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Abstract

Unmanned Aerial Vehicles (UAVS) have gained widespread applications due to their versa-
tility, agility, vertical takeo and landing capabilities, and their relatively simple mechanical
design. UAVs demonstrate an ability to execute tasks such as payload delivery and surveil-
lance with a speed unattainable by a single UAV, particularly when operating as teams of
UAVs. However, such team tasks increase the system's complexity and present signi cant
challenges in ensuring safe team coordination and control.

Reliability is another critical aspect of multi-agent system (MAS) coordination as it
guarantees the MASs accurate and consistent performance. If one agent in the MAS fails
or behaves unexpectedly, it can negatively impact the performance and e ectiveness of
the entire MAS. Therefore, it is important to design and implement algorithms for multi-
agent systems (MASSs) with a high level of reliability to ensure that they can operate safely
and move smoothly in the presence of agent failures or lack of communication with other
MASs moving in a shared motion space.

Motivated to address the critical issue of safe team coordination, this dissertation
advances previous research by presenting an innovative approach centered on the theory
of \Continuum Deformation”, a continuum-mechanics based theory for the evolution
of a Multi-Agent System (MAS). Within this theoretical framework, a MAS has the
potential for expansion and compression while maintaining its formation. This approach
enhances the fault tolerance, recon guration capabilities, and overall e ciency of the
system. Importantly, it provides e ective solutions to the pressing issues of safe team
coordination, inter-agent collision avoidance, and maintaining the desired formation. This
dissertation aims to further current research in this domain through presenting novel

framework that hold promising societal bene ts and future research directions.
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This thesis o ers ve specic contributions to enable the deployment of teams of
UAVs in various missions in safe manner. First, we present a novel approach for analyzing
and visualizing deformations 23D and 3-D motion space using a team of UAVs, while
guaranteeing inter-UAV collision avoidance. We propose to treat each UAV as particles of
a deformable body and apply the principles of continuum mechanics. We introduce a new
role for a team of UAVs in the education sector as \teachers", which provides an excellent
opportunity to practice theoretical concepts of mechanics in an engaging manner. This
work supports the use of robotics in delivering lectures in the education sector, generating
increased interest and exposing students to multiple domains simultaneously.

Second, we explore the challenge of safe and optimal deformation of a large-scale
multi-agent system (MAS) while tracking a desired trajectory. We propose an innovative
approach using a hierarchical leader-follower con guration similar to a Fully Connected
Neural Network (FCNN) architecture. This framework allows us to model the coordination
problem as a quadratic programming problem, where imposing bounds on the decision
variables ensures inter-agent collision avoidance. We demonstrate the success of the
resulting optimization problem through a numerical simulation on a large-scale quadcopter
team following a helix trajectory.

Third, building upon the previous two works, we introduce an additional decision
variable for safe coordination of a large-scale multi-agent system (MAS) with \local de-
formation" capabilities. The strategy builds on the previous hierarchical leader-follower
framework and frames multi-agent coordination as a Deep Neural Network (DNN) opti-
mization problem. The deep neural network plans the desired deformation based on the
agents desired positions. This approach adjusts the weights of the neural network, where

the weights are constrained by lower and upper bounds, to prevent inter-agent collisions.
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The method is validated through a simulation of a team of quadcopters following a desired
elliptical trajectory.

Fourth, we develop a physics-inspired algorithm to establish safe and resilient opera-
tion of a Multi-Unmanned Aerial Systems (UAS) (MUS) in the presence of disturbances
and unforeseen UAS failure. We propose the algorithm based on two operating modes:
Homogeneous Deformation Mode (HDM), and Failure Resilient Mode (FRM). The transi-
tions between HDM and FRM are formally speci ed using Cooperative Localization (CL)
to quantify UAS tracking error, and detect anomalous conditions due to UAS failures.
This capability will support resilient operation of MUS moving collectively in a shared en-
vironment. The main goal of this work is to develop a physics-inspired algorithm ensuring
safety of large-scale UAS coordination in the presence of unexpected actuation failure/s.

Fifth, we emphasize the importance of reliability in multi-agent system coordination
to ensure consistent performance and prevent negative impacts from agent failures. We
introduce a unique navigation model, applicable in ideal uid- ow situations, which cat-
egorizes agents into cooperative (non-singular) and non-cooperative (singular) agents.
This model enables cooperative agents to slide along streamlines, safely encompassing
non-cooperative agents within a shared motion space. The proposed model's e ective-
ness has been validated through a series of ight experiments using teams of crazy ie
gquadcopters.

The use of multi-agent systems (MASS) for various applications and well-de ned frame-
work o ered in this dissertation serve as a foundation for future research in the domain
of Multi-Agent Systems (MAS). This dissertation presents problem de nitions, solution
techniques and experimental results based on continuum deformation for ve unique tasks.

Drawing from the essential conclusions and knowledge acquired through results, signi es
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a leap forward in the eld of multi-agent systems (MASs) with promising societal bene ts.
Furthermore, exploring new applications and domains for the continuum deformation based
autonomy framework will advance the state of the art in multi-agent systems (MASs) and

provide valuable insights for addressing complex problems.
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Chapter 1

Introduction

1.1 Motivation

Robotics research has long drawn inspiration from nature. Researchers have examined
how animals move, communicate, and interact with their environments in order to build
robots capable of performing similar tasks. Biomimicry, the idea of designing and building
technology inspired by nature, has resulted in the development of e cient robots that
can adapt in response to their environment. One of the forms of these e cient robots
are Unmanned Aerial Vehicles (UAVs) whose availability is increasing and their cost is
becoming more a ordable due to a wide variety of reasons. As a result, over the past
decade, Unmanned Aerial Vehicles (UAVsS) have grown in popularity and found a vari-
ety of academic and industrial applications such as package delivery [1, 2], autonomous
sensing [3], data acquisition from hazardous environments [4], data acquisition from agri-
cultural elds [5], aerial surveillance [6{9], urban search and rescue [10], wildlife monitoring

& exploration [11], and urban tra ¢ monitoring [12]. Teams of multiple UAVs (MUVS)
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or more generally, multi-agent systems (MAS), extend the capabilities of a single agent
by performing complex tasks that require high controllability and agility. However, due to
increased system complexity, to leverage the capabilities of a MAS, reliable, safe, reliable
and e ective coordination and path planning approaches that are resilient to agent failure
and obstacles are necessary.

Unmanned Aircraft Systems Tra ¢ Management (UTM) seeks to enable multiple
vehicles to safely navigate within a common airspace. As this topic remains an area of
intense research, various solutions have been put forward and investigated [13{16]. One
approach which consolidates multiple vehicles into groups to simplify tra ¢ administration
is formation ying. However, formation ying presents its own set of challenges such as
preventing inter-vehicle collisions, bypassing obstacles, and maintaining communication,
all integral parts of formation control that need to be tackled e ectively in order for
this approach to work e ectively. For example, rigid formation control for Unmanned
Aerial Systems (UASs) has been both theoretically developed [17, 18] and experimentally
veri ed [19].

\Continuum Deformation” [20] has emerged as a promising avenue for addressing is-
sues related to multi-agent system's (MASSs) safe coordination and path planning. It is a
distributed leader-follower algorithm that treats all agents as points within a deformable
rigid body. The algorithm operates by deforming the leading triangle according to a desired
homogeneous transformation, based on the initial con guration of the agents. The leader
agents are commanded directly, while the follower agents update their desired positions
using a weighted sum of their neighbors' actual positions, acquired through local com-
munication. To guarantee inter-agent collision avoidance and containment of all agents

within the leading triangle, constraints are imposed on the homogeneous transformation
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based on a global deviation bound. This thesis investigates centralized and decentralized

continuum deformation approaches to plan safe paths in deformable formation ights.

1.2 Related Work

Cooperation and coordination in multi-agent systems (MASs) has attracted widespread
attention in the past few decades due to development of various arti cial intelligence
techniques and automatic control [21]. Coordination, formation control and cooperative
control are important active areas of research in the eld of Multi-Agent Systems (MASS)
with a wide range of potential applications including, but not limited to, surveillance [8],
search and rescue operations [22], and air tra ¢ monitoring [23]. These various appli-
cations of multi-agent systems (MASSs) [24{26] has e ectively addressed complex tasks
and problems through interactions amongst agents. This has resulted in generating more
interest and making it a highly sought after research area in domains such as intelligent
transportation [27] and smart grids [28].

In terms of e ciency, costs, and resilience to failure, a MAS comprised of Unmanned
Aerial Vehicles (UAV) can provide substantial bene ts over a single UAV. Cooperation
among MAS agents improves the multi-agent team's capacity to recover from abnormal-
ities. Virtual structure, containment control, consensus control and continuum defor-
mation [20] are some of the prominent and existing approaches for multi-agent system
coordination that have been extensively studied.

The idea of teamwork, taking into account how agents interact with each other to
optimize global variables and achieve tasks, serves as the foundation for cooperative op-

timization. Cooperative optimization is an area in multi-agent systems where the agents
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cooperate and share information to achieve a global optimal solution [29]. Cooperative
optimization is further divided into centralized optimization [30] and distributed optimiza-
tion [31, 32]. Game theory [33] based cooperative behaviors to achieve individual and
global optimization goals [34] has been previously introduced due to the complexity of the
tasks and environments and heterogeneity of agents. Such game theory based optimiza-
tion is further divided into cooperative [35] and non-cooperative [36] games based on the
cooperative/non-cooperative nature of the agents.

Virtual Structure [37{41] refers to the centralized coordination technique in which the
entire multi-agent formation is represented as a single structure and treated as a rigid body.
Given a particular orientation i&D motion space, the virtual structure moves in a par-
ticular direction as a rigid body while preserving the rigid geometric relationship between
multiple agents. Such an approach is advantageous because of its simplicity to coordi-
nate the behavior of the whole team. However, this approach's usefulness is limited and
centralization necessitates increased communication resulting in a single point of failure.
Consensus control [42, 43] is a decentralized technique with various coordination imple-
mentations presented such as leaderless multi-agent consensus [44, 45] and leader-follower
consensus [46]. Other previously researched aspects of multi-agent consensus control in-
clude xed communication topology and switching inter-agent communications [47, 48].

Containment control [49, 50] is another decentralized leader-follower technique in
which a xed number of leaders guide the followers via local communication. In the con-
text of xed and switching inter-agent communication, researchers examined containment
control [51{53]. Containment control was also researched in the context of time-varying
delays impacting multi-agent coordination [54, 55].

The theoretical approach this dissertation is based on is Continuum deformation, which
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is a technique for decentralized multi-agent coordination in which agents are viewed as
particles of a body that deform 8D motion space. At any timg ann-D (n=1;2;3)
continuum deformation coordination has at least 1 leaders irR" located at the ver-

tices of ann D simplex. Leaders construct desirable trajectories, which one’s followers
learn through local communication. Continuum deformation enables inter-agent collision
avoidance, obstacle collision avoidance, and agent containment by formally specifying and
validating safety in a large-scale multi-agent coordination system. Using continuum defor-
mation coordination, a large-scale multi-agent system can safely and aggressively deform
in an obstacle- lled environment. Previously, an experimental evaluation of continuum
deformation coordination i@-D with a team of ve quadcopters was conducted [56].

Sense And Avoid (SAA) is an existing algorithm proposed for collision avoidance of
UAS in case of pop-up failures or unexpected situations [57]. Authors in [58] proposed
a collision avoidance method based on estimating and predicting the UAS trajectory.
A reference SAA system architecture based on Boolean Decision Logic was presented
in [59]. Authors in [60] provided a complete survey on SAA technologies in the sequence
of fundamental functions/components of SAA in sensing techniques, decision making,
path planning, and path following.

Localization of an Unmanned Aerial System (UAS) team has been a challenging prob-
lem for researchers [61]. GPS-based coordination [62, 63], Simultaneous Localization And
Mapping (SLAM) [64] and embedded beacon-based localization algorithms [65], which
rely on GPS signals or existence of static landmarks, are the available MUS localization
approaches. GPS-based localization can have major drawbacks because UAS relying on
GPS-based localization may experience cybernetic attacks by malicious UAS [66]. Fur-

thermore, it may not e ectively work for position estimation of multiple UAS coordinating
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in GPS-denied environments.

To overcome these issues, researchers have applied Cooperative Localization (CL) ap-
proaches [61, 67] to estimate global positions of the MUS by processing local position in-
formation collected from individual UAS in a distributed fashion. Available CL approaches
can be classi ed into centralized [68] and decentralized [69] methods, and applied by the
available decentralized multi-UAS coordination techniques, such as Consensus [70, 71],
Containment Control [51], Partial Di erential Equation (PDE)-based methods [72], Con-
tinuum Deformation [20, 73, 74], and Graph Rigidity [75], to localize UAS and estimate
their global positions in the presence of noise and disturbances.

For state estimation in the presence of disturbances modeled by Gaussian Processes
(GP), existing CL methods have implemented various approaches such as Extended Kalman
Iters (EKFs) [76, 77]; maximum likelihood [78], maximum a posteriori (MAP) [69], and
particle Iters [79]. Also, authors in [80] present a CL technique to deal with systems

under non-Gaussian noises.

1.3 Problem Statement
This dissertation aims to address the following challenges:

1. Develop an innovative experimental technique for teaching fundamental ideas of
mechanics in a practical manner using the principles of continuum deformation
and robotics. This work allows a multi-disciplinary approach for visualizing linear
deformation i2-D and3-D motion spaces using quadrotors. Speci ¢ constraints in
the form of lower and upper bounds are de ned in order to provide inter-quadrotor

collision avoidance guarantees.
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2. Study the problem of safe and optimal continuum deformation of a large-scale multi-
agent system (MAS). We present a novel approach for MAS continuum deformation
coordination that aims to achieve safe and e cient agent paths using a leader-
follower multi-layer hierarchical optimization framework with a single input layer,

multiple hidden layers, and a single output layer.

3. Present a novel strategy for safe coordination of a large-scale multi-agent system
with \local deformatioh capabilities. Multi-agent coordination is de ned as a
multi-layer deformation problem and speci ed as a Deep Neural Network (DNN)

optimization problem.

4. Address the challenge of developing a robust, safe, and resilient model for multi-
UAS (Unmanned Aircraft Systems) coordination in com@€& motion space.
The aim is to develop an algorithm that enables the UAS to compute and track
desired trajectories autonomously, while ensuring collision avoidance and resilience
even in the event of UAS failure. The model is a hybrid system, transitioning
between a Homogeneous Deformation Mode (HDM) and a Fault Resilient Mode
(FRM), depending on the status of the UAS in operation. This work also addresses
the problem of anomaly detection, transition between di erent modes, and safety

recovery.

5. Address the coordination and navigation of a group of quadcopters in various sce-
narios, including Stationary Non-Concurrent Failures (SNCF), Time-Varying Non-
Cooperative (TVNC), and Time-Varying Cooperative (TVC) situations. The ob-
jective is to develop algorithms that enable collision-free movement of teams of

guadcopters, ensuring safe paths and avoiding potential collisions. We evaluate the
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e ectiveness and feasibility of a uid ow-based approach in multi-agent systems
(MAS) by testing the proposed algorithms in a simulation. The results provide
insights into the performance and applicability of the algorithms for e cient coor-

dination and navigation of teams of quadcopters.

1.4 Thesis Outline

Figure 1.1 shows an outline of the proposed research centers around the theory of Con-

tinuum Deformation. The organization of this dissertation is described below:
1. Chapter2 describes the experimental setup used in ight experiments

2. In Chapter3, continuum deformation is experimentally validatedZ& and 3-D

cases [81].

3. Chapter4 details a novel approach for MAS continuum deformation coordination
that aims to achieve safe and e cient agent movement using a leader-follower multi-

layer hierarchical optimization framework which is used throughout this thesis [82].

4. Chapters extends the hierarchical framework to a multi-layer deformation problem

speci ed as a Deep Neural Network (DNN) optimization problem [83].

5. In Chapte6, we develop a physics-inspired algorithm for safe and resilient operation

of a multi-UAS in the presence of unforeseen UAS failures [84].

6. Chapter7 provides a novel navigation model is presented, which, in an ideal uid-
ow, divides agents into cooperative (non-singular) and non-cooperative (singular)

agents [85].
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Finally, we provide concluding remarks in Chagter

1.5 Contributions
Speci ¢ contributions of this dissertation are articulated more formally as follows:

1. An experimental approach for visualizing linear deformati@DOirand 3-D motion
spaces using quadcopters, treated as particles of a deformable body. By imposing
upper and lower bounds on the axial strains of the quadcopter team deformation,

we provide inter-quadcopter collision avoidance guarantees.

2. Advancing the existing continuum deformation approaches towards a multi-layer
continuum deformation (MLCD) coordination in which the desired multi-agent de-
formation is planned by a nite number of leaders organized hierarchically in a
leader-follower formation similar to a feed-forward fully connected neural network

(FCNN).

3. Address the challenge of deformation uniformity, specied by a single Jacobian
matrix, to establish a new framework known as Deep Continuum Deformation Co-
ordination (DCDC), which allows to plan safedal deformatiohof an agent team

without having to change the inter-agent distances between all agents.

4. Propose a solution inspired by principles from physics for achieving fault-resilient co-
ordination among multiple Unmanned Aerial Systems (MUS). This solution assures
the safety and resilience of the MUS through the introduction of two operational
modes: (i) Homogeneous Deformation Mode (HDM) and (i) Failure-Resilient Mode

(FRM).
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5. Contrary to the experimental evaluation of uid ow navigation tested in the con-
text of a single failed quadcopter [86], we introduce and experimentally validate a
model based on uid ow navigation in a multi-agent system amidst the presence

of multiple, non-concurrent failures.

6. The uid ow navigation of multiple agent teams operating in a shared motion space
is also modelled and validated experimentally. We put forth algorithmic strategies
for the uid ow navigation of multiple agent teams under three distinct condi-
tions: Stationary Non-Concurrent Failures (SNCF), Time-Varying Non-Cooperative

(TVNC), and Time-Varying Cooperative (TVC) scenarios.
During my Ph.D. | have also contributed to the following works:

1. Matthew Romano, Harshvardhan Uppaluru, Hossein Rastgoftar, and Ella Atkins
\Quadrotor formation ying resilient to abrupt vehicle failures via a uid ow navi-

gation function." [86]

2. Hamid Emadi, Harshvardhan Uppaluru, Hashem Ashra uon, and Hossein Rastgoftar
\Collision-Free Continuum Deformation Coordination of a Multi-Quadcopter System

Using Cooperative Localization." In 2022 European Control Conference (ECC). [87]

3. Hamid Emadi, Harshvardhan Uppaluru, and Hossein Rastgoftar \A physics-based
safety recovery approach for fault-resilient multi-quadcopter coordination.” In 2022

American Control Conference (ACC). [88]
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Chapter 2

Experimental Setup for Flight Tests

2.1 Introduction

Figure 2.1: High level overview of the experimental setup.
The current chapter elucidates the hardware and software components that facilitated
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the research presented in this thesis. The experimental setup consists of the following

four major components:
1. Crazyie2:1 (Section 2.1.1)
2. Crazyradio PA (Section 2.1.2)
3. Ground Control Station (GCS) (Section 2.1.3)
4. VICON Motion Capture System (Section 2.1.4)

Figure 2.1 illustrates a high-level overview of this system. This entire system has been

used in conducting experimental ight tests described in Chaptersd 6.

2.1.1 Crazyie 2.1

The Crazy ie 221 (See Figure 2.2) is an open-source, open-hardware nano quadrotor
developed by Bitcraze 4 coreless DC motors artbmm plastic propellers are included
with each Crazyie. As a result, the quadrotor is j@mm diagonal rotor-to-rotor,
29mm tall, and weighs aroun2i7g with the battery, making it ideal for dense formation
ight. However, the maximum takeo weight is onf2g. Each Crazy ie can y for up
to 7 minutes on a single charge of B40mAh LiPo battery.

The Crazy ie (cf) quadrotor is equipped with two microcontroller units (MCUs): a
Cortex-M4, 168VIHz, 19kb SRAM, 1Mb ash primary controller, STK2F405 and a
Cortex-MD), 32MHz, 16kb SRAM,12&b ash controller, nRB182 The primary applica-

tion MCU is STMB2F405 which is capable of inertial state estimation and control tasks,

https://www.bitcraze.io/products/crazyflie-2-1/
2https://www.bitcraze.io/
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Figure 2.2: Crazy ie€:1

while the second MCU nBE822is responsible for radio and power management. Addi-
tional hardware, such as sensors, can be added to provide further functionality in the form
of expansion decks which can be placed either on top or under the Crazy ie.

A low-latency/long-range radio and Bluetooth LE are both included in the Crazy ie
2:1, allowing for both manual and automated ight tests. A Bluetooth-enabled mobile app,
available on both Android and iOS, or the Crazy ie client installed on the Ground Control
Station using a game controller, are available tools for manual ight. Automated ight
requires the Crazyradio PASee Figure 2.3), a long-ran@4 GHz USB radio capable
of sending up t@ Mbps in32-byte packets, that is the communication channels between
the Ground Control Station (GCS) and the Crazy ie. The Crazyradio PA, in conjunction

with a positioning system such as Motion Capture System provides the Crazy ie with

3https://www.bitcraze.io/products/crazyradio-pa/
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information about its location.

2.1.2 Crazyradio PA

Figure 2.3: Crazyradio PA

The Crazyradio PA is &4 GHz USB radio dongle based on nRF24tU1The
Crazyradio PA functions as the intermediary device for transmitting commands from the
Ground Control Station to the Crazy ie. Moreover, it serves the purpose of receiving
crucial data such as battery voltage levels and readings from the Inertial Measurement

Unit (IMU).
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2.1.3 Ground Control Station

The Ground Control Station (GCS) is an Intéllil-th gen desktop, witli6 GB of RAM
running Ubuntu20:04 and ROS Noetic. GCS is also installed with the Crazyswarm [89]
ROS stack built by USC-ACT Lab and acts as a centralized planner for the system. The
GCS uses the information from MCS to compute the desired states for each crazy ie and

then transmits the data to the onboard controller through Crazyradio PA.

2.1.4 VICON Motion Capture System

The VICON motion capture system, a well-regarded mocap platform, boasts the ability
to export data in diverse formats, such as C3D and ASCII les. Though VICON pro-
vides Python and MATLAB packages for data post-processing, these are only functional
on a computer running the VICON Tracker software package, which poses a degree of
di culty when handling the data. For the purpose of simultaneously localizing multiple
quadcopters, operating at a high frequency, and oriented with the same inertial coordinate
system, we utilize a commercial motion capture system from VICON. A network of cam-
eras, strategically positioned around the designated ight area, concurrently emit infra-red
light and register re ections from retro-re ective markers a xed on the quadcopters un-
dergoing tracking. To facilitate di erentiation among various quadcopters, each entity
is marked with a distinctive con guration of markers. The principal advantage provided
by motion capture systems, particularly in an educational context, lies in the exceptional
level of accuracy they can deliver.

These systems contributed signi cantly to the research outcomes and in the realization
of this thesis. Nonetheless, there are considerable opportunities for future explorations in

this domain. Installing a more powerful ground control station (GCS) and incorporating
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Figure 2.4: Crazy i€:1 attached with a retro-re ective marker to be tracked by VICON
motion capture system.

additional sensors onto the Crazy ie could potentially lead to increased autonomy. The
Crazyswarm software was designed with the capability to manage ights of 4@ to
Crazy ies. Unfortunately, due to various challenges, it was not possible to replicate such
ight tests during this thesis. The maximum number of Crazy ies we could manage in
our ight tests was limited toll It is imperative to address this issue, as resolving it
could enable the execution of experimental ight tests to further investigate the research

themes discussed in this thesis.
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Chapter 3

Drones Practicing Mechanics

3.1 Outline

This chapter is organized as follows: basics of linear deformation are presented in Sec-
tion 3.2. Our approach for software and hardware realization of the continuum deformation
is detailed in Section 3.3. The experimental setup, and ight test results are presented in

Section 3.4.

3.2 Preliminaries

The linear transformation of a deformable body within a three-dimensional motion space,

as dictated by a homogeneous transformation, is expressed as:

pi(t) = D(t)pio + s(t); t o (3.1)
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In the aforementioned equatioty, denotes the initial timet, represents the current time.
Furthermore pio 2 R® corresponds to the material position of particlat time tq, s(t)
expresses rigid-body displacement vector, whergésindicates the desired position of
particlei at timet. Using polar decomposition, the transformation mait), represents

a non-singular Jacobian matrix, that is decomposed as follows:
D(t)= R(t) U (t) (3.2)

whereR (t) represents an orthogonal rotation matrix whidg€t) represents a positive
de nite strain matrix de ned in the following manner:

2 3
o (t) oy () e (D)
u(t) = g () yy(t) yz(té (3.3)
x2(t)  yz(t) (1)
We establish the following set of crucial assumptions:

Assumption 1 We presume that the material con guration of the continuum is the same
as its initial con guration. Henceyi.o = pi(to) i.e., material positiop;o is the same as

the initial positionp;(ty) for each particle.

Assumption 2 The rigid-body displacement vects(to) is presumed to be zero at initial

time tg i.e., s(tp) = 0.

Given Assumptions 1 and R,(t) becomes the identity matrix at the initial tintg, i.e.,

D(to) = |3.
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3.3 Methodology

We consider a group ™ quadrotors operating in &dimensional motion space, where
each quadrotor is an element of the §& f1;, ;Ng. In our method, these quadro-

tors are represented as the particles of a deformable body, with the desired continuum
deformation of the quadrotor team expressed by Equation 3.1. Without loss of generality,
our attention is primarily focused on the realization of pure deformation. Hence, at any
timet, we sets(t) = 02 R® ' andR = | 2 R® 3, indicating that rigid-body displace-
ment and rotation are absent. Consequently, under these constraints, the expression for

the quadrotor swarm's continuum deformation given by Equation 3.1 simpli es to
pi(t) = U (t) pio; 8i2Q; 8t 2 [to; t] (3.4)

whereto andt; denote the initial and nal times. In Equation 34,0 andp;(t) denote

the initial position ofi" quadrotor and the desired position of tH& quadrotor at time

t. The time-dependent positive de nite strain mattik(t), as de ned in Equation 3.4,
encapsulates information about axial strains and shear deformations occurring within a
linear deformation scenario.

While material deformation typically involves particles of in nitesimal size, our method
treats quadrotors as the particles of a deformable body, despite them being rigid and inca-
pable of deformation. Consequently, the realization of linear deformation by a quadrotor
team necessitates ensuring inter-agent collision avoidance by constraining the lower bound
of the principal strains at any time In other words, all the eigenvalues of the strain
matrix U (t) must exceed a minimum thresholgi, . This lower bound is determined

based on the following conditions:
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(i) the physical size of the quadrotors,
(i) the quadrotor trajectory control performance, and

(ii) the minimum initial separation distance between any two quadrotors [20] in the

initial (reference) con guration.
In order to assignmi, , we make the following assumptions:
Assumption 3 Every quadrotor is enclosed by a ball of radius
Assumption 4 The trajectory tracking error of every quadrotor is less thafherefore,
(kri(t) piHk ); 8t 2 [to; tr] (3.5)
i2Q
wherer;(t) is the actual position of quadrotor2 Q at timet 2 [to; t¢].

By imposing Assumptions 3 and 4, we obtain

min — 2(*1) (3.6)

Smin

wheresn, is the minimum separation distance between every two quadrotors in the initial
(reference) con guration [20].

To describe safety formally, we decompose the matrixcharacterizing it in terms
of axial and shear strains. We employ the 2 1 Euler angle convention for de ning
rigid-body rotation in &8-D motion space, as depicted by the matrix:

2 3

cc cs s
Eeuer (5 ; )=§ssc CS SSS +cc sc% (3.7)

CsSCcC +ss ¢CsSs SC CCcC
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Herec.y = cos(:), s;) =sin(:), whereas , , and are the rst, second, and third Euler

angles, respectively. The strain matxt) can then be decomposed as

U (t) = Egyer ( a(t); a(t); o) diag (2(t); 2(t); 3(t)) Eewer ( a(t); a(t); a(t))

(3.8)
where 4(t), 4(t), 4(t) denote the shear deformation angles apd), »(t), s(t) indi-
cate the strain values at any given timé [to; t;]. The axial and shear strains speci ed
by matrix U (t) can be visually represented using Mohr's circle, as demonstrated in Fig-
ure 3.2. Through Mohr's circle, we can specify bounds on the deformation ag@igs

4(t), and 4(t), thereby enhancing the safety of continuum deformation coordination.

Figure 3.2: Graphical representation of axial and shear strains by using Mohr circle.

In the case of quadrotor team continuum deformation coordination, the positive de -
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Figure 3.3: (t;T) versus- for -2 2 [0; 1].

nite matrixUs = U (t;) =[ j (t¢)] is known, but the nal timet; remains varying. The
continuum deformation planning problem is comprised of the following two steps:
1. Choosing Final Time t;: The nal time t; should be adequately large so that the
principal strains, denoted by, ,, and 3, ful ll the following safety constraint:
n3
(' min i(1); 8t 2 [to; tr]: (3.9)
i=1
The minimum nal timet; satisfying all safety constraints can be obtained using

the bisection method [90].

2. Specifying U (t) for t 2 [to;t;]: To ensure the safety constraint given in Equa-

tion 3.9 holds for aft 2 [to; t; ], we decompose matrtk (t) and planU (t) following
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these steps:

(@)

(b)

Assignment of Final Shear Deformation Angles and Principal Strains:

GivenU;, we initially obtain the nal values of the shear deformation angles,
af = d(te), af = a(tf), and g = 4(tf), and the nal principal strain

values, 1+ = 1(tf), 2¢r = 2(t;), and 3¢ = 3(t;), by solving the six

non-linear equations obtained from Equation 3.8.

Planning of the Shear Deformation Angles and Principal Strains at
Every Time: We de ne a fth-order polynomial, (t; T) where:
t tp ° t to ° t to °
: = + ; .
(t,T)=6 T 15 T 10 T ; (3.10)

wheret 2 [to;t;], T = ty  to is the travel time, and (0; T) =0, —(0;T) =
—(t;T) =0, *(©O;T) = *(t;T) =0, and (t;;T) = 1. The plot of
(t; T) versust=e is depicted in Figure 3.3. Then, the shear deformation

angles and principal strains are de ned as follows:

d()= a0 TN+ g (KT) (3.11a)
d()= a0 TN+ ar (KT) (3.11b)
a®)= a0 TN+ ar (KT) (3.11c)
1= 1 TN+ 2 (KT) (3.11d)
2(t)= 201 (ETH+ 26 (KT) (3.11e)
s(= 301  (ETHN+ 3 (KT) (3.11f)

where g0 = 4(to) =0, g0 = d(to) =0, a0 = d(te) =0, 10 =
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1(t)) =1, 20= 2(to)=1,and z0= 3(tg) =1 sinceU (to) = 1 2 R® 3
is an identity matrix (refer to Assumptions 1 and 2).

(c) Assignment of Matrix U (t): Once the shear deformation angles and prin-
cipal strains at any time 2 [to;t;] are known, we can assign mattik(t)

using Equation 3.8 for any2 [to; t¢].

Our proposed approach for the experimental evaluation of continuum deformation coor-

dination is depicted in Figure 3.1.

Algorithm 1 2-D Safe Continuum Deformation Algorithm

Input po, 1 26 2f; of, tf, and step sizé
Output py(t)
tf

ns T
Initialize 1.0 = 0; 2.0 = 0; 30 = 1; do = 1
fori=1;2; :ng do

t i h

Compute using Equation 3.10.

Get 1, 2i, 3i,» i Using Equation 3.11.

ComputeU (t) using Equation 3.8.

Pia(t) = U(t)po
end for

Algorithm 2 3-D Safe Continuum Deformation Algorithm
Input po, 1f; 25 365 dfs dfs difs tr, and step sizé
Output py(t)

tf
Ns +
Initialize 1.0=0; 20=0; 30=0; g0=1; 4g0=1; go0=1
fori=1;2; 'ng do
t i h
Compute using Equation 3.10.
Get Liv 2y 3ir diy dis  di using Equation 3.11.
ComputeU (t) using Equation 3.8.
Pia = U(t)po
end for
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3.4 Experimental Flight Tests

The proposed approach was validated through bt and 3-D ight tests. In the
following section, we present the ight test results. It should be noted that the Crazy ie
(cf) quadrotor was utilized in our ight tests, so the terms \cf* and \quadrotor" are used

interchangeably in this context.

3.4.1 Discussion of the Initial Con guration

Figure 3.4: Initial con guration of the quadrotor team consistin@ gluadrotors in &-D
continuum deformation coordination experiment. The exact coordinatg3 ¢f each
qguadrotor has been provided in Table 3zicoordinate for all quadrotors is assumed to
be constant and equal tbm in this experiment.

In Figures 3.4 and 3.5, correspondin@iD ight tests, cf 1-2-3 form the outer triangle

whereas c#-5-6 form the inner triangle. The distance between &6 is the smallest,
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Figure 3.5: Initial con guration foR-D ight tests.

wheres,n = 0:5m. At any timet >t o during the experiment, the inner triangle will
always lie inside the outer triangle. Similarly, in cas&-Df ight tests, as shown by
Figures 3.6 and 3.7, quadrotois2-3-4 form the outer tetrahedron whereas quadrotors
5-6-7-8 form the inner tetrahedron. In this case, the distance between quadbBdis
the minimum wheres,,;, = 0:3536m. Similar to the case i&-D, the inner tetrahedron

will always be inside the volume of the outer tetrahedron at all tirrets,.

2-D (in m) 3-D (in m)

Quadrotor | xi(0) | yi(0) | xi(0) | vi(0) | z(0)
-1.00| -1.50| -1.75| -1.50| 0.75
-1.00| 1.50 | -1.75| 1.50 | 0.75
1.00 | 0.0 | 2.00 | 0.00 | 0.75
-0.50| -0.5 | -0.50| 0.00 | 1.75
-0.50| 0.5 | -0.75| -0.50| 1.00
0.50 | 0.00 | -0.75| 0.50 | 1.00
| | 0.75 | 0.00 | 1.00
| | -0.25| 0.00 | 1.50

O~NO O A~ WN PP

Table 3.1: Initial positions of the quadrotor system.
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Figure 3.6: Initial con guration of the quadrotor team consistin@ gluadrotors in &-D
continuum deformation coordination. The exact coordinatgs¢) of each quadrotor
has been provided in Table 3.1.

Figures 3.8 and 3.9 show the desired trajectories forz2tie and 3-D continuum
deformation experiment for the multi-quadrotor system (MQS) consistangd 8 crazy ie
respectively (See algorithm 1 D and algorithm 2 fo8-D). To ensure inter-quadrotor
collision avoidance, the minimum separation distance in the initial con guration should
be large enough such that the safety condition in Equation 3.6 is satis ed. The tracking
of quadrotors in an environment is accurate u@ibm. Therefore, we choose tracking
error = 0:05m, and obtain the following condition on the minimum separation distance

in the initial con guration:
2(+r) _ 02

min min

(3.12)

Smin

For the following ight experiments, we consider= 12s.
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Figure 3.7: Initial con guration foB-D ight tests.

Figure 3.8: Desire@-D trajectories
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