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Abstract 

Analytical calculations for encircled and ensquared energy have limitations. When aberrations are 

present, analytical methods are often intractable. Modelling and simulation can be an alternative 

approach. A Monte Carlo analysis is performed to generate unique combinations of Zernike 

wavefront errors that yield the same overall rms error of the optical system. Zernike errors from 

orders 2nd through 5th are considered individually, as well as errors from 4th and 5th orders 

combined. Finally, all orders from 2nd to 5th are considered in combination. The optical systems 

simulated are f/1.4, f/4, f/6, and f/8 at operating wavelengths of 0.633 um, 1 um and 3.39 um. 

Relationships between the encircled and ensquared energy radius are determined for rms 

wavefront error < 0.18 waves. The most realistic relationship derived is for the case of 2nd to 5th 

Order Zernike considered in combination. Given a known rms wavefront error (𝑤𝑓𝑒) in unit of 

waves, the approximated 85% encircled energy radius is 1.50 𝜆𝑓/# 𝑒
5.21 𝑤𝑓𝑒

𝜆  , and ensquared 

energy radius is 1.31 𝜆𝑓/#  𝑒
5.53 𝑤𝑓𝑒

𝜆 . The Montel Carlo derived trendlines match the simulated 

aberrated systems to within a residual sum of squares, RSS, error of 5%. An additional equation is 

derived for simplification purposes with slightly higher RSS error. The approximated 83.8% 

Encircled energy radius is 1.22 𝜆  𝑓/# 𝑒
2𝜋 𝑤𝑓𝑒

𝜆  with RSS fitting error of 10%.  
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Introduction 

There are various published papers deriving analytical methods to solve for encircled energy of an 

optical system. Although this thesis work is done on optical software simulation, it is important to 

understand the analytical solution space as well as its limitations. 

From a 1984 a paper published in Applied Optics (1), the following formulas are derived.  At the 

image plane, the point spread function (PSF) is the inverse Fourier transform of the optical transfer 

function (OTF). The relationship can be written as the following:   

 𝐼(𝑟, 𝜃) = 𝐾1 ∫ ∫ 𝑇(𝜌, 𝜑)𝑒
(

𝑖𝑘𝑟𝜌

𝑓
cos(𝜑−𝜃))

𝜌 𝑑𝜌 𝑑𝜑
∞

0

2𝜋

0
 [1] 

𝐼(𝑟, 𝜃) = 𝑃𝑜𝑖𝑛𝑡 𝑆𝑝𝑟𝑒𝑎𝑑 𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛 (𝑃𝑆𝐹),  
(𝑟, 𝜃) = 𝑝𝑜𝑙𝑎𝑟 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑖𝑛 𝑡ℎ𝑒 𝑖𝑚𝑎𝑔𝑒 𝑝𝑙𝑎𝑛𝑒,   

𝑇(𝜌, 𝜑) = 𝑂𝑇𝐹, (𝜌, 𝜑) = 𝑝𝑜𝑙𝑎𝑟 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑖𝑛 𝑒𝑛𝑡𝑟𝑎𝑛𝑐𝑒 𝑝𝑢𝑝𝑖𝑙, 𝑘 =  
2𝜋

𝜆
, 

𝜆 = 𝑤𝑎𝑣𝑒𝑙𝑒𝑛𝑔𝑡ℎ,  𝑓 = 𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝑓𝑜𝑐𝑎𝑙 𝑙𝑒𝑛𝑔𝑡ℎ , 𝑎𝑛𝑑 𝐾1 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. 
 

The encircled energy is then the integration of the PSF over a radius 𝑟𝑜 

 𝐸(𝑟𝑜) = ∫ ∫ 𝐼(𝑟, 𝜃) 𝑟 𝑑𝑟 𝑑𝜃
𝑟𝑜

0

2𝜋

0
 [2] 

A new function is defined 𝑇̅(𝜌) as the average of 𝑇(𝜌, 𝜑) over all angles of 𝜑.  

 𝑇̅(𝜌) =
4𝜋2𝐾1𝑓𝑟𝑜

𝑘
∫ 𝑇(𝜌, 𝜑)

2𝜋

0
𝑑𝜑 [3] 

The encircled energy function for any size aperture then becomes the following integral… 

 𝐸(𝑟𝑜) =
4𝜋2𝑓2𝐾1

𝑘2 ∫ 𝑇̅(𝜌)
∞

0
 𝐽1 (

𝑘𝑟𝑜𝜌

𝑓
) 𝑑𝜌 [4] 

Using Taylor series expansion, Equation [4] is then expanded in the following format. 

 𝐸(𝑟𝑜) =
4𝜋2𝑓2𝐾1

𝑘2
[𝑇̅(0) +  

𝑓

𝑘𝑟𝑜
𝑇̅′(0) +

𝑓3

2𝑘3𝑟𝑜
3

𝑇̅(0)′′′ + ⋯ ] [5] 

Note that the OTF function derived from a finite boundary geometry will not have analytical 

solutions beyond some cut-off frequency. Equation [5] will have convergence issues for smaller 
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radius, 𝑟𝑜. If nonanalytical points occurred at 𝑇(𝜌) at frequencies below cut off, then Equation [5] 

will only work for large 𝑟𝑜 . For large 𝑟𝑜, equation [5] becomes. 

 𝐸(𝑟𝑜)~
4𝜋2𝑓2𝐾1

𝑘2
[𝑇̅(0) +  

𝑓

𝑘𝑟𝑜
𝑇̅′(0)]. [6] 

Since OTF is unity at zero frequency, 𝑇̅(0) is unity. The normalized encircled energy will be equal 

to 1 with infinite boundary,  

 lim
𝑟𝑜→∞

𝐸(𝑟𝑜) = 1 [7] 

The relationship between the encircled energy function to the derivative of the OTF at zero 

frequency can be rewritten as [8].  

 𝐸(𝑟𝑜)~1 +  
𝑓

𝑘𝑟𝑜
𝑇̅′(0) [8] 

The derivations above work for unobscured aperture and high frequency OTF. For obscured 

aperture or low frequency OTF, additional work is needed.  Figure 1 describes an obscured 

entrance pupil of an optical system.  

 

 

 

 

Figure 1: An obscured aperture defined by constant transmission region, g, 

and zero transmission as g’. The resultant geometry is used for 

autocorrelating the transmission region in the direction of a. (1)  

If the original transmission boundary, g, is displaced along the vector a, a new boundary g’ is 

created in Figure 1. The new boundary is described as g’(x, y) = g(x − a, y − b).  The middle 
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overlapping area, in crossed pattern in Figure 1, is an obscured aperture used to find an encircled 

energy solution for. The aperture area, A(a), can be described as 

 

 𝐴(𝑎) = 𝐴0 −
1

2
∫ |𝑎|

𝑠

0
|cos 𝜂| 𝑑𝑠 [9] 

Where 𝐴(𝑎)= overlapping area between g and g’ 

𝐴0 = area of g(x, y) 

𝜂= angle between a and ∇g 

𝑠=total perimeter length along g 

𝑑𝑠=differential arc length along g 

In polar coordinates, Equation 9 can be rewritten as  

 𝐴(𝜌, 𝜑) = 𝐴0 −
1

2
∫ |𝜌|

𝑠

0
|cos 𝜂| 𝑑𝑠 [10] 

A new OTF function normalized over the overlapping area between g and g’ can be written as  

 𝑇(𝜌, 𝜑) =
𝐴(𝜌,𝜑)

𝐴0
 [11] 

resulting in a new 𝐸(𝑟𝑜), 

 𝐸(𝑟𝑜)~1 −
𝑓

𝑘𝑟𝑜

𝐿

𝜋𝐴𝑜
  [12] 

Where 𝐿 is the perimeter length, 𝑘 =  
2𝜋

𝜆
 ,  

𝐴0 is the area of the entrance pupil. 

 

This modification works not only for general aperture shapes but also multiple apertures and 

obscured apertures. For obscured apertures, Equation [10] is replaced by a summation of 

integrals. Each integral represents one of the sub aperture regions.  

For every practical unobscured imaging system, the normalized encircled energy function is 

asymptotically described as 

 lim
𝑟𝑜→∞

𝐸(𝑟𝑜) = 1 −
𝜆𝑓𝑅

2𝜋2𝑟𝑜
  [13] 

Where 𝐸(𝑟𝑜) = encircled energy 

λ = wavelength 

f = effective focal length 

R = aperture perimeter to area ratio 

ro= radial dimension in the focal plane 

 



11 
 

The limitations to using Equation 13 are entrance pupil needs to have constant transmittance, pupil 

size needs to be larger than the wavelength of interest, and no aberration is present in system. In 

addition, a careful evaluation of aperture shape with low frequency OTF slope discontinuities is 

needed. More information on the accuracy and a comparison between the exact and approximate 

methods can be found in Reference (1). 

For optical system with aberrations, Shafer (2) published a paper describing a very similar 

analytical solution. They first assumed an unobscured optical system with a circular entrance 

pupil. Then, they revised the OTF to include the effects of aberrations.  

 Equation [14] below is the series expansion of the transfer function due to defocus,  

𝑇(𝜔) ≈ 1 −
2𝜔

𝜋
+

𝜔3

12𝜋
−

16

3
𝜋𝐷2 (

3𝜋𝜔2 

8
 − 2𝜔3) + ⋯     𝐻𝑖𝑔𝑒𝑟 𝑂𝑟𝑑𝑒𝑟 𝑇𝑒𝑟𝑚𝑠 [14] 

Where D is the defocus optical path difference in waves, and 𝜔 is the spatial frequency. (2) 

 

By taking the derivate of the transfer function, the encircled energy equation with defocus is 

expressed as follows, 

𝐿(𝑣)𝑃𝑒𝑟𝑓𝑒𝑐𝑡 𝑆𝑦𝑠𝑡𝑒𝑚 ≈ 1 −
2

𝜋𝜐
−

1

4𝜋𝜐3  [15] 

 𝐿(𝑣)𝑑𝑒𝑓𝑜𝑐𝑢𝑠 𝑠𝑦𝑠𝑡𝑒𝑚 ≈ 𝐿(𝑣)𝑃𝑒𝑟𝑓𝑒𝑐𝑡 𝑆𝑦𝑠𝑡𝑒𝑚 −
32𝜋𝐷2

𝑣3   [16] 

Where 𝐿(𝑣) = encircled energy 

𝑣 = normalized spot radius  

f = effective focal length 

D = Defocus in waves 

The normalized spot radius, 𝑣, is dimensionless. Assuming an unobscured circular entrance 

pupil, 𝑣 can be determined using the following Equation [17]  

 𝑣 =
𝑟𝑜𝜋 𝑑

𝑓𝜆 
 [17] 

λ = wavelength 

f = effective focal length 

d = diameter of entrance pupil 
ro= radial dimension in the focal plane 
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When substituting in Equation [17] into Equation [15], the new equation for 𝐿(𝑣)𝑃𝑒𝑟𝑓𝑒𝑐𝑡 𝑆𝑦𝑠𝑡𝑒𝑚 

is equivalent to Equation [1] for 𝐸(𝑟𝑜) . As a verification check, the first and second published 

paper calculation methods are in agreement. 

According to Shafer’s method, 𝐿(𝑣)𝑑𝑒𝑓𝑜𝑐𝑢𝑠 𝑠𝑦𝑠𝑡𝑒𝑚  ,a system with defocus, will move the energy 

away from the central lobe into outside rings on the image plane. This is accounted for in an 

additional subtraction term in Equation [16]. 𝐿(𝑣)𝑑𝑒𝑓𝑜𝑐𝑢𝑠 𝑠𝑦𝑠𝑡𝑒𝑚 is most accurate when restricted 

to a region 80-100% of the size of the total energy size and is limited to aberrations smaller 

than 
𝜆

2
  . It could also work for any rotationally symmetric wavefront deformation, such as 3rd and 

5th order spherical aberration. However, it is only valid if the marginal ray intercept at the image 

plane is the same value as the defocus case. In other words, a mirror with spherical aberration 

will have similar encircled energy value as a mirror with a radius of curvature error if the peak to 

valley wavefront errors in both cases are the same. However, this will not be the case for a mirror 

with the same order of magnitude of error with astigmatic deformations. The Encircled Energy 

value might degrade faster in the case of the mirror with the astigmatic deformation because of 

the nonrotational symmetric shape. It also varies quadratically with the amount of wavefront 

error. Therefore, various types of wavefront error cannot be added up linearly.  

The two analytical methods discussed shows that Encircled energy is not a straightforward 

calculation once an optical system deviates from the ideal case of an unobscured circular aperture 

with no aberrations. Some approximation can be made with rotational symmetric wavefront error 

but is only valid in cases where the peak to value error is less than  
𝜆

2
 . In a practical imaging 

system, there will be unique types of aberration with different magnitude of errors. An alternative 

approach is introduced in this thesis to create a look up formula for encircled and ensquared values 

per a given rms wavefront error value.   
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The thesis will be divided into five sections. The first section is the Background, and it will cover 

the fundamental of imaging system, wavefront aberrations as well as application and calculation 

methods of Encircled Energy. The second section, Simulations, will cover the parameters of 

simulation. The following Results, Discussion and Conclusion sections, will go over the post 

processing of raw data, establishing the look up formula and conclude on the simulation work.  

Section 1: Background 

1.1 Impulse Response and Optical Transfer Function 
 

An imaging system is defined by the ability to capture an object at a distance and paste it onto a 

detector. For a well sampled system, the image is the convolution of the object with the imaging 

system’s impulse response. The impulse response of an optical system is analogous to that from 

systems’ theory, with the usual restrictions of linearity and shift-invariance.  For an optical system, 

a point source is the equivalent input.  The imaging system will convert the point source into a 

point spread function, related through the Fourier transform. 

If the optics are perfect, have no aliasing at the detector and have a circular shaped aperture, the 

PSF is describe by the Equation [18].  

 𝑃𝑆𝐹(𝑟) =  (
2𝐽1

𝜋𝑑𝑟

𝜆𝑓
𝜋𝑑𝑟

𝜆𝑓

)

2

  [18] 

Where r = radial distance on the image, 

 λ = wavelength, f = effective focal length, 

and d = diameter of entrance pupil. 
 

 ` 

This is also known as the airy disk. The central lobe contains ~84% of the total energy on the 

image plane. The radius of the same bright central lobe is 

 r1 =
1.22𝜆𝑓

𝑑
 [19] 
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In summary, the impulse function is the way an optical system interprets spatially how big or small 

the image is. The three parameters that affects the spatial interpretations are wavelength (𝜆), focal 

length(f) and aperture size (d).  

The object frequency information is calculated by taking the Fourier transform of the input 

irradiance. This value information is then multiplied with a transfer function, known as OTF, of 

the imaging system to yields the output frequency information. The inverse Fourier transform of 

the output frequency information is the image in spatial domain. Similarly, the OTF is the Fourier 

transform of the impulse response. The OTF has both magnitude and phase. The modulus of the 

squared magnitude of the OTF is called the Modulation transfer function, MTF. The MTF, shown 

in Figure 2, conveys the available system contrast as a function of spatial frequency in cycles/mm. 

 

 

 

 

 

Figure 2: MTF Plot of a Diffraction Limited System: F/1.48 at 1 um 

In the real world, nothing is ideal. Aberration present on the mirrors or lens of the telescope would 

change the transfer function and impulse response. As a result, the PSF would lose its central lobe 

peak and the cut off MTF performance curve will shift left to lower resolution values.  
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1.2 Wavefront Aberrations 
 

Wavefront errors are measured against a reference, usually a flat wavefront. There are two 

metrics to summarize the errors: Peak-to-Valley and RMS wavefront error. Peak-to- Valley 

value (P-V) is the sum of the peak and trough values found in the span of the wavefront. This 

often would give the worst-case error because the errors could be from an outlier point in a 

localized region. The RMS wavefront error takes the root-mean-square of all the errors across 

the wavefront. This offers a more realistic overall error since it would alleviate the effects of a 

localized peak to valley error. P-V and RMS error are general parameters to quantify wavefront 

errors. To identify what errors attribute to the deformities, an erroneous wavefront’s shape needs 

to be decomposed into identifiable quantity and quality. One way of describing the shape is to 

use Zernike polynomial fittings. These polynomials decompose the wavefront into types of 

known aberrations as well as the magnitude of the aberrations. One important reason why 

Zernike polynomials work is because they are orthogonal over the circular aperture, meaning 

there is no cross talk between each Zernike term or types of aberration.  

Zernike polynomials define wavefront deviations as a function of a normalized pupil coordinate 

and a normalized object height, ℎ . Figure 3 shows the normalized pupil coordinate is composed 

of radial distance on a pupil plane, 𝜌, and angular circular component, 𝜃.  
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Figure 3: The normalized pupil coordinate is composed of radial distance 

on a pupil plane, ρ, and angular circular component, θ. 

There are various types of Zernike ordering. We will be using the same ordering as by Noll (5). 

  𝑍𝑗(𝜌, 𝜃) ≡ 𝑍𝑛
𝑚(𝜌, 𝜃) = √

2(𝑛+1)

1+𝛿𝑚0
𝑅𝑛

𝑚(𝜌) {
cos 𝑚𝜃
sin 𝑚𝜃

 [20] 

Where j =polynomial ordering number and is a function of  

 n = radial degree and azimuthal frequency m, 

𝛿𝑚0 = Kronecker Delta 𝛿𝑚0 =1 for m =0, 𝛿𝑚0 =0 for m ≠ 0 

All n and m are positive integers where the quantity, n-m, is greater than or equal to 0 and is also 

even. 𝑅𝑛
𝑚(𝜌) is a polynomial of degree n in 𝜌. 

 𝑅𝑛
𝑚(𝜌) = ∑

(−1)𝑠(𝑛−𝑠)!

𝑠!(
𝑛+𝑚

2
−𝑠)!(

𝑛−𝑚

2
−𝑠)!

(𝑛−𝑚)/2
𝑠=0 𝜌𝑛−2𝑠 [21] 

𝑅𝑛
𝑚(𝜌) is the radial circle polynomial, varying with 𝜌 

Each Zernike polynomial has both cos 𝑚𝜃 and sin 𝑚𝜃 components. Polynomial are ordered with 

an even j corresponding to a symmetric polynomial varying as a function of cos 𝑚𝜃. Odd values 

of j would correspond to antisymmetric polynomial, varying with sin 𝑚𝜃. Within each nth order 

sets, there will be multiple mth values. 
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First Order Aberration Only 

j n m Zj(𝝆, 𝜽) Aberration Name 

1 0 0 1 Piston 

2 1 1 2𝜌 cos 𝜃 X Tilt 

3 1 1 2𝜌 𝑠𝑖𝑛𝜃 Y Tilt 

Second Order Aberration Only 

j n m Zj(𝝆, 𝜽) Aberration Name 

4 2 0 √3 (2𝜌2 − 1) Defocus 

5 2 2 √6 𝜌2 sin 2𝜃 Primary Astigmatism at 45⁰ 

6 2 2 √6 𝜌2 cos 2𝜃 Primary Astigmatism at 0⁰ 

Third Order Aberration Only 

j n m Zj(𝝆, 𝜽) Aberration Name 

7 3 1 √8 (3𝜌3 − 2𝜌) sin 𝜃 Vertical Coma 

8 3 1 √8 (3𝜌3 − 2𝜌) cos 𝜃 Horizontal Coma 

9 3 3 √8 𝜌3 sin 3𝜃 Trefoil at 0⁰ 

10 3 3 √8 𝜌3 cos 3𝜃 Trefoil at 45⁰ 

Fourth Order Aberration Only 

j n m Zj(𝝆, 𝜽) Aberration Name 

11 4 0 √5 (6𝜌4 − 6𝜌2 + 1) Primary Spherical 

12 4 2 √10 (4𝜌4 − 3𝜌2) cos 2𝜃 Secondary Astigmatism at 0⁰ 

13 4 2 √10 (4𝜌4 − 3𝜌2) sin 2𝜃 Secondary Astigmatism at 45⁰ 

14 4 4 √10 4𝜌4 cos 4𝜃 Quadrafoil in at 0⁰ 

15 4 5 √10 4𝜌4 sin 4𝜃 Quadrafoil in at 45⁰ 

Fifth Order Aberration Only 

j n m Zj(𝝆, 𝜽) Aberration Name 

16 5 1 √12 (10𝜌5 − 12𝜌3 + 3𝜌) cos 𝜃 Secondary x coma 

17 5 1 √12 (10𝜌5 − 12𝜌3 + 3𝜌) sin 𝜃 Secondary y coma 

18 5 3 √12 (5𝜌5 − 4𝜌3) cos 3𝜃 Secondary Trefoil at 45⁰ 

19 5 3 √12 (5𝜌5 − 4𝜌3) sin 3𝜃 Secondary Trefoil at 0⁰ 

20 5 5 √12 𝜌5 cos 5𝜃 Pentafoil at 45⁰ 

21 5 5 √12 𝜌5 sin 5𝜃 Pentafoil at 0⁰ 

Table 1: All different orders of Zernike’s expression and corresponding aberration name. (5) 
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The total aberration is the sum of the individual Zernike modes and their corresponding weights for a given 

system, according to equation [22]  

 Φ(𝜌, 𝜃) = ∑ ∑ 𝐶𝑛𝑚𝑍𝑛
𝑚(𝜌, 𝜃)𝑛

𝑚=0
∞
𝑛=0   [22] 

Where Φ(𝜌, 𝜃) is the aberration function, 

𝐶𝑛𝑚is the Zernike expansion coefficient,  

and 𝑍𝑛
𝑚(𝜌, 𝜃) is the specific polynomial. 

 

From Table 1, Fourth Order Zernike Errors include polynomial errors in n=4. This includes j=11: Primary 

Spherical Aberration, j=12, 13: Secondary Astigmatism at 0 and 45 degrees, and j=14,15: Quadrafoil in 

Vertical and Oblique. Fifth Order Zernike Errors include all errors in n=5. This includes j=16,17: Secondary 

Coma x and y, j=18, 19: Secondary Trefoil Oblique and Vertical, and j=20,21: Pentafoil Oblique and 

Vertical. Fourth and Fifth Order Zernike Errors would include all the errors in both n=4 and n=5. The only 

aberrations will be used in this simulation are 2nd to 5th order Zernike Orders. The first order does not affect 

rms wavefront error.  

With contribution from known aberration types, the RMS wavefront of the optical system can be then 

calculated using the expansion coefficient.  

 𝜎 = √∑ ∑ 𝐶𝑛𝑚
2𝑛

𝑚=0
∞
𝑛=0   [23] 

An important limitation of the Zernike expansion is its restriction to circular apertures.  Expansion 

polynomials for other geometries exist, see reference (5) and (6) for details.  
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1.3 Encircled and Ensquared Energy General Application  

Encircled energy is defined as the total radiometric power in the specified geometry on a target or 

an image plane. The typical geometries used are circles and squares.  The specified shape or size 

can be arbitrarily chosen depending on the application.  

 

 

 

Figure 4 :Inscribe energy region centered on the PSF. Left Encircled. Right Ensquared. [3] 

Encircled energy is used by astronomers to quantify instrument performance. However, the 

encircled energy is specified in object space angles rather than spatial size in image space.  Often, 

an increment factor of the theoretical angular resolution, 
𝜆

𝐷
, is plotted against desired parameters 

of encircled energy. The optical system is then designed to meet these requirements. For a good 

imaging system, the design specifications would be tied to the behavior of a diffraction limited 

system where 84% of energy falls within the first central lobe.  

A second common application of encircled energy is in laser acquisition systems. An optical 

system is designed to resolve a laser-illuminated distant target. Depending on where the PSF is 

located on the detector, one can locate the target by calculating the subtended angle between the 

target and the sensor.  

Ensquared energy, with a square geometry, is often used in commercial camera applications. The 

majority of CCD and COMS detectors have square pixels, so it is easier to define the square region 

of interest by using number of pixels. 
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1.3.1 Ensquared and Ensquared Measurement Methods 

Measuring encircled or ensquared energy can be very straight forward. The setup is illustrated in 

Figure 5.  

 

 

 

 

 

Figure 5  Test Bench to measure Encircled Energy. 

The unit under test, UUT, is illuminated with a source of known wavelength. In Figure 5, the 

pinhole will be served as the object the UUT would image. Depending on how the UUT is used 

for imaging, it would either need to be placed at a finite imaging conjugate distance from the 

pinhole or placed at a location where the pinhole is collimated. For an infinite conjugate 

configuration, the pinhole would be placed 1 focal length away from a collimating optic. In Figure 

5, the collimating optic would be the Off-Axis Parabola (OAP).  At the image plane of the UUT, 

a series of apertures with known sizes are placed there. The aperture would be circular for 

Encircled Energy measurement or square for Ensquared measurement. One would record the 

power reading with a photodiode and associate it with the aperture size for data collection.  

The mask size tolerance is important. A HeNe system, a relatively short wavelength at 0.633um 

paired with a F/1.4 optical system, produces an airy pattern diameter of only 2 um. Any meaningful 

tolerance on the pinhole needs to be less than 2 um; the usual rule of thumb suggests 10% of 2 um 

depending on the needed accuracy of the measurement. Recent advances in micromachining in a 

thin silicon substrate allow submicron precision (7).  

Detector UUT 

OAP Mirror 

Apertures 
Pinhole 
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Besides pinhole size accuracy, another method to refine measurement is to fine tune the location 

of the mask location at the focus. An additional lens can reimage the image plane of the UUT with 

magnification. The image of the mask and the PSF can then be viewed together as feedback for 

fine alignment.  

Figure 5 illustrates the test bench which could be used for on and off axis field testing of the UUT. 

The pinhole location relative to the optical axis of the OAP Collimating Mirror can be translated 

to simulate an off-axis field, as shown below:  

 𝜃𝑜𝑓𝑓 𝑎𝑥𝑖𝑠 = atan (
𝑃𝑖𝑛ℎ𝑜𝑙𝑒 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡

𝐹𝑜𝑐𝑎𝑙 𝐿𝑒𝑛𝑔𝑡ℎ𝑂𝐴𝑃
) [24] 

Figure 6 below shows the PSF and its cross-section of a simulated a F/1.4 system at 1 um 

wavelength.  

 

 

 

 

 

 

 

  

 
 Figure 6  Figure 7 

Figure 6:Cross section of the Point Spread Function of a F/1.4 system at 1 um in color scale. 

Figure 7: Cross section of the PSF with various rms wavefront error. 

Figure 7 is an example of aberrated PSF with incrementing rms wave error. At 0.18 waves rms, 

the purple central lobe lost most of its intensity.  
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When collecting power from a diffraction limited PSF in Figure 6, the expected measured 

fractional encircled energy should follow the trend described in Figure 8 below. The first central 

lobe, in blue, stops at 1.7 um. The encircled energy corresponding to 1.7 um radius, in red, is 0.836 

or 83.6% , the ensquared energy with 1.7 um half width, in green, is 0.84 or 84%. 

 

 

 

 

Figure 8 : Fractional inscribe energy of a diffraction limited F/1.4 system at 1 um. 

Ensquared Energy curve is slightly higher than the Encircled energy because circle is 

inscribed within the square of the same width. More area per the same width dimension. 

 

 

1.3.2 Encircled and Ensquared Energy Analytical Solution Comparison 

For a diffraction limited optical system with an unobscured circular pupil, the following equations 

could be used to calculate encircled and ensquared energy.). The following equations are taken 

from Anderson (1) published from Applied Optics. The three parameters needed for calculation 

are the F-number, operational wavelength and the radius or half width of the encircled or ensquared 

area of interest. Equation (25) convert that physical dimension into a unitless radial value, p, shown 

in Figure 9. 

 𝑝 =
𝑠1𝜋

𝜆 𝑓/#
 [25] 
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Figure 9 Radial distance of Ensquared Energy, p. 

The double integral is shown in Equation (26) and Equation (27) further simplifies it to the 

difference between the Bessel Function of the 0th order and 1st order.   

 𝐸𝑐(𝑝) =
1

4𝜋
∫ ∫ (

2𝐽1 (𝑟)

𝑟
)

2

𝑟 𝑑𝜃 𝑑𝑟
2𝜋

0

𝑝

0
 [26] 

 = 1 − 𝐽0 (𝑝)2−𝐽1 (𝑝)2 [27] 

This is an expression first derived by Lord Rayleigh (3). The Ensquared energy, Es, can be 

calculated by the modification of the Encircled Energy calculation with the same radial distance. 

 𝐸𝑠(𝑝) =
4

𝜋
∫ 𝐸𝑐 (

𝑝

cos 𝜃
)

𝜋

4
0

𝑑𝜃 [28] 

The relationship between Encircled and Ensquared energy of the same half width can be described 

by the following inequality per Andersen’s paper on inscribe energy calculation (3):  

 𝐸𝑐(𝑝) <  𝐸𝑠(𝑝)  <  𝐸𝑐(𝑝√2)  [29] 

For the same radius, 𝑝, there will be less energy in the encircled energy than in ensquared energy.  

The analytical solution works well at 0 rms wavefront error and will be used as a baseline in optical 

simulation later.  

p 
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An additional side note, if the input source is a single mode laser, an alternative encircled energy 

equation for Gaussian beam is needed. This is because the beam intensity is no longer a Bessel 

function but rather a Gaussian. The equation for the power transmission through an aperture for a 

Gaussian is derived in Siegman’s book (10). 

 Encircled Energy = 1 −  𝑒
−2𝑎2

𝜔2  [27-b] 

The encircled radius is 𝑎 and the beam waist radius is 𝜔. An aperture radius with the same size as 

the waist radius will yield about 86% of the total power.  
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Section 2: Simulation 

2.1 Simulation Scope and Parameters 

 

For an aberrated optical system, the different wavefront error types have different impact on the 

encircled energy value. Each type of aberration stretches the PSF uniquely. For example, 3rd order 

spherical creates a symmetric blur while 3rd order coma creates a tear shaped blur. Even though 

there is a mathematical correlation between Zernike coefficient to rms wavefront error, there isn’t 

one for ensquared or encircled energy. This scope of the project is to simulate an ideal lens with 

wavefront perturbations.  We generate individual errors using 2nd,3rd,4th, and 5th order Zernike 

modes, as well as errors from combined 4th and 5th modes.  Finally, all modes from 2nd to 5th are 

considered in combination. For each Zernike order category, the simulation would randomize 

Zernike coefficients while yielding the targeted overall rms wavefront error. This is made possible 

using Equation 23, a property of the Zernike Coefficient to rms wavefront error. Monte Carlo 

methods are utilized to produce the same rms wavefront error results over many different unique 

Zernike coefficients combination. At the end of each run, the average ensquared and encircled 

energy radius is recorded, and fitting is performed for each rms wavefront error value.  

The encircled and ensquared energy radius in um would be recorded at two separate energy level: 

85% & 95%. The wavefront errors are from 0 waves to 0.18 waves, in 6 steps with 0.03 waves 

increments. The optical systems simulated are F/1.4 with wavelengths 0.633 um, 1 um, and 3.39 

um, and F/4, F/6 and F/8 at 1 um wavelength.   
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2.2 Monte Carlo Zemax Set Up 

 

Figure 10 Simulation Zemax Lens Data Manager 

An excerpt from Zemax simulation is shown in Figure 10. Surface 2 has a Zernike Standard Sag 

surface type which is used to simulate aberrations. The surface type allows customization of 

additional of Zernike coefficient terms to tune surface deformities.  A perfect infinite conjugate 

paraxial lens is used to focus the deformed wavefront. A macro then generates randomized Zernike 

coefficient inputs, while maintaining the targeted wavefront error at the focus. For each 

randomized Zernike coefficients set, the specified encircled and ensquared energy radius size is 

collected and averaged at the end.  

To find the number unique of times Zernike coefficients are generated, three sample sizes were 

used as comparison. The three sample sizes were 100, 500 and 1000, The optical system used was 

a F/1.4 at 1 um wavelength with 4th order Zernike errors evaluating 95% Encircled Energy radius. 

The variability between 500 Samples and 1000 Samples encircled diameter sizes was less than 

0.5% shown in Table 2; results converge within ~1 um. Due to reasonable calculation time and 

acceptable precision, 500 n-sample was chosen.  
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Table 2:  Three different sample sizes were analyzed for each targeted wavefront error. 

The encircled and ensquared energy was calculated using the Optimization operand, DENC, 

Diffraction Encircled energy for distance. The baseline of pupil sampling was a grid of 256 X 256. 

The Zemax macro is included in Appendix 1.  

 

  

1 um, 4
th

 Order Zernike Error Only; 95% Encircled Energy 

Average 

Wavefront 

[waves] 

500 Samples 

Average Encircled Energy 

Radius Value [um] 

100 Samples 

Average % Deviation from 

500 Samples 

1000 Samples 

Average % Deviation from 

500 Samples 

0 5.84 - - 

0.03 6.20 0.09% -0.20% 

0.06 7.02 -0.01% -0.01% 

0.09 8.04 0.22% 0.02% 

0.12 9.09 0.16% 0.13% 

0.15 10.32 0.46% -0.23% 

0.18 11.55 -0.52% -0.36% 
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Section 3: Results  

For each optical parameter cases mentioned in Section 2.2, the macro used in Zemax simulation generated 

tables similar to the one in Figure 11. The results were recorded in an excel file for data processing.  

 

 

 

Figure 11: Example Output File of Zemax Simulation 

The raw data was fitted to an exponential curve to link rms wavefront error to averaged encircled or 

ensquared radius. The y intercept or the coefficients will be the radius value at 0 rms wavefront error 

value. The data could be fitted both quadratically or exponentially. An exponential relationship was 

chosen because of the more simplified form, and it would match an existing related relationship described 

in Equation 30. From Modern Optical Engineer book by Warren Smith (11), the Strehl Ratio degrades 

exponentially as rms wavefront error, 𝜔 .  

 Strehl Ratio =  𝑒−(2𝜋𝜔)2
 [30] 

The Strehl Ratio is the ratio of the PSF central peak illumination of an aberrated system to a 

diffraction limited system. An optical system with aberrations will lose light in the central peak 

exponentially and redistribute the light to the outer regions. Therefore, an assumption was made 

that the encircled energy radius would also grow exponentially with wavefront error. 
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3.1 Plots of Raw data 

 

3.1.1 Zernike 

At 1 um and F/1.48:2nd, 3rd, 4th, 5th, 4th + 5th, and all orders (2nd to 5th ) Zernike 
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Figure 12: Zernike Order: 4th,5th, 4th + 5th and All Order (2nd to 5th Order) WFE vs Encircled and Ensquared Energy Radius. 
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3.2.2 F-Number 

At 1um, 85% Encircled and Ensquared Energy and 5th Order Zernike Only: F/4, F/6, F8 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 13 F-number with Zernike WFE vs Encircled and Ensquared Energy Radius.   
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3.2.3 Wavelength 

At F/1.48, 85% Encircled and Ensquared Energy and 5th Order Zernike Only: Lambda=0.633 um ,3.99um 

  

 

 

  

 

 

 

  

 

 

 

 

 

 

 

 

 

Figure 14  Wavelength with Zernike WFE vs Encircled and Ensquared Energy Radius.  
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3.2 Fitted Equations 

The results from the Monte Carlo runs are fitted into equations below. 

  

With Second Order Zernike Aberration  

85% 𝐸𝑛𝑐𝑖𝑟𝑐𝑙𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 =  1.50 𝜆  𝑓/# 𝑒
2.50  𝑤𝑓𝑒

𝜆   [31] 

85% 𝐸𝑛𝑠𝑞𝑢𝑎𝑟𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 =  1.31 𝜆  𝑓/# 𝑒
2.80  𝑤𝑓𝑒

𝜆  [32] 

95% 𝐸𝑛𝑐𝑖𝑟𝑐𝑙𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 =  3.92 𝜆  𝑓/#  𝑒
0.94 𝑤𝑓𝑒

𝜆  [33] 

95% 𝐸𝑛𝑠𝑞𝑢𝑎𝑟𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 =  3.65 𝜆  𝑓/#  𝑒
0.68 𝑤𝑓𝑒

𝜆  [34] 

With Third Order Zernike Aberration  

85% 𝐸𝑛𝑐𝑖𝑟𝑐𝑙𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 =  1.50 𝜆  𝑓/# 𝑒
3.77 𝑤𝑓𝑒

𝜆   [35] 

85% 𝐸𝑛𝑠𝑞𝑢𝑎𝑟𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 =  1.31 𝜆  𝑓/# 𝑒
4.08  𝑤𝑓𝑒

𝜆  [36] 

95% 𝐸𝑛𝑐𝑖𝑟𝑐𝑙𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 =  3.92 𝜆  𝑓/#  𝑒
1.88 𝑤𝑓𝑒

𝜆  [37] 

95% 𝐸𝑛𝑠𝑞𝑢𝑎𝑟𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 =  3.65 𝜆  𝑓/#  𝑒
1.65 𝑤𝑓𝑒

𝜆  [38] 

With Fourth Order Zernike Aberration  

85% 𝐸𝑛𝑐𝑖𝑟𝑐𝑙𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 =  1.50 𝜆  𝑓/# 𝑒
5.76 𝑤𝑓𝑒

𝜆   [39] 

85% 𝐸𝑛𝑠𝑞𝑢𝑎𝑟𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 =  1.31 𝜆  𝑓/# 𝑒
6.03  𝑤𝑓𝑒

𝜆  [40] 

95% 𝐸𝑛𝑐𝑖𝑟𝑐𝑙𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 =  3.92 𝜆  𝑓/#  𝑒
3.72 𝑤𝑓𝑒

𝜆  [41] 

95% 𝐸𝑛𝑠𝑞𝑢𝑎𝑟𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 =  3.65 𝜆  𝑓/#  𝑒
3.47 𝑤𝑓𝑒

𝜆  [42] 
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With Fifth Order Zernike Aberration 

85% 𝐸𝑛𝑐𝑖𝑟𝑐𝑙𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 =  1.50 𝜆 𝑓/# 𝑒
6.43 𝑤𝑓𝑒

𝜆  [43] 

85% 𝐸𝑛𝑠𝑞𝑢𝑎𝑟𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 =  1.31 𝜆 𝑓/# 𝑒
6.70 𝑤𝑓𝑒

𝜆  [44] 

95% 𝐸𝑛𝑐𝑖𝑟𝑐𝑙𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 =  3.92 𝜆  𝑓/# 𝑒
4.7 𝑤𝑓𝑒

𝜆  [45] 

95% 𝐸𝑛𝑠𝑞𝑢𝑎𝑟𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 =  3.65 𝜆  𝑓/# 𝑒
4.4 𝑤𝑓𝑒

𝜆  [46] 

With Fourth and Fifth Order Zernike Aberration 

85% 𝐸𝑛𝑐𝑖𝑟𝑐𝑙𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠  =  1.50  𝜆  𝑓/#  𝑒
6.14𝑤𝑓𝑒

𝜆   [47] 

85% 𝐸𝑛𝑠𝑞𝑢𝑎𝑟𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠  =  1.31 𝜆  𝑓/# 𝑒
6.41 𝑤𝑓𝑒

𝜆  [48] 

95% 𝐸𝑛𝑐𝑖𝑟𝑐𝑙𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠  =  3.92 𝜆  𝑓/# 𝑒
4.35 𝑤𝑓𝑒

𝜆  [49] 

95% 𝐸𝑛𝑠𝑞𝑢𝑎𝑟𝑒𝑑𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠  =  3.65 𝜆  𝑓/#  𝑒
4.10 𝑤𝑓𝑒

𝜆  [50] 

With all Aberrations Case: 

85% 𝐸𝑛𝑐𝑖𝑟𝑐𝑙𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 = 1.50 𝜆  𝑓/# 𝑒
5.21 𝑤𝑓𝑒

𝜆   [51] 

85% 𝐸𝑛𝑠𝑞𝑢𝑎𝑟𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 = 1.31 𝜆  𝑓/# 𝑒
5.53 𝑤𝑓𝑒

𝜆  [52] 

83.8% 𝐸𝑛𝑐𝑖𝑟𝑐𝑙𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 = 1.22 𝜆  𝑓/# 𝑒
2𝜋 𝑤𝑓𝑒

𝜆   [53] 
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The unit of wfe is in waves. Example values calculated from Equation 51 and Equation 52 using a F/1.49 

system at 1 um are listed in Table 3. 

 

 

 

 

 

 

 

 

 

Table 3: 85% Encircled and 

Ensquared energy radius calculated for 2nd to 5th Order Zernike Errors using Equation 51 and 52. 

Example values calculated from Equation 53 using a F/5 system at 1 um are listed in Table 4. 

 

 

 

 

 

 

 

 

Table 4: 83.8% Encircled Energy radius calculated for 2nd to 5th Order Zernike Errors using Equation 53 

  

F/1.49, Wavelength = 1 um 

RMS Wavefront Error (wave) 85% Encircled Energy Radius [um] 

0.00 2.24 

0.03 2.62 

0.06 3.06 

0.09 3.57 

0.12 4.17 

0.15 4.88 

0.18 5.70 

F/1.49, Wavelength = 1 um 

RMS Wavefront Error (wave) 

85% Ensquared Energy Radius 

[um] 

0.00 1.95 

0.03 2.30 

0.06 2.71 

0.09 3.20 

0.12 3.78 

0.15 4.45 

0.18 5.26 

F/5, Wavelength = 1 um 

RMS Wavefront Error (wave) 

83.8% Encircled Energy Radius 

(um) 

0.00 6.10 

0.03 7.48 

0.06 9.17 

0.09 11.25 

0.12 13.79 

0.15 16.91 

0.18 20.73 
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Section 4: Discussion 

 

85% 𝐸𝑛𝑐𝑖𝑟𝑐𝑙𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 =  1.50 𝜆  𝑓/# 𝑒6.43 𝑤𝑓𝑒 [43] 

Table 5: Comparison of Analytical Solution vs Monte Carlo Results from 85% and 85% Inscribe Energy. 

To anchor the Monte Carlo results, the coefficients from the fitted equation was first compared to 

the analytical solution. The analytical method would only work with 0 wavefront error. Therefore, 

the exponential term is eliminated in the Monte Carlo equations. The analytical solution for the 

coefficient was calculated using the Matlab code attached in Appendix 1. The coefficients of the 

Encircled Energy are identical shown in Table 5. The Ensquared Energy coefficient is almost 

identical, with less than a percent difference. This might be due to a minor sampling method 

difference in the Zemax calculation and the analytical method. The wavelengths and f-number are 

built into the coefficient term because the ideal PSF should scale with wavelengths and f-number, 

as shown in Equation [19]. Therefore, this will also be reflected in the encircled and ensquared 

energy radius calculation as coefficients.  

 Next, the exponential term determines how fast the encircled and ensquared energy radius grow 

as a function of wavefront error caused by various Zernike terms. The exponential term grows 

with increasing Zernike Order. This means for the same wavefront error, higher frequency ripples 

across the pupil will create a bigger focus spread. For design that uses encircled or ensquared 

energy metric, one would control the aberration to lower orders contribution.  

Coefficient Comparison with Monte Carlo and Analytical Solution for Diffraction Limited Case 

Fractional Energy  

Analytical 

Solution Monte Carlo  Percent Difference (%) 

85% Ensquared 1.30 1.31 0.8 

 Encircled 1.50 1.50 0.0 

95% Ensquared 3.64 3.65 0.3 

 Encircled 3.92 3.92 0.0 

Coefficient 

Exponential 
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There are minor differences with the fitted equation results and the raw data. From looking at the 

raw data plots in the previous section, not all dots overlapped with the trendline. The trendline for 

specific aberration case, Equation 31 to Equation 50, have a residual sum of squares, (RSS), error 

value of 3.82% compared to the raw data. The trendline does a better job fitting rms wavefront 

error from 0.09 waves to 0.18 waves, with peak error of 5%. For rms wavefront error from 0.03 

waves to 0.06 waves, the peak error is 7%. This is due to the inflection point of the exponential 

curve, taking off slightly faster than the raw data.  

For encircled energy case with all aberration case, Equation 51, the RSS error value is 4% 

compared to raw data. The peak encircled energy radius error is 8% error at 0.03 waves rms error. 

For ensquared energy case with all aberration case, Equation 52, the RSS error value 3% compared 

to raw data. The peak error is 6% evaluating at 0.03 waves rms error.  

 

 

Figure 15: Secondary Coma (6) 

The Monte Carlo simulation suggests that optical systems with higher order Zernike term 

wavefront errors will have a faster spot size growth with rms wavefront error than lower orders. 

This is shown with the smaller exponential term 4th order only Zernike has compared to 5th order 

only Zernike, across all evaluation parameters. This could be attributed to aberrations in 5th order 

Zernike set such as secondary coma. From Figure 15, secondary coma deforms the wavefront into 

2 centered concentric lobes enclosed by a bold ring in the outer region. The asymmetrical 

wavefront error could be changing the impulse response such that more light is going to the outer 

region of the central focus point. For an optical system with 4th and 5th Zernike Wavefront error, 

the exponential term landed between those two cases. This trend indicates that when designing 
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optical system with emphasis on encircled and encircled energy performance, it is critical to 

control aberrations profile to lower Zernike orders.  

In summary, the equations derived are tailored to specific Zernike aberration cases. Equation 51 

and 52 are the most important relationship because including aberrations from 2nd to 5th order is 

the most realistic scenario. For a simplified takeaway, one additional equation was derived in the 

most generic format. Equation 53 approximates the encircled energy radius capturing the same 

total energy value found in the central lobe of a perfect psf, 83.8%, in an aberrated system. 

83.8% 𝐸𝑛𝑐𝑖𝑟𝑐𝑙𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 = 1.22 𝜆  𝑓/# 𝑒
2𝜋 𝑤𝑓𝑒

𝜆   [53] 

This equation works for wavefront error from 0 to 0.10 waves rms. The RSS error value compared 

to the raw data is 10% with peak error value of 14% at 0.10 waves rms. 

Section 5: Conclusion  

A Monte Carlo analysis is performed to generate unique combinations of Zernike wavefront errors 

that yield the same overall rms error of the optical system. Zernike errors from orders 2nd through 

5th are considered individually, as well as errors from 4th and 5th orders combined. Finally, all 

orders from 2nd to 5th are considered in combination.  The results are generated with a Zemax 

model of an aberrated wavefront surface controlled by a macro and then focused with a perfect 

paraxial lens. The macro generated many independent randomized magnitudes values for Zernike 

terms and calculated the averaged Encircled or Ensquared Energy radius at 85% and 95% energy 

level at the end of 500 runs. The optical system simulated has an unobscured circular entrance 

pupil. In addition, the various parameters include f/1.4, f/4, f/6, and f/8 at operating wavelengths 

of 0.633 um, 1 um and 3.39 um. 
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We provided unique equations to approximate encircled and ensquared energy radius for each 

aberration case for wavefront error up to 0.18 waves rms. The mathematical relationship derived 

from the Monte Carlo runs were validated at zero wavefront error with existing analytical methods. 

The fitted equations from the Monte Carlo simulations have an RSS error of ~5% compared to the 

raw data.  

One additional equation was derived to take on the most simplified format. This equation 

approximates 83.8% encircled energy radius for wavefront error up to 0.10 waves rms. It takes 

into consideration all Zernike orders from 2nd to 5th and overall has an RSS fitting error of 10%.   

83.8% 𝐸𝑛𝑐𝑖𝑟𝑐𝑙𝑒𝑑 𝐸𝑛𝑒𝑟𝑔𝑦 𝑅𝑎𝑑𝑖𝑢𝑠 = 1.22 𝜆  𝑓/# 𝑒
2𝜋 𝑤𝑓𝑒

𝜆  

These equations push past the conventional analytical solution limitations and lower calculation 

time. This method would be a great approximation tool in determining whether encircled or 

ensquared radius is achievable given a wavefront error requirement in the design planning phase.  
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Appendix 1 

Zemax Macro 
 

!Last Updated 6/4/2023 for Strehl 

print "Average Wavefront [wv]  RMS Average Ensquared [um]" "    Average RMS Spot Diameter 

[um]      Average Strehl Ratio" 

!Step through increment of rms values 

!Number of loops 

n=500 

surp 2,10,0,13 

 

!Start 0.05, End 2, Increment of 0.05 

For r,0,0.09,0.09 

 

!Chang sampling of ensquared energy merit function 

if (r<0.6) 

    setoperand 2,2,4 

Endif 

if (r>0.6) 

    setoperand 2,2,5 

endif 

 

if (r>1.1) 

    setoperand 2,2,6 

endif 

 

if (r>1.5) 

    setoperand 2,2,7 

endif 

 

!Input RMS wave error target value 

factor=r 

!print "factor  ",factor 

zemax=1.09 

 

 

!(Zernike 1_st order to _# order in (Z#) 

zernterms1_1=3 

zernterms1_2=6 

zernterms1_3=10 

zernterms1_4=15 

zernterms1_5=21 

 

 

!Picking (order n) 4th order zernikies 

 

!(order n - order n-1) 

delta1=zernterms1_4-zernterms1_3 

zernterms=delta1 
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!"First" cut off all terms leading to 4th order, (order n-1) 

first=zernterms1_3 + 1 

second=zernterms1_4 -1 

 

!print "num terms ",zernterms 

 

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 

!Clear old terms and Assign Number of zernike terms to surface 2 

surp 2,10,0,13 

surp 2,10,first+delta1-1,13 

!Factor to make math agree with zemax values 

factor=factor*zemax  

wave=WAVL(1) 

 

!resetting sum calculation 

yy=0 

ww=0 

rms2=0 

str2=0 

 

For k, 1, n , 1 

zz=0 

!13 

!Random coefficients are written to the extra data editor for surface 2 

for i, first+2, first+1+zernterms, 1 

!factor are random value chosen 

z=(rand(2)-1)/1 

zz=zz+z*z 

!11 

surp 2, 11, z, i 

!print "z  ",z 

next  

zz=sqrt(zz) 

 

! the coefficients by the rms 

getextradata 1, 2 

for i, first+2, first+1+zernterms, 1  

x= factor*wave*vec1(i)/zz*0.001 

surp 2, 11, x, i 

!print "x ",x 

next  

 

update all 

 

y=oper(1,10) 

w=oper(2,10) 

rms=oper(3,10) 

str=oper(4,10) 

 

!print y,w 
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yy=yy+y 

ww=ww+w 

rms2=rms2+rms 

str2=str2+str 

!print y, "    ",w 

next 

 

!"Average Wavefront RMS ","Average Ensquared","Average RMS Spot Diameter so *2 and *1000 for 

um" 

print yy/n,"                   ", ww/n,"                        ",rms2/n*2*1000,"                   ",str2/n 

next 

 

Matlab Code 
% Inscribe Energy Calculation for diffractional limited Bessel Function 

% From Paper: Accurate calculation of diffraction-limited encircled and ensquared energy by TORBEN 

B. ANDERSEN 

%Wriiten By : Sze Wah Lee 

%6/25/2023 

  

clc 

clear 

  

%User Input Lens Parameter 

fno=1.48674; 

lam=1; %1 um 

  

%User Input P (P is a unitless value in Bessel Function Coordinate 

p=4.71; % For First Bessel Lobe  %Es 85% =4.075/95% for 11.45  

  

fun = @(p) 1-besselj(0,p).^2-besselj(1,p).^2; 

  

%Percent Encircled Energy per p radius 

Ec=fun(p)%Percent Energy 

%  

fun2=@(theta) fun(p./cos(theta)); 

% Percent Ensquared Energy per p radius 

Es=4/pi*integral(fun2,0,pi/4)  

 

%% 

%Finding the radius per Fractional Encircled Energy  

syms p theta 

fno=1.48674; % F-number %User Input 

lam=1; % Wavelength in um %User Input 

  

percentage=0.85; %User Input 

fun = 1-besselj(0,p).^2-besselj(1,p).^2==percentage; 

enc_p=solve(fun) 

coeff=double(enc_p)/pi %coefficient without the lambda*f-num 

Physical_radial_dist=double(enc_p)/pi*fno*lam 
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