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ABSTRACT

Transition to renewable energy solutions, while managing surging energy de-
mand, calls for novel thermal designs. These designs, especially with the
advent of additive manufacturing, are becoming increasingly complex and
computationally driven. Optimization and reliability analysis of such com-
plex designs typically require several evaluations of the quantities of interest.
This is usually accomplished by querying computational models often involv-
ing expensive numerical methods like Finite Element Analysis and Compu-
tational Fluid Dynamics. To alleviate the computational cost of these design
routines, surrogate models can be employed in place of the original model,
as they are cheaper to evaluate. In addition, several models, both computa-
tional and experimental, are often available to describe a system of interest.
These models have varying evaluation costs and �delities. In general, an ex-
pensive high-�delity model describes the system with the accuracy required
for the task at hand, while lower-�delity models are less accurate but compu-
tationally cheaper. In such situations, multi-�delity procedures can combine
information from di�erent levels of �delity to accelerate the optimization and
reliability routines. In this work, these two concepts (i.e., surrogate modeling
and multi-�delity) are employed for optimization and reliability analysis of
concentrated solar receiver tubes and heat exchangers.



CHAPTER 1

Introduction

Ever-increasing energy demands, amidst the rapid transition to renewable
energy solutions, are driving the quest for novel and e�cient thermal solu-
tions. To contend with these demands, thermal designs must be continuously
improved and optimized while ensuring their operational reliability. The
process of developing designs has traditionally been accomplished through
physical prototyping and experimental testing. However, with the advent
of powerful computer-aided design (CAD) and simulation tools, much of
the design process is now being performed computationally. As a result,
the need for prototyping and experimental testing has drastically reduced,
leading to shorter design cycles and lower development costs. This shift in
design paradigm has led to rapid growth in numerical modeling techniques,
and the emergence of computational design as a discipline.

Modern design processes have become increasingly simulation-driven
with engineers relying heavily on computational models to analyze the
behavior of complex physical systems. These computational models serve
as virtual prototypes, where a set of design parameters can be adjusted to
improve/optimize the system's performance. This process involves executing
the computational model, evaluating the quantities of interest(s), and
adjusting the system parameters in an iterative fashion until an optimum
is reached. A similar work�ow involving multiple model calls is also
employed for analyzing the e�ects of design and loading uncertainties on the
system's performance. A study of this sort is particularly important because
optimization often leads to designs that are at the limit of permissible
design space, and as a consequence, even a minor deviation in the design
or loading conditions can lead to undesirable system performance (i.e.,
failure). Traditionally, this problem has been addressed by the use of safety
factors (often arbitrarily chosen). However, their use, viewed as modifying
the optimization constraints to be tighter, can result in overly conservative
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designs or sometimes no feasible solution at all. An elegant alternative
to this approach is to explicitly account for these uncertainties through a
reliability analysis.

Computational design optimization and reliability assessment of complex
systems can often be challenging and tedious for a variety of reasons. A
particular interest to this work is the problem related to `computational
tractability', a key bottleneck encountered in several design-analysis rou-
tines. Traditional optimization and reliability assessment routines require
hundreds, if not thousands, of calls to the underlying models. These
models, often multi-physics in nature, are becoming increasingly complex
and generally involve computationally expensive numerical procedures like
Finite Element Analysis (FEA) and Computational Fluid Dynamics (CFD).
The computational costs associated with these simulation models have
grown rapidly in recent years despite continuous advancements in computing
power. As a result, employing call-hungry design routines directly on
these models is impractical due to resource constraints. To circumvent this
problem, surrogate models can be used as intermediaries between these outer
loop routines and the heavy simulation models.

Surrogate models, also known as metamodels, are approximation tech-
niques that emulate the response of a computationally expensive simulation.
They can be viewed as data-�t machine learning models. These models, once
trained on a few judiciously chosen evaluations of the expensive simulation,
can approximate the quantities of interest needed during the optimization
or reliability analysis routines. These surrogate models, by construction, are
simple and quick to evaluate. Hence, they can be cast o� as proxies in place
of heavy simulation models. This allows one to use call-hungry optimiza-
tion and reliability analysis routines with manageable computational costs.
Figure 1.1 illustrates this concept, providing some clarity on how surrogate
models are integrated into iterative design procedures.

Although surrogate modeling draws its foundations from supervised
machine learning, it di�ers signi�cantly from the latter in its objective.
In supervised learning, the objective is to learn as best as possible given
the training data, whereas in surrogate modeling, the objective is to learn
e�ciently with the least amount of training data. It is crucial here to
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of Experiment

Figure 1.1: Illustration of a surrogate-assisted design process

establish a clear distinction between the cost associated with training a
surrogate model and the cost incurred while collecting the training data. In
general, the cost of training a surrogate model is fairly low, but the cost of
collecting the training data is often prohibitive (since multiple calls to the
simulation model are required). When dealing with real applications, the
cost of acquiring a single training point can be thousands, if not hundreds
of thousands of times, higher than the cost of training a surrogate model.
This is where adaptive sampling schemes, which iteratively gather training
data and re�ne the surrogate models, are brought into practice.

Moreover, multiple models, each with a varying level of �delity/accuracy,
often exist to simulate a system. These models tend to rely on di�erent
mathematical principles or make di�erent simplifying physics assumptions
for simulating the system. For instance, �ow through a heated tube can be
analyzed using a simple set of thermo-hydraulic empirical equations or via
an expensive CFD simulation. Moreover, when working with CFD, there are
a variety of simulation approaches to select from. These range from simple
potential �ow solvers to Euler codes to Reynolds averaged Navier�Stokes
(RANS) methods to large eddy simulations and direct numerical simulation.

Although high-�delity models produce accurate results, they are often
accompanied by complex experiments or computationally expensive simula-
tions. As a result, they are restricted to a limited number of runs. In contrast,
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low-�delity models are computationally cheap and can be evaluated hundreds
of times. Therefore, despite their limited accuracy, low-�delity models can
still be exploited during these outer-loop design routines. This is where the
concept of multi-�delity modeling becomes apparent. The general idea be-
hind multi-�delity schemes, as graphically depicted in Figure 1.2, is to com-
bine low- and high-�delity data to accelerate the outer-loop routines while
maintaining the desired level of accuracy. Multi-�delity strategies, especially
those employing surrogate models to fuse information from various sources,
have been developed to handle a multitude of design routines such as opti-
mization, reliability assessment, and uncertainty quanti�cation [20, 63, 64].

Error

C
o
s
t

High-fidelity
Model

Low-fidelity
Model 3

Low-fidelity
Model 2

Low-fidelity
Model 1

(lack of predictive
capability)

Surrogate Model
Eg: RBF, GPR, NN

Optimization / Reliability
Algorithm

Convergence

Criterion

met ?

No

Yes

Loop

Physics Model
Low-fidelity 1

Physics Model
Low-fidelity 2

Physics Model
High-fidelity

...

Figure 1.2: Conceptual illustration of model �delities on cost-vs-error scale,
and fusion of multi-�delity data in a design loop

This dissertation focuses on surrogate modeling and multi-�delity
approaches, especially in the context of thermal design. These approaches,
despite their general acceptance in aerospace engineering, are yet to be
widely adopted in the thermal engineering community. Nevertheless, there
has been a recent uptake of research on thermal design optimization with
the aim of leveraging advances in additive manufacturing [27, 37, 56] and
machine learning [51, 106, 87, 13].

In this dissertation, surrogate modeling and multi-�delity approaches are
employed to optimize 3D printable �ns for concentrated solar receiver tubes
and to perform reliability analysis of a miniature heat exchanger. These two
applications are brie�y introduced in the following sections.
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1.1 Applications

1.1.1 Concentrated Solar Receiver Tubes:
Design Optimization of Fins

With increasing oil, gas prices and emission-conscious policies, the world
energy market is transitioning towards clean and renewable sources of
energy for electricity production. Sunlight, being the largest source of clean
energy, is attracting much attention from policy makers and industrial
players. There are currently two primary technologies for harvesting solar
energy: photovoltaics and concentrated solar power (CSP). The former
uses solar cells to directly generate electricity through the photoelectric
e�ect, and the latter employs sun-tracking mirrors to concentrate sunlight
and capture it as thermal energy for use in an electricity-producing cycle.
Though climate-change policies advocate for renewable energy technologies,
it is often the economics of power generation which makes or breaks their
wide-scale adoption. Concentrated solar power systems integrated with
thermal energy storage (TES) have the potential to reduce their levelized
cost of energy (LCOE) to levels comparable to fossil fuel-based systems
[52, 55]. To reach this grid parity, CSP systems must be made more e�cient
by increasing their operating temperature [55].

Current generation CSP systems typically operate at 550oC with
steam-Rankine power cycles. But to reach the target of 6 cents/kWh
LCOE, CSP systems must be operated at temperatures greater than
700oC with sCO2-Brayton power cycle [55]. These higher temperatures
bring a slew of problems, of which, designing solar receivers to handle
increased thermal load is critical. With the operational temperature around
700oC, the surface of solar receiver tubes is expected to reach temperatures
greater than 850oC. These higher surface temperatures not only heighten
radiative losses but also exacerbates the problems associated with non-
uniform circumferential heating (i.e., thermal stresses and hot spots) [53, 29].

To reduce receiver surface temperatures, internal �ns, aimed at improv-
ing the receiver's heat transfer characteristics while inducing swirl �ow, are
recommended [55, 105]. In this work, a family of 3D printable internal helical
�ns are analyzed from thermo-hydraulic and entropy generation perspectives
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Figure 1.3: Concentrated solar power tower system with thermal energy
storage. Fig credits: NREL

while optimizing their design. To assist this optimization process, Gaussian
Processes (GPs) are used as surrogate models.

1.1.2 Heat Exchangers:
Multi-�delity Reliability Assessment

Heat exchangers are important components in various thermal systems like
power plants, petroleum re�neries, chemical processing plants, etc. They
are often designed using simpli�ed thermo-hydraulic models while assuming
deterministic operating conditions and �uid/wall material properties.
However, uncertainties in operating conditions and material properties due
to contamination from leaks/corrosion can have a large in�uence on the
system's performance and reliability. Traditionally, design engineers account
for these uncertainties via safety factors which might lead to expensive
over-designed exchangers. A more accurate approach consists of explicitly
identifying the uncertainties and their distributions, and quantifying the
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reliability (i.e., probability of failure). Although simpli�ed thermo-hydraulic
models can be used in Monte-Carlo simulations (MCS)-based reliability
analysis, they do not portray heat exchanger's complex �ow and thermal
characteristics accurately. Hence, high-�delity models are typically needed
for predicting heat exchanger performance with a desired level of accuracy.
These high-�delity models are generally associated with higher computa-
tional costs, making them impractical for MCS-based reliability analysis.

To circumvent this problem, a multi-�delity reliability assessment tech-
nique employing Support Vector Machine (SVM) classi�ers as surrogates to
approximate the failure boundaries is proposed in this dissertation. This
technique leverages low- and high-�delity model evaluations to locally con-
struct the failure boundary approximations, and then use these approxima-
tions to estimate the probability of failure via MCS. At the core of this multi-
�delity scheme is an adaptive sampling routine driven by the probability of
misclassi�cation. This sampling routine explores sparsely sampled regions
of inconsistency between low- and high-�delity models to iteratively re�ne
the SVM approximation of the failure boundaries. A lookahead check, which
looks one step into the future without any model evaluations, is employed to
selectively �lter the adaptive samples. A novel model selection framework,
which adaptively de�nes a neighborhood of no con�dence around low �delity
model, is used in this study to determine if the adaptive samples should be
evaluated with high- or low-�delity model.

1.2 Structure of the Dissertation

While this dissertation presents applications related to thermal design,
the design techniques themselves are agnostic to physics; therefore, they
can be readily applied to models from other domains. To this end, equal
emphasis is devoted to both the methods and their applications throughout
the dissertation.

This dissertation is organized as follows:

� Chapter 2 begins by introducing the fundamental concepts of surro-
gate modeling. Special emphasis is given to Gaussian Processes and
Support Vector Machine Classi�er models, both of which are exten-
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sively used in this dissertation. This chapter also presents a brief lit-
erature review on Multi-�delity modeling and how Gaussian Processes
can be extended to multi-�delity settings. This chapter also discusses
adaptive sampling techniques in the context of optimization and relia-
bility assessment.

� Chapter 3 discusses design optimization of various swirl-inducing in-
ternal �n designs for improving heat transfer in solar receiver tubes.
The chapter begins with an introduction to CSP receivers and their
modeling, and then discusses the performance of various helical �ns
optimized in this study. The surrogate-based method for optimization
is brie�y discussed, and the results from thermo-hydraulic and entropy-
based optimization formulations are presented.

� Chapter 4 presents a novel multi-�delity classi�cation-based reliabil-
ity assessment algorithm developed as a part of this dissertation. An
in-depth discussion of the algorithm is provided, covering aspects such
as SVM training, adaptive sampling, and model management. The ef-
fectiveness of the algorithm is demonstrated using a few analytical ex-
amples, particularly highlighting its capability to handle systems with
discontinuities and multiple failure modes. Reliability assessment of a
miniature shell and tube heat exchanger design is presented at the end.

� Chapter 5 summarizes the contributions of this dissertation and pro-
vides a few potential future paths to extend this work.



CHAPTER 2

Fundamentals of Computational

Design

To present the fundamentals of computational design, several notions from
statistics and machine learning are employed throughout this dissertation. As
a primer, this chapter starts by introducing key concepts such as Surrogate
Modeling and Multi-�delity Modeling, which are then used as building blocks
for developing design optimization and reliability assessment algorithms.

2.1 Surrogate modeling

Simulating and analyzing designs using computational methods has become
an integral part of modern engineering work�ow. Engineers, as part of their
work�ow, regularly employ routines such as optimization and reliability
assessment to evaluate and re�ne designs at early stages of the design
process. These design exploration and analysis studies require numerous
model evaluations, which tend to be computationally expensive as the
models include complex multi-physics simulations. In order to reduce these
computational costs, several surrogate-based design strategies have been
developed and successfully integrated into engineering work�ows.

A surrogate model, when viewed abstractly, can be seen as a mathe-
matical mapping from the model inputs to the outputs constructed using
data sampled from the expensive original model. The surrogate model, once
trained, mimics the response of the original model and can therefore be used
as its inexpensive substitute during the design process. Additionally, sur-
rogate models can provide valuable insights into the functional relationship
between the inputs and outputs of the model. Consider linear regression, for
example, as a surrogate model. The signs of its coe�cients indicate whether
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the independent variables are either positively or negatively correlated with
the dependent variable. The magnitude of its coe�cients represents the
amount by which the mean of the dependent variable changes given a unit
shift in the independent variable (while holding other variables constant).
Engineers can use this information to understand the in�uence of param-
eters on the design performance. This surrogate modeling setting and its
notations are formally introduced in the following section for clarity.

2.1.1 Problem setting

Consider a computationally expensive model M with inputs x and outputs
y. Let us denote the input space with X � Rd, the output space with Y , and
the joint probability distribution on XÖY as PX,Y with pX, Y q being treated
a pair of random variables:

y �Mpxq, M : X ÞÑ Y (2.1)

In this setting, the goal of a surrogate model is to provide an approxi-
mation of the true model output y by acting as a curve �t. The surrogate
approximation of model M is often denoted as �M and is interchangeably
referred to as a predictor or a meta-model. Fitting the surrogate model in-
volves constructing a mapping from X to Y , given a set of Nt input-output
pairs tpxpiq, ypiqqu. Each pair in this set is referred to as a sample or a data
point and is assumed to be independent and identically drawn (i.i.d) from
PX,Y - obtained by evaluating the expensive model M at an input:

ypiq �Mpxpiqq (2.2)

This set of data points used for training the surrogate model is called the
training set and is denoted as Dt:

Dt � tpxpiq, ypiqqu, i � r1, . . . , Nts (2.3)

Standard procedures in machine learning call for splitting the available data
into a training set Dt and a validation set Dv, and sometimes a third split
called a calibration set Dc. However, when data is sparse, as is often the
case in computational design, splitting the data and using only a portion of
it for training the model may lead to a sub-optimal �t. It is, therefore, a
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common practice in these data-sparse design routines to train the surrogate
model using the entire data set. The surrogate model, once trained on the
data, can predict the response of the actual model (up to an error) at any
given input x within the input space:

ry � �Mpx|Dtq � y (2.4)

In general, the output y of model M can be of any form (e.g., time
history data, an image, or a vector �eld). In most design problems, however,
it is either a categorical value y P t1, ..., Qu, or a real-valued scalar y P R.
When y is categorical (i.e., Y � Z), the problem is known as classi�cation,
and when y is real-valued (i.e., Y � R), the problem is known as regression.

More importantly, one should note that we have no information about
modelM other than our ability to evaluate it. Such models are often referred
to as the black-box models - which, in practice, can represent either computer
simulations or physical experiments that take x as their inputs and returns y
as their output. Given some training data Dt (obtained from evaluating M
), the goal of a surrogate model is to accurately approximate this black-box
model. There are a number of models, ranging from simple linear regression
to neural nets, which can be used for this purpose, and the following section
broadly categorizes them.

2.1.2 Parametric vs non-parametric models

Surrogate models can be mathematically formulated in a number of di�erent
ways. As such, it is important to note a crucial distinction among these mod-
els based on their parameterization. Models can either have a �xed number
of parameters, or the number of parameters can grow as the training data
increases. The former are referred to as the parametric models, and the latter
are called non-parametric models. Parametric models, in general, are mathe-
matically simple and faster to use, but they make strong assumptions about
the distribution of the data. These assumptions are usually incorporated
into the form or structure of the models - limiting their applicability. Non-
parametric models, on the other hand, are more �exible and versatile, but
they tend to be mathematically complex and are often di�cult to tune (es-
pecially for large data sets). Table 2.1 lists a few common surrogate models
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with this categorization.

Models
Regression/
Classi�cation

Parametric/
Non-parametric

Naive Bayes classi�er Classi�cation Parametric
linear regression Regression Parametric
logistic regression Classi�cation Parametric
Radial basis regression Regression Parametric
Neural networks Both Parametric
Tree models Both Non-parametric
Support vector machine Both Non-parametric
Gaussian processes Both Non-parametric
Smoothing splines Regression Non-parametric

Table 2.1: List of common surrogates, and their categorization [59]

The parameters of a surrogate model, often denoted as θ, can be viewed
as con�guration variables that are intrinsic to the model. Given the form
of the model, one can think of them as learnable weights or coe�cients into
which the information from training data is consolidated. These parameters
are learned through a training algorithm A whose aim is to construct �M
by searches over a space of functions H called the hypothesis space. This
procedure typically involves minimizing a risk function de�ned through a loss
function discussed brie�y in the next section.

2.1.3 Loss functions

A loss function, denoted as Lpθ, ry, yq, is a non-negative function de�ned
to measure the deviation of a surrogate model prediction ry from the true
value y. As such, they are constructed as local (i.e, x dependent) measures
of error, and will therefore take large values only at locations where the
surrogate model deviates from the actual model. These loss functions
when coupled with a risk minimization procedure (described later in this
section) will gradually learn to reduce the prediction error by tuning the
model parameters. Based on the problem setting, these loss functions can
be broadly divided into two categories: classi�cation losses and regression
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losses. Listed below are some common loss functions and their plots in
Figure 2.1:

Classi�cation losses

� 0-1 loss:

Lpy, ryq � Iry � rys � #
0 if y � ry
1 otherwise

(2.5)

0-1 loss is a non-convex function. Hence, using it to construct the
optimization objective of A results in an NP-hard problem.

� Hinge loss:
Lpy, ryq � maxp0, 1 � y � ryq (2.6)

Hinge loss, unlike 0-1 loss, is a convex function, and is primarily de-
veloped for `max-margin' classi�cation (e.g. Support Vector Machine
models).

� Cross-entropy or log loss:

Lpy, ryq � �y log ry � p1 � yq logp1 � ryq (2.7)

Cross-entropy loss is used to measure the performance of a classi�cation
model whose output is a probability value (e.g. logistic regression).

Regression losses

While modeling real-valued quantities, the magnitude of di�erence (i.e., y�ry)
is often used to determine the quality of predictions. Hence, regression losses
are generally de�ned as functions of this di�erence:

� Laplace or L1 loss:
Lpy, ryq � |y � ry| (2.8)

� Quadratic or L2 loss:

Lpy, ryq � py � ryq2 (2.9)

Quadratic loss is often the default choice for several regression models,
especially when there is no additional information about the distribu-
tion of the data set. It is, however, sensitive to outliers.
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� Huber loss:

Lpy, ryq � #
0.5py � ryq2 if |y � ry| ¤ ε

εp|y � ry| � ε{2q otherwise
(2.10)

Huber loss is less sensitive to outliers than the Quadratic loss. It treats
error as a square only inside an interval ε.

� Log cosh loss:
Lpy, ryq � log coshpy � ryq (2.11)

Log cosh loss behaves very similarly to the Huber loss, but is twice
di�erentiable continuously. In contrast, Huber loss does not have a
continuous second derivative.

Notice that the loss function de�nitions above are not expressed as func-
tions of θ. Nevertheless, they are implicitly functions of θ as the surrogate
prediction ry is dependent on θ.

Figure 2.1: (Left) classi�cation loss functions, (Right) regression loss func-
tions.
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2.1.4 Risk functions

The predictive performance of a surrogate model �M is measured in terms of
expected loss, and is often referred to as the risk or the generalization error:

Rp�Mq � EX,Y rLpy, �Mpxqs (2.12)

� EX,Y rLpy, ryqs
�
»
rLpy, ryqs dPX,Y

The risk function, as Eqn. 2.12 presents, calculates the global (i.e., average)
error of the surrogate model over the input space. This is in contrast to the
loss function which only measures the error locally. Moreover, it is crucial to
understand that Eqn. 2.12 measures the true risk only when calculated based
on the actual PX,Y distribution. This distribution, however, is unknown in
practice, and as a result the true risk can not be assessed. Instead, an
empirical estimate of the risk can be calculated based on a �nite number of
samples:

Rempp�Mq � 1

N

Ņ

i�1

Lpypiq, rypiqq � Rp�Mq (2.13)

The paradigm of selecting a function �M� (and its parameters) to minimize
this risk estimate is known as empirical risk minimization (ERM), and it
forms the basis for many learning algorithms [96]:

�M� � argmin
�MPH

Rempp�Mq (2.14)

Given that the empirical risk is estimated based on a limited set of samples
Dt, there is a possibility that minimizing the empirical risk may actually
lead to an increase in the true risk. This is where the problem of over-
�tting becomes apparent, especially when the models are highly �exible with
a lot of adjustable parameters. When this occurs, the model becomes overly
tuned to the training data and its local variations and ends up losing its
general predictive ability. This brings the discussion to a concept called
bias-complexity trade-o� in machine learning [83].
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2.1.5 Bias-Complexity trade-o�

Given a learning problem with a distribution PX,Y and a loss function, there
exists a model, in theory, which leads to minimal risk. This model is referred
to as the target model and has the following risk:

R�
emp � inf

�M:X ÞÑY
Rempp�Mq (2.15)

Notice that in the above de�nition, the minimum is considered over all pos-
sible functions mapping from X to Y . However, in practice, the search is
con�ned to a restricted hypothesis classH by choosing the form of the model.
The best model in this restricted class can be expressed as follows:

�M� � argmin
�MPH

Rempp�Mq (2.16)

The excess risk associated with a model �M can now be expressed in terms
of Eqns 2.15 and 2.16 as follows:

Rempp�Mq�R�
emp �

�
Rempp�M�q �R�

emp

�loooooooooooomoooooooooooon
approximation error

�
�
Rempp�Mq �Rempp�M�q

�looooooooooooooomooooooooooooooon
estimation error

(2.17)

Here approximation error, also referred to as the inductive bias, is the
minimum risk achievable by a model in the hypothesis class H. It is the
di�erence in risk between the best model �M� within the hypothesis class and
the target model. Simply put, the approximation error measures the risk
incurred from restricting the model to the hypothesis class. The estimation
error, on the other hand, is the error attributed to the empirical estimation
of the risk (with a �nite number of training samples Dt that only partially
re�ect the true distribution PX,Y ). This error, in other words, results from
the fact that empirical risk is only an estimate of the true risk, and the
model obtained from minimizing this empirical risk is only an approximation
of the target model.

It is possible to decrease the approximation error by choosing H to be a
large, complex class of functions, but doing so may lead to over-�tting and
increase the estimation error. On the other hand, restricting H to a small
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class (by imposing strong assumptions on the structure of the model) would
reduce the estimation error but might increase the approximation error due
to potential under-�tting. As such, achieving an optimal trade-o� between
these two sources of error is a major challenge in machine learning. To this
end, the concept of structural risk, which accounts for the model complexity
while computing the risk, was introduced [96, 97]:

Rstrp�Mq � Rempp�Mq � βHpθq (2.18)

here β is a penalty factor, and Hpθq is a regularization function which takes
large values when θ leads to a high-capacity (i.e., complex) model. Learning
the model and its parameters through structural risk minimization (SRM)
can avoid over-�tting issues by balancing the quality and complexity of the
model. Other techniques for avoiding over-�tting also include hold-out train-
ing, cross-validation, and model ensembling.

2.2 Common surrogate models

The following section reviews a few commonly used surrogate models. While
doing so, special emphasis is given to Gaussian Processes and Support Vector
Machine models, both of which are extensively used in this dissertation.
Note that the list of models presented in this review is not exhaustive, hence
interested readers are referred to [96, 59, 11, 88] for a more comprehensive
review.

2.2.1 Linear regression

The simplest, and arguably the most common of all surrogate models is the
linear regression. This model predicts the output y P R by linearly combining
the input variables rx1, . . . , xdsT with weights β � rβ0, β1, . . . , βds:

ypxq � β0 � β1x1 � � � � � βdxd (2.19)

It is important to recognize that the term `linear' in its name refers to its
property of being a linear function of the weights, regardless of whether it is
a linear combination of the input variables. Consequently, the scope of the
model can be extended to include linear combinations of nonlinear functions
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of the input variables, leading to:

ypxq � β0 �
m�1̧

j�1

βjφjpxq (2.20)

here φjpxq are referred to as the basis functions, and m is the total number
of weights in the model. By de�ning a dummy basis function φ0pxq � 1 for
bias coe�cient β0, the model can be conveniently written as:

ypxq � βTφpxq (2.21)

It is possible to model a wide range of trends with linear regression by choos-
ing appropriate basis functions. For example, using powers of x as the basis
(i.e., φjpxq � xj) results in a polynomial regression model. Additionally, seg-
menting the input space into regions and �tting a di�erent polynomial in
each region results in spline functions [11]. Also, it is common to choose the
basis to be a function of radial distance, as shown below using Gaussian:

φpxqj � exp

�
�||x� µj||

2l2



(2.22)

here µj de�nes the location of the basis function, and l is the length scale
parameter which must be tuned. Functions of this form are known as the
radial basis, and the resulting model is called the radial basis regression. The
basis functions in these models are obtained by centering a radial basis on
each training example txpiqt uNt

i�1 such that:

φpxq �
�
φ
�
x,x

piq
t

	
, . . . , φ

�
x,x

pNtq
t

	�
(2.23)

2.2.1.1 Estimating weights

Given a set of observations Dt � tpxpiq, ypiqq, i � r1, . . . , Ntsu, xpiq P
Rd, ypiq P R, the weights β of a linear regression model are chosen so as
to minimize the empirical risk under squared-loss:

pβ � arg min
β

1

N

Ņ

i�1

pypiq � βTφpxpiqqq2 (2.24)
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The solution to this optimization problem, often referred to as the ordinary
least-squares (OLS), can be obtained analytically by setting the gradient to
zero:

pβ � pΦTΦq�1ΦTyt (2.25)

where yt � ryp1q, . . . , ypNtqsT is a vector of training responses, and Φ is the
design matrix of size Nt �m with basis evaluations at the training data:

Φ �

��� φ1pxp1qq � � � φmpxp1qq
...

. . .
...

φ1pxpNtqq � � � φmpxpNtqq

��� (2.26)

It is relevant to note here that the same solution (Eqn. 2.25) can also be
obtained by maximizing the likelihood of observing the training data under
a Gaussian noise model such that:

ypxq � βTφpxq � ε (2.27)

here ε is a zero mean Gaussian random variable with variance σ2
n. As a

consequence, one can write the following Gaussian conditional distribution:

ppy|x,β, σ2
nq � N py|βTφpxq, σ2

nq (2.28)

Assuming that the observations are independently drawn for this distribu-
tion, the likelihood Lh is given as:

Lhpyt|Xt,β, σ
2
nq �

Nt¹
i�1

N pypiq|βTφpxpiqq, σ2
nq (2.29)
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Taking the logarithm of this likelihood function, and setting its gradient to
zero yields the maximum likelihood estimate (MLE):

ln
�
Lhpyt|Xt,β, σ

2
nq
� � Nt

2
� Nt

2
lnp2πq � 1

σ2
n

Nţ

i�1

�
ypiq � βTφpxpiqq�2

(2.30)

B
Bβ

�
ln
�
Lhpyt|Xt,β, σ

2
nq
�� � 1

σ2
n

Nţ

i�1

�
ypiq � βTφpxpiqq�φpxpiqqT � 0

ñ pβmle � pΦTΦq�1ΦTyt

2.2.2 Logistic regression

Consider a binary classi�cation problem, where the goal is to predict the
class label y P tC1, C2u or the probability of a sample x P Rd belongs to a
particular class (e.g. ppy � C1|xq). One common approach to handle these
problems is to use the same model construction as the linear regression, but
transform its output into a (class) probability using a nonlinear mapping
function:

ppy � C1|xq � ppxq � fapβTxq (2.31)

This mapping function fapq is often referred to as the activation function,
and its inverse is called the link function. Classi�cation models aim to divide
the input space into decision regions bounded by decision boundaries. For
a model of the form in Eqn. 2.31, the decision boundary is linear, and is
given by βTx � constant. This decision boundary can be easily extended
to nonlinear basis φpxq without loss of generality, as seen with the linear
regression.

In logistic regression, the probability of a sample belonging to class C1 is
written as a sigmoid acting on the linear function βTx (i.e., the activation
function takes the form of a sigmoid) so that:

ppxq � σpβTxq � exppβTxq
1 � exppβTxq

where, σpzq � exppzq{p1�exppzqq is the sigmoid function, and ppy � C2|xq �
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1�ppy � C1|xq. This model can also be rewritten in terms of a link function
called the logit as follows:

logitpppxqq � log

�
ppxq

1 � ppxq


� βTx (2.32)

The logit function represents the log of the ratio of probabilities between
the two classes (i.e., logpppy � C1|xq{ppy � C2|xqq). Therefore, it is also
referred to as the log odds.

Once the model parameters β are estimated, the class of a new sample xnew

can be predicted using:

ppxnewq � exppβTxnewq
1 � exppβTxnewq (2.33)

and the associated class prediction is given by:

ypxnewq �
#
C1 ppxnewq ¤ 0.5

C2 ppxnewq ¡ 0.5
(2.34)

2.2.2.1 Estimating parameters

Given a set of training samples Dt � tpxpiq, ypiqq, i � r1, . . . , Ntsu, xpiq P
Rd, ypiq P t0, 1u, the parameters β of the logistic regression model can be
found by maximizing the likelihood. Assuming independence of the samples,
the likelihood function can be written as:

Lhpyt|Xt,βq �
¹

i:ypiq�1

ppxpiqq.
¹

i:ypiq�0

p1 � ppxpiqqq (2.35)¹
i:ypiq�1

ppxpiqqypiqp1 � ppxpiqqq1�ypiq (2.36)

where yt � rypiq, . . . , ypNtqsT and Xt � rxpiq, . . . , xpNtqsT. Taking negative
logarithm of this likelihood function, and rearranging it leads to cross-entropy
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loss function (discussed previously in Section 2.1.3):

� logpLhpyt|Xt,βqq � �
Nţ

i�1

�ypiq log ppxpiqq � p1 � ypiqq log
�
1 � log ppxpiqq�

(2.37)

This loss function does not have a closed-form expression for its minimizer.
Hence, has to be numerically optimized to estimate the model parameters:

pβ � arg min
β

� logpLhpyt|Xt,βqq (2.38)

2.2.3 Gaussian processes

Consider the problem of approximating a scalar-valued function y � Mpxq
given a set of observations Dt � tpxpiq, ypiqq, i � r1, . . . , Ntsu, xpiq P Rd, ypiq P
R. Gaussian process (GP) regressions, also known as Kriging models, have
become a popular tool to handle such tasks - especially in applications where
data is limited [16, 43, 75]. Historically, GP models have been interpreted
in a number of di�erent ways. One elegant interpretation of GP models is
to view them as distributions over functions. This functional-space view,
however, can be di�cult and non-intuitive to comprehend. As such, the
following presentation uses a similar, yet more fundamental and intuitive,
way to introduce GPs by starting with Gaussian distributions.

The Gaussian distribution, also referred to as the Normal distribution, is a
type of continuous probability distribution for a real-valued random variable.
A random variable Y is said to be normally distributed, written as Y �
N pµ, σ2q, if it takes the following probability density function (PDF):

fY py | µ, σq � 1

σ
?

2π
exp

�
�py � µq2

2σ2



(2.39)

By setting µ � 0 and σ � 1 in the above expression, one obtains the so-called
Standard Normal distribution whose PDF is given as fY pyq � 1

2π
expp�0.5y2q.

Any normal distribution can be seen as a version of the standard normal
distribution with its center translated by µ and support domain stretched
by a factor σ. While this property may seem trivial, it becomes extremely
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handy when working with GPs with complicated trend functions. Gaussian
distributions, in addition, exhibit several convenient mathematical prop-
erties which make them ubiquitous in data science and machine learning
procedures. Some of these properties are: 1q Gaussian distributions are
closed under linear operators. 2q Gaussian distribution has the highest
entropy of any distribution with mean µ and variance σ2. As such, it should
be used as the default least-informative choice. 3) Squared-loss functions
lead to procedures that have Gaussian probability interpretation (i.e., �tting
a model fpxq to data y by minimizing squared-loss is equivalent to maximiz-
ing the likelihood under the assumption that y � fpxq�ε with ε � N p0, σ2q).

When extending these Gaussian distributions to a multi-variate case, the
only complexity that one has to deal with is the covariance matrix - which
has to be symmetric and positive semi-de�nite. To understand the role of
the covariance matrix, let's examine a bi-variate case. Consider a random
variable Y � rY1, Y2sT P R2 following a bi-variate Gaussian distribution with
mean vector µ P R2 and covariance matrix Σ P R2x2 such that:

µ �
�
µ1 � EpY1q
µ2 � EpY2q

�
, Σ �

�
σ2

1 ρ12σ1σ2

ρ21σ1σ2 σ2
2

�
var pYiq � σ2

i , cov pYi, Yjq � ρijσiσj, cor pYi, Yjq � ρ12 for i � j

PDF: fYpy | µ,Σq � |Σ|� 1
2 p2πq� d

2 exp

�
�1

2
py � µqJΣ�1py � µq



(2.40)

Samples drawn from this bivariate Gaussian distribution are shown in
Figure 2.2 while varying the entries in the covariance matrix. In particular,
notice the role of the cross terms (ρijσiσj) in the covariance matrix. As
these terms increase in value, the correlation (i.e., similarity) between Y1

and Y2 becomes stronger (i.e., if the value of Y1 is observed to be large, the
likelihood of Y2 being large is also high, and vice versa).

When considering distributions beyond two dimensions, scatter plots, such
as those in Figure 2.2, are no longer useful to visualize samples. One must
resort to a di�erent plotting technique as shown in Figure 2.3. This �gure
shows samples drawn from a bivariate Gaussian distribution Y with their
values (Y1 and Y2) plotted on the vertical axis against their dimension
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Figure 2.2: Illustration showing the role of covariance matrix in a bi-variate
normal distribution

indices (1 and 2) on the horizontal axis. This plotting technique allows for
convenient visualization of high-dimensional samples, and as such, samples
drawn from Gaussian distributions of 5, 25, and 50 dimensions are shown in
Figure 2.4. Each colored line in these plots, which resembles a continuous
function, is a sample from these high-dimensional Gaussian distributions.
Note that the horizontal axis of these plots, which currently displays the
dimension index (arbitrarily chosen for convenience), can be replaced with
a di�erent index (e.g., time t or position x) without any loss of generality.
Using this rationale, one can intuitively realize that extending the Gaussian
distribution to in�nite dimensions would result in something that looks like
a `distribution over random functions'. This distribution is formally referred
to as a Gaussian process.

A Gaussian process is a stochastic process (i.e., a collection of random
variables), such that every �nite subcollection of those random variables
has a multivariate normal distribution. In surrogate modeling context, the
output y � Mpxq is seen as a realization of a Gaussian stochastic process
Y pxq indexed by x P X � Rd.

Gaussian processes, much like Gaussian distributions, are completely speci-
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Figure 2.3: New plotting technique for convenient visualization of samples
drawn from high-dimensional distributions

Figure 2.4: Samples drawn from d-dimensional Gaussian distributions: (Left)
d � 5, (Center) d � 25, (Right) d � 50.

�ed by their mean and covariance functions:

mpxq � EY rY pxqs (2.41)

kpx,x1q � covpY pxq, Y px1qq
� EY rpY pxq �mpxqqpY pxq �mpx1qqs (2.42)

The mean function mpxq represents the GP's trend, and it can take any
mathematical form. In practice, it is generally selected to be either a constant
or a function of the form mpxq � fTpxqβ where fpxq � rf1pxq, ..., fppxqsT
is a set of �xed basis functions and β is a p � 1 vector of coe�cients.
The mean function can also be set to zero. Although this is true, one
may want to explicitly model the mean function for a variety of reasons,
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such as model interpretability and convenience of expressing prior knowledge.

The form of covariance function kpx,x1q, in comparison with mean function
mpxq, is a bit restrictive. This is because, for a covariance function to be
valid, it must result in a symmetric positive semi-de�nite covariance matrix
(i.e.,

°Nt

i,j�1 aiajkpxpiq,xpjqq ¥ 0, @ ai � 0, ai P R). Moreover, the covariance
function is generally chosen to be a function of distance between samples.
Such a construction would result in a stationary kernel of the following form:

covpY pxq, Y px1qq � kpx,x1q � σ2ψθpx� x1q (2.43)

here ψθpx � x1q is a correlation kernel parameterized with θ, and σ2 is the
variance parameter. The form of the covariance function determines the
characteristics of the GP model by de�ning its random function space. In
particular, it dictates the properties of the GP model such as smoothness, dif-
ferentiability, and stationarity. Consequently, the covariance function (which
serves as a prior for GP) is typically chosen to re�ect one's belief in the struc-
ture, regularity, and other intrinsic properties of ypxq. A common choice of
covariance function is the isotropic squared-exponential kernel of the follow-
ing form:

kpx,x1q � σ2exp

�
� 1

2l2
||x� x1||2



(2.44)

here l, referred to as the length scale, is the kernel hyper-parameter repre-
senting the distance scales in which the observations are strongly correlated
(i.e., it determines the `wiggleness' of the function).

Given some training data, and a choice of mean and covariance functions, a
Gaussian process can be trained to approximate the output of an expensive
model. In what follows below, two types of GP models are presented. The
�rst model assumes the observations to be noise-free. The second model,
on the other hand, assumes a more general case where the observations are
corrupted by an unknown white noise.
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2.2.3.1 Kriging equations: noise-free case

Given a training data set with noise-free observations ypiq �Mpxpiqq, the task
here is to predict Mpxq at any new location x P X . This is accomplished
through GP modeling which states that the vector formed by the random
variable rY pxq - representing the prediction at x, and the random vector
Yt - modeling the training observations yt � ryp1q, . . . , ypNtqsT, has a joint
Gaussian distribution as follows:� rY pxq

Yt

�
� N

��
fT pxqβ
Fβ

�
, σ2

�
1 ψT pxq

ψpxq Ψ

�

(2.45)

here F is the design matrix with entries Fi,j � fjpxpiqq; i � 1, . . . , Nt; j �
0, . . . , p, ψpxq is the correlation vector between the new point x and the train-
ing points Xt � txpiquNt

i�1 with entries ψi � ψθpx,xpiqq; i � 1, . . . , Nt, and Ψ
is the correlation matrix with elements Ψi,j � rθ

�
xpiq,xpjq

�
, i, j � 1, . . . , Nt.

Under this setting, the prediction at x de�ned through a distribution
rrY pxq|Yt � yt,β, σ

2
y,θs is given by a Gaussian N pµ

rY pxq, σrY pxqq. This dis-
tribution is obtained by restricting the joint prior distribution (Eqn. 2.45) to
only contain functions agreeing with the actual observations (see Figure 2.5).
Mathematically, this operation is equivalent to conditioning the distribution
on the observations, and it leads to:

µ
rY pxq � fpxqTβ �ψTpxqΨ�1pYt � Fβq (2.46)

σ2
rY
pxq � σ2

�
1 �ψT pxqΨ�1ψpxq� (2.47)

here, the mean µ
rY pxq is used as the surrogate model for predicting the true

response, and the variance σ2
rY
pxq represents the degree of uncertainty in GP

prediction. In this setting (i.e., no noise), the prediction variance collapses
to zero at the training points Xt, and the model mean interpolates through
the observations yt without any error. Also observe that the variance, given
by equation (), does not depend on the actual observations Yt. As such, it
is more appropriate to interpret the Kriging variance σ2

rY
pxq as a measure of

the distance between point x and the training points Xt rather than as a
measure of the prediction error at point x.
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Figure 2.5: (Left) samples drawn from a GP prior. (Right) GP posterior
after observing two data points. (Right) solid line - GP mean prediction,
dashed lines - samples from posterior [75]

It is often convenient to visualize the prediction variance as a con�dence
interval (CI) around the mean - as shown in the Figure 2.5. Given that the
GP prediction is a normal distribution, the CI can be easily computed as:

rY pxq P �µ
rY pxq � Φ�1

�
1 � α

2

	
σ
rY pxq, µrY pxq � Φ�1

�
1 � α

2

	
σ
rY pxq

�
(2.48)

here α is the signi�cance level, usually set to 0.05, and Φ is the cumulative
density function (CDF) of the standard normal distribution.

2.2.3.2 Kriging equations: noisy case

While noise is rarely encountered in deterministic computer simulations, it
is a major problem in stochastic simulations employing numerical methods
such as Monte Carlo procedures. Moreover, in real-world settings, such as ex-
periments, the true function is never directly accessible without some degree
of measurement noise. As such, let us consider the task of approximating a
function Mpxq given that the observations are corrupted with an additive
Gaussian noise ε, such that:

y �Mpxq � ε, where ε � N p0,Σnq (2.49)

here Σn is the noise covariance matrix. If the noise variance is treated to
be constant and same across all observations (i.e., homoscedastic), in this
situation: Σn � σ2

nINt�Nt where σ
2
n is referred to as the nugget parameter.
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When the noise variance varies from one observation to another but is
not correlated across observations (i.e., independent heteroscedastic), then
Σn � rσ2

nδijs, i, j � 1, . . . , Nt where δij is the Kronecker delta. Alterna-
tively, when the noise variance is di�erent across observations and is also
correlated, representing the most complex case, Σn is a full matrix with
non-zero non-diagonal entries [48, 75].

Modifying Eqn. 2.45 to introducing the noise term, the joint distribution of
the observations and the prediction at a new location x is given by:� rY pxq

Yt

�
� N

��
fT pxqβ
Fβ

�
,

�
σ2 σ2ψT pxq

σ2ψpxq σ2Ψ�Σn

�

(2.50)

Now, the prediction at x de�ned through a distribution rrY pxq|Yt � yt,β, σ
2
y ,

θ,Σns is given by a Gaussian N pµ
rY pxq, σrY pxqq with:

µ
rY pxq � fpxqTβ � σ2ψpxqTrrrσ2Ψ���Σnsss�1pYt � Fβq (2.51)

σ2
rY
pxq � σ2 � σ2ψT pxqrσ2Ψ�Σns�1

σ2ψpxq (2.52)

In contrast to the noise-free case, the GP mean here does not pass through the
observations as shown in Figure 2.6 (i.e., it regresses instead of interpolating).
Moreover, the predictive variance is not equal to zero at training points due
to observation noise variance.

2.2.3.3 Parameter estimation

The parameters tβ, σ2,θ,Σnu of the GP model must be tuned before the
model can be used as a surrogate. This is typically accomplished either via
Bayesian estimation or through maximum likelihood (frequentist) estima-
tion. In Bayesian framework, the parameters of the model are modeled as
random variables with prior distributions, and their posterior distributions
are inferred from the data tyt,Xtu via Bayes rule as follows:

ppβ, σ2,θ,Σn| yt,Xtq � Lhpyt| Xt,β, σ
2,θ,Σnq ppβ, σ2,θ,Σnq
ppyt| Xtq (2.53)
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Figure 2.6: (Left) noise-free GP formulation, (Right) GP formulation with
noise nugget. Training data is sampled for the true function but is corrupted
with noise

here Lhpyt| Xt,β, σ
2,θ,Σnq is the likelihood (explained later), and

ppβ, σ2,θ, Σnq is the prior distribution of the model parameters representing
our knowledge of the parameters before observing the data. The model pa-
rameters are generally considered to be independent, allowing for a factoriza-
tion of the form: ppβ, σ2,θ,Σnq � ppβq ppσ2q ppθq ppΣnq. The normalizing
constant in the denominator ppyt| Xtq is referred to as the marginal likelihood
(or evidence), and is given by:

ppyt| Xtq �
»
tβ,σ2,θ,Σnu

Lhpyt| Xt,β, σ
2,θ,Σnq ppβ, σ2,θ,Σnq (2.54)

This integral, in general, is intractable to solve analytically, making it im-
possible to obtain the posterior distribution in closed form. While choosing
conjugate priors allows for such analytical estimation, their use is rarely
applicable in practice. As such, one must resort to expensive Markov Chain
Monte-Carlo (MCMC) methods to numerically estimate the posterior dis-
tribution [26, 61]. These schemes only require knowledge of the posterior up
to a multiplication constant, eliminating the need to compute the evidence
term. Note that marginal likelihood, given in Eqn. 2.54, involves integration
over the parameter space (loosely speaking, it averages over possible values of
the parameters). As such, it automatically incorporates a trade-o� between
model �t and model complexity - thereby reducing the chances of over-�tting.
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The other approach for estimating the GP parameters is called the
maximum likelihood estimation (MLE). As the name implies, this technique
aims to select the GP parameters by maximizing the likelihood of observing
the training data. This method is much simpler to implement and also
takes signi�cantly less time than its Bayesian counterpart. However, MLE
only provides a point estimate of the parameters, making it less robust than
the Bayesian approach (which provides a distribution of the parameters as
the posterior). Nevertheless, MLE is the most frequently used method for
determining GP parameters, and it was also the method of choice for �tting
GPs in this dissertation.

Considering that the observations yt are assumed to follow a multivariate
normal distribution, the likelihood for the parameters tβ, σ2,θ,Σnu is given
by:

Lhpyt| Xt,β, σ
2,θ,Σnq � pdetpσ2Ψθ ���Σnqq�1{2

p2πqNt{2
exp

�
�1

2
pyt � FβqT

pσ2Ψθ ���Σnq�1pyt � Fβq
�

(2.55)

For the purposes of this discussion, let us consider the noise covariance
matrix to take the form Σn � σ2

nINt�Nt (i.e., homoscedastic case). The more
general case of heteroscedastic noise is beyond the scope of this dissertation.
Under the homoscedastic simpli�cation, we re-express the covariance matrix
as σ2 rΨθ,δn , where rΨθ,δn � Ψθ � δnI, δn � σ2

n{σ2, and hence the likelihood
function becomes,

Lhpyt| Xt,β, σ
2,θ, δnq �

�
det

�
σ2 rΨθ,δn

		�1{2

p2πqNt{2
exp

�
�1

2
pyt � FβqT

pσ2 rΨθ,δnq�1pyt � Fβq
�

(2.56)

Now, maximizing the likelihood function with respect to β (i.e., setting BLh

Bβ
�
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0) while conditioning on σ2,θ and δn gives:

pβ �
�
FTpσ2 rΨθ,δnq�1F

	�1

FT
�
σ2 rΨθ,δn

	�1

yt (2.57)

This is simply the generalized least-square estimate of the regression coe�-
cients. Now, substituting this β̂ into the likelihood function, and maximizing
it with respect to σ2 gives:

BLh
Bσ2

� 0 ñ pσ2 � 1

Nt

pyt � FpβqTprΨθ,δnq�1pyt � Fpβq (2.58)

Now, substituting pβ and pσ2 for β and σ2 in equation 2.57 [] gives:

Lhpyt| Xt,θ, δnq � p2πpσ2q�Nt{2
�

det
!
prΨθ,δnq

)	�1{2

exp

�
�Nt

2



(2.59)

Finally, the remaining parameters θ and δ are obtained by numerically min-
imizing the negative of the log-likelihood (up to a constant):

tpθ, pδnu � arg min
θ, δn

Nt log
�
2πpσ2

�� log
�

det
�rΨθ,δn

		
(2.60)

2.2.4 Support vector machines

Consider a binary classi�cation problem, where the goal is to predict if a
sample belongs to one class or the other. SVMs are widely regarded as
the most e�ective supervised machine learning algorithm to handle this
kind of problem. The central idea behind SVMs stems from seeking a
classi�cation model (i.e., a decision boundary) that separates the data from
di�erent classes as much as possible with a large `gap'. To develop an
intuitive theoretical basis for the SVM models, this concept of `gap' must be
formalized. To this end, an exposition from [62, 96, 11] is used to introduce
the notions of functional and geometric margins.

Consider a linear classi�er S, with inputs x and output labels y P t�1, 1u,
of the form:

Sw,bpxq � gpwTx� bq (2.61)

here w, b are the parameters of the linear model, and gpzq is a function such
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that gpzq � 1 if z ¥ 0 and gpzq � -1 otherwise. The value of z (i.e., the
function wTx� b) being large and positive, for a given x, can be intuitively
interpreted as a high degree of `con�dence' that the label is +1. Similarly, a
large negative value, on the other hand, implies that the label is -1 with a high
degree of con�dence. This intuition can be formalized with the de�nition of
functional margins. The functional margin of pw, bq with respect to a sample
pxpiq, ypiqq is de�ned as:

γ̂i � ypiqpwTxpiq � bq (2.62)

Under this de�nition, for the prediction of a sample to be correct, its func-
tional margin must be greater than zero pγ̂i ¡ 0q. As such, a large positive
functional margin indicates a con�dent and correct prediction. Given a set
of training samples Dt � tpxpiq, ypiqq; i � 1, . . . , Ntu, the functional margin
of pw, bq with respect to the complete set is de�ned as the smallest of the
functional margin values among its samples:

γ̂ � min
i�1,...,Nt

γ̂i (2.63)
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Figure 2.7: Linear classi�er - decision boundary along with its training sam-
ples

The decision boundary corresponding to pw, bq is illustrated in Figure
2.7 along with its training samples. Here, �'s are the positive samples and
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o's are the negative samples. Now, compare points A and B on this �gure.
Although both of these points belong to +1 class, we are signi�cantly more
con�dent in predicting A to be of +1 class than B simply because A is
located far from the decision boundary. This distance (i.e., being located far
from the separating hyperplane) can also be intuitively seen as a measure
of con�dence in our predictions. This intuition can be formalized using the
notion of geometric margins de�ned through the distance measure.

The vector w, representing the coe�cients of the linear model, is orthog-
onal to the decision boundary. As such, a unit-vector pointing in the same
direction is given by w{||w||, and the distance of a training sample pxpiq, ypiqq
from the decision boundary is given by:

γi � wTxpiq � b

||w||

�
�

w

||w||

T

xpiq � b

||w|| (2.64)

Using this distance measure, the geometric margin of pw, bq with respect to
a sample pxpiq, ypiqq is de�ned as:

γi � ypiq

��
w

||w||

T

xpiq � b

||w||

�
(2.65)

This geometric margin γ, unlike the functional margin γ̂, is invariant to the
rescaling of the parameters pw, bq, and when ||w|| � 1, geometric margin is
equal to functional margin since γ � γ̂{||w||. Following the de�nition from
Eqn 2.63, the geometric margin of pw, bq with respect to the training set Dt

is de�ned as the smallest of the geometric margins of its samples:

γ � min
i�1,...,Nt

γi (2.66)

2.2.4.1 Linear SVM: optimal margin classi�er

If the data are linearly separable, as shown in Figure 2.7, the two classes of
samples can be separated using a straight line, or more generally, a hyper-
plane in high dimensions. There are, however, in�nitely many hyperplanes



Fundamentals of Computational Design 48

(with di�erent tw, bu values) that can separate the samples. As a conse-
quence, the problem becomes one of identifying the hyperplane that can
`optimally' separate the data. This is where the notion of margins comes into
play to provide an intuitive framework for de�ning what `optimal' stands for.

With the concept of margins in mind, a rational description of the optimal
hyperplane would be the one which maximizes the (geometric) margin. Such
a model would separate the positive and the negative training samples with
a `gap' to produce a con�dent set of predictions. The problem of �nding this
hyperplane that achieves maximum geometric margin can be posed as the
following problem:

max
w,b

γ (2.67)

s.t. ypiqpwTxpiq � bq ¥ γ, @ i � 1, . . . , Nt

||w|| � 1

This formulation, however, is non-convex and is subject to an equality con-
straint that is di�cult to handle. Therefore, by combining the relation
γ � γ̂{||w|| with a clever re-scaling of parameters pw, bq to enforce γ̂ � 1,
the above optimization problem can be transformed into:

min
w,b

1

2
||w||2 (2.68)

s.t. ypiqpwTxpiq � bq ¥ 1, @ i � 1, . . . , Nt

This transformed formulation with a convex quadratic objective subjected to
linear inequality constraints is much easier to handle, and is often referred to
as the primal form of the SVM optimization. Notice that this optimization
problem is subjected to Nt linear constraints, one for each training sample,
to ensure that the training data are properly `�tted'. If Nt is large, handling
these constraints can become cumbersome. Hence, the dual form of this
optimization is often preferred in practice.

By converting these linear constraints into standard form gipw, bq � 1 �
ypiqpwTxpiq � bq ¤ 0, the Lagrangian L for this primal form can be written
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as:

Lpw, b,αq � 1

2
||w||2 �

Nţ

i�1

αirypiqpwTxpiq � bq � 1s (2.69)

Here, αi's are the Lagrange multipliers for the constraints, and only those
αi's corresponding to active constraints would be positive. In other words,
αi ¡ 0 only for training samples with functional margins equal to one. These
samples with the smallest possible margins are also the ones closest to the
decision boundary, and are called support vectors (SVs). Figure 2.8 shows
these SVs as colored data points.
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Figure 2.8: Support vectors (i.e., the samples closest to the decision bound-
ary) are highlighted in color

By setting the derivative of the Lagrangian with respect to w and b equal to
zero, we get:

∇wL � 0 ùñ w �
Nţ

i�1

αiy
piqxpiq (2.70)

BL
Bb � 0 ùñ

Nţ

i�1

αiy
piq � 0 (2.71)

Now, substituting w from Eqn. 2.70 back into the Lagrangian and simplifying
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it would give the following:

Lpw, b,αq �
Nţ

i�1

αi � 1

2

Nţ

i,j�1

αiαjy
piqypjqxpiq

T

xpjq � b

�
�

�
�
��

0
Nţ

i�1

αiy
pjq

�
Nţ

i�1

αi � 1

2

Nţ

i,j�1

αiαjy
piqypjqxpiq

T

xpjq (2.72)

Combining this with constraints αi ¥ 0 and Eqn. 2.71 results in the following
dual problem:

max
α

Nţ

i�1

αi � 1

2

Nţ

i,j�1

αiαjy
piqypjqxpiq

T

xpjq (2.73)

s.t. αi ¥ 0, @ i � 1, . . . , Nt

Nţ

i�1

αiy
piq � 0

The α obtained from this optimization can then be used to determine the
model parameters pw, bq:

w� �
Nţ

i�1

αiy
piqxpiq (2.74)

b� � �
max

i:ypiq��1
w�Txpiq � min

i:ypiq�1
w�Txpiq

2
(2.75)

The SVM, once trained (i.e., optimized), can predict the class of any new
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sample xnew as follows:

rynew � sign pSpxnewqq � sign pw�Txnew � b�q (2.76)

� sign

�
Nţ

i�1

αiy
piqxxpiq,xnewy � b�

�

� sign

�
NSV̧

i�1

αiy
piqxxpiq,xnewy � b�

�

Here, NSV is the number of support vectors - which usually is a small per-
centage of the total number of training samples. Also notice that the above
equation only requires computing the inner product x , y between xnew and
the samples xpiq from the training set for predicting the class of a new sample
(i.e., there is never an actual need to compute w�). As a matter of fact, the
entire algorithm can be de�ned solely in terms of this inner product between
input feature vectors. This property can be cleverly exploited (with the
kernel trick) to expand the scope of the SVMs beyond linear classi�cation.

2.2.4.2 Non-linear SVM: using Kernel

While deriving the linear SVM, the data is assumed to be linearly separable
- allowing a hyperplane to perfectly separate the data into two groups. How-
ever, this assumption may not always hold true in practice. A convenient
solution to this problem is to use the kernel trick, and reformulate the linear
SVM formulation for nonlinear problems.

The basic idea behind this kernel approach is to map the inputs into a
high-dimensional space, called the feature space, in which the samples are
linearly separable. Let φ represent the mapping between the input space
and the feature space as shown in Figure 2.9. Using this mapping, the
inputs x are transformed into features φpxq, and the SVM is constructed in
the feature space. This can be achieved by simply replacing x with φpxq
in the linear SVM algorithm. However, remember that φpxq only appears
within an inner product in the algorithm. This allows for the inner product
xφpxpiqq, φpxpjqqy to be replaced with a kernel function Kpxpiq,xpjqq, totally
eliminating the need for explicitly �nding the vectors φpxq.
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Figure 2.9: Illustration showing a mapping from the SVM input space to the
kernel feature space. Notice that the samples that are not linearly separable
in the input space are linearly separable once mapped into the feature space

Considering that the SVM is linear in feature space, the dual form in
Eqn. 2.73 can be generalized as:

max
α

Nţ

i�1

αi � 1

2

Nţ

i,j�1

αiαjy
piqypiqKpxpiq,xpjqq (2.77)

s.t. αi ¥ 0, @ i � 1, . . . , Nt

Nţ

i�1

αiy
piq � 0

The equation of the resulting non-linear SVM boundary is given as:

Spxq � w�Tφpxq � b�

�
NSV̧

i�1

αiy
piqKpxpiq,xpjqq � b� (2.78)

Prior to training the SVM, the kernel function must be selected. The only
requirement for a kernel function to be valid is that it should result in a
symmetric positive semi-de�nite kernel matrix. The kernel choice implicitly
determines the feature space and the capacity or �exibility of the resulting
SVM. A few commonly used SVM kernels are listed below:
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Name Kpx,x1q Feature space

Linear xTx1 Original input space
Polynomial p1 � xTx1qd All polynomial up to degree d

Gaussian exp
�
� ||x�x1||2

2θ

	
In�nitely di�erentiable functions

Sigmoid tanhpαxTx1 � βq Equivalent to 2-layer neural network

Table 2.2: List of common SVM Kernel functions and their implied feature
spaces

2.2.4.3 Soft Margin SVM: non-separable case

If the training data are not linearly separable, the standard approach is to
use the above-discussed kernel trick and increase their likelihood of being
separable. This, however, is not always the best solution, especially when
the data is inherently non-separable or contains outliers. A solution to this
problem is to allow the decision margin to make a few mistakes (i.e., allow
the outlier samples to be either inside or on the wrong side of the margin),
and pay a cost for each of these miss-classi�cations. To this end, the concept
of slack variables ξi is introduced. By taking a positive value, ξi allows xpiq

to violate the margin requirement at a cost proportional to the value of ξi
(see Figure 2.10).

Using these slack variables, the algorithm can be reformulated to make it
less sensitive to outliers through a regularization approach:

min
w,b

1

2
||w||2 � C

Nţ

i�1

ξi (2.79)

s.t. ypiqpwTxpiq � bq ¥ 1 � ξi, @ i � 1, . . . , Nt

ξi ¥ 0, @ i � 1, . . . , Nt

The above formulation allows samples to have a functional margin less than
1, and for these samples whose functional margin is 1 � ξi , a cost of Cξi
is added to the objective function as a penalty. Using this formulation,
a trade-o� is achieved between the size of the margin and the number of
samples that are moved around to accommodate the margin. The parameter
C (regularization term) controls the relative weighting between these two
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Figure 2.10: Illustration explaining the idea behind soft margin SVM using
slack variables ξi. Notice that ξi ¡ 1 allows for a sample xpiq to be miss-
classi�ed.

goals (i.e., making the margin small and ensuring that most samples have a
functional margin of at least 1) to prevent over-�tting.

The soft-margin optimization with slack variables (Eqn. 2.79) can be
generalized using the kernel trick, and can be written in its dual form as
follows:

max
α

Nţ

i�1

αi � 1

2

Nţ

i,j�1

αiαjy
piqypjqKpxpiq,xpjqq (2.80)

s.t. 0 ¤ αi ¤ C, @ i � 1, . . . , Nt

Nţ

i�1

αiy
piq � 0

2.2.4.4 Tuning SVM parameters:

The kernel choice for SVMs in this work is the isotropic Gaussian of the form:

Kpxpiq,xpjqq � exp

�
�||x

piq � xpjq||2
2θ



(2.81)
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here θ is the kernel parameter controlling the sti�ness of the decision bound-
ary (i.e., by varying θ value, the decision boundary can adapt from a sti�
hyperplane to a �exible non-linear hyper-surface). Additionally, the penalty
coe�cient C, which determines the level of allowed miss-classi�cation, is
also an SVM parameter that must be tuned. A larger C usually results in a
more complex classi�er with a lower classi�cation error, and as C tends to
in�nity, no miss-classi�cation is allowed.

These parameters tθ, Cu are usually determined through a grid search
(i.e., parameters are varied with a �xed step size over a wide range of values,
and the performance of each combination is evaluated by a loss measure).
Another popular strategy is to use cross-validation with grid search. This,
however, may prove to be expensive if one chooses to use leave-one-out with
a large training set. The grid search can be converted into an optimization
problem using gradient descent methods if the kernel function and loss mea-
sure are di�erentiable, otherwise, zero-order optimization algorithms should
be considered. This dissertation assumes that the data is separable and
there is no misclassi�cation - a reasonable assumption when dealing with
deterministic computer codes. Accordingly, C is set to a high value in order
to prevent any training misclassi�cation, and the kernel parameter is chosen
using a technique called `sti�est', which yields the largest possible θ without
resulting in any training misclassi�cation.

2.2.4.5 Probabilistic Support Vector Machines (PSVM)

The deterministic SVM Spxq, which is limited to classifying samples as �1,
can be converted into a probabilistic model by post-�tting a logistic model to
its scores [70]. This sigmoidal mapping of deterministic SVM into probability
space is as following:

PSp�1|xq � 1

1 � exppθ1Spxq � θ2q (2.82)

where Spxq is the classi�cation score from the SVM, and tθ1, θ2u are the
hyper parameters of the logistic model found by maximizing the log likelihood
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function:

tθ1, θ2u � argmax
θ1,θ2

Nţ

i�1

ti log
�
PSp�1|xpiqq�� (2.83)

p1 � tiqlog
�
1 � PSp�1|xpiqq�

withN� andN� as the number of positive and negative sample in the training
set Dt, t

piq here is de�ned as:

tpiq �
$&%

N��1
N��2

if ypiq � �1

1
N��2

if ypiq � �1
(2.84)

Once tuned, the PSVM provides the probability of a sample belonging to
a certain class. An example of a PSVM is shown in Figure 2.11. The dashed
lines on this plot are iso-contours of the probability of a sample belonging
to �1 class (i.e., PSp�1|xq). One can obtain the probability of a sample
belonging to the �1 class by simply subtracting PSp�1|xq from 1.
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Figure 2.11: An example of a PSVM showing iso-contours of the probability
of a sample belonging to +1 class PSp�1|xq.
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2.3 Multi-�delity modeling

Simulation models are extensively used in science and engineering to char-
acterize the input-output relationship of a system of interest. Evaluating
such models involve numerically simulating the physics of the system
to compute the quantities of interest. Note that the response from the
simulation model is only an approximation of the true system's response
(up to modeling/numerical error). In many situations, multiple models,
each with a varying level of �delity (i.e., accuracy) and computational
cost, are often available to simulate the same system. This di�erence in
�delities between the models is typically attributed to three factors [20]:
1) geometric simpli�cations and physics assumptions - e.g., inviscid Euler
vs viscous Reynolds averaged Navier�Stokes (RANS), or smooth vs rough
wall treatments. 2) disparities in numerical procedures - e.g., lower- vs
higher-order integration schemes, or coarse vs �ne grid discretization. 3)
physical experimentation vs numerical simulations.

For instance, consider the problem of simulating a shell-and-tube
heat exchanger. The �ow through heated tubes can be analyzed using a
simple set of empirical correlations or via an expensive CFD simulation.
Moreover, there are a variety of CFD simulation approaches to choose from:
simple potential �ow solvers to Euler codes, RANS methods to large eddy
simulations, and direct numerical simulation. Additionally, the grid size and
convergence tolerance can also be altered to obtain di�erent levels of �delity.
The customary approach when analyzing a system is to �rst begin with a
low-�delity model to gain preliminary insight into the system's behavior
and identify regions of the design space that are of interest. This serves
as a baseline for using higher-�delity models in the future to target only
interesting regions.

High-�delity models accurately predict the system's response, but they
are often computationally complex and expensive to evaluate. Consequently,
their use is restricted to a small number of evaluations due to resource
constraints. Low-�delity models, on the other hand, estimate the same
response with reduced accuracy, but they are computationally inexpensive
and can be evaluated hundreds of times. Despite their limited accuracy,
low-�delity models can still be utilized to gain valuable information about
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the system's response during outer-loop design routines, such as optimization
and reliability analysis.

This is where the concept of multi-�delity, also referred to as variable-
�delity or multi-information source, modeling becomes apparent. The gen-
eral idea behind the multi-�delity schemes is to combine low-�delity and
high-�delity data to accelerate outer-loop routines while maintaining the de-
sired level of accuracy. Multi-�delity strategies, especially those employing
surrogate models to fuse information from various sources, have gained popu-
larity in the last two decades. Nevertheless, surrogate models are not always
required to combine multi-�delity data. See for example Burton and Hajela,
2003, Choi et al., 2008, G. Singh and Grandhi, 2010[] where di�erent �delity
levels are exploited via adaptive sampling without relying on surrogates.
These methods recommend using high-�delity simulations only in input re-
gions where low-�delity models do not accurately predict the response. Such
methods are called multi-�delity hierarchical models [20], and are outside the
scope of this dissertation.

2.3.1 Background

2.3.1.1 Multi-�delity modeling strategies

There have been several methods proposed in the literature for balancing
evaluations between models with di�erent levels of �delity. Peherstorfer et
al. [64], in their review paper, categorize these methods into three types of
model management strategies: adaptation, fusion and �ltering.

Adaptation enhances the low-�delity model with judicious gathered
information from the high-�delity model while the computation proceeds.
Bayesian Optimization (BO), for instance, employs this strategy to itera-
tively build a GP during the optimization (see Section 2.5.1). The GP model
at each optimization iteration is viewed as a low-�delity approximation of
the true function, and it is adapted with high-�delity information (i.e., true
function value) to improve its accuracy. Similarly, Bayesian calibration,
where a GP constructed with low-�delity data is calibrated to best predict
the high-�delity model, also falls under this category [40].
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In fusion methods, low- and high-�delity models are evaluated, and the in-
formation from these evaluations is combined (either via a surrogate model or
algebraic manipulation) to approximate the high-�delity model. Examples of
fusion include control-variate techniques and the famous Co-Kriging method
[22] (discussed later). Finally, in �ltering methods, high-�delity models are
employed following the evaluation of a low-�delity model �lter. In other
words, the high-�delity model is only used when the low-�delity model is
inaccurate, or when a certain criterion is met based on the low-�delity model
evaluation. Multistage MCMC algorithm is an example of this �ltering strat-
egy [64].

2.3.1.2 Multi-�delity surrogate models

Multi-�delity surrogate models have become a popular method for combin-
ing data from multiple sources with varying �delities. These models are
constructed by systematically modifying or correcting low-�delity responses
(or their corresponding surrogates) using limited high-�delity data. The
techniques to construct these multi-�delity models generally fall into four
categories: additive correction, multiplicative correction, comprehensive
correction, and space mapping [20, 64].

The additive correction approach attempts to correct the low-�delity re-
sponse (or more commonly its surrogate �Mlpxq) by constructing a surrogate
model of the di�erence between the high- and low-�delity model responses.
The high-�delity surrogate model �Mhpxq from this correction can be written
as:

�Mhpxq � �Mlpxq � �Mδpxq (2.85)

here �Mδpxq is called the discrepancy model, and it can be as simple as a
constant or as complex as a GP model. The multiplicative approach, on the
other hand, use a scaling function ρpxq to modify the low-�delity surrogate
model to match the high-�delity response:

�Mhpxq � ρpxq�Mlpxq (2.86)

This approach can also be constrained to match the gradient information
across the �delities. The most popular of the correction approaches is
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the comprehensive correction. It combines additive and multiplicative ap-
proaches to construct a multi-�delity surrogate of the form:

�Mhpxq � ρpxq�Mlpxq � �Mδpxq (2.87)

In general, the multi-�delity models from the comprehensive correction ap-
proach are more �exible compared to the additive or multiplicative models.
This is because the deviations between low- and high-�delity model responses
can be �exibly captured between the discrepancy model and the scaling factor
simultaneously. This �exibility, however, comes at a cost of model complexity
and di�culty in estimating model parameters.

2.3.2 Multi-�delity Gaussian processes

Consider the following data set with observations from two models (Ml and
Mh) with varying �delities:

X �
�

Xl

Xh



, y �

�
yl
yh



�
�
MlpXlq
MhpXhq



(2.88)

here Xl � rxp1ql , . . . ,x
pNlq
l sT, x

piq
l P Rd is a vector of input points at which the

low-�delity modelMl is evaluated to get the responses yl � ryp1ql , . . . , y
pNlq
l sT,

y
piq
l P R. Similarly, Xh is a vector of Nh points at which the expensive
high-�delity model Mh is evaluated to get the responses yh. Here, we choose
Xh to be a subset of Xl. This nested structure allows for some convenience
in estimating the model parameter ρ (explained later), however, it is by no
means a necessary requirement.

Following GP formalism, the responses y � ryl,yhsT at input points
X � rXl,XhsT are modeled as a realization of Gaussian random variables
rYlpXlq,YhpXhqsT through GPs Zl and Zh. To simplify the discussion
below, the trend functions of these GPs are considered to be constants (i.e.,
EpZlq � βl, EpZhq � βh). This simpli�cation can be easily adjusted to
accommodate more complex trend functions (see Section 2.5.1).

Given this data set, denoted as Dt � tpxpiql , ypiql q, pxpjqh , y
pjq
h q,

i � r1, . . . , Nls, j � r1, . . . , Nhsu, a multi-�delity GP can be mod-
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eled in an auto-regressive framework assuming a Markov property:
cov

�
Yhpxpiqq,Ylpxq|Ylpxpiqq

� � 0, @x � xpiq [39, 22]. This assumption means

that, given the true high-�delity observation at xpiq, the low-�delity model
cannot provide any additional information regarding Yepxpiqq. In this frame-
work, the GP Zh approximating the high-�delity model is constructed by
scaling the GP approximation of the low-�delity model (Zl) with a factor ρ
and adding a GP approximation Zd to it representing the di�erence between
ρZl and Zh [22]:

Zhpxq � ρZlpxq � Zdpxq (2.89)

Recall that the covariance matrix of a noise-free single-�delity GP takes the
form (see Section 2.2.3):

C � CovpYpXq,YpXqq � σ2ΨpX,Xq (2.90)

where the entries of ΨpX,Xq are modeled using correlation kernel ψ (of user's
choice) parameterized by θ, and σ2 is the GP variance parameter. This co-
variance structure when extended to the multi-�delity case becomes slightly
more complicated with the addition of cross-covariance terms between �deli-
ties:

C �
�

CovtYlpXlq,YlpXlqu CovtYlpXlq,YhpXhqu
CovtYhpXhq,YlpXlqu CovtYhpXhq,YhpXhqu

�
�

�
σ2
l ΨlpXl,Xlq ρσ2

l ΨlpXl,Xhq
ρσ2

l ΨlpXh,Xlq ρ2σ2
l ΨcpXh,Xhq � σ2

dΨdpXh,Xhq
�

(2.91)

where σ2
l and σ

2
d are the variance parameters of GPs Zl and Zd, respectively,

and the notation ΨlpXh,Xeq denotes correlation matrix between points Xh

and Xl with entries modeled using kernel ψl parameterized by θl.

The prediction (i.e., high-�delity model approximation) at any new location x
is given by a GaussianN prµhpxq, rs2

hpxqq with the following mean and variance:

rµhpxq � 1TC�1Y

1TC�11
� cTC�1

�
Y � 1

1TC�1Y

1TC�11



(2.92)

rs2
hpxq � ρ2σ2

l � σ2
d � cTC�1c (2.93)

where 1 is column vector of length Nl � Nh, and c is co-variance vector of
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the form:

c �
�

ρσ2
lψlpXl,xq

ρ2σ2
lψlpXh,xq � σ2

dψdpXh,xq
�

(2.94)

2.3.2.1 Estimating model parameter

To construct the multi-�delity GP Zh, one must �rst estimate the scale
factor ρ, the parameters tβl, σ2

l ,θlu associated with the GP Zl, and the
parameters tβd, σ2

d,θdu associated with the di�erence GP Zd.

Treating the low-�delity and high-�delity data to be independent, the
parameters associated with Zl (i.e., βl, σ

2
l ,θl) can be estimated by maximizing

the log-likelihood of obtaining low-�delity observations:

lnpLhpyl|Xl, σ
2
l ,θlqq � �Nl

2
lnp2πq � Nl

2
lnpσ2

l q �
1

2
ln|detpΨlpXl,Xlqq|

� pyl � 1µlqTΨlpXl,Xlq�1pyl � 1µlq
2σ2

l

(2.95)

Following the same procedure as in Section 2.2.3.3, parameters tβl, σ2
l u can

be estimated analytically by setting the derivative of log-likelihood to 0,
and the kernel parameter θl can be obtained by numerically maximizing the
concentrated log-likelihood:

pβl � 1TΨlpXl,Xlq�1yl
1TΨlpXl,Xlq�11

(2.96)

pσ2
l � pyl � 1pβlqTΨlpXl,Xlq�1pyl � 1pβlq{Nl (2.97)

tpθlu � arg max
θl

� Nl

2
logp pσ2

l q �
1

2
ln|detpΨlpXl,Xlqq| (2.98)

Similarly, the parameters of GP Zdpxq (i.e., βd, σ2
d,θd) and ρ can be found

by maximizing the log-likelihood of observing high-�delity observations (ex-
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pressed implicitly in terms of d):

lnpLhpd|Xh, σ
2
d,θd, ρqq � �Nh

2
lnp2πq � Nh

2
lnpσ2

dq �
1

2
ln|detpΨdpXh,Xhqq|

� pd� 1µdqTΨdpXh,Xhq�1pd� 1µdq
2σ2

d

(2.99)

where d is the di�erence between the high-�delity observations yh and the
scaled low-�delity observations ρyl at locations common to those of Xh:

d � yh � ρyl|Xh
(2.100)

If the data is not nested (i.e., yl is not available at Xh), low-�delity pre-
dictions from Zl at Xh can be used to compute d. Once the likelihood is
constructed, estimates of µd and σd can be obtained analytically by setting
the derivatives BLh

Bβd
, BLh

Bσ2
d
to zero:

pβd � 1TΨdpXh,Xhq�1d

1TΨdpXh,Xhq�11
(2.101)

pσ2
d � pd� 1 pβdqTΨdpXh,Xhq�1pd� 1 pβdq{Nh (2.102)

Substituting t pµd, pσ2
du back into the likelihood, and neglecting the constant

Nh

2
ln(2π), we get the concentrated log-likelihood which can be numerically

maximized to estimate ρ and θd:

t pθd, pρu � arg max
θd, ρ

� Nh

2
logp pσ2

dq �
1

2
ln|detpΨdpXh,Xhqq| (2.103)

2.4 Reliability assessment

The term reliability is de�ned as the probability that a design performs
as expected under uncertainties (e.g., material properties, geometric toler-
ances, loading conditions, etc). Traditionally, engineers account for these
uncertainties via safety factors (often arbitrarily chosen) to ensure that
the design is conservative enough to handle potential variations in its
manufacturing processes, loading conditions, etc. An elegant alternative to
this approach is to explicitly identify these uncertainties, and account for
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them systematically through a reliability assessment.

Reliability assessment aims to estimate the probability of failure of a de-
sign given its uncertainties. Mathematically, this translates to a problem of
computing a multivariate integral over the failure domain Ωf - a subdomain
of the design domain Ω where design leads to failure (see Figure 2.12). Given
a multivariate random variable X P Ω � Rd describing the uncertainties in
the design with joint probability density function fXpxq, the probability of
failure is de�ned as:

Pf �
»

Ωf

fXpxqdx (2.104)

where Ωf � Ω is the failure domain with boundary Γf de�ned by zero con-
tours of one or more limit state functions gipxq. If Ωf is speci�ed by a single
limit state function (i.e., Ωf � tx|gpxq ¤ 0u), the analysis is referred to
as the component reliability. On the other hand, when multiple limit state
functions are considered, either in series or in parallel, it is referred to as the
system reliability.

Failure
boundary

g(x) = 0 g(x) < 0

g(x) > 0

x1

x2

fX

Figure 2.12: Graphical illustration of reliability assessment setup [45]

The probability of failure estimates the probability of a design x falling
within failure domain Ωf (see Figure 2.12). Such a probability metric, in
comparison to the safety factors, o�ers a more quantitative assessment of
the failure likelihood. Engineers can use this information to develop reliable
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designs meeting speci�c probability targets. However, it is not an easy task
to compute the probability of failure, since Ωf is not always known explicitly.
Very often, information can only be obtained by evaluating gpxq at discrete
points (for example, imagine the case where gpxq is a CFD model). As such,
computing the Pf integral in Eqn. 2.104 requires approximations.

Several approaches, employing di�erent gpxq approximation techniques,
have been developed to compute the probability of failure integral. The
moment-based approaches: �rst-order reliability method (FORM) and
second-order reliability method (SORM) are well-known [17, 57]. These
methods �rst locate the most probable point (MPP), and then use either
the �rst or second Taylor approximation of gpxq about the MPP to compute
the probability of failure. Though these approaches are computationally
inexpensive, their accuracy is known to be limited especially when gpxq is
highly nonlinear. In addition, these methods can not handle systems with
multiple failure modes natively. In such situations, Monte Carlo Simulation
(MCS) is often the only method to estimate the failure probability:

pPf � Nf

Nm

� 1

Nm

Nm̧

i�1

Ipgpxpiqqq (2.105)

where txpiq, i � 1, ..., Nmu are Nm samples drawn from fX, Nf is the number
of sample lying the failure domain Ωf , and I is an indicator function de�ned
as:

Ipgpxpiqqq �
#

1 if gpxpiqq ¤ 0 pi.e., xpiq P Ωf q
0 otherwise

(2.106)

Given a large enough sample size Nm, MCS is capable of accurately esti-
mating the failure probability regardless of the level of nonlinearity of gpxq.
The accuracy of MCS estimation, however, also depends on the probability
level (discussed later).

Consider Z � Ipgpxqq as a random variable, which according to Eqn.
2.106, takes values 1 and 0 with probabilities Pf and 1�Pf . Z is therefore a
Bernoulli random variable with mean Pf and variance Pf p1 � Pf q. As such,
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the Central Limit Theorem states that:

pPf � N
�
Pf ,

Pf p1 � Pf q
Nm



(2.107)

This allows de�ning the error of MCS estimate pPf in terms of its coe�cient
of variation:

cv
pPf
�

a
Pf p1 � Pf q{Nm

Pf
�
d

1 � Pf
NmPf

(2.108)

and the 95% con�dence interval of pPf is given as:

95% CI �
��

Pf � 1.96Pf

d
1 � Pf
NmPf

�
,

�
Pf � 1.96Pf

d
1 � Pf
NmPf

��
(2.109)

Note that the MCS error, de�ned in Eqn. 2.108, can be large if Pf is small.
This problem can be resolved by increasing the number of MCS samples.
However, in many engineering applications, the cost of evaluating gpxq can
be quite high (imagine the case where gpxq is an expensive CFD model). As
such, increasing Nm (i.e., increasing the number of calls to gpxq) is computa-
tionally intractable. While variance reduction strategies (such as importance
sampling, and subset simulations) can reduce the number of MC samples
needed, they still would require a few thousand calls to gpxq. Fortunately,
surrogate models can assist in this situation. One can replace the expensive
limit state function gpxq with a surrogate approximation, and estimate pPf
using MCS samples evaluated on the inexpensive surrogate. Consequently,
many adaptive sampling approaches have been developed to iteratively build
the surrogate approximations of gpxq as e�ciently as possible.

2.5 Adaptive sampling methods

The goal of surrogate modeling is to approximate the response of an
expensive function Mpxq using a limited number of training samples
Dt � tpxpiq, ypiqquNt

i�1. As such, the accuracy of these models is highly depen-
dent on the size Nt and distribution PX of the training sample. A rational
approach to improving the accuracy of these models is to intelligently
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incorporate new information into the model in the form of new training
data. This is where the concept of adaptive sampling becomes important.

This section discusses a few adaptive sampling techniques relevant to
this dissertation within the context of design optimization and reliability
assessment. Readers are referred to [23, 90, 82] for a comprehensive review
of these techniques.

2.5.1 Bayesian optimization (BO)

Bayesian optimization is an iterative framework for optimizing expensive
black-box functions through adaptive sampling [82, 12]. This framework �rst
approximates the expensive objective function using a Bayesian surrogate
(usually a GP), and then iteratively determines the locations of new training
samples using an acquisition function (explained later).

Consider the following problem of optimizing an expensive function Mpxq:

x� � arg min
xPX

Mpxq (2.110)

BO begins by approximating Mpxq with a GP surrogate �Mpxq trained on
samples Dn0

t obtained by evaluating Mpxq at an initial design of experiment

txpiqun0
i�1, xpiq P X . This GP model �Mpxq is then iteratively updated with

new data txpiq, ypiqui¡n0 at locations txpiqui¡n0 identi�ed by maximizing an
acquisition function apxq. This process of acquiring new data and updating
the GP model, shown in Algorithm 1, is repeated until a convergence criterion
is met.

2.5.1.1 Acquisition functions

An acquisition function apxq is a heuristic that can be evaluated at a
candidate point x to determine the point's usefulness for reaching the
optimization target. In essence, an acquisition function de�ne a logic/rule
for �nding a new training point using probabilistic information contained
within the GP model �Mpxq. In other words, these functions determine
whether or not a given candidate sample is worth evaluating with Mpxq to
reach the optimization target. A variety of acquisition functions have been
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Algorithm 1 Bayesian optimization algorithm

Evaluate Mpxq at n0 initial design points to obtain Dn0
t .

Construct a GP surrogate to approximate the expensive modelMpxq using
Dn0
t . Set n � n0.

while n ¤ N do
Select new xpn�1q by maximizing the acquisition function apxq:

xpn�1q � arg max
x

a px;Dn
t q

Evaluate Mpxpn�1qq to obtain ypn�1q.
Augment data Dn�1

t �  
Dn
t ,
�
xpn�1q, ypn�1q

�(
.

Update the surrogate model.
end while

developed in the literature, each with di�erent exploration and exploitation
characteristics. Some of the popular ones are described below.

Probability of improvement

The probability of improvement acquisition function aPIpxq, as the name
implies, measures the probability that evaluating a new candidate point x
will lead to an improvement over the current best solution. Suppose that
ybest is the current minimum value of Mpxq observed so far (i.e., the current
best solution), then the improvement Ipxq is de�ned as [44]:

Ipxq � max
�
ybest � �Mpxq, 0

	
(2.111)

If the new point x being considering has a function value �Mpxq greater
than the current best solution, then ybest � �Mpxq is negative. This indicates
no improvement in �nding a better minima compared to the current one,
and as such, the above formula aptly returns 0. Conversely, if the value�Mpxq is smaller than the current best solution, then ybest � �M is positive.
In this case, Ipxq returns this di�erence as a potential improvement if the
new point x was to be evaluated with Mpxq.

Given that the prediction from GP model �Mpxq is a random variablerY pxq following a Gaussian distribution N
�
µ
rY pxq, σ2

rY
pxq

	
, the probability of
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Ipxq ¡ 0 (i.e., a positive improvement) is:

aPIpxq � PpIpxq ¡ 0q
� P prypxq   ybestq
� Φ

�
ybest � µ

rY pxq
σ
rY pxq



(2.112)

where Φ is the standard normal CDF, and rypxq is a realization of the random
variable rY pxq. Finally, the point x leading to maximum aPIpxq (i.e., the
point with highest probability of improvement) is selected for evaluation.

Expected improvement

Notice that PI only considers the probability of improvement and does not
account for the magnitude of improvement. Expected improvement (EI), on
the other hand, accounts for this magnitude by calculating the expectation
of Ipxq:

aEIpxq � E rIpxqs � E rmax pybest � rypxq, 0qs (2.113)

�
» 8

�8

max pybest � rypxq, 0q f
rY pxqdry (2.114)

where f
rY is the probability density function of the GP prediction rY pxq �

N
�
µ
rY pxq, σ2

rY
pxq

	
. This expected improvement can be evaluated in closed

form using integration by parts, as described in [36]. The resulting expression
is:

aEIpxq �
�
ybest � µ

rY pxq
�

Φ

�
ybest � µ

rY pxq
σ
rY pxq



� σ

rY pxqφ
�
ybest � µ

rY pxq
σ
rY pxq



(2.115)

where φ and Φ are the PDF and CDF of the standard normal distribution.
Finally, the point x which corresponds to the maximum of aEIpxq is selected
for evaluation. Observe that the expected improvement function consists of
two terms. The �rst term is large only in the locations where the prediction
mean µ

rY pxq is small. The second term is large only in the locations where
the prediction variance σ2

rY
pxq is large. As such, these two terms encode a
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trade-o� between exploitation (evaluating at points with low function value)
and exploration (evaluating at points with high uncertainty).

2.5.2 Adaptive-sampling for reliability assessment

The goal here is to e�ciently approximate the expensive limit state function
gpxq with a surrogate rgpxq trained on minimal evaluations of gpxq. Oncergpxq is trained, it can simply replace gpxq in Eqn. 2.106 for estimating
the probability of failure using MCS. However, for accurate estimation
of Pf , rgpxq must be accurate in the vicinity of failure domain boundary
Γf pxq � gpxq � 0. This is where adaptive sampling techniques come into
play.

Adaptive sampling techniques for reliability analysis pursue a di�erent
goal than those for optimization. In Bayesian optimization, the goal was
to locate the point maxima of an expensive objective function. Mean-
while, in reliability analysis, the goal is to locate the zero contour of
an expensive limit state function - a more challenging problem. To this
end, several adaptive sampling techniques, aimed at re�ning the surrogate
in the vicinity close to the limit state boundary, have been developed [23, 90].

There are two di�erent approaches to surrogate modeling here:

1. One can approximate the limit state function gpxq using a regression
model such as GP, and use its zero contour to determine whether a
sample falls within the failure domain or safe domain. (or)

2. one can directly approximate the failure boundary Γpxq � gpx � 0q
using a classi�cation model such as an SVM that directly classi�es the
samples into failure or safe.

Both of these approaches have been extensively researched in the literature,
and here we present one popular adaptive sampling method for each.

2.5.2.1 E�cient Global Reliability Analysis (EGRA)

EGRA is a popular adaptive sampling-driven reliability analysis method
based on the regression approach discussed above. Using an initial design of
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experiment evaluated on gpxq, this method �rst builds a surrogate approxi-
mation of the expensive limit state function gpxq using a GP regression rgpxq,
and then iteratively determines the locations of new training samples using
an acquisition function called the expected feasibility function (EFF)
[10]:

aEFF pxq �
» �ε

�ε

pε� |rypxq|q f
rY pxq dry (2.116)

where f
rY is the probability density function of the GP prediction rY pxq �

N
�
µ
rY pxq, σ2

rY
pxq

	
, and ε9σ2

rY
is a user-chosen parameter de�ning the vicinity

of interest around the failure boundary. This integration can be expressed
analytically as:

aEFF pxq � µ
rY pxq

�
2Φ

��µ
rY pxq

σ
rY pxq



� Φ

��ε� µ
rY pxq

σ
rY pxq



� Φ

�
ε� µ

rY pxq
σ
rY pxq


�
� σ

rY pxq
�

2φ

��µ
rY pxq

σ
rY pxq



� φ

��ε� µ
rY pxq

σ
rY pxq



� φ

�
ε� µ

rY pxq
σ
rY pxq


�
� ε

�
Φ

�
ε� µ

rY pxq
σ
rY pxq



� Φ

��ε� µ
rY pxq

σ
rY pxq


�
(2.117)

Finally, the point x with the maximum value of EFF is evaluated by gpxq
and added to the training set to re�ne the GP approximation rgpxq. Similar
to EI, EFF also automatically assigns a trade-o� between exploration and
exploitation. It prioritizes locations with either large predicted uncertainty
or are in the vicinity of the failure boundary.

2.5.2.2 Explicit Design Space Decomposition (EDSD)

In EDSD, the design space Ω is decomposed into regions of distinct behavior
(e.g., safe/failure) using decision boundaries [6, 7]. In reliability assessment
setting, the boundary Γf of the failure domain Ωf can be seen as a decision
boundary since it determines whether a sample belongs to the failure region
or the safe region. As such, EDSD can be used to treat the reliability
assessment problem within a classi�cation framework using SVM classi�ers
as surrogate models for approximating the failure boundary.
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Once trained, the SVM rSpxq provides an explicit approximation of the
failure boundary Γf , and any arbitrary new point x can be classi�ed into

failure/safe just by the sign of rSpxq. Accordingly, this trained SVM can
be used to calculate the probability of failure via MCS. However, note
that the SVM's accuracy in approximating the failure boundary, as with
any surrogate model, strongly depends on the distribution and the amount
of training data (design of experiment). Consequently, several adaptive
sampling strategies have been developed to iteratively improve the SVM
and ultimately increase the accuracy of Pf estimation [46, 5].

An SVM + adaptive sampling framework, which forms the basis for the
multi-�delity method in Chapter 4, is brie�y discussed here. In this frame-
work, the failure boundary is �rst approximated using an SVM classi�errSpxq, and new samples are incrementally added to re�ne the SVM using a
technique called generalized max-min which involves solving the following
optimization problem [46]:

max
x

f
1{d
X min

i
||x� xpiq|| (2.118)

s.t. rSpxq � 0

where fX is the joint PDF of the random variable X P Rd, and xpiq are
the training samples. A fundamental aspect of this approach is that it adds
samples in the sparse regions of the design space (i.e., as far away as possible
from existing samples) and also in the regions of the highest probability of
misclassi�cation by the SVM. The latter criterion is maintained by locating
the samples on the SVM.



CHAPTER 3

Design Optimization of Helical

Fins for CSP Receivers

A part of the contents of this chapter are published in the following articles
entitled:

� "Entropy-based optimization for heat transfer enhancement in tubes
with helical �ns." Journal of Heat Transfer (2022) [65].

� "CFD Based Design Optimization of Multiple Helical Swirl-Inducing
Fins for Concentrated Solar Receivers." ASME Energy Sustainability
conference (2022) [69].

Concentrated Solar Power (CSP) with Thermal Energy Storage (TES)
has emerged as a promising technology for harvesting energy from the Sun.
Its ability to store and dispatch heat when needed sets it apart from other
renewable energy technologies, such as photovoltaics and wind. Moreover,
CSP can be easily hybridized with biogas or conventional fuel burners to
compensate for irregular solar radiation, and to boost power production
quickly during times of peak demand [58].

Solar Power Towers (SPTs), which utilize heliostats to focus sunlight
onto a central receiver, have gained popularity in recent years due to
their potential for high e�ciency when operated at temperatures above
700°C [55, 94]. However, uneven solar �ux loading, especially at high solar
concentration factors required to reach these temperatures, can lead to
large temperature gradients and hot spots in the receivers. Moreover, the
relatively low thermal conductivity of molten chloride salt (the candidate
heat transfer �uid (HTF) for next-generation SPT plants [100, 94, 98]) can
result in poor heat transfer within the receivers, further exacerbating these
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issues.

These thermal issues pose serious safety and reliability challenges for the
operation of CSP systems [29]. Large circumferential temperature gradients,
for instance, can lead to uneven thermal expansion and hence cause stress
fractures and distortions in the receiver. Hot spots, on the other hand, can
damage the receiver's optically selective coating and also act as seed sites for
molten salt corrosion. Several strategies, including new HTF �ow layouts
and heliostat aiming methods, are proposed to address these challenges [29].

A potential solution to these problems is to enhance the convective heat
transfer within the SPT receiver tubes using �ns [29, 55]. This will lower
the receiver's surface temperature, which in turn reduces heat losses and
improves the receiver's e�ciency. While numerous �n designs exist, this ap-
plication particularly bene�ts from helical �ns. Besides providing additional
surface area for heat transfer, helical �ns also introduce a degree of swirl
or rotation in the �ow. The secondary �ows generated by this swirl e�ect
will induce better �uid mixing, which in turn reduces thermal gradients in
the system. Helical �ns are therefore a prime candidate for enhancing heat
transfer in concentrated solar receiver tubes, where circumferential thermal
gradients and hot spots due to non-uniform circumferential heating are of
primary concern.

Past literature on helical �nned tubes has largely focused on �ow
characterization, and estimation of friction and heat transfer coe�cients
[104, 102, 15, 101] for a range of operating conditions. Experimental vi-
sualization studies have shown that the �ow in internal helical �nned tubes
is comprised of two main streams [76, 50]:

1. A rotational or swirl �ow stream inside the channel formed between
constitutive loops of the helical �n, extending from the near-wall region
to the central �n-less core (see Figure 3.1).

2. A crossover �ow stream in which the �uid crosses or trips over the �ns
into the central �n-less core of the tube. This �ow stream becomes
dominant when the axial momentum of the �ow is larger than the
angular momentum induced by the helical �ns.

In addition, several researchers numerically analyzed helical micro-�n



Design Optimization of Helical Fins 75

Figure 3.1: Idealization of swirl and crossover �ow streams in a tube with
internal helical �ns

and ridge con�gurations using Reynolds-Average Navier Stokes (RANS)
and Large Eddy Simulations (LES)-based Computational Fluid Dynamics
(CFD) simulations [41, 32, 84]. These works examine the thermal and
viscous boundary layers within the swirl �ow to identify the dominant
mechanism responsible for the heat transfer improvement.

In this work, various helical/twisted �n designs are explored, and their
geometric parameters such as height, helical pitch, and number of heads are
optimized for thermo-hydraulic performance. These helical �n structures
promote �uid mixing and improve heat transfer, generally at the expense
of increased pressure loss. For this reason, the proposed optimization
formulation in this work involves maximization of heat transfer subjected to
pressure loss constraints.

Though the literature on passive heat transfer enhancement is fairly com-
prehensive, it focuses primarily on characterizing thermo-hydraulic perfor-
mance with little to no emphasis on �n design optimization. This is partly
because �n design optimization often requires hundreds, if not thousands,
of simulation calls to expensive CFD models, and as such employing direct
optimization is simply intractable. To circumvent this problem, this work
uses Gaussian Processes (GPs) as surrogate models to assist the optimiza-
tion process [72, 21]. See Chapter 2 for the theory on GP construction. These
surrogate models, once trained on a few evaluations of the CFD model, can
approximate the quantities of interest needed during the optimization. Con-
sequently, these surrogate models can be used as proxies in place of the CFD
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simulations during the optimization process.

3.1 SPT Receiver tubes with internal �ns

In SPT plants, sun rays are concentrated on to a central receiver using a �eld
of heliostats. These receivers, typically cylindrical in shape, are comprised
of several circumferentially arranged tubes. Half of the tubes' circumference
is heated by sun rays from the heliostats, and the other half (sun-shadow
side) is typically insulated.

In this study, the �ow and heat transfer in an internally �nned receiver
tube is simulated as a conjugate heat transfer problem by explicitly modeling
both the solid (tube) and �uid (HTF) regions. To reduce the computational
load, only a small portion of the receiver tube length is simulated. The
receiver tube's diameter and thickness are selected based on a baseline design
from [95]. A schematic illustration of the receiver tube simulation model with
�ns is shown in Figure 3.2. The dimensions of the model are listed in Table
3.1. The geometry of the �ns (i.e., the CAD model) is fully parameterized.
This facilitates optimization of �n parameters (such as helical pitch, height,
etc) without manual intervention. Notice that the simulation model has a
smooth entry segment in front of the �nned segment. This smooth region is
added purely for CAD automation purposes and does not correspond to the
hydrodynamic entrance length of the �ow. Likewise, a smooth exit segment
is added after the �nned segment to avoid back-�ow conditions and to ease
simulation convergence.

Di δtube Lf Len Lex
35.3 mm 1.4 mm 17Di 2Di 6Di

Table 3.1: Dimensions of the SPT receiver tube model

Although not the primary focus of this dissertation, this research ulti-
mately seeks to use Selective Laser Melting (SLM) technology to manufacture
the receiver tubes with optimized internal �ns. To this end, a mixture of In-
conel 718 and Boron (1%wt.) is chosen as the material for the receiver tubes.
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Figure 3.2: Parametrized model of a SPT receiver tube with internal �ns.
Fig credits: Cathy Frantz, DRL

Inconel 718 is a high-strength nickel-based alloy which recently became a go-
to choice for additive manufacturing of high-temperature components [35].
Despite its excellent mechanical and corrosion-resistant properties, Inconel
718 su�ers from low absorptivity (�0.5) and hence would lead to inferior op-
tical performance of the receivers. A small percentage of Boron is therefore
added to Inconel 718 in an e�ort to improve its optical performance. An
eutectic molten chloride salt (MgCl2-KCl-NaCl) with mixture wt% 45.98-
38.91-15.11 is chosen as the HTF in this study [100]. This salt mixture, in
fact, is the proposed HTF for Gen 3 liquid pathway CSP plants [55, 94].
Table 3.2 lists the material properties of the tube and the HTF.

3.1.1 Boundary Conditions

For simulation purposes, a solar concentration factor of 500 is assumed
(typical for a STP plant). This translates to a semi-circumferential heat
�ux of 500 suns (i.e., q2= 500 KW/m2) applied to the sun-facing half of the
�nned segments' outer wall. The sun-shadow side of the receiver tube is
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Receiver tube with �ns: Inconel 718 + 1%Wt. Boron
ρ � 8193.3 kg/m3

cp � 550 J/kg K
λ � 19.5 W/m K

Heat transfer �uid: Molten chloride salt [100]
ρ � 1648.9 kg/m3

cp � 1026.4 J/kg K
λ � 0.4392 W/m K
µ � 3.0505x10�3 kg/m s

Table 3.2: Material properties of the tube and the HTF

typically insulated; therefore, an adiabatic condition is imposed (see Figure
3.3). Moreover, the smooth inlet and outlet segments, added to either side
of the �nned segment solely for computational reasons, are imposed with
adiabatic conditions on their outer walls.

Sun-facing side

Sun-shadow side

q
00

Adiabatic

!

!

q
00

90o 270o

Figure 3.3: Thermal boundary conditions of a tube cross-section

The heat transfer �uid (i.e., molten salt) is assumed to enter the inlet
with a velocity Vin= 4.5 m/s at a temperature Tin = 823.15 K and turbulence
intensity Iin= 5%. This inlet velocity corresponds to a Reynolds number �
86000. The outlet is left to atmospheric pressure, with a back-�ow turbulence
intensity (Iout) of 5% and a turbulent viscosity ratio of 10.
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3.1.2 Governing equations

The �ow is assumed to be incompressible with constant thermo-physical
properties. Moreover, this work considers a Gemasolar-style receiver con-
sisting of several tube banks connected in series with each bank containing
several tubes connected in parallel. It is typical for these receivers to have
consecutive banks with opposite �ow directions (i.e., if the �ow direction
aligns with gravity in one bank, the subsequent bank will have a �ow direc-
tion opposite to gravity) [77]. Thus, at receiver scale, gravity e�ects can be
ignored. As such, the steady-state RANS equations for a �ow under these
assumptions are:

Būi
Bxi � 0 (3.1)

ρ
B
Bxj pūiūjq � � Bp̄

Bxi �
B
Bxj p2µξij � τijq (3.2)

where τij � �ρu1iu1j is the Reynolds stress tensor, and ξij is the mean strain-
rate tensor given by Eqn. 3.3.

ξij � 1

2

�Būi
Bxj �

Būj
Bxi



(3.3)

The notation ¯ and 1 refers to mean and �uctuating components of the
�eld quantities. To close Eqns. 3.1 and 3.2, the Reynolds stress term τij is
related to the mean velocity gradients as,

τij � 2µtξij � 2

3
δijρk (3.4)

µt � ρcµ
k2

ε
(3.5)

where µt is the turbulent viscosity, k � 0.5 u1iu
1
i is the turbulence kinetic

energy (TKE), and ε � ν
Bu1i
Bxj

Bu1i
Bxj

is the rate of TKE dissipation. These quan-

tities k and ε are obtained from the turbulence closure, which in this work
is chosen as the realizable k � ε model [86] . This model is shown to be an
improvement over the other k � ε models especially when the �ow includes
strong streamline curvatures, vortices, and rotation [3]. In addition, ε, which
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is explicitly solved for in this model can be used to compute the entropy
generation (see Section 3.4). For an incompressible �ow under no gravity
assumption, the transport equations for k and ε are as follows:

ρ
Bk
Bt � ρ

Bpkūiq
Bxi � B

Bxj

��
µ� µt

σk


 Bk
Bxj

�
�Gk � ρε (3.6)

ρ
Bε
Bt�ρ

Bpεūiq
Bxi � B

Bxj

��
µ� µt

σε


 Bε
Bxj

�
�ρC1ε

a
2ξijξij�ρC2

ε2

k �?
νε

(3.7)

Gk � 2µtξijξij, C1 � max

�
0.43,

k
a

2ξijξij{ε
k
a

2ξijξij{ε� 5

�
(3.8)

where Gk represents the TKE generation due to mean velocity gradients, and
ν is the kinematic viscosity. The constants in the realizable k� ε model are:

C2 � 1.9, σk � 1.0, σε � 1.2 (3.9)

The steady state energy equation for this turbulent �ow is as follows:

B
Bxi ruipρE � pqs � B

Bxj

�
λeff

BT
Bxj



(3.10)

where E is the total energy and λeff is the e�ective thermal conductivity
de�ned as,

E � cpT � p

ρ
� u2

2
, λeff � λ� cpµt

Prt
(3.11)

where Prt is the turbulent Prandtl number, which is set to 0.85.

3.1.3 Meshing and numerical method

Design optimization involves several calls to the CFD model while varying
�n geometry parameters. This in turn requires CAD and mesh automation.
As such, generating a structured mesh, especially in an automated manner,
is di�cult due to the complex curved surfaces in the geometry. Therefore,
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a semi-structured hex-dominant mesh with suitable mesh orthogonality
and aspect ratio was used in this study. Moreover, the presence of large
velocity and temperature gradients in the viscous sublayer and the thermal
boundary layer contributes to entropy accumulation near the wall [42]. To
properly resolve the �ow and temperature �elds in these regions, in�ation
layers are created close to the walls while maintaining y� ¤ 1.

A mesh-convergence study was performed by simulating the reference
geometry (tube with continuous helical �ns) with various mesh sizes. To
this end, a mesh with about 8 million was chosen to achieve an acceptable
level of accuracy. It should be noted that changing �n geometry a�ects the
local mesh densities. Nevertheless, the mesh settings (such as local/global
sizing and curvature capture controls) derived from the convergence analysis
are likely suitable for most geometric con�gurations in this study.

The steady-state governing equations discretized based on a Finite Vol-

ume formulation were numerically solved in ANSYS® Fluent using the
Coupled pressure-based solver. Semi-Implicit Method for Pressure-Linked
Equations (SIMPLE) [2] algorithm for pressure-velocity coupling. The least
squares cell-based approach was used for computing the gradients. Pres-
sure was interpolated using a second-order (central di�erence) scheme. For
computing convective terms in momentum and energy equations, a second-
order upwind spatially discretized scheme was chosen, whereas for the viscous
terms, a second-order central di�erence scheme was used [3]. The convergence
criterion based on scaled residuals was set to 5x10�4 for all equations except
the energy, for which the criterion was set to 10�8.

3.2 Thermo-hydraulic performance metrics

This study compares the performance of di�erent swirl-inducing �n designs
against three thermo-hydraulic metrics: Friction factor, Nusselt number, and
temperature leveling e�ect. The following section provides a brief description
of these metrics and their calculation.
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3.2.1 Friction factor

The pressure loss in a tube is typically characterized by friction factor. In
general, tubes with �ns will have a higher friction factor than ones with
smooth walls due to increased turbulence and �ow obstruction caused by the
�ns. This higher friction factor translates to a higher pressure drop, and as
a result, would require greater pumping power to maintain the �ow rate. In
this study, the friction factor (Darcy) is calculated as,

f � 2
Dip∆P5Di

q
ρV 2

inp5Diq (3.12)

where ∆P5Di
is the pressure drop in last 5Di length of the �nned segment (see

Figure 3.4), and is computed as the di�erence in the area average pressure
between the ends of the 5Di region. For the �n designs of interest, the HTF
tends to reach a developed state by the time it reaches this 5Di region. Notice
that, to simplify the friction factor calculation, the internal diameter of the
tube is used in Eqn. 3.12 instead of the hydraulic diameter.

∆P5Di

Finned Seg. Exit Seg.Entry

Seg.

Figure 3.4: Pressure drop ∆P5Di
in the last 5 diameters of the �nned segment

3.2.2 Nusselt number

Heat transfer enhancement is usually described in terms of Nusselt number
gains. The presence of �ns disrupts the boundary layer and promotes �uid
mixing, which in turn results in higher convective heat transfer; hence, a
higher Nusselt number. This Nusselt number, de�ned as the ratio of convec-
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tive to conductive heat transfer, is given as,

Nu � hDi

λ
(3.13)

where λ is the thermal conductivity of the �uid, and h is the convective heat
transfer coe�cient calculated as,

h � q2Ah
Afl pTwall � Tbulk q (3.14)

where Ah is the surface area on which the heat �ux is applied (Ah �
0.5πDoLf ), Afl is the internal wall area of the heated side of the tube as-
suming there are no �ns (Afl � 0.5πDiLf ), Twall is the average internal wall
temperature, and Tbulk is bulk temperature of the HTF:

Twall �
³
Afl

TdAfl³
Afl

dAfl
(3.15)

Tbulk � Tin � Tout
2

(3.16)

It is common to calculate the Nusselt number using total area wetted. It is,
however, important to note that di�erent �n designs have di�erent wetted
areas. As such, using the total wetted area to calculate the Nusselt numbers
would give some �n designs an advantage over other designs during optimiza-
tion. We intentionally avoided this e�ect by using internal wall area of the
�nless tube (Afl) for computing the Nusselt number.

3.2.3 Temperature leveling

The �ns' ability to level the temperature between the sun-facing (i.e., heated)
side and the sun-shadow (i.e., adiabatic) side of the tube is also analyzed in
this study. To quantify this e�ect, the following metric is de�ned:

∆θwall � θheated wall � θadiabatic wall (3.17)



Design Optimization of Helical Fins 84

where θ is the non-dimensional average temperature of the tube's outer wall
de�ned as,

θ � Twall, avg � Tin
Tout � Tin

(3.18)

Note that a lower ∆θwall metric corresponds to better temperature leveling
e�ect, and the �ns that induce strong swirl �ow generally result in lower
∆θwall .

3.3 Design optimization of �ns based on

thermo-hydraulic performance

3.3.1 Optimization formulation

The turbulence and swirl induced by the �ns result in better �uid mixing,
which in turn improves the convective heat transfer [65]. However, the �ow
obstruction caused by the �ns increases the pressure loss in the tubes. This
increased pressure drop requires higher pumping power to maintain the �ow
rate, thereby diminishing the bene�ts of increased thermal performance. As
such, an optimization formulation that tries to maximize the heat transfer
performance of the �ns while constraining the pressure loss is employed in
this work. This formulation is shown below:

max
x

Nupxq
Nus

(3.19)

s.t.
fpxq
fs

¤ threshold

xmin ¤ x ¤ xmax

here x is a vector of the �n's geometric design parameters, and xmin and
xmax are the bounds. Notice that the objective function and constraint are
scaled with the Nusselt and friction factor of a smooth tube (Nus and fs)
for easy interpretation.
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3.3.2 Surrogate assisted optimization

CFD simulations of these �n designs are computationally intensive. In fact,
each simulation in this study took an average of 6+ hours on a machine with
90 cores. Therefore, direct optimization approaches, which typically require
hundreds of calls to the CFD model, are computationally intractable. To cir-
cumvent this issue, Kriging models (also called Gaussian Processes) are used
as surrogates to approximate the CFD predictions needed during the opti-
mization. Once trained using a few CFD evaluations, these surrogate models
can be coupled to an optimizer and called numerous times without incurring
the cost of CFD simulations. This optimization approach is illustrated in
Figure 3.5.

Surrogate Model
Kriging

Optimization Algorithm
Eg: SQP

Convergence
Criterion

Met ?

No

Yes

Optimization Loop

Initial DOE
Eg: CVT

Physics Model
CFD Simulations

Figure 3.5: Surrogate assisted optimization loop

3.3.3 Candidate �n designs and their thermo-hydraulic
performance

In this study, �ve di�erent designs of swirl-inducing helical �ns are examined.
The thermo-hydraulic performance (i.e., friction factor, Nusselt number, and
the temperature leveling e�ect) of these �n designs is analyzed as a function
of their design parameters. This section brie�y describes the candidate �n
designs and summarizes their performance characteristics.
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3.3.3.1 Continuous helical �ns

Continuous helical �ns are often the �rst choice when it comes to passively
introducing swirl in a pipe �ow. The design of continuous helical �ns, shown
in Figure 3.6a, is de�ned geometrically by its height and pitch. Here, pitch
refers to the length of one helix turn measured parallel to the tube's axis.
Higher pitch results in a slow-turning helical �n with a low helix angle. Listed
in Table 3.3 are the range of values (i.e., optimization bounds) for these
geometric parameters.

Pfin Hfin

Min 35.3 mm p1Diq 3.52 mm p0.1Diq
Max 105.9 mm p3Diq 14.12 mm p0.4Diq

Table 3.3: Continuous helical �ns: design parameter ranges

Figure 3.6b shows the improvement in heat transfer due to these �ns.
This heat transfer enhancement comes at an expense of increased pressure
drop as shown in Figure 3.6c. For ease of interpretation, the Nusselt num-
ber and friction factor values in these plots are shown as ratios compared to
the smooth tube quantities. In addition, Figure 3.6d illustrates the leveling
e�ect of the �ns in terms of ∆θwall. These plots clearly indicate that tall �ns
with a lower pitch are better at heat transfer and temperature leveling, but
tend to cause high-pressure losses. This improvement in thermal performance
(Nu{Nus ¡ 2.5) is attributed to 2 main factors: a strong swirl/circumferen-
tial �ow and a longer e�ective �ow length (helical �ow path).

3.3.3.2 6Interrupted helical �ns

An interrupted helical �n is formed by cutting angular slots into a continuous
helical �n along the tube axis. These slots allow axial �ow to pass through
them; hence, resulting in better �uid mixing between circumferential and
axial �ow streams. In this study, the �ns of this kind are designed with
six slots, each with size θslot, circumferentially cut at uniform spacing (see
Figure 3.7a). Table 3.4 lists the range of design parameter values for this �n
design.



Design Optimization of Helical Fins 87

Pfin

Hfin

(a) Continuous helical �n design (b) Nusselt number ratio

(c) Friction factor ratio (d) Temperature leveling e�ect

Figure 3.6: Thermo-hydraulic performance of the continuous helical �n de-
sign

The thermo-hydraulic performance of this �n design is shown as a func-
tion of its design parameters in Figure 3.7. The interrupted design should
intuitively facilitate easier axial �ow through the slots, but in fact, a higher
pressure loss is observed than with a continuous helical �n design. Flow anal-
ysis indicates that this increased pressure loss is due to the circumferential
�ow stream colliding with the axial �ow (through the slots) at periodic in-
tervals. Though these �ns generate signi�cantly higher turbulence and �uid
mixing, their thermal performance is no better than the continuous helical
�n design.
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Hfin

θslot

Pfin

(a) Interrupted helical �n design (b) Nusselt number ratio

(c) Friction factor ratio (d) Temperature leveling e�ect

Figure 3.7: Thermo-hydraulic performance of the interrupted helical �n de-
sign

Table 3.4: Interrupted helical �ns: design parameter ranges.

Pfin Hfin θslot
min 35.3 mm p1Diq 3.52 mm p0.1Diq 20�

max 105.9 mm p3Diq 14.12 mm p0.4Diq 40�

3.3.3.3 Multi-head helical �ns

In this design, numerous short helical �ns, each with a height and width
equal to the tube's wall thickness, are arranged at uniform spacing on the
inner surface of the tube. These �ns are designed to introduce a thin layer
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of circumferential �ow close to the wall without causing much disruption to
the axial �ow. Figure 3.8a shows a CAD model illustrating this �n design
and its design parameters. Listed in Table 3.8a are the range of values (i.e.,
optimization bounds) for the geometric parameters.

Table 3.5: Multi-head helical �ns: design parameter ranges.

Pfin Nfin

min 35.3 mm p1Diq 4
max 105.9 mm p3Diq 8

The Nusselt number, friction factor, and temperature leveling e�ect of
this �n design are shown in Figure 3.8. These results show that, compared
to the pitch of these �ns Pfin, the number of �n replications Nfin has little to
no e�ect on the thermo-hydraulic performance of the design. Additionally,
this design has lower friction factor values than the other four �n designs,
but with less heat transfer enhancement (Nu{Nus ¤ 1.8).

3.3.3.4 D. Wedge-shaped double helix �ns

Tubes with periodic converging-diverging sections are known to exhibit
enhanced heat transfer characteristics - owing to recurring disruption and
redevelopment of the boundary layer [89]. The wedge-shaped double-helix
�ns extend this idea to helical designs. In this design, two �ns, each with
a wedge-shaped cross-section, are arranged in a double helix fashion (see
Figure 3.9a). This design, when viewed along the longitudinal cross-section
of the tube, resembles that of a periodically converging-diverging tube, and
hence can potentially exhibit similar boundary layer behavior. Table 3.6
lists the range of design parameter values for this �n design.

Pfin Wfin base Hfin

min 35.3 mm p1Diq 4.1 mm 3.53 mm p0.1Diq
max 105.9 mm p3Diq 17.65 mm 14.12 mm p0.4Diq

Table 3.6: Wedge-shaped double helix design: parameter ranges
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Nfin

Pfin

(a) Multi-head helical �n design (b) Nusselt number ratio

(c) Friction factor ratio (d) Temperature leveling e�ect

Figure 3.8: Thermo-hydraulic performance of the multi-head helical �n de-
sign

The thermo-hydraulic performance of this �n design is shown in Figure
3.9 as a function of its design parameters. These plots show that the design
can enhance heat transfer by up to three times within a 50-fold increase in
pressure drop. Moreover, this is the only design among 5 candidate designs
that exhibits a maximum Nu{Nus at a design parameter location that does
not correspond to the largest pressure drop.
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W
fin base

Pfin

Hfin

(a) Wedge-shaped double helix de-

sign. (b) Nusselt number ratio

(c) Friction factor ratio (d) Temperature leveling e�ect

Figure 3.9: Thermo-hydraulic performance of the wedge-shaped double helix
design

3.3.3.5 D. Helical tapes

There has been extensive research on helical tape inserts with various vortex
generator attachments and perforation patterns [38]. In this work, the �n
design shown in Figure 3.10a is referred to as helical tapes for lack of a better
name. In fact, this design is a variant of the continuous helical �n design with
�n height equal to the tube's internal radius. As such, this design leads to a
tube design with completely separated spiral �ow channels. The number of
�ow channels is double that of the helical tapes. The design parameter ranges
of this design are listed in Table 3.7. The thermo-hydraulic performance of
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this �n design is shown in Figure 3.10 as a function of its design parameters.

(a) Helical tape design (b) Nusselt number ratio

(c) Friction factor ratio (d) Temperature leveling e�ect

Figure 3.10: Thermo-hydraulic performance of the helical tape design

Table 3.7: Helical tape: design parameter ranges.

Ptape Ntape

min 35.3 mm p1Diq 1
max 105.9 mm p3Diq 3
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3.3.4 Optimization results

When examining �n designs under two di�erent metrics (Nusselt numbers
and friction factors), there is no notion of a so-called single �best �n con-
�guration". Instead, there are multiple optimal con�gurations with varying
degrees of trade-o� between heat transfer enhancement and pressure loss [65].

To this end, several optimizations, each maximizing Nusselt number
with a di�erent friction factor threshold, are carried out in this study.
Each of these optimization problems produces an optimal �n con�guration
with maximum heat transfer (Nu) for a given friction factor threshold.
All of these optimization problems were solved using Sequential Quadratic
Programming (SQP), a gradient-based nonlinear optimization method. It is
important to note that during the optimization process, only the surrogate
approximations of the objective and constraint functions are used, not the
actual CFD model. The results from these optimization problems are listed
in Table 3.8 for each of the 5 candidate �n designs.

Notice that the interrupted helical design, even when rigorously opti-
mized, has lower thermal performance than the continuous helical design.
With the exception of the multi-head helical �ns, all candidate designs pro-
duce thermal enhancement greater than 2 times (Nu{Nus ¡ 2), albeit at
varying pressure losses. However, when it comes to choosing �ns with low
friction factor values, the multi-head helical �n design is a reasonable choice
among the 5 candidate designs.

3.4 Entropy generation analysis

Heat transfer and pressure loss are traditionally analyzed as separate
quantities using two di�erent metrics Nu, f . This provides only a lim-
ited understanding of the �ns' overall impact. The second law, on the
other hand, accounts for both these quantities through a single �entropy
generation" measure. This allows one to examine the heat transfer and pres-
sure loss on the basis of their relative contributions to the entropy generation.

Entropy generation quanti�es irreversibilities in the system (responsible
for loss of work producing potential) to give an overall measure of the
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A. Continuous Helical Fins

f{fs threshold 10.00 20.00 25.00
Nu{Nus 1.93 2.20 2.48
Hfin 13.84 mm 8.41 mm 14.12 mm
Pfin 63.30 mm 35.30 mm 40.74 mm

B. Interrupted Helical Fins

f{fs threshold 20.00 40.00 55.00
Nu{Nus 1.83 2.17 2.21
Hfin 11.31 mm 11.52 mm 13.29 mm
θslot 20.10� 20.00� 21.79�

Hfin 57.25 mm 35.75 mm 35.30 mm

C. Multi-head Helical Fins

f{fs threshold 3.00 6.50 8.00
Nu{Nus 1.40 1.65 1.74
Pfin 86.50 mm 60.94 mm 36.47 mm
Nfin 8 8 8

D. Wedge-shaped double helix Fins

f{fs threshold 20.00 30.00 40.00
Nu{Nus 2.18 2.45 2.71
Pfin 56.58 mm 46.18 mm 36.10 mm
Hfin 12.74 mm 13.10 mm 13.61 mm

Wfin base 4.10 mm 4.10 mm 4.10 mm

E. Helical Tapes

f{fs threshold 10.00 30.00 50.00
Nu{Nus 2.00 2.50 2.71
Ptape 95.59 mm 57.80 mm 37.55 mm
Ntape 3 3 1

Table 3.8: Results from thermo-hydraulic optimization

�e�ciency" [9, 60]. Accordingly, systems with less entropy generation
degrade less available work (exergy) and are therefore more e�cient.
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Recently, various techniques, ranging from explicitly solving the entropy
transport equation to employing approximate entropy generation models
(often functions of RANS quantities), have been developed to compute
entropy generation in a system [1, 42, 30, 60]. These methods proved useful
for studying the entropy generation in applications such as turbo-machinery
[79], HVAC systems, and heat exchangers [73].

In heated �ows, there are two main sources of entropy generation: vis-
cous dissipation e�ects (i.e., friction) and the presence of local thermal non-
equilibria [8, 42]. Under RANS formulation, the entropy generated due to
friction psfrq is broken down into contributions from the direct dissipation
ps̄frq in the mean �ow �eld and from the turbulent dissipation ps1frq due to
�uctuating velocities. These entropy contributions per unit volume are given
as:

s̄fr � µ
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Similarly, the entropy generation corresponding to heat transfer pshtq also
has two contributions: the entropy due to mean temperature gradients ps̄htq
and the entropy due to gradients of temperature �uctuations ps1htq:

s̄ht � λ
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Since the gradients of �uctuating temperature and velocity are not solved
for in the RANS approach, Kock [30, 42] proposed a model to compute these
entropy contributions (i.e., s1ht and s1fr) by relating them to the turbulent
dissipation rate pεq and the mean temperature pT̄ q as:

s1ht �
αt
α
s̄ht (3.24)

s1fr �
ρε

T
(3.25)

where α � λ{pρcpq is the thermal di�usivity and αt is the turbulent thermal
di�usivity. Within the solid region, the entropy generation originates only
from the presence of thermal gradients. One should also note that there is
no notion of �uctuation thermal gradients in the solid region. Finally, the
total entropy generation Stotal in the system is obtained by integrating the
sum of all entropy contributions over the �uid and solid regions:

stotal � sfr � sht � s̄fr � s1fr � s̄ht � s1ht (3.26)

Stotal � Sfr � Sht �
»
ps̄fr � s1frqdV �

»
ps̄ht � s1htqdV (3.27)

where Sht and Sfr are the heat transfer and frictional contributions to the
total entropy.

3.4.1 Validation of entropy generation calculations

For validating the entropy generation calculations and the underlying
numerical model, a benchmark problem initially proposed by Bejan [9]
with the analytical solution, and later solved numerically by Kock [42], is
simulated here. The problem considers water �owing through a smooth
tube of length L and diameter D at a mass �ow rate of 9m � 1kg{s. The
tube is heated by a wall heat �ux of q � 105 W {m2 to raise the water
temperature from Tin � 300 K to Tout � 310 K. The total entropy gener-
ation for this turbulent �ow is examined for various Reynolds numbers by
varying D and L while maintaining the wall area pπDLq constant at 0.42 m2.
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Figure 3.11: Model validation: entropy generation computed in this work
compared with Bejan's analytical solution and Kock's numerical solutions

The total entropy generation calculated from the CFD implementation
of this benchmark problem is compared with Bejan's analytical solution and
Kock's numerical solution in Figure 3.11. The analytical solution for this
problem is shown in Eqn. 3.28. The �rst and second terms on the right-hand
side of this equation represent the entropy generation due to friction and
heat transfer, respectively.»

stotal dV � 8 9m4cplnpTout{Tinq
π3ρ2D6q

f � q2D2πL

kTinTout
Nu�1 (3.28)

3.4.2 Entropy generation vs Reynolds number

In this section, entropy generation contributions from heat transfer and
viscous e�ects are analyzed while varying the Reynolds number. Given
a �n design, this study helps in identifying the Reynolds number leading
to minimum total entropy generation. It is important here to recognize
that the entropy generation versus Reynolds number curve varies from
one �n design to another. This is attributed to the fact that velocity and
temperature gradients within the tube (responsible for entropy production)
are a function of �n geometry.
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In general, improving the heat transfer, either by increasing the Reynolds
number or by adding �ns to the tube, will decrease the entropy generation.
This is supported by the fact that improving heat transfer reduces local ther-
mal non-equilibrium, which in turn lowers thermal gradients responsible for
entropy production. On the other hand, frictional loss and its corresponding
entropy generation contribution will increase when the Reynolds number
is increased or when �ns are included. However, note that the frictional
entropy only starts dominating once the operational �ow rate goes past
the optimal Reynolds number. Therefore, any heat transfer improvement
obtained by increasing the operational Reynolds number past the optimal
Reynolds number comes with a greater cost of pumping power.

The entropy generation associated with heat transfer can be orders of
magnitude larger than the frictional entropy generation, especially at lower
Reynolds numbers. Therefore, at low Reynolds numbers below the optimal
Reynolds number, heat transfer enhancement is always bene�cial to lower
the entropy production even at an additional cost from increased friction
loss. Nevertheless, it is important to note that the frictional entropy pro-
duction increases drastically as frictional losses increase at higher Reynolds
number.

Helical �n designs that were previously optimized at Re=86000 are now
analyzed from an entropy generation perspective while varying the Reynolds
number. The results from this analysis are presented in Figures 3.13 - 3.16
along with their Nusselt number and friction factor ratios. Notice that the
entropy generation contributions from the mean and �uctuating �eld quan-
tities are also shown in these �gures as separate quantities. The Reynolds
number corresponding to the minimum entropy generation for each of these
designs is shown as a green dashed line on these plots.

3.5 Design optimization of �ns based on en-

tropy generation: case study

Minimizing total entropy generation is typically thought to result in a design
with maximum e�ciency. However, such an optimization does not give
any control over the engineering quantities: heat transfer and pressure loss,
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Figure 3.12: Continuous helical �n design with Pfin � 35.3 mm, Hfin �
14.12 mm: (Left) Entropy generation, and (Right) thermo-hydraulic perfor-
mance as a function of Reynolds number

Figure 3.13: Interrupted helical �n design with Pfin � 35.3 mm, Hfin �
8.82 mm, θfin � 20 deg: (Left) Entropy generation, and (Right) thermo-
hydraulic performance as a function of Reynolds number

and their corresponding entropy generation contributions. The objective of
this case study is to analyze the relation between total entropy generation,
heat transfer and pressure loss, and their corresponding entropy generation
contributions in the context of design optimization. For this purpose, an
optimization problem is formulated by considering the height and pitch of
the continuous helical �ns as design variables. The boundary conditions
and reference geometry dimensions for this case study can be found in
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Figure 3.14: Multi-head helical �n design with Pfin � 35.3 mm, Hfin �
1.1 mm, Nfin � 4: (Left) Entropy generation, and (Right) thermo-hydraulic
performance as a function of Reynolds number

Figure 3.15: Wedge-shaped double helix design with Pfin � 35.3 mm, Hfin �
4.5 mm,Wfin � 4.5 mm: (Left) Entropy generation, and (Right) thermo-
hydraulic performance as a function of Reynolds number

[65]. The optimal solution obtained from minimization of total entropy
generation is compared with the set of solutions (i.e., the Pareto-front) from
a multiobjective optimization problem where the entropy contributions of
heat transfer and pressure loss are considered as two separate quantities to
be minimized.

Two optimization formulations are considered in this case study. First, a
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Figure 3.16: Helical tape design with Pfin � 35.3 mm, Ntape � 1: (Left)
Entropy generation, and (Right) thermo-hydraulic performance as a function
of Reynolds number

multiobjective optimization where the frictional and heat transfer entropies
are treated as separate objectives is considered. Second, a single objective
optimization where the minimization of the total entropy is considered. In
both situations, the optimization variables are the height Hfin and the pitch
Pfin of the continuous helical �n. Note that the thickness δfin of the �ns,
assumed thin, is not chosen as a design parameter as it was found to have
every little in�uence on entropy generation. The detail of these optimization
problems is provided below.

3.5.1 Multiobjective Optimization: frictional and heat
transfer entropy generation contributions

Helical �ns in the tube promote turbulence while adding a degree of swirl to
the �ow. This results in better �uid mixing, leading to a signi�cant increase
in Nusselt number pNuq. The only caveat is that these �ns also obstruct
the �ow, thereby increasing the pressure loss coe�cient pfq. From an en-
gineering perspective, this increased pressure drop corresponds to a higher
pumping pressure to maintain the �ow. This mitigates the gains from in-
creased thermal performance. Such a system with con�icting measures of
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merit �ts perfectly in a multiobjective formulation:

min
Hfin, Pfin

r fpHfin, Pfinq, �NupHfin, Pfinq s (3.29)

s.t. 2 mm ¤ Hfin ¤ 8 mm

20 mm ¤ Pfin ¤ 80 mm

This multiobjective optimization does not provide a single solution but
rather a set of solutions forming a so-called Pareto-front. This is the set
of �non-dominated" solutions for which any improvement in one of the
objectives (e.g., the friction factor), will degrade the other one (e.g., the
Nusselt number).

There exists a direct relationship between the engineering quantities (f ,
Nu) and the entropy generation contributions associated with them. More-
over, these two entropy contributions (i.e., frictional entropy and heat trans-
fer entropy) are con�icting objectives from an optimization point of view. As
such, the multiobjective problem in Eqn. 3.29 can also be framed in terms
of the entropy generation contributions as the following:

min
Hfin, Pfin

r ShtpHfin, Pfinq, SfrpHfin, Pfinq s (3.30)

s.t. 2 mm ¤ Hfin ¤ 8 mm

20 mm ¤ Pfin ¤ 80 mm

3.5.2 Single objective optimization: total entropy gen-
eration minimization

On the other hand, minimizing total entropy generation, a single objective
optimization, should lead to a system with the least irreversibilities and there-
fore yield maximum e�ciency. However, it does not provide any control over
the heat transfer and frictional contributions to the entropy. This stems
from the fact that the Second Law does not provide any distinction between
sources of entropy (i.e., viscous dissipation and thermal gradients) and con-
siders total entropy generation as a single measure of merit. Furthermore,
the frictional entropy and heat transfer entropy can di�er by orders of mag-
nitude depending on the Reynolds number and the heat loading at which the
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system is analyzed. In such cases, the entropy contribution with the largest
magnitude might bias the results from the optimization, leading to imprac-
tical solutions. The optimization based solely on total entropy generation is
formulated as follows:

min
Hfin, Pfin

Stotal � ShtpHfin, Pfinq � SfrpHfin, Pfinq (3.31)

s.t. 2mm ¤ Hfin ¤ 8mm

20mm ¤ Pfin ¤ 80mm

Towards the end of this case study, it is shown that total entropy mini-
mization leads to one of the non-dominated solutions from the multiobjective
optimization.

3.5.3 Optimization results

The Pareto-optimal (also referred to as non-dominated) solutions from the
entropy-based multiobjective optimization are shown in Figure 3.17a along
with the optimum from the total entropy minimization.

(a) (b)

Figure 3.17: Multiobjective entropy optimization: (a) Pareto-optimal solu-
tions compared with the optimum from the total entropy generation mini-
mization. (b) Total entropy generation of Pareto-optimal solutions

The Pareto-optimal solutions correspond to a set of designs where an
improvement in one of the objectives (e.g., heat transfer related entropy)
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would lead to a degradation of the other objective (e.g., frictional entropy).
It should also be noted that the optimum from the single objective total
entropy minimization is in fact one of the Pareto-optimal solutions from the
multiobjective optimization. The total entropy generation corresponding to
Pareto-optimal solutions from entropy-based multiobjective optimization is
shown in Figure 3.17b. From these results, it can be observed that the
multiobjective optimization provides more design solution options, each with
di�erent trade-o�s between entropy generation contributions from pressure
loss and heat transfer performance. This can help engineers choose solutions
with the best entropy con�guration while maintaining the practicality of the
solution in terms of pressure drop and Nusselt number.



CHAPTER 4

Multi-�delity Reliability

Assessment: Heat Exchanger

A part of the contents of this chapter are published in the article entitled:

� "A Multi-Fidelity Approach for Reliability Assessment Based on the
Probability of Classi�cation Inconsistency." Journal of Computing and
Information Science in Engineering (2023) [68].

Over the past two decades, the engineering design process has become
increasingly driven by numerical simulations. As a consequence, multiple
numerical models, each with a varying level of �delity and computational
cost, are often developed to estimate the same input-output relationship
of a system. Low-�delity models, for instance, can be reduced-order or
simpli�ed-physics descriptions of the system. High-�delity models, on the
other hand, capture better physics and often require the use of complex
�nite element (FE) or computational �uid dynamics (CFD) simulations.
Typically, models with higher �delity are computationally expensive,
and therefore cannot be used in call-hungry outer-loop procedures like
uncertainty quanti�cation, optimization, and reliability analysis. To address
this challenge, multi-�delity techniques are becoming increasingly popular.
The idea behind these techniques is to fuse low- and high-�delity model
evaluations to reduce computational e�ort and accelerate outer-loop routines
while preserving higher levels of accuracy.

Most of the existing multi-�delity schemes are primarily developed for
optimization or uncertainty quanti�cation, and rely on regression surrogates
to combine low- and high-�delity data. Gaussian Processes (GPs) [78, 74]
are commonly used for this purpose. Recently, attempts have been made
to employ Support Vector Regression (SVR) in multi-�delity settings. One
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such approach, called Co-SVR, utilizes a Co-Kriging style kernel structure
to model data from two levels of �delity [85]. Another approach pairs
SVR approximations with a di�erence mapping technique between high-
and low-�delities to model multi-�delity data [107]. Readers are referred
to [20, 22, 64] for a comprehensive review of the multi-�delity modeling
techniques.

GPs have become the preferred model in multi-�delity settings due
to their constructional �exibility and ability to provide prediction vari-
ance [39, 49]. Several researchers have used this variance information to
devise acquisition functions and model selection strategies for Bayesian
optimization, reliability assessment, and other outer-loop routines [93, 34].
One of the early works by Forrester et al. [22] proposed a multi-�delity
Bayesian optimization approach employing Expected Improvement (EI)
to iteratively �nd new samples. These samples are then evaluated at all
levels of �delity to update the multi-�delity GP model. Huang et al. [31]
developed an optimization scheme using augmented EI as an integrated
criterion to determine both the location and the �delity level of new samples
simultaneously. Lam et al. [47] proposed an optimization scheme using an
EI-based acquisition function for �nding the samples and an information
gain-based heuristic for �delity selection. Poloczek et al. [71] extended
the knowledge-gradient acquisition function to a multi-�delity setting, and
employed a GP kernel better suited to Bayesian optimization in their work.
Ghoreishi et al. [25, 24, 33] developed unconstrained and constrained
Bayesian optimization schemes that fuse multi-�delity information using
GPs in a non-hierarchical fashion. Tran et al. [91, 92] developed constrained
Bayesian optimization schemes for single- and multi-�delity settings using
GP regression to approximate the objective function and GP classi�ers to
handle constraints. Similar classi�cation-style handling of constraints was
also employed in [4], but using SVMs.

Unlike optimization, the literature on reliability assessment in multi-
�delity settings is rather minimal. In recent work, Marques et al. [54]
introduced the concept of contour entropy and devised an acquisition
function that maximizes the reduction of contour entropy per unit cost.
Coupled with multi-�delity GPs, this approach can be used to iteratively
construct approximations of the failure boundary for reliability assessment.
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Chaudhuri et al. [10, 14] extended the widely adopted E�cient Global
Reliability Analysis (EGRA) algorithm to multi-�delity setting. Using the
Expected Feasibility Function (EFF), this methodology �rst locates the next
training point and then determines the �delity level for evaluating this point
based on an information gain metric. In an approach called AMK-MCS +
AEFF, Yi et al. [103] augmented the EFF to include the cross-correlation,
the sampling density, and the cost between high- and low-�delity models.
This augmented EFF function is employed to �nd both the location and
the �delity level of the next training sample for iterative construction of the
failure boundary approximation.

The binary (i.e., failure/safe) nature of a limit state function (LSF),
which allows the reliability assessment to be dealt with in a classi�cation
framework, cannot be completely exploited with regression surrogate-based
schemes. In fact, more generally, a classi�cation approach can e�ectively
deal with discontinuous responses, which would hamper the use of regression
models. In this work, we emphasize the binary nature of LSFs, and propose
a classi�cation-based multi-�delity approach for reliability assessment using
support vector machine (SVM) classi�ers as surrogates. Note that GPs
can also be used for classi�cation [74, 91] but it is not their dedicated use
compared to SVMs. Another advantage of SVM classi�cation over regression
is its ability to handle a potentially large number of limit states de�ning the
failure boundary with a single SVM without having to approximate each
limit state individually.

The classi�cation approach for multi-�delity becomes particularly
attractive for the following reason: low-�delity models, owing to their
limited accuracy, usually result in a failure boundary that di�ers from the
high-�delity boundary in its vicinity. This implies that away from the failure
boundary, the failure/safe outcome from high- and low-�delity models will
be the same [18]. Thus, in regions away from the failure boundary, using
low-�delity model evaluations will result in consistent failure/safe predictions
as the high-�delity model but at a signi�cantly less computational e�ort.
On the other hand, in regions close to the failure boundary, predictions
from low- and high-�delity models may di�er. Therefore, high-�delity model
evaluations are necessary in these regions to ensure the accuracy of the
failure boundary. A detailed explanation of this concept with graphical
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support is provided in Section 4.2.

Extending on this logic, we devise a multi-�delity framework that
employs adaptive sampling to build an SVM approximation of the failure
boundary. For two models of di�erent �delity, the proposed adaptive
sampling scheme is based on �nding a sparsely sampled region where
the probability that the SVM approximations of low- and high-�delity
models predict di�erent classes (failure/safe) is maximum. In this article,
this is referred to as the Inconsistency weighted Generalized Max Min
(IGMM) sampling. Furthermore, we de�ne a neighborhood domain around
the low-�delity failure boundary where low-�delity predictions cannot be
trusted (due to its limited accuracy in capturing the true failure boundary).
This neighborhood, whose size is iteratively updated, is used to determine
whether to evaluate the IGMM samples with the low- or high-�delity model.

The proposed multi-�delity approach is �rst tested on a few analytical
examples and later applied to compute the failure probability of a shell
and tube heat exchanger. In the case of a shell and tube heat exchanger,
failure is characterized by excessive shell side pressure drop (i.e., shell
side pressure drop exceeds critical pumping pressure) or inability to meet
thermal load (i.e., shell side �uid outlet temperature falls below the
desired temperature). These pressure drop and temperature values are
computed using two di�erent heat exchanger rating methods of varying �-
delity, namely the Kern HEx Method and the Bell-Delaware Method [81, 80].

4.1 Reliability Assessment: quick recap

The crux of a reliability assessment problem is to estimate the failure prob-
ability of a system. When formulated mathematically, this boils down to a
problem of computing a multivariate integral over the failure domain. Given
d random variables X P Ω � Rd representing the inputs of a system in design
space Ω, and their joint probability density function fX, the probability of
failure is de�ned as:

Pf �
»

Ωf

fXdΩ (4.1)
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where Ωf � Ω is the failure domain with boundary Γf de�ned by the zero
contour of a limit state function g : Ω ÞÑ R.

Several approaches exist to computationally assess this probability of
failure integral. The moment-based approaches: �rst-order reliability
method (FORM) and second-order reliability method (SORM) are well-
known [17, 57]. These methods �rst locate the Most Probable Point (MPP),
and then use either �rst or second Taylor approximation of the limit-state
function about this MPP to compute the probability of failure. Though these
approaches are computationally inexpensive, their accuracy is known to be
limited especially when the limit-state function is highly nonlinear. In addi-
tion, these methods can not handle systems with multiple failure modes. In
such situations, Monte Carlo Simulation (MCS) is often the only choice to
estimate the failure probability:

Pf � 1

Nm

Nm̧

i�1

Ipgpxiqq (4.2)

where xi, i � 1, ..., Nm are Nm samples drawn from fX , and I is an indicator
function de�ned as 1 if gpxq ¤ 0 (failure) and 0 otherwise.

In most circumstances, the sheer number of evaluations required to esti-
mate Pf makes the brute-force MCS computationally prohibitive (even when
LSFs are nominally expensive). Therefore, surrogates of the system's re-
sponses are often employed to implicitly approximate the LSFs. Kriging
approximations are commonly used in this context [19]. Once trained, these
surrogates are inexpensive to evaluate; hence, can be used to calculate Pf
with MCS. Readers are referred to [99] for a review of surrogate-based meth-
ods for reliability analysis.

4.1.1 Support Vector Machines for reliability assess-
ment

Reliability assessment can also be viewed as a classi�cation problem (failure
vs. safe) and treated using a classi�cation method. Support Vector Machines
[96] are attractive for this purpose because besides being a classi�er, they can
provide an explicit approximation (local or global) of the failure boundary.
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In addition, they allow one to treat various failure modes simultaneously
without the need to approximate the corresponding responses individually.
In other words, one SVM classi�er can represent many limit state functions
simultaneously [5].

Given a set of Nt training samples xi P Ω and their corresponding class
labels yi � �1 (safe/failure), an SVM is constructed as:

Spxq � b�
Nţ

i�1

λiyiKpxi,xq (4.3)

where b is a scalar referred to as the bias, λi are Lagrange multipliers
obtained from the quadratic programming optimization used to construct
the SVM, and Kpxi,xq is a kernel function. In this study, we chose the
squared exponential kernel for its �exibility and ease of tuning. Moreover,
the squared exponential kernel is often the preferred choice when there is no
prior knowledge of how the training data will be distributed.

Once trained, the SVM can be treated as a surrogate approximation of
the failure boundary, and any arbitrary new point x can be classi�ed into
failure/safe just by the sign of Spxq. This trained SVM can then be used
to calculate the probability of failure via MCS with minimal computational
e�ort:

Pf � 1

Nm

Nm̧

i�1

I pSpxiqq (4.4)

where I is the indicator function de�ned as 1 if Spxq ¤ 0 and 0 otherwise.

Note that the SVM's accuracy in approximating the failure boundary
strongly depends on the distribution and the amount of training data (de-
sign of experiment). Consequently, several adaptive sampling strategies have
been developed to iteratively improve the SVM and ultimately increase the
accuracy of Pf estimation [46, 5].
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4.1.2 Probabilistic Support Vector Machines (PSVM)

The deterministic SVM, which is limited to classifying samples as �1, can
be converted into a probabilistic model by post-�tting a logistic model to its
scores [70]. This sigmoidal mapping of deterministic SVM into probability
space is as following:

PSp�1|xq � 1

1 � exppθ1Spxq � θ2q (4.5)

where Spxq is the classi�cation score from the SVM, and tθ1, θ2u are the hyper
parameters of the logistic model found by maximizing the log likelihood:

tθ1, θ2u � argmax
θ1,θ2

Nţ

i�1

ti log pPSp�1|xiqq� (4.6)

p1 � tiqlog p1 � PSp�1|xiqq

withN� andN� as the number of positive and negative sample in the training
set, ti is de�ned as:

ti �
$&%

N��1
N��2

if yi � �1

1
N��2

if yi � �1
(4.7)

Once tuned, the PSVM provides the probability of a sample belonging
to a certain class. This probability is later used in the adaptive sampling
scheme explained in Section 4.2.3.

4.2 Multi-�delity Algorithm

4.2.1 Fundamental concept

Ideally, accurate estimation of failure probability requires exclusive use of
high-�delity model MH representative of high-�delity limit state function.
But, due to its high computational cost, MH can only be called a limited
number of times. Low-�delity model ML, on the other hand, typically
provides cost-e�ective information on the �general behavior� of the system
[18]. This general description can be subsequently re�ned by making



Multi-�delity Reliability Assessment 112

selective calls to MH .

To combine this multi-�delity data, we propose a classi�cation-based
approach under the following setup: consider an SVM approximation SL
of the failure boundary associated with ML. Similarly, consider an SVM
approximation SM of the failure boundary which we wish to construct using
multi-�delity data. In this setting, there exists a region of design space
(referred to as the neighborhood DN) around SL beyond which both ML

and MH consistently predict failure or success. On the other hand, in
regions closer to SL (i.e., within the neighborhood), the predictions between
the two levels of �delity may be inconsistent [18]. This concept is graphically
illustrated in Figure 4.1.

SL

SM

Low
fidelity
model

High
fidelity
model

ML

MH

x1

x
2

Figure 4.1: Key concept of the proposed multi-�delity approach. In close
proximity to the failure boundary (i.e., within the shaded neighborhood DN),
predictions fromML andMH may be inconsistent. Outside this region, both
ML and MH will predict failure/safe outcomes consistently

Note that the above setting assumes that the low-�delity model leads to
a failure boundary that di�ers from the high-�delity failure boundary only in
its vicinity. This assumption often holds true in many multi-�delity scenarios.

4.2.2 Initial setup

During this phase, the SVM SL, representing the low-�delity failure bound-
ary, is built using the samples classi�ed by ML. In addition, a neighborhood
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DNpmq of size m around SL is selected. This neighborhood, de�ned math-
ematically by Eqn. 4.8, represents the region of design space Ω where the
low- and high-�delity model predictions are expected to be inconsistent.

DNpmq � tx P Ω | | SLpxq | ¤ mu (4.8)

Subsequently, an initial guess of SM is constructed using the low-�delity
samples lying outside of the extended neighborhood DNp2mq. This initial
guess is later adaptively re�ned using the multi-�delity data. For the
remainder of the paper, the samples evaluated by ML are referred to as
low-�delity samples and are denoted by a set XL for brevity. Likewise, the
high-�delity samples are denoted by a set XH .

For clarity, the steps in this setup phase are described in detail below
with graphical support (see Figure 4.2):

1. First, a set of NDOE uniformly spaced samples are drawn from the
design space Ω, and classi�ed by ML as either failure or safe. These
samples, along with their class labels, are used to train the SVM SL.

2. Next, a neighborhood region DN is de�ned around SL. An initial guess
for the neighborhood size m, re�ecting an assumption about the accu-
racy of the low-�delity model, is selected. This size is later iteratively
updated within the multi-�delity scheme.

3. Low-�delity samples XL located within the extended neighborhood
DNp2mq are removed, and an initial SVM SM is trained with the re-
maining low-�delity samples:

Xrem
L � tx P XL | x R DNp2mqu (4.9)

Since both ML and MH are deemed to consistently classify the sam-
ples outside the neighborhood, the idea here is to use inexpensive low-
�delity data from this region to build a rough initial multi-�delity fail-
ure boundary (without using any expensive high-�delity data).

Once the initial setup is complete, multi-�delity data is iteratively added
to SM to re�ne it. This iterative adaptive sampling method is described in
the following section.
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SL
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(a) DOE samples are drawn and eval-

uated by ML. Blue: +1 class (safe),

Red: -1 class (failure). SVM SL is

trained

SL = 2m

SL

SL = �2m

DN(2m)

x1

x
2

(b) Extended neighborhood DN p2mq
assumed around SL (shaded). Low-

�delity samples within DN p2mq are

removed

SL = 2m

SL

SL = �2m

DN(2m)

x1

x
2

(c) Initial multi-�delity SVM SM
is trained with the remaining low-

�delity samples

Figure 4.2: Graphical illustration explaining the steps in the initial setup

4.2.3 Adaptive sampling

An important aspect of this multi-�delity framework is to identify regions
of the design space in which the SVMs SL and SM predict the failure/safe
outcome of a sample inconsistently. These regions, highlighted in Figure 4.3,
are iteratively sampled to update the SVM SM . For this purpose, a sample
referred to as Inconsistency weighted Generalized Max Min (IGMM) sample



Multi-�delity Reliability Assessment 115

is found by solving the following optimization problem:

xigmm � argmax
x

Pinpxq Qpxq (4.10)

s.t. �1 ¤ SMpxq ¤ 1

xmin ¤ x ¤ xmax

where Pin is the probability of a sample being inconsistently classi�ed,
and Q is the weight factor to maintains sparsity while sampling. Note that
the above optimization problem has multiple local optima, and as a result, a
global optimizer should be used. The probability of inconsistency Pin, given
by Eqn. 4.11, re�ects the two possible cases in which the SVMs SL and SM
predict the sample to belong to di�erent classes (i.e., SM classi�es the sample
as +1 while SL classi�es it as -1, and vice-versa).

Pinpxq � PSM
p�1|xqPSL

p�1|xq �
PSM

p�1|xqPSL
p�1|xq (4.11)

SL = 2m

SL

SM

SL = �2m

DN(2m)

x1

x
2

Figure 4.3: Inconsistency region highlighted. SVM SL (built with low-�delity
data) and SM (built with multi-�delity data to approximate the high-�delity
failure boundary) classify the samples di�erently in this region

It is observed that maximizing Pin alone can result in the new sample
ending up in the same location as its predecessor. This becomes especially
evident when adding samples to the inconsistency regions does not change
the SM (i.e., a systematic shift between SL and SM is reached). To avoid
this problem, the probability Pin is augmented by a weight factor Q de�ned
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as [46]:
Qpxq � fXpxq1{d min

i�1,..,Nt

||x� xi|| (4.12)

where fX is the joint probability density function of the variables, and ||x�
xi|| is the Euclidean distance between x and the existing samples xi. In
adaptive sampling literature, this factor Q is known as the �Generalized Max-
Min" metric, and it restricts the sample to be as far away from the existing
samples as possible while following the joint probability distribution [46].

4.2.3.1 Lookahead check

In some cases, adding a xigmm sample may result in little to no change in SM .
In such cases, the computational e�ort for simulating the sample would go to
waste. Therefore, xigmm sample is found through a conditional loop shown in
Figure 4.4. This loop quickly checks, without evaluating the sample, whether
SM will change considerably if the sample is predicted to be of either +1 or
-1 class. It is the binary nature of the SVM which makes this lookahead
check possible. If the projected change in the failure probability due to this
sample is less than the standard deviation of the failure probability, there is
no need to evaluate the sample. This check is as follows:

∆�1Pf   σPf
(4.13)

where σPf
�a

Pf p1 � Pf q{Nm is the standard deviation of the MCS estimate
of Pf , and ∆�1Pf is the lookahead change in the probability of failure if SM
is to be updated with xigmm:

∆�1Pf � max p∆�1Pf , ∆�1Pf q (4.14)

∆�1Pf � |Pf pSMq � Pf pSM |txigmm,�1uq|
∆�1Pf � |Pf pSMq � Pf pSM |txigmm,�1uq|

where ∆�1Pf is the change in Pf if xigmm is considered to be of +1 class.
Similarly, ∆�1Pf is the change in Pf if xigmm is considered to be of -1 class.
This lookahead conditional loop is repeated, while keeping the failed point
XNE in Ω, until an xigmm sample potentially resulting in a signi�cant change
in Pf ( i.e., ∆�1Pf ¡ σPf

) is found.
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Figure 4.4: Adaptive sampling loop with lookahead check

4.2.4 Model Management

The strategy for evaluating xigmm, whether with MH or ML, is based on the
sample's location in reference to the neighborhood DN . This neighborhood
DN , as previously de�ned, represents regions of the design space in which
the predictions from MH and ML are expected to be inconsistent (i.e., ML

can not be trusted within these regions ). Therefore, the xigmm samples
falling in these regions close to SL

�
i.e., inside the extended neighborhood

DNp2mq
�
are evaluated with MH . On the other hand, in regions far from

SL, ML is used. Table 4.1 and Figure 4.5 summarizes the instances whether
to use high- or low-�delity model for evaluating inconsistency samples xigmm.

Updating the size of the neighborhood to accurately re�ect the re-
gions of inconsistency is a critical part of the proposed algorithm. The
neighborhood size parameter m is updated when a high-�delity sample
xH P DNp2mq �DNpmq is inconsistently classi�ed by SL. When this occurs,
the size parameter m is increased such that all such inconsistently classi�ed
high-�delity samples are brought into DNpmq. Table 4.1 summarizes this
neighborhood size update scheme.

The �ow chart of the complete algorithm is shown in Fig. 4.6. Through-
out this work, we employ the �sti�est" approach for tuning the SVM [6]. In
this technique, the kernel parameter providing the �straightest" SVM with
no misclassi�cation is selected.
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Figure 4.5: Model selection strategy for evaluating adaptive samples. If the
sample belongs to DNp2mq, it is evaluated using MH . If not, ML is used

Sample location Eval Margin update

xigmm P DNpmq MH No

xigmm P DNp2mq �DNpmq MH
Yes,

if MHpxqSLpxq   0
xigmm R DNp2mq ML No

Table 4.1: Model selection and neighborhood size (m) update scheme based
on the location of xigmm

4.3 Results

In this section, the proposed multi-�delity algorithm is tested on a few an-
alytical functions and then applied to an engineering problem involving a
miniature shell and tube heat exchanger. To this end, the SVM constructed
with the multi-�delity scheme is compared with an SVM built solely us-
ing Latin Hypercube Samples (LHS) evaluated with the high-�delity model.
This comparison illustrates the computational advantage of using the pro-
posed multi-�delity approach versus only using high-�delity evaluations.
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Figure 4.6: Flow chart showing the multi-�delity reliability assessment algo-
rithm proposed in this work
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4.3.1 Illustrative example: O�set-sine functions

To illustrate the steps in the multi-�delity algorithm, a two-dimensional ana-
lytical test problem is �rst presented here. In this example, the high-�delity
version of the limit state function MH is described by a sine function:

MHpx, yq � y � 0.2 sinp10xq � 0.5 (4.15)

On the other hand, the low-�delity limit state function ML is considered to
be an o�set of MH , but with a di�erent amplitude:

MLpx, yq � y � 0.25 sinp10xq � 0.45 (4.16)

These high- and low-�delity versions of the limit state function are
shown in Figure 4.7a for comparison. The problem is de�ned in the domain
Ω � r0 1s x r0 1s, and the uncertainty in the design variables is modeled
through probability distributions: x � Up0, 1q and y � Up0, 1q.

(a) Zero iso-contours of the high- and

low-�delity limit state functions: Eqns.

4.15, 4.16

(b) SVM SL constructed with the initial

low-�delity DOE samples

Figure 4.7: Two dimensional o�set-sine problem illustrating various stage of
the multi-�delity scheme (Continued)

The SVM SL approximating the low-�delity failure boundary is �rst
constructed using 150 uniformly spaced low-�delity DOE samples. This
SVM and its training samples are shown in Figure 4.7b. A neighbor-
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(a) Initial multi-�delity SVM SM and

no-con�dence neighborhood DN p2mq
(b) SM after 50 iterations of the multi-

�delity loop. Notice that DN p2mq has
grown in size compared to Fig. 4.8a

(c) SM after 100 iterations of the multi-

�delity loop. It seems to exactly trace

the high-�delity LSF

(d) Pf convergence comparison of the

adaptively constructed MF SVM vs the

single-�delity LHS SVM (50 replica-

tions)

Figure 4.8: Two dimensional o�set-sine problem illustrating various stage of
the multi-�delity scheme

hood region DN with a size of m � 1 is de�ned around SL. An initial
multi-�delity SVM SM is constructed using the low-�delity samples out-
side the extended neighborhood DNp2mq. This extended neighborhood
and the initial SM are shown in Figure 4.8a. New samples xigmm are
iteratively found, �ltered via the lookahead check, evaluated using either
ML or MH , and added to SM to re�ne it. Figures 4.8b and 4.8c show
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SM after 50 and 100 iterations of the multi-�delity loop. A total of 92
high-�delity and 158 low-�delity samples (including the initial DOE) are
used in this example for 100 iterations of the algorithm. Notice that by 50
iterations, SM is almost identical to the true high-�delity limit state function.

Assuming a computational cost of 1.00 and 0.01 units for MH and ML

respectively, the Pf calculated using the adaptively constructed multi-�delity
SVM is compared with the SVM constructed exclusively with high-�delity
LHS samples. Here, the exclusive high-�delity SVM is constructed 50 times
with di�erent LHS DOEs to estimate Pf . This comparison, presented in
Figure 4.8d, shows that the proposed multi-�delity approach performs better
compared to the single-�delity SVM, which estimates Pf with a high degree
of variability. The MC estimate of Pf computed using the true limit state
function is also shown in this �gure for reference.

4.3.2 Rotated hyper-ellipsoid functions

To test the high dimensional scalability, the proposed multi-�delity algorithm
is applied to the rotated hyper-ellipsoid problem of dimensions 3, 5, and 10.
In this problem, the high- and low-�delity limit state functions are modeled
as hyper-ellipsoids, but with di�erent axes lengths. These are as follows:

MHpxq �
ḑ

i�1

�
xi
Ai


2

� 1 (4.17)

Ai�2n�1 � 1.1, Ai�2n � 0.9

MLpxq �
ḑ

i�1

�
xi
Bi


2

� 1 (4.18)

Bi�2n�1 � 0.85, Bi�2n � 1.05

This problem is de�ned in the design domain Ω � r�2 2sd, and the
variables pxiq are assumed to be normally distributed with zero mean and
0.42 variance: xi � N p0, 0.42q @i � 1, 2, ..., d.

The low-�delity SVM SL is built with 250 samples in 3D case, 750
samples in 5D case, and 1300 samples in 10D case. In 3D and 5D cases,
these samples are drawn using Centroidal Voronoi Tessellation (CVT).
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(a) 3D ellipsoid problem (b) 5D hyper-ellipsoid problem

(c) 10D hyper-ellipsoid problem

Figure 4.9: Rotated hyper-ellipsoid problem: comparison of the adaptively
constructed multi-�delity SVM vs the single-�delity SVM (constructed with
high-�delity LHS, 50 replications)

Whereas in 10D, SL is �rst constructed using 800 max-min LHS samples,
and then adaptively re�ned with 500 samples using Generalized Max-Min
(GMM) sampling [46]. A neighborhood region DN with an initial size of
m � 1 is chosen for all these cases. Figures 4.9a, 4.9b and 4.9c illustrate
convergence of Pf for 3D, 5D and 10D cases, respectively. In all of
these cases, the proposed multi-�delity scheme converges faster than SVM
constructed exclusively with high-�delity LHS, especially in high dimensions.
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The 10D case, in particular, is interesting since the Pf estimated from
the single-�delity SVM seems to diverge from the true Pf as more samples
are added (see Figure 4.9c). The reason for this is that, as the LHS sample
size increases, more of the samples fall into the safe region (curse of dimen-
sionality). As a consequence, the SVM, and the failure domain it represents,
shrinks. In contrast, the multi-�delity scheme avoids this problem by limiting
the adaptive sampling to only those regions where there is an inconsistency
between ML and MH .

4.3.3 Four branch problem

In this work, SVMs are trained to predict the binary (fail/safe) outcome
of a sample. This is in contrast to regression-based approaches where
surrogates are trained to predict the limit state function value. This
classi�cation approach presents a signi�cant advantage - it allows a single
SVM to approximate the failure boundary corresponding to multiple limit
state functions. To highlight this advantage, the Four-branch problem
[19] is treated here with a single SVM while accounting for four di�erent
limit state functions. This benchmark problem, originally proposed to test
single-�delity reliability schemes, is modi�ed here to account for two levels
of �delity. This modi�ed version of the problem is given below:

The high-�delity model MH is described by the following four limit state
functions:

G1Hpx, yq � 2� 0.1px� yq2 � x� y?
2

(4.19)

G2Hpx, yq � 2� 0.1px� yq2 � x� y?
2

(4.20)

G3Hpx, yq � px� yq � 4.5?
2

(4.21)

G4Hpx, yq � px� yq � 4.5?
2

(4.22)
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On the other hand, the low-�delity model ML is represented by:

G1Lpx, yq � 3� 0.1px� yq2 � x� y?
2

(4.23)

G2Lpx, yq � 3� 0.1px� yq2 � x� y?
2

(4.24)

G3Lpx, yq � px� yq � 6?
2

(4.25)

G4Lpx, yq � px� yq � 6?
2

(4.26)

The uncertainties in the design variables are modeled as x � N p0, 1q and
y � N p0, 1q in the design space Ω � r�6 6s x r�6 6s. It is assumed that
evaluation of each of the four high- and low-�delity limit state functions
costs 1.00 and 0.01 units, respectively. The true high- and low-�delity
versions of the limit state functions are shown in Figure 4.10a.

In problems involving multiple limit state functions, the use of one SVM
o�ers a crucial advantage - it can considerably reduce the number of calls
to the limit state functions. This is because an SVM only needs the �nal
fail/safe class of the training samples. So, if a sample fails one of the limit
state functions, there is no need to evaluate the other limit state functions to
determine its class. As a result, the SVM approach can result in signi�cant
computational savings over regression-based schemes (which must evaluate
all limit state functions for each sample). This e�ect is illustrated in Figure
4.10c where the proposed SVM-based multi-�delity scheme is compared
to a typical regression-based scheme in terms of the number of limit state
function calls required to add a given budget of N samples.

In this example, the low-�delity SVM SL is built with 150 uniformly
spaced samples. Note that, it is not necessary to evaluate each of the
four limit state functions for each of the training samples (i.e., if a sample
fails one of the limit state functions, we do not evaluate the other limit
state functions). Figure 4.10b shows a single SVM SM approximating four
di�erent limit state functions simultaneously. The convergence of Pf esti-
mated from the multi-�delity SVM is compared with the SVM constructed
exclusively using high-�delity LHS (see Figure 4.10d). The �gure indicates
that the multi-�delity scheme performs better when compared with the high
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(a) Zero iso-contours of the high- and

low- �delity four limit state functions

(b) Adaptively constructed multi-

�delity SVM SM after 150 iterations of

the proposed multi-�delity loop

(c) Comparison of the proposed SVM-

based approach vs typical regression-

based approaches in terms of total LSF

calls

(d) Comparison of the multi-�delity

SVM vs the single-�delity LHS SVM (50

reps)

Figure 4.10: Four branch problem: four distinct limit states are modelled
through a single SVM

variability of Pf from single-�delity SVM.
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4.3.4 Hundred limit state functions

An example problem with 100 limit state functions is presented here to
further emphasize the advantage of the proposed classi�cation approach.
This problem mimics the reliability analysis of complex systems with
multiple components in series, each with one or more limit state functions.
Regression-based approaches to such problems require the construction
of individual regression models for each of the limit state functions by
evaluating each limit state function at every iteration of the algorithm. In
contrast, the proposed classi�cation-based approach is able to handle these
100 limit state functions simultaneously with just one SVM, and will only
need to evaluate a subset of the 100 limit state functions at each iteration.
This result is signi�cant cost savings, especially if the limit states functions
are associated with di�erent simulation models.

The 100 high- and low-�delity limit state functions, shown in Figure 4.11a,
are constructed as the tangents to the high- and low-�delity parabolic func-
tions tUHpx, yq, ULpx, yqu at 100 distinct locations:

UHpx, yq � 2py � 1q � x2 � 0 (4.27)

ULpx, yq � y � x2 � 0 (4.28)

The problem is de�ned in the domain Ω � r�2 2s x r�4 4s, and
the variables are assumed to be normally distributed: x � N p0, 0.52q,
y � N p2.5, 0.52q. The cost for evaluating each of the 100 limit state func-
tions is assumed to be 1.00 unit for high-�delity and 0.01 units for low-�delity.

In Figure 4.11b, the cumulative number of calls to the limit state functions
is plotted against the number of samples. For a budget of 100 samples, the
proposed multi-�delity approach is able to save around three and a half
thousand limit state function calls compared to the usually regression-based
approaches. The convergence of Pf is shown in Figure 4.11c. Note that the
cost shown in this �gure re�ects the total number of high- and low-�delity
calls to each of the 100 limit state functions (for example, if a sample is
evaluated on 60 of the 100 high-�delity limit state functions, the cost of this
sample is 60 x 1 = 60 units).
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(a) High- and low- �delity versions of

the hundred limit state functions

(b) Comparison of the proposed scheme

vs typical regression-based approaches

in terms of total LSF calls

(c) Convergence of Pf estimated using

the proposed multi-�delity approach

Figure 4.11: Hundred limit state functions problem.

4.3.5 Discontinuous limit state function problem

Limit state functions may be discontinuous in a number of scenarios. For
example, aeroelasticity and structural impact problems are intrinsically
discontinuous [67, 66, 7]. Since the proposed method treats reliability
assessment within a classi�cation framework, it can easily accommodate
such binary/discrete problems, where regression-based methods would be
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ine�ective. This advantage is illustrated by treating a problem with a
discontinuous limit state function.

In this problem, the high- and low-�delity limit state functions are mod-
eled as parabolic functions with step discontinuity:

MHpx, yq �
#
ψpx, yq � 4 if ψ ¡ 0

ψpx, yq Otherwise
(4.29)

where ψpx, yq � 2py � 1q � x2

MLpx, yq �
#
φpx, yq � 4 if φ ¡ 0

φpx, yq Otherwise
(4.30)

where φpx, yq � y � x2

The variables px, yq are assumed to be normally distributed: x � N p0, 0.52q,
y � N p2.5, 0.52q in the design domain Ω � r�2 2s x r�4 4s. The cost
for evaluating the limit state functions is assumed to be 1.00 unit for
high-�delity and 0.01 units for low-�delity.

The high- and low-�delity versions of the limit state function and their
zero iso-contours are shown in Figures 4.12a and 4.12b, respectively. No-
tice the discontinuity in the limit state functions in Figure 4.12a that makes
regression-based approaches ine�cient for handling this problem. The con-
vergence of Pf estimated using the proposed classi�cation approach is shown
in Figure 4.12c.

4.3.6 Application: Shell and tube heat exchanger

In this section, reliability analysis is performed on a miniature shell and tube
heat exchanger shown in Figure 4.13. The material properties and the inlet
�ow conditions are given in Tab. 4.2. Because of the complex geometry, accu-
rate estimation of pressure loss and heat transfer on the shell side is often dif-
�cult, especially with low-�delity models. Alternatively, high-�delity models
can provide the necessary accuracy but at a higher computational cost. This
problem, therefore, perfectly suits the need for the proposed multi-�delity
approach. A brief description of the high- and low-�delity heat exchanger
models/rating methods used in this study is provided below:
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(a) High- and low- �delity versions of

the discontinuous limit state functions

(b) Zero iso-contours of the LSFs

(c) Convergence of Pf estimated using

the proposed multi-�delity scheme

Figure 4.12: Discontinuous limit state function problem

Bell-Delaware:

The Bell-Delaware method employs empirical heat transfer and friction fac-
tor correlations developed for �ow perpendicular to tube banks to predict
the shell side behavior [81, 80]. The shell side �ow is modeled via a number
of individual �ow streams, each of which introduces a correction factor to
these correlations. The partially tube-parallel nature of the �ow between
ba�e windows is also accounted. Because of this stream-wise �ow modeling,
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the Bell-Delaware method is known to be more accurate than other analyti-
cal/empirical heat exchanger rating methods.

Kern HEx:

This is a simpli�ed heat exchanger analysis method based on Colburn's cor-
relations. These correlations are empirically constructed from industrial data
of heat exchangers with standard designs operating a variety of heat trans-
fer �uids. As a consequence, the Kern method is not design-speci�c, and is
known to predict heat exchanger performance with deviations of up to 30%.

Shell side fluid inlet14 Baffles
121 Tubes, single pass

T
u
b
e
si
d
e
fl
u
id

in
le
t

arranged in triangular layout

Tubes length = 400 mm

Shell dia = 50.8 mm

with 26.3 % Baffle cut

Tubes ID = 2.44 mm, OD = 3.18 mm

with pitch = 3.97 mm

Tube bundle OD = 47.4 mm

Tube material k = 42.7 W/mK

Figure 4.13: Geometry of the miniature shell and tube heat exchanger

Tube side �uid (1) Shell side �uid (2)

9m rKg{Ss 0.275 0.4

Tin rKs 393.15 363.15

Cp rJ{KgKs 2307 3400

k rW {mKs 0.135 0.442

ρ rKg{m3s 828 1250

µ rNs{m2s 1.027E � 2 1.25E � 2

Pr 175 6.6

Table 4.2: Material properties and inlet conditions of the heat transfer �uids

In this problem, the reliability of heat exchanger is assessed under the fol-
lowing failure modes:
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� Failure Mode 1: Excessive shell side pressure loss (i.e., pressure drop is
larger than the threshold pressure of the pump).

G1pxq � ∆Pshellpxq � 1.15 x 105 [Pa] (4.31)

� Failure Mode 2: Thermal under-performance (i.e., outlet temperature
on the shell side is below the desired temperature).

G2pxq � 92.15 � Tout, shellpxq roCs (4.32)

here ∆Pshell (shell side pressure loss), and Tout, shell (shell side outlet temper-
ature) are outputs from the heat exchanger models. The model inputs: shell
side mass �ow rate ( 9m2), tube side mass �ow rate ( 9m1), and tube side �uid
heat capacity (Cp1) are assumed to be uncertain, and are modeled using �3σ
truncated normal distributions:

9m2 � Ntp0.4, 0.022q
9m1 � Ntp0.275, 0.022q
Cp1 � Ntp3400, 902q

The Bell-Delaware method, which uses stream-wise �ow calculations on
the shell side, is considered as the high-�delity model. The simpli�ed Kern
method is chosen as the low-�delity model. The high- and low-�delity ver-
sions of the failure boundary are show in Figure 4.14.

An initial DOE of 250 uniformly spaced low-�delity samples is used to
construct the SVM SL, and an initial margin size of m � 1 is assumed.
This problem has two limit state functions, and as such, a cost model of
1.00 for each high-�delity LSF call and 0.01 for low-�delity calls is assumed.
The convergence of Pf from the multi-�delity scheme is compared with the
SVM constructed exclusively using high-�delity LHS evaluations (see Figure
4.15). Notice that when compared with the high variability of Pf from the
single-�delity SVM, the proposed multi-�delity scheme performs better.
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Figure 4.14: Shell and tube HEx application problem: high- and low-�delity
failure boundaries

Figure 4.15: Shell and tube HEx: comparison of the multi-�delity SVM vs
the single-�delity LHS SVM (50 replications) in terms of Pf convergence



CHAPTER 5

Summary and future work

This chapter summarizes the research presented in this dissertation, and
identi�es potential opportunities for future improvement. While the
dissertation addresses applications related to thermal design, the design
techniques themselves are agnostic to the physics; therefore, they can be
readily applied to models from other domains. As such, equal emphasis
is devoted to both the methods and their applications throughout the
dissertation.

In Chapter 3, SPT receiver tubes with various (3D printable) helical
�n designs are �rst analyzed from thermo-hydraulic perspective. In this
context, several (design) optimizations were carried out to maximize heat
transfer under various pressure loss constraints. Gaussian process models
were used as surrogates to approximate the quantities of interest during
these optimizations. In addition, this work also analyzes the e�ect of helical
�n designs on the circumferential temperature leveling e�ect for reducing
hot spots.

The performance of these �n designs is next examined from an entropy
generation perspective. To this end, two di�erent optimization formulations
(i.e., single objective and multiobjective) are considered. Multiobjective
optimization, in which the entropy generation contributions corresponding
to heat transfer and pressure loss are considered as separate entities, is
compared with single objective optimization (total entropy minimization).
Entropy-based multiobjective optimization is shown to provide better engi-
neering control by generating a set of Pareto-optimal designs with varying
heat transfer versus friction entropy trade-o�s. Engineers can explore these
Pareto-optimal solutions as per their design needs by prioritizing the heat
transfer or the pumping power while exploiting the best entropy designs. It
was also shown that single objective optimization for the minimization of
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the total entropy generation leads to one such Pareto-optimal solution.

Although not discussed as a part of the dissertation, this work is ex-
tended to assess the structural and optical aspects of 3D-printed thermally
enhanced receiver tubes [28]. A few optimal designs from the study are
manufactured through Selective Laser Melting (SLM), and are experimen-
tally tested for thermo-hydrualic performance. Besides this, notions of
optimization through multi-�delity modeling are explored as part of this
study, but are not discussed in this dissertation. This is one area that has
seen interesting developments in recent years, and still has great potential
for future investigation.

In Chapter 4, a classi�cation-based multi-�delity algorithm for reliability
assessment is presented. Using multi-�delity data, this algorithm iteratively
construct an SVM surrogate to approximate the failure boundaries. For
this purpose (i.e., to re�ne the SVM approximation), an adaptive sampling
scheme, which explores sparsely sampled regions of inconsistency between
low- and high-�delity failure boundaries, is developed. The adaptive samples
from this scheme are �ltered through a lookahead check before they are
evaluated. This check looks one step into the future, without any model
evaluation, and only selects the samples that are likely to change the SVM
signi�cantly (i.e., it limits computational load to only simulate samples
with potential for improving the surrogate approximation). To drive this
multi-�delity framework, a neighborhood representing the region of no-trust
around the low-�delity model is adaptively de�ned. This neighborhood is
then used in a model management scheme to judiciously select the �delity
level for evaluating the adaptive samples.

The proposed classi�cation-based approach o�ers several advantages. It
can handle discontinuous responses, which are often di�cult to handle with
traditional regression surrogate approaches. It can deal with multiple failure
modes simultaneously (i.e., a single SVM is su�cient to approximate the
boundary from multiple failure modes). As a consequence, it is possible to
reduce the total number of individual limit state function evaluations (as dis-
cussed in chapter 4). In addition, classi�cation enables the identi�cation of
regions where the predictions (e.g., failure or safe) from the various �delities
are di�erent. The method can thus be extended to generate �delity maps
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that explicitly de�ne regions of design space within which the discrepancy
between models is below a threshold - a possible direction for future research.

Although the proposed method is used to approximate limit state
functions in this work, it can also be applied to approximate expensive-to-
evaluate constraints in multi-�delity optimization. It is however important
to recognize that the bene�t of the proposed approach (in terms of reducing
computational cost) will strongly depend on the accuracy of the low-�delity
model and the cost of evaluating in comparison to the high-�delity model
(i.e., it is very problem dependent). While the approach performed well in
dimensions ranging from 2 to 10, it is yet to be tested in higher dimensions
(say, in hundred) where cures of dimensionality and the Euclidian distance
measures take greater prominence. In addition, the current approach is
limited to two levels of �delity and would require substantial modi�cations
to generalize to more levels. These are some potential avenues for future
research.
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