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Abstract 

Distributed point source method (DPSM) is a collocation point-based semi-analytical 

method to model the scattered ultrasonic fields in isotropic and anisotropic materials. It requires 

the evaluation of Green’s function solutions and its rigorous differentiation for complex 

geometry problems having a large set of distributed point sources. DPSM is much faster than 

the finite element method (FEM) however, it is analytically demanding as it requires 

differentiation of the Green’s function. The intricacy associated with differentiation operation 

hinders the potential application of DPSM in large-scale automation and real-time structural 

health monitoring. The current paper introduces machine-learning-based strategies within 

DPSM and yields the proposed Neural Green-DPSM (NG-DPSM) framework. A physics-

informed neural network (PINN) is incorporated in the DPSM framework for evaluating the 

Green’s function and its gradients. To train the PINN, displacement Green’s function solutions 

of wave propagation in isotropic solid is used as the governing physics. Once the PINN is 

trained for displacement Green’s function solutions, the NG-DPSM framework leverages the 

trained network and its automatic differentiation capability to predict displacement and stress 

fields annihilating the rigorous differentiation of Green’s functions. The accuracy and efficacy 

of NG-DPSM are demonstrated using two numerical experiments. First, the ultrasonic fields 

are evaluated for the problem geometry of a plate immersed in fluid excited at different angles 

of incidence. Further, the efficacy of the proposed approach is demonstrated for wave scattering 

through a circular hole in the plate. The results show a strong agreement between the ultrasonic 

fields computed using both NG-DPSM and conventional DPSM. 

Keywords: deep learning, DPSM, Green’s function, isotropic material, physics informed 

neural network 
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1. Introduction 

The non-destructive testing (NDT) is an essential step for structural health monitoring 

(SHM). Ultrasonic waves can be used for the non-destructive evaluation (NDE) of metals, 

composites, and other materials. The ultrasonic signals are transmitted and then received by 

placing sensors to detect flaws in the structures non-destructively [1, 2]. Various numerical 

schemes have been developed for the evaluation of ultrasonic signals to detect anomalies and 

have gained lots of traction in the domain of NDE. The application of distributed point source 

method (DPSM) has been prevalent in addressing ultrasonic and electromagnetic field 

modelling problems, particularly focusing on NDE purposes. In practical scenarios, the 

problem geometry often involves both fluid and solid mediums. It is common to immerse the 

solid specimen in a fluid medium for inspection, especially in the NDT of solid materials. This 

fluid acts as an effective coupling medium for ultrasonic waves. The ultrasonic waves 

propagate from the transducer to the solid specimen through this coupling fluid. Consequently, 

in real-world applications, it is essential to accurately model the acoustic beams and fluid-solid 

interfaces. DPSM has been successfully applied in modelling complex problem geometries 

such as wave propagation in multilayered fluid and solid structures [3, 4], solid plates both with 

and without cavities [5, 6], as well as in corrugated plates submerged in fluid [7, 8]. 

Additionally, DPSM has been instrumental in modelling half spaces containing multiple 

cavities [9] and in the modelling of acoustic microscope lenses for the characterization of 

biological cells [10].  

 DPSM is a semi-analytical technique used efficiently to compute ultrasonic fields in solids 

and fluids using a set of source and target points [5, 11]. Green’s function is the main 

constituent of DPSM as it provides the fundamental relation between a pair of source and target 

points. The superposition of Green’s function solution for different pairs of source and target 

points corresponds to the formulation of the DPSM technique for isotropic and anisotropic 

materials. Ultrasonic fields are calculated for multiple pairs of source and target points in the 

fluid and solid using the source strength matrix. A global system of equations can be formed 

for fluid-solid interface after applying the boundary constraints. The source strength is 

computed by solving a system of equations using the matrix inversion technique. The 

displacement, pressure, velocity, and stress fields are evaluated at any arbitrary point by 

superposing the effect of different source points at a target point using the source strength 

matrix. In the present work, a novel deep learning (DL) approach is proposed to estimate 

scattered ultrasonic fields near fluid-solid interfaces.  
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Several methods are available in the literature for modelling ultrasonic wave propagation 

in solids and fluids, for instance, the finite difference method (FDM) and finite element method 

(FEM) are the two most popular numerical techniques. In these methods, the ultrasonic fields 

are computed by solving the governing differential equation in a discretised domain of the 

problem geometry. The computational complexity arises in meshing the large three-

dimensional (3D) domain while modelling of waves scattered by cracks and inclusions and the 

use of absorbing boundaries. 

To cater above mentioned challenges, DPSM was developed to solve various scientific and 

engineering problems such as electrostatic, electromagnetic, and ultrasonic wave propagation 

problems [12, 13]. Since its inception, DPSM was established for solving ultrasonic wave 

propagation problems for solid-fluid interaction and layered mediums in isotropic materials [4, 

14]. Banerjee et al employed DPSM to calculate elastic wave fields in multi-layered nonplanar 

solid structures [4]. Further, it is extended to model scattered wave fields in a solid half-space 

having internal anomalies such as a circular hole or an elliptical cavity [6, 15]. Recently, 

Fooladi and Kundu expanded the DPSM formulation to anisotropic materials [11, 16]. Since, 

no closed form expression for Green’s function is available in the literature the elastodynamic 

Green’s function for anisotropic materials it is evaluated numerically. In case of transversely 

isotropic materials for computing Green’s function Fooladi and Kundu reduced the integration 

domain for the regular part of the solution from a hemisphere to a quarter-hemisphere. The 

suitability of DPSM in various problem domains has demonstrated itself as a superior technique 

in comparison to FEM in terms of computational time [12, 17]. For instance, the study carried 

out by Jarvis and Cegla compared DPSM and FEM for calculation of ultrasonic wave reflection 

through a rough surface and concluded that, FEM solution is slower than the equivalent DPSM 

simulation by two orders of magnitude, performed on the same machine [17]. 

  The DPSM model is constructed using Green’s function solutions which act as the 

building block for the propagation of ultrasonic waves through isotropic and anisotropic 

materials, and along the fluid-solid interface. Since, DPSM is a collocation point based 

approach, different sets of Green’s functions for a sufficiently large number of source and target 

point pairs are evaluated resulting in large computational time, especially if the analytical 

solution of Green’s function is not available. Fooladi and Kundu proposed a method called 

"windowing" that significantly lowered the number of Green's function evaluations [11, 16]. 

Further, in order to establish a suitable balance between computation time and accuracy, 

numerical integration using multiple resolutions was performed for computing Green's function 
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corresponding to various coordinates for transversely isotropic materials. Although the 

conventional DPSM technique is revised to make it computationally efficient, however, 

calculating Green’s function solutions at every point still requires rigorous algebraic 

calculations pertaining to heavy reliability on the computing power. Moreover, the evaluation 

of stress fields requires the calculation of the gradient function for each of displacement 

Green’s function solutions, which additionally increases computational complexity. To address 

these issues, in the present work, a physics-based DL methodology is adopted to estimate the 

ultrasonic fields using DPSM.  It is worth mentioning that to the best of our knowledge, this 

work is the first implementation of DL architecture within the DPSM framework to model 

ultrasonic fields. 

Machine learning (ML) and artificial intelligence (AI) have shown their great capability for 

solving many engineering problems and offer various possibilities to innovate the domain of 

SHM using data-driven modelling. The combination of ML, big-data and AI has gained a lot 

of recognition in science and engineering [18-21]. Neural networks (NNs) being universal 

function approximator [22, 23] can handle any arbitrary function having large number of 

dimensions. Artificial NN (ANN) uses a feed-forward network that can be used to solve partial 

differential equations (PDEs) and algebraic equations. The network is trained using large 

amount of data for the accuracy of the model. Even where the governing physical laws of the 

system are well known, researchers are more inclined towards the data-driven approach, which 

leads to additional data curing. ANN based data-driven modelling has been implemented for 

ultrasonic wave propagation [24] and acoustic emission (AE) source localisation [25, 26] in 

complex systems. Raissi, et al. first used a physics induced DL approach to solve non-linear 

PDEs using the governing physical laws and the boundary constraint of the problem [27]. The 

NN approximates underlying physics and boundary constraints using a set of nonlinear 

operators. The PINN is trained by minimising the loss function consisting of physics loss, 

initial and boundary condition losses, and other physical constraint losses. Further, the 

learnable parameters of the network, i.e., the weights and biases are trained to give approximate 

solutions for the nonlinear system of equations. Since its conceptualization, PINN is well 

established to solve forward problems in the field of quantum mechanics such as the non-linear 

Schrodinger equation having periodic boundary conditions using both continuous and discrete-

time models. Raissi, et al. utilise PINN as an inverse problem for the parameter estimation of 

PDE by calculating the pressure and velocity field for 2D Navier-Stokes equation in case of 

incompressible fluid flow using noisy data. In addition to solving PDEs, PINN has been applied 
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in the field of fracture mechanics, dynamical systems, and continuum mechanics [28-31]. 

Shukla, et al. identified cracks in a metal by training PINN for non-destructive evaluation of 

surface breaking cracks [31]. The acoustic wave equation of second order is utilised in this 

study for modelling wave propagation in the temporal domain. Wang, et al. modelled the 

scattered acoustic field in a 2d plate using PINN [32]. Ultrasonic waves in various media are 

propagated using standard acoustic wave equation and the model is trained for scattered wave 

fields in case of real and complex damaged structures. With the further advancement in the 

PINN’s theory and the development of Deep-O-nets [33], DL has been successful in learning 

Green’s function which serves as a powerful tool in solving differential equations. Recently, 

Lin, et al. developed a novel boundary integral equation-based GreenNet method (BI-

GreenNet) for computing Green’s function for Poisson and Helmholtz equations in bounded 

and unbounded domains [34]. Zhang, et al. proposed a model-operator-data network (MOD-

Net) to solve PDEs using the Green’s function. The deep NN is used to parameterize the 

Green’s function and the neural operator is obtained to compute the solution using Green’s 

function [35].    

In this paper, a Neural Green-DPSM (NG-DPSM) framework based on PINN is developed. 

The NG-DPSM is used to model ultrasonic field emission and damage detection in case of 

isotropic plates produced by finite dimension transducers. The conventional DPSM method 

uses displacement Green’s function solution for each set of source and target points to calculate 

stress and displacement fields near fluid-solid interface. Note that the DPSM is not a data-

driven technique rather it is physics-based technique that uses point sources to generate the 

fields. The main constituent of DPSM is Green’s function solution which is a highly nonlinear 

function. Despite the fact that, the DL has been around for decades but recently PINNs have 

become a prominent method to solve physics-based problems. The PINN leverages the 

automatic differentiation capabilities to differentiate NN with the input coordinates and model 

parameters. Generally, it uses the governing physics-based equation to train the network which 

in turn solves nonlinear PDEs. The motivation of the current research work arises from the 

applicability of PINN in solving complex nonlinear equations efficiently. In the present work, 

PINN is used to train the NN and further, it utilizes the automatic differentiation to compute 

the derivate of Green’s function solutions. Essentially, the Green’s function solution is 

computed and further the derivative of Green’s function with respect to each coordinate axis is 

performed to find the stress fields. Although, Green’s function is symmetrical for each of the 

P-wave and S-wave, calculation of the derivative function is still a comparatively rigorous task 
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to do. Simultaneously, for each set of source and target points, the derivative is calculated with 

respect to each 1 2 3, ,x x x  direction [14]. For a group of source and target points, source strength 

is calculated using the matrix inversion technique. NG-DPSM uses the governing physics of 

displacement Green’s function to train the DL model to evaluate the ultrasonic fields. Initially, 

the deep NN is trained to predict displacement Green’s function solutions separately for both 

real and imaginary parts for each of the P-wave and S-wave using backpropagation. The 

learnable parameters (i.e., weights and biases) of the network are trained by embedding the 

underlying displacement Green’s function for each set of source and target points within the 

loss function. Once, deep NN is trained, the derivatives of Green’s function with respect to the 

coordinates ( 1 2,x x and 3x ) are estimated using automatic differentiation. The computed 

derivative Green’s function is then subsequently employed to calculate stress field for different 

sets of collocation points. Building on the above prepositions, in this work NG-DPSM 

framework is proposed to model ultrasonic fields and wave propagation in case of healthy and 

defective isotropic solids near a fluid-solid interface. The advantages of the NG-DPSM over 

the conventional DPSM can be summarised as follows:   

• NG-DPSM uses a DL approach and once the network is trained using the 

governing physics of Green’s function solutions, one can predict the 

displacement Green’s function for any set of coordinates within the domain of 

the problem geometry. 

• It reduces the meticulous task of finding the derivative of displacement Green’s 

function, making the DPSM modelling computationally more efficient. The 

gradient function of displacement Green’s function solutions is computed using 

DL package such as automatic differentiation.  

• The proposed framework is capable of computing ultrasonic fields in both 

healthy material and in case of a flaw inside solid half-space near fluid-solid 

interface. 

• NG-DPSM is validated for ultrasonic field modelling for different angles of 

inclination of the transducer surface and different orientations of the circular 

cavity within the solid. It makes the proposed approach robust for handling 

various configurations of problem geometry near fluid-solid interface.     
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2. Background 

2.1 Theory of DPSM 

The displacement Green’s function for isotropic homogeneous solids can be written as [36],  
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where, ( ) /i i iR x y r= − ; ix and iy  are the coordinates of the observation point and source point 

respectively, r = −x y  is the magnitude of distance between observation and source point, pk  

and sk  refer to the P- and S-wave numbers of the solid, respectively.  

       When a point source excitation acts in y  direction then the displacement field at x  can 

be expressed using space dependent Green’s function ( ; )ijG x y  as, 

 e ( ; ) e .i t i t

i i ij ju U G P − −= = x y  (2) 

        The stress Green’s function at x  in a homogeneous solid due to a concentrated time 

dependent harmonic force at y can be expressed as, 

 ( ), , ,( ; ) ( ) ,ij ik j jk i kq ij kq k qG G G P   = + +x y  (3) 

where,   and   are the two Lame’s constants. The stress functions for different sets of i  and 

j values are computed by taking the directional derivative of displacement Green’s function 

and substituting the derivatives in Eq. (3). A comprehensive explanation to the theory of DPSM 

is found in the Refs[5, 14, 37, 38] and can be helpful to the readers. In the current context, 

PINN is trained with the physics-based equation given in Eq. (1) to yield a DL model that can 

estimate Green’s function solution. Further, the automatic differentiation is utilised to 

differentiate the Green’s function with respect to the coordinate in order to evaluate stress fields 

as given in Eq. (3). The mathematical background of PINN is discussed briefly in the following 

section. 

2.2 Design of PINN 

In the following section, the mathematical background and the architecture of ANN and 

PINN are discussed in detail. An ANN is a composition of parameterised nonlinear functions 

characterised using different number of nodes per layer. According to the universal function 
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approximation theorem [39], NNs can approximate any arbitrary Borel measurable functions. 

Numerous ways of ANN formulation can be carried out for different sets of problems as 

discussed in Refs[40-42]. In this paper, a fully connected deep NN is employed that consists 

of an input layer, several hidden layers, and an output layer. Mathematical representation of a 

NN in the form of a tensor can be shown as follows: 
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where, 0h  and lh  are inputs and outputs of the NN and, 
,

lw   and lb  are the weights and biases 

of each layer. In Eq. (4), 1l −  is a nonlinear activation function which is applied layer wise. 

Since, the NN is used to trace highly non-linear functions, activation function is integrated in 

every layer to induce nonlinearity throughout the network. Most popular activation functions 

include rectified linear unit (ReLU), sigmoid, hyperbolic tangent, and Leaky ReLU. The deep 

NN for the present problem uses hyperbolic tangent activation function defined as, 
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Except for the last hidden layer, the linear activation function is adapted. The weight vector 

( )w , the bias vector ( )b , and the hyperparameter ( )  can be collected within a single 

parameter q  such that: 

  , , .= w bq  (6) 

All trainable parameters are tuned by minimising the cost function and using the optimisation 

algorithm. Since, ANN fully relies on data-driven modelling, a large number of datasets is 

required to train the NN, increasing the meticulous task of data curing and excessive 

consumption of computational resources. However, PINNs on the other hand uses physical 

equations and a few numbers of collocation points to train the NN. They have the ability to 

compile both data-driven modelling and be consistent with the existing physics of the problem. 

The design of PINN is based on a fully connected deep NN and the governing physics is 

embedded in the cost function. 

The overarching goal of this work is to develop physics-informed learning machines. 

Toward this goal, we will first delineate the various ways of embedding underlying physics in 

an ML architecture. Currently, there are three fundamental biases that can be employed 

individually or in tandem to expedite training and enhance the generalization of ML: 
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observational, inductive, and learning biases [43].  To begin with, observational biases can 

manifest the underlying nature of systems using augmented data to learn the vector fields and 

functions that imitate the physical significance of the data. Further, inductive biases incorporate 

a prior set of information into the ML architecture to inherently satisfy the physical laws and 

constraints, but are limited to certain symmetry groups and suffer from the complexity in 

scaling the model. Finally, learning biases lead to the suitable choice of loss function 

comprising physics loss and constrains which eventually satisfy the underlying physics that 

can be expressed in the form of differential, integral, and even fractional equations. In the 

present work, PINN is used to predict the displacement Green’s function solutions and also to 

calculate the stress fields. It is worth mentioning that Green’s function for isotropic solids is 

nonlinear with respect to the displacement between source and target points. The deep and non-

linear architecture of PINN has poised itself as a suitable method to evaluate Green’s function 

solutions. The Green’s function solution acts as the governing physics and guides the network 

while training. The domain of the problem is populated with a large number of point sources 

and target points. Each set of Green’s function solutions are evaluated at target points using 

PINN. The coordinates ( , )i ix y  are provided as the input of the DL model that predicts the 

displacement field ( u ) as the output. The displacement Green’s function solutions can be 

approximated using a nonlinear operator,  N . The mathematical representation of the 

network can be given as, 

 ( , ) ,g =uN  (7) 

where, g  is a forcing term. The parameter q  given in Eq.(6) can be obtained by solving an 

optimisation problem using a set of collocation points ( , )i ix y  defined as, 

 arg min ( ; ), = u
q

q qL  (8) 

where ( ; )u qL  is the mean square loss function (MSL) defined as, 
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The weight vector ( )w and the bias vector ( )b  are trained by optimising the loss function 

( ; )u qL  using the backpropagation algorithm. Recently, optimiser such as Adam is widely used 

as the iterative scheme for the optimisation of loss functions. The gradient of the loss function 

with respect to each parameter is carried out by automatic differentiation. The workflow of 

PINN using Green’s function solutions as the governing physics is illustrated in Figure 1. 
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Figure 1. Schematic view of PINN framework using Green’s function solutions. 

3. Problem Geometry  

Let us consider a fluid half-space and a solid half-space with a circular hole separated by a 

plane interface as shown in Figure 2. The fluid-solid interface can be modelled using two layers 

of distributed point sources and the hole can be modelled using a single layer of point sources. 

A circular transducer of finite dimension is placed near the fluid half-space and can be modelled 

using a single layer of point sources. Total ultrasonic fields inside the solid and the fluid can 

be calculated using the superposition of fields produced by all these point sources at the target 

points. The transducer surface is modelled using N  number of source points along its surface 

and M  number of target points are distributed along the edge of the interface. Let CN  

represents the number of distributed point sources along the periphery of the circular cavity. 

Each point source that is contributing to the calculation of the ultrasonic field has three different 

components of force in three different directions. The source strength vectors corresponding to 

the interface plane, transducer surface and the periphery of the cavity can be calculated using 

matrix inversion by satisfying all boundary and interface conditions. Considering the problem 

geometry in Figure 2, sA  is the source strength vector for point sources distributed just below 

the transducer surface. 1A  and 


1A  are the source strength vectors for point sources located just 
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above and below the interface. The ultrasonic field generated by the cavity is calculated using 

the source strength vector cA . For illustration purposes consider two points (L and M) as shown 

in Figure 2. The ultrasonic field at point L is the summation of the contributions of point sources 

sA  and 1A . Likewise, the ultrasonic field at point M is the summation of contributions of point 

sources 

1A  and cA . A global system of equations is formed by satisfying the boundary 

conditions at the cavity and the transducer surface, and continuity conditions across the fluid-

solid interface. The detailed DPSM formulation satisfying the fluid-solid interface conditions, 

and boundary conditions along the periphery of the cavity and the transducer face is omitted 

herein for brevity and can be found elsewhere [5, 14, 44]. The stress field matrix along the 

periphery of the cavity is calculated by using stress transformation laws for the rotated 

coordinate system briefly discussed in Refs[4, 44]. The source strength vectors sA , 1A , 

1A  

and cA  are computed by solving the generated system of equations using the appropriate matrix 

inversion operation. Then the source strength vectors are employed to calculate the 

displacement, stress, pressure, and velocity fields at any point within the regime of the problem 

geometry.  

 

Figure 2. Problem geometry for distributed point source modelling near fluid-solid interface 

having a circular hole in the solid half-space.      
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4. Construction of NG-DPSM framework using PINN     

The PINN framework allows to invoke certain physical laws and constitutive relations in 

the NN in the form of the loss function. The physical equations and the boundary conditions 

are modelled using nonlinear operators. Loss function comprising physics loss and other 

constrain losses is optimised to predict the output fields. The pioneering work done by Raissi, 

et al.  focuses on predicting the solutions of PDEs [27]. PINNs are primarily employed to solve 

various scientific and engineering problems where the governing equations are in the form of 

differential equations [29, 45]. The capability of PINN can be further extended to solve 

problems where the governing physics is in the form of fractional equation. The advantage of 

PINN in solving fractional equations and nonlinear equations have been well illustrated in the 

literature [43, 46]. Meng and Karniadakis demonstrated the application of PINN in solving 

nonlinear equations using multi-fidelity PINN (mfPINN) [46]. Kalimullah, et al. utilized the 

mfPINN to predict AE localization in case of sparse measurements [47]. The proposed NG-

DPSM framework uses Green’s function solutions as the governing physics to train the model 

parameters and utilizes the capability of automatic differentiation for calculating the gradient 

function of displacement fields. 

In the DPSM modelling the transducer surface and the solid-fluid structure are modelled 

by point sources distributed along different planes. If the numbers of source points and target 

points are 1n  and 2n   respectively, then a total number of 1 2( )n n  Green’s function evaluation 

is required for modelling the ultrasonic field. Each source and target point can be identified 

using its coordinate values 1 2 3, ,x x x  and 1 2 3, ,y y y . The coordinates of source and target points 

are defined using a normalised vector between the two point sources ( ) /i i iR x y r= −  where, 

r  can be expressed as: 

 2 2 2

1 1 2 2 3 3( ) ( ) ( ) .r x y x y x y= − = − + − + −x y  (10) 

The NG-DPSM approach uses a set of collocation points ( ),i ix y  for the existing physics 

of the DPSM modelling to train the network. The displacement Green’s function for solid is 

the governing physics behind NG-DPSM framework. Initially, the input for the construction 

of feed-forward NN is given as ( ),i ix y  where 1,2,3i = . The physics of the problem can be 

expressed using a non-linear operator  N  as given in Eq. (7). The u  in Eq. (7) is the ouput 

of the network consisting of real and imaginary values of Green’s function solutions as 

Re( )ijG  and Im( )ijG , and   is any arbitrary parameter associated with the physics of the 
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problem. In the present framework,  comprises of density ( ) , frequency ( )  and the wave 

numbers ( pk  and sk ) for P-wave and S-wave, g  is a forcing term which is considered as zero. 

In this case, the nonlinear Green’s function, which is used as the governing physics to train the 

netwrok, is given in Eq.(1). The stress function to be calculated can be approximated using the 

NN as,  

  

 
( , ) ( , ) ( , )

( ; ) .ij kq ij q

j i k

P
x x x

  
   

    
 + +        

u u u
x y

N N N
 (11)

  

The network hyperparameters are updated by computing a residual. The residual for this 

case is given as, 

 ( ), .g= −uNR  (12) 

While evaluating the ultrasonic fields using NG-DPSM, for the optimal performance of the 

network, MSL function is taken as the cost function to train the NN parameters. The MSL 

function for NG-DPSM can be defined as, 
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here, N represents the number of collocation points for which the Green’s function solution is 

predicted. The physics loss function pL  is defined as the summation of real and imaginary loss 

functions as,  

 Re Im ,p = +L L L  (14) 

where, ReL  and ImL  represent the loss functions corresponding to the real and imaginary parts 

of displacement Green’s function, respectively for both P-wave and S-wave and can be 

expressed as, 
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where, Re( )ijG  and Im( )ijG can be obtained by decomposing the harmonic term associated 

with the displacement Green’s function solutions using the Euler’s identity. The total 

displacement Green’s function can be written as the summation of P-wave and S-wave as, 
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 ( ; ) ( ; ) ( ; ).ij ij ijG Gp Gs= +x y x y x y  (17) 

Now, decomposing the harmonic terms for both P-wave and S-wave using Euler’s identity 

gives, 
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Substituting Eq. (18) in Eq. (1) and rearranging the real and imaginary parts of Green’s 

function for both P-wave and S-wave, Re( )ijG  and Im( )ijG  can be expressed as, 
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The total physics loss is then given as, 
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To ensure the vanishing shear stress properties near the fluid-solid interface, additional 

boundary loss is considered as, 
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        Therefore, the total loss function is the summation of physics loss and the boundary 

condition loss, 

 .total p bc= +L L L  (23) 

The loss function is minimised using the optimisation algorithm to predict displacement 

fields. In each epoch certain number of coordinates are trained using minibatches of datasets, 

making the hyperparameters (weights and biases) to train efficiently using the governing 

physics. Once the network is trained, the real and imaginary values of displacement Green’s 

function solution can be predicted for different sets of ( ix , iy ). The predicted Green’s function 

solution gives the total displacement fields using DPSM modelling. For calculating stress 
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fields, the present NG-DPSM framework leverages the capability of NN to predict its 

derivative function since, the computation of stress field is done by taking the directional 

derivative of the displacement Green’s function. Therefore, the derivative of displacement 

Green’s function solutions needed to be evaluated for each set of source and target points. The 

conventional DPSM uses rigorous differentiation of displacement Green’s function with 

respect to different x-coordinates. After computing displacement field, the proposed framework 

calculates the gradient function of Green’s function solutions corresponding to 1x , 2x  and 3x  

using automatic differentiation expressed as,  
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 , , ,Re( ) Im( ).ij k ij k ij kG G G= +  (25) 

The computed gradient fields are then substituted in Eq.(3) to predict the stress fields. The 

estimated displacement Green’s functions and the stress fields for each set of distributed points 

are utilized to predict total ultrasonic fields within the problem geometry using DPSM. The 

schematic view of proposed NG-DPSM approach to predict Green’s function solutions, stress 

fields and total ultrasonic fields is shown in Figure 3. Note that, in NG-DPSM the PINN is 

trained by informing displacement Green’s function within the domain of problem geometry. 

Once the PINN is trained, it can be employed to solve range of problems with different forcing 

functions and boundary conditions within the training domain. 

The NN is efficient in modelling Green’s function solutions but the tuning of 

hyperparameters such as number of hidden layers, nuerons per layer, learning rate, etc. is done 

iteratively. It should be noted that several other methods such as random search and Bayesian 

hyperparameter optimisation [48] are available to tune the hyperparameters. Despite, these 

probablistic approach, the NN might not be able to learn the optimal value of parameters to 

achieve the desired accuracy. The number of hidden layers along with the number of neurons 

per hidden layer is progressively increased to an upper threshold (20 in the numerical 

examples). Additional hidden layers can be introduced in the network until no further 

decrement in the MSL value is observed.     
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Figure 3. The schematic view of proposed NG-DPSM framework  

5. Results and Discussion 

In this section, to illustrate the applicability and efficacy of the proposed framework for 

different complex scenarios such as various locations of defect, frequencies, and numerous 

transducer angles. The ultrasonic fields near fluid-solid interface of an isotropic plate are 

presented in Sections 5.1 and 5.2. In section 5.1, the pressure and stress fields near the fluid-

solid interface is calculated for numerous transducer angles. Further, the Section 5.2 presents 

the ultrasonic fields, evaluated for different locations of the circular cavity and for different 
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frequencies using the proposed method. The accuracy and efficiency in producing the 

ultrasonic fields by NG-DPSM and by the conventional DPSM are discussed for both cases. 

5.1 Ultrasonic fields near fluid-solid interface having no defect 

A numerical study is conducted where the problem geometry consists of an aluminium half-

space over a water half-space. The density and speed of the wave in water are 1 g/cc and 1.48 

km/s, respectively. The density of aluminium is taken as 2.7 g/cc and, the P-wave and S-wave 

velocities are 6.5 km/s and 3.13 km/s, respectively. The length of the fluid-solid interface in 

x− direction is taken as 50 mm. The dimension of each of both the solid and fluid media in the 

z −direction is taken as 4 mm. Ultrasonic fields are generated by the transducer of finite 

dimension having a diameter of 4 mm placed inside the fluid half-space at various angles of 

inclination with respect to the fluid-solid interface. The width of the fluid-solid interface in the 

y−direction or out-of-plane direction is considerably larger than the diameter of the 

transducer. It is to be noted that this three-dimensional problem is solved by the proposed 

framework and ultrasonic fields are plotted along the vertical plane of symmetry ( xz  plane) of 

the problem geometry. The problem geometry and the distributed point sources are shown in 

Figure 2. Ninety-five point sources are placed on each side of the interface. Three lines of such 

point sources are considered in the y−direction or the out-of-plane direction of Figure 2. One 

hundred point sources are distributed behind the transducer surface. 

The Green’s function solution for the source points is calculated within the DPSM 

framework. Conventionally, significant computational time is required to compute the Green’s 

function solution for the aforementioned points. The distance between the point sources, the 

maximum spacing allowed between neighbouring points and the minimum number of point 

sources required for the convergence criteria of the DPSM solution have been studied in Refs 

[49-52]. The convergence criterion suggests that the distance between two neighbouring points 

should be less than the wavelength in the fluid divided by   as given in Ref [38]. In the 

present problem geometry, the point sources are distributed such that the distance ( )  between 

the two neighbouring points is less than ( )2  .  

To simplify this computational intricacy, we employed a DL architecture based on PINN 

to compute the displacement Green’s function and stress fields. In the present study, the 

network architecture consisting of six inputs and nine hidden layers with 20 neurons each is 

considered. The six inputs of the network are the coordinates of distributed points 



18 

 

corresponding to each source and target planes. The output of the network is ijG . Hyperbolic 

tangent (tanh) activation function is used for each layer except for the last layer, the linear 

activation function is utilised. Loss function is minimised using the governing physics of the 

displacement Green’s function. The NN is trained using collocation points as different sets of 

source and target points. The loss function is optimised using Adam optimiser, having a 

learning rate and decay rate of 0.01 and 0.005, respectively. The network is trained for sets of 

data points for the prediction of 11 12 13 22 23, , , ,G G G G G  and, 33G . The performance of the 

optimization algorithm while training the network for 3000 epochs is shown in Figure 4. It can 

be observed from Figure 4, the loss function converges rapidly as the number of epochs 

increases. The value of MSL function as defined in Eq. (23) after 3000 epochs is 052.7677e− . 

 

Figure 4. The performance summary of the optimization algorithm during the training of the 

DL architecture. 

The displacement Green’s function solutions can be predicted after successful training of 

the NN. The predicted values of Green’s function, ijG  are calculated using the PINN. Figure 5 

shows the displacement Green’s function (i.e., 11 12 13 22 23, , , ,G G G G G  and 33G ) using the closed 

form Green’s function solution as the true solution and predicted values as PINN solutions. 

The difference between the true and predicted PINN solutions are observed to be in the order 
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of magnitude of 310−  to 410−  which can generally be ignored. It can be observed that the true 

solutions and the PINN results are in good aggrement with each other.  

 

Figure 5. The displacement Green’s function solution for isotropic solids using (a) analytical 

displacement Green’s function solutions, (b) PINN, and (c) relative error. 
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The trained deep NN is incorporated within the DPSM to yield proposed NG-DPSM 

framework. The DL architecture of NG-DPSM framework primarily provides two advantages.  

The calculation of displacement Green’s function solutions took 0.05 second in MATLAB® 

R2022b in an 8 core Apple M1 processor with 16GB RAM after training. On the contrary, the 

conventional method took 3 seconds to evaluate Green’s function solutions performed on the 

same machine configuration. It is worth noting that the computational intricacy in computing 

the Green’s function solutions using the PINN method is thus reduced significantly by sixty 

times. 

Finally perhaps most importantly, the automatic differention capability of NN substitutes 

the computational intensive analytical evaluation of gradients in conventional DPSM to predict 

the pressure and stress fields. The gradient of the output of the network, i.e., ijG  is calculated 

with respect to each coordinate axis,  1 2 3, ,
T

x x x=x . These  DL evaluated derivative of 

Green’s function solutions are substituted in Eq. (3) to compute the stress field at x  for the 

concentrated harmonic force applied at y . Once ultrasonic fields for each set of source and 

target points are evaluated, the total ultrasonic fields generated by the transducer surface in 

presence of the fluid-solid interface can be calculated using the source strength matrix. 

The ultrasonic fields are predicted for transducer frequency ( )1MHzf =  for different 

angles of inclination of the transducer surface with respect to the fluid-solid interface using the 

proposed NG-DPSM framework. The scattered fields for the critical angle ( )30.42cr =  for 

the water-aluminum interface, less than the critical angle ( )cr  and greater than the critical 

angle ( )cr  of inclination of transducer surface are computed using both conventional 

DPSM and NG-DPSM approach. The normal stresses are shown as the normalised amplitude 

with respect to the source strength. The normalised difference between the two solutions is 

obtained with respect to the infinity norm of the DPSM solutions as shown below, 

 
[(DPSM) (nG-DPSM)]

.
DPSM

Difference



−
=  (26) 

Top two rows of Figure 6 show the normal stresses ( s11 , s33 ) in aluminium and the pressure 

field in water while the bottom row shows the vertical displacement ( u3 ) for an angle of 

inclination less than the critical angle ( )15.24 cr =   . 
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Figure 6. Top two rows show normal stresses ( ),s11 s33  and the bottom row shows the 

displacement field ( )u3 , computed using the conventional DPSM (column 1), NG-DPSM 

(column 2), and normalised difference (column 3) for 1 MHz transducer frequency for angle 

of inclination, ( )cr .  

It can be seen in Figure 6 that the results obtained by NG-DPSM are in close agreement 

with the conventional DPSM results. The difference between these two solutions is less than 

1% 3( 10 )−  along the line of collimation of waves for both stress and displacement fields. 

Comparatively, the difference is more for the far field waves which can be improved further at 

the cost of computational efficacy obtained by the proposed method. It is known that the 

penetration depth of the guided wave is proportional to the wavelength; in other words, if the 

frequency of the signal decreases its wavelength increases, and in turn the penetration depth of 

the guided wave increases. Figure 7 and Figure 8 show the ultrasonic fields for two other angles 

of inclination - critical angle ( )cr=  and greater than critical angle ( )cr . Similar 

inferences can be drawn about the accuracy of these two cases. For the angle of inclination 

equal to or greater than the critical angle, one can notice that more energy is either propagated 

along the interface as leaky Rayleigh wave (Figure 7) or reflected back to the water half-space 

(Figure 8) compared to the subcritical angle of incidence case (Figure 6).  
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Figure 7.  Top two rows show normal stresses ( ),s11 s33  and the bottom row shows the 

displacement field ( )u3 , computed using the conventional DPSM (column 1), NG-DPSM 

(column 2), and normalised difference (column 3) for 1 MHz transducer frequency for angle 

of inclination, ( )cr= . 
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Figure 8. Top two rows show normal stresses ( ),s11 s33  and the bottom row shows the 

displacement field ( )u3 , computed using the conventional DPSM (column 1), NG-DPSM 

(column 2), and normalised difference (column 3) for 1 MHz transducer frequency for angle 

of inclination, ( )cr . 

5.2 Distribution of ultrasonic fields in presence of a circular hole in the solid half-space.  

Next, the numerical study is carried for a homogeneous isotropic half-space having a 

circular shaped cavity in the solid half-space. The problem geometry and the materials are same 

as the defect-free case discussed in Section 0. Length of the interface in this case is taken as 40 

mm in x− direction and the thicknesses of both the solid and the fluid layers in the z −  

direction is taken as 10 mm. The objective of this study is to investigate the scattered ultrasonic 

fields generated by the defect using the NG-DPSM approach. The ultrasonic fields are 

produced using finite size transducer of 4 mm diameter. The transducer surface is discretised 

using 110-point sources. At the fluid-solid interface, 125-point sources are distributed on each 

side of the interface plane. The circular hole can be modelled by placing n  number of point 

sources along the periphery of the cavity. The value of n  depends on the size of the hole. To 

ensure the convergence criteria (i.e., spacing between two adjacent point sources   1
3( ) rd of 

wavelength) the number of point sources increase with the cavity size. The scattered fields for 
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different locations of the circular hole are modelled for transducer frequencies of 1MHz and 

2.25MHz. Ultrasonic fields are computed along the plane of symmetry of the problem 

geometry. Results plotted are along the z x−  plane of the problem geometry. 

 

Figure 9. Top two rows show normal stresses ( ),s11 s33  and the bottom row shows the 

displacement field ( )u3 , computed using the conventional DPSM (column 1), NG-DPSM 

(column 2), and normalised difference (column 3) for 1 MHz transducer frequency. 

The displacement Green’s function solution is predicted using the proposed NG-DPSM to 

calculate ultrasonic fields. Similar steps as delineated in the previous case are followed to 

obtain various ultrasonic fields, the only change here is the architecture of the NN. Here, the 

network consists of 12 layers having 20 neurons per layer. For each layer hyperbolic tangent 

(tanh) activation function is used, except for the last layer where linear activation function is 

applied. The network is trained for each set of source and target points using the governing 

physics of displacement Green’s function. Loss function is optimised using Adam optimiser 

and learning rate and decay rate is kept same as the previous case. In this case, the value of 

MSL function reached 053.1556e−  after 3000 epochs.  
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Figure 10. Top two rows show normal stresses ( ),s11 s33  and the bottom row shows the 

displacement field ( )u3 , computed using the conventional DPSM (column 1), NG-DPSM 

(column 2), and normalised difference (column 3) for 2.25 MHz transducer frequency. 

Once the network is trained, the gradient function of Green’s function solution is evaluated 

using automatic differentiation. Further, the computed fields are used to predict the source 

strength vector using the matrix inversion to model total ultrasonic fields using DPSM. Top 

two rows of Figure 9 show the normal stresses ( s11 , s33 ) in aluminium and pressure in water 

and and the bottom row shows the vertical displacement ( u3 ) for 1 MHz transducer frequency 

plotted in the z x−  plane. The position of the center of the hole is at 5x =  mm and 15z =  

mm. Scattered ultrasonic fields are clearly visible near the fluid-solid interface and around the 

periphery of the circular hole. The normalised difference between the true and the predicted 

solutions is less than 1% (in the order of 310− ). It can be seen that the plots of ultrasonic fields 

for both DPSM and proposed NG-DPSM  framework match satisfactorily. Figure 10  shows 

similar plots for the transducer frequency of 2.25 MHz. The position of the center of the hole 

in this case is changed to 0x =  mm and 15mmz = . The ultrasonic fields are scattered 

symmetrically as the orientation of the hole and the excitation field make the problem 

symmetrical about the z-axis. Results obtained using both conventional DPSM and NG-DPSM 



26 

 

are compared and the normalised difference is again found to be less than 1%. Hence, from all 

these examples it can be concluded that NG-DPSM method is capable of replacing the DPSM 

technique.    

6. Conclusion 

In this study, we propose a neural Green distributed point source method (NG-DPSM) to 

simulate ultrasonic fields using a physics informed deep learning approach. Green’s function 

is the main constituent in modelling distributed point source to predict the ultrasonic fields in 

solids and fluids. Depending on the number of point sources used in the modelling, a large 

number of Green’s function solutions might be needed to be evaluated for different sets of 

source and target points. A PINN is constructed for the prediction of displacement Green’s 

function where closed form Green’s function solutions act as the governing physics in training 

the network. The network is initiated with six input variables as coordinate vectors for each 

source point - target point combination ( ,i ix y ). It then produces output as displacement 

Green’s function in real and imaginary planes. Once the network is trained, it can be observed 

that the computational time for displacement Green’s function calculation reduces significantly 

by sixty times. Further, it allows the flexibility of fine spacing of point sources for interface 

and transducer surfaces. The stress functions are calculated by leveraging the automatic 

differentiation capability of NNs, on the contrary the rigorous differentiation of Green’s 

function solutions is needed in conventional DPSM. It is an advantage of the proposed 

approach over the existing DPSM formulation, in terms of computational cost. Numerical 

investigations are carried out by simulating ultrasonic fields in homogeneous isotropic solids 

for the case i.e., (a) having no defect and (b) having a circular hole in the solid half-space to 

illustrate the efficacy. The ability of NG-DPSM is verified for different transducer frequencies 

and angles of inclination of the transducer surface. It is worth noting that the ultrasonic fields 

computed using the proposed approach match satisfactorily with the DPSM results. The 

scattered wave fields around the periphery of the circular cavity using both the NG-DPSM and 

the conventional DPSM show good matching confirming its applicability for modelling 

relatively complex geometries with scatterers. Therefore, it is verified that the proposed NG-

DPSM approach is a robust and efficient technique for modelling ultrasonic fields for different 

problem geometries.     
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