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Abstract—It is well known in Bayesian estimation theory that
the conditional estimator attains the minimum mean squared
error (MMSE) for estimating a scalar parameter of interest. In
quantum, e.g., optical and atomic, imaging and sensing tasks the
user has access to the quantum state that encodes the parameter.
The choice of a measurement operator, i.e. a positive-operator
valued measure (POVM), leads to a measurement outcome on
which the aforesaid classical MMSE estimator is employed.
Personick found the optimum POVM that attains the MMSE
over all possible physically allowable measurements and the
resulting MMSE [1]. This result from 1971 is less-widely known
than the quantum Fisher information (QFI), which lower bounds
the variance of an unbiased estimator over all measurements
without considering any prior probability. For multi-parameter
estimation, in quantum Fisher estimation theory the inverse of the
QFI matrix provides an operator lower bound on the covariance
of an unbiased estimator, and this bound is understood in the
positive semidefinite sense. However, there has been little work
on quantifying the quantum limits and measurement designs,
for multi-parameter quantum estimation in a Bayesian setting.
In this work, we build upon Personick’s result to construct
a Bayesian adaptive (greedy) measurement scheme for multi-
parameter estimation. We illustrate our proposed measurement
scheme with the application of localizing a cluster of point
emitters in a highly sub-Rayleigh angular field-of-view, an im-
portant problem in fluorescence microscopy and astronomy. Our
algorithm translates to a multi-spatial-mode transformation prior
to a photon-detection array, with electro-optic feedback to adapt
the mode sorter. We show that this receiver performs superior
to quantum-noise-limited focal-plane direct imaging.

Index Terms—Quantum Information, Information Theory,
Bayesian Inference, Super-Resolution.

I. INTRODUCTION

In various fields of science and engineering, multi-parameter
estimation is an important problem relevant in many applica-
tions. Examples include simultaneous estimation of phase and
other parameters such as loss, diffusion coefficients, uncer-
tainty of the probe, etc. in optical/atomic interferometry [2]–
[5], estimation of location of point emitters in multiple dimen-
sions for super-resolution [6]–[8], waveform estimation [9],
[10], Hamiltonian estimation [11]–[13], measuring range and
velocity using lidar [14]–[16], object tracking [17], [18] and
even modeling biological processes [19].

In classical estimation theory, minimizing the covariance
matrix over all the unbiased estimators in the positive semidef-
inite sense yields the Cramer-Rao lower bound (CRLB) for
multi-parameter estimation, which is the inverse of the clas-
sical Fisher information (CFI) matrix [20]. The CRLB can
always be achieved asymptotically by the maximum likelihood
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estimator (MLE). In quantum estimation theory, the inverse of
quantum Fisher information (QFI) provides an operator lower
bound on the error covariance matrix or the Quantum CRLB
(QCRLB) by further minimization over all physically allowed
measurements, in absence of any available priors [21]. Thus it
serves as the performance benchmark of measurement design
for sensing [3], [22], [23] and probe design for metrology [24],
[25]. The counterpart of CFI in a Bayesian setting is referred to
as the Van Trees inequality or bound [26], [27], while a Quan-
tum Bayesian version of this QFI has been proposed by Tsang
[9]. Besides using the information matrices, a lower bound of
the covariance error matrix for a single-shot measurement can
also be found by carrying out direct minimization over all the
unbiased estimators and measurements on the covariance error
matrix itself [1], [28], [29]. Although the quantum informa-
tion analysis discussed above provides the ultimate precision
limit of parameter estimation, the optimal measurement that
achieves the limit for all parameters simultaneously may not
exist in general and/or be challenging or even analytically
intractable. The saturation conditions and the trade-off of
the precision of estimating different parameters have been
analyzed for both QFI and its Bayesian counterparts [3], [29],
[30].

Apart from the theoretical analysis on the estimation pre-
cision limit, the development of practical estimation proto-
cols is also a key concern to scientists and engineers for
various real-world applications. Various approaches, ranging
from the traditional methods such as maximum likelihood
estimation [31]–[33], (adaptive) Bayesian estimation [34]–
[37], stochastic algorithms [38], [39], to the state-of-art data-
driven neural networks [40], [41], have been employed to
solve a diverse range of estimation problems. Although the
performance of such estimation schemes may not achieve their
corresponding classical/quantum limits, they are still useful
due to their tractable and efficient implementations, given
that their performance meets the user/application minimum
requirements.

Therefore, the theoretical challenge of seeking optimal mea-
surements that achieve the quantum limit for multi-parameters
simultaneously coupled with the practical challenge of de-
veloping multi-parameter estimation protocol(s) inspired by
the quantum limits motivate our proposed sequential adap-
tive measurement scheme for multi-parameter estimation. We
describe our sequential estimation approach within a full
Bayesian inference framework by leveraging tools from the
Bayesian quantum estimation theory. Sec. II outlines three dif-
ferent potential measurement protocols, while Sec. III provides
a comprehensive review on the precision limits under different
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statistical frameworks (i.e., frequentist and Bayesian). The 
details of our proposed measurement scheme are presented 
in Sec. IV. In Sec. V, we employ our proposed measurement 
scheme to the problem of localizing an unknown number of 
point-emitters in a sub-Rayleigh (below diffraction-limit) field 
of view in an optical imaging context. This illustrative imaging 
application is motivated by the fact that traditional direct focal-
plane imaging, which employs intensity measurements fol-
lowed by electronic-domain processing, is known to be highly 
sub-optimal [22] in the sub-Rayleigh regime. We compare 
our quantum-inspired adaptive sequential measurement design 
with the direct imaging technique to quantify the significant 
optical resolution improvement obtained with our proposed 
scheme. In Sec. VI we briefly s ummarize k ey a spects o f our 
work and point to future directions for further optimizations 
to improve upon the current results.

II. MEASUREMENT PROTOCOLS

In classical sensing and imaging paradigm, a measurement 
channel is modeled by the likelihood function defined a s the 
conditional probability p(l|θ), where l = [l1, l2, ..., lN ]

T is 
the vector-valued measurement resulting from sensing/imaging 
the input θ (e.g., object/scene/signal). The input θ represents 
M parameters θ = [θ1, θ2, ..., θM ]

T . Thus, the measure-
ment channel can be expressed by the conditional probability 
density or likelihood p(l|θ). This measurement model can 
be also applied in a more general framework of quantum 
sensing, where the input θ is replaced by a density op-
erator ρ(θ) describing the object being measured and the 
measurement channel is given by a positive-operator-valued 
measure (POVM) {Πl} operating on ρ(θ) resulting in outcome
l with probability p(l|θ) = Tr (ρ(θ)Πl) [42]. Note that a
classical measurement channel can always be expressed as:
ρ(θ) =

∫
p(l|θ)dl|αl⟩⟨αl| with the projection operator POVM

{Πl} = {|αl⟩⟨αl|}, where {|αl⟩} is an orthonormal complete
basis (Fig. 1). Thus, in the following discussion we only
consider the more general quantum formulation, and treat the
classical channel as a special case.

Classical

Input

Channel

Outcome

General

Fig. 1. A schematic diagram shows the classical and quantum channel model.

In practice, if N copies (N ≥ 2) of quantum states
ρ(θ)⊗N (or equivalently N channel uses or samples) are
available, the receiver (measurement) can: (1) in the most
general setting, choose a joint-measurement POVM {Πl(N)

}

acting collectively on ρ(θ)⊗N , yielding the outcome l(N);
(2) employ the local operations and classical communications
(LOCC) scheme, such that each batch of state ρ(θ)⊗Kτ , where
Kτ is the number of copies of state ρ(θ) comprising the τ th

measurement batch, with 0 ≤ τ ≤ S and N =
∑S

τ=0Kτ ,
is measured by the POVM {Π(τ)

l } chosen for example, based
on the information available from the previous set of measure-
ment outcomes {l(0), l(1), . . . , l(τ−1)}; or (3) use independent
identical measurements on each copy of the state, described
by the POVM {Πl}. The schematic diagram illustrating these
three measurement approaches is shown in Fig. 2.

No matter the receiver strategy, after measuring all
N copies, the receiver generates an estimate of θ, i.e.,
θ̂(lset) where lset = l(N) for case (1) above, and
lset = [l(0), l(2), . . . , l(S)] for cases (2) above and lset =
[l(1), l(2), . . . , l(N)] for case (3) above. The receiver chooses
the estimator to optimize a desired objective/loss function. A
natural choice of the objective function associated with sensing
and imaging estimation tasks is mean (expected) squared-error
(MSE), E[||θ − θ̂(lset)||2].

(1) Joint 

Measurement
(2) LOCC

Fig. 2. A schematic diagram shows the three different measurement ap-
proaches operating on N -copies of quantum states ρ(θ)⊗N .

III. PRECISION LIMIT OF DIFFERENT STATISTICAL
ESTIMATION FRAMEWORKS

For any given measurement POVM {Πl} choice, assum-
ing strategy (3) above, i.e., the same measurement acts on
each copy of ρ(θ), the problem reduces to the standard
classical estimation theory problem of estimating θ from N
i.i.d. samples of l, each described by p(l|θ). The covariance
Cov(θ̂(lset),θ) for any unbiased estimator θ̂(lset) of θ is
lower bounded by ΣC [29]. This means Cov(θ̂(lset),θ) −
ΣC is a semi-positive definite matrix, denoted compactly as
Cov(θ̂(lset),θ) ≥ ΣC . The receiver’s task is to pick the
optimal estimator θ̂

opt
(lset) operating on the measurement

outcomes lset, such that Cov(θ̂
opt

(lset),θ) saturates the bound
ΣC when permissible.
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Tools of quantum estimation theory allow us to find a 
tight lower bound to Cov(θ̂(lset), θ), which automatically 
optimizes over all physically-permissible choices of a POVM 
{Πl} (again, assuming that the same measurement is used 
to detect each copy of ρ(θ)). The Cov(θ̂(lset), θ) is lower 
bounded by ΣQ (a quantum bound) [29], which itself is 
the infimum o f a ll b ounds Σ C a ssociated w ith a ll possible 
choices of {Πl}. For certain cases (for example when θ is 
a scalar parameter), quantum estimation theory also provides 
the optimal receiver POVM {Πl

(opt)} [29]. Once the optimal
receiver is chosen, it uses the optimal estimator θ̂

opt
(lset)

using standard classical estimation tools, such that covariance
Cov(θ̂

opt
(lset),θ) saturates ΣQ when permissible. Therefore,

in general we can state: Cov(θ̂(lset),θ) ≥ ΣC ≥ ΣQ, where
ΣC corresponds to any choice of POVM.

The aforementioned lower bounds on the covariance of
multi-parameter estimators can be defined within the statis-
tical inference frameworks of the frequentist approach, i.e.,
Fisherian (with no prior), or the Bayesian (with prior p(θ))
inference approach. We review below some known bounds
for both inference approaches.

In the Fisherian (frequentist) approach, when no prior p(θ)
is available or defined, the Cramer-Rao lower bound (CRLB)
ΣC on the covariance Cov(θ̂(l),θ) of an unbiased estimator
is given by the inverse of the Fisher information (FI) matrix
I [20]:

Iij =

∫ [
∂

∂θi
ln p(l|θ)

][
∂

∂θj
ln p(l|θ)

]
p(l|θ)dl, (1)

with 1 ≤ i, j ≤ M , and the likelihood p(l|θ) = Tr(ρ(θ)Πl).
The quantum version of this lower bound ΣQ, which only
depends on ρ(θ) (since the measurement Πl is automatically
optimized over all POVMs) is given by the inverse of the quan-
tum Fisher information (QFI) matrix Q [43], with elements:

Qij = Tr

[
ρ(θ)

LiLj + LjLi

2

]
, (2)

where Li is the symmetric logarithmic derivative (SLD) oper-
ator. The SLD operator can be determined from the following
implicit relationship:

2
∂

∂θi
ρ(θ) = ρ(θ)Li + Liρ(θ), (3)

with 1 ≤ i ≤ M . Thus, we have Cov(θ̂(lset),θ) ≥ I−1 ≥
Q−1 in the Fisher framework. For N -copy i.i.d. measurement
of ρ(θ)⊗N , both the classical and quantum bounds scale by
a factor of 1/N . The classical one is asymptotically attained
by the maximum likelihood estimator (MLE). The quantum
CRLB (Q−1) can not be saturated in general for M > 1.

In Bayesian setting, Personick found the minimum mean
square error of a single parameter problem by optimizing first
the estimator and then the measurement and [1], and the multi-
parameter counterpart on the covariance Cov(θ̂(l),θ) of any
estimator θ̂(l) are found in [29]. In this work we refer to this
lower bound as the Bayesian Personick lower bound (BPLB),
given by,

ΣC =

∫
p(θ)θθT dθ − J, (4)

where the M -by-M matrix J is defined as:

Jij =

∫
[
∫
p(l,θ)θidθ][

∫
p(l,θ)θjdθ]

p(l)
dl, (5)

and p(l,θ) = p(l|θ)p(θ) is the joint distribution of l and
θ. This bound is analogous to the CRLB in the Fisherian
setting. The posterior mean of the parameters

∫
θip(θ|l)dθ

saturates the bound in Eq. (4) and the proof can be found in
Appendix A. For the quantum version of this lower bound,
we first define the following operators, for 1 ≤ i ≤ M and
k = 0, 1, 2 [1]:

Γi,k =

∫
dθp(θ)ρ(θ)θki , (6)

and operators Bi, 1 ≤ i ≤M , that satisfy:

2Γi,1 = Γ0Bi +BiΓ0. (7)

For k = 0, Γi,0 = Γj,0, ∀(i, j), thus we can drop the first index
and denote it as Γ0 =

∫
dθp(θ)ρ(θ), the average received

state. The quantum BPLB ΣQ can be written as:

ΣQ =

∫
p(θ)θθT dθ −G, (8)

where

Gij = Tr

[
Γ0
BiBj +BjBi

2

]
. (9)

Thus in a Bayesian inference framework, we have
Cov(θ̂(l),θ) ≥ ΣC ≥ ΣQ. Table I summarizes the various
Fisherian and Bayesian bounds discussed here.

TABLE I
SUMMARY OF CLASSICAL AND QUANTUM BOUNDS FOR FISHERIAN AND

BAYESIAN APPROACHES.

Fisher Bayesian
Classical Information Matrix: I Covariance Bound: ΣC

Quantum Information Matrix: Q Covariance Bound: ΣQ

Bounds Cov(θ̂,θ) ≥ I−1 ≥ Q−1 Cov(θ̂,θ) ≥ ΣC ≥ ΣQ

To achieve the quantum bound, an optimal measurement
is required (i.e. an optimal choice POVM, that acts on each
copy of ρ(θ)). For the single parameter problem (M = 1),
the projective measurement onto the eigenvectors of the SLD
operator L in Eq. (3) saturates the Fisher quantum bound, i.e.,
the I for the SLD measurement equals Q [44]. Likewise, the
Bayesian quantum bound on the covariance is saturated (i.e.
ΣC = ΣQ), for the case of a single parameter (M = 1) by a
projective measurement onto the eigenvectors of the operator
B in Eq. (7) [1].

For multi-parameter estimation, if the operators associated
with parameter θi: Li and Bi, 1 ≤ i ≤ M commute with
one another, for the Fisher and Bayesian frameworks respec-
tively, the corresponding covariance bound can be saturated
by the above-said measurements, calculated by evaluating the
eigenvectors of Li or Bi operators, respectively (which i does
not matter as they are simultaneously diagonal). However, if
the operators do not commute, which is the case in general,
a measurement that is jointly optimal for all parameters may
not exist and/or likely to be challenging to derive [44].
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For completeness sake we also note that in the quantum 
case, the Holevo Cramer-Rao bound (HCRB) [45] is the 
most fundamental scalar lower bound on the weighted mean 
square error Tr[WCov(θ̂(l), θ)], for a positive definite W . 
The HCRB represents the best precision attainable with a 
collective measurement (discussed as case (1) above) on an 
asymptotically large number of identical copies of ρ(θ).

The aforementioned challenges relating to multi-parameter 
bounds and the potential to utilize quantum estimation theory 
to design realizable measurements for multi-parameter esti-
mation problems motivates our proposed adaptive sequential 
measurement scheme described in the following section.

IV. ADAPTIVE SEQUENTIAL MEASUREMENT SCHEME

Consider a system or a field in the state described by the
density operator:

ρ(θ) =
P∑
i=1

bi(θ)|ψi(θ)⟩⟨ψi(θ)|, (10)

where θ = [θ1, θ2, ..., θM ]T are the parameters of interest,
|ψi(θ)⟩ and bi(θ) are the parameter-dependent pure states
and the corresponding weights respectively. As ρ(θ) is unit
trace, we have ⟨ψi(θ)|ψi(θ)⟩ = 1,∀i and

∑P
i=1 bi(θ) =

1. The states |ψi(θ)⟩ are not necessarily orthogonal, i.e.
⟨ψi(θ)|ψj(θ)⟩ ̸= 0 for i ̸= j in general. P itself, in
general, is an unknown parameter (positive integer) such that:
Pmin ≤ P ≤ Pmax. Here we assume that P is upper bounded
by Pmax, i.e., a prior on P . If the lower bound Pmin is not
known/available, we can set it to 1. When Pmin ̸= Pmax,
both P and θ need to be estimated. On the contrary, if
Pmin = P = Pmax, i.e., P is known a priori exactly, then
we only need to estimate the parameters θ.

A. LOCC Measurement Scheme

We propose our measurement scheme within the LOCC
framework to estimate multiple parameters θ with N inde-
pendent copies of quantum state ρ(θ) defined in Eq. (10). To
illustrate our proposed scheme, we begin with the P known
exactly case. In the next section, we discuss the extension
where we relax this prior on P . The measurement scheme is
illustrated in Fig. 3.

1) Initialization: The measurement is initialized by choos-
ing the {Π(0)} and p(0)(θ), which are the POVM for measur-
ing ρ(θ)⊗K0 and the prior on the parameters θ respectively.
If by any means a set of pre-estimated parameters θ̂

(0)
can

be found, one may construct an estimated density operator
ρ(θ̂

(0)
) and use the method described below to construct

{Π(0)}. Otherwise, any POVM can be used in this stage.
2) Measurement Cycle/Step: Let us take N =

∑S
τ=0Kτ ,

such that we adapt the measurement choice S times, denoted
by τ as the iteration index, 0 ≤ τ ≤ S. In the τ th measurement
cycle, Kτ of copies of ρ(θ), the density operator of which
is ρ(θ)⊗Kτ , are measured. The notation used here is the
same as that in the previous section. In each measurement
cycle/step, we employ the measurement strategy (3) introduced
in Sec. I. Consider the τ th measurement cycle employing a

POVM {Πl(τ)} to measure each single copy of ρ(θ). For
the ith copy of ρ(θ), where 1 ≤ i ≤ Kτ , the probability
of obtaining the outcome l

(τ)
i is p(l(τ)i |θ) = Tr[ρ(θ)Π

l
(τ)
i

],
such that Π

l
(τ)
i

∈ {Πl(τ)}. The probability of observing

the measurement outcomes l(τ) = [l
(τ)
1 , l

(τ)
2 , ..., l

(τ)
Kτ

]T is
p(l(τ)|θ) = Tr[ρ(θ)⊗KτΠ(τ)] =

∏Kτ

i=1 Tr[ρ(θ)Πl
(τ)
i

], where

Π(τ) ≜ Π
l
(τ)
1

⊗ . . .⊗Π
l
(τ)
Kτ

. At the end of the sequential mea-

surement scheme, a N -copy state ρ(θ)⊗N has been measured.
Note that Kτ can be deterministic in some situations (e.g. the
number of bits being transferred in a channel), but in many
sensing/imaging problems, it is likely to be a random variable.
For example, in the imaging problem discussed in the next
section, a single photon is described by ρ(θ) and the number
of photons (copies of ρ(θ)) Kτ received in a fixed time
period is a random variable governed by Poisson distribution.
Nevertheless, our measurement protocol works for varying
Kτ thus it is suitable for a wide range of sensing/imaging
problems.

Fig. 3. A schematic diagram illustrating various steps comprising our
proposed sequential adaptive measurement scheme.

The parameter estimate θ̂
(τ)

, available after the τ th sequen-
tial measurement is denoted by θ̂

(τ)
= [θ̂

(τ)
1 , θ̂

(τ)
2 , ..., θ̂

(τ)
M ]T .

In a Bayesian inference setting, the parameter estimate θ̂
(τ)

is given by posterior mean: θ̂
(τ)

= Ep(θ|l(τ))[θ] if we wish to
minimize the objective/loss function of MSE. For other loss
functions (e.g., probability of detection/classification) other
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optimal estimators/detectors/classifiers c an b e c hosen. The 
posterior is given by: p(θ|l(τ )) = p(l(τ )|θ) · p(τ )(θ)/p(l(τ )), 
where p(τ )(θ) is the prior at the τ th iteration. Note that the 
prior p(τ )(θ) in turn equals the posterior p(θ|l(τ−1)) at the 
previous (τ − 1)th iteration. The density operator at the τ th

iteration is represented as ρ(θ̂
(τ )

). Now what remains to be
determined is how we choose the POVM {Πl(τ) } at the τ th 

iteration. We use the following strategy to pick/construct the
POVM {Πl(τ) }.

It is known that for a single parameter estimation problem, 
the eigen-projection measurement of B1 in Eq. (7) saturates 
the quantum bound ΣQ [1], which reduces to a lower bound 
on the variance of the scalar parameter. In this case the 
minimum mean square error (MMSE) is given by ΣQ = 
Tr[Γ1,2 − B1Γ1,1], where Γi,j are defined i n E q. ( 6). We 
refer to this measurement as the Personick projection in this 
work. For the multi-parameter problem, the counter-part of 
Tr[B1Γ1,1] is a matrix G in Eq. (9). If all Bi operators 
commute, the quantum optimal measurement is given by the 
eigen-projections of any of the Bi operators [29]. However, 
there is no such guarantee that the optimal measurement for all 
parameters exists or can be found in general. As such for the 
general case, where such optimal measurements may not exist 
or may not be accessible, we propose to utilize Personick’s 
result for single parameter estimation, to define a  s ingle meta 
parameter γ(τ ) for estimation at the τ th iteration of the 
sequential measurement. This scalar parameter γ(τ ) is defined 
as a linear combination of the M parameters given by the the 
eigenvector of the matrix ΣQ with the smallest eigenvalue. 
Our approach is optimal (in MSE sense) for estimating this 
single parameter (see Appendix B for proof of optimality). 
The BPLB ΣQ on the error covariance matrix is defined

per Eqs. (8) and (9) for the density operator ρ(θ̂
(τ−1)

). The
scalar parameter γ(τ ) is used to construct the operator Bγ(τ) 

and the corresponding Personick projection, constructed using
Bγ(τ) , is chosen as the POVM {Πl(τ) } at the τ th iteration. 
The sequential measurements are terminated when all the N 
available copies of ρ(θ) have been exhausted.

As a reminder, we note that in each iteration step, the 
Personick measurement described above is not necessarily 
optimal given the actual state (density operator) due to reasons 
stated earlier. Furthermore, as an aside we also note that our 
approach chooses the next optimal measurement based on the 
current state estimate, which can be viewed as a result of 
greedy optimization approach within the context of adaptive 
sequential estimation [46]. In contrast, a non-greedy adaptive 
sequential scheme selects the design for the next measurement 
while considering not only the current state estimate but also 
all possible future measurements and associated estimates 
within a game-theoretic framework [47], [48].

B. Extension: P not known a priori

If the scalar P in Eq. (10) i.e., the number of parameters
is unknown, we can employ and initialize multiple models of
density operators ρ(θP ) with the corresponding prior p(θP ).
Here θP = [θ1, θ2, ..., θMP

]T for Pmin ≤ P ≤ Pmax. In such
a scenario, the number of parameters, denoted by MP , for

each model can be different in general. In τ th iteration of
the sequential measurement, one model is selected and used
to construct the Personick measurement. The model can be
selected randomly at τ = 0, and the one that maximizes
p(l(τ−1)) can be used for the τ th measurement iteration. We
also propose an alternative model selection method in the
next section. After model selection, the measurement scheme
defined in the previous section can be applied unaltered. Note
that at the τ th iteration, not only the selected model but
all the models are updated in a Bayesian inference setting,
using the measurement outcome l(τ). When the sequential
measurements eventually terminate, we simply pick a model
using the same model selection criteria described above and
compute the final multi-parameter estimate as the posterior
mean. However, other model selection criteria and/or point
estimators can also be employed, as needed.

V. APPLICATION: MULTI POINT-EMITTER ESTIMATION

A. Background

In traditional optical imaging, incoherent point emitters
are considered to be unresolvable when their separation is
smaller than the Rayleigh limit [49]. However, Tsang et.
al.’s recent quantum information theoretic analysis of two-
point resolution, treating it as an estimation problem, has
demonstrated that the Rayleigh limit is not fundamental and
in fact an outcome of the sub-optimality of the diffraction-
limited optical image intensity measurement, referred here
to as direct imaging [22]. Furthermore, they show that
the Hermite Gaussian (HG) modal projection measurement
saturates the QFI, i.e., it is the optimal measurement in
minimum variance unbiased estimation sense. Although this
ground-breaking result has shed new light on applying modal
projection measurement to achieve optical super-resolution
(i.e. resolving features with sub-Rayleigh scale), the optimal
measurements for more general situations are still unknown,
due to the involvement of multi-parameters in such situations
and the parameter dependent nature of the optimal measure-
ment.

We employ our proposed adaptive sequential measurement
scheme to illustrate one such complex multi-parameter imag-
ing problem of optical super-resolution, specifically estimat-
ing the locations and relative brightness of incoherent point
emitters comprising a cluster/constellation. Such an optical
super-resolution estimation problem typically arises in many
optical imaging applications such as astronomy and mi-
croscopy [50], [51]. For instance, in fluorescence microscopy,
flourophore (point-like) emitter positions reveal the structure
of the specimen. The state-of-art super-resolution techniques
require illumination engineering in the spatial domain, such
as Stimulated Emission Depletion (STED) [52] and structured
illumination [53], to reduce the effective size of the point
spread function (PSF) by about 2 to 4 times. Similarly, in
the temporal domain single molecule localization microscopy
(SMLM) [54] yields 10 to 100 folds of resolution improvement
depending on the strength of the emitters and integration time.
On the other hand, astronomers exploit coherent interference
of radio signals from array of telescopes, known as very
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long base line interferometry (VLBI) [55], to enhance the 
angular resolution for imaging celestial objects. Although 
such long baseline interferometric techniques have a long 
history it only recently, due to exponential increase in available 
computational power, that the Event Horizon Telescope (EHT), 
based on the principle of VLBI, is able to capture the first 
image of blacks hole with the effective aperture size of the 
earth [56].

Notwithstanding the variety of existing optical super-
resolution techniques, modal projection based optical super-
resolution techniques inspired by quantum information theory 
have some inherent advantages: (1) applicability to passive 
imaging applications where it is not feasible to engineer object 
properties nor possible to deploy structured illumination (e.g., 
many long-standoff applications such as astronomy and long 
range horizontal imaging), and (2) approach (and potentially 
achieve) fundamental limits delivering order-of-magnitude bet-
ter performance for a given aperture size and/or signal/photon 
budget relative to existing techniques, e.g., for applications 
such as exo-planet imaging and space surveillance. Moreover, 
we note that resolution can also be further enhanced by em-
ploying multi-baseline interferometry techniques to synthesize 
larger effective apertures [57], [58].

For a given optical PSF or equivalently optical aper-
ture, spatial mode sorting required for implementing modal 
projection measurement can be realized using linear op-
tics [59], [60]. Various spatial mode sorters designs, based on 
the principle of spatial-mode demultiplexing (SPADE) [61]–
[63] or super-localization via image-inversion interferometry 
(SLIVER) [64], [65], have been proposed and demonstrated 
experimentally. However, existing mode sorters are designed 
to implement a fixed s et o f s patial m odes, a n a daptive mode 
sorter that can switch the modal basis dynamically is needed to 
implement the multi-parameter estimation technique proposed 
here. Recently, various efforts to realize such adaptive mode 
sorter have been reported in the literature [66]–[68].

B. Formulation

We use the density operator formulation from [22], such
that the quantum state of photons incident on the image plane
viewed through an optical lens is given by the density operator
ρfull:

ρfull = (1− ϵ)|0⟩⟨0|+ ϵρ+O(ϵ2), (11)

where |0⟩ is the vacuum state, ρ is the single photon state
density operator, which has the form of Eq. (10), and ϵ is the
total number of photons arriving on the image plane within
the coherence time of the source. For ϵ ≪ 1 (valid for weak
thermal source), the photon states with order O(ϵ2) become
negligible [69], [70]. Furthermore, in this application as we
are only interested in the relative brightness of the sources,
the vacuum state |0⟩ (which can be use to estimate the total
source power) provides no useful information and thus we
exclusively focus on ρ. The components of Eq. (10) have the
following meaning in the current context: P is the number
of point emitters, {bi}Pi=1 are the relative brightness of each

point emitter or source (sum normalized to 1) and the states
|ψi⟩ are given by:

|ψi⟩ =
∫ ∞

−∞

∫ ∞

−∞
ψ(x− xi, y − yi)|x, y⟩dxdy, (12)

such that (xi, yi) are the coordinates of the ith point source on
the image plane. Here the point spread function (PSF) ψ(x, y)
of the imaging system is modeled by a 2D Gaussian function:

ψ(x, y) =
1√

2πσxσy
exp

(
− x2

4σ2
x

− y2

4σ2
y

)
, (13)

where σx and σy are the standard deviation (a measure of
width) of the PSF in x and y direction respectively. For a
given PSF, σx and σy are known parameters and we set σx =
σy in our study. We define the full width at half maximum
(proportional to σx) of the PSF as Rayleigh length (rl) in our
analysis.

The parameters of interest in this problem are thus the
position and relative brightness of the P point emitters, i.e.
θ = [x1, ..., xP , y1, ..., yP , b1, ..., bP ]

T = [x,y, b]T .
For the point emitter positions [x,y]T , we use an indepen-

dent Gaussian distribution N prior:

p(x,y) =
P∏
i

N (xi; x̄i, σ̄xi
)N (yi; ȳi, σ̄yi

), (14)

where for 1 ≤ i ≤ P , x̄i, ȳi, σ̄xi , σ̄yi are the mean and
standard deviation of the position parameters xi and yi re-
spectively.

For the brightness bT parameters a Dirichlet distribu-
tion [71] is used as a prior: p(b) = Dir(b;a), where a =
[a1, ..., aP ]

T are the hyper-parameters of the Dirichlet distri-
bution. Thus, the overall prior is expressed as: p(x,y, b) =
p(x,y)p(b).

This specifies all the relevant details (i.e., photon state
density operator, prior distribution) for the proposed adaptive
sequential measurement scheme described in the previous
section. Note that as p(x,y, b) is not a conjugate prior
for the Poisson likelihood, we update the hyper-parameters
of the prior distribution at τ th iteration to derive the pos-
terior, which assumes the role of the prior in the next
(τ + 1)th iteration. The prior hyper-parameters are: h =
[x̄1, .., x̄P , ȳ1, .., ȳP , σ̄x1 , .., σ̄xP

, σ̄y1 , .., σ̄yP
, a1, ..aP , δ]

T =
[x̄, ȳ, σ̄x, σ̄y,a, δ]

T . Here, δ is another hyper-parameter asso-
ciated with the brightness prior distribution which is explained
later.

To update the hyper-parameters of the position prior at the
(τ + 1)th iteration, we use the first- and the second-moments
of the posterior distribution at the τ th iteration:

ᾱ
(τ+1)
i =

∫
αip(θ|l(τ);h(τ))dθ, (15)

σ̄2

α
(τ+1)
i

=

∫
[αi − α

(τ+1)
i ]2p(θ|l(τ);h(τ))dθ, (16)

where α represents x or y co-ordinate.
For the hyper-parameters aT of the brightness prior, an

expectation maximization (EM) approach is used. We first find
the mean of the brightness vector as:
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b̂
(τ+1)
i =

∫
bip(θ|l(τ);h(τ))dθ. (17)

Then, aT is updated such that b̂
(τ+1)

becomes the mode of
the distribution:

a(τ+1) = b̂
(τ+1)

[a
(τ)
0 + δ(τ) − P ] + 1

= b̂
(τ+1)

[a
(τ+1)
0 − P ] + 1, (18)

where a(τ)0 =
∑P

i a
(τ)
i and a(τ+1)

0 = a
(τ)
0 +δ(τ). Qualitatively

the larger the a(τ)0 , the smaller the total variance of the Dirich-
let distribution. Adding δ(τ) ≥ 0 leads to a(τ+1)

0 ≥ a
(τ)
0 , such

that the variance reduces monotonically with each iteration τ .
Note that the introduction of δ(τ) does not change the position
of the mode in the distribution. We set δ(τ) to a constant for
all τ .

When P (i.e., number of point emitters) is unknown a
priori, we select the model in each measurement cycle as
follows. Let pP (l(τ)) denote the likelihood of the model
consisting of P point emitters in the τ th cycle. We calculate
the following weighted log likelihood Z(τ)

P :

Z
(τ)
P =

τ∑
t=1

exp

[
− κ

(
1− t

τ

)]
ln pP (l

(t)), (19)

and pick the model with largest Z(τ)
P as the estimate in the

(τ + 1)th measurement cycle. Here we set κ = 10 for this
illustrative application. The selection of κ affects the perfor-
mance of the estimation scheme and its optimization is outside
the scope of this work. We use this model selection method
instead of simply picking the model that maximizes pP (l(τ))
so that the estimation of P is not purely determined by the
single measurement result at iteration τ . As measurements
proceed, the more recent likelihoods successively improve due
to improving precision of parameter estimates and thus larger
weight are assigned to them. It should noted that this model
selection method is only illustrative and more appropriate and
efficient model selection methods may be applicable in other
applications.

C. Simulation Results

We demonstrate the performance of the proposed adaptive
sequential measurement scheme for 100 distinct randomized
realizations of 3-point emitter constellations.

The position of the 1st point emitter is uniformly distributed
inside a circle with radius of 0.375 rl (Rayleigh length). The
position of the ith emitter, i > 1, is [xi, yi] = [xi−1, yi−1] +
[(d+ δd)cosϕ, (d+ δd)sinϕ], where d is a constant, δd and ϕ
are uniformly distributed random variables over the intervals
[−δd0/2, δd0/2] and [0, 2π) respectively, for some constant
δd0, such that 0 ≤ δd0 < 2d. The position of the ith emitter
[xi, yi] is re-selected if it falls outside the 0.375 rl circle (field
of view) or the separation of any pair of sources is smaller than
d−δd0/2. By doing so, for each emitter, the closest neighbour
is located around d and minimum separation of any pair of
point emitters is guaranteed to be no less than d− δd0/2. In

the simulation below we set d = 0.1 (rl) and δd0 = 0.1d. The
relative brightness of point emitters set to be equal/uniform.
The average total photon budget N is set to 5× 105 and each
adaptive sequential step utilizes around 104 photons (i.e., the
mean of Kτ is 104 for τ ≤ 1). The adaptive sequential scheme
is initialized by employing 1000 photons for a direct imaging
measurement (i.e., the mean of K0 is 1000) followed by using
an expectation maximization (EM) algorithm to estimate the
initial model parameters. The remaining photons are detected
by using Personick projection measurement in each adaptive
sequential step.

For the traditional direct imaging (serving as a baseline),
which uses direct focal plane intensity measurements of all
available N photon copies, the Richardson-Lucy deconvolution
algorithm [72] is first used to deconvolve the blurred image
followed by the k-mean clustering algorithm [73] to find the
position and relative brightness of identified point emitters1.

D. Estimation with P known exactly

-0.4 -0.2 0 0.2 0.4

x (rl)

-0.4

-0.2

0

0.2

0.4
y
 (

rl
)

FoV

Ground Truth

Imaging

Personick

Fig. 4. An illustrative example of a cluster of point emitters estimated with
direct imaging (baseline) and Personick projection measurements (proposed
adaptive measurement), when P is known exactly. The black dots, blue circles
and red squares correspond to the ground truth, estimates obtained from direct
imaging and Personick projection measurements respectively. The marker size
is proportional to the point emitter brightness.

For each of the 100 constellations, we employ 10 Monte
Carlo simulation (i.e., different noise realizations). Fig. 4
shows an illustrative realization of the point emitter cluster
and estimated emitter locations and brightness using the two
measurement schemes.

To obtain the average performance of the proposed adaptive
measurement scheme, for each point emitter realization, we
first pair the ground truth point emitter location with the
estimated locations, such that the sum of the position errors

1We would to like to acknowledge the DARPA IAMBIC JHU-APL team
for providing this algorithm.
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defined as:
∑P

i=1

√
(xi − x̂i)2 + (yi − ŷi)2, over all point-

source matched pairs is minimized. The average (over all
emitters) position error distribution of the point emitters is
shown in Fig. 5. We observe that the proposed adaptive
scheme outperforms the direct imaging. More specifically,
the mean position error obtained by our adaptive scheme
is six-fold lower than that of the direct imaging. Also, the
position error distribution of the Personick measurement is
more concentrated and position errors for all estimates is less
than d = 0.1(rl).

Fig. 5. Distribution of the point emitter position errors obtained with the two
measurement schemes, when P is known exactly.

E. Estimation with unknown P

-0.4 -0.2 0 0.2 0.4

x (rl)

-0.4

-0.2

0

0.2

0.4

y
 (

rl
)

FoV

Ground Truth

Imaging

Personick

Fig. 6. An illustrative example of a cluster of point emitters estimated using
direct imaging and Personick projection measurement schemes, when P is
unknown. The marker definition is same as in Fig. 4.

When Pmax = 6 is used as a prior, recall that the estimation
algorithm has to also estimate P . One such illustrative example
is shown in Fig. 6. We observe that even if the Personick

measurement predicts the wrong number of sources (i.e., four
instead of three), the reconstructed point emitter distribution
is closer to the ground truth compared to the reconstruction
obtained with the direct imaging measurement, which under-
estimates the number of point emitters as two in this particular
instance. To analyze the performance quantitatively, using the
same set of constellations and same number of simulations,
the distribution of number of point emitters estimated by the
two measurement schemes in shown in Fig. 7. We observe
that the adaptive Personick projective scheme estimates the
correct number of point emitters with a 50% success rate
relative to only 10% for direct imaging. The P estimated
by our proposed Personick projective measurement scheme is
more concentrated around the true value P = 3 while that of
direct imaging is more spread out across the range of possible
P . Fig. 8 shows the corresponding position error distribution,
computed only for cases where P ≥ 3 such that none of
the estimated point emitters sources are merged. We observe
that when the P is estimated correctly the proposed adaptive
scheme maintains the significant performance advantage over
direct imaging in terms of significantly lower point emitter
localization error.

1 2 3 4 5 6

 P

0

0.1

0.2

0.3

0.4

0.5

0.6
P

ro
b
a
b
ili

ty

Personick

Imaging

Fig. 7. Distribution of the number of point emitters estimated by the two
measurement schemes.

VI. CONCLUSIONS

Based on quantum estimation theory, we propose an adap-
tive sequential Bayesian multi-parameter estimation scheme
with applications in sensing and imaging. Using an illustrative
example task of optical super-resolution of point emitters
embedded in a constellation, relevant in many optical imaging
applications e.g., astronomy and microscopy, we demonstrate
its superior performance relative to the direct diffraction-
limited imaging approach. Our simulation study results show a
nearly six-fold lower point emitter localization error achieved
by our proposed measurement/estimation scheme relative to
the state-of-the-art direct imaging scheme in the sub-Rayleigh
regime. It is also worth noting that our POVM choice i.e.,
measurement design used in each sequential measurement
step is provably optimal (in the MSE sense) when estimating
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Fig. 8. Distribution of the point emitter position errors obtained with the two
measurement schemes, when P is not known a priori.

a scalar parameter, which is a linear combination of the
multiple parameters of interest in a given estimation task. We
believe that our proposed multi-parameter estimation scheme
is an important step towards achieving quantum optimal
performance for several practical sensing and imaging tasks,
especially for sources/objects/signals which are fully described
by semi-classical models that span a wide-range of real-
world applications, such as exo-planet search, fluorescence
microscopy and space situational awareness.

We further note that in this work we illustrated the pro-
posed sequential adaptive measurement scheme, applicable to
a general multi-parameter estimation problem, for a specific
choice of priors, adaptation batch size and other relevant
implementation parameters. However, the optimization of the
implementation details, such as the choice of prior, model
selection method, the number of adaptation steps, number of
photons in each adaptation steps etc., require future work
in context of a given problem/application. Moreover, with
regard to the scalar parameter choice γ(τ) in each adaption
step, one may also consider a more general function of the
parameters of interest instead of their linear combination as
the single parameter as chosen in this work. In such a case
the optimal choice of such a scalar function remains an open
problem that requires further analysis. We are also currently
exploring extensions of proposed multi-parameter estimation
scheme along various directions; including optimal or near-
optimal measurement design for more than one parameters in
each adaptive sequential step as as well as non-greedy adap-
tive sequential scheme(s) within a game-theoretic framework
inspired by our prior work [47].

APPENDIX A
POSTERIOR MEAN SATURATES QUANTUM BOUND

For any parameters θ = [θ1, θ2, ..., θM ]T and their
estimators θ̂(l) = [θ̂1(l), θ̂2(l), ..., θ̂M (l)]T , where l =
[l1, l2, ..., lN ]T are the measurement through a channel rep-
resented by POVM {Π}, the covariance matrix elements are:
[Cov(θ̂(l),θ)]ij = E[(θi − θ̂i(l))(θj − θ̂j(l))]. In Bayesian
setting, the expectation is taken over the joint distribution

p(θ, l) of both θ and l. Upon expending, the covariance matrix
elements can be also written as:

[Cov(θ̂(l),θ)]ij = E[θiθj ]− E[θiθ̂j(l)]− E[θj θ̂i(l)]

+ E[θ̂i(l)θ̂j(l)]. (20)

The first term E[θiθj ] in Eq. (20) matches the first term in
Eq. (4). Now, substitute θ̂i(l) =

∫
θip(θ|l)dθ, the second term

of Eq. (20) becomes:

E[θiθ̂j(l))] =

∫ ∫
θi

[ ∫
θ′jp(θ

′|l)dθ′
]
p(θ, l)dθdl

=

∫ [ ∫
θip(θ|l)dθ

][ ∫
θ′jp(θ

′|l)dθ′
]
p(l)dl

= Jij . (21)

Similarly, the third and the fourth terms in Eq. (20) equal Jij ,
and thus Cov(θ̂(l),θ) = ΣC exactly. If M = 1, i.e. θ is a
single parameter, ΣC gives the minimum mean square error
with the posterior mean as the estimator.

APPENDIX B
PARAMETER SELECTION

For a single parameter γ = h · θ, where h is some unit
vector, the variance of estimating γ is:

Var(γ) =
∫ ∫

dl[h · θ̂(l)− h · θ]2

= hT Cov[θ̂(l),θ]h

≥ hTΣQh. (22)

Applying Eq. (6) for k = 1 to γ, we have:

Γ1,γ =

∫
dθp(θ)ρ(θ)(h · θ)

=
∑
i

hiΓ1,i. (23)

Thus, if we set Bγ =
∑

i hiBi, Eq. (7) can be satisfied. Under
the constrain |h|2 = 1, we search for the h that minimizes the
MMSE= Tr[Γ2,γ −BγΓ1,γ ] using Lagrange multiplier:

L =

∫
dθp(θ)(h · θ)2 − Tr

[(∑
j

hjBj

)(∑
k

hkΓ1,k

)]
− λ

(∑
i

h2i − 1

)
. (24)

Taking the derivative with respect to h and λ, we have:

∂L

∂hi
= 2

∫
dθp(θ)(h · θ)θi − 2λhi

− Tr
[
Bi

(∑
k

hkΓ1,k

)
+

(∑
j

hjBj

)
Γ1,i

]
= 0, (25)

∂L

∂λ
=

∑
i

h2i − 1 = 0. (26)
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Using Eq. (25), we have:

hi =
1

λ

∑
j

hj

[ ∫
dθp(θ)θiθj −

1

2
Tr
(
BiΓ1,j +BjΓ1,i

)]
=

1

λ

∑
j

hj

[ ∫
dθp(θ)θiθj − Tr

(
Γ0
BiBj +BjBi

2

)]
=

1

λ

∑
j

hj

[ ∫
dθp(θ)θiθj −Gij

]
. (27)

Substituting Eq. (27) into Eq. (26), we have:

λ =

√√√√∑
i

{[∑
j

hj

[ ∫
dθp(θ)θiθj −Gij

]}2

. (28)

It can be easily seen that Eq. (27) is precisely the equations
to determine the eigenvector of ΣQ, with the corresponding
eigenvalue λ. Thus, if we pick the eigenvector hm with the
smallest eigenvalue λm, the MMSE would be: hT

mΣQhm =
λm, which can be saturated by the eigen-projection measure-
ment of Bγ . Since the MMSE is lower bounded by 0, λm
is the global minimum. In other words, λm is the minimum
MMSE one can get for a single parameter which is the linear
combination of the original parameters θ.
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