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A B S T R A C T 

Field-level inference is emerging as a promising technique for optimally extracting information from cosmological data sets. 
Previous analyses have shown field-based inference produces tighter parameter constraints than power spectrum analyses. 
Ho we ver, estimates of the detailed quantitative gain in constraining po wer dif fer. Here, we demonstrate the gain in constraining 

power depends on the parameter space being constrained. As a specific example, we find that lognormal field-based analysis 
of an LSST Y1-like mock data set only marginally impro v es constraints relativ e to a 2-point function analysis in Lambda cold 

dark matter ( � CDM), yet it more than doubles the constraining power of the data in the context of wCDM models. This effect 
reconciles some, but not all, of the discrepant results found in the literature. Our results suggest the importance of using a full 
systematics model when quantifying the information gain for realistic field-level analyses of future data sets. 
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 I N T RO D U C T I O N  

urrent lensing analyses typically rely on 2-point functions (Hikage
t al. 2019 ; Heymans et al. 2021 ; Abbott et al. 2022 ). Ho we ver,
-point analyses are suboptimal due to the highly non-Gaussian
ature of the late-time density field. Indeed, one can extract addi-
ional cosmological information by supplementing 2-point function

easurements with non-Gaussian summary statistics (Takada & Jain
003 ; Kilbinger & Schneider 2005 ), e.g. peak counts (Liu et al. 2015 ;
arnois-D ́eraps et al. 2021 ; Z ̈urcher et al. 2022 ), one-point PDFs

Thiele, Hill & Smith 2020 ; Boyle et al. 2021 ), wavelet transforms
Cheng et al. 2020 ; Ajani, Starck & Pettorino 2021 ; Cheng & M ́enard
021 ), and Minkowski functionals (Kratochvil et al. 2012 ; Petri et al.
013 ). 
Field-level inference (Jasche & Wandelt 2013 ; Wang et al. 2014 ;
odi, Feng & Seljak 2018 ) is a new approach in which one forward
odels the cosmology-dependent density field of the Universe as

onstrained by the data. A field-based inference approach is fully
ptimal at any given scale: it automatically and self-consistently
ncorporates all summary statistics up to the reco v ered scale. F or
his reason, it has been proposed to model a broad range of
bservables, including weak lensing (Porqueres et al. 2021 , 2022 ;
oruah, Rozo & Fiedoro wicz 2022a ; Fiedoro wicz, Rozo & Boruah
022a ; Fiedorowicz et al. 2022b ), CMB lensing (Millea, Anderes &
andelt 2019 , 2020 ; Millea et al. 2021 ), peculiar velocities (Bayer,
odi & Ferraro 2022 ; Prideaux-Ghee et al. 2022 ; Boruah, Lavaux &
udson 2022b ), and galaxy clustering (Ramanah et al. 2019 ; Dai &
eljak 2022 ). Although numerically challenging, steady progress in
umerical techniques (Modi, Lanusse & Seljak 2021 ; Dai & Seljak
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022 ; Li et al. 2022 ; Modi, Li & Blei 2022 ) is helping realize the
otential of this new technique. 
While there is consensus in the literature that field-based inference

eads to tighter parameter constraints than 2-point analyses, there are
lso significant differences in the detailed quantitative measure of
his impro v ement. Leclercq & Heav ens ( 2021 ) found that field-based
nference leads to massiv e impro v ement in parameter constraints
 v er 2-pt function analysis, even for only mildly non-Gaussian
elds. Similarly, Porqueres et al. ( 2022 , 2023 ) found large gains for
 field-level cosmic shear analysis. By contrast, Boruah, Rozo &
iedorowicz ( 2022a ) found field-based inference results in only
odest impro v ements for cosmic shear analyses. In light of these

ifferences, we have set out to examine the information gain from
eld-level inference of weak lensing data in more detail. 

 FORMALI SM  

e model the convergence field as a lognormal random field.
ognormal fields are commonly used to approximate non-Gaussian
ensity and convergence fields in cosmological applications (Coles &
ones 1991 ; Jasche & Kitaura 2010 ; Xavier, Abdalla & Joachimi
016 ; Clerkin et al. 2017 ). Throughout this paper, we perform our
nalysis at a pixel scale of 10 arcmin. This is sufficiently large for
he lognormal distribution to provide a reasonable description of the
nderlying convergence field (Xavier, Abdalla & Joachimi 2016 ;
lerkin et al. 2017 ; Friedrich et al. 2020 ). We do not consider

maller scales to a v oid ha ving to model baryonic feedback, which
s expected to significantly impact the matter density distribution at
igher resolution (e.g, Eifler et al. 2015 ; Huang et al. 2019 ; Osato,
iu & Haiman 2021 ). 
© The Author(s) 2023. 
ty. This is an Open Access article distributed under the terms of the Creative 
ch permits unrestricted reuse, distribution, and reproduction in any medium, 
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When modelled as a lognormal variable, κ is related to a Gaussian 
ariable y via 

= e y − λ, (1) 

here λ is called the shift parameter. The shift parameter denotes 
he minimum value that κ can take, and directly impacts the non- 
aussian features of the resulting convergence field. The mean of 

he y -field is chosen so as to enforce the condition that the κ field has
 zero mean. We use the perturbation theory code COSMOMENTUM 

Friedrich et al. 2018 , 2020 ) to calculate the cosmology-dependent 
hift parameters. For further details on lognormal fields, we refer the 
eader to Boruah, Rozo & Fiedorowicz ( 2022a ). 

We use the field-level analysis pipeline of Boruah, Rozo & 

iedorowicz ( 2022a ) to analyse synthetic weak lensing data gen- 
rated from a lognormal convergence map. To create the synthetic 
ata, we assume the redshift distribution forecasted for LSST-Y1 
n The LSST Dark Energy Science Collaboration ( 2018 ). We then
nalyse the synthetic data using two different models: (i) a two- 
arameter toy model presented in Section 3 , and (ii) a cosmological
odel in which the power spectrum and the shift parameters are 

etermined by the underlying cosmological parameters. Following 
eclercq & Heavens ( 2021 ), the toy model analysis of Section 3 is
on-tomographic. The cosmological analysis of Section 4 assumes 
he data is binned into 4 tomographic bins. 

 TOY  M O D E L  WITH  SCALING  PA R A M E T E R S  

eclercq & Heavens ( 2021 ) used a two-parameter lognormal toy 
odel to demonstrate that field-based analyses can dramatically 

utperform standard 2-point approaches. This result is apparently 
n tension with that of Boruah, Eifler & Miranda ( 2023 ), who find
nly marginal impro v ements in a Lambda cold dark matter ( � CDM)
osmology. To resolve this apparent discrepancy, we analysed a 
ynthetic data set using two different models: a toy model similar
o the one used by Leclercq & Heavens ( 2021 ), and the standard
 CDM model. Our toy model is constructed so that our fiducial toy
odel exactly matches our fiducial � CDM model. 
Our fiducial model is a flat � CDM universe with �m 

= 0.279, σ 8 =
.82, �b = 0.046, h = 0.7, n s = 0.97. This choice defines the power
pectrum C y ( � ) and the shift parameter λ of the lognormal random
eld κ , where y = ln ( κ − λ), and y is a Gaussian random field. Our

oy model depends on two parameters α and β that rescale: 1) the 
ower spectrum C y ; or 2) the shift parameter λ. These rescalings are
efined via 

log C y ( � ) → α × log C y ( � ) (2) 

→ β × λ. (3) 

or simplicity, we refer to this toy model as the α–β model, with
= β = 1 corresponding to our fiducial model. As in Leclercq &
eavens ( 2021 ), we restrict our analysis to a single tomographic

edshift bin, for which we adopt the expected redshift distribution of
ource galaxies for the LSST-Y1 data set. 

We produce a lognormal realization of the fiducial model, which 
e then analyse using the field-based inference framework of 
oruah, Rozo & Fiedorowicz ( 2022a ). We perform our analysis both

n the toy α–β model and the σ 8 –�m 

parameter space. In each case, 
e adopt flat priors on the rele v ant parameters. Both analyses rely
n the same noisy shear map as the data vector. 
Fig. 1 compares the posteriors for the α–β model (left) and 

he � CDM model (right). Red and blue contours correspond to 
osteriors from a field-based (red) and a power spectrum-based (blue) 
c

nalysis. Evidently, field-based inference dramatically impro v es 
arameter constraints in our toy model, but has only a modest
mpact on the posteriors in the σ 8 –�m 

space. This demonstrates that: 
) despite being superficially different, the results of Leclercq & 

eavens ( 2021 ) and Boruah, Rozo & Fiedorowicz ( 2022a ) are
ully consistent with each other; and 2) the amount of information
ained from field-based inference depends on the parameter space 
f interest. 
We can readily understand the difference in gains between the 

wo parameters spaces as follows. In the α–β toy model, the 1-point
nd 2-point functions of the field vary in non-physical and largely
ndependent ways. Ho we ver, in the real Uni verse, the po wer spectrum
nd the 1 pt PDF are determined by the same physics and therefore
ontain correlated information. 

To demonstrate this, we select models from the power spectrum 

osteriors in each of the two parameter space we considered. The
odels selected are e xactly 2 σ a way from the fiducial model and

long the de generac y direction of the 2-point posterior in each space.
ig. 2 compares the 1-point function for each of these models. We
ee that the difference between the 1-point function for each of
hese models and that of the fiducial model is many times larger in
he α–β parameter space than in the σ 8 –�m 

space. Moreo v er, the
ifferences in the 1-point functions in the σ 8 –�m 

parameter space 
re comparable to the cosmic variance errors, explaining why field- 
ased inference results in only marginal gains relative to the 2-point
osterior. In short, the reason the toy model of Leclercq & Heavens
 2021 ) results in large gains is because it allows for an unphysical de-
orrelation of the information content of the 1- and 2-point functions
f the convergence field. 

 I MPLI CATI ONS  F O R  C O S M O L O G I C A L  

NFERENCE  

e have seen that that the choice of parameter space impacts the
elative gain of field-based inference methods relative to traditional 
-point analyses. This raises the question: are there other cosmo- 
ogical parameters for which the gain in cosmology constraints 
s large? Here, we compare cosmological constraints in wCDM 

odels from cosmic shear as derived from field-based and power 
pectrum analyses. In contrast to the previous section, we perform a
omographic analysis with 4 redshift bins, each containing the same 
umber of galaxies. The redshift distribution of the bins is based on
he expected LSST-Y1 redshift distributions. The source density is 
et to 10 galaxies/arcmin 2 (2.5 galaxies/arcmin 2 per redshift bin). 

Fig. 3 summarizes our results. The figure demonstrates that a 
eld-based approach significantly impro v es parameter constraints 
elative to the standard 2-point analysis in a wCDM cosmology. Note
hat in this comparison, we use the same data and noise realization.

e quantify the impro v ement using the covariance matrix of the
osterior. Specifically, we define the figure-of-merit 

oM ij = 

1 
√ 

det ( Cov [ θi , θj ]) 
, (4) 

here, Cov[ θ i , θ j ] denotes the covariance matrix of the parameters θ i 

nd θ j as computed from the Markov Chain Monte Carlo (MCMC)
osterior samples. We find that field-based inference leads to an 
mpro v ement in the figure of merit by a factor of 2.2, 2.2, and
.5 times in the �m 

–A s , �m 

–w, and A s –w subspaces, respectively.
hese impro v ements are particularly noteworthy in that the cosmo-

ogical information content of the shear power spectrum begins to 
aturate at ≈10 arcmin scales (Kayo, Takada & Jain 2013 ; Boruah,
ifler & Miranda 2023 ). That is, field-based analyses are a powerful
omplement to efforts centred on improving small-scale modelling. 
MNRASL 527, L162–L166 (2024) 
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M

Figure 1. Comparison of the constraints obtained using field-based inference and power spectrum analysis for the toy model described in Section 3 ( left ), and 
a � CDM cosmological model ( right ). We use the same observed data vector – i.e. the noisy realization of the observed shear field for the two panels. We plot 
β/ α2 on the y axis for the toy model to account for the strong de generac y between these two parameters. We see that field-based inference dramatically impro v es 
parameter constraints in the α–β toy model, b ut ha ve only a modest impact on cosmological posteriors (Boruah, Rozo & Fiedorowicz 2022a ). That is, the gains 
due to field-based inference methods relative to 2-point analyses depend on the parameter space under consideration. 

Figure 2. Comparison of the 1-point distributions of models that are 2 σ
away from the fiducial value in the 2-point posterior analyses for both the 
α–β (red dashed and dotted lines) and σ 8 –�m 

(blue dashed and dotted lines) 
parameter spaces. The bottom panel shows the differences between the 1- 
point distributions from that of the fiducial model. The error bars in the 
bottom panel are the noise in the measured 1-point distribution. Note that 
the differences in the 1-point distribution are highly significant in the case 
of the α–β parameter space, but only marginally significant in the σ 8 –�m 

space. 
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As in Section 3 , the additional information in the field-based
nference analysis comes from the 1-point function. This is illustrated
n Fig. 4 . There, we compare: 1) the spread in the predicted 1-point
unctions obtained by sampling the power spectrum analysis poste-
NRASL 527, L162–L166 (2024) 

c  
ior; and 2) the observational uncertainties in the 1-point distribution.
his comparison is done both for � CDM and wCDM posteriors, and
ach of the four tomographic bins. We see that the spread in the one-
oint function within the � CDM chain is less than or comparable
o the statistical noise in the one-point function measurement. On
he other hand, the spread in the predicted 1-point distributions from
he wCDM power spectrum posterior is broader than observational
ncertainties. Consequently, the 1-point distribution function adds
ignificant information to the 2-point analysis for wCDM models.
onversely, a measurement of the 1-point distribution adds little

nformation within the context of a � CDM analysis. 
Our results are in tension with those of Porqueres et al. ( 2022 )

nd Porqueres et al. ( 2023 ), who report large gains from field-based
nference in a � CDM cosmology. Barring numerical issues/bugs in
ne or both of these codes, this discrepancy can only be resolved
y the differences in the forward models. The convergence field in
orqueres et al. ( 2023 ) is calculated using second-order Lagrangian
erturbation Theory (2LPT) simulations plus ray tracing, whereas we
ely on an approximate lognormal model. Ho we ver, the lognormal
odel provides a good description of the convergence field at the

urrent resolution (e.g, Xavier, Abdalla & Joachimi 2016 ; Clerkin
t al. 2017 ; Fiedorowicz et al. 2022b ) and therefore the massive
ifference between the two results is surprising. Understanding the
ources of this discrepancy is outside the scope of this work, but
he difference highlights the need for more e xtensiv e testing and
etailed comparisons between dif ferent field-le vel inference codes.
n this context we note that in Boruah, Rozo & Fiedorowicz ( 2022a )
e have verified that our posteriors match the analytic expectation
hen using a Gaussian random field model. 

 SUMMARY  A N D  DI SCUSSI ON  

e used the lognormal model to study the relative information
ontent from field-based and 2-point analyses of the convergence
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Figure 3. Comparison of the cosmological constraints with power spectrum analysis (blue) and map-based inference (red) for wCDM parameter space. We 
find that map-based inference leads to much stronger constraints than a power spectrum-based analysis. This is in contrast to our findings within the context of 
� CDM, where field-based inference resulted in only modest impro v ements. 

Figure 4. Spread in the 1-point function calculated for the cosmological parameters drawn from the power spectrum posterior for a � CDM (red) and a 
wCDM analysis (blue). The black bars show the expected statistical error in the reco v ered distributions including shape noise. The differences in the posterior 
predictions for the 1-point distributions are larger than the observational errors in wCDM, but smaller in � CDM. Consequently, field-based inference leads to 
large impro v ements in parameter constraints in the conte xt of wCDM, but only modest impro v ements in � CDM. 
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eld. We confirm the finding that field-based parameter posteriors are 
ignificantly tighter than those of the corresponding 2-point analysis 
n the case of the Leclercq & Heavens ( 2021 ) toy model. Ho we ver,
e have also demonstrated that the relative gains of field-based 

nference depend on the specific parameter space being investigated. 
n particular, we have found field-based inference leads to modest 
ains in � CDM, but large gains in wCDM. These impro v ements are
riven by the information content in the 1-point distribution of the 
onvergence field. 

It is important to note that in this analysis, we have not considered
ystematic effects. As we saw in Section 3 , the constraining power
epends on the parameter space considered. Therefore, the addition 
f systematic parameters to the model will impact our conclusions 
egarding the impact of field-based inference on cosmological 
osteriors. That said, several studies in the literature have shown that 
on-Gaussian information can impro v e constraints on systematics 
arameters such as photo- z biases (Jasche & Wandelt 2012 ; Tsaprazi
t al. 2023 ) and intrinsic alignment (Pyne & Joachimi 2021 ), which
ould in turn likely produce gains in cosmological constraining 
ower. Detailed quantification of these gains will require further 
nalyses, which we leave for future work. 
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