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Abstract

In this paper, we study the linear independence between the distribution
of the number of prime factors of integers and that of the largest prime
factors of integers. Respectively, under a restriction on the largest prime
factors of integers, we will refine the Erdés-Kac Theorem and Loyd’s
recent result on Bergelson and Richter’s dynamical generalizations of the
Prime Number Theorem. At the end, we will show that the analogue of
these results holds with respect to the Erdés-Pomerance Theorem as well.
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2 The Erdds-Kac Theorem and the Prime Number Theorem

1 Introduction and statement of results

Let ©(n) be the number of prime factors of n with multiplicity counted. The
distribution of Q(n) is an intriguing topic in analytic number theory. The well-
known Erdds-Kac Theorem [1] asserts that €(n) satisfies the following normal
distribution

1 Q(n) —loglog z 1 /°° 2
lim — F = F(t)e "/%dt 1
s Z ( vlog log x ) 21 J oo (t)e (1)

for any F' € C.(R), where C.(R) denotes the set of compactly supported
continuous functions on R. This result of Erdds and Kac ignites the study of
probabilistic number theory and has been widely generalized in the literature
(cf. [2, 3] etc.). One of the generalizations is to consider the weighted variant
of (1) for multiplicative functions. In 2019, Elboim and Gorodetsky [4] showed

that

1<n<z 1<n<lz (2)
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for any F € C.(R), where f: N — [0, 00) is a multiplicative function satisfying
the following two conditions for some real d > —1 and a > 0:

1
D). E Ldogp =ar+0gx (i) for all A > 0; (3)
< log” x
(I) G O(r")  for some 1 <7 < 2 and all i > 1 (4)
Copdi = -

We note that Tenenbaum [5, 6] also showed (2) for a class of multiplica-
tive functions; and recently Khan, Milinovich and Subedi [7] showed the
case f(n) = di(n) using Granville-Soundararajan’s sieve method [8]. Here,
di(n) == 34, .q=n 1 is the k-th divisor function with k € N.

In this paper, we will consider a refinement of (2) with the largest prime
factors of integers for multiplicative functions behaving like dy(n). Let P*(n)
denote the largest prime factor of n for n > 2, and set P*(1) = 1. In 1977,
Alladi [9] showed that P*(n) is equidistributed in arithmetic progressions
when he studied an application of duality between the prime factors of integers.
Recently, Kural, McDonald and Sah [10] generalized Alladi’s result to the
natural density over number fields. More precisely, if S, a set of primes, has
a natural density §(S) (see Sect. 2.1), then Kural et al. proved the following
equidistribution property of P*(n):

. 1
lli)n;o; Z 1 =4(S). (5)
1<n<Lz
Pt(n)es
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From (5), we see that the largest prime factors of integers are randomly dis-
tributed. This motivates us to expect that they are linearly independent with
the distribution of sensible multiplicative functions like Q(n) and di(n). In
particular, for a multiplicative function f(n), if it takes a constant value at
primes, then it behaves like di(n). An arithmetic function f: N — C is said to
be divisor-bounded if there is a fixed integer k& € N such that | f| < dj. Our first
result is a refinement of (2) for a class of multiplicative functions containing
di(n) as weights.

Theorem 1.1 Suppose o > 0 is a positive real number. Let f be a non-negative
divisor-bounded multiplicative function satisfying f(p) = a for all primes p. Let F €
Cc(R). If S is a set of primes of natural density §(S), then we have

o (X o) Y (A eeloany

1<n<lz 1<n<lz
Pt (n)es (6)

— 5(5) - (\/% /_O; e/ dr).

Clearly, the weight function f in Theorem 1.1 satisfies conditions (3) and
(4). Taking S to be the set of all primes, we recover the weighted Erdds-
Kac theorem (2). Examples of common weight functions in Theorem 1.1 are
do(n), p(n)?, and a*™ for a > 0, where d,(n) is the divisor function asso-
ciated to Dirichlet series ((s)%, p(n) is the Mobius function, and w(n) is the
number of distinct prime factors of n. Here ((s) = >.>7 ;1/n*(Res > 1) is
the Riemann zeta function. We remark that the proof of Theorem 1.1 applies
to the Q(n) replaced by w(n) as well, and the result is the same.

Our next goal is to apply Theorem 1.1 to establish a new refinement of
dynamical generalizations of the Prime Number Theorem (PNT) discovered
by Bergelson and Richter [11]. Let (X, u,T) be a uniquely ergodic additive
topological dynamical system and C(X) the space of continuous functions on
X. In 2020, Bergelson and Richter [11] generalized the PNT in the setting of
dynamical systems: for every zg € X and g € C(X) we have

N
ngnOON;Q(T o) = /ngu- (7)

In particular, taking X to be the two-point rotation system in (7), we get the
following result:

1 N
i 2 ®)
(-

for the Liouville function A(n) := (—1)*(") which is equivalent to the Prime
Number Theorem (e.g., [12, 13]). Also, Eq. (7) unifies the classical results
of Pillai [14], Selberg [15], Erd6s [16] and Delange [17], see the remarks on
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Theorem A in [11]. We refer the readers to Bergelson and Richter’s work [11]
for more applications of (7).

Recently, Loyd [18] generalized (7) to a disjoint form with the Erdés-Kac
Theorem: for any F' € C.(R), g € C(X) and every z¢p € X we have

VRN 2T U N
= (\/% /_O:O F(t)e‘tQ/2 dt)(/xgdu).

As an application of Theorem 1.1, our second result is the following refinement
of (9):

N

Theorem 1.2 Let (X, u,T) be uniquely ergodic. Let F € Cc.(R). If S is a set of
primes of natural density 6(S), then we have

. 1 Q(n) —loglog N Q(n)
1 — F| ———=—= ) g(T
NS N 1<nZ<N ( Vl1oglog N )g( z0)

PT(n)es (10)

— 5(S) - (\/% /_O; F(t)et/? dt)(/ngu)
for all g € C(X) and zg € X.

Remark 1 The first author of this paper proved (10) for the special case ' = 1 in [19,
Theorem 1.3]. On the other hand, taking g = 1, we get a refinement of Erdés-Kac
Theorem (1) over PT(n) € S.

At the end of this paper, we state a variant of Theorem 1.2 on Euler’s
function. Let ¢(n) be Euler’s totient function. In 1985, Erdds and Pomerance
[20] showed an Erdés-Kac type theorem:

.1 Q(p(n)) — s(loglog N)2\ 1 [
fu oy 2 F - (loglog N)3/2 )_Jﬂ/_ooF(t)

Jim e /2at (11)
1<n<N NE]

for any F' € C.(R). Like the Erdés-Kac Theorem, Eq. (11) has been widely

studied in the literature (cf. [21] etc.). Making some adjustments in the proof

of Theorem 1.2, we have the following analogue with respect to the Erdos-

Pomerance Theorem.
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Theorem 1.3 Let (X, u,T) be uniquely ergodic. Let F € C.(R). If S is a set of
primes of natural density 6(S), then we have

Q — L(loglog N)?
T S F (p(n)) — 3(log :gQ ) )g(TQ(n)mO)
N-ooo N 1SneN f(loglog]\f) /
P+(n)ES (12)

:5(5)-(\/% /:: F(t)et/? dt)(/ng,u)

for all g € C(X) and zg € X.

Remark 2 Making similar adjustments, one can also get an analogue of Theorem 1.3
for Q(p(n)) replaced by w1 (n), where wy(n) is the number of prime factors of n with
multiplicity 1. The Erdés-Kac type theorem for this function can be found in the
work of Elma and Liu [22]. We leave the investigation of the analogues of Theorem 1.2
for other Erdés-Kac type theorems (e.g. [21]) to the interested readers.

Remark 3 In [19], the first author proved the analogues of some cases of (10) for
additive arithmetic semigroups arising from finite fields. We leave the investigation
of the analogues of Theorems 1.1-1.3 to readers.

In Sect. 2, we collect the ingredients for the proof of Theorem 1.1. Then in
Sect. 3, we prove Theorem 1.1 using the ideas in the work of Kural, McDonald
and Sah [10]. In Sect. 4, we recite Bergelson and Richter’s technical lemmas
and use them to prove Theorem 1.2. The proof of Theorem 1.3 is similar. In
Sect. 5, we will clarify the necessary adjustments to make.

Notation. We write 1p for the indicator function of the statement P. We
write f(z) = O(g(z)) or f(r) < g(x) if there exists some constant C > 0
such that |f(z)| < C|g(z)| for all x. The implied constant C' may depend on
some other parameters, but it does not depend on the variable z. We write
f(z) = o(g(x)) if for any € > 0 there exists some constant N > 0 such that
|f(z)] < elg(z)| for all x > N. The letter p always denotes a prime. The
constant ¢ appearing in the O-terms is a positive constant that may vary from
one line to the next.

2 Nuts and bolts

In this section, we introduce the main ingredients that will be used in Sect. 3
for the proof of Theorem 1.1.

2.1 Natural density
Let P be the set of all primes. Let S C P be a subset of primes. Let

ms(x) ==#{pe S:p <},
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and let m(x) = mp(z) be the prime counting function. We say that S has a
natural density §(S) if the following limit exits:

5(8) = Tim &)

roroe ()

For example, if S = {p € P: p = a(mod q)} with (a,q) = 1, then by the Prime
Number Theorem in arithmetic progressions we get that §(S) = 1/¢(q). We
refer the readers to [10] for more interesting examples. Suppose that S has
a natural density §(S). By the Prime Number Theorem, we have mg(z) ~

§(S) Li(z), where Li(z) := [ ljgtt. Let

es(x) :=sup|ms(y) — 6(5) Li(y)]-

y<z

Then eg(x) is monotonically increasing and satisfies eg(z) = o(x/log x). Now,

we define
vg(z) = sup es(y)'
y>zr Y
Then vg(x) is monotonically decreasing and vg(z) = o(1/logx). Due to the
ideas in [10, Theorem 3.1], we have the following property for such vg(z), which
will be used in the last step of the proof of Theorem 1.1. A discrete version of

Lemma 2.1 can be found in [23, Lemma 4.5].

Lemma 2.1 Suppose v: (1,00) — (0,00) is a decreasing function such that
v(z)logz = o(l). Suppose h: (1,00) — (0,00) is a positive function such that
limgz 500 h(x) = 00, h(xz) = o(logx). Then there exists a positive function y = y(x)
satisfying limgz— oo y(z) = 0o such that u = logz/logy — oo, u < h(z), and
v(y(z))logz = o(1), as z — co.

1
Proof Since limg 00 v(2) log z = 0, we have limz o0 v(z™ ) logz = 0 for any integer
m > 1. Then there exists a minimum positive integer constant C'(m) such that

1 1
m ) ] — 13
o(a) log < - (13)

1
for all x > C(m). Then C(m) increases as m increases since v(z ™ ) is increasing with
respect to m. Notice that limz oo sup {m € N: C(m) < z} = oo, we can set

B(z) = min ({MJ ,sup{m € N: C(m) < m}) .

Here |z] := sup{n € N: n < z} is the integral part of z. Then B8(z) < h(z) for x
sufficiently large and limz— o0 S(z) = oco. Moreover, we have z > C(8(z)) for all
xz > C(1). By (13), we have

1 1
v(xF@ )logr < ——
(@7 logz < 775
for all z > C(1). It follows that limz 0o v(mﬁ)logx = 0. Taking y(z) =
which means u = B(z), we have that logy(z) = logz/B(z) > logz/h(z) — oo,

1
1‘[‘3(%)’
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as © — o0o. This implies that limgz—co y(x) = oo. Thus, the function y(z) = x B8
satisfies the desired properties. O

2.2 Divisor-bounded multiplicative functions

In this subsection, we cite Granville and Koukoulopoulos’s result on the asymp-
totic formula for the partial sum of divisor-bounded multiplicative functions
whose prime values are @ > 0 on average. They proved it by using the
Landau—Selberg-Delange (LSD) method.

Theorem 2.2 ([24, Theorem 1]) Let f be a multiplicative function satisfying

3" f(p)logp=az +0 ((LN) (z > 2) (14)

ot log x)

for some a € C and some N > 0 and such that |f| < di for some positive real
number k. Then

J ji—1
(1 > 1
Zf( Z 7ng —|—O(x(logx)k ! N(loglogm)h\[:"“)7 (15)
= = (a—17)
where J is the largest integer less than N, F(s) => o2 1 f(n)n™*, and
s _1d | (s—DF(s)
T ghdsd |y s

for 0 < j < J. The implied constant in (15) depends at most on a, A, and the
implicit constant in (14).

We note that éo = Co(f) :=[[,(1-1/p)* 32,50 f(»”)/p”. By Theorem 2.2,
we get that a

> fn) (f)z(log )~ (16)

n<x

for the functions in Theorem 1.1, as x — .

2.3 Friable numbers

An integer n is called a y-friable (or y-smooth) number if P*(n) < y. Let
S(z,y):={neN:1<n<z P"(n) <y}
be the set of y-friable numbers up to z. For any arithmetic function f(n), we

define
> f) (17)
neS(z,y)

Let u :=log x/logy. Let g, (u) be the function defined to be the unique con-
tinuous solution of the difference-differential equation ugl, (u) 4 (1 — «)gq (u) +
ago(u —1) = 0 for u > 1 with the initial condition g, (u) = u®~*/T'(a) for
0<u<1 When a =1, g,(u) = p1(u) is the classical Dickman function. For
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a sensible function f, one expects the following asymptotic estimate holds for
Us(x,y):

\I/f(may) ~ Ca(f)xga(u)(logy)ail as y — o0, (18)
where Co(f) = [[,(1 —1/p)* > 50 f(p”)/p” as in (16). Tenenbaum and Wu
[25] proved that Eq. (18) holds for a class M, of multiplicative functions.
More precisely, they showed the following estimate.

Theorem 2.3 ([25, Corollary 2.3]) Fore > 0, let
3_
Le(y) i=exp (log(y) %), Hei={(z,y): v > 2,1 <u < Le(y)}.
Then uniformly for f € Mq and (x,y) € He, we have that

_ T w) (1o a—1 IOg(u+1) 1
¥y (o) = Colfoea(tiogy ™ {10 (PP L L o)

The definition of M, in Theorem 2.3 is a little involved, and we refer the
readers to [25] for the precise description. Instead we will only use the fact that
the class M, contains the divisor-bounded multiplicative functions f as in
Theorem 1.1. By [26, Lemma 1(i)], we have g4 (u) < exp(—3ulogu) for u > 1.
Notice that if 1 < u < logx/(loglogx)?, then (x,y) € H. for some € > 0.
Thus, we have the following estimate for the functions f as in Theorem 1.1.

Corollary 2.4 Let f be as in Theorem 1.1, then we have that
Uy (x,y) < z(logy)* " exp(—Fulogu) (20)
holds uniformly for 1 < u < logz/(loglogz)?.

2.4 Largest prime factors

In this subsection, we cite one of Ivi¢ and Pomerance’s results on the largest
prime factors P*(n) of integers n. From the following theorem, one can see that
PT(n)||n holds for almost all integers n. Here, PT(n)||n means that P*(n)? ¢
n.

Theorem 2.5 ([27, Theorem (1.7)]) For any real number r > —1, we have that

) ﬁ :xexp{—<2r+2)é<logwlogzx>%(1+9r<~”5>+0((£§%z>3))}’
1<n<z

P*(n)?|n
(21)
where logy, © = log(logj,_1 ) is the k-fold iterated natural logarithm of x, and

(@) = logg x + log(1+7) —2 —log 2 (1 n 2 ) _ (logz = + log(1+r) 72)2
grit) = 2logy logy x 8(logy x)2 '

Taking » = 0 in Theorem 2.5 and then using the Cauchy-Schwarz
inequality, we get the following estimate.
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Corollary 2.6 Let f be an arithmetic function such that
> 1) < z(loga)” (22)
1<n<z
for some positive constant B, then
Z f(n)=0 (1’ exp { — c(log z log log :r)% }) (23)

1<n<Lzx
PT(n)*|n

for some positive constant ¢ = ¢(B) > 0.

3 Proof of Theorem 1.1

In this section, we use the ideas in the work of Alladi [9, Theorem 1] and Kural
._ Q(n)—aloglogx

et al. [10, Theorem 3.1] to prove Theorem 1.1. Put ¢(n) := ~feTehrs and

h(n) = f(n)F(¥(n)) so that

_ Q(n) — aloglogx
1§gz h(n) = gnjgz FoF( N ).

Pt(n)es Pt(n)es

By the weighted Erdds-Kac Theorem (2) and the asymptotic estimate (16), to
prove (6), it suffices to prove that

> h(n)=6(S) Y h(n)+o(z(logz)*"). (24)

1<n<lz 1<n<lz
Pt (n)es

Proof of (24) First, we break up the sum into two parts. One is restricted over
Pt (n)||n, and the other is restricted over PT(n)?|n. Notice that f(n) is a divisor-
bounded function, so is h(n) due to the fact that F' is a bounded function. Since (22)
holds for divisor-bounded functions, by Corollary 2.6, we get that

Z h(n) = Z h(n) 4+ O (:/v exp{ — c(log x log log aj)% }) . (25)
1<n<z 1<n<zx
P*(n)ES P+(n)€S,P+(n)||n

For the first term on the right-hand side of (25), we break up it into two parts:

> h(n)

1<n<Lz
Pt (n)es, Pt (n)||n

1<n<z 1<n<z
PT(n)€s,P*(n)||n,PT(n)<y P*(n)es,PT(n)||n, P (n)2y

=51 + S, (26)

1/u

where y = is to be determined until the end. That is, u = logz/logy as in

Sect. 2.3.



10 The Erdos-Kac Theorem and the Prime Number Theorem

Clearly, |S1| < ¥¢(z,y) by the definition of ¥ in Sect. 2.3. By Corollary 2.4,
we have

S1 < z(logy)® ! exp(—2ulogu) (27)
for 1 < u < logz/(loglog x)2.
As regards So, we write it as follows:

So= > > h(n)

y<p<z 1<n<z
peS Pt (n)=p,p|In

S>> hnp)

y<p<z1<n<z/p
PES Pt (n)<p

1
- F —— ). 28
y<pZ:<xf(p)1<nZ<x/pf(n) (w(n)+ alogloggg> (28)
PES Pr(m)<p

Since F' is uniformly continuous on R, the following estimate

1
F — | =F 1 29
(400 + ) = FC0) + 001 (29)
holds uniformly for n as z — co. Since f(p) = «, it follows that

So=a > > hm+ol): Y D f(n). (30)

y<p<z1<n<z/p y<p<z 1<n<xz/p
peES P*(n)<p peS P+(n)<p

Using the definition (17) of ¥}, and by Corollary 2.6, we can write the double
summations in the first term of (30) as
}) (31)

Z Z h(n) = Z Uy, (%,p)—i—O (xexp{—c(logxloglogw)
Notice that the double summations in the second term of (30) is bounded by

y<p<z1<n<z/p y<p<z
S Y i< S fn) < aloga)®

PES  pt(n)<p peES
y<p<z 1<n<z/p 1<n<z
pES Pt (n)<p

N

Thus, S2 can be written in terms of ¥ (x,y) as follows

sp=a Y W (L) +oleoga)™ ) (32)
p
y<p<z
peES

Now, to separate §(S) out of Sz, we rewrite the summation in (32) as
x
S (L) =at) [ wn (5.0) 4 50 (33)
p y t

logt
y<p<z &
peS

where

x dt
S3 1= Z vy <%,p) 75(5)/14 n (%’t) logt’

y<p<z
peS
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Here, S3 is an error term. To estimate it, we expand out the Wy’s by the definition
of ¥;, and then switch the order of summation and integration:

5= Y S s [T w)

y<p<z 1<n<z/p 1<n<z/t
PES pF(n)<p PH(n)<t

z/n
3 h(n)< 3 1—5(5)/ dt)
PH(

max{P+(n),y} log

1<n<a/y n)<p<a/n
Pt(n)<z/n p>y,pES
= Z h(n) (wS(Z) —ws(maX{P+(n),y})+O(1)
1<n<a/y
Pt(n)<z/n
— §(S)Li ( ) + 6(S) Li(max {P+(n), y}))
< > s (es(E) +estmax {PTm),y}) +00)). (34)
1<n<a/y
Pt(m)<z/n

In the last line of (34), we used two facts: (i) h(n) < f(n); (ii)
eg(max {P+(n),y}) < eg(z/n). The fact (i) holds since P*(n) < z/n, y < z/n,
and eg is increasing. Dropping off the restriction P*(n) < x/n under the summation

n (34),
Ss< Y S (es(S) +1). (35)

1<n<z/y

Since eg(z/n) < (z/n)vg(xz/n) and vg(z/n) < vg(y) for n < x/y, we get that

ss<ms) Y W S gm) (36)

1<n<z/y 1<n<z/y

By the asymptotic estimate (16), we have >, ., .. f(n) < z(log 2)*~ 1. Then by
partial summations, we have >, .. f(n)/n < (logz)®. So we have the following
two estimates o

a—1 1 a—1
S fm < (1o E) < 2llog®)™ (37)
1<n<w Yy Yy Yy
n<z/y
Z fsz Z < (logx)®. (38)
1<n<z/y 1<n<z
It follows by (36) that
1 a—1
S3 < zvg(y)(logz)® + %. (39)
Combining (25)-(27), (32)-(33) and (39) together, we get that
¢ dt
> hln) = ad(s) [ wn (F1) o + Rs(an) (40)
1<n<z Y

Pt(n)es
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where
_ 1
Re(a,9) < o(log )" {oxp(Juloga) + vs(o) oga + | +o(D)

In particular, if we take S = P, then

Z h(n):a/:c

T dt
vy (1) o + Bpl@.y). (41)
1<n<z Y

logt

Plugging (41) into (40) finally gives us that

> h(n)=6(S) Y h(n)+ R(z,y) (42)
1<n<z lgngzc
PT(n)es

for 1 < u < logz/(loglogz)?, where
_ 1
R(z,y) < z(logz)* 1 {GXP(*%UIOg u) + (vs(y) +vp(y)) logz + v + 0(1)} - (43)

Now, we use Lemma 2.1 to estimate R(z,y). Notice that vg + vp is decreas-
ing, vg(x)logz = o(1), and vp(z)logz = o(1). Take h(z) = logz/(loglogz)?. By
Lemma 2.1, we can choose a positive function y = y(x) such that y(z) — oo,
u = logz/logy — oo, u < logz/(loglog )2, and lims 0o (vg(y) + vp(y))logz = 0,
as © — oo. By (43), it follows that R(z,y(z)) = o(z(logz)*~!) for such y. Thus,
(24) follows by (42) immediately. This completes the proof of Theorem 1.1. O

4 Proof of Theorem 1.2

Let [s] := NN [1,s] be the set of natural numbers between 1 and s. Then
[N] ={1,...,N}. For a finite non-empty subset B C N, the Cesdro average
and the logarithmic average of an arithmetic function a: B — C over B are
defined respectively by

Z and E"® a(n) := M.

nEB ' |B| weB neB ZnEB 1/n

In the following three theorems, we cite the techniques on E and E!°® which
Bergelson and Richter [11] used to prove the theorem (7).

Proposition 4.1 ([11, Proposition 2.1]) Let B C N be a finite and non-empty set of
integers. Then for any bounded arithmetic function a: N — C with |a] < 1 we have
that

. _ Trlog
l%rljgop nIe['%N]a(n) EEB ng%]a(mn)

(Elog ' &(n, )> 1/2’ (44)

meB neB

where ®(m,n) := ged(m,n) — 1.

Lemma 4.2 ([11, Lemma 2.2]) Let P := {n € N: Q(n) =k}, k > 1. For all ¢ €
(0,1) and p € (1,1 + €], there exist two finite and non-empty sets B1,By C N
satisfying the following properties:
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(i) By C Py and By C Py;
(i) |Bin[p, o) = B2 [o?, /)| for all j € NU{0};
1 1 1 1
(iii) Eﬁgegl]EféBl‘I’(m’”) <e and qugeBzEsngq)(m’ n) <e.

Lemma 4.3 ([11, Lemma 2.3]) Fize € (0,1) and p € (1,1 +¢€]. Let By and By be
two finite non-empty subsets of N satisfying property (ii) in Lemma 4.2. Then for
any bounded arithmetic function a: N — C with |a| < 1 we have

E°s E a(n) — E°s E a(n)| < be. (45)
PEB1 ne[Y] 9€B2 ne[X]
Similar to Sect. 3, we put ¥(n) := % here without causing any

ambiguity of notation. In Theorem 1.2, we have two extra parameters P*(n)
and F(1(n)) compared with (7). The only new ingredient required in the proof
of Theorem 1.2 is that on the left hand side of (10) the right translation on
these two parameters causes a minor perturbation only. More explicitly, we
have the following lemma.

Lemma 4.4 Let Fy,a: N — C be two bounded functions and let Fo € Cc(R). Then
for any integer m € N, we have that

n]gN] Fi (P (mn))Fa(sb(mn))a(n) = nIeEfN] FiL(PT (0) Fa(6(n))a(n) + on o0 (1).
(46)

Proof Eq. (46) is trivial for m = 1. Suppose m > 2. We break the average up into
two parts as follows:

+
JE BT (mm) (mm) o)

= nIEE[N] Lp+ () <m F1L(PT (mn)) Fa (¥ (mn))a(n)

+ nIgEZEN] 1p+ (nysm F1L(PT (mn)) Fa (4 (mn))a(n)
= nIGE%N] Lpt(my<m I (PT (mn)) Fa(¢(mn))a(n)
+ nIeEfN] Lpt () >m FL(PT (1)) B (t(mn))a(n)

=S4 + Ss. (47)
For the first average, following the proof of [19, Lemma 4.5] we have
Sy =O(N"°),
where ¢ = 1/(2logm).
As regards Ss, observe that ¢(mn) — ¢¥(n) =

continuous, we get that
Fa(ip(mn)) = Fa(4(n)) + on—o0(1) (48)

Q(m)
Vioglog N’

Since F5 is uniformly
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holds uniformly for n < N as N — oco. It follows that

S5= B 1ot s FL(PT 00) B (n)a(n) + ox oo (1) (49)

By (47), we obtain

+
B BT (mm) Fa(mn)a)

= nIeEfN] 1p+ ()5 m FLIPT (n)) F2(1h(n))a(n) + on o0 (1).

Similar to (47), by Sq4 = O(N™°) we have
nIGE[N] Fi(PT () Fa(y(n))a(n) = B 1pi s F1(PT(n)Fa(¢(n)a(n)+O(N ).

ne[N]
(51)
Hence (46) follows immediately by (50) and (51). O

By Lemma 4.4, replacing F(P*(n)) by Fi(PT(n))Fa(x)(n)) in [19,
Theorem 4.6], we get the following theorem. Then Theorem 1.2 follows imme-
diately by Theorem 1.1 and Theorem 4.5 according to the argument in [11,
Theorem A] due to Bergelson and Richter. The details are given as follows for
readers’ convenience.

Theorem 4.5 Let F1: N — C be a bounded function, and let F» € C.(R). Then for
any bounded arithmetic function a: N — C, we have that
E Fi(PT(n)F(v(n)a(@n)+1) = E Fi(PT(n)Fa((n)al(Q(n))+on o0 (l).
ne[N] ne[N]
(52)

Proof We may assume that |Fy|,|F2| < 1and |a| <1.Lete € (0,1) and p € (1,1+¢].
Let By and By be two finite non-empty sets satisfying the properties (i)-(iii) in
Lemma 4.2. For (52), we set

Se:= E Fi(PT(n)Fa((n))a(Q(n) + 1),
n€[N]

E Fi(PT(n)F2(v(n)a(Qn)).

n€[N]

And we put

Sp, :=E"°¢ E_ F(PT(pn)) Fa(¢(pn))a(Qpn) + 1),
pEBy ne[%]

Sp, =K E F (Pt (qn))F2(¢(qn))a(Q(qn))
a€B2 ne[Z]

for B; and By respectively. Then by Proposition 4.1 and Lemma 4.2 (iii), we get that
limsup |S¢ — S, | <eY? and limsup |S7 — Sp,| < el/2, (53)
N—o00 N— 00

By Lemma 4.2 (i), we have Q(pn) = Q(n)+1 and Q(¢gn) = Q(n)+2 for p € By, q € Bs.
It follows that

Sp, =B E_ Fi(PT(pn)) Fa(w(pn))a(n) +2),
pEB1 ne[%]
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=E° E_ Fi(P"(qn)Fa(u(qn))a(Q(n) +2).
4€B2 ne[X]
Since B; and By are finite, by Lemma 4.4 we have

anN Fi(PT (mn))F(¢(mn))a(€(n) + 2)

e

+ (54)
= EN]FMP (n))F2(4(n))a($2(n) + 2) + o(1)
for any m € By U Ba. It follows that
=E* E AP ()Fa(n)a(@n) +2) +o(1), (55)
PEB1 ne[X]
Sp, =E° B (P (n)Fa(e(n)a(@(n) +2) +o(1). (56)
4E€Bs ne[Y]
Then by Lemma 4.3 and Lemma 4.2 (ii), we get that
limsup |Sp, — Sp,| < be. (57)
N—00
Combining (53) and (57), we obtain
/2 4 5e. (58)

limsup |S¢ — S7| < 2¢
N—o0

Since ¢ is arbitrarily small, we conclude that lim suppy_, o |S¢ — S7| = 0. This com-
pletes the proof. O

Proof of Theorem 1.2 For any z € X and F € C.(R), we define the measure uy on
X by

21P+ yesF(1(n)dracm ,

for N € N, where §, denotes the pomt mass at y for any y € X. Define

- e 7y W
() Foea)

Then Eq. (1.2) is equivalent to the assertion that uy — u’ in the weak-* topology.
Since p is uniquely ergodic, it suffices to show the following T-invariance

lim ‘/ gon/LN—/ gd,uN‘:O (59)
X X

N—oc0

for all ¢ € C(X). Actually, if we take Fi(n) = l,eg and a(n) = g(T"zp) in
Theorem 4.5, then we get the following equivalent form of (59):

N—o00

N
. 1 .
e ’N > 1P+(n)esF(w(n))g(TQ( +0)
n=1

N
S s F@ (T M ag) = 0. (60)
n=1

Thus, this completes the proof of Theorem 1.2. O
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5 Proof of Theorem 1.3

The proof of Theorem 1.3 is similar to that of Theorem 1.2. First, we show that

1 Q(p(n)) - 3(loglog z)? 1 [ e

lim — F 2 :5S~—/ Ft)e t/2dt

00 T 1;90 ( %(loglogm)?’m ) ( )< or | (t) )
Pt (n)es

(61)
for F € C.(R). To prove (61), we make some adjustments in the proof of

. o . Q(p(n))— 1 (loglog x)?
Theorem 1.1 in Sect. 3. Similar to Sect. 3, we put (n) := %(log?ogwﬁm

here, then it suffices to show that

Y Fm)=4(S) Y F(¥(n) + o). (62)

1<n<lz 1<n<lz
Pt (n)es

Similar to (25)-(28), we have

Z F((n)) = Ss+ O {a: exp(—zulogu) + zexp ( — c(log z loglog a?)%)}
1<n<zx
Pt(n)es
(63)
for 1 < u <logz/(loglogx)?, where

Qp-1)
=3 % F<w<n>+1>.
y<p<z 1<n<z/p 73(10g 1ng)3/2
peS P+(n)<p

Let € be an arbitrarily small positive. Since F' is in C.(R), it is uniformly
coninuous on R. There exists a positive n = n(e) > 0 such that

|F(x) = F(y)| <e

for all z,y € R with |z — y| < 7. Also, F is bounded, so we may assume that
|F| < C for some constant C' > 0. Now, we set 1 := (loglog ) ~'/%. Suppose
x is large enough such that 19 < 1. Then we break the following difference on
Sg up into two parts:

[ss= > > Fm)

y<psz1<n<z/p
PES PT(n)<p

O(p —
<Y X <w<n>+1 (10§10g2)3/2> ~ F((n))]

y<p<z1<n<z/p V3
pES P+(n)<p
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> dooe+ > > ac

y<p<z 1<n<z/p y<p<z 1<n<z/p

Q=Y <p ptin)< o=l pt(p)<
%(luglugm)s/z ="o (n)<p ﬁ(loglogw)‘j/Q o (n)<p

<> Y 1420 3 %

p<z1<n<z/p y<p<z
P+(n)<p M>"70

%(loglogz)3/2

2V3Cx Qp—1
Z (p )

no(log log $)3/2 y<p<wz p

IN

<ex+

(64)

By [20, Lemma 2.3], we have

T Qp-1) _ %(log log ) + O(log log ). (65)

1<p<e P

Recalling u = log z/ logy, it follows by (65) that

Z M = loguloglogx — %(log U)2 + O(loglog ). (66)

y<p<z

This is bounded by O (loglog z logloglog x), provided that 1 < u < loglogz.

Suppose 1 < u < loglogz. By (64) and 1y = (loglogz)~1/4,
x logloglog x
Sg — F ‘ < ol ——3). 67
- 2 ¥ rwm)| <o (TEEED). @)

y<p<z 1<n<z/p
peS P+(n)<p

Since € is arbitrarily small, we obtain that

Ss= > Y. F((n)+o(x) (68)

y<p<z 1<n<z/p
pES p+ (n)<p

Then applying the argument from (31)-(42), we get that

> FP@n)=48) Y F@(n)+R(z,y) (69)
1<n<z 1<n<z
Pt(n)es

with

Re,y) < o <exp<—;ulogu> +(0s(0) +vp (o)) logar + © + o<1>) |
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Applying Lemma 2.1 again, there exists y = y(z) satisfying u < loglogx such
that R(z,y) = o(z). Hence (62) follows, and (61) holds.
Now, for Euler’s function ¢(n), we have the following multiplicative identity

— m n M
@(mn) = p(m)p( )@(ng(m’n))

for any m,n € N. From this identity we can see that
Qp(mn)) = Qp(n)) + A

for some constant A depending on m and divisors of m only. It follows that
(48) holds with respect to 2(¢(n)), and Lemma 4.4 and Theorem 4.5 hold
with respect to £2(¢(n)) as well. Hence Theorem 1.3 follows similarly by the
argument of Theorem 1.2. O
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