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Abstract 

Verification activities are intended to reduce the costs of system development by identifying 

design errors before deploying the system. However, subcontractors in multi-firm projects are 

motivated to implement locally cost-effective verification strategies over verification strategies 

that benefit the main contractor. Incentivizing verification activities is one mechanism by 

which the contractor can motivate subcontractors to implement verification strategies 

desirable to the contractor. In this paper, we present a belief-based modeling concept for 

determining optimal verification strategies for general development plans. The results show 

that the optimal incentives are a function of the subordinate firm’s beliefs and the influence 

exerted by the subordinate firm on the supervising firm with respect to verification activities. 
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1. Introduction  

Verification activities, such as design analyses, inspections and tests, help reduce development 

costs by identifying errors early in the development cycle. They seek confirmation that a 



system’s behavior and attributes match those expected during its design and fabrication 1a. 

Verification activities are executed at several design integration levels and at different points 

throughout the system life cycle 2. Implementing optimal project-wide verification strategies 

is thus key to maximizing the main contractor’s rewards. 

However, most firms do not follow such a comprehensive and structured approach to 

verification 3. Consequently, verification activities consume a larger than necessary amount of 

resources during the system design process 4. This problem is exacerbated when multiple firms 

are involved in the system design process, since planning and executing verification activities 

become increasingly complex 5.  

We assume that in multi-firm projects in a market economy, each firm is motivated by their 

individual interests. While the contractor seeks to improve the confidence in the correctness 

of the system design as a whole, each subcontracted firm’s strategy is motivated by the 

maximization of their individual rewards, which may not align with that of the contractor 6. 

To address this problem, the systems engineering research community has studied how 

incentives can overcome conflicting interests in multi-firm projects 7-11. Prior work, however, 

has mainly focused on design activities, and not on verification. 

In this research article, we extend our past work on foundational modeling approaches for 

using incentives to align verification activities in multi-firm systems engineering projects 12,13. 

Whereas in past work we restricted the models to a single verification phase, in this paper we 

extend the models to general system development plans that can have multiple verification 

phases. We start with a single-firm model and extend it to any kind of organizational structure. 

For each model, we present exact algorithms that can be used by a practitioner to determine 

optimal incentives and verification strategies and illustrate the models with numerical 

examples.  

The remainder of this paper is organized as follows. Section 2 summarizes background 

material relevant to the work presented in this paper. The development of the model is 

 
a For example, a verification activity may be intended to confirm that an as-built property of a system matches the 
prediction established during design or meets a requirement. 



structured in four sections. Section 3 presents a model for a single firm. This is expanded to 

two firms, one contractor with several direct subcontractors, and then a general structure of 

any hierarchical form in Sections 4, 5, and 6, respectively. Comments on the validity of the 

models are provided in Section 7, followed by the conclusions of the paper in Section 8. 

2. Background 

The uncertainty about processes observed in nature are often due to variations in the 

underlying natural process. Such uncertainty is aleatory in nature, where a frequentist approach 

can be used to suitably represent the natural process as a stochastic process. Aleatory 

uncertainty is fundamentally different from the uncertainty observed in systems engineering 

projects, which is primarily epistemic in nature 14. That is, the primary uncertainty in systems 

engineering projects is due to the lack of knowledge about the true state of the system design. 

Indeed, multiple works 15-17 have identified that designers maintain subjective beliefs about the 

true state of the system design during the design process. In this regard, verification activities 

mitigate the epistemic uncertainty on a system design by revealing more information about the 

true current state of the system design 18. Yet, a majority of the literature on verification 

activities adopts the aleatory uncertainty approach 2,3,5,19-34. The reader is referred to 13,35 for a 

discussion on these works and the drawbacks of adopting the aleatory uncertainty approach 

to model systems engineering projects.  

Recent works on verification in systems engineering have begun to explore the benefits of 

modeling the epistemic uncertainty in systems engineering projects with belief distributions 
13,35-42. In these works, belief distributions are used to model the subjective confidence of 

designers in the true state of the system design. By leveraging Bayesian, Markovian, and 

machine learning frameworks in addition to belief distributions, these works have tried to 

uncover the scientific foundations of verification activities in systems engineering. A variety 

of fundamental research questions have been explored by these works, which include the 

fundamental nature of verification activities 37-39, eliciting beliefs from designers and using 

Bayesian inference populate the tradespace of verification strategies 36, and capturing the 



information dependencies between verification activities over the system’s lifecycle with 

Bayesian networks 40.  

In addition to exploring fundamental research questions on verification activities, a few of 

these belief-based approaches to verification have exploited algorithmic approaches to 

determine optimal verification strategies in systems engineering projects 12,13,35,41,42. These 

include the use of reinforcement learning 41 and dynamic programming  12,35 to explore the 

space of verification strategies in order to determine the optimal verifications strategy for a 

single firm.  

Though it is tempting to assume complete cooperation in multi-firm projects, prior work has 

acknowledged that appropriate incentives are necessary to overcome self-interest in multi-firm 

projects 7-11. However, to the best of our knowledge, other than in our recent work 12,13,35,43, 

incentivizing verification activities in multi-firm projects has not been explored in systems 

engineering literature. There is, however, a significant number of works dealing with a similar 

problem in quality control literature for supply chains 44-48. In this literature, the focus is mainly 

on those scenarios where products are mass produced, or a single order consists of multiple 

products of the same type. Furthermore, such works assume that verification activities are not 

contracted upon, and instead, the contracts only specify product quality level the supplier must 

meet 49.   

As we observed in our prior work 43, verification in systems engineering projects is 

fundamentally different from verification in supply chains, since systems engineering projects 

often involve novel designs that are often complex and costly, and which require the 

participation of engineers from multiple disciplines. Furthermore, in systems engineering 

projects, the contractor may only discover an erroneous component design when the entire 

system design is verified (e.g., discovering errors in embedded systems through hardware-in-

loop simulations). For this reason, we build our two-level and network models of verification 

by using our belief-based two-firm model presented in 43 as the basic building block for the 

two-level and network models in 12 and the models for general development plans with 



multiple time periods presented in this paper, which builds upon multiscale decision theory 

(MSDT) 50. 

3 Single firm model 

In this section, we develop the belief-based model of verification for a single contractor, or 

firm. Similar to Kulkarni et al. 13,35, we use dynamic programming to determine the optimal 

verification strategy for the firm, given certain high-level design parameters. The modeling 

approach and solution algorithm presented in this section are leveraged later in the paper to 

determine the optimal incentive strategies for the more sophisticated scenarios. 

3.1 Model environment  

A contractor, henceforth referred to as the firm, is hired to build a system for a customer. For 

ease of discussion, we consider the system to be a solar panel (SA) and assume the firm (or 

the contractor) adopts the notional development plan shown in Figure 1, to build the SA. As 

shown in Figure 1, the development plan of the SA (the system) is modeled by a polytree (an 

acyclic directed graph whose underlying undirected graph is a tree). The SA development 

process consists of 22 major steps. These 22 steps are represented by nodes labeled 1-22 in 

Figure 1. The terminal node 23 represents a completed SA, with no design or verification 

activities being executed at this node.  

The five main components of the SA considered in the notional development plan are the 

photovoltaic cells, the base panel, the face sheet, the cover glass, and the yoke and hinge 

mechanism. Each of the five major components can go through one, or more, of five major 

development steps: modeling, simulation, trade studies, prototyping, and fabrication. This is 

represented by nodes 1-18 in Figure 1. Finally, there are four major steps in integrating all the 

components to form a completed SA. These steps are represented by nodes 19-22 in Figure 

1.  

As depicted in Figure 1, we assume that for the face sheet and cover glass, the firm skips 

modeling and simulation and moves directly to trade studies. Similarly, the firm directly seeks 

to build prototypes for the yoke and hinge mechanism. However, the firm goes through all 



major development steps for the SA’s cells and panel components. Hence, the notional 

development plan shown in Figure 1 potentially represents the scenario where the firm has a 

prior understanding of the relevant models of the face sheet, cover glass, and the yoke and 

hinge mechanism, while it opts to develop entirely new cells and base panel. 

Place Figure 1 here.  

In reality, the development of the SA may involve many more steps than the notional plan 

shown in Figure 1. For example, the firm may choose to build a prototype after modeling and 

simulation, and then another prototype after the trade studies. Furthermore, the integration 

plan of all components may be significantly different from the one shown in Figure 1. For 

example, the firm may decide to integrate the photovoltaic cells, face sheet, and cover glass 

onto the panel in one step. However, the solution algorithm we develop for the single firm 

model is robust enough to account for any development plan, provided the development plan 

can be represented as a polytree, similar to the one shown in Figure 1, which is the case for 

most system developments (e.g., 51-53).  

Henceforth, we refer to nodes 1-22 as activity nodes, and node 23 as the terminal node. At 

each activity node, the firm may work on a component or an integrated set of components. 

For ease of notation, we use the term artifact to refer to a component or integrated set of 

components. We model the structure of each activity node as a series of two major time 

periods: a mandatory design period, followed by an optional verification period 51. In the 

design period, the firm executes design activities related to the design of the artifact. In the 

optional verification period, the firm has the choice to verify the artifact associated with the 

activity node. Figure 2 illustrates our assumed structure of activity nodes for nodes 2 and 4 for 

the SA’s base panel.  

Place Figure 2 here. 

We restrict our attention to a single requirement during the design of the SA, which is 

henceforth referred to as the requirement of interest. For example, a mass restriction imposed 

by the customer for the SA, which may then be used by the firm to define mass restrictions 

on the five major components that form the SA. Here, we would refer to the mass restriction 



imposed by the customer as the original requirement of interest, and the component level 

restrictions determined by the firm as decomposed requirements of interest. While we focus 

on a single requirement of interest, our model can be extended to multiple requirements of 

interest without effort, provided these requirements can be adequately decoupled. That is, our 

model is generalizable to only those scenarios where the optimal verification strategy for one 

system requirement is not significantly correlated with the optimal verification strategy of 

another system requirement. In such cases, our model can be used to determine the optimal 

verification strategy for each system requirement individually.  

We broadly classify the state of an artifact, at any given activity node, as either ideal or non-

ideal. The ideal state is denoted by 1, whereas the non-ideal state is denoted by 0. We say that 

an artifact is in the ideal state if it meets the requirement of interest (original or decomposed), 

and in the non-ideal state if it does not meet the requirement of interest (original or 

decomposed). Furthermore, we assume that at any activity node, the activities executed during 

the mandatory design period can potentially induce an error in the design of the artifact 

associated with that activity node. Here, an error is an aspect of an artifact design that results 

in the artifact violating the requirement of interest (original or decomposed). Thus, an artifact 

in an ideal state can be inadvertently (or purposefully) shifted to the non-ideal state through 

design activities.  

Since the firm cannot be certain of the true state of an artifact at any activity node prior to 

verification 38, we use belief distributions to model the firm’s confidence in the correctness of 

an artifact at any activity node. It then follows that at any given activity node, the firm’s belief 

in the state of the artifact, associated with that activity node, is transformed by design and 

verification activities at that activity node 51. For design activities, we define the probability 

that the firm makes a design error at each activity node. For verification activities, we consider 

the probability of the firm not discovering an error in an artifact design when the artifact is 

verified.  

For ease of discussion, we assume that the firm has only one possible method of verifying an 

artifact at a given activity node. In reality, a firm may have multiple methods to verify the state 



of the artifact at an activity node. However, our model can be generalized to scenarios with 

multiple methods of verification without issue. 

Due to the design activities being mandatory at all activity nodes and identical for all 

verification plans, we normalize all design related costs to 0, given that they do not affect the 

selection of the verification plan. We focus on two high-level costs associated with verification 

for all activity nodes: 1) a fixed setup cost for verifying an artifact at any given activity node, 

2) an expected cost of reworking an artifact if an error is found during verification at an activity 

node. In addition to the two aforementioned verification costs, we also consider a third type 

of cost: an expected cost of failure when the firm delivers the SA in a non-ideal state to the 

customer. This expected cost of failure is only defined at the root node. We assume that the 

firm has accurate estimates for all cost parameters at all nodes. Furthermore, we assume that 

the expected cost of rework, at any activity node, includes the time-based penalties and time-

based resources borne by the firm in addition to the physical resources required to rework an 

artifact design. That is, the expected cost of rework, at any activity node, includes the tangible 

and intangible costs borne by the firm due to the delay in the overall design schedule of the 

SA caused by the artifact at that activity node needing reworks.  

Finally, given the firm’s beliefs and other model parameters at all the nodes in the polytree, 

the firm’s goal is to then determine the verifications strategy that minimizes the overall costs 

of verification activities over the design of the SA (or system). Here, a verification strategy 

specifies a decision for the firm, verify or not, at each node in the polytree, except the terminal 

node. 

3.2 Model description 

As mentioned before, we use dynamic programming to determine the optimal verification 

strategy for the firm. To this end, the polytree of the firm’s  development plan must be suitably 

modified to fit the framework of the backward induction algorithm 54. Specifically, backward 

induction can be used when those nodes in the polytree that have no parent node(s) are all at 

the same height from the terminal node. Here, the height between the terminal node and any 

other node of interest is equal to the number of nodes between the terminal node and the 



node of interest, including the terminal node. For example, in the polytree shown in Figure 1, 

nodes 1, 2, 7, 8 and 13 have no parent nodes, and these nodes are at heights 9, 9, 6, 5 and 3, 

respectively, from the terminal node 23.  

To ensure the firm’s development plan for the SA depicted in Figure 1 fits the backward 

induction algorithm framework, we insert dummy nodes into the original polytree; dummy 

nodes do not represent any development activity. We refer to this modified polytree, where 

dummy nodes have been inserted appropriately, as the adjusted polytree. Figure 3 shows the 

adjusted polytree, on the right, which is obtained by inserting dummy nodes appropriately into 

the original polytree; the dummy nodes in the adjusted polytree are shaded black. Notice that 

other than activity nodes 1 and 2, all activity nodes from the original polytree have been 

renumbered, or relabeled, in the adjusted polytree. Relabeling the nodes in the adjusted 

polytree to maintain a consistent labeling scheme is a necessary step in our solution algorithm. 

As shown in Figure 3, for the adjusted polytree, the nodes with no parent nodes are 1, 2, 3, 4 

and 5, and these nodes are now all at a height of 9 from the terminal node 36. From here on, 

for the discussion of all models, we assume that the original polytree has been suitably 

modified into the adjusted polytree, and we only refer to the adjusted polytree to describe our 

models.     

Place Figure 3 here. 

We now present node level model parameters in the adjusted polytree. Let  denote the set 

of activity nodes and let  denote the set of inserted dummy nodes in the adjusted polytree. 

It follows that the index of the terminal node is , where the  denotes the cardinality 

of a set.  Let  denote a generic node in the adjusted polytree. For an activity node 

, we denote the firm’s belief distribution over the state of the artifact, prior to the start 

of the design period at node , with the row vector . Here,  denotes the 

firm’s belief in the ideal state of the artifact prior to the start of the design period at node . 

Since any artifact can be in one of two states, it follows that the firm’s belief in the non-ideal 

state of the same artifact at the same point in time is .  
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At an activity node , the firm’s belief distribution, , is transformed by the firm’s design 

and verification activities at node . To this end, we denote the probability of the firm making 

a design error at node  by . As mentioned before, we assume that at any activity node, 

the firm has only one method to verify the artifact at that node. In this regard, at activity node 

, we define  as the probability the firm does not detect an error in the design of an artifact, 

when the firm chooses to verify the artifact at node  and the artifact is in the non-ideal state. 

It then follows that  is the probability that the verification method used by the firm at 

node  reveals an error in the artifact design at node , given that the artifact is in the non-

ideal state prior to verification at node . 

For an activity node , let  denote possible decisions for the firm at node . 

Here,  denotes the firm’s decision to verify the artifact at node  and  denotes 

the firm’s decision to not verify the artifact at node . Let  denote the firm’s belief 

distribution over the artifact state at node  at the end of all activities at node . To define 

the transformation of  into ,  we define the following stochastic matrices: 

,  and .  We refer to  as the belief 

transformation matrix associated with decision activities, and we refer to  and  as the 

belief transformation matrices associated with verification activities. The transformation of 

 to  is then defined by 

   (1) 

For the artifact associated with activity node , the setup cost of verifying the artifact is 

denoted by   and the expected cost to rework the artifact . Due to the nature of these 

two verification costs, it follows that if the firm chooses to execute verification activities at 
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node , then it incurs the fixed cost  irrespective of the state of the artifact. At the same 

time, the firm incurs  only if it executes verification at activity node  and discovers an 

error in the artifact associated with node . We denote the expected cost of failure, which the 

firm incurs if it delivers an SA in the non-ideal state to the customer, by .  

We now define the cost vectors for an activity node . Let  denote the cost vector 

at node   when the firm’s decision is . Then , since the design costs are 

normalized to 0 and the firm incurs no cost when it does not verify at node ., and. 

 at the activity node . At the terminal node , the only cost vector 

is defined by .   

Unlike the activity nodes, the dummy nodes serve no purpose other than to enable a solution 

method for determining the optimal verification strategy. In this regard, for a dummy node 

, we define ,  and  . That is, there is no possibility 

of verification at a dummy node, all transformation matrices are identity matrices and the firm 

incurs no costs at a dummy node. It then follows that for all nodes , .   Dummy 

nodes are, in other words, transparent to the verification plan.   

Since all artifacts are defined by two states, we need to define a conditional probability matrix 

for integration nodes, where two or more activity nodes culminate into one activity node. To 

this end, let  denote the set of parent nodes of node . For example, for the adjusted 

polytree shown in Figure 3,  and . We denote the conditional 

probability matrix that transforms the final belief distributions at nodes  into  by . 

For ease of description of the solution algorithm, for a node , if , then 

 is simply defined as a 2x2 identity matrix. Else,  is a rectangular matrix with  

rows and 2 columns. From this definition, it follows that for the terminal node ,  

 is a 2x2 identity matrix.  
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Similar to 13,35, we now describe the development process as a series of phases. We define a 

phase as a set of nodes in the adjusted polytree such that each node in the set is at the same 

height from the terminal node. Furthermore, the terminal node is ignored in the definition of 

phases since no decision is made at the terminal node. Let  denote the height of node 

, and let denote the maximum height of any possible node. Then,  such that 

. It follows that the total possible phases for a given polytree is . Let  

denote a generic phase. Then, phase  is defined as the set of nodes 

. Figure 4 illustrates 9 phases for the adjusted polytree 

considered for the single firm model. 

Place Figure 4 here. 

Once the phases are defined in the adjusted polytree, all node level model parameters must be 

converted into phase-level parameters. For notational convenience, we associate all phase-

level parameters with the hat operator . The set  denotes the nodes in phase . For a 

generic phase , we denote . Here,  are the 

numbers, or labels, of the nodes in the adjusted polytree belonging to set , with  

denoting a generic node in the set . Furthermore, we set  to reflect 

the consistent numbering scheme in the adjusted polytree.  

For phase , given the initial belief vectors , the phase-level initial belief vector, 

denoted by , is defined by 

,   (2) 

where  is the Kronecker product operation on matrices. Similarly, the phase-level belief 

transformation matrix due to design activities, denoted by , is defined by   

,   (3) 
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and the phase-level conditional probability matrix, denoted by , is defined by 

.   (4) 

Let  denote the set of decisions available to the firm at node  in phase . It follows 

that if , then , and if , then . The set of all possible 

phase-level decisions at phase , denoted by ,  is defined by  

,   (5) 

where  is the cartesian product. Let  denote a generic element of the set . Here,  

is one of  possible phase-level decisions for the firm, which specifies a decision for each 

node at phase . For phase , we denote  by , where  denotes 

the firm’s decision at node . Then, for a given phase-level decision , the phase-level 

belief transformation matrix associated with verification activities, denoted by  , is 

defined by 

. 

  (6) 

For any phase , given the phase-level decision of the firm is , the relation 

that transforms the initial phase-level belief vector at phase  into the initial phase-level belief 

vector at phase  is defined by the equation  

.   (7) 

No decisions are made at the terminal node . Thus, given the phase-level decision of 

the firm  at phase , the final belief distribution of the firm over the state space of the 

completed SA is defined by    
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.   (8) 

 The phase-level decision  also defines the phase-level cost vector at phase . To 

this end, we define a special vector sum operator .  For two vectors  

and , the vector sum operator  is defined by 

  

 .  (9) 

The special vector sum operator  is similar to the Kronecker product operation , with 

the difference being the sum operator  adds the elements of the two vectors, whereas the 

Kronecker product operation  multiplies the elements of the two vectors. Furthermore, 

our use of the symbol  is a variation of notation for this paper since  is also used to 

represent a Kronecker sum on matrices, which is a different operation than the one defined 

by equation (9). Finally, for a given phase-level decision , the phase-level cost vector, 

denoted by  is defined by  

 . (10) 

Table 1 summarizes the key notation used in the description of the single firm model.  

Place Table 1 here. 

3.3 Algorithm to determine optimal verification strategy 

A verification strategy for the firm specifies a decision at each node in the polytree. Even with 

a restrictive assumption of the firm having only two possible decisions at each activity node, 

the number of potential verification strategies is . Determining the verification strategy with 

the lowest expected cost, or the optimal verification strategy, by computing the expected cost 

of each of the possible   verification strategies is a computationally expensive approach, 

and is feasible only for polytrees with a small number of nodes and few decisions at each 
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activity node. To overcome this, we now discuss the use of the backward induction algorithm 
54 in eliminating dominated verification strategies in the search for the optimal verification 

strategy. Furthermore, we note that the models and case presented in this paper assume a static 

verification strategy, meaning that a verification strategy is defined and contracted at a given 

point in time.  

The firm’s verification costs from phase  onwards are only affected by the firm’s decisions 

at phase , since the firm’s beliefs prior to phase  are independent of the decisions made at 

phase . In this regard, let  denote the set of all possible phase-level decisions the firm can 

make from phase  onwards. Then,  

.   (11) 

Furthermore, let  denote a generic element of the set . Here . Then, 

the set of all possible verification strategies for the firm is defined by the set . We denote a 

generic verification strategy for the firm by . For all phases , we refer to 

 as the set of all sub-strategies for the firm at phase . Then,  is a generic sub-

strategy at phase . We say that the verification strategy  contains the sub-strategy  when 

 and . We denote this by .      

For two sub-strategies , where , if it is true that  results in a lower 

expected cost for the firm than , from phase  to the terminal node, for all belief vectors 

, then we say that  dominates . Then, a verification strategy  that contains a 

dominated sub-strategy  cannot be the optimal verification strategy. This is so since we 

can replace the phase-level decisions specified by  with those specified by  in the 

verification strategy  to lower the expected costs of implementing . The usefulness of 

the backward induction algorithm is now apparent. Proceeding backwards from phase , we 
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check if a sub-strategy is dominated by other sub-strategies in a particular phase. If so, we 

discard all verification strategies that contain the aforementioned dominated sub-strategy.    

We begin with phase , where  and  is of the form . Let  denote 

the lowest possible expected cost the firm will incur from phase  till the terminal node if 

the firm chooses to implement the sub-strategy  for the initial belief vector . Then, 

  

  

.  (12) 

Here,  is the net expected cost vector at phase  

for sub-strategy . Thus,  is equal to the dot product between  

and the net expected cost vector . Now, let  

.  (13) 

That is,  is the set of all net expected cost vectors at phase , where each net expected 

cost vector is associated with a unique phase-level sub-strategy .  

The set  can potentially contain net expected cost vectors of dominated sub-strategies. In 

this regard, let  denote the  element of vector , where  and  denotes 

the length of vector . Then, for two vectors  , we say vector  

dominates vector  if it is true that  for all . 

Furthermore, if the aforementioned condition holds at phase , then the sub-strategy 

 is dominated by , since 
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 for all belief vectors . It then follows that all 

, such that , can be ignored from further consideration in the search for the 

optimal verification strategy.  Let  denote the set of net expected cost vectors at 

phase , such that no vector in the set  is dominated.  Finally, let  denote the set of 

non-dominated sub-strategies at phase , and let  denote a generic non-dominated 

sub-strategy at phase . Then, .  

 After determining  and , we move to phase . Let  denote the 

set of potentially non-dominated sub-strategies at phase . Then, .  

A generic potentially non-dominated sub-strategy at phase  is of the form 

, where  and .  

Let the expected cost of implementing the sub-strategy  for the belief vector 

 be denoted by . Then,  

   

  

, (14) 

where  is the net expected cost vector for 

the sub-strategy  at phase .  

Similar to phase , let  

  

                                               .  (15) 
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Then, let  denote the set of non-dominated net expected cost vectors. Finally, let 

, with  denoting a generic non-

dominated sub-strategy at phase . 

 Using  and , we can determine the set of non-dominated sub-strategies  

and the set of net expected cost vectors of non-dominated sub-strategies  at phase 

, and so on till phase 2. Assume that this process has been carried out, and the sets  and 

 have been determined. Then, the set of potentially non-dominated verification strategies 

at phase 1 is defined by . For the sake of brevity, we omit the steps in deriving  

and  since these steps are the same as those illustrated for phase  and phase .  

Once  and  are determined, for a given phase-level initial belief vector , we can 

determine the firm’s optimal verification strategy and the resulting expected cost of 

verification activities. To this end, let  denote the cost the firm can expect to incur from 

implementing the optimal verification strategy. Then,  

,   (16) 

where the operator  denotes the element-wise dot product between  and the vectors, or 

elements, of the set . Finally, let  denote the optimal verification strategy. Then,  

  .  (17) 

Table 2 details the solution algorithm for the single firm model.  

Place Table 2 here. 

3.4 Numerical illustration 

For the numerical illustration of the single firm model, we consider the adjusted polytree 

shown in Figure 4. The parameters we consider for each activity node for the numerical 
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illustration are presented in Table 3. Note, all the values considered in this numerical 

illustration are notional. and synthetic. For the sake of brevity, we only mention the parameters 

associated with active nodes.  

Place Table 3 here. 

The conditional probability matrices for integration nodes we consider for the numerical 

illustration are as follows:  

 ,  ,   and .   

Finally, we consider .  

Figure 5 illustrates the optimal verification strategy for the firm. The nodes where verification 

is executed is highlighted in blue, and those where there is no verification are highlighted in 

red. The nodes highlighted in black are dummy nodes. The optimal strategy suggests that the 

firm frequently verify the cells and panel components. The face sheet component requires 

verification for both the trade studies and prototyping steps, while the cover glass only needs 

verification during trade studies. In addition, the yoke and hinge mechanism doesn’t require 

verification since the two steps involved, prototyping and fabrication, have a low probability 

of error. Finally, the optimal verification strategy suggests that the SA be verified after the 

cover glass integration step and the integration of the yoke and hinges. The expected cost 

incurred by the firm, when it implements the optimal verifications strategy, is $1.625 million.  

Place Figure 5 here. 

4. Two-firm model 

With the solution algorithm of the single firm model, we can now broaden our study to 

determining incentives for verification activities in scenarios where the contractor hires a 

subcontractor to fabricate one or more components of the system.  
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4.1 Model environment 

We now assume the contractor hires a subcontractor to construct one or more components 

of the system. For ease of discussion, we assume that the contractor is hired to design the SA 

for the customer, and the contractor delegates the design of the cells and panel components 

to the subcontractor. The design plan for both the contractor and subcontractor are modeled 

by polytrees.  

Figure 6 depicts the design plan for the subcontractor. Node 14 in the subcontractor’s polytree 

is the terminal node, and is denoted by yellow to indicate that no decisions are made at this 

node. Node 13, in the subcontractor’s polytree, is the last active node, and is colored magenta 

to denote the point where the subcontractor’s polytree is integrated into the contractor’s 

polytree for the purpose of determining the overall system-wide verification strategy. Similarly, 

Figure 7 depicts the design plan for the contractor. Node 6 in the contractor’s polytree is 

colored magenta to denote its equivalence with node 13 of the subcontractor’s polytree. Node 

13 in the contractor’s polytree is the terminal node, and is colored yellow to denote that no 

decision is made at this node.  

Place Figure 6 here. 

Place Figure 7 here. 

The timeline of events for the two-firm model is then described as follows. The contractor 

delegates the design of one or more components to the subcontractor (for our discussion, 

these are the cell and panel components). The subcontractor prepares a design plan, which it 

models as an adjusted polytree. For this discussion, the original polytree for the subcontractor, 

shown in Figure 6, is also equal to the adjusted polytree. With the adjusted polytree, the 

subcontractor proceeds to determine its optimal verification strategy in the same manner as 

described in the single firm model. The subcontractor then shares its design plan and optimal 

verification strategy with the contractor in the form of an adjusted polytree.  

Once the contractor receives the subcontractor’s adjusted polytree, the contractor 

incorporates that into its original polytree and then determines the adjusted polytree of the 



overall system design. Figure 8 depicts the contractor’s polytree once the contractor has 

incorporated the subcontractor’s design plan. The nodes associated with the subcontractor’s 

cell and panel design are denoted as , where , while the nodes associated with 

the contractor’s design and verification activities are denoted as , where . Note, 

that the magenta shaded node has the label  to denote the integration of the 

subcontractor’s adjusted polytree into the contractor’s design polytree. Once the contractor 

integrates the subcontractor’s design plan into its polytree, the contractor then proceeds to 

adjust its polytree to fit the single firm model framework discussed before. Figure 9 presents 

the contractor’s overall adjusted polytree, after incorporating the subcontractor’s design plan. 

Once the contractor has determined the overall adjusted polytree, the contractor is able to 

determine the optimal verification strategy for the system.  

Place Figure 8 here. 

Place Figure 9 here. 

For both scenarios, with or without incentives, we assume that the subcontractor truthfully 

communicates to the contractor the parameter values of , ,  and   for all the nodes 

under the subcontractor’s control. For the scenario without incentives, the contractor 

determines its optimal verification strategy for its overall adjusted polytree, while using the 

subcontractor’s verification strategy for all nodes under the subcontractor’s control. That is, 

the contractor uses the solution algorithm presented for the single firm model on its adjusted 

polytree while keeping the subcontractor’s verification strategy fixed. We assume, for each 

node under the subcontractor’s control, the contractor assigns an estimate for the expected 

cost of rework. The contractor’s estimate of the expected cost of rework at a node under the 

subcontractor’s control, represents the contractor’s estimate of the expected costs it will bear 

due to the delay in the design schedule arising from the subcontractor working on repairing 

the artifact at that node.  

For the scenario with incentives, we assume that the contractor can incentivize the 

subcontractor to verify the artifact at the nodes where the subcontractor has chosen not to 
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verify its artifacts. Furthermore, we assume that if the subcontractor had chosen to verify at a 

particular node, under no incentives, then the contractor offering incentives to verify at such 

a node does not change the subcontractor’s decision to verify at that node. Thus, incentives 

can only be used by the contractor to ensure the subcontractor verifies at additional nodes. 

We assume that the subcontractor provides the fixed cost of verification at each activity node 

in the subcontractor’s adjusted polytree to the contractor. Kulkarni et al. 43 have proposed that 

reimbursing the fixed cost of verification activities is sufficient to motivate the subcontractor 

to verify its design. We adopt this assertion for the two-firm model. With the values of , , 

 and  from the subcontractor, and its own estimates of  for all the nodes under the 

subcontractor’s control, the then contractor determines its optimal verification strategy for its 

overall adjusted polytree.  

The contractor’s goal is to then compare the two optimal verification strategies on the system 

level, with and without incentives, and determine at which approach leads to a lower expected 

cost of verifying the system design.  

1.1! Numerical illustration for the scenario without incentives 

We begin by numerically illustrating the two-firm model for the scenario where the contractor 

does not incentivize the subcontractor for any verification activities. By our assumed timeline 

of events, we begin by determining the subcontractor’s optimal verification strategy. Table 4 

presents the values of the parameters we consider for the subcontractor.  

Place Table 4 here. 

The conditional probability matrix we consider for the integration node 13 is 

. Finally, we assume . Figure 10 depicts the subcontractor’s optimal verification 

strategy without incentives. The nodes where an artifact is verified is shaded blue, and the 

nodes where an artifact is not verified is shaded red. As shown in Figure 10, the optimal 
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strategy for the subcontractor is to verify once at node 13. Once again, we shade node 14 in 

yellow to denote no decisions are made at the terminal node.  

Place Figure 10 here. 

Per our assumptions, the subcontractor communicates to the contractor the verification 

strategy depicted in Figure 10, the parameter values for ,  and  presented in Table 4 and 

. The contractor uses its own estimates for the expected rework costs at the nodes under 

the contractor’s control, since they represent the expected costs for the contractor due to 

delays in the subcontractor’s design caused by rework activities at the nodes under the 

subcontractor’s control. Using the overall adjusted polytree, depicted in Figure 9, the 

contractor determines its optimal verification strategy while keeping the subcontractor’s 

decisions, fixed. Table 5 presents the parameter values for the nodes in the overall adjusted 

polytree. Note, the verification costs at the nodes under the subcontractor’s control are 

denoted -NA- to imply that the decisions at these nodes are the same as those used by the 

subcontractor.   

Place Table 5 here. 

The conditional probability matrices we consider at integration nodes are,  

 ,  ,   and . Finally, we 

consider .  

Place Figure 11 here. 

Figure 11 depicts the optimal verification strategy for the contractor. As shown in the figure, 

the optimal strategy for the contractor is to verify at all nodes under the contractor’s control 

except node 23. The expect cost of this strategy, for the contractor, is $3.499 million.  

4.2 Numerical illustration for the scenario with incentives 
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We now move to the scenario where the contractor can potentially incentivize the verification 

activities of the subcontractor. Referring to Figure 10, we see that the subcontractor verifies 

at node 13 in the subcontractor’s adjusted polytree. We assume that incentives do not affect 

this decision. Other than node 13, the subcontractor does not verify at any other node under 

its control. It is at these nodes that the contractor can flip the subcontractor’s decision with 

incentives for verification. For the parameter values associated with the nodes under the 

contractor’s control, we consider the same values as shown in Table 5. Furthermore, we use 

the same conditional probability matrices as the previous scenario. For the nodes under the 

subcontractor’s control, we use the parameter value presented in Table 6. Note, that the values 

of ,  and  are equal to the values of the corresponding nodes in Table 4. However, the 

values of  are changed. This is so since  here represents the contractor’s estimates for the 

expected costs of delays due to reworks at the nodes under the subcontractor’s control.  

Finally, we consider . 

Place Table 6 here. 

Figure 12 depicts the contractor’s verification strategy. The nodes where the contractor should 

incentivize the subcontractor are highlighted in green. As shown in Figure 12, the optimal 

incentive strategy suggests that the contractor incentivize verification activities at nodes 26 and 

27. The expected cost of implementing this strategy is $3.474 million. For reference, the 

expected cost for the contractor, when no incentives were offered to the subcontractor, was 

$3.499 million. Thus, even though the contractor loses $5100 in incentives for verification 

activities at nodes 26 and 27, the contractor not only recovers this amount, but also makes an 

additional gain of $25,000 due to the subcontractor verifying the artifacts at nodes 26 and 27. 

It then follows that it is in the contractor’s interest to offer incentives for verification at nodes 

26 and 27 to the subcontractor.  

Place Figure 12 here. 

5. Team model 
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The frameworks of the single firm model and two-firm model, along with the solution 

algorithm for the single firm model, can be extended to determine incentives and optimal 

verification strategies for a wide variety of scenarios. To this end, we now numerically illustrate 

the process by which optimal verification strategies and incentives can be determined for the 

team model. In the team model, there is a single main contractor, referred to as firm , which 

delegates the design of one or more components of the system to multiple subcontractors, 

each of whom is referred to as firm , where  denotes a generic subcontractor and 

 is the total number of subcontractor’s working for firm .  

For ease of illustration of the team model, we assume that firm  is responsible for the design 

of the electrical power subsystem (EPS) of a satellite. The EPS is assumed to consist of the 

solar array (SA), the power conditioning and distribution unit (PCDU) and the battery array 

(BA). The high-level architecture of the EPS is depicted in Figure 13. Firm  hires 3 

subcontractors, . Firm  is subcontracted the design and fabrication of the SA, 

firm  is subcontracted the design and fabrication of the PCDU and firm  is 

subcontracted the design and fabrication of the BA. For the sake of discussion of the team 

model, we assume that firm  only integrates all completed components of the EPS, and 

executes no design activities of its own.  

Place Figure 13 here. 

For the team model, and the network model that follows this section, we continue to adopt 

the assumption that a firm  will truthfully convey the values of , ,  and  for each 

of its activity nodes to firm . Recall from the discussion of the two-firm model, we assume 

that when the main contractor receives the design and verification plan from the 

subcontractor, the main contractor proceeds to assign an estimate of the expected rework cost 

for each of the subcontractor’s active nodes. This estimate represents the expected cost borne 

by the main contractor due to delays in the subcontractor’s design from rework work at each 

active node in the subcontractor’s adjusted polytree.  

5.1 Numerical illustration for the scenario without incentives 
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 We begin with firm . The adjusted polytree of the design plan for firm  is depicted in 

Figure 14. As shown in Figure 14, node 23 is the integration node for the overall adjusted 

polytree of firm . The parameter values we consider for firm  is presented in Table 7.  

Place Figure 14 here. 

Place Table 7 here. 

The conditional probability matrices we consider for the integration nodes 21, 22 and 23 are 

as follows: 

 ,  

, and  

, where each row of the conditional probability matrix is delimited by 

the semicolon and the superscript  denotes transpose. Finally, we consider 

.  The optimal verification strategy for firm  is depicted in Figure 15. 

As shown in the figure, the optimal verification strategy for firm  is to verify once, at node 

23. 

Place Figure 15 here. 

Next, we proceed to firm . Figure 16 depicts the adjusted polytree for firm . As shown 

in the figure, the original polytree of firm  requires an insertion of a dummy node to adjust 

it. Node 3 in the adjusted polytree for firm  is the aforementioned dummy node. 

Furthermore, node 15 is the integration node for the overall adjusted polytree of firm . 

Table 8 presents the parameter values we consider for firm . The conditional probability 

matrices at the integration nodes we consider for firm  are given by 

 .  Finally, we consider .  
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The optimal verification strategy for firm  is depicted in Figure 17. As shown in the figure, 

the optimal verification strategy for firm  is to verify once at node 15.   

Place Figure 16 here. 

Place Table 8 here. 

Place Figure 17 here. 

Next, we determine the optimal verification strategy for firm . The adjusted polytree for 

firm  is depicted in Figure 18. As shown in the figure, there are no dummy nodes in the 

adjusted polytree for firm . Furthermore, node 9 is the integration node for the overall 

adjusted polytree of firm .  Table 9 presents the parameter values we consider for firm 

. The conditional probability matrices we consider for the integration node 9 is 

. Finally, we consider .   

Place Figure 18 here. 

Place Table 9 here. 

The optimal verification strategy for firm  is depicted in Figure 19. As shown in the figure, 

the optimal verification strategy for firm  is to verify once at node 9.  

Place Figure 19 here. 

Once the verification strategies of the subordinate firms are determined, we can determine the 

optimal verification strategies for the main contractor. To this end, Figure 20 depicts the 

overall adjusted polytree for firm . As shown in the figure, there are 3 dummy nodes in the 

overall adjusted polytree: nodes 8, 9 and 10. Furthermore, nodes 47, 48 and 49 represent the 

points at which the designs of ,  and , respectively, are integrated into the polytree of 

firm . As per our assumption, the subordinate firms communicate their parameter values 

to the main contractor. The parameter values we consider for firm  presented in Table 10. 
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The only node under the control of firm  is node 50. The conditional probability matrix we 

consider for node 50 is 

.  

Finally, we consider .  

The optimal verification strategy for firm , without incentives, is depicted in Figure 21. As 

shown in the figure, the optimal verification strategy for firm  is to verify at node 50. This 

is sensible given the notional numbers that have been used. For example, note that , 

which means there is a fair change of injecting an error at system level. This could represent, 

for example, a situation where there is high coupling between the different subsystem or low 

expertise in the organization to perform the activity. Furthermore, the impact cost of an error 

is significantly higher than the combined sum of executing the verification activity and 

performing a rework action in case an error is found. The expected cost of this strategy for 

firm  is $653,510.    

Place Figure 20 here. 

Place Table 10 here. 

Place Figure 21 here. 

5.2 Numerical illustration for the scenario with incentives 

We now consider the possibility that firm  can incentivize verification activities at the nodes 

under the control of the subcontractors. To this end, Table 11 presents the estimates of the 

expected repair costs for firm , for the nodes under the control of the subcontractors, in 

the overall adjusted polytree. For the sake of clarity, the values in Table 11 are organized by 

nodes under a single subcontractor’s control. Again, we consider .   

Place Table 11 here. 

Place Figure 22 here. 
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Figure 22 depicts the optimal verification strategy for firm  with incentives. As shown in 

the figure, firm  should incentivize the verification activities at nodes 16, 17, 28 and 44, 

which are under the control of firm , and at nodes 29 and 30, which are under the control 

of firm . Furthermore, it is not beneficial for firm  to incentivize any verification activity 

of firm . With incentives, the expected cost of verification for firm  is $641,620. That is, 

by incentivizing verification activities, firm  gains more than $100,000.   

6. Network model 

We now extend the team model to the network model. In the network model, subcontractors 

can themselves hire other subcontractors, and those subcontractors can hire other 

subcontractors and so on. Thus, the network model is a general hierarchical organization of 

all firms involved in the system design process. For ease of discussion, we consider the 

hierarchical organization of firms presented in Figure 23. 

Place Figure 23 here. 

The firm on the topmost level of the hierarchy, or the 1st hierarchical level, is the main 

contractor, and is referred to as firm . Similar to the team model, the subcontractors of the 

main contractor, or the firms on the 2nd level of the hierarchy, are referred to as firm , 

where  with the number of subcontractors to the main contractor being .  In 

the 3rd level of the hierarchy, are firms that are subcontractors to a firm . As shown in 

Figure 23, the two subcontractors of firms  are  and . Similarly, the sole 

subcontractor of firm  is .  In general, for the network model, there is no limit on the 

number of hierarchical levels. Furthermore, there can be any number of firms on a given 

hierarchical level, as long as there is only one main contractor and all firms have only one 

supervising firm. 

For the sake of discussion, we again consider firm to be employed by the customer to build 

the EPS of a satellite. Again, we assume that firm  participates in no design activities and 
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delegates the design of all components to subcontractors. The design of the SA is delegated 

to firm , the design of the PCDU is delegated to firm  and the design of the BA is 

delegated to firm . Firm  designs the cover glass and the yoke and hinge mechanism, 

while it delegating the design of the cells and panel component to firm  and the design of 

the face sheet to firm . Similarly, firm  designs the bus voltage conditioning and battery 

conditioning systems, while delegating the design of the power conversion unit to firm . 

Finally, firm  designs the entire BA system itself. Figure 24 depicts each firm’s design 

responsibilities for the network model scenario considered in this section.  

Place Figure 24 here. 

6.1 Solution method 

In general, in the network model, it is not necessary for any given supervising firm to consider 

incentivizing the verification activities of one or more of its subordinate firms. Indeed, a 

supervising firm may choose not to incentivize any of its subordinates. However, for the sake 

of illustration, in the network model scenario depicted in Figures 23 and 24, we assume that 

the 3 supervising firms, firms ,  and , all consider the possibility of incentivizing their 

subcontractors’ verification activities. Furthermore, we assume that each supervising firm can 

only incentivize the verification activities of its immediate subordinate. Thus, firm M cannot 

incentivize the verification activities of firms , or  or .     

We use the solution algorithm presented for the single firm model, along with the incentive 

determination approach presented in the two-firm and team models, recursively in the 

network model to determine the overall verification and incentive strategies for all firms 

involved. We first determine the optimal verification strategies for firms  and  followed 

by the optimal verification and incentive strategy for firm . This is followed by determining 

the optimal verification strategy for firm ! ! "# followed by the optimal verification and incentive 

strategy for firm . Since firm  has no subordinate firms, we consider the optimal 
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verification strategy for firm  from the team model scenario. Finally, we determine the 

optimal verification and incentive strategy for firm .  

6.2 Optimal incentive and verification strategy for firm S1    

We begin by determining the verification strategy for firms  and . Figure 25 depicts the 

adjusted polytree for firm . The parameter values we consider for firm  is presented in 

Table 12. The conditional probability matrix for the node 9 is . 

Finally, we consider . The optimal verification strategy for firm  is 

depicted in Figure 26.  

Place Figure 25 here. 

Place Table 12 here. 

Place Figure 26 here. 

Next, we consider the verification strategy of firm . The adjusted polytree for firm  is 

depicted in Figure 27. The parameter values we consider for firm  are given in Table 13. 

Finally, we consider .  The optimal verification strategy for firm  is depicted 

in Figure 28.  

Place Figure 28 here. 

Place Table 13 here. 

Place Figure 28 here. 

We now proceed to determining the optimal verification strategies for firm , with and 

without incentives. To this end, Figure 29 depicts the overall adjusted polytree for firm . 

As depicted in the figure, all nodes that are ancestors of node 21 are under the control of firm 

, and all nodes that are the ancestors of node 18 are under the control of firm . 
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Furthermore, nodes 21 and 18, shaded magenta, indicate the points where the adjusted 

polytrees of the firms  and , respectively, are integrated into the overall adjusted 

polytree of firm . Finally, node 23, shaded chocolate, indicates where the overall adjusted 

polytree of firm  will be integrated into the overall adjusted polytree of firm .      

Place Figure 29 here. 

 In addition to using the parameter values for firm , presented in Table 12, and the 

parameter values for firm , presented in Table 13, for the nodes under the control of the 

aforementioned subordinate firms, we use the parameter values presented in Table 6 for all 

nodes under firm . That is, we use the parameter values of ,  and    for nodes 4, 5, 

9, 10, 14, 15, 19, 20, 22 and 23 from Table 7. Furthermore, for the estimates of  for firm 

, we use the values presented in Table 7 for all nodes. The values of  and  is the 

same as that used for firm  in the team model scenario. Finally, we consider 

.  

Figure 30 depicts the optimal verification strategy for firm  without incentives. The expected 

cost of this verification strategy for firm  is $36,115. 

Place Figure 30 here. 

Place Figure 31 here. 

Next, we assume that firm  can incentivize the verification activities of firms  and .  

Figure 31 depicts the optimal verification strategy for firm  with incentives. The expected 

cost of this strategy is $36,006. That is, firm  gains $100 by incentivizing the verification 

activities of firm  at node 18.   

6.3 Optimal incentive and verification strategy for firm S2 
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We follow a similar process to that described in Section 6.2: (1) determine the optimal 

verification strategy, without incentives, for , (2) determine the optimal verification and 

incentive strategies for firm , and (3) consider the possibility that firm  can incentivize 

firm   at nodes 12 and 14, where firm  executes no verification activities.  

Figure 32 and Figure 34 display the adjusted polytree of firms  and , respectively. The 

parameter values we use for firm  are provided in Table 14. We consider the parameter 

values of all relevant variables from the team model scenario for firm  (ref. Table 8) and 

the parameter values presented in Table 13 for firm . We also use Table 8 for  values 

for all nodes. Furthermore, we use the values of  as used in the team model for firm . 

Finally, we consider .   

The optimal verification strategies for firm  without incentives, firm  without 

incentives, and  with incentives are depicted in Figure 33, Figure 35, and Figure 36, 

respectively. The expected implementation costs for firm  in both cases is $10,937. 

Place Figure 32 here. 

Place Table 14 here. 

Place Figure 33 here. 

Place Figure 34 here. 

Place Figure 35 here. 

Place Figure 36 here. 

6.4 Optimal incentive and verification strategy for firm M 
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Since firm  does not delegate any design tasks to other firms, we can now proceed to 

determining the optimal verification and incentive strategy for firm . To this end, Figure 37 

presents the overall adjusted polytree for firm .   

Place Figure 37 here. 

We begin by determining the optimal verification strategy for firm  without incentives. We 

use the parameter values presented in the team model for firm , including those given in 

Table 10 and 11. Furthermore, we assume that firms ,  and  will provide firm  

with the parameter values and optimal verification strategies, with incentives, for firms , 

 and . Then, the optimal verification strategy for firm , without incentives, is 

computed and depicted in Figure 38. The expected cost of this strategy is $649,530.  

Place Figure 38 here. 

Place Figure 39 here. 

Next, we determine the optimal verification strategy for firm  with incentives. As 

mentioned before, firm  can only incentivize nodes under the control of firms ,  and 

. Furthermore, incentives are only considered at those nodes where firms ,  and  

don’t verify. The optimal incentive strategy for firm is depicted in Figure 39. The expected 

cost of this strategy for firm  is $641,620. Hence, firm  gains approximately $9,000 by 

incentivizing verification activities.      

7 Model Validity 

We have developed a normative decision-theoretic model of verification in this paper. Our 

model was not developed using a dataset obtained from the industry and is theoretical in 

nature. Hence, a data-driven validation process is not applicable for our work. Instead, we 

validate our model with the intention of providing a potential user with more confidence in 
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its applicability. In this regard, hypotheses validity and logical validity are two qualitative 

validation methods frequently used on decision-theoretic models  55,56. We discuss both below.  

7.1 Hypothesis validity  

Hypothesis validity checks if the model has adequately reproduced the connections between 

the elements of the subject being modeled 56,57. In the context of our model, the subject is the 

decision to verify (or not) a system design in a particular phase of its development. This 

decision affects a firm’s confidence in the correctness of its system design as the design evolves 

over the development process, which is modeled as a belief distribution. Furthermore, this 

decision is governed by the costs associated with verification and the probability of a firm 

making a design error during the design activities. The inputs to our model are then the 

aforementioned parameters, with the outputs being the optimal decision, the firm’s 

transformed belief in the correctness of its design and the expected cost of verification. Then, 

the connections between the elements of the subject, in the context of our model, are the 

relationships between the input parameters to the model and the output metrics observed 

from the model.  

We say that the organization’s confidence in the correctness of its design, represented as a 

belief in our model, binds all the parameters of our model. Our argument is as follows. The 

development process generates rich data in the form of design discussions, logs of activities, 

observations, and test results, for example. This rich data influences the organization’s 

understanding of the state of its design. Since the true state of the design is unknown prior to 

verification, the organization’s understanding of the state of its design is subjective. That is, 

the organization does not know the true state of its design but can be thought of as being 

confident in the correctness of the design. The organization will make verification decisions 

based on this confidence. Since the costs of verification are set by the organization’s decision, 

it then follows that adequately modeling the organization’s confidence in the correctness of 

its design activities is sufficient to connect our model input to its outputs.  

There are two aspects to modeling the organization’s confidence: 1) quantifying the 

confidence, and 2) modeling the change in this confidence. To quantify the organization’s 



confidence in the correctness of its design activities, we use belief distributions. The 

organization’s confidence is changed by the actions of the design activities. However, these 

activities have been abstracted away in our model. Thus, we need a parameter that adequately 

represents the way in which design activities vary the organization’s belief in the correctness 

of its design. This function is accomplished by the probability of making a design error .   

7.2 Logical validity 

Logical validity checks if a model has been correctly converted into a numerical computer 

model that produces solutions 55. There is no standard methodology for determining logical 

validity, but qualitative inspections have been used in the past 55. To the best of our knowledge, 

the results of our model are numerically correct. However, we do contend that numerical 

accuracy does not necessarily imply applicability in reality. In this regard, our model makes 

two assumptions that leads to numerically correct but inapplicable results in those scenarios 

where the organization’s baseline confidence in the correctness of its design 

maturity/capability is low throughout the design process: 1) the system design is either faulty, 

or not and 2) when the system is verified, the belief in the correct state of the system design 

becomes absolute.  

The two assumptions mentioned above, together, overlook the possibility of the system design 

being in more granular states during the design and verification process. Still, our model does 

derive a numerically correct strategy for those scenarios where the organization’s baseline 

confidence in the correctness of its design activities is low. This is so since our model suggests 

that even if the system is verified, the confidence of it being in the correct state will be low 

throughout the process, and hence it is best not to waste monetary resources on the same. 

However, in reality, the organization would prefer to verify its design if its baseline confidence 

in the correctness of its design activities is low. We conjecture that this issue can be resolved 

by expanding the size of the state space and by allowing a more granular increase in belief after 

verification activities.  

8 Conclusion 

!



Incentivizing verification activities in multi-firm design projects is a significant challenge for 

the main contractor. In this paper, we developed a belief-based modeling approach to derive 

optimal verification strategies in multi-firm scenarios, along with the incentives that can 

implement these strategies, for general development plans. The optimal incentives are a 

function of the subordinate firm’s beliefs and the influence exerted by the subordinate firm 

on the supervising firm with respect to verification activities.  

We presented the single-firm and the two-firm models of verification as building blocks and 

then extended the results to two scenarios: 1) a two-level model and 2) the network model. 

For each scenario, we presented an exact algorithm that determines optimal verification and 

incentive strategies. Numerical examples were presented for each scenario to illustrate the 

benefits of incentivizing verification activities.  

We note that the models and case presented in this paper assume a static verification strategy, 

meaning that a verification strategy is defined and contracted at a given point in time. While 

this may be in general suboptimal and contracting of dynamic verification strategies are likely 

preferred 42,58, the contracting of static verification strategies captures a common contractual 

paradigm in systems engineering practice. However, it is also important to note that, in 

principle, the approach presented in this paper, including the models and algorithms, could be 

used to support the design of dynamic verification strategies, since they could be updated and 

run once the information of a particular verification activity becomes available. 

In conclusion, our work lays a foundation for studying the problem of incentivizing 

verification in multi-firm scenarios. We focused on scenarios where the state space for each 

firm can be broadly categorized as either ideal or non-ideal and the decision space for each 

firm consisted of two possible actions. By deriving exact algorithms for all scenarios explored, 

we have also laid a foundation for the derivation of efficient heuristics that can determine 

near-optimal incentive and verification strategies for multi-firm projects with a large number 

of participating firms.  
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Table 1: Summary of key notation in the single firm model 

Notation Description 

  Generic node in polytree 

  Set of activity and dummy nodes, respectively 

  Initial belief distribution over the state space of the artifact at node   

  Probability of the firm’s design activities inducing an error in the 

artifact at node   

  Probability of the firm not detecting an error in design upon verification 

at node   

  Belief transformation matrix associated with design activities at node   

  Firm’s decision at node   

  Belief transformation matrix associated with verification activities at 

node  for decision   

  Reward vector for decision  at node   

  Parent node(s) of node   

  Conditional transition probability matrix between nodes in  and 

node   

  Maximum height in adjusted polytree 

  Generic phase with   

  Set of nodes in phase   

  Set of all possible phase-level decisions for phase   

  A generic element of   

  
Phase-level equivalents of node level model parameters 
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Table 2: Solution algorithm for the single firm model 

Step Description 

Initialization and preprocessing 

1 Set values of  ,  ,  ,  ,  and  at all nodes 

2 Insert dummy nodes and arrange nodes into phases 

3 Compute phase-level parameters , ,  and      

At phase   

4 Compute   

5 Eliminate dominated vectors from  to determine  and   

For phases   

6 Set   

7 Using  and  , compute   

8 Eliminate dominated vectors from  to determine  and   

9 Set   

10 If , then proceed to next step. Else, go to step 7.   

Optimal verification strategy and expected cost 

11 Set value of initial phase-level belief vector   

12 Compute  and determine   
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Table 3: Model parameters 

Node ( j )      ($)  ($)  

1 0.6 0.05 100 180 

2 0.6 0.05 110 160 

6 0.4 0.05 220 430 

7 0.4 0.05 230 480 

11 0.4 0.1 340 920 

12 0.4 0.1 310 940 

16 0.5 0.15 420 1630 

17 0.5 0.15 450 1670 

18 0.4 0.1 320 910 

21 0.3 0.2 560 2550 

22 0.3 0.2 520 2520 

23 0.5 0.15 470 1680 

24 0.4 0.1 360 980 

26 0.2 0.3 1000 729,000 

27 0.3 0.2 580 2600 

28 0.5 0.15 420 1700 

30 0.2 0.3 1500 1,000,000 

31 0.3 0.2 510 2500 

32 0.5 0.15 420 1900 

33 0.2 0.3 3000 1,331,000 

34 0.3 0.2 530 2700 

35 0.2 0.3 5000 1,728,000 

36   
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Table 4: Model parameters for the subcontractor 

Node ( j )    ($)  ($) 

1 0.2 0.2 100 500 

2 0.2 0.2 150 600 

3 0.2 0.2 150 1000 

4 0.2 0.2 300 1200 

5 0.3 0.1 500 1500 

6 0.3 0.1 600 1800 

7 0.3 0.2 800 2000 

8 0.3 0.2 920 2400 

9 0.4 0.1 1200 2500 

10 0.4 0.1 1500 3000 

11 0.5 0.1 2000 3000 

12 0.5 0.1 3100 3600 

13 0.6 0 400 6000 

14   

Reminder:  denotes the setup cost of verifying the artifact and  denotes the expected cost 

to rework the artifact.  
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Table 5: Parameter values for the nodes under the contractor's control 

Node ( j )    ($)  ($) 

1 0.2 0.2 -NA- 500 

2 0.2 0.2 -NA- 800 

6 0.2 0.2 -NA- 1000 

7 0.2 0.2 -NA- 1700 

11 0.3 0.1 -NA- 2200 

12 0.3 0.1 -NA- 2600 

16 0.3 0.2 -NA- 3400 

17 0.3 0.2 -NA- 3200 

21 0.4 0.1 -NA- 4500 

22 0.4 0.1 -NA- 5000 

23 0.4 0.3 1000 2000 

26 0.5 0.1 -NA- 6000 

27 0.5 0.1 -NA- 7000 

28 0.5 0.2 1500 3000 

29 0.4 0.3 1200 2200 

31 0.6 0 -NA- 125,000 

32 0.3 0.3 2000 4000 

33 0.5 0.2 1900 3500 

35 0.2 0.1 6000 1,000,000 

36 0.3 0.3 2700 4700 

37 0.5 0.2 2100 3800 

38 0.2 0.1 8000 1,331,000 

39 0.3 0.3 3000 5200 

40 0.2 0.1 10,000 1,728,000 

41  
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Table 6: Contractor's estimates for values associated with the subcontractor's nodes 

Node ( j )    ($)  ($) 

1 0.2 0.2 100 500 

2 0.2 0.2 150 800 

6 0.2 0.2 150 1000 

7 0.2 0.2 300 1700 

11 0.3 0.1 500 2200 

12 0.3 0.1 600 2600 

16 0.3 0.2 800 3400 

17 0.3 0.2 920 3200 

21 0.4 0.1 1200 4500 

22 0.4 0.1 1500 5000 

26 0.5 0.1 2000 6000 

27 0.5 0.1 3100 7000 

31 0.6 0 -NA- 125,000 
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Table 7: Parameter values for firm S_1 

Node ( j )    ($)  ($) 

1 0.5 0.2 150 400 

2 0.5 0.2 120 410 

3 0.5 0.2 160 420 

4 0.5 0.2 130 440 

5 0.5 0.2 110 460 

6 0.4 0.1 300 1630 

7 0.4 0.1 320 1620 

8 0.4 0.1 340 1640 

9 0.4 0.1 310 1600 

10 0.4 0.1 360 1650 

11 0.4 0.3 510 2870 

12 0.4 0.3 560 2810 

13 0.4 0.3 520 2830 

14 0.4 0.3 530 2840 

15 0.4 0.3 500 2820 

16 0.2 0.2 800 4010 

17 0.2 0.2 830 4000 

18 0.2 0.2 840 4030 

19 0.2 0.2 820 4040 

20 0.2 0.2 810 4080 

21 0.5 0.1 2200 8500 

22 0.5 0.1 2600 8400 

23 0.5 0 4000 22,000 

24   
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Table 8: Parameter values considered for firm S_2 

Node ( j )    ($)  ($) 

1 0.5 0.2 130 420 

2 0.5 0.2 140 450 

4 0.5 0.2 150 460 

5 0.4 0.1 310 1650 

6 0.4 0.1 330 1610 

7 0.4 0.1 360 1680 

8 0.4 0.3 520 2810 

9 0.4 0.3 530 2850 

10 0.4 0.3 570 2860 

11 0.2 0.2 820 4050 

12 0.2 0.2 880 4060 

13 0.2 0.2 810 4010 

14 0.5 0.1 1600 8100 

15 0.5 0 2600 8900 

16   
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Table 9: Parameter values for firm S_3 

Node ( j )    ($)  ($) 

1 0.5 0.2 150 430 

2 0.5 0.2 160 440 

3 0.4 0.1 370 1680 

4 0.4 0.1 320 1620 

5 0.4 0.3 550 2840 

6 0.4 0.3 580 2870 

7 0.2 0.2 860 4070 

8 0.2 0.2 820 4080 

9 0.5 0 1600 8100 

10   
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Table 10: Parameter values for firm M 

Node ( j )    ($)  ($) 

50 0.5 0 10,000 1,000,000 

51   
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Table 11: Firm M's estimate of expected repair costs at nodes 

Node ( j ) 1 2 3 4 5 

 ($) 500 500 500 500 500 

Node ( j ) 11 12 13 14 15 

 ($) 500 500 500 500 500 

Node ( j ) 21 22 23 24 25 

 ($) 2500 2500 2500 2500 2500 

Node ( j ) 31 32 33 34 35 

 ($) 2500 2500 2500 2500 2500 

Node ( j ) 41 42 47   

 ($) 12,500 12,500 62,500   

Node ( j ) 6 7 18 16 17 

 ($) 500 500 500 500 500 

Node ( j ) 28 26 27 38 36 

 ($) 500 2500 2500 2500 2500 

Node ( j ) 37 44 43 48  

 ($) 2500 2500 12,500 625,00  

Node ( j ) 19 20 29 30 39 

 ($) 500 500 500 500 2500 

Node ( j ) 40 45 46 49  

 ($) 2500 2500 2500 12,500  

 

!  

!
"#

!
"#

!
"#

!
"#

!
"#

!
"#

!
"#

!
"#

!
"#

!
"#



Table 12: Parameter values for firm S_11 

Node ( j )    ($)  ($) 

1 0.2 0.1 20 100 

2 0.2 0.1 30 110 

3 0.3 0.1 70 630 

4 0.3 0.1 80 620 

5 0.4 0.3 510 870 

6 0.4 0.3 560 810 

7 0.2 0.2 800 1400 

8 0.2 0.2 830 1410 

9 0.5 0.1 1200 2500 

10   

 

Table 13: Parameter values for S_12 

Node ( j )    ($)  ($) 

1 0.1 0.1 10 100 

2 0.2 0.1 30 630 

3 0.3 0.2 210 870 

4 0.2 0.1 800 1400 

5   
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Table 14: Parameter values for firm S_21 

Node ( j )    ($)  ($) 

1 0.9 0.4 20 50 

2 0.1 0.1 40 330 

3 0.1 0.1 310 470 

4 0.1 0.1 1000 700 

5   
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Figure 1: Notional development plan for solar panel modeled as a polytree 



 

 

Figure 2: Basic structure of each activity node 

 

 

Figure 3: Inserting dummy nodes to adjust the original polytree 



 

 

Figure 4: Nodes grouped into phases in the adjusted polytree 

 

 

Figure 5: Optimal verification strategy for the single firm model 



 

 

Figure 6: Polytree of subcontractor's design plan (red: no verification; blue: verification; black: dummy node; 
yellow: terminal node, no decision; magenta: integration point with contractor’s polytree) 

 

Figure 7: Polytree of contractor's design plan (red: no verification; blue: verification; black: dummy node; 
yellow: terminal node, no decision; magenta: integration point with contractor’s polytree) 



 

 

Figure 8: The combined polytree for the contractor (red: no verification; blue: verification; black: dummy node; 
yellow: terminal node, no decision; magenta: integration point with contractor’s polytree) 

 

Figure 9: Overall adjusted polytree for subcontractor (red: no verification; blue: verification; black: dummy 
node; yellow: terminal node, no decision; magenta: integration point with contractor’s polytree) 



 

 

Figure 10: Subcontractor's optimal verification strategy without incentives (red: no verification; blue: 
verification; black: dummy node; yellow: terminal node, no decision; magenta: integration point with 

contractor’s polytree) 

 

 

Figure 11: Optimal system-wide verification strategy for the contractor (red: no verification; blue: verification; 
black: dummy node; yellow: terminal node, no decision; magenta: integration point with contractor’s polytree) 



 

 

Figure 12: Contractor's incentive strategy (red: no verification; blue: verification; black: dummy node; yellow: 
terminal node, no decision; magenta: integration point with contractor’s polytree; green: activity that should be 

incentivized by contractor) 



 

 

Figure 13: Architecture of the EPS 



 

 

Figure 14: Adjusted polytree for firm S_1(red: no verification; blue: verification; black: dummy node; yellow: 
terminal node, no decision; magenta: integration point with contractor’s polytree; green: activity that should be 

incentivized by contractor) 

 

 

Figure 15: Optimal verification strategy for firm S_1 (red: no verification; blue: verification; black: dummy 
node; yellow: terminal node, no decision; magenta: integration point with contractor’s polytree; green: activity 

that should be incentivized by contractor) 



 

 

Figure 16: Adjusted polytree for firm S_2 (red: no verification; blue: verification; black: dummy node; yellow: 
terminal node, no decision; magenta: integration point with contractor’s polytree; green: activity that should be 

incentivized by contractor) 

 

 

Figure 17: Optimal verification strategy for firm S_2 (red: no verification; blue: verification; black: dummy 
node; yellow: terminal node, no decision; magenta: integration point with contractor’s polytree; green: activity 

that should be incentivized by contractor) 



 

 

Figure 18: Adjusted polytree for firm S_3 (red: no verification; blue: verification; black: dummy node; yellow: 
terminal node, no decision; magenta: integration point with contractor’s polytree; green: activity that should be 

incentivized by contractor) 

 

 

Figure 19: Optimal verification strategy for firm S_3 (red: no verification; blue: verification; black: dummy 
node; yellow: terminal node, no decision; magenta: integration point with contractor’s polytree; green: activity 

that should be incentivized by contractor) 



 

 

Figure 20: Overall adjusted polytree for firm M (red: no verification; blue: verification; black: dummy node; 
yellow: terminal node, no decision; magenta: integration point with contractor’s polytree; green: activity that 

should be incentivized by contractor) 

 

 

Figure 21: Optimal verification strategy for firm M without incentives (red: no verification; blue: verification; 
black: dummy node; yellow: terminal node, no decision; magenta: integration point with contractor’s polytree; 

green: activity that should be incentivized by contractor) 



 

 

Figure 22: Optimal verification strategy for firm M with incentives (red: no verification; blue: verification; 
black: dummy node; yellow: terminal node, no decision; magenta: integration point with contractor’s polytree; 

green: activity that should be incentivized by contractor) 

 

 

Figure 23: Firm organization for network model example 



 

 

Figure 24: Component allocation for the network model scenario 

 

 

Figure 25: Polytree for firm S_11 (red: no verification; blue: verification; black: dummy node; yellow: 
terminal node, no decision; magenta: integration point with contractor’s polytree; green: activity that should be 

incentivized by contractor) 



 

 

Figure 26: Optimal verification strategy for firm S_11 (red: no verification; blue: verification; black: dummy 
node; yellow: terminal node, no decision; magenta: integration point with contractor’s polytree; green: activity 

that should be incentivized by contractor) 

 

 

Figure 27: Adjusted polytree for S_12 (red: no verification; blue: verification; black: dummy node; yellow: 
terminal node, no decision; magenta: integration point with contractor’s polytree; green: activity that should be 

incentivized by contractor) 



 

 

Figure 28: Optimal verification strategy for firm S_12 (red: no verification; blue: verification; black: dummy 
node; yellow: terminal node, no decision; magenta: integration point with contractor’s polytree; green: activity 

that should be incentivized by contractor) 

 

 

Figure 29: Overall adjusted polytree for firm S_1 (red: no verification; blue: verification; black: dummy node; 
yellow: terminal node, no decision; magenta: integration point with contractor’s polytree; green: activity that 

should be incentivized by contractor) 



 

 

Figure 30: Optimal verification strategy for S_1 without incentives (red: no verification; blue: verification; 
black: dummy node; yellow: terminal node, no decision; magenta: integration point with contractor’s polytree; 

green: activity that should be incentivized by contractor) 

 

 

Figure 31: Optimal verification strategy for firm S_1 with incentives (red: no verification; blue: verification; 
black: dummy node; yellow: terminal node, no decision; magenta: integration point with contractor’s polytree; 

green: activity that should be incentivized by contractor) 



 

 

Figure 32: Adjusted polytree of firm S_21 (red: no verification; blue: verification; black: dummy node; 
yellow: terminal node, no decision; magenta: integration point with contractor’s polytree; green: activity that 

should be incentivized by contractor) 

 

 

Figure 33: Optimal verification strategy without incentives for firm S_21 (red: no verification; blue: 
verification; black: dummy node; yellow: terminal node, no decision; magenta: integration point with 

contractor’s polytree; green: activity that should be incentivized by contractor) 



 

 

Figure 34: Overall adjusted polytree for firm S_2 (red: no verification; blue: verification; black: dummy node; 
yellow: terminal node, no decision; magenta: integration point with contractor’s polytree; green: activity that 

should be incentivized by contractor) 

 

Figure 35: Optimal verification strategy without incentives for firm S_2 (red: no verification; blue: 
verification; black: dummy node; yellow: terminal node, no decision; magenta: integration point with 

contractor’s polytree; green: activity that should be incentivized by contractor)                                                                                                                       



 

Figure 36: Optimal incentive and verification strategy for firm S_2 (red: no verification; blue: verification; 
black: dummy node; yellow: terminal node, no decision; magenta: integration point with contractor’s polytree; 

green: activity that should be incentivized by contractor) 

 

 

Figure 37: Overall adjusted polytree for M (red: no verification; blue: verification; black: dummy node; 
yellow: terminal node, no decision; magenta: integration point with contractor’s polytree; green: activity that 

should be incentivized by contractor; gold: nodes that cannot be incentivized) 



 

 

Figure 38: Optimal verification strategy without incentives for firm M (red: no verification; blue: verification; 
black: dummy node; yellow: terminal node, no decision; magenta: integration point with contractor’s polytree; 

green: activity that should be incentivized by contractor; gold: nodes that cannot be incentivized) 

 

 

Figure 39: Optimal incentive and verification strategy for firm M (red: no verification; blue: verification; 
black: dummy node; yellow: terminal node, no decision; magenta: integration point with contractor’s polytree; 

green: activity that should be incentivized by contractor; gold: nodes that cannot be incentivized) 



 


