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ABSTRACT

In this paper, we propose a general distributionally robust regression model based on
distributionally robust optimization theory. The proposed model has piecewise linear
loss function and elastic net penalty term, and it generalizes many other regression
models. We prove the piecewise linear property of the optimal solutions to this
model, which enables us to develop a solution path algorithm for the hyperparameter
tuning. Doubly regularized Least Absolute Deviations (DrLAD) regression model is
proposed based on this framework, and a solution path algorithm is developed to
speed up the tuning of two hyperparameters in this model. Numerical experiments
are implemented to validate the performance of this model and the computational
efficiency of the solution path algorithm.
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1. Introduction

Regression is a technique to estimate the relationships between between input « € R?
and output y € R. The regression coefficients 3 and [y, representing the relationships
between input & and output y, can be estimated by solving expected risk minimization
problem

min EP[E(Z)], (1)

ﬁ’ﬁﬁ

where £(z) is the loss function, and z = y — (BT« + fy) is the residual. Here, P is the
input-output distribution.

Different loss functions will lead to different regression models. The Ordinary Least
Squares (OLS) takes the squared error as the loss function, but it is very sensitive to
outlier points. The Least Absolute Deviation (LAD) [1] model minimizes the absolute
error loss, which is more robust to outliers. Huber regression [2,3] models combine
the squared error loss and absolute loss, where the loss function is squared error for
residuals around zero and is absolute error for residuals far away from zero, but the
Huber loss introduces another hyperparameter to define the range for squared error
and absolute error. Support vector regression [4] adopts the e-insensitive loss to find
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the appropriate regression hyperplane, which is robust to outliers. The pinball loss is
used in quantile regression [5], which can produce accurate quantile forecast.

In practical applications, data will contain noise that makes it deviate from original
values; this is called data uncertainty. With data uncertainty, the model will suffer
from overfitting and have bad generalization performance in test data. Regularization
is often used to handle overfitting. Hoerl et al. [6] added the f2-norm regularization to
OLS model, which can achieve better prediction performance. The ¢;-norm regulariza-
tion [7] can shrink the coefficient and perform feature selection. As a combination of
¢1-norm and f3-norm, the elastic net regularization [8] has the benefits of both norms
and also encourages a grouping effect for correlated input features.

Instead of directly using the uniform empirical distribution over the training data,
distributionally robust optimization (DRO) [9,10] considers a family of distributions
in an ambiguity set. The Wasserstein ambiguity set, constructed through Wasserstein
distance, contains all distributions around the uniform empirical distribution of the
training data samples within a certain probability distance [9,11,12]. This Wasser-
stein distance can be interpreted as the minimum transportation cost for moving unit
mass of one distribution to the other distribution, and the corresponding ambiguity
set guarantees that the unknown data-generating distribution belongs to the set with
high confidence for a sufficiently large sample size. The DRO based on a Wasserstein
ambiguity set is a popular technique to improve the performance of machine learning
models, and its tractable reformulations will introduce a regularization term [13]. The
coefficient of the regularization term, controlling the bias-variance trade-off between
loss function and regularization, is a hyperparameter. The choice of this hyperparam-
eter will highly influence the generalization performance of the model.

In some machine learning models, the optimal solutions to 3, 8y will change piece-
wise linearly with respect to hyperparameters. Once the break points can be found
sequentially, all the optimal solutions can be obtained efficiently. These kinds of al-
gorithms are called solution path algorithms [14]. They can be used to speed up the
tuning of hyperparameters, and have been studied in literature for some machine
learning models. For example, the Least Angle Regression (LARS) algorithm was pro-
posed by Efron et al. [15] to fit the Lasso model. Inspired by LARS, Zou et al. [§]
proposed LARS-EN algorithm for elastic net regression model. Tibshirani et al. [16]
further extended the solution path algorithm to generalized Lasso problems. Wang
et al. [17] proposed the solution path algorithm for regularized least absolute devia-
tions regression model. For support vector regression problem, A-path [18], e-path [19]
and two-dimensional path algorithms [20] were developed to tune the hyperparameter.
Takeuchi et al. [21] proposed a solution path algorithm for kernel quantile regression.

However, there is no well developed algorithm for the hyperparameter tuning of
Wasserstein DRO regression model. This paper proposes a general distributionally ro-
bust regression model with piecewise linear loss function and elastic net regularization
term. The optimal solutions to 3, 5y in this model are piecewise linear with respect
to the hyperparameters. As a special case, the Doubly Regularized Least Absolute
Deviations (DrLAD) regression model, combining both the LAD loss and elastic net
regularization, is developed, and a solution path algorithm is designed for tuning the
two hyperparameters in this model.

The remainder of this paper is organized as follows. In Section 2, a general frame-
work for regression problems is proposed. In section 3, the piecewise linear property of
the optimal solutions is studied. In Section 4, a solution path algorithm for hyperpa-
rameter tuning in DrLAD model is designed. In Section 5, numerical experiments are
implemented to test the performance of the model and the solution path algorithm.



Finally, Section 6 concludes this paper.

2. Distributionally robust optimization for regression problems

2.1. Distributionally robust regression models with Wasserstein
ambiguity set

In practice, the distribution P in (1) is uncertain and only indirectly observable through
the training data. Based on distributionally robust optimization theory, we can con-
struct an ambiguity set which contains the unknown distribution P with high confi-
dence. Let = = R% x R, the Wasserstein distance between two distributions Q and Q'
supported on = is defined as:

W@ @) =int{ [ dlew), @ y)(@). @0

=2

IT is a joint distribution of ¢ and ¢ with marginals Q and Q/},

where d((z,v), (',y)) = ||e—2'|,+~k|ly—y| is a metric on =, indicating the minimum
cost of moving one distribution to another, and here p is the norm of feature space.
The parameter £ > 0 reflects the relative emphasis between feature uncertainty and
label mismatch. The larger the « is, the more confidence in labels. Given the training
data {x;,y;}" |, the empirical distribution is defined as P = 1 > | O(z;y,)- Then an

n
ambiguity set centered around P can be constructed as follows:

B\(P) = {Q: W(Q,P) < A},

where A is radius of the Wasserstein ambiguity set. Thus, the following distributionally
robust optimization model for regression problems can be formulated as

minh(B) + sup EQ[E(Z)], (2)
IB’BO QEBx(I@))

where h(3) is a function of regression coefficients 3, and the sup is to identify the worst-
case expected risk within the Wasserstein ambiguity set. This model (2) constitutes
an infinite-dimensional optimization problem over probability distributions and thus
appears to be intractable [9]. If = = R9*! and £(z) is Lipschitz continuous with respect
to z, according to Theorem 4 and Remark 8 in [13], if K = oo, the model (2) can be
reformulated as

: 1 ¢ _
win h(8) + 3" 02 4 A L0l ®)
"o i=1
where ¢ means the dual norm (i.e., % + % = 1), and Lip(¢) represents the Lipschitz

modulus of 4.



2.2. Distribution robust regression models with piecewise linear loss
function

The piecewise linear loss functions are very common in regression models, such as
e-insensitive loss, pinball loss and LAD loss, and they can be expressed as

l(z) = i r{laxK{akz + b}

=1,--,

where K is the number of pieces. In the general distributionally robust regression
model (3), set without loss of generality maxy |ax| = 1 (thus Lip(¢) = 1), A = Ay,
qg=1, h(B) = %H B3, we can obtain the following regression model with piecewise
linear loss functions:

mmfze () + MBI+ 22813 )

Although this model is a special case of the general distributionally robust regres-
sion, with different choice of piecewise linear loss, it still generalize many well-known
regression models. Here we list two cases of them:

e Support Vector Regression (SVR). Taking ¢(z) = max{0,|z| — €¢},e > 0, model
(4) reduces to the following SVR model with elastic net regularization term:

rénﬁnf ZmaX{O |zi| — €} + M8l + *Hﬁ”z

For this regression model with only with ridge regularization term, Gunter et al.
[18] and Wang et al. [20] developed solution path algorithms.

o Quantile regression. Taking ¢(z) = max{—7z,(1 — 1)z}, 7 € [0,1], model (4)
reduces to the quantile regression model [22,23]:

A
glknfzmaX{ T2, ( T)Zi}+>\1’\ﬂ||1+?2||ﬁ||g~

For the hyperparameter 7, Takeuchi et al. [21] proposed a solution path algorithm
to efficiently find the optimal solutions with respect to different values of 7. A
regularization path algorithm for ¢;-norm regularized quantile regression was
developed by Li and Zhu [24]. Li et al. [25] developed a solution path algorithm
for the fo-norm regularized quantile regression.

Additionally, taking ¢(z) = |z|, model (4) reduces to the following model,

gnn—Z\zll+/\1||ﬁH1+*Hﬁ”2, ()

with the LAD loss. This Doubly regularized Least Absolute Deviations regression (Dr-
LAD) model is robust to noise, and the elastic net regularization can perform feature
selection and encourage grouping effect for correlated input features. For this newly
developed regression model, it has two hyperparameters A1 and As.



In the following Section 3, we will first prove that the optimal solutions of model (4)
change piecewise linearly with respect to the hyperparameters. As a special case, the
DrLAD model (5) will be further studied and a solution path algorithm is designed in
Section 4.

3. Piecewise linear properties of the optimal solutions for distributionally
robust regression model

For the distributionally robust regression model (4) with piecewise linear loss functions,
it can be equivalently reformulated as follows,

B A2 o
min n;&w 5 1813 (6a)
s.t.akzi—kbkgfi, izl,...,n, k‘Zl,...,K (6b)
d
> B; - sign(B;) < s, (6¢)
j=1
>0, i=1,...,n (6d)

where the term A;[|3||; in the objective function is replaced by constraint (6¢). Thus,
for every A1, there exists a s such that model (4) and model (6) are equivalent. This
model (6) is a convex quadratic program with linear constraints. There are two hy-
perparameters s and A2 in the model, and they control the trade-off between the loss
function and regularization terms. The performance of the models is highly influenced
by the choice the hyperparameters. If we directly perform cross-validation to identify
proper values for these hyperparameters, this convex quadratic program should be
solved repeatedly, leading to high computational cost.

To design the solution path algorithm, we first explore the piecewise linear properties
of the optimal solutions to 3, 5y in the equivalent model (6).

3.1. Piecewise linear solution path with respect to s

We first fix A9, and find the optimal solutions with respect to s.

Theorem 3.1. If Ay is fized, the optimal solutions (8%, 3;) of distributionally robust
regression model (6) are piecewise linear with respect to s.

Proof. The Lagrangian function of (6) is

L(B, Bo, & 5, M) *Hﬂllﬁ ZéﬁZZm (arzi + b — &)

k=1 1=1

Zﬁ - sign(B Zm,

where n¥, v; (i = 1,...,n), 6 are Lagrangian multipliers, and z; = y; — (8Tz; + Bo).



Define the following sets

Rk:{i:akzi—i—bk;éO}, Ek:{i:akzi—kbk:()}, V:{jﬁ]#()}

Based on the generalized Karush-Kuhn-Tucker (KKT) theory [26], we can obtain

K n
oL . .
875-:/\2ﬂj—Zzaknfwij+9'“9”(ﬁj):Ov jev
k=1 i=1
a Z—O
8/3’0 ;2 K

87&_5_2771 —v =0, 2=1,...,n

ni(akzi—kbk—&): , 1=1,...,n, k=1,...,K
d

00> B, - sign(B;) —s) =0

J=1
’)’1'&20, Z':1,...,n

For the points in Ry and &, we can obtain

e Forie Ry: & #0,v =0, Zk 1771 E,and
e Forie&: & =0, Zk 177z > n-

(8a)

For the points in the sets V, &, the corresponding constraints are active. Then we can

obtain the following system of equations
K n
AofB; — Z Z agni@i; +0 - sign(B,;) =0, jeV

k=1 i=1
K n
DO anf =0,

k=1 1i=1

yi— (Y B+ 60) + by =0, €&, k=1,...

NS4

Z,Bj -sign(B;) = s, if 6 >0

JjEV

(9a)

(9b)

(9¢)

(9d)

In the above linear system, the number of equations and number of unknowns are equal.
When s increases by a small enough amount, the sets Ry, &, V will not change, and
the structure of the above system will not change. Taking derivatives with respect to



s, we have

A A6
Z Z i o kT + s sign(B;) =0, j€V (10a)
k= 116& o
K
Ay
> D R =0 (10b)
k=11i€&
AB; ABo )
_ - . —_—) = = P 1
ak(' As T + As ) 0, i1€&, k=1, K ( OC)
JjEV
Z AB] ~sign(B3;) =1, if 6 >0 (10d)
L As J L
JEY

The solutions of the above system of linear equations are the gradients of 3;, fo, nf ,0.

If the active sets V and & do not change, the gradients will not change. So 3;, Sy, nf ,0
will change linearly in s. When the s increases large enough, one of the active set V
and &£ will change, and the structure of the above system will change. We will obtain
new gradients, so the optimal solutions will change piecewise linear with respect to
s. O

3.2. Piecewise linear solution path with respect to Ao

Next, we fix s, and find the optimal solutions of 8 and By with respect to As.

Theorem 3.2. If s is fized, the optimal solutions (8%, ;) of distributionally robust
regression model (6) are piecewise linear with respect to 1/Aa.

Proof. Similar to (9), let v = 1/)a, ¢¥ = vn¥, we have

K n
B — Z Zakg‘f:cij +0v-sign(B;) =0, j€V (11a)
k=1 i=1
K n
Z k=o, (11b)
k=1 i=1
yi— () Bjxij+ o)) +br =0, i€&, k=1,... K (11c)

JEV

In the above linear system, the number of equations and unknowns (6 = \; is known)
are equal. When v changes by a small enough amount, the sets &, V will not change,
and the structure of the above system will not change. The system of linear equations
(11) can be written as

K n K n
- Z Zakgfa:ij — ZZ vagnta; + v - sign(B;) =0, jeEV (12a)
k=1 ic€ k=1 i¢€
K n K n
YD wlF+> > il =0, (12b)
k=1i€& k=1 i¢€



yz—(25j$ij+5o))+bk20, i€&k=1,....K
jev
(12¢)

Taking derivatives with respect to v, we can obtain

AB;, &
ﬂ o Z Z AAicaka Z Z aknz wl] 0- SZg?’L(,B )a .7 eV (133‘)

k:1 ie&'k k} 17,¢£k
IIPILS D SOILL D IPILL (13b)
k=11i€& k=11i¢&, k=11i€&
AB. A
ak( A?/Jw i + ABVO) 0, i€&, k=1,...,.K (130)
JjEV

Similar as the proof for Theorem 3.1, we can find 3, 5y are piecewise linear in v. In
equation (11), if we plugin 3; = /\% Zle S agnfa — )% - sign(B;),

K
YO amnf =0,

k=1 i=1
K

ak(yi)\g — (Z Z(Z aknfmij —0- sign(ﬁj))wij + ’I’]o)) +Xobp, =0, i€&,k= 1,...

jev k=1 i=1

where 19 = A289. Then taking derivative with respect to A2, we can obtain

zzaﬁ"ﬁ -0, (150)

nk Ang
Z ZZ—/\akw”)wU—i—A/\ )=vyi+by, i€&,k=1,...,K (15b)
JEV k=11i€&;

Similar as the proof for Theorem 3.1, we can find that nf is piecewise linear with
respect to As. ]

4. Solution path algorithm for the Doubly Regularized Least Absolute
Deviations Regression

In Section 3, we have proved that the optimal solutions of model (4) change piece-
wise linearly with respect to hyperparameters s, 1/A2. Next, we need to identify the
breakpoints between different pieces, where the structure of the linear systems (10),
(13), (15) will change. For different loss functions, there are different ways to identify
breakpoints.

In this section, we consider a special case of the distributionally robust regression
model, the DrLAD model (shown in (5)). A solution path algorithm is proposed to
track the optimal solution path of DrLAD with respect hyperparameters. In a similar



way to the reformulation of model (6), model (5) can be equivalently written as

pin 52@ 2613 (16a)
st.yi—(BTxi+fo) <&, i=1,...,n (16b)
(BTxi+ o) —yi <&, i=1,...,n (16¢)

d
Zﬁj -sign(B;) < s (16d)

j=1
51207 Z:177n (166)

With Theorem 3.1 and Theorem 3.2, the optimal solutions 3, 5y are piecewise linear
with respect to s,1/\y. For example, Figure 1 is the piecewise linear solution path of
DrLAD model in prostate dataset shown in Section 5.

-0.25 A

s YAz

(a) (b)

Figure 1. The piecewise linear solution path of coefficients with respect to different hyperparameters

4.1. Piecewise linear solution path with respect to s

The Lagrangian function of (16) is

A
L(B,Bo,§;87>\2)=72||5||3+ Zmzm — (BT + Bo) — &)

- Zm — (BT@i + Bo) + &) + 0 Zﬁ - sign(B Zm,
j=1
where 7];', n;, v (i =1,...,n) and 6 are Lagrangian multipliers. Then, as shown in

Figure 2, we can split the data points into different groups based on the residuals

E={i:yi— (BTx; +5o) =0}, L={i:yi— (BTx; + Bo) <0},
R:{i:yi—(ﬁ-ra?i—l-ﬁo)>0}, VZ{ji,Bj#O},
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j

Figure 2. Partition of data points. z = y — (B8Tx — o) is the residual. (a) If the residual z < 0, the point
belongs to £; If the residual z = 0, the point belongs to &; If the residual z > 0, the point belongs to R. (b)
An example of the partition of data points.

where £ contains points in the elbow of the LAD loss; £ corresponds to points in the
left of the elbow; R means points lie in the right of the elbow; and V contains the

index of the nonzero feature. Then we have

5.5 1

5.0 1

4.5

3.5 1

3.0 1

2.51

e Fori e R:&>0,v=0nt=2n =0

e Forie L:6>0,7=0,n

e Foric & &=0,n"+n

1
o

0,n, =

1

n?

2.5 3.0 3.5 4.0 4.5 5.0 5.5
x1

(b)

Let n; = n;r — 1, , according to equations (10), we have the following equations

AB; B

A2

An;

As P As

Al .
xij + s sign(B;) =0, jeV
An;
> Ay =0
€€ As
AB; ABo .
Z As Lij E = 0, 1€E&
JjEV
AB; .
ZA—; -sign(B;) =1, if 0 > 0

jev

We define the following events to identify changes in V, £, R and &:

e An active feature in V becomes inactive. This event happens when | Bj\ becomes

0.

e An inactive feature joins active set V. This event happens when the absolute

value of the generalized correlation ¢; = A3, — > i mix,j reaches 6.

e A point moves from £ to £ or R. This event happens when 7; becomes —% or

1

=
e A point moves from £ or R to £. This event happens when the residual r; =

yi — (BT@; + By) reaches 0.

10




At the initial state, s = 0, 3 = 0, and the objective function of (5) becomes

.1
min — P —
Bo n ; ’yz /80’

We have V = (). Let Y(1)sY(2)» - - - » Y(n) D€ the response variable in ascending order. If n
is odd, let 9 be the index corresponding to y((,,/2)), then we have b = y;, and n, = 0. If
n is even, let 1 and ¢3 be the corresponding indices of y(,,/2) and y(, 241), then either
one of them can be added to £. If we take b = y;,, then we have n,, = —%.

Let 8% be the smallest decrease for the first event i to happen. Next, we will detail
exactly how to find each §°.

(1) An active feature in V becomes inactive:

0—23;
5l = — 1
“ e { s "
. 0-3,
WhereV+:{]€V:m>O}.
(2) An inactive feature joins active set V. Let fjJr = W, fi

0—c;
m, then we have

min{f;,fj_}, if f;r >0and f; >0
g; = max{ff,f;}, if either f;r <0Oor f; <0 but not both
oo, if f;7 <Oand f;7 <0

62 = min{g, 20
v {95} (20)
Ac; An;
where T8 = =3 ice AL Tij
(3) A point moves from & to £ or R:
1 1
—n M

(5 = n t 21
=i { 0 ) (21)

(4) A point moves from £ or R to &:

0—mr;
54 — mi 4 22
: m{A/A} 2
AB; JAVEN
where £ = {i ¢ £ : AT /AS >0}, & As = Djev AsTij — Aﬁs :

(5) the generalized correlation of active features reaches to 0:

5 00
S Af/As

(23)

The algorithm for the s-path is shown in Algorithm 1.

11



Algorithm 1 s-path algorithm

Input: Training data (z1,y1),..., (Tn, Yn)
1: Initialize s, A2, 8o, B, ni, 0, R, L, &, V;
2: while s < s;,42 doO
3: Compute 6}, 62,82,6%, 52 by equations (19)-(23);

4: Find 6, = min(6}, 82, 63,64, 62);
5

§77877877817S

Upda‘te ﬂja 6077717 0 by

AB; . ABy
E? jev7 50%50—’_6 AS

An; AG
771%771 SAS’ Zega 0<—0+5SE7

Bj < Bj + 0s

6: Update £, R, €&, and V;
7 S s+ (55;
8: end while

Output: Solution path of 3, 8y, 7,0 with respect to s

4.2. Piecewise linear solution path with respect to A2

As a special case, according to equations (13), we can obtain

Ay 2u A, Zmﬂ?zj —0-sign(B;), j€EV

€€ 1¢E
A
C = Z i = Z i
iGS igE ie€
AB; ABy .
ZAymij*FE—O, 1€&
%

We can find 3, By and (; are piecewise linear in v. Then the following equations can
be obtained based on equations (15)

Z Anz -
€€ A)\2
Am AUO o .
Z( A)\ mzy)mz]+A>\ =Y, 1€&
JEV €€

This linear system consists of |£]|+1 equations and ||+ 1 unknowns. We can find that
7; is piecewise linear in Ag. Then we need to compute the increase of v (or decrease of
A2) needed to reach the next event:

(1) An active feature in V becomes inactive:

0B
= {55730 =

12



where V; ={jeV: Aﬁ /Au > 0}.

(2) An inactive feature joins active set V. Let f Ace/ch\z, fﬁ m, then we
have

max{f;r,fjf}, if f;r <0and f; <0,
g; = min{f;r,fj*}, if either f;r > 0or f; > 0 but not both,
oo, if fjJr > 0 and fj_ >0,

62 =max{g;}, 27
{, = maxo;) 0
where AA = -2 AA2 Lij-
(3) A point moves from & to L or R:
1 1
S

65 = 2
x I?eaxmm{Am/mz Anz/mg} (28)

(4) A point moves from L or R to &:

0—r1r;
54 = ¢ 2
v gé?{An/Ay} (29)

where £ = {i ¢ £ : Ar /AV > 0}.
(5) Ag reaches to 0:
8 == (30)

2

Then find the event happens first by

— 261 —\364
Sy = _2%v  s2 83 72w 65 31
re maX{HAga;’ Aot O T 08 (81)
The algorithm for the As-path is shown in Algorithm 2.
Based on Algorithm 1 and Algorithm 2, the solution path algorithm for the DrLAD
can be designed and is shown in Algorithm 3.

5. Numerical experiment

We implement multiple experiments to test the computational efficiency of solution
path algorithms and the generalization performance of DrLAD model on different
datasets. The datasets used in the experiments are from UCI machine learning repos-
itory [27], and the information of them are summarized in Table 1. The experiments
are performed on a Linux server with AMD Zen2 16 core processors (2.3GHz) and
64GB RAM, with code by Python 3.8. The computational time is reported in second
(s). In the experiments, we implement 5-fold cross-validation to select the appropriate
hyperparameters, and repeat ten times.

13



Algorithm 2 A\s-path algorithm
Input: Training data (z1,y1),..., (Tn,Yn), S
1: Initialize Ao, 50', B,ni, 0, R, L, E,V;
2 while \; > A7 do
3: Compute 6., (5/2\2, 5:/3\2, 54, (5;5\2 by equations (26)-(30);
4: Find 0y, by equation (31);
5 Update 8, fo, i by

B A
B B0, 50 GEV, B hra Sl et

An
AN

Lieé;
2

6: Update £, R, &, and V;
7 Set Ao <= Ay + 0),;
8: end while
Output: Solution path of 3, 8y, with respect to Ao

Algorithm 3 Solution path algorithm for DrLAD

Input: Training data (x1,y1), ..., (Zn, Yn)
1: Initialize s, A2, Bo, B, ni, 0, R, L, &, V;
2: Set Ay = 0, Compute the solution path for s using Algorithm 1;
3: Set s = 0;

4: while s < s™% do

5

6

7

For given s, Compute the solution path with respect to As using Algorithm 2;
Set s < s+ dg;
: end while

Output: Solution path of 3, 8y, 7,0 with respect to s and As

5.1. Computational efficiency

In this experiment, we first linearly sample the hyperparameter values from a given
interval. The number of sampled hyperparameter values are 5, 10 and 20 (see Figure
3). Then, we implement 5-fold cross-validation on Prostate data and Triazines data
to select the appropriate hyperparameters. The computational time and test error
are recorded for solution path (SP) algorithm (shown in Algorithm 3), and also for
CVXPY solver [28] as a comparison. The mean results and standard deviations are
shown in Table 2 and Table 3.

In Table 2, as the number of hyperparameter values increases, the computational
time will increase. The computational time of CVXPY method scales in total number
of hyperparameter values. For example, when the number of values for s is 5, and the
number of Ay is 5, the average computational time is 1.709s. When the number of
values for Ay doubles to 10, the computational time also doubles to 3.884s. When the
number of values for s is 10, and the number of values for Ao is 5, the computational
time is 3.462s. The computational time in the fourth row is very close to the time in
second row, because they have same total number of hyperparameter values.

The computational time of solution path algorithm mainly scales in number of s.
When the number of values for A\s fixed 5, and the number of values for s increases
from 5 to 10, the computational time increases from 0.482s to 0.781s. The time nearly
doubles as the number of values for s doubles. But when the number of values for s
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Table 1. Summary of datasets

Dataset Number of samples  Dimensionality
Prostate 97 8
Wine quality 4898 12
Forest fire 517 12
Auto mpg 398 7
Triazines 186 60
Table 2. Experiments of DrLAD on Prostate data.
Hyperparameter Computational time Test Error
#ofs #of Ao SP algorithm (s) CVXPY(s) SP algorithm CVXPY
5 5 0.482 + 0.078 1.709 £0.011 0.554 4+ 0.204 0.548 + 0.193
5 10 0.497 £+ 0.104 3.884 + 0.041 0.537 £+ 0.198 0.547 £ 0.194
5 20 0.522 £+ 0.116 8.129 £0.060 0.531 + 0.195 0.550 + 0.189
10 5 0.781 + 0.185 3.462 +£0.042 0.547 £+ 0.204 0.556 + 0.204
10 10 0.873 £+ 0.227 7.774 + 0.065 0.532 4+ 0.187 0.529 4+ 0.170
10 20 0.976 + 0.269 16.371 +£0.179 0.526 + 0.188 0.538 +0.188
20 5 1.452 £ 0.316 6.905 4+ 0.063 0.538 + 0.185 0.550 4= 0.200
20 10 1.666 1+ 0.414 15.611 +0.144 0.533 £ 0.186 0.533 + 0.185
20 20 1.873 + 0.495 32.884 +0.308 0.530 £ 0.185 0.545 + 0.184

fixed 5, and the number of values for Ao increases from 5 to 10, the computational
time only increases from 0.482s to 0.497s.

In Figure 3, the CVXPY method only computes the optimal solutions with respect
to the blue points. So the computational time is scale in the total number of blue
points. The solution path algorithm calculates all the optimal solutions along the
solution path, corresponding to the green lines and orange lines. From Figure 3a to
3b, as the number of values for s increases, we need to calculate the new path for
A2, which will lead to more computational cost. But from Figure 3a to 3c, although
the number of values for Ay increases, the path remains the same as Figure 3a. The
increased time is mainly caused by more iterations.

Compared with CVXPY method, solution path algorithm also achieves good test
error, which means that it can select appropriate hyperparameters.

Table 3. Experiments of DrLAD on Triazines data.

Hyperparameter Computational time Test Error

#ofs # of A2 SP algorithm (s) CVXPY(s) SP algorithm CVXPY
5 5 3.774 + 0.226 9.266 + 0.166 0.0226 + 0.0082 0.0229 4+ 0.0078
5 10 4.219 £ 0.208 18.067 £0.345  0.0212 £ 0.0066 0.0212 3 0.0066
5 20 4.583 £+ 0.355 35.604 +0.674  0.0214 £ 0.0069 0.0214 + 0.0069
10 5 7.147 + 0.391 18.796 +£0.343  0.0200 £ 0.0061 0.0200 =+ 0.0061
10 10 8.193 + 0.532 36.446 +0.638  0.0202 + 0.0059 0.0204 £+ 0.0057
10 20 9.252 1+ 0.622 72.497 £1.184  0.0197 4 0.0053 0.0202 £ 0.0058
20 5 14.217 £+ 0.911 37.670 £ 0.554  0.0202 £ 0.0060 0.0203 £ 0.0060
20 10 16.253 + 0.954 74.473 £1.543  0.0201 % 0.0062 0.0203 £ 0.0060
20 20 18.470 £ 1.444 145.4944+2.045 0.0196 £ 0.0056 0.0201 £+ 0.0061

Table 3 shows the results for Triazines data. It also validates the efficiency of so-
lution path algorithm. The triazines data has higher dimensions (dim = 60) than
the prostate data (dim = 8). Regularization technique is widely used in high dimen-
sional data analysis. The regularization term can perform feature selection and deal
with correlated features. The solution path algorithm highly improves the efficiency
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Figure 3. The grid of hyperparameters

of cross-validation process and selects the appropriate hyperparameters.

5.2. Test data performance

5.2.1. Simulation Experiments

In this experiment, we generate simulated data with group correlated coefficients under
different correlations. The data are generated as follows:

€Ti ~ Nm(07 2)7 Yi

~ Nm(m;rlg*v 02)7

where the covariance matrix X is defined as

$13 O3x3 Osxz  Osi3
5 — [ O3x3 3303 03x3  O3x3

03x3 O3x3 3.5 Osxs |’

O3x3 03x3 0O3x3 Io1x21

1 N2 _ 33 _
Z]3><3 - 233><3 - 23><3 -

DD =
D FD
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and p is the correlation of two variables. The Signal to Noise Ratio (SNR) is set to be
2, and the value of ¢ is calculated by SNR = (ﬂ)%% The coefficients are defined as

B*=11,1,1,0.5,0.5,0.5,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0].

We use the following evaluation metrics [29]:
e Mean Squared Error (MSE): MSE = % S (yi — a:ZT,(:})2
Relative Risk (RR): RR(3) = 2= Bz _ (BB 2B5")

E(zT37) ECRR
e Relative Test Error (RTE): RTE(3) = E(y_;T'B)Z = (B_ﬂ*)TEU(;B_ﬁ*Hg?.
e Proportion of Variance Explained (PVE): PVE(B) = 1 — % =1-
(B-B)TS(B-B") 0>

(B)TEB" +0?

Figure 4 shows that DrLAD achieves best performance in RR, RTE and PVE, which
means that it provides the best explanation of the estimated coefficients. In Figure 4a,
as the correlation increases, the estimation of coefficients becomes harder, and hence
MSE has an increase trend for all the models. The LAD model has no regularization
terms, and the generalization performance is not good. It has the highest MSE among
the four models. DrLAD model achieves the lowest MSE or second lowest MSE for
varied correlations. The elastic net regularization term is a combination of ¢;-norm
regularization and fo-norm regularization. Thus it can perform feature selection like
{1-norm regularization and deal with correlation like f3-norm regularization. It also
encourages grouping effect to select a group of coefficients.

Figure 4b shows the result of RR, which is the ratio of expectation of squared error
and expectation of true response. The score is 0 if the estimated coefficients equal true
coefficients (3 = B3%). It can be found that the RR score of LAD model is very high
while DrLAD model has the lowest RR in varied correlations.

The RTE shown in Figure 4c is the ratio of expected squared error and Bayes error
rate. If 3 = 3%, the RTE score is 1. The DrLAD model obtains the lowest RTE score
compared with other models.

The PVE is used to measure the proportion to which the model can explain the
variation of data. Figure 4d shows that the DrLAD achieves highest PVE scores, which
means that the coefficients estimated by DrLAD model account for the data better
than the remaining models.

5.2.2. Real data experiments

In this experiment, we compare LAD, ¢1-LAD, ¢5-LAD and DrLAD models in different
datasets. Each dataset is split into 80% for training and 20% for test. The 5-fold cross-
validation is used for hyperparameter tuning.

Table 4. Mean Squred Error (MSE) of LAD, ¢1-LAD, ¢2-LAD and DrLAD Models

Dataset LAD ¢1-LAD {>-LAD DrLAD
Prostate 0.571 +0.210 0.568 + 0.203 0.539 £+ 0.189 0.526 + 0.188
‘Wine quality 0.573 £ 0.025 0.570 4 0.022 0.569 + 0.022 0.569 £ 0.022
Forest fire 2.563 4+ 0.363 2.469 £+ 0.427 2.544 + 0.358 2.422 4 0.457

Auto MPG 12.560 £ 1.480 12.481 + 1.460 12.548 £ 1.680 12.539 + 1.680
Triazines 0.0294 +0.0084  0.0202 4+ 0.0062  0.0194 4+ 0.0045 0.0196 + 0.0056

In Table 4, we can find that the regularized the LAD models have better general-
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Figure 4. Results of simulation experiments

ization performance compared with LAD model. It validates that the regularization
term can improve the generalization performance. The ¢;-LAD model has the lowest
MSE in Auto MPG data. The />-LAD model has the best performance in Triazines
data. The DrLAD model has the lowest MSE in Prostate, Wine quality, Forest fire
and second lowest MSE in Auto MPG and Triazines. As the combination of ¢; and /£
regularization, the elastic net regularization term enjoys the benefits from both ¢; and
{5 regularization, and has the better generalization performance in different datasets.

6. Conclusions

In this paper, we derive a general formulation for distributionally robust regression
model based on distributionally robust optimization theory. This model generalizes
many regression models, such as support vector regression, quantile regression. We
also derive a new model DrLAD from this general framework. The optimal solutions
of these models are piecewise linear with respect to hyperparameters, and a solution
path algorithm is proposed to efficiently obtain the optimal solutions and speed up
the hyperparameter tuning.

The experiments of computational time show that the solution path algorithm
highly improves the cross-validation process compared to directly applying CVXPY
solver. In the simulation experiments, we can observe that the regularization terms
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can deal with correlation, and the elastic net regularization term has the overall best
performance. The real data experiments also show that the regularization terms can
decrease the generalization error, and the DrLAD model has good performance in
different datasets.

For future research, we can extend the solution path algorithm to distributionally
robust regression models with more complex loss functions and regularization terms
and to distributionally robust classification models.
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