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Abstract

We determine semisimple reductions of irreducible, 2-dimensional crystalline representa-
tions of the absolute Galois group Gal(@p /Qps)- To this end, we provide explicit representa-
tives for the isomorphism classes of the associated weakly admissible filtered ¢-modules by
concretely describing the strongly divisible lattices which characterize the structure of the
aforementioned modules. Using these representatives, we construct Kisin modules canon-
ically associated to Galois stable lattice representations inside our crystalline representa-
tions. This allows us to compute the reduction of such crystalline representations with
labeled Hodge-Tate weights in the range p+2 < kg < 2p—4and 2 < k; < p— 3 for
1 <i < f—1 and certain parameters having p-adic valuation sufficiently large, unless f = 2
in which case all reductions in said range are displayed.



Chapter 1

Introduction

1.1 Motivation: Global Context and History

This thesis concerns itself with the study of crystalline representations of absolute Galois
groups with base fields being unramified extensions of the p-adic numbers. In particular,
we are interested in the behavior of such representations under the operation of reduction
modulo the prime p. While the investigation of such things is interesting in and of themselves
from a purely representation theory perspective, we would be remiss to ignore the context
from which motivation for the study initially arose and the generalizations that drive this
very thesis.

We reference the introductory chapters of [BG09] and [Doul0a] in the following discus-

sion.

Global Context

Let g = 3,51 ang™ be a weight k£ > 2 cuspidal modular form for I'(V) C SLz(Z) for some
level N > 1 and Nebentype character ». We will also assume that g is an eigenform at
all primes p coprime to N. In other words, g is a simultaneous eigenvector for the Hecke
operator action T}, on the space of weight k cusp forms of level N denoted Sy (V) for allp { N.
If g is normalized so that a; = 1, then the eigenform encodes the associated eigenvalues via
its complex Fourier coefficients in that Tj,(g) = ay - g, each of which may be interpreted as
algebraic integers. After choosing certain embeddings, the Fourier coefficients a,, may be
considered as elements of @p so that we may take p-adic valuations of the Hecke eigenvalues
vp(ap) known as the slope of the eigenform.

The work of Deligne [Del71] allows us to attach to g, a continuous, two-dimensional
p-adic representation

py : G = GLy(T,)

of Gy = Gal(Q/Q) for any prime p. By fixing an embedding of algebraic closures Q — @p,
we may choose a place of Q above p for which the decomposition group D, at this place is
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isomorphic to the local absolute Galois group Gg, = Gal(@p /Qp). By restricting py to Dy,
we give rise to a local representation of Gg,,

Pgp : Ga, — GL2(@p)-

If we assume that g has slope v,(ap) > 0 with af, # 4p*~! then p,, is irreducible and crys-
talline with Hodge-Tate weights {0,k — 1} by the works of Faltings and Scholl in [Fal89] and
[Sch90]. The associated weakly admissible filtered p-module D}, (pq,p) has characteristic
polynomial of Frobenius given by X2 — apX + ¥(p)p*~!. In [Bre03], Breuil shows that the
data of the characteristic polynomial of Frobenius suffices to completely determine the fil-
tered ¢-module D} (pgp) = Dk,q, up to a twist by an unramified character. In particular,
by choosing a suitable basis {71,772}, one is able to describe the Frobenius and filtration

structures on Dy o, by

Dk,ap 0>y
0 -1 . .
[ely = <pk_1 " ) FiVDy,, = {Qp(m) 0<j<k-1 (1.1)
’ 0 kE—1<j.

In fact, every irreducible, two-dimensional crystalline Q,-representation of G, takes the
form Vo, == V(Dk,a,), up to the aforementioned twist, for some a, with v,(ap) > 0 and
k > 2 so that we have an isomorphism p;, = Vi ,,. Hence, the data of the weight k and
Hecke eigenvalue of g suffice to completely determine the structure of pg .

The above discussion lends merit to the idea that the local study of p-adic Galois rep-
resentations may help to provide answers to global questions regarding modular forms. In
particular, the residual representations p,, : Gg, — GLg (F,) have proven to be especially
fruitful, having played an important part in the proof of Serre’s modularity conjectures by
Khare and Wintenberger in [KW09a; KW09b] and are conjectured to provide insight into

the distribution of slopes of modular forms, see [Buz05].

History of Reductions

The prospect of answering global questions via studying local phenomenon has driven the
investigation of the modulo p reductions p, ,, = Vk,ap of irreducible crystalline representa-

tions of Gg,. We however are interested in the purely local question posed in [BG09]

Question: What is the isomorphism class of Vk,ap as an explicit function of the parameters
k and a,?

The study of this question has proven to be far more complicated than in characteristic
0 setting, recall 1.1. The essential problem is that in order to determine Vk,ap, we must
first describe an integral structure associated to Dy ,,. As a result, only partial results are

known which we detail below in a format inspired by [Berlla).
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Let wy, denote fundamental characters of niveau n > 1 and x(x) denote the unramified
character in Gg, sending Frobenius to = € Fp. All inductions are from Gq , to Gq,- We
P
begin with where the study of the shapes of reductions began, with bounded weights.

Theorem 1.1.1: The representation Vk’ap is known in the following situations:

(a) If2<k<p+1then Vi, = Ind(w5™1).
(b) Fork=p+2,

o if 0 <wp(ap) <1, then Viq, = Ind(w?);
o if vp(ap) > 1, then Viq, = x(x)w1 ® X(z) 'wy where 22 — (ap/p)z+1=0.

(¢) Forp+3 <k <2p,

o if 0 <uvp(ap) <1, then Viq, = Ind(w;“_p);
o ifvp(ap) =1, then Vg, = x(@)w 2 @ x(x)'w; where z = (k — 1)(ap/p);
o ifvp(ap) > 1, then Vg, = Ind(wg_l).

Let us explain the methods used to prove each of these results. The case of £k < p in (a)
were the first reductions computed, attributed to Fontaine and Laffaille in [FL82] using the
theory of what is now known as Fontaine-Laffaille modules which relies on an equivalence
of categories only valid for k < p for technical reasons. For weights p +2 < k < 2p in (b)
and (c), being outside the Fontaine-Laffaille range, the reductions were instead computed
by Breuil in [Bre03] using the p-adic local Langlands correspondence for GLy. We note that
the case of £k = 2p + 1 is known by unpublished calculations due to Breuil as well. The
reader may have noticed that we neglected to discuss the case of k = p+ 1. This is due to
the fact that the reduction at this particular weight can be thought of as a special case of
far more general results that we state shortly.

For k£ > 2p + 1, one should suspect the number of possible reductions to increase, each
depending on the p-adic valuations of a, in differing ranges. Hence, the computation of
reductions for large weights seems to be unfeasible unless however, we put strict bounds on
the p-adic valuations of the a, parameter. To this end, we have the next set of reductions
which apply no bounds on their weights with the trade-off being the aforementioned strict

bounds on the slopes vp(ap). In these cases, the possible reductions are restricted heavily.
Theorem 1.1.2: The representation Vk,ap is known in the following situations:
(d) For a, =0,
o ifp+11k—1, then Vip = Ind(wi™);
e o1 k-1, then Vo = x(v Tt & x(—vTwlT

(e) If vp(ap) > [fﬁj + log,(k —1)] withp >3 andp+ 11k —1, then Viq, = Vi

(f) For 0 <vp(ap) <1,lett=[k—1 (modp—1)]+1
° Vk,ap = Ind(wg) pr -1 )[ k— 3;
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. Vk,ap € {Ind(w}), xw1 ® x"*w1} for a certain x if p— 11k — 3.

Part (d) is again due to Breuil in [Bre03]. Case (e) is actually the latest in a string of com-
pounding improvements toward the conjecture that Vi, o, = Vo whenever vp(ap) > Lfﬁ] 1
The first of these results is due to Berger-Li-Zhu in [BLZ04| where they are able to display
the bound vp(ap) > LI’%%J using the theory of Wach modules. This bound was improved to
vp(ap) > L%J by Bergdall and Levin in [BL20], this time using Kisin modules. The form
displayed in (e) is due to Arsovski in [Ars21] who uses the local Langlands correspondence
to improve the bounds with slightly more restrictions. The final case of (f) is another local
Langlands correspondence result by Buzzard and Gee in [BG09].

While this history serves to illustrate the intricacies of computing reductions and the
methods used to do so, this thesis is not concerned with this generality. Rather, we aim to

provide similar results in the next natural generalization; the unramified setting.

Generalizations

Hilbert modular forms may be thought of as multi-variate generalizations of modular
forms. Hence, the study of Hilbert modular forms motivates the following generaliza-
tion of the above discussion. Let F' be a totally real number field of degree f > 1
and let I = {70,...,7f_1} denote the set of real embeddings of F' — C. Fix a f-tuple
k = (kry,---,kr;_,) and denote the ring of integers of F' by ¢ with nonzero ideal n C 0.
Let g be a Hilbert cuspform of level n and weight k with each k,, > 2. Let us also assume
that g is an eigenform with respect to the Hecke action T, at each prime ideal p C O
coprime to n. As before, we may attach to g a continuous, irreducible, two-dimensional
Galois representation py : Gp — GL2(Q,) of Gp = Gal(F/F) by the combined works of
Carayol, Taylor, Blasius-Rogawski, and Jarvis [Car86; Tay89; BR89; Jar97]. Let p be a
prime ideal of & lying above p and denote by F} the completion of F' at p. Upon fixing an
embedding F — F,, we obtain an isomorphism D, & G’Qp ;= Gal(Q,/Q,s) and a local

representation of G@p ; given by
Pgp - Gpr - GL?(@p)

Under the assumption that p is an odd prime unramified in F' and coprime to n, then pg
is an irreducible, two-dimensional crystalline representation of G@p ; by Breuil [Bre99] and
Berger [Ber04b]. The reduction of such representations occur naturally in the context of the
generalization of Serre’s modularity conjecture of Buzzard, Diamond and Jarvis [BDJ10).
The study of these reductions is far less advanced than in the G, case detailed in
Theorems 1.1.1 and 1.1.2. The initial obstruction is that we lose the nice classification
of filtered p-modules D7 ;. (pg,) as we had over Q, in 1.1. Indeed, the data of the Hecke

1This conjecture is actually a local version of a global conjecture of Gouvéa predicting the distribution
of slopes of modular forms, see [Gou01].

10
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eigenvalue of g at p and the weights no longer suffice to describe the structure of D} (p0g.p)-
In essence, there is not enough data provided by the Hilbert modular form to concretely
determine the associated weakly admissible filtered ¢-module. In order to compute these
reductions, it is therefore first necessary to formulate models for (the isomorphism classes
of) weakly admissible filtered p-modules corresponding to irreducible representations.

We should note that the options available to us for computing such reductions are much
more limited in the unramified setting. Most notably is the loss of the p-adic local Langlands
correspondence used in (b) and (c) in Theorem 1.1.1 and in (e) and (f) in Theorem 1.1.2.
Indeed, a correspondence is conjectured for any p-adic field but the only case known at this
time of writing is for GLz over Q,. We do retain Wach and Kisin modules however, the
later being our theory of choice.

Some partial results are known however. Notably, the work of Dousmanis in [DoulOb)]
gives such a description of filtered ¢-modules which is used in [DoulOa] and [Doul4] to
generalize the results of [BLZ04] and [Berl1b] to compute reductions for certain (infinite)
families of crystalline representations whose Frobenius action ‘looks like’ the Frobenius
matrix in 1.1 using Wach modules. The deficit of these methods is that it becomes very
difficult to know whether a given representation lies inside one of these families and how
many representations these families don’t cover.

The purpose of this thesis is to give a novel description of irreducible, rank two weakly
admissible filtered p-modules and by proxy, a description of irreducible, two dimensional
crystalline representations of G@p ; Wwithout bound on the (labeled) Hodge-Tate weights.
Moreover, we use the theory of Breuil and Kisin modules to explicitly compute the re-
ductions of such crystalline representations under restrictions on the labeled Hodge-Tate
weights. Hence, we aim to provide the first results in a future form of Theorem 1.1.1 for

crystalline reductions in the unramified setting.

1.2 Notation and Conventions

We fix the following notation for the remainder of this thesis. Let p > 2 be a prime and
equip Q, with a p-adic valuation v, normalized so that v,(p) = 1.2 Upon fixing an algebraic
closure @p, we denote the p-adic completion of @p by C,.

Let K be the unique unramified extension of @, with (inertial) degree f > 1; that is,
we have an isomorphism K = Q. Denote its ring of integers by 0k with uniformizer mx
and its residue field k = Ok /rx Ok = pr. Let o denote the absolute Frobenius on K
induced from the natural Frobenius on the residue field k. We define the absolute Galois

group of K to be Gx = Gal(K/K) and we will let I denote the inertia subgroup of Gx.

Remark 1.2.1: For a general finite extension K/Q,, we define Ky = W (k)[1/p] where
W (k) is the ring of Witt vectors over the (perfect) residue field k. It follows that Ko/Q,

2We exclude p = 2 in the second part for technical reasons. See the Descent Algorithm 7.2.4.

11
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is the maximal unramified extension of Q, contained in K. Since we are taking K to be
unramified, then Ky = K and 0k = W(k); however, the field K occurs naturally in much
of p-adic Hodge theory so we will sometimes write Ky when it is relevant to the theory with

the understanding that we are actually talking about K. We hope this causes no confusion.

Fix a uniformizer mxg = —p of K so that the Eisenstein polynomial of mx in the formal
variable © may be denoted F := E(u) = u+ p € Ok[u]. We fix once and for all a p-power
compatible sequence m = (mp, 71, 72,...) in K such that myp = nx and 78 = m_1. We
define the field K, to be the compositum Ko, = U, K (7,) contained in K and the absolute
Galois group of Ko, is denoted Go, = Gal(K /Ko)-

Let A C Kp[u] denote the ring of rigid analytic functions on the open p-adic unit disc
in K and set & := W(k)[u] C A. The ring Ko[u] admits a Frobenius action ¢ which acts
on coefficients by the absolute Frobenius ox on K and acts on the formal variable u by
¢(u) = uP. Observe that the rings & C A C Ko[u] are p-stable under this definition.

Acting as linear coefficients, let F' be a finite extension of Q, taken large enough to admit
an embedding 79 : K <— F. Fix a uniformizer w of F' and define its ring of integers by O
with residue field kr := Or/wOF. Extending the scalars of our rigid analytic functions, let
Sr = 6 ®z, Or and Ar := A ®q, F. Extending the p-action on Ko[u] by F-linearity, we
obtain -stable rings &r C Ap C (F ®q, Ko)[u].

1.3 Overview of Thesis

This thesis is broken up into two distinct but logically connected parts. In Part I, we de-
scribe ‘simple’ representatives for the isomorphism classes of irreducible, two dimensional
crystalline F-representations of G without restriction on Hodge-Tate weights. Our meth-
ods will not be to attack crystalline representations directly but to rather go after a determi-
nation of the structure of certain semi-linear algebraic objects known as weakly admissible
filtered p-modules. These two objects turn out to be naturally connected via equivalence
functors from rational p-adic Hodge theory.

More precisely, suppose V is a d-dimensional crystalline F-representation of Gx. In
Chapter 2 we will discuss how to naturally attach to V, a unique weakly admissible fil-
tered p-module D = D*

wis(V) over F' ®q, K and how this attachment gives us a natural

correspondence between the isomorphism classes of such objects. Since K is an unramified
extension of Q, of degree f > 1, the structure of D over the tensor F' ®q, K is complicated
and hence, so are the isomorphism classes. To get a hold of this structure, we utilize the
f-embeddings of K < F to decompose D = [] D® into pieces, each being viewed as fil-
tered p-modules over F'; so that we can write down explicit partial Frobenius matrices and
filtration structures on each individual piece. In essence, we choose to trade a mysterious
single D for f-many D each of which we aim to understand completely.

The weak admissibility property on our filtered p-modules can be used to further re-

12
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strict the structure on D and hence, on each D®. Indeed, we utilize the results of [Zhu09)
in Chapter 3 to prove the existence of a strongly divisible lattice L inside D and detail
how the isomorphism classes of strongly divisible lattices determine the structure of weakly
admissible filtered ¢-modules. This strongly divisible structure will descend along the de-
composition D = []D® so that we may write L = [] L® where each L(®*) may be viewed
as a strongly divisible lattice inside D®.

We then choose a basis so that the filtration structure is fixed for our strongly divisible
lattice L, and hence it will be fixed on D. In this basis, the structure of L is completely
determined by a f-tuple of matrices (A) = (A®,AM . .. AF-D) € GLy(OF) in that
we write L = L(A) = [[L(A)® where the partial Frobenius matrix on L(A)® in this
chosen basis is determined by A® € GLy(OF). The result is that the isomorphism classes
of strongly divisible lattices are determined by the f-tuple (A(i)) € GLy4(0F)f. Moreover,
we give a concrete method to describe such isomorphism classes in terms of parabolic
equivalence classes on GL4(0r)f via a bijection © : [(A)] <+ L(A).

Part I then comes to a head in Chapter 4 where we use, in the dimension two case,
a matrix simplifying algorithm inspired by similar techniques in [Liu21] to find a ‘nice’
representative of [(A)] in GLy(OF)f so that each A®) takes the form of one of two matrix

Types:
, 0 o : )
e« Typel: AD = Ly | where af” € % and o’ € Op.
)
_ OB ) )
o Typell: AW = %i) . where agl) € 0F and a,g) € wlp.
as

Since the equivalence class [(A)] determines an isomorphism class of strongly divisible lat-
tices which in turn dictate the structure of weakly admissible filtered ¢-modules, then
D(A) :== L(A) g, F will be a ‘simple’ representative of its isomorphism class. We write
V(A) to be the crystalline representation whose image under D}, is D(A). The first of our

main results is as follows:

Theorem A (Theorem 4.2.3): Let V € RepX, /r(Gk) be a two dimensional irreducible
crystalline F-representation of Gk with labeled Hodge-Tate weights k = (0, k;);cz,/ r7 where
ki > 0. Then V = V(A) where D(A) = D¥...(V(A)) and there ezists a basis {ngi),ng)} of
D(A) =[ID(A)® such that

0 agi) .
e ) Tover DAY j<0
; 2 i . : _
€ =3 ) g FiVD(A)D = { F(n®) 0<j <k
a; pri- .
(ag)pki—l 1) Type 11 0 ki<j

In practice, the utility of this theorem is in reducing the number of unrestricted parameters

13
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from 4f to 2f parameters and we additionally are able to place a p-adic valuation condition
on the f-many ag) parameters irreducibility.3

With an understanding of the structure of V(A) in place, we then move on to Part II
where we are tasked with computing the semi-simple modulo w reductions of irreducible,
two-dimensional crystalline representations V(A). By this, we mean the computation of
kp-representations V(A) = (T/wT)® where T C V(A) is a Gg-stable Op-lattice inside of
V(A). The study of such a drastic operation lies in the field of integral p-adic Hodge theory
which is significantly more complicated than the rational theory discussed in much of the
first part. The main obstruction turns out to be the determination of suitable integral semi-
(V(A)). Unfortunately, the integral

data of strongly divisible lattices do not suffice to describe the reductions in the generality

linear algebraic structures associated to D(A) = D},
that we desire.

For these reasons, we are incentivized to introduce the notion of Breuil and Kisin modules
into our discussion via Chapter 5. In essence, these modules are defined over power series
rings and admit Frobenius and filtration structures. Their main utility is in describing
the required semi-linear algebraic data that we need to compute reductions. In particular,
a Kisin module 9t over & can be used to compute m via the data provided by the
modulo @ reduction 91 if the Kisin module 97t is canonically associated to a Galois-stable
Op-lattice T C V(A). The issue that persists is that it is very difficult to determine the
structure of M from V' (A). To get around this, we follow results of [BLL23] in Chapter 6
to detail a way to explicitly construct a Kisin module M(.A) over an enlarged coefficient
ring Sp from the weakly admissible filtered p-module D(A). Here, we mean to say that we
construct an f-tuple of matrices (A) from (A) so that (A) determines the Frobenius action
on M(A). The largest labeled Hodge-Tate weights (0, k;) of D(A)® then correspond to the
labeled heights k; of the constructed Kisin module M(A)®. Since M(A) is constructed
from D(A), then we may use M(A) to compute the reduction of V(A).

This leaves us with yet another problem. How are we to use the data of M(A) over
SF to descend the coefficients to an integral Kisin module 9t(2) over S so that we can
compute the associated reduction? We give an answer in the form of a descent algorithm
inspired by [Liu21] under some restrictions on height in Chapter 7.

Theorem B (Theorem 7.2.3): Let M(A) be a Kisin module over Sp with labeled heights
ki < 2p — 4 constructed from D(A) = D}, (V(A)). Suppose there exists a sequence of
determinant preserving base changes (X,,) over Sg[1/p| such that by setting X,(Li) *o A =
.A,ff), there is a finite m > 0 such that

AD =9 4 ¢

with Ql(()i) € Mato(SF) and c ¢ Maty(I) where I is a particular ideal in Sp. Then there

3When computing reductions, we may twist by unramified characters in order to fix determinants. Hence,
up to such characters, the defining parameters becomes the f-many agl) parameters.
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exists a Kisin module M(2A) canonically associated to a Galois-stable lattice T C V(A) such
that A = Ql((f) (mod w).

Hence, supposing we are able to find such a base change (X,,), then the reduction of V(A)
may be computed from 9(2() as we understand its structure completely. Our entire strategy
can be summarized in the following diagram:

*

V(A) Dl D(A) Construct M(A)

J/ J/Descend

T < Canonical , m(m)
l l mod w
m . Compute W

Chapter 8 then forms the technical heart of this thesis as we embark on the daunting
task of explicitly constructing the required base change (X,,) under the following technical

restriction on the labeled Hodge-Tate weights:
p+2<ky<2p—14 2<k;<p—-3forall 1<i< f-1

This quest involves exceedingly delicate computations and estimations to ensure that the
power series elements of our matrices lie either in &p or the ideal I C Sp. It quickly
becomes evident that the sequence, and hence the shape of the reduction, depends on
the p-adic valuations of the agi) parameters arising from the f-tuple (A(i)) and the Type
combination of D(A). Our methods are not foolproof however and indeed, some cases are
out of reach using our strategy for technical reasons.* When we are able to use our methods,
we explicitly compute reductions in Chapter 9 in the following cases:

. Vp(ag))) 21

. Vp(aéo)) < 1 and # Type I is even if we assume I/p(aéi)) >1- Vp(a;f _1)) for select

i€ Z/fZ;
. Vp(aéo)) < 1 and # Type I is odd if we assume Vp(agi)) > 1 for select i € Z/ fZ;
e In all cases for f = 2.

The reader with a willingness to trust will find a summary of reductions for the cases listed
above in Section 9.5.

As a bonus, we also include Appendix A which covers a generalization of our methods
where we increase the number of labeled Hodge-Tate weights that are allowed to be greater
than p. This process requires even stricter conditions on the p-adic valuations of the ag)
parameters. The cherry on top is a display of reductions in f =2 for p+2 < kg, k1 < 2p—4

if we assume that both parameters have p-adic valuation at least one.

4By ‘out of reach’, we only mean that the computations necessarily are not feasible. When f = 2, the
complete theory breaks up into twelve subcases.

15



Part 1

Models for Irreducible Crystalline
Representations

16



Chapter 2

Preliminaries of p-adic Hodge
Theory

We begin with a rapid overview of the relevant topics from rational p-adic Hodge theory that
we will require. Pioneered by Fontaine in the late 20th century, much of the information
contained in this chapter is considered to be classical for the purposes of this thesis. As
a result, many proofs are given as references and not stated in full. For a more detailed
introduction, the reader can look to any of [BC09; Ber04a; FOJ; all of which were invaluable
to the author when first learning this material.

Section 2.1 defines our main objects of study, continuous p-adic Galois representa-
tions and their semisimple reductions. Section 2.2 gives a rather technical construction
of Fontaine’s period rings with the aim of motivating the presence of various structures
that will be omnipresent throughout this thesis. Section 2.3 then defines the categories of
crystalline representations and weakly admissible filtered ¢-modules before detailing how a
foundational theorem of Colmez and Fontaine allows us to naturally associated objects in
these two categories via equivalence functors. Finally, Section 2.4 gives us the framework
to extend linear coefficients in a concrete manner that further generalizes our results and

gives us an explicit way to write down various structures.

2.1 Galois Representations

A p-adic representation of G is a finite dimensional Q,-vector space equipped with a linear
and continuous action of Gx. Equivalently, one may view such a representation as being a
group action p : Gx — Autg, (V) and upon choosing a basis for V, it can be interpreted
as a map p: Gg — GLg(Qp). We denote the category of p-adic representations of Gx by
Rep /Qp(G k) with morphisms being linear, Gx-compatible maps. We make the important
observation that this category contains all dual representations V* where we take V* to be

the typical Qp-linear dual.
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The study of the category Rep /@p(G k) is the domain of rational p-adic Hodge theory
for which this preliminary chapter aims to partially introduce. However, the focus of this
thesis is on integral p-adic Hodge theory which studies Galois-stable integral lattices inside
p-adic representations. The existence of such objects relies on a fundamental result which

is now convenient to state.

Proposition 2.1.1: For any V € Rep g, (Gk), there ezists a Gk -stable Zy-lattice T C'V
such that V =T ®z, Qp.

Proof. For any Zy-lattice Ty C V we have V = Ty ®z, Q, by definition so that Autz,(Tp)
is naturally an open subgroup of Autg, (V). Let p : Gk — Autg,(V) be the group action
map associated to V so that H := p~!(Auty, (Tp)) is an open subgroup of Gk. Since Gk is
compact and H is open, then H has finite index so the quotient Gx/H has a finite number
of coset representatives {g;}. Define T' := ", p(g;)To so that T is a Z,-lattice inside V and is
G k-stable as Tp is H-stable. Since Gk = []; ¢;H then the result follows as T is guaranteed
to be G -stable. O

Any lattice T' C V arising from Proposition 2.1.1 is easily seen to be a Z,-representation
of Gk and we denote the category of such objects by Rep /2y (Gk). For any T' € Rep /Zp (Gk),
restricting scalars T ®z, F) gives a F)-representation of Gk and an object in the category
Rep /IF,,(G k). The act of computing T’ ®z, [, from a p-adic representation V' is one of the
primary focuses of this thesis, called reduction modulo p for some T' C V. However, note that
Proposition 2.1.1 makes no claim that the lattice T' is unique, and hence, this computation
may not be well defined. This problem is solved by the process of semi-simplification.

For any Fj-representation W € Repp, (Gk), we denote the semé-simplification of W to
be the direct sum W** := @W;/W,;_; where the W; makeup the composition series of W as
a [F,|Gk]-module.

Proposition 2.1.2: Let V € Rep /Qp(G k) and suppose T, T C V are distinct lattices as
described in Proposition 2.1.1. Then there is an isomorphism in Rep /F, (Gk),

(T ©2, Fp)*™ 2 (T’ ©2, Fy)*.

Proof. Denote the [F)-representations by p : Gk — GL,(T ®z, F,) and o Gg —
GLn(T" ®z, Fp) arising as modulo p reductions of (V,p) € Rep,q,(Gk). Each have fi-
nite image since G is compact and I}, is finite. Thus p factors through a finite quotient
Gal(L/K) for some finite extension L C Q, and p/ factors through Gal(L'/K) for some
finite extension L'. We may therefore view p : Gal(L/K) — GL(T ®z, Fp) so that p is a
F,[Gal(L/K)]-module and similarly view o’ as a F,[Gal(L’/K)]-module.

The fact that the modulo p reduction of a characteristic polynomial is the same as
the characteristic polynomial of the reduction implies that char(p(g)) = char(p’(g)) for all
g € Gal(LU L'/K). An application of the Brauer-Nesbitt Theorem, see [CR62], implies
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that upon factoring through the finite group Gal(L U L'/K), both p and p’ will have the

same composition series so that (p)% = (p/)%. O

Definition 2.1.3: For any V € Rep /Qp(G k), we define the semi-simple reduction modulo
p to be

V= (T ®z, Fp)*
for any choice of Gi-stable lattice T' C V.

This definition is independent of the choice of T by Proposition 2.1.2 and hence, it is unique
to V. We will commonly abuse language and drop the words ‘semi-simple’ when referring

to reductions of representations.

2.2 Fontaine’s Period Rings

Our goal is to define a plethora of rings which will be used to construct so called period rings
which are used to define the various categories we will encounter, including the category
of crystalline representations. Much of the theory was developed by Fontaine in [Fon91;
Fon94a; Fon94b] and then formulated into the language we present here by Colmez in
[Col99] which we recommend the reader look to for more details.

Define the set

E:=C = lim C, = {(m(o),x(l), ) (20D = x(i)}

p
TP

with ring operations given by

The ring E is an algebraically closed field of characteristic p which is complete relative to
the valuation defined by vg(z) = v,(z(®). The field E admits a natural Frobenius action
and an action of Gg,, both of which are given component wise. We define the additional
rings A = W(E) and B = A[1/p] where W (-) denotes the ring of Witt vectors over a perfect
field. B may then be interpreted as a complete discrete valuation field with ring of integers
A and residue field E.

To ensure that the G,-action induced by E on both A and B remains continuous, we
must specify a weaker topology than the one induced by the valuation vg. In particular,
we endow A with the topology making the following map a homeomorphism

A=WE)- [[E T = (T5)i>0

where the right hand side has the usual product topology. We also give B = A[1/p] the
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topology of the inductive limit. With this identification, the Frobenius and Galois actions
on E are then continuously extended to actions on both A and B.

Let us fix a sequence of primitive p™-th roots of unity (p, ft2, . . . ) and define the element
e = (1, up, ip2,.-.) € E. Let [¢] denote the unique Teichmiiller representative of € in A
so that the element 7 = [¢] — 1 lies in A. Recalling that E is endowed with the valuation
vE(z) = vp(z?), let E* denote the ring of integers of E, i.e. one has that

" 02, = i 0e, % i 05, /),

TP TP

There is a natural homomorphism 6 : E* — Oc,/(p) which sends (z) — z(®). Setting
At = W(E") means that 6 lifts to a homomorphism 6 : At — Oc, and by setting
Bt = A*[1/p] = {Zks_colzr]P* : 2x € ET}, one can then lift 6 to a map

9:B" = C, Z[:ck]pk — Zx,(go)pk.

This map is surjective with principal kernel generated by w = 7 /¢~ (7).
We define the ring BI; to be the completion of B in the (ker )-adic topology, i.e. we

. Bt ~
B}, = y_ (her )7 {anw mn€B+}.

One can observe that 6(—m) = 0 so in the topology of BX;, the element ¢ = log([e]) exists.

write

In fact, one can show that the element ¢ is a uniformizer of B(';R with Galois action given
by g(t) = x(g)t for any g € Gg, and x denoting the cyclotomic character. One then
defines the de Rham period ring to be Bgg = BI;[1/t] with a natural filtration structure
Fil'Bqr = t'B}; and Galois invariants prf =K.

Finally, let us define a divided power envelope

Acis ::{an xneA+,.’Bn—>0}.

One can show that ¢t € A4 with an embedding Acs — Bd“LR so we may define the

ring B} Agis[1l/p] C BIR. This allows us to define the crystalline period ring to be

cris =
Beis = Crls[1 /t]. We have that Bg:s admits a Galois action extending to the one on
Bgr and a Frobenius <p -action lifted from the natural Frobenius on B™. Moreover, we
have the association BEX = Ko and a filtration induced by Bg4gr given by the intersection

cris

Fil* Bcris = FllZBdR N Beris-
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2.3 Filtered p-Modules and Crystalline Representations

For any V' € Rep g, (Gk), define
DCI‘iS(V) = (Bcris ®Qp V)GK.

Since BCGHI; = K then Dgs(V) is a Kop-vector space which admits a Frobenius gp-action and
filtration structure induced by those same structures on B as discussed in Section 2.2.

Such objects are called filtered p-modules which we now define.

Definition 2.3.1: A filtered p-module over K is a finite dimensional Ky-vector space D
equipped with a (-semilinear endomorphism ¢p : D — D and a K-valued filtration which
is separated and exhaustive, i.e. |J; Fil'(D ®k, K) = D ®k, K and N; Fil'(D ®k, K) = 0.

Note that by Remark 1.2.1, a filtered ¢-module over unramified K will be a K-vector space
so the filtration and underlying vector space are valued over the same field. For complete-
ness, we will continue to write Ky with the understanding that under our assumptions,
K = K.

We denote the category consisting of such objects by MF;} with morphisms being linear
maps of filtered vector spaces which are compatible with the p-semilinear endomorphisms.
In particular, we assume that any morphism h : D — D’ in the category is strict in the
sense that h(Fil’D) = h(D) NFilV D’

In general, the Frobenius and filtration structures on an arbitrary filtered ¢-module need
not be related to one another. The class of filtered p-modules for which these structures
are connected is quite special and in order to quantify how connected the two structures
are, we need to encode their data in the form of two polygons.

Let us begin by encoding information about the filtration structures. For any filtered
¢-module D € MF¥, of finite dimension d, consider the d-tuple k := (ki,k,...,kq) € Vi
where kg > --- > ki possibly repeating and each k; is such that Fil* D > Fil**1D or in
other words, the grading of D at k; is nonzero. We define the multiplicity of each k; to
be the value r; := dimg (Fil* D/Fil**! D). With this, we define the Hodge Polygon of D,
denoted HP (D), to be the convex polygon with left most endpoint (0,0) and each slope k;
having horizontal length r; — r;_;. Since the d-tuple k encodes all information about the
polygon, we will commonly write that HP(D) = k.

Switching to encoding information about the Frobenius structures, for any reduced
rational number o = r/s € Q, let D,, denote the Ky-subvector space generated by elements
w € D such that ¢} (w) = p"w. Such a are known to exist by the Dieudonné-Manin
classification, see [Man63, p. I1.4.1], and descend uniquely to our situation by [BC09, Lemma
8.1.11]. We then have a decomposition D = @,D, which will give a list a := (a1,...,aq) €
Q¢ where each a; has multiplicity s; := dimg, D,;. With this, we define the Newton Polygon
of D, denoted NP(D), to be the convex polygon with left most endpoint (0,0) and each
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slope a; having horizontal length s; —s;_1. Since the d-tuple a encodes all the information
about this polygon, we will often write NP(D) = a.

Definition 2.3.2: A filtered ¢-module D € MFY, is said to be weakly admissible if both of

the following conditions hold:

e The endpoints of the polygons HP(D) and NP(D) agree;
 For every nontrivial subobject D’ C D in the category MF;}, we have that the Hodge
polygon HP(D') lies below the Newton polygon NP(D’).

We denote the proper subcategory of weakly admissible filtered ¢-modules over K by
MF%*“%. The representations which are associated to such weakly admissible modules
via D¢s are the prime focus of this thesis and in order to study them, we must take a more
functorial approach.

From the above discussion, we may interpret the map D as a functor
Dis : Rep/Qp (Gk) — MF?} V = (Bais ®q, V)GK.

Definition 2.3.3: We say that a p-adic representation V' € Rep,q,(Gk) is crystalline if we

have an equality of dimensions
dimg, (V') = dimg, (Deris(V)).

We denote the proper subcategory of crystalline representations by Repes/q,(Gk)- Such
representations are said to be Bs-admissible and one can show that a representation V'
being admissible implies that Deyis(V) is weakly admissible. The converse was conjectured
by Fontaine and proven by Colmez and Fontaine. The result is a theorem which will serve

as the foundation of much of what we do in this thesis.

Theorem 2.3.4: There is an equivalence of categories
Deris : Repcris/Qp(GK) - MF?w.a'

with quasi-inverse functor given by Ves(D) = Fil®(Beis ®k, D)?®#P=1.
Proof. See [CF00, Théoréme A]. O

We note that the above equivalence respects the notion of duality; in other words, we have
Deris(V*) = (Deris(V))* =: D%,(V) and similarly for Vs so that

cris

* *

cris(') = Home[GK](" Bcris) cris(') = Homcp,Fil(" Bcris)-

Since the functors D5 and V45 are both covariant, it is easy to see that the dual functors
will be contravariant. In fact, it is often convenient for the purposes of computing reductions

that we use these contravariant functors, see Section 9.1.
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For any V' € Repeyis/g,(Gk ), denote the Hodge polygon of Deris (V') by HP(Deris(V)) =
k. We call each k; € k a Hodge-Tate weight of V and for this thesis, we will always assume
that each k; > 0. Filtered ¢-modules with positive Hodge-Tate weights are said to be
effective.

By the above definitions, it is easy to see that the Hodge-Tate weight data k associated
to a crystalline representation V' is equivalent to the Hodge polygon data of Deis(V'). For
this reason, we may restrict the equivalence of categories of Theorem 2.3.4 to crystalline rep-
resentations with prescribed Hodge-Tate weight data Repi‘]ris /Qp (Gk) and weakly admissible
filtered ¢-modules with the same Hodge polygon data MF}’}w'a”k, denoted

Deris : Replc(ris/Qp(GK) — MF?w'a"k_

Remark 2.3.5: While this thesis focuses on crystalline representations, certain parts of
the theory, see Chapter 5, are more naturally stated in terms of semistable representations.
At this level, we have an equivalence Dy : Repg /g, (GK) — MF%YV*% with quasi-inverse
V. Here we are taking MF?N’“"“' to denote the category of weakly admissible filtered ¢-
modules admitting a Ky-linear monodromy operator N such that Noy = ppoN. Intuitively,
one should think of crystalline representations as being semistable representations with zero
monodromy. See [BC09, §9.2, 9.3] for a more detailed discussion.

2.4 Extending Coefficients

To further generalize the results of this thesis, we introduce coefficients in the form of a
finite extension F' to the various representations and modules we have introduced up to this
point. When K = @, this process is relatively trivial as we need only extend the above
notions via F-linearity over the tensor F' ®q, K. However, the situation becomes more
complicated when K = Qs for f > 2 in a manner which we now describe.

Recall from Section 1.2 that we have defined F' to be a finite extension of Q, which
admits an embedding 79 : K < F. Denote its ring of integers by ¢ with uniformizer w
and residue field kr = OF/wOF. Define the composition 7; := 79 o al}i : K — F so that
the set |7| := {7} for 0 < i < f—1 gives a list of f-distinct embeddings of K into F. As we
have fixed this sequence of embeddings, we will identify the sets Z/fZ = Gal(K/Q,) and
reserve the index ¢ € Z/fZ to denote the enumeration of this list of embeddings.

Define the set

Flml = H F  with elements Z (z70(y), z1(Y), - - -, 275-1(y)) .
Ti: K—F zeFye K

The product FI™! is a ring with multiplication induced by component wise multiplication on

the principle elements given by (z7;(y)); - (2'7:(v')); == (zz'7(yy’))i;. This gives a natural
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ring isomorphism
0:F®q, K— FI"l 2@y — (27i(y))iez/s2-

The automorphism 1r®ck on F®q, K transforms via  to an automorphism ¢ : F I7l — Fl7l
defined by ¢(vo, v1,v2,...,v¢-1) = (v1,V2,...,Vf_1,v0). We endow FI™l with an F ®q, K-
module structure defined by (a ® b)(vo, . ..,vs—1) = (ato(b)vo, ..., ars_1(b)vs_1).

Lemma 2.4.1: The ring isomorphism 6 : F®q, K — F 7l defines a p-equivariant F ®q, K-

module isomorphism.

Proof. This map is clearly a module homomorphism. The embeddings 7; are linearly inde-
pendent over F' and since FI™! can be viewed as an f-dimensional F-vector space, then the
f-distinct embeddings 7; will define a maximal linearly independent list. Thus the map 6
is an isomorphism of modules. Since the Frobenius action ¢ on FIl is defined by 17 ® ok,

then it is clear that ¢ 0 =0 o (1r ® o) giving p-compatibility. O

Define ¢; := (0,...,0,1,0,...,0) to be the idempotent of ¢ in FI™l where the 1 appears
in the i-th component of the vector. Set F@O = ¢;F' and observe that each F' (@) ig isomorphic
to F' as F-modules. It follows by Lemma 2.4.1 that we may decompose F' ®q, K in terms
of these idempotents

Feg, K= [ F®
i€Z/ 7
where ¢ = (0@, ... D) with ¢ : p*F(-1) — FO) the i-th partial Frobenius®

Let D € MF§®QP x be a filtered p-module over F' ®q, K. Recall that technically
speaking, D is a F' ®q, Ko-vector space but by Remark 1.2.1, Ko = K so we are able to
make the following observation. Define D = ¢, D so that the above discussion implies
that 8 : D — [J; D® is an isomorphism of F ®q, K-modules and the Frobenius action on
[1, D acts via @p = (gog), - go(Df_l)) with 4-th partial Frobenius gog) : p*D(-1) 5 DO,

Proposition 2.4.2: There is an isomorphism of filtered p-modules

D~ J] p®
i€Z/f7.

so that FilV D& = ¢;Fily D.

Proof. The fact that 6 is ¢p-compatible follows from the fact that

¢D (2Ti+1(Y)V)iez) 12 = (zn(y)so([? (U))iEZ/fZ

5The fact that partial Frobenius shifts embeddings will play a large part in (complicating) future com-
putations.
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forr®y € F®q, K and v € D(+1)_ Furthermore, we induce a filtration structure on
each idempotent piece by taking Fi D® := Fil¥ D N D® = ¢;FiV D. This gives us that 0
is compatible with both the Frobenius and filtration structures so we get a morphism of
filtered (p-modules. O

With this, we may pass between a filtered ¢-module D and its decomposition []; D®
which we do so freely by the results of Proposition 2.4.2 and we can view each piece D®
as a filtered p-module over F' via the isomorphism of F®) and F.® A morphism in the
category MF?‘X’% x can then be interpreted as an f-tuple h = (h(o), ..., b ‘1)) where
each h(® : DO — D'() js 3 morphism viewed in the category of filtered ¢-modules over F
respecting the idempotent decomposition.

We define the Hodge polygon of D € MF§®QPK to be HP(D) = k = (k©, ... k(F-1)
where each k() is the Hodge polygon associated to the idempotent piece D@ with filtration
as described above so we may write HP(D®)) = k(® = (k;1, ..., kiq). The Newton polygon
is defined similarly but it is not of great importance to this thesis so we will not give
the details. The proper subcategory of filtered p-modules over F' ®q, K with prescribed
Hodge-polygon data will be denoted MFﬁ’g@p K

There is a natural forgetful functor MF§®QP x — MF%. which forgets the F-module
structure. We say that a filtered ¢-module over F' ®q, K is weakly admissible if it is
weakly admissible over K after forgetting the underlying F-module structure. We denote
the proper subcategory of such weakly admissible filtered p-modules by MF?%@ZK'

Switching once more to Galois representations, an F'-representation of Gk is a finite
dimensional F-vector space equipped with a linear and continuous action of Gx. We denote
the category of F-representations of Gk by Rep, 7(GK). The results of Section 2.1 carry
over to the case of F-representations by F-linearity so we receive the categories of Op-
representations, denoted Rep,s, (Gk) and kp-representations, denoted Rep . (Gk), for
free. Note that reduction modulo p as in Definition 2.1.3 becomes reduction modulo w
given by

V= (T Rop kp)ss

for any Gg-stable Op-lattice T C V.

There is a natural forgetful functor Rep,r(Gk) — Rep,q,(Gk) defined by forgetting the
F-vector space structure. We say that an F-representation V' € Rep, r(GKk) is crystalline
if it is crystalline as a Qp-representation after forgetting the underlying F' structure. We
denote the category of crystalline F-representations of Gk by Reps/r(Gk). This allows
us to extend the results of the Colmez-Fontaine Theorem 2.3.4 to the setting of nontrivial

coefficients by the work of Breuil and Mézard.

5We use ‘view’ loosely here. Indeed, each D@ will have its own filtration structure but the partial
Frobenius are really maps between D=1 and DD.
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Theorem 2.4.3: There is an equivalence of categories
Deris : Repeyis / r(Gk) — MF?Z%@:K

with quasi-inverse functor denoted by Vcyis.
Proof. See [BMO02, § 3]. O

By the above discussion, we may denote the Hodge polygon data of the filtered (-
module Deyis(V) by HP(Deris(V)) = k = (k@) a f-tuple where each k(® = HP(Dyis(V)®)
for i € Z/fZ. We call the d-tuple k© = (k;1, ..., kiq) the labeled Hodge-Tate weights of
V with respect to the embedding 7;. If we have that k;(;;1) > ki; for all 4 € Z/fZ and
1 < j < d then we say that the labeled Hodge-Tate weights are regular. As the labeled
Hodge-Tate weight data k attached to V is equivalent to the Hodge polygon data attached
to Deis(V) and we get a restriction of the equivalence of Theorem 2.4.3 to prescribed
Hodge-Tate weights given by

.a..k
Doris : Replye/r(Gx) = MFEg %
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Chapter 3
Strongly Divisible Lattices

We are now ready to begin discussing integral p-adic Hodge theory. Restricting to the
crystalline case, as is understood in this thesis, recall that for any V' € Repg;s/r(Gk)
we have a naturally associated weakly admissible filtered p-module Des(V). If T is a
Gk-stable Op-lattice inside V, then integral p-adic Hodge theory aims to determine a
corresponding integral submodule associated in some way to Dcys(V). The complication
that arises is that the functor D¢;s does not naturally descend to the integral case as
the crystalline period ring Bs is not compatible with the integral structure of T. As a
result, the integral theory requires more complicated methods to define the functors and
categories associated to such lattice representations. One such theory developed by Fontaine
and Laffaille concerns so-called strongly divisible lattices inside weakly admissible filtered
p-modules which we cover here. We note that much of this chapter can be viewed as a
survey of relevant results from [Zhu09, §3].

Section 3.1 defines the notion of an integral submodule inside of a filtered p-module
that is compatible with the already present Frobenius and filtration structures. When
we further enforce weak admissibility, the structure on the integral submodule is further
restricted giving rise to something called a strongly divisible lattice. Section 3.2 then gives a
concrete classification of the isomorphism classes of such strongly divisible lattices which can
be used to determine the structure of the associated weakly admissible filtered ¢-modules

and, by association, crystalline representations.

3.1 Lattices Inside Filtered ¢y-Modules

Let D € MF%&@ x be a filtered p-module over F' ®q, K. A ¢-lattice L inside D is an
D
OF ®z, Ukx-module L with Frobenius action ¢y, such that

L ®@"F®ZP6’K (F ®Qp K) =D and (pL(L) C L.
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We say that L has an induced filtration from D if L admits a filtration structure such that
FiVL =Fi¥D N L.

From now on, we will always assume that any (-lattice L inside a filtered ¢-module D has
an induced filtration.

Recall that by Section 2.4, we may decompose D along the f embeddings 7; : K < F so
that D =[], D This relied on the fact that there is an isomorphism 6 : F®q,K — []; FIl
which respects the Frobenius ¢p structure on D. We would like to descend this isomorphism
to the integral case which the following lemma from [Zhu09, Lem 3.1] achieves.

Lemma 3.1.1: The isomorphism 0 : F ®q, K — FITl of Lemma 2.4.1 induces an isomor-
phism of O ®z, Ok -modules, 0 : Op ®z, O — Hiez/fz O =: ﬁ’p.

Proof. The proof of the lemma is completely similar to that of Lemma 2.4.1 once we show
that 6 is an isomorphism of integral rings. Ok is generated by a single element over Z,
so there exists an irreducible polynomial g € Z,[z] of degree f such that O = Z,[z]/(g).
Hence,

OF ®z, Ok = O ®z, Ly[z]/(9) = OF[z]/(9).

Since K C F then 0x C OF and any roots of g that lie in Ok will lie in Or. Thus
Or(z]/(9) = Mliez 2 OF- O

Let L be a ¢-lattice inside D with induced filtration. The idempotents ¢; inside FI7!
can be viewed as lying inside ﬁ’gl. By definition of the induced filtration, we can write
LW = ¢,L = DD N L. The map 0 : L —[]; L is an isomorphism of Of ®z, Okx-modules
by Lemma 3.1.1 so that we may write ¢y = (gogo), ey gogf _1)) with i-th partial Frobenius

action <p§-j) s LY 5 L),

Proposition 3.1.2: There is an isomorphism of p-lattices with induced filtration

L= J[ L®.
€L/ fL

Proof. 6 is compatible with the filtration and Frobenius structures on D® by Proposition
2.4.2. The fact that L(®) = D® N L will imply the same is true on L®. O

Just as for filtered p-modules, the results of Proposition 3.1.2 allows us to pass between a
¢-module L and its decomposition []; L® which we do so freely. Each L® may then be
viewed as Op-modules via the isomorphism between ¢;0r and OF.

An Op-basis {egi), e e((ii)} of L® is said to be adapted to the induced filtration if the set
{egi) Yoo ,e((i?mFﬂj 1} forms a basis for Fil/L® for all j. A filtered p-module D = [], D®
is said to have a basis adapted to the filtration if it contains a ¢-lattice L = [[; L®) ¢ D
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which has a basis adapted to the induced filtration for all ¢ € Z/fZ. The existence of such

bases relies on the following proposition using ideas from [Zhu09, Prop 2.1].

Proposition 3.1.3: Let D = HiD(i) be a d-dimensional filtered p-module over F ®q, K
and let L = HiL(i) C D be a p-lattice contained in D. Then there exists a basis of L
adapted to the filtration induced from D.

Proof. Without loss of generality, let us work with a fixed ¢ € Z/fZ. We first observe that
each FiVt1L( is a saturated submodule of Fil/ L(®). Indeed, if we let r € O and z € FiV L®
be such that rz € FiV1L®), then z € FiV 1 D® since FiV ' L(®) spans FiVt1D® over F.
Since the filtration of L is induced from D then z € Fil/T1L(®),

Take n to be the largest integer such that Fil®L(®) is nontrivial and choose a ba-
sis {egi),...,egi,?} of Fil"L® where r, = Rank(Fil"L®). Since Fil"L® is saturated in
Fil" 'L then ez(.i) € Fil" 1 L® and there exists a basis of Fil" 1L such that the quotient
can be written

Fil" L0 /FI"L® = ... el )

where 7,1 = Rank(Fil"~1L®). By choosing a lift ¢\ € Fil*"1L®) of " then Fil*"'L®)

has basis
{ e(i) (4) e(i) (@)

1 9ees€rms € 1yeees€ry g}
Completing an induction up to when r; = d will give a basis {egi), ey eg)} of L(® that is
adapted to the induced filtration. O

As a result of Proposition 3.1.3, we will take a @-lattice L to always be generated by
a basis that is adapted to the induced filtration. This means the filtration structure is
completely described by the Hodge polygon data k and so the Frobenius action determines
isomorphism classes of such modules. This idea is expanded upon in Section 3.2.

Recall that the weakly admissible condition on a filtered p-module D implies some
compatibility between the Frobenius and filtration structures on D. As a result, a -lattice
L inside D should inherit some compatibility between the two induced structures whenever

D is weakly admissible. The next definition gives the required condition on such -lattices.

Definition 3.1.4: A @-lattice L C D is said to be strongly divisible if it satisfies the further
properties )
er(FIVL) Cp'L and > —i(FiVL) = L.
JEZ
We define the category of strongly divisible o-lattices over Or ®z, Ok by SD‘;F S0 Ox" We
P

obtain a natural functor SD‘gF @0 MF§®QP Kk given by scalar extension up to F ®q, K.

We would like to translate this strongly divisible condition to be in terms of the decom-

position L =[], L®. This is done by the following lemma from [Zhu09, Prop 3.2].
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Lemma 3.1.5: A @-lattice L C D is strongly divisible if and only if when viewing L =
[1; L®, we have both

GVFVLED) Cp LD and 3 p W (FIVLED) = LO
JEZ

foralli e Z/fZ.

Proof. We know that L is strongly divisible if and only if

. . 1 .
@r(FIVL) CpL  and Y —r(FIVL) = L.
1E€EZ
Since the idempotent decomposition L = [[;c7/¢7 L@ respects both the filtration and Frobe-

nius structures, we may write

[1 Y @VLED) =g (FL) CpL= ] pLO
i€L/f7 i€Z/fZ

allowing us to conclude that 90%) (FiV LG-1) C p/ L), Furthermore, we may also write

3 H Fil L) Z%go,;(File):L: IT z®.

JEL zeZ/fZ 1Y/ €L/ 7

Orthogonality of the idempotent decomposition will then allow us to deduce that the equal-
ity Y jezp™? go(z) (FiVLG-1) = L®. The only if direction follows by following the above

argument in reverse. O

In [Laf80], Laffaille showed that the weak admissibility condition on a filtered p-module
D over K is equivalent to the existence of a strongly divisible lattice over Ok inside D.
The next proposition from [Zhu09, Prop 3.3] may be viewed as an extension of this result
to F-valued scalars.

Proposition 3.1.6: Let D be a d-dimensional filtered p-module over F ®q, K with Hodge
polygon data HP(D) = k. The following statements are equivalent:

(a) D is weakly admissible;

(b) There ezists a strongly divisible lattice L over O ®z, Ok inside D;

(c) There ezists a p-lattice L =[], L oyer OF ®z, Ok inside D such that with respect
to a basis adapted to the induced filtration, <p§-f) = ADA i) where A® € GLy(OF)
and A, = Diag(pki, ..., pki) for alli € 7/ f7Z.

Proof. The fact that (b) = (a) is due to [Laf80, §3] and then extending scalars to Op.
To see that (a) = (b), then by [Laf80] again, weak admissibility implies the existence of

a strongly divisible lattice L’ over 0k since weak admissibility is a condition on K. By
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setting L = L' ®g, Op = ) L'e; where O = (e1,...,en) over Zp, then we have an

Ok ®z, Or module and since filtrations and Frobenius are F-linear,

n n
> %@(FﬂjL) =>> %@(FﬂjL')eg =Y Le,=L.
JEL £=0j€z £=0
Thus L is strongly divisible over 0r ®z, Ok and we have that (a) < (b).

For (b) = (c), Lemma 3.1.5 says that we must have ¢z p™J cp(Li)(Filj L) = L® and
go(Li)(File(i_l)) C p/L(®. By Lemma 3.1.3, we may choose a basis {egi), .. ,e((ii)} of L®
which is adapted to the induced filtration. For 1 < j < d, set r;; = dim Fil®3 L(). Then the
fact that gog) (FilY L(i_l)) C p/ L™ implies for each 1 < j < d,

i), (i— i i i)y £ G Diag(p*-11,...,pFi-ns
Al ) = e, (P )

trt P T(i—1)j 0

for some A7("2—1)j € Mat,,_, .(OF). Inducting on j will give us Mat(cp(Li)) = ADAi-1y. The
fact that >,y p~J @%) (FIVLG-1) = L will imply that the columns of A®) will generate

L® over O so that A®) € GLy4(OF). The (¢) = (b) direction follows from Lemma 3.1.5. []

As a result, we may refine our scalar extension functor SD‘;F@’ZP o MF?S@ZK' Re-
stricting to strongly divisible lattices arising out of weakly admissible filtered p-modules of
prescribed Hodge newton polygon data k, we obtain the proper subcategory SD‘Z”;@Z,, O

In practice, the equivalence of Proposition 3.1.6 give us a concrete way to describe
the structure of crystalline representations. Since isomorphism classes of crystalline repre-
sentations are directly related to isomorphism classes of filtered ¢-modules by the Colmez-
Fontaine equivalence of Theorem 2.4.3, then in order to determine such isomorphism classes,
we need only classify the strongly divisible lattices associated to those filtered p-modules.

The following section gives us the machinery to do just this.

3.2 Classifying Strongly Divisible Lattices

Let D be a weakly admissible filtered p-module over F' ®q, K with Hodge polygon data
HP(D) = k. Also let L be a strongly divisible ¢-lattice inside D and assume that it has a
basis {e1, €2, . ..,eq} which is adapted to the induced filtration which is guaranteed to exist
by Proposition 3.1.6. In this case, for each labeled Hodge-Tate weight k;; € k@ c k, we
define r;; = dimp Filks D),

Definition 3.2.1: We define the parabolic group of k) over O to be the proper subgroup
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@k(i)(ﬁp) C GLd(ﬁF) defined by

GL"'il (ﬁF) * ce *
0 GL.._. (O
Py (OF) = . rig—ri1 (OF) .*
: ) N
0 o 0 GLd_Ti(d—l) (ﬁF)

where * denotes arbitrary elements in Op.
We can then define the parabolic group of k over O to be the subgroup Py (0r) C
GLd(ﬁF)f where '@k = (,@k(o)(ﬁp), ceey e@k(f—l)(ﬁF)).

We can use our parabolic groups to induce an equivalence relation on matrices. Recall
that for any k@ = (k;1,...,kiq) C k, we define A, = Diag(p*,...,p"4). Let (A) =
(A©, ... AUy and (B) = (B©,...,BU~)) be two f-tuples in GLy(Or)f. We say that
(A) and (B) are parabolic equivalent with respect to k, written (A) ~y (B), if there exists
(C)=(CO,...,c(=D) € #,(0F) such that for each 0 < i < f — 1, we have

BO = cOADA, ;) <C(i—1)) A;Zu Y-
In this case, we will commonly write (C) *% (A) = (B). The next theorem inspired from
[Zhu09, Thm 3.5] shows that we can use parabolic equivalence classes to define isomorphism

classes of strongly divisible lattices.

Theorem 3.2.2: There is a bijection

© : GLy(0F)!/ ~c— SDYy, 4,
defined by sending an f-tuple (A) = (A©),..., AU-D) € GL4(Or)! to a strongly divisible
lattice L = []; LY inside D € MF‘p’wa II; in a basis adapted to the filtration where go() =

A( )Ak(i—l) .
Proof. We begin with the reverse direction. Let L, L' € SDZ’F ®2, 0k
divisible lattices inside D € MF%.." a}l{( via an isomorphism A : L — L'. Proposition 3.1.6

F®q
says that we may write L = []; L® and L’ = [[; L'® with Frobenius actions given by go(Li) =

be isomorphic strongly

A(i)Ak(i—l) and <p§-j,) =A (i)Ak(i—l) respectively. Restricting our filtration and ¢-compatible
isomorphism to each embedding piece gives h()(L®)) = /@ hO(FVL®) = FiVL/®) and
r® o <p5-j) = go%,) o hi=1 . These conditions on kA(® implies that for 1 < j < d if we set

r;; = dim FilV L&), we have
(Z) (e"'z(] 1)7° e""zg) (e;'(:(?j—l)’ Tt 7'1,] )C""L)

where each CT(;) € GL (OF). Hence, we have h(l)(e(z) e((;)) (egl), e((ii))C’(")

Tij ~Ti(i-1)
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where )
%
. 0o ¥
c=1 " 2 € P (OF)
. . *
0o ... 0 CY

which gives Mat(h) € Zx(OFr). We then have the matrix relation from ¢-compatibility
AOA i1y = COADA oy (CED)

so we conclude that (C) x5 (A) = (A').

The other direction follows from performing the above argument in reverse. O

As a consequence, we will commonly write ©(A4) = L(A) = [[; L(A)® to denote the
associated strongly divisible lattice with i-th partial Frobenius action given by A® A _1).
We define

D(4) = L(4) 80y, 0 F 90, K

to be the associated weakly admissible filtered p-module with Hodge Polygon data k by
Proposition 3.1.6. By the aforementioned proposition, all such weakly admissible filtered
p-modules arise out of this construction. Recalling the equivalence functor Vs of Theorem
2.4.3, there exists a crystalline representation with Hodge-Tate weight data k given by
V(A4) = Vg (D(4))

which likewise exhausts all such representations. This means we can use parabolic equiva-
lence classes to pick out ‘simple’ representatives for the isomorphism classes of crystalline
representations. More on this in Chapter 4.

We conclude this section with looking that how the bijection of Theorem 3.2.2 behaves
with respect to the notion of taking tensor products. This will be important as it will allow
us to twist by crystalline characters in order to adjust the labeled Hodge-Tate weights of
our representations for more convenient computations. Consider strongly divisible lattices
O(A) = L(A) and ©(A) = L(A’) of O ®7, Ok dimension d and d’ respectively and arising
out of weakly admissible filtered p-modules with Hodge Polygon data k and k’ respectively.

We define two tensor products

e kk = ((kij + kgj')j’jl)ieZ/fZ where 1 < i < d and 1 < ¢/ < d reordering if

necessary.

« ARA = (A0 ® A’(i))iez/ﬂ € GLyy (0r)f where A® ® A'® denotes the normal

Kronecker tensor product.

The result we desire is given in the following proposition from [Zhu09, Prop 3.7].
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Proposition 3.2.3: Let notation be as above so that ©(A) = L(A) € SDZ’:@)Z o ANd
P
X/ k@K
O(4') = L(A') € D7, 5, .- Then O(A® A') = L(A) ® L(4') € SD;;FgZP e

Proof. First, note that

L(A)® L(A) = [[L(A)Y o [ L(4)® =] L(4A)P ® L(4)®

with the last equality following from the orthogonality of the idempotent decomposition.
Both L(A) and L(A’) are strongly divisible so Proposition 3.1.6 implies the existence of a
basis adapted to the filtration so that the i-th partial Frobenius action of L(A) ® L(A') is
given by

(ADA(-1)) ® (A D A1) = (AD @ A/D)(Ayi-1y @ Apii-ny)

where the equality follows form the mixed product property of the Kronecker tensor product.
After observing the fact that

. k4K ki 1yatk.
Ay -1 ® Apsi-1) = Diag(p D1 pra D (i=1d")

then it is clear that ©(A® A’) = L(A) ® L(A') € SD‘gfg; Orc” O

The results of Proposition 3.2.3 give us a way to simplify the Hodge-Tate weight data k of
a crystalline representation V.

Remark 3.2.4: Consider the representation V(A) € RepX. /r(Gk) of dimension d and
define a crystalline character V(1) € Rep}flfiS / 7(GK) where k' = (—kiq);. Then the above
results will imply that V(A) ® V(Iz) will have Hodge-Tate weight data given by (k;; —
kid,...,0); but leave the matrices (A) unaffected. Hence, up to a twist by a crystalline

character, we may always assume that k;g = 0 for all ¢ € Z/ fZ.
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Chapter 4

Isomorphism Classes in Dimension
Two

The classification of irreducible two-dimensional crystalline representations of G, was first
published by Breuil in [Bre03]. In this case, the isomorphism classes of such representations
turn out to only depend on the Hodge-Tate weight k£ and the trace of Frobenius a,. This
chapter is dedicated to achieving a similar description in the case of K = Q,s when two
parameters are no longer enough to provide a complete classification.

We begin in Section 4.1 by classifying the parabolic equivalence classes of GLo(0r)f by
choosing representatives made up of matrices of specific Types. Using the results of previous
chapters, in Section 4.2 we are able to classify the isomorphism classes of strongly divisible
lattices in terms of these Types which, in turn, gives us an understanding of the structure

for crystalline representations of G@p .

4.1 Parabolic Equivalence Classes

From Section 3.2, recall that we may induce an equivalence relation ~y on GLy(OF)/ by
understanding that (A®) ~y (B®) whenever there exists (C*)) € 2, (0F) such that
. N -1
B® = cOADA, ;) (C(’ 1)) Ak(li—l)
for all i € Z/fZ. Under the assumption that dimension d = 2 and the labeled Hodge-Tate
weights are regular in the sense that k; > 0 for all ¢ € Z/f7Z, we may realize that each
parabolic group Z () (OF) is nothing more than the invertible upper triangular matrices
over Or and Ay = Diag(p*,1) by Remark 3.2.4. The purpose of this section is to pick
equivalence class representatives that are as simple as possible by choosing suitable parabolic
matrices (C®).
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Let [(A®)] € GLy(0F)f/ ~\ define an arbitrary equivalence class where each

azzl a2’2

Since each matrix is invertible, then we can safely assume that at least one of a. @

gl) and ayg

is invertible. Following the ideas found in [Liu21, § 2|, we will explicitly construct parabolic

matrices (C%)) € 2 (OF) by
o — Cﬁ) 0?2;
0 cy9

such that the result of (C®) x5 (A®) has (g) as one of its columns where § € 0%. In

order to ease notation, let us begin to write (zy)® = z®y®),

Lemma 4.1.1: Suppose k; > 0 for alli € Z/f7 and (A®) ~y (B®). Then agie) € Oy if
and only if b)) € 0%

Proof. Let (C®) be the parabolic equivalent change of basis turning (A®)) into (B®) using
notation as above. We have

o) — (ag1c11)® o (a22¢22)® + (agic12)®pFi
21 — (i—1) 22 — (i—-1) ’
C22 C22
The lemma follows from the fact that ¢\, c{) € &% for all i. O

Lemma 4.1.2: For alli € Z/fZ, suppose k; > 0 and agie) € 0% for some £ € {1,2}. Then
there exists a parabolic equivalent change of basis (C(i)) € P(OF) such that by setting
(CD) x5 (AD) = (BY), then bgze) =0.

Proof. We must treat two cases separately. First suppose that there exists some r € Z/fZ
such that A(™ has agl) € 0%. For any fixed i € Z/fZ, observe that if age) € O} then by
taking _
_a
o)

cl = “u | € Py (0F) and CY =1 for j#i (4.1)
will give B®) with bgie) =0 and bé? = 1. We notice that this change of basis also affects
the right column of B¢+ (but not the invertibility of bg;l) by Lemma 4.1.1)and does not
affect BUY) for j ¢ {i,4+1}. Since this base change is in 2 (0r) and we are only concerned
with matrices up to parabolic equivalence, then we can safely reset (A®) to be (B®) and
repeat this process of 4.1 for 74 1 and so on until we return to 7 taking the indexes modulo

f. If we start this process at the aforementioned A then when we perform the final step to
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base change A1 then the left hand column of A(") is unaffected. The result is a parabolic
equivalent f-tuple (B(®)) with one column which looks like (9).

The other case is when there is no such r with agi) € O%; Hence, we want to make

a%) =0 for all ¢ € Z/fZ. Here, the above will not work as the final step of the process will

make the upper right hand entry of the initial matrix non-zero. Instead, let us take

(2)
— 41z
c = ; flzé’z) € P (OF) forall i€ Z/fL.
a5y
The result will leave (B®) with bgz) € 0} by Lemma 4.1.1 and I/p(b%)) > k;. Since k; > 0
for all i € 7/ f7 then by resetting (A®) to be (B®) and repeating the process, we will have

that 1(b)) — 0o and bY) € . O
The results of the above lemmas motivates the following definition.

Definition 4.1.3: We define a Type matrix to be:

0 m
o Type I matrix: ( 1) where m; € 0% and mg € OF;
m2

m1

0
o Type II, matrix: < ) where m1,a € OF and mp € wOF.

mo o«
We define the associated Type map to be 7 : GLa(0Fr) — {I,II} where for any A €
GL2(0OF), T(A) =1if and only if a2; € 0} and T(A) = II otherwise.

In other words, the above definition says that for an f-tuple (A®) € GLy(0F)7, for
each i, T(A®) =T or II whenever (A®)) ~ (B®) with B® being a Type I or I, matrix
respectively. We will refer to the f-tuple (7(A®),...,T(AU~D)) as being the Type com-
bination of (A). Since parabolic equivalence does not effect the invertibility of the bottom

row by Lemma 4.1.1, then the Type map is well-defined.

Proposition 4.1.4: The parabolic equivalence classes of GLa(Or)f ) ~y for k; > 0 may be

represented by an f-tuple of matrices (A(i)) satisfying one of two cases:

(a) For each i, the matriz AY is a Type I or I1; matriz;

(b) For all i, the matriz A®) is a Type I ) matriz for some o) € OF.

Proof. For a general equivalence class [(B®"))] € GLy(0F)f/ ~i, Lemma 4.1.1 ensures that
elements of the bottom row of every member of this class has the same invertiblity statuses.
The proposition follows from the proof of Lemma 4.1.2. Namely, if for at least one B we

have bg'l) € 0% then we are in the case of (a), otherwise, we are in the case of (b). O

Remark 4.1.5: As a result of our definition for Type, we see that the classification is

not unique. In particular, there is ambiguity when both entries on the bottom row are
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invertible. We make this particular choice as it behaves better with respect to irreducibility,

see Proposition 4.2.1.

4.2 Models for Crystalline Representations

Recall by Theorem 3.2.2, we have a bijection

O : GLy(0p)f | ~e—> SDgf%ﬁK
given by taking an f-tuple (A) = (A®) to a strongly divisible lattice ©(A) = L(A) with
a basis adapted to its induced filtration so that the i-th partial Frobenius action takes the
form p® = A®A, ;_1) with A, = Diag(p¥,1) by Remark 3.2.4 and with the additional
assumption that k; > 0 for all ¢ € Z/fZ due to Lemma 4.1.2. In Section 4.1, we observed
that we may view each A® as being a matrix of one of two Types so that we have effectively
chosen simple representatives of the isomorphism classes of strongly divisible lattices.

Recall that we have defined

D(A) = L(A) ®(7F®ZpﬁK (F ®Qp K)

to be the weakly admissible filtered ¢-module which contains the strongly divisible lattice
L(A). All weakly admissible filtered p-module necessarily arises out of this construction by
Proposition 3.1.6. Hence, up to isomorphism, D(A) = []; D(A)® admits a basis adapted
to the filtration {nf), néi)} such that

(4)
0 .
( kot a%o) Typel DAY <0
. prT ay L . ’
= o FIFD(A)? = Y FG) 0<j<h
a P 0 Type I 0 ki<j
ag’)pki_l a(z) (8% 7 .

Since we are only concerned with irreducible representations, then we may impose more
structure on our partial Frobenius matrices to rid ourselves of some reducible cases and

make this description a bit cleaner.

Proposition 4.2.1: Keeping with notation as above, the weakly admissible filtered p-module

D(A) is reducible in MF?;@Z’K in each of the following cases:

(a) The i-th partial Frobenius ¢ is Type 1L ) for alli € 7./ f7Z;
(b) The product [[;cs ag) € p¥ 0% where S = {i € Z/f7: ) is Type I} andw = Y ;e ki
for some subset J C S (if J =0 then w =0).

This proposition relies on the following lemma regarding reducibility of strongly divisible

lattices in the rank 2 case.
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Lemma 4.2.2: Continuing to use notations as in Proposition 4.2.1, let of = Hf:_()l A(i)Ak(ifl)
be the (linear) Frobenius on L(A)©. If ¥ has an eigenvalue A with A € p* O} where
w = Y ;e ki for some subset J C Z/fZ (if J = 0 then w = 0), then L(A) is reducible in

©
SD@F@Z,,@K :

Proof. By assumption there exists simultaneously nonzero z(©, y(® € ¢ such that

= (0) 20 2(0) f=r 20

g k y© y(© y© g y(©
where each A\(¥) 0%y if i ¢ J and A0 g phi 0%, otherwise. Strong divisibility in the sense
of Lemma, 3.1.5 then provides the existence of simultaneously non-zero ®,y® € ¢ such

that
1 .
AOA ) (;1;(2 )> = \(-1) (m(%.))
y(z_l) y(z)
for all i € 7,/ f7. Hence, each L(A)® admits a o-stable submodule L' = m(i)ngi) + y(i)ng)
so we need only show that L' = [], L’® c L(A) is strongly divisible using Lemma 3.1.5.
For any i € Z/fZ, observe that since L’ () is of rank 1, then Fil/L’® has only one
filtration break from L' to 0. In particular, there is an integer 7 > 0 so that
L'® j<r

FiV /) =
0 j>r.

Hence, by the arguments above we have

N . o AEVLO <y
PO FF LY = AOA ) (FIFLED) = =
0 j>r.
However, since L'() = w(i)ngi) + y(i)ng) C L(A)® then strong divisibility of L(A)® forces
r =0 whenever i — 1 ¢ J and r = k;—; when i — 1 € J. We may then apply Lemma 3.1.5
to deduce strong divisibility of L'. O

Proof of Proposition 4.2.1. Let L(A) = I, L(A)® be the strongly divisible lattice inside
D(A) =[], D(A)® with a basis adapted to the filtration {ngi), néi)} so that the i-th partial
Frobenius is given by ¢(®) = A(i)Ak(i—l)- Since reducibility is preserved by scalar extension,
then we need only display that we can apply Lemma 4.2.2 to each case.

Consider the product ¢f = H{:_OI A(i)Ak(i—l) and observe that since the left column
of each A(i)Ak(i—l) is divisible by p*-1 then the lower right entry of ¢/ must contain
the product []; ; ag)a(j) for i € S and j ¢ S and any other term on the diagonal is
necessarily divisible by p*’ where w' = ¥, k; for some subset J' C Z/fZ. Since the

trace of ¢/ give the sum of the eigenvalues, then one of the eigenvalues takes the form
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v=1IIL; ag)a(j) + p¥ Op. It then becomes clear that we can apply Lemma 4.2.2 to both

cases since a(® € O O]
We are now ready to give the first of our main results. Recall that V(A) := VX, (D(A)) €
RepX . / #(GK) is the image of D(A) under the quasi-inverse functor V;

cris*

Theorem 4.2.3: Let V € RepffriS /F(GK) be an irreducible, two dimensional crystalline
representation of Gg with labeled Hodge-Tate weights {ki,O}ieZ/fZ where k; > 0. Then
V = V(A) where D(A) == D?. (V(A)) with each A? being Type 1 or I;. In particular,

D(A) =TI, D(A)Y has a basis {ngi), ng)} such that

0 agi) ,
pki_l a(i) Type 1 D(A)(Z) Jj<0
. 2 . . .
@, =14+ FiIVD(A)® =S F(l) 0<j<k
a0 Type II 0 ki < j
pis 1) TP <

Proof. Let D = D}, (V) and observe that Proposition 3.1.6 and Theorem 3.2.2 come to-
gether to imply the existence of a f-tuple (B) = (B®) € GLy(0F)f such that L(B) is
a strongly divisible lattice inside D so that D = D(B). By Proposition 4.1.4 there is a
another f-tuple (A) = (A®) € GLy(0F)f, with each A®) being Type I or II_;, such that
(B) ~x (A) so that L(A) = L(B) by Theorem 3.2.2 once more. Hence D(B) = D(A) so
that V = V(A). Since V is irreducible then D(A) is irreducible so that Lemma 4.2.1 gives

each A® the desired Type by Proposition 4.1.4 again. O

As a result, we will commonly say that the Type of V(A) is the Type of the partial
Frobenius matrices of D}, (V(A)). It follows that the f-tuple of matrices (A) completely
determines the isomorphism class of representations which V(A) is apart of. Hence, to
compute reductions, we need only consider those representations V(A) of one of these
2f — 1 Type combinations. We will now write IT = II; due to the exclusion of I, in the
irreducible case for o # 1.

Remark 4.2.4: It is not difficult to see that our description may be used to recover the
f = 1 classification of Breuil, see 1.1, as we may use irreducibility to exclude the single

Type II case.

Remark 4.2.5: It should be pointed out that our notion of Type is only a property of
strongly divisible lattices. In particular, a weakly admissible filtered ¢-module may admit
distinct strongly divisible lattices of different Types. This most obvious reason for this is
due to the fact that parabolic equivalence over F' need not preserve invertibility. Indeed,
Lemma 4.1.1 does not hold over F'.
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Part 11

Explicit Constructions and
Reductions
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Chapter 5
Breuil-Kisin Theory

We now describe another integral p-adic Hodge theory introduced by Kisin in [Kis06]. As
opposed to finding integral o-lattices inside filtered ¢-modules as we did in Chapter 3, we
instead study (-modules over power series rings in a formal variable u called Breuil and Kisin
modules. In order to return to the filtered ¢-module setting, we then need only take modulo
u. The motivation for studying these more complicated objects lies in taking semisimple
reductions. Indeed, Kisin’s theory allows for the (theoretical) computation of reductions
without restriction on Hodge-Tate weights; this is as opposed to Fontaine-Laffaille theory
which is only able to compute reductions when the Hodge-Tate weights are bounded above
by p — 1. We note that this chapter may be viewed as a survey of relevant results from
[BL20, §2] and [BLL23, §3].

Beginning in Section 5.1 we introduce the notion of a Kisin module, the objects we will
work with most in the second part of this thesis. In Section 5.2 we learn how to pick out those
Kisin modules that are canonically associated to crystalline representations. In Section 5.3,
we explain how we may construct an étale p-module from the data of a Kisin module which
can be used to compute semisimple reductions of the crystalline representations that they
are associated too. Section 5.4 then introduces the notion of a Breuil module which can be
used as an intermediary between filtered ¢-modules and Kisin modules. Finally, Section 5.5
gives the main result of this section; An algorithm to explicitly construct a Kisin module
over an enlarged coefficient ring from a filtered p-module by first passing through a Breuil

module.

5.1 Kisin Modules

We begin by recalling some notation from Section 1.2. Let A C Ky[u] be the ring of rigid
analytic functions on the open p-adic unit disc in K and set & = W(k)[u] = Ok[u].
Note the differing notation from [BL20] and [BLL23]. Both rings admit a Frobenius action
defined by ¢(u) = uw” and by extending this action by F-linearity, we get ¢-stable rings
&r C Ar C (F ®q, Ko)[u]. Also let E := E(u) = u + p be the minimal polynomial of
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mg = —p. It is easy to see that all the rings defined previously contain E.
Let R C (F®q, Ko)[u] be a ¢-stable subring containing E. We define a -module over R
to be a finite free R-module M admitting an injective ¢-semilinear operator ¢y : M — M.

Definition 5.1.1: A Kisin module over S of (E-)height < h is a p-module M over G

such that the linearization map
1®@pm: "M =6 Qps, M— M

has cokernel killed by E".

The category of Kisin modules over Gy with height < A is denoted Mod‘é’pﬁh with morphisms
being G p-linear maps compatible with the Frobenius actions.

Remark 5.1.2: A more concrete notion of finite E-height may be achieved by choosing a
basis of 91 so that gy in this basis is given by a matrix 2. Then a Kisin module being of
height h is equivalent to E"~! being a matrix over Gp.

We intend to associate finite height Kisin modules over & to Galois-stable O'r-lattice
representations I’ C V inside our crystalline representations. However, unlike strongly
divisible lattices, it is not apparent how a Kisin module as defined arises from a given
weakly admissible filtered ¢p-module. It turns out that we require an intermediate category
which is equivalent to filtered ¢-modules and captures a notion of ‘rational’ Kisin modules.

Indeed, by extending scalars we arrive at functor
»,<h »,<h
ModGF — Mod An

and a notion of a finite height Kisin module over Ap. We will commonly reserve 9t to
denote a Kisin module over G and M to denote a Kisin module over a larger ¢-stable

coeflicient ring & C R such as but not limited to Ap.

Definition 5.1.3: Let R be a p-stable ring such that &S C R. When we can write a finite
height Kisin module over R by M = 9 ®¢,. R then we call 9 a descent of M to Gp.

By [Kis06, Proposition 1.2.8], there is a functor
,<h
Mod$™" — MF§®QP I

As topological spaces, the above functor maps M — M /uM with the induced ¢ action
and with filtration structure induced by M being more complicated.” However, this functor
does not define an equivalence as the category ModK’FSh is too large. We instead need to

cut out a subcategory inside Mod?'S" to attain the equivalence we require.
Ar

"The formal definition is not used in this thesis so we will exclude it here, see [Kis06, Rem 1.2.7] for the
proper statement
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Remark 5.1.4: Kisin’s theory is more general than we have hinted at thus far. To capture
the notion of semistable representations with nonzero monodromy, see Remark 2.3.5, we
need only add the existence of an (F®q, Ko)-linear monodromy operator Nox on I /uM® 4.

F satisfying Ny o oon = ppon © Noy to Definition 5.1.1. The category of finite height Kisin

modules with monodromy is denoted Mod‘p’N’—h This gives an extension of scalars functor

Mod“”N sh Mod“D’N <h and Kisin then descrlbes a functor Mod‘p’N sh MF‘p Foo, K into

the category of ﬁltered (¢, N)-modules.
Define the element

=1 (5) e

The operator —u)\ . is a derivation on Ar and observe that we get the relation

()erms () oo ()

Note that since E(u) = u + p in our setting, then p ( Eﬁog) E and for the rest of this

thesis, we will simplify this term likewise with the understanding that there is a more general

context for this simplification.

Definition 5.1.5: A finite height (¢, Ny)-module M over A is a finite height Kisin module
over Ar admitting a differential operator Né"‘ over —u)\% on Ar satisfying the relation

NY' o op = Eppg o N

such that Né”|u:0 = Np.

The category of (¢, Nyv)-modules over Ar of height < h is denoted Modf’gv’gh and it

is naturally a proper subcategory Modi’NV’Sh C Modf’N’Sh. An effective criteria for the
F F

existence of such an operator Ny on a Kisin module M € Modiﬁv’gh is given in [BL20]

called the monodromy condition, more on this in Section 5.2. Restricting to the category of

(¢, Ny)-modules will give us the desired equivalence.

Theorem 5.1.6: There is an equivalence of categories
N
Dxis : Mod‘p’ V- MF%@, K

with quasi-inverse functor denoted Mkjs.

Proof. When F = Q, this is [Kis06, Theorem 1.2.15] . For general F, we will describe the
argument from [BLL23, Remark 2.2] in full as we will use the same idea to extend scalars

for other functors.
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For the purposes of this proof, let D : ModK’NV — MF%N denote the equivalence
functor of [Kis06, Theorem 1.2.15] with quasi-inverse M. Let us define Dgjs and Mkjs to
be the functors making the following diagram commute:

Mkis
Modj‘(’livV ———— MF%Y

F K
Kis ®Qp

M
»,Nv & e, N
Mod{"? = MF};

where the vertical arrows are the natural forgetful functors forgetting the F-linear structure.
We will show that Mkjs is a left quasi-inverse functor of Dg;s noting that the other direction
is completely similar. Let M € Modi’livV and observe that commutativity of the diagram
implies that there is a natural isomorphism « : Mk;s(Dkis(M)) = M in ModK’NV upon
applying the forgetful functor. Since multiplying by a scalar in F' is an endomorphism of

N

M in Modx’NV then the natural isomorphism « lifts to one in Modf’ V proving that Mg;s

F
is a left quasi-inverse functor of Dxjis. The reverse direction is completely similar. O

Here we have that the functor Dkjs defines monodromy on its image by N = Ny|y—. To
recover the crystalline case, it follows that we need only consider those (p, Ny)-modules

where Ny|y=0 = 0.

5.2 The Monodromy Condition

7NV7Sh
F
admitting a differential operator Ny over the

Recall that in the previous section, we defined the category Mod;’;
\N.<h
F

derivation —u)\% on Ar satisfying the relation Ny o ¢ = Ep o Ny such that Ny|,—o = N.

to be the proper
subcategory of Kisin modules Modi

The results of Theorem 5.1.6 show that such Kisin modules are of particular interest to
us as they may arise, by weak admissibility, from crystalline (more generally semi-stable)
representations. In general, it is impractical to explicitly construct Ny which motivates the
need for a criteria to deduce whether or not a given Kisin module admits such a differential
operator.

Recall that we have the element
> E
A= H(pn <—) € Ar.
n=0 p

For a Kisin module M € Mod}’;ﬁv’sh’ over Ap, we write M[1/A] := M Q,, Ap[1/]] for the
Kisin module over the enlarged ring Ar[1/)A]. The following lemma from [BL20, Lemma
2.2.1] shows that the desired operator always exists after inverting .
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Lemma 5.2.1: Let (M, oar, Nyq) € Modi;{v’sh. There exists a unique differential operator
N M1/ = M[1/)]

over —u)\% such that N& u=o = Nm and N&' o opq = E(u)pr o N1

Proof. The existence of such an operator was known to Kisin in [Kis06, Lemma 1.3.10]. As
for uniqueness, suppose that Né""l and Né/’g are two such operators and set H = Né/fl —Né’fQ.
Since both differential operators are over —u)\d% and satisfy Né",j opm = Eppm ON%, then
we see that H is an Ap[l/A]-linear endomorphism on M([1/A] such that H(M[1/A]) C
uM|[1/A] and H o ppq = E(u)pr o H.

Since M has finite height and E is invertible in M[1/A] then M[1/A] C pa(M][1/A]).
Hence, H(M[1/A]) C om(H(M[1/A])) = em(uM][1/]A]) and repeating this process will
give us that H(M[1/A]) C uP’ M[1/A]. As £ — oo, then it becomes clear that H = 0 giving
uniqueness. O

Definition 5.2.2: Consider a Kisin module M € Modi’N’Sh and let Né" be the differential

F
operator obtained in Lemma 5.2.1. We say that M satisfied the monodromy condition if

NM(M) c M.

For a Kisin module 9t € Modg’;v’sh, we will say that 91 satisfies the monodromy condition
if its extension of scalars M ®¢, AF satisfies the monodromy condition.

We will soon see that it suffices to check the monodromy condition on a slightly larger
coefficient ring. Indeed, for r > 0, let Ar, denote the Ap-algebra of rigid analytic functions
converging on f-many open p-adic disc of radius p~™". For n > 0, we write & ,to denote
the completion of G at the ideal generated by ¢™(E). For each embedding 7 : K — F,

the roots of 7(¢™(E)) lie on the p-adic circle of radius p'/?" so there is a natural inclusion
ln : A F—G6 Fn

which factors through A, whenever » < p=™. For any M € Modi’g’gh, we write the
extension of scalars M, ;== M ®,,.,, Srn. The following lemma from [BL20, Prop 2.2.4]
shows that it suffices to check the monodromy condition on Sgp.

Lemma 5.2.3: Let M € Modi’;\]’sh and let Né" be as in Lemma 5.2.1. Then M satisfies
the monodromy condition if and only if LuNZ' (M) C Mo.

Proof. The forward direction is clear as the monodromy condition is checked on Ap C
SFo so let us suppose that LoNéA(M) C Myp. Our plan will be to induct on n so that
i NEH (M) C M, and as n — oo, we will achieve the monodromy condition.

Suppose for some m > 0 we have LnNé” (M) C M,,. By definition, ¢ induces a natural
map ¢ : 6, — Gppt1 and pa induces a p-semilinear operator ¢, : M, — My so
that we have the following commutative diagram:
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M —M .M

ln ln+1

@
M, ———— Mun1

The relation Né/‘ oppm = FEpp o Né’l together with the above diagram will imply that
Ln—i-lNéA‘PM(M) = Ln+1(E)90n(LnNéA(M)) C Mpqa.

At the same time, we know that M has height < h so that E" M is contained in the Ap-
span of par(M). Thus we get that Ln+1Né"(EhM) C Mp41. Since Né" is a differential

operator, we may apply the Leibniz rule to get
’Jn-i-lNéASOM(M) = Ln+1(Eh)Ln+1N€A(M) + Ln-i-lNé/t(Eh)Ln—i-l(M) C Mpa.

Since t,41(E") is a invertable in & Fn+1, We get that Ln+1Né/l (M) C My41 as desired. [

The two previous lemmas can now be used to give an alternative criterion for the mon-

odromy condition from [BL20, Corollary 2.2.5].

Proposition 5.2.4: Let M € Modfﬁv’gh and set M, = M Qp, Ap, for somer < 1. The

following are equivalent:

(a) M satisfies the monodromy condition;
(b) There ezists a differential operator N@’l" : M, — M, such that Né/t "lu=0 = Nam and
NIt = Bop, N

Proof. The (a) = (b) direction is once again clear. To see (a) < (b), observe that Lemma
5.2.1 describes the existence of an operator Né’t and uniqueness will imply that Né” = NQAT
with the right hand operator being the one arising from M.,.[1/)]. Hence we have N&'(M) C
M, N M[1/A]. On the other hand, since 7 < 1 then the natural inclusion ¢o : Ap — Spy
will factor through Ap, allowing us to write (o N&(M) C M, N M[1/A] C Mo. Applying

Lemma 5.2.3 then allows us to conclude (a). O

5.3 Reductions via Kisin Modules

As mentioned in the beginning of this chapter, Kisin modules over Gr may be used to
compute reductions of crystalline (or more generally semi-stable) representations. This is
done via a canonical association Kisin modules satisfying the monodromy condition to Ga-
lois stable O lattices inside such representations which we detail in the following Theorem
summarizing results of Kisin in [Kis06]. Let V' € Repcs r(Gk) be a crystalline represen-
tation and recall that Go, = Gal(Q,/K) so that G C Gk is a subgroup.
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Theorem 5.3.1: If9 € Modé’FSh satisfies the monodromy condition, then Dkis(MQs . AF)
is a weakly admissible filtered p-module over F ®q, K. Moreover, if Vi (Dxis(M ey
Ar)) =V € RePeys/r(Gk) then M = M(T') is canonically attached to some Goo-stable
lattice Op-lattice T C V.

Proof. This is a rewording of [Liu07, Theorem 5.4.1] which itself is a summary of results
from [Kis06]. O

Recall that for any s > 0, we let Ar, denote the Ap-algebra of rigid analytic functions
converging over |u| < p~°. The following proposition from [BLL23, Prop. 2.1] allows us to
make the association of Theorem 5.3.1 using a slightly larger coeflicient ring.

Proposition 5.3.2: For M € Modé’fh and V € Repeys/r(GK), suppose there exists s such
that 1/p < s <1 and

m 6 r AF,s = MKiS(D:ris(V)) QAp AF,S

mn Modf’lih. Then MM = M(T) is canonically associated to some Goo-stable Or-lattice
TCV.

Proof. By Theorem 5.1.6 we know that Mkis(D},(V))®a,AFs € Modﬁ’gj and since s < 1
then Proposition 5.2.4 allows us to conclude that 97 satisfies the monodromy condition
and hence, M ®¢, Ar € Mod}';’;vv. Theorem 5.3.1 implies the existence of a crystalline
representation V' € RepX._ /F(GK) such that M = M(T) for some G-stable Op-lattice
T C V'. To conclude the proposition, we need only show that V = V.

Since 1/p < s < 1 then [Kis06, Lemma 1.2.6] implies that Dg;s (MM ®e, Ar) is completely
determined by 9 ®s, Ars and hence,

Diis (V') & Diis (M ®e - Ar) = Diis(Mxis(Dis(V))) & Diis (V)

cris

with the final isomorphism holding due to Theorem 5.1.6. Since D} is a fully faithful

cris

functor, we conclude that V = V' as desired. O

The reader may have noticed that both Theorem 5.3.1 and Proposition 5.3.2 only allow
us to associate Kisin modules to a G-stable Op-lattices T C V as opposed to our usual
G-stable lattices. This is due to the fact that Kisin modules are naturally associated to
étale p-modules in a manner in which we now describe.

Let O, r denote the p-adic completion of Sr[1/u] with Frobenius action extended from
GSr[1/u] by continuity. Then O, r is a semi-local ring with O, r ®¢, kr = kr((u)).

Definition 5.3.3: An étale p-module over O, f is a finite dimensional O, p-module M such
that:

(a) M admits a p-semilinear Frobenius endomorphism ¢, : M — M,
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(b) The linearization ¢}, = O F ®y,,,0. » M — M : c®m > cppr(m) is an isomorphism.

We denote the category consisting of such objects by Modg’ftF with morphisms being linear
maps compatible with the Frobenius endomorphisms. By replacing O, r with kr((u)), we
receive the category of étale p-modules over kr((u)) denoted Modff(t(u)). The following

theorem of Fontaine shows how the absolute Galois group G, appears in the theory.

Theorem 5.3.4: There exists covariant equivalence functors

Vip : Mod5™, = Rep) g, (Goo) Vi : Modf <y — Rep . (Goo)

satisfying the following compatibility relation for M € Modg’ftF,
Vo (M) gy kr = Vi (M Q0 k).

Proof. This is a summary of results from [Fon91, § Al] O

Returning to the Kisin module settings, given 9t € Modé’FSh then M Re,. O, F defines
an étale p-module over O, r as upon inverting u, the polynomial F(u) becomes invertible
so the finite height condition on 9t implies the étale condition on M ¢, O¢ r, see Remark
5.1.2. In particular, by the results of Theorem 5.3.4, we have

V(M ®sp Oc,r) € Rep/g, (Goo) Vir (M Q0. kr[1/u]) € Rep i, (Goo)-

Proposition 5.3.5: Let M € Mod‘g’FSh and V € RePeis/r(Gk) be such that M = IN(T)
is the canonically associated Kisin module to a G -stable Op-lattice T C V from Theorem
5.8.1. Then (V; (M Qg kr[1/u]))® = V]a,,.

Proof. By assumption we know that V7. (Dkis(M ®s, Ar)) = V is a semi-simple re-
duction. On the other hand, since the restriction res : Repys/r(GKk) — RePeris/r(Goo)
is a fully faithful functor by [Kis06, Cor. 2.1.14] then semi-simplicity if preserved so to
prove the proposition, we need only show that V7 (Dxkis(M ®sy AF))|G. = (Vi (M B0y
kr[1/u]))®.

We may write

Viis(Dxis(M @s . Ar))|co = (V5, (M e O F) oy kr)™
2 (Vi M ®ep (Oc,F ®op kF))™

= (Vi (M @ep kr(u)™

with the isomorphism in the second line following from Theorem 5.3.4. Since 901 is a finite
height Kisin module then we can write (Vy_ (M Q¢ kr(w)* = (Vi (MM ®py kr[l/u]))*

and the proposition follows. O
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With this, we now have a method to compute reductions of crystalline representations V'
so long as we can identify the Kisin module associated to some Galois stable &r-lattice T' C
V. Unfortunately, finding such a Kisin module is generally very difficult. This motivates
the need for an auxiliary category that allows us to translate the data of strongly divisible
lattices in weakly admissible filtered ¢-modules into Kisin modules. The trade off will be

that this can only be done over more complicated coefficients.

5.4 Breuil Modules

The theory of Breuil modules was developed by its namesake in [Bre97]. Roughly, a Breuil
module is an analogue of a filtered (¢, N)-module over a more complicated Breuil ring Spre
defined to be the divided power envelope of W (k)[u] with respect to the ideal generated by
E(u). In actuality, we may replace this complicated ring by a much more concrete subring
Sr which we define below using the ideas found in [BLL23, §2.3].

Recall that Ky[u] comes equipped with a Frobenius ¢ and define an operator N = —u%
on Kofu]. Letting S := W (k)[u, %]] = (‘5[[%]], we may notice that S is closed under both
¢ and N. We also endow S with a filtration structure given by Fi’'S = EJS. Extending
scalars to F, define Sp := S ®z, F and extend the the structures of ¢, N, and Fil* by
F-linearity.

Definition 5.4.1: A Breuil module D over SF is a p-module over SF such that

e The linearization of ¢p is an isomorphism;

D is equipped with a decreasing filtration Fil*D with Fil°D = D and Fil! Sg - Fil‘D C
Fili +D;

e D is equipped with a derivation Np over N such that both Nppp = pppNp and
Np(FilVD) C FiV~1D.

We denote the category of Breuil modules over Sg by MFgﬁv with morphisms being Sp-
linear maps compatible with the ¢, N, and Fil® structures.
Consider the functor
N N
Dpge : MF§®QP K= MF‘gF

defined by DBre(D) =SF ®K0®@pF D=Dwith pp=90pQ¢p, Np=N®1+1& Np and
FiVD = {z € D : Np(z) € Fi!"'D and (eval, ® 1)(z) € Fil! D}

where eval; : Sp — F ®q, K is the scalar extension of the evaluation at mx map eval, :
W (k)[u] = Ok.

Theorem 5.4.2: The functor Dpye : MF?g@ K = MFgﬁv defines an equivalence of cate-
P

gories.
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Proof. In [Bre97, §6], Breuil proves that Dp,e is an equivalence of categories provided that
F = Q) and the ring S is replaced by the Breuil ring Sg;e. The arguments found in the
proof of Theorem 5.1.6 allow us to extend scalars to general F'. In order to see why we
may replace Spre with S, it turns out that one needs only replace [Bre97, Prop 6.2.1.1] with
[BLL23, Lemma 2.4]. For more details, please see [BLL23, Theorem 2.3] O

Since we are primarily concerned with crystalline representations, we would like to
work with Breuil modules without monodromy. However, since the filtration structure is

connected to monodromy for a Breuil module, we need a new definition.

Definition 5.4.3: A Breuil module without monodromy over Sg is a ¢-module D over Sg
such that

e the linearization of ¢p is an isomorphism;
e There exists h > 0 such that D contains a finite free Sp-submodule Fil*D C D such
that Fil®Sr - D C Fil*D.

We denote the category of Breuil modules without monodromy by MF‘g;1 By [BLL23,
Lemma 2.5] we then have a natural forgetful functor MF?}N — MF‘g;ﬁh which forgets the

monodromy structure.

5.5 Comparing Breuil and Kisin Modules

The results of Theorems 5.1.6 and 5.4.2 give rise to a threefold equivalence of categories
,N MKis ,N DBre ,N
ModfF V—= MFf,@Qp K — MF?F .

We have seen that the functor Dp, gives us a natural way to construct a Breuil module
from a filtered ¢-module but this avenue is unsuitable to compute reductions. On the
other hand, the functor Dg;s is difficult to get a hold on structurally, but once done, we
have a natural way to compute reductions. Our goal is then to bridge the gap between
these two categories by first using Dy to construct a Breuil module without monodromy
before noticing that this can really be interpreted as a finite height Kisin module over some
suitably large coefficient ring.
Define the functor
Dgx : Mod%=" — MFZ"

by setting Dpk (M) = SF ®y, 5 M such that pp,, (m) = ¢ ® prm and
Fil"Dgg (M) = {z € Dpx(M) : (1 ® ppm)(z) € Fil*Sp - M}.

By [BLL23, Lemma 2.5, Fil*Dpg(M) is finite free over Sp. Let us define the element
v = ¢(E)/p € S}. The following theorem appears as [BLL23, Proposition 2.6].
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Theorem 5.5.1: The functor Dpx : Mod‘gfh — MFg;L defines an equivalence of cate-

gories.

Proof. We will first show that Dpg is fully faithful before displaying essential subjectivity.
Let M and M’ be finite height Kisin modules over Sr in the category Modgfh. Set
D := Dk (M) and D’ := Dk (M’) to be Breuil modules without monodromy over Sg.

Let us choose a basis {e1,...,eq} of M so that (e, ...,eq) = (e1,...,eq)A for some
A € Matgy(SF). Since M has finite height < h, then we know that there exists a matrix
B € Maty(SF) such that AB = BA = E"I;. By the definition of Dpgk, we know that
{¢; =1® ej};lzl forms a basis of D and since E"D C Fil»D, then there exists a basis
{n; ?:1 of Fil"D such that (n1,...,74) = (€1,...,€4)B. In the same manner, we will get
A', B and {€] ;l/:l from a chosen basis {e; };l/:l of M’ as well.

Let g : D — D’ be a morphism of Breuil modules in the category MFgf That is, we may
write g(é;...,€q) = (&},...,€,)X for some X € Matq(Sr). By definition, g is p-equivariant
implies that X¢(A) = ¢p(A")¢(X). In addition, g is compatible with the filtration structures
meaning g(Fil®D) C Fil*D’ implying that there exists some ¥ € Maty(Sr) such that
XB = B'Y. Rewriting X = B'Y(B)™!, plugging into X(A4) = ¢(A")p(X) and using the
fact that AB = E"I; and A'B’ = E"Iy will imply that

P(E") - p(Y) = p(E") - X.

Since p(FE) is invertible in Sp then X = ¢(Y) and we may realize that YA = A'p(Y).
If we define G : M — M’ by G(ey,...,eq) = (€},...,€,)Y then G is p-equivariant and
g = Dpk(G) by the above discussion. Hence Dp is full and since Y completely determines
X, we see that Dpy is faithful.

As mentioned prior, we conclude with proving essential subjectivity. Suppose we are
given a Breuil module D € MFth and choose bases {e; }?21 of D and {n; ;l:l of Fil*D. Un-
der these bases we may write (11, ...,74) = (e1,...,eq)B and pp(ei,...,eq) = (e1,...,eq) X
where B € Maty(Sr) and X € GL4(SF) due to the fact that the linearization of ¢p is nec-
essarily invertible. Since E"D C Fil»D then there exists a matrix A € Maty(Sr) such that
AB = BA = E"];. As a result, since p(E) = py € S} then ¢(B) € GL4(SF) so that

op(Mm,--->nd) = (e1,-..,eq) X p(B)

where X ¢(B) € GL4(SF).
We introduce another basis {u; ?:1 defined by (u1, ..., uq) = (e1,...,eq) Xo(B)p(E)™"
so that op(n1,-..,M4) = (41, - - -, ta)p(E)". We necessarily then have that

(15 -3 m0) = (W1, - - - 1a) (X p(B)p(E)™)B

and the finite height condition will imply the existence of A’ € Matg(SF) such that the
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product A'(Xp(B)p(E)™")B = E"I;. Let us construct a finite free Sp-module M =
GB;-’:ISij such that p; = 1 ® p; and set pam(p1,-..,pd) = (p1,-..,pd)A’. The above
discussion shows that M is a finite height Kisin module in Modgfh and that Dpg(M) =D

as desired. O

To this point, we have seen that the functors Dyjs and Dg.e give us a way go to
from filtered p-modules to either Kisin or Breuil modules respectively. Additionally, the
functor Dpk allows us to switch between Kisin and Breuil modules over Sr. The following
proposition from [BLL23, Theorem 2.7] does the job of connecting all of these functors
together.

Proposition 5.5.2: Let D € MF§®@ x be a filtered p-module. Set D := Dp(D) €
P

MFg; to be the image of D under the forgetful functor forgetting monodromy and set M =
Mkis(D) ®a, SF € Modg’FSh. Then there is a natural isomorphism Dk (M) = D.

Proof. This is another technical exercise in using known results from [Liu07, §3.2] after
replacing Sgr with S and Q, with F'. For details, see [BLL23, Thm 2.7]. O

We summarize the interaction of all these functors in the following diagram:

MF¥,

F®Qp K
MLKi/ ﬁre
Mod%<h MF&Y
Ap SF
Extendl lForget
D
Mod?%<" BK y MF&"
SF SF

Remark 5.5.3: The second half of the proof of Theorem 5.5.1 together with Proposition
5.5.2 allows us to describe an algorithm to explicitly compute a finite height Kisin module
over Sr from a filtered ¢-module by passing first through the category of Breuil modules.

In particular, we follow the steps:

1) Choose Sp-bases {e1,...,eq} of D and {a,..., a4} of Fil*D;
2) Write ¢p(e1,...,eq) = (e1,...,eq4)X and (oq,...,aq) = (e1,...,eq4)B for X,B €
Matq(SF);
3) Then, M admits an Sp-basis {n1,...,n¢} in which pr(m1,...,1m3) = (M1,...,n4)A
where
A=E'"B 'Xp(B)p(E)™".
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Chapter 6

Determining Explicit Kisin
Modules

The results of Chapter 5 gives us a way to explicitly generate a Kisin module over Sg
from the data of a weakly admissible filtered ¢-module. In Chapter 4, we provided models
for irreducible, two-dimensional crystalline representations of Gi in terms of the Type
of Frobenius matrix on strongly divisible lattices inside the associated rank-two weakly
admissible filtered ¢-modules. In this chapter, we combine these results to compute the
rank-two Kisin modules associated to a suitable representative of isomorphism classes of
irreducible crystalline representations.

In Section 6.1, we begin by using the algorithm displayed at the end of the last chapter
to construct the Frobenius matrix over Sr on our Kisin modules. In Section 6.2 we simplify
this Frobenius matrices into a form that will be necessary for later computations. Finally,
Section 6.3 provides an explicit description of the Frobenius matrices of Kisin modules when

we restrict to the f = 2 case.

6.1 Initial Frobenius Matrices

We use the algorithm described in Remark 5.5.3 to explicitly describe the Frobenius matrix
on a Kisin module M over Sg from the strongly divisible lattices described in Chapter 4.
We briefly recall the algorithm adjusted to our situation below.

Let (A) = (A%) € GLy(OF)f. For a rank two, weakly admissible filtered ¢-module
D(A) € MF%’@Z}‘; with each k) = (k;,0) by Remark 3.2.4, let D(A) := Dp(D(A))
denote the corresponding Breuil module over Sg. Also let M(A) := Mkis(D(A)) ®¢, SF
denote the corresponding finite height Kisin module over Sr. By the results of Proposition
5.5.2 and the compatibility of the decomposition D(A) = [[; D(A)® with respect to the
Breuil and Kisin equivalence functors, we have that Dpg(M(A)) = D(A) and we may

describe the Frobenius matrix on M(A) in terms of the idempotent decomposition by the
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following steps:

1) Choose Sp-bases {e1 ,e2 } of D(A)® and {al ,a2)} of Fil*D(A)®;

2) Write go(l)( )( el 1),62 )) (e gl), gz))X(’) and (« EZ), g)) = (egl),egl))B(i) for matrices
X® B € Maty(Sr);

3) Then the Kisin module M(A) admits an Sp-basis {771 + Mo (W) } with i-th partial Frobe-

nius given by <p M( A (77(z 1),775z 1)) (77(2) g))A(’) where
AW = gk (B(z)) 1)((%)90(3(Z 1))90( E) ki1,

Remark 6.1.1: To be completely accurate, recall that our Kisin modules are defined over
rings previously defined in Section 1.2 by &r = (OF ®z, Ok)[u], Ar C (F ®q, K)[u] and
Sp = 6[[%]] ®z, F. When passing to the embedding decomposition, we may use the ring
isomorphisms of Lemmas 2.4.1 and 3.1.1 to get Kisin modules which decompose into pieces
with coefficients in Or[u] and inside of F'[u]. We will abuse notation and continue to write
Sr and Ap with the understanding that we are no longer defined over the aforementioned
tensor when working with decomposed pieces. We also make the identification Sp = G [[%]]

at this level as well. We hope this causes no confusion.

Proposition 6.1.2: The finite height Kisin module M(A) admits an Sg-basis {ngz),nz )}
such that @S\/)t( A)( (z n,néz 1)) (niz),ng))/l(i) where

k; —ki—
0 1 0 1

Proof. To begin, we recall that by definition, the weakly admissible filtered ¢p-module D(A)
contains a strongly divisible lattice L(A) with a basis adapted to the induced filtration,
see Proposition3.1.6. In particular, D(A) admits an F-basis {egi), egi)} such that the i-th
partial Frobenius is goD(A)(e(z 1), eg_l)) = (egi), eg))A(i)Ak<i_1) with A, = Diag(p*, 1).

For each e(i) € D(A), set eg.i) =15Q® eg.i) € D(A). Then D(A) is a free Sp-module with
basis {e1 ,ez)} such that

P 0,7 = (@, 6 AD Ay,

Since D(A) has trivial monodromy then it is easy to compute Fil%(D(A)®) = Spé (Z)

S FEkié( ) Hence, we may choose the basis {e(z) Ek’e2 )} of Fil¥i (D(A)®) so that the matrlx
B of step (2) above is given by (B) = (B®) where B®) = Diag(1, E*¥). A brief matrix
computation then gives us that the matrix (A) = (A®) of step (3) is as described. O

We can now explicitly describe the Frobenius matrices A® on a Kisin module M(A) =
[I; M(A)® in terms of the matrix Types of (A®¥). Recall v = (E)/p € S% so that

o(E) = p7.
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O]
0
ab)) so that
1a,

N kic1 agz) ’

o Suppose A® is of Type II. We may then write A® = (

a0 = [T ERa 0}
(@) 1
2

o Suppose A® is of Type I. We may then write A®) = (

a(i) 0

1.
a;z) 1

) so that

/-y—ki—la

Since the partial Frobenius matrices (A®) on M(A) are completely determined by the
f-tuple (A®), we will commonly write M(A) = M(A) with the understanding that (A)
comes from (A) which in turn comes from some strongly divisible lattice ©(A). We will call
each k; a labeled height corresponding to M(.A)®.

6.2 Change of Basis

From the previous section, we explicitly defined finite height, rank-two Kisin modules over

Sr arising from irreducible, weakly admissible filtered -modules. The purpose of this sec-

tion is to change base so that the determinants of partial Frobenius are in a particular form.

This special basis will be a critical piece of the puzzle when we later compute reductions.
For a base change f-tuple (X®), we will write (X®) %, (A®) = (B®) to denote

B = x00) . g0 . (x-Dy-1

for all 4+ € Z/fZ. As we are now dealing with ¢-twisted base changes, we would like

to first introduce some simplifying notation. For f(¢) = Y c;j¢/ € Z[p] we will write
97®) =TI, ¢7(9)%. Recall v = (E)/p € S}

Lemma 6.2.1: For f(y) € Z[p], consider the equation g1 = 1) over Sp for some
()

integer b > 0. Then there exists a solution x = )\{: where

Ap = H ¢ (7) € S}

n>0

Proof. It suffices to show that gob()\{: ((P)) =~—f (90))\({ ©) | The right hand side of the equation

gives

f(e) E) (@) E) (@)
—f)\flo) _ [P b [ P(E) _ m [ P(E) _ b f®
(e’ (QD(E)f(w))(l;IO(’O ( pl(©) };[150 pf () e %)

n_
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The fact that A\, € S}, follows form the fact that v € S7. O

Recall that we have decided to write (zy)® = z(®y(®),
Proposition 6.2.2: There exists an f-tuple (X®)) € GLa(SF)! such that (X@)x, (AD) =
(B@) with det(B®) € E* 0% for alli € 7/ f7.

Proof. Consider the matrices X = Diag(wgi), xg) ) for all i € Z/f7Z. Computing (X®) %,
(A®) in each embedding gives two cases depending on the Type of A®:

0 EFi(ay2,)® EFi(ay2,)® 0
T I o(@y ™) I Fri-1p(Y)
ype l: wgi) (agxg)(i> T ype : (agxz)(i> méi)
Pl ™) ey Pt ™) g ™)

In the case of Type I, we set

o) = el ) )

and in the case of Type II, we set
' ; i—1 i i—1
2t = yfio1p(af ) 25 = p(@i ).

Hence, depending on the Type of each A®, we get a recursive system of 2f equations.
When there is an even number of Type I matrices, the system admits two disjoint f-cycles
(@) (4)

1

of which z7”’ is apart of one and z,’ is apart of the other. On the other hand, when the

number of Type I matrices is odd, then the system consists of a single 2f-cycle.®
(4) (4)

Solving for z;” and z,° will give

(wgi))w"—l — 7—9(")(@ (wg))w"—l — 7—h("’(<p)

for some g (), h"(p) € Z[p]. When there is an even number of Type I matrices, the
two disjoint f-cycles forces b = f and when there is an odd number of Type I, the single
2f-cycle means b = 2f.

By Lemma 6.2.1, there exists solutions mgi) = )\Z(i)(w and :céi) = )\Z(i)(@ in S;. The

result is a matrix B®) given by

o Typel:

k; , ()
go— (7, }i) o |
1 ag) )\Z (P)—g () |’

BY = l?‘fiagw(d ’).
agl) )‘2 () =g (p) 1

8This is the first sign that there is a dichotomy of behavior depending on the even or oddness of the
number of Type I matrices in the Type combination. Indeed, we will see that the shape of the reductions
depend on this as well.

e Type II:
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Hence, we see det(B%)) = Ekiagi) € E*i 0%, for each i € Z/fZ as desired. O

While the proof of Proposition 6.2.2 is constructive, it is difficult to compute explicit
examples for general f as the polynomials g (¢), h(!)(p) that are generated by solving the
system depend on the Type combination of the matrices .A® as well as the weights.® When
f is small however, it is possible to compute all cases explicitly as we have done for f = 2

in the following section.

6.3 An Example when f =2

When f = 2, we have three Type combinations: (I,I), (I,II) and (II,I) upon restricting
to irreducible representations. Following the proof of Proposition 6.2.2, we will explicitly
compute the base change matrices (X 0 x (1)) so that upon o-twisted conjugation, we have

Frobenius matrices with the correct determinant.

e Type (I,I): Following the proof of Proposition 6.2.2, we get a system of four questions

2 = p(af)) 2y = P1p()
21" = o) 25 = yRop(al”).

Since in this case there is an even number of Type I matrices, then this system will
contain two distinct 2-cycles. Indeed, traversing these two cycles gives

()7t =y (e)7 =k
(2{) 1 = yhe (2§77t = o,

By Lemma 6.2.1 we have solutions over Sg given by

xgo) — >\’2€0<P xg)) — )\gl
11:51) _ )\’2€1<P :L‘gl) _ )\lzﬂo_

Hence, by setting (X(©, X)) x, (A AM) = (BO) B1)) where A® are as in Section
6.1 of Type (I,I), we get that

ko ,(0) k1, (1)
go — (0 Fa g (0 Ehar )
1 CLg ))\126‘1—]6090 1 aé ))\g‘o—kﬂp

o Type (I,1I): Following the same process as above, we begin with a system of equations

7 = olz3”) z3) = 1Me()")

9We will later see that these polynomials do not affect the shape of the reduction. In fact, the only effect
they may have is given by an unramified character.
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(1)

zy’ = 7’“04,0(:1:50)) a:gl)

= p(z)

Unlike the previous case, we now have an odd number of Type I matrices meaning

that our system consists of a single 4-cycle. Indeed we see that

(xgo))so“—l - 7—¢2(k1+ko<p) (xg)))tp“—l =y~ (kitkop)
(xg))w“—l - ,y—(k1<p3+ko) (xgl))tp“—l = yelkrthop)

Just as before, Lemma 6.2.1 gives us solutions given by

xEO) _ )\f2(k1+kocp) ng) _ )\Zl.ugw
xgl) — )\2314)03-'1-]{70 xgl) — )\f(kl-‘rk‘o(p)'

As a result, by setting (X, XM) x,, (A, AD) = (BO) BM), we get that
0 1
5o — [© Ek"gg ) B — Eklg§ : 0)
1 00 rtos) oD AG-Fkrp=ko)

Type (IL,I): This case is very similar to the case of (I,1I) so we will exclude many of

the details. Solving the associated system as before gives solutions

wgo) _ )\Z1+ko<,o3 ng) _ )\f(k1<p+k0)
xil) _ )\f(klwko) mgl) _ )\{:NP‘HVO.

As a result, we get base changed matrices over Sg

o _ Ehogl¥ 0 w_ [0 ERglV
B = aéO))\il—wz)(kow—kl) 1 B = 1 aél))\fll—¢2)(k1¢+ko) :
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Chapter 7

A Descent Algorithm for Kisin
Modules

Chapter 6 has given us an explicit description of finite height, rank-two Kisin modules over
SF arising from irreducible, weakly admissible filtered ¢-modules. In order to use these
Kisin modules to compute reductions of the associated crystalline representations, we will
need to descend, in the sense of Definition 5.1.3, the coefficients of our Kisin modules from
Sr to G where reduction modulo w is possible as detailed in Section 5.3. The aim of this
chapter is to display an algorithm to do just this under some assumptions on the labeled
heights.

We begin in Section 7.1 with an expository overview of our methods in the hopes of
building up intuition. Section 7.2 then displays the aforementioned descent algorithm from
Sr to G and also details the assumptions that are need to be made to carry out this

algorithm.

7.1 Overview of our Methods

The practice of explicitly computing descents of Kisin modules is an exceedingly delicate
process that may seem unintuitive to the inexperienced reader. To alleviate this, we first
would like to provide some exposition on our methods in hopes of providing said intuition.

The methods displayed in this thesis are heavily inspired by Liu’s reduction algorithm
in [Liu21] which are in turn, inspired by the algorithms of Bergdall and Levin in [BL20]
and Bergdall, Levin, and Liu in [BLL23|. The common trope between all of these is a two
step process that begins with ‘preparation’ computations followed by a theoretic ‘descent’
stage. In simple terms, one is typically forced to begin the process with a Kisin module
over enlarged coefficients that are not able to be directly reduced, such as Sp = & Fﬂ%]]
A preparation stage is used to find a basis where we can split our matrix into an integral

G piece and a more complicated piece that is sufficiently small in some adic sense inside
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Sr. The descent stage then justifies why we can descend our coefficients so that the more
complicated piece is disregarded and we are left only with the integral piece. Our methods
follow this recipe closely.

Recall that by Section 6.2, we have achieved an explicit description of Kisin modules
M(A) of finite height over Sr by describing their i’th partial Frobenius actions by the
matrix A® in terms of Types given by:

e Typel:
k; (4
AW = 0 ; 12) “ @) ;
1 ag) )\ZL (¥)=9® () |
o TypeIl:

agi) )\Z(”(w)—g(”(cp) 1]

A quick glance at our coefficients make it obvious that reduction modulo = is not possible
for such Kisin modules. In Chapter 8, we will (under some restrictions) explicitly construct
a change of basis X over GLa(Sr[1/p]) so that X x, A =g + C with %y € GL2(SF) and
C € Maty(I) where I C Sp is a particularly chosen ideal which is sufficiently large in both a
w and FE-adic sense. This will constitute our ‘preparation’ stage and involves fairly delicate
computations to ensure that elements are either integral or are adically small enough to lie
in I.

In the following section, we will prove some results making up the ‘descent’ stage of our
algorithm. The idea will be that if we assume that the basis achieved from the preparation
stage above exists, then we can prove the existence of another change of basis Y over
R[1/p| = Gp[wE/p][1/p] so that Y *, A = 2 where 2 € GL2(SF) and moreover, we will
have 20 = 2y (mod w). Hence, we will have descended the coefficients of A to S and
have a complete understanding of the reduction modulo w. We note that this stage of the
algorithm is not explicit and indeed, we have little knowledge of what 2l actually looks like;
however, we know exactly what its reduction of Frobenius is and this is enough for our

purposes.

7.2 The Descent Algorithm

As told in Section 7.1, the descent stage of our reduction algorithm will depend on the
existence of a certain base change which allows us to split each partial Frobenius .A® into
a reducible part and a sufficiently adically small part. Hence, before stating the descent
algorithm, we will need to establish a set of assumptions we will call the descent assumptions
under which descent may be carried out.

Let us begin with two very important sets that will give us our notion of elements that
are ‘sufficiently adically small’. Recall that Fil/Sr = E7Sp.
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Definition 7.2.1: Define the sets I := wpSp + wFil?’Sr + EFil®*Sr C Sg and J =
(w, E, E?/p)Fil*’Sr. C Sr[1/p].

It is not difficult to see that I C S is an ideal, however the same cannot be said of J. We
are now ready to state the descent assumptions that will be verified to hold under certain

restrictions in Chapter 8.

Assumption 7.2.2 (Descent Assumptions): Let M(A) =[], M(A)® be a rank-two Kisin
module over Sr with labeled heights k;. Suppose there exists a sequence of base changes
(X») so that by setting (X,(f)) %o (A0)) = (Aq(f)), the following holds:

(a) We have 2p —4 > k; for all i € Z/ fZ;
(b) Either X\ € GLy(Sr[1/p]) with det(X{?) = 1 or X\ = Diag(z,y) € GLa(F);
(c) There exists a finite m > 0 such that

A =) + 0
where Ql(()i) € Maty (&) and C® € Maty(I + J).

In the hopes of sustaining this fleeting sense of intuition, let us state the descent theorem
and temporarily forgo the proof until we have built up the needed results. Recall that
Sr = Sp[EP/p] and define an auxiliary ring R = Sp[wkE/p]. For any ring S such that
SF C S C Fu] and h > 0, define the subset of height-h matrices:

Mat?(S) := {A € Mat4(S) : there exists B € Maty(S) with AB = BA = E"I;}.

We are now able state our main result of this chapter, the theoretical foundation which
permits descent. The following theorem may be viewed as a version of [Liu2l, Prop. 3.3]

in the dimension two and f > 1 case.

Theorem 7.2.3: Suppose the Descent Assumptions 7.2.2. Then there exists a base change
(V@) e GLy(R[1/p))f such that (YD) x, (AD) = (AD) € Mathi(&p) with AD = yP

(mod w).

Two things may stand out to the reader about this theorem. First, it is unclear how R
appears in the base change and second, how are we able to ensure that A® is in Matgi (SF).
Let us walk through the results that answer these two questions before displaying the proof.

Of critical importance to our reduction process will be the following algorithm. We note
that it is stated in far more generality than what is allowed in the Descent Assumptions
7.2.2. Indeed, we make no restriction on dimension or height. This may be viewed as a
generalization of [Liu21, Prop 3.2] to the f > 1 case. Note that it is at this point where we

begin to exclude p = 2 from the proceedings.
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Proposition 7.2.4: Let p > 2 and consider an f-tuple of matrices (A®) with each A® ¢
ath” )(SF) Suppose we may write A® = A(z) + C’(z) with A(Z) € Math( >(GSF) and C(z)
Matd(wFllhl Sr) where h(z) > M for alli € Z/f7Z. Then there exists a sequence of

base change matrices (Yn( )) € Matd(R) such that:

e Asn — oo, Y,gi) converges to Y in GLg(R);
e YO s, AD = A0 € Math” (& 5);
. A0 = Agz) (mod w).

Proof. Without loss of generality, let us fix an ¢ € Z/f7Z and construct the sequence of matri-
ces Y,Ei) by successive approximation. By assumption we know that C} @ ¢ Matd(wFilhgi) Sr)
so we may write C{i) = C'(z)Eh(  since h( D> pO). As A(Z) € Math( )(6 F) then there exists
B(z) eM th( )(GF) such that C’fz) = C’i(z)Eh(l) = C’i(z)BY)Agz). Setting Yo(i) = I4, we may

write
(590 (49) = A9 + 09 — A9 + CLOBOAD = 1+ O B) A9
We will set Y = (Ig+ C/(z)B(z)) lY( ") and observe that

(Yl(i)) %, (A(i)) = (I + C’(i)B(i))—ly(i) LA . <p(Y(i_1))_1(I + (p(C'/(i_l)B(i_l)))
= (I + C Z)B(l)) 1 (Id +C (1)3(1)) A(z)(Id + o(C! 1(i— 1)B(Z 1)))
AP+ oI,

We now embark on the task of writing Agi)(I + go(C’i(i_l)B§i_1))) = Agi) + Cg) SO we can
repeat the above process.

Observe that any element of Sp may be written as ;> ajZ% where a; € Op[u].

. . i . 2 (3)

Since sz) = Ci(z)Eh() then any element of C’i(z) will take the form xz = EiZhY) aj%

(3)
where each a; € wSp. We have p(E) = py with v € S} so that ¢(z) € wph' Sp where

o

. . , @
Egz) = hgz) — h® — L%J Hence, we can write ¢(z) = ;50 b;jp1

pL]?/J;J = y + z where
(1) (%)
y € wSrpNph Sp and z € woFilré t) e, We set hgz) = p(KY) +1). In fact, we have
hg) > hgl) which can be seen by noticing that proving the previous inequality is equivalent
to proving the following inequality after expanding Egz),
. plo .

A1 —p ) — |2 | +1>rO.
P -]

. (%) . . .
Hence, we may write hgz)(l —-pH - L%J +1> hY)(l —2p~ 1) > max;(h®) > h(®) which
gives the desired conclusion since p > 2.
Since B(Z) € Math( '(6F) then the above discussion implies that o(C (z)B(Z)) Dg) +

63



CHAPTER 7. A DESCENT ALGORITHM FOR KISIN MODULES

D'z(i) with Déi) € Maty(wSp N pegi) Sr) and D;(i) € Matd(wFilhéi)S ). Let us set
AD = A9 (1, 4 DY) 9 — 4O DD,

Since D(i) € Maty(wSr Np gi)SF) the geometric series 3,5 (— D(Z)) (Ig + D(z)) !
converges in Maty(Sr). Hence, if B{) € Mat""” (&) is the matrix such that A/ B =
E" T, then by setting Béz) I+ D(Z 1)) 1B(2) we get that A(z) e Math(z)(Gp) We
also notice that by construction it is clear that C’éz) € Maty(wFil® 2 SF) Since h(z RS
hgi_l) > max;(h() > h(®) then we can repeat this process (f —1)-times to get a base change
matrix Y? = [T/_y(Is + C? B{?)~" so that

(@) A6 — 4® L oW
YV x AO = AT+ CYY

where A;J)rl eM th( )(GF) and C<J)rl € Maty(wFil" f+1SF) where h?}rl > h(i) Hence, we

have returned to the original assumptions with the only difference being our C(J)rl matrix
is F-adically smaller than C{i).
Let us set YO = lim ¥, = 520l + C;(i)Bﬁi))_l. Recall that we have written
n—oo
Yéi) = (Id+C;Z(i)B,(f) )_1er?1 and that we may denote any element of the matrix C’;L(i)B,(Li) by
x = Zths) aji];—;(j) with a; € wSF. Since A% > max (R®) > b then j — A > |j/p]
for any j > h"). Hence z € R and (Ig + C;L(i)B,(f))_l € GLg(R) so as n — oo, YO =
20(1d -I-C'/(Z) (z)) 1 € GL4(R) converges as desired proving (a) since C; ‘D p (Z) — 0 in the
E—adlcally closed ring R.

Finally, observe that by construction we have that A( ) =AY (mod w) and A() —
A%) € Mat,(p et SF) so as n — 0o, we have that Ag) converges to some A(®) € Ma td(z) (GF)
with 2A(®) = Z) (mod w). Moreover, as n — 00, the above analysis shows that QRN
so that C$) — 0 in the E-adically closed ring Sr. This proves both (b) and (c). O

Remark 7.2.5: In the postponed proof of Theorem 7.2.3, we will set hgi) = 2p for all
i € Z/fZ so that the previous proposition makes clear the necessity of the upper bound
2p — 4 for the labeled heights k;. It is conceivable that a more general theory, say with
hgi) = 3p, that the upper bound could be increased to 3p — 6. This would require a new
version of the ideal I however and as we will see later, the theory is already complicated

enough for 2p.

To prove Theorem 7.2.3, we will need to justify the use of Proposition 7.2.4 on A,S,il) =
Ql((,z) + C®. However, two problems remain in the way. First, we need to fit Ql((f) (or some
version of it) into Matgi(G r) and second, C'®) takes coefficients in I + J which do not lie

in wFil*’Sp. The following two lemmas will give us a way to fix these two problems.

Lemma 7.2.6: For any element x € I, we may write x € w&r+J. Moreover, by assuming
the Descent Assumptions 7.2.2 and decomposing cH e Mato(I 4+ J) in this way, then
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AY = @) 4 0'O) where A'D € Maty(Sr) and C'® € Maty(J) with A'®) = 2 (mod w)
and det(2A'®) € EF &Y.

Proof. Since both wFil?’Sf, EFil??Sr € J then we need only show wpSr € wSp + J.
This is easily seen once we notice that any element of twpSr takes the form

>  Rgip
prajF = w(pag + EPay + pFil?Sr) € wSF + wFil®Sp C wSp + J.
§=0

By the first part of this lemma, we need only show that det(A/®) e E*i&%. By the
definitions of (X,(,i)), we know that det(A,S,iL)) = det(A®) = Ekiagi). It is easy to see that
det(2'®) = E*a{") (mod Fil??Sr) and hence, det(2'V)— E*ia{") € Fil?Spn&p = EP&p.
Since each k; < 2p then det(21'®) € Ekiagi) + E*GF € EFiGY,. O

Lemma 7.2.7: We have A® ¢ Matgi(Sp) and A € Matgi(SF[l/p]).

Proof. Any Type I Frobenius matrix will take the form

; 0 E*qal?
(1) _ 1
AT = (1 ag%g(@)'

A brief matrix computation will verify that the matrix

B _agi))\z(w) Ekiagi)
B 1 0

is enough to show that A® ¢ Matg(i) (SF). Similarly, in the Type II case, the matrices

s [0 ERgY | 1 0
AW = a1 BO = ,
(1 agz) )\.2(90) _agz) )\g(cp) Eki agz)

will imply that A® € Mathi (SF).

For the second part of the lemma, observe that
A~ XX X0 Ao X X
Hence, for any of the Types detailed above, by setting
BY) = (X x{HBO(x{? ... X X))~

then the fact that AL € Math (Sp[1/p]) follows from the first part of the lemma and the
fact that A® B®) = BOA® = Eki [, in Maty(SF). O

65



CHAPTER 7. A DESCENT ALGORITHM FOR KISIN MODULES

Proof of Theorem 7.2.8. Our plan is to justify the use of Proposition 7.2.4 on Aﬁ,? with
hgi) = 2p. At which point, the existence of (Y(i)) with the desired properties will be
implied.

We begin by invoking Lemma 7.2.6 in order to write AD = @) 1 0") where A ¢
Maty(Sr) and C'® € Maty(J) with A'® = 20y (mod @) and det(A'®) = E*q for some
o € &%. To see that ') € Mathi (S ), we need only define B'®) = o~ det(2/®)(A'?)~1 ¢
Maty(Sr). A brief matrix computation will show that /() B'®) = B'()9('(9) = Ek: [, so that
A0 e Math (&p).

The only hold up to the application of Proposition 7.2.4 lies in the fact that C'() ¢
Matz(J) and J is not in wFil?®?Sp. To do this, we follow similar ideas to the proof of
the aforementioned proposition. We may decompose C'® = COE¥ I, as k; < 2p. Hence
by the above analysis, we may write C') = COEk[, = COBOUD) . Let 20 = (I, +
C®B'®)~1 ¢ GLy(SF) and observe that

(29 %y (AR) = (I + COBD) 1. AD) - (I + (CU-D BE-D))
= (I;+ COB Y~ (1; + C’(i)B’(i))Qﬂ(i) (I + o(CE~D B/—1)))
— Q[/(z) (Id + QO(C'(i_l)BI(i_l))).

Since C'(® € Maty(J) then any element of C(¥) will take the form z = > i>2p aj%
with a; € (w, E, E?/p)&F. Since ¢(E) = py € wSr and k; < 2p—4 then j—k; > 4 so that
@(E) % € p*Sr. Hence, p(C®) € Maty(wp?Sr) so we decompose (C®) = Di’) + Dg)
where DY) € Maty(wGF) and Dél) € Maty(wFil?’Sr). By setting

AP =01 + DIV (1)) o) = wODFVp(B4Y),

it is easy to see that Agi) € Maté“(@ F) with Agi) = 2A'® (mod w) and Cfi) € Maty(wFil?P Sk).
Since k; < 2p — 4 then setting hgi) = 2p for all i € Z/ fZ allows us to use Proposition 7.2.4
on AY = Agi) + Cf) with A% € Matg"(SF[l /p]) by Lemma 7.2.7. We conclude the ex-
istence of a matrix Y € GLy(R[1/p]) such that Y x, A = 90 ¢ Mat¥ (&) with
A0 = Agi) =0 = Ql(()i) (mod w). O
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Chapter 8

Preparatory Computations for
Descent

Recall that in Chapter 6, we were able to achieve an explicit description of Kisin modules
M(A) of finite height over S = Gp[EP/p] by describing their i-th partial Frobenius actions
by the matrix A® in terms of Types given by:

k; - (4)
A(i) = 0 E ((Zzl) )
1 ag) )\.g (¥)

qi [ Era 0
- Ag(l)(‘P) 1 )

“g) b

o Typel:

e Type II:

for some polynomials g (p) € Z[g]. Let us identify two disjoint subsets
S:={icz/fZ: ADis Typel} T :={icz/fZ: AD is Type II}.

Hence, we have decomposed the set Z/fZ = S U T. We then have that b = f if and
only if the order |S| is even and b = 2f otherwise by Proposition 6.2.2. Additionally by
Proposition 4.2.1, we see that ag) € wOp for all i € T and [[;cs agi) € wOp. We will
continue to simplify notation by defining (zy)® = z®y®,

As an implementation of the descent algorithm found in Section 7.2, we would like to
display the computations necessary to show that the Descent Assumptions 7.2.2 hold for

M(A) with labeled heights in the range
p+2<ky<2p—4 2<k;<p-3forall 1<:<f-1

and the p-adic valuations Vp(agi)) are sufficiently large for select @ € Z/fZ. Moreover, we

will provide a complete description in the case of f = 2. Our strategy will be to perform a
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finite number of successive row and scaling operations (X5) %, (A) = (Ay) until each entry
of Aﬁf )isin & r + I at which point the Descent Assumptions 7.2.2 will be satisfied.

Remark 8.0.1: There is nothing special other than an ease of indexing for why we choose
the (0)-labeled Hodge-Tate weight to be large. Indeed, by choosing another set of f-distinct
embeddings of 7; : K < F, one can move the index which has weight greater than p to any

index.

Section 8.1 deals with the case of Vp(ago)) > 1 which forms the starting point of all the

cases we display in this chapter. Section 8.2 then allows z/p(aé )) < 1 which in turn forces

(@)

us to make assumptions on the p-adic valuations of other a,’ parameters depending on the
even or oddness of the set S. Finally, Section 8.3 gives a complete description in all cases

where the methods of the previous section had failed in general f > 2.

8.1 The Large Valuation Case

We begin with the case of Vp(ago)) > 1 which we collectively call the large valuation cases.
Please note that we will not make this assumption quite yet as this first step is indeed valid
for any valuation and will form the first step in all proceeding arguments.

Looking at A® regardless of Type, it is apparent that our only obstacle is the term
A D ¢ S%.. Hence, our first move will be a row operation over Sg[1/p] designed to strip
off as many terms from each )\g V(o) as we can. Since A\, € S}, let us write )\g( o) _
Pl Oa (Ep/p)j where each a() € Op|u] of maximal degree p — 1. For each i € Z/fZ,

define elements in Sg[1/p] given by

(1) & jp—ki
< ) Z (Z)E. ifi=0

(l) - Eip—ki
az ) .
_<a_1) E ajT for1<i< f—1.

j=1

20 —

Notice that the only difference between the two is the fact that we have to start at j = 2
when ¢ = 0 since kg > p.

Set Xfi) = <w(11) (1)) € GLo(Sp[1/p]) for all i € Z/fZ and observe that by setting
(X1) *¢ (A) = (A1) we will obtain

Ekoa(o)(p( (F-1) E’“Oa&o) foes
o | \L+ ((@200)@ + (a201) O ED)p(@ 1) (a200)® + (az00) O 5
Bhai P ° if0eT
(200)© + (a201) O 57 + p(2a~D) 1
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. . _ fori#0andie S
14 (aga0) V(=) (02010)(1)>

AP =

o 0) fori#0andieT.

<WN®@+¢@“”)1

We now require a lemma that makes sure none of the ¢(z(¥))-terms introduced as a result

of p-conjugation are non-integral or non-I factors.

Lemma 8.1.1: Ifi # 0 and k; < p — h for h > 0, then p(z®) € agi)ph_lSF. Likewise, if
ko < 2p—4 then 90(:1:(0)) I a§0)p2SF.

Proof. For the first part of the lemma, since each o; € Or[u], then we need only prove that
(EPI~ki /pi) € p~1Sp for each j > 1. Let us write

ks ks
o (E”. ) _ p(E) _ ppi—ki=i piki

P o

Since v € S and pj — k; —j > h — 1 for all j > 1 then the first result follows. The second
part follows the same arguments for j > 2. O

Using the fact that agi)p € w0 for all i € Z/fZ, we can see that by Lemma 8.1.1,
when z/p(ag)) > 0 we can write p(z¥) € p?wSr C pI and whenever z/p(ag)) =0, we
have p(z(*)) € pwSr C I. To reduce notation, let us define a nonzero valuation indicator
function in the following way

(1 @) >0
v\t) = .
0 if (@) =0

We then have that o(z(¥)) € @w*®p2Sp C p*® 1. In an effort to reduce notation, let us now
begin to gather elements of the ideal I into terms denoted aglk) and 63(2 Since Theorem 7.2.3
allows us to disregard such elements when computing reductions, then there is not harm in

making this simplifying notation. By the above discussion, we write

if 0 e
A0 _ 1+ sgi) (ag00)© + (a2a1)(0)%
1 = Ek0a§0) 0 .
if0e
{ (ag00)© + (azal)(o)% +5§?) 1
( @ k; , ()
qﬂn Bra ifi£0andicS
40 1+e5 (aza0)®
1= '
Eki (@)
. @)0 ifi#0andieT
(azc0) + 657 1
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o &) = Bra{p(alD) € Brip (-1

. 6&1) = (aga0) V(21 € @vO+v-Dp26n c [ for 1 <i < f — 1;
. 6(1) o(z() € w?(-Np2Sp c p*t-DT;

. 621 = ((a200) @ + (az0)© Ep)go(x(f D) € w?O+o(f-Dp26, c 1.

With this, we observe that the only non-integral and non-I term is (azal)(o)% in Aﬁ(’). If

we assume that Vp(ago)) > 1 then this term becomes integral and we get our first case of

satisfied descent.

Proposition 8.1.2: Suppose M(A) is a rank-two Kisin module over Sg with labeled heights
p+2<ky<2p—4and2<k; <p—3fori#0. Ifl/p( ) > 1, then the Frobenius matrix
(A) satisfies the Descent Assumptions 7.2.2 with

0 Ek‘oa(o)
< ) if0esS
. 1 (a2a0)@ + ( ) ago)Ep d
Al = o
Ekoq; ) 0
o if0 €
(a200)©@ + (27) ago)Ep 1 oeT
( k; (%)
C) B %-> ifi#0andic S
0 1 (aza0)
Ry
EFigl® 0
Qaa;@ 1) ifi#£0andicT.
[ \(a200

Remark 8.1.3: The above methods may actually be applied even if we allow more than
just the (0)-labeled Hodge-Tate weight to be greater than p. See Appendix A for this
generalization. Unfortunately, the upcoming small valuation cases do not generalize in the

same way.

8.2 The Small Valuation Case

We now assume that 0 < z/p(ag )) < 1 and will continue from .A as given in the previous

section. Recall that at this point we have

=1 £loay” ifoes
A(O) _ 1+ 5%1) (azao)(o) + (agal)(O)%

Ekoago) 0
. ifoeT
((azao)(o) +(a200) O Z + 6 1
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(1) ki (0)
o Eal() ifi£0andi€S
_A(i) B 14+¢e5 (a2ap)"

1

o)

M o) iitoandieT
(azag)(’)+521 1

where 6(2) € Ekipe=1T, 5() € w@+v=1)p28, « I and 5(1) e p*—D]. Our strategy will
be to kill the E*° term followed by a scaling operation and concluding (if necessary) with
a row operation to kill the EP /p term which, as we may recall, is the only non-integral and
non-I term in the matrices above. The real danger in this process is the aforementioned
scaling operation as we will have to be very careful to not introduce non-integral factors
which will require careful estimates of certain terms.

Notice that since 0 < Vp(ago)) < 1, we can write Vp(p/ago)) > 0. Consider the row

operation over GLy(&r) designed to kill the E*o-term in AEO) given by

(0)
a. ’'p —p
xO _ (1 ~Gap@ " x® = (1 0) for i # 0
2 2 )
0 ) 0 1

We see that this base change is isolated as to only affect AEO) and Agl) (since p-twisted
conjugation means row operations in () will induce column operations in (i + 1)) so the
result of (X2) *, (A1) will be given by Ag) = Aﬁ’) for2<i< f—1and

( ( ) _ N 0) (0) _
— () g 4 J0 _ (moop) U gho-p |
( ’ 1)1 (0) ( (0)1 ) (©) E? ifoesS
A0 _ t €91 (a200)'"™”) + (aga1) o
2 - 0
— (%>( )Eko—p _|_ 652) _ (aaéfl)( )Eko_p if O . T
| \(a200)© + (az01) @ E + 65D 1
' Egll) Ekla(l) + 6(1) fles
1 -|-€( ) (a o )(1) +€(1) 1 €
(1) 26x0 22
A2 =
Ek’la( ) (5(1) ) 1T
(1) o] Hle
[\ (a20)® + 657 1+,

e Both 5%) and 6](-;) are the result of adding a (p/ago))@(E)ko_p-multiple of the first
column of .Agl) to the second column. Since ¢(E) € pSr, p/ ago) € wOr and ko—p > 2
then (p/ag))) (E)ko—P € wp?Sp C pI. Hence, el 6D e oI,

521952
~(0 0 0 (0) _
° 51) 551) gl) (tleap1) Eko Pe I;

68) = —652) (M)( ) pho—p € plI since 5( ) € p2Sp and p/ag)) € wOF.

ag011

As mentioned above, our next step will be to scale the anti-diagonals of all f-matrices
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by an appropriate element, either p or p/ago) depending on the situation. The difficulty
here is that any Type I matrix will be made non-integral if we do this as they stand now.
Our answer to this problem will be to perform row and column permutation operations
depending on the Type combinations present in order to ‘line up’ the anti-diagonals so they
have sufficient powers of p as to not become non-integral after scaling. We note that we are

not able to cover all cases with our methods however.1?

Definition 8.2.1: Recall that S C Z/fZ denotes the set of those i for which A® is a Type
I Frobenius matrix. We define a subset W C Z/fZ with the following steps:

1. Label the elements of S\ {0} in Z/fZ by r; so that r; <7y < --- < rq for some d in
the range 1 < d < f — 2. Note that this set may be empty, in which case W is empty.

2. Include i € W for all r, <1 < r9.

3. Now include 7 € W for all r3 < i < r4.

4. Continue this pattern in that we include i € Wforallri4, <i <roypforl <n <d-1
and n even.

5. If dis odd, includei e Wforall ry <i< f —1.

The effect of these steps is to include, starting at ¢ = 1, all # € W which correspond
to type combinations of the form (I,II,,II,... I, 1) excluding the index corresponding to
the right most Type I. We will lovingly refer to these combinations as Type II sandwiches.
When d is odd then there is a left over Type I leaving us with an open-faced Type II
sandwich meaning that the right most Type I does not exist. As a result we are forced to

include all ¢ up to i = f — 1 and perform a column permutation on the ¢ = 0 matrix.

Example 8.2.2: Suppose f =9 and M(A) has Type combination given by
(L, LILIL I ILI I T)

Then d = 5 with ry = 1, 1o = 4, r3 = 6, 74 = 7 and r5 = 8. Hence, we get the set
W ={1,2,3,6,8} C Z/9Z with i = 8 being included since d is odd.

Consider the base change over GLo(F'), intended to line up the anti-diagonals of each
matrix given by X:,(f) = (9}) for i € W and X:)()Z) = I, for i ¢ W. With heartfelt apologies

10As we will see later in Section 8.3, there are ways around this problem when f = 2 but those methods
require matrix by matrix considerations that are impractical for the general f > 2 case.
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to the reader, the result of (X3) *, (A2) will be given by

. B (M,)(O) Fho—p _ ( a1p )( )E’“O b4z ~(o)

a1 a20x1

(a200)@ + (a2a1)(0)% 1460
_ ( a1p. >( )Eko—P + gﬁ) _ (alaop>( )Eko—p

if0eSand f—1eW

a0 al

1+ 6( ) (azao)(o) + (azoq)(o)%

a (0) ko— a1o 0 ko— (0)
_(azloi) Fko—p _(1a10p> Eko p.|;511(0) if0cTand f—1eW
1 (a200)@ + (a2 )(O)E_ + 991

_ (w)(o) Eko—p 4 69 — ( a1p )( )E’“O—P

a1 a0

(a200)©@ + (a2041)(0)£ + 552) 1

if0cSand f—1¢ W

if0cT and f—1¢ W

o M 4

1

+(f) (azkao)(l) +5( i if1€SsothatleW
€11 EMay” +e

Ekla,gl) 6(1)

12 if1 €7 sothat1¢ W
(a200)® + 65 1+ 552) ¢

( 1—}-8%) (azao)(i)

; . if2<iwithieSandieW
ngl) Ekia(z) -

higd 0
( “;(i) ) iﬂ(z) if 2 <iwithicSandi¢W
a0 IS
1 (a2a0)(i) + (531)

@ if2<iwithieT andie W
0 E’“ia1

Eka) 0
(a200)® + 485 1

if2<iwithie T and i ¢ W.

\

As hinted in step 4 of Definition 8.2.1, there is a dichotomy with respect to the even
or oddness of the order of the set S. Indeed, these two distinct cases must be handled

separately.
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8.2.3 Subcase: |S| Even

When |S]| is even, then either d in Definition 8.2.1 is even or d is odd with A% being Type
I. As a result, we may write
aixop
ifoesS

'( _( o1 )(O)Eko_p

(a2a0)(0) + (a2a1)(0)£

aip
as0]

)( )Eko—p + & ~(0)
1+ 8(0)

=

AP =

al1o ( ) k (0) a ( ) ko—
—(“er) " B 44y ) (&%) B et
| \(0200)©@ + (agen) O & + 551) 1

We may notice that regardless of Type, scaling Ago) by p/ aéo) € w0’ along the diagonal
will do the job of making all the terms either integral or lie the ideal I. Consider the base
change over GLy(F') intended to do just this given by X il) = Diag(1, p/ ago)) foralli € Z/fZ.

The result of (Xy) *, (As3) will be given by

(

(0) (0)
alaop ko—p _ ko—p ~(0)
& (01;5 ’ ( 1) B (0)+ 11 ifoeS
4O pay” + oy EP 1+e5
S (alaop)< ) gro-p 4 50 _ (2 )( ) pho—p
ifoeT
pa((]O) (0) EP + (O) 5(0) 1
\
( (1) 2 (a o)V + %2 ag” (12)
o (0) sgl) Fkig ( ) 4 e ( )
"44 (0)
Fk a(l) 5(1)
v ifleT
%(azao)(l) _+_ (0) 5(1) 1 + 552)
\ \ %
( O ag” 0
1+e ——
(Z) p(Z?C)é?)) if2<iandie€eSandieW
(0) €1 Ea
Braf) 2l
Q) 1(1) if2<iandie Sandi¢W
() (0) (a2a0) ? 1 + D)
1 (a ap)® + )5(i)
270 if2<iandi€T andieW
0 Ekza(z)
Ekla(Z) 0 . A A
L %(azao)(’) n (0) 6(2) 1 if2<iand i€ T and ¢ ¢ W.
ay
Since p/ ago) is integral then we need only be concerned with the top right entry of each
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matrix. To this end, let us now make the following assumption:
I/p(a;i)) >1-— Vp(ago)) forall ieW.

Notice that under this assumption, we now have v(i) = 1 for all ¢ € W where v(i) denotes
the non-zero valuation indicator function for agz). Make the observation that if ¢ ¢ W but
t € S then we are guaranteed to have ¢ — 1 € WW. We analyze the potentially problematic
top right entries individually:

) . (0) .
o 2el) € 2 pripC-DI C I'sincei—1€W;

o 0 a(o> . o
o 27621 € 2 ”(’ )T C I since it — 1 € W,
(0)
(f 2) a (f 2)
) & ’%f pICi)
o p ﬁ) = p =2 (g1; ©) _ (O) (;;10{’1) E*~P) 50 that the only possible problem would

a3 (0) ¢ 93 pko (-1
occur in =Z-g;; € 2-E™ p*¥~DT. However, we know that f —1 € W since d is odd.

(0)
Hence, —E(O) el.

Reapplying the W-derived row swap X éi) =X :gi) has the effect of putting ourselves back
in the original orientation prior to the lineup of anti-diagonals for scaling. As a result, we

have our next case of satisfied descent assumptions.

Proposition 8.2.4: Suppose M(A) is a rank-two Kisin module over Sp with labeled heights
P+2<ky<2p—4and2<k;<p—3 fori#0. If |S| is even and Vp(ag)) >1-— I/p(aéo))
for all i € W, then the Frobenius matriz (A) satisfies the Descent Assumptions 7.2.2 with

a100p\ (@ ko — YO g
a = ()" o = (&) T Ee
po (0)+a§0)Ep 1

( ( )

(%)

L 5 (a200)) ey o andiew
0 Ekia(z)

%(azao)(i) 1 if1<iandi¢W.
\ \Qy
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8.2.5 Subcase: |S| Odd

Let us return ourselves to .Agi) as stated prior to the even case 8.2.3. When |S| is odd, then

either d in Definition 8.2.1 is odd or d is even with A(® being Type I. Hence, we have that

( (0) (0)
_( aip ko— ~(0) _ (a100p ko—
(a0) " po ) () )
40 1+ (a200)© + (agen) O
3 . ( aip )( )Eko—p N (maop)( )Eko p+5(0) f0eT
a0 «ay i (S
( 1 (a200)@ + (a201) O 2 4 67
(1 +8( ) (agag)M +s(1) fles
1 1 1
0 €§1) Ekla( ) +€( )
3
Ekla( ) 5(1) ) 1 7’
(1) | HL€
L (agao)(l) + (5 1+ (5
( (i ) (i)
1
+($ (22:021') if2<iandicSandicW
iq
Ekig(® &
1(1) . 11(1) if2<iandi€Sandi¢ W
Agi) _ (azap) +&,
1 @) o s9
0 (a2aEOL (;.')_ 21 if2<iandie7T andie W
’Lal
ki, (%)
( E)(gl_i_&(i) 2 if2<iand i€ T and i ¢ W.
[ \\22¢0 21

Our strategy will be to scale by the anti-diagonals of each matrix by p followed by a
row operation that uses the E¥0~P-term in Ago) to kill the non-integral EP/p-term. Indeed,
consider the base change over GLy(F') given by X f) = Diag(1,p) for all i € Z/fZ. The
result of (X4) *, (As) will be given by

((_ (212\? gro—p 4 5O 0100\ © ko
() (%8 )
A0 p+pey) (a20)® + (az01) O 22
47 (0) ©)
_ [ _ap ko— _ (a1 ko— 1 (0)
(‘ml) B (;10) E0p+ % (o) foeT
{ p (a200)© + (aga)© ) ? 46y
( (1) 1 (1) (1)
1
+(i) p(a2ka )(1) * (f; ifleS
(1) peqq E*a;’ + €45
Ay
E’“a(l) 15(1)
W (PEy| ifleT
[ \p(a2a0)® +po5y) 1+ 65
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(0
1

+(f) if2<iandicSandieW
1].

L(agan)®
Eki a(l)

B 3
p(azag)® 1+s(l)

1 Yao )@ T 165’3)

if2<iandi€eSandi¢W

0 (l) if2<iandieT andie W

Ekiagz) 0
| \plaza0)® +psf) 1

if2<iandi€T and i ¢ W.

As with the analogous scaling operation we did in the even case 8.2.3, the only threats
to non-integrality lie in the upper right hand entries of each matrix. As a result, we will
now make the following assumption:

vp(a)) >1 forall ieW.
Under these assumptions, we need only ensure that the I-terms remain in I after division by
p. The analysis of these terms is largely the same as in the even case 8.2.3 save for the i =0

1_(4) 15(2) 1. (1) 15(1) el

matrix which is actually easier to see. Indeed, it remains true that ;€31 ;051, ;€295 5

for 2 < 4. Since 551) € pl then it is easy to see that ;69 el
As mentioned prior, we want to kill the E?/p-term in Aio) which by the above analysis,

is the only non-integral or non-I term remaining. Consider the base change over GLa(SF)

1 0 : 10
x = x{0 = ( ) for i # 0.
( ;2;’011))@)152?—’“0 1 01

The result of (X5) *, (A4) will leave AW = Aff) for2<i< f—1and

given by

.

o \O o0 far00)© ko
—(a;fl) Eko—p 4 &9 —(;1) B oes
Q) p—(2)OEr+¢ ~(O) (a2a0)”)
5 = ) a (0) a0 ©) 0
_ (azfl) Eko—p 1111 EkoP + %5§1) ifoeT
L\ p—(2)OFr (azc0)©@ + Ség)
, (1) M 4 10
1+ &) p(aza )+ 5egs ;
ifi1eS
0 &) EMaM 4l
As
Ekig (1) n 5(1) 15(1)
(1) (1) ifleT
(azao)(l) +oy 140
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az0y

= aop)(o)cp(E)ZP ko multiple of the
second columns of .Afl ) to the first column. Since o(E)?® %0 ¢ p*Sk due to the fact
that 2p — ko > 4, then all of the described terms lie in wp3Sr C I.
2 0
o &) = pel) ) (2O Since &) = ) &) (22)"” BRo then we need

asa
(0)( azaf

e Each of égll) , Egll), 68), 651) result from adding a —¢(

only be concerned with the resulting e )(O)EZP ko_term. However, recalling

aicop
that eﬁ) E*oJ will imply that this term lies in E*’p~'I but p | E?” in Sp so
égi) el
0 0 0 0 ©) 0
. 5( ) = 5( ) 16( )(;2;)11)) )E?P~ko_ Since 6(1) = 551) (%) E*o=P and 551) € pI due

to 0 € W, then it is easy to see that 6(0)

As a result, we have yet another case of satisfied descent assumptions.

Proposition 8.2.6: Suppose M(A) is a rank-two Kisin module over Sg with labeled heights
p+2<ky<2p—4and2<k;<p-—3fori#0. If |S| is odd and Vp(ag)) > 1 for all
i € W, then the Frobenius matriz (A) satisfies the Descent Assumptions 7.2.2 with

arp \(© arao ) © ko
o = (@) Bl - (ae)” Bl
p— (%)(O)Ep (agap)©
([1 1 (%)
( p(azgo(z) ) ifl<iandieW
g _ J\0 Bha
¥ =
EFigl® 0
! if1<iandig¢gW.
plazag)® 1

8.3 Complete Description in f =2

Recall that when f = 2, we obtained in Section 6.3 an explicit description of finite height,
rank-two Kisin modules M(A, B) over Sr in terms of the three Type combinations given

below:

e Type (I I):

0 Ekoal 0 Eklbl
A= (1 aQ,\’gl"W) b= (1 bpALo k1
with a1,b1 € ﬁ; and as - by € WOF.
e Type (L II):

4= Ekoq, 5o EF1by 0
- 1 a2)\i1—¢2)(k1+kotp) - b2)\511—¢2)(k1<p—k0) 1

with a1,b; € 0% and az,b € wOF.
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e Type (ILI):

Ekogy 0
A: (a2A511_902)(k0‘P_k1) 1)

with a1,b; € 0% and az,b2 € wOF.

5 0 Ek1p,
= 1 bQ)\il—w2)(k1¢+ko)

Here we will continue to assume that we have labeled heights in the range p+2 < kg <
2p —4 and 2 < k; < p— 3. It is then clear that the results of Sections 8.1 and 8.2 will
provide satisfied descent assumptions outside of two cases. The first being Type (I,I) with
0 < vp(b2) < 1 — vp(az) and the second being Type (II,I) with 0 < v,(b2) < 1. Note that
Type (I,1I) is covered by Proposition 8.2.6 as W = ) in this Type combination. Hence, to

get a full description in the case of f = 2, we need to treat these two cases separately.

8.3.1 Type (I,I) with 0 < v,(as2) < 1 — vp(bo)

Let us recall the following Type I matrices .A:(,f) found in Section 8.2.3,

araop ) () _ arp \ @ _ (0
ap () () e
(a200)@ + (a01) O £ 1+ef)

AW _ 1+5§11) (a2a0)(1)+6g12)
Pl paadd )

We will change notation to ease the decomposition superscripts in the following manner:
Set A3 = .A:(,)O) and drop all of the superscripts (0). Also set By = .Agl) and make the
replacements b; = a§1), Bj = a§1) and 05 = eﬁ). Hence after performing this change, we
are left with

— (91%p) pko—p _ (WP ) pko—p 4 &
.A3 = ( a1 ) I (a2a1) 1
a0 + (a2a1)7 1+4+¢e9

B.— (1102 b2fo+ox
3= . )
011 E™bi+ 412

Since we know that the product asbs € wdlr by Proposition 4.2.1 then we can write
52j,512,621 € pI and 511,511 el.

We will now stray away from our normal strategy to instead apply a row operation
on Bs intending to kill the E*1b;-term. The reason for this deviation is that the p-adic
valuation of by is no longer large enough to absorb a division by p. As a result, we need to
create another term that can be divided by p. To prepare for this however, we first scale the
anti-diagonals of both matrices by bs € O using the following base change over GLa(F)
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given by X4 =Y, = Diag(1,b2). The result of (X4, Ys) *, (As, B3) will then be given by

A - (%) Bror — (%) Eko~p 4 éfu
4 = 2
G'IQ/BO + (aéal)% 1+e91

146 L
B, = + 021 52 + 5,922
b2d011  E"bi + 612

o af = azby € wOF so that p/a), € wOF under our assumptions;

. %622 € I since 099 € pI;

. %511 = é(sﬂ’ — 6&2) (%)(0) E*o—P) using the notation as in Section 8.2. Here
we have that in our new notation, Eg(i) € E*byp?Sr by Lemma 8.1.1. Let us write
Efobyp? Sy = Eko_p(Ep)b2p2SF and observe that (pEP)SF € pSr +p2Fil?’SE. Hence,
&) € phyERP(pSp + p*Fil?Syp) C by(pPSp + pPEFiI?PSp) C by(p*Sp + pI).
Moreover, since p/(az2b2) € wOr then we see that één € p’Sp + pI after recalling

that sg(i) €pl.

Let us now kill the E*'-term in B, via the following base change over GL2(6F),

10 1 0
X = Y = .
i (0 1) ’ <—§§—E’“ 1)

The result of (X5, Ys) %, (A4, Bs) will then be given by

— ( ¢120p ko—p / — (&P ko—p 4 1z
As = ( o ) E ten (a'zal) E t 5,61
EP
agag + (agon) - + €5 1+exn

Bs — < 1+ 02 o + %522)
=\_»
— g ER + 6y, 8%

. (5’12 = byd11 — 521%Ek1 el
o Shy =012 — p-Oaf- EM € p’Sp + pl.
* ¢} € I since they both result from adding a @(E)* € p?Sp C I multiple of the second

column of Az to first column.

Remark 8.3.2: When f > 2, this step of killing the E*-term can be done as we have
performed it here. However, we would at some point be required to scale by aéi) for all
i € W to clear denominators which leads to a proliferation of subcases depending on the
valuations of each agi) in relation to one another. It is for this reason that we restrict

ourselves to f = 2 when computing these very small valuation cases.

We will now return to the strategy employed in Section 8.2.5. In particular, let us swap

the columns of A5 which swaps the rows of B5 and scale the anti-diagonals of both matrices
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by p via X¢ = Yg = Diag(1,p). The result is

ko— 1=~ koo —
P+ peay asog + (a2a1)% + €hy
b
e (B8 )
p+pdn o+ 4502

o 105 € pSp + I since 8y, € p’Sr + pl;
. %5’11 = 1( (aafl)EkO‘p + bzeu)‘p(ﬂ )go(E)’cl € I since p(E)* € p?>Sp and p/d), €

Our final operation will be to kill the E?/p-term in Ag via an operation analogous to

X éi) in Section 8.2.5. Indeed, consider the base change over GLo(SF) given by

a2°‘1 2p—ko 1 0
X, = (1 @t Yy = .
0 1 01

Then the result of (X7,Y7) %, (As, Bg) will be given by

p— %Ep + E a2a0 + €92

e (B2 )
P+ péay Bo + 05

* Both §7, result from adding a —a5/pp(E )2P~ko multiple of the first columns of Bs to
the second column. Slnce @(E)?P~*0 € p*Sp then 6%, € I and 6}, € pSF + I;
o e = p€21+%511a12a01pE2p ko ¢ I after recalling that —811 € p26 F+pl and observing

that wpG&F C I;

2
_ 1 G507 2p—ko . . 1. :
o £ = &y + L€ gl . By the discussion of Je7; above, the only possible

complication could arise from the product ( “101;1) Eko—p ;1 Zozlp E2r—ko — L Ep which is
2

divisible by p in Sr so that €95 € I.

With this, we have achieved the penultimate case of satisfied descent assumptions.

Proposition 8.3.3: Suppose M(A,B) is a rank-two Kisin module over Sr of Type (I,1)
with labeled heights p+2 < ko <2p—4 and 2 < k1 <p—3. If yp(b2) <1 —vp(az), then the
Frobenius matriz (A, B) satisfies the Descent Assumptions 7.2.2 with

Ao = (_ (;;_apl) EM7P 4+ pSp  — (“10‘0) Eko p)

p— SEP o
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sBO = <_§;—;Ek1 p6F>
P Bo

where pGF denotes an arbitrary element in said ring.

8.3.4 Type (II,I) with 0 < (b)) < 1

Let us recall the following matrices A:(,’i) from section 8.2.5,

A0 (— ()" mor () e 4 o) )
1 (a200)© + (a2a1)(0)% + 652)
40 (1 +e5) (azo0)® + 5512))
S WO

which are of Type II and Type I respectively. As we did before, we will change notation in

the following way: Set As = A§0) and drop all of the superscripts (0). Also set By = Az(),l)

1)

and make the replacements b; = agl), Bj = a§1) and €, = € ;e Hence, after performing
this replacements we are left with

e avetn

1 asag + (azoq)% + 021

By = 1+e21  b2fo+e22
enn EMby4en)

Since we know that both as,bs € wOFr by Proposition 4.2.1 then we can write that all of
Ejky (53‘1 € pl.

We follow much of the same processes that we undertook in the Type (I,I) case 8.3.1.
Indeed, since p/by € wr, then our first step will be to scale by by along the anti-diagonals
of both matrices via X4 = Yy = Diag(1, b2) € GL2(F') so that

by a0 + (agal)% + 691

By = 14+en o+ pyez
boc11 Eklbl + €12

1
a2

where both a—12€22, 011 € I since 99,6011 € pl.

As before, let us now kill the E*1p; term in By via the following base change over
GL2(6F)
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The result of (X5,Y5) *, (A4, Bs) will then be given by

ko— ko—p 4 1
4 (_ (@) Bror 16, —(%2p) pho p+5«5n)

bo + 551 a0 + (agal)% + 691
B — 1+e9 Bo + 3 822
ST\ Lbph + £l 6’
Bo 21 22

. 8’21 = bge11 — €213, LI} Ek1 el
. 8’22 =e€12 — b—622 bl Ek ¢ I;

o Both ¢}, and 8}, arise from adding a b »(E)*1-multiple of the second columns of
#(Bo)
A3 to the first column. Since byp(E)** € byp?Sr C wpSr C I then both 811,05, € 1.

We will now swap the columns of A5 which swaps the rows of B5 and scale the anti-

diagonals of the resulting matrices by p/as € wOr via X¢ = Ys = Diag(1,p/a2) so that

a100p Fko—p 4 1 ko— /
ao— ~(BER) B g — (3) B+ gy
pap + a1 EP + Loy ba + 05¢

b1 1k / az /
Bs = D P
ot bBo + B2

. %5’22 = %2(812 l522 " E*1). Since £12 € pI then we need only concern ourselves
with %(éEQQZ—;EkI). However, we may recall that €90 = 6&12) results as a multiple
of a%(p(E)kO_p so that because ¢(E)*~P € p?Sp then 2(5 15 QﬁoEkl) € jS’F -
wpSp C I. Hence, Zey, € I.

o 26}, € I since &), is divisible by ¢(E)* € p?SF so that %cp(E)kl € wpSr C I.

At long last, we have reached our final case of satisfied descent assumptions.

Proposition 8.3.5: Suppose M(A, B) is a rank-two Kisin module over Sr of Type (II,1)
with labeled heights p+2 < ko < 2p—4 and 2 < k1 < p—3. Ifyy(bo) < 1, then the Frobenius
matriz (A, B) satisfies the Descent Assumptions 7.2.2 with

Ay = (_ (ab120;01p) Eko—p _ (%) Eko—p)

pag + a EP b

b1 vk
Bo = <_ﬁ_‘1)pE1 0).
o Po
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Chapter 9
Computing Explicit Reductions

We are now ready to explicitly compute the reductions of irreducible, two-dimensional
crystalline representations V(A) of Gk which are associated to the Kisin modules M(.A)
from which the Descent Assumptions 7.2.2 have been shown to be satisfied in Chapter 8.
This is done in each of the cases detailed in the previous chapter.

We begin in Section 9.1 by detailing how the descent algorithm of Chapter 7 produces
a Kisin module 9t(2() which is canonically associated to V(A). We also display how to use
M (A) to compute the reduction of V(A) along with various results that assist us in doing
so. Sections 9.2, 9.3 and 9.4 then us these results to compute reductions in each of the cases
from Chapter 8. We then use Section 9.5 to summarize the results of the previous sections

in a concise manner for the readers reference.

9.1 From Descent to Reductions

Let us first summarize many of the results we have proven so far. Let V be any irreducible,
two-dimensional crystalline F-representation of Gx. By Theorem 4.2.3, there exists an f-
tuple of matrices (4) = (A®) € GLy(0F)7 such that V = V(A) where V(A) := V¥ (D(A))
and D(A) is an irreducible, weakly admissible filtered -module over F' ®g, K admitting a
decomposition D(A) = [], D(A)® with i-th partial Frobenius action given by the matrix
A(i)Ak(i-q-l) in a basis adapted to the filtration structure by Proposition 3.1.6.

By Proposition 6.1.2, we have constructed a finite height Kisin module M(A) over
Sp = Gp[E?/p] from D(A) with i-th partial Frobenius A® given in terms of one of two

Types originating from Proposition 6.2.2:

k; -, (3)
Ao (0 F aol
1 ag) )‘Z (¥)

o Typel:
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o Type II:
EFig{!) 0)

AD =
(GS))\g”(w) 1

Supposing that we are able to show that the associated Frobenius matrix (A®) satisfies
the Descent Assumptions 7.2.2, then the results of Theorem 7.2.3 implies the existence of
a base change (Y¥)) over R = &p[wE/p] such that for all i € Z/f7Z, we have

YO %, AD = A0 ¢ Mathi(&p).

In particular, we will have found a basis {n1,72} of M ®g,.(1/p] R[1/p] such that the &p-
submodule generated by {ni,72} has Frobenius action given by (A(®). We denote this
integral submodule by 91(2) and observe that it is a rank-two Kisin module of labeled
height < 2p — 4 over Gp. In other words, 9(2) is a descent of M(A) to Sp in the sense
of Definition 5.1.3.

In Section 5.3 we displayed how one may use a Kisin module such as 9t(2() to compute
reductions of V(A) if we can canonically associated it to some G-stable Or-lattice T' C

V(A). The following proposition shows that this is indeed the case.

Proposition 9.1.1: Using the notations from above, there exists a G -stable Or lattice
T C V(A) which is canonically associated to M(A).

Proof. Let us set Mg = M(A) Qs R[1/p]. To display the proposition, we need only justify
why we may apply Proposition 5.3.2 to Mg. By Theorem 7.2.3 we have that

Mg = Mkis(Dgys(V(4))) ®ap R[1/p]

so we must justify why we may fit R[1/p] = S|y, WTF]][l/p] inside of Ap s for some 1/p <
s < 1. However, this is clear once we notice that E/p € A so that wE/p € Af s for some
s < 1.

To be completely accurate, we have not shown that 1/p < s and indeed the inequality
may not be true. To recover the situation, notice that if s < 1/p then there exists an
1/p < ¢’ such that Aps C Apy since p~% < p~*. Hence, if s < 1 /p, we may extend scalars
to Ap s to apply Proposition 5.3.2. O

Note that as a result of the above proposition, we have implicitly restricted the labeled

Hodge-Tate weights of V(A) to be k; < 2p — 4 as well. By setting Dt(2A) := M (A) /oM (),

Proposition 5.3.5 says that the reduction V(A4)|g,, = (T/wT)*|q,, is completely deter-
mined by the kp-representation of G, given by

V@l = Vi, (90 [ ]).
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The object M(A)[1] is an étale p-module over kp((u)) as described in Definition 5.3.3. In
order to compute V} (W[%]), let us recall some facts from Sections 1.2 and 2.2.
Recall that we have fixed a p-power compatible sequence m = (mp, 71, m2,...) € @Ep.
We may embed
kru] — @"Cp via U

with this embedding being naturally compatible with respect to both ¢ and G. This
embedding lifts to kp((u)) — Cl;) so that we may write

v, (2] - e, (2 )

Since we have computed () to be defined over kp[u], then V} (M(A)[L]) is completely
determined by
Vi (D)) = Homy,, py,, (M), 2, -

We summarize the above discussion in the following diagram:

D} Prop 6.1.2

V(A) S— LN D(A) M(A)
l lThm 7.2.3
Tle.. < Prop 9.1.1 s M)
| [
T@o.. < Ve @)

When K = Qy, one normally computes the Hom space of VZF by considering the action
of the semi-simple Frobenius matrix on the basis elements. However, in our case of K = Q,y,
we instead deal with f-many partial Frobenius matrices, one in each idempotent piece. It
is therefore convenient to reduce to looking at a single Frobenius matrix in the following
construction from [CDM18, §2].

As an étale p-module, we may perform the usual idempotent decomposition via the
equivalence functor of Theorem 5.3.4. Hence, MM(A) = []; Sm(Ql)(i) so that each W(i)
is a -module with Frobenius action given by ﬁ(i) = A® (mod w). We may endow the
kp[u]-module WQ[)(O)

action to be given by the product

I 20 = ST (ﬁu)) o @(2)) el (ﬁ(f—l)) '

i€Z) {7

with the structure of an étale pf-module by defining its Frobenius

Such objects are defined just as in Definition 5.3.3 after replacing ¢-linearity with ¢f-
of 6t

linearity. The associated category would then be denoted by ModkF (u

) and there is an
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evident functor

7 f 7
g0 : Modf( » — Mody, ©' (M, ) = (MO, f).
The following lemma shows that is suffices to compute the functor VZF by only looking at

this associated étale ¢f-module via .

Lemma 9.1.2: Using the notation from above, let (M (O),cpf ) be the étale ! -module over
kr((u) associated to an étale p-module (M, ) over kr(u)) via 9. Then

ke (M) 2 Homy, (s (M@, 02,).
Proof. As detailed in [CDM18, Thm 2.1.6] there is an equivalence of categories

(0) | gy
M;., : RePeris by (Goo) = MOdfF((u))'

with quasi-inverse functor V,(c(;). However, [CDM18, Prop 2.1.7] implies that for any V €

Repcris/k (Goo), there is a natural isomorphism M,(:;)*(V) = MZF(V)(O)in Modfi’«éz)) where
M; (V)© is the image of M (V) under the functor go. It follows that Vy (M) =
Vg;)* (M©)) where Vg?* is defined as in [CDM18] and the above discussion by V,(C(;)* (M©) =

Homy, (u) o (M@, 02, ). -

We are now ready to explorer the representation theory necessary to compute the re-
duction V} (M(2A)). Let Ix denote the inertial subgroup of Gx and choose for any r > 1
a p" — 1-th root of 7 = —p denoted & = (—p)/P"~1 € K. This choice of £, defines a
character we, : Ix — 0. By composing with our fixed embedding 79 : Ok — OF, we give

rise to a fundamental character of niveau r
&v)gr I — ﬁ;—..

The residual character of we, , denoted w;, is then a fundamental character of level r such
that the its action on any g € G is given by w,(g) = g(&-)/& . The following proposition
does the job of computing the Hom-space described in Lemma 9.1.2. We follow the ideas
found in the proof of [Liu21, Prop 5.1] which itself is a special case of [LHL19, Prop 3.1.2].

Proposition 9.1.3: Let 91 =[], M be q finite height Kisin module over kr[u] with basis

{egi), ... ,eg)}iez/fz. Suppose that gof(eg.o)) = u“]’eﬁzl with egizl = 650) and0 < a; <pf—1.

Then
* =1Ind ¢
ke (MG = In G@pdfwdf

Proof. As discussed above, we may view 9 as an étale p-module over kp [u] and by Lemma
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9.1.2 we have reduced to computing
x (o) o~ (0
Vi, (M) = Homy, ) s (sm ,@"c,,) .

Consider a general homomorphism X = (21,...,%4) € Homy,[,] . (ﬁ(o), @bcp). We may
see that (f-compatibility necessarily implies that ¢f (xj) = m%z 4 via the embedding
kru] — @%p sending u — 7 where 7 is a p-power compatible sequence in ﬁcbcp starting at

mg = —p. It follows that
d —
(") () = 2= ()

and hence, that x; is a solution to the equation

2 = i g,

Recall that & = (—p)Y/?" ! for any r > 1. Let us pick x = (x;);>0 € @"CP such that xo = &g
and xpdf_l = m. By setting

d d—j
. a;
1= XZJ=1p J

then xz; is a solution to the above equation and all other roots may be attained by multi-
plication with a p% — 1-th root of unity in F;. Hence, all other z; are determined by our
choice of z1 so that X is determined by z1. As a result, for any g € G = Gal(K/K), the
action of g(X) is determined by the action of g(x1) so that if we set H to be the splitting
field of Y?7~1 4 pin Q,, then the Gy action on Vi, (9M) factors through Gal(H/K).

Since Gal(H/K) is finite, then we have a short exact sequence
0 = Ik — Gal(H/K) — Gal(kg /F,r) = 0

where I/ denotes the inertia subgroup of Gal(H/K). As H is totally ramified over K,
then the Schur—Zassenhaus theorem [Rot95, Theorem 7.41] implies that Gal(H/K) is the
semi-direct product Gal(H/K) = Gal(kg/F,s) % I k. Hence, upon restricting to inertia,

we see that for any g € Iy x we may write

Zj:o p*a;

9(X) = War

(9)X
due to the fact that g(x) = war(g)x by the definition of x and the fundamental character.

The proposition then follows after observing the following fact from [DoulOa, Lemma
d d—3j . o
6.1]. Let W = w%}”:op “ be interpreted as the restriction of Vi _(9) to Iy k. By the

definition of H, we may view W as a representation of Gal(Qpe /Q,qr) which has finite index
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din Geo. Since Vi (9M) is irreducible then Frobenius reciprocity will imply an isomorphism

— GQ E d pd_jw
* ~ pf §=0 J
kp (M)]Go = IndG@pdf Wy .

O

With this, we have our primary method of computing the kp-representation associated
to a finite height Kisin module. However, we will soon see that the condition that ¢/ (e§0)) =
u®s e§.°+)1 is often not satisfied out of the box. In order to find the basis where this behavior
holds, we rely on the following lemma based on [Liu2l, Lemma 5.2]. The idea is that if a
row operation is equivalent to identity modulo u2, then we may ‘straightened’ the @-twisted

conjugation to simply be the single row operation.

Lemma 9.1.4: Fori € Z/fZ, suppose A®) € Matg(i)(kp[[u]]) for h®) < 2p—3. If (X®) €
GLg(kp[u])f is such that X© = I; (mod u?) for alli, then there exists (Y ©)) € GLqg(kr[u])
such that

y® % A = x @)

Proof. Since X = I; (mod u?) for all i € Z/fZ, then
x @ % @) — X(i)g[(i)so(X(i—l))—l = X@O() 4 42p 7(0)

for some Z(®) € Matg(kr[u]). Since each A® ¢ Matfi‘(i) (kr[u]) then there exists a matrix
B® e Mat"” (kp[u]) such that ADB® = BOYA® = 44 I, Hence, we may write
x @ % AW = xD(i) 4 o,2p—hD 7 () gi) (XY= x D9

= (Ig+uM’ Z2P)x O
where h{) = 2p — K@ > 3 and 2\ = ZOBO(XD)~1, We set V) = (I, + uhgi)Zfi))_l €
GLg4(kr[u]) so that by the same reasoning as the above arguments, we have

(V1X)@ x, A0 = Yl(i)X(i)Ql(z’)(p ((X(i—l))—l(yl(i—l))—1>
— YI(Z) (Yl(i))_1X(i)91(i)g0(yl(i_1))_l
— XD) 4 oph{ ™" 716)

D _p)

= x@9) 4 uph;(f_ Z'® B0 (x M)~1 x (0)g()

= (Ig+ "’ Z0) X O

where hg) = ph&i_l) —h® >p+3and ZQ(i) = 7'® B@(X®)~1, Repeating this process will
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give us a base change
(YY1 Vi X)D x, 240 = (I + u ZP) XD ®

with hg) = phg__l1 ) _ p0) >3+ Z?lej . Hence we see that h,(f) — oo and by setting
Y@ = (152, ¥)? X&) € GLy(kp[u]) then our result follows. O

One complication may stand out to the reader at this point. That is, how are we to

compute the product

H o) — ﬁ(O)SD (ﬁ(l)) 2 (ﬁ@)) ol (ﬁ(f—l))

i€Z) {7

in an explicit way so as to use Proposition 9.1.3 when f is allowed to be arbitrarily large?
Indeed, this is impractical but let us introduce some notation to recover the situation
somewhat.

Let I = I, denote the identity matrix and let S = (9}). For a pair \; = (n;,m;) € Z?
with each 0 < n;,m; < p — 1, we will set u* = Diag(u™,u™). In the coming sections, we
will describe a kp[u]-basis such that each A is either Tu™ or Su™ up to scalars in kp.
We will then summarize this data in the form of a map 9(A) — p = (;)sez /7 Where each
wi = (M;, \;) with M; € {I, S} and ), is as defined above. Let us also decompose i € Z/ f7Z
into two disjoint subsets Z/fZ = Z LI 'P where Z denotes the set of 7 such that A; = I and
P denotes the set of ¢ with A; = S. In practice, A; tells us if the partial Frobenius ﬁ(i) is

reducible or irreducible and \; encodes its elementary divisors in kg [u].

Definition 9.1.5: We will call the f-tuple of pairs p = (u;) = (M;, A\;); derived from 9(2A)
to be its reduction data.

As the name suggests, this data suffices to compute the reduction V(A4)|g., explicitly given
specific data, up to an unramified twist in the irreducible case or restriction to inertia in the
reducible case. The following Proposition lays out an algorithm to compute the reduction

given such data.

Proposition 9.1.6: Using the notation from above, let M(2A) be a finite height, rank-two
Kisin module with reduction data p = (u;) canonically associated to T C V(A). Then there

exists vi, w; with 0 < v;, w; < p— 1 such that one of two cases hold:

(a) If the order of the set |P| for u is even or zero, then we have reducible reduction

F-1 11
j=o0 Pi j=o P15,

V(A1 = wy S w; ;
(b) If the order of the set |P| is odd, then we have an irreducible reduction up to unramified
twist i1 ‘
im0 P+ v,

V(Ao = Tnd.
( )’Goo = 1n G@p2fw2f
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Proof. We will construct the required v; and w; from the powers of the elementary divisors
n; and m; of the reduction data u. A sum of these elements will then form the powers of u
in the product Hﬁ(i) so that we may apply Proposition 9.1.3 to get a reduction. Since P
denotes the set of i € Z/ f7Z associated to anti-diagonal matrices, then it is easy to see that
the order |P| being odd will result in an irreducible product and an even order will result
in a reducible product.

Let us first suppose that the set P = (} so that the reduction data is given by u; = (I, \;)
for all 4 € Z/ fZ. Hence, the product is easily seen to be

5@ (uz;—_ol P'n; 0 )
H A = Fo1 .
p'm;

0 Y~ i=0

We may then set v; = n; and w; = m; for all ¢ € Z/f7Z and apply Proposition 9.1.3 to get
a reduction in the form of (a) after noticing that since each v;,w; < p — 1 then both the
sums E;:& p'n; and Zf:_é p’m; are necessarily smaller than pf —1.

Now let us tackle the more complicated case of P # (). We may enumerate the set P by
P ={ro,r1,...,7q} wherer;_1 <r; and 0 < d < f — 1. For £ > 0, let us assign:

e For 0 <i < rgand rg # 0, set v; =n; and w; = my;

o For rg <1 < ry, set v; =m; and w; = ny;

o Continue this process in that for ¢ odd we set v; = n; and w; = m; for ry <@ < ryyq
and v; = m; and w; = n; for rp41 <@ < rpyo.

e When we reach rg4, repeat the pattern for rg <i < f — 1.

The properties of matrix multiplication between diagonal and anti-diagonal matrices means
that we will have one of two cases depending on the order |P|. Namely, if |P| is even then

d is odd and the product will be the reducible matrix
-1
~G) _ [uta=o P 0
H 91 = f-1 pJu) ) .
i€/ f7. 0 usi=0 "

As before, both sums are guaranteed to be at least pf —1 so we may apply Proposition 9.1.3
to get a reduction in the form of (a). Finally, if |P| is odd then d is even and the product

will be an irreducible matrix in the form

f_ .
5 0 ulsmoP
H Q[ = f_lpj ) .
uses=o Pt 0

i€Z/ 7.

We may then apply Proposition 9.1.3 to get a reduction in the form of (b). O
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9.2 Reductions for the Large Valuation Case
Let M(A) be a Kisin module over Sp with labeled heights in the range
p+2<ky<2p—14 2<k<p—-3forall 1<i< f—-1

and up(ago)) > 1 as in Section 8.1. The results of Proposition 8.1.2 combined with Theorem
7.2.3 allow use to identify a descent of M(A) to Sg denoted M(A). The reduction of which

M(A) necessarily has partial Frobenius matrices given by

( 0 ko—(O)
ifoesS
1 ( 0) /p) aOw |
ﬁ(o) _
ko—(o) 0
—o if 0 e
<a2 /P) Oéo)up 1] ! T
( ks (%)
0 u g)l ) ifi#Oandie S
5 1
T fukig® o
( a1 ) ifi#£0andi€T
\ o 1

due to the fact that £ = u+p, ag) € wOF for all i € T and the following lemma regarding

(@) (%)

the reduction of the Aj-coefficients o” and oy ”.

Lemma 9.2.1: Let v = ¢(E)/p and )\{:(@ = [In>o0 (pb"(fy)f(%’) 3500 (Ep) . We have

the following estimates:

(@) v= 2 +1 (mod p);
(b) ap =1 (mod p);
(c) an = f(O)j:1 (mod p).

Proof. (a) follows from the fact that £ = ** (mod p) and that v = 1 + ﬁ. For (b)
P P
and (c), write )\f @ = = ~f (O))\f ©)=O) " Here we have )\f @=f0) =1 4 dor>2.0>1 04{(—)

where the sum only contributes to coefficients of ( > ) for j > 2. Hence, ap and a7 only

depend on 7/(®) and the result follows from (a) after performing a binomial expansion on
O = (% + 1)f(0)_ O

In preparation, let us define subsets of S by
V= ={ieS:vp(ay () = =0} V> ={ieS: Vp(agi)) > 0}.

That is, we have decomposed the set S = V> LI V= so that V> gives the ¢ € S with partial
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Frobenius ﬁ(i) being anti-diagonal. We will repeatedly see that the elements of these sets
dictate the shape of the reduction data.

9.2.2 Reduction Data for v,(a{) > 1

Let us begin with the case that Vp(ago)) > 1 so that we can take 0 € V> if 0 € S. Hence,
we can simplify our reduced partial Frobenius matrices to

( k(1)
(O “_g)l) if § € V=
1 )

— ki (1)
A@ = 4 (‘1) u :1> ifieV”

k; (1)
<“ % 0) ifieT.
\ o 1

We have two subcases depending on whether or not the set V= is empty.

Subcase: V= Empty

If V= is empty then all the matrices are diagonal or anti-diagonal so our only obstacle to
displaying the reduction data is the fact that the powers of u in ﬁ(o)
To fix this, let us apply the base change over kr((u)) given by X(/~1) = Diag(1,u) if 0 € S
and XU/~1) = Diag(u,1) if 0 € T and X® = I, everywhere else. The result of X@ x,, a®

will leave ﬁ(i) unaffected for 0 < ¢ < f — 1 and provide

are not smaller than p.

( ko—p—(o)
((1) u 0“1 ) ifoes
1 = ko—p~(0)
0—Pq
(u “ 0) ifoeT
\ 0 1
( kf_l—(f_l)
(0 e ) iff-1ecSand0eS
u 0
kf_]_-'rl—(f_l)
(O u . ) iff-1eSand0eT
qU-v _ )\ 0
R IS S
f-1q
(“ M ) iff-1€T and0eS
0 u
kf_l-l-l—(f_l)
(“ 0“1 (1)> if f-1€7T and0€eT.

Up to an unramified twist or restriction to inertia, the reduction does not depend on the
kp-elements Egz). Hence, in the case that z/p(agf _1)) > 1 and up(aéz)) >0forali< f—1,
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we have the reduction data u = (u;) where

|

S,(0,kp —p)) f0eS

I,(ko—p,0)) if0eT

S,(0,k;)) if0<i<f—landieS
I,(k,0)) if0<i<f—1landieT
S, (1,kf-1)) iff-1leSand0€eS
S,(0,kf_1+1)) if f-1€Sand0eT
I,(kf—1,1)) iff-1€¢Tand0eS
I,(kg—14+1,0)) iff-1€Tand0eT.

=
S
Il

1S
I
——

A~ o~ o~ o~ o~ o~ o~ o~

=
~
|

Notice that the reduction given by Proposition 9.1.6 will be irreducible if and only if |S| is
odd.
Subcase: V= Nonempty

Now let us return ourselves to the original setting of vp(ago)) > 1 and suppose V= is

nonempty so we have reduced partial Frobenius given by

( ki ()
(0 “_(‘f)l) if i € V=
1 a,

AP = 4 <(1) u :1> ifieV>

k;=(%)
(u “ 0) ifieT.
\ o 1

We will need to permute rows and columns so as to make each matrix lower triangular
in order to perform a semi-simplification. To do this, we define a subset X C Z/fZ in a

similar manner to how we defined W in Definition 8.2.1.
Definition 9.2.3: We define a subset X C Z/fZ with the following steps:

1. Label the elements of S = {s1,...,sq} and assign s; = r; whenever s; € V> so that
V> ={r;};. If V> = () then set X = 0.

2. Choose any element s, € V=. Let sy = r; denote the smallest element of V> with
Sm < 1¢. Include 7 € X for all ry <17 < sp41.

3. Now pick 74 to be the smallest element of V> with sp11 < 7. Include i € X for all
Tp <1< Sgy1.

4. Repeat this process, possibly taking the labels modulo f. After a finite amount of
steps, we will return to s,, and the process will terminate as s,, ¢ V~.
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We will now permute the rows of ﬁ@) according to the subset X by making X® = (9%
for all i € X and X® = I, for all i ¢ X. The result of X x,, AV will be

( (. k(1)
(” o O) ficV=andi—1eX

a1

0 kz—(l) B
(1 “_(‘Z;) ificV-andi—1¢ X
ag

1 0 ) _
e ifi¢gV  andie X
<0 ukzag)

ki (1)
(“ gl 2) if i ¢ V= and i ¢ X.

We can now invoke Lemma 9.1.4 by base changing over kr[u] via

. 1 —izi)uki
X0 = Eé’) € GLz(kFﬂu]])
0 1

whenever i € V= and i — 1 ¢ X and setting all other X () to be the identity. The result of
X0 s, A will be

“ ifieV-andi—1€X
a, 1
20
—puto0)
a, _ ifieV andi—1¢ X
=)\ 1 @
1 0
o ifi¢ V= andie€ X
0 u’“a?)
ki ()
(“ (‘)11 2) if i ¢ V= and i ¢ X.

Since Gg) € k}, for all i € V=, then we may semi-simplify along the ¢-stable subspace
given by go(i)(egi_l)) to disregard the lower left entry in the @ corresponding to i € V<.
As before, we may also disregard the kpr-elements Egi) and Eg) when computing reductions
up to unramified twists so that

Diag (1u’c ificXx

2 — )
Diag (uki, 1) ifi¢g X
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due to the fact that any element of V= cannot lie in X.

Our final step is the same as the V= empty case. In particular, we take X (=1 =
Diag(1,u) if 0 € X and X~V = Diag(u,1) if 0 ¢ X with X(® = I, for all 5 # 0. The
result of X *o ﬁ(i) will leave ﬁ(i) unaffected for 0 < i < f — 1 and give

; ko—p :
o _ |Dise (Lubo?) ifoex
Diag (uko P 1) ifo¢ X
'Dlag (1,ukf—1+1) ifo,f—1eXx
. ke .
ﬁ(f_1)= Dlag(u,uf 1) iff-l1leXand0¢ X
Diag (u*/-1,u) i f-1¢Xand0eX

Hence, we get reduction data up to restriction to inertia given by pu = (u;) with

)0,k —p)) fOeX
. (I, (ko — p,0)) if0¢ X

(I1,(0,k;)) if0<i<f—landieX
’”:{(1,(1@,0)) if0<i<f—landigX
(I,(0,k;_y +1)) if0,f-1eXx

(I,(1,ks—1)) if f-1leXand0¢ X
= (I, (kf_1,1)) if f-leXand0e X
(I, (kf_10+1,0)) if0,f—1¢ X.

Note that the reduction given by Proposition 9.1.6 will necessarily be reducible.

Remark 9.2.4: Observe that the above arguments would provide reduction data in the
case that all weights small minus the need to scale by u to reduce the power of the single
large weight, regardless of the p-adic valuations of any agz) parameters. Hence, whenever

2<k; <p-—3forallieZ/fZ, the reduction data for M () is given by

e Iryal’)>0foralics:

{8, 0,k)) ifies
@, (k,0) ifieTs

o If there exists r € Z/ fZ with yp(agr)) =0:

@ 0k)) fiex
TN e 0)) i ¢
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Such reductions are already known by Fontaine-Laffaille methods.

9.2.5 Reduction Data for Vp(ago)) =1

Recall that we have reduced partial Frobenius given by

([0 ukoag")
1 (a(()) /p) ) ifoesS
—(0) 2 1
AV =< 0
wal 0 if0eT
NOTE €
(Pp) a0 1]
( 0 kz—(l)
u_g)l ifiA0andie S
—(7,) 1 a2
=) (i
kig
(u :l 2) ifi#0andieT.

We will again consider the sets V> and V= but will thankfully not have to split into subcases
depending on the emptiness of these sets. Unfortunately, we will have to define a new subset
Y C Z/fZ that is slightly different from the X we defined in Definition 9.2.3.

Definition 9.2.6: We define a subset ) C Z/fZ with the following steps:

1. Label the elements of S = {s1,...,sq} and assign s; = r; whenever s; € V> so that
V> ={r;};. If V> = then set Y = 0.

2. Let vy denote the smallest element of V. Include i € Y for all 7y <14 < sg41.

3. Now pick 7 to be the smallest element of V> with syy1 < rg. Include i € Y for all
T <1 < Sgy1-

4. Repeat this process until we run out of elements of V~. If ry = s4 exists, include
rg<i< f—1.

As before, we swap the rows of A" whenever i € Y via X = (9%) for all i € Y and
X (@ being the identity otherwise. For any i € V= with i — 1 ¢ ), we can invoke Lemma
9.1.4 by setting

) 1 —ﬁuki
xX® — Eé’) € GLz(kFﬂu]])
0 1

whenever ¢ € V= and i — 1 €¢ ) and setting all other X () to be the identity. The result of
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all of this will be

( 0 ukoa(o)
~(0)_(5) ifoeSand f-1¢Yor0cT and f-1€)
=(0) 1 ag "0 uP
A =«
ukoa(o) 0
6(0)5(3),”1) | #0€Tandf-1¢Yor0eSandf-1€y
\ 2 1
([ i (0)
”_(‘Z; (1)) ficV-andi—1€)
)
(i)
—dsub 0}
ay . ifieV andi—1¢Y
5O _ T
1 0 ) B
(i ifi¢gV - andie)
<0 uk’ag)
ki (%)
(u (‘)11 2) ifi¢V-andi¢y
where we begin to write &go) = (ago)/ p). At this point, we are required to diverge into two

separate subcases depending on the shape of the ﬁ(o matrix.
Subcase: 0eSand f—-1¢)Yor0€7 and f—1€)
We begin by using Lemma 9.1.4 with ky — p > 4 to kill the u*0-term in ﬁ(o). Indeed, we set

z \©
— (e ko—p
x© _ ((1) (azal>1 U ) € GLy(kr[u])

and X® = I, for all § # 0. The result of X (i)*wﬁ(i) will leave ﬁ(i) unaffected for 1 <¢ < f—1
and give

ﬁ“”:(_ (s2%) "o 0 )

1 i a"up

Hence, we may semi-simplify to disregard the lower left entries of each matrix. Our last
operation will be to scale by u via X(f~1) = Diag(1,u) so that up restriction to inertia, our
reduction data will be given by p = (u;) with

po = (I, (ko — p,0)).
_ (I,(kz,(])) iflsi<f_1andi¢y
@, (0,k) f1<i<f-landied
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TNk 4 1) i f-1e.

Note that this case will necessarily result in a reducible reduction by Proposition 9.1.6.

Subcase: 07 and f—1¢Yor0c€Sand f—1€)

Recall that we have reduced partial Frobenius given by

o ko—(o) 0
a = ) )

déo)al uP 1

k,_(z) 0
_(i) ifieV - andi—-1€)

a(l) k
——mut 0 e - )
a, _ ifieV andi—1¢Y

ifi¢gV- andi¢ ).

1 0
T ifi¢ V= andi€y
(o )

Let us scale by u via X~V = Diag(u,1) € GLa(kr((u) and X = I, for i # f — 1 so
that X @ x,, A Jeaves A" unaffected for 1 <i< f-—1and

. kg—p—(o)
5 _ 0
(0) 1
kf 1+1 (f 1) 0
. iff-1eV-and f—2€)
—(f
kf 1+1 0
S P g HI-1eVTadf-2¢y
ﬁ(f—l) ay
( kflaf1>> iff-1¢V-and f—1€)
ky_14+1-(f—1)
( 0“1 2) if f—1¢V=and f—1¢ Y.

Hence, up to semi-simplification and restriction to inertia, we will have reduction data given
by

Ho = (I, (kO —p,O))

99



CHAPTER 9. COMPUTING EXPLICIT REDUCTIONS

s

Hf—1 {

Note that this case will necessarily result in a reducible reduction by Proposition 9.1.6.

I,(k;,0)) ifl<i<f—landi¢)
I,(0,k;)) ifl<i<f—-landie€)y

(
(
(
(I,1,kpy)) i f-1le.

9.3 Reductions for the Small Valuation Case

Let M(.A) be a Kisin module over Sr with labeled heights in the range
p+2<ky<2p—14 2<k;<p—3forall 1<i<f-1

and 0 < Vp(ag))) < 1 as in Section 8.2. We recall that we encountered a dichotomy in
behavior with respect to the even or oddness of the number of Type I matrices present.

Indeed, we will need to take these two cases separately.

9.3.1 Reduction Data for |S| Even

Under the assumption that l/p(ag)) >1- z/p(ag))) for all 4 € W, the results of Proposition

8.2.4 combined with Theorem 7.2.3 allow use to identify a descent of M(A) to & denoted

M (A). The reduction of which 9(2) necessarily has partial Frobenius matrices given by

w0 (0, )

ago) u? 1

(0) (@)

1 (ay a2_/p) ifl<i<f—landieW
, 0 ki (%)

ﬁ(z) _ uaq

ki (%)
(“5‘1 (1)) if1<i<f—landig¢W

since p/ ag)) € wlr and applying Lemma 9.2.1. As before, let us redefine a subset V C W
by
V={ieW: z/p(ag)) =1- z/p(ago))}.

That is, the set of ¢ € VW such that the upper right hand entry of ﬁ(i) is nonzero. Just as
before, we have two subcases depending on whether or not the set V is empty.
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Subcase: V Empty

In the case that the set V is empty then our only obstruction to displaying the reduction
data is ﬁ(o). Since kg — p > 2 then we may evoke Lemma 9.1.4 with

x© _ <(1) (a1/a1)1(0)“k°_p) € GLy(kr[u])

and X = I, for all i # 0. The result of X (i)*g,ﬁ(i) will leave ﬁ(i) unaffected for 1 <¢ < f—1

and give
—(0) a§°>uko 0
9/[ == _(0) .
o uP 1

We will now scale by u via X(/~Y = Diag(u,1) and X® = I, for i # f — 1 so that the
result of X® *o ﬁ(z) will leave ﬁ(z) unaffected for 0 < i < f — 1 and give

5O _ aDukor 0
a® 1

(“ 0 _) if f—1ew

0 wkrg™

_1+15(f~1)
(ukf 1+1g;
\

0) .
0 1> iff—1¢W.

Since ag") € k% by Lemma 9.2.1, then up to semi-simplification, the lower right hand entry
of ﬁ(o) may be disregarded to get reduction data given by u = (u;) with

po = (I, (ko — p,0))
(I,(0,k;)) if0<i<f—landieW
= {(I,(kZ,O)) if0<i<f—landig¢ W
(I,(1,kf-1)) iff-1ew
Hi 1_{(1,(kf V41,00 ff-1gW.

Note that this case will necessarily result in a reducible reduction by Proposition 9.1.6.
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Subcase: V Nonempty

Let us return ourselves to the original setting with the assumption that the set V is

nonempty,
50 0 —(ay/ay)@yko—p
AT =1_0
oy uP 1
( ~(4)
1
(0 ﬁﬁﬂ if1<i<f—landi€V
u”iag
5@ 1 0 ] _ . .
A= (0 u’“lﬁ@) ifl<i<f—-landi¢VbutieW
ki~ (%)
wras 0 ifl<i<f—landig¢W
Lo 1
where we write dgi) = (ago)agi) /p). Let r denote the minimal element in V. Since k, > 2

and dgr) € k% then we may evoke Lemma 9.1.4 with

X0 = (_( 1 0) € GLy(kr[u])

al/&g)(’“)u’“ 1

and X(®) = I, for i # r. The result will leave all ﬁ(i) the same except for ¢ = r where we

g _( 1 ay) .
—(al/dz)(’")ukr 0

Now let us swap rows and columns by X® = (9}) for all 0 < i < r and X() = I for all
r < j < f —1. The result will be

ﬁ(o) _ ago)up 1
0 —(a1/0q)Oyko—p

k=)
(“Jal 0) if0<j<randjew
50 _ 0 1

have

1 0
(0 ukja(j)> if0<j<randj¢WwW
1

ﬁ(?‘) _ &gr) 1
0 —(al/&Q)(’")ukT
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( 5@

1

(0 '_(Z)) ifr<i<f-landieV
uk

(i 1 0
u'L

kla() 0
( 01 1) ifr<i<f—1landi¢gW.

Since a( ) ¢ k%, for all i € V then up to semi-simplification we may disregard all upper right
entries. Our last operation is to scale by u via X(Ff~1) = Diag(u, 1) so we get reduction data

given by pu = (u;) with

,(1,kf_1)) if f-1ew
I,(kf14+1,0)) if f—1¢W.

po = (1, (0, ko — p))
(I,(k;,0)) if0<j<randjeW
= {(I(Ok)) if0<j<randjg¢w
(I,(0,k;)) ifr<i<f—landieW
me {( I,(k;,0) ifr<i<f—landi¢W
(I
(

Hf— 1—{

Note that this case will necessarily result in a reducible reduction by Proposition 9.1.6.

9.3.2 Reduction Data for |S| Odd

Under the assumption that z/p(ag)) > 1 for all # € W, the results of Proposition 8.2.6
combined with Theorem 7.2.3 allow use to identify a descent of M(A) to & denoted
M(A). The reduction of which () necessarily has partial Frobenius matrices given by

—(0) 0 —(al/al)(o)ukO—P
Ar=1_o _(0)
—a; ‘uP )

0 ula(

@
(1 (az /p)) fl<i<f—-landieW
&

wkia® 0
(01 1) ifl1<i<f—landi¢gW

since p/ ago) € wOr and applying Lemma 9.2.1.
We follow very similar ideas as in Section 9.3.1 with the only exception being the possi-
bility that v,(as ©)) > 0 so that 2 is anti-diagonal. For this reason, we will leave out the

103



CHAPTER 9. COMPUTING EXPLICIT REDUCTIONS

details in the completely similar cases. As before, let us redefine a subset ¥V C W by
V={ieW: Vp(agi)) =1}

Subcase: V Empty and v,(a (O)) >0

Here we have each reduced partial Frobenius matrix is either diagonal or anti-diagonal so
we can write down the reduction data right away after scaling by v via X/~ = Diag(u,1)
so that

,(0,k;)) if0<i<f—landieW
,(ki,0)) if0<i<f—landi¢W
(1, kp-1)) iff-1ew
(kp_1+1,0) if f—1¢ W.

Note that Proposition 9.1.6 will necessarily provide an irreducible reduction from this data.

Subcase: V Empty and Vp(ago)) =0
This case proceeds precisely as in the V empty case of Section 9.3.1 after making the

necessary coefficient adjustments to account for changing 1 into ago) and (ago)ag) /p) into

(ag) /p). Up to restriction to inertia, these coefficients do not change the reduction so we

may copy the reduction data exactly as it is displayed in that case.

(ko —p,0))

I,(0,k )) if0<i<f—landieW
I,(k;,0)) if0<i<f—1landi¢gW
I,(1,ks_1)) iff-1ew
I,(kp1+1,0)) if f—1¢W.

po = (I,

i = (
(3
(
) (
f-1=
(
Note that Proposition 9.1.6 will necessarily provide a reducible reduction from this data.

Subcase: V Nonempty

Just as before, this case is completely similar to the V nonempty case of Section 9.3.1 after
making the necessary adjustments to various coefficients. Hence, up to restriction to inertia

we have our reduction data given by

po = (I, (0, ko — p))
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(I,(k;,0)) if0<j<randjeW
(I,(0,k;)) if0<j<randjg¢Ww
(I,(0,k;)) ifr<i<f—landieW
(I, (k;,0)) ifr<i<f—landig¢W
(I,
(I

o
-t
o

where r € W is the largest integer with Vp(ag)) = 1. Note that Proposition 9.1.6 will

(1,ks_1)) iff—1ew
J(kf_1+1,0)) if f—1¢W.

necessarily provide a reducible reduction from this data.

9.4 Explicit Reductions for the Complete f = 2 Case

Type | Conditions on valuations Reduced Frobenius (2, B)
0 ﬁl’u,ko 0 I_)lukl
1 (M)alup)’ 1 b >

0 —(M)uk"‘p) (1 (azb—z/P)>
P 1 N0 Bl

0 —(a1/ay)uko—P —biuFt 0
—onuP 0 )( 0 1)

(1) | vplaz) 2 1 (ﬂUi 0), (0 b

(LI) | vplag) >1

(LI) | vp(az) <1 and vp(b) > 1 — vp(az)

(LI) | vp(az) <1 and vp(ba) <1 —vp(az)

(ag/p)agu? 1 1 0
0 —(al/al)ukO_p> 1 (W))

0 Elukl

—(a1/aq)uko—P —bukr 0
auP 0 ’ 0 1

= ko 7 k'l
(LID) | vp(az) > 1 0 _@w® ) (b 0
1 (ag2/p)aiu? 0 1

(LID) | vp(a2) <1 < _0 —(al/a1)uk0—p> 7 <l_)1uk1 0)

(ILI) | vp(az) <1 and pp(bg) >1

I
o9l
R
S
o

(ILI) | vp(az) <1 and pp(be) <1

—oquP 0 0 1

Figure 9.1: Frobenius in f = 2 over kr[u] depending on Type and valuations.

As opposed to the general f > 2 case, the simplicity of the f = 2 case allows us to explicitly
compute reductions in all cases as well as describe the unramified characters resulting from
the kp-elements in the determinant.

Using the notation from Section 8.3, we congregate all the results of Theorem 7.2.3 and
Propositions 8.1.2, 8.2.4, 8.2.6, 8.3.3, and 8.3.5 above in terms of the three irreducible Type
combinations (I,I), (I, II) and (II,I). Let us recall that when we are of Type (I,I), the
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product asbs € wlr and in the other two Type combinations, we have both as, b € wOF.
Let A := A (mod @) and B := B (mod w). Let us make the observation that all cases
where v,(b2) and vp(az) are less than one have the same shape.

For the rest of this section, let us denote x(c) to be the unramified character sending
Frobenius to ¢ € F,.

9.4.1 Explicit Reductions for Type (I,I)

We begin by making the simplifying observation that the five cases in the Type (I,I) can
be simplified to three cases depending on v,(a2b2) when computing reductions. Indeed, we

will suppose each subcase below and show that the cases are equivalent.

Subcase: vp(agbz) > 1

The bound vp,(azbe) > 1 is satisfied three times in Figure 9.1.

(a) vp(az) > 1 and vp(bg) > 0:

A= 0 aluko B — 0 El_ukl :
1 0 1 b

(b) vp(a2) =1 and vp(b) > O:

ﬁ: 0 Eluko %: 0 l_)lukl ,
1 (a2/p)aiu? 1 0

(c) vp(az2) <1 and vp(bo) > 1 — vp(as):

o _ ko—p —
= 0 (a1/a1)u sB() _ 1 ) 0 .
auP 1 0 byukr

In (a) we follow the the methods of Section 9.2.2, in (b) we follow Section 9.2.5 and for (c)
we utilize Section 9.3.1. The result will be the pair of reduced matrices in each case given
by

(a) vp(az) > and v,(b2) > 0:

ﬁ: 1 0 %: BIUkl 0 M
0 auko—P 0 ul’

(b) vp(a2) =1 and vp(b) > O:

A= aluko—p 0 B = U _0 :
0 1 0 buk
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(c) vp(az2) <1 and vp(b2) > 1 — vp(az):

A= aluko—p 0 B = U _0 :
0 1 0 buk

It is then easy to see that all three cases above will result in a product

ﬁ(p(%) _ <61uk° 0 ) .

0 l_)lup k1

Hence, we can use Proposition 9.1.3 to compute the reduction
V(4,B)le.. = X(@)ws* & x(br)us™.

Subcase: vp(azbs) =1
The bound vp(azbe) = 1 is satisfied twice in Figure 9.1.

(a) vp(az) =1 and vp(bg) =0:

2= (0 ot ) T - (0 ’_’1_“'“);
1 (az/p)alup 1 bz
(b) vp(a2) <1 and vp(be) =1 — vp(as):
ﬁz(o _@ﬁmﬁw> ng @E@)
o uP 1 0 blukl

In (a) we follow Section 9.2.5 and for (b) we follow Section 9.3.1. The result will be
(a) vp(az) =1 and vp(bg) =0:

__a  ,ko—p T\ k
A= | Gwm 0 o (—(bl/bz)u Lo ) |
0 (a2/p)a1 0 bou

(b) vp(a2) <1 and vp(b2) =1 — vp(as):

_ o 0 _ asba/p)u 0
() (P2
a1/ o1)u (azbg/p)

Hence, in both cases we will have a product

o agboa1\,,p 0
qp@ = (7 |
0 (-2a01p )y, (ko—p)+ph

azbzay
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We may now use Proposition 9.1.3 to get a reducible reduction
V(A B)lg.. = xau @ x1x; w0 PP
where x1 = x(a1b1) and x2 = x(az2be0/p).

Subcase: vp(agb2) < 1

Under the bounds vp(a2b2) < 1 we have reduced partial Frobenius from Figure 9.1 after
scaling by u via X(/~1) = Diag(u, 1),

o 0 —(ai/oy)ukoP B - —bukrtl 0
—a 0 0 1)
Thankfully we can take the product immediately so that
- 0 —(a1/aq)uko—P
Ap(B) = —— .
()0( ) ((blal)up(k1+l) 0

For the purposes of identifying the unramified character, consider the following base change
over Fp given by

1 0 0 —(al/al)uko_p 1 0 uko—P
2 — (Cagby)l/?
(0 —(_“—1bl)1/2) ” ((H)m»(ml) 0 =Cab) T pw g )

b1a1

This allows us to invoke Proposition 9.1.3 to compute the irreducible reduction
=Ry _ Go L,
V(4,B)lg.. = X((_albl)l/Q)IndGQpi (wffo p)+p (k1+1)>.
p

9.4.2 Explicit Reductions for Type (II,I)

Let us begin with the case of v,(a2) > 1 so that we have reduced partial Frobenius from

Figure 9.1 given by

A= aluko 0 B — 0 El’u,kl .
0 1 1 0

Proceeding as in Section 9.2.2, we obtain

A= aluko_f’ 0 B — 0 I_Jl’ukﬁ_l
B 0 1 1 0 '
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The product will then be given by

o 0 Eu(ko—p)ﬂﬂkﬁl)
Ap(B) = (1 (a1b1) 0 .

Scaling by (a1b;)/? will make

Ap(B) = (arb)'? (0 u(k"‘p)*’”"“l*l’)
= a101 .

1 0

Hence, we may apply Proposition 9.1.3 to get an irreducible reduction

V(4,B)lc.. = x((@b)/)Indg (w704 = x((@ib)) /) Indg,” (7).
P P

4

Next, we have vp(a2) = 1 so that we get reduced partial Frobenius from Figure 9.1 given

by
A= aluko 0 ® = 0 Blukl .
(az/p)aru? 1 1 0
We proceed as in Section 9.2.5 to get
i R GO Y (Y )
0 (az/p)al 0 b1’LLk1+1

We can then easily see the product

A () — (‘(%)“kw 0 ) |

0 (bm;al )up(k1+1)

We can now use Proposition 9.1.3 to get a reducible reduction

ey — — k
V(A4, B)la.. = x1x; ‘WP & xaxswlF Y

where x1 = x(@1), x2 = x(b1) and x3 = x(azc1/p).

Now we consider the case of vp(az) < 1 but v,(b2) > 1 so that by Figure 9.1 we have

partial reduced Frobenius given by

A= 0 —(a1/az)uko—P T 1 _O .
—oquP 0 0 blukl
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Following 9.3.2, we have

oA 0 —(a1/ay)ukoP T (v _0 .
—0q 0 0 blukl

We may immediately compute the product

O _(albl/al)u(ko_p)+pkl>

)= (—(aoup 0

Scaling by (—(a1b1)Y/?/a1) € F, will give

. 0 u(ko_p)+pkl
Ap(B) = (arbr)"/? :
uP 0

Hence we may use Proposition 9.1.3 to get an irreducible reduction
_ —7\1/2 G@pz (ko—p)-+pk1+p?
V(4 B)lo.. = x((arb1)/*)Indg " (w} ).
p

The penultimate case is when vp,(a2) < 1 but v,(b2) = 1 so that we have reduced partial

Frobenius given by Figure 9.1

5 ( 0 —(M)uko_p) o (1 (?/P))

—ayuP 0 0 51 ukl

Proceeding as in Section 9.3.2 will result in

= [0 0 o (%)u _0
Q[_(O —(M)u’“o—p> %_( 0 —(bl—zp)u’fl)'

Hence, we have a product

—(b2e1yyp
%(@)z((p) 0 )

a1bipy, (ko—p)+pk
0 (W)u( 0—p)+pk1

We may now invoke Proposition 9.1.3 to get a reducible reduction
77 A DY — ko— k
V(4,B)|c.. = xawh & x1x; 'wio VM

where x1 = (—a1b1) and x2 = x(—b2a1/p). Notice that up to restriction to inertia, this is
exactly the same reduction that we got in the Type (I,I) case with vp(agb2) = 1.
Our final case is when both v, (b2), vp(a2) < 1. Thankfully, we have already noticed that

the reduced partial Frobenius from Figure 9.1 is exactly the same, up to a scaling operation,
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to the case of Type (I,I) with v,(a2b2) < 1. As a result, we have an irreducible reduction

P G
V(4,B)la.. = x((@1b1)/2)Ind ** (wfo P 0D
p

9.4.3 Explicit Reductions for Type (I,1I)

For our final Type combination, we recall the shape of the reduced partial Frobenius from
Figure 9.1 depend only on v,(a2) as W = 0 in this case. Hence, we begin as before with

the case of vp(az) > 1 so that we have partial reduced Frobenius given by

ﬁ: 0 aluko %: Eluk1 0
1 0 0o 1/

Proceeding as in 9.2.2, we will get

A= 0 ayukoP B — biuft 0 .
1 0 0 U

Hence, we may take the product to be

_ 0 a1 uFo—p)+p
mﬂm:<@mm M)O )

Scaling the anti-diagonal of the above product by ((a1b1)'/2/b;) € F,, will make

ko—
A () = (M)I/Q( 0w ”’“’).

uPk1 0

We may now use Proposition 9.1.3 to get an irreducible reduction

- G G
V(4,B)lo.. = x(@b))Indg 7 (W P 7H7) = x((@ib))Indg 7 (wfr ™).
D

Qp4

We now consider the case of v,(a2) = 1 so that by Figure 9.1 we have reduced partial

Frobenius given by

q— 0 iuko B biuFt 0 .
1 (az/p)oru? 0o 1
Proceeding as in Section 9.2.5, we will receive
A= (—(%)“’“"p 0 ) B = (’_’1“'“ 0) .
0 (a2/p)a: 0 wu
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We may now take the product

o _(91bipy,, (ko—p)+pk1
mso<%)=< e m )
(T)u

Hence, we may invoke Proposition 9.1 to get a reducible reduction
V(4, B)lc.. = x2uh & x1x5 w7 PR

We may notice that the this reduction has already happened twice; The first time in Type
(I,I) with vp(agb2) = 1 and the second in Type (II, I) with vp(a2) < 1 and vp(b2) = 1.

Our final case is when vp(a2) < 1. Thankfully, we have already noticed that the reduced
partial Frobenius from Figure 9.1 is exactly the same, up to a scaling operation, to the case
of Type (I,I) with v,(a2b2) < 1 and Type (IL,I) with vp(a2),vp(b2) < 1. As a result, we

have an irreducible reduction

STy S G
V(A,B)lg, = x((t11b1)1/2)1ndG§1"21 (wiko—p)+p2(k1+1)) '

P

9.5 Summary of Reductions

Above we have found, up to an unramified twist or restriction to inertia, the reduction data
in the sense of Definition 9.1.5 for Kisin modules 9(2) over kr[u] with labeled heights in
therange p+2 < ky<2p—4and 2 < k; <p—3forl <i< f—1. By the discussion
found in Section 9.1, this data suffices to compute the reduction of the associated crystalline
representations V(A). Moreover, such representations cover all possible irreducible, two-
dimensional crystalline representations of G with labeled Hodge-Tate weights in the same
(4)
o«

range and under certain bounds on the p-adic valuations of a As a result, we have

computed all such reductions and we summarize our results below in terms of the p-adic

(@)

valuations of the a,’ parameters originating from the matrices A = (A(i)) and the Type

combination of said matrices.

Large Valuation Vp(ago)) > 1:

Recall that S denotes the set of ¢ € Z/fZ corresponding to Type I Frobenius and 7 is the
set of ¢ € Z/ f7Z corresponding to Type II Frobenius.

. Vp(ag)) >0foralies:

_J(5,(0,k —p)) fO0ES
o (I,(ko—p,0)) if0eT
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(S,(0,k;)) if0<i<f—1landieS
ui:{([,(ki,o)) if0<i<f—landieT
(S,(1,kf-1)) iff-1eSand0eS
(S,(0,kf_1+1)) iff-1€Sand0eT
(I, (kg-1,1)) iff-1€eTand0€S
(I,(kf—1+1,0)) if f—1€Tand0eT.

Note that this case is reducible if and only if |S| is even and it is irreducible otherwise
. I/p(a2)) = 0 for some i € S:

Recall that the subset X C Z/fZ is as defined in Definition 9.2.3.

.

{Immm» f0<i<f—landieX
pi =

(I,(0,kg—p)) f0eX

(

(

(I, (ki,0)) if0<i<f—landi¢ X
(

(

(

(

I, (ko —p,0)) if0¢X

I,(0,ks_1+1)) if0,f-1eX
I,(1,kf1)) if f-1eXand0¢ X
I,(kf_1,1)) if f-leXand0eX
I,(kf104+1,0)) if0,f—1¢ X.

Note that this case is necessarily reducible.

Integer Valuation I/p(aé N =1:

Recall that the subset ) C Z/fZ is defined as in Definition 9.2.6. We encourage the reader
to notice the intersections of reductions between multiple Type combinations.

e 0eSand f—1¢YORO0eTand f—1€):

Ho = (I’ (kO _paO))‘

-
=

Note that this case is necessarily reducible.
e 0€Tand f-1¢YORO0OE€Sand f—1€)}:

(I,(Kk;,0)) fl<i<f—landig¢y
(I,(0,k;)) if1<i<f—1landi€)y
(I, (kf-1,1)) ff-1¢Y
(I, (0,kj_1+1)) iff—1e.

)

po = (I, (ko — p,0))
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,(k;,0)) ifl<i<f—landi¢}y
0,k;))) ifl<i<f—landie)y
kf-1+1,0) iff-1¢Y
,(1,kf—1)) iff-1e).

Note that this case is necessarily reducible.

Small Valuation yp(ag )) <1:

Recall that the subset W C Z/fZ is defined in Definition 8.2.1. We encourage the reader
to notice the intersections of reductions between multiple Type combinations.

e |S| even and z/p(ag)) >1-— up(ago)) for all i € W OR |S| odd and and up(ag)) > 1 for
all ¢ € W with Vp(ago)) =

po = (I, (ko — p,0))
(I,(0,k;)) if0<i<f—landieW
:{(I (k:,0) £0<i<f—landig¢W
(I, (1,kf_1)) if f-1ew
uf_l:{([(kf1+10)) if f—1¢W.

Note that this case is necessarily reducible.

e |S| even and r € W is the largest integer with Vp(ag)) =1-— Vp(ago)) OR |S| odd and

r € W is the largest integer with Vp(ag)) =1

po = (1, (0, ko — p))

(I,(k;,0)) if0<j<randjeW
”jz{(z(()k)) if0<j<randjgw
(I,(0,k;)) ifr<i<f—landieW
”’:{(I(kz,())) ifr<i<f—landig¢Ww
(I, (Lk_1)  iff—lew
“f_lz{(z,(kf_lﬂ,o)) itf—1¢wW.

Note that this case is necessarily reducible.
e |S| odd and Vp(ag)) > 1 for all ¢ € W with Vp(ago)) # 0:

Ho = (S7 (O’ kO _p))
B (I1,(0,k;)) if0<i<f—landieW
|, (k:,0) fO<i<f—landig¢W
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g = {(I’ (17kf—1))
T ke +1,0))

iff—-1ew
iff—1¢Ww.

Note that this case is necessarily irreducible.

Reductions for f =2:

Type | Conditions on valuations | Reduction V (4, B)|a., Unramified Characters

X1 = x(a1
(LI) | vp(agb) >1 X1WhO @ XawhF! (_ :

X2 = x(b1)

_ _ x1 = x(a1b1)

LI) | vplaghy) =1 x1x5 Wi TPIPR g 0P

X2 = X(azb201/p)
(L) | vp(aghe) < 1 xInd (wgko—mpz(kl“)) x = x((—a1b1)'/2)
(ILI) | vp(az) > 1 xInd (wf°+pk1) x = x((a1b1)/?)

x1 = x(a1)
(ILT) | vplaz) =1 X1x3 w52 P @ xaxawh Y | xo = x(B1)

x3 = x(az2a1/p)
(ILT) | vp(az) <1 and vp(be) > 1 | xInd (wiko_p)ﬂ(kﬁp)) x = x((a161)/?)

= x(—aqd

(ILI) | vp(az) <1 and vp(be) =1 Xlxglwéko_p)ﬂ’kl ® xowh X1 =x(~aih)

x2 = X(—b2a1/p)
(ILI) | vp(az) < 1and wp(by) <1 | xInd (wfo P+ 1+D) x = x((@1b1)"/2)
(LII) | vp(ag) > 1 xInd (wf°+p2kl) X = X((a1b1)1/2)

_ x1 = x(—ai1b

(LID) | vp(az) =1 Xlxz_lwéko P)+pkL g Xowh ( )

x2 = x(a2a1/p)
(LID | vp(az) < 1 yInd (wiko—p)+p2(k1+1)) x = x((a161)/?)

Figure 9.2: Reductions in f = 2 depending on Type and p-adic valuations of as and bs.

When f = 2, we are able to explicitly compute the reductions along with the associated

unramified characters. As before, the shape of these reductions turn out to depend on

both the p-adic valuations of the parameters as and by along with the three distinct Type

combinations. The table above summarizes these computations. Recall that x(c) denotes

the unramified character sending Frobenius to ¢ € F,,. All inductions are to be taken from

GQP4 to GQP2'

Let us explicitly point out the intersections of reductions up to unramified characters.
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(ko—p)+pk1
2

e The reducible reduction w ® wéj occurs three times:

— Type (I,I) with v,(ag2bs) = 1 which if we recall from Section 9.4 happened when
vp(az) =1 and vp(b2) =0 or vp(az) < 1 and vp(bo) = 1 — vp(az);

— Type (II,I) with v,(a2) < 1 and v,(b2) = 1;

— Type (L, II) with v,(a2) = 1.

iko —p)+p?(k1+1)

e The irreducible reduction Indw occurs three times:

— Type (I, 1) with vp(a2b2) < 1;
— Type (II,I) with v,(a2) < 1 and v,(b2) < 1;
— Type (L II) with v,(a2) < 1.

Remark 9.5.1: By the classification of two dimensional, irreducible representations of
GLa(F)2), see [HumO5], any V' (A, B) with Hodge-Tate weights 2 < ko < p and p < k1 < 2p
necessarily lies in

Sym*0 ™ (F7,) @5, ¢(Sym®™ ~H(F,))-

This space decomposes by the Steinberg tensor product theorem into eight irreducible com-
ponents, one of which corresponds to when V(A, B) is reducible. As a result, we should
expect to get seven distinct reductions when f = 2 and a brief look at Figure 9.2 will

confirm that we indeed get the required number of reductions.
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Appendix A

Allowing More Large Weights

Beginning in Chapter 8, we restricted ourselves to only allow the kg labeled Hodge-Tate
weight to exceed p, forcing all other weights to remain small. The purpose of this Appendix
is to display the fact that some of the theory carries through if we allow more weights
to exceed p as long as the p-adic valuations of the agi) parameters are sufficiently large.
Unsurprisingly, this case is more complicated and borderline unfeasible without heavy as-
sumptions.

We follow the strategies laid out in Sections 8.1 and 9.2 heavily. As a result of these

repeated arguments, we leave out many expository details.

A.1 Preparatory Computations

Recall that we have a finite height Kisin module M(A) over S with i-th partial Frobenius
given by

o Typel:
ks (%)
.A(i) = 0 E C(% 5
1 a;z) )\Z ()
o TypeIl:
i o ()
I O
ag) )\g @ 1

Let us partition the set Z/fZ into two disjoint subsets defined by

L={icZ/fL:2<k <p-—3} B={icZ/fZ:p+2<k <2p—4}.
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We will assume that every ¢ € Z/fZ lies in one of these two subsets. Let us set

(1) jp—k;
(@) ST e

20 —

Set Xl(i) = (z(lz) (1)) € GLa(Sr[1/p]) for all ¢ € Z/fZ and observe that by setting (X1) %,
(A) = (A1) we will obtain

( ki () (i+1) ki ()
< EFa;’p(x ) E¥ia; ) ifielLandie S

1+ (aza0) Dp(zV))  (az00)®

ki (9
Eal : 0 ifielLandieT
o | \@a)® + o) 1
Alz = (i) ) )
k; (i (i+1) ki (%)
a’e@ .b}p . Bhay g | ifi€eBandieS
1+ ((azao)(’) + (azal)(’)?)cp(a:(“q)) (a2a0)® + (agal)(’)7

Eta}” 0
' ' ' ifiecBandieT.
((azao)h) + ((12(11)(1)% + <,0(I(Z+1)) 1 I 2 nd ¢

By Lemma 8.1.1, each ¢(z(¥)) € I so as long as Vp(ag)) > 1 for all ¢ € B then the Descent
Assumptions 7.2.2 will be satisfied. Hence, we have

Proposition A.1.1: Suppose M(.A) is a rank-two Kisin module over Sp with labeled heights
2<k;<p—-3forieLandp+2<k; <2p—4 foriecbhB. Ifup(agz)) >1 foralli € B,
then the Frobenius matriz (A) satisfies the Descent Assumptions 7.2.2 with

( k; (%)
((1) (E a;(i)) ifieLandi€S
as0
ki , (%)
((E a;(i) (1)) ificLandieT
as0
ngi) ={ (o Ek'ia(i)
1 (a200)® + ( ) oy | TicBandics
By 0
)4 (22 o0 ficBandieT.
(agag)® + (%) ag)Ep 1 if i and i

Remark A.1.2: The preparatory computations for when z/p(ag)) < 1 for i € B would be
substantially more complicated then those found in Section 8.2. In particular, it would

require careful analysis of the ¢ — 1 matrix for every ¢ € B. Moreover, it is not clear how one
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would deal with the |S| even case as our current methods in 8.2.3 would require a scaling
by p/ag) for every i € B.

A.2 Reductions in f =2

Let M(.A) be a Kisin module over Sy with labeled heights in the range 2 < k; < p — 3 for
1€ Land p+2 < k; <2p—4for i € B. Supposing that Vp(ag)) > 1 for all ¢ € B, then the
results of Proposition A.1.1 combined with Theorem 7.2.3 allow use to identify a descent

of M(A) to Sr denoted M(A). The reduction of which M (A) necessarily has i-th partial
Frobenius matrices given by

( ki (%)
(O “(‘f;) ific LandieS
1 @,
k(%)
wer ificLandieT
0 1
) ,
A = 0 ’U,kiagz) | |
1 (ag)/p) aﬁi)up ifieBandieS
ukiagi) 0
' ; ifieBandieT.
()i 1] HesmaieT
\

Recalling our methods from Section 9.2, it quickly becomes apparent that computing the
reduction data in the sense of Definition 9.1.5 will devolve into a deluge of subcases depend-
ing on the integrality of the p-adic valuation of each agi) parameter. To lighten this load,
let us restrict ourselves to the case of f = 2. Note that by Remark 8.0.1, we need only
concern ourselves with the cases when Z/fZ = B. We will treat the Type (I,I) case in full
and leave out the details for the rest as the methods required are completely similar.

We have reduced partial Frobenius Type (I,I) matrices given by

5 0 ukog, 5 0 uF1by
1 (?/p)&wp 1 (M)Blup )

‘We have four subcases:

o Both vp(a2),vp(b2) > 1: We need only scale by u via X = Y = Diag(1,u) so that
(X,Y) %, (2, B) gives

A= (0 al’uko_p> w = (0 Elukl_p) .
U 0 U 0
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Hence, Proposition 9.1.3 produces a reducible reduction
V4, B)lo.. = x(@)wy* ™" & x(br)w, "™ 7.

e yp(az) = 1 and yy(bg) > 1: Swapping the rows of 2 following by scaling by u via
X = I, and Y = Diag(1,u) allows us to semi-simplify to make both matrices diagonal.

Then we need only apply X = Diag(u,1) and Y = I to get

a= (v O g (B0
0 aGyukoP 0 ul’

Proposition 9.1.3 then gives a reducible reduction
V(4 B)leo = x(@)u " @ x(Br)uwy ™.

e vp(az) > 1 and vp(b2) = 1: The methods are the same as the case after replacing X

with Y and vice versa. Hence we get a reduction

V(4, B)l6.. = x(@)wi PP @ x(br)wy PH P

o Both v,(az2),vp(ba) = 1: We need only apply Lemma 9.1.4 top kill the u*i term in

each matrix. This allows us to semi-simplify to achieve

— a1 g ko-p _ b ki-p 0
A = (a2/p)oa B = (b2/p)B1 _ .
0 (az/p) a1uP 0 (bz/p) BiuP

Scaling by u via X = Y = Diag(1,u) allows the use of Proposition 9.1.3 to get a

reducible reduction
V(4, B)|c.. = x(@by)x (@b B, /p*) " 'wi™ PO @ x @by B, /p)wh .

We summarize the rest of the reductions using similar methods above in the following

table. All inductions are taken to be from Gg , to Gg,.
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Type | Conditions Reduction V (A4, B)|g., Characters
_ X1 = Xl
(L1) | vy(agbs) > 2 Y10 @ Yowh TPHF1P) (_ )
x2 = x(b1)
= y(a1d
(LI) | vpaghs) =2 Xlxglwéko_p)ﬂ(kl_p) &) x2w§+1 xi = x(aiby)
x2 = Xx(az2b20181/p?)
(L) | vp(az), vp(b2) > 1 R x = x((@b)?)
= y(—a1b
LY | vpaz) > 1 & vpba) = 1 | xuog wlo P Helirt gy | X x(—a1b1)
x2 = x(b251/p)
x1 = x(—a1)
(ILT) | vplaz) =1 & vp(be) > 1 Xlxglwgo_p @ nggw;ﬂ)(kl_pﬂ) X2 = X(I_)l)
x3 = x(az2a1/p)
(L,11) | vp(az), vplba) > 1 xlnd (wf omP o) x = x((@b)?)
x1 = x(@1)
(LID) | vplag) > 1 & vp(be) =1 X1X3w§0+1 &) X2X3_1wg(k1_p) X2 = X(—El)
x3 = Xx(b251/p)
= x(—a1b
LID | vy(az) =1 & vy(bo) > 1 Xlx_lw(ko_p+1)+p(kl_p) ® yowh xa = x(—aby)
p P 9 Wo 2
X2 = X(azal/P)
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