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ABSTRACT

Data uncertainty is a challenging problem in machine learning. Distributionally ro-
bust optimization (DRO) is a popular technique to address the data uncertainty
problem and it minimizes the worst-case expected loss function under the ambiguity
set. It has been shown that various DRO formulations can be reformulated as reg-
ularized machine learning models. The regularization hyperparameters control the
bias-variance trade-off and will influence the generalization performance. However,
existing works mainly focus on modeling part and solve the model by off-the-shelf
solvers. To perform the hyperparameter tuning, we need to train the model mul-
tiple times and hence is computationally prohibitive for large-scale data and high-

dimensional data.

Solution path algorithms provide a new approach to speed up the hyperparameter
tuning. It can be proven that the optimal solutions of some machine learning models
change piecewise linearly with respect to hyperparameters. Hence, we can obtain
the entire solution path with respect to different hyperparameters by monitoring
the breakpoints only. This piecewise linear property inspires us to develop efficient

algorithms to speed up the hyperparameter tuning.

For the regression problems, we propose a general distributionally robust regres-
sion model based on DRO. The proposed model has piecewise linear loss function
and elastic net penalty term. We prove the piecewise linear property of the optimal
solutions to this model, which enables us to develop a solution path algorithm for
the hyperparameter tuning. Doubly regularized least absolute deviations (DrLAD)
regression model is proposed based this framework. A solution path algorithm is

developed to speed up the tuning of two hyperparameters in this model.
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For the classification problems, a new support vector machine (SVM) with double
regularization terms and double margins is derived based on DRO. The proposed
model can explain the data uncertainty in probabilistic way as well as perform auto-
matic feature selection for high-dimensional data. We prove that the optimal solutions
of this model change piecewise linearly with respect to the hyperparameters. Based
on this piecewise linear property, a solution path algorithm is proposed to efficiently
obtain the optimal solutions and thus speed up the hyperparameter tuning process.
We also extend the DRO SVM to kernel space to deal with the data that are not
linearly separable. A solution path algorithm is presented to efficiently solve the

proposed model.
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CHAPTER 1

INTRODUCTION

This chapter introduces the background, motivations and contributions of the dis-
sertation. In Chapter 1.1, the motivation of the proposed research is explained after
introducing the background and needs of the research. Chapter 1.2 introduces solu-
tion path algorithms and hyperparameter tuning. Chapter 1.3 states the contributions

and organization of this dissertation.

1.1 Background and Motivation

The goal of supervised machine learning is to find the relationship of input € R?
and output y € R from training data. Many learning algorithms achieve this goal by

solving the empirical risk minimization problem
) P 1 &
min 3 E*[(g(x, 9)] = - > la(@i, 1)
i=1

where (g(x,y) is the loss function and P= %Z?:l (z,,y;) denotes the empirical dis-

tribution of the training data {(x;, v;)} ;.

However, the training data are often corrupted with noise, such as the measure-
ment error, missing values and variability across individuals. Thus, modeling the

data uncertainty is important in estimating the true input-output relationship.

Robust optimization is a classical technique to model the data uncertainty, where
the data perturbations are restricted within a deterministic uncertainty set. Many
machine learning models have been proposed based on robust optimization. Trafalis

et al. [1] bounded the uncertainty of data by norm and proposed robust formulations
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of SVM for regression and classification problems. Polyhedral uncertainty sets were
used by Fan et al. [2] to formulate robust SVM. Ben-Tal et al. [3] applied the Bern-
stein bounding scheme to model the data uncertainty. Wang et al. [4] modeled the

uncertainty by chance-constraint with second-order moment information.

Different from the robust optimization, Distributionally Robust Optimization
(DRO) models the data uncertainty by probabilistic metric. It minimizes the worst-
case expected loss function over the ambiguity set. The ambiguity set can be con-
structed via moment information or probability distance. The moment ambiguity set
contains all the distributions that satisfy certain moment constraints [5,6]. But it
often leads to overly conservative solutions [7]. Moment ambiguity set with low-order
moments are computationally attractive but fail to converge to a singleton when the
number of training samples tends to infinity [8]. Another way is to define the ambigu-
ity sets as a ball of distributions with some probabilistic distance, such as ¢-divergence
ambiguity sets [9], Wasserstein ambiguity sets [10-12], Sinkhorn ambiguity sets [13]

and so on.

In this dissertation, we mainly investigate the DRO models with Wasserstein am-
biguity sets. The Wasserstein ambiguity set can contain both discrete and continuous
distributions, while the Kullback—Leibler divergence distance exclude continuous dis-
tributions if the nominal distribution is discrete [10]. Fournier and Guillin [14] show
that the Wasserstein ambiguity sets contain the true distribution with high confidence

for a sufficiently large sample size.

Many machine learning models have been developed based on distributionally ro-
bust optimization with Wasserstein ambiguity set. Shaeezadeh-Abadeh et al. [15]
proposed a distributionally robust logistic regression model. Lee and Mehrotra [16]
developed a distributionally robust framework for support vector machines. Wash-

burn et al. [17] introduced a distributionally robust formulation for »-SVM. Chen et
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al. [18] developed a distributionally robust optimization approach to estimate the re-
gression plane in a linear regression setting. Distributionally robust adversarial train-
ing in neural network was presented by Sinha et al. [19]. Shaeezadeh-Abadeh et al. [§]
proposed a novel regularization technique that can be utilized in various regression
and classification models based on Wasserstein DRO. Blanchet et al. [20] presented a
novel robust Wasserstein profile inference based on DRO. A robust grouped variable

selection model using DRO was developed by Chen and Paschalidis [21].

The Wasserstein DRO models can be reformulated as regularized machine learning
models. After reformulation, the radius A of the Wasserstein ambiguity set becomes
the regularization hyperparameter. The regularization hyperparameter controls the
bias-variance trade-off, and highly influences the generalization performance of the
machine learning models. Thus, the hyperparameter needs to be tuned for effective

learning from data.

For the distributionally robust machine learning models, most of them are solved
by the off-the-self solvers. Lee and Mehrotra [16] and Luo and Mehrotra [22] proposed
cutting surface based algorithms to solve distributionally robust support vector ma-
chines. Stochastic gradient descent algorithms are employed by Blanchet et al. [23]
to tackle the Wasserstein DRO problems. Li et al. [24] developed an ADMM-based
first-order algorithmic framework for distributionally robust logistic regression. Epi-
graphical projection-based incremental algorithms were proposed by Li et al. [25] to

solve distributionally robust support vector machines problem.

For hyperparameter tuning, we need to solve the DRO models with different hyper-
parameters. The above solution techniques are proposed for solving the DRO model
with fixed hyperparameters, which means that we need to train the DRO models
multiple times. It is computationally intense and very inefficient. This motivates us

to develop efficient algorithms to speed up the hyperparameter tuning.
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1.2 Solution Path Algorithms and Hyperparameter Tuning

Hyperparameters are parameters which can define the architecture of machine learn-
ing models. The process of searching for the ideal model architecture is referred to

as hyperparameter tuning.

Grid search is the commonly used method for hyperparameter tuning [26]. In grid
search, we evaluate the performance for each combination of hyperparameters and
select the combination which obtains the best performance. Grid search is intuitive
and easy to implement. Parallel computing can be applied in grid search. It is an
exhaustive search of the hyperparameter space. But it is very inefficient and the com-
putational complexity will increase exponentially as the number of hyperparameters

grows.

Random search was proposed to improve the computational efficiency of grid
search [27]. In stead of directly giving a grid of values in the hyperparameter space,
the hyperparameters are provided by randomly sampling from certain distributions.
Random search may have better performance when the hyperparameters are not
uniformly distributed. In most cases, random search is more efficient than grid search.
Parallel computing can also be applied in random search. It is often used in the early
stage of hyperparameter tuning to narrow down the search space. However, Random

search is still a computationally intensive method.

Bayesian optimization is sequential model based optimization algorithms [28]. The
information in the previous experiment can be used to improve the next experiment.
A surrogate model is used to fit the observed points into the distribution of the
probabilistic surrogate model. Acquisition function is used to determine the usage of
different points by balancing the trade-off exploration and exploitation. In Bayesian

optimization, the optimal choice of hyperparameters can be obtained by using the
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information in previous experiment, and running a surrogate model is cheaper than
the entire objective function. So it is more efficient than grid search and random
search. Due to the sequential property, Bayesian optimization is difficult to implement

for parallel computing.

For some machine learning models, the optimal solutions will change piecewise
linearly with respect to hyperparameters. We can obtain the entire solution path by
monitoring the breakpoints only. In other words, solution path algorithms can find
the optimal solutions with respect to different hyperparameters without retraining
the model multiple times. Solution path algorithms are very efficient and can obtain

exact solution if there is not singular problem.

For many regression models, the optimal values of the coefficients are piecewise
linear with respect to hyperparameters. The Least Angle Regression (LARS) algo-
rithm was proposed by Efron et al. [29] to fit the ordinary least squares (OLS) model
and a modified version can be used to find the solution path of the Lasso model. Zou
et al. [30] developed a solution path algorithm to fit elastic net regression. For ma-
chine learning models with for almost quadratic loss functions and ¢;-norm penalty,
Rosset et al. [31] designed an efficient algorithm to fit the coefficient path. The so-
lution path algorithm for generalized Lasso problem was developed by Tibshirani et
al. [32]. A-path [33] and e-path [34] algorithms were proposed for SVR problems.
Two-dimensional solution path algorithm for SVR was developed by Wang et al. [35]
to tune two hyperparameters in SVR. A solution path algorithm for weighted SVR

was proposed by Karasuyama et al. [36] to tune multiple hyperparameters.

For the classification problems, mainly the SVMs, the optimal values of the coeffi-
cients can also be efficiently calculated by solution path algorithms. The solution path
algorithm for support vector classification (SVC) problems was developed by Hastie
et al. [37], and improved algorithms [38-40] were proposed to handle the singularity
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problem. The solution path algorithm for the ¢;-norm SVM was developed by Zhu
et al. [41]. The solution path algorithm for ¥-SVM was designed by Gu et al. [42,43].
With the goal of tuning the two hyperparameters, the solution path algorithm for
DrSVM was developed by Wang et al. [44]. The solution path algorithm for weighted

SVC was proposed by Karasuyama et al. [36] to tune multiple hyperparameters.

1.3 Contributions

In this dissertation, we propose regression and classification models based on distribu-
tionally robust optimization theory. The proposed model can explain the data uncer-
tainty and achieve good performance in high dimensional data. The hyperparameters
in these models control the bias-variance trade-off. The choice of hyperparameter will
influence the performance of the models. Thus, efficient solution path algorithms for

these models are proposed to speed up the hyperparameter tuning.

In Chapter 2, we present a survey of solution path algorithms for regression and
classification models. For each model, we present the mathematical formulation and
corresponding solution path algorithms. The advantages and limitations of each

model are also discussed.

In Chapter 3, we propose a general framework for regression problems based on
distributionally robust optimization theory. This model can generalize many regres-
sion models, such as support vector regression, quantile regression. We also derive
a new model DrLAD based on this general framework. The optimal solutions of
these models are piecewise linear with respect to hyperparameters. A solution path
algorithm is proposed to efficiently obtain the optimal solutions and speed up the

hyperparameter tuning.

In Chapter 4, we present a new support vector machine with double regularization
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terms and double margins. The proposed model can explain the data uncertainty in
probabilistic way as well as perform automatic feature selection for high dimensional
data. We prove that the optimal solutions of this model change piecewise linearly with
respect to the hyperparameters. Based on this piecewise linear property, a solution
path algorithm is proposed to efficiently obtain the optimal solutions and thus speed

up the hyperparameter tuning process.

In Chapter 5, we extend the distributionally robust support vector machines to
kernel space. By combining the power of both DRO formulation and kernel methods,
the proposed model improves the generalization performance of SVM in real-world
applications. Building upon the foundation of parametric optimization, we present an
efficient solution path algorithm to reduce the computational complexity and enable

the application to larger data sets and more complex scenarios.

In Chapter 6, we conclude this dissertation and discuss some future research di-

rections.

Statement of External Support and Resources In this dissertation, I used the follow-
ing tools and resources: (1) Assistance from the writing skills improvement program
at University of Arizona, (2) ChatGPT (GPT-3.5). A writing specialist from the
writing skills improvement program reviewed and provided feedback on grammar and
writing style for Chapter 2. I used ChatGPT to identify grammatical and language
issues and refine sentences in the following sections of the dissertation: abstract,

conclusion in Chapter 5, and conclusion in Chapter 6.
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CHAPTER 2

SURVEY OF SOLUTION PATH ALGORITHMS FOR
MACHINE LEARNING

The loss function expresses the differences between the predicted values from regres-
sion and classification models and the actual instances in machine learning. Reg-
ularization also plays an important role in machine learning, and it can mitigate
overfitting problems, perform variable selection, and produce sparse models. The
hyperparameter in these models controls the trade-off between the loss function and
the regularization term, as well as the bias-variance trade-off. The choice of hyper-
parameter will influence the performance of the models. Thus, the hyperparameter
needs to be tuned for effective learning from data. In some machine learning models,
the optimal values for estimated coefficients are piecewise linear with respect to the
hyperparameter. Efficient algorithms can be developed to compute all solutions, and
these kinds of methods are called solution path algorithms. They can significantly
reduce the efforts for cross-validation and highly speed up hyperparameter tuning.
In this chapter, we review the solution path algorithms widely used in regression and

classification machine learning problems.

The remainder of this chapter is organized as follows. Chapter 2.1 introduces the
background of this chapter. Chapter 2.2 presents the solution path algorithms for re-
gression problems. Chapter 2.3 presents the solution path algorithms for classification

problems. Finally, Chapter 2.4 concludes the chapter.

This chapter is based on our published paper [45].
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2.1 Introduction

Data science is an interdisciplinary field where different techniques are used to extract
information and insights from data [46]. Machine learning, statistics and optimization
are important techniques in data science [47,48]. In machine learning, regression and
classification models have been widely utilized in many areas, such as spam detection,
face recognition, medical diagnosis, Internet of things [49,50]. The goal of supervised
learning problems is to find the relationship between input features x; € R™ and
response y; € R (i = 1,--- ,n) by minimizing the loss function. The regularization
term is often added to balance the bias-variance trade-off and improve generalization
performance. Many regularized machine learning models, such as Lasso and support

vector machine (SVM), can be formulated as

n

glg)l - L(yi, f(x:)) + AJ(8), (2.1)

where f(x;) = B87x; + o, B = (b1, 82, -+, Bm)T is the vector of coefficients of input
features (B is the intercept term, which is also considered as a coefficient in the
following). Here L(y;, f(x;)) is the loss function, and J(3) is the regularization term
for penalties, such as the /1-norm penalty, />-norm penalty, elastic net penalty, and
smoothly clipped absolute deviation penalty (SCAD) [51]. Additionally, A > 0 is the
regularization hyperparameter: A = 0 means no regularization, while A — +oo will

shrink the coefficients to zero. So hyperparameter tuning is needed to select a proper

A

One common technique for hyperparameter tuning is cross-validation. To per-
form cross-validation to identify a proper value for the hyperparameter, one needs to
solve the optimization model for machine learning repeatedly, a process which is in-
efficient and requires high computational cost. Some machine learning models, such
as Lasso and SVM, can be formulated as convex linear or quadratic programming

models. Thus some techniques can be applied to speed up the process of hyperpa-
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rameter tuning. For example, bilevel optimization models combined with parametric
programming methods are applied for hyperparameter tuning [52,53]. Another way
is to take the advantage of piecewise linear property of optimal values for coefficients
in some machine learning models [31]. For convex optimization models, optimal solu-
tions will satisfy certain optimality conditions. Based on these conditions, it can be
proven that the optimal solutions will change piecewise linearly with respect to the
hyperparameter. Once the change points (also called break points) can be found se-
quentially, all possible solutions can be obtained efficiently. These kinds of algorithms
to efficiently find the optimial solutions and speed up the hyperparameter tuning are

called solution path algorithms.

For regression problems, such as Lasso, support vector regression (SVR), and
quantile regression, the response y; € R is continuous, and the loss function is
L(y;, f(x;)) = L(y; — f(x:)), where (y; — f(x;)) is the residual. Common loss func-
tions for regression problems include [54]: mean squared error loss, mean absolute

error loss, Huber loss, pinball loss, and e-insensitive loss.

For classification problems, for example, SVM and logistic regression, y; € {+1, —1}
is categorical for binary classification (y; € {1,...,k} for k class classification prob-
lems), and the loss function is L(y;, f(x;)) = L(yif(x;:)), where y;f(x;) is the hy-
perplane. Common loss functions for classification problems include [54]: hinge loss,

smooth hinge loss, exponential loss, binomial deviance loss, and cross entropy loss.

Various combinations of loss functions and penalty terms can construct different
machine learning models for different application purposes. For example, the widely-
used regression model Lasso considers both mean squared error loss and ¢;-norm

penalty:

n

min (5 — (87 + ) + A8l

=1

The soft margin SVM model for classification considers both hinge loss and ¢5-norm
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penalty:

R A
min » (1 —y(B™;+ Bo))+ + S 18I
Bo.B — 2
The doubly regularized SVM (DrSVM) considers the hinge loss and elastic net penalty:
. & T )\2 2
min » (1 —y(8™; + o))+ AdllBllr + = I18I]3-
Bo.B p 2
In both Lasso and SVM models, the choice of the hyperparameter A will strongly
influence the performance of the model [29,31,37]. If A = 0, there will be no regular-
ization; if A — 400, the coefficients will be shrunk to zero. Tuning A is very challenge
due to high computation cost. Additionally, as shown in the DrSVM model, there are
two tuning parameters Ai, As. For some machine learning models, the optimal values
of coefficients (expressed as a function 3*(\) of \) are piecewise linear with respect

to A. Based on this property, some efficient algorithms can be designed to reduce the

computational burden.

2.2 Solution Path Algorithms for Regression

Regression models with the input data for features x; € R™ and the continuous

response y; € R can be usually formulated as

n

min ) Llyi = f(x:)) + A (B),

P
where (y; — f(x;)) is the residual, and A is the regularization hyperparameter. The
penalty term can take the ¢;-norm penalty, ¢s-norm penalty, elastic net penalty, and
so on. The loss functions can take mean squared error loss, mean absolute error loss,
Huber loss, pinball loss, e-insensitive loss and so on. If the optimal solution 3* is
piecewise linear with respect to A, the solution path algorithm can efficiently find

the entire solution path. Table 2.1 is the summary of solution path algorithms for
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regression models, and the names shown in this table for regression are explained in

the following part of this section.

Table 2.1: Solution Path Algorithm for Regression Models

Model Formulation Hyperparameter Solution path algorithm Reference
OLS Equation (2.2) - Algorithm 2.1 [29]
Lasso Equation (2.3) A Algorithm 2.2 [29]
EN regression® Equation (2.6) A1, A2 Algorithm 2.3 [30]
AQ regression® Equation (2.7) A Algorithm 2.4 [31]
RLAD Equation (2.13) A Algorithm 2.5 [55]

e-SVR Equation (2.22) A, € Algorithm 2.6 and 2.7 [33-35]

Generalized Lasso Equation (2.33) A Algorithm 2.8 [32]
WSVR Equation (2.47) C; Algorithm 2.13 [36]

EN regression: Elastic net regression.
bAQ regression: regression model with almost quadratic loss functions and £;-norm penalty.

2.2.1 Least Angle Regression (LARS)

The Least Angle Regression (LARS) [29] is proposed to solve the OLS problems:
mln Z —x708)% (2.2)

Let X = {x1, - ,Xn,} be the input, and A to a subset of the indices {1,2,--- ,m}.
Define the matrix X4 = [--- , $;X;j, - - - |;e4, where the sign s; € {1, —1}. The equian-
gular vector is expressed as

uy = Xawa,
where wa = AsG'14,uq = A417 and |juul/? = 1. Then G4 = X[ X4 and Aq =

(17,G714)~ /2, where 17, is a vector of 1’s of length equaling |.A|.

Let . = X3,y = (y;,-+- ,yn)T and initialize f1, = 0. Let fu4 be the current

LARS estimate, so the current correlation is

¢ =XT(y — pra),
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where the active set A is constrained by
C = max{|¢;|} and A= {j: |¢;| = C}.

Let s; be the sign of ¢; and compute X 4, A4 and uy; then the inner product vector

is a= X'uy. Let fiy, be the next predictor; then, it is updated by

. . C—é C—¢
= + Ju min™ J J
fia, =Patyuy, 7 =min {AA—aj’AA—aj}’

+

where min™ means the minimum is taken over only positive components. The proce-

dure of the LARS algorithm is shown in Algorithm 2.1.

Algorithm 2.1: Least Angle Regression

1 Normalize the data to be zero mean and unit norm. Initialize the residual
r=y, B, B B = 0;

2 Calculate the correlation of x; and r and find the most correlated x;;

3 Increase (; in the direction of sign(c;) until other competitor x;, achieves the
same correlation with the current residual;

4 Update r by r =y — fi4,and increase (3;, B in the direction defined by the
joint least squares coefficient of the current residual on (x;,x;), until x;
achieves the same correlation with the current residual;

5 Continue the above step until all the predictors have been entered. Stop
when the correlation of r and x; is 0. Then we obtain the full least-square
solution.

2.2.2 Solution path algorithm for Lasso

The OLS model does not have good prediction accuracy due to large variance and it
is not easy to interpret. Tibshirani [56] added the ¢;-norm penalty and obtained the

Lasso model

mln Z —x18)7 + M8, (2.3)

where A is the regularization hyperparameter. The /1-norm term can perform both

variable selection and regularization.
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The correlation in the LARS algorithm can be written as

xI(y — i) = C 55 Vi€ A (2.4)

Let B be the active set of variables in the solution of (2.3) for a given A. Similar

to the above equation, we have

A

xi(y — f15) = C - sign(B;), Vj € B. (2.5)

So in the Lasso problem, the sign of ; should match the sign of the residual. Efron
et al. [29] extended the LARS algorithm to solve the Lasso problem. The solution

path algorithm for Lasso is shown in Algorithm 2.2.

Algorithm 2.2: Solution path algorithm for Lasso

1 Normalize the data to be zero mean and unit norm. Initialize the residual
r=y, b1 02 Bm = 0;

2 Calculate the correlation of x; and r and find the most correlated x;;

3 Increase (; in the direction of sign(c;) until other competitor x;, achieves the
same correlation with the current residual;

4 Update r by r =y — f14, and increase f3;, i in the direction defined by the
joint least squares coeflicient of the current residual on (x;,xy), until x;
achieves the same correlation with the current residual. If a non-zero
coefficient hits zero, drop this variable from the active set and recompute
the current joint least squares direction;

5 Continue the above step until all the predictors have been entered. Stop
when the correlation of r and x; is 0. Then we obtain the full least-squares
solution.

The solution path algorithm for Lasso can obtain all the Lasso estimates using

the same order of computations as a single OLS fit.

2.2.3 Solution path algorithm for Elastic net regression

Although Lasso achieves great success in many situations, it has some limitations in

some scenarios. When the dimension p is larger than the number of data points n,
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the Lasso can select at most n features. If there is a group of variables with high
pairwise correlations, the Lasso can only select one of these variables [30]. In the
usual n > p situation, if there are high correlations in the features, the performance
of Ridge regression is better than Lasso [56]. Zou et al. [30] proposed the elastic net

regression model to deal with the above scenarios
min (s~ xIB)° + M8l + Aell B (2.6)
i=1

where Aj, Ay are the hyperparameters. The elastic net penalty A[|B3]]1 + A2||3]|3 is a
combination of Lasso and ridge penalty. It can manage strongly correlated predictors

and retain the good properties of Lasso and ridge penalty.

The elastic net regression can be written as a Lasso-type problem:

A1
min [|y* — X*8*|3 + —— :
where (X*,y*) are the augmented data, and 8" = /1 + A\y3. Based on the solution

path algorithm for Lasso, the solution path algorithm for elastic net regression is

shown in Algorithm 2.3.

Algorithm 2.3: Solution path algorithm for Elastic net regression

1 Pick a grid of values for A,.

2 For each )y, find the entire solution path with respect to A\; using the
solution path algorithm for Lasso (see Algorithm 2.2).

3 Then the solution path for elastic net regression is obtained.

2.2.4 Solution path algorithm for regression model with almost quadratic

loss functions and /;-norm penalty

Rosset et al. [31] extended the LARS algorithm [29] to a family of “almost quadratic”

loss functions (e.g. squared error loss, Huber’s loss) with ¢;-norm penalty. The
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optimization model is
min > Ly, B7x:) + AllBI- (2.7)
i=1

The loss function is defined to be differentiable and piecewise quadratic

Iy, B7x) = a(r)r® + b(r)r + c(r), (2.8)

where r = (y — 87x) is the residual for regression and r = (y37x) is the margin for

classification. The regularized optimization problem can be rewritten as

Jnin ;Lyl, BED) HZ (85 +5;)

st. 7 >0,87 >0, j:lj...,

Let F(y,XB) = >, L(y;, 87x;), where y = (y1,--- ,yn)T. Then the corresponding
KKT conditions are

(VE(B)); + A=A =0, A8 =0,
—(VE(B)); +A =27 =0, Ajf; =0
where )OL > 0 and A; > 0 are Lagrange multipliers. Based on KKT conditions, we

can find that variables can have nonzero coefficients when |[VF(B()\));] = A. Then,

when A is fixed, for the active set A = {j : 3;()\) # 0}, we have

jeA= [VEBWN),l =X sign(VE(B(N);) = —sign(B(N);), (2.11a)
j¢ A= |VF(BN),| <A (2.11D)

When A changes, the direction in which 3()) is moving is determined by (2.11). So
when the loss is twice differentiable and penalty is right differentiable, we can obtain

0B(N) 4

o = ~(VEGEN))L) ™ - sign(B(N).), (2.12)

Then for the almost quadratic loss functions, we have

V2F(B(A)a = Z 2a(r(yi, B X i) )X X
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As a(-) is a piecewise constant function, the solution path will be piecewise linear.

The direction in (2.12) will change when one of these events happens:

e Add a variable: when 3(\) keeps moving, [VE(3(\))4c| < A will not hold, so
a new variable should join A.

~

e Drop a variable: when we continue the same direction, sign(VF(B(X));) =

—sign(F(A);) will not hold because a coefficient in A hits 0. So we need to drop

this coeflicient.

A

e Cross a knot: A “generalized residual” r(y;, B(\)7x;) hits a non-twice differen-

tiability point in F.

When the above events happen, A needs to be updated and the direction in (2.12)

needs to be recalculated. The algorithm is summarized in Algorithm 2.4.

Algorithm 2.4: Solution path algorithm for regression model with almost

quadratic loss functions and /;-norm penalty

1 Initialization: 8 = 0, A = argmax; |VF(B)|;, 74 = —sign(VF(5)) .4, yac = 0;

2 Calculate the step length:
dy = min{d > 0: [VF(B + dv);| = [VF(wd + dv)al,j ¢ Ab,
dy =min{d > 0: (8+dv); =0,j € A}(hit 0),
dz = min{d > 0 : r(y;, (8 + dv)Tx;) hits a “knot”,i = 1,--- ,n}, Find step
length: d = min(dy, ds, d3), and update the step by § « 5+ dv;

3 If d = d; then add variable attaining equality at d to A, If d = ds then
remove variable attaining 0 at d to A, If d = d3 for i* then assign new
a(r(ys, BTx;+)) from (2.8);

a Calculate new direction: C'= 7, a(r(yix, 87X;))X 4%y 45
ya=C™1 . sign(By) and y4c = 0.
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2.2.5 Solution path algorithm for regularized least absolute deviations

regression

Wang et al. [55] proposed a solution path algorithm for the regularized least absolute
deviations (LAD) regression model. The LAD loss is robust to noise, and the ¢;-norm

penalty provides an automatic feature selection function. The model is formulated as
min > [y = (o +xIB8)| + B (213)
=l

where )\ is the regularization hyperparameter, it controls the compromise between

the LAD loss and ¢;-norm penalty. This problem is equivalent to

min € (2.14a)
Bo,B,€ P
(60+X;r/6)_y1§617 izla"',”f (214C)
> sign(8)p; < s (2.14d)
i=1
>0, 1=1,---,n (2.14e)

where s > 0 is the regularization hyperparameter, it controls the size of the coefficient.
For every s in (2.14), we can find a corresponding A in (2.14). The KKT conditions
of (2.14) are

> =n7) =0
=1

= (nF = )wi; + A sign(8;) =0, VB #0
l—nt—n —%=0, i=1,---,n
n(yi— (Bo+x[B) —€)=0, i=1--.n
m (Wi — (Bo+x[B)+€)=0, i=1--,n

A B - sign(Bi) — s) =0,
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7i6i207 Zl:lf"a”

where 1", 1, 7v;, A are Lagrange multipliers. Based on the KKT conditions, we can

obtain the following sets:

E={i:yi—(Bo+x]B)=0,n+n <1}

L—{iyi— (Bo+xIB) < 0nf =0, =1}

V={j:8; #0}
For points in £ and V), we can obtain the following system

yi — (Bo +Z$ij5j) =0, i€é,

JEV

Zﬁj - sign(B;) —s = 0.

NS4

Take derivatives with respect to s, then

As s increases, the residuals of points in R or £ might reach 0. It will happen at
As' = min({As}|i € LUR}), (2.18)

where Asj = (i — (B0 + 2 ey xijﬁj))/(% +D ey xij%). Another event is that an

active variable in V becomes inactive. It will happen at

As* = min({As?[j € V}),
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where As? = —3;/ (%) Then the overall step size is
As = min({As', As?}). (2.19)

Let Enev, prew ReW L7V be the new set after the above events happened. In order
to keep |E™Y| = |V"V|, we need to either remove a point from £V or add a new

variable to £"V. It happens at
AN; = min({AN, AN},

where AN = (1-7914) /% AN? = (—1—7¢1) /2 When the inactive variable become

active, we can obtain
old
AN — Zieé’new M Tij + Ziennew Lij — Zie[}‘ew Tij — A
7 o dni .. ’
1= 3 icgnew i
old
AXQ . zl‘egnew 772 ng + ZZ‘ERneW xl‘] - Zie[’new xz] + )\
j — .

dn;
=1 =D icenew GhTij

The sign of ; is calculated by

} . AN, AN >0
TLOAN=AN A = LA AR > 0
—1, AN =AN T 7’ I

sign(B;) = { o
max{AMX;, A}, otherwise

Then the step size of A\ is
AN = max({AN]i € E"V}, {AN |7 ¢ V). (2.21)

The solution path algorithm for the regularized LAD regression is shown in Algorithm

2.5.

2.2.6 Solution path algorithm for e-SVR
A-path algorithm for e-SVR

Previous methods solve the SVR for a prefixed regularization hyperparameter, such

as interior point method [57, 58], subset selection method [59], sequential minimal
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Algorithm 2.5: Solution path algorithm for regularized LAD regression

Initialization: A, s,,n;, 8o, B, L, R,E;

Calculate As using (2.19), update s, By, 8, L, R, E;

Calculate A\ using (2.21), update X, By, B, L, R, E;

Stop the algorithm if one of conditions is met: (i) A =0, (ii) Reach the
maximal iteration, and (iii) All the predictor variables are in V.

BW N =

optimization method and so on. Gunter et al. [33] proposed an algorithm which can
compute the entire solution path of the e-SVR with respect to A\. The e-SVR [58,60]

is formulated as

R LD SRS (2.220)
st. yi—((B,0(x:)) + fo) S e+ (2.22b)
(B, o(x:)) + Bo) —yi < e+ & (2.22¢)

&7 >0, i=1,..n (2.22d)

where (%) denote both the variables with and without asterisks. ¢(-) is the nonlinear
feature map to some kernel space. A is the regularization hyperparameter, controlling
the trade-off between e-insensitive loss and the complexity of the fitted model. € is the
hyperparameter in e-insensitive loss. It defines two margins around the hyperplane,
where no penalty is given to points between two margins. The dual problem is

formulated as

min - o+ Z(ai —aj) (e — af) K (x4, %;)

o i,7=1
+e Z(ai +af) + Z(ai —ag)y; (2.23a)
i=1 i=1
st. 0<a <1 (2.23b)

 (i—a)=0, i=1..n (2.23¢)
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Then the regression function can be written as
1< .
() = (8, 6(x) + o = 1 > _(ei = a)) K (x1,%) + fho,

=1

Based on KKT conditions, data points are partitioned into the following sets:

e R={i:y;,— f(z;) > ¢,; = 1,a = 0}(right of the elbows)

Er={iyi— flz;)) =¢0<a; =1<1,af = 0}(right elbow)

o C={i:—e<vy — f(z;) <€, =0,a] =0}(center)

7

Ee={i:yi— f(z;) = —€,0; = 0,0 < o < 1}(left elbow)

L={i:y— f(z;) < —€,a; = 0,af = 1}(left of the elbows)

Since [; is not unique, it is initialized to be one of the boundary values to keep one
point at an elbow. The above sets will remain the same until one of the following

events happens:

A point from C moves into g or &, with a; = 0 or o = 0.

A point from R or £ moves into Ex or &,, with o, =1 or af = 1.

A point from Ex or £, moves into C, with a; = 0 or of = 0.

A point from Ex or £, moves into R or £ , with a; =1 or of = 1.

The parameters after the £th event are denoted as 6%, 55 and \:. Let ag = A+ Sy, then

for X1 < X\ < X¢, we have

(a0 = ag) + D (i = a)) K (ws,2) = Y (af — ")) K (5,2) + X' f()].

icEl je&l

> =

fx) =
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Let v; = a; — af, v; = o — o, vy = ap — aé, for the points in 87% and Sf, we have

PRI J 70

Z v K (i, ) — Z v K (), 1) +vo = (A — M) (ye —€),Vk € Ef (2.26a)

i€gh je&s
> K (wiwm) — > VK (x5, 2m) 4 v0 = (A= X)(ym +€),Ym € EL (2.26b)
iegh je&s

Based on the dual problem (2.23), we can obtain
> =Y v =0, (2.27)
i€l jegL
Let K, be the kernel sub-matrix for the points at the elbows, v = (v;) Vi € &%,
v = () Vj €& yh = (yi—€) Vie &g,y = (y; +€) Vi € &, then we obtain the

following matrix:

01 L |
A€: , V.= v y Y = |Yr]|

1 Kﬁ * 4

-V YL

Then, we can obtain A,v® = (A — X)y®. If Ay is of full rank, let b = A, 'y?, we will

achieve the following linear relationship:

ag = a4+ (A = \)by, (2.28a)
ap=at+ A=), Vie&h (2.28b)
o = a;e — (A=Y, Vje&k (2.28c¢)

Hence, for AT < X < )\, the ag*) and o for points at the £, £ proceed linearly in

A. And we have ,
F(o) = S 17(w) — o' @)] + 6'(a), (2.29)

where ¢‘(1) = by + Zieg% biK (i, ) — Zjegg biK (zj,x).

When the point in the elbow moves to the boundary, A**! can be computed by

equations (2.28) and (2.29) for given \’.
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When the point moves from £, R or C to the elbow, A is calculated by
fiz;) — 9 ()
Y — 9 (x;) — e

A= v(fyc j(fjggzxi(fg ),Vj € (Lfuch), (2.30D)

where A1 is the largest A < A’

A= XY ),Vj € (Rfuch), (2.30a)

When A\ becomes sufficiently small to zero or when the sets R and £ become
empty, the algorithm will terminate. In the former case, f* — g* should be sufficiently

small as well. The A-path algorithm is shown in Algorithm 2.6.

Algorithm 2.6: A\-path algorithm for e-SVR

1 Initialize A\, a, a* g, L, &2, C, Er, R;

2 Find the break point A, where an event happens using (2.28), (2.30);

3 Update L, &, C, Er, R, and update «, a* ag and f(x) by equation (2.28)
and (2.29);

4 Find the break points using (2.28) and (2.30), and choose the largest A < A\
to be AX**'. Then return to step 3;

5 End the algorithm if £ and R are empty or A is sufficiently small.

This algorithm can compute the solution path for some fixed € values. But if there
is only one or even no point at the boundaries, the tube has to move and rotate until
two valid points enter the tube. Because there are many possible combinations for

the two points, it is hard to realize this algorithm.
e-path algorithm for e-SVR.

To overcome the limitations in the solution path algorithm for e-SVR, Wang et al.

[34,35] proposed the e-path algorithm.

Similar to Section 2.2.6, the data points are partitioned into £,&.,C,Er, R, and
the break points correspond to the same events in Section 2.2.6. For the points inside

or outside the tube, the ag*) will remain fixed until an event happens.
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For initialization, if € = oo, we can easily solve problem (2.23), and the solution
(%)

is a; 7 = 0. It is much easier than the A-path algorithm in Section 2.2.6, where we

need to solve a linear programming problem.

Assume ) is fixed, and let €/ denote the value of € after /th event happened. Then
e is reduced until each elbow contains at least one point, which means |Ex| > 0 and
12| > 0. When ! < ¢ < €, the regression function can be written as

1 * *
£ = 5[ 2o (e = ah) K i x) = D (a7 — @iV K (30| + 1),
i€fh je&s

Following the same procedure in Section 2.2.6, we can obtain Afvy = \(e’ — ¢)1°. If

A; has full rank, let b = (A,)~'1%, we will have the following linear relationship:

g = afy + M€ — €)by, (2.31a)
;i =al + Mt — )by, Vic&h (2.31b)
o = oz;é — Me* —e)b;, Vje&Ek (2.31c)

Hence, for €' < € < ¢, the ag*) and «q for points at the elbow proceed linearly in

€. And we have
fl@) = (e = h(x) + f*(x), (2.32)
where hf(x) = Zie% biK(x;,x) — Zjesﬁ b; K (x;,x) + by.

As e decreases, the Lagrange multipliers change until an event happens. Then,
we find the largest € < ¢, and then assign it as ¢/™! and update the point sets. The

e-path algorithm is in Algorithm 2.7.

The A-path algorithm and e-path algorithm can be combined together to explore
the two dimensional solution space [35]. In the e-path algorithm, when there is at

least one point in each elbow, the A\-path update can be performed. A complicated
()

situation arises when some ¢ ’ in elbow point is equal to 0 or 1. Because A can either

increase or decrease, whether this point should be included into the updating set is
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Algorithm 2.7: e-path algorithm for e-SVR

Initialize €, o, o™ g, L, Ez, C, Er, R;

Find the break point A, where an event happens using (2.31), (2.32);

Update L, &, C, €, R, and update a, a* ag and f(x) by equation (2.31)
and (2.32);

Find the break points using (2.31) and (2.32), and choose the largest € < ¢*
to be €. Then return to step 3;

End the algorithm if £ and R are empty or € is sufficiently small.

[y

N

w

I

(9]

uncertain. One way to deal with it is to terminate the e-path algorithm between two
consecutive events. Then ozg*) in elbow point will not be 0 or 1, and so the A-path

update can proceed successfully.

2.2.7 Solution path algorithm for generalized Lasso

Based on the LARS algorithm, Tibshirani and Taylor [32] proposed a path algorithm
for the generalized Lasso problem. This problem has the ¢;-norm penalty of the
product of a matrix D and coefficient vector. The generalized Lasso problems can be
formulated as

!
min sy = X8I+ DA, (2.33)

where X € R™™ is a general design matrix and D € R™*P is a specified penalty
matrix. Different choices of D can lead to different models: the fused lasso, trend
filtering, wavelet smoothing and a method for outlier detection. Here A is the regu-
larization hyperparameter, and it controls the trade-off between loss function and the

complexity of the fitted model.

Let X =1, z = D3, the problem can be written as

1
min - Slly = BII; + Al

5

st. DB =z
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The dual problem is

1
min §Hy — D™ulf; (2.35a)

st. |ulle < A, (2.35b)
where the constraint is simply a box, free of any linear transformation.

For A < \g, the “hitting time” is when the path hits the boundary. Similarly, the
“leaving time” is when the path leaves the boundary. The coordinate with the largest
hitting time is called the “hitting coordinate”, and the coordinate with the largest
leaving time is called the “leaving coordinate”. B is the list of boundary coordinates,
and s contains the corresponding signs. Then, we can define for a matrix A and a

vector x:

A;
Ap = ) zB:(mila"' 7xik)T
A

where Ag indexes the rows of A that are in B. The subscript —B is used to index

1
ik

elements which are not in B, such as A_g, z_g.
For the above dual problem (2.35), the KKT conditions are
(DDTu)l_(Dy)l+a7120 izla"'vma

where u, a, 7 are subject to the following constraints:

e < A, (2.37a)

a >0, (2.37h)

a- ([ufle =A) =0, (2.37¢)
Iyl <1, (2.37d)

Yu = ||u|co- (2.37¢)

The hitting times correspond to events in which equation (2.37a) is violated, and

leaving times correspond to events in which equations (2.37a)-(2.37e) are violated.
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At the kth iteration, the boundary set is B = B(\;), and corresponding signs are
s = s(\;). By the boundary lemma [32], the solution satisfies 4y, g = Ais, for any

A€ [0, A

For A = ), the solution is @, g = Ags. For A < Ay, problem (2.35) can be reduced

to

1
min 5“3’ — MDgp)" = (D_p)"u_z|)3

st |[u_gllee <A
The solution of the above problem is the least squares estimate
Uy, 5= (D_s(D_5)")"D_p(y — \(D_p)"s), (2.39)

where A" denotes the (Moore-Penrose) pseudoinverse of a matrix A. To simplify
the notation, the above solution can be denoted as 0y, g = a — Axb. The solution
will continue to be 0, _g = a — A\zb until hitting the boundary. The critical value
is determined by solving a; — A\b; = +£A. The solution gives the “hitting time” of

coordinate 7

. ; D_g(D_g)")TD_gyl;
bi +1 [(D_B(D_B)T)J"D_B(DB)TS]Z‘ +1
And hyy is taken as the maximum of these hitting times
i1 = max £, (2.41)
For the leaving time, according to equations (2.37a)-(2.37e), we can obtain
(leave) Ci/di7 ¢ < 07 d; < 07
ti N { 0, otherwise. (2.42)
where ¢;, d; are defined as
¢; = si[Dp[I — (D-p) (D-5(D-5)") " D_glyl;, (2.43a)

di = SZ[DB[I - (D_B)T(D_B(D_B)T)+D_B](DB)TS]Z‘. (24313)
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And similarly, the next leaving time is
i

Lyt = max £, (2.44)

Then the iteration will move until next hitting time or leaving time. The path

algorithm is summarized in Algorithm 2.8.

Algorithm 2.8: Solution path algorithm for generalized Lasso

1 Initialize k = 0, \g = 00, B = 0, and s = (;

2 Compute the solution at A, by equation (2.39);

3 Compute the next hitting time hgyq by (2.40) and (2.41) and next leaving
time 41 by (2.42)-(2.44);

4 Set Mgy = max{hpi1, g1} If hgyq > ko1, add the hitting coordinate to
boundary list B and its sign s; otherwise remove the leaving coordinate from
boundary B and its sign from s;

5 If Ay > 0, Set k =k + 1, return to step 2; else, end the algorithm.

When X is a general design matrix in equation (2.33), the situation is more

complicated. The dual problem is

1
min §(XTy — D™u)"(XTX)"(XTy — DTu)

st [ullo < A,

DTu € row(X).
Tibshirani et al. [32] rewrite the above problem to be

1 8
min L[y~ D
st |ullee < A,

DTu € row(X),

where y = XX*ty, D = DX, X+ = (XTX)TXT. It is similar to equation (2.35),

and the solution path can be obtained by the previous algorithm.
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2.2.8 Solution path algorithm for weighted SVR

Karasuyama et al. [36] developed a solution path algorithm of weighted SVR (WSVR),
which can deal with multiple hyperparameters. The optimization model of WSVR is

R RO BCICERY (2.47)
st. yi— ((B,0(x:)) + fo) < e+ (2.47b)
(B, o(xi)) + Bo) —yi < e+ & (2.47¢)

&0>0, i=1,..n (2.47d)

where the hyperparameter C; defines the weight of how much ith instance inside the
margin contribute to the overall error. The hyperparameter € > 0 defines the width of
insensitive zone, where points inside the zone are given no penalty. The dual problem

can be written as

n n

{(rlr_lanx — %ZZO@O@K (x4, 25) Z la;| + Zylal
=l i=1 j=1
iai = 0,—01 < (673 < Cl,Z = 1,...,n

Then the regression function can be written as f(x) = > 1 | o, K(x,x;) + fo. The
KKT conditions of the dual problem are:

v~ f) < e, iy =0
ly: — f(x:)] =€, if 0 < |oy] < C;
lyi = f@)| = € if |ai| = C
En:ozz
i=1

and the training points can be partitioned into three index sets: O = {i : |y;— f(x;)| >

6l =Cih, E={i|lyi—f(x)] =€60<|a| <}, ZT={i:|yi—f(x)| <€ =0}
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Kg:[() 1T} . Sign(yl:_f(xl))
PR i f) |

then from the KKT conditions, we can obtain the following linear relationship:

o] = | Jainsteoteo + e [ 0]

ap = diag(sp)co, az =0,

where diag(sp) means the diagonal elements of sp. Then the same method used in
WSVC (Section 2.3.5) can be applied to WSVR to get the solution path with respect

to c.

Mao et al. [61] also proposed a solution path algorithm for WSVR. They extended
the e-path algorithm [35] to WSVR. Based on particle swarm optimization, they
developed a heuristic weight-setting optimization algorithm. Mao et al. [62] also

proposed a solution path algorithm for WSVR to deal with abnormal data.

2.2.9 Other solution path algorithm for regression

Solution path algorithm for Kernel Quantile Regression. Quantile Regres-
sion [63] can be used to estimate the quantiles of conditional density p(y|x) as func-
tions of x. Kernel-based quantile regression (KQR) is proposed by Takeuchi et al. [64]
and Li et al. [65]. Takeuchi et al. [66] designed a solution path algorithm for KQR.
This approach can be used in nonparametric conditional density estimates, but it can

only be applied to scalar output problem.

Bi-level path following algorithm for Kernel Quantile Regression. Ros-
set [67] developed a solution path algorithm for the bi-level quantile regression prob-

lem based on previous solution path algorithms [31,37,65]. This algorithm uses the
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possible locations of optima to efficiently find the solution surface with respect to A

and 7. This approach can also be extended to other problems, like SVR.

Solution path algorithm for SVOR. Ordinal regression has wide applications in
many areas, such as flight delays forecasting [68]. Support vector ordinal regression
(SVOR) is an important technique to solve ordinal regression problems [69]. Based
on the fixed-margin principle and the sum-of-margin principle, Shashua and Levin
[69] proposed two versions of SVOR. For the fixed-margin based SVOR, Chu et al.
[70] developed an improved algorithm by keeping the partial order of the multiple
parallel discrimination hyperplanes. For the sum-of-margin based SVOR, Gu et al.
[71] proposed a modified version for incremental learning. Gu et al. [72] developed a
regularization path algorithm to find the solution path with respect to regularization

parameter. QR decomposition is used to handle the singularities.

Solution path algorithm for generalized linear model. Park et al. [73] pro-
posed the solution path algorithm for ¢;-regularized generalized linear models (GLM).
Different from LARS paths, the GLM paths are not piecewise linear. Predictor-
corrector method was used to efficiently compute the solution path. Tay et al. [74]
changed the ¢; penalty to elastic net penalty and proposed an efficient algorithm to

fit the entire regularization path.

2.3 Solution Path Algorithms for Classification

In classification problems, x; € R™ is the input feature and y; € {+1,—1} is cat-
egorical for binary classification (y; € {1,...,k} for k class classification problems).

Classification models can be formulated as

n

min 3 Luf () + A (B).
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where f(x;) = o + B7x; is the discriminant function. A is the regularization hyper-
parameter. The penalty term can take the ¢;-norm penalty, ¢,-norm penalty, elastic
net penalty and so on. A commonly used loss function is hinge loss for SVM [60, 75]
. In this case, the solution path of dual variables is piecewise linear with respect to
regularization hyperparameter A\. Table 2.2 is the summary of solution path algo-
rithm for classification models. The names shown in this table for classification are

explained in the following part of this section.

Table 2.2: Solution Path Algorithm for Classification Models

Model Formulation Hyperparameter Solution path algorithm Reference
(5-SVM  Equation (2.51) A Algorithm 2.9 [37]
,-SVM  Equation (2.59) A Algorithm 2.10 [41]
DrSVM  Equation (2.65) A1, Ao Algorithm 2.11 [44]
v-SVM  Equation (2.78) v Algorithm 2.12 [42,43]
WSVC  Equation (2.83) C; Algorithm 2.13 [36]

2.3.1 Solution path algorithm for /,-SVM (SVMPath algorithm)

For the two-class classification, the £5-SVM is stated as

)\ n

min - Z[1813 + Zs (251a)
>0, i=1---,n (2.51c)
f(x) =5+ B'x (2.51d)

where A is the regularization parameter. The choice of X is very important, because it
controls the trade-off between the regularization effect and the hinge loss. The KKT

conditions can be written as

1 n
B — N ; a;yix; =0 (2.52a)
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Z yio; =0 (2.52b)

i=1
a;+7—1=0 (2.52¢)
ai(l —yif(xi) —&) =0 (2.52d)
yi&i =0 (2.52e)

Based on the KKT conditions, the data points can be partitioned into three sets:
E={i:yf(x))=1,0<ay <1}, L={i:yf(xi) < Loy =1}, L={i: yi f(x;) <
1,a; = 1}. For the initialization, When A is very large, 8 will be zero, and the initial

values of 3y and the a; depend on whether n_ = n, or not:
e When n_ = n,, for a sufficiently large A, all the o; = 1. The initial 5y € [—1, 1]-
any value gives the same loss > 1" | & =ng +n_.
e When ny >n_, B8 =0, the optimal choice for ff, is 1, and the loss is > | & =

n_.

The linear SVM can be extended to nonlinear case using kernel methods. The
discriminant function f(x) can be written as: f(x;) = %Z?Zl a;y; K (xi, %) + Bo, 1 =
1,...,n, where K(x;,x;) is kernel function. The three sets will not change until an

event happens. The event can be either:

e The initial event, which means 2 or more points start at the elbow, with their
initial values of a € [0, 1];
e A point from L has just entered £, with its value of «; initially 1;

e A point from R has reentered &, with its value of «; initially 0;

e One or more points in &£ has left the set, to join either R or L.
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Suppose we are between (th event and (¢ + 1)th event, || = m, and let of, 35
and Ay be the values of these parameters at the point of entry. Denote ag = A3y, and
alb = \BS, then we have: f(x) = i(zyzl a;y; K (x,%;) + ap). For Ay > A > A\ we

can obtain

f(z) = %[Z(aj — Oéﬁ)yjK(X,Xj> + (g — af) + A fE(x)].
JEE

For the points in elbow, we have y; f(x;) = 1, then

1 .
X[Z(O‘j - af)yiyjK(Xij) + (g — aé)yi + N =1, Viet,.
J€&

Denote §; = ozf — o, and we can simplify it to be

Z 80y K (%5, %) + 0oy = Ao — A, Vi€ &
JE€E,

It can be further written as
KZ(S + 50}’( = ()\g — >\)1, (254)

where Kj is m x m matrix with ijth entry vy;y,K(x;,x;) for i and j in &, and y,
is the m vector with entries y;,i € &. Since Y ", ;o = 0, then we can obtain

Zjege y;0; = 0. It can be written as:
yi6 =0, (2.55)

Define the following matrix

o 0 YlT a 60 a __ 0
A5_<yé KZ), 5_(5 , and 19 = 1)

Then equations (2.54) and (2.55) can be written as: A,0* = (A, — A)1%. If A, has
full rank, then we can introduce b® = Aglla, and we can obtain the following linear
relationship

aj=af— (A — ANbj,j € {0} UE,. (2.56)
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For A\j11 < A < Ay, we can obtain
A
Jx) = S0 = W )]+ b (). (2.57)

where hf(x) = jee, Yibi K (x,%;) + bo. The paths continue until one of the following

events occur:

e A point in the £ moves into £ or R, which means the corresponding «; for
i € & reaches a boundary (0 or 1). For each i, the value of A for which this

happens can be computed from (2.56)

e A point in £ or R moves into £, which means the point attains y; f(x;) = 1.

This occurs for point ¢ at

f(xi) — hz(xi))‘

(2.58)

Based on these conditions, we can get the largest A < A, for which an event happens,
get Apy1 and update the sets. The solution path algorithm for ¢,-SVM is shown in
Algorithm 2.9.

Algorithm 2.9: Solution path algorithm for ¢,-SVM (SVMPath Algorithm)

1 Initialize A, «, By, L, €, R;

2 Find the break point A\, where an event happens using (2.56) and (2.58);

3 Update £, £, R, and update o; and f(x) by equation (2.56) and (2.57);

4 Find the break points using (2.56) and (2.58), and choose the largest A < Ay
to be A\¢y1. Then return to step 3;

5 End the algorithm if £ is empty or A = 0.

When the data points are separable, the algorithm is terminated when £ becomes
empty. When the data points are not separable, the algorithm is terminated when A

becomes zero.

The SVMpath algorithm uses the active set method to solve the quadratic pro-
gramming (QP) problem associated with SVM [76]. The active-set methods offer high
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precision and incremental training for the SVM. But active-set methods must deal
with the problem of potential singularities [77,78]. The algorithm will be unstable
when the data set contains duplicate data points, nearly duplicate data points and

points that are linearly dependent in the kernel space.

ISVMP algorithm. To handle singularities in the SVMPath algorithm, Ong et
al. [38] proposed an improved solution path algorithm for support vector machine
(ISVMP). The ISVMP algorithm tracks the solution path in a multidimensional
feasible space. The tracking process can be formulated into a linear programming

problem, and they developed update formula for the linear programs.

Ridge-adding-based solution path algorithm. The [SVMP algorithm needs to
solve additional linear programs to track the solution path. Dai et al. [39] developed
a novel ridge-adding-based method to handle singularities, where a random ridge
term is added to each data point. This algorithm is more efficient than the ISVMP
algorithm. However, it may fail in some cases since its ability to handle singularity
problem was with probability one. Changing the added ridges with another random
seed may help alleviate this issue. However, when the active sets are randomly chosen,

this method will not work.

Simple SVMPath algorithm. Sentelle et al. [40] proposed a simple version of
the solution path algorithm to deal with semidefinite kernels. They enforce single
active set changes at each iteration to avoid solving singular systems of equations.
An artificial variable method is introduced to deal with unequal class cases. The
simple SVMPath algorithm does not need to use external solver. Singular Value

Decomposition and QR factorizations are also not required.
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2.3.2 Solution path algorithm for ¢/,-SVM

Different from ¢5-SVM, the ¢,-SVM achieves good performance when there are re-
dundant noise features because the ¢;-norm penalty does a kind of continuous feature
selection. The ¢;-SVM is formulated by replacing the ridge penalty in the (5-SVM
with the Lasso penalty [41,56]:

n

min »_[1—yif (xi)l+ + Al (2.59)

i=1

The above equation is equivalent to:

glg]l ;[1 — yif (xi)]+
st ||Bllr = [Bi] + . 4+ [By] < s,

where s is tuning parameter. The solution is denoted as fo(s) and B(s).

The Lasso penalty was first proposed for regression problems [56]. It has also been
used in classification under the framework of SVMs. Because of the ¢; nature of the
penalty, when A is sufficiently large (or s is sufficiently small), it will cause some of
the coefficients to be exactly zero. Thus, the Lasso penalty does a kind of continuous

feature selection.

Zhu et al. [41] proved the solution path B(s) of the ¢1-SVM is piecewise linear,

and developed an efficient algorithm to compute the whole solution path of £;-SVM.

Define V = {j: B;(s) #0},E ={i:1—yfi =0}, L={i:1—yf; >0}. As As

increase, the sets will not change until an event happens: a training point moves into

S A0 sold
& or a basis function in V leaves V. The current 3y, 3 and s are denoted by 834, °

and s°4. For each j* ¢ V, we can obtain

Uy + ZUjhj(Xj) + ujhj(x;) =0 fori € &, Z sign(B;Id) cuj A+ | =1,
% %
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where g, u; and u;« are unknowns. Then compute

Aloss
I Z yi(ug + Z ujh;(x;) + wphj(%;)). (2.62)
For each i € £, we can obtain

u0+Zuj (xj) =0forie &\ {i'}, Zsign(ﬁ?ld)-ujzl,

1%

where 4y and u; are unknowns. Then compute

AlOSSz Z yl ug + Z u] (2.64)

Then we can obtain the procedure of this algorithm shown in Algorithm 2.10.

Algorithm 2.10: Solution path algorithm for ¢,-SVM

1 Initialize s =0, As =0, L, &, V;

2 Increase As until an event happens, and compute % by equation (2.62)
and (2.64);

3 Compare the computed values of % from above equations. Choose the
Aloss

smallest negative

e If the smallest Ai—osss is non-negative, the algorithm terminates;

e [f the smallest AZOSS corresponds to a j*, the algorithm update V by
V<~ VUu{j}, u<—(u w7,

e [f the smallest negative AK’SS corresponds to a i, the algorithm update £ and

L by &+ E\{i'}, L+ LU\{'} if necessary;

In either of the last two cases, the solution B(s) updates:
Bo(s + As) = B3 4+ As -ug,  By(s?+ As) = 394 + As - u. Then go back
to increasing As.

In the end, this algorithm gets a path B(s), which is piece-wise linear. It can
efficiently compute the whole solution path B (t) of the ¢;-norm SVM, and facilitate

adaptive selection of the tuning parameter s.
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2.3.3 Solution path algorithm for DrSVM

{1-norm penalty can do automatic feature selection and has better performance than
lo-norm penalty when there are redundant noise features. However, the ¢;-norm
penalty also has some limitations [30]. When the variables are highly correlated,
the ¢1-norm penalty tends to pick only a few of them and shrinks the rest to 0.
For the high dimensional data (p > n), the ¢;-norm penalty can keep at most n
input variables. Zou et al. [30] proposed the elastic net penalty to overcome these
limitations. Wang et al. [44] apply the elastic net penalty to SVM, and obtain the
doubly regularized support vector machine (DrSVM):

L e A
min [1—yi(Bo + 2/ B)]+ + §HB||§+A1||ﬂ|I1, (2.65)
=1

where A\; and )\, are tuning parameters for ¢;-norm penalty and f,-norm penalty.
The elastic net penalty consists of the ¢;-norm penalty and the /5-norm penalty. The
¢1-norm penalty can do feature selection, and the /5 norm penalty has grouping effect

for correlated variables.

Denote 3,,(A1) to be the solution path for a fixed value of Ay, and similarly,
B,,(A2) is the solution path for a fixed value of A\o. Wang et al. [44] proved that:

e When ), is fixed, the solution 3,,(A;) is a piecewise linear function of Ay;

e When )\ is fixed, the solution B, ()2) is a piecewise linear function of 1/X,.

When )\, is fixed, then the equation (2.65) can be written as

: & A2y an2
L+ =2 2.66
miy 6+ S lelE (2664
st 11—y f(x;) <&, (2.66b)

gi Z 07Z = 17 N (266C)
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181 = 1Bil + -+ 1B < s (2.66d)

And the KKT conditions are

Aoy — Z@iyixij +1n-sign(B;) =0, j€EV

i=1
Zaiyi =0,
i=1
l—a;—7 =0, i=1,...,n
ai(l —yif(x)) —&) =0, i=1,..,n

7’562207 Z.Zla"'a/n’
p
n()_ 18l =) =0,
j=1

where a; > 0,7; < 0,7 > 0 are Lagrange multipliers, and define the following sets:
£ = {Z . yzf<xz> = 1,0 S a; S 1}, L= {Z . yzf(xz) < 1,@1' = 1}, R = {Z . yzf(xz) >
La; =0}, V={j: 8 #0}

When s is small enough, constraint (2.66d) will be active. Then fy and B3 are

determined by the following equations

Aaflj — Z ayizi; +n - sign(B;) =0, jEV

i=1
Z QY = 07
i=1
yi(Bo + Zﬁjl’ij) =1, ief
JEV
1Bl = _ B; - sign(B;) = s,
JjEV
If s increases are small enough, the sets £, R, &,V will not change, so the above

system will remain the same. By taking right derivatives, we can obtain

WA Aa; A .
ﬁ] ZA vt + R, ! L sign(By) =0, jeV

€€
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> AAQ’ y; =

€€
Apy Ap; .
(As+, A:1%)—1, ieé
JjEV

AB:
181 = 3= 5 sign(3) = 1

jev
where the above system shows that the solution of o, 3;, 5y, 7 will change linearly in

s until £, R, &,V change. The following events are used to identify these changes:

e A point in £ moves to £ or R, where «; changes from within the (0, 1) to the
boundary 0 or 1. It will happen at

. O—a; 11—y
¢ = min max( - -

. 2.
i€E Aa;/As’ Aai/As) (2.70)

e A point in £ or R moves to £, where (1 — y; f;) reaches 0. It will happen at

62 = min 0= ;. 0=

5 ieéi<m)’ ¢ ={i: A/A >0,i¢ &} (2.71)

e An active point in V moves to becomes inactive, where a non-zero coefficient
B; # 0 becomes 0. It will happen at

62 = min( 0—5; BJ

s = i Aﬁ]/A) Vi ={j: A@/A >0,j €V} (2.72)

e An inactive point joins )V, where the absolute value of generalized correlation

(|cj]) of variable j is equal to n. It will happen at

—n—¢; n—c
0 _ﬁzlxlzli maX(ch/As+An/As7 ch/As—An/As)’ (2.73)

where

Cj = )\Q/Bj — Z O./iyiflfij. (274)
i=1
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Generalized correlation of active variables reduces to zero will happen at

55 _ 0 —-n
S An/As

(2.75)

The main idea of the algorithm is to start A\; at a large number, then find the
derivatives of By and §; with respect to A;. Next, the algorithm decreases A; until an

event happens and finds the new right derivatives.

For the initialization, 3 and s are initialized to be 0. There are two cases for
initialization of fy:

e When n, = n_, any value of fy € [1, —1] will give the same loss;

e When n, > n_, the optimal choice of f; is 1.

The solution path algorithm for DrSVM with fixed Ay is shown in Algorithm 2.11.

Similarly, when A; is fixed, denote D = 1/X9, af = Da;, and the KKT conditions

become

B — Z@:yixij =—MD-sign(B;), j€EV
i=1

Z Oé;kyl = 07
i=1
vilo+ Y Bimy) =1, i€&
jev
By taking the right derivative of D, it can be proven that (5, and 3 are piecewise
linear in D. Similarly, «; is piecewise linear in A\y. Then we need to compute how
much change of D (or \g) will lead to the next event:

O0—ay l1—a; )
AO[i/A)\Q’ Aai/A)\z ’

e A point in & moves into £ or R: 5}\2 = max;egs min(

e A point in £ or R moves into £: 07, = minege max( 0-ri ) where £ =

ATZ/AD
N | ; .
i X TAD >0,i ¢ E;
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Algorithm 2.11: Solution path algorithm for DrSVM

1 Initialize s, As, 5y, B, o,R, L, &, V;
2 Compute the following derivatives

Arz o ABO ABJ

%

Ac@ Aa; .
= Z As ~_ YiZij, §é V?
%

where 7; is the current residual (1 — y; f;) for point 4, and ¢; is the current
generalized correlation value for variable x;;
3 Compute 61,02, 62,62, 6° by equations (2.70)-(2.75), and find

§7787Y8)YsrYs

ds = min(d}, 62,63, 6%, 62);

§778778) 781 YS

4 Update ay, By, Bj,n, and update £, R, €, and V;

5 Stop the algorithm when one of the following situations happens:

e The generalized correlation reduces to zero;
e Two classes have been perfectly separated;
e A pre-specified maximum iteration number is reached.

Otherwise, compute the new derivatives, and go back to step 2.

e An active variable (8; # 0) becomes inactive: 0}, = mln]€V+(AB A

.0
V,=7j: M/BAJD>OJGV

—A1—¢;j A1—¢C;

e An inactive variable joins the active set: 0}, = max;gy, min(
e )\, reduces to zero: 5§2 = —M\g.

The event which happens first is determined by

—\30} —\30%,
5)\2 = max (ﬁﬂﬁw + Ay 53 76)\275 2) )

Then the algorithm proceeds the same as fixed Ay situation.

i), where

J);

Acj/AX2? Acj /AN

DrSVM has better performance than ¢,-SVM and ¢5-SVM for high dimensional

data. Variable selection is not bounded by the amount of training data, and it
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can select groups of correlated variables. The solution path algorithm for DrSVM
highly facilitates selection of tuning parameters. Wang et al. [79,80] replaced the
hinge loss with huberized hinge loss in DrSVM, and proposed the hybrid huberized
support vector machine (HHSVM). The HHSVM can select highly correlated variables
together. An efficient solution path algorithm [79,80] was proposed following an idea
similar to DrSVM.

2.3.4 Solution path algorithm for »-SVM

v-support vector classification is proposed by Scholkopf et al. [81]. The formulation of
v-SVM is more complicated than C-SVM. Gu et al. [42] modified the formulation of
v-SVM and proposed an algorithm to track the regularization path based on two as-
sumptions. In order to get rid of the two assumptions, Gu et al. [43] further proposed
a new equivalent dual formulation of ¥-SVM and developed a robust regularization

path algorithm for ¥-SVM. The optimization model of v-SVC is

1 1
i - - - ; 2.78
Join S 1Bll; vp+n§ 3 (2.78a)
st yf(x))>1-&, i=1,---,n (2.78Db)

>0, i=1,---,0, p>0 (2.78¢)

where the parameter v is used to control the number of support vectors and margin
errors. Denote ST = {(x;,y;,) € S :y; = +1} and S~ = {(x;,y;) € S : y; = —1}, the
equivalent dual formulation can be written as

1
min §aTQOz

s.t. Zai:g,Zai:g

€St €S

0§%§7 Zzlval

—_
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Then we can obtain the KKT conditions

oW,

VieS gz = (()T = Zanz’j + IS+(i)d1 + Is— (i)dg,
7 j=1
9: =0, for a; =0,

gi=0, for0<a; <1/l
7; <0, for c; = 1/1,

ow, v oW, v
ad, =) m=3 ddy =) m=3

€St €S~

where d;, dy are Lagrangian multipliers. Based on the value of a;, the training sample

can be partitioned into Sg, Sg and Sg:
e S ={i:¢9,=0,0<a; < (1/)}, and the set Sg includes margin support
vectors strictly on the margins;

e Sp ={i: ¢ <0,04 = (1/1)}, and the set Sg includes error support vectors

exceeding the margins;
e Sp={i:g;>0,a; =0}, and the set Sk includes the remaining vectors ignored

by the margins.

In order to keep the KKT conditions satisfied, we can obtain the following linear

system:

AGi =Y Aa;Qi; + Is+ ()Ady + Is- (1) Ady, Vi € S,

JESs
Av Av
ZAO@IT, ZAO&IZT
€St €S~

Let [Ba,, Ba,, Bgs] denote the relationship between Av and Ady, Ady, Aag,, then we

can obtain ~
I (S)™ [ Bay
IS;(SS)T @dz =
LS5(Ss) S5(8s)  Qsess | s,

(e T NI
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If the samples are linearly dependent in RKHS, the Q will be singular. Gu et al. [43]

proposed a new method to avoid computing the inverse of Q, called v-SvcRPath.

LU decomposition [82] is used in the v-SvcRPath algorithm. Let L be a lower
triangular matrix, U be an upper triangular matrix, and we can obtain: PQ = LU,
where P is a permutation matrix. Forward substitution and back substitution [43,82]
can be used to get the value of Bdu BdQ, BSS. Then the relationship between Ag; and
A£ can be obtained as

Ag; = (Z B,Qij + Is+ (i) Ba, + Is- (i)ﬁdg) Av = 7;Av.
JESs
The maximal adjustment quantity Av™® is Ay = min{Av%s, AvS#92 v}, Then

we can update the variables «, g, d;, dy as

2 max

aSS — aSS - 555Aymax7 g — g - ,?AV )

d1 <— d1 — 5d1AVmaX, dg < d2 — B@Aymax'

And the sets Sg, Sg, Sg can be updated as:

e When point ¢ is in S, if B; > 0, point ¢ will move from Sg to Sg; if B; < 0,

point ¢ will move from Ss to Sg;
e When point ¢ is in Sg, it will move from Sg to Sg;

e When point ¢ is in S, it will move from Si to Ss.
The algorithm of v-SvcRPath is summarized in Algorithm 2.12.
2.3.5 Solution path algorithm for weighted SVC

The instance-weighted support vector machine [83-85], also called the weighted sup-

port vector machine (WSVM), is an extension of ordinary SVM, where each training
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Algorithm 2.12: Solution path algorithm for »-SVM

T 2mai _
Initialize: v < Z=7H0=;

Initialize «, g,dy, ds, Ss, Sg, Sr;

Compute Bdm ﬂdza 6357 ;?a Al/ma:c;

Update «, g,dy,ds, Ss, Sg, Sr, and update v < v — A",
If v > 0, return to step 3 until v = 0; else, end.

R W N =

instance has its own weight. The optimization model is

1 -
min 1Bl + Z:; Ciés (2.83a)
st yi(BTo(xi) +fo) 21§, i=1,--,n (2.83b)

>0, i=1,---.,n (2.83¢)

where the hyperparameter C; defines the weight of how much the ith instance inside
the margin contributes to the overall error. When C; is small, instances inside the
margin are given a small penalty; when C;j is large, they are given a large penalty. If
C; = C for all the instances, it reduces to the ordinary SVM. The dual problem of
WSVM can be written as

1 n n n
B, 30 Sa

i=1 j=1
n
s.t. Zyiozi:()
i=1
Oéaigoia 2::1,"',71

where Q;; = y;y; K (x;,%;), K(x;,%;) is a reproducing kernel. Then the discriminant
function can be written as: f(x) = Y, &y K(x,x;) + 8. Based on the KKT

conditions, data points are partitioned into three sets:

O:{ZOZZZO}, M:{’ZO<OAL<Cz}, I:{zaz:C’l}

Denote ¢z to be a sub-vector of ¢ whose elements are indexed by Z. Similarly,

M0 means a sub-matrix of M € R"*" whose rows and columns are indexed by M
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and O, and M ¢ is abbreviated as M. Denote

Qg Y1 Qu - Qum 0 T
a=|:|, y={:]. Q=|: - |, Mz{y éM}-
M M
Oy, Yn in e an
Assume M is invertible, then we can obtain:
b | v 110
=-M1|J? +M . 2.86
] = gl e 240

So b and oy, are affine with respect to cz. For points in Z and O, we have
o7 = Cp, ap = 0. (287)

An event means a change of the index sets M, O, Z. If no event happens, the WSVM

solutions can be computed by equation (2.86) and equation (2.87).

Suppose the weight vector is updated from ¢ to ¢, then between the two

events, we can obtain
c(0) = ¢ 4 g(cW) — D) g e o,1],

where 6 is a parameter. The change of ¢ can be written as: Ac = A(c®") —
c@D) Af > 0, where A represents the amounts of change from the current value.

The following systems can be used to check whether the KKT conditions still hold:

vif (%) +yAf(x) >1, i€
o; + Aoy > 0, 7€ M

vif(xi) +yAf(x) <1, <€l

The above inequalities define the critical region, which is a convex polyhedron. The
event points lie on the border of critical regions. Similar to ¢, based on equation
(2.86) the change of b and a g can be written as

{ Ab

AaM} = Ao, (2.89)
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where
:
b = M |: Yz :| (C(new) _ C(Old)). (290)
Qm,z
Then, y;Af(x;) can be written as
Ab

A f(x;) = [yi Qi,/\/l} [AQM] + Qi zAcy
where

P = [?Jz‘ Qz‘,/\/l} ¢+ Qi,z(c(znew) - Cg)ld))- (2.92)

Then the maximum step-length where no event happens can be obtained by

Al — min O sz — Oy, 1— yjf(xj) (2 93)
}JETUO +’ ’

ie{l,...,|IM| ¢i+1, Giv1 — dm¢’ wj

where d; = C’fnew) - C’i(OId), and the solution path can be computed by equation (2.89).
At the border of critical region, the index sets M, O and Z are updated. Then the
path proceeds again for the new critical region. The procedure is repeated until c

reaches c(®e%),

When M is empty, the KKT conditions can be rewritten as

> QuC +yb>1, i€ (2.94a)
JET
Z QiCi+uyb<1l i€l (2.94b)
JET

> yiCi=0 (2.94c)

JET
From the above conditions, we can obtain the range of optimal [
max ¥;g; < fo < minyg;, (2.95)

where gi = 1-— ZjeIQijOjVC = {Z|Z c O,yi = 1} U {Z|Z c I,yi = —1},2/{ = {Z|l S
O,y; = =1} U{ili € Z,y; = 1}. Let 6 = 3,7 yid;, when § = 0, the step size Af can
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be increased as long as inequality (2.95) is satisfied. And A# is increased

u(Af) = max vi(g: + Agi(A0)), (2.96a)
((AQ) = Uélﬁn Yi(g9i + Agi(A0)), (2.96D)

where Ag;(Af) = —A Z].GI Qi;d;. When § # 0, increasing Af will violate equation
(2.94c). The following instance will enter M:

llow = AIgMAXY;g;  OF  lup = Argminy;g;
And we can obtain the following updating rules:

6>0= B0 = YipGing: M = {iup} (2.97a)
0 < 0= B0 = Yirow Jitows M = {ilow} (2.97b)

The algorithm is shown in Algorithm 2.13.

Algorithm 2.13: Solution path algorithm for WSVM

1 Initialize § = 0, ¢, ™) o, 3y, M, O, I, Cholesky factor L of Q;

2 When M is empty, if §(ax) # 0, set bias term b by (2.97); else, trace u(A6)
and ¢(Af) in (2.96) until u(Af) = ((AF);

3 When M is not empty, calculate ¢, » and A by (2.90), (2.92), (2.93);

a4 If 0+ A0 > 1, then Af < 1 — 6. Update «, b, c by step length A#;

5 0« 0+ Af, Update M, O, 7 depending on the event type, Update L;

6 If 0 # 1, return to step 2; else, end.

2.3.6 Other solution path algorithm for classification

Solution Path algorithm for Multicategory SVM. Inspired by the SVMPath
algorithm for binary classification, Lee et al. [86] extended the path following al-
gorithm to the Multicategory SVM (MSVM) [87]. They proved that the optimal
value of coefficients is piecewise linear in 1/A with an additional number of joints
roughly proportional to the number of classes. Then, the entire solution path can be

constructed sequentially.
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ROC curve based solution path algorithm for SVM. Receiver Operating
Characteristic (ROC) curves can used to measure the performance of classifier. It is
the plot of true positive rate against false positive rate, and has a wide applications
in machine learning [88,89]. Batch et al. [90] extended the SVMPath algorithm to
the case of asymmetric cost functions. Based on the piecewise linearity of the path of
solutions, they developed a solution path algorithm for SVM to compute all possible

ROC curves. The computational complexity is the same as training a single classifier.

Kernel path algorithm for SVM. Kernel methods [91] are widely applied in
many machine learning problems. Wang et al. [92] developed an algorithm to com-
pute the solution path with respect to kernel hyperparameter in SVC. An approxi-
mation method is developed to approximate the breakpoints because the kernel path
is piecewise smooth instead of piecewise linear. This algorithm can also be applied

to other kernel functions.

Solution path algorithm for OC-SVM. The one class SVM (OC-SVM) can
be seen as the extension of support vector classification to the problem of one class
classification [93,94]. Lee and Scott [95] applied the SVMPath algorithm [37] to OC-
SVM. Hastie et al. [37] have proven that the solution path of SVM is piecewise liner
in A\. Thus, Lee and Scott reformulate the OC-SVM problem, and use A to replace v.

In this way, they can compute the entire solution path for the OC-SVM.

Suboptimal solution path algorithm for SVM. Strict optimality is not neces-
sary in some machine learning problems. Karasuyama and Takeuchi [96] introduced
a suboptimal solution path algorithm for the SVM. The tolerance level can be used
to control the trade-off between the accuracy of the solution and the computational

cost. The suboptimal solutions can be seen as the solution of a perturbed problem
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from the original problem. This interpretation gives us new insights on the properties

of suboptimal solutions.

Solution surface algorithm for CS-SVM. In many classification problems, the
costs will vary for different types of mistakes. Cost sensitive learning [97] was pro-
posed to deal with unequal misclassification costs, such as boundary movement [98],
2C-SVM [99], 2v-SVM [100], and cost-sensitive hinge loss [101]. Gu et al. [102] devel-
oped a two dimensional solution surface algorithm to compute the solution path with
respect to two regularization parameters. The bi-parameter space partition algorithm
is used to compute a two-dimensional solution surface. Then the two-dimensional
validation error surface for each cross-validation fold is calculated. Finally, the cross-
validation error surface is obtained by superposing K validation error surfaces, and
the global minimum cross-validation error of CS-SVM can be obtained. Morsier et
al. [103] also proposed a solution path algorithm for CS-SVM. They applied this
method to solve the Novelty Detection problem [104].

Solution path algorithm for Pin-SVM. C-SVM is sensitive to the feature noise
around the boundary, and quantile distance can be used to solve this problem. Quan-
tile value is closely related to the pinball loss [105-107]. The hinge loss is a special
case of pinball loss when 7 = 0. Huang et al. [108] established an algorithm to com-
pute the entire solution path with respect to 7. They also extended the 7 value to

negative case, which leads to a better accuracy.

Solution path algorithm for PinTSVM. The twin SVM (TSVM) was proposed
by Jayadeva et al. [109]. The main idea is to find two nonparallel hyperplanes by solv-
ing two smaller-sized quadratic programming problems, which will make the learning

speed faster [110]. Xu et al. [111] added the pinball loss to TSVM to make it more
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robust to feature noise around the decision boundary. Yang et al. [112] proposed a
solution path approach for the PinTSVM. They proved that both the primal and
dual solutions of the PinTSVM are piecewise linear with respect to parameters ¢ and
7. The proposed method is much less computationally complex than the grid search

method.

Solution path algorithm for ranking SVM. Ranking SVM [113] can be used to
personalize the order of search results. Similar to SVM classification, the solution of
ranking SVM is piecewise linear with respect to regularization parameter \. Zapien
et al. [114] established an algorithm to efficiently compute the entire regularization

path.

2.4 Conclusions

In this chapter, we conduct a survey on solution path algorithms for regression and
classification problems. The solution path algorithms take advantage of the piece-
wise linear property of the optimal values of coefficients. Once the breakpoints are
obtained, the entire solutions can be computed by linear interpolation between break-
points. We summarize the solution path algorithms for regression and classification
models in Table 2.1 and Table 2.2. For each model, we analyze its mathematical
formulations and derive the piecewise linear coefficient paths, with a summary of the
algorithm procedure for each model. Some advantages and limitations of different
models and solution path algorithms are also discussed. Hyperparameter tuning,
which plays a vital role in machine learning, is usually time consuming. But solution

path algorithms can greatly increase the speed of this process.
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CHAPTER 3

SOLUTION PATH ALGORITHM FOR DISTRIBUTIONALLY
ROBUST REGRESSION

In this chapter, we propose a general distributionally robust regression model based
on distributionally robust optimization theory. The proposed model has piecewise lin-
ear loss function and elastic net penalty term. This model can generalize many other
regression models. We prove the piecewise linear property of the optimal solutions
to this model, which enables us to develop a solution path algorithm for the hyper-
parameter tuning. Doubly regularized least absolute deviations (DrLAD) regression
model is proposed based this framework. A solution path algorithm is developed to
speed up the tuning of two hyperparameters in this model. Numerical experiments
are implemented to validate the performance of this model and the computational

efficiency of the solution path algorithm.

The remainder of this chapter is organized as follows. Chapter 3.1 introduces
the background of this chapter. In Chapter 3.2, a general framework for regression
problems is proposed which incorporates many regression models. In Chapter 3.3, the
piecewise linear property of the solutions is explored. In Chapter 3.4, a solution path
algorithm for hyperparameter tuning in DrLAD model is developed. In Chapter 3.5,
numerical experiments are implemented to test the performance of the model and the

solution path algorithm. Finally, Chapter 3.6 concludes this chapter.
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3.1 Introduction

Regression is a technique to estimate the relationships between input x € R¢ and
output y € R. Regression coefficients 8 and fy (representing the relationships be-
tween input x and output y) can be estimated by solving expected risk minimization

problem

min B7[((2)], (3.1)

where ((z) is the loss function, z = y — (87x + fy) is the residual. Here, P is the

input-output distribution.

Different loss functions will lead to different regression models. The Ordinary
Least Squares (OLS) takes the squared error as the loss function. But it is very sensi-
tive to outlier points. The Least Absolute Deviation (LAD) [115] model minimizes the
absolute error loss, which is more robust to outliers. Huber regression [116,117] mod-
els combine the squared error loss and absolute loss, where the loss function is squared
error for residuals around zero and is absolute error for residuals far away from zero.
But Huber loss introduces another hyperparameter to define the range for squared
error and absolute error. Support vector regression [118] adopts the e-insensitive loss
to find the appropriate regression hyperplane, which is robust to outliers. Pinball loss

is used in quantile regression [63], which can produce accurate quantile forecast.

In real applications, data will contain noise that makes it deviate from original
values; this is called data uncertainty. With data uncertainty, the model will suffer
from overfitting and have bad generalization performance in test data. Regularization
is often used to handle overfitting. Hoerl et al. [119] added the ¢3-norm regulariza-
tion to OLS model, which can achieve better prediction performance. The ¢;-norm
regularization [56] can shrink the coefficient and do feature selection. The elastic net
regularization was proposed by Zou and Hastie [30], and it encourages a grouping

effect for correlated input features.
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Instead of directly using the uniform empirical distribution over the training data,
distributionally robust optimization (DRO) [120,121] considers a family of distribu-
tions in an ambiguity set. Wasserstein metric [11, 15, 18] is a popular probability
metric used to construct the ambiguity set. It contains all the distributions around
the uniform empirical distribution of the training samples within a certain Wasser-
stein distance. The Wasserstein distance can be interpreted as the minimum trans-
portation cost for moving unit mass of one distribution to the other distribution.
The Wasserstein ambiguity set can include both discrete and continuous relevent dis-
tributions, and modern measure concentration results guarantee that the unknown
data-generating distribution belongs to the set with high confidence for a sufficiently

large sample size.

The Wasserstein distributionally robust optimization model can be reformulated
as regularized machine learning model [8]. The choice of the regularization hyperpa-

rameter will highly influence the generalization performance of the model.

In some machine learning models, the optimal solutions of the coefficients will
change piecewise linearly with respect to hyperparameters. Once the break points
can be found sequentially, all the optimal solutions can be obtained efficiently. These
kinds of algorithms are called solution path algorithms [45]. Solution path algorithm
can be used to speed up the tuning of the regularization hyperparameters. The Least
Angle Regression (LARS) algorithm was proposed by Efron et al. [29] to fit the Lasso
model. Inspired by LARS, Zou et al. [30] proposed LARS-EN algorithm for elastic net
regression model. Tibshirani et al. [32] further extended the solution path algorithm
to generalized Lasso problems. Wang et al. [55] proposed the solution path algorithm
for regularized least absolute deviations regression model. For support vector regres-
sion problem, A-path [33], e-path [34] and two-dimensional path algorithms [35] were
developed to tune the hyperparameter. Takeuchi et al. [66] proposed a solution path

algorithm for kernel quantile regression.
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However, there is no well developed algorithm for the hyperparameter tuning of
Wasserstein DRO regression model. This motivates the study of developing efficient
algorithms for Wasserstein DRO regression model. This chapter proposes a gen-
eral distributionally robust regression model with piecewise linear loss function and
elastic net regularization term. The estimated regression coefficients in this model
are piecewise linear with respect to the hyperparameters. Doubly Regularized Least
Absolute Deviations (DrLAD) regression model is developed based on this general
model, which is the combination of LAD loss and elastic net regularization term. A
new solution path algorithm is developed for tuning of the two hyperparameters in

this model.

3.2 Distributionally Robust Optimization for Regression Prob-
lems

3.2.1 Distributionally robust regression models with Wasserstein ambi-

guity set

In practice, the distribution P in (3.1) is uncertain and only indirectly observable
through the training data. Based on distributionally robust optimization theory, we
can construct an ambiguity set which contains the unknown distribution P with high

confidence.

Let = = R? x R, the Wasserstein distance between two distributions Q and Q’

supported on = is defined as:

W(@@) =igt{ [ dlxy). (<) 0), (.0 :

52

IT is a joint distribution of ¢ and ¢ with marginals Q and Q' },

where d((x1,91), (X2,92)) = ||x1 — x2|| + K|y1 — y2| is a metric on Z. It means the

minimum cost of moving the distribution to another one. The parameter x > 0
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reflects the relative emphasis between feature uncertainty and label mismatch. The
larger the x is, the more confidence in labels. Given the training data {X;, g;},
the empirical distribution is defined as P = L3 Oxiw)- Then we can construct an

ambiguity set centered around P as follows:

B\(P) = {Q: W(Q,P) < A},

where A is radius of the Wasserstein ball. Thus, we obtain the following distribution-
ally robust optimization model
minh(B) + sup E2[((2)], (3.2)
£ QeBA(P)
where h(3) is a function of regression coefficients 3. If = = R4 and ¢(z) is Lipschitz
continuous with respect to z, according to Theorem 4 in [8], if K = oo, then (3.2) can

be reformulated as

winh(8) + > 3" (z) + A+ Lin() 8. 33)
e i=1

where * means the dual norm, Lip(¢) represents the Lipschitz modulus of /.

3.2.2 Distributionally robust regression models with piecewise linear loss

function

Piecewise linear loss functions are very common in regression model, such as e-
insensitive loss, pinball loss and LAD loss. The piecewise linear loss function can
be defined as

Uz) = Iknga%c{akz + by}
where K is the number of pieces. Assume |ai| < 1, then Lip(¢) = 1. If we let A = Aq,
* =1, h(B) = 22||8||3, and plug in the loss function, we can obtain

. 2 :E : W3 2211812 3.4
Iﬁ%?n i—1 <2) 1H Hl 2 ” H2 ( )
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If we take different loss functions, the distributionally robust regression model

(3.4) can generalize many different regression models.

Support vector regression. If we take ¢(z) = max{0, |z| — e},e > 0, \; =0,

Ay = A, then we can obtain the following support vector regression model [118]
A2
min Zmax{o 5l = e} + 511813

Gunter et al. [33] proposed a solution path algorithm for the tuning of hyperparam-
eter \. A two-dimensional path algorithm was developed by Wang et al. [35] for
hyperparmeter A and e.

Quantile regression. If we take ((z) = max{—7z,(1 — 1)z}, 7 € [0,1], Ay =0,
A2 = A, then we can obtain quantile regression model [64]

mln—zmax{ Tz (1 =T7)zi) + 5 ||ﬁ||2

B,60 N £

For the hyperparameter 7, Takeuchi et al. [66] proposed a solution path algorithm to
efficiently find the optimal solutions with respect to different 7.

Doubly regularized Least absolute deviations regression (DrLAD). If

we take £(z) = |z|, then we can obtain

mlH—Z|Zz|+)\1||ﬁ||1+—||6||2 (3.5)

In DrLAD model, the loss function is LAD loss, which is robust to noise. The elastic
net regularization term can perform feature selection and encourages grouping effect
for correlated input features.It has two hyperparameters A\; and A;. There is no
solution path algorithm for DrLAD model. In this chapter, we propose an efficient
solution path algorithm for DrLAD model.
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3.3 Piecewise Linear Solution Path for Distributionally Ro-
bust Regression Model

In the distributionally robust regression model (3.4), the ¢;-norm regularization can

be replaced by a linear constraint. Then we can obtain

n

1 Asy
- it 5 3.6

D Sh R e (3.60)
st.oapz; +b0p <&, 1=1,....,n, k=1,... K (3.6b)

d
> B, sign(B;) < s (3.6¢)

j=1
>0, i=1,...,n (3.6d)

For every A, there exists a s such that model (3.4) and model (3.6) are equivalent.
The proposed model (3.6) is a convex quadratic programming problem with convex
objective function and linear constraints. There are two hyperparameters in the
model: s and \y. The hyperparameters control the trade-off between the loss function
and regularization term. The performance of the models is highly influenced by the
choice the hyperparameters. If we directly perform cross-validation to identify a
proper value for these hyperparameters, we need to solve the quadratic programming

problems repeatedly, which leads to high computational cost.

In this chapter, we propose a solution path algorithm to efficiently calculate the
optimal solutions with respect to different hyperparameters, which highly speeds up
the process of cross-validation. In the following part of this section, we will explore

the piecewise linear properties of the optimal solutions in model (3.6).
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3.3.1 Piecewise linear solution path with respect to s

The distributionally robust regression model (3.6) has two hyperparameters: s for
the ¢; regularization term and A\, for the ¢, regularization term. We first fix A9, and

find the optimal solutions with respect to s.

Theorem 3.1. If )\, is fixed, the optimal solutions (3%, 35) of distributionally robust

regression model (3.6) are piecewise linear with respect to s.

Proof. The Lagrangian function of (3.6) is

A
L<ﬁ7607£§57)\2) :72”5”3 Z£z+zz771 akzz+bk_£z>

k=1 i=1

Z B, - sign(B Z Vi

where 0¥, v; (i = 1,...,n) and 0 are Lagrangian multipliers, and z; = y; — (87x;+ ).
Define the following sets

:{i:akzi—i—bk#O}, Sk:{z':akzi—i—bk:()}, V:{jﬁ]7£0}
The KKT conditions are

= \f3; — Z Z agnfxi; + 0 - sign(B;) =0, jeV (3.8a)

k=1 i=1
ZZakm =0 (3.8b)
8&) k=1 i=1
ag:ﬁ_znl—%_o i=1,....n (3.8¢)
nl(akzﬁ—bk—fl): s Z:L,TL, k’zl,,K (38d)

ZB sign(B,;) —s) =0 (3.8¢)
%&z , i=1,...,n (3.8f)

For the points in R, and &, we can obtain
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o Forie Ry: & #0, v =0, lec(:lnlk:%
e Forie & & =0, Zszlnsz%

For the points in the active sets V, &, the corresponding constraints are active. The

we can obtain the following system of equations

K n
MB; =YD amnfxi +0-sign(B;) =0, jEV (3.92)
k=1 i=1
K n
S amf =0, (3.9b)
k=1 i=1
ar(yi — (Z,@sz‘j +060))+bpe=0, 1€&, k=1,....K (3.9¢)
JjEV
> B, sign(B;) =s, if 6 >0 (3.94)
JjeEV

In the above linear system, the number of equations and number of unknowns are
equal. When s increases by a small enough amount, the sets Ry, &, V will not
change, and the structure of the above system will not change. Taking derivatives

with respect to s, we have

AB; & Anf AO .
Ao e ZZ A g i + s sign(@;) =0, jeV
k=1 i€&
K
Anf
Z Zak A - 07
k=1 i€&y
AB; Apy .
ak(‘ ASJXZ']'—FAS):O, 1€&, k=1....K
JjeVY
AB; .
‘ As] -sign(B;) =1, if 6 >0
JEV

The solutions of the above system of linear equations are the gradients of 3;, 5, nr, 0.
If the active sets V and & do not change, the gradients will not change. So 3, fo, nr, 0
will change linearly in s. When the s increases large enough, one of the active set V
and £ will change, and the structure of the above system will change. We will obtain

new gradients, so the optimal solutions will change piecewise linear in s. ]
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3.3.2 Piecewise linear solution path with respect to \,

Next, we fix s, and find the optimal solutions of 3 and Sy with respect to As.

Theorem 3.2. If s is fixed, the optimal solutions (3", ) of distributionally robust

regression model (3.6) are piecewise linear with respect to 1/\s.

Proof. Similar to (3.9), let v = 1/)s, (¥ = vnF, we have

K n
B, — Z Zakgfxij +0v-sign(B;) =0, je€V (3.11a)
k=1 i=1
K n
Z Z ¢k =o, (3.11b)
k=1 i=1

ar(yi — (Y _Bixij+ o) +bp =0, i€&, k=1 K (3.11c)

jev
In the above linear system, the number of equations and unknowns (6 = A; is known)
are equal. When v changes by a small enough amount, the sets &, V will not change,
and the structure of the above system will not change. The system of linear equations

(3.11) can be written as

K n K n
B, — Z Z arCixi; — Z Z vanix;; + v - sign(B;) =0, j€eV (3.12a)
k=1 ic€ k=1 ig€
K n K n
YD alf+> > alf =0, (3.12b)
k=1 i€k k=1 ig€
ak(yi—(ZBjxij—i—ﬁo))—i—bk:O, iegk, kzl,,K
jEV
(3.12¢)

Taking derivatives with respect to v, we can obtain

K K

AB. k
g_ZZAA%%XU:Zzaknfxij_e'Sign(ﬁj>’ JEeV

k=1 i€& k=1 i¢&x

K AQ’“ K K
Soda Tt == > ami =Y Y )

k=1 i€&} k=1 i¢&y, k=1 i€&}
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AB.
ak(z ﬂyj +A50):O, 1€&, k=1,....K

Similar as the proof for Theorem 3.1, we can find 8, 5y are piecewise linear in v. In

equation (3.11), if we plug in 3, = /\% Zszl S i — /\% - sign(8;)

K n
Zzakﬁf =0,

k=1 =1

K n
ag(yiNa — (Z Z(Z apnixi; — 0 - sign(B;))xij +no)) + b =0, €&, k=1,...

JeV k=1 i=1
where 19 = Ay3y. Then taking derivative with respect to g, we can obtain

A'L
ZZ%A?\Q =0,

k=1 i€&

K
ZZZ—%MXU 220)—yi+bk, 1€8&, k=1,....K

JEV k=1 €&

Similar as the proof for Theorem 3.1, we can find that n¥ is piecewise linear in Xp. [

3.4 Solution Path Algorithm for Doubly Regularized Least
Absolute Deviations Regression

In this section, we consider a special case of the distributionally robust regression
model, the DrLAD model (shown in (3.5)). Similar as the reformulation of model

(3.6), model (3.5) can be equivalently written as

R A2 o
— it = 3.16
min n;& + 5 1813 (3.16a)
st.oyi— (B'xi+f) <&, i=1,...,n (3.16h)
(/BTXZ‘ -+ ﬁo) — Y S fia 1= 1, oo, n (3160)

d
> B, sign(B;) < s (3.16d)
j=1
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5@207 Z:]-a)n (3166)

In this model, we have two hyperparameters s and \,. A solution path algorithm is

developed for this model.

3.4.1 Piecewise linear solution path with respect to s

The Lagrangian function of (3.16) is

A
L(B. Bo. & 5, 20) = [1BII5 + ZmZm yi — (BT + fo) = &)

_an BTX1+B0)+€Z +9 ZIB SZgTL nyzgz

where n;f, 77, v (i = 1,...,n) and 6 are Lagrangian multipliers. Define V = {j :
B, # 0}, the KKT conditions are

a 6’ =\, — Z 0 )Xy + 0 sign(B,) =0, jEV (3.18a)
(‘% = - Zzn;(m* —1;) =0 (3.18b)
gé:%—nj—n;—%:o, i=1,...n (3.18¢)
ni(yi — (BTxi + Bo) — &) =0, i=1,...,n (3.18d)
m( —(B'x;+ o) +&) =0, i=1....n (3.18¢)
e(z B; - sign(B,) —s) =0 (3.18f)
721: 0, i=1,...,n (3.18g)

Then, as shown in Figure 3.1, we can split the data points into different groups

based on the residuals

E={iyi— (Bxi+Bo) =0}, L={i:y;— (B'x + po) <0},
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Figure 3.1: Partition of Data Points.

R={i:yi— (B + ) >0}

where £ contains points in the elbow of the LAD loss. £ corresponds to points in the
left of the elbow, and R means points lie in the right of the elbow. ) contains the

index of the non zero feature. Then we have

.FOriGRI §Z>O,’%:O,7’]:—:%,7];:0
eForiel: §>0,v%=0,n"=0,n ==+

e Forieé&: fi:0a77@'++77i_§%

Let m; = " — n;, then we have the following equations

X = Y mixi; +0 - sign(B;) =0, jEV (3.19a)

=1

> =0, (3.19b)
=1

vi— (O _Bxij+ ) =0, i€& (3.19¢)
JEV
> B, sign(B;) =s, if >0 (3.19d)

JEV
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This linear system consists of |V| + |€] 4+ 2 equations and |V| + |€| + 2 unknowns.
When s increases by a small enough amount, the sets R, £, £, V will not change,
and the structure of the above system will not change. Taking right derivatives with

respect to s, we have

Aﬁj Am AD _
A2 s A i+ As sign(@;) =0, jeV
An;
> Ay =0
€€ As
A
Z A Txi; + BO:O, icé
JEV

A -sign(B;) =1, if 6 >0

JEY

We define the following events to identify changes in V, £, R and £.

e An active feature in V becomes inactive. This event happens when | ,Bj| becomes

0.

e An inactive feature joins active set V. This event happens when the absolute

value of the generalized correlation ¢; = A3, — > miXij reaches 6.

e A point moves from £ to £ or R. This event happens when 7; becomes —% or

S |-

e A point moves from £ or R to £. This event happens when the residual r; =

— (B™x; + fy) reaches 0.

At the initial state, s = 0, B8 = 0, the objective function of (3.5) becomes

1
min — P — .
5 n;‘y 50’

We have V = 0. Let y1),Y),---,Ym) be the response variable in ascending order.
If n is odd, let t; be the index corresponding to ¥ 2, then we have b = y,, and
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n, = 0. If n is even, let ¢; and Z, be the corresponding indices of y,,/2) and Yy 2+41),

then either one of them can be added to &. If we take b = ,, then we have ;,, = — 1.

Let &% be the smallest decrease for the first event i to happen. Next, we will detail
exactly how to find each §°.

(1) An active feature in ¥V becomes inactive:

03,
5 = min { — ¢, 3.21
o {Aﬁj/As} (3:21)
where V, ={j € V: Aﬂ /A > 0}.
(2) An inactive feature joins active set V. Let f;7 = W, fi = W,

then we have

min{f;", 7}, if f;7 > 0and f; >0
g; = { max{f;", f; }, if either f; <0 or f; < 0 but not both
oo, if f;" <0and f; <0

02 = min{ g, 3.22
: = min{g;} (3.22)
AC]' . A
where T2 = — e T4y

(3) A point moves from & to £ or R:

1 _ i 1 _ i
0; = o 2
Izlgsn fax { An;/As’ An;/As } (3.23)
(4) A point moves from £ or R to &:
0— T
ot =min| 3y } 324
where £¢ = {i ¢ £ A?;/’ZS >0}, % — Z]GV Dixi; — AABSO'

(5) the generalized correlation of active features reaches to 0:

5 00

= A7As (3.25)

The algorithm for the s-path is shown in Algorithm 3.1.
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Algorithm 3.1: s-path algorithm

1 Initialize s, Ao, Bo, B, i, 0, R, L, E, V;
2 Compute 6},42, 63,64, 65 by equations (3.21)-(3.25), and find

5, = min(31, 62, 6%, 84, 67);

§7Ys8)Ys8)Ys) Vs /)

3 Update 5]'750777@'79 by

AB; ApBy

By Bi+d7 JEV, ot Pot o>
An; . Af

772%7]@"‘(55@, 265, 0%6"‘55&

Update £,R, &, and V;
4 Set s + s+ 0,;

5 Stop the algorithm when one of the following situation happens:

e The generalized correlation reduces to zero;
e s reaches to upper bound.

Otherwise, return to step 2.

3.4.2 Piecewise linear solution path with respect to \,
Similar as (3.19), let v = 1/A\y and ¢; = vn;, we have
B; — Z Gixij +0v - sign(B;) =0, j€V
i=1

> G=0,
=1

?Ji—(ZBinj+ﬁo) =0, 1€

JEV

(3.26a)

(3.26b)

(3.26¢)

This linear system consists of |V| + |€| + 1 equations and |V| + |€] + 1 unknowns

(0 = A1 is fixed). When v changes by a small enough amount, the sets R, £, £, V

will not change, and the structure of the above system will not change. (3.26) can be

written as:

B;— Z GiXij — Z vnixij + 0v - sign(B;) =0, jeEV

€€ i¢E

(3.27a)
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i G+ i G =0, (3.27b)

icE igE
Yi — (Z Bixij+B) =0, 1€ (3.27¢)
jev

Taking derivatives with respect to v, we have

AB. A
AIBJ - CZ anxm 0 - Slgn(ﬁ )7 .] eV
v €€ 1¢E
ACZ
€€ i¢E €€
Z A 5 =0, i€&
%

We can find B, By and (; are piecewise linear in v. In (3.26), if we plug in 3; =

9 .
/\% i1 MiXij — 55 - sign(B;)

n

> ni=0,

i=1
Yidy — (Z(Z niXij — 0 - sign(B;))xi; +m) =0, €&
JjeV i=1
X2fo. Then take derivative with respect to Ao, we have
> Ap-
Ay 0

€€

where 7y =

An; A .
> X)Xyt o =y, (E€E
LA L NN 2
JEV €€
This linear system consists of |£]|+1 equations and |€]+ 1 unknowns.We can find that

7; is piecewise linear in Ao. Then we need to compute the increase of v (or decrease

of \g) is needed to reach the next event:

(1) An active feature in V becomes inactive:

[ 0-5

WhereV+:{j€V:;ﬁ__—%j>O}.
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(2) An inactive feature joins active set V. Let fjJr = ACQ/ACQZ i = %, then

we have
max{f;“,fj_}, if fj+ <0and f; <0
g; = (min{f;", f;°}, if either f >0 or f; > 0 but not both
—oo, if f > 0and f7 >0

52 = , 3.32
X ggd%} (3.32)

An;
=—> i A,T\Ig Xij
(3) A point moves from & to L or R:

il i,
83, = max rmn{Am/A/\2 AT]Z/A)\Q} (3.33)

(4) A point moves from £ or R to &:

0—r;
= .34
o ?eléc {ATZ/AV} (3:34)
where £ = {i ¢ & : A?“;/rAiu > 0}.
(5) Ag reaches to 0:
03, = =X (3.35)

Then find the event happens first by

A0 o s A0
6)\2 :max{m75)\275)\27 + A 5475)\2}

The algorithm for the Ag-path is shown in Algorithm 3.2.

(3.36)

The solution path algorithm for the DrLLAD is shown in Algorithm 3.3.

3.5 Numerical Experiment

3.5.1 Computational efficiency

The experiments were performed on a Linux server with AMD Zen2 16 core processors

(2.3GHz) and 64GB RAM. In this experiment, we implemented 5-fold cross-validation
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Algorithm 3.2: \-path algorithm

Initialize s, Ao, v, Bo, B, i, R, L, E, V;

Compute 8}, 03,85, 0,05 by equations (3.31)-(3.35), and find 8y, by
equation (3.36);

Update 8;, o, n: by

AB; ; ABo An; ;

Bjeﬁj—i—él,w, 7€V, ﬂo(—ﬁo—FdVE, 771'<—77¢+(5,\2A)\2, 1e€&
Update £, R, €&, and V;

Set )\2 — /\2 + 5)\2;

Stop the algorithm when A reaches to 0 (or lower bound). Otherwise, return
to step 2.

N =

w

[SLE

Algorithm 3.3: Solution path algorithm for DrLAD

1 Given a grid values of s and Ay;

2 Set Ay = 0, Compute the solution path for s using Algorithm 3.1;

3 Set s = 0, compute the solution path with respect to \s using Algorithm 3.2;

4 Set s + s+ As, compute the solution path with respect to Ay using
Algorithm 3.2;

Stop the algorithm when s reaches upper bound. Otherwise, return to step 4.

9]

on Prostate data and Triazines data to select the appropriate hyperparameters. The
computational time and test error were recorded for solution path algorithm and
CVXPY solver [122]. The experiments were repeated 10 times, and the results are
shown in Table 3.1 and Table 3.2.

In Table 3.1, as the number of hyperparameters increase, the computational time
will increase. The computational time of CVXPY method scales in total number of
hyperparameters. For example, when the number of s is 5, the number of Ay is 5,
the average computational time is 2.218s. When the number of Ay doubles to 10, the
computational time also doubles to 4.395s. When the number of s is 10, the number
of Ay is 5, the computational time is 4.481s. The computational time in fourth row
is very close to the time in second row, because they have same total numbers of

hyperparameters.

The computational time of solution path algorithm mainly scales in number of
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Figure 3.2: The Piecewise Linear Solution Path of Coefficients with Respect to Dif-
ferent Hyperparameters

Table 3.1: Experiments of DrLAD on Prostate Data

Hyperparameter Computational time Test Error

# of s | # of Ay | SP method (s) | CVXPY(s) SP method CVXPY
5 ) 0.482+0.078 | 1.709£0.011 | 0.554£0.204 | 0.548 +0.193
5 10 0.497 £0.104 | 3.884 £0.041 | 0.537 £0.198 | 0.547 +0.194
5 20 0.522+£0.116 | 8.129+£0.060 | 0.531 £0.195 | 0.550 +0.189
10 5 0.781 £0.185 | 3.462£0.042 | 0.547 £0.204 | 0.556 +0.204
10 10 0.873 £0.227 | 7.774+£0.065 | 0.532£0.187 | 0.529 £0.170
10 20 0.976 £0.269 | 16.371 £ 0.179 | 0.526 £ 0.188 | 0.538 £ 0.188
20 5 1.452 4+ 0.316 | 6.905+0.063 | 0.538 = 0.185 | 0.550 £ 0.200
20 10 1.666 +0.414 | 15.611 £0.144 | 0.533 £0.186 | 0.533 +£ 0.185
20 20 1.873 +£0.495 | 32.884 £0.308 | 0.530 = 0.185 | 0.545£0.184

s. When the number of )y fixed 5, the number of s increases from 5 to 10, the

computational time increases from 0.481s to 0.772s. The time nearly doubles as the

number of s doubles. But when the number of s fixed 5, the number of Ay increases

from 5 to 10, the computational time only increases from 0.481s to 0.525s.

In Figure 3.3, the CVXPY method only computes the optimal solutions with

respect to the blue points. So the computational time is scale in the total number of

blue points. The solution path algorithm calculates all the optimal solutions along
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A2 Az
(a) Number of s is 5, Number of Ay is 5 (b) Number of s is 10, Number of g is 5
2 4 ;2 8 10 2 4 ;2 8 10
(¢) Number of s is 5, Number of Ay is 10 (d) Number of s is 10, Number of A2 is 10

Figure 3.3: The Grid of Hyperparameters

the solution path, corresponding the green lines and orange lines. From Figure 3.3a
to 3.3b, the number of s increases, we need to calculate the new path for Ay, which
will lead to more computational cost. But from Figure 3.3a to 3.3c, although the
number of )y increases, the path remains the same as Figure 3.3a. The increased

time is mainly caused by more iterations.

Compared with CVXPY method, solution path algorithm also achieves good test

error, which means that it can select appropriate hyperparameters.

Table 3.2 shows the results for Triazines data. It also validates the efficiency of

solution path algorithm. The triazines data has higher dimensions (60) than the
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Hyperparameter Computational time Test Error

# of s | # of Ay | SP method (s) CVXPY(s) SP method CVXPY
5 5 3.774 £ 0.226 9.266 £ 0.166 | 0.0226 = 0.0082 | 0.0229 £+ 0.0078
5 10 4.2194+0.208 | 18.067 +£0.345 | 0.0212 + 0.0066 | 0.0212 + 0.0066
5 20 4.583 +£0.355 | 35.604 +£0.674 | 0.0214 £ 0.0069 | 0.0214 £+ 0.0069
10 5 7.147 £0.391 | 18.796 £ 0.343 | 0.0200 £+ 0.0061 | 0.0200 + 0.0061
10 10 8.193 £0.532 | 36.446 £ 0.638 | 0.0202 + 0.0059 | 0.0204 £ 0.0057
10 20 9.252 +£0.622 | 72.497+£1.184 | 0.0197 +0.0053 | 0.0202 £ 0.0058
20 5 14.217 £0.911 | 37.670 £ 0.554 | 0.0202 £+ 0.0060 | 0.0203 % 0.0060
20 10 16.253 £0.954 | 74.473 £1.543 | 0.0201 +£0.0062 | 0.0203 % 0.0060
20 20 18.470 £ 1.444 | 145.494 +2.045 | 0.0196 + 0.0056 | 0.0201 = 0.0061

prostate data (8). Regularization technique is widely used in high dimensional data

analysis. The regularization term can perform feature selection and deal with corre-

lated features. The solution path algorithm highly improves the efficiency of cross-

validation process and select the appropriate hyperparameters.

3.5.2 Accuracy

Simulation Fxperiments.

In this experiment, we generate simulated data with group correlated coefficients

under different correlations. The data are generated as follows:

Yi ~ Nm(x;,rﬁ*7 02)

X; ~ Nm(O, E)

where the covariance matrix X is defined as

>

1
E3><3

O3><3
0343
0343

03x3 O3x3  O3x3
ngg 0?3><3 03><3
O35 3.3 Osxs
0353  O3x3  Ioixon

1 N2 _ 3 _
’ z)3><3 - z)3><3 - 23><3 -

T -
T D

DD
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p is the correlation of two variables. The coefficients are defined as
68" =11,1,1,0.5,0.5,0.5,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0]

We use the following evaluation metrics [123]:

e Mean Squared Error (MSE):

n

MSE = -3 (3 — XA

i=1
e Relative Risk (RR):

EXB-x'8" _(B-B)E(B-8")

MO = " gGapy CRRH

e Relative Test Error (RTE):

E(y —x1B)? _ (8- B)TS(B - ) +0°

o2 o2

RTE(B) =

e Proportion of Variance Explained (PVE):

y-xB)? _ _(B-B)S(B-F)+0’
Var(y) (BB +0?

PVE(B) =1—

Figure 3.4 shows that DrLAD acheives best performance in RR, RTE and PVE, which

means that it provides the best explanation of the estimated coefficients.

In Figure 3.4a, as the correlation increases, the estimation of coefficients become
harder, so MSE has an increase trend for all the models. The LAD model has no
regularization terms, the generation performance is not good. It has the highest MSE
among the four models. The DrLAD model achieves the lowest MSE or second lowest
MSE for varied correlations. The elastic net regularization term is a combination of
¢1-norm regularization and fs-norm regularization. So it can perform feature selection
like /1-norm regularization and deal with correlation like fo-norm regularization. It

also encourages grouping effect to select a group of coefficients.
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Figure 3.4b is the result of RR. RR is the ratio of expectation of squared error
and expectation of true response. The score is 0 if the estimated coefficients equal
true coefficients (@ = 3*). It can be found that the RR score of LAD model is very
high while DrLAD model has the lowest RR in varied correlations.

RTE in Figure 3.4c is the ratio of expected squared error and Bayes error rate. If
B = 3%, the RTE score is 1. DrLAD model obtain the lowest RTE score compared

with other models.

PVE is used to measure the proportion to which the model can explain the vari-
ation of data. Figure 3.4d shows that the DrLAD achieves the highest PVE scores,
which means that the coefficients estimated by DrLAD model account for the data

better than the remaining models.
Real data Experiments.

In this experiment, we compare LAD, ¢,-LAD, ¢5-LAD and DrLAD in different
datasets. The information of the datasets are summarized in Table 3.3. Each dataset
is split into 80% for training and 20% for test. 5-fold cross-validation is used for

parameter tuning.

Table 3.3: Summary of Data Sets

Dataset Number of samples | Dimensionality
Prostate 97 8
Wine quality 4898 12
Forest fire 517 12
Auto mpg 398 7
Triazines 186 60

In Table 3.4, we can find that the regularized LAD models have better general-

ization performance compared with LAD model. It validates that the regularization
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Figure 3.4: Results of Simulation Experiments
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term can improve the generation performance. ¢;-LAD has the lowest MSE in Auto

MPG data. ¢5-LAD has the best performance in Triazines data. DrLAD has the

lowest MSE in Prostate, Wine quality, Forest fire and second lowest MSE in Auto

MPG and Triazines. As the combination of ¢; and /¢y regularization, the elastic net

regularization term enjoys the benefits from both ¢; and ¢ regularization, and has

the better generalization performance in different data sets.
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Table 3.4: Mean Squred Error (MSE) of LAD, ¢;-LAD, ¢,-LAD and DrLAD

Dataset LAD ¢;-LAD l5-LAD DrLAD
Prostate 0.571 £ 0.210 0.568 £ 0.203 0.539 £ 0.189 0.526 = 0.188
Wine quality | 0.573 +0.025 0.570 £ 0.022 0.569 £ 0.022 0.569 £ 0.022
Forest fire 2.563 £0.363 2.469 £+ 0.427 2.544 + 0.358 2.422 + 0.457
Auto MPG 12.560 +1.480 | 12.481 +1.460 12.548 +1.680 12.539 £+ 1.680
Triazines 0.0294 £ 0.0084 | 0.0202 £ 0.0062 | 0.0194 + 0.0045 | 0.0196 + 0.0056

3.6 Conclusions

In this chapter, we derived a general form for distributionally robust regression based
on distributionally robust optimization theory. This model can generalize many re-
gression models, such as support vector regression, quantile regression. We also de-
rived a new model DrLLAD based on this general framework. The optimal solutions of
these models are piecewise linear with respect to hyperparameters. A solution path
algorithm is proposed to efficiently obtain the optimal solutions and speed up the

hyperparameter tuning.

The experiments of computational time show that the solution path algorithm
highly improves the cross-validation process compared to directly applying CVXPY
solver. In the simulation experiments, we can find that the regularization terms
can deal with correlation and the elastic net regularization term has the overall best
performance. The real data experiments also show that the regularization terms can
decrease the generalization error and the DrLAD model has good performance in

different data sets.

For future research, we can extend the solution path algorithm to distributionally
robust regression models with more complex loss functions and regularization terms

and to distributionally robust classification models.



92

CHAPTER 4

SOLUTION PATH ALGORITHM FOR DOUBLE MARGIN
SUPPORT VECTOR MACHINES

In this chapter, a new SVM model with double regularization terms and double mar-
gins is derived based on DRO. The proposed model can explain the data uncertainty
in probabilistic way as well as perform automatic feature selection for high dimen-
sional data. We prove that the optimal solutions of this model change piecewise
linearly with respect to the hyperparameters. Based on this piecewise linear prop-
erty, a solution path algorithm is proposed to efficiently obtain the optimal solutions
and thus speed up the hyperparameter tuning process. Numerical experiments indi-
cate that the solution path algorithm is very efficient and the proposed model obtain

good performance under noisy data.

The remainder of this chapter is organized as follows. Chapter 4.1 introduces the
background of this chapter. In Chapter 4.2 presents the derivation of Double Margin
Doubly Regularized SVM (DM-DrSVM) and its solution property. In Chapter 4.3,
a solution path algorithm is developed for DM-DrSVM. In Chapter 4.4, numerical
experiments are performed to test the efficiency of the solution path algorithm and the

performance of the DM-DrSVM model. Finally, Chapter 4.5 concludes this chapter.

4.1 Introduction

Support Vector machines (SVM) [60] are popular supervised machine learning meth-
ods for classification problems. The main idea of SVM is to find a hyperplane which

can maximize the distance between two margins. By introducing slack variables in
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the constraints, Soft Margin SVM is proposed to deal with the data which is not

separable.

In classical SVM, it is assumed that the data points are not corrupted with noise.
However, in real applications, the observations are often plagued by uncertainty, such
as the measurement error introduced by the limited precision of the instrument, miss-
ing data and label noise [124]. In order to estimate the true input-output relationship,
noise structure should be considered during model estimation. Robust Optimization
is a classical technique to model the data uncertainty. Trafalis et al. [1] and Fan et
al. [2] modeled the data uncertainty by bounded uncertainty set. Chance constraint
was used by Ben-Tal et al. [3] and Wang et al. [4] to model data uncertainty. Recently,
Distributionally Robust Optimization (DRO) is attracting more and more attention
in modeling data uncertainty. DRO minimizes the worst-case expected loss, where
the expectation is taken with respect to the distributions contained in an ambiguity

set. The ambiguity set is defined by moment [6,125] or probability distance [9,11].

Many machine learning models are developed based on Wasserstein ambiguity set.
Shaeezadeh-Abadeh et al. [15] proposed a distributionally robust logistic regression
model. Lee and Mehrotra et al. [16] developed a distributionally robust framework for
support vector machines. Shaeezadeh-Abadeh et al. [8] proposed a new regularization
technique which can be applied to many regression and classification models based

on Wasserstein DRO.

Regarding the solution techniques, cutting surface-based methods were proposed
to solve distributionally robust support vector machines by Lee and Mehrotra [16]
and Luo and Mehrotra [22]. Blanchet et al. [23] and Sinha et al. [19] proposed
stochastic gradient descent algorithms to tackle the Wasserstein DRO problems. For
distributionally logistic regression, Li et al. [24] developed an ADMM-based first-order

algorithmic framework. Epigraphical projection-based incremental algorithms were
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proposed by Li et al. [25] to solve distributionally robust support vector machines

problem.

However, the above solution techniques are proposed for solving the DRO model
with fixed hyperparameters. In Wasserstein DRO models, the radius A of the Wasser-
stein ambiguity set is an important hyperparameters. With larger A, more distri-
butions will be included; with smaller A, the empirical distribution will have more
influence. To select the appropriate A, we need to solve a series DRO models with
different hyperparameters. Directly applying the grid search is computationally in-
tense and very inefficient. Solution path algorithms can be applied to speed up the

hyperparameter tuning.

Solution path algorithms can obtain the optimal solutions with respect to different
hyperparameters without retraining the model multiple times. These kinds of algo-
rithms have been widely used in classical support vector machines. Hastie et al. [37]
firstly introduced the SVMPath algorithm to fit the entire path for SVM solutions
with respect to different regularization hyperparameters. Zhu et al. [41] developed
an efficient algorithm to compute the solution path of the ¢;-SVM. Wang et al. [44]
proposed solution path algorithms for doubly regularized SVM. For v-SVM, efficient
algorithms were designed by Gu et al. [42,43] to trace the solution path with respect v.
Washburn et al. [17] developed a solution path algorithm for distributionally robust
v-SVM.

However, there is no efficient algorithms for hyperparameter tuning of distribu-
tionally robust support vector machines. In this chapter, we develop a distributionally
robust SVM formulations, called doubly regularized double margin support vector ma-
chines (DM-DrSVM). Efficient algorithms are proposed to trace the solution paths

with respect the two regularization hyperparameters.
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4.2 Distributionally Robust Support Vector Machines and
Solution Properties

4.2.1 Wasserstein distributionally robust SVM

Let s = (x,y), © = R? x R, the Wasserstein distance between two distributions Q

and Q' supported on = is defined as

N / ~ Il is a joint distribution of s and s’
W@ Q)= 1gf{/52 d(s, s )(ds, ds') - with marginals Q and Q' respectively

where d(s, s') = ||l — 2'[| + 5|y — ¥/|. & > 0 represents the relative emphasis between
feature mismatch and label uncertainty. The empirical distribution for the training
data {(&;, 9}, is P = Ly O@g- Then we can construct the Wasserstein
ambiguity set around P

B\(P) = {Q: W(Q,P) < \}

where A is the radius of the Wasserstein ambiguity set. Then the distributionally

robust support vector machine can be formulated as
. )\2 2 Q
min —[|wll; + sup  E¥[(z,y)], (4.1)
“w QeBy, (P)

where {(x,y) = max{0,1 — y(wT@ + b)} is the hinge loss for SVM. It can be refor-

mulated as

. AQ 2 1 "
anljré ?HwH2+>\19+E;£i
stl—yz(’meZ—l—b)S&, izl,...,n
l+y(wa; +b) —rkp <&, 1=1,...,n
Jwli <p
& >0, i=1,....n

p=0
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Figure 4.1: Double Margin Doubly Regularized Support Vector Machine (DM-
DrSVM)

Since p > ||w]||; > 0, then we can remove p > 0. Then the above problem can be

simplified as

gl%)l% %Hw”%—i—)up-i-%;& (4.2a)
st. 1l —y(wa; +b) < f; i=1,...,n (4.2b)
l+y(wia;, +b) —kp <&, i=1,...,n (4.2¢)
lwli < p (4.2d)
>0, i=1,...,n (4.2¢)

Different from classical SVM, the derived new SVM has another pair of margin and
regularization term introduced by the DRO formulation. Thus, we call this new model

as Double Margin Doubly Regularized Support Vector Machine (DM-DrSVM).
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4.2.2 Piecewise linear solution path for DM-DrSVM

The model (4.2) has convex quadratic objective function and linear constraints, so
it is convex programming problem. Karush-Kuhn—Tucker (KKT) conditions can be
applied to this model to obtain the optimal solutions. The Lagrangian function of
(4.2) is

L(w, b, p,0,& a, 11,75 A1, Aa) ——HwHQ + A+~ Za + Zaz (1 - gs(wTe; +0) = &)

=1

+Zu11+yz(’ww@+b)—f<¢p &) +0(|lwl, — p) Zma

=1

The KKT conditions are

oL ~ . .
ow; = dow; + ; —QiYi%ij + piyieij + 0 - sign(w;) =0, jEV
oL -
FT Z —a;y; + piyi =0

i=1
oL 1 0

=m0 g =T =

o9&  n Hi — 1)
oL u

ai(1 —yi(wTz; +0) — &) =
pi(1 4+ yi(wTe; +b) — pr — &) =0
O(|lwly —p) =0

7]152:07 'L.:]_,...ﬂfb

Let f(x;) = wTx; + b, we define the following sets

) 1
£:{z:yif(mi)<l}, §z‘=1—yz'f(wi)>0;ai=ﬁ,m=7h’=0

) 1
5L:{Ziyif($i):1}7 5120,0@4‘771:5,/%:0
1

5M:{i31<yif(93z‘)<’fp—1}, fz‘:O,Th:E,Oﬁ:ﬁizmzo
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Figure 4.2: Split the Data Points into Different Sets

) 1
Er={i:yif(x;) = kp — 1}, &ZU,UHLM:E,O@'ZO
) 1
R ={i:yif(x;) > kp — 1}, §i:1+yz‘f(wz‘)—fip>0,,ui:E,Oéz':m‘:

Then we have the following equations

Aow; + Z Q;)yizi; + 6 - sign(w;) =0, jeV

n

D (= i)y =0

=1

0+Zum:)\1
=1

ij-sign(wj)—pzo, if >0

JjEV

yz<z W T —+ b) = 1, 1€ gL

=%

1+yi(2ijij+b)—/£p:(), i € ER

jEV
In the above system of equations, we have |V| + |EL| + |Er| + 3 equations, and |V| +
|EL] + |Er| + 3 unknown variables(6, v, b, w; for j € V, «; for i € Ep, p,y, for m € Eg).

Taking derivative with respect to Aq, then we have

Aw. Aal A,uz Ae . .
A2 A)\lj - A yz ij + Z yz i + —— A)\ SZg’rL(’LUj) =0, VES Y (43&)
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A[LZ AO&Z' -

B onap Shvwlit (4:30)

i€ER 1€EL
NV Eg: A 1 (4.3¢)

R

%
A’wj Ab
i — X + — :0, 1€ €& 4.3e
Y (]EZV A/\l J A)\l) L ( )
Aw; Ab Ap .

. b PR = 4.3t
yz( A)\lw”—i‘A)\l) A)\l =0, ZEgR ( 3)

The solutions to the system of equations will not depend on \;. If V, &, Eg do not
change, when \; changes, the variables(,v,b, w; for j € V, «; for i € &, p,, for
m € Er) will change linearly with respect to A;. Following similar idea, we can also

prove that the optimal solutions will change linearly with respect to As.

4.3 Solution Path Algorithm for DM-DrSVM

Since the optimal solutions of DM-DrSVM is piecewise linear in the hyperparameters
(A1, A2), we can develop solution path algorithm to efficiently obtain the optimal

solutions.

4.3.1 Solution path algorithm with respect to )\,

We first set \; = 0, and let p be a large positive number, the optimization problem

becomes:

min —H'sz Z& (4.4a)

fZZO, Z:L,n (44(;)
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When Ay = 400, w = 0, the above problem becomes

1 n
in — i 4.5
min n;i (4.5a)
st.1—yb<&, i1=1,...,n (4.5b)
&>0, i=1,...,n (4.5¢)

Define Z, ={i:y; =1} and Z_ = {i : y; = —1}, then we have n, = |Z,|,n_ =|Z_|.

If n, =n_, as Ay decreases from 400, one or more positive and negative points

will join &, simultaneously. The Lagrange function of model (4.4) is
)\2 , 1 n n ) n
i=1 i=1 i=1

The KKT conditions are

oL u
= Aw; + —ayixi; =0, jeV
awj J ; J
oL &
= Z —o;y; =0
ab i=1
851 - n ! =

(1 —y(w'e; +b) = &) =0, i=1,...,n

77252:0, @'zl,...,n

Let i, and i_ be the index of the two points join £, f(x) = wTx + b, then i, and i_
can be obtained by iy = max;ez, f(x;) and i- = max;ez f(=;). Since iy,i_ € &,
we can obtain

wie;, +b=1 - ,\%(Z?zl ayixz)Tx;, +b=1
mei_ + b =-1 L (Z:-L:l Oéiyi$i)T£Bi_ + b =—1

Ao
Ay — (i asyims) T — (307 uyixi) T
2= 2
= h— (i cayims) T, +(3072 ayis) T

(O ey T, — (3 oy Ta_

So we obtain the initial value of Ay and b.
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If ny > n_, the dual formulation of model (4.4) is
n 1 n n
ij ; a; — 2—)\2 Z Z QG OGY YL

=1 j=1
s.t. Z QY = 0
=1

3|

If we set b = 1, then we have o; = 1/n,i € Z_, and > | a; = 2n_/n. So the above

optimization problem can be written as

n n
min g E QO YiY ;T
k3

i=1 j=1

1
st.0<; < —1el,
n

n
n_
E o = —
n

1€y

1
a; = —,’i S
n
By solving the above optimization problem, we can obtain the initial values for «.

Then we need to find the event when active sets change. Based on the KKT

conditions, we have the following equations

)\Q’I,Uj -+ Z —QuYiTij; = 0, j ey

i=1
n
E a;y; =0,
i=1

yZ(Z w;x;; + b) =1, i€&

JjEV

Let v =1/Xa, af = a;/ A2, then we have

'LUj—ZOé;kyifBij:O, jEV
i=1
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Z@;‘?/i + Z@:yi =0,

'Leg[, z¢8L
yl(z ’LUjCCij —+ b) = 1, 1 E SL

JEV

Taking derivative with respect to v, then we have

ij Z N yzw'ij = Z Y,  JEV

€€ i¢EL
= Z QiYi
€€ i€EL
Aw; Ab
— =0, 1€€&
Ay BT A, R

jev
The above system of equations have |V|+|EL|+1 equations and |V|+|EL|+1 unknown

variables. From the above equations, we have

n
1
w; = W E QYiLij
2=

The we can obtain

i a3Y; = 07
i=1

1 « .
yz(Z(g Zo‘iyﬂij)wij +b)=1, i€

jev i=1

Let ag = bAy, we can obtain

i a;y; =0,
=1

yZ(Z(Z QYT )T+ ) = Ao, 1 EEL

jev =1
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Taking derivative with respect to Ay, then we have
> 5
A)\z yl - 7
AO[Z AO&Q 1
g - , € g
Z Z AanT" 2 A)\z y
JEV €&y,

The above system of equations have ||+ 1 equations and |£ |+ 1 unknown variables.

Define r; = 1 — y; f(;), then we have

AT’Z'
Av

ij Ab

JEV

Then we decrease the value of Ay and one of the following events will happen.

e a point moves from &y, to L or &y

0— 1_
8y, = e 4.7
< Ilrel%z(mln{AOéi/A/\27 AO{Z/A)\Q} ( )

e a point moves from L or &y to &,

0 —T;
= _ 4.
o ?elgcl{Ari/Ay}’ (4:8)
e )\, reaches to 0:
0%, = =N (4.9)

The solution path algorithm with respect to Ay is shown in Algorithm 4.1.

4.3.2 Solution path algorithm with respect to )\,

For given Ay, we find the entire solution path with respect to A;. Denote 7" =

1 —y; f(x;) be the residual for inner margin and r¢** = 14y, f(x;) — kp be the residual
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Algorithm 4.1: Solution path algorithm with respect to Ay
Initialize Ao, v, b, w, oy, L, Ep, Epr, V

[y

2 while A\, > 0 do
3 Compute 8, 03,,05_, 0,05 by equations (4.7)-(4.9)
4 Find §,, = max(d},, — 11‘2)\252 ,0%,);

5 Update w;, b, a; by

AW]‘

’U)j%'ll]j—i‘(;l, Ay

jEV, b(—b—i‘(gyﬂ, Oéi%()éi—i‘(s)\QA—)Q,

7 | Update £, & and Epp Ao < Ao + 0y,

for outer margin. \; is initialized to be 0, as A; increases, one of the following events
will happen, to facility the calculation of d,,, we define a function g(6~,07)
min{d~,0"}, if 6~ >0and 67 >0
g(67,0") =< 400, if 5~ <0 and §F <0

max{d~,0"}, otherwise

(1) a point moves from &, to £ or &y,

1o +
0y, = mingi(0;",07") (4.10)
0—ay . 1/11704,’
where 0; = z- TAN o = Ao /AN

(2) a point moves from L or £y to &L

0—r;
52 — v 4.11
NS {w/ml} (4.1
Ar”’ Aw; ; . Ofrlm _
where - = _yi(zg'ev A—Almz’jﬂLAA—,\bl)? (LU&y)r ={i€ (LUEN): AT AN

0}
(3) a point moves from Ex to R or &y

8, = mlngz(é 5, (4.12)

AR

0—pi 5+ _ 1/n—p,

where 9, = R AN Ao AN

iEgL
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(4) a point moves from R or €y to Er

5t —min {0 (4.13)
N TR\ A AN, f7 ‘

Argut Aw; Ap
where an Y (dev an Lij t A>\ =) — KAy

(5) An active feature in V becomes inactive:

O—w]'

5 o .
oy, = min {—]/ )\1}, (4.14)
where V, ={j €V Aw /AS > 0}.

(6) An inactive feature joins active set V. This happens when the absolute value of

the generalized correlation ¢; = Aw; + Z?Zl(ﬂi — ;)y;x;; reaches 6.

8, = rj%i]r/lgj(@ ,07) (4.15)

where ﬁii = Zieé‘R ﬁ_ﬂti?/imij — D ices i_ijyimijv 0y = ch/A_A?+CA]9/AA17 5? =
(7) Aq reaches to upper bound:

05, = AP — N (4.16)

The solution path algorithm with respect to A; is shown in Algorithm 4.2.

Then we can obtain the solution path algorithm for DM-DrSVM shown in Algo-
rithm 4.3.

4.3.3 Computational complexity

The main computational burden in the A\; path is solving the system of equations

(4.3). If plug (4.3a) into (4.3d), (4.3e), (4.3f), the size of this linear system is |Ep| +
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Algorithm 4.2: Solution path algorithm with respect to Ay

1 Initialize A, w, b, p, 0, a, u, L, Er, Envry Er, R,V

2 while \; < \,,,,. do

3 Compute 4, , 03,03 , 53117 63,08, 5;1 by equations (4.10)-(4.16)
4

5

Find 6, = min(5§1,5/2\1,5?\1,5f\1,5?\1,5?\1,5;1);
Update wy, b> Ps 97 Qi [ by

Aw]‘ . Ab

’wj<—w]+5,\1 jEV, b<—b+(5)\lA—>\1, s

AN
Al Aoy .
9(—0+5)\1A—)\1, Oéi<—OZi‘|—(S)\2A—)\1, ZGgL,
lLi<—Nz+5/\1_>\1a i € &, P<—P+5,\1A—>\l

Update L, &, Enr, Ery, R, V A\ — M + 5)\1

|Er| + 3. So the computational cost is O((|€z| + |Er])?). Since for two consecutive
steps, the &, and £ only differ one observation, the computational cost can be
reduced to O((|€z| + |Er|)?) via inverse updating/downdating. The computational
cost of iﬁ’f in (4.3a) is O((|€|+|Er|)-|V|). Assume |EL|+|Er| = m, since |V| < d, the

computational cost at each step is O(m?+dm). The number of steps is typically some

small multiple ¢ of n. Then the computational burden of A\; path is O(cnm?+ cndm).

Similarly, for the Ay path, the computational burden is O(cnm? + cndm). So the

computational cost of the two dimensional solution algorithm is O((cnm? 4 cndm)?).

4.4 Numerical Experiment

The experiments were performed on a Linux server with AMD Zen2 10 core processors
(2.3GHz) and 50GB RAM. We use Diabetes and SCADI data from UCI machine
learning repository to test the computational efficiency for solution path algorithms.
5-fold cross-validation is implemented to select the appropriate hyperparameters for

DM-DrSVM. The results are shown in Table 4.1 and Table 4.2.
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Algorithm 4.3: Solution path algorithm for DM-DrSVM
Initialize A1, \o, w, b, p, 0, o, pu, L, Er, Epr, Er, R, V

[y

2 while Ay > 0 do
s | Compute d,,03%,,0%,,0,,03, by equations (4.7)-(4.9)
4 Find 5)‘2 = max(é)lxw - 14);%)2%52 ) 6§\2)7
5 Update w;, b, a; by
Aw; Ab
wy e wy H 0,50, eV, b bt o,

Av’ Av

Aay; .
O./Z‘(—OKZ'—F(S,\QH, 1€ &L
2

Update £, & and &y

6 while \; < \,,,, do
7 Compute 83 , 03,03, 0%,,05,,05 ,0%, by equations (4.10)-(4.16)
8 Find 6, = min(d3 , 03, ,03,,0%,,05,,05 ,0%,);
9 Update wj7b7 0797%7,“2' by
Aw; , Ab
’l.Uj<—’LUj+(5)\1A—)\1J, jEV, b<—b+(5)\1A—/\1, ,
Af Aa; .
9<—9+(§)\1A—)\1, Ozi<—04i+5)\2A—)\1, ZESL,
i < ) 1 E , — ) e
1% M+AA/\1 1€ LR p P+AA)\1
Update ﬁ, gL, 5M, gR; R, Y
10 B )\1 — )\1 + (5)\1

11 B )\2<—)\2+(5)\2

Table 4.1 shows the results for diabetes data. The dimension of this data is
8, and the number of data points is 768. It can be found that the solution path
algorithm is much faster than directly applying the CVXPY solver. As the number
of hyperparameters increases, the time of CVXPY solver will scale in both the number
of A\; and the number of \,. This is because the time used by the CVXPY solver is
determined by the number of optimization problems. However, the time of the SP

method only scale in the number of ;. For given A9, we have obtained the entire



Table 4.1: Experiments of DM-DrSVM on Diabetes Data

108

Computational time

Test AUC Score

SP method (s)

CVXPY(s)

SP method

CVXPY

13.938 £1.603
14.081 £ 2.475
15.052 +1.964

170.659 £ 13.452
335.690 £ 22.554
677.447 + 38.226

73.050 £ 2.845
73.283 £ 2.451
73.312 £ 2.584

73.317 £ 3.164
73.523 £ 3.343
73.179 £ 3.551

21.928 +£3.514
22.495 £ 2.961
22.766 £+ 3.302

349.175 + 23.213
691.875 + 33.476

1380.407 + 48.064

73.240 £ 2.603
73.638 £2.712
73.562 £ 3.019

73.609 £ 3.113
73.612 + 3.029
73.507 £ 3.999

Hyperparameter
# of )\2 # of )\1
5) 5)

5 10
) 20
10 5)
10 10
10 20
20 5)
20 10
20 20

37.660 = 4.980
39.573 £7.067
42.467 £+ 3.962

693.235 £+ 56.103

1380.407 £ 48.064
2763.428 £ 97.766

73.480 £2.978
73.375 £ 2.990

73.435 £ 2.922

73.428 £ 2.966
73.476 £ 3.050
73.477 £ 3.316

solution path with respect to \;. When the number of \; increases, we do not need

to recalculate the solution path for the added A;.

Table 4.2: Experiments of DM-DrSVM on SCADI Data

Hyperparameter Computational time Test AUC Score

# of Ao | # of A1 | SP method (s) CVXPY(s) SP method CVXPY
) 5 6.858 +0.431 44.910 £+ 0.739 88.365 + 7.523 | 89.698 £ 8.242
5 10 6.910 +0.379 89.384 + 2.038 88.365 + 7.523 | 89.643 + 8.412
5 20 7.109 £ 0.398 | 178.662+2.399 | 88.365+ 7.523 | 89.698 + 7.160
10 5 14.306 + 0.833 | 91.972+2.474 | 91.032 +£8.003 | 90.476 + 8.770
10 10 14.452 + 0.907 | 184.192 +3.077 | 90.615 + 7.849 | 90.476 + 8.770
10 20 14.846 + 0.829 | 367.418 £8.759 | 90.615 + 7.849 | 89.976 + 8.345
20 5) 29.226 +1.784 | 185.207 £4.357 | 90.476 £+ 7.540 | 90.476 + 7.540
20 10 29.773 £1.886 | 371.158 +7.003 | 90.476 + 7.540 | 90.476 + 7.540
20 20 30.552 +£1.959 | 742.290 + 15.842 | 90.476 4+ 7.540 | 90.476 + 7.540

The results for SCADI data is shown in Table 4.2. SCADI data is high dimensional

data with 206 features and 70 data points. SP method is also more efficient than
CVXPY solver in SCADI data. High dimensional data is hard to deal with, but SP

method also retains good test AUC scores.

Then, we generate synthetic data under different signal-to-noise ratios (SNR). We

first generate the coefficient w € R The input x; is generated as x; ~ N(0,%).

The noisy measurements are generated as & ~ N(0,021), where o is defined to meet
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Figure 4.3: Results with Label Noise

the SNR level SNR = w™¥w/c?. The label for the training data are computed by
y; = sign(wTx + &;). The label for the test data are generated by y; = sign(wT).

In Figure 4.3a, the dimension of the data is 5, the number of the data points is
200. There is no correlation between each feature. When the SNR levels are low,
the DM-DrSVM model achieves the best AUC scores among the four models. This
is because the DRO formulations considers the label uncertainties. So DM-DrSVM
can give robust decisions given noisy labels. As the SNR increases, the DM-DrSVM
model still retains better performance than ¢,-SVM and DrSVM.

In Figure 4.3b, we increase the dimension to 50 and add correlations between
some of the features. DM-DrSVM still performs the best in low SNR settings. It

demonstrates good performance in high dimensional data sets.

Next, we apply ¢1-SVM, ¢5-SVM, DrSVM and DM-DrSVM in real data sets from
UCI Machine Learning Repository. The information of the data sets are summarized
in Table 4.3. We also calculate variance inflation factor (VIF) to quantify the multi-
collinearity (independent variables are highly correlated) in the data. The larger the
VIF, the more likely multicollinearity will appear. Each data set is split into 80% for
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training and 20% for test. The experiments are repeated 10 times and the average

results are shown in Table 4.4.

Table 4.3: Information of Real Data Sets

Data set Number of instances | Number of Features | VIF (max, mean) | Feature Characteristics
Breast cancer 569 32 3806.11, 337.31 Real
Diabetes 768 8 1.59, 1.35 Real, integer
Heart 270 13 1.82, 1.39 Categorical, Real
SCADI 70 206 Inf, Inf Integer
Ionosphere 351 34 7.11, 3.23 Real, Integer
Sonar 208 60 39.33, 15.71 Real

Table 4.4: AUC Scores of ¢;-SVM, ¢5-SVM, DrSVM and DM-DrSVM

Dataset £1-SVM l9-SVM DrSVM DM-DrSVM
Breast cancer | 92.017 £5.361 | 93.673 £4.799 | 93.757 £ 4.600 | 93.932 + 4.227
Diabetes 71.584 £4.807 | 71.650 £5.047 | 71.720 £5.001 | 71.787 £+ 4.885
Heart 83.685 £ 3.857 | 83.241 +2.899 | 83.414 £2.644 | 84.021 + 3.773
SCADI 90.285 £ 8.283 | 90.948 £ 7.956 | 90.893 £9.107 | 91.448 £ 8.343
Ionosphere | 85.192 £4.542 | 84.957 £5.419 | 84.584 £ 4.472 | 85.239 + 6.419
Sonar 73.316 £ 3.522 | 75.293 £ 3.925 | 75.627 £4.066 | 75.711 £+ 4.296

As shown in Table 4.4, DM-DrSVM model achieves the best generalization per-

formance in all the data sets. This is because the real data are usually corrupted
with noise. DM-DrSVM takes into consideration the noise structure during the DRO

formulation, so it is more likely to find the true input-output relationship.

In Breast cancer data set, both the maximum and mean value of VIF is much larger
than 10, which means that some of the features are correlated. ¢, regularization term
can help to deal with this problem. So in this data set, £,-SVM is better than ¢;-SVM.
In DrSVM, the elastic net regularization is the combination of /; and ¢ regularization,
besides dealing with the correlation problem, it can also perform feature selection,
so DrSVM achieve better AUC scores than ¢,-SVM. Compared with DrSVM, DM-

DrSVM is more robust to noise, so it achieves the best performance.

In Diabetes data set, the correlation of features is weak and the number of features

is small, DM-DrSVM is more robust to noise and performs better. Heart data set
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has more features than Diabetes, we can find that the feature selection plays an
important role here and the model with ¢; regularization terms have better AUC

scores. DM-DrSVM is also the best model.

In SCADI data set, the infinite VIF indicates that there is perfect correlation be-
tween some features. So ¢, regularization performs better. This data set also has high
dimensions, DM-DrSVM can perform feature selection and explain the uncertainties

in the data, so it achieves the highest AUC scores.

The Ionosphere data has high dimensions and moderate VIF values. So feature
selection provided by ¢; regularization contributed more in this data set. In Soar data

set, the correlation is much higher, /5 regularization performs better.

4.5 Conclusions

In this chapter, we derived a new support vector machine model (DM-DrSVM) with
double margin and double regularization terms based on distributionally robust op-
timization theory. A solution path algorithms is proposed for DM-DrSVM model to
efficiently obtain the optimal solutions without retraining the model multiple times.
The numerical experiments show that the proposed solution path algorithm can highly
speed up the hyperparameter tuning process. We generated synthetic data under dif-
ferent SNR levels. Compared with ¢;-SVM, ¢,-SVM and DrSVM, the DM-DrSVM
model achieves better AUC sores in the low SNR scenarios for both low dimensional
data and high dimension data. When applied to real data sets, DM-DrSVM outper-
forms the other models in all the data sets. It performs pretty good when the there is
correlation between the features and it. The proposed can also deal with categorical
feature. Future research can be extended to kernel space to deal with nonlinear classi-
fication problems. Kernel distributionally robust optimization models can be derived

and solution path algorithms can be designed for the tuning of the hyperparameters.
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CHAPTER 5

SOLUTION PATH ALGORITHM FOR KERNEL
DISTRIBUTIONALLY ROBUST SUPPORT VECTOR
MACHINES

In this chapter, we present a kernel distributionally robust support vector machine
model, where the synergy of kernel methods and DRO is harnessed to enhance the
generalization and robustness of support vector machines. The proposed model is
capable of capturing complex, nonlinear decision boundaries, making them applicable
to a wide array of real-word scenarios. A solution path algorithm is proposed to
efficiently solve this model and speed up the hyperparameter tuning. Numerical
experiments show that the solution path algorithm is very efficient and the proposed

model demonstrates good generalization performance in different data sets.

The remainder of this chapter is organized as follows. Chapter 5.1 introduces
the background of this chapter. In Chapter 5.2, we derive the kernel distributionally
robust optimization model and explores its solution property. Chapter 5.3 presents
the solution path algorithms for the proposed model. In Chapter 5.4, we perform
numerical experiments to test the performance of the proposed model and the solution

path algorithms. Finally, Chapter 5.5 concludes this chapter.

5.1 Introduction

Support Vector Machine (SVM) is a powerful supervised learning algorithm for clas-
sification and regression analysis. In traditional SVM, the empirical distribution of

the training data is used to approximate the true distribution. But in real applica-
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tions, due to measurement errors, sampling errors, incomplete data and many other

problems, the empirical distribution may deviate from the true distribution.

Distributionally robust optimization (DRO) is proposed to address the data uncer-
tainty problem. Instead of considering only the empirical distribution, DRO include
a series of distributions centered around the empirical distribution by constructing an
ambiguity set. DRO provides robust solutions by minimizing the worst-case expected

loss under the constraint of the ambiguity set.

As an attractive tool for improving machine learning models, many new machine
learning models are developed based on DRO. Shaeezadeh-Abadeh et al. [8] devel-
oped a distributionally robust logistic regression model. Chen and Paschalidis [18]
proposed a robust learning approach for regression problems based on DRO. A distri-
butionally robust framework for support vector machines using Kantorovich metric
is proposed by Lee and Mehortra [16]. Faccini et al. [126] presented a moment-based

distributionally robust support vector machines model.

Existing DRO formulated SVMs are mainly focused on the linear space. In real
applications, some of the data are not linearly separable. Kernel methods are often
used to map the original input space into a higher dimensional feature space, where
the data might become linearly separable. Inspired by the kernel methods, we extend
the DRO formulation to nonlinear hypotheses that range over a reproducing kernel
Hilbert spaces and propose kernel distributionally robust support vector machines

model.

The proposed model can be reformulated as regularized machine learning model,
the radius A of the Wasserstein ambiguity set becomes the regularization hyperparam-
eter. It controls the bias-variance trade-off of and highly influence the performance
of the model. Thus, selecting appropriate hyperparameters is very important. Grid

search is the most common method for hyperparameter tuning. To obtain the optimal
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solutions to different hyperparameters, we need to train the models multiple times

and this is very inefficient.

Solution path algorithms provide another approach to obtain the optimal solu-
tions with respect to different hyperparameters without retraining the models mul-
tiple times. So it can be used to speed up the grid search method. Solution path
algorithms have wide applications in support vector machines. Hastie et al. [37] firstly
proposed a solution path algorithm to fit the entire of SVM solutions with respect to
different hyperparameters. Zhu et al. [41] proposed an efficient algorithm to compute
the whole solution path of ¢;-SVM. Wang et al. [44] developed the solution path al-
gorithm to track the entire solution path of doubly regularized SVM. The solution
path algorithms for »-SVM was developed by Gu et al. [42,43].

To speed up the cross validation process, we proved the piecewise linear property
of the proposed kernel distributionally robust SVM model and develop a solution
path algorithm for this model.

5.2 Kernel Distributionally Robust Support Vector Machine

Denote s = (x,y), = = R? x R, the Wasserstein distance between two distributions
Q and Q' supported on = is defined as

N / ~ Il is a joint distribution of s and s’
W@ Q)= Half{/ag d(s, 5 )T(ds, ds') - with marginals Q and Q' respectively

where d(s,s') = [ — 2’| + 5|y — ¥/|. & > 0 is used to measure the relative em-
phasis between feature mismatch and label uncertainty. The empirical distribution
for the training data {(&;,9;)}", is P = L 8@ Then we can construct the

Wasserstein ambiguity set around P

~

B\(P) ={Q: W(Q,P) < A}
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The distributionally robust support vector machine over nonlinear hypothesis can be
formulated as

min sup E2[((h(z), )] (5.1)
hel gep (@)

Problem (5.1) is difficult to solve due the nonlinearity of the hypothesis h € H. Here,
we replace the @ with xy € H and h with Ay € H. Then we obtained the following
lifted learning problem

min sup E%[(((h, zu)m, y)], (5.2)
hell ge, (1)

According to Theorem 26 in [8], if the kernel satisfies the calmness condition, (5.2)

provides an upper bound on (5.1).

Theorem 5.1. Suppose X € R"Y = {+1,—1}. If loss function ¢ is hinge loss
l(x,y) =1 —yh(x), then (5.2) can be reformulated as

her%l;l& Ap+ — izl& (5.3a)
st 1— ylh(;z) <&, i=1,...,n (5.3b)
L+ yh(x;) —kp <&, i=1,...,n (5.3¢)

[hlle < p (5.3d)

)

5120, 2:1,,n (53@

Proof. Let s = ((h,xn)n,y), By the definition of Wasserstein distance, we can obtain

— d d
sup EQ[E(S)] = {Supn f 5,ds’)
QeB, (P4) s.t. f~2 I(ds,ds’) < A

Since the marginal distribution of s’ is the uniform distribution on the training

samples, we have

T1(ds, ds') Z@i@@
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So we can obtain

SupH 1 Zz 1 f" @'L<d8)
sup E2[¢(s)] = { s.t. 1 =3 Jsd(s,8)Qi(ds) < A
QeBA () fEQl (ds)=1,i=1,...,n

Let p > 0 be the Lagrange multiplier, we can obtain

sup EQ[¢(s)] —suplr;fEZ/ s)Q;(ds) +p)\——2/ (s,5:)Q;(ds))

QeB, (PH) Q

< mfsup Ap+ — Z/ — pd(s, $;))Q;(ds)

1nf Ap + sup EZ(E( ) — pd(s, 5;))

sez T =1
where the second inequality follows from the max-min inequality. The last equality

is because M(Z) contains all the Dirac distributions supported on Z. Let & (i =

1,...,n) be the epigraphical auxiliary variables, then we can obtain
infpe, Aot 2L &
s.t. SUpgez U(s) — pd(s,$;) < &,i=1,....,n
_ infﬂéz‘ )‘p + % Z?:l 51
s.t. Sup(mH,y)G]HIXY €(<h7 $H>Hay) - P(HwH - ':AUZH + g‘y - gz‘) < 5272 - 17 AL
infye,  Ap+ % > i1 &
=< s.t. sup,, en L(Gi(h, xo)m) — plles — &l <&, i=1,...,n

SUp,, e L(—3i(h, Tu)u) — plleu — Zi|| —kp < &, i=1,...,n
infoe, Aot &
s.. L(gi(h, @) < &,i € [n]
L(=yilh,&;)) —kp <&, i=1,...,n
Lip(L)|[hlle < p
where the last equality is based on Lemma 47 in [8]. For the hinge loss L(g;(h, Z;)) =
1 — g;h(&;), we have Lip(L) = 1. Then we can obtain

Minpempe, AP+ % > i i

min sup  E0((, mu)w, )] = 4o P
QeB (PH) +9ih(Z:) —kp < &, i=1,...,n

|hllm < p
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Thus, the kernel distributionally robust support vector machines can be written

as

1

. A < :

i, A2 ¢
1Pl < p

>0, i=1,...,n

~—~ —
ot t
A~
(oW o

N— SN— N— N—

Different from the traditionally kernel SVM, the DRO formulation introduced

another margin corresponding to constraint (5.4d). Thus the newly proposed model is

named as Double Margin Kernel Support Vector Machine (DM-KSVM). DM-KSVM

can also be written as

Ao+ = .
min Ap ;&
st 1l —y((w,p(x)) +b) <&, i=1,....n

L+ y((w,p(x;) +0) —kp <&, i=1,....n

1

§||w||3§p

&>0, i=1,...,n

To facilitate the calculation, we approximate kp to be k and assume

is satisfied, then we can obtain

min —Hw||2 Z&
w,p,&;

Hwl3 <p
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&>0, i=1,...,n

The reformulated model retains double margin and is more computationally efficient.

The Lagrangian function is

L(w, p,&, o, 1, 0,m) = w + — meLZOéz yi({w, o(x:)) +b) — &)
£ 1+ gl (w,0(@) ) — 6~ ) — Zm&
=1

Define V = {j : w; # 0}, the Karush-Kuhn-Tucker (KKT) conditions can be

written as
oL .
B, = I~ Zazyz (@ij) + payid(@) =0, jEV
=1
aL &
Z —auyi + pyi = 0
oL 1
7€, =——a;—p;—1n:;=0, 1=1,...,n

a;(1 —y;((w, () +b) — &) =0, i=1...,n
Mi(1+yi(<wv¢(mi)>+b)_K'_gi):07 izla"w”

nzgzz()) izla"'an

Then we have

So the decision function is given by

)\Z :uzyz $wz)+b

Based on KKT conditions, we define the following sets

1
L={i:yh(z;) <1}, = ok = 0
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1
n
Ev={i: 1 <yh(zi) <rkp—1}, a;=p; =0
1
Er=A{i:yih(x;) =rp—1}, 0 =0,0<p; < —
n

1
R = {i:yih(z;) > rp — 1}, Hz‘zﬁ7@i=0

For the points in £, and £r, we obtain the system of equations

Z iyi — piyi = 0
=1

n

1 )
yi(x izl(% — )y K (z, @) +0) =1, i€l
1 — ,
Z/z'(X ;(0@ — p)yiK(z, ;) +0) =k —1, i€&p

Define ag = Ab, we can obtain

Z iy — piyyi =0
=1

yi(Z(%‘ — )y K(xi, ;) + o) = A, i €&
j=1

v (o — )y K (@i, ;) + ) = (k= 1)), i€ &L

j=1

Take derivative with respect to A, then we can obtain

Aq; A

Y — Yy =0
i€Er AA i€ER AA

Aaj A/LJ AO&Q . .

A—)\%K(%%) ' A—)\yjK(i%iBg) + N €L
JEEL JEER

A« A,u' Aoy .

A—;y]K(wZ,ch) ' A—)\JyjK(zcl,a:J) + N (k—1)y;, i€&p
JEEL JEER

The above systems of linear equations have |€r| + |Er| + 1 equations and |EL| +

|Er| + 1 unknown variables. If there is no singular problem, it will produce a unique
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solution. The solution of this system does not contain A, which means that the
gradients of the variables are constant. As long as &, and £z do not change, the
variables will change linearly with respect to A. If £, and £r change, we will turn
to another linear piece. So the optimal solutions will change piecewise linearly with

respect to A.

5.3 Solution Path Algorithms for DM-KSVM

The A is initialized to be +o0, then p = 0, the problem is reduced to

min — i

uiy 25

s.t.l—yibgfi, 1=1,...,n
1+yb—r <&, 1=1,...,n

5220, izl,...,n

Define Z, =i:y;=1and Z_ =i :y; = —1, then we have n, = |Z,|,n_ = |Z_]|.
As X decreases, if n,. = n_, two points i, and i_ will join the &, simultaneously. The
index can be obtained by i} = argmax;ez, h(x;) and i_ = argmin;ez  h(x;) Then

we can obtain

{%Z? o = )y K (i, , ) +b =1
T30 (o — )y K (@) +b=—1

= Zi:l(ai_“i)yiK(miJr’mi);Z?:ﬂai—M)yiK(mi,,mi)
~ h=— i (i )y K (@ @) +3 00 (o —pi)yi K (@i )

i (ai—p)yi K (@i y i) —> 00 (i —pa)yi K (@i ,24)

If n, > n_, the dual formulation can be written as

I{.{IE}LX Z OéZ z 2)\ ZZ :u])yzy]K(miamj) (55&)

=1 =1 j5=1

s.t. Z(&i — i)y =0 (5.5b)
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(5.5¢)

(5.5d)

If b =1, we have h(x) = 1. Since yh(x) < 1, we have y; =0(i = 1,...,n). Since

h(x) = 1, the points in Z_ will be misclassified, so the corresponding «; is 1/n. Then

constraint (5.5¢) can be written as

Zn:aiyi:Zai—Zaizo
=1

i€Zs i€T-
Since ) ,.; a; = n_/n, then th constraint can be written as

n_
E oy = —
n

i€l

Then we can obtain the initial values by solving the following problem

moin Z Z iy K (2, 5)

i=1 j=1

s.t. Zai = %

i€I+

1
a; = —, 1€
n
Oé@lg iEI+

)
n

Next, we need to identify the events when £, and £ change. Denote
n

h(z) = ;(Z(%‘ = 1)y K (@, ;) + ao)

j=1
Let A = A' + A\, we have

) = [hia) i (a)] + S (a)
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= [5( (05— m)uK @, ,) +av) — 155 (S0 — K (@, ;) +ah) | + Sh'(e)
j=1 j=1
= 1[0 — 0 m) — 3 (1~ s ) + (0 — ) + N ()]
JEEL JEER

Let Ay = o — o, Apy = pj — i, Aoy = o — o, we can obtain

> Ay K (@) — Y ApyiK(@,a5) + Aag + Mh' (@) = (M + ANh(z)

jE€€L JEER

Aa; A o
Denote f'(x) = > .o, UK (T, 25) — 3 ice, ALy K (2, ;) + 29 e have

ANfH(x) + N'h () = Mh(z)

If the point enters £y, we have h(x;) = y;

A/\ft(a:,) + )\tht(l‘z) = ()\t + AA)yl, 1€ SL

Then we can obtain

i ht(fvz)
AN = NPT
ft($z>

iGgL

Similarly, if the point enters £g, we have h(x;) = (k — 1)y;, then

(@) — (n— Dy SR

To facility the calculation of dy, we define a function g(6—,0%)

min{é—,d"}, if 6~ >0and 6T >0
g(67,0") =< 400, if 6~ <0 and 6+ <0

max{d~, 0"}, otherwise

Then we have the following events



(1) a point leaves &,

0y = riggfgi(d_ 5;)

O—a; 5+ _ 1/n—a;
Ac; /AN i T Aa; /AN

where 9, =

(2) a point joins &, from L or &y

. ht(p.
5?\ — max {)\tyl h (mz) },

1€(LUENM ) + ft(wz) — Y

(3) a point leaves Eg

&y = max g;(0;,6;"),

: )
€€ v v

N T y
where 9, = A AR o = Ap /AN

(4) a point moves from R or &y to Er

T eI

i€(RUEN) + fix;) — (k — 1)y;

(5) X reaches to lower bound:

5?\ — /\min —\
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(5.7)

(5.8)

(5.9)

(5.10)

Then the solution path algorithm with respect to A is shown in Algorithm 5.1.

Algorithm 5.1: Solution path algorithm with respect to A

1 Initialize \, o, p, ag, L, Er, Enr, Er, R

2 while A < ),,,, do

3 Compute 3, 6%, 83, 03, 03 by equations (5.6)-(5.10)
4 | Find §y, = min{é}, 63, 63, 8%, 63 };

5 Update «;, ag, p1; by

Ay

O./Z'<—Oéi—|-5,\A—O;\, 1€ &, Qg < ag + 0y
Api

i i F o, 1€E&

i <= i + AAN LECR

Update ﬁ, gL, SM, gR, R M+ M+ (5)\1
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5.4 Numerical Experiment

5.4.1 Simulation experiments

The experiments were performed on a Linux server with AMD Zen2 10 core processors
(2.3GHz) and 50GB RAM. Two moon data sets are used to test the computational
efficiency of the solution path algorithm. They are generated by scikit-learn [127] with
different sample size. The solution path algorithm and Gurobi solver are applied to
perform the grid search. 5-fold cross validation is employed to select the appropriate
The computation time and test AUC scores were recorded for

hyperparameters.

comparison. The experiment results are shown in Table 5.1.

Table 5.1: Experiments of DM-KSVM on Two Moon Data

Computational time Test AUC Score
7+ of Samples | 3 of A 1m0 (9) Gurobi(s) SP method Gurobi
5 2.089 +0.167 5.088 £0.111 81.736 +£9.446 | 82.317 + 7.982
100 10 2.667 +0.205 9.096 + 0.166 82.872+ 7.558 | 82.771 + 7.875
20 3.913 +£0.343 17.137 £0.216 | 82.872+ 7.558 | 82.317 + 7.982
5 8.289 + 0.386 20.136 4+ 0.332 82.842 + 8.178 | 84.200 4-4.647
200 10 9.815 +1.828 35.987 +0.377 | 84.786 +4.413 | 82.542 £+ 7.336
20 13.026 +0.944 | 67.298 +0.543 | 84.786 +4.413 84.417 + 4.314
5 42.961 +£2.208 | 129.763 £+ 3.609 | 84.967 +2.261 | 85.005 + 2.513
500 10 49.282 + 2.283 | 236.502 + 3.687 | 85.156 +2.419 | 85.127 +2.371
20 62.809 +4.760 | 447.974 + 3.572 | 85.127 +2.372 | 85.127 + 2.371

From Table 5.1, we can find that the solution path algorithm is much faster than
directly applying the Gurobi solver. This is because in solution path algorithm, only
the points in the active sets are involved in the calculation, which saves lots of time.
The computational time of Gurobi solver scale in the total number of programs we
need to solve. So when the number of hyperparameters doubles, the computational
time of Gurobi solver will double. However, in solution path algorithms, since we
already find the entire solution path, the increased time is only caused by more

iterations.
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Figure 5.1: Two Moon Data Sets with Different Noise

Compared with the Gurobi solver, solution path algorithm also retains good test

AUC scores, which means it can select the appropriate hyperparameter.

To test the performance of the proposed model under noisy data, we add Gaussian
noise with different standard deviation (range from 0.1 to 0.5) to the two moon data.
As shown in Figure 5.1, when the standard deviation increases, the data will become
more noisy and is hard to classify. We compared the performance of SVM, kernel
SVM, Double Margin SVM (DM-SVM) and DM-KSVM in these data. The results
are shown in Figure 5.2. As the noise increases, the AUC scores of all the four models
have decreasing trend. When the noise level is low, KSVM achieves the highest AUC
scores. As the noise level increases, DM-KSVM obtains the best performance. The
DRO formulations consider uncertainties in the data, thus DM-KSVM is more robust

in noisy data.

5.4.2 Real data experiments

Next, we compare the performance of the above four models in different real data
sets. The information of the data sets are summarized in Table 5.2. We randomly
select 80 % for training and 20% for test. The average results over 10 independent

trials are shown in Table 5.3. We can observe that DM-KSVM achieves the best
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Figure 5.2: Simulation Experiments with Noisy Data

generalization performance among different data sets.

Table 5.2: Information of Data Sets

Data set Number of instances | Number of Features | Feature Characteristics
Iris 100 4 Real
Diabetes 768 8 Real, Integer
Tonosphere 351 34 Real, Integer
Fourclass 862 2 Integer

Table 5.3: AUC Scores of SVM, KSVM, DM-SVM and DM-KSVM

KSVM

DM-SVM

DM-KSVM

92.452 £ 5.592
71.478 £ 2.524
92.939 £ 2.676
70.980 £ 1.955

92.103 = 4.930
71.346 £ 2.754
80.121 £ 4.030
7.798 £ 2.493

92.907 £ 6.106
71.398 £2.973
93.760 £ 2.450
70.980 £ 1.955

Dataset SVM
Iris 91.254 + 5.956
Diabetes 70.921 £ 2.480
Tonosphere | 80.004 + 3.951
Fourclass | 70.654 + 2.332
5.5 Conclusions
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In this chapter, we propose a novel DM-KSVM model to address the data uncer-

tainty problem in classification. By leveraging the power of both kernel methods and
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DRO, DM-KSVM offers a principled approach to enhancing the robustness and gen-
eralization of SVM in real-world applications. An efficient solution path algorithm is
introduced to speed up the hyperparameter tuning. The experimental results demon-
strated the superiority of the solution path algorithm compared to existing methods.
DM-KSVM demonstrated improved classification accuracy and robustness on var-
ious benchmark data sets. By addressing the challenges of model robustness and
uncertainty, it contributes to the development of more reliable and adaptable ma-
chine learning models. The proposed model can deal with the correlation between
features and categorical feature. Moreover, the computational efficiency of solution
path algorithm makes it a viable tool for large scale problems, further broadening
its practical utility. Future work could explore DRO formulations for other learning
paradigms and develop solution path algorithm to tune other hyperparameters, ulti-
mately advancing the understanding and implementation of robust machine learning

techniques.
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CHAPTER 6

CONCLUSIONS AND FUTURE WORK

In this dissertation, we mainly focused on distributionally robust regression and clas-
sification problems, and presented novel solution path algorithms to efficiently solve
the proposed model. In this chapter, we first summarize the contributions of the

dissertation, and then we discuss some future research directions.

Conclusions. In this dissertation, we developed DRO formulated regression and
classification models, and proposed solution path algorithms tailored for improvement
of computational efficiency. We introduced novel formulations that explicitly account
for the data uncertainty, enabling models to generalize well to new and unseen data.
The proposed solution path algorithms are based on parametric optimization theory,
highly improving the computational efficiency. Empirical experiments conducted on
simulated data sets and benchmark real data sets demonstrated the accuracy and
robustness of the proposed DRO formulated model and the efficiency of the solution
path algorithms.

Future Research Directions. For future research, there are several directions

that can be extended based on the work of this dissertation:

e Extending the DRO model with different ambiguity sets. Besides the Wasser-
stein ambiguity sets, there are many other ambiguity sets, such as Kullback-
Leibler divergence ambiguity set, Sinkhorn ambiguity and Moment-based am-

biguity set.

e Developing solution path algorithms for other hyperparameters. The solution

path algorithm developed in Chapter 5 is mainly for the regularization hyperpa-
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rameter. For the kernel hyperparameter, its solution path is piecewise smooth
not piecewise linear, it could be interesting to develop solution path algorithms

to trace the the solution path with respect to kernel hyperparameter.

Combining DRO formulation technique with more machine learning tasks. In
this dissertation, we mainly focus on supervised learning tasks, such as regres-
sion and classification. The future work may consider to apply DRO to semi-
supervised learning and reinforcement learning tasks. Moreover, applying DRO

formulation technique to neural network is also a promising research direction.

Incorporating more advanced regularization term. ¢;-norm and fy-norm regu-
larization are mainly investigated in this dissertation. It would be beneficial to
develop solution path algorithms for other regularization terms, such as Group

Lasso, £,(0 < p < 1) regularization term.
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