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With the recent developments on nonlinear SPDEs, where smoothing of
rough noises is needed, one is naturally led to study interacting particle sys-
tems whose macroscopic evolution is described by these equations and which
possess an in-built smoothing. In this article, our main results are to derive
regularized versions of the ill-posed one-dimensional SPDE

1 /

where the spatial white noise W’ is replaced by a regularization W/, as
quenched and annealed hydrodynamic limits of zero-range interacting parti-
cle systems in e-regularized Sinai-type random environments. Some compu-
tations are also made about annealed mean hydrodynamic limits in unregular-
ized Sinai-type random environments with respect to independent particles.

1. Introduction. Given recent developments in paracontrolled and regularity structures
analysis of nonlinear SPDEs, where smoothing of noises is involved, it is natural to inves-
tigate microscopic interacting particle systems whose macroscopic hydrodynamic limit al-
ready captures the smoothing of the noise. In this article, we are interested in interacting
particle systems whose hydrodynamic evolution is given by a smoothing of the ill-posed
one-dimensional nonlinear SPDE

1
(1.1) 0o =S AD(p) = 2V(W'(p)).

where the spatial white noise W’ is replaced by a regularization W/, and ® € C ! Such an
equation might be considered a “mass conserved” generalized parabolic Anderson equation,
noting that the parabolic Anderson equation is when ®(v) = v and V is not present.

More specifically, with respect to a zero-range particle system in a common Sinai-type &-
regularized random environment on a one-dimensional discrete lattice, we derive “quenched”
and “annealed” hydrodynamic limits, which feature a regularized noise W/, emerging from
a scaling of the random environment. Some computations are also made on the annealed
mean hydrodynamic limit in unregularized Sinai-type random environments with respect to
independent particles. We remark, as part of a two-scale approach, these results connect to
the work Funaki et al. [15], where the limit of the hydrodynamic density as ¢ | 0 is shown to
satisfy a paracontrolled version of the SPDE (1.1).

In the next subsections, we introduce the random environments studied, summarize the
main results and their proofs, review some previous literature and discuss directions for future
work.

Received December 2020; revised January 2022.

MSC2020 subject classifications. 60K35, 60K37, 60L50.

Key words and phrases. Sinai random environment, Brox diffusion, SPDE, interacting particle system, zero-
range, hydrodynamic, quasilinear, inhomogeneous, annealed, quenched, regularization.

200


https://imstat.org/journals-and-publications/annals-of-applied-probability/
https://doi.org/10.1214/22-AAP1813
http://www.imstat.org
mailto:landim@impa.br
mailto:cpacheco@math.cinvestav.mx
mailto:sethuram@math.arizona.edu
mailto:jxue@missouri.edu
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

SPDE HYDRODYNAMIC LIMIT IN A RANDOM ENVIRONMENT 201

1.1. “Sinai” random environments. To introduce elements of the environments studied
in the article, we recall that a “Sinai” random environment on Z is a sequence of independent
and identically distributed (i.i.d.) random variables {u;};c7, indexed over vertices, with the
property that ¢ < ug <1 — ¢ for some constant 0 < ¢ < 1/2 and E[log(ug/(1 — ug))] =0.
Define 62 = E [(log(uo/(1 — uo)))?]. Let U, be the position of a discrete-time random walk
in this random environment (RWRE):

P(Un+1 =U, + 1|U,, {Mi}) =1- P(Un—H =U, — 1|Uy, {”l}) =uy,

for n > 1 and Uy = 0. When o2 > 0, Sinai [36] showed that crzUn/(log(n))2 converges in
the annealed sense weakly to a nontrivial random variable U, whose law was identified in
Kesten [24] and Golosov [16]. A functional limit theorem to a nontrivial process is prob-
lematic however as 02U lnt)/ (log(n))? = Uxo, the limit process here being constant in time
t.

However, a continuous analog X; of the Sinai RWRE on R was introduced in Brox [6]:
Formally,

1
dXt - dB[ - EW/(XI) dt
and X = 0 or equivalently ZB;ox takes form

Loy = lﬂ(x)i(e—woc)i)_
dx

Here, B is a standard Brownian motion and W is a two-sided Brownian motion on R: W(0) =

0, W(x)=0Wi(x) forx > 0,and W(x) = o W_(—x) for x <0, where W are independent

standard Brownian motions. This description is only shorthand, as W is not differentiable a.s.

More carefully, this “o-Brox” diffusion is defined in terms of speed and scale measures:

y t _
X;=A""(Br-1;) where A(y) = / VD dzand T(1) = / e 2WATIBY)) gy
0 0

for y € R and ¢ > 0. Brox [6] showed that Xt/(logt)2 = Uy, the same limit as for the
discrete Sinai RWRE convergence.
To connect the two models, related random environments {u lN }iez, in terms of a scaling pa-

rameter N, were introduced in Seignourel [35]. An example is where ulN =1/2+4r;/vo?N
where {r;};cz is an i.i.d. sequence of bounded random variables, which are mean-zero and
with positive variance 2. Let U,{V be the corresponding RWRE with respect to the scaled
environment {ufv }. Seignourel [35] showed that {N~'U LAI/VZ iz 0} converges weakly in
the annealed sense to the 4-Brox diffusion {X; : t > 0}, formally given by dX; =dB; —
(1/2)W'(X;) dt with o = 4. See also Andriopolous [2] and Pacheco [32] for extensions and
variations of this convergence, and Hu, Le and Mytnik [18], Matzavinos, Roitershtein and
Seol [28] and references therein in this context.

1.2. Sketch of results. To specify the “regularized” Sinai-type environment that we con-
sider and the associated hydrodynamic limits of the zero-range process in this environment,
we discuss first what might hold with respect to an “unregularized” Seignourel environment
{u{V =1/2+r;/vo2N} on a discrete torus Ty := Z/NZ. Informally, in the zero-range pro-
cess, a particle at site 7, with k particles, will jump with rate g(k)/k and move to a neighbor
Jj =i £ 1 with probability p(i, j). We point out the case g(k) = k is when the random walks
are all independent. When a random environment is imposed, p(i, j) = ulN when j =i+ 1
and =1 — ufv when j =i — 1. Since a random walker in such an environment experiences
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many traps and moves slowly, one expects the hydrodynamic limit to involve “drift” terms
reflecting the environment.

In principle, since infinitesimally the rate of change of the number of particles n; (¢) at site
i at time ¢ varies according to the generator action,

1
Ln; = E{g(niﬂ) +gmi—1) —28(mi)}

+{gi—D(ri-1/Vo2N) — g(ix1)(ri+1/Vo>N)},

andr; /v o2N =[S; — Si_l]/\/ﬁ where S. is the partial sum of {r;}, one might expect scaling
space and time diffusively, that the hydrodynamic evolution of the mass satisfies the SPDE
(1.1), where ® is a homogenized version of the jump rate g. Of course, since W is not
differentiable, the spatial white noise W’ in (1.1) has to be interpreted as a distribution, and the
equation is ill-posed. But, in a sense, an equation like this should represent the hydrodynamic
equation, the term W' reflecting the random environment, even after some averaging in the
scaling limit has been taken.

As a way to obtain the singular hydrodynamic equation (1.1), we consider a two-scale
approach: We show here a hydrodynamic limit with respect to more regular random environ-
ments, those which average {ufV } in small macroscopic blocks of width &, in which the noise
W' is replaced by an e-smoothing W/. Then later we connect to work on the ¢ | 0 limit of
the associated hydrodynamic densities.

Let ¢ : [—1, 1] — R be a continuously differentiable function such that f_ll Y(x)dx =1.
Define {i)Y = 1/2 + r/Y/</N} where r)} = (6Ne)™' Y ;i<\ ne) rj ¥ ((j — i)/(Ne)) and
¢ > 0 is fixed. In this formula, |a] stands for the integer part of a € R. Summing by parts,

[Ne|—1

N 1 . [ L _ Jj+1 ]
i " oNe j:?NeJ Sivt] 1p(Ne?) 1//( Ne )
1 [Ne| 1 [Ne]
+ o—]\/'eSi_HNng(W) - O—NSSi—l—LNeJW<— Ne )

In part (I) of Theorem 3.5, under a fixed random environment with the same distribution as
{u lN }, that is, in a “quenched” environment afforded by Skorokhod representation, we obtain
the hydrodynamic equation

1
(12) 90" (1,x) = AP (1, x)) = 2V (W, (1) (o (1, 1)),
where
1 ré¢ u 1
W (v) := — W+ u)gb’(;) du + E{W(v + )y (1) — W —e)y(—1)}
—&
is a form of e-smoothing of W’. Observe that W/ Mo<e<1/2 C!/2=¢ when either ¥ (1) or
¥ (—1) does not vanish. If ¢/ (+1) =0 and ¢’ € C? for some y > 1/2, then W, € C?. In
contrast, if ' € C¥ for some y < 1/2,then W, € Ny—e<1/2 C'/2=¢_ A natural case is ¥ (x) =
(1/2)1—1,17(x) where W/(x) = 2e) " {W(x +&) — W(x —£)} € Noze<12 C/*<.

In part (II) of Theorem 3.5, with respect to the random environments {IZlN }, we obtain
that the annealed hydrodynamic limit of the space—time mass distributions is given by the
distribution of p® satisfying (1.2).

At this point, we see that the quenched versions of {ﬁlN } fit into the general form
{ﬁlN =1/2+ ocl.N/N} where {alN :i € Ty}y>1 is a deterministic array such that piecewise
continuous interpolations of {oclN :i € Ty} converge uniformly, as N 1 0o, to a (necessarily)
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continuous function «(-) on the unit torus T: Indeed, we may take ozl.N =N rl.N and note that
aiN — a(x) = W/(x) when i/N — x. In Theorem 3.3, we state that a hydrodynamic limit
holds for this spatially inhomogeneous weakly asymmetric system with the hydrodynamic
equation

1
(1.3) dp= S AP(p) =2V (ad(p)).

Via Theorem 3.3, we deduce parts (I) and (II) of Theorem 3.5. We remark that Theorem 3.3
is a generalization to @ € C of the hydrodynamic limit mentioned in Benois, Kipnis and
Landim [4] for weakly asymmetric zero-range processes with respect to smooth o € C? as a
step toward proving lower bound large deviations for the symmetric process.

We comment, as the regularization vanishes in the SPDE (1.2), that one might expect
some form of (1.1) should emerge. Indeed, as noted earlier, in the companion work Funaki
et al. [15], the limit of p® as & | 0 is considered and shown to solve (1.1) in the “paracon-
trolled” sense.

In this respect, we discuss a computation, Theorem 3.6, later in the context of Section 1.5,
on the form of the annealed mean hydrodynamic limit in unregularized random environments
for independent particles.

1.3. Idea of the proofs. The proof of Theorem 3.3 broadly employs the “entropy”” method
of Guo—Papanicoloau—Varadhan (GPV) (cf. Kipnis and Landim [25]), by applying 1t6’s for-
mula to the empirical measure of particle mass with respect to the zero-range evolution. How-
ever, the weak asymmetry « is not homogeneous and in particular is not translation-invariant,
a key feature of the “GPV” technique to homogenize resulting nonlinear terms of the pro-
cess in a replacement scheme. Instead of pursuing approximations with respect to the “GPV”
technique for “gradient” systems detailed in [25], as is done for smooth weakly asymmetric
perturbations in [4], we introduce “local” averages to piece together the “global” average in
the hydrodynamic limit. Such a procedure works well in our setting when « is only assumed
to be continuous, and may be of help later in more refined investigations.

To derive the homogenization, we make use of some averaging in time, afforded by spec-
tral gap or mixing estimates of localized processes, to perform “local” 1 and 2-block replace-
ments, leading to more “global” replacements (cf. Jara, Landim and Sethuraman [19, 23], and
Fatkullin, Sethuraman and Xue [14] for other applications). Here, in our context, estimates
on the random environment play a significant role in making the “local” replacements work
in the context of the spatial inhomogeneity. We remark that in this work we do not assume
the process rate g is an increasing function, as it is in [14, 19], that is, that the process is
“attractive” (cf. Ch. II in [27]), a technical condition, which would allow the use of “basic”
particle couplings.

The limiting equation (1.2), a case of equation (1.3), is not a standard one as the factor
W/ may not be smooth. To complete the proof of the hydrodynamic limit in Theorem 3.3,
we need to show uniqueness of weak solutions of (1.3). We can derive a certain continuum
energy estimate by considering the microscopic particle system, namely that 9, ®(o(¢, x))
can be defined in a weak sense. Uniqueness of weak solutions to (1.3) in an appropriate class,
with respect to bounded, measurable «(-), is then shown in Theorem 10.1 by a self-contained
argument, perhaps of separate interest.

1.4. Hydrodynamics in random environments. To put our results in context, we remark
that, with respect to systems of continuous-time random walks in a common random en-
vironment of different types, a “quenched” deterministic hydrodynamic limit for the bulk
space time mass density of the walks has been shown in some models when there is enough
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averaging with respect to the random environment. For the exclusion process with random
conductances, see Faggionato [10, 11], Jara and Landim [22] and Nagy [31], and with site
disorder, see Quastel [34]. For independent random walks in a ballistic random environment,
see Peterson [33]. For zero-range process, see Bahadoran et al. [3], Faggionato [12] and
Gongalves and Jara [17].

When the random environment does not allow sufficient averaging, a quenched hydrody-
namic may involve random terms. In Jara, Landim and Teixera [20], the hydrodynamic limit
is shown for a system of symmetric independent random walks in a common scaled “trap”
environment on a torus, that one of the particles at a site i jumps at rate SiN to a nearest neigh-
bor, where éiN is random and heavy-tailed; here, the limit equation involves a heavy-tailed
subordinator arising from the random environment. In Faggionato, Jara and Landim [13], the
hydrodynamic limit is shown for the symmetric simple exclusion processes on a torus, with
heavy-tailed random conductances on the bonds, which also involves a heavy-tailed subor-
dinator coming from the random environment. In Jara and Peterson [21], the hydrodynamic
limit is shown for independent random walks in a random environment on Z, where a sin-
gle particle is transient but not ballistic, which incorporates a random term arising from the
environment.

1.5. Discussion and open problems. Finally, given the development with respect to the
regularized environments, we comment on two natural directions for future work with re-
spect to the unregularized Seignourel environments. First, instead of using the two-scale ap-
proach, one might expect directly, say in a diagonal argument as both N 1 oo and ¢ | 0, that
the equation (1.1), interpreted now in the paracontrolled sense, would govern the annealed
hydrodynamic limit of the zero-range process with respect to the unregularized Seignourel
environment {u" = 1/2+r;/~/o2N} as N 1 co.

Indeed, one can make some computations, which give a form, at least with respect to the
annealed mean hydrodynamics, when the zero-range process consists of independent motions
on say Z, that is, when g(k) = k and so ®(p) = p, and the initial distribution of particles on
Z is a product measure with Poisson marginals with parameters {8(i/N)} where §: R —
[0, 00) is a bounded, continuous function. In part (I) of Theorem 3.6, we state that the law of
the configuration {(i) : i € Z} at time N>t is a product of Poisson marginals with quenched
mean parameters {)_ ..z f(x/N) Py (Rxé’; =1i):i € Z} where Rll\\//ft is the position at time
N?t of a single particle, starting at i, moving in a fixed Seignourel environment {ulN (w):ie
Z}. In part (II), we show that the annealed mean with respect to {ulN } of the hydrodynamic
limit mass density equals &[S(u — X;)] where X, is the 4-Brox diffusion starting from the
origin and say & is the associated annealed expectation.

Moreover, consider the following formal argument: By the proof of Theorem 3.6, one can
also compute the annealed hydrodynamic limit mean density with respect to the regularized
environments {ﬁlN } on Tx with ¢ > 0. Note that the quenched diffusively scaled path of a

single particle Rx{; /N, starting at 0, in the regularized environment converges weakly to a
diffusion X?¢ with generator (1/2) A +2W/V (cf. Chapter 7 of Ethier and Kurtz [7]). Then the
annealed hydrodynamic limit mean density equals &'[B(u — X7)], which by our Theorem 3.5,
equals the annealed mean of p(®)(r, u). Since we expect, in the annealed sense, that X& = X.
asi 2;‘ J 0, one can link formally the annealed mean limit &[B(u — X;)] to the & | 0 limit of
P

For the second direction, one might follow a tagged particle in the interacting system to
understand relations with Brox diffusion. Let x (¢) be the position at time 7 of a tagged
particle initially at the origin. Then, from It&’s formula,

N 8s(xN(9)))

2 ['q ds +M"
7 b o oy o MO

N =
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r g(ns (xN (s)))
1s (N ()
given the hydrodynamic limit (1.2) and following the scheme in [23], one might expect the

quenched limit points v; of vtN = lex\/’% /N to satisfy the equation

One can compute that the quadratic variation of M" (¢) equals Jo ds. Formally,

@ (p® (s, vs))

t
=21 Wli(v
! «[) 8( ») p(g)(S, Vs)

ds + M(1),

(€)
where M is a time-changed Brownian motion B(7 ™ L(#)) and T(1) = fé W s

Again, considering independent motions, when g(k) =k and so ®(#) =u and M = B, one
would recover the diffusion discussed earlier with the drift 2W/. Of course, it would be of
interest, in this direction also, to understand the limits as ¢ | 0.

Organization of the paper. We define the microscopic model precisely in Section 2, before
stating results, Theorems 3.3, 3.5 and Theorem 3.6, in Section 3. After preliminaries on basic
martingales in Section 4, we give the main proof outline in Section 5. In Sections 6 and 7,
hydrodynamic 1 and 2-block replacement estimates are proved. Tightness and useful proper-
ties of limit measures are given in Sections 8 and 9. Finally, uniqueness of weak solutions to
the limit equations in a certain class, Theorem 10.1, is shown in Section 10.

2. Model description. We first introduce the random environments considered, before
specifying the zero-range process in this random environment. Let {r, },cn be a sequence of
i.i.d. random variables with mean 0 and variance 0 < o2 < o0.

Letso=0and forn >1, s, =ZZ=1rk.F0r0§u <1, let

.1 N — +Nu—LNuJ
. s e — r s
u o ,— [Nu] ,—N [Nul+1

where recall |a], a € R, stands for the integer part of a. It is standard that the random
functions {X lev :0 < u < 1} converge in distribution as N 1 oo to the Brownian motion on
[0, 1]. By Skorokhod’s representation theorem, we may find a probability space (€2, &) and
{bef :0<u <1}, N € N, mappings from 2 to C[0, 1], such that, for all N e N,

XN:o<u<1)={wV:0<u<1)

in distribution and, moreover, {Wliv :0 <u < 1} converges uniformly almost surely to the
standard Brownian motion {W,,0 <u < 1}.

Quenched formulation. We will now fix an w € Q such that {W,jv (w) :0<u <1} con-
verges (uniformly) to a Brownian path {W,(w) : 0 <u < 1}.

We comment that of course “quenched” with respect to the original paths X" would not
make sense in diffusive scale given the law of the iterated logarithm for the partial sums s,,.

Recall the discrete torus Ty :=Z/NZ for N € N. Throughout this article, we will identify
Ty with {1, 2, ..., N} and also identify the unit torus T with (0, 1].

It will be convenient to extend W,N as well as W; to t € [—1, 2]: with Wu representing
either WY or W,, define

W Wyr1 — Wi, uel[-1,0),
A\ Wuli Wi, we, 2]

Here, in the time intervals [—1, 0) and (1, 2], the trajectory W starts respectively from — W
and W1, then displacing according to the trajectory W in [0, 1]. Importantly, the increments
of W~are periodic in T. Throughout, to simplify notation, we will drop the tilde in the notation
for W.
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Let ¢ > 0 be a parameter, fixed throughout the paper. Let also ¢ : [—1, 1] — R be a contin-

uously differentiable function with f_ll Y (x)dx = 1. For each N € N and k € Ty, consider
an e-regularization of local environments such that

Wi > nl(50)]

|j—k|<|Ne]
where
| kHLNel-l iy Pkl

N N

=gy 3 w() ()]
22) Ve =i e e

1 |Ne| | I [Ne]
+\/N Wk-ﬁ—NEw( Ne >_W8WklN€w(_ Ne )

In particular, when k/N — x € T as N 4 0o, we have /N q,ﬁv converges to

1
2 . v
2.3) / W (u )W( >du+ (W +oy 1) —Wx —e)y (=D}

= Wg(x).

As WV converges uniformly to W., by the continuity of W, and the properties of 1/, in view
of (2.2), there exists a constant C = C(w) < 0o such that
. N

(2.4) li\ljn_)sgoplrgr}cang{\/NMk I} <C.
As remarked in the Introduction, W/ is a smoothing of W’. In particular, W/ € C¥ when
Y’ € CY for y > 1/2 and ¥ (1) = 0. When one of ¥ (1) or ¥ (—1) does not vanish, then
W, € Moze<1/2 C'/>7€. Also, when ¢’ € C7 for y < 1/2, then W/ € o212 C'/2 €. A
natural case is when ¥ (x) = (1/2)1j_;,1(x) for which W/(x) = Qe) "W +e)— W —
8)l.

Zero-range process in an abstract inhomogeneous environment. We now introduce the
zero-range process in an abstract deterministic environment {oz,](\’ 1k € Ty} where the linear
interpolations for u € T,

YuN = a(vNuj + (Nu - I.NMJ)O[D/VMJ—H’
converge uniformly to «(#) where «(-) is a continuous function on T. In the above quenched
setting, an example is oe,’(v = \/Nq,iv and a(u) = W/ (u).

Set Ng =1{0,1,2,...},and let X = NE)TN be the configuration space. Elements of Xy are
represented by the Greek letter &. Thus, &£(k), k € Ty, stands for the number of particles at
site k for the configuration &.

Fix a function g : Ng — R,. Denote by (& : t > 0) the continuous-time Markov chain
whose evolution can be informally described as follows. Since maxj<k<y |oz,]€\' | is uniformly
bounded in N, take N sufficiently large so that |oz,1{V |/N < 1/2 for all k € Ty. At rate
gEMNI(/2) £ (a,iV/N)], a particle jumps from k to k £ 1.

More precisely, the process {&; : t > 0} is the Markov process, well defined on the count-
able space Xy, with generator L given by

N 1 oV
Lr© = Y {sw)(5+ %) 6 - @)
(2.5) k=1

2 N
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Here, £/-* is the configuration obtained from & by moving a particle from j to k, that is,
| EGH—1, =],
O =160 +1, L=k
£(0), L# . k.

To avoid degeneracies, we suppose that g(0) =0 and g(k) > O for k > 1. With g(0)!:=1
and g(n)! := ?:1 g(j) for n > 1, we define the partition function Z(¢):

o0 (pn
Z = .
(@) go ]

We assume, further, that g(-) satisfies:

L. supgen gk + 1) — g(k)] < g™ < o0;
2. Z(¢p) <ooforall 0 <¢ < oc.

These properties are standard and used in several places to make estimates. In particular, the
condition Z(¢) < oo for all ¢ > 0, usually referred as “FEM” (cf. page 69, [25]), is used for
particle truncation in the 1 and 2-blocks estimates presented in Lemmas 6.3 and 7.2.

We note that the case g(k) = k is when all the particles in the system are independent, and
construction of the process even on Z is immediate.

2.1. Invariant measure. The building block for the invariant measures are {Py}, a family
of Poisson-like distributions indexed by “fugacities” ¢ > 0. For each ¢, Py is defined by

1 ¢
Pot =26 g
Let R(¢) = Ep,[X], where X (n) = n, be the mean of the distribution Ps. A direct compu-
tation yields that R'(¢) > 0, R(0) =0, limg_, o R(¢) = oo. Since R is strictly increasing, it
has an inverse, denoted by @ : Ry — R, and we may parametrize the family of distributions
Py by its mean. For p > 0, let Q, = Po(y), so that Eg [X] = Ep,,, [X]= R(®(p)) = p.
A straightforward computation yields that Ep,[g(X)] = ¢ for ¢ > 0. Thus,

(2.6) ®(p) = Ep,, [8(X)]=Eg,[¢(X)]. p=0.

As g(k) < g*k, we have that ®(p) < g*p. A simple computation yields that ®'(p) =
D(p) /02(,0) where 02(,0) is the variance of X under Q,. Under our assumptions on g, in
fact, it holds that 0 < ®'(p) < g* for all p > 0 (cf. page 33, [25]). In particular, ® € C'10, 00)
is an increasing function with a uniformly bounded derivative.
We note, in the case g(k) =k, that ®(p) = p and Py is a Poisson measure with mean ¢.
Fix a vector (¢ v : k € Ty) of nonnegative real numbers. Denote by #Zy the product

forn > 0.

measure on NE)TN whose marginals are given by
2.7) ZN(E(k) =n) =Py, y(n) forkeTy,n=>0.

It is straightforward (cf. [1, 9]) to check that #Z is invariant with respect to the generator L
in (2.5) as long as the fugacities {¢ v }reTy satisfy

L, Loy
2.8) (5 + T)cpkw + (5 - T)WH,N —dn, k=1,2,....N.

Notice that {c¢x n}keTy, ¢ € R is a solution of (2.8) if {¢x n}reTy 1s a solution. In par-
ticular, any solution gives rise to a one-parameter family of solutions. Although standard, to
introduce useful notation, we show that (2.8) admits a solution.
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LEMMA 2.1. The equation (2.8) admits a solution, unique up to a multiplicative con-
stant. Moreover, the solution is either strictly positive or strictly negative or identically equal
to 0.

PROOF. Lett, = (1/2) + ()Y /N), k = (1/2) — (@)Y /N), k € Ty. With this notation,
equation (2.8) becomes
GU—19k—1,N + bt 1Pr+1,N = PN -
Since t; + [ = 1, we have that
GU—1Pk—1,N — kP, N =P, N — ket 1Pr1,nv, kK €Tn.
Denote by y be the common value of tx¢r, v — lk+1¢r+1,n, to get the recursive equation

%Pk N —V

(2.9 Gr+1,N = [
k41

With the convention that vty 1 =t1 and [y = [q, let
k k
Riw=[[v. Lu=[] 1=j<k=N+L
i=j i=j

We extend the definition to indices j > k by setting R, = £ = 1 if j > k. Solving the
recursive equation yields that

TS 9%l’k_lqﬁl,N — ﬁ% 2<k<N+1.
L2k 2.k
In this formula,
k
Sr=>) £ j-1Rji-1,
=2

with the convention, adopted above, that £2 1 =Ry k-1 = 1.
Since ¢y 41,8 = P1,n, We have that

RN — LN+

(2.10) 1N

Sn+1

Reporting this value in the equation for ¢ n yields that

Rik—1 Sk Riv—Lon+1
L2k Gyt L2k

Therefore, for each ¢; x € R, the solution of the difference equation (2.8) is given by

(2.11). This proves existence and uniqueness up to a multiplicative constant. Moreover, it

is not difficult to check that &R y < Gn419R1,k—1. Therefore, as each variable t;, [; is
strictly positive for sufficiently large N, the solution is strictly positive if ¢; y > 0. O

@.11) ¢k,N={ }¢>1,N, 2<k=<N.

Let ¢pmax, v = maxj<x<n{Pk,n} and Gmin, vy = minj <<y {dr, N}

LEMMA 2.2. Let ¢, n be a solution of (2.8). Then there exist constants C1, Cy < 00
such that for all N € N,

d’max,N C2
l<———=<C; and max [px N — Pk+1,N| < — Pmax,N-
min, N I<k=N N
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PROOF. By the definition of « ,iv , there is a finite constant C such that max;<x<n a,ﬂv <C.
Therefore, for each j, k € Ty, using the notation of Lemma 2.1 |(t; /lx) — 1] and |(lx/t;) — 1]
are bounded from above by

N
ma 1 8C
2.12) pmaxefa | <2 forN>4C.

N 1 maxgle)| = N
2 N

Without loss of generality, we may assume that ¢1 y = @min. N, Pm. N = Pmax n- Hence,
by (2.11) and since all terms are positive and £2 y+1 = £2.mLim+1,N+1> Pmax, N/ Pmin, N 1S
bounded by

Rim—1 . GnLmti,N+1
L2.m Gnt1

By (2.12), the first term is bounded by [1 + (8C/N )]V . We further show that the second term
is also bounded by [1 + (8C/N)]N by rewriting £,,,41 y+1 as Ry N[ Lm+1. N+1/Rm. n] and
using S, R, N < Sy41. This proves the first assertion of the lemma.

We turn to the second assertion. By (2.9),

v 14
¢m+1,N - ¢m,N = (_m - 1)¢m,N i
bt 1
By (2.12), the absolute value of the first term on the right-hand side is bounded by

(8C/N) maxy ¢ n. By (2.10), and since £2 y+1 = £1,n, the second one is equal to

oy 1N
— Z L1, jRj41.8 — L1 j+11Rj42.8}
b1 Gn41 15

where we used the convention that £; ; =1 and R; ; = 1 if i > j. Changing variables, this
expression becomes

[ N+1 .
2

bnt1 N1 12 Lj—1

There is Cg > 0 such that [{/I,;,41 < Cp. Also by (2.12), the absolute value of the expression
inside the parenthesis is bounded by 8C /N, uniformly over j. The remaining sum is bounded
by Gy +1. This expression is, therefore, bounded by Co(8C/N)¢1 . To complete the proof
of the second assertion of the lemma, it remains to recollect all previous estimates. [

3. Results. We first specify the initial measures for the zero-range processes. These in-
clude the usual “local equilibrium” measures as well as others. We then state the main results
of this work.

In the following, with respect to a given probability measure 1, we denote by E,, and Var,,
its expectation and variance.

3.1. Initial measures. We consider an initial macroscopic density profile po(-) € L'(T),
and an initial microscopic measure satisfying the following condition. Denote by #Zy (cf.
(2.7)) the invariant measure chosen so that ¢max, v = maxier, {¢x, v} = 1. Such a choice
(which could be another constant) makes definite the normalization of ¢y x to reduce notation
in later estimates.

CONDITION 3.1.  Let {uN} yen be a sequence of probability measures on NEN such that
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(a) { [LN }NeN is associated with profile pg in the sense that for any G € C(T) and § > 0,

lim 12N2G<k)$(k) /G() (x)dx|>$ 0
— — — X x)dx =0.
N—>ooM Nk=1 N T Po
(b) The relative entropy of u™ with respect to Zy is of order N. That is, there exists
a finite constant Cy such that H(uN|%n) = [ foln fod%y < CoN for all N > 1, where
fo=du" /dRy.

A useful consequence of the relative entropy bound in part (b) of Condition 3.1 and the
bounds on the fugacities of the invariant measure &%y in Lemma 2.2 is that the expected
number of particles under u” is of order N. Indeed, by the entropy inequality (cf. [25]),

1
3.1) [ Z g(k)] < —HuN|\%N) + —log Ez[e” YreTy %‘(k)]
keTy 14
for all y > 0. By Condition 3.1.b and by definition of Zy, this expression is bounded by

L& Z N
—N log
y 'ty E: ZGin)

Since maxy ¢x v = 1, ming ¢k y > cp > 0 and Z is an increasing function defined on R,
choosing, say, y = 1, yields that the previous expression is bounded by CoN for some finite
constant Cy.

Condition 3.1 is satisfied, for example, by “local equilibrium” measures {,ullz } NeN associ-
ated to macroscopic profiles pg in L°°(T). For each N € N, let ufZ be the product measure

on Ng” with marginals given by
Mﬁ(é(k) =n)= Pagk’N(n) forkeTy,n>0,

where the parameters {(/Sk, N : 1 <k < N} are such that E uly [£(k)] = px N for
k/N
px=N [ po@as.
(k—1)/N

Indeed, Condition 3.1(a), for the product measure MfZ holds straightforwardly as G is uni-
formly continuous by Chebychev and triangle inequalities. The next lemma asserts that Con-
dition 3.1(b) holds.

LEMMA 3.2. There exists Co > 0 such that H(M{ZL%)N) < CoN forall N e N.

PROOF. Write

H (i |%n) = iEﬂg{anik_’N)g(k)}_i_ Z(¢x, N)}

kN Z(e.n)

_ i ) BN | Z (k,N)
P Z(¢k %
Then the lemma follows as (a) qgk, N < &*pk.n is uniformly bounded by the fugacity bounds

after (2.6) as |[pplloc <00, (b) Z(0) =1 and (c) O <c < ¢y <1forall ]l <k <N by
Lemma 2.2. O
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3.2. Main results. For each N, we will observe the evolution of the zero-range process
speeded up by N2, and consider in the sequel the process 1, := &y2,, generated by N2L (cf.
(2.5)), for times 0 <t < T, where T > O refers to a fixed time horizon. We will access the
space—time structure of the process through the scaled mass empirical measure:

1 N
aN(dx) == 0 (k)8kn (dx),
N k=1

where 8., x € T stands for the Dirac mass at x.

Let M be the space of finite nonnegative measures on T, and observe that nlN e M. We
will place a metric d(-, -) on M, which realizes the dual topology of C(T) (see [25], page 49,
for a definitive choice). Here, the trajectories {n,N :0 <t < T} are elements of the Skorokhod
space D([0, T'], M), endowed with the associated Skorokhod topology.

In the following, for G € C(T) and & € M, denote (G, ) = fol G(u)m(du). Also, the
process measure and associated expectation governing 7. starting from p will be denoted by
P,, and [E,,. When the process starts from { u™}yen, in the class satisfying Condition 3.1, we
will denote by Py :=P~ and Ey :=E ~, the associated process measure and expectation.

We first state a hydrodynamic limit (HDL) with respect to the abstract environments {a,ﬂv }.
The proof of Theorem 3.3 is outlined in Section 5.

THEOREM 3.3. For initial distributions u" satisfying Condition 3.1, consider the

speeded up process 1, as above with generator N>L. Then, for any t > 0, test function
G e C®(M),and 5 > 0,

lim IP)NH(G,JTtN)—/TG(x)p(t,x)dx

N—oo

>8:|:0,

where p(t, x) is the unique weak solution of

1
32 ’atp(t, )= 330 @(p(1, 1) ~ 20 (@@ (1, 1)),

p(0,x) = po(x),

in the class of “good” weak solutions given in Definition 3.4 below with V¥ = ®/2 and K =
—2a.

Consider the PDE

:8,,0([, X) =W (o(t, X))+ 0. (K(x)W(p(t,x))), xeT,t>0

33
) p(0, x) = po(x),

where W(-) € C'[0, 0o) satisfies 0 < W/(-) < Cy, the function K (-) is measurable and in
L>(T), and po € L'(T) is nonnegative.

In the context of Theorem 3.3, ® is certainly continuously differentiable with ®’ positive
and bounded above (cf. below (2.6)), and « is a continuous function.

DEFINITION 3.4. Wesay p(t,x) =p(t,x; ¥V, K):[0,T] x T+ [0, 00) is a good weak
solution to (3.3) if:

1. [pp(t,x)dx = [ppo(x)dx forall t € [0, T].
2. p(z,-) is weakly continuous, thatis, forall G € C(T), [ G(x)p(t, x) dx is a continuous
function in ¢.
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3. There exists an L'([0, 7] x T) function denoted by d;W¥(p(s,x)) such that, for all
G(s,x) € CO1([0, T] x T), it holds

T T
3.4) A ‘/TGXG(s,x)\I’(p(s,x))dxds=—/O /TG(s,x)Bx\Il(,o(s,x))dxds.
4. Forall G(s,x) € C°([0, T) x T),
T
/ /8SG(s,x),0(s,x)dxds—|—/ G0, x)po(x)dx
0 T T
T
:/(; /T[—BMG(S,X)\IJ(,O(S,X))+axG(s,x)[K(x)\l‘(,o(s,x))]]dxds.

Later, in Theorem 10.1 in Section 10, we show that the PDE (3.3) has at most one good
weak solution.

As a consequence of Theorem 3.3, we observe that both quenched and annealed hydrody-
namic limits follow with respect to random environment:

{r,iv = 611\/8 Z rﬂﬁ(%):ke'ﬂ‘z\/}.

lj—kl<[Ne]

Let EpP% be the annealed probability measure, where P(dw) governs the random environ-
ment = {ry}ren and Py =Py is the process measure of the speeded up zero-range process

n, with single particle jump rates (1/2) & r,ﬁv /~/N to the left and right from location k € T,

conditioned on the environment. Recall that {q,ﬁv } 4 {r,ﬁv } and that a.s. \/ﬁq,iv — W/(x)
when k/N — x (cf. (2.2), (2.3)).

THEOREM 3.5. With respect to the random environments, we have the hydrodynamic
limits:

(I) (Quenched HDL) For almost all realizations w, the statement of Theorem 3.3 holds with
respect to aN = /NgV and o = W/

(ID) (Annealed HDL) The law of n, under EpP?, converges weakly to the law of
p(,x)dx = p(-, x; D, W[) dx with respect to the distribution of Brownian motion W .

PROOF. Part (I) follows directly from Theorem 3.3. For part (II), let Q({Y be the dis-
tribution of 7N € D([0, T], M) conditioned on the environment realization w. Then, av-
eraging over the environment, the distribution of 7N is i Q(’Z P(dw). From part (I), we
observe that p(-, x; ®, W/(w)) dx, noting the dependence on w, is the quenched hydrody-
namic limit conditioned on the environment. Averaging over the environment, the distribu-
tion of p(-, x)dx is [ 8p(..dx;®,W!(w))dx P (dw). Here, the law of W/(w) under P(dw) is that
of _71 S W)y’ () du + é{W(x + ) (1) — W(x —e)yr(—1)} (cf. (2.3)).

Let f be a bounded continuous function on D([0, T], M). By the proof of Theorem 3.3
(see Step 5 in the proof outline in Section 5), applied to the quenched environments, we
have that Qg , the law of the trajectory N, converges weakly to 8, x;@,w/(w))dx for al-
most all environments w. Hence, [ f(7)Q 2’ (drm) converges for almost all environments w to
f f(n)‘sp(~,x;d>,W8’(a)))dx (dm). Then, by bounded convergence, as N 1 0o,

/ f £ 0N (dm) P(dw) — f / F 008 x50,y s (dT0) P(d),

and part (IT) follows. [J
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Finally, as remarked in Section 1.5 in the Introduction, we now consider a system of inde-
pendent particles, seen in diffusive scale and starting from a local equilibrium measure, in a
common unregularized Seignourel environment on Z: That is, when g(k) = k, and a single
particle has rates of moving from k to k £ 1 are {1/2 & ri /v 02N : k € Z}, where w = {r;}
are i.i.d. bounded, mean 0 random variables with variance o2 > 0. Let Py and EY; refer to
the quenched process measure and expectation with respect to a random walk moving in this
environment.

THEOREM 3.6. Consider a system of independent particles on 7 moving in a common
Seignourel environment, with initial product Poisson distribution v} = [Tyez Ppx/n) asso-
ciated to a bounded, continuous profile B : R — [0, 00).

() (Quenched law at time t) For fixed w, the law of the configuration {ni(t) : k € Z} is a

product Poisson measure [ ez Pp,,n)y where Bi(k, N) =), cy, ,B(x/N)P‘”(RNzt k) for

keZ,and Rf’N is the position at time s of a random walk starting at k in this environment.
(II) (Annealed mean HDL) Let G € C*°(R) be a compactly supported test function. Then

lim EpEY[(G, 7)) = / Gw)&[Bu — X,)]du,
N—oo R
where & is the annealed expectation with respect to the 4-Brox diffusion X ..

PROOF. We show part (I) by computing explicitly the moment generating function of the
law of the configuration {n;(x) : x € Z} via the method of Chapter 1 [25]. Let {A (i) :i € Z}

be real parameters, where A (i) # O only for a finite number of i € Z. With respect to a fixed

ZjN

random environment w, decompose nt xX)=> .z Zm’(Z) ]1(R = x) in terms of the initial

configuration and the positions R*’ N2z N of the Jjth particle at tlme N?t, which is initially at z.
Here, we use the convention that empty sums vanish. .

Hence, Y ez A0 (x) = Y.z Z"O(Z)A(RZ /. N) Since, for each z, {R;ﬁ;N 1<j<
no(z)} are i.i.d., and ng is distributed according to vl ¢» We have

E%[exp{zx(xm(x)” [TeFemiese Ny

xeZ Z€Z

A(R

Since Efy[e Nz,)] Y ez e“")P“)(RN2 = x), the last display equals, as desired,

I exp{ [Z B(z/N) PR (R = x)}(e“x) — 1)}.

x€eZ 7€Z

To show part (II), as a consequence of part (I), we find that the quenched mean of
N~ 4ez G(k/N)n, (k) equals

1
5 2 Gk/N) Y- BG/N)PRRE = k).
keZ z€Z

By translation-invariance of w under P(dw), Ep[P“)(RNzt =k)]= Ep[P‘”(RNzt +z=k)].
Hence, the annealed mean of N ' Y, ., G(k/N)ny2, (k), equals

/ S GU/N) Y. B/ NI PE(REY + 2= k) P(dw)

keZ Z€Z

= [ T GWMEG[BE/N — R /N)]P(do).

keZ
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Now, from Seignourel’s annealed limit, we have R%\: /N = X;. Since B is bounded and

continuous and G € C*°(R) has compact support, we conclude that the previous display
converges, as N 1 00, to [ G(u)E[B(u — X;)]du as desired. [

4. Stochastic differentials and martingales. To analyze (G,JT,N ), we compute its
stochastic differential in terms of certain martingales. Let G be a smooth function on
[0, T] x T, and let us write G;(x) := G(t, x). Then

M0 = (G = (Gou ) = [ 0,Goo )+ NPLIG 7)) ds

is a mean zero martingale. Denote the discrete Laplacian Ay and discrete gradient Vy by
k 2 k+1 k—1 k
an6() =N(6() +6(-) —26(5)):
N N N N
k N k+1 k—1
() =3 (e(57) (%)
N 2 N N

and write
N2L(G,nM)
4.1) 1 1
:NK;N(EANG;(N) (ns<k))+2vNG( ) (m(k))ak)
We will define
G.s 1 k kN n
(42) DN,k = EANGS N +ZVNGS ﬁ O[k.

As |a,€v | is uniformly bounded from above by a constant C, given uniform convergence to «
on the torus T, we have

(4.3) D] < 1855 G lloo +2C110: G oo

The quadratic variation of M ,N G s given by

(Y9), = [AN2L(Gs. ) 2(Gs, wY VLG ) .

Standard calculation shows that

/Z{ w30 ()0 ()
w5 o) o

This variation may be bounded as follows.
LEMMA 4.1. For smooth functions G on [0, T] x T, there is a constant Cg such that for
large N,

sup En(MN-C) <g*CeTN™'.
0<t<T
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PROOF. For N large, we may assume that 1/2 4 |oz,€v /N| < 1. Also, since G is smooth
and g(-) grows at most linearly, we obtain

r1 N
En(MY-9), <2¢*(|0, G5, N~ 'Ey [ /0 5 2 sk ds}
k=1

_ 1 Y
=2g"18, G| 2N 1ﬂEN[NZno<k>]
k=1

We have used that total number of particles is conserved in the last equality. By (3.1), we
have that supy, En[N~! Z,ICVZI no(k)] < oo, and the result follows. [

5. Proof outline. We now give a detailed outline of the proof of Theorem 3.3. Let Q¥
be the probability measure on the trajectory space D([0, T], M) governing 7 when the
process starts from ul. By Lemma 8.1, the family of measures (0N ven is tight with respect
to the uniform topology, stronger than the Skorokhod topology.

Let now Q be any limit measure. We will show that Q is supported on a class of weak
solutions to the nonlinear PDE (3.2).

Step 1. Let G be smooth on [0, T] x T. Recall the martingale MtN ‘G and its quadratic
variation (M"-9), in the last section. By Lemma 4.1, we have IEIN(M}V’G)2 =Ex(MN-C)p
vanishes as N — oo. By Doob’s inequality, for each § > 0,

> (S]

IP’N[ sup

0<t<T

t
(Gr) = (Go. ') = [ (0:Gu)+ N2L(G o 7)) ds

4
< 8—2[EN(MN’G>T — Oas N — oo.

Recall the evaluation of N2L(Gj, nfv )y in (4.1). Then

t
A]lilnoo Py [OE?ET (G, n,N> — (Go, név) —/0 {(as(;s’ nfv>
5.1 X | . )

Step 2. We now replace the nonlinear term g (7, (k)) by a function of the empirical density
of particles. To be precise, let 7/ (x) = ﬁ 2 ly—x|<t (y), that is, the average density of
particles in the box centered at x with length 2/ 4 1.

Recall the coefficient Dgi in (4.2). By the triangle inequality, the 1- and 2-block estimates
(Lemmas 6.3 and 7.2) imply the following replacement lemma.

LEMMA 5.1 (Replacement Lemma). For each § > 0, we have

. . 1 r
lim sup lim sup]P’NH— Z / D]C\;,:;((g(n, (k)) — CD(n?N(k)))dt‘ > 8:| =0.
>0 N—oo N Z2n/o

Step 3. For each 6 > 0, take 1y = (29)_11[,9,9]. The average density n?N(k) is written as
a function of the empirical measure 7V,

ny ™ (k) = (to(- — k/N), 7).

20N +1
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Then, noting the form of Dﬁi and the uniform convergence of o™

to o, we may replace
Vn, Ay and a,iv by 9y, 0xx and a(%), respectively, and also the sum by an integral. Hence,

we get from (5.1) in terms of the induced distribution Q* that

T
lim sup lim sup QNH(GT,JT]N)—(G(),TL’(;V)—/ {(8SGS,7TSN>
(5.2) #—0 N—o0 0

1
+/;T<§axsz<X)+2asz(x)a(x))q)((t9('_x)’nsN»dx}ds

>5:|=0.

Taking N — o0, along a subsequence, as the set of trajectories in (5.2) is open with respect
to the uniform topology, we obtain

T
lim sup QH(GT,JTT) — (G, ) —f {(BSGS,JTS>
6—0 0

+ A(%axsz(X) + 28sz(x)a(x)>cI>(<L9(. — x), 71,)) dx} ds

>8}=0.

Step 4. We show in Lemma 9.1 that Q is supported on trajectories ms(dx) = p(s, x)dx
where p € L'([0,T] x T). To replace (19 (- — x), s) by p(s, x), it is enough to show, for all
é > 0, that

T
lim sup QH/O /]TDG“;((D«LQ(' —x),75)) — P(p(s, x)))dx ds

6—0

>8]=0,

where Dg 5 = %BMGS (x) +20,Gs(x)x(x). By considering the Lebesgue points of p, almost
surely with respect to Q (cf. [25]), we have

T T
lim/o ‘/:EDG,S(D«LQ('—X),ﬂs))dxds=/(; _/TDG,Sd)(p(s,x))dxds.

6—0

Q‘( T/ (T’x)> (GO" ( ’x)> /‘) {< SGS 'O(s x)>

+ /T<%BMGS(X) + 28sz(x)ot(x))<D(p(s,x)) dx} ds = O] =1.

Step 5. Now, each p(t, x) solves weakly the equation

1
Oip = 5 0xx P(p) — 20x ((x)@(p)).

As a consequence of Lemma 9.1, p satisfies conservation of mass: [pp(f,x)dx =
J1 po(x) dx. Moreover, the initial condition p (0, x) = po(x) holds by Condition 3.1. From
convergence of Q" to Q with respect to the uniform topology, p is weakly continuous in
time, namely for each test function G € C(T), the map t — [3 G(x)p(t, x) dx is continuous.
In addition, in Proposition 9.2, we show an energy estimate, which defines a weak spatial
derivative of ®(p(z, x)). Therefore, p is a good weak solution to (3.2).

As mentioned after Theorem 3.3, in Section 10, we show that there is at most one good
weak solution p to (3.2) (cf. Definition 3.4). We conclude that the sequence of oN converges
weakly to the Dirac measure on p(-, x) dx. Finally, as Q" converges to Q with respect to the
uniform topology, we have for each 0 < ¢ < T that (G, 7rV') weakly converges to the constant
Jr G(x)p(t, x)dx and, therefore, convergence in probability as stated in Theorem 3.3.
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6. 1-block estimate. The “1-block” estimate is obtained by using a Rayleigh-type esti-
mation of a variational eigenvalue expression derived from a Feynman—Kac bound. A spectral
gap bound plays an important role in this step. There are differences here with the scheme of
[14] and [23] in the context of the inhomogeneous environment that we detail.

Recall the generator L (cf. (2.5)), and the invariant measure %y (cf. (2.7), where ¢y n is
taken so that maxy ¢x vy = 1). As Zy is not reversible with respect to L, we will work with
S, the symmetric part of L:

N

1
SF =3 > Ag (e (£ (1) = @) + g(n)pr - (£ (1) = @)},
k=1
where
v o._ (L a_k Gk+1.n (1 %
o e

R T )
k="\2 N dxn \2 N )

Then Z is reversible under the generator S. The Dirichlet form is

Eqy[f(=SH)]= ZE@N n()py 4 (f (15 = F(m)?]

> Eay[s(n0)pl _(f (1) = f)?]

k=1

e

6.2) +

Z g L (f 0 — ).

In the following, to reduce notation, we will use the formulation in the last line of (6.2), and
related expressions for other Dirichlet forms defined subsequently.

6.1. Spectral gap bound for 1-block estimate. Fork € Ty and! > 1, define the set Ay ; =
{k—1,k—1+1,...,k+1} C Ty. Consider the process restricted to Ak ; generated by Sk,
where

Sk,zf<n>=% > e (f(r) = f(m)

(63) x,x+1eAy,
+ g+ D)X _(fGT) = Fa))

A . : .
Let Q2 =N, “! be the state space of configurations restricted on sites Ay ;. For each 1 €
Q.1, define ki 1 (1) = [1ien, , Py (1(x)), that is, ki ; is the product measure Zy restricted
to €24 ;. Define the state space of configurations with exactly j particles on the sites Ay ;:

Qri,j= {77 €t Y. nx) =j}-
XEAL

Let ki1, ; be the associated reversible canonical measure obtained by conditioning «j; on
Qk.1- The corresponding Dirichlet form is

1
64 Eq, [fSunl=5 X Eayls)pl (£ = fo)’]

X, x+1eAr
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We will obtain the spectral gap estimate corresponding to the localized inhomogeneous
process by comparison with the spectral gap for the standard translation-invariant localized
process. Consider the generator L; on €24 ; given by

Lifm= ) %{g(n(X))[f(nx’x“) = F]+g(n + D) (r ) = rn])-

x,x—i—leAk,l

For any p > 0, let v, be the product measure on Q2 = NEN with common marginal P, =
Pao(p) on each site k € Ty with mean p, and let vlp = v,f’ ; be its restriction to $2 ;.

Consider vy, j = vy, j, the associated canonical measure on €2, j, with respect to j par-
ticles in Ay ;. Notice that v; ; does not depend on p. It is well known that both vlp and vy
are invariant measures with respect to the localized generator L; (cf. [1]). The corresponding
Dirichlet form is given by

(6.5) Eu,,j[f(—sz>]=% S Eu,[gm@))(f (") = fa)?)-

x,x+leA;
For j > 1, let b;,; be the spectral gap of —L; on 2 ; ; (cf. page 374, [25]):

EVl.j[f(_Llf)]
inf ————
[ Vary (f)

As i j 18 a finite space, the infimum in the above formula is taken over all functions f
from ¢ j to R. Forall [, j > 1, we have b; j > 0. We remark that even though, for a large
class of g(-)’s, sharp estimates of b; ; are available (see, for instance. [26, 29, 30]), we will
only need that b; ; is strictly positive for all /, j > 1.

We are now ready to state the lemma for the spectral gap bounds. Recall p,i\f 4 from (6.1).

= N
Let Ty = Milken,, {px7+}.

(6.6) bl =

LEMMA 6.1. We have the following estimates:
1. Uniform bound.: For all n € Q. ;, j, we have
6.7) (¢min,k,1 )j - Ki,1,j (M) < (¢max,k,l>j’
®Dmax, k.l v, i (1) ®min, k.1

where ¢min,k,l = minxeAH Px,N and d)max,k,l =MaXyxepy, ¢x,N~
2. Poincaré inequality: We have for j > 1,

Var,(k’l’j (f) = Ck,l,jEKk,[,j [f(_Sk,lf)]’

where Cy 1. j = bl_}rk,l,N(%)zj bounds the inverse of the spectral gap of — Sk, on Q.
E ’ 'min, &,
3. For each l fixed, we have

. ¢max,k,l .
lim sup =1, lim sup rx;n=1,
N1 | <k<N Pmin.k.] Ntoo1<k<N

and hence, for fixed | and j > 1, sup - supj <4<y Ci,1,j < 00.

PROOF. Fix an arbitrary p > 0. By the definitions of conditioned measures «j ; ; and
vy, j, we have for n € Q¢ j,

i) k() v ()

6.8 = :
6.8) v i v ) k(R )
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The product structure of «x ; and vlp allows a direct computation

ki () Tleen {@e M)/ Z(¢x,1))
v/ (1) [T, {(@0)7™ [ Z (o)}
where ¢ is the common fugacity for (the marginals of) v,. Recalling that ¢minr; =

mincen, ; @x, N and Pmax k1 = MaXyep, , Px, N, TOr 1 € Q1 j, we can estimate kx,; () /v (1)
by

(6.9)

k]

¢min,k,l>j Z(¢x,N) ’(k,l(n) ¢max,k,l J Z(¢x,N)
(o) XGHAM Z(¢0) = v’ (n) S( $o > xel:\[k,, Z(po)

Note that 1 (S2k.1.j) =2 peey, ; [ick,: () /v] (1] (7). Then ki 1 (Su.1,j)/vf (Ri.1,;) is esti-
mated by the same bounds as in (6.10). Then, rearranging these estimates, (6.7) follows from
(6.8).

Turning now to the Poincaré inequality, the proof relies on the spectral gap given above
(cf. (6.6)): For all [, j > 1, we have

(6.11) Vary, ;(f) < b;, Ey [f(=Lif)].
To get an estimate with respect to —Si ;, from (6.5) and (6.4), using (6.7), we have

(6.10) (

¢max,k,l J
(6.12) Ey [f(=Lif)] < rk,z,N(—> E [F(=SciP)].

Gmin, k1
Now, since

Varg, ;(f) =infEg, ,[(f — 0)?]

S (M>J iBwa‘j [(f . a)z] _ (¢max,k,l )JVarwyj ).

Dmin, k. Dmin, k.

the desired Poincaré inequality follows from (6.11) and (6.12).
The last item (3) follows from Lemma 2.2 and that sup sup; -, <y oV <C. O

6.2. Relative entropy. Fort > 0, let u be the distribution of 1. As the entropy produc-
tion is negative (cf. page 340, [25]), we have H(ufvlﬁ’N) < H(u"|%n) < CoN. Further-
more, the relative entropy of ,ufv with respect to the homogeneous invariant measures v, is
also of order O (N), which will be useful in the sequel.

LEMMA 6.2. For any fixed p > 0, there is a constant C = C (w) such that H(u, [vp) <
CN.

PROOF. Write

duN duN d%
H(va|vp)=fln< dl:t )d ' fln( (;fN)d,u;V—i—/ln( va>dM;v'
P P

The first term on the right-hand side is exactly H (/,Lt |%Zn) = O(N) by part (2) of Condi-
tion 3.1. The integrand in the second term equals

dRN ) L ¢>k N Z(¢o)
=1 = k) In .
v, D= ,;"( ) Z Z($en)

The desired estimate now follows these observations: 0 < ¢ < ¢ y <1 by Lemma 2.2, and
the mean expected number of particles, [ > keTy 1K) a’,uiv =O0O(N)by3.1). O

In
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6.3. 1-block estimate. We prove the 1-block estimate.

LEMMA 6.3 (1-block estimate). For every T > 0,

limsuplimsupE N[
[-00 N—o0 I<k<N

/ Vet (s, 15) ds

J=o

where Vi i(s, 1) := D3 (g(n(k)) — @ (' (k))) and DY}, is as in (4.2).

PROOF. We first introduce a cutoff of large densities. Fix A > 0, and let

Vit A(s,m) := Ve (s, ML goy<ay-

Notice that g(-) considered here satisfies the “FEM” assumption in [25]. By Lemma 6.2, one
can replace Vi ; by Vi 1 a, following the argument in Lemma 4.2 on page 90 [25].
It now remains to prove that for every A > 0, T > 0,

Define A ;(n) as the number of particles in Ay g, thatis, Ak (n) = (21 + l)nl(k). As in
[14], we will replace Vi ; (s, n) by its “centering”:
G,s
Vii,a(s,n) = DN,Z{g(n(k)) - EKk,I,AkJ(n) [g(n(k))]}]l{nl(k)sf\}‘

Note that E, , ; Vi1, =0 forall k, [, j, which will be used in the Rayleigh-type estimation.
The error introduced by such a replacement, noting (4.3), is less than or equal to

T .
limsuplimsup sup ENH/ Vi1,a(s,ng)ds
0

00 N—>oo 1<k<N

T
(6-13) C(G)EN |:»/O 1{0<r;§(k)§A} |E’(k,l,Akyl(ns) [g(n(k))] - d)(ni (k)){ds]'

Note that ®(nl(k)) = E
bounded by

T
En |:/0 1]'{0<r)é(k)§A}‘EKk,I,Ak’l(ns) [g(n(k))] - Evk,z,/\k’,(m) [g(n(k))] ’ ds]

Y [¢]. By the triangle inequality, the expectation in (6.13) is
Ns

T
+En |:/0 Il{0<r7£(k)§A}‘Evk,z,/\k_,(ns)[g(n(k))] E, Ao [g]]ds] =11+ .

Using (6.7) and then g(k) < g*k, the term I; is bounded by

4 Brmax k.1 Mot 1)
IEN|:/O IL{0<77-l‘(k)fA}E”"vlv/\k_z(ns)[g(n(k))][( - ) —1i|dsi|

Pmin,k,I
QI+1)A
<Tg*(l+ 1)A[<¢ma"~"~’> - 1]
Pmin k.1
Notice that sup; <y :;"‘“"" L — 1 by Lemma 6.1. Then, for each fixed / and A, the term

sup; <x<n 11 vanishes as N 1 oo.

Now, we turn to estimate the term I. By the equivalence of ensembles (cf. page 355, [25]),
the absolute value in I vanishes as [ 1 oo, uniformly in k. Therefore, the term I, vanishes as
soon as we take N 1 0o, [ 1 oo in order.

To prove the lemma, it now remains to show

o

T
limsuplimsup sup ENHf Vi1,4(s,ns)ds
0

[-00 N—oo 0<k<N
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By the entropy inequality (cf. page 338 [25]) and the assumption H (1" |Zy) < CoN, we
have for y > 0 that

T
NH[ Vi,,a(s,n5) ds
C 1 r
—0 +—1InEgyp, [exp{yN‘/ Vi,1,a(s,ms)ds
y yN 0

(6.14)

i

By the Feynman—Kac formula (cf. Lemma 7.20 [25]), since el < e* + ¥, to estimate
(6.14), it will be enough to bound

(6.15) @%-—/ AN i(s)ds,

where Ay ;(s) is the largest eigenvalue of N 28 + YN Vi1 4(s,n), and a similar expression
where Vi ; 4 is replaced by — Vi ; 4. As the argument to bound (6.15) will also hold for the
expression with respect to —Vj ; 4, we concentrate on the following in the display (6.15).

Now, fix s € [0, T] and omit the argument s to simplify notation. To estimate the eigen-
value Ay ;(s), we make use of the variational formula:

YNy, = SI}p{E%N[vk,z,Af] —y 'NEg, [VF(=SV D]

where the supremum is over all f, which are densities with respect to Zy .
Recall that «y ; is the restriction of Zy to Ay, and that S ; is the localized generator.
For any density f, we consider its restriction with respect to configuration sites A, that is,

we define fi; = Ezzy[f|Q.1]. Notice that Eszy [v/F(=Seav/T)] < Esy [VT (—SV 1. By
convexity of the Dirichlet form, we have

(N "ang < suplE [Visa fidl — v ' NEe [\ fea(—=Seiy/ f)]}-

S

We now write fi;dky,; with respect to sets €2 ; ; of configurations with total particle
number j on Ay ;:

(6.16) Kk,[VkZAsz]—ZCkzj(f)/VkZAszdekzj,

j=0
where ci1,;(f) = Jo,; feadkii filj = ¢kt j ()" e (et ) fis X j=o0cka,j =1 and
fk,1,j 18 a density with respect to «y ;.

' NANAE, .
Then, on 4 ; j, we have St/ flt Sk Jil.j . By (6.16), we write

el N T
E [y fra(=Sca) )] = ekt (N Ewey; [V fid i (=Skay) fea )]
j=0

Then we have

(yN)'ang< sup sup{Eq, [Verafl— vy 'NEq, [V =S/ ]}

0<j<AQI+1) f

where the inside supremum is on densities f with respect to k¢ ; j. When j = 0, the system
is empty and this supremum vanishes since Vi ;.4 = E,, ; [/ f (=Sk.i~/ )1 =0.



222 LANDIM, PACHECO, SETHURAMAN AND XUE

By Lemma 6.1, for j > 1, we have Cy ; ; is the inverse spectral gap estimate of Sy ;. Note
also that || Vi s alleo < C(A, G). Using the Rayleigh estimate (cf. page 377, [25]), we have

Ee Wit af1= v~ N Ee [V (=Skav/' )]
< YN
~ 1-2C(A,G)CyyjyN~!
As remarked in the beginning of the proof, Ey, ; ; Vk,;,4 = 0. Observe that the spectral gap

Eq.,; [Vk,l,A(—Sk,l)_l Vi, Al

estimate of Si; in Lemma 6.1 also implies that ||.S;~ 11 Il2, the LZ(K]{J’ j) norm of the operator

Sy 11 on mean zero functions is less than or equal to Cy ;. Thus, by Cauchy—Schwarz, we
have

-1 2
Ei i [Vir.a(=Sk.)™ Vir.a) < CrtjEwy, ;[ Vi al-
Retracing the steps, we obtain

C TyN~'Cy,,j
]S—O—i- sup Y k.l j .

Y 1<j<a@i+n 1 —2C(A, G)Cy 1 jy N
The second term in the last expression vanishes uniformly as N — oo for 1 <k < N and
Jj < A2l 4+ 1). The lemma now is proved by letting y — oco. [

T
En H/o Vi, a(ns) ds

Eep [Vl

7. 2-block estimate. We now detail the 2-block estimate, in the context of the inhomo-
geneous environment, following the outline of the 1-block estimate. Recall the notation Ay
from the 1-block estimate.

For/ > 1 and k, k" such that |k —k'| > 2l and k +1 <k’ — I, let Ag ;= AU Ap ;. We

. . . . Ag s
introduce the following localized generator Sy ;/; governing a process on £ x/; = N kL

Inside each block, the process moves as before, but we add an extra bond interaction between
sites k 4+ and k' — [:

1 ,
Skke 1 f () = Sk f () + St f 0D + S g0k + DYooy (F (1) = £ ()

1 )
+ Eg(ﬂ(k/ - l))P/]y—l,kH(f(’?k L — rn),

where

pN _L o SN <1 _ 0‘1?/’1)
k+1,k'—1 2 N ¢k+l,N 2 N ’

1o dran (1 +aif+z)

POtk = 5
’ 2 N  ¢$pwan\2 N
As before, consider the localized product measure ki = [],c oy Py, y» namely
k = %y limited to sites in Ay ;. Define as well as the canonical measure «y j; ; on
Quirg,j=1{ne€Qr,: ZXEAk v n(x) = j}, that is, kg ;; is conditioned so that there are

exactly j particles counted in € ; ;. With the choice of extra rates p,lcv k-l and p,i\f_l Kl
both measures are invariant and reversible for the dynamics with Markov generator Sy ;.
The corresponding Dirichlet form, with measure & given by «y i ; Or ki 17, j, is given by

Ee[f(=Skw /)]

=2 Y Elewel (F0 ) — £

x, x+1€A 17

(7.1)

1 /
+5 ke [g(nCk+D)ppyy o (f () = fa)’].
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Recall also the generator of symmetric zero-range L; with respect to Ay ; (cf. below (6.4)).
Let L; be the corresponding generator with respect to Ay ;. Define the generator L;; with
respect to Ag x.; by

1 /
Ly f 0D =Lif @) + Lif () + S [f () = fan]gntk+D)

FILFGE ) — ponenlk ).

When |k — k’| is large, the process governed by L; ; is the same as if the blocks were adjacent,
with a connecting bond, and so no longer depends on k, k" but only on the width /.
Corresponding to the set-up of the gap bound Lemma 6.1, let v[? ; be the product of 4/ + 2

distributions with common marginal p. One may inspect that vlp ; is invariant to the dynamics

generated by L; ;. Let now v;; ; be vlp ; conditioned on the total number of particles in the
41 + 2 sites being j. Note that v;; ; is independent of p. This canonical measure v;; ; is also
invariant to the dynamics. The corresponding Dirichlet form is given by

1
En fLupl= X B[ 5800000 - )|

x,x—f—leAqu/J

+ By [ 3800 =)L) = ol

Similar to (6.6), for each [ and j > 1, we let b;; j > 0 be the spectral gap of —L;; on
N ANE

Evl,l,j [f(_Llf)]
Varl)]q]_j (f) ‘

-1 . N . N
Let Tk k1N = mm{pk_i_[,k/_lv My x+1eA; 1 {Px,+}}-

(7.2) by, j = ir}f

LEMMA 7.1. We have the following estimates:

1. Uniform bound: For all n € Qy ;. j, we have

<¢min,k,k/,l )j PRI ENIUES <¢max,k,k’,l)j
Pmaxkk’ /) — v i) T \Gminkws/)

where ¢min,k,k/,l = minxeAkyk/J ¢x,N and ¢max,k,k/,l = maXxeAkiyk/_l ¢x,N~
2. Poincaré inequality: For fixed j > 1 and k, k" such that |k — k'| > 21 + 1, we have

(1.4) Vare, o, () = Ciw ot i E oy L (=Ski D],

(7.3)

-1 Prax k.k' 112
where Cy 1. j=byp jreranCg =)™

'min,k,k’,
3. For each l fixed, there exists a constant Cq such that
d’max,k,k/,l .
sup ————= < Cplimsupsupry ;. n < Co.
k&N Pmin,k, k1 Ntoo Kk

Hence, for fixed | and j > 1, we have limsupg o lim sup 4o SUP; 41 <jp'—kj<on Ci.k'1,j < 0©.
PROOF. The argument follows closely the proof of Lemma 6.1, by comparing «y ¢ ;, j
with v;; ; and making use of the spectral gap estimate (7.2). To be brief, we omit these

details. [

We now state a 2-block estimate.
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LEMMA 7.2 (2-block estimate). We have

lim sup lim sup lim sup
[»00 60 N—>o0

[ > / Dy (@ (n) (k) — (fN(k)))ds]:

1<k<N

(7.5)

PROOF. We separate the argument into steps.
Step 1. Since ®(-) is Lipschitz on R* and Dgi is bounded (cf. (4.3)), it is enough to show

lim sup lim sup lim supEN[ Z / 17N (k) — i (k)| ds:|

[0 60—-0 N—o© 1<k<N

By the triangle inequality, it will be enough to show that, as N 1 00, 8 | 0 and [ 1 o0,

1
EN[/ Z N(k) o Z Ul(x) ds] — 0 and
1<k<N 20N +1 k20N s
(7.6)
ENU > Yo k) —nko) ds] 0.
1<k<N 29N+1 2o

Step 2. Note that

ON gy L ‘ o
‘" ® = ont1, 2 "()—20N+1 2w

|[x—k|<ON [x—k—ON|<l
or |[x—k+0N|<l

o 2+1

- 20N +1
Then the first limit in (7.6), as D nﬁ, (k£ 0N) =) no(k), vanishes as N — oo for fixed /,
by the estimate (3.1)). By a similar argument, we can restrain the x in the summation of the

second limit in (7.6) to k" such that 2/ + 1 < |k’ — k| < O N. Then the second limit will follow
if we show that

T 1
limsuplimsuplimsup Ex [ / Z

|00 60—0 N—o© 1<k<N

(n'(k —ON) 4+ n' (k +ON)).

oo ke =l

2U+1<|x—k|<ON

ds:| =0.
20N + 1

Step 3. We will apply a cutoff of large densities first. Let

(k. k') = 1, (k) + g (K).

The same argument as for the cutoff in Lemma 6.3 (cf. page 92, [25]) gives, as A 1 oo,
lim sup lim sup lim sup sup Ey [f Z 175 (k, k + WLk kty)>A ds]
1100 610 Ntoo 2I4+1<|y|<6ON 1<k<N
Hence, it remains to show that, for any fixed A,
T
sup ]EN[/ |7)€,(k) — ni‘(k/)“l{ﬂé(k,k/)SA} ds}
1<k<k'<N 0
2AU+1<|k' —k|<ON

vanishes as we take N — oo, 8 — 0, and then [ — o0.
Step 4. Let

Vi 1,4 = |n' (k) — ! (k") Lt k)< )
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Following the proof of Lemma 6.3, for fixed /, 6, N, k, k', in order to estimate

T
En [[0 Vi 1,4(Ms) dS}
it suffices to bound

(7.7) (yN) 'y = sl;p{ EnyWiwiafl— vy 'NEZ [VF(=SV/D]},

where the supremum is over all f which are densities with respect to Z .

Step 5. Recall the generator Sy x; and its Dirichlet form defined in the beginning of this
subsection. Recall also ky 4 ; is the restriction of k = %y to Ak ;. The Dirichlet form with
respect to the full generator S under Zy is given by

Egy[f(=S1)]
1o ¢k+l,N<l_% ] Chl ]
1<%<:NE}N|: n(k)) |:<2+ N>+ drk.N \2 N ) (f( ) f(’?))
We now argue the following Dirichlet form inequality for some C:
(7.8) Ee o WT(=Sew iV D] < CA+ON)Eq, , [VF(=SVD].

First, writing out the Dirichlet form in (7.1), in terms of the product measure %y, we have

Ep [f (=Ski 1]
= T Eafelw); [(l+ﬂ>+¢;:f(l‘a%l)}

x,x—f—leAk’k/’l

x (F (1) = £ ) }

R T L )

Next, by adding and subtracting at most 6 N terms, we have

[F (%=1 — rap)?
kK —k—21—1

<K —k=21) > [f(nfHiErratl) — £,
q=0

By the change of variables & = n**+1-k+/+4_which takes away a particle at k + [ and adds one
at k + [ + g, we have that
SN gk +1+g)+1)

74 = X .
VO = G tan gty N

Also, as ‘g’““"g’ is uniformly bounded from above and below, and sup sup; ., -y & < oo,
min, =X=

we may find a constant C such that
oV _ (1 n “k+z> . Prr—1.N (1 3 0‘/?/’4)
k+1,k"—1 2 N ¢k+l,N 2 N

{(1 O‘k+z+q) 4 Ptlagr1n (1 B %t )}
2 Pk+i+q. N \2 N
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Then, taking into account the above relations, we have in terms of another constant C that

1
Ezy [g(n(k + l))Epllcvﬂ,k/—z[f(’?kH’HHqH) - f(’?kH’kHJrq)]z]

1
=Y "Znmgnk + l))Epljcv—i-l,k’—l[f($k+l+q’k+l+q+1) — P
&

N N
1 %y ) Dk+i+q+1.N ( L %iig41 ) }
TN )T 2

1
< CE, [ (k+1+ )—{<—+
x| 80 1 )2 Ok+i+q,N \2 N

% [f(nk+l+q,k+l+q+l) _ f(n)]2:|

From these observations, (7.8) follows.
Step 6. Inputting (7.8) into (7.7), and considering the conditional expectation of f with
respect to €2 4 ; as in the 1-block estimate proof, for N large, we have

yN)"an
1

EEKk"‘,” [/ fik 1 (=Skkr 1y frowr )] }

= pup {E"k,k/,z[Vk,k/,l,Afk,k/,l] -
Sew i

where the supremum is over densities fj x; with respect to ki’ ;.
Again, as in the proof of the 1-block estimate, decomposing f i1 d i k.1 along configu-
rations with common total number j, we need only to bound

1
sup Sup{ Eg v Wewiafl— Kkk/l,[f( Skk'lf)]}
0<j<AQI+1) f

where the supremum is over densities f with respect to «i x; ;. When j = 0, again the
supremum vanishes.
Step 7. Consider the centered object

Vi .4 = Vi a4 = Ee Vi 1,4

For j > 1, using the Rayleigh expansion (cf. page 375, [25]) where the inverse spectral gap
is bounded by Cy x/ s, j of Sy (Lemma 7.1), and || Vi 11 Allooc < A, wWe have

l
Eir Vi i,af1— 207 Kkk/[j[\/—( Sk v )]

- 20y
- 1- 4ACk,k’,l,j9V

20y Crx 1 i R
= 4 LLT Ky 1/ ~[Vk2k/lA]—)OaSQ—>O,
11— 4ACk,k’,l,j9)/ kKL KL

R e
Eprri Vi 1.a(=Skw )™ Vi 1,4]

Step 8. For completion, we still need to estimate the centering term E K [Vk k1.4l By
Lemma 7.1,

Eip o Wik 1,41 < Co” Evyy ;1Viek 1,4]-

Note that this bound of E\,, ;[ Vi x'.1,4] does not depend on N or 6. By adding and subtracting

j/ (22l + 1)), we need only bound Ev;,,,_,-[l”ll(k) — j/@(2I1 + 1))]]. By exchangeability and
an equivalence of ensemble estimate (cf. page 355 [25]), the canonical variance

Ey, 0"t — j/(2@1+ D)]
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= O0(I™ ) Ey,,,[(nk) — j/ (221 + 1)))*]
+OMEy, ;[(n(k) — j/ 221+ D) (nk + 1) = j/ (22 + 1)))]
and further bounded by C (A)Varv / @) (nl (k)) (recall vl’? ; defined before Lemma 7.1). This
variance is of order O(I~1), since the single site variance VarU l{{(z(zlﬂ»(ﬂ(k)) is uniformly
bounded for j/(2(2 + 1)) < A. Hence, imsupy 4 910 Ev,;;[Vik.1.4] is of order O(171/2),

vanishing as / 1 co. This completes the proof. []

8. Tightness of limit measures. In this section, we obtain tightness of the family of
probability measures {Q"}yen on the trajectory space D([0, T], M). We show that {Q"}
is tight with respect to the uniform topology, stronger than the Skorokhod topology on
D([0, T], M).

LEMMA 8.1. {QN}yen is relatively compact with respect to the uniform topology. As a
consequence, all limit points Q are supported on weakly continuous trajectories w, that is,
for G € C*(T) we have t € [0, T]— (G, ;) is continuous.

PROOF. To deduce that { 9} is relatively compact with respect to uniform topology, we
show the following items (cf. Theorem 15.5 in [5]):

1. Foreacht € [0, T], € > 0, there exists a compact set K; ¢ C M such that

(8.1) sup ON[xN 7N ¢ K, ] <e
2. For every € > 0,
(8.2) lim limsup QN[JT_N : osup d(nN,7N) > e] =0.
y—=0 Noo [t—s|<y

We now consider (8.1). Notice that, for any A > 0, the set {x € M : (1, u) < A} is com-
pact in M. Since the total number of particles is conserved, we have Q™V[(1, rr,N )y > Al =
OVI(1, 7)) > Al < 3Enly XL, no(k)]. By (3.1), we have Ey[ 32 no(k)] < C for
some constant C < oo independent of N and A. Then the first condition (8.1) is checked by
taking A large.

To verify the second condition (8.2), it is enough to show a counterpart of the condition
for the distributions of (G, 7N) where G is any smooth test function on T (cf. page 54, [25]).
In other words, we need to show, for every € > 0,

(8.3) lim lim Q [ N osup (G, 7N)— (G, 7N > e] =0.

y—>0N—>o00 lt—s|<y
To this end, notice that (G, 7, Ny = (G, 770 +f0 N2L(G, n Nyds +M then we only need
to consider the oscillations of fo N2L(G, 7Nyds and M respectlvely.

Recall the generator computation (4.1) and the notation D N:i in (4.2). As g grows at most

linearly and Dj’} is bounded (cf. (4.3)), we have

sup /N2 (G, 7wN)dr
[t—=s|<y
11
= sup / > DYig(n:(k)de
[t—s|<y 1<k<N

t 1
<g*Cg sup {— > nf<k>}dr=g*ccyﬁ > o).
[t—s|<y /s 1<k<N 1<k<N



228 LANDIM, PACHECO, SETHURAMAN AND XUE

Recall that EN[% Z,ICVZI no(k)] is uniformly bounded in N. Then, by Markov inequality, we
conclude that QN[sup|,_s|<y |f; N2L(G, nﬁv) dt| > €] vanishesas N 1 coand y | 0.

We turn to the martingale MfV’G. By |M,N’G - MSN’G| < |M,N’G| + |MfV’G|, we have
Pylsupy_y -y 1M — MN-C| > €] < 2Py[supy, 7 IM;""| > €/2]. Using Chebyshev
and Doob’s inequality, we further bound it by

8 N.GN\2T 32 N.Gy27_ 32 N.G
G_ZENI:<0§:’£T|Mt D :Ife_zEN[(MT )] = ZENMT)

By Lemma 4.1, Ex(MN-C)r = O(N~"). Then we conclude

o N.G _ 2/N.G _
J}IE})I\}EHOOPN[|t—S]:|Ey|Mt M| > E] 0. .

9. Properties of limit measures. By Lemma 8.1, the sequence {Q"} is relatively com-
pact with respect to the uniform topology. Consider any convergent subsequence of Q" and
relabel so that Q" = Q. We now consider absolute continuity and an energy estimate for
trajectories under Q.

9.1. Absolute continuity. We now address absolute continuity and conservation of mass
properties under Q.

LEMMA 9.1. Q is supported on absolutely continuous trajectories: We have Q-a.s., for
all0 <t <T, that m;(dx) = p(t, x) dx where [} p(t,x)dx = [} p(0,x) dx with respect to a
measurable, nonnegative p.

PROOF. A standard proof, namely that of Lemma 1.6, page 73, [25], shows the first
statement. The second follows directly from the weak convergence of Q" to Q and the

conservation of mass > e, 7:(x) =>_yeT, n0(x). U

9.2. Energy estimate. We now state an important “energy estimate” for the paths on
which Q is supported. We follow the framework presented in Section 5.7 of [25]; however,
there are major differences due to the inhomogeneous random environment. Previous bounds
on the random environment developed in Section 2.1 will be useful in the argument.

PROPOSITION 9.2.  Q is supported on paths p(t, x) dx with the property that there exists
an LY([0,T] x T) function denoted by 9, P (p (s, x)) such that

T T
/0 /;TGXG(s,x)d)(p(s,x))dxds=—/0 ‘/;TG(s,x)axcb(p(s,x))dxds
for all G smooth on [0, T] x T.

A main ingredient for the proof of Proposition 9.2 is the following lemma. For € > 0,
§>0,H()eCY(T)and N €N, we define
H(x/N)

— [®(n°N (x)) = (n°N (x + €eN))]

Wy(e, 8, H,p):= Y

1<x<N

4 H?*(x/N
~ 3N X % o e (x+h)

1<x<N 0<k=<eN
CH(x/N
(x/N) o

> N n*N (x)).

1<x<N



SPDE HYDRODYNAMIC LIMIT IN A RANDOM ENVIRONMENT 229
Here, the constants ¢ and C, as we recall from Lemma 2.2, come from the inequalities

) C
0<c§rrgn¢k,N§mIgX¢k,N§1 and maX|¢kN ¢k+1N|<N

LEMMA 9.3.  Let {H;}eN be a dense sequence in C%1([0, T] x T). Then there exists a
constant Ko such that for any m > 1, and € > 0,

T
limsuplimsupEN[ max {f Wn(e, 8, Hj(s, ), ns)ds” < Kp.
0

§—>0 N-—oo l<j=m

Before going to the proof of the lemma, we turn to Proposition 9.2.
PROOF OF PROPOSITION 9.2. It follows from Lemma 9.3 that

T
EQ|: sup {/ /THXH(s,x)CD(,o(s,x))dxds

HeCO%1([0,T]1xT)

4 T c (T
—6—2/0 /THz(s,x)Cb(p(s,x))dxds—?/o /TH(s,x)CD(,o(s,x))dxds”SKO;

cf. page 103, Lemma 7.2 in [25]. As aresult, for Q-a.e. path p(s, u) du, there exists B = B(p)
such that, for all H € C%1([0, T] x T),

T 4 T )
/0 /;raxH(s,x)d>(,o(s,x))dxds—6—2/0 /11‘H (s, x)®P(p(s,x))dxds

c (T
_ ;/0 AH(s,xm(p(s,x))dxdsgB

Notice that

T
[ [ #6000 (006.0) dras
1 (T | T
55/0 fTHZ(S,x)CD(p(S,X))dde-i-E/O /Td>(/0(S,X))dxds

1T o T
55/0 AH (s,x)CD(,O(s,x))dxds—i-?/O Ap(s’x)dde

*

1 T 5 g*T
_5/(; /11‘H (s, x)®(p(s,x))dxds + /Tp(O,x)dx.

We obtain

T T
/ f8xH(s,x)CI>(p(s,x))dxds—C//O /THZ(s,x)CD(,o(s,x))dxds§B’,

where C' = 2+—andB’ Cg'T [y pO.x)dx

of Theorem 7. 1, page 105 [25]. O

+ B. Now, the proof follows exactly from proof

We now return to the proof of Lemma 9.3.

PROOF OF LEMMA 9.3. By the replacement lemma (Lemma 5.1, and notice that Dl(\;,z
can be replaced by any bounded function), it suffices to show that there exists constant K
such that forany m > 1 and € > 0,

T
9.1) limsupEN[ max {/0 Wi (e, H;(s,-), 1s) ds” < Ko,

N—o0 I<j<m
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Where
. o
Wn(e, HC) )= Y %(é’(ﬂ(x)) g+ eNY)
I<x<N
4 HZ(X/N)
_ g(n(x +k))
2N 1521\1 eN OEkXS:GN
ISxZSN Tg(ﬂ(x))_

Let 14, v (1) = 1y - ay- Define Wa v (e, H(),m) := Wi (e, H(), m)Lan ().
As in the beginning of proof of the 1-block estimate, stated in Lemma 6.3, where we cut
off high densities, assertion (9.1) holds provided we prove that

T
9.2) limsupEN[ max {/ Wan(e, Hjs, ), ns)ds}:| < Kj.
To this end, by the entropy inequality, the expectation in (9.2) is bounded from above by

1 1 T
NH(MNlﬁN)+N1nE@N[exp{ max {N/ Wa,n(e Hj(s, -),ns)ds}”.
0

I<j<m

Since the relative entropy H (uN|Zn) < CoN, we obtain the left-hand side of (9.2) is
bounded from above by

1 T
Cop+ max limsup—lnEgN[exp{N/ Wa n (e, Hj(s,-),ns)ds”.
I<j<m N0 N 0

By the Feynman—Kac formula, for any fixed index j, the limsup term in previous expression
is bounded from above by

T

lil\r]nsup A SI}P{E,@N[WA,N(G, Hi(s,),n)f)] = NEgy [V f(=SV )]} ds,

where the supremum is over all f, which are densities with respect to Zy. As ¢ < ming ¢k n
and &) is bounded, the Dirichlet form E,, [/f (—S+/F)]1 (cf. (6.2)) is estimated as

N

> S(sn(3+ %) Foein(3- )

1<x<N

93) x Eqy[(J/ £ +80) =/ f (1 +8:41)7]
> Y E(@N[g(mn +80) —/f(n +5x+1))2]-

1<x<N

Here, we used, for each x, Eg, [g(n(x)) f ()] = ¢x N Ezy[f(n+ 8x)], where é, stands for
the configuration with the only particle at x; n+ 3, is the configuration obtaining from adding
one particle at x to 7.

It now remains to show, for all H in C%! ([0, T] x T), that

(9.4) Egy[Wan(e. H(s,),n) f)] = NEzy [V f(=SV )] <.
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We first compute that Eg, [Wa n (e, H(s, -), n) f (n)] equals

H(x/N
E%N[ > b/ )(g(n(x))—g(n(X+eN))JlA,N(n)f(n)}

<oy €N
4 H*(x/N)
©.5) - —Ej[ LTV o e k))ﬂA,Nm)}
CZN lgxsz eN OsgeN
CH(x/N
—E%N[ Z #g('l(x))h,zv(ﬂ)] =L+ L+

1<x<N

Notice that

Ezy[8))Lan() f(D)] = Ezy[dx,NLan0+8) f(n+680)]
= Egy [ nLa—1/n,n(0) f(n+8x)].

Then the first expectation /1 in (9.5) is written as

N H(x/N
Z (ex](] )E%N[(¢X,Nf(n +68x) = Pxten N f (0 + 8x+6N))]lA*1/N7N(n)]
x=1
Hx/N
< Z (x/ )EjN [(f (1 +8:)(Px,N — Pxten,N))La—1/n, v ()]
06 1N
Hx/N
+> b/ )E%N [(Pxren v (f(+8x) — F(+8xten)))La—1/n,N (0]
x=1
=1+ 17
Using that

0<c< min ¢y <max¢ry <1 and max |pe.n —drr1.n| <CNL,
1<k<N k 1<k<N

the first sum / 11 on the right-hand side of (9.6) is bounded from above by

N H(x/N
> (’;V/ )E%N[f(nwx)

x=1

|¢x,N - ¢x+eN,N|

1A—1/N,N(77):|

CH(x /N)

IA

3 CHO/

————Egy[f+8)La—i/n.NM)]

b
—

9.7
H(x/N)

Egzy[8(nC))La,n(n) f ()]

A

N
Z
N CH(x/N)
Z Ey[g(n00))Lan(m) f ().

Now, we proceed to the second sum 121 in (9.6). Using 0 < ¢ < ming ¢ v < maxy ¢g y <
1, the sum is bounded from above by

N H(x/N
) (:zé LB [(F 01480 = F+ esen) a1 (],

x=1
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which is rewritten as

N eN— IH N
EJN[Z Z (X/ ) f(77+8x+k)_f(77+5x+k+1))]lA—1/N,N(77):|

x=1 k=0

N eN— IH N
9.8) —E@N[Z S A

x=1 k=0

Lact/w v (£ 0+ 8e4) + £+ Sx4is)

X (£ 1+ 8es0) = F (0 + 5x+k+1))}.

Using 2ab < a® + b?, for any B > 0, (9.8) is bounded from above by

N eN=1 20 /N
Eay [221 kX(:) 2()16\’//3 )]lA1/N,N(U)(\/f(ﬁ+8x+k)+\/f(77+5)(+k+1))2:|

N eN-—1
+EJN[Z D 3N N (£ O+ 8es) = f (1 + Bsign))’ ]

x=1 k=0

9.9)

The first expectation in (9.9) is bounded from above by

N eN-— 1H2
EJN[Z ];) 2();\7/ﬂ ) 2(f (4 8x40) + f( 4 Sxqkr1))La—1/n, N(’?):|
x=1

al H2<x/N) ! g(x+k)  gnx+k+1)
9.10) = E5 + )]l }
(©.10) xX:] Z [( Srrrn PRI an@m f(m)
N oH2(x/N
Z CE(;\C,; )y Z Egy[gnCx +k)Lanm) f].

k=0

The second expectation in (9.9) is rewritten and bounded, noting (9.3), as

2
©.11) E(@N[ (W F 0480 = F 0 +8es0) } < TﬁE@N[M—Sﬁ)}
xX= 1

Hence, collecting (9.7), (9.10) and (9.11), the sum I} = Il1 + 112 is bounded by

N CH(x/N
> #E%N [g(nx)Lanm) f()]

x=1
N 2H2(x/N) &
+Z ceNP

x=1

S Euan o+ a0 £ ()] + P Ea VTSV

k=0
Now, we set 8 = cN /2. Adding the last expression to I + I3 in (9.5), we obtain (9.4). [J

10. Uniqueness of weak solutions. In this section, we present results on uniqueness of
good weak solutions to the PDE (3.3). Recall Definition 3.4 of a “good” weak solution to
(3.3).

THEOREM 10.1. There exists at most one good weak solution to (3.3).
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PROOF. Let p be a good weak solution to (3.3). Since 9, W (p(s, x)) exists, for all
G(s,x) e CX((0,T) x T), we have

T
/ / 0sG(s,x)p(s,x)dxds
(10.1) 0T

T
=/0 /TaxG(s,x)[E)x\I!(p(s,x))+K(x)\IJ(,o(s,x))]dxds.
Define ¢(s,x) = fg p(s,u)du. Forany G(s,x) € C°((0,T) x T), let
F(s,x) :=/0 G(s,x)dx—x[EG(s,x)dx.

Note that F (s, x) is also in the space C2°((0, T') x T). Therefore, we may apply (10.1) for
F (s, x). The left-hand side, after integration by parts, becomes

T T 1 1
(10.2) A[HSF(s,x)w(s,x)]|éds—A /083<G(s,x)—/0 G(s,x)dx)go(s,x)dxds.

The term fOT[asF(s, x)go(s,x)]l(l)ds vanishes as the total mass [ p(s, x)dx is conserved.
Then (10.2) can be rewritten as

T rl1 1
_/0 /OBS<G(s,x)—/O G(s,x)dx)go(s,x)dxds

T 1 |
:-/0 fo 35G(S,X)<§0(s,x)—/0 w(S,X)dx)dxds,

Define ¢ (s, x) = ¢(s, x) — fol (s, u) du. We now have

T rl T rl
(10.3) /O/OBSG(s,xw(s,x)dxds:—/o /0 G(s,x)h(s,x)dxds,

where
1
h(s,x)=0x¥(p(s,x)) + K@)V (p(s,x)) — /0 K@x)W(p(s,x))dx.

By straightforward approximation, we obtain from (10.3), for any G(-) € C2°(0,T) and
q() € L*[0, 1],

T 1 T 1
(10.4) /0 BSG(S)[/O q(x)p (s, x) dx} ds = _/0 G(s) |:/0 q(x)h(s, x) dx] ds

As ¢ (s, -) and h(s, -) are both in L'([0, T]; LY(T)), equation (10.4) implies that j—sqﬁ(s, -), the
weak derivative of ¢ (s, -), exists and %qﬁ(s, ) = h(s, -). Moreover, in terms of the Bochner
integral (cf. [8], page 302),

‘4
(10.5) ¢(t,-)=/0 T4 (s, ds +4(0.)

Now, assume there are two good weak solutions pi, p» and corresponding quantities
o1, 2. If we show that ¢; = ¢y, then it follows (s, x) — @a(s,x) = fol (p1(s,u) —
@ (s,u))du for all s, x. By conservation of mass, it holds that ¢;(s, 1) — ¢2(s, 1) =0 for
all s. Then we conclude ¢ = ¢, and hence, p; = p; a.e.
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To this end, let @ = ¢ — ¢ and Wy, = W(p(s,x)) — W(pa(s, x)). Therefore, by
Lemma 10.2, we obtain

1
- 2
2/ o, x)) dx — = (d)(O,x)) dx

:/0 /0 D5, ) [0, Wy x + K(X)W, |dxds

_ /Ot /01 a(s,x)[/ol K(uﬁs,udu] dx ds

topl_ B B
_ /O /0 (s, 0)[0:Fs« + K (0W, 1] dx ds

(10.6)

as fo @ (s, x)dx =0. Notice, from Lemma 10.3, that

t JE— R—
/ / o(s,x)ox Wy xdxds
0 JO

t rl t rl
—/ / 0P (s, X)W ydxds = —/ / (0 (s, x))zlll; cdxds.
0 JO 0 JO ’

Here, we have applied the mean value theorem so that WS, x = II/;’ x8x$(s, x).
Let A be such that |K(x)| < A < co. Note that W(-) is an increasing function and 0 <
W/(-) < Cy. We have

topl o
[ [ 36 0k@%, caxds

0 JO

< [ [ 436 0050, 1w, dvds

<[ [ [5 @0y +1<ax5<s,x>>2w;,x]dm

AzC\“/f (@(s, %)) dxds + = // 3, (s,x))* W, _dxds.

Putting together the above, from equation (10.6), we get

1 ) 1 5 A2 t pl »
/0 (p(t,x)) dx—/o (#(0, x)) dxfTC\y/(; /0 (p(s,x))"dxds.

Notice that ¢(0, x) = 0. Then it follows from Gronwall’s inequality that ¢ = ¢, as desired.
O

Recall the formulation of 4 near (10.2).

LEMMA 10.2. Let h(s,-) := L¢(s, ). We have
2/ (p(z, x)) a’x / (¢(0, x)) dx_/ f & (s, x)h(s, x)dxds.
PROOF. Foreachn eN,let# , = %, k=0,1,...,n— 1. Then

3 [ @60 - GO0
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1n—1

1 e J—

lnfl _[ _t Tkl _

= Z[¢( ktns X) + @Ugn, x) [t h(s,x)ds]dx
0 k=0 2 ¥
n—1 Th+1 1_t _t h

=Z/ + / ¢ (trg1,n, %) + &( k’”’x)h(s,x)dxds
k=07t 70 ’

Define ¢,, (s, x) := 5(1"“’"’”;&”“”’” if s € [tx.n, tk+1.n)- Then, by weak continuity of p(z, x),
we have that 5,1 (s, x) converges a.e. to (s, x)on[0,T] x T. By dominated convergence,
noting that A (s, x) belongs to L'([0, T, LY(T)), we have as n 1 oo, that

1 1 > o 2 t pl__ .
— | [(¢(t,x))” = (¢(0,x))"]dx = &, (s, x)h(s,x)dxds
(10.7) 2/(; /0 /0

topl_ _
— / / ¢(s, x)h(s,x)dxds.
0 Jo
Since the left-hand side of equation (10.7) is independent of n, the lemma is proved. [J
LEMMA 10.3.  We have f(; fol d(s,x)0, Vs ydxds = —fé fol 0y (s, X)Wy dx ds.

PROOF. We first extend the class of test functions in (3.4). Assume that F : [0, T] x
[0, 1] — R satisfies the following: (1) F is measurable; (2) for any fixed s, F (s, -) is abso-
lutely continuous; (3) there is a constant C < oo such that |0, F (s, x)| < C for almost all s, x;

(4) fo 8xF (s, x)dx =0 for all s.
Let 7 (x) be the standard mollifier supported on [—¢, €]. Define

T
Fes.n= [ [ Flwres —0m(s - g)dudg
o JT
with F extended to be O for s ¢ [0, T']. By (3.4),
T o T o
f /Fe(s,x)ax\lls,xdxds=—/ _/ang(s,x)\Ils,xdxds.
o JT o JT

Taking € — 0, as 0, F' (and therefore F') is bounded and @s’ + 18 integrable, dominated con-
vergence gives

T _ T _
(10.8) / / F(s,x)0,Ws x dxds:—/ /BXF(s,x)\IJM dxds.
0 T 0 T

We now extend the admissible test functions further from F to ¢ as claimed in the lemma.
Introduce a truncation on d, ¢:

axa(ss l/l), _A S 8)(5(5’ I/t) E A’
(axa)A,s,u =14, 3x5(s» u)> A,
—A, (s, u) < —A.

Apply (10.8) with F(s,x) = [ [ (3xP) A s.udu —x fol (0xP) A.5.u dullip ¢1(s) to get

t pl x r _
[ [ [ @@asuan—x [ (ax¢>>A,s,udu}ast,xdxds
0 JO 0 0

- t [ l[(a@A,s,X - 1<ax$)A,s,udu]6s,x dx ds.
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As |(0xh)a.s.x] < 18x¢(s, x)| = |p1(s,x) — pa(s, x)|, by conservation of mass, and that
0 W, x 1s integrable, we have by dominated convergence that

t pl x 1 _ _
tim [ [ [/ @) s~ (ax¢>A,s,udu}ast,xdxds
A—o00Jo JO 0 0

= /(;t /01|:/(;x (s, u)du —x_/(;l A p (s, u)du]axww dxds

t pl__ o
:/ / @(s,x)0xWs ydxds.
0 JO

Here, we used fol (s, u)du = fol (p1(s,u) — p2(s,u))du = 0. Similarly,

t rl 1
lim f / [/ (8x$)A,s,u du]@s,x dxds =0.
A—o0 Jo JO 0

Finally, notice that (3y$) 4,s.xWs.x = (3x@)A,5.x0x (s, X)W, , increases in A since W, >0
(cf. (2.6)). By monotone convergence, we have

t 1 o . t 1 . .
lim / (05 @) a5 1 Us.x dx ds = / f 8.8 (s, X)W, dx ds,
0 JO 0 JO

A—0o0

completing the proof. [
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