SUPERVISED LEARNING BY LOW RANK ESTIMATION ON TENSOR DATA

by

Tugce Koc

Copyright © Tugce Koc 2024

A Dissertation Submitted to the Faculty of the

DEPARTMENT OF MATHEMATICS

In Partial Fulfillment of the Requirements

For the Degree of

DOCTOR OF PHILOSOPHY

In the Graduate College

THE UNIVERSITY OF ARIZONA

2024



THE UNIVERSITY OF ARIZONA
GRADUATE COLLEGE

As members of the Dissertation Committee, we certify that we have read the dissertation

prepared by: Tugce Koc
titled:

and recommend that it be accepted as fulfilling the dissertation requirement for the Degree of
Doctor of Philosophy.

Hlae Plang Date: Jul 23,2024
Hao Zhang

. A —

Lingling An (Jul 23, 2024 14:23 EDT) Date: Jul 23, 2024
Lingling An

923 Date: Jul 31,2024

David Glickenstein

Wy tlag Date: Jul 31,2024
Ning Hao

Final approval and acceptance of this dissertation is contingent upon the candidate’s submission
of the final copies of the dissertation to the Graduate College.

I hereby certify that | have read this dissertation prepared under my direction and recommend
that it be accepted as fulfilling the dissertation requirement.

oo Yang Date: Jul 23,2024
Hao Zhang

Hao Zhang



Acknowledgements

| would like to express my deepest gratitude to my advisor, Prof. Hao Helen Zhang, for
her invaluable guidance and support throughout this thesis. Her extensive knowledge and
consistent help have been instrumental in my learning journey and in the completion of this
dissertation.

| am profoundly grateful to my family and my husband for their love and continuous support.
| would like to thank my mom for her patience and for always believing in my abilities. Special
thanks to my brother Burak for the laughter and joy we share, and my loving husband Connor
for always being there for me.

| dedicate this thesis to my favorite person in the world, my dad.



Contents

Chapter 1: Introduction . . . . . . . . . . . . . . . 11
1.1 Tensor Regression . . . . . . . . . . . . i i i i 11
1.2 Tensor Classication . . . . . . . .. . . . . i 12
1.3 Organization of ThisWork . . . . . . . . ... ... ... . ... ...... 14
Chapter 2: Overview of Tensors . . . . . . . . . . . i ittt i 15
2.1 Tensor . . . . . 15
2.2 Operations 0N TENSOIS . . . . . . . v v v v e e e e e 16
2.3 Productsof Tensors . . . . . . . . . . . . .. e 17
2.3.1 Kronecker Product and Vectorization . . . ... ... ... ..... 19
2.3.2 KhatriRao Product . . . ... ... .. ... ... .. ... 19
2.4 Tensor Decomposition . . . . . . . . ... 20
2.5 Properties of Order-2 Tensors (i.e. Matrices) . . . . . .. ... ... .... 21
251 Transpose . . . . . .. 21
252 Trace . . . . .. 21
2.5.3 Trace and Vectorization . . . .. .. .. ... ... 0. 23
254 Trace lnner Product . . . . . . .. .. ... .. ... 24
2.6 Matrix Normal Distribution . . . . .. ... ... ... ... ..... 24
2.7 Tensor Variate Normal Distribution . . . . . . .. ... ... ... ..... 26
Chapter 3: Low Rank Tensor Regression . . . . . . . . .. ... ... ..... 27
3.1 Methodology . . . . . . . . . 27
3.1.1 Tensor Regression . . . . . . . . . . . . ... 27
3.1.2 Low-rank Tensor Regression . . . . . .. .. ... ... ....... 27
3.1.3 Regularized Low-rank Tensor Regression . . . . .. ... ...... 28
3.2 Algorithm . . . . .. 29
3.2.1 Least Squares Low-rank Tensor Regression . . . . ... ... .. .. 29
3.2.2 Regularized Low-Rank Tensor Regression . . . . .. .. ... .... 30
3.2.3 Selection of Tuning Parameters . . . . . ... ... ... ...... 31
3.3 Numerical Experiments . . . . . . . . . . . .. e 32
3.3.1 Experiment Setupand Design . . . . . . ... ... ... ... .. 32
3.3.2 Evaluation ... ... ... . ... 33
3.3.3 Example 1: Square Tensor . . . . . . . . . . . . i 33
3.3.4 Example 2: T-shape Tensor . . . . . .. ... .. ... .. ..... 54
3.35 Example 3: Cube Tensor. . . .. ... .. .. .. ... ... .... 69
3.3.6 Real Data Analysis: Hand-written DigitData . . . . . .. ... ... 76
3.3.7 Analysisand Result . . ... ... ... .. . ... ... ... ... 76
34 SUMMANY . . . . e e e e e e 78



Chapter 4: LDA for Tensor and Low-rank Tensors . . . . ... .. ... ... 79

4.1 Methodology: LDA for Tensor Inputs . . . . . . .. ... ... ....... 79
4.1.1 Equivalent Formulation . .. ... ... ... ... ... .. ..., 81
4.1.2 Optimal Intercept . . . . . . . . . 84
413 SpecialCasd® =2 . .. ... .. . .. ... 87

4.2 Algorithm: LDA for Tensors . . . . . . . . . . . . i i i i it i 94

4.3 Methodology: Regularized LDA for Low-rank Tensors. . . . . . ... .. .. 97
4.3.1 Low-rank Tensor Regression Model . . . . . ... .. ... ..... 97
4.3.2 Regularized Low-rank Tensor Regression . . . . ... ... ..... 98
4.3.3 Block Coordinate Descent Algorithm . . . . . ... ... ...... 98

4.4 Numerical Experiments . . . . . . . . . 100
4.4.1 Experiment SetupandDesign . . .. .. ... .. ... ....... 100
4.4.2 Modeling Variance Covariance Structures . . . . . . .. .. .. ... 102
443 Evaluation . . .. .. .. ... 103
4.4.4 Balanced Binary Classi cation Problem . . . . ... ... ...... 104
4.4.5 Imbalanced Binary Classi cation Problem . . . . .. .. ... .. .. 120
446 RealDataAnalysis. . . .. .. . ... . .. . e 122

4.5 Numerical Experiments: Ord2f=xamples . . . . .. ... ... ... ... 125
45.1 Examples of Simulation with Modeling Variance Covariance Structure 125
452 Example 1:[2,2] . .. .. . . e 126
453 Example 2: [10,10]. . . . . . . . ... 130
454 SUMMANY . . . o v o e e e e e e e e e e e 133
455 Examples of Simulation with Chosen True Coe cient Tensor . . . . . 134
456 Example1l: Square Tensor . . . . . . . . . . .. ... 135
457 Example 2: T-shape Tensor . . . . . .. ... ... . .. ...... 146
4.5.8 Real Data Analysis: Hand-written Digit . . . . . . .. .. ... ... 157
459 SUMMary . . . . . o e e e e e e 158

Chapter 5: Future Works . . . . . . . . . . . . . . . e 159
Appendix . . .. e e e e e 161

1 10 10square matrix experiment . . . . . . . . . . . ... ... 161

2 20 20square matrix experiment . . . . . . ... ... 167

3 64 64square matrix experiment . . . . ... L. 173

4 3 3shape matrix experiment . . .. .. .. ... ... .. .. ... 179

5 10 10shape matrix experiment . . . . . . . . .. .. .. .. ... 185

6 64 64shape matrix experiment . . . . ... ... . Lo 194

7 3 3 3cubeexperiment. .. .. ... ... 200
7.1 Example 3: Cube Tensor . . . . . . . .. ... ... . ... ... 204

8 Example 3: [15,15] . . . . . . ... 214

9 10 10 10CubeExample . . .. .. ... .. ... .. .. .. . ..., 217

References . . . . . . . . . e 217



List

2.1
2.2
2.3
2.4

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

3.10
3.11
3.12
3.13
3.14
3.15
3.16
3.17
3.18
3.19
3.20
3.21
3.22
3.23
3.24
3.25
3.26
3.27
3.28
3.29
3.30
3.31
3.32
3.33
3.34
3.35

of Figures

Examplel . . . . . . . .
Example2 . . . . . e
Example8 . . . . . . e
Exampled . . . . ..

Examples . . . . .. e
Examples:True square shapg 2 R1© 0 . . ... ... .......
Examples(b) . . . . . . .
Examples(C) . . . . . . . .
Examples(d) . . . . . . . . ..
Examples(e) . . . . . . . . e
Examples(f) . . . . . . . .
ExampleZ: True square shapB 2 R 20 . . .. ... ... ......
Exampler(b) . . . . . .
Example(C) . . . . . . . .
Examplé(d) . . . . . . . . .
Exampleg(d) . . . . . . . . .
Example(e) . . . . . . . .
Exampleé3:True square shapB 2 R4 %% . . . . .. .. ... ... .....
Examplé8(b) . . . . . . . . .
Example(C) . . . . . . . ..
Exampld(d) . . . . . . . ..
Examplé(e) . . . . . . . . e
Exampl8(f) . . . . . . . .
Example3(Q) . . . . . . . . .
Exampl®: True T-shapeB 2 R® 3. . . . . .. ... ... ... .......
Exampl®(b) . . . . . . . . .
Exampl®(C) . . . . . . . ..
Exampl®(d) . . . . . . . ..
ExampldO True TshapeB 2 R 10 . .. ... ... .. .....
ExampldO®) . . . . . .. . . . .
ExampldO@©) . . . . . . . . . . . e
ExampldO(d) . . . . . . . . . . . e
Exampldl True TshapeB 2 R+ & . . . . . ... ... .. .......
Exampldl() . . . . . . . . .
Exampld1(C) . . . . . . . . . e
Exampld1(d) . . . . . .. . . . e
Exampld2 TrueB2 R® 33, . . . . .. ... ... ...
Exampld2({) . . . . . . . ..
Exampld2(b) continued . . . . . ... ... ...



3.36
3.37
3.38
3.39
3.40

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

4.10
411
412
413
414
4.15
4.16
4.17
4.18
4.19
4.20
4.21
4.22
4.23
4.24
4.25
4.26
4.27
4.28
4.29
4.30
4.31
4.32
4.33
4.34
4.35

~No o~ wWNER

Exampld2(C) . . . . . . . . . . e 73
Exampld2(d) . . . . . . . . . 74
Exampld2(€) . . . . . . . . . 75
Exampld3@) . . . . . . . . . 76
Exampld3(©) . . . . . . . . . 77
Exapmleld TrueB 2 RE 3 3. . . . . .. ... .. .. ... ... ... .. 105
Exapmleld() . . . . . . . . . e 105
Exapmleld(©) . . . . . . . e e 105
Exapmleldd) . . . . . . . . . e 105
Exapmleld(€) . . . . . . . . e 106
Exapmleld(f) . . . . . . . . 106
Exapmleld@) . . . . . . . . 106
Exampleld(i) . . . . . . . . e e 108
Exampleld() . . . . . . . e e 109
Exampldd4k) . . . . . . 110
Exampld4d() . . . . . . . . 111
Exampld5 TrueB2 RS 5. . . . .. .. ... ... 113
Exampld5®) . . . .. . . .. . . 114
Exampld5() . . . .. .. . . . . e 115
Exampld5() . . . . . . . . . . e 117
Exampld5@F) . . . . . . . . 118
Exampld5@) . . . . . . . . 119
Exampld8@) . . .. .. . . . . .. 124
Exampl@1@) . . . . . . . . . . e 136
Exampl1() . . . .. ... . . . .. 137
Exampl@1(C) . . . . . . . . . 138
Exampl@ld) . . . . . . . . . 139
Exampl@1(f) . . . . . . . .. 141
Exampl@1(@) . . . . . . . . e 142
Exampl1(h) . . . . . . . . .. e 143
Exampl@1() . . . . . . . 144
Exampl@2@) . . . . . . . . 147
Exampl@2() . . . . . . . . . 148
Exampl@2() . . . . . . . . 149
Exampl2(d) . . . . . .. . . . e 150
Exampl@2(f) . . . . . . . 152
Exampl@2(@) . . . . . . . . 153
Exampl@2(t) . . . . . . . . 154
Exampl@2(i) . . . . . . . . 155
Exampl@3@) . . . . . . . . . . 157
Example24. . . . . . . 161
Example24@) . . . . . . . . e 162
Example24() . . . . . . . . 163
Example24(C) . . . . . . . . 164
Example24d) . . . . . . . . 165
Example24@©) . . . . . . . e 166
Example25. . . . . . . 167



10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

Example25@) . . . . . . . .. 168

Example25(h) . . . . . . . . 169
Example25@©) . . . . . . . . 170
Example25d) . . . . . . . . 171
Example5@) . . . . . . . . . e 172
Example26. . . . . . . e 173
Example26@) . . . . . . . . . . 174
Example26() . . . . . . . . . 175
Example26(C) . . . . . . . . . 176
Example6d) . . . . . .. . ... e 177
Example26@©) . . . . . . . . . e 178
Example7. . . . . . e 179
Example7@) . . . . . . . . e 180
Example7{) . . . . . . . . 181
Exampl7C) . . . . . . . e 182
Exampl7d) . . . . . . . . e 183
Exampl7@©) . . . . . . . . 184
Example28. . . . . . . . 185
Example28@) . . . . . . . . . 186
Example28b) . . . . . . .. ... e 187
Example8(C) . . . . . . . . . e 188
Example28d) . . . . . . . . .. 189
Example28@) . . . . . . . . . 190
Example28(F) . . . . . . . . 191
Example28@) . . . . . . . . . 192
Example8h) . . . . . . . . . 193
Example29. . . . . . . e 194
Example29@) . . . . . . . . . 195
Example29() . . . . . . . .. 196
Example29(C) . . . . . . . . . 197
Example29d) . . . . . . . . ... e 198
Example29@©) . . . . . . . . e 199
ExampleB0. . . . . . . . 200
Example80@) . . . . . . . . e 201
Example80() . . . . . . . . . 202
Example80(C) . . . . . . . . . e 203
Example8l: TrueB 2 R® 3 3. . . . . . ... . . ... . ... ... 206
Example81() . . . . . . . . . . 207
Exampl81(C) . . . . . . . . e 208
Example81(d) . . . . . . . . . 209
Example81(€) . . . . . . . . . e 210
Example81(f) . . . . . . . . .. 211
Example81(@) . . . . . . . . . e 212



List

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9
4.10
411
412
4.13
4.14
4.15
4.16
4.17
4.18
4.19
4.20
421
4.22
4.23
4.24

a b~ wWwNBE

of Tables

Examples(a) . . . . . . . . . 35
Exampler(a) . . . . . . . . e 41
Example8(@) . . . . . . . . e 47
Examplé(@) . . . . . . . . e 55
ExamplelO@) . . . . . . . . . 60
Examplell@) . . . . . . . . . 64
Examplel2@) . . . . . . . . . e 70
Examplel3. . . . . . . e 76
Examplel3() . . . . . . . . e 77
Exampleld@) . . . . . . . . . 104
Exampleld(h) . . . . . . . . 107
Examplel5@) . . . . . . . . e 112
Examplel5d) . . . . . . . . 116
Examplel6. . . . . . . . .. 120
Examplel6@) . . . . . . . . . 121
Examplel7. . . . . . . e 122
Examplel7 continued . . . . . . ... 123
Examplel8. . . . . . . 123
Exampld8continued . . . . . ... .. ... 123
Exampld9. . . . . . . . 126
Exampld9@) . . . . . . . . .. 127
Exampld9() . . . . . . . . . 128
ExampldO(C) . . . . . . . . 129
Exampl@0. . . . . . . . 130
Exampl@0@) . . . . . . . . . 131
Exampl0(®) . . . . . . . .. .. 132
Exampl@0(C) . . . . . . . . . . . e 133
Exampl@l. . . . . . . . 135
Exampl@1(e) . . . . . . . . . 140
Exampl@2. . . . . . . 146
Exampl@2(e) . . . . . . . . . . e 151
Exampl@3. . . . . . .. 157
Exampl@3[0) . . . . . . . . 157
Example3l@) . . . . . . . . . 205
Example32. . . . . . .. 214
Example32@) . . . . . . . . 215
Example32() . . . . . . . .. 216
Example32(C) . . . . . . . . 217



Abstract

Data tend to show up in tensor format more frequently in real life such as videos and magnetic
resonance imaging (MRI). However, classical regression and classi cation methods are not
designed capture the information in tensor formatted data and analyze them e ciently. This
thesis consists of two main parts, tensor regression and tensor classi cation. In the rst
part, we consider the low rank tensor regression framework proposed in the paper [50], which
protects the natural form and spatial structure of tensor covariates in data. We propose
and study the regularized low rank tensor regression by employing shrinkage-type penalty
functions, including the ridge and the lasso, and compare with the unpenalized low rank tensor
regression. Extensive numerical experiments are conducted to evaluate the performance of the
new methods, by varying tensor ranks, tensor dimensions, sample sizes, and noise variance.
In addition, we compare the regularized and unregularized low rank tensor regression in high-
order tensor settings. Lastly, we apply the tensor regression models to hand-written digit
classi cation problems.

In the second part, we consider binary classi cation with high-dimensional tensors as co-
variates. We are motivated by the least squares formulation of linear discriminant analysis
(LDA), which is extensively studied for classi cation with vector and matrix inputs [24]. How-
ever, extending it to high-dimensional tensors introduces unique theoretical and computational
challenges. Classical LDA depends heavily on estimating mean tensors and the inverse of the
sample covariance matrix, which becomes computationally costly and even infeasible in high-
dimensional settings. The problem of inverting the covariance matrix becomes ill-posed when
the number of parameters far exceeds the number of training samples. We introduce a gen-
eralized LDA framework for classifying tensors of arbitrary dimensions, which is reformulated
as a regularized least squares problem to avoid estimating high-dimensional tensor variances.
This new framework incorporates existing methods for vector and matrix inputs [13, 51, 30],
and addresses the curse of dimensionality while enhancing computational e ciency through
its low-rank sparse feature. We investigate the theoretical properties of the estimators, estab-
lishing their optimality and Fisher consistency. Additionally, we o er a closed-form formula
for computing the optimal intercept, specially adapted for tensor inputs from vector inputs
[24]. The e ectiveness of the new methods is demonstrated through both simulations and
real-world applications in 3D biomedical imaging data.
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Chapter 1. Introduction

One of the most widely used statistical techniques for predictive modeling is linear regression
([21],[36]), where the input data is a vector and the goal is to predict a real-valued output.
The reason is that linear regression models are simple and they often provide an adequate
description of the relationship between the inputs and the output. Recently, linear regression
is generalized to a matrix regression and classi cation models, where the input comes in a
matrix form ([49],[51]).

1.1 Tensor Regression

Recently, more and more data in real life come in tensor format due to advanced technologies
such as neuroimaging, computer vision, climatology and social networks. However, classical
regression methods handle tensor data by converting them into vector or matrix covariates,
which loses the intrinsic spatial structure in data; in addition, they require high computational
cost and storage requirements. To overcome this limitation, the low rank tensor regression
framework was proposed by [50], which takes the tensor input as a covariate and preserves its
natural form and makes the low-rank assumption to control the model complexity. Tensor-
structured linear regression is much more di cult than classical regression methods due to
the complex nature of tensors. They present both theoretical and computational challenges.
In order to control this complexity, we employ two techniques described as follows.

Firstly, we assume that the tensor regression coe cients admit a low rank tensor decomposi-
tion, which helps to reduce the number of parameters e ectively. For examplepfor &4
T-shape matrix that admits a rank-tensor decomposition, classical regression requires us
to estimate4096 parameters, while a low-rank tensor regression only needs to esfibtte
parameters. In general, for an ordertensorB 2 RP*  Po jf assugﬂng thaBp admits a
rankR tensor decomposition, the number of parameters decreases fjgnpg to 5., Rpa:

Secondly, we propose to adopt the andL, penalty functions to the least squares loss and
solve a regularization tensor regression. These penalty functions can shrink the coe cient
towards zero and therefore greatly reduce the variances of the estimates, which is particularly
useful for high dimensional regression involved with noisy data or a large number of non-
informative or redundant features.

The L, regularization, also known as the ridge method, is useful in solving ill-posed esti-
mation problems when strong collinearity exists among the input variables or the number of
parameters exceeding the number of samples ([44]). For the sake of numerical stability, the
ridge introduces a small amount of bias to the regression coe cients and in return, in order

to acquire a larger amount of variance reduction. The bias added to the model is produced
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by the ridge shrinkage penalty, which is equal to the product of a tuning parameted

the squared., norm of the vector of regression coe cients. The parametetontrols the
amount of shrinkage, and it needs to be chosen adaptively from the data to assure optimal
performance.

The L; regularization, also known as the lasso, imposesLth@orm constraint on the
regression coe cients. In specic, the penalty is equal to the product of a tuning parameter

and theL; norm of the vector of regression coe cients. The main advantage ofLthe
penalty is that it can force small values to exactly zero, resulting in sparse solutions with
better prediction accuracy and interpretability.

The low rank tensor regression framework proposed by [50] provides an e ective framework to
explore multidirectional relatedness, protect the spatial relation associated with neighborhood
locations, and improve model robustness and e ciency.

1.2 Tensor Classi cation

Furthermore, it is often of great interest today to predict a categorical response based on
a high-dimensional tensors due to the rising in the usage of tensor formatted data, which
for example has signi cant applications in neuroscience for unraveling connections between
brain functions and neurodegenerative disorders like epilepsy, autism, and mood disorders.
Maintaining a balance between excitatory and inhibitory synapses, the brain's most abundant
synapse types, is crucial for optimal brain functions. Studies in rodents provide insights on
brain disorders, potentially enhancing treatments for debilitating conditions [47], [42], [2].

The second part of this thesis is motivated by a public neuroscience dataset, SynapseM-
NIST3D, which conmprises 3D image volume of adult rats obtained through multi-beam
SEM. Three neuroscience experts segment a pyramidal neuron within the whole volume and
annotate all synapses on this neuron with excitatory or inhibitory labels. The objective is
to build a predictive model for labeling synapses based on their features. Each image is a
28 28 28tensor, characterized by its high dimensionality and complex data structure,
which pose unprecedented analysis and computational challenges.

Traditional classi cation methods usually rst convert tensors into long vectors and then apply
existing methods for inference and prediction. For 3D images classi cation, this involves
stacking pixels in a specic order to create a attened 1D vector, which is then used as
input for standard logistics regression or linear discriminant analysis (LDA; [28], [18]). There
are two limitations for this approach. First, the vectorization process destroys the multilinear
structure of tensors, resulting in the loss of local spatial information shared among neighboring
elements. Additionally, the vectorized data is often very high-dimensional, leading to the curse
of dimensionality. For example, vectorizing a 3D SEM brain scan witg dim@asipp ps =

28 28 28results in21952parameters. When the total dimensiBr= ~5_, pq signi cantly
exceeds the sample sikle it can lead to imprecise parameter estimates, increasing the risk
of over tting, and produce inaccurate and unstable predictions. Other supervised learning
methods such as support tensor machines (STM) ([9], [11]) and boosting methods [48] have
also been applied to tensor classi cation.

Recent advancements in deep learning have introduced new tools tailored for handling high
dimensional image data. Key examples include convolutional neural networks (CNNSs), re-
current neural networks (RNNs), auto-encoders (AE), and restricted Boltzmann machines

12



(RBMSs) ([22],[6], []). While AlexNet, ([1],[33],[32]),is a pioneering CNN used primarily for
image recognition and classi cation tasks, ResNet 3D (3D Residue Network [14], [34],[15])
delivers e ective results in video recognition tasks due to its ability to extract spatial and
temporal features across time frames; both implemented in the Python pattkalyeision

Deep learning algorithms have demonstrated state-of-the-art performance by achieving high
accuracy across a wide range of tasks, particularly in image classi cation. However, estimat-
ing a large number of parameters requires larger sample sizes and signi cant computational
resources, which can result in suboptimal performance for small datasets. Moreover, deep
learning methods are often criticized for their limited interpretability [14], [34].

In this thesis, we focus on the LDA method and propose a new class of LDA learning algorithms
to classify high-dimensional tensors of arbitrary orders. The LDA model assumes that the
tensor predictorX associated with di erent classes follows the tensor normal distribution
with di erent means but a common covariance structure, as formally de ned in Settion

This model was considered by a recent work, the tensor discriminant analysis (TDA) [30],
which derives the Bayes rule and implement it by directly estimating the sample mean and
covariance of tensors [30]. For high-order and high-dimensional tensors, one major challenge
is to compute the inverse of the sample covariance, which is computationally expensive and
unstable due to ill-posed arrays.

The tensor structure, that is used in the distribution and the classi er, allows us to achieve
easy interpretation and accurate prediction. Moreover, it is an opportunig of reducing the
number of parameters. In the LDA model on the covariaté¥gof dimension“.; ps 1

the covariance matrix ha@ﬁ’zl pa? elements. In contrast, in the LDA model on the covariate

X of dimensiom; Po; the covariance matrix has onlyS.; ps? elements.

In order to work around this issue, in this thesis, we convert our binary classi cation problem
into a regression problem and make low-rank and sparsity assumptions. In this conversion,
we are motivated by the least squares formulation of linear discriminant analysis (LDA). The
framework is proposed by [13] for order-1 tensors, and generalized to high-dimensional order-1
tensors by [24], then generalized to order-2 tensors by [51]. We carry this framework onto
arbitrary order® tensors, which lets us obtain the necessary theoretical justi cation to use
low-rank approximation on tensor regression coe cients. In the LDA model for tensors, the
tensor coe cient B has the same structure as the tensor covarkateBy approximating3
gith less pgrameters dramatically reduces the dimensionality of the tensor component, from
5.1 pato I pa: In the real data example of an SEM sc@i952parameters decrease
to 84 parameters. Reducing the number of parameters e ectively allows us to protect the
natural form, spatial structure of the data as tensor covariates and to control the complexity
of the problem. With such a great reduction, however, it is proved to provide a reasonable
approximation to many low-rank signals. Even though in real imaging analysis, the signal is
hardly of an exact low-rank structure, given the limited sample size, a low-rank estimate often
provides a reasonable approximation to the true tensor regression parameter, even when the
truth is of a high rank [50].

Another challenge of working with tensor data in neuroimaging studies is the typically limited
sample size. Often, the number of parameters in the covaRate ~J., signicantly
exceeds the sample sikle leading to imprecise parameter estimates and increasing the risk
of over tting and producing inaccurate and unstable predictions. For example, in the context
of the LDA model for vectorized data, the sample covariance matrix estimate could be singular

and therefore unusable whéh< P . Regularization is essential to handle this case, and is
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also useful for stabilizing the estimates. Therefore, e ectively exploiting sparsity is critically
important for high-dimensional classi cation problems. We chdgsand L, penalties for

this thesis. We consider the tensor regression in this thesis as the hard thresholding in classical
regression, where the rank of the model is xed.

Lastly, we prove that there is an optimal intercept for classi cation and present the closed
formula. We perform extensive numerical experiments to evaluate the performance of the
methods, by varying tensor ranks, tensor dimensions, sample sizes, complexity, and changing
the ratio of classes. In our estimations, we employ shrinkage-type penalty functions, including
the ridge and the lasso, and compare with the original unpenalized LDA low-rank tensor
regression. We compare the regularized and unregularized LDA low-rank tensor regression in
high-order tensor settings with self-designed oBlexamples. Finally, we apply the LDA low-

rank tensor regression models3@ biomedical images in order to classify into two categories
such as excitatory synapse vs inhibitory synapse. Simulated and real data examples show that
LDA low-rank tensor regression performs competitively when compared with other learning
methods.

1.3 Organization of This Work

The remaining of this thesis is organized as follows. Chapter 2 provides an overview of
tensors and their basic operations. Chapter 3 introduces the methodology of low-rank tensor
regression and its extension to regularized low-rank tensor regression. In particular, we consider
the L, and L, penalization methods and discuss their properties. Chapter 4 introduces
the methodology of LDA low-rank tensor regression and its extension to regularized LDA
low-rank tensor regression. In particular, we considei_thand L, penalization methods,
optimal intercept approach and discuss their properties. Both Chapter 3 and Chapter 4
present e cient algorithms for the regularized and unregularized methods alongside a variety
of simulation examples to evaluate di erent learning methods and compare their performances.
They also present the applications of the regularized tensor regression and regularized LDA
tensor regression on real data. The end of the chapters summarize the results and conclude
with a discussion of future work.
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Chapter 2: Overview of Tensors

In this chapter, we introduce the de nitions of a tensor, order of a tensor, di erent types of
tensor products, and important operations on tensors. Moreover, we de ne the concept of
tensor decomposition and its motivation. For each concept, we provide simple examples to
demonstrate the de nition or how it works.

2.1 Tensor
We rst provide the de nitions of tensor and its order, and then give three examples of tensors
with three di erent orders.

De nition 2.1.1 (Tensor and Tensor Order)A tensor is an array with more than one level
or dimension. It is also called a multidimensional array. The number of levels of a tensor is
called its order or dimension, denotedy

Here are three examples of tensors.
1D array (ordert tensor) is a vector.
2D array (order2 tensor) is an array of arrays, i.e., it is a matrix of rows and columns.

3D array (order3 tensor) is a collection dD arrays.

Figure 2.1: Exampl#&

De nition 2.1.2 (Tensor Shape and SizeThe shape of a tensor is a vector consisting of
the length (number of elements) of each dimension. The size of a tensor is the total number
of items in the tensor, which is equal to the product of the shape vector's elements.

Example: LeB %Rpl Po pe an orde tensor. The shape & is the vectofps;:::;pp]-
The size oB is ~ 5., pa-
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2.2 QOperations on Tensors

LetB 2 R Po pe an ordei® tensor. There are three important operations on tensors:
vectorization, matricization and the outer product.

The vectorization converts a tensor into a vector and is de ned below.
De nition 2.2.1 (Vectorization) vedB) 2 RP*Po with
. P ) 1
h,.i, 2 B 7! vedB); 2 vedB) wherej =1+ ., (iq 1)02 Pgo:
do=1

In the following example, the vectorization operator converts an @rteisor to an ordefi-
tensor, i.e., a vector.

0 DI DR DI DI 1

Example 2.2.1. B = %bﬂ § I vedB) = %bug ; whereb,; 2

0 1

fe 1 15
B 7! b 2 vedB):

Remark. Note that vectorization is a linear transformation, so(¥ee B) = veqdA)+ vedB)
for any matrice\; B that have the same dimension.

The matricization converts a tensor into a matrix an(cgi is de ned below.

d Pg0

p
De nition 2.2.2 (Mode d matricization) B(gy 2 R @*¢  with h

B wherej =1+ i 1 400
(d) ] dos d ( )dO(kdO;do‘de

2B 7 B, 2

1:ip

Figure 2.2: Exampl2

In the following example, we apply all possible nbatricizations to an order-3 tensor and
convert to matrices of di erent sizes.

Example 2.2.2. Let X 2 R? 3 2 pe a tensor such that

X[;;1] =

o W._

1 2
4 5
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!
7 8 9

X[21= 19 11 12

Then model, mode2 and mode3 matricizations ofX give us

|
X 123 7 8 9
W~ 4 5 6 10 11 12,
0 1
1 4 10
Xo=22 5 8 1K
360912, ,
|
X 1 4 2 5 3 6
® = 710 8 11 9 12, °

respectively.

Remark. In particular, wherB is matrix,B;) = B andB; = BT:

0 PR .. -1
Example 2.2.3. B = %bﬂ § | B = blz

32

The outer product operator builds a tensor from given vectors and is de ned below.

De nition 2.2.3 (Outer product) b bb 2 R Po with
2
(b b:))il:::iD = hjid:
d=1

In the following example, we apply the outer product operator to build an order-2 tensor using
two orderi tensors.

0 1 0 1

1415 4 5
Example 2.2.4. (123) (45)=%2 4 2 58 = @8 1K

3435 12 15,

2.3 Products of Tensors
LetA andB be two tensors. There are four di erent products on tensors, which are Kronecker,
Khatri Rao, n-mode and the inner products.

Let A = (a;::tay) 2 R" "andB = (by:::ky) 2 R? 9 In the following, we rst give
de nitions and then demonstrate Kronecker and Khatri products on &densors, i.e.,
matrices.

17



Figure 2.3: Exampl8

De nition 2.3.1 (Kronecker product)A B =(a; B:::a, B)2R" ™

Example 2.3.1.
0 ! !
! \na. buobo b by
a;; ap b1 b :%11 1 b22! 2 by bzz!gz
dp1 aA2 1 by N 1 bio a. b1 b
G < YR G < YR

0 1
apb; anbi, ashi apbi

ayr anbyy anby; apby
101 axbi A  axbi
Alp1 by A apby , ,

We prove the mixed product property for Kronecker product.
Lemma 2.3.1. LetA2R™ B2 R’ 9 C2R" X;andD 2 RY " be matrices. Then
(A B)C D)=(AC) (BD):

Proof of Lemma 2.3.1Let A = [a;] and C = [, ]: By de nition of Kronecker product,
A B =[anB]andC D =[cy,D]: Thei;jth block of(A B)(C D)is

X X X
(@anB)(cyD) = (ancy)(BD)=[  (anCy)IBD:
h=1 h=1 h=1

Also, thei;j th_entry of AC is i h=1 (@i Cnj) which implies that the;j th block of (A
C)(B D)is[ p-1 (@inGy)](BD): Therefore,

(A B)C D)=(AC) (BD):
u

The next lemma shows the rule for computing the inverse of a Kronecker product.

Lemma 2.3.2.
(A B)!=A! B!
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Proof of Lemma 2.3.2Using the mixed product property,
(A BA! BH=(AAYH (BB H=1 1=1:
O

There is also a relationship between Kronecker product and the determinant foR ¢edsors.
Remark. fA2 R"™ mandB 2 R" "; then

detfA B)=(det(A))"(det(B))™:

2.3.1 Kronecker Product and Vectorization
The lemma below shows the relationship between Kronecker product and the vectorization.
Lemma 2.3.3. LetA2 R™ ";B 2 R" PandC 2 R° 9 be matrices. Then,

vedABC)=(C" A)vedB):

Proof of Lemma 2.3.3For i 2 1;:::;m; the ith row of ABC is given as(ABC);. =
Ai1B1.C + + AinBn:C; and forj 2 1;:::;q; the jth column of ABC is given as
(ABC).; = AB.1Cyy + + AB.,Cp;: Thus, when vectors are columns:

veqABC) = (AB1Cyy + + AB.xCp1;  +;AB1Cyq + + AB .;Cpq)

2 32 3
AC1;1 . ACp;l B;;l

ACyq it ACpq B.p
=(C" A)vedB):

2.3.2 Khatri Rao Product

D% nition 2'332 (Khatrj' Rao product) Whenn = q; the Khatri Rao product is de ned as

A B=(a b:i:ay b)2R™™

Example 2.3.2.
0 ! !
11 bio
! ! a a
a;n a K by b - H b21! - bzzlgz
dp1 A 1 b P11 bio
a1 b, o b,

0 1
apihr  aibro

a1y aby
a1 axbio
1y anby , ,



Remark. When n=g=1,A B = AJ B:

The n-mode product of a tens@ 2 R* P> and a matrixA 2 R P, also known as
tensor contraction, is denoted B/ , A and is of sizg, Ph1 ] Pner Po:
Elementwise, it is de ned as below:

De nition 2.3.3 (n-mode product)

Yd
(B nA)il:::in 1jin+ mip — tllizz::iD Qi 4-

id:l
The inner product between two tensoBs,A 2 R’ Po; is de ned as the usual vectorized
inner product in the following way:

De nition 2.3.4 (Inner product)

X
<B;A> =:< vedB);vedA) >= Biy:mmip @igmip |

2.4 Tensor Decomposition

Tensors admit a special property which allows us to write them sintipler tensorsin the
following, we rst de ne simple tensor and then introduce the special property, ¢ahsdr
decomposition

De nition 2.4.1 (Simple tensor) A simple tensor, or a tensor of radkor a decomposable
tensor, is a tensor that can be written as a product of tensors of the BormB ; Bp;

It is easy to show that every tensor can be expressed as a linear combinationloferssuxs.

De nition 2.4.2 (Rank). The rank of a tensoB is the minimum number of simple tensors
that sum toB.

De nition 2.4.3 _(Tensor decomposition)A tensorB 2 R Po admits a rankR decom-
position ifB = ? R, U where (V2 Rra;d=1;:::;D;r =1;:::;R are all
column vectors an8 cannot be written as a sum of less thRrouter products. The tensor
decomposition oB can be shortly represented as

whereBg=[ {";::1; P12 R R

Tensor decomposition of an ord&tensor into a linear combination of rattkensors is shown
below.

Figure 2.4: Examplé
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WhenR is small, sayR =1 or R = 2, we say that the tensdB has a low-rank tensor de-
composition. One main advantage of the low-rank decomposition is dimension reduction, i.e.,
the tensor can be fully determined and represented by a much smaller number of parameters.
For example, 4 64 T-shape matrix containd096entries. Since it admits a rariktensor
decomposition, we only need to &6 parameters to represent it. In general, for an oider-
tensorB 2 R P if assuming thaB a]gmits a rankR tensor decomposition, the number
of parameters decreases frony.; ps to 5., Rpq: This dimension reduction can greatly
reduce the computational cost of the model estimation and also facilitates the interpretation.
Low-rank tensor decomposition is a powerful technique for exploiting the low dimensional
structure in high dimensional data. In addition, it is one of the most e ective techniques to
deal with a major problem called the curse of dimensionality, which is the exponential scaling
of the tensor space dimension with respect to the order and faced in any such high dimensional
setting.

Tensor decomposition lets us write modlenatricization of a tensor in a di erent way as
follows.

Lemma 2.4.1. If atensorB 2 R  Po admits a rankR decomposition, then

K K K K K -
B = Ba(Bp Bat1  Ba 1 B1)

and K K
vedB) =(Bp B1)1r:

2.5 Properties of Order-2 Tensors (i.e. Matrices)

2.5.1 Transpose

De nition 2.5.1. The transpose of a matri& is an operator that ipsA over its diagonal
by switching the row and column indicesfofand producing another matrik™: If A is of
orderm n, then the transpose of the matriX" is of the ordem m:

Let A andB bem n matrices anct be a scalar. Then

(AT)T = A
(A+B)T=AT+BT
(AB)T = BTAT
(cA)T = cAT

(AT) l:(A 1)T

2.5.2 Trace

De nition 2.5.2. The trace of am n square matrix (ordeg-tensor)A is the sum of the
diagonal components of the matrix,

X0
TI'(A) = . Aji

i=1

whereA;; is theith row andj th column element oA:
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Remark. A matrix and its transpose have the same trace because transposing a square matrix
does not a ect elements along the main diagonal.

We start by proving the linearity of the trace.

Lemma 2.5.1. Let A;B be twon n square matrices anclbe any real number. Then we
have
Tr(A+ B)= Tr(A)+ Tr(B)

Tr(cA) = cTr(A)
Proof of Lemma 2.5.1.

X X
TT(A+B)= Aj+Bi= Aj+ Bj=Tr(A+B)

i=1 i=1 i=1

X x
Tr(cA) = CAij = ¢ A = cTr(A)
i=1 i=1

The next lemma shows that the trace of the product of two matrices is symmetric.

Lemma 2.5.2. Let A be anm n matrix andB be ann m matrix. Then
Tr(AB) = Tr(BA):

iy P :
Proof of Lemma 2.5.2By the de nition of trace, T(AB) = 1, (AB);i: Using the rule of
matrix product,

X
(AB)i = Ay B;j
j=1
xXn
(BA)j =  BjAy;
i=1
then
xXnoxn
Tr(AB) = Aij Bji
i=1 j=1
XX X
= Bji Aij = (BA)” = Tr(BA)
j=1i=1 =1

The lemma below shows the cyclic property of the trace.

Lemma 2.5.3. Let A be anm n matrix, B be ann | matrix andC be anl m matrix.
The trace is invariant under cyclic permutations.

Tr(ABC) = Tr(BCA) = Tr(CAB):
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Proof of Lemma 2.5.3Using the symmetry of the trace with andBC matrices,
Tr(ABC) = Tr(BCA):
Using the symmetry of the trace withB and C matrices,

Tr(ABC) = Tr(CAB):

2.5.3 Trace and Vectorization

The lemma below shows a connection between the trace and the vectorization.

Lemma 2.5.4. Let A be anm n matrix andB be ann m matrix. Then
Tr(AB) = vedA") vedB):

Proof of Lemma 2.5.4.

X X
TI’(AB) = (AB )kk = Ak: B:k
k=1 k=1
2

A i Am;ig :
B:m
2 3;2 3
(Al:)T B:1
-§ Ll
(Am)T B:m
2(AT):lSTZB:l3
=§ Ll
(A")m  Bum
= vedAT) veqB):

3
B:l

I
z

We start by de ning symmetric matrices.

De nition 2.5.3. A symmetric matrix is a square matrix which is symmetric about its leading
diagonal.

Remark. When a matrixA is symmetric, the matrix is equal to its transpofes AT.

We introduce a special type of matrix below. Note that symmetric matrices have real eigen-
values.

De nition 2.5.4. A positive de nite matrix is a symmetric matrix with all positive eigenval-
ues.
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2.5.4 Trace Inner Product
For any twom n matricesA andB; their trace inner products de ned as:

De nition 2.5.5.
X0
<A;B> = a; by -
i=1j=1
Using the symmetry property of the trace, it is easy to see the lemma below.

Lemma 2.5.5.
<A;B> = Tr(ATB) = Tr(BAT):

2.6  Matrix Normal Distribution

A real-valued random variable 2 R with the probability density function (pdf)

1 1 x 2
%Z_expf 55— 9 (2.1)

where 2 R;is said to have aormal (Gaussian) distributiowith mean and variance :

The multivariate normal distributios a generalization of the one-dimensional normal distri-

@) Pde() Zexp S« )T Mx ) 22)

is said to have a multivariate normal distribution with meamnd covariance matrix; where
is positive de nite. It can be shown ¥ Ny(; ) :

Next, we introduce the generalization of the multivariate normal distribution to matrix-valued
random variables and prove the relationships between them.

De nition 2.6.1. A random matrixX 2 RP* P2 has a matrix variate normal distribution
with the mean matriM,, ,, and the covariance matricé, ,,; Vp, p, WwhereU andV are
positive de nite matrices, if the pdf of is

n

exp ;Tr(v X M)TU Y(X M))O

(2 )Pre=2det(V)Pr=2det(U)P2=2 (2.3)

It can be denoted aX  MN,, ,,(M;U;V):

The matrix normal distribution is related to the multivariate normal distribution in the way
described by the lemma below.

Theorem 2.6.1.
X MNp, p,(M;U;V)

if and only if
veqdX) Np,p(vedM);V  U):
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Proof of Theorem 2.6.1The inside of the exponential for the pdf for the matrix normal
distribution can be written as

;Tr(v Y M)TU {(X M)
using the cyclic property of trace by Lemma 2.5.3,
= ;Tr((x M)TU (X M)V Y

by Lemma 2.5.4,
= ;vec(x M)TveqUu (X M)V 1)

by Lemma 2.3.3 and sind& is a positive de nite matrix,
= ;vec(x M)T(V 1 U YHvedX M)
by Lemma 2.3.2 and Remark 2.2,
= ;[veo{x) veqM)]" (V. U) *[vedX) vedM)];

which is equal to the argument of the exponent of the pdf for the multivariate normal distri-
bution. Lastly, using the determinant property in Remark 2.3, the proof is complete[]
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2.7 Tensor Variate Normal Distribution
We introduce the generalization of the matrix normal distribution to tensor-valued random
variables.

De nition 2.7.1. Arandom tensoK 2 RP: P2 Po has a tensor variate normal distribution
with mean tensoM 2 RP: P2 Poand positive de nite matricedy 2 R* P« if the pdf of
X is
P _ n 1 0
(2 ) P=2 det(Uk) P_(Zpk)exp é((x M) 1:::D( ||<3=1 Uk 1) 1.::D (X M)) , (2-4)
k=1

whereP = pip,:::pp and 1.p is the tensor multiplication over d dimensions, i.e., a

Remark. LetX M = T:Then(X M) 1.0 ( U D 1.0 (X M)isdened as

X1 Xo
T 20( kU ) 2o T= Lo Uigi9 110 Ui i0 Gig:io

i1;19=1 ip;id=1

Or, equivalently, we can give the pdf for: vedX) 2 RV as follows.

Lemma 2.7.1. The density function of the TVN distribution is given as

I _ no1 0
2 ) N2 det(U) N™exp S((x veqM))"U (x  veqM))) ; (2.5)
k=1
whereU = (U, Up) %

1

Lemma 2.7.2. Given a tensor in the form @ ,U; * ,U, b Up 1; the vectorization

of the tensor is eqaul to:
(UD 1 U2 1 Ul 1)ve((T):

The tensor variate normal distribution is related to the matrix normal distribution as shown
in the lemma below.

Lemma 2.7.3. Letmy = P=:
X  TVNM;Ug; Uy i Up)

if and only if
X  MNpm (M U k)

whereX ) andM (, represent the modk-matricization and = Up Ug+r Uk 1
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Chapter 3: Low Rank Tensor Regression

3.1 Methodology

We consider the regression problem, one major type of supervised learning problem, where the
input is a tensor with the domaid and the output is a real-valued variable. The goal is to
learn a mapping : X ! R, from the training data to describe the input-output relationship

and make predictions for future data. More speci cally, assume that the training data set
consists of i.i.d. observatiofgX;;Y;)gL,, where the inputX; 2 R Po is a tensor,

Y; 2 Ris the univariate response, the p@X; Y;) follows the joint distributior® (X;Y ), and

n is the sample size.

3.1.1 Tensor Regression

Given the training set, the tensor regression model assumes the relationship

Y, =<B:X;>+ ;; i=1:::::n (3.1)
whereY; and ; are univariate responses and errors, respecti/xlyg’, 2 R P> are

array covariates; anB 2 R*  Po s the tensor of regression coe cients. Hete:;: >
stands for the usual vectorized inner product and is de ned as in De nition 2.3.4.

In order to recoveB from fY;; Xig,; we can minimize the sum of squared residuals and
obtain the solution 0

B'S = arg mn - (Y <B;X; >)2: (3.2)

i=1

The estimatorB's is called the least squares (LS) estimator. The main challenge of solving
4.6 is that the number of parameters can be really large for high-dimensional and high-
order tensors, which may lead to over tting or numerical instability issues. Classical methods
convert tensors into vectors and end up losing important spatial structure and neighborhood
information between entries. In the following, we show that the low-rank assumption can
e ectively reduce the model complexity while preserving important spatial information.

3.1.2 Low-rank Tensor Regression

In order to tackle the curse of dimensionality issue in tensor regression, we will consider the
low-rank tensor regression model by further assuming that the regression coe cientBensor
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admits a rankR tensor decomposition, whekReis a small integer, as

B=" 5 (3.3)

X xR
BlS;:::;BS =arg min Y, < " U)X, >)% (3.4)

BiiiBoliy r=1

3.1.3 Regularized Low-rank Tensor Regression

In order to enhance the prediction performance of the least squares estimator, regularized least
squares can be used to control the model complexity, or produce sparse solutions by removing
redundant or non-informative features. Also, the ordinary least squares problem is ill-posed
and has in nitely many solutions when the number of parameters is larger than the sample
size, regularization can help to identify a unique solution by setting some constraints.

Motivated by the above, we propose solving the following regularized problem for the rank-R
tensor regression model,
_— om (0. 2., X .

min (i < 1 p iy Xi>)T+ J(Ba); (3.5)
Tiza r=1 d=1
whereJ is the shrinkage penalty to shrink the entriesBigis towards zero, and > 0 is
the tuning parameter to control the balance between the data t and model complexity. In
the following, We consider two commonly used regularization methods, including the LASSO
method and the ridge method.

The LASSO method employs the penalty, which is equal to the sum of absolute values of
regression coe cients. The lasso estimator for the rank-R tensor regression is de ned as

[Blasso. ... . Blasso] (3.6)
X P " , R Rea .
= arg _min Y, < 1 b Xi >)+ jveqBa);j;
B BD]i:l r=1 d=1j=1

where 0 controls the degree of penalization. Compared to the least squares estimator, the
LASSO method has two main advantages: (1) its soft-thresholding penalty can shrink small
regression coe cients to zero exactly and hence performs variable selection automatically; (2)
it enhances the prediction accuracy and interpretability of the estimator by producing slightly
biased estimator with much smaller variance than the least squares estimator.

The ridge method uses the, penalty, which is equal to the sum of squares of regression
coe cients. The ridge estimator for the rank-R tensor regression is de ned as

[Bidee. ..., grdge] (3.7)
x R ¥ Rpd
= arg _min Y, < o §hXi>)2+ vedBy)/;
Bi::Boli_4 r=1 d=1j=1
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where 0 controls the degree of penalization. There are two main advantages of using
ridge: (1) it shrinks parameters towards zero and can overcome numerical issues caused by
multicollinearity; (2) it can reduce the nal model complexity by decreasing variances of the
estimator.

3.2 Algorithm

We describe an e cient computational algorithm for solving the low rank tensor regression
problem. We start with the least square method and then discuss the regularized low rank
tensor regression.

The objective function in the optimization problems (4.7), (4.9), and (4.10) is not convex in its
argument, making it di cult to search for the global minimizer with guaranteed convergence.
We will use the block coordinate descent (BCD) algorithm, also known as nonlinear Gauss-
Seidel, which is an iterative algorithm that sequentially minimizes the objective function in
each block coordinate while the other coordinates are held xed.

3.2.1 Least Squares Low-rank Tensor Regression

Using the tensor decomposition propertyBafwe can rewrite the inner produstB; X ; >
as

<" x> (3.8)
r= K K K K K
= <BgXiw(Bop Ba+t1  Ba 1 Bi) >;

and the above holds for amy=1; ;D.

In the BCD algorithm, we treaB4's asD di erent blocks; during the iteration, each bloBlg
will be updated sequentially in order while xing all the other blocks at their current values.

One great advantage of the BCD algorithm is that, for each bBgkwe essentially solve a
least squares regression sub-problem which is convex. In particular, fa =dcit::;D,
we have

X
(i <B;X;>)? (3.9)
i=1
X K K K K K 5
= (Yi <Bg; Xj(Bp Bgt1  Ba 1 B1) >)=
i=1
De ne the "pseudo” covariates for=1;:::;n as

K K K K o
Zig = Xi)(Bp Bas1  Bg 1 By) 2 R® R;

which is used when updating bloBk.
Using the vectorization operators Y&gg) 2 RRP¢ and ve¢By) 2 RRP¢; we can re-write the
least squares problem as

X0 X0
(Y, <BaZig>)’= [Yi vedZy) veqBy)*:
i=1 i=1
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The above minimization problem can be treated as a standard least squares problem and it
has a unique closed-form solution

vedBy) = [vedZq)vedZq)] vedZy)Y;

where ve(Zy) 2 R" RPd is de ned as having veZi;d)T for each row and¥ 2 R". Note that

the pseudo covariates.,q are updated at each iteration, so they are representdj(;gié) in
the algorithm, wheré is the iteration step.

In the following block coordinate descent (BCD) algorithm, we alternately updatB y)ez

Stopping Criterion : A practical test is needed to determine when to stop the iteration.
The algorithm iteratively updatd€yg's, which are the building blocks used to construct the
tensorB with equation (3.3). The procedure stops if there is no change (up to some threshold
value) inf Byg, which suggests some local convergence. We decide this by measuring the
di erencekB{™”  B{“ke. Here the Frobenius norm of a mattix ke is de ned as the
square root of the sum of the absolute squares of its elements. The iterative process ends if
the di erence is smaller than a pre-speci ed 0, and continues otherwise.

Algorithm 1 Low rank tensor regression based on least squares

FixfBq@gl.; 2 R R random matrix
Repeat

K K K K K
Zig ™ = Xi(Bp® Barn @ Bgsg & B,(D)
. P _(ktD) - 1o
By = ming, L[V < Bdazi(;d+) >
until kB{™  BPke <
end frgr
= RoBi;ir] Bo[:;r], whereBy's are nal values at convergence.

In the above algorithm, we assume that the rdks a pre-speci ed value. In practick,

plays a critical role to obtain optimal results and needs to be selected properly. We propose
selectingR adaptively from the data, and will discuss the tuning procedure (for all the tuning
parameters together) in Section 4.3.

3.2.2 Regularized Low-Rank Tensor Regression

For theL; andL, penalization problem, we also apply the block coordinate descent (BCD)
algorithm to updateB4's. The only di erence from the least squares is that, at each iteration,

we solve a penalized least squares problem instead of an unpenalized least squares problem.
For implementation, we employ the following elastic net penalty which combinés toed

L, penalty into one uni ed framework

min’ Y, vedZi)vedBoP+ ( kvedBoki+(1  kveqBokZ;  (3.10)

i=1
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wherek k; andk k; respectively denote tHe; norm andL, norm of a vector; =1 leads
to the lasso method and = 0 leads to the ridge method.

Elastic net is a hybrid of lasso and ridge regression ([52]), which allows one to choose an
optimal balance between two penalties and can therefore lead to better prediction performance
on complex problems where the covariates form groups or are highly correlated. In (3.10), a
hyperparametefd 1, is used to assign how much weight is given toltheand L,
penalties. The other hyperparameter 0 controls the weight of the sum of two penalties

to the loss function. Due to the double amount of shrinkage, it might cause increased bias
and poor predictions. In order to improve the prediction performance, elastic net is usually
rescaled to reduce bias. We use the R packpigeetto update the blockB4's iteratively in

the algorithm below.

Algorithm 2 Regularized Low rank tensor regression 1l for lasso, =0 for ridge

Fix B4 @g2, 2 R« R random matrix
Repeat

K K K K K
k+1
Zi(;d+ ) =X i) (BD (k) Bd+1 (k) Bd+l (k+1) Bl(k+1) )

Bq*Y = glmne(z{™";v;; )
Until kB4®*D  BWke <

end fr9r
= R.Bi[;ir] Bo[:;r], whereBy's are nal values at convergence.

3.2.3 Selection of Tuning Parameters

We describe the tuning method for the parametdor the lasso and ridge methods. We start
by creating a wide range of values of sizen, denoted by , and apply regularized tensor
regression with lasso and ridge penalties on the training set for each. As a result, we

models, respectively.

In order to evaluate and compare the performand® ¢, we generate a tuning se¢X; Y;);i =

X
tune-error=_ [Y < Bj;X>J?=n: (3.11)
i=1

The best is chosen as the value which gives the smallest tuning error.

For illustration, we show a tuning error plot for the lasso method in a simple example. We
take the example df0 10 T-shape experiment where the training and tuning sets have the
sample siz& = 60 and the noise variance = 1: We started withlog,,( ) 2 [ 6:5; 2] with

an increment 0.5. In Figure 4.1, the x-axis represents the vallegg({ ) and the y-axis
shows the corresponding tuning error values. Next, we identify the region where the minimum
tuning error lies and further narrow down a smaller range ®f[ 1;0:2] using a ner grid

with increment 0.1 to search for the best which gives the smallest tuning error over the
entire search range.
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Figure 3.1. Examplg

3.3 Numerical Experiments

We design a variety of simulation examples to evaluate and compare the performance of
the low-rank tensor regression based on least squares and the regularized low-rank tensor
regression equipped with thg penalty (lasso) andl, penalty (ridge).

3.3.1 Experiment Setup and Design
The training data are generated from the tensor regression model
Yi=<B:X;>+ ;; i=1;::::n (3.12)

where the input iX; 2 R Po array, whose entries are generated as independent standard
normals, the outputy; is a real-valued respond®,2 R*  Po s the true regression coe -

and the test set are generated separately in the same manner.

For better visual e ects, we make the true coe cient tengrhave a special geometric shape,
such as a square, T-shape, and a cube. Then we can visualize the estimated coe cient tensor

We vary a number of experiment factors to create various scenarios as follows.
tensor order (or dimensionp =2, D =3
tensorrankR=1,R=2;R=3
tensor shape:
ForD =2;R =1, we consider three shapgsJ; 10} [20, 20}, [64;64] ForD =2;R =
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2, consider three di erent shapgs; 3];[10; 10} [64; 64] ForD = 3;R = 3, consider
one shap¢3; 3; 3].

sample size
error variance 2 (which controls the signal-to-noise ratio)

To examine how sensitive the algorithm convergence is to the valy¢hef threshold value
used in the stopping criterion, we try a set ofalues in

f0:01 0:00% 0:000% 0:00001 and observe how the MSE changes. One can nd the results
of this experiment in Figures 3.7,3.13,3.19,3.20 and 3.38.

3.3.2 Evaluation

We evaluate and compare the performance and e ectiveness of the low-rank tensor regression
learning method based on least squares,Lthgenalty (lasso), and the, penalty (ridge).

For the lasso and ridge methods, we rst train the model on the training set using di erent
values, then use the tuning set to select the bestas explained in Section 3.2.3, and nally
report the performance d

For each setting, we run the experiment 100 times with di erent training sets, by changing
the random seed. For each experiment, we calculate the mean squared error (MSE) of the
estimatorB

MSE= kB  Bkg;

whereB is the true coe cient array,B is the estimate given by the tted low-rank tensor
regression model, arld kg is the Frobenius norm. We run the experim&@0 times and

report the average Frobenius norm errors and the standard errors of the average errors (inside
parentheses) in the tables.

For better visualization, we plot the tensor estimBtavith a color palette, where one typical

run is selected for each learning method, and compare with the image of th#.tlneeach

image, each color represents a speci c interval of values. The images are plotted using the R
packagergl and XQuartz. For the recovered image, we run the experiment one time in order
to show a typical recovered image for that experiment.

3.3.3 Example 1: Square Tensor

In this example, the true coe cient tensd@ is a square matrix with a square 8§ in the
center and the rest zerd has order-2 and rank-1 decomposition. We consider three tensor
shapes aflC; 10} [20; 20}, [64; 64], respectively.

1. Square tensor of [10; 10] Experiment

For the 10 10 square design, we vary the parameters fk) sample sizen =
f50,10Q 400g; (2) error variance > = f0:1;0:75; 1:59. So there are totally nine set-
tings.

33



The following is the true binary coe cient tensor {£0; 10]

0OOOOOOOOO%)
0O 00O0OOO0OO0OO0OO0O
000O0OOOOOO
000111100
82000111100
000111100
000111100
000O0OOOOOO
000O0OO0OOO0ODO
0O00OOOOOOODPO

The two-dimensional image 8f is shown below.

Figure 3.2: Exampl6:True square shapB 2 R!® 10

B admits a rankl tensor decomposition and can be written as
B= 1 2
where

1= 2=(0;0;0;1;1;1;1;0,0;,0)" 2 R:

Here we present plot the estimatBs given by the least squares, the lasso, and the
ridge regression far = 50 in three di erent settings: 2 = 0:1;0:75; 1.5. The images
for n = 100 andn = 400 are given in the Appendix.

In the following table, we summarize results for file 10 square matrix experiment
for the learning methods in nine settings. We report the average MSE over 100 runs
and its standard error (in parenthesis).

We have made the following observations:

Overall, lasso is the best by giving the smallest MSE. It is consistent across all the
settings.

The ridge is the second best, and the least square estimator is the worst.

When the sample size gets bigger and the varianc& gets smaller, all three
learning methods get better.

Least square fails especially in the case of small sample size.
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Table 3.1: Examplé(a)

n=50 n=100 n=400

lasso| 0.0607 (0.002) | 0.0372(0.001) | 0.0171(0.0003)

var=0.1 | ridge| 0.0801(0.002) | 0.047(0.001) | 0.0218(0.0004)
ols | 0.1886(0.072) | 0.0492(0.001) | 0.0225(0.0004)

lasso| 0.4334(0.011) | 0.2889(0.006) | 0.1306 (0.002)

var=0.75 | ridge | 0.5789(0.013) | 0.355(0.006) | 0.1637 (0.003)
ols |0.7055(0.072) | 0.3627(0.006) | 0.1657 (0.003)

lasso| 0.9334(0.023) | 0.5641(0.012) | 0.2574 (0.005)

var=1.5 | ridge| 1.2079(0.027) | 0.7204(0.011) | 0.3246(0.006)
ols | 1.3197(0.052) | 0.7341(0.012) | 0.3316(0.006)

35




The estimated tensoB for R 1% n =50; 2=0:1, 2=0:75and 2 = 1, respec-
tively.

Figure 3.3: Examplé(b)

36



Figure 3.4: Examplé(c)
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Figure 3.5: Examplé(d)
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In addition, we show the following gures where we x the varianéesary the sample
sizen for each of them in the rst plot and we x the sample sizesvary the variance

2. in the second plot. We observe that MSE decreases as sample gis bigger
and it increases when we increase the variadce

Parameter change with least square is displayed by using plots below.Each line shows
how the error changes with respect to one variable while the other variable is xed.

Figure 3.6: Examplé(e)
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Epsilon change with least square for a data set with200; 2 = 0:01is displayed by
using the recovered images and the error plot below. We observe
that MSE decreases aglecreases.

Figure 3.7: Exampl6(f )
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2. Square tensor of [20; 20]

For the 20 20 square design, we vary the parameters @k sample sizen =
60,100 500g; (2) variance 2 = f0:1;0:75; 1:5g

Figure 3.8: Exampl@& True square shape 2 R 20

B admits a rankl tensor decomposition and can be written as
B= 1 2
where
1= 2=(0:0:0;0;0;0;1;1;1;1;1;1;1; 1;0; 0; 0; 0; 0; 0)" 2 R?°:
Here we present plot the estimatBs given by the least squares, the lasso, and the

ridge regression far = 60 in three di erent settings: 2 = 0:1;0:75; 1:5. The images
for n = 100 andn = 500 are given in the Appendix.

In the following table, we summarize the results fora@e 20 square matrix experiment
for the learning methods in nine settings.

Table 3.2: Exampl&(a)

n=60 n=100 n=500

lasso| 0.0981(0.002) | 0.0631(0.001) | 0.0228(0.0003)
var=0.1 | ridge| 0.185(0.006) | 0.0854(0.001) | 0.0285(0.0003)

ols | 0.5164(0.189) | 0.0957(0.002) | 0.0289(0.0004)

lasso| 0.6433(0.012) | 0.4535(0.007) | 0.1692 (0.003)
var=0.75 | ridge | 0.9688(0.018) | 0.5926 (0.008) | 0.2114 (0.003)

ols | 1.4445(0.221) | 0.608(0.008) | 0.212(0.002)

lasso| 1.343(0.024) | 0.9049(0.015) | 0.3369 (0.005)
var=1.5 | ridge| 1.9919(0.041) | 1.1984(0.016) | 0.419(0.005)

ols | 2.7648(0.246) | 1.2292(0.017) | 0.4244(0.005)

We have made the following observations:

Overall, lasso is the best by giving the smallest MSE. It is consistent across all the

settings.

The ridge is the second best, and the least square estimator is the worst.

When the sample size gets bigger and the varianc& gets smaller, all three

learning methods get better.

Least square fails especially in the case of small sample size.
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The estimated tensoB for R 20:n = 60: 2 = 0:1; 2 =0:75and 2 = 15
respectively.

Figure 3.9: Exampl&(b)
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Figure 3.10: Examplé(c)
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Figure 3.11: Examplé(d)
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We observe that MSE decreases as samplensgggs bigger and it increases when we
increase the variance:

Parameter change with least square is displayed by using plots below. Each line shows
how the error changes with respect to one variable while the other variable is xed.

Figure 3.12: Examplé(d)
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For the dataset wittn = 200; 2 = 0:01 we observe that MSE decreases dscreases.

Figure 3.13: Examplé(e)
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3. Square tensor of [64; 64]

For the 64 64 square design, we vary the parameters @k sample sizen =
f 150 30Q 100Qy; (2) error variance 2 = f0:1;1;3g. So there are totally nine set-
tings.

Figure 3.14: Exampl&True square shape 2 R4 ¢4

B admits a rankl tensor decomposition and can be written as
B= 1 2

where ; = , 2 R% are column vectors witti's between the row83 and 42 and the

rest zero.

Here we present the plots of the estimaRegjiven by the least squares, the lasso, and
the ridge regression for= 150 in three di erent settings: 2 = 0:1;1;3. The images
for n = 300 andn = 1000 are given in the Appendix.

In the following table, we summarize the results foraéfhe 64 square matrix experiment
for the learning methods in nine settings.

Table 3.3: Exampl&(a)

n=150 n=300 n=1000

lasso| 0.172(0.006) | 0.0771(0.001) | 0.0527 (0.0004)

var=0.1 | ridge| 1.5913(0.059) | 0.1376(0.002) | 0.0425 (0.0004)
ols | 23.2135(1.629) | 0.1413(0.002) | 0.0416(0.0005)

lasso| 0.9688(0.014) | 0.571(0.006) | 0.2753(0.003)

var=1 | ridge| 2.5647(0.054) | 0.859(0.007) | 0.3786(0.002)
ols | 23.4657(1.502) | 0.8721(0.007) | 0.3798(0.002)

lasso| 2.857(0.039) | 1.7006(0.018) | 0.8228(0.007)

var=3 | ridge| 6.5211(0.11) | 2.5641(0.02) | 1.1328(0.007)
ols | 28.6505(1.16) | 2.6214(0.021) | 1.1393(0.007)

We have the following observations:

Overall, the lasso is the best by giving the smallest MSE. It is consistent across all
the settings.

The ridge is the second best, and the least square estimator is the worst.

When the sample size gets bigger and the varianc& gets smaller, all three
learning methods get better.

Least square fails especially in the case of small sample sizes.
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The estimated tensd8 for R4 :n=150; 2=0:1; 2=1 and 2= 3; respectively.

Figure 3.15: Examplg(b)
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Figure 3.16: Examplg(c)
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Figure 3.17: Examplg(d)
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We observe that MSE decreases as the sample ge¢s bigger, and it increases when

we increase the variancé: Parameter change with least square is displayed by using
plots below. Each line shows how the error changes with respect to one variable while
the other variable is xed.

Figure 3.18: Examplg(e)
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We draw the plot of the MSE change with respect tdor the dataset withn =
200 2=0:0L

Figure 3.19: Exampl8(f )
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As similar to the other results, MSE decreases dscreases.

Figure 3.20: Examplé(g)
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3.3.4 Example 2: T-shape Tensor

In this example, the true coe cient tensd@ is a square matrix which has a T-shapé€l'sf
and the rest zeroB has order2 and rank2 decomposition. We consider three tensor shapes
as|[3; 3];[10; 10} [64; 64], respectively.

1. T-shape tensor of [3; 3] Experiment

For the 3 3 T-shape design, we vary the parameters &) sample sizen =
f 15,50, 100g; (2) error variance 2 = f0:05;0:5;0:653. So there are totally nine set-
tings.

Explicitly,

e N
O%HH

w
1
o &"

Two dimensional image & is shown below.

Figure 3.21: Exampl@: True T-shapeB 2 R® 3

B admits a rank2 tensor decomposition and can be written as

B= ,0 04 @ @

where
P =007 =251 P =057 P =(0:10)7 2 R:

B is denoted shortly as
B =[B1;B2]

Here we present plot the estimat&sgiven by the least squares, the lasso, and the
ridge regression far = 15 in three di erent settings: 2 = 0:05; 0:5; 0:65. The images
for n =50 andn = 100 are given in the Appendix.
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Table 3.4: Exampl&(a)

n=15 n=50 n=100
lasso| 0.0572(0.003) 0.0224(0.001) 0.0132(0.0003)
var=0.05 | ridge | 0.0566 (0.003) 0.0212(0.001) 0.0133(0.0004)
ols | 0.2215(0.034) 0.0305 (0.002) 0.0157(0.001)
lasso| 0.5302(0.023) 0.1886 (0.005) 0.1329(0.003)
var=0.5 | ridge| 0.5263(0.023) 0.1985 (0.005) 0.1338(0.003)
ols | 0.6542(0.032) 0.2176 (0.006) 0.1371(0.003)
lasso| 0.7129(0.033) 0.2516(0.007) 0.1717 (0.004)
var=0.65 | ridge| 0.7021(0.032) 0.2649 (0.007) 0.1724(0.004)
ols | 0.8211(0.037) 0.2826 (0.008) 0.1778(0.004)

In the following table, we summarize the results for3he3 T-shape matrix experiment

for the learning methods in nine settings.

We have made the following observations:

Overall, lasso is the best, ridge is the second best, and the least square estimator

is the worst.

When the sample size gets bigger and the varianc& gets smaller, all three

learning methods get better.

Least square fails especially in the case of small sample size and big variance.
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The estimated tensoB for R® 3:n = 15: 2 = 0:05 2 = 0:5and 2 = 0:65
respectively.

Figure 3.22: Exampl@(b)
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Figure 3.23: Exampl@(c)
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Figure 3.24: Exampl@(d)
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2. T-shape tensor of [10; 10] Experiment

For the 10 10 T-shape design, we vary the parameters €l sample sizen =
f60,10Q 200g; (2) error variance ? = f0:1; 0:5; 1g. So there are totally nine settings.

Figure 3.25: Exampl&0: True T shapeB 2 R0 10

B admits a rank2 tensor decomposition and can be written as

B= ,0 04 @ @

where

1(1)
2(1)

(0;0;1;1;0;0;0:0;0;0)";
(0;0;1,1,1,1,1,2;,0,0);
@ = (0:0,0,0,1;1;1;1;0,0)";
,@ = (0;0,0:0;1;1,0,0;0;0)7

We further denotdB shortly as
B =[B1;B>]

where
1). 2)7. _ 1). 2 .
B,=[ ; P1B.=[ ; Pl2R0 2

Here we present plot the estimatBs given by the least squares, the lasso, and the
ridge regression far = 60 in three di erent settings: 2 = 0:1;0:5; 1. The images for
n =100 andn = 200 are given in the Appendix.

In the following table, we summarize results for e 10 T-shape matrix experiment
for the learning methods in nine settings.

We have made the following observations:

Overall, lasso is the best, ridge is the second best, and the least square estimator
is the worst.

When the sample size gets bigger and the varianc& gets smaller, all three
learning methods get better.

Least square fails especially in the case of small sample size and big variance.
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Table 3.5: Examplé0(a)

n=60

n=100

n=200

var=0.1

lasso
ridge
ols

0.2683 (0.007)
0.2789 (0.008)
0.6931 (0.081)

0.1079 (0.002)
0.1062 (0.002)
0.2183(0.037)

0.0507 (0.001)
0.0531 (0.001)
0.0749 (0.002)

var=0.5

lasso
ridge
ols

0.5999 (0.01)
0.6059 (0.011)
1.075(0.085)

0.3635 (0.005)
0.3678 (0.005)
0.4598 (0.035)

0.2241 (0.003)
0.2273(0.003)
0.2404 (0.003)

var=1

lasso
ridge
ols

0.8267 (0.018)
1.1878(0.022)
1.8585 (0.096)

0.5989 (0.012)
0.7311(0.01)
0.8442 (0.038)

0.4527 (0.006)
0.4542 (0.006)
0.4712 (0.007)
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The estimated tensd8 for R 1% n=60; 2=0:1; 2=0:5and 2=1;respectively.

Figure 3.26: Exampl20(b)
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Figure 3.27: Exampl20(c)
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Figure 3.28: Exampl20(d)
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3. T-shape tensor of [64; 64] Experiment

For the 64 64 T-shape design, we vary the parameters él: sample sizen =
f50Q 750 100Qy; (2) error variance ? = f0:1; 1; 4g. So there are totally nine settings.

Figure 3.29: Exampl&l True T shapeB 2 R4 ¢4

B admits a rank2 tensor decomposition and can be written as

B = 1(1) 2(1) + 1(2) 2(2)

1D 2 R% s a column vector witl's between the row&1 and 25 and the rest
zero, ,M 2 R is a column vector with's between the row41 and 54 and the rest
zero, 1? 2 R4 is a column vector with's between the row&6 and 54 and the rest
zero, ,? 2 R84 is a column vector with's between the row&9 and 36 and the rest
zero. B is denoted shortly as

where

B =[B1;By]
where
1). 2)q. _ 1). 2 .
Bi=[ 5 PIB2=[ &5 Pl2r4 2

Here we present plots for the estimat&gjiven by the least squares, the lasso, and the ridge
regression fon = 500 in three di erent settings: 2 = 0:1;1; 4. The images fon = 750 and
n = 1000 are given in the Appendix.

In the following table, we summarize the results for @de 64 T-shape matrix experiment
for the learning methods in nine settings.

Table 3.6: Exampld1(a)

n=500 n=750 n=1000
lasso| 0.5955(0.01) | 0.3271(0.004) | 0.2124(0.002)
var=0.1 | ridge| 0.8424(0.008) | 0.3585(0.004) | 0.2268(0.002)
ols | 1.2257(0.198) | 0.4727(0.008) | 0.3022(0.005)
lasso| 1.0025(0.011) | 0.7466(0.005) | 0.5777 (0.003)
var=1 | ridge| 1.2761(0.009) | 0.7751(0.004) | 0.6121(0.002)
ols | 1.638(0.187) | 0.8472(0.007) | 0.6513(0.004)
lasso| 3.0260(0.023) | 2.2676(0.016) | 1.8827 (0.012)

var=4 | ridge| 4.0561(0.026) | 2.8343(0.014) | 2.311(0.01)
ols | 4.6088(0.248) | 3.0567(0.157) | 2.3508(0.01)

We have made the following observations:
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Overall, the lasso is the best, the ridge is the second best, and the least square estimator
is the worst.

When the sample size gets bigger and the variancé gets smaller, all three learning
methods get better.

Least square fails especially in the case of small sample size and big variance.
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The estimated tensdB for R 64;:n =500; 2=0:1, 2=1 and 2= 4; respectively.

Figure 3.30: Exampl&l(b)
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Figure 3.31: Exampl&l(c)
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Figure 3.32: Exampl&1(d)
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3.3.5 Example 3: Cube Tensor

In this example, the true coe cient tensd is a cube tensor which has only three points
equal tol placed diagonally and the rest zei®.has ordei3 and rank3 decomposition. We
consider the tensor shapes|[8s3; 3]

For the3 3 3cube design, we vary the parameters(@3:sample siza = f 75, 100 500g;
(2) error variance ? = f0:1; 3g. So there are totally six settings.

The three dimensional image Bf is drawn by using R packaggl and XQuartz. Two
dimensional capture of the three dimensional image is shown below from two di erent angles
alongside a color palette as a rubric to see the color shades assigned to each interval.

Figure 3.33: Exampl&2 TrueB 2 R® 3 3

B admits a rank3 tensor decomposition and can be written as

r=1

with @ =(1;0,0)" 2 R® fori 2f1,2;3g; {? =(0;L0)" 2 R® fori 2f1;23g; and
i =(0;0;1)" 2 R fori 2 f 1;2;3g: Shortly, we can denotB as

B =[B1;B2; B3]
where
. @. Orp. =1 . @. Orp. -1 ®. @. @ :
Bl:[ g)! §)1 5)]182_[ é)’ é)! é)]’B3_[ é)’ 1(3)’ 1(%)]2 R3 3'
Here we present plot the estimatBs given by the least squares, the lasso, and the ridge

regression fon = 75 in two di erent settings: 2 = 0:1;3. The images fon = 100 and
n = 500 are given in the Appendix.
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Table 3.7: Examplé2(a)

n=75 n=100 n=500

lasso| 0.0792(0.003) 0.0777 (0.002) 0.029 (0.0009)
var=0.1 | ridge| 0.1971(0.012) 0.1456 (0.004) 0.0584 (0.001)
ols 1.0883(0.074) 0.8858 (0.068) 0.5794 (0.059)
lasso| 2.2251 (0.06) 1.6964 (0.05) 0.6581(0.019)
var=3 ridge| 3.0845 (0.05) 2.849(0.044) 1.0381(0.019)
ols | 3.5067 (0.06) 3.0842 (0.05) 1.4268(0.038)

In the following table, we summarize results for3he3 3 cube tensor experiment for the
learning methods in six settings.

We have made the following observations:

Overall, lasso is the best, ridge is the second best, and the least square estimator is the
worst.

When the sample size gets bigger and the variancé gets smaller, all three learning
methods get better.

Least square fails in the experiment of tensor with higher order.
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The estimated tensdB for R® 3 3;n=75; 2=0:1and 2=0:1; respectively.

Lasso, ridge and least square, respectively

Figure 3.34: Exampl&2(b)
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The matrix shown below has each column representing the values & e recovere®'s
with lasso, ridge and ols, respectively.

Comparison of recoverdl with lasso and trud is also given by images.

Figure 3.35: Exampl#2(b) continued
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Figure 3.36: Exampl&2(c)
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We observe that MSE decreases as samplexge¢s bigger and it increases when we increase
the variance 2:

Parameter change with least square is displayed by using plots below.

Each line shows how the error changes with respect to one variable while the other
variable is xed.

Figure 3.37: Exampl&2(d)
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For the dataset withn = 100; 2 = 0:25; the plot shows that the MSE decreases as
decreases.

Figure 3.38: Exampl&2(e)
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3.3.6 Real Data Analysis: Hand-written Digit Data

The hand-written data set used is taken from ([12]), provided by the neural network group at
AT & T research labs. The data set consists of normalized hand-written digits scanned from
envelopes by the US Postal Service. The images have been size normalized and formatted in
16 16 grayscale values. Each line in the data starts with the digit id bet@eerd 9 and

follows with the correspondirZb6 grayscale values.

We havel736training observations andi62 test observations, and they are distributed be-
tween digitl and2 as follows. According to the literature, the test set is notoriously "di cult",
and a2:5% error rate is excellent. [12]

Digit 1 | Digit 2
Train 1005 | 731
Test 264 198

Table 3.8: Exampld3

For this experiment, we consider the classi cation problem of separating Higitd 2, and
apply the low-rank tensor regression model Rith 1 andR = 2. The classi cation decision
is based on the cuto value 0.5 as a cut-o0.

The following are the typical images of digltgand 2:

Figure 3.39: Exampl&3(a)

3.3.7 Analysis and Result

For this classi cation problem, the training data sef {;; Y;)g%3¢, whereX; 2 R* 6 are
16 16 grayscale values for the images of handwritten digasd 2, andY; 2 f 0;1g. For

simplicity, we treat the classi cation problem as a regression problem by dehind for

digit 1 andY = 0 for digit 2. To make a predictior{ = digit 1, if < B;X > is greater than
0:5; otherwise it is labeled as didlt We apply rankl tensor regression and raktensor
regression based on the least squares, lasso and ridge methods.

We rst apply the least square method the training data B€X;;Y;)g’3® and obtainB.
Then, we implement the lasso and ridge methods, and cross validation is used to nd the best
shrinkage parameteryes.

In order to assess the e ectiveness of the models, we use the test data to calculate the
classi cation error, which is de ned as:

P
162 |(Yiest 6 ¥)

test error=
462
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In the following table, we summarize the results for the hand-written digit experiment for the
three learning methods witR =1 andR = 2.

Table 3.9: Examplé3(b)

rank 1 | rank 2
lasso| 0.0173 | 0.0173
ridge| 0.0173 | 0.0238
ols 0.0152 | 0.0173

We observe that the classi cation error is overall very small for all three methodR. #ar,

the least squares is the best, followed by the lasso and the ridge with the same test error.
For R = 2, the lasso and the least squares methods are equally the best, and the ridge is
the worst. For this experiment, rank-1 results are better than rank-2 results for all the three
learning methods.

A further examination of the misclassi ed digits suggests a few digits that have been misclas-
si ed by the methods. The following are the digit examples which are di cult to classify. It

is clear that, the commonly missed images of diddok quite di erent from a typical image

of digit 1; which explain why they tend to be incorrectly classi ed more often.

The rst three images of digitl; denoted a9l; p2 and p3; are missed by all the learning
methods.

Figure 3.40: Exampl&3(c)
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3.4 Summary

We summarize our major ndings on the relative e ciency of di erent learming methods for
low-rank tensor regression, including least squares, and ridge and least square, based on our
numerical experiments and a real example study.

(1)

(2)

®3)

(4)

()

(6)

(7)

Overall, the lasso shows the best performance, then the ridge, followed by the least
squares. Though the ridge can shrink insigni cant parameter values to a really small
value, the lasso can shrink those to zero exactly. The sparsity of the lasso produces a
\sharper" image with a more clear pattern and a smaller prediction error, especially in
high dimensions where trig has a majority of zero values, as we see in Figure 3.35.
Therefore, as expected, lasso works best in sparsity.

In all the settings, we have varied the sample size and error variance to check how the
results change accordingly. As expected, when the sample size increases and the noise
gets smaller, all methods provide better performance in terms of smaller MSE.

The computation time of the low-rank tensor regression is quite fast. It takes a very short
time for the BCD algorithm to converge for all the three methods. The convergence for
low dimension tensors is usually reached ard@und’ iterations, and the computation

is really fast. For higher dimension tensors, the convergence is reached usually around
14 16 iterations and the computation is still fast.

Based on the convergence plot of the stopping value infer that the estimation error
decreases whenis smaller. Empirically, we also notice that the di erence between the
errors observed and the error with the chosewalues to be really small for each
experiment. Hence, it shows that the choice ofor the algorithm was e ective.
The only trade-o is computational time, as the smallevalue requires more time to
converge.

Least square did not perform well with a small sample size and a high variance, especially
in cases of high dimensions. In particular, when the sample size is limited, the least
square method fails to work. The Lasso regularization clearly improves estimation when
the sample size is limited.

The more complex data structure, the larger sample size is needed to do a good job for
all the learning methods. For example, in the r&k 3 example of th& 3 3cube
experiment, even with a sample size= 500 and 2 = 0:1, the lasso method works
reasonably well but has a few o colors; by contrast, in the fark 1 example of the
square experiment, with = 75 and 2 = 0:1, the lasso can produce the true image
perfectly.

For the real example, the classi cation errors are small for rank-1 and rank-2 tensor
regression models based on all three methods. All methods showed a good performance
on classifying the digits.
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Chapter 4. LDA for Tensor and Low-
rank Tensors

In this chapter, we consider a binary classi cation problem where the Kp2itRP:  Pp

is an orde® tensor in the domairX and the outputY 2 f 1;2g is a categorical variable
representing the class label. ¢t; N, denote the class sizes. Given a training s& afata
sampled (Xi;Yi);i =1; ;Ng, the objective is to learn a functidn: X ! f 1;2g from

the training data that accurately models the input-output relationship and classi es future
input data into two mutually exclusive categories.

Our work focuses on linear discriminant analysis (LDA) for low-ranked tensors. We will

propose a new class of regularization methods for learning the LDA rules under the low-rank
assumption, study their theoretical properties, develop optimization algorithms and computing

code, and demonstrate their numerical properties.

4.1 Methodology: LDA for Tensor Inputs
The linear discriminant analysis (LDA) model for tensors assumes that
Each class density is tensor variate normal, i.e.,

XjY =k TVNMy; Uy Ups oo Upy); k=152

Equal covariance assumption

U,=Y; j=1;2::;D;k=1;2

P(Y=1)= 4 P(Y=2)= g
Proposition 4.1.1. The Bayes rule of LDA model for tensors is, [30]

8
_ <2 if <X;B> +Bpy>0

" 1 otherwise

<M+ My; (M

NI =

whereB = (M2 Ml) o Up ! 1 Up ! and By = |ng2
1
M) pUp * 1Up P>
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We recode the class labels by using the class sizes, then present the LDA decision rule for
tensors with its proof.

Proposition 4.1.2 (Optimal Classi er) Suppose we have featur¥s 2 RP* P2 Po g
binary class response, with class sidgd\,; and the target coded asN=N;; N=N, where
N = N;i+ N,: Then LDA classi eX to class? if

<X; My My) pUp !t 1Up 1>

1 N N
>§<M2+ M]_,(Mz Ml) DUD L 1U11> IOgWZHOng'

and classdl otherwise.

Proof of Proposition 4.1.2Let U = ( Up U;) 2 R° P andx := vedX): Under the
given assumptions, the log-odd is

Pr(Y:2jX:X)_I 2 (XjM2;Ug; Ui Up)

Pr(Y =1jX = X) 1 (XjM 1 U Uit Up)’

|ng ;((X Mz) 1::D ( ]D=1 Uj 1) 1::D (X MZ))+

1
é((x Ml) 1:::D ( jD:1 Uj 1) 1::D (X Ml));
or equivalently using Equation 2.5, we rewrite itXor: veqdX);

- log -2 ;((x veqM2)TU (x  veqMy))+

S((x veqM)TU x  veqMy) =log 2
;(XTU x (vedMy) U x+(vedM,)TU 'vedM,) xTU 'vedM.,))
+;(xTu x  (vedM))TU x+(vedM)TU *vedM;) x'U 'vedM,))

Sincex"U !x is a common term, we can drop it.

Moreover,((vedM;))TU )T = xTU ‘'vedM;) = (vedM;))TU *x for k = 1;2 since
(vedM,))TU x is a scalar.

=log 2 S( 27U vedM, My)+(vedMz+ Mi)TU vedqM; M)
1

=log 2+ x"U lvedM, M) ;((vec(M2+ M))TU ‘vedM, My))
1

. . N .
Next we estimate ; from the data using ¢ = Wk for k = 1;2 and we pick clas® as the
classi cation outcome if

logit> 0=<X;B> +By>0=x"vedB)+ By> 0
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and clasdl otherwise. This inequality can be written as
1 N N
x'U ‘veqM, My) > S((veqM, + M1)TU ‘vedM, My)) IogW2 +log Wl;

or by Lemma 2.7.2
<X; (M2 Mj;) pUp*! 1Up 1>
1 N
>§<M2+M1;(M2 Ml) DUD ! 1U11>+|Ong
2

where the slope B = (M, M3) p Up *? LU O

4.1.1 Equivalent Formulation

Estimating the inverse of the sample covariance matrix is tedious due to its high dimensionality.
In order to work around this issue, in this thesis, we convert our binary classi cation problem
into a regression problem. This reformulation lets us use least squares in order to nd our
slope that is necessary for the linear classi er by LDA for binary classi cation problems.

Let Y; = N=N; for classl; and Yo = N=N, for class2: Consider minimization of the least
squares criterion

(Y, By <X;;B>)Z%
i=1

Theorem 4.1.3. The least squares regression coe cient is identical to the LDA coe cient,
up to a scalar multiple.

B/ (M Mi) pUp * 1Up &

Proof of Theorem 4.1.3The proof follows a similar method as [24].

L P
In order to minimize the expression; (Y, By (vedB))'(vedX)))? over(By;B)T; we
know that the solution(Bo; vedB))™ must satisfy the normal equations which in this case is
given by

#
B
T 0 — T
' Z vedB) - 'Y (4.2)
whereZ = vedX) andZ; = vedX;) 2 R” fori = 1;:::;N: Our normal equations have a
block matrixZTZ on the left-hand side of the equation 4.3 given by
2
1 Z]
1 Z]
" #
1 1 001 1 1 1 _ 81 Z{,
Z1 Zo i ZN1 ZN1+1 ZN1+2 M. ZN1+N2 1 Z§1+1
1 Z{,+2
1 Z’-\|I-1+N2
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When we take the product of these two matrices, we nd

Py #
i= i .
P g PN (4.2)

. N N
Since we code our responseﬂs for classl and NG for class2; whereN = N; + N,; the
1 2
right-hand sidezTY of the equation 4.3 becomes

1 1 .0 1 1 1 i 1 _ N=N
Z1 Zo i ZN1 ZN1+1 ZN1+2 L ZN1+N2 N=N,

3
N N "
Ny — + N — #
lNNl 2 Nz N — 0 .
P P NvedM,) + NvedM '
( |N=]i ZI) Nl +( iN:N1+1 Z|Z|T) Niz (( l) (( 2)

N P P : : : , .
We can simplify the terms [, Z";" I, Z; in the block coe cient matrixZ"Z given in 4.4
by introducing the class means as

X K1 X
Zi = Zi + Z; = N;vedM,) + NovedM5):
i=1 i=1 i=N1+1

Next, we pool all of the samples for this two class problem together in order to estimate the
pooled covariance matrix: Up U =U as

A 1 hX
S (Zi vedMp))(Zi vedM,)T+

N 2 i:Gj=1

(Zi  vedMy))(Z; Ve({Mz))Ti
i:Gj=2
1 hX

X i
= Z.Z' NvedMj)vedMy)" + ZZ7  NyvedM,)vedM,)' :
N 2 i:Gj=1 1:Gj=2

. P . ,
Hence we can write the term %, Z;ZT in the matrix 4.4 as

ZZT = (N 2™+ NyvedM;)vedM;)" + NvedMy)vedM,)':
i=1

We rewrite the normal equations 4.3 again as a linear system.
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4
N vaeC(M 1)T + NzVE((Mz)T Bg
NivedMy) + NovedM,) (N 2)™+ NyvedMi)vedM;)" + NvedMy)vedM,)"  vedB)
" #

0 :
N1V€C(M1)+ sze((Mz) '

We can write out the rst equation in the above system as
NBo+ (NyvedM1)" + NovedM,) )vedB) = 0;

then solving foBy; in terms of ve(B); we get

N N
Bo = vaec(Ml)T Wzvec(Mz)T vedB):

Plugging this value oB, into the second equation of the above system, we nd the total
equation for ve@) as follows.

(NwvedMy) + NovedM ) —*vedMy)T 2veqMy)T vedB)+

(N 2" NivedM)veqM;)" + NovedM,)vedM,) )ved ) =
N(veqMz) veqM,))
We consider the outer product terms, namely(MgveqM; )T, and see what they look like
when taken together.
2
1

N

NiN2

+ N; vedMq)vedM,)' vedMq)vedqM,)"

NN,
N

NS

vedMy)vedM,)" + + N, vedMy)vedM,)" vedB)+

(N 2)"vedB)= N(vedM,) veqM,))

N1N>

T2 N2+ N)vedM p)vedM )" veqMy)veqM2)"

N1N>
N

vedqM)veqMy) + L2( N, + N)vedM)veqM,)" veqB)+

(N 2)"veqB)= N(veqM,) veqMy))

NN NN NN
N vedMyveqMy)T = veqMovedMo)' = tvedMo)vedMy) '+

NZNvae((MZ)ve((Mz)T vedB) + (N 2)Aveo{B):N(veo{M2) vedM,))
NNz (veqm)  vedM)(veqMy)  veqM)T vedB)+

83



(N 2)"vedB) = N(vedM,) vedM,)):

Finally, introducing the matrix g as
g = (vedMz) vedMi))(vedM;) vedMy))T;
we simplify the equation for vi) as

(N 2)™% NNz A

s veqB) = N(vedMz) veqM,)):

Notice that

"sveqB) = (veqM,) vedMy))(vedM;) vedqM,)) vedB)
and the producfvedM,) vedM,))TvedB) is a scalar. Therefore, the direction of the vector
“svedB) is given by vedl,) vedM;): Moreover, the termdl (vedM,) vedM;)) and
NiN2 A

N
in the direction, in other words proportional to, YvedM,) vedM,)):

g are also in the direction of viddd,) vedM,): Hence the solution véB) must be

veqB)/ " Y(vedM,) vedqM,))
veqB)/ (U) *(veqM,) vedM,)):

B/ (M My pUpt 1Up &

Therefore we showed that the least squares regression coe cient is identical to the LDA
coe cient, up to a scalar multiple. O

4.1.2 Optimal Intercept

Optimal intercept is critical in classi cation problems in order to optimize. We propose the
closed-form formula for computing the optimal intercept for ofdetensors. We generalize

the framework for high dimensional vector inputs [24] onto tensor inputs while protecting the
tensor structure.

Theorem 4.1.4 (Optimal Intercept) Suppose that a linear classi er assighgo class?2 if
<X;B>+Bg>0:

GivenB; if <M, My;B >> 0; then the optimal intercept is

1
ngt: §<M1+M2;B> +

<B;B pUp 1Ui>[<M, Mq;B>] tlog-2
1

which can be estimated by

1
B/gpt: §< M1+ M B> +
< B,B D OD 101> [< MZ Ml,B >] 1logmz:
1
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Remark. When the class sizes are equal, iN.,= N,; we can take

1
et = 5 < M, + M, B >:

Remark. When the class sizes are equal, the optimal intercept is equal to the intercept given
in the LDA decision rule.

The proof of the theorem follows a similar approach to the paper [24] when we notice that
vedX) = vedX ) for an orde® tensorX:

Proof of Theorem 4.1.4We recode the response variableyas 1: Note that

BoP' = argmin Efy,.,, 6 Sign(< X new; B > +By)jtraining datay
Bo

= argmin Efy, ., 6 sigrivedX n..))"vedB) + By)jtraining datay
Bo
Sincey, .. Xnew are independent from the training data,

(Ynew: Znew = (Ve X new)) T veqB))

obeys a one-dimensional LDA model. Using Lemma 2.6.1 and then linear transformation of
normal random variable, we obtain

ZnewlYnew =1 N((vedB))" (veqM>)); (veqB))" (U )(vedB)))
with P(Ypey = 1) = 2 and
ZnewlYnew= 1 N((vedB))"(veqMy)); (vedB))"(V  U)(vedB))

with P(Yew = 1) = 1: Next we derive the decision boundary for LDA. Under the given
assumptions, the log-odd is

Pr(Y =1jZ =2) _ o 2f2(2) |

ey = 1z=2 % )

where ;k = 1;2 denotes the prior probability. Plugging the conditional density function
fx(z) infork =1;2, we get

log -~ 2z (vedB)TvedM2)(veqB)) U vedB)) Xz (ved®)) veqM o)+

;(Z (veqB)) "veqMy)) ((veqB))"U veqB)) *(z (veqB))’veqMy)):

We de ne a new tern =: (vedB))"U vedB); which is a scalar, in order to make notation
easier. Next, we distribute the terms and obtain

Iog—2
1
;(ZTS 'z z'S *(veqB))'veqM,) + (veqM,)) vedB)S *(vedB))’ (vedMy))
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(vedM>))T(vedB))S z z'S 'z+ z'S (vedB))' (vedM,))
(veqM,))" (vedB))S *(vedB)) (veqM,)) + (veqM1))" (vedB))S *z):
Notice thatz"S *(vedB))' (vedM;)) is a scalar, therefore

(z'S *(veqB))'(veqM)))" = (veqM;))' (veqB))S *z

using(S )T = S ! sinceS !is also a scalar. Then we have

log 2 + 2'S *(veq®))" (vedMy) * (vedqM.))" (vedB))S *(ved )" (veqM.)

'S Y(veqB)) (veqMy)) + ;(Vef(l\/l 1)) (veqB))S *(veqB))" (vedMy)):

. . N .
Next we estimate ; from the data using x = Wk for k = 1;2 and we pick clasg as the

classi cation outcome if
logit>0=z+By>0

and classl otherwise. This inequality can be written as

Iog:i +2'S Y(vedB))T(vedM, M)

1
S(veqMz + M1))" (vedB))S *(vedB))'(veqM, My)) > O:
SinceS (vedB))"(vedM, M,)) is a scalar, we divide everywhere by this term and get

27 (veqM; + M»))TveqB)
2

+ S((veqB))T(ve(M; M.)) 1Iogsj > 0

Noting that each term in the left-hand side of the inequality is a scalar, we take the transpose
of both sides of the inequality and obtain

(veqM, + Mz))TVqu)+
2

(veqB)T(V  O)(vedB))(veqM, M1))"veqB)) l|09E2>0;
1

hence the optimal intercept is given by

At (vedM; + M) TveqB)
et = . +

(veqB) (¥ O)(veqB))(veqM: M) veqB)) 1|ogmi;

or
1 2 2
Blgpt= *2< 1+ Mz B> +

< B:B DOD 101>[< Mz Ml,B>] llogi:
1
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4.1.3 Special Case: D =2

We present the framework for the special case whes an order2 tensor, i.e. a matrix in

order to show the consistency. We adapt the framework to matrix normal distribution and
derive the Bayes rule while protecting the matrix structure. The relationship between LDA for
order-2 tensors and least squares is already shown by [51] equipped with the optimal intercept.

Consider the binary classi cation problem where the inuts an order2 tensor and the
output Y is a categorical output variabfel; 2g denoting the class label.

LDA model assumes

Each class density is matrix normal, i.e.,
Xj¥Y =k MN (My; U, W); k=1;2
with the function of the conditional densityMy; U; V):

Equal covariance assumption

U=U; =V, k=1;2

P(Y:].): 1,P(Y:2): 2,
Proposition 4.1.5. The Bayes rule of LDA model for tensors is, [30]

8
9_<2 if <X;B> +By>0

" 11 otherwise

) 1 .
whereB = U (M, M;)V lis the slope an®, = log —= éTr((Mz + M;)"B) is the
intercept. '

We recode the target variable using the class sizes.

Proposition 4.1.6. [51] Suppose we have featubes2 R P2; a binary class response, with
class sizedl;; N,; and the target coded asN=N;; N=N, whereN = N; + N,: Then the
LDA rules classi es to classif

1 N N
TT(XTU M, M)V H> ETr(v M+ M)TU Y{(M,  My)) |ogW2+|og Wl;

and classl otherwise.

We derive the LDA decision boundary below.

Proof of Proposition 4.1.6Under the given assumptions, the log-odd is

Pr(Y =2jX = x) _ 2 (X]jM2; U; V)
Pr(Y =1jX = x) 1 (XjM1;U; V)’

where ;k = 1;2 denotes the prior probability. Plugging the conditional density function
(XjM; U; V) in fork = 1;2 using 2.3, we get

og=2 STV Hx  M2TU (x Ma)+ STV i MU Hx M)
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1
=log -2 éTr(v xTU 'x Vv 'MJU x+V ‘MU M, VvV XU M)y)
1

+;Tr(v xTU x v 'MJU X+ Vv MU M; VvV XTU M)y)
We can use the linearity of the trace, Lemma 2.5.1, to combine terms or write them sep-
arately as we like. Then singe *x"U 1x is a common term, we can drop it. Moreover,
Tr(V 'MJU )= Tr(MJU xv b= Tr(MJU xv hT)
= Tr(V xTU M) for k = 1;2 using Lemma 2.5.3, Remark 2.5.2 and Remark 2.5.3 since
U andV are positive de nite matrices.

=Iog—i ;Tr( 2V XTU M+ VvV MJU M, +2V XTU My vV MU M))
1
=log -2 + STrv TU (M, Mi) V M+ M)TU Y(M, My))
1
1
=log 2+ Tr(V XU (M, M) STV (M2 + M2)TU *(M2 - My))
1
1
=log -2+ Tr(x"U (M, MV Y STV (M2 + M2)TU H(M2 - My))
1
. . N .
Next we estimate  from the data using y = Wk for k = 1;2 and we pick clasg as the
classi cation outcome if
logit> 0=<x; > + (>0
and classl otherwise. This inequality can be written as
T 1 1 1 1 T 1 N2 N1
Tr(x'U (M, MV °)> éTr(V M+ Mp)'U (M My)) IogW+IogW
by Lemma 2.5.5, it is equal to

1 N N
<x:U M, MV 1>> éTr(v 1My + M)TU Y{(M, M) IogW2+Iog Wl;

or
(veqx))'veqU *(Mz MgV ') > ;TV(V M2+ M1)TU (M2 My))
N> N1
4+ =
log N log N
where the slope is ved = vedU (M, MV 1Y for<x; > + (>0 O

There is a simple correspondence between LDA and classi cation by linear least squares.

Let Y. = N=N; for classl; and Y5 = N=N, for class2: Consider minimization of the least
squares criterion

(Y, Bo <X;;B>)%
i=1
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Proposition 4.1.7. [51] The least squares regression coe cient is identical to the LDA
coe cient, up to a scalar multiple.

B/ UM, M)V

Proof of Theorem 4.1.7Consider minimization of the least squares criterion

(Y Bo <X;;B>)%

i=1
Using Lemma 2.5.4, we can write it as

N
(yi o (ved ))T(vedx)))?:

i=1

In order to minimize the expressi(F))r{\':1 (yi o (ved ))T(vedx)))? over( o; )'; we
know that the solution( o;ved ))T must satisfy the normal equations which in this case is

given by

#
T 0 — T
ZZvec()_Zy (4.3)
whereZ = vec(X) andz; = vedx;) 2 R”P2 fori = 1;:::;N: Our normal equations have a
block matrixZ"Z on the left-hand side of the equatlon 4.3 given by
2
1z
1z
" 4
1 1 001 1 1 @1 _81 z,
Zy Zy i1 ZNg ZNg+r INg+2 it ZNg+ Ny 1 2,1\]—1+1
1 Z,+
1 Z\,4n,
When we take the product of these two matrices, we nd
P #
N Nzl
P PNt : 4.4
1 Z L1 Z,ZT (4-4)

N
Since we code our responseﬂs for classl and NS for class2; whereN = N1+ N,; the
2

right-hand sidez Ty of the equation 4.3 becomes
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1 1 ::: 1 1 1 1 N=N,
Z1 Zy il Zng ZNg+l ZNg+2 i NG+ N, N=N,

When we take the product of these two matrices, using Theorem 2.6.1, we obtain

3
Na() + Na() B 0 4
Cl 2+l zzng)  NveAM T NvedMz) -
1 2

N P P , : : : :
We can simplify the terms [, zT;" N, z in the block coe cient matrixZTZ given in 4.4
by introducing the class means as

X X1 X
Z = zZ + zi = N;vedM ) + NovedM,):

i=1 i=1 i=Np+1

Next, we pool all of the samples for this two class problem together in order to estimate the
pooled covariance matrix: VU as

A 1 hX X i
= N 2 (z vedMy))(z vedMy))T + (z vedM))(z vedMy)'
i:Gj=1 i:Gj=2

1 hX T T X T Ti
= N 2 ziz, N;vedM,)vedM,) + Zz; N,vedM,)vedM,)
i:Gj=1 i:Gj=2

. P : ,
Hence we can write the term i, zz' in the matrix 4.4 as

zz' = (N 2"+ NpvedM;)vedM;)" + NovedMy)vedM,) ' :

i=1

We rewrite the normal equations 4.3 again as a linear system.

N NavedM,)" + NovedM,)” ot
N.vedM,) + NovedM,) (N 2)™+ NyvedMj)vedM;)" + NovedMy)vedM,)"  ved )
" 4
0

NivedM;) + NovedMy) :
We can write out the rst equation in the above system as

N o+(NyvedM)" + NovedM,) )veq ) =0;
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then solving for ¢; in terms of ve€ ); we get

N N
0= vaec(Ml)T Wzvec(Mz)T ved ):

Plugging this value ofy into the second equation of the above system, we nd the total
equation for ve ) as follows.

N N
(Njvedvl; + Npvedv,) vaec(Ml)T Wzvec(Mz)T ved )+

(N 2™+ Njyved;vedM;)" + Noved,vedM,) ved ) = N(vedVl, vedM;)

We consider the outer product terms, namelquacec(M,-)T, and see what they look like
when taken together.

N 2 N.N N.N
N L+ N; vedVvedM,)' Il\l ZvedM ;vedM )" Il\l ZvedV vedM )"+

NS

ot N vedM,vedM,)" vec +(N  2)"ved )= N(veM, ved,)

TN+ NyveqMovedMy)T M2 vedMayveM)T X EvedM)vedM )"
# R20 Na+ N)veqM)veqMy)” ved )+ (N 2)"ved )= N(vedM;) vedqMy)
N1N>

NiN> NiN>

vedM)veqM,)" vedM)veqM,)" veqM,)veqMy) "+

N2N3
N

veqM,)vedM,)" ved )+ (N 2)"veqd )= N(veqM,) vedM,))

N1N>
N

(vedM;) vedMy))(vedM;) vedMy))T ved )+
(N 2)"ved )= N(vedM,) vedM,)):
Finally, introducing the matrix g as

"e = (veqMz) veqMy))(veqM;) veqMy));

we simplify the equation for veo as

(N 2)™ N1N2 A

B ved )= N(veqMz) vedqM,)):

Notice that
"sved ) =(vedM,) vedqMj))(vedM,) vedqM,))Tveq )
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and the producfvedM,) vedM,))Tved ) is a scalar. Therefore, the direction of the vector

“sved ) is given by vedl,) vedM;): Moreover, the term&l (vedM,) vedM;)) and

NiNj A
N

in the direction, in other words proportional to, 1(vedM,) vedM,)):

g are also in the direction of vidd,) vedM;): Hence the solution véc) must be

ved )/ " YveqM;) vedqMy))

ved )/ (V. U) Y(veqMp) veqMy));

using Lemma 2.3.2

ved )/ (V' U (vedMy My));
using Lemma 2.3.3
ved )/ veqU (M, MV ):

Therefore we showed that the least squares regression coe cient is identical to the LDA
coe cient, up to a scalar multiple. ]

Finding the right intercept is critical for classi cation. In this next theorem, we show that
there is a closed-form formula for computing the optimal intercept. We generalize the proof
by [24] for vector inputs onto matrices and keep the matrix structure.

Theorem 4.1.8. Suppose that a linear classi er assighigo class2 if
<X; B> +By> 0:

GivenB; if Tr((M, M31)TB) > 0; then the optimal intercept is
1
Bo™ = éTr((Ml"' M2)"B)+

Tr(BTUBV)[Tr(M>, M)™B)] ‘log-2
1

which can be estimated by
B = ZTr((My+ M)TB)+
Tr(BTOBY)[Tr(M, M;)"B)] 1Iogmi:
Remark. When the class sizes are equal, iN.,= N;; we can take

1
et = STH(My + M,)TB):

Our proof of the theorem follows a similar approach with the paper [24].
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Proof of Theorem 4.1.8We recode the response variableyas 1. Note that

oPt = argmin Efy,., 6 SIgN< X new; > + o)jtraining datay

0

= argmin Efy,,, 6 sigr((vedXnew))' (ved ))+ o)jtraining datay

Sincey, .. Xnew are independent from the training data,
(Ynews Znew = (VE€dXnew)) T (veq ))) obeys a one-dimensional LDA model. Using Lemma 2.6.1
and then linear transformation of normal random variable, we obtain

Znew]Ynew =1 N((ved )" (vedMy)); (ved )" (V  U)(veq )))
With P(Ypew = 1) = 2
ZnewYnew = 1 N((ved ))T(vedMy));(ved )" (V U)(ved ))
With P (Ypew = 1) = 1!
Next we derive the decision boundary for LDA. Under the given assumptions, the log-odd is

Pr(Y =1jZ = z) _ 2f 2(2) |
PY = 1iZ=2) 9 f,(2)

log

where ;k = 1;2 denotes the prior probability. Plugging the conditional density function
fx(z) infork =1;2 using 2.2, we get

log -2 %(z (vec )T (vedl2))T((vec )T(V  U)(vec)) (z (vec )T (vedMy))+
1
%(z (vec )T (vedM1))T((vec )T(V  U)(vec)) (z (vec)T(vedM,)):

We de ne a new termS =: (vec )T(V  U)(vec ); which is a scalar, in order to make notation
easier. Next, we distribute the terms and obtain

log 2 %(ZTS 1z zTs Y(vec )T (vedV,) + (ved,)T (vec )S *(vec )T (vedM,)
1

(vedM,)T(vec )S 'z z'S z+ z™S Y(vec )T (vedM,)
(vedM 1) T (vec )S Y(vec )T (vedVl1) + ( vedV1)T (vec )S 1z):

Notice thatzTS 1(veq ))T(veqMj)) is a scalar, therefore
(z'S (ved ))T(veqM;)))T = (veqM;))T(veq ))S 'z
using(S 1)T = S ! sinceS !is also a scalar. Then we have
log—2+ 2'S (vec )T (vedM,) %(ved\/lz)T(vec )S Y(vec )T (vedM,)
1

z'S Y(vec )T (vedv ) + %(vedvl 1)T(vec )S *(vec )T (vedM4):

. . N .
Next we estimate x from the data using = Wk for k = 1;2 and we pick class 2 as the
classi cation outcome if

logit>0=2z+ (>0
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and class 1 otherwise. Using Remark 2.2, this inequality can be written as
og 2+ 2'S Yved )T (veqMo M)
1
1
S(veqM2 + M1))T(ved ))S *(ved ))T(veqMz My)) > O:

SinceS (ved ))T(vedM, My)) is a scalar, we divide everywhere by this term and get

ST (vedM1 + M) Tved )
2

+ S((veq )T(veqMz M) 1logEj > 0

Noting that each term in the left-hand side of the inequality is a scalar, we take the transpose of
both sides of the inequality and obtain

(vedM1 + M3))Tvec .
2

(vec )T(X  O)(vec )((veqM, M1))Tvec) 1Iog% > 0;
1

hence the optimal intercept is given by

N N T
gpt _ (veqMy + 2M 2)) ' vec N

(vec )T(¥  O)(vec )(vedM, M) vec) 1Iog%:
1

4.2 Algorithm: LDA for Tensors

We describe two e cient computational algorithms for solving the LDA problem for tensor-
valued inputs. The di erence between two algorithms is that we use the Optimal Intercept
Formula obtained in Theorem 4.1.4 in one of them. We assume that theRaska pre-
speci ed value. In practic&k plays a critical role to obtain optimal results and needs to be
selected properly.

The algorithm stops if there is no change (up to some threshold val&i&mwhich suggests

some local convergence. We decide this by measuring the di d(Blé‘?fé) Bf,k) ke ; denoted

as the di erencdi : Here the Frobenius norm of a matkxkg is de ned as the square root

of the sum of the absolute squares of its elements. The iterative process ends if the di erence
is smaller than a pre-speci ed® 0: In some cases, the di erencle stops changing, and it
converges to a di erent value for each sub-problem; for that case we put a breaking point

For the selection of tuning parameters, we used hold-out validation with 1:1 ratio.
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Algorithm 3 Least squares approach

Code the class labels & = N=N; andY, = N=N, whereN = N; + N5 with N1; N,
sample size within classes 1 and 2

Fix fBs©@gl, 2 R R random matrix andB, 2 R intercept

Repeat

K K K K K
Zig™* = Xi@(Bo™ Bana ™ Bg L&Y B,(V)
P .

glen = TR, BI TV By [ar]

Until di := kB&*D  B®Ok: < or . Stopping criteria 1

Until jdi @ di ® Dj< forj =1;:::;D . Stopping criteria 2
end for
Bos= "R Bi[:;r] Bo[:;r], whereBy's are nal values at convergence.
B\OOIS:|09& }<|\/|2+ |\/|1;§°|S>

N, 2

Algorithm 4 Least squares and optimal intercept approach

Code the class labels & = N=N; andY, = N=N, whereN = N; + N> with N1; N,
sample size within classes 1 and 2

Fix fB4©@gl, 2 R R random matrix andB, 2 R intercept

Repeat

K K K K K
Zig™* = Xi@(Bo™ Ban ™ Bg L&Y B,(V)
P

f B\d(k+l) , E\O(k+1) g= ming, in:1 [Y| <B d Zi(;|3+1) > Bo]2

glen = TR, BI By [

Until di = kB&*D  B®Ok: < or . Stopping criteria 1

Until jdi @ di ® Dj< forj =1;:::;D . Stopping criteria 2
end for
Bos= "R Bi[:;r] Bo[:;r], whereBy's are nal values at convergence.

B\Oopt — ;< Ml"' MZ;BO|S> +

N
< BOIS;BOIS b OD 101> [< Mz Ml;BOIS>] 1|09W2
1

95



Algorithm 5 Regularized approach,= 1 for lasso, =0 for ridge

Code the class labels 8 = N=N; andY, = N=N, whereN = N; + N, with N1; N>
sample size within classes 1 and 2

FixfBq@gl.; 2 R R random matrix andB, 2 R intercept

Repeat

K K K K K
Zig*Y = Xi@(Bp™ Bg:r ™ Bg &P B,**P)
fB\d(k+1);§\o(k+1)g: gImne(Zékﬂ);Y Bo: ;)
Blen = TR, BV BT[]
Until di := kB®*D  B®Wk. < or . Stopping criteria 1
Until jdi @ di ® Dj< forj =1;:::;D . Stopping criteria 2
end for
Brea= "R By[;r] Bp[:;r], whereBy's are nal values at convergence.
N 1
B\Oregzlogi 7<M2+M1;§reg>
N, 2

Algorithm 6 Regularized and optimal intercept approachs 1 for lasso, =0 for ridge

Code the class labels 8 = N=N; andY, = N=N, whereN = N; + N, with N1; N>
sample size within classes 1 and 2

FixfBq@gl.; 2 R R random matrix andB, 2 R intercept

Repeat

K K K K K
Zig*Y = Xi@(Bp™ Bg:r ™ Bg &P B,**)
g (k+1) B (k+1) (k+1) . .. i
d :Bo gk+—1)glmne(zd (,le) Bo;; ) . Regularized approach
glen =T, BI TV By [ar]
Until di := kB®*D  B®Wk. < or . Stopping criteria 1
Until jdi @ di ® Dj< forj =1;:::;D . Stopping criteria 2
end for
Brea= "R By[:;r] Bp[:;r], whereBy's are nal values at convergence.

B\Oopt - ;< Ml'l' Mz;Breg> +

N
< B"™9;B"™ , O 10> [< M, My B™9>] llOQWZ
1
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4.3 Methodology: Regularized LDA for Low-rank Ten-
sors

We introduce low-rank assumption to e ectively reduce the high dimensionality.

4.3.1 Low-rank Tensor Regression Model

Consider the regression problem where training dataset consists of i.i.d. obsef{tioR9glL; ;
where each pair follows the joint distributi®{X; Y), andN is the sample size. Given the
training set, the tensor regression model assumes the relationship

Y, =<B:;X;>+Bo+ ;; i=1;::::N (4.5)

where ; is the errorf X;gl, 2 R™ Po are array covariate® 2 R™ Po s the tensor
of regression coe cients anBg 2 R is the intercept.

In order to recoveB fromf Y;; X;gl\, ; we minimize the sum of squared residuals and obtain
the solution 2

argmin (Vi <B;X;> Bo)%: (4.6)

i=1

The main challenge of solving the equation 4.6 is that the number of parameters can be really
large for high-dimensional and high-order tensors, which may lead to over tting or numerical
instability issues. In order to tackle the curse of dimensionality issue in tensor regression, we
consider the low-rank tensor regression model, as given in [50], by further assuming that the
regression coe cient tensoB admits a rankR tensor decomposition, wheke is a small
integer.

Under the rankR decomposition, the tensor of regression coe cieBtss fully determined

X
[B;:::;BE] = arg [Bmin ] (Y, < o $: X >)% (4.7)

One main advantage of the low-rank tensor decomposition is dimension reduction. For an
orderD tensorB 2 R P if assuming thaB ?,dmits a rankR tensor decompoaosition,

the number of parameters decreases frofl, ps to -, Rpg: For example, 40 10 10

cube containd000entries. If it admits a rank-tensor decomposition, we only need to use

30 parameters to represent it. This dimension reduction can greatly reduce the computational
cost of the model estimation and also facilitates the interpretation.
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4.3.2 Regularized Low-rank Tensor Regression
We introduce sparsity assumption which is widely used to deal with high dimensionality.

In order to enhance the prediction performance of the least squares estimator, regularized least
squares can be used to control the model complexity, or produce sparse solutions by removing
redundant or non-informative features. Also, the ordinary least squares problem is ill-posed
and has in nitely many solutions when the number of parameters is larger than the sample
size, regularization can help to identify a unique solution by setting some constraints.

Motivated by the above, we propose solving the following regularized problem for the rank-R
tensor regression model,

»
mn (Y < SiXi>)%+ T I(B)); (4.8)
liz1 r=1 j=1
whereJ is the shrinkage penalty to shrink the entriesBigis towards zero, and > 0 is
the tuning parameter to control the balance between the data t and model complexity. We

consider two commonly used regularization methods, including the lasso method and the ridge
method.

The lasso estimator for the rank-R tensor regression is de ned as

[B\Ilasso. e @Easso] (49)
_ X o (". ,, R R .
= arg min (Y, < i DX >)"+ jvedB;) . i;
[BiiiBpl g r=1 j=1 m=1
where 0: Lasso method has two main advantages: (1) its soft-thresholding penalty

can shrink small regression coe cients to zero exactly and hence performs variable selection
automatically; (2) it enhances the prediction accuracy and interpretability of the estimator
by producing slightly biased estimator with much smaller variance than the least squares
estimator.

The ridge estimator for the rank-R tensor regression is de ned as

[Bridge. . .. . gridgey (4.10)
X R X R
= arg _min (i < o §iXi>)2+ veqB;);;
[BiiiBpl g r=1 j=1 m=1

where 0: There are two main advantages of using ridge: (1) it shrinks parameters towards
zero and can overcome numerical issues caused by multicollinearity; (2) it can reduce the nal
model complexity by decreasing variances of the estimator.

4.3.3 Block Coordinate Descent Algorithm

The objective function in the optimization problems (4.7), (4.9), and (4.10) is not convex in its
argument, making it di cult to search for the global minimizer with guaranteed convergence.
We use the block coordinate descent (BCD) algorithm, also known as nonlinear Gauss-Seidel,
which is an iterative algorithm that sequentially minimizes the objective function in each block
coordinate while the other coordinates are held xed.
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We start with least squares problem. Using Lenffawe can rewrite the inner product
<B;X ;> as

<= P §xi > (4.11)
r=t K K K K K
= <BgXiw(Bo Ba+1 Bg 1 Bi) >;

and the above holds for amy=1; ;D.

In the BCD algorithm, we treaB4's asD di erent blocks; during the iteration, each bloBlg
will be updated sequentially in order while xing all the other blocks at their current values.

One great advantage of the BCD algorithm is that, for each bBgkwe essentially solve a
least squares regression sub-problem which is convex. In particular, fa =dcht::;D,
we have

%

(Y, <B:X;>)? (4.12)
i=1

K K K K K 2
(Vi <Bg; Xj(Bp Bgr1  Bag 1 B1) >)*:
i=1

K K K K o
Zia = Xi@(Bo Baw  Ba s By) 2 R* R;

which is used when updating bloBk.
Using the vectorization operators Y&g;) 2 R*P¢ and ve¢Bgy) 2 R?P¢; we can re-write the
least squares problem as

X X
(i <BgZig>)?= [V vedZiq) vedBy)l*:
i=1 i=1

The above minimization problem can be treated as a standard least squares problem and it
has a unique closed-form solution

vedBy) = [vedZqy)vedZq)'] vedZa)Y ;

where vefZ,) 2 RV RPd s de ned as having vé€Z;q)" for each row and 2 RY. Note that

the pseudo covariates.,qy are updated at each iteration, so they are representer(;ﬁé) in
the algorithm, wheré is the iteration step.

In the following block coordinate descent (BCD) algorithm, we alternately updatB )ez

For theL; andL, penalization problem, we also apply the block coordinate descent (BCD)
algorithm to updateB4's. The only di erence from the least squares is that, at each iteration,
we solve a penalized least squares problem instead of an unpenalized least squares problem.
We use the R packaggmnet to update the blockBy's iteratively in the algorithm, where

=1 leads to the lasso method and= 0 leads to the ridge method.
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4.4 Numerical Experiments

4.4.1 Experiment Setup and Design

We use simulated data to demonstrate the performance of the LDA low-rank tensor regression
based on least squares and the regularized LDA low-rank tensor regression equipped with the
L1 penalty (lasso) and L2 penalty (ridge). In addition to that, we look at the performance

di erence of the algorithms which use Optimal Intercept Formula obtained in 4.1.4.

We want to obtainN; class labels with; andN» class labels with,; whereN = N;+ Ny;
such thatp; p, ps tensor covariateX follows from a tensor normal distribution as

XY =Y TVN(My; U Uz Us)

XY =Yz  TVN(Mz; Uy Uz Us)

whereM; M, 2 RPt P2 Ps:J, 2 RPd Pd; and the outputy; is a two-class response, coded
asY; = N=Ngi; Y, = N=N,. True regression coe cient tensor B 2 R P2 B3 gnd the
intercept isBg 2 R:

By Lemma 2.7.3, equivalently we randomly generate two classepwittp,ps matrix co-
variatesX ;) from matrix normal distribution such that

X(l)jY = ‘Y] MN (Mj(l);Ul;Ug Uz);

whereM; = Mj(l) 2 Rt P2Ps forj = 1;2andU = U 2 R PV = U; U, 2
RPzPs P2Ps: Therefore, we rewrite as )jY =Y, MN(M; ;U ;V ):

xed.
The prior class probabilities are taken gs= , = 0:5 unless speci ed otherwise.

We have LDA as a tensor regression problem where we solve in four di erent ways. The line
obtained by regressing the respoivsen X with intercept is given by

fX < B;X> +B,=0g

This is the same boundary found by LDA, in the light of its equivalence with linear regression
in the two-class case, as shown in Theorem 4.1.7.

Using Algorithms 3 and 4, respectively, based on least squares, the solution is shown below.

XN
(B2 By™) = arg min "~ (Y <B;X;> +Bo)% (4.13)
=1

whereY is still the class label but treated as continuous here. The decision rule clagsi es
to class2 if ols
< B9%:X> +B, >0

and classl otherwise.
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. P
Bo=argming,s 144 (Yi <BiXi>+Bo)’

1 (4.14)
B\Oopt: §<M2+M1;§Ols>

whereY is still the class label but treated as continuous here. The decision rule classi es
to class2 if -
< Bo%:X> +B," > 0

and classl otherwise.

For the regularized LDA as a tensor regression problem, we use Algorithms 5 and 6, respec-
tively, to solve based dn, andL, penalties in the following way

X
B0, B8/ ) =argmin~ (% <BiX,> +Bg)?+ P (B); (4.15)
0B

whereP is a penalty function and is still the class label but treated as continuous here.
The decision rule classi esto class2 if

< BreX > +B, "> 0;

and clasdl otherwise.

. P
@reg =argming,.s :\1:1 (YI <B:X ;> +BO)2 + P (B)
1 (4.16)
57 = Lo mges

whereY is still the class label but treated as continuous here. The decision rule classi es
to class? if
< B X > +B(;bpt > 0

and classl otherwise.
We vary a number of experiment factors to create various scenarios as follows.
tensorrankR=1,R=2; R =3
tensor shapef3; 3; 3]; [5; 5; 5]; [10; 10, 10]
sample siz&\
true rank ofB
complexity of the problem
balanced and imbalanced dataset

We used the threshold value= 0:1 and break point = 0:0001in the stopping criterion of
the algorithms for the best e ciency in terms of time and error.
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4.4.2 Modeling Variance Covariance Structures

Since the matrix determines pattern of autocorrelation among residual components, the mod-
eling structures give estimation improvement accuracy for the regression parameters.

Compound Symmetry (CS)

The simplest covariance structure that includes correlated errors is compound symmetry (CS).
Here we see correlated errors between individuals, and note that these correlations are pre-
sumed to be the same for each pair of responses, namely

Considerk = 4 observationys;:::;Yy, for example. We can write the covariance matrix as
2 times the correlation matrix, wheré is the variance of each observation.
2 3
1
§ oty
1
1

Independent (1)

The special case of CS covariance structure is independent where every correlation is equal
to zero,i.e., =0:

2000

1103

First-order Autoregressive (AR(1))

The autoregressive (Lag 1) structure considers correlations to be highest for time adjacent
times, and a systematically decreasing correlation with increasing distance between time

points.

2l , 33

S B
1

Unstructured (UN)

The Unstructured covariance structure (UN) is the most complex because it is estimating
unique correlations for each pair of observations.kRones observation, there akék +1) =2
variance covariance parameters, hence it is not an e cient model.

2, 3
1 12 13 14
2
§ 2 23 24
2
3 34

2
4
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4.4.3 Evaluation

We evaluate and compare the performance and e ectiveness of the LDA low-rank tensor
regression learning method based on least squarek, thenalty (lasso), and the, penalty
(ridge). For the lasso and ridge methods, we use hold-out validation on the training set to
select the best , then we test the model on the test set.

For each problem, we use the classi er in Theorem 4.1.6, which is an oracle that simply
knows the true probability distribution that generates the data. Even such a model exists, the
model will still suer some error on many problems, because there may still be some noise
in the distribution. For example, the mapping frofnto Y may be inherently stochastic,

in other words possess some inherent randomness. The error incurred by an oracle making
predictions from the true distribution is called the Bayes error. We present Bayes error for
each combination in the oracle column in the table in order to evaluate how good the model
works.

For each setting, we run the experiment 100 times with di erent training sets, by changing
the random seed. For each experiment, we calculate the test error

N
mear{Yiest 6 Viest);

N\
whereYes: IS the estimated class labels given by the tted LDA low-rank tensor regression
model, andYi is the true class labels for the test set. We report the average test errors and
the standard errors of the average errors (inside parentheses) in the tables.

For better visualization, we plot the tensor estimBtevith a color palette, where one typical

run is selected for each learning method, and compare with the image of the.tlneeach

image, each color represents a speci c interval of values. The images are plotted using the R
packagergl and XQuartz. For the recovered image, we run the experiment one time in order
to show a typical recovered image for that experiment.
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4.4.4 Balanced Binary Classi cation Problem

In the following examples, the datasets are balanced, i.es, , = 0:5, and for better visual
e ects, we make the true coe cient tensd8 have a special geometric shape, a cube.

3 3 3 Cube Example

True coe cient tensorB is a3 3 3 cube tensor which has only three points equal to
placed diagonally and the rest zero. TiBids an order3 tensor with rank3 decomposition.

0
10010010

0
For this experiment, we choob, = %)O 1 001001 ﬁ;U =13 zandV =
0 001001 010 1
15001 0 010 O
| 9 9: Then M» becomes@o 1 00 15 0 0 1 OX; using the equatiorB =
0O 01 0 O 100¢%5
(M, M) ,V U fortrueB in Theorem 4.1.6.

In the following table, we summarize results for this3 3 cube tensor experiment.

Results for the3 3 3 cube experiment with oracl@194 (
cube-shaped.

= 0:99), where trueB is

Table 4.1: Examplé4(a)

rank 1 | N=26 N=100 N=300 N=600

lasso | 0.3944(0.006) | 0.3354 (0.003) | 0.3204 (0.001) | 0.3155 (0.001)
ridge | 0.4146(0.005)| 0.3600(0.003) | 0.3344 (0.002) | 0.3214 (0.001)
ols 0.4318(0.005) | 0.3698 (0.003) | 0.3490 (0.003) | 0.3356 (0.003)
rank 2 | N=26 N=100 N=300 N=600

lasso | 0.3761(0.006) | 0.2939 (0.004) | 0.2569 (0.002) | 0.2468 (0.001)
ridge | 0.4071(0.005)| 0.3151(0.003) | 0.2734 (0.002) | 0.2566 (0.001)
ols 0.4372(0.005) | 0.3392 (0.003) | 0.2889 (0.002) | 0.2714 (0.002)
rank 3 | N=26 N=100 N=300 N=600

lasso | 0.3739(0.006) | 0.2714 (0.004) | 0.2226 (0.003) | 0.2086 (0.002)
ridge | 0.3988(0.006) | 0.3036(0.003) | 0.2370(0.002) | 0.2137 (0.001)
ols 0.4491 (0.006) | 0.3313(0.003) | 0.2673 (0.003) | 0.2398 (0.002)

Two dimensional capture of the three dimensional imagB & shown below alongside a
color palette as a rubric to see the color shades assigned to each interval.

The following gures belong to the estimated ten&bfor R® 3 3;N = 26; oracle0:194with
rank 1; 2; and 3 approximation, respectively.
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Figure 4.1: Exapmlé4 TrueB 2 R® 3 3

Figure 4.2: Exapml&4(b)

Figure 4.3: Exapml&4(c)

Figure 4.4: Exapml&4(d)
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The following gures belong to the estimated ten&rfor R® 3 3;N = 300; oracle0:194
with rank 1; 2; and 3 approximation, respectively.

Figure 4.5: Exapml&4(e)

Figure 4.6: Exapml&4(f )

Figure 4.7. Exapml&4(Q)
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Results for the3 3 3 cube experiment with orac@337 (

cube-shaped.

Table 4.2: Exampld4(h)

= 0:2), where trueB is

rank 1 | N=26 N=100 N=300 N=600
lasso | 0.4742(0.003)| 0.4509 (0.003) | 0.4274 (0.002) | 0.4151 (0.002)
ridge | 0.4816(0.003)| 0.4552 (0.003) | 0.4366 (0.002) | 0.4269 (0.002)
ols 0.4856 (0.003) | 0.4609 (0.003) | 0.4415 (0.002) | 0.4276 (0.002)
rank 2 | N=26 N=100 N=300 N=600

lasso | 0.4737 (0.003)| 0.4412 (0.003) | 0.4090 (0.002) | 0.3922 (0.002)
ridge | 0.4785(0.002)| 0.4440(0.003) | 0.4146 (0.002) | 0.3956 (0.001)
ols 0.4878(0.002) | 0.4486 (0.003) | 0.4215 (0.002) | 0.4025 (0.002)
rank 3 | N=26 N=100 N=300 N=600

lasso | 0.4718(0.003)| 0.4366 (0.003) | 0.4035 (0.003) | 0.3761 (0.002)
ridge | 0.4727(0.003)| 0.4377(0.003) | 0.4040 (0.002) | 0.3778 (0.002)
ols 0.4877 (0.003) | 0.4440(0.003) | 0.4106 (0.002) | 0.3919 (0.002)
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Plots of accuracy vs rank for the problems with or&ci®4 (left) and 0:337 (right), where
the colors green, red and blue represent the sampleSize26; 100 and 50Q respectively.

Figure 4.8: Examplé4()

108



Plot of time vs rank for the problem with ora€ld94where the colors green and red represent
the sample sized = 26; 100

Figure 4.9: Examplé4(j)

The computations were performed on a MacBook Pro with a 2.3 GHz Dual-Core Intel Core
i5 CPU and Intel Iris Plus Graphics 640/655 GPU.

109



The estimated tensd for R® 3 3;N = 26; oracle0:337with rank1; 2; and3 approximation.

[Rank 1: lasso, ridge, ols]

[Rank 2: lasso, ridge, ols]

[Rank 3: lasso, ridge, ols]
Figure 4.10: Exampl#4(k)
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The estimated tensd® for R® 3 3;N = 300; oracle0:337with rank1; 2; and3 approximation.

[Rank 1: lasso, ridge, ols]

[Rank 2: lasso, ridge, ols]

[Rank 3: lasso, ridge, ols]
Figure 4.11: Exampl&4()

As ridge shrinks all regression coe cients towards zero; lasso tends to give a set of zero
regression coe cients and leads to a sparse solution. Even though they are very competitive
in the errors, we can see this di erence in the images and the valu#é%fas the orange

color represents zeroes in a typical run.

In our experiments, lasso demonstrates the fastest computation times, followed by ols, with
ridge regression being the slowest.

When the sample sizH gets bigger, all three learning methods get better. When the
complexity of the problem decreases, i.e., smaller oracle, all three learning methods get better.
Rank3 approximation gives the best results, then r@x&pproximation, followed by rark
approximation, in terms of both test errors and the plots of estim&gdince the true rank

of B is 3: Overall, lasso gives the best performance with @&akproximation.
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5 5 5 Cube Example

True coe cient tensorB isa5 5 5cube tensor with 8 3 3 cube ofl's inside and
the rest zero. TrudB is an order3 tensor with rankl decomposition.

We ChOOSé\/ll = [04'5 5.04l5 5;04l5 5,05 5,05 5]5 wxU =155 andVv = | 25 25.
In the following table, we summarize results for this5 5 cube tensor experiment.

Results for thes 5 5 cube experiment with orac@1155 ( = 0:2), where trueB is

cube-shaped.

Table 4.3: Exampld5(a)

rank 1 | N=100 N=500

lasso | 0.1845(0.004) 0.1255(0.001)
ridge 0.1770(0.003) 0.1256 (0.001)
ols 0.2084 (0.005) 0.1279(0.001)
rank 2 | N=100 N=500

lasso | 0.2172(0.005) 0.1296 (0.001)
ridge 0.2135(0.003) 0.1333(0.001)
ols 0.2887 (0.006) 0.1463(0.001)
rank 3 | N=100 N=500

lasso | 0.2278(0.006) 0.1295(0.001)
ridge 0.2371(0.004) 0.1379(0.001)
ols 0.3322(0.005) 0.1638(0.001)
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Two dimensional capture of the three dimensional imagB o shown below alongside a
color palette as a rubric to see the color shades assigned to each interval.

Figure 4.12: Exampl&5: TrueB 2 R° ° °
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The estimated tensd8 for R° ° 5 N = 100; oracle0:1155with rank 1; 2; and 3 approxima-
tion.

[Rank 1: lasso, ridge, ols]

[Rank 2: lasso, ridge, ols]

[Rank 3: lasso, ridge, ols]
Figure 4.13: Exampl&5(b)

114



The estimated tensd8 for R° ° 5N = 500; oracle0:1155with rank 1; 2; and 3 approxima-
tion.

[Rank 1: lasso, ridge, ols]

[Rank 2: lasso, ridge, ols]

[Rank 3: lasso, ridge, ols]
Figure 4.14: Exampl&5(c)
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Results for thes 5 5 cube experiment with orac@356 ( = 0:02), where trueB is

cube-shaped.

Table 4.4: Exampld&5(d)

rank 1 | N=100 N=500
lasso | 0.4663(0.003) | 0.3914 (0.003)
ridge | 0.4652(0.003) | 0.3860 (0.002)
ols 0.4684(0.003) | 0.3912(0.003)
rank 2 | N=100 N=500

lasso | 0.4701(0.003) | 0.4063 (0.003)
ridge | 0.4645(0.003) | 0.4044 (0.002)
ols 0.4759(0.003) | 0.4107(0.002)
rank 3 | N=100 N=500

lasso | 0.4698(0.002) | 0.4157 (0.003)
ridge | 0.4671(0.002) | 0.4164(0.002)
ols 0.4761(0.002) | 0.4259(0.002)
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Plots of error vs rank for the problems with ora@i#155(left) and 0:356 (right), where the
colors green and red represent the sample $izesl00; 500 respectively.

Figure 4.15: Exampl&5(e)
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The estimated tensd® for R° ® 5;N = 100; oracle0:356with rank1; 2; and3 approximation.

[Rank 1: lasso, ridge, ols]

[Rank 2: lasso, ridge, ols]

[Rank 3: lasso, ridge, ols]
Figure 4.16: Exampl&5(f )
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The estimated tensd® for R° ® 5;N = 500; oracle0:356with rank1; 2; and3 approximation.

[Rank 1: lasso, ridge, ols]

[Rank 2: lasso, ridge, ols]

[Rank 3: lasso, ridge, ols]
Figure 4.17: Exampl&5(g)

As similar to the other result, all three learning methods get better with bigger sample size
and less complexity. Rarikapproximation gives the best results, then r@rdpproximation,
followed by rank3 approximation, in terms of both test errors and the plots of estim&ed

since the true rank dB is 1: Overall, lasso and ridge give the best performance with Tank
approximation.
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4.4.5 Imbalanced Binary Classi cation Problem

In the following example, the datasets are imbalanced such tat0:8, and , =0:2.

10 10 10 Cube Example

True coe cient tensorB is al0 10 10cube tensor with 8 8 6 cube ofl's inside
and the rest zero. Tru8 is an ordei3 tensor with rankl decompaosition.

In the following table, we summatrize results for tis 10 10 cube tensor experiment.

Results for thel0O 10 10 cube experiment with orac®192( = 0:002, where trueB
is cube-shaped.

Table 4.5: Exampld6

rank 1 | N=250 with Ol N=500 with Ol

lasso | 0.2107(0.002)| 0.2(0.00) 0.2029(0.001) | 0.2(0.00)
ridge 0.2735(0.002) | 0.2(0.00) 0.2255(0.001) | 0.1999 (0.00)
ols 0.3245(0.002) | 0.248(0.016) | 0.2614(0.002) | 0.2299 (0.013)
rank 2 | N=250 with Ol N=500 with Ol

lasso | 0.2093(0.002)| 0.2(0.00) 0.2040(0.001) | 0.2(0.00)
ridge 0.3059(0.002) | 0.2(0.00) 0.2573(0.002) | 0.2(0.00)
ols 0.3791(0.002) | 0.236(0.014) | 0.3204(0.002) | 0.224(0.012)
rank 3 | N=250 with Ol N=500 with Ol

lasso | 0.2074(0.001)| 0.2(0.00) 0.2017(0.00) | 0.2(0.00)
ridge 0.3182(0.002) | 0.2(0.00) 0.2801(0.002) | 0.2(0.00)
ols 0.4132(0.002) | 0.236(0.014) | 0.3551(0.002)| 0.224(0.012)

The test error of0:2 achieved with the optimal intercept approach for both lasso and ridge
methods, combined with zero variance, indicates potential misclassi cation of the entire mi-
nority class. This observation suggests that further analysis is needed and will be addressed

in future work.

The usage of optimal intercept improves each performance signi cantly. Overall, lasso and
ridge give the best performance with the optimal intercept approach. We see that LDA

low-rank tensor regression method is robust to imbalanced classes.
In the following example, the datasets are imbalanced such tat0:9, and , =0:1.

Results without optimal intercept for thE0 10 10 cube experiment with orac®0485
( =0:002, whereM; is changed, given in the appendix.
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Table 4.6: Examplé6(a)

rank 1 | N=600

lasso | 0.1329(0.001)
ridge | 0.1280(0.001)
ols 0.1332(0.002)
rank 2 | N=600

lasso | 0.1735(0.003)
ridge | 0.1735(0.002)
ols 0.1968 (0.003)
rank 3 | N=600

lasso | 0.1939(0.004)
ridge | 0.2087(0.002)
ols 0.2418(0.003)
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4.4.6 Real Data Analysis

We test LDA low-rank tensor regression method on 2 medical diagnosis datasets, NoduleM-
NIST3D of 2 classes and SynapseMNIST3D of 2 classes. These datasets are subsets of
MedMNIST70 [46], which is a large-scale MNIST-like collection of standardized biomedical
images. All images are pre-processed into a MNIST-like f@2haR8 28, with cubic spline
interpolation operation for image resizing.

For both tasks, we rst report the classi cation errors and computation time of LDA low-
rank tensor regression model, followed by the results of ResNet-18 and ResNet-50 with 3D
convolution with a simple early-stopping strategy on validation set as baseline methods [46],
and auto-sklearn as the representative of open-source AutoML tools for statistical machine
learning [46].

Auto-sklearn automatically searches the algorithms and hyper-parameters in scikit-learn42
package. The paper [46] sets a time limit as 4 hours for search of appropriate models.
The images are atten into one dimension, and reshaped one-dimensional data with the
corresponding labels are provided for auto-sklearn to t.

Deep residual network or ResNet is one of the models developed by He et al. in 2016, [14].
This architecture formed to defeat quandaries in deep learning training because deep learning
training, in general, takes quite a lot of time and is limited to a certain number of layers. The
explication to the intricacy introduced by ResNet is to apply to skip connection or shortcut,
[34]. Even though proved much more e cient, the average running time for ResNet18 may
change from several hours to several days. We add a paper [15] to give computation time
for a similar 3D problem in order to compare the speed of our models. ResNet50 generally
achieves higher accuracy compared to ResNet18. However, this increased performance comes
at the cost of longer training times.

The rst dataset NoduleMNIST3D consists of 1,633 images from thoracic CT scans. The
resolution of the images B8 28 28 We perform binary classi cation, to separate cases
with malignancy level 1/2 and 4/5, with the given data split 7:1:2 into training, validation
and test set, and report the test errors.

Results for the real data analysis NoduleMNIST3D. We report the classi cation errors and
computation time (in minutes) over one run.

Table 4.7: Exampla7

rank 1 | w/o Ol time | with Ol time
lasso | 0.229 0.74 | 0.171 20.03
ridge | 0.2065 0.69 | 0.1677 140.4
ols 0.2516 0.08 | 0.171 12.95
rank 2 | w/o Ol time | with Ol time

lasso | 0.1935 0.79 | 0.1516 21.82
ridge | 0.1935 0.9 0.1516 140.9
ols 0.2516 0.09 |0.171 13.32
rank 3 | w/o Ol time | with Ol time

lasso | 0.1839 0.83 | 0.1484 104

ridge 0.1871 0.83 | 0.1484 140.5
ols 0.1871 0.16 | 0.1419 14.51
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Table 4.8: Exampl&7 continued

ResNet18+3D ResNet50+3D auto-sklearn
0.156 0.153 0.126

On the NoduleMNIST3D task, least squares with rank 3 approximation and optimal intercept
approach shows the best performance. It outperforms ResNet18+3D and ResNet50+3D in
terms of both error and computation time. Overall, optimal intercept approach performs

better than the empirical approach and rank 3 approximation performs better than rank 1 and
2 approximations.

The second dataset SynapseMNIST3D consists of 1,759 images from an adult rat acquired
by a multi-beam scanning electron microscope. The resolution of the im&tfes 88 28

The process of learning forms new connections between neurons in the brain and prunes away
old connections. These connections, known as synapses, come in di erent types. Signals
sent across excitatory synapses increase the activity of the receiving neuron, while signals sent
across inhibitory synapses reduce neuron activity, [17]. We perform binary classi cation, in
order to categorize whether a synapse is excitatory or inhibitory, with the given data split 7:1:2
into training, validation and test set, and report the test errors.

Results for the real data analysis SynapseMNIST3D. We report the classi cation errors and
computation time (in minutes) over one run.

Table 4.9: Examplda8

rank 1 | w/o Ol time | with Ol time

lasso | 0.446 0.89 | 0.2813 140.8
ridge 0.4347 0.77 | 0.2699 139.6
ols 0.4347 0.09 | 0.2614 12.86
rank 2 | w/o Ol time | with Ol time

lasso | 0.3949 0.87 | 0.2983 140.6
ridge 0.4205 0.88 | 0.2869 145.7

ols 0.4375 0.09 | 0.267 12.87
rank 3 | w/o Ol time | with Ol time
lasso | 0.429 0.96 | 0.2756 140.6

ridge | 0.4119 0.93 | 0.2898 140.3
ols 0.4119 0.09 | 0.2926 12.79

Table 4.10: Exampl&8 continued

ResNet18+3D ResNet50+3D auto-sklearn
0.255 0.205 0.27
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Plot of time vs rank for the SynapseMNIST3D where the colors green and red represent with
Ol and w/o Ol, respectively.

Figure 4.18: Exampl&8(a)

The computations were performed on a MacBook Pro with a 2.3 GHz Dual-Core Intel Core
i5 CPU and Intel Iris Plus Graphics 640/655 GPU.

Least squares with rank 1 approximation and optimal intercept approach shows the best
performance on the SynapseMNIST3D task. It outperforms auto-sklearn in terms of both
error and computation time.

Overall, LDA low-rank tensor regression model proves to be a simpler and faster alternative
approach.
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4.5 Numerical Experiments: Order- 2 Examples

We vary a number of experiment factors to create various scenarios as follows.
tensor rankkR=1,R=2
tensor shape: FdD = 2;R =1;2, we consider three shapes
[2;2];[1G, 10} [15; 15])
sample siz&

covariance matriceld;V (which controls the signal-to-noise ratio)

We used the threshold value= 0:1 in the stopping criterion of the algorithms for the best
e ciency in terms of time and error.

45.1 Examples of Simulation with Modeling Variance Covariance
Structure

In the following examples, the matrix covarixteand the true coe cient tensoB arep; p
square matrices witpy = p, = p. We generate two classes from matrix normal distribution by
choosingM; = I, , andM,, , as a matrix withl% on the cross diagonal and the rest equal
to 2. For the covariance matricd$ and V; we construct them using four di erent models,
namely Compound Symmetric (CS), First-order Autoregressive (AR(1)), Unstructured (UN)
and Independent(l), as explained in Section 4.4.2. Since th&tdepends otJ; V, as shown

in Theorem 4.1.6, the coe cient matriB and its true rank changes in each combination.
We present the true rank @& and the oracle for each combination in the tables.
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4.5.2 Example 1: [2, 2]

1. CS: Compound Symmetry

Results for th 2 matrix experiment, wherd; V follows a CS structure with  2; 2;

and = 0:2; respectively. We report the average classi cation error over 100 runs and
its standard error (in parenthesis).

Table 4.11: Exampl&9
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rank 1 | N=30 N=80 oracle tEr’ue rank of
lasso | 0.0305(0.001) 0.0264 (0.00)
2=0.3 ridge 0.0279(0.001) 0.0257 (0.00) 0.024 1
ols 0.0297 (0.001) 0.0262 (0.00)
lasso | 0.1686 (0.002) 0.1545(0.001)
2=0.6 ridge 0.1652 (0.002) 0.1528(0.001) 0.144 1
ols 0.1678(0.003) 0.1537(0.001)
rank 2 | N=30 N=80
lasso | 0.0309(0.001) 0.0272(0.00)
2=0.3 ridge 0.0309 (0.001) 0.0269 (0.00)
ols 0.0311(0.001) 0.0270(0.00)
lasso | 0.1734(0.002) 0.1586 (0.001)
2=0.6 ridge 0.1728(0.002) 0.1583(0.001)
ols 0.1745 (0.003) 0.1591(0.001)




2. AR(1): Auto-regressive

Results for the2 2 matrix experiment, wherd; V follows an AR(1) structure with

2 2, 2,and =0:2; respectively.
Table 4.12: Exampl&9(a)
rank 1 | N=30 N=80 oracle tBrue rank of
lasso | 0.0301(0.001) | 0.0261(0.00)
2=0.3 ridge | 0.0300(0.001) | 0.0260(0.00) 0.023 1
ols 0.0300(0.001) | 0.0261 (0.00)
lasso | 0.1892(0.002) | 0.1795(0.001)
2=0.6 ridge | 0.1874(0.002) | 0.1786(0.001) | 0.1725 1
ols 0.1893(0.002) | 0.1791(0.001)
rank 2 | N=30 N=80
lasso | 0.0315(0.001) 0.0274 (0.00)
2=0.3 ridge | 0.0316(0.001) 0.0273(0.00)
ols 0.0317(0.001) 0.0273(0.00)
lasso | 0.1926 (0.002) 0.1814(0.001)
2=0.6 ridge | 0.1922(0.002) 0.1814(0.001)
ols 0.1939(0.002) 0.1818(0.001)
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3. UN: Unstructured
Results for the2 2 matrix experiment, wherd;V follows an UN structure.

Table 4.13: Exampl&9(b)
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rank 1 | N=30 N=80 oracle tBrue rank of
lasso | 0.4140(0.004) 0.3992(0.002)
ridge 0.4207 (0.004) 0.3972(0.002) 0.3735 1
ols 0.4179(0.004) 0.3955 (0.002)
rank 2 | N=30 N=80
lasso | 0.4244(0.003) 0.4014 (0.002)
ridge 0.4244 (0.003) 0.4015 (0.002)
ols 0.4237 (0.003) 0.4009 (0.002)




4. Independent (1)

Results for th@ 2 matrix experiment, wherd; V follows an | structure witg@  2; 2;

and = 0:2; respectively. We report the average classi cation error over 100 runs and
its standard error (in parenthesis).

Table 4.14: Examplé&9(c)

rank 1 | N=30 N=80 oracle tBrue rank of
lasso | 0.0104 (0.00) 0.0093(0.00)
2=0.3 ridge 0.0103(0.00) 0.0093 (0.00) 0.0085 1
ols 0.0103(0.00) 0.0092 (0.00)
lasso | 0.1281(0.002) | 0.1211(0.001)
2=0.6 ridge 0.1249(0.002) 0.1198(0.001) 0.112 1
ols 0.1262 (0.002) 0.1204 (0.001)
rank 2 | N=30 N=80
lasso | 0.0111(0.00) 0.0092 (0.00)
2=0.3 ridge | 0.0110(0.00) 0.0093 (0.00)
ols 0.0111(0.00) 0.0093 (0.00)
lasso | 0.1311(0.002) 0.1232(0.001)
2=0.6 ridge | 0.1321(0.002) 0.1227(0.001)
ols 0.1313(0.002) 0.1230(0.001)
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45.3 Example 2: [10,10]
1. CS: Compound Symmetry

Results for thel0 10 matrix experiment, wher#);V follows a CS structure with

2 2, 2,and =0:2; respectively.
Table 4.15: Examplg0
rank 1 | N=800 N=1300 oracle tEr’ue rank of
lasso | 0.2364 (0.00) 0.2343(0.00)
2=3 ridge 0.2357 (0.00) 0.2345 (0.00) 0.162 5
ols 0.2361 (0.001) 0.2343(0.001)
lasso | 0.3153(0.001) 0.3099 (0.001)
2=5 ridge 0.3137(0.001) 0.3094 (0.001) 0.2655 5
ols 0.3147(0.001) 0.3097 (0.001)
rank 2 | N=800 N=1300
lasso | 0.2223(0.001) | 0.2177(0.001)
2=3 ridge | 0.2258(0.001) 0.2206 (0.001)
ols 0.2216(0.001) 0.2180(0.001)
lasso | 0.3139(0.001) 0.3066 (0.001)
2=5 ridge | 0.3151(0.001) 0.3077(0.001)
ols 0.3145(0.001) 0.3065(0.001)
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2. AR(1): Auto-regressive

Results for thelO 10 matrix experiment, wherd;V follows an AR(1) structure with
2 2, 2,and =0:2; respectively.

Table 4.16: Exampl20(a)

rank 1 | N=800 N=1300 oracle tBrue rank of
lasso | 0.0772(0.00) 0.0759 (0.00)
2=3 ridge 0.0764 (0.00) 0.0759 (0.00) 0.0585 5
ols 0.0770(0.00) 0.0759 (0.00)
lasso | 0.1936 (0.00) 0.1922(0.00)
2=5 ridge | 0.1936(0.00) 0.1910(0.00) 0.181 5
ols 0.1937(0.00) 0.1916 (0.00)
rank 2 | N=800 N=1300
lasso | 0.0746 (0.00) 0.0727(0.00)
2=3 ridge | 0.0755(0.00) 0.0729(0.00)
ols 0.0749 (0.00) 0.0726 (0.00)
lasso | 0.1953(0.001) 0.1908 (0.00)
2=5 ridge | 0.1991(0.001) 0.1936 (0.001)
ols 0.1960(0.001) 0.1907 (0.00)
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3. UN: Unstructured
Results for thelO 10 matrix experiment, wher®g; V follows an UN structure.

Table 4.17: Exampl20(b)

rank 1 | N=800 N=1300 oracle tBrue rank of
lasso | 0.0211 (0.00) 0.0205 (0.00)
ridge 0.0209 (0.00) 0.0203 (0.00) 0.017 5
ols 0.0212(0.00) 0.0204 (0.00)
rank 2 | N=800 N=1300

lasso | 0.0221(0.00) | 0.0205 (0.00)
ridge | 0.0238(0.00) | 0.0221(0.00)
ols 0.0220(0.00) | 0.0208 (0.00)
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4. Independent (1)

Results for thel0 10 matrix experiment, wher&;V follows an | structure with
2 2, 2,and =0:2; respectively.

Table 4.18: Exampl20(c)

rank 1 | N=800 N=1300 oracle tBrue rank of
lasso | 0.0142(0.00) 0.0139(0.00)
2=3 ridge 0.0141(0.00) 0.0138(0.00) 0.012 5
ols 0.0143(0.00) 0.0138(0.00)
lasso | 0.1006 (0.00) 0.0994 (0.00)
2=5 ridge | 0.1011(0.00) 0.0990 (0.00) 0.092 5
ols 0.1009 (0.00) 0.0993(0.00)
rank 2 | N=800 N=1300
lasso | 0.0152(0.00) 0.0144(0.00)
2=3 ridge | 0.0157(0.00) 0.0150(0.00)
ols 0.0153(0.00) 0.0142(0.00)
lasso | 0.1034(0.00) 0.1001 (0.00)
2=5 ridge | 0.1057 (0.00) 0.1021 (0.00)
ols 0.1031(0.00) 0.1002 (0.00)

4.5.4 Summary

We summarize our major ndings on the relative e ciency of di erent learming methods for
LDA low-rank tensor regression, including least squares, and ridge and least square approach,
based on our simulation examples.

(1) In all the settings, we have varied the sample size and error variance to check how the
results change accordingly. As expected, when the sample size increases and the noise
gets smaller, all methods provide better performance in terms of the test error.

(2) Overall, all three learning methods show a good performance when compared to the
oracle, they closely mimic the Bayes error regardless of the complexity of the problem.

(3) LDA low-rank tensor regression gives the best result when the low rank approximation
is done with the true rank of the tensor regression coe cient.
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455 Examples of Simulation with Chosen True Coe cient Tensor

In the following examples, for better visual e ects, we make the true coe cient tedduave
a special geometric shape such as a square, T-shape and a cube. Then we can visualize the
estimated coe cient tensoB and compare with the trug:

The training data in each class are generated such that
XjY =Y, MN (Mg U;V)

XjY =Y, MN (M U;V)

where the input i; 2 Rt P2 generated from matrix normal distribution and the outplt

is a two-class response, with class sitgdN,; and the target coded asN=N;; N=N, where

N = N;+ Ny: The error term ; is iid fromMN (0; U; V), B 2 R* P2 js the true regression
coe cient tensor andBy 2 R: We haveP (Y = Y)= 1= P(Y =Y,)=

xed.

We vary several experiment factors to create various scenarios as follows:
tensor rankR =1;R=2;R =3
sample siz&\
complexity of the problem

Using the classi er in Theorem 4.1.2, we nd the oracle and present for each problem in the
oracle column in the table in order to evaluate how good the models work.
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4.5.6 Example 1. Square Tensor

In this example, the true coe cient tensd is al10 10 square matrix with a square of
1's in the center and the rest zer® has order2 and rankl decomposition. We generate
two classes from matrix normal distribution wth, = U =I5 10; V = 0:02 14 10; and
M,=U B V + My; using the equation for truB; as shown in Theorem 4.1.6.

Here we summarize results for th@ 10 square matrix experiment for the learning methods

in four settings where the second table shows a more complex problem than the rst table as
we can see from the oracle. In addition to that, we present plots of the estifBateen

by the least squares, the lasso, and the ridge regression for each di erent setting obtained by
rank 1 and rank2 approximations.

Results for thelO 10 matrix experiment with oracl@181, where trueB is square shaped.

Table 4.19: Examplgl

rank 1 | N=400 N=1000

lasso | 0.1912(0.001) 0.1839(0.00)
ridge | 0.1913(0.001) 0.1839(0.00)
ols 0.1912(0.001) 0.1839(0.00)
rank 2 | N=400 N=1000

lasso | 0.2075(0.001) 0.1901 (0.001)
ridge | 0.2074(0.001) 0.1902 (0.001)
ols 0.2078(0.001) 0.1905 (0.001)
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The estimated square shaped tenBoobtained by rankl approximation withN = 400 for
the problem with oracl®:181

Figure 4.19: Exampl21(a)
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The estimated square shaped tenBoobtained by rank2 approximation withiN = 400 for
the problem with oracl®:181

Figure 4.20: Exampl21(b)
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The estimated square shaped tenBopbtained by rank approximation witiN = 1000 for
the problem with oracl®:181

Figure 4.21: Exampl21(c)
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The estimated square shaped tenBopbtained by rani2 approximation witiN = 1000 for
the problem with oracl®:181

Figure 4.22: Exampl21(d)
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Results forl0 10 matrix experiment with oraclé@3985 where trueB is square shaped.

Table 4.20: Exampl2l(e)

rank 1 | N=600 N=1300

lasso | 0.4160(0.001) | 0.4037(0.001)
ridge | 0.4166(0.001) | 0.4039(0.001)
ols 0.4161(0.001) | 0.4037(0.001)
rank 2 | N=600 N=1300

lasso | 0.4292(0.001) | 0.4125(0.001)
ridge | 0.4297(0.001) | 0.4123(0.001)
ols 0.4294(0.001) | 0.4124(0.001)
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The estimated square shaped tenBoobtained by rankl approximation withiN = 600 for
the problem with oracl®:3985

Figure 4.23: Exampl21(f )
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The estimated square shaped tenBoobtained by rank approximation withiN = 600 for
the problem with oracl®:3985

Figure 4.24: Exampl21(g)
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The estimated square shaped tenBopbtained by rank approximation witiN = 1300 for
the problem with oracl®:3985

Figure 4.25: Exampl21(h)
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The estimated square shaped tenBopbtained by rani2 approximation witiN = 1300 for
the problem with oracl®:3985

Figure 4.26: Exampl21()
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We have made the following observations:
When the sample siZ¢ gets bigger, all three learning methods get better.

When the complexity of the problem decreases, i.e., smaller oracle, all three learning
methods get better.

Rank1 approximation gives better results than rahkpproximation in terms of both
test errors and the plots of estimat& since the rank of tru® is 1:

Overall, all three learning methods give really close results and perform similarly.
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4.5.7 Example 2: T-shape Tensor

In this example, the true coe cient tensd is al0 10 square matrix has a T-shape of
1's in the center and the rest zer® has order2 and rank2 decomposition. We generate
two classes from matrix normal distribution why = U = 119 10; V = 0:02 1419 10; and

M,=U B V+ Mq:

Results for thelO 10 matrix experiment with oracl@1565 where trueB is T-shaped.

Table 4.21: Examplg2

rank 1 | N=600 N=1300

lasso | 0.1922(0.00) 0.1882 (0.00)
ridge | 0.1923(0.00) 0.1882 (0.00)
ols 0.1923(0.00) 0.1883(0.00)
rank 2 | N=600 N=1300

lasso | 0.1725(0.001) 0.1638(0.00)
ridge | 0.1726(0.001) 0.1639(0.00)
ols 0.1726(0.001) 0.1639(0.00)
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The estimated T-shaped tensBr obtained by rankl approximation withN = 600 for the
problem with oracl®:1565

Figure 4.27: Exampl22(a)
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The estimated T-shaped tensBr obtained by rank2 approximation withN = 600 for the
problem with oracl®:1565

Figure 4.28: Exampl22(b)
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The estimated T-shaped tensBr obtained by rankl approximation withiN = 1300 for the
problem with oracl®:1565

Figure 4.29: Exampl22(c)
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The estimated T-shaped tensBr obtained by rank approximation withiN = 1300 for the
problem with oracl®:1565

Figure 4.30: Exampl22(d)
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Results forl0 10 matrix experiment with oraclé3825 where trueB is T-shaped.

Table 4.22: Exampl22(e)

rank 1 | N=800 N=1400
lasso | 0.4112(0.001) | 0.4063(0.001)
ridge | 0.4113(0.001) | 0.4063(0.001)
ols 0.4113(0.001) | 0.4064 (0.001)
rank 2 | N=800 N=1400

lasso | 0.4094(0.001) | 0.3971(0.001)
ridge | 0.4096(0.001) | 0.3967(0.001)
ols 0.4102(0.001) | 0.3969(0.001)
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The estimated T-shaped tensBr obtained by rankl approximation withN = 600 for the
problem with oracl®:3825

Figure 4.31: Exampl22(f )

152



The estimated T-shaped tensBr obtained by rank2 approximation withN = 600 for the
problem with oracl®:3825

Figure 4.32: Exampl22(g)
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The estimated T-shaped tensBr obtained by rankl approximation withiN = 1300 for the
problem with oracl®:3825

Figure 4.33: Exampl22(h)
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The estimated T-shaped tensBr obtained by rank approximation withiN = 1300 for the
problem with oracl®:3825

Figure 4.34: Exampl22(i)
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We have made the following observations:
When the sample siZ¢ gets bigger, all three learning methods get better.

When the complexity of the problem decreases, i.e., smaller oracle, all three learning
methods get better.

Rank?2 approximation gives better results than rahkpproximation in terms of both

test errors and the plots of estimat&j since the rank of tru is 2: T-shape is seen
more clearly.

Overall, all three learning methods give really close results and perform similarly.
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4.5.8 Real Data Analysis: Hand-written Digit

We take400training observations arzDOtest observations, and they are distributed between

digit 1 and 2 as follows.

Digit 1 | Digit 2
Train 200 200
Test 100 100

Table 4.23: Examplg3

The following are the typical images of digltend 2:

Figure 4.35: Exampl23(a)

We have a binary classi cation problem of separating digitsd2, and we want to implement
LDA low-rank tensor regression based on least squares and regularized LDA low-rank tensor
regression equipped with the L1 and L2 penalties. We use rank 1,2, and 3 approximations.

The training data set i§(X;; Y;)g*®, whereX; 2 R'® 16 are16 16 grayscale values for the
images of handwritten digits and 2. Y is the class label coded & = N=N; for digit

1 andY, = N=N, for digit 2. We treat this two-class classi cation problem as a regression
problem. In order to assess the e ectiveness of the models, we use the test data to calculate
the classi cation error, which is de ned as:

P
29 |(Yiest 6 ¥)

test error=
200

In the following table, we summarize the results for the hand-written digit experiment for the
three di erent methods.

Results for the hand-written digit experiment. We report the test errortagsoridge and
ols over one run.

Table 4.24: Examplg3(b)

rank 1
approximation

rank 2
approximation

rank 3
approximation

lasso 0.015 0.005 0.010
ridge 0.015 0.005 0.005
ols 0.015 0.005 0.000

We observe that overall the rarkapproximation gives the best results, which leads us to

believe that the rank of tru8 might be rank2:
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4.5.9 Summary

We summarize our major ndings on the relative e ciency of di erent learning methods and
the usage of the optimal intercept formula based on our numerical experiments designed with
a chosen tensor regression coe cient and a real example study.

(1) Overall, LDA tensor regression model based on all three learning methods show good
performance and closely mimic the Bayes rule, regardless of the Bayes error and covari-
ance structure.

(2) In all the settings, we have varied the sample size to check how the results change
accordingly. As expected, when the sample size increases and the noise gets smaller, all
methods provide better performance in terms of smaller classi cation error.

(3) Low rankR approximations seem to give better results wRegets closer to the true
rank of the coe cient tensor.

(4) The computation time of the LDA low-rank tensor regression is quite fast. It takes a
very short time for the BCD algorithm to converge for all the three methods. In the
algorithm for ordei2 tensors, we use one stopping criteria.
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Chapter 5. Future Works

In the rst half of the thesis, we have been focusing on the regression problem setup where
the respons¥ is a numerical quantity and the model is linear in the parameters. Our analysis
suggests that the regularized low-rank tensor regression can outperform the unpenalized tensor
regression. In the second half of the thesis, we have been focusing on the binary classi cation
problem where the respon¥eis a class label, reconstructing LDA exactly via least squares
and the model is linear in the parameters. Our analysis suggests that the LDA low-rank
tensor regression gives the best result when the true rank of the tensor regression coe cient
is approximated by its true rank. In the future, one can extend this research in two directions:

(1)

(2)

®3)

Develop the low-rank tensor classi cation methods. For the hand-written digit experi-
ment, one can use classi cation approaches such as logistic regression, support vector
machines, and trees ([43], [41]). However, how to generalize them to tensors which is
less studied in the literature.

Develop the low-rank tensor nonlinear regression for the model which has a nonlinear re-
lationship, which simply means the relation cannot be expressed as a linear combination
of the parameters.

Explore alternative way to handle the estimation of optimal intercept in imbalanced
classi cation problems since we are not able to bypass the estimation of the sample
covariance matrices in that case.

We summarize our major ndings on the relative e ciency of di erent learning methods and
the usage of the optimal intercept formula based on our extensive numerical experiments
designed with chosen tensor regression coe cients and real data analyses.

Overall, LDA low-rank tensor regression model based on all three learning methods show good
performance and closely mimic the Bayes rule, regardless of the Bayes error and covariance
structure. In all the settings, we have varied the sample size to check how the results change
accordingly. As expected, when the sample size increases and the noise gets smaller, all
methods provide better performance in terms of smaller classi cation error. LowRrank
approximations seem to give better results WRagets closer to the true rank of the coe cient

tensor. Optimal intercept approach performs better in both simulation and real data examples.
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Appendix

1 10 10square matrix experiment

The estimated tensd for RX® 1%:n=100; 2=0:1.

Figure 1: Exampl@4
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The estimated tensdg for RX® 1%n =100; 2=0:75.

Figure 2: Exampl@4(a)
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The estimated tensd for R1® 19:n=50: 2=1:5,

Figure 3: Exampl@4(b)
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The estimated tensd for R1® 19:n=40: 2=0:1.

Figure 4: Exampl@4(c)
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The estimated tensdg for RX® 1%:n =400; 2=0:75.

Figure 5: Example4(d)
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The estimated tensd for RX® 1%:n =400; 2=1:5.

Figure 6: Exampl@4(e)
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2 20 20square matrix experiment

The estimated tensdé for R? 2:n =100; 2=0:1

Figure 7: Exampl@5
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The estimated tensdf for R? 29:n =100; 2=0:75

Figure 8: Exampl@5(a)
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The estimated tensd for R 20:n =100; 2=1:5

Figure 9: Exampl@5(b)
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The estimated tensd for R® 20:n =500 2=0:1

Figure 10: Exampl25(c)
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The estimated tensdf for R? 29:n =500; 2=0:75

Figure 11: Exampl25(d)
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The estimated tensd for R 20:n =500 2=1:5

Figure 12: Exampl25(e)
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3 64 64square matrix experiment

The estimated tensdé for R64 64:n =300; 2=0:1

Figure 13: Exampl26
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The estimated tensdf for R64 84:n =300; 2=1

Figure 14: Exampl26(a)
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The estimated tensdf for R64 64:n =300; 2=3

Figure 15: Exampl26(b)
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The estimated tensdf for R64 84:n =1000; 2=0:1

Figure 16: Exampl26(c)
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The estimated tensdf for R®4 84:n =1000; 2=1

Figure 17: Exampl26(d)
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The estimated tensdf for R®4 84 n =1000; 2=3

Figure 18: Exampl26(e)
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4 3 3shape matrix experiment

The estimated tensdé for R® 3:n =50: 2=0:05

Figure 19: Examplg7
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The estimated tensd for R® 3:n=50: 2=0:5

Figure 20: Examplg7(a)
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The estimated tensdd for R® 3:n=50; 2=0:65

Figure 21: Exampl27(b)
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The estimated tensdf for R® 3:n =100; 2=0:05

Figure 22: Exampl27(c)

182



The estimated tensdd for R® 3:n=100; 2=0:5

Figure 23: Exampl27(d)
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The estimated tensdf for R® 3:n =100; 2=0:65

Figure 24: Exampl&7(e)

184



5 10 10shape matrix experiment

The estimated tensdé for R 1°%:n=60: 2=0:1

Recovered images of 10 10 T shape matrix

Figure 25: Exampl28
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The estimated tensdg for RX® 1%n=60: 2=0:5

Figure 26: Exampl23(a)
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The estimated tensd for R1® 1:n=60: 2=1

Figure 27: Exampl28(b)
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The estimated tensdg for RX® 1%n=100; 2=0:1

Figure 28: Exampl28(c)
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The estimated tensdg for RX® 1%n=100; 2=0:5

Figure 29: Exampl28(d)
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The estimated tensdf for R1® 1%:n=100; 2=1

Figure 30: Exampl28(e)
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The estimated tensdg for RX® 1%n =200; 2=0:1

Figure 31. Exampl28(f )
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The estimated tensdg for RX® 1%n =200; 2=0:5

Figure 32: Exampl28(g)
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The estimated tensdf for R1® 19:n=200; 2=1

Figure 33: Exampl28(h)
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6 64 64shape matrix experiment

The estimated tensdé for R64 64:n = 750; 2=0:1

Figure 34: Examplg&9
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The estimated tensdf for R64 84:n=750; 2=1

Figure 35: Exampl29(a)
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The estimated tensdf for R®* 64:n =750; 2=4

Figure 36: Exampl29(b)
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The estimated tensdf for R64 84:n =1000; 2=0:1

Figure 37: Exampl29(c)
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The estimated tensdf for R®4 84:n =1000; 2=1

Figure 38: Exampl29(d)
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The estimated tensdg for R®* 64:n =1000; 2=4

Figure 39: Exampl29(e)
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7 3 3 3cube experiment

The estimated tensdé for R® 3 3:n=100; 2=0:1

Lasso, ridge and least square, respectively

Figure 40: Exampl80
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The estimated tensdf for R® 3 3:n=100; 2=3

Lasso, ridge and least square, respectively

Figure 41. Exampl80(a)
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The estimated tensd for R® 3 3:n=500; 2=0:1

Lasso, ridge and least square, respectively

Figure 42: Exampl80(b)
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The estimated tensd for R® 3 3:n=500; 2=3

Lasso, ridge and least square, respectively

Figure 43: Exampl80(c)
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7.1 Example 3: Cube Tensor

In this example, we want to design a problem where the true coe cient tdhssa3 3 3
cube tensor which has only three points equél aced diagonally and the rest zero. True
B is an orde3 tensor with rank3 decomposition.

We need to generate two classes wath 3 3 tensor covariateX from tensor normal
distribution such that

XJY =Yy TVN(Mj; Ui Uz Ug);
whereM; 2 R® 3 3forj =1;2andU; 2 R® 3 fori = 1;2;3: Instead, using Lemma 2.7.3,
we generate two classes wish 9 matrix covariates<(;y from matrix normal distribution

such that
x(l)jY = YJ MN (Mj(l);Ul;Ug, Uz);

1;:2andU = U; 2 R 3V =U; U,2 R ®:

whereM; = M;j,, 2 R® ° for |
Therefore, we can rewrite as

XY =Y, MN(M; ;U ;V):

01 0010010 %)

For this experiment, we choodé; = %)O 1001001 ﬁ; U = 133 and
0 0010010011
15001 0 010 O

V =0:5 lg o: ThenM, become%O 1 00 15 00 1 Og;usingtheequation
O 01 0 O 100¢®68

vedB)=(V U) vedM, M) for true B in Theorem 4.1.6.

In the following table, we summarize results for $is3 3 cube tensor experiment.
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Results for the8 3 3 cube experiment with orac®275 where trueB is cube-shaped.

Table 1: Exampl&1(a)

rank 1 | N=300 N=800

lasso | 0.4080(0.002) | 0.4019(0.002)
ridge | 0.4108(0.002) | 0.4042(0.002)
ols 0.4089 (0.002) | 0.4020(0.002)
rank 2 | N=300 N=800

lasso | 0.3704(0.002) | 0.3596 (0.002)
ridge | 0.3698(0.002) | 0.3615(0.002)
ols 0.3667(0.002) | 0.3586(0.002)
rank 3 | N=300 N=800

lasso | 0.3068(0.002) | 0.2929 (0.002)
ridge | 0.3114(0.002) | 0.2977(0.002)
ols 0.3181(0.002) | 0.2983(0.002)
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Two dimensional capture of the three dimensional imagB o shown below alongside a
color palette as a rubric to see the color shades assigned to each interval.

Figure 44: Exampl81 TrueB 2 R® 3 3
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Here we present plots of the estimatégyiven by the least squares, the lasso, and the ridge
regression foN = 300 andN = 800 settings with rankl; 2 and 3 approximations.

The estimated tensd for R® 3 3:N =300 with rank 1 approximation

Lasso, ridge and least square, respectively

Figure 45: Exampl81(b)
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