and its radial or normal derivative at its boundary in the 

outward direction.  
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Zernike polynomials are widely used to represent optical aberrations because 

they represent balanced classical aberrations and because of their orthogonality 

property, each aberration coefficient can be evaluated by the inner product of the 

Zernike polynomial with the wavefront aberration data of a circular wavefront 

[10,11]. Let us suppose that the wavefront can be expressed as a linear 

combination of the Zernike polynomials, as expressed below 

 

 

  𝑊(𝜌, 𝜃) = ∑ 𝑎𝑗 ⋅ 𝑍𝑗(𝜌, 𝜃)
𝐽
𝑗=1 ,   (2.2.1) 

 

where 𝑎𝑗 is the Zernike coefficient of the polynomial 𝑍𝑗, ρ is the radial coordinate 

of the pupil plane normalized to the pupil radius, and θ denotes the angular 

coordinate. j is a polynomial ordering number and 𝐽 represents the maximum value 

of 𝑗. The Zernike polynomial 𝑍𝑗 is given by:  

 

𝑍𝑗(𝜌, 𝜃) =  √𝑛 + 1𝑅𝑛
0(𝜌), 𝑚 = 0,  (2.2.2) 

 

[
𝑍𝑗 𝑒𝑣𝑒𝑛(𝜌, 𝜃)

𝑍𝑗 𝑜𝑑𝑑(𝜌, 𝜃)
]  =  √2𝑛 + 1𝑅𝑛

𝑚(𝜌) (
cos 𝑚𝜃
sin 𝑚𝜃

) ,    𝑚 ≠ 0,  (2.2.3) 

 

where ρ is the radial co-ordinate of the pupil plane normalized to the pupil radius, 

θ is the angular co-ordinate, j is a polynomial ordering number, The index n of a 

Zernike polynomial represents its radial degree or the order, and the index m of a 

polynomial is referred to as its azimuthal frequency. n and m are positive integers 

(including zero) such that n − m ≥ 0 and even and 𝑅𝑛
𝑚(𝜌) is a radial polynomial 

with degree 𝑛 in 𝜌 containing terms in 𝜌𝑛, 𝜌𝑛−2, . . . . , 𝜌𝑚, 0 ≤ 𝜌 ≤ 1, and 0 ≤ 𝜃 ≤

2𝜋. We can calculate the Zernike coefficients using the following equation. 

 

𝑎𝑗 =  
1

𝜋
∫ ∫ 𝑊(𝜌, 𝜃) ⋅ 𝑍𝑗(𝜌, 𝜃) ⋅ 𝜌𝑑𝜌 ⋅ 𝑑𝜃

2𝜋

0

1

0
. (2.2.4) 
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where 𝑎𝑗  is the Zernike coefficient of the Zernike polynomial 𝑍𝑗. 𝑊(𝜌, 𝜃) is the 

wavefront aberration ρ is the radial coordinate of the pupil plane normalized to 

the pupil radius, and θ denotes the angular coordinate. First 15 Orthonormal 

Zernike Polynomials are as follows 

 

Table 1. Orthonormal Zernike circle polynomials 𝑍𝑗(𝜌, 𝜃). The indices j, n, 

and m are called the polynomial number, radial degree, and azimuthal frequency, 

respectively. 

 

j m n Zj (ρ,θ) Aberration name 
1 0 0 1 Piston 
2 1 1 2𝜌cos𝜃 𝑥-tilt 
3 1 1 2𝜌sin𝜃 𝑦-tilt 
4 2 0 √3(2𝜌2 − 1) Defocus 

5 2 2 √6𝜌2sin2𝜃 450 Primary astigmatism 

6 2 2 √6𝜌2cos2𝜃 00 Primary astigmatism 

7 3 1 √8(3𝜌3 − 2𝜌)sin𝜃 Primary 𝑦-coma 

8 3 1 √8(3𝜌3 − 2𝜌)cos𝜃 
Primary 𝑥-coma 

9 3 3 √8𝜌3sin3𝜃  

10 3 3 √8𝜌3cos3𝜃  

11 4 0 √5(6𝜌4 − 6𝜌2 + 1) Primary spherical 

12 4 2 √10(4𝜌4 − 3𝜌2)cos2𝜃 00 Secondary astigmatism 

13 4 2 √10(4𝜌4 − 3𝜌2)sin2𝜃 450 Secondary astigmatism 

14 4 4 √10𝜌4cos4𝜃  

15 4 4 √10𝜌4sin4𝜃  

 

Different algorithms have been proposed to obtain the Zernike coefficients 

from wavefront curvature data. Roddier introduced the concept of curvature 

sensing in astronomical research to determine the Zernike coefficients of an 

aberrated circular wavefront using curvature data [3]. The coefficients were 

obtained by numerically solving the Poisson equation for the wavefront data. Han 

[12] obtained the Zernike coefficients by curve fitting simulated curvature data 

using the least-squares method. Mahajan and Acosta proposed a different method 

to calculate the Zernike aberration coefficients using what they called curvature 

polynomials [1]. They showed that the inner product of the wavefront curvature 

data with the curvature polynomials 𝑈𝑗(𝜌, 𝜃) yields the Zernike aberration 

coefficients 𝑎𝑗 of a wavefront. Unlike the Zernike polynomials, the curvature 
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polynomials are not orthogonal to each other; however, they preserve the 

orthogonality of the obtained Zernike aberration coefficients in such a way that 

each coefficient can be independently evaluated by the following equation: 

 

𝑎𝑗 =  
1

𝜋
∫ ∫ 𝑈𝑗(𝜌, 𝜃)

2𝜋

0

1

0
⋅  ∇2𝑊(𝜌, 𝜃) ⋅ 𝜌 ⋅ 𝑑𝜌 ⋅ 𝑑𝜃 −

 
1

𝜋
 ∮ 𝑈𝑗 (1, 𝜃)

.

1
 [

𝜕𝑊(𝜌,𝜃)

𝜕𝜌
]

𝜌=1
𝑑𝜃.  (2.2.5) 

 

 

In brief, we discuss how Mahajan and Acosta [1] obtained the curvature 

polynomials.  Curvature polynomials are functions obtained by solving a Poisson 

equation subject with the Neumann boundary condition, that is, a function 𝑈𝑗 is 

chosen such that it satisfies the Poisson equation, as shown below: 

 

∇2 𝑈𝑗(𝜌, 𝜃) =  𝑍𝑗(𝜌, 𝜃).  (2.2.6) 

 

Additionally, the function 𝑈𝑗 satisfies the Neumann boundary condition given by, 

 

[
𝜕𝑈𝑗(𝜌,𝜃)

𝜕𝜌
]

𝜌=1
= 0. (2.2.7) 

 

Once 𝑈𝑗(𝜌, 𝜃) is calculated, each Zernike aberration coefficient can be 

independently evaluated using Equation 2.2.5. 

The Zernike polynomials with m = n have their Laplacian equal to 0. 

Therefore, information about the coefficient of the polynomials requires boundary 

data. For m ≠ n Zernike coefficients, boundary data are not required to obtain the 

solution because 𝑈𝑗(1,0) = 0. Thus, 

 

𝑎𝑗 =  
1

𝜋
∫ ∫ 𝑈𝑗(𝜌, 𝜃)

2𝜋

0

1

0
⋅ ∇2𝑊(𝜌, 𝜃) ⋅ 𝜌𝑑𝜌 ⋅ 𝑑𝜃.   (2.2.8) 
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Therefore, they can be obtained only with the Laplacian data. However, for m = n 

Zernike coefficients, we obtain the solution by considering the boundary radial 

slope data, as shown in Equation 2.2.5 

The first 45 curvature polynomials are listed in Table 2. All the listed 

polynomials satisfy the Neumann boundary condition, that is, they have a zero-

radial slope at the boundary except when m = n. Here, ρ represents the normalized 

radial coordinate. 

 

Table 2. First 45 curvature polynomials Uj (ρ, θ) are listed below. The indices j, n, 

and m are called the polynomial number, radial degree, and azimuthal frequency, 

respectively. 

 

   
 

J n m Uj (ρ, θ) 

2 1 1 
1

4
 (𝜌3 − 3𝜌)cos𝜃 

3 1 1 
1

4
 (𝜌3 − 3𝜌)sin𝜃 

4 2 0 
√3

8
 (𝜌4 − 2𝜌2 + 1) 

5 2 2 
1

2√6
(𝜌4 − 2𝜌2)sin2𝜃 

6 2 2 
1

2√6
(𝜌4 − 2𝜌2)cos2𝜃 

7 3 1 
1

2√2
(𝜌5 − 2𝜌3 + 𝜌)sin𝜃 

8 3 1 
1

2√2
(𝜌5 − 2𝜌3 + 𝜌)cos𝜃 

9 3 3 
1

12√2
(3𝜌5 − 5𝜌3)sin3𝜃 

10 3 3 
1

12√2
(3𝜌5 − 5𝜌3)cos3𝜃 

11 4 0 
√5

24
(4𝜌6 − 9𝜌4 + 6𝜌2 − 1) 

12 4 2 
√10

8
(𝜌6 − 2𝜌4 + 𝜌2)cos2𝜃 

13 4 2 
√10

8
(𝜌6 − 2𝜌4 + 𝜌2)sin2𝜃 

14 4 4 
1

4√10
(2𝜌6 − 3𝜌4)cos4𝜃 

15 4 4 
1

4√10
(2𝜌6 − 3𝜌4)sin4𝜃 
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J n m Uj (ρ, θ) 

16 5 1 
√3

12
(5𝜌7 − 12𝜌5 + 9𝜌3 − 2𝜌)cos𝜃 

17 5 1 
√3

12
(5𝜌7 − 12𝜌5 + 9𝜌3 − 2𝜌)𝑠𝑖𝑛𝜃 

18 5 3 
√3

4
(𝜌7 − 2𝜌5 + 𝜌3)𝑐𝑜𝑠3𝜃 

19 5 3 
√3

4
(𝜌7 − 2𝜌5 + 𝜌3)𝑠𝑖𝑛3𝜃 

20 5 5 
√3

60
(5𝜌7 − 7𝜌5)𝑐𝑜𝑠5𝜃 

21 5 5 
√3

60
(5𝜌7 − 7𝜌5)𝑠𝑖𝑛5𝜃 

22 6 0 
√7

48
 (15𝜌8 − 40𝜌6 + 36𝜌4 − 12𝜌2 + 1) 

23 6 2 
√14

8
 (2𝜌8 − 5𝜌6 + 4𝜌4 − 𝜌2)𝑠𝑖𝑛2𝜃 

24 6 2 
√14

8
 (2𝜌8 − 5𝜌6 + 4𝜌4 − 𝜌2)𝑐𝑜𝑠2𝜃 

25 6 4 
√14

8
 (𝜌8 − 2𝜌6 + 𝜌4)𝑠𝑖𝑛4𝜃 

26 6 4 
√14

8
 (𝜌8 − 2𝜌6 + 𝜌4)𝑐𝑜𝑠4𝜃 

27 6 6 
√14

84
 (3𝜌8 − 4𝜌6)𝑠𝑖𝑛6𝜃 

28 6 6 
√14

84
 (3𝜌8 − 4𝜌6)𝑐𝑜𝑠6𝜃 

29 7 1 
1

4
 (7𝜌9 − 20𝜌7 + 20𝜌5 − 8𝜌3 + 𝜌)𝑠𝑖𝑛𝜃 

30 7 1 
1

4
 (7𝜌9 − 20𝜌7 + 20𝜌5 − 8𝜌3 + 𝜌)𝑐𝑜𝑠𝜃 

31 7 3 
1

6
 (7𝜌9 − 18𝜌7 + 15𝜌5 − 4𝜌3)𝑠𝑖𝑛3𝜃 

32 7 3 
1

6
 (7𝜌9 − 18𝜌7 + 15𝜌5 − 4𝜌3)𝑐𝑜𝑠3𝜃 

33 7 5 
1

2
 (𝜌9 − 2𝜌7 + 𝜌5)𝑠𝑖𝑛5𝜃 

34 7 5 
1

2
 (𝜌9 − 2𝜌7 + 𝜌5)𝑐𝑜𝑠5𝜃 

35 7 7 
1

56
 (7𝜌9 − 9𝜌7)𝑠𝑖𝑛7𝜃 

36 7 7 
1

56
 (7𝜌9 − 9𝜌7)𝑐𝑜𝑠7𝜃 

37 8 0 
1

80
 (168𝜌10 − 525𝜌8 + 600𝜌6 − 300𝜌4 + 60𝜌2 − 3) 

38 8 2 
√2

8
 (14𝜌10 − 42𝜌8 + 45𝜌6 − 20𝜌4 + 3𝜌2)𝑐𝑜𝑠2𝜃 

39 8 2 
√2

8
 (14𝜌10 − 42𝜌8 + 45𝜌6 − 20𝜌4 + 3𝜌2)𝑠𝑖𝑛2𝜃 

40 8 4 
√2

8
 (8𝜌10 − 21𝜌8 + 18𝜌6 − 5𝜌4)𝑐𝑜𝑠4𝜃 
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J n m Uj (ρ, θ) 

41 8 4 
√2

8
 (8𝜌10 − 21𝜌8 + 18𝜌6 − 5𝜌4)𝑠𝑖𝑛4𝜃 

42 8 6 
√2

8
 (3𝜌10 − 6𝜌8 + 3𝜌6)𝑐𝑜𝑠6𝜃 

43 8 6 
√2

8
 (3𝜌10 − 6𝜌8 + 3𝜌6)𝑠𝑖𝑛6𝜃 

44 8 8 
1

8√18
 (4𝜌10 − 5𝜌8)𝑐𝑜𝑠8𝜃 

45 8 8 
1

8√18
 (4𝜌10 − 5𝜌8)𝑠𝑖𝑛8𝜃 

 

3 ANALYTICAL CALCULATION OF THE WAVEFRONT CURVATURE  

SENSOR DATA 

In Section 2, we discussed the mathematical calculation of the wavefront 

curvature data. In this section, we learn the significance of using the transfer-of-

irradiance equation and obtain the Laplacian and slope at the boundary of the 

wavefront to get the wavefront curvature data. 

3.1 Qualitative Analysis of Transfer-of-Irradiance Equation 

The transport-of-irradiance equation can be qualitatively explained based on 

geometrical optics, as shown in Figure 1. If the observed optical field is a plane 

wave in the object space, the irradiance does not change with the propagation 

distance z. As can be observed from the figure, the plane wavefront W upon 

propagation to the measurement plane at a distance z remains constant with no 

change in the irradiance. 
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Figure 1. Plane wave W with constant irradiance 𝐼0 at z = 0 plane, propagating in 

object space. The irradiance remains constant at the measurement plane z = z1   

For non-planar waves, the irradiance changes with the propagation distance, 

as shown in Figure 2. As can be observed from the figure, the irradiance changes 

as the aberrated wavefront W propagates to the measurement plane located at a 

distance z. For a region with a positive local curvature of the wavefront, the 

irradiance decreases on the measurement plane; for regions with negative local 

curvature, the irradiance increases on the measurement plane. 

 

Figure 2. Aberrated wavefront W with irradiance 𝐼0 at z = 0 plane propagating in 

the object space. The irradiance increases or decreases at the measurement plane  

z = z1 
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3.2 Wavefront Laplacian Calculations 

Let us consider the transport-of-irradiance Equation 2.1.6 mentioned in 

Section 2. Considering an optical system with irradiance constant in the pupil 

plane, as described in the previous section, that is, at 𝑧 = 0, 𝐼(𝑥, 𝑦, 0) = 𝐼0 for all 

𝑥, 𝑦. Because of the uniform illumination of the pupil, the above equation reduces 

to: 

 

−
𝜕𝐼(𝑥,𝑦,𝑧)

𝜕𝑧
|

𝑧=0
 =  𝐼0 ∇2𝑊(𝑥, 𝑦). (3.2.1) 

 

Mathematically, we can evaluate the derivative in one plane; however, this is 

impossible experimentally. In practice, we can record the value of 𝐼 in different 

planes; therefore, we can evaluate the derivative on the left-hand side of 

Equation  3.2.1 as a finite difference and obtain the Laplacian of the wavefront. 

 

Figure 3. We measure the irradiance distributions at two adjacent planes of the 

pupil plane, perpendicular to the propagation direction. 

                   

Considering Taylor’s expansion:  

 

𝐼(−𝑧) = 𝐼𝑜 −  
𝜕𝐼

𝜕𝑧
⋅  𝑧 +higher order 𝑧2 terms, which can be neglected, (3.2.2) 
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𝐼(+𝑧) = 𝐼𝑜 +  
𝜕𝐼

𝜕𝑧
⋅ 𝑧 +higher order 𝑧2 terms, which can be neglected. (3.2.3) 

 

Subtracting and adding Equations 3.2.2 and 3.2.3 we obtain, 

 

𝜕𝐼

𝜕𝑧
=  

𝐼(+𝑧)−𝐼(−𝑧)

2𝑧
  (3.2.4) 

 

𝐼𝑜 =  
𝐼(+𝑧)+𝐼(−𝑧)

2
 (3.2.5) 

 

Substituting Equations 3.2.4 and 3.2.5 in Equation 3.2.1, we obtain: 

 

∇2𝑊(𝑥, 𝑦) =  
−1

2𝑧
  

𝐼(+𝑧)(𝑥,𝑦)−𝐼(−𝑧)(𝑥,𝑦)

𝐼(+𝑧)(𝑥,𝑦)+𝐼(−𝑧)(𝑥,𝑦)
 (3.2.6) 

 

The above equation indicates that by measuring the irradiance at two planes at ± z 

from z = 0, we can obtain the Laplacian of the wavefront.  

In practice, if noise is present in the measurement, we cannot retrieve the 

wavefront aberration if we choose a smaller value of z for the measurement planes. 

Roddier [3], in his experiment to determine atmospheric turbulence, found that the 

measurement planes should be in the order of hundreds of kilometers to obtain 

good results. It is practically impossible to execute this experimentally. Hence, he 

proposed using a lens to bring the far away planes in the object space to a closer 

distance in the image space, as shown in Figure 4. 

 

Figure 4.  Bringing far away object planes closer in the image space by using 

a lens. 
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In our experiment, the measurement plane z = 0 was located on the lens plane. 

Correlation of the object-space planes and their corresponding image-space planes 

is shown in Figure 5. As seen in Figure 5 𝐼(+𝑧)from the object space corresponds 

to the intrafocal plane irradiance 𝐼(−𝑙) in the image space, and 𝐼(−𝑧) from the object 

space corresponds to the extrafocal plane 𝐼(+𝑙) irradiance in the image space. The 

irradiance distribution measured at the extrafocal plane is reversed relative to the 

irradiance distribution measured at the intrafocal plane owing to the use of the 

lens. 

 

Figure 5.  Correlating the image-space and object-space planes. The pupil plane in 

object space at z = 0 corresponding to the lens surface in image space. 𝐼(+𝑧) 

corresponds to 𝐼(−𝑙)and 𝐼(−𝑧)corresponds to 𝐼(+𝑙) respectively. 

 

Hence, as seen in Figure 5. the coordinates (𝑥, 𝑦) of any image on the intrafocal 

measurement plane are flipped at the extrafocal measurement plane as (−𝑥, −𝑦). 

We can measure the irradiance at 𝐼(−𝑙) and 𝐼(+𝑙) and evaluate the derivative as 

though we are evaluating it with 𝐼(+𝑧) and 𝐼(−𝑧). We must obtain an expression 

equivalent to Equation 3.2.6 in the image space, for that we can consider 

geometrical optics. 
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Let us consider the extrafocal plane with the irradiance distribution 𝐼(+𝑙) We know 

from geometrical optics: 

 

1

𝑓+𝑙
−  

1

(−𝑧)
=  

1

𝑓
,  (3.2.7) 

 

Rearranging the above equation and because , we obtain 

 

−𝑙 ≈  
𝑓2

(−𝑧)
.  (3.2.8) 

 

Similarly, considering the intrafocal plane with irradiance distribution 𝐼(−𝑙) we 

obtain, 

 

+𝑙 ≈  
𝑓2

(+𝑧)
. (3.2.9) 

 

It must be noted that the location + 𝑙 and −𝑙 is not exactly equal to +𝑧 and −𝑧; 

however, because z >>> f, it can be approximated. Substituting for z in  

Equation 3.2.6 and considering the image coordinate reversal due to the lens, we 

can write the wavefront curvature in the image space as  

 

 
∇2𝑊(𝑥, 𝑦) =  

𝑅2𝑙

𝑓2
 
𝐼(−𝑙)(𝑥, 𝑦) − 𝐼(+𝑙)(−𝑥, −𝑦)

𝐼(−𝑙)(𝑥, 𝑦) + 𝐼(+𝑙)(−𝑥, −𝑦)
. 

               (3.2.10) 

 

where 𝑅 = Normalized unit radius of the irradiance map within which the 

integration is performed. 𝑙  is the distance between the detector plane and the focal 

plane (mm). 𝑓 is the focal length of the lens (mm). From this equation, we can 

calculate the Laplacian at the lens plane.  
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3.3 Calculation of the radial slope of the wavefront at the pupil boundary. 

  

So far, we have shown how to obtain the Laplacian of the wavefront at the lens 

plane. However, as we have already seen in Section 2, solving for the Laplacian is 

not enough to provide us with a unique solution. To obtain a unique solution, we 

require a boundary condition for the partial differential equation. From  

Equation 3.2.5, we see that we must calculate the slope of the wavefront in the 

radial direction at the boundary to obtain the aberration coefficient. From TIE 

Equation 2.1.6 considered earlier, we can obtain the partial differential equation  

of 
𝜕𝑊

𝜕𝑟
 by integrating both sides of the equation, as follows: 

 

lim
𝜀 →0

∫
𝜕𝐼

𝜕𝑧

𝑅+𝜀

𝑅−𝜀
𝑑𝑟 =  lim

𝜀→0
𝐼0 ∫ (

𝜕𝑊

𝜕𝑟
𝛿𝑐 −  ∇2𝑊)𝑑𝑟

𝑅+𝜀

𝑅−𝜀
. (3.3.1) 

 

At the boundary, the term ∇2𝑊 , as discussed earlier, becomes 0. Hence, the 

following equation is obtained: 

 

lim
𝜀 →0

∫
𝜕𝐼

𝜕𝑧

𝑅+𝜀

𝑅−𝜀
𝑑𝑟 =  𝐼0

𝜕𝑊

𝜕𝑟
|

𝑟=𝑅
.  (3.3.2) 

 

In practice, to evaluate 
𝜕𝑊

𝜕𝑟
, we must integrate the sensor signal in an annulus 

with a thickness 휀. 휀 is chosen such that it contains the boundary information; if 

we do not want to estimate the best value for 휀, then we can use the method 

proposed by Millman [13]. He showed that by calculating the difference or 

distance between the boundaries of the two irradiance distributions obtained from 

the detectors, we can evaluate 
𝜕𝑊

𝜕𝑟
. Once we obtain both the Laplacian of the 

wavefront and slope of the wavefront normal to the boundary, we can obtain the 

Zernike aberration coefficient, except for the piston.  

In Section 4, we present a numerical simulation demonstrating a method for 

obtaining the Laplacian and slope of the wavefront from the irradiance distribution 
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obtained from the two planes and verify the use of the curvature polynomials to 

obtain the Zernike coefficients. 

4 NUMERICAL SIMULATION OF THE WAVEFRONT CURVATURE DATA 

In Section 3, we discussed methods for obtaining the wavefront curvature data, 

from the two-irradiance distributions in two planes symmetric about the focal 

plane of the lens. In this section, we discuss the process of obtaining the irradiance 

distribution using numerical simulation and demonstrate the use of the curvature 

polynomials to determine the Zernike coefficient from the sensor signal. The 

results and analysis are discussed in this section. 

4.1  Zemax OpticStudio. 

As explained in Section 3, by evaluating the irradiance in the two planes at  

± 𝑙 mm from the focus, we can calculate the wavefront curvature data, whose inner 

product with the curvature polynomials give the Zernike aberration coefficients. 

We simulated a wavefront curvature sensor using the Zemax OpticStudio non-sequential 

mode to obtain the irradiance profiles in two planes symmetric about the focal point at 

a distance ± 𝑙 mm away, as shown in Figure 6. 

 

Figure 6. Zemax OpticStudio simulation of a wavefront curvature sensor with a 

BK-7 phase lens and a paraxial lens used to input aberration coefficient in the 

system and to focus the beam respectively. Measurement planes are located at  

± 𝑙 mm away from the focus to capture the irradiance distribution of 𝐼(−𝑙) and 𝐼(+𝑙) 

 

Here, the phase lens is a BK-7 phase lens with aberrated surface deformation 

defined by the Zernike coefficient. This was used to introduce the aberration 
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function in our system. A paraxial lens with a semi-diameter of 30 mm and focal 

length of 100 mm was used to focus the beam. The model representing a 

commercially available lens of F# = 1.7. Detectors placed at ± 𝑙 mm were used to 

measure the irradiance distribution. The input aberration introduced in the system 

using the phase lens is the surface sag error s(x,y) of the phase lens and not the 

wavefront error W. Therefore, the wavefront error W is given by, 

 

𝑊(𝑥, 𝑦) = (𝑛 − 1)𝑠(𝑥, 𝑦), (4.1.1) 

 

where n = 1.5185 is the refractive index of the BK-7 lens. Following the 

conversion above, the aberration function W is input into the system using the 

phase lens and allowed to propagate through the system. The resulting irradiance 

distribution on the two detectors is used to calculate the sensor signal. 

The irradiance distribution in Zemax OpticStudio was calculated by 

determining the intensity of the ray in an optical system. This energy is stored by 

incrementing the counter corresponding to the pixel of the ray struck. The sum of 

the ray intensity divided by the pixel area yields the irradiance in flux per area. 

The irradiance distribution on the intrafocal and extrafocal measurement planes at 

a distance 𝑙 mm from the focus was obtained from the Zemax simulation. In Section 

3, we discussed the calculation of the Laplacian of the wavefront as a finite difference of 

the irradiance distribution. Thus, we can determine 
𝜕𝐼

𝜕𝑧
 from the two irradiance 

distributions obtained from the two detector planes at a distance ± 𝑙 mm from the focus 

and evaluate it to obtain the Laplacian of the wavefront. 

 

𝜕𝐼

𝜕𝑧
=  

𝐼(+𝑙)−𝐼(−𝑙)

𝐼(+𝑙)+𝐼(−𝑙)
. (4.1.2) 

 

In Section 3 we discussed that for m = n Zernike coefficients we also need the 

radial slope of the wavefront at the boundary for the evaluation, the radial slope of 

the wavefront at the boundary is directly proportional to the distance between the 

two boundaries of the two irradiance distributions, as proposed by Millman [13]. 
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To calculate the distance between the two boundaries of the two-irradiance 

distribution, we first find all the edge pixels of the illuminated region in both 𝐼(+𝑙) 

and 𝐼(−𝑙).We calculated the distance between the edge pixel in 𝐼(−𝑙)and the radially 

corresponding edge pixel in 𝐼(+𝑙)as explained later in this section. 

4.2  Laplacian of the wavefront and radial slope at the pupil boundary calculations 

To illustrate the process of obtaining the wavefront curvature data, we consider 

an optical system that introduces a coma of 20λ in the wavefront, that is, 𝑎7= 20λ. 

The intrafocal and extrafocal measurement planes at 𝑙 = ± 60 mm from the focal 

planes are considered. The irradiance distribution obtained on these two planes are 

as shown in Figures 7 and 8.Note: the irradiance map and the processed Laplacian 

and boundary maps are normalized for a unit radius using original radius value of 

1.8 cm. 

 

Figure 7. Irradiance distribution 𝐼(−𝑙) obtained on a detector placed at 

 𝑙 = ─ 60 mm from the focal plane. Input of 𝑎7 = 20λ is introduced in the system. 
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Figure 8. Irradiance distribution 𝐼(+𝑙) obtained on a detector placed at 

 𝑙 = +60 mm from the focal plane. Input of 𝑎7 = 20λ is introduced in the system 

            

As discussed in Section 3, the extrafocal image 𝐼(+𝑙) rotates by 180° as the beam 

passes through the focus. Hence, to accurately match the coordinates, we must 

rotate the image by180° as shown in Figure 9. From here on, we will consider the 

irradiance distribution rotated by 𝐼(+𝑙) rotated by 180°  as 𝐼(+𝑙) for all our 

calculations.  

 

Figure 9. Irradiance distribution 𝐼(+𝑙)is rotated by 180° to match the coordinates 

of the Irradiance distribution 𝐼(−𝑙). 



 

32 

 

The Laplacian of the wavefront can now be calculated from the irradiance 

distribution maps obtained using Zemax OpticStudio. From Equation 3.2.10 

obtained in the Section 3, we see that the Laplacian of the wavefront is related to 

the finite difference of the irradiance distribution. Because the curvature 

polynomials are evaluated for 𝜌 from 0 to 1, we must normalize the radius R of 

the geometrically illuminated region to 1 and add the normalization factors  We 

find the Laplacian in each pixel to be equal to, 

 

∇2𝑊(𝑥, 𝑦) =  
𝑅2𝑙

𝑓2
 

𝐼(−𝑙)(𝑥,𝑦)−𝐼(+𝑙)(𝑥,𝑦)

𝐼(−𝑙)(𝑥,𝑦)+𝐼(+𝑙)(𝑥,𝑦)
. (4.2.1) 

 

The Laplacian map of the wavefront is shown in Figure 10. The red circumference 

represents the geometrically illuminated region at ± 𝑙 when there is no aberration 

. This defines the unit radius of the pupil.  

 

Figure 10. The Laplacian map of the wavefront with 𝑎7 = 20λ is obtained by 

processing the irradiance distribution maps. The integration region is highlighted 

in red circle. 
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For the m ≠ n Zernike polynomials determining the Laplacian is sufficient to 

obtain the Zernike aberration coefficients of the wavefront. It can be calculated as 

follows: 

Step 1. Calculate the 𝑈𝑗(𝜌, 𝜃) at each pixel position 𝑈𝑗(𝑥, 𝑦). 

Step 2. Calculate the Laplacian of the wavefront using Equation 4.2.1. 

Step 3. Integrate within the geometrically illuminated region of the corresponding 

no-aberration irradiance distribution for the chosen 𝑙 value, as shown by the red 

circle in the Figure 10.  

Step 4. Pixel size ∆𝑖 must be multiplied. 

Step 5. We can calculate the Zernike aberration coefficients as, 

 

𝑎𝑗 =  
1

𝜋
∑ ∆𝑖∇

2𝑊(𝑥𝑖, 𝑦𝑖)𝑈𝑗(𝑥𝑖, 𝑦𝑖)𝑁𝑝
,  (4.2.2) 

 

where 𝑁𝑝 represents the total number of pixels within the geometrically 

illuminated area. 

To calculate the m = n Zernike aberration coefficients, we also require 

boundary data. Assuming we obtain the irradiance distributions 𝐼(−𝑙) and 𝐼(+𝑙), as 

shown in Figures 7 and 9, respectively for m = n, The boundary data can be 

obtained by the expression 𝐼(+𝑙)  − 𝐼(−𝑙) . For illustration purposes, we have set the 

value within and outside the boundary to 0 as seen in Figure 11. 
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Figure 11. Boundary data obtained by the expression 𝐼(+𝑙)  − 𝐼(−𝑙). For illustration 

purpose, the value within and outside the boundary is set to 0. 

 

Millman [13] proposed that the slope at the boundary could be evaluated by 

calculating the thickness of the boundary in the radial direction. Therefore, the 

boundary thickness is the distance between the edges of the two irradiance 

distributions. We used the following method to calculate the boundary data: 

 

Step 1: We calculate the Laplacian as described in the previous section. (For m = 

n Zernike polynomials, the Laplacian = 0.) 

Step 2: We calculate the edge pixel of the central row of both the images on the  

x-axis, as shown in Figure 12. To find the edge pixel, we consider all central row 

pixels from the center. We find the coordinates of the last non-zero pixel in that 

row. 𝜃 = 0° is indicated in red. The edge pixel marked in red is shown in an 

exaggerated view for better understanding.   
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Figure 12. Finding the coordinates of the edge pixel of the central row of both 𝐼(−𝑙) 

and 𝐼(+𝑙). The line marked in red shows the starting position when  

𝜃 = 0°. The edge pixel is marked exagerratedly as the red box 

 

Step 3. We calculate the 𝑥1 location of the edge pixel of the central row for 𝐼(−𝑙) 

and 𝑥2 edge pixel of the central row for 𝐼(+𝑙). The distance 𝑑𝜃 between the two 

edge pixels if their irradiance distribution maps were to be overlapped, is 

calculated as:  

 

𝑑𝜃 = 𝑥1 − 𝑥2. (4.2.3) 

 

 Step 4. We rotate both images by θ° and repeat Step 2. 
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Figure 13. Finding the coordinates of the edge pixel of the central row of both 𝐼(−𝑙) 

and 𝐼(+𝑙) after it has been rotated by 𝜃0. The line marked in red shows the starting 

position when 𝜃 = 0°. The edge pixel is marked exagerratedly as the red box. 

 

Step 5. Once we calculate the distance/number of pixels completely around the 

boundary in radial direction, we have plotted the distance as a function of the 

angle,to the thickness of the boundary as seen in Figure 14.    

 

Figure 14. The graph above shows the thickness of the boundary data obtained by 

calculating 𝐼(+𝑙)  − 𝐼(−𝑙) in radial direction. The thickness here is described as the 

number of pixels 𝑑𝜃 in the boundary data in radial direction corresponding to the 

angle 𝜃  
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Step 6. We calculate  𝑈𝑗(𝜌, 𝜃) at the boundary, that is, we calculate 𝑈𝑗(1, 𝜃). 

Step 7. We can calculate the radial slope of the wavefront as follows: 

 

𝜕𝑊

𝜕𝜌
(1, 𝜃) =  

𝑅𝑑𝜃

2𝑓 
.

𝑅

𝑁𝑅
, (4.2.4) 

 

where 𝑁𝑅= total number of pixels on the radius R.  

 

 

Figure 15. The graph above shows the radial slope at the boundary that is 

calculated after obtaining the boundary thickness 𝑑𝜃. 

 

Step 8. We can calculate the Zernike aberration coefficient from the following 

equation.  

 

𝑎𝑗 =  
1

𝜋
∑ ∆𝑖∇

2𝑊(𝑥𝑖, 𝑦𝑖)𝑈𝑗(𝑥𝑖, 𝑦𝑖)𝑁𝑝
−  

1

𝜋
∑ 𝑈𝑗(1, 𝜃)𝑁𝜃

𝜕𝑊

𝜕𝜌
(1, 𝜃) 𝑑𝜃,  (4.2.5) 

 

where 𝑁𝑝 is the total number of pixels in the geometrically illuminated area and 𝑁𝜃 

is the total number of angles 𝜃 that the image has been rotated by. During 

calculation, 𝜃 is converted to radians. The m = n and m ≠ n Zernike coefficients 
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are studied separately, and the results and observations are discussed in the section 

below. ∆𝑖 is the pixel size. 

4.3 Integration Setup 

In this study, we used Zemax OpticStudio to simulate the irradiance 

distributions at two planes around the focal plane with a lens of focal length 

100mm. A 1001 × 1001 pixel detector was selected to optimize the numerical 

integration error. We also selected 10 million rays for tracing in our system. By 

selecting a large ray bundle, we ensured that the irradiance in each pixel was well 

approximated. 

4.4 Results and Observations 

 

We have isolated the m = n and m ≠ n case studies in two different sections. 

For the m ≠ n case analysis, we have shown examples of defocus, coma, and 

spherical aberration. For the m = n case analysis, we have considered tilt and 

astigmatism cases. First, we present the m ≠ n case study. 

For the Laplacian calculation, it was observed that the Zernike coefficients 

retrieved in our simulation varied at different detector plane locations. To find the 

best possible location for the detector that would yield the least error, we studied 

Zernike coefficient retrieval at various locations and tabulated the error.  To check 

which value of 𝑙 provided us with a better measurement with the least error, we 

calculated the individual Zernike aberration coefficients at different values of 𝑙. 

Steps followed for the calculation are enumerated below. 

 

Step 1. Using the phase lens in Zemax OpticStudio, we input the aberration 

function 𝑊. 

Step 2. Irradiance distributions at ± 𝑙 are obtained, and the Laplacian is calculated 

within the geometrically illuminated region of the no-aberration irradiance 

distribution, as described in the previous section.  
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Step 3. The Zernike aberration coefficient is calculated and compared with the 

input aberration function 𝑊.  

Step 4: The error(%) in retrieval is calculated as, 

 

𝐸 =  |
𝑅𝑒𝑡𝑟𝑖𝑒𝑣𝑒𝑑 𝑉𝑎𝑙𝑢𝑒 – 𝐸𝑥𝑎𝑐𝑡 𝑣𝑎𝑙𝑢𝑒

𝐸𝑥𝑎𝑐𝑡 𝑉𝑎𝑙𝑢𝑒 
| × 100 (4.4.1) 

 

The error is plotted for different input aberration values over a range of 𝑙 values. 

 

4.4.1 Defocus (𝒁𝟒) 

We have shown an example of how different defocus cases were analyzed. For 

illustration purposes, we have considered 𝑎4 = 20λ in the system. The irradiance 

maps at the two detector planes were obtained using Zemax OpticStudio. The 

Laplacian and slope numerically calculated from the irradiance maps yield the 

Figures 15 and 16 respectively. 

 

 

Figure 16. Laplacian map with defocus aberration of 20λ. The data outside the 

integration region is assigned a white color to visually highlight the Laplacian 

map. 
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Figure 17. Boundary slope data of the irradiance maps obtained with 𝑎4=20λ 

is shown in blue. Analytical calculation of the boundary slope data is shown 

in red.  

 

Analytical calculation of the boundary data is given below. 

Even though we do not use the boundary data to obtain the Zernike coefficient for 

defocus, we have computed the value analytically to give an outlook on how close 

the analytical calculation is to the obtained boundary slope value. 

𝑍4= 20× √3(2𝜌2 − 1). (4.4.1.1) 

𝜕

𝜕𝜌
(20 × √3 (2𝜌2 − 1) = 20 × 4√3𝜌.  (4.4.1.2) 

at the boundary 𝜌=1 . Substituting the 𝜌 value and by multiplying the wavelength 

we get, 

20 × (4√3) × 0.550𝑒−3 = 0.078 mm.  (4.4.1.3) 

As we have previously mentioned, 𝑈𝑗(1, 𝜃) for all 𝑚 ≠  𝑛 Zernike polynomials 

can be chosen such that 𝑈𝑗(1, 𝜃) = 0. Therefore, we only need the Laplacian data. 

We do not need boundary data when calculating the  

𝑚 ≠  𝑛 Zernike polynomials; however, considering Figure 17, we can see that 

even though the data points are mainly constant around -0.036, we still have many 

data points concentrated around -0.027 and -0.047. This is due to the numerical 
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simulation error in our system. Errors and the sources of errors are discussed in 

detail in Section 4.5. 

To determine the value of 𝑙 around the focal plane, which yields better 

measurement with the least error, we studied the defocus Zernike retrieval (�̂�4) at 

various locations of 𝑙 and with different amounts of defocus added to the optical 

system. We tabulated and plotted the relative errors in retrieval at each position. 

Check Tables 3 and 4 and Figures 18 and 19. Two examples are presented below: 

 

1)  𝑎4= 1λ 

Table 3: Retrieved Zernike coefficient (�̂�4) for an input of 1λ 

  

  

 

 

 

 

 

 

Figure 18. Error in % (Equation (4.4.1)) in retrieved value of defocus 

coefficient for an input of 1λ is plotted at various 𝑙. 

 

l in mm �̂�𝟒 in λ E 

20 0.9991 0.09 

30 0.9993 0.07 

40 1.0001 0.01 

50 1.0009 0.09 

60 1.0010 0.10 

70 1.0012 0.12 

80 1.0010 0.10 
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2) 𝑎4= 2λ   

Table 4: Retrieved Zernike coefficient (�̂�4) for an input of 2λ 

 

 

  

 

 

 

 

 

 

 

 

 

 

Figure 19. Error in % (Equation (4.4.1)) in retrieved value of defocus 

coefficient for an input of 2λ is plotted at various 𝑙  

 

Furthermore, we studied the dependency of the Laplacian result on the number 

of pixels in the detector. At the same location, that is, at 𝑙 = ± 40 mm we examined 

three cases. Detectors with different number of pixels were used to obtain the 

irradiance distributions and the Zernike coefficient was calculated from 

l in mm �̂�𝟒 in λ E 

20 2.0010 0.050 

30 1.9997 0.015 

40 2.0001 0.005 

50 2.0015 0.075 

60 2.0008 0.040 

70 2.0010 0.050 

80 2.0020 0.100 
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manipulating this irradiance distribution. The error in retrieval is tabulated for 𝑎4 

of 1λ and 2λ. The results are listed in Table 5.  

  Table 5: �̂�4 dependency on the number of pixels in the detector. 

Pixel array used 𝒂𝟒 in λ �̂�𝟒 in λ |𝜟| 

|501x501 1 1.0023 0.0023 

 
2 2.0042 0.0042 

 
   

1001x1001 1 1.0001 0.0001 

 
2 2.0001 0.0001 

 
   

1501x1501 1 1.0000 0.0000 

 
2 2.0001 0.0001 

   

Here, |Δ| provides the difference between the input and the retrieved Zernike 

coefficient value. It is clearly seen that we do not have a large dependency on the 

number of pixels in the detector when measuring the Laplacian. A higher number 

of pixels in the detectors yields better results; however, when we consider the 

detector of pixel size 501 × 501, the error is observed in the third decimal place. 

Also, we are using the |Δ| to note the difference as we do not have sufficient data 

to predict the sign of the difference in all the cases. 

 

4.4.2 Coma (𝒁𝟕) 

We have shown an example of how different coma cases were analyzed. we 

have considered 𝑎7 = 20λ in the system. The irradiance maps at the two detector 

planes were obtained using Zemax OpticStudio. The Laplacian and slope 

numerically calculated from the irradiance maps yield the Figures 20 and 21 

respectively. 
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Figure 20. Laplacian map with 𝑎7=20λ. The data outside the 

integration region is assigned a white color to visually highlight the 

Laplacian map. 

 

 

Figure 21. Boundary slope data of the irradiance maps obtained with 𝑎7=20λ 

is shown in blue. Analytical calculation of the boundary slope data is shown 

in red. 

 

Analytical calculation of the boundary data is given below 

𝑍7 =  20 × √8 (3𝜌3 − 2𝜌)sinθ. (4.4.2.1) 

𝜕

𝜕𝜌
(20 × √8 (3𝜌3 − 2𝜌)sinθ = 20 × 7√8 𝜌sinθ  (4.4.2.2) 
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at the boundary 𝜌=1 . Substituting the 𝜌 value and by multiplying the wavelength 

we get, 

20 × 7√8sinθ × 0.550𝑒−3 = 0.21sinθ. (4.4.2.3) 

 

To determine value of 𝑙 around the focal plane, which yields a better 

measurement with the least error, we studied the coma Zernike retrieval (�̂�7)  at 

various 𝑙 locations and with different amounts of coma added to the optical system.  

The errors in retrieval at each position were tabulated and plotted in Tables 6 and 

7 and in Figures 22 and 23. Two examples are presented below: 

 

 

1) 𝑎7= 1λ   

Table 6: Retrieved Zernike coefficient(�̂�7) for an input of 1λ 

 

 

 

 

 

 

 

 

\ 

 

l in mm �̂�𝟕 in λ E 

20 1.0001 0.01 

30 1.0012 0.12 

40 1.0039 0.39 

50 1.0033 0.33 

60 1.0029 0.29 

70 1.0027 0.27 

80 1.0029 0.29 
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Figure 22. Error in % (Equation (4.4.1)) in retrieved value of coma 

coefficient for an input of 1λ is plotted at various 𝑙.  

 

2)  𝑎7= 2λ    

Table 7: Retrieved Zernike coefficient(�̂�7) for an input of 2λ 

 

 

 

  

 

 

 

 

 

 

 

Figure 23. Error in % (Equation (4.4.1)) in retrieved value of coma 

coefficient for an input of 2λ is plotted at various 𝑙. 

4.4.3 Spherical (𝒁𝟏𝟏) 

We present an example of how different spherical cases were analyzed. For 

illustration purposes, we have considered 𝑎11 = 20λ in the system. The irradiance 

maps at the two detector planes were obtained using Zemax OpticStudio. The 

l in mm �̂�𝟕 in λ E 

20 2.0011 0.055 

30 2.0012 0.060 

40 1.9980 0.100 

50 2.0033 0.165 

60 2.0027 0.135 

70 2.0029 0.145 

80 1.9950 0.250 
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Laplacian and slope calculated from the irradiance maps yield the Figures 24 and 

25.  

  

Figure 24. Laplacian map with 𝑎11=20λ. The data outside the integration 

region is assigned a white color to visually highlight the Laplacian map. 

 

Figure 25. Boundary slope data of the irradiance maps obtained with 𝑎11=20λ 

is shown in blue. Analytical calculation of the boundary slope data is shown 

in red. 
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Analytical calculation of the boundary data is given below 

𝑍11 =  20 × √5 (6𝜌4 − 6𝜌2 + 1). (4.4.3.1) 

𝜕

𝜕𝜌
20 × √5 (6𝜌4 − 6𝜌2 + 1) = 20 × 12√5𝜌 (2𝜌2 − 1)  (4.4.3.2) 

at the boundary 𝜌=1 . Substituting the 𝜌 value and by multiplying the wavelength 

we get, 

20 × 12√5  × 0.550𝑒−3 = 0.295mm. (4.4.3.3) 

 

To determine value of 𝑙 around the focal plane, which yields a better 

measurement with the least error, we study the spherical Zernike retrieval �̂�11=20λ 

at various locations of 𝑙 and with different amounts of defocus added to the optical 

system. The errors in retrieval at each position are tabulated and plotted in Tables 

8 and 9 and Figure 26 and 27. Two examples are presented below: 

 

1) 𝑎11= 1λ 

Table 8: Retrieved Zernike coefficient(�̂�11) for an input of 1λ 

 

 

 

 

 

 

 

 

 

       

l in mm �̂�𝟏𝟏 in λ E 

20 0.9982 0.18 

30 0.9975 0.25 

40 0.9980 0.20 

50 1.0010 0.10 

60 1.0015 0.15 

70 1.0008 0.08 

80 1.0010 0.10 
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Figure 26. Error in % (Equation (4.5.1)) in retrieved value of spherical 

coefficient for an input of 1λ is plotted at various 𝑙. 

          

 

2) 𝑎11= 2λ 

 

Table 9: Retrieved Zernike coefficient(�̂�11) for an input of 2λ 

 

 

 

 

 

 

 

 

 

 

l in mm �̂�𝟏𝟏 in λ E 

20 2.0061 0.305 

30 2.0045 0.225 

40 1.9920 0.400 

50 2.0040 0.200 

60 2.0010 0.050 

70 1.9984 0.080 

80 2.0019 0.095 
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Figure 27. Error in % (Equation (4.4.1)) in retrieved value of spherical 

coefficient for an input of 2λ is plotted at various 𝑙. 

          

Various 𝑚 ≠  𝑛 Zernike polynomial cases were analyzed. For each individual 

case analyzed, the error in retrieval was within 1%. Additionally, all other Zernike 

terms were close to zero varying in the range -0.007 to +0.008. The location of the 

detector plane in our experiment was chosen as 𝑙 = ± 40 mm around the focal 

plane, as the average error at this location was the least when analyzed for multiple 

Zernike polynomials. 

Next, the 𝑚 =  𝑛 Zernike polynomial cases were studied, and an example of 

tilt and astigmatism is discussed. For the 𝑚 =  𝑛 Zernike coefficient retrieval, the 

retrieved Zernike coefficients were independent of the value of 𝑙. The retrieved 

Zernike is observed to be constant for all values of 𝑙. This also agrees with the 

theory, and Equation (4.2.4) used to compute the slope at the boundary does not 

include the 𝑙 term.  

The Laplacian of the wavefront for a harmonic term is always zero when 

computed within the region of interest. The entire slope of the boundary 

information required to calculate the Zernike coefficient is obtained from the 

boundary data using the method described earlier. For illustration purposes, we 

used an input aberration of 100λin each of the following cases: 
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4.4.4 Tilt (𝒁𝟐) 

We present an example of how different tilt cases were analyzed. For 

illustration purposes, we consider a system with 𝑎2 = 100λ. The irradiance maps 

at the two detector planes were obtained using Zemax OpticStudio. The Laplacian 

and slope calculated from the irradiance maps yield the Figures 28 and 29. 

In the analysis of harmonic functions, it was observed that there were 

limitations to retrieving the Zernike aberration coefficients accurately owing to 

pixelization. We are determining the error in each case and tabulating the results. 

The error Δ = retrieved Zernike coefficient( �̂�𝑗 ) – input Zernike coefficient (𝑎𝑗). 

Also, in the retrieval of each 𝑚 =  𝑛 Zernike coefficient, dependency on the 

number of pixels in the detector is seen. Various cases were studied, and tabulated 

in Table 10, and plotted in Figure 30. The Δ error is plotted in Figure 31. We see 

that the  Δ error remains fairly constant varying within ±0.1. 

  

Figure 28: Laplacian map with 𝑎2=100λ. The data outside the integration 

region is assigned a white color to visually highlight the Laplacian map.  
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Figure 29. Boundary slope data of the irradiance maps obtained with 𝑎2=100λ is 

shown in blue. Analytical calculation of the boundary slope data is shown in red. 

 

Analytical calculation of the boundary data is given below 

𝑍11 =  100 × 2 𝜌 cosθ. (4.4.4.1) 

𝜕

𝜕𝜌
(100 × 2 𝜌 cosθ) = 200 cosθ  (4.4.4.2) 

at the boundary 𝜌=1 . Substituting the 𝜌 value and by multiplying the wavelength 

we get, 

200 cosθ × 0.550𝑒−3 = 0.11 cosθ. (4.4.4.3) 

 

Table 10: Tilt aberration input and retrieved data 

Case number 𝒂𝟐  in λ �̂�𝟐 in λ Δ 

1 1 0.4105 ─0.5895 

 2 2 1.5016 ─0.4984 

3 3 2.3907 ─0.6093 

4 5 4.5685 ─0.4315 

5 10 9.5140 ─0.4860 

6    15 14.612 ─0.3880 

7 20 19.546 ─0.4540 

8    25 24.498 ─0.5020 

9   30 29.587 ─0.4130 
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Figure 30. Tilt aberration input and retrieved data plot of different case studies 

 

  

Figure 31. Δ error plot of Tilt aberration 

 

As previously mentioned, the retrieved Zernike coefficient is dependent on 

the number of pixels used when studying the boundary data. At the same location, 

that is, at 𝑙 = ± 40 mm we examined three cases. Detectors with different number 

of pixels were used to obtain the irradiance distributions and the Zernike 

coefficient was calculated from manipulating this irradiance distribution. The error 

in retrieval is tabulated for 𝑎2 of 1λ and 2λ. The results are listed in Table 11. 
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Table 11: Tilt Zernike coefficient retrieval dependency on the number of pixels 

 

Pixel array used 𝒂𝟐 in λ �̂�𝟐 in λ |𝜟| 

|501x501 1 0.24 0.76 

 
2 1.37 0.63 

 
   

1001x1001 1 0.41 0.59 

 
2 1.50 0.50 

 
   

1501x1501 1 0.72 0.28 

 
2 1.89 0.11 

 

We can clearly see that for the same values, the retrieval of the Zernike coefficients 

with a higher pixel array results in a smaller error. We are using the |Δ| to note the 

difference as we do not have sufficient data to predict the sign of the difference in 

all the cases 

  

4.4.5 Astigmatism (𝒁𝟔) 

We have illustrated an example of how different astigmatism cases are 

analyzed. For illustration purposes, we input an astigmatism aberration of 100λ 

into the system. The irradiance maps at the two detector planes were obtained 

using Zemax OpticStudio. The Laplacian and slope at the boundary, calculated 

from the irradiance maps yield the Figures 32 and 33:  
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Figure 32: Laplacian map with 𝑎6=100λ input to the system. The data 

outside the integration region is assigned a white color to visually highlight 

the Laplacian map. 

  

Figure 33: Boundary slope data of the irradiance maps obtained with 𝑎6=100λ is 

shown in blue. Analytical calculation of the boundary slope data is shown in red. 

 

Analytical calculation of the boundary data is given below 

𝑍11 =  100 × √6𝜌2 cos 2 θ. (4.4.5.1) 

𝜕

𝜕𝜌
(100 × √6𝜌2 cos 2 θ) = 200√6𝜌 cos 2 θ  (4.4.5.2) 

at the boundary 𝜌=1 . Substituting the 𝜌 value and by multiplying the wavelength 

we get, 

200 cosθ × 0.550𝑒−3 = 0.26 cos 2 θ. (4.4.5.3) 
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. 

 

Various cases are studied, and the results are tabulated in Table 12 and plotted 

in Figure 34. Δ error is plotted in Figure 35 , it is observed that the error varies 

between ±0.05  

 

Table 12: Astigmatism aberration input and retrieved data 

 

Case number 𝒂𝟔  in λ �̂�𝟔 in λ Δ 

1 1 0.7288 -0.2712 

 2 2 1.6871 -0.3129 

3 3 2.7033 -0.2967 

4 5 4.7181 -0.2819 

5 10 9.7128 -0.2872 

6    15 14.6910 -0.309 

7 20 19.6441 -0.3559 

8        25 24.6710 -0.329 

9    30 29.6670 -0.333 

 

 

Figure 34. Astigmatism aberration input and retrieved data plot of different case 

studies 
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Figure 35: Δ plot of astigmatism aberration 

Similarly, the first 45 retrieved Zernike coefficients were also studied. It was 

observed that the optimal detector location or optimal value of 𝑙 = ± 40 mm, as 

this location yielded the least average error for many non-harmonic terms. For 

the boundary data analysis, we studied the delta variation, and it was observed 

that the delta was constant for each term.  

4.4.6 Combined aberration study 

To check whether the curvature polynomials preserve the orthogonality of the 

Zernike coefficients obtained, we attempted to retrieve the Zernike coefficients 

from a combination case. Considering the combined aberration case mentioned in 

the paper “Wavefront curvature sensing,” where they have considered the wave 

aberration function consisting of 10 Zernike coefficients mentioned in  

Equation 4.4.6.1 and then retrieved the Zernike coefficients from the wavefront 

using curvature polynomials. We have simulated the exact same example; 

however, we have used the Zemax OpticStudio to input the aberration coefficients 

and obtain the irradiance distribution using which we have calculated the 

Laplacian and the boundary data and then retrieved the Zernike coefficients from 

the data. Tables 13 provides the input and retrieved coefficient data. Figures 36 

shows the input and retrieved data. 

𝑊a(𝜌,𝜃)=1.6𝑍4+1.0𝑍6−1.5𝑍8+2.0𝑍11+0.8𝑍12−1.2𝑍16+1.4𝑍22+0.3𝑍24+0.25𝑍30+0.5𝑍37 (4.4.6.1) 
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Figure 36: Combined aberration case 1 - input and retrieved plot. 

Table 12: Combined aberration study case 1 - input and retrieved Zernike 

coefficients  

 

 

We can retrieve the 𝑚 ≠  𝑛 Zernike coefficients within a Δ value of less than 

|0.1|λ. However, we see an error of approximately λ/2 when retrieving the 𝑚 =  𝑛  

𝒂𝒋 𝒂𝒋 in λ �̂�𝒋  in λ Δ1 

𝑎4 1.60 1.65 0.05 

𝑎6 1.00 1.42 0.42 

𝑎8 -1.50 -1.51 -0.01 

𝑎11 2.00 1.97 -0.03 

𝑎12 0.80 0.81 0.01 

𝑎16 -1.20 -1.18 0.02 

𝑎22 1.40 1.37 -0.03 

𝑎24 0.30 0.29 -0.01 

𝑎30 0.25 0.24 -0.01 

𝑎37 0.5 0.43 -0.07 
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Zernike coefficients that requires the boundary data. We see the numerical 

simulation error, where we retrieve the Zernike coefficients of the terms whose 

input value in the aberration function is Zero. However, it is observed for very few 

terms, and the error is within 0.05. Wavefront and RMS  

We have shown the wavefront maps at the pupil and their RMS for the input 

Zernike coefficients, retrieved Zernike coefficients and their difference map. 

Figures 37 and 38 shows the wavefront maps and its RMS. RMS is calculated as 

RMS = √∑(𝑎𝑗)2  (4.4.6.2) 

 

Figure 37. a) Wavefront map (W1) of the pupil generated with input Zernike 

coefficients b) Wavefront map (W2) of the pupil generated with the retrieved 

Zernike coefficients  

 

Figure 38. Residual wavefront error map (i.e., W2-W1) for the case study in 

Figure 37. 
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We have changed the aberration function in our next case study. We used the 

same 10 Zernike terms as in the previous example and with the same peak-to-

valley, but randomly changed the input co-efficient of each Zernike term.  

Table 14 and Figure 39 represents this. 

 

𝑊b(𝜌,𝜃)=−0.8𝑍4+1.4𝑍6+1.7𝑍8−2.0𝑍11−1.6𝑍12+1.0𝑍16+1.2𝑍22+0.5𝑍24+0.3𝑍30+0.25𝑍37     (4.4.6.3) 

Table 13: Combined aberration study case 2 - input and retrieved Zernike 

coefficients 

𝒂𝒋 𝒂𝒋 in λ �̂�𝒋  in λ Δ2 

𝑎4 -0.80 -0.84 -0.04 

𝑎6 1.40 1.05 -0.35 

𝑎8 1.70 1.70 0.00 

𝑎11 -2.00 -2.03 -0.03 

𝑎12 -1.60 -1.62 -0.02 

𝑎16 1.00 0.98 -0.02 

𝑎22 1.20 1.23 0.03 

𝑎24 0.50 0.52 0.02 

𝑎30 0.30 0.30 0.00 

𝑎37 0.25 0.28 0.03 
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Figure 39: Combined aberration case 2 - input and retrieved coefficient plot. 

     

We have shown the wavefront maps at the pupil and their RMS for the input 

Zernike coefficients, retrieved Zernike coefficients and their difference map. 

Figures 40 and 41 shows the wavefront maps and its RMS 

 

Figure 40. a) Wavefront map (W1) of the pupil generated with input Zernike 

coefficients b) Wavefront map (W2) of the pupil generated with the retrieved 

Zernike coefficients  
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Figure 41. Residual wavefront error map (i.e., W2-W1) for the case study in 

Figure 40. 

 

The error in the retrieval of the Zernike terms for both the combination cases 

for all 37 terms were calculated, and the Δ for the two cases was plotted in  

Figure 42. Here, Δ1 is the error of combination 1 and Δ2 is the error of  

combination 2. 

 

Figure 42: Δ plot of the two combined aberration cases. 

 

The Figure 42 shows that although the magnitude of Δ for each term 

remains approximately the same, the sign changes. It can be seen that the error in 

the retrieval of the non-harmonic terms is less than ±0.1. However, for the 
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harmonic terms, the astigmatism – Z6 in this example is recovered with an almost 

|0.4| error. The change in the sign of the Δ term indicates that there is no bias in 

the system data. Furthermore, we want to check whether we can retrieve the 

Zernike coefficient terms in the presence of noise. To verify this, we added noise 

to the irradiance maps obtained in our study and attempted to retrieve the Zernike 

coefficients from them. We added a random Gaussian noise with zero mean and a 

standard deviation of 1% and 2% of the maximum value of the irradiance in the 

corresponding geometrically illuminated regions and calculated the Laplacian and 

boundary data from the noisy data. 

 

 

Figure 43: Zernike retrieval from noisy data. 

 

In general, we see from Figure 43 that Zernike retrieval from noisy data 

yields a worse result, as expected, when compared to Zernike retrieval from 

noiseless data. A higher noise results in a higher retrieval error. As can be seen 

above, the retrieval of the Zernike terms from 2% noise is generally worse than 

that from 1% noise.  
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Table 14: Analysis of noise added case simulation 

𝒂𝒋 in λ �̂�𝒋  in λ  

(1%noise) 

�̂�𝒋  in λ 

(2% noise) 

Δ1 Δ2 

0 0.09 0.12 0.09 0.12 

0 0.04 0.09 0.04 0.09 

1.6 1.69 1.712 0.09 0.112 

0 0.008 0.002 0.008 0.002 

1 1.45 1.73 0.45 0.73 

0 0.01 -0.25 0.01 -0.25 

-1.5 -1.53 -1.45 -0.03 0.05 

0 0.09 0.12 0.09 0.12 

0 0.12 0.08 0.12 0.08 

2 2.1 1.95 0.1 -0.05 

0.8 0.82 0.761 0.02 -0.039 

0 0.007 0.06 0.007 0.06 

0 0.021 0.219 0.021 0.219 

0 0.008 0.063 0.008 0.063 

-1.2 -1.26 -1.684 -0.06 -0.484 

0 0.05 0.07 0.05 0.07 

0 0.008 0.09 0.008 0.09 

0 0.04 0.03 0.04 0.03 

0 0.001 0.045 0.001 0.045 

0 0.003 0.062 0.003 0.062 

1.4 1.45 1.471 0.05 0.071 

0 0.01 0.09 0.01 0.09 

0.3 0.265 0.381 -0.035 0.081 

0 0.08 0.028 0.08 0.028 

0 0.05 0.09 0.05 0.09 

0 0.02 0.017 0.02 0.017 

0 0.01 0.06 0.01 0.06 

0 0.09 0.066 0.09 0.066 

0.25 0.24 0.271 -0.01 0.021 

0 0.04 0.009 0.04 0.009 

0 0.09 0.09 0.09 0.09 

0 0.005 0.005 0.005 0.005 

0 0.04 0.012 0.04 0.012 

0 0.01 0.034 0.01 0.034 

0.5 0.521 0.543 0.021 0.043 
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4.4.7 Zernike coefficient retrieval considering the diffraction effects 

The transfer-of-irradiance equation is based on geometrical optics and does not 

consider the effects of diffraction in the system. However, we want to verify that 

the practical application of the curvature polynomials. Hence, we conducted a 

diffraction case simulation. Zemax physical optics propagation (POP) is used to 

generate the two irradiance matrices required for the analysis. POP is a powerful 

tool used for modeling many types of laser systems that uses scalar diffraction 

theory to propagate an electric field through space. Similar to the geometrical case 

analysis, we studied the non-harmonic and harmonic terms separately. The 

calculation for the Laplacian method remained the same; however, we did not have 

a distinct end pixel at the boundary as when considering the geometrical case. 

Hence, to evaluate 
𝜕𝑊

𝜕𝑟
, we integrated the sensor signal in an annulus with a 

thickness 휀. 휀 is chosen such that it contains the boundary information. Figure 44 

shows an exaggerated image of the annulus ring considered for our evaluation. 

 

Figure 44: Annulus ring of width 휀 around the boundary. 

 

The uncertainty of 휀 is another source of error in the result obtained. After 

studying the individual retrieval of the Zernike terms, we simulated the 

combination case that we had earlier studied in the geometrical case analysis 

(Equation (4.4.6.1)) 
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Figure 45: Combination case analysis using diffraction 

 

 

Figure 46: Δ plot of the combination aberration case 1 where irradiance maps were 

generated considering the diffraction effects. 

 

We can see that we can retrieve the Zernike coefficients even from the 

irradiance simulated with diffraction. Lower-valued Zernike coefficients can be 

retrieved easily without significant errors. However, the higher-valued terms have 

a greater Δ error compared to that of the geometrical method calculation. Even 

without noise added, the errors in the retrieval of other Zernike terms that have 

input = 0 is more frequent when compared to the geometrical simulation case, 

where corresponding error terms are very close to zero. We can see that the terms 

which considers the boundary data, have more errors. This is because of the region 
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of interest considered; hence, the annulus ring width must be estimated more 

accurately. Compared to geometrical ray tracing, diffraction yields slightly varied 

results. Considering an example where a defocus of 1λ is introduced in the system, 

the Laplacian of the defocus is shown in Figure 47. We have shown a visual 

comparison between geometrical ray tracing and diffraction analysis, same 

number of pixels is used in both detectors to show the comparison. We have shown 

how the midrow plot looks for both the cases in Figures 48 and 49. 

 

Figure 47: Laplacian of the defocus produced from the irradiance map obtained 

using diffraction calculation using sequential Zemax OpticStudio with 𝑎4 = 1𝜆. 

 

Figure 48: Midrow plot of the Laplacian using the geometric method with 𝑎4=1λ. 
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Figure 49: Midrow plot of the Laplacian using the diffraction method with 𝑎4=1λ. 

 

As shown in Figures 48 and 49, a negative value is observed at the edge of 

the Laplacian calculated within the geometrically illuminated area. The midrow 

plot obtained using the geometric method shows the dip more clearly. In the 

diffraction case analysis, ripples are present, which adds noise to the data. The 

scales of the two images are different; hence, we cannot see the ripples in the 

diffraction case more clearly. We have zoomed into the y-axis for ±0.02 of the 

obtained midrow plot. As seen in the Figure 50, the ripples due to diffraction are 

more in number than the pixel-counting noise error seen in the Laplacian plot 

obtained using geometrical optics which results in added noise in the calculation.  

 

Figure 50: Zoomed midrow plot of the Laplacian data calculated using diffraction 
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4.5 Sources of Error 

The method employed to retrieve the Zernike aberration coefficient does not 

yield a perfect result because it has few main sources of errors. 

 

i) The Laplacian calculation, as described in the previous sections, is an 

approximation method. As seen in Equations 3.2.8 and 3.2.9 +𝑙  and −𝑙 do not 

exactly correspond to the symmetric planes of +𝑧 and −𝑧 in the object space. 

However, because +𝑧 and −𝑧 >>> f, this approximation is valid. 

ii) Zemax OpticStudio introduces pixelization errors in the system, as we are 

not calculating for infinite rays, and we are considering a limited pixel detector. 

iii) As shown in Figure 10, the geometrically illuminated region, when there 

is no aberration, is considered as the integration region marked by the red circle 

for the Laplacian calculation. This region, as shown in the Figure 10, does not 

solely contain the Laplacian. Boundary data leak into this region and corrupt the 

Laplacian data. 

iv) A numerical integration method is considered, and the method chosen to 

calculate the boundary data also contributes to the error. 

 

5 CONCLUSIONS AND FUTURE WORK. 

We demonstrated the use of curvature polynomials in our thesis. We have 

shown that curvature polynomials can be used to determine the Zernike aberration 

coefficients from numerically simulated wavefront curvature sensor data. 

The Zernike aberration coefficient of any term can be calculated 

independently. The polynomials work well, and we can retrieve the Zernike 

aberration coefficient independently from the simulated wavefront curvature 

sensor data using the curvature polynomials. This method of retrieving the Zernike 

terms separates the harmonics and non-harmonic terms. We require only the 

Laplacian data to obtain the non-harmonic Zernike terms; however, we also 

require the boundary data to calculate the harmonic Zernike terms.  
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With the wavefront curvature sensor system considered in our simulation, we 

can retrieve non-harmonic terms efficiently within 1% error or within ±0.1 Δ 

error. However, we face issues in retrieving the harmonic terms. The error 

observed in retrieving the harmonic terms is not due to the curvature polynomial 

but can be attributed to the dependency on the boundary data to obtain the Zernike 

coefficient terms. The boundary data obtained were shown to depend on the 

number of pixels in the detector in our study. In addition, the calculation of the 

boundary slope is imperfect, resulting in errors. We can improve the results with 

advanced integration techniques that can be used to study the boundary data in 

future studies.  

Non-sequential Zemax calculates irradiance by counting the number of rays 

per pixel. Hence, although we used 1 million pixels and 10 million rays for our 

simulation, in reality, it amounted to only 10 rays per pixel. However, owing to 

the longer computation time, we were unable to use a larger number of rays to 

improve the accuracy of the results. 

Errors seen in the results can also be attributed to the integration and selection 

of the detector location. In addition, we used raw data for our analysis. If we fit 

the data and remove the outliers before integration, we obtain better results. The 

retrieval of tilt yields an error of approximately λ/2. The other harmonic terms also 

yield higher Δ error, but it is marginally better than the results obtained for the tilt. 

We also studied data retrieval from noisy data. As expected, the noisier the data, 

the poorer are the results. In our geometrical case analysis, Zernike coefficient 

retrieval from combination case 1 was studied by adding a random Gaussian noise 

with zero mean and a standard deviation of 1% of the maximum value of the 

irradiance in the corresponding geometrically illuminated regions. As expected, 

the harmonic terms yield the least satisfactory result. We can determine most of 

the non-harmonic terms within a Δ error of 0.2.  

Referring to previous studies, Voitsekhovich [14] showed that we should have 

both the Laplacian and boundary data to obtain the harmonic and rotationally 

symmetric non-harmonic terms like defocus or spherical. Owing to the 

dependence on the boundary data, the obtained results were poor for both the 
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harmonic and certain non-harmonic terms. However, curvature polynomials 

separate the two. As mentioned earlier, only the Laplacian is required to obtain the 

non-harmonic terms. Hence, the retrieval of the non-harmonic terms is fairly 

efficient. Boundary data, however, are needed to obtain the harmonic terms, where 

the greatest error is obtained. 

Although the basis for curvature sensing is geometrical optics, we have shown 

that curvature polynomials can be used for coherent and incoherent sources. A 

diffraction case analysis was conducted, and we determined that curvature 

polynomials could be used to obtain results similar to those of the geometrical case 

analysis. 

In future studies, we must consider processing the raw data before integration 

to minimize errors. Additionally, if we have higher computing power, we can use 

a greater number of rays and pixels to compute better irradiance maps for the 

analysis. Also, monte carlo simulation and analysis needs to be performed to build 

a statistical model of the error in retrieval. We used the simplest integration method 

to demonstrate the operation of the curvature polynomial. In the future, we can 

consider more advanced integration techniques to obtain better results when 

integrating boundary data. 
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