PERIDYNAMICS WITH STRAIN GRADIENT ELASTICITY TO ACCOUNT FOR
MICROSTRUCTURAL SIZE EFFECT

by

Cody Aaron Mitts

Copyright © Cody Aaron Mitts 2024

A Dissertation Submitted to the Faculty of the

DEPARTMENT OF AEROSPACE AND MECHANICAL ENGINEERING

In Partial Fulfillment of the Requirements

For the Degree of

DOCTOR OF PHILOSOPHY

WITH A MAJOR IN MECHANICAL ENGINEERING

In the Graduate College

THE UNIVERSITY OF ARIZONA

2024



THE UNIVERSITY OF ARIZONA
GRADUATE COLLEGE

As members of the Dissertation Committee, we certify that we have read the dissertation

prepared by: Cody Aaron Mitts, titled: Peridynamics with strain gradient elasticity to account for
microstructural size effect

and recommend that it be accepted as fulfilling the dissertation requirement for the Degree of
Doctor of Philosophy. g

Czufz‘},rm yYM“’" AUg 15, 2024
4 €.

Dat
Erdogan Madenci
o il Aug 15, 2024
Olesya Zhupanska (Aug 15, 2024 13:44 PDT) Date:
Olesya Zhupanska
A é) y
/ \[W"Lﬁ( oAl Date: /'4):‘? /é y P "'{
David Poirier

AM% Aug 15,2024
Stewart Silling (Aug 15, 2024 1441 MDT) Date:

Stewart Silling

Final approval and acceptance of this dissertation is contingent upon the candidate’s submission
of the final copies of the dissertation to the Graduate College.

I hereby certify that I have read this dissertation prepared under my direction and recommend
that it be accepted as fulfilling the dissertation requirement.

C’JM/ (7 YYladeron

Dat

Aug 15,2024
.

Erdogan Madenci
Dissertation Committee Chair
Department of Aerospace and Mechanical Engineering



ACKNOWLEDGEMENTS

I would like to express my heartfelt gratitude to all those who have supported me throughout
my studies. Their encouragement, guidance, and unwavering support have been instrumental in helping

me reach this significant milestone in my life.

I am deeply grateful to my advisor, Dr. Erdogan Madenci, for his invaluable guidance

throughout my academic journey.

I extend my sincere thanks to each of my committee members: Dr. Olesya Zhupanska, Dr.
David Poirier, and Dr. Stewart Silling. | have learned immensely from each of you, whether in the

classroom or at conferences and seminars.

A special thanks to Dr. Elias Aifantis for introducing me to his field of study and setting me
on this research path. | also owe a debt of gratitude to Dr. Atila Barut for his continuous help and

guidance throughout my academic career.

I would also like to thank my close friends at AME: Dr. Ali Can Bekar, Dr. Hamed
Malakoutikhah, Dr. Deepak Behera, Dr. Vinod Anicode, and John Fox. | am fortunate to have gotten to

know you all, and I am proud to call you my friends.

Finally, | want to express my deepest appreciation to my family for their unwavering love and

support, without which | would not be where | am today.



DEDICATION

Dedicated to my family



TABLE OF CONTENTS

LIST OF FIGURES 7
ABSTRACT 10
1. INTRODUCTION 11
1.1 Background and MOLIVALION............cciiiiiiiiiiecee ettt et e ere v e ens 11
1.2 Brief introduction to strain gradient €lastiCity ............c.cccoevvieiiiiicieeieeceeece e 12
1.3 Introduction t0 PEIIAYNAMICS ......ccueicvieiieieceiecee ettt ettt ettt etae s reesreeeveeveeare e 14
L4 SUMIMIAIY ...ttt ettt ettt et e e tv e e e tte e st e e tbeesebeesaseessbaeasseesssaassseesssaassseesssaaasseesssaansseesssaensseens 17
1.5 0rganization OF theSIS .........coviiiiiieeee ettt et st ste e ereere e 17

2. GOVERNING EQUATIONS 19
2.1 Introduction to elastic deformation with gradient elasticity theory ..........cccccoooeevieieiiciccienn. 19
2.2 BOUNArY CONUITIONS .....c.viiiiiieiiieiccteeeteecte ettt et ettt re e eae e te et e e b e easesaaeereenreas 20

3. PERIDYNAMIC DIFFERENTIAL OPERATOR 23
UL INIFOUUCTION ..ottt ettt et ettt et e e estesa e s e beeseeseeseaseessensessesseasesneeseeneansansans 23
3.2 Construction of one-dimensional PD deriVatiVeS ............cccoverererininieieieieie e 23
3.3 Construction of two-dimensional PD deriVatiVES .............ccooerererireeieieieieieseese et 26
3.4 Analytical form of PD deriVALIVES ........c.ooouieiieiieieeeecetecte ettt 30
3.5 Investigation of analytical PD functions and derivatives with examples............ccccccoeveeieereennen. 31

4. ONE-DIMENSIONAL ANALYSIS 34
4.1 PD form of the equation of motion with gradient elastiCity.............cccoocoevieiiiiiiiiciicieeeeiee. 34
4.2 PDSG Dispersion FEIAtiONS ...........ccueeuieiiieeiiecieecee ettt ettt et eveeere v easeeaeeeveeneas 35
4.3 Numerical IMPIEMENTALION ........c.oooviiiicieeeece ettt et ere e v re s 37
A4 NUMEIICAL FESUILS ...ttt sttt et e e esbesaeeseeneesaensaneas 40
4.4.1 PDSG model of carbon nanotube under tensile fOrce ..........ccocvvevieciecieienere e 40

4.4.2 PDSG model of CNT under dynamic 10ading..........cocoveeuieiieiiiieieeceee e 43

5. TWO-DIMENSIONAL ANALYSIS 45
5.1 Ordinary state-based formulation with gradient elastiCity .............ccocveeieeiecievienenieeceeeeeiens 45
5.2 HOMOQENEOUS AEFOIMELION.........covieiiiiieiieiieieiet ettt sttt sbesbe s eteeneessensens 48
5.2 Numerical implemMENtAtiON ............ccociiieiieieietiee ettt ettt sbesbe s teeseessensens 50
5.3 BOUNAAIY CONAILIONS ......c.oeieieiiitieieeitetieteiet et ettt ettt et esae b e e sbesteeseesaesaessessessesesseeseessassessens 50
5.3.1 Displacement boundary CONAITIONS ..........cceeveeuieiiiieieieiee ettt 51

5.3.2 Displacement gradient boundary CONAition............c.ccevueriirierieinieieieiee e 51

5.3.3 Traction boundary CONAILION ...........ccevieviiriireiieiieieieie ettt seessensens 55

5.3.4 Double traction boundary CONAItION ..........c.ocvvvieiiiieieieiee e 56

5.4 NUMEIICAI FESUITS ......veeieiieiieieie ettt ettt ettt ettt sb et e eteetbessessessessessesseeseessessensens 64
5.4.1 Quasi-static PDSG model of CNT under tensile force..........oovevveiieveececciceeeeeeeecees 64

5.4.2 PDSG model of a microscale film under tangential displacement ...........c.cccoooveieiecieiennnn. 68

5.4.3 PDSG model of a square nanoscale film with and without a crack............c.cccovevevnenenenn. 72

6. CONCLUSIONS AND FUTURE WORK 78
5.1 SUMIMANY .....eiiieiietiett et et ete et e st te st e st e te e et eseeeseesseenseenseenseassesssesssesseenseenseenseenseessanseenseensennsenn 78
8.2 FULUIE WOTK ...ttt ettt ettt e s b ene e 79



APPENDICES

Appendix A: PDDO for

ATelative TUNCEION ... e

Appendix B: One-dimensional analytical form of PD functions.............cccoevevveoeeceieceeeeeeeee
Appendix C: Two-dimensional analytical form of PD derivatives...............ccooveeveeeeeiieeeeeeeenne.
Appendix D: Lagrange multiplier method for enforcing boundary conditions................ccccoevenee.e.

Appendix E: Acronyms

BIBLIOGRAPHY

81
81
84
86
90
93

94




LIST OF FIGURES

Figure 1. Interaction of PD points, and with arbitrary family sizes for one-dimensional analysis. ....... 24

Figure 2. Symmetric position of points x and x’ in their interaction domains. ............ccccoeevvreneennen. 26
Figure 3. Comparison of PD and classical wave frequency diSPersions ...........ccoceevvereienennieseneennen, 37
Figure 4. Geometry and boundary condition of a carbon nanotube............cccccvveriiieneiiencieee, 41
Figure 5. Representative discretization of a carbon NANOLUDE ...........ccoviiiiiiiiic e, 42
Figure 6. Comparison of the analytical SG solution to the PDSG displacement predictions................ 43
Figure 7. Comparison of classical SG and PDSG transient solutions of CNT ..........c.cccccvveviveiienieeinns 44
Figure 8. Force density VECIOrs in PD: OSBh........cccviiiiiiiieiieseese e ste e ste e ssae et e e sae e 45
Figure 9. Force density VECIOrS iN PD: BB ........ccccoiiiiiiiiiiee e 48

Figure 10. Fictitious PD points, X, around the actual PD points, x_ in the real domain for the
imposition of boundary conditions on the boundary point X, with unitnormal n............ccceceviiinn, 51

Figure 11. A set of points in the real and fictitious domains for computing the first order derivatives

along the unit normal nN™ ={0, %1} iN @ 2D MOGEI ........cecevireriiiriieicieieiee e s 53

Figure 12. A set of points in the real and fictitious domains for computing the first order derivatives in

oI N0 o Yo =] [T TP 53

Figure 13. A set of points in the real and fictitious domains for computing the first order derivatives

along the unit normal N ={#1,0} iN @ 2D MOUEI .......cceuerireiricirieieieriee et 54

Figure 16. A set of points in the real and fictitious domains for approximating the second order

derivatives in the direction of unit normal n" ={0,+1} in a nonlocal sense for a 2D model ................ 58

Figure 17. A set of points in the real and fictitious domains for approximating the second order mixed

derivatives in the direction of unit normal n™ ={0,+1} in a nonlocal sense for a 2D model ................ 59



Figure 18. A set of points in the real and fictitious domains for computing the second order

derivatives in a nonlocal SeNSe fOr @ 1D MOGE] ........couiiiiiiiiii et 60

Figure 19. A set of points in the real and fictitious domains for approximating the second order

derivatives in the direction of unit normal n" ={%1,0} in a nonlocal sense for a 2D model ................ 61

Figure 20. A set of domain and fictitious points for computing the mixed second order derivatives in

the direction of unit normal n™ ={#1,0} in a nonlocal sense for a 2D Model...........cccccvevvreerererennne. 62

Figure 21. A set of points in the real and fictitious domains for computing the second order

derivatives in a nonlocal sense for a 1D MOl ..........coooviiiiiiiiii i s 63

Figure 22. Carbon nanotube idealization as a nanoscale film for: a) one-dimensional analysis, and b)

tWO-AIMENSIONAL ANAIYSIS .....eeeieieicce e re e e et e e te e e e eneennee e 65
Figure 23. PD discretization with uniform grid spacing: a) 1D analysis, and b) 2D analysis ............... 66

Figure 24. Comparison of PDSG prediction with analytical solution for horizontal displacement, u,

for ¢/6=10.0 and 40.0: a) 1D model and, b) 2D MOdel............ccccoriiiiiiiiiiiee e 68

Figure 25. A rectangular microscale film subjected to tangential displacement constraint: a) Geometry

and boundary conditions, and b) PD diSCretiZation ............c.ccuviriiririinieseseseeese e 69

Figure 26. PDSG prediction of horizontal displacement (displacements scaled 100x), u, : a)

0185=111and D) /5 =3.32 .o 71

Figure 27. Comparison of PDSG and analytical solutions for horizontal displacement,

U, (x, =0.5W,x,) along the x, axisfor £/5=18and 36. ........ccceceviriiiiimisniiiic e, 72

Figure 28. Geometry and loading of the square film under tension: a) without a crack, and b) with a

(o L= o -1 RS 73

Figure 29. Discretization of the square film: a) without a crack, and b) with a central crack ............... 73



Figure 30. In the absence of a crack, the vertical displacement along the center line, x, =5.0nm for

VANYING VAIUES OF £/5 .« cuvviriiiiiie ettt bbbttt 75

Figure 31. PDSG predictions of vertical displacement contour variations: a) ¢/ =0.08, and b)

L1 G =000 ot 76

Figure 32. In the presence of a crack, displacement variation as a function of ¢/ : u,(x, X, =5nm) 76

Figure 33. Reduction in crack opening displacement for increasing value of 0/ .......cccoevieneine, 77

Figure 34. Mesh dependence study with constant /& ratio..........cccceveieiinnieiin e 77



10
ABSTRACT

This study proposes the development of a peridynamic (PD) model with strain gradient
elasticity (SGE) for size effect on scaling of structural strength. Peridynamic theory introduces damage
into the constitutive relations in a natural way. It will enable the investigation of the combined effect
of PD and SGE length scale parameters on the stiffness and strength of the material. The primary
challenges of general gradient elasticity are the vast number of constitutive parameters. Also, it
requires two additional non-classical boundary conditions arising from the presence of fourth order
spatial derivatives in the equation of motion. Considering a simplified SGE model with commonly
accepted length parameters, the PD form of the equilibrium equations are established for one- and two-
dimensional analysis. The PD with SGE (PDSG) equation of motion is without any spatial derivatives
and allows for the imposition of displacement constraints and non-zero tractions in the form of a body
force density. The PD equations are derived in their bond-based and state-based forms. This derivation
presents a novel approach to write the bond-based and ordinary state-based force density vectors for
PD and PDSG in terms of the PD functions provided by the Peridynamic differential operator (PDDO).
The resulting equations present two length parameters: the horizon of a material point in PD and the
characteristic length in SGE theory. The PDSG is first applied to study the deformation response of a
single-walled carbon nanotube (SWCNT) subjected to an axial load, and subsequently its longitudinal
vibration. To verify the two-dimensional PDSG formulation a thin film is modeled to mimic the one-
dimensional SWCNT problem and subsequently compared with the one-dimensional analytical
solution. Another benchmark problem of a thin film subjected to tangential displacement is compared
to its analytical solution. The dynamic response is compared to a point-wise computational solution
with nonclassical boundary conditions. Finally, a plate with and without a crack is modeled to

showcase the capability of the PDSG model.
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1. INTRODUCTION
1.1 Background and motivation

Advancements in material science, fabrication techniques, experimental characterization, and
computational modeling at micro and nanoscales have led to the emergence of materials with
significantly improved properties (Greer and De Hosson, 2011). Both intrinsic (microstructural) and
extrinsic (dimensional) effects play significant roles in the mechanical response of materials at different
length scales (Greer and De Hosson, 2011; Wu et al., 2023; Al-Rub, 2004). The size of the engineered
microstructure and the external bulk structure can be considered as additional parameters in the design

space.

Experimental observations suggest that structural size can significantly impact the
deformation or failure response of materials (Al-Rub and Voyiadjis, 2004; Voyiadjis and Al-Rub,
2005). Materials exhibit increased stiffness when the structure is small, leading to the so-called "size
effect," which encompasses various phenomena (Zhu et al., 2008). The size effect can be categorized
into two main types: intrinsic and extrinsic. The intrinsic size effect is closely linked to material
microstructural heterogeneities, such as soluble alloying elements, second-phase precipitates, and
variations in grain size, which play pivotal roles in determining material strength. Conversely, the
extrinsic size effect is associated with the physical dimensions of the structure itself. In small
structures, fewer sources of dislocations result in increased strength. Greer and Hosson (2011) discuss
the interplay between intrinsic and extrinsic size effects, emphasizing the importance of studying the

dynamics of moving dislocations in this context.

When observing materials at microscales and nanoscales, they exhibit discrete characteristics,
and their size-dependent behavior becomes more pronounced. This is particularly evident in
microelectromechanical systems (MEMS) and nanoelectromechanical systems (NEMS) (Al-Rub,
2004), which have recently found widespread applications in medicine and engineering. For example,
nanomaterials have been used to treat infectious diseases (Feizi, 2022). Feizi et al. (2022) applied silver
nanoparticles (Ag NPs) as an alternative to antibiotics to treat infections caused by antibiotic-resistant

bacteria. Damodharan (2021) reviewed the areas where nanomaterials have applications, such as drug
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delivery, nano-machinery, antibacterial agents, tissue engineering, and nano-imaging. Environmental
science and engineering also benefit from using nanomaterials to detect and restore polluted soils and
water (Shan, 2009). These are just a few of the applications for nanomaterials. At micro and
nanoscales, size-dependency becomes apparent due to the increased surface-to-volume ratio of grains
in polycrystals and the influence of granular materials (Al-Rub, 2004). Additionally, lattice structures

introduce a characteristic length scale that further affects the size of the representative volume element.

Ensuring accuracy in material modeling is crucial to effectively characterize and predict the
mechanical behavior of these materials. Mathematical and computational models with a length scale
parameter become essential to capture the size effect for structures. Classical continuum mechanics
(CCM) operates under the assumption that the typical size of material constituents, such as grains or
imperfections, is significantly smaller than the representative volume to which the principles of
averaging apply. There exists no length scale in the constitutive description of the material within
CCM. Studies have shown that standard models lack the precision needed to adequately capture the
unigue bending behaviors occurring in beams at both micrometer and nanometer dimensions (Chen et
al., 2006; Lam et al., 2003; Liebold and Midiller, 2015). Similarly, these models also fall short when
trying to accurately represent wave transmissions within materials possessing a hexagonal
microstructure (Rosi and Auffray, 2016). As materials and structures with microarchitecture grow more
complex across length scales, there is a rising need for modeling techniques that go beyond what
classical continuum theory offers to predict and simulate the mechanical responses of a broad array of
both natural and engineered materials. The introduction of a length scale parameter in material
modeling has become important for material development, particularly considering the swift

advancements in manufacturing technologies such as additive manufacturing.

1.2 Brief introduction to strain gradient elasticity

The strain gradient (SG) theory, initially introduced by Mindlin (1964) and further developed
by Mindlin and Eshel (1968), incorporates material length scales into continuum models. By
introducing higher-order gradients with multiple characteristic length scales, Mindlin distinguished

between micro-scale and macro-scale quantities. The first-order SG theory includes the first gradient of
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strains in the strain energy density (SED) function, introducing five higher-order material coefficients
in addition to the classical material moduli. Mindlin extended the theory by incorporating the second
gradient of strains, resulting in a total of eighteen material constants (Mindlin, 1964, 1965). To simplify
this theory, Mindlin derived specific forms of the equations of motion, the simplest of which employs
only three additional length scales related to stiffness and inertia. This form can be further simplified
by disregarding the inertial length scale and equating the stiffness-related length scale parameters,

linking the parameter to the material microstructure.

Aifantis (1992) proposed a linear elastic constitutive relationship incorporating the Laplacian
of strain multiplied by a length scale parameter. This model is appealing due to its simplicity,
introducing only one additional parameter and resulting in a fourth-order partial differential equation
(PDE) that necessitates nonclassical boundary conditions (Askes et al., 2008). Altan and Aifantis
(1992) and Ru and Aifantis (1993) demonstrated that the SG theory effectively eliminates strain
singularities. Special techniques, such as splitting the fourth-order equilibrium equation into two
second-order equations, can be used to construct solutions (Ru and Aifantis, 1993). Askes and Aifantis
(2002) provided solutions using the Element-Free Galerkin method, assuming derivatives of strain
vanish on the boundary. Niiranen et al. (2016) examined the strong and weak forms of the governing
equations for simple structural components, employing the isogeometric Galerkin method to capture

the stiffening effect in a bar for an increasing length scale parameter.

Although identifying length scale parameters poses significant challenges and complexities,
they can be estimated through a reverse methodology combining empirical observations with
theoretical models. Maranganti and Sharma (2007) provided SG elasticity values for various materials
relevant to nanotechnology, based on an atomistic perspective. Additionally, it can be approximated by
comparing the dispersion charts of Rayleigh waves generated by the SG theory with those obtained

from lattice dynamics computations (Gourgiotis et al., 2004; Gourgiotis and Georgiadis, 2009).

There is a wide range of applications for SG models in materials science and engineering.

Several studies, such as those by Vardoulakis et al. (1996), Lazar et al. (2006), Deng et al. (2007), Gao
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and Park (2007), Khakalo and Niiranen (2017), Zhang and Sharma (2005), Gao and Ma (2010), and

Liu and Gao (2013), employ SG models to avoid stress singularities arising from the presence of
cracks. Other studies, such as those by Lam et al. (2003), Liebold and Miller (2016), and Reddy et al.
(2013), applied SG models to simulate nanostructures and microstructures, accounting for size and
scale influences on material behavior in various microscale and nanoscale devices. Polyzos and
Fotiadis (2012) applied SG models to investigate granular materials exhibiting complex behavior due
to interactions between individual grains. Additionally, Alibert et al. (2003), Askes and Metrikine
(2005), Madeo et al. (2014), Seppecher et al. (2011), Dell’Isola et al. (2015), and Rahali et al. (2015)

demonstrated the adoption of SG models during the design of metamaterials.

The trade-offs of including strain gradients in material models are the increase in
computational complexity and cost. Strain gradient theories require the computation of higher-order
spatial derivatives, which can be numerically challenging and expensive. Additionally, although strain
gradient theories have existed for a while, the experimental validation of these theories can be
challenging due to difficulties in measuring higher-order strain gradients. This can lead to skepticism
about the practical utility and physical relevance of these models. The additional material parameters
are difficult to measure or calibrate, limiting their predictive capabilities. In some cases, simpler
theories without strain gradients might be "good enough” for practical engineering purposes, following
the principle of parsimony that the simplest model fitting the data is usually the best. Strain gradient
effects are usually significant at microscales and nanoscales. For problems at larger scales, the

inclusion of strain gradients might not be necessary or might lead to insignificant corrections.

1.3 Introduction to peridynamics

Within the realm of CCM, solving the equation of motion with SG theory, which appear as
PDEs, requires smoothness. The undefined derivatives of displacement components in the presence of
discontinuities such as cracks pose mathematical and computational challenges. Introduced by Silling
(2000) and Silling et al. (2007), the PD theory with an internal length parameter (horizon of a material
point) removes such challenges, allowing for interactions of material points within their horizons. The

PD horizon can be viewed as an internal length parameter of a continuum model, facilitating
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information exchange between material points beyond immediate neighbors, which is advantageous for
handling field discontinuities. The choice of the PD horizon is often a function of grid spacing, and the
degree of nonlocality can be adjusted depending on the application. Due to the nature of the PD
horizon, there is a tradeoff between computational cost and the degree of nonlocality, which may limit

its ability to accommodate size-dependent effects.

Recent efforts have aimed to capture size effects using PD. Bazilevs et al. (2022) introduced
the Microplane model (M7) of concrete into the non-ordinary state-based PD formulation. This
constitutive model provides additional parameters to account for the complex mechanical behavior of
concrete and can capture size effect. Hobbs et al. (2022) introduced the bond-based PD model with a
damage parameter to capture the structural size effect of notched and unnotched concrete beams. The
damage model introduces additional parameters that need to be calibrated against experiments,
indicating that the length scale parameter (horizon) introduced in PD is a computational cut-off
parameter and not related to the material. Nonetheless, the addition of an internal or characteristic
length scale is necessary to capture the size-dependent behaviors across different length scales (Bazant,

1999).

The PDDO based on the concept of PD interactions enables recasting any PDE in its nonlocal
integral form (Madenci et al., 2016; Madenci et al., 2019). The PDDO is used to directly implement SG
theory into the nonlocal PD framework. In the context of PD with SGE, the model incorporates the
effects of both nonlocal interactions and strain gradients. The internal length scale parameter(s)

introduced by SG theory invokes the effect of material microstructure.

Towards this goal, Chen and Chan (2020) and Chan and Chen (2023) developed a higher-
order PD material correspondence model using the SG theory. This introduces a micron or sub-micron
material length parameter in addition to the PD horizon. They specifically state that the imposition of
nonclassical boundary conditions in PD is challenging and requires further investigation. This model
captures the reference solutions corresponding to the classical SG equation. To remove the singular

stress field at the dislocation core, Ritter and Zaiser (2024) combined bond-based PD and SG elasticity
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to construct a two-scale structure model of a dislocation for correct modeling of surface boundary

conditions.

This study presents a PD model coupled with SG theory to capture the size effect on the
strength of nanoscale and microscale structures. Therefore, the present approach combines the effects
of PD and SG length scale parameters on the stiffness and strength of the material. The resulting
equations present two length parameters: the horizon of a material point in PD and the characteristic
length in SG theory. The PDSG equation of motion is free of spatial derivatives, thus allowing for
failure initiation and growth without smoothness. Furthermore, it presents approaches to enforce
classical and nonclassical boundary conditions. The coupled PD with SG offers a new computational
approach to predict deformation and damage under general loading conditions while capturing size

effects.

Both PD and SG aim to address the limitations of classical local theories, though they do so
through different mechanisms. In PD, the material points interact with each other over finite distances
through integral equations rather than differential equations. The PD horizon represents a fixed
interaction distance that does not vary with local structural features of the material, which may limit its
ability to capture detailed size-dependent effects. Gradient elasticity extends classical elasticity by
incorporating higher-order spatial derivatives of the strain field into the constitutive equations. The SG
internal length parameter directly influences how strain gradients affect material behavior, allowing the
theory to naturally account for size effects. This is crucial in capturing phenomena such as size-
dependent stiffness, hardening, and softening, which are observed in materials when the characteristic
dimensions of the specimen or the microstructural features are comparable to the internal length scale.
Therefore, gradient elasticity can accurately describe how the behavior of a material changes with size,
something that Peridynamics, with its horizon, cannot do as effectively. The union of these two
theories allows PD to be used for its robust handling of discontinuities and crack propagation, while
gradient elasticity can be applied to capture detailed size effects and localized material behaviors. Their
combined use can enhance the accuracy and robustness of simulations, providing a powerful tool for

the design and analysis of advanced next-generation materials.
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1.4 Summary

In summary, advancements in material science, fabrication techniques, experimental
characterization, and computational modeling have significantly improved the properties of materials at
micro and nanoscales. Both intrinsic and extrinsic size effects are crucial in understanding and
predicting the mechanical behavior of materials. The integration of SG and PD theories presents a
comprehensive approach to accurately model and simulate the size-dependent behaviors of advanced

materials, offering new possibilities for the design and development of next-generation materials.

1.5 Organization of thesis

The proposed research integrates PD theory with Strain Gradient Elasticity (SGE), introducing
two length scale parameters: the horizon of a material point in PD and the characteristic length in SGE.

This thesis is organized to explore this integration and its implications.

Chapter 1 provides the background and motivation for the research, emphasizing the importance and

potential applications of combining PD with SGE.

Chapter 2 presents the Governing Equations, introducing the foundational concepts of elastic
deformation within the framework of gradient elasticity theory. This chapter sets the stage for the

detailed formulations and analyses that follow.

Chapter 3 introduces the Peridynamic Differential Operator (PDDO and highlights its significance.
The chapter then delves into the construction of one-dimensional and two-dimensional PD derivatives,
presenting their numerical and analytical forms. It concludes with an investigation of these analytical
PD functions and their derivatives through practical examples, illustrating their applicability and

effectiveness.

Chapter 4 addresses the one-dimensional analysis. It starts with formulating the PD version of the
equation of motion that incorporates strain gradient terms. The chapter then explores the wave
dispersion relations in the PDSG model and discusses the numerical implementation methods used.
The numerical results are presented in detail, including the PDSG model of CNT under tensile forces

and dynamic loading conditions.
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Chapter 5 extends the analysis to two-dimensional problems. It begins with developing a two-
dimensional PD formulation that includes strain gradient effects. The chapter covers homogeneous
deformation scenarios and the numerical implementation methods employed. A detailed discussion on
various boundary conditions follows, including displacement boundary conditions, displacement
gradient boundary conditions, traction boundary conditions, and double traction boundary conditions.
Numerical results are then presented for two-dimensional cases, including a quasi-static PDSG model
of CNT under tensile forces and simple shear as well as a PDSG model of a square nanoscale film,

with and without cracks.

Chapter 6 presents the conclusions and future work. This chapter summarizes the initial findings and
draws conclusions based on the research. It also discusses plans for future work, outlining potential

directions and further investigations that can build upon the outcomes of this study.

Appendices provides essential mathematical and technical details supporting the main content. It
begins with the PDDO for a relative function. This is followed by the one-dimensional analytical form
of the PD functions and 2D analytical form of PD derivatives. The chapter also includes the Lagrange
multiplier method for enforcing boundary conditions, which describes a technique to impose
constraints in numerical simulations. Finally, a list of acronyms is provided for quick reference to the

abbreviations used throughout the text.
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2. GOVERNING EQUATIONS

2.1 Introduction to elastic deformation with gradient elasticity theory

The classical equation of motion is of the form
pu(x,t)=Ves(x,t) +b(x,t) for xeQ (2.1)

where the variable p represents density and b is the body force vector. For isotropic linear materials,

the first and second strain gradient elasticity models introduce, respectively, five and sixteen additional
material moduli, which essentially complicate the methods for finding the new material constants

Mindlin and Eshel (1968). The Cauchy stress tensor, 6 with a SG model can be expressed as
6=6,-(%c, (2.2)

in which ¢ is the internal length parameter introduced by Aifantis (1992). The gradient elastic stress-
strain relations include only one additional gradient coefficient, ¢ with the dimension of length

squared. For a linear isotropic material, the classical and nonclassical parts of the stress tensor are

defined as

c,=C:g (2.33)

and

6, =V’ =C:Vs (2.3b)

where C is the 4™ order material property tensor and ¢ is the linear strain tensor. The subscripts ¢ and
nc denote the classical and nonclassical parts of the stress-strain relations. For a two-dimensional

analysis, these expressions can be rewritten in component form as

Ocun Dy, D, 0 |[&
O (=|Dp Dy 0 |4y (2.49)
Oc12 0 0 Dy len

and
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Ohne1t D, Db, 0 én
Onezz [~ D12 Dzz 0 |V¥ie 2 (2 -4b)
Ohnet2 0 0 Dy €1

in which the coefficients are defined as D, = D,, = EQA-v)/[1+v)A1—-2v)], D, = EV/[1+v)(1—2v)]
and D,, =E/(1+v) for plane strain conditions, and D,, =D,, =E/(1-v)?, D, =Ev/(l-v)* and
D,, = E/(1+v) for plane stress conditions. Where E and v are the Young’s modulus and Poisson’s

ratio, respectively. The components of the strain tensor are denoted as ¢,, with o, f=12.

2.2 Boundary conditions

The associated boundary conditions on the surface 6Q with a unit normal vector n and unit tangent

vector S to the boundary can be specified as Niiranen (2016).

o((Ve,)n)s o5

cn—sz—gﬁ((VcC)n) =T or u=u for xeaQ (2.5)
and
(Vu)n =T or *((Vo,)n)n=T" for xeoQ (2.6)

where T is the specified traction vector, T is the specified double traction vector, U represents the

displacement vector, u* is the specified displacement vector, and U* is the specified displacement

gradient normal to the boundary. The stress tensor can also be written in terms of displacement
G=(1—€2V2)(/I(V-u)l+,u(Vu+(Vu))T) @.7)

where 4 and u are the Lameé material constants, and ¢ is the Kronecker delta, 1 is the identity

matrix, and V, Ve, and V? are, respectively, the gradient, divergence and Laplacian operators.

Substituting for the stress tensor, ¢ leads to the Navier-like displacement equation in the form



pU(x.) = (avo(xt)+ u(V2u(xt) +2vVau(x,t)))

—(? (aVV29+ #(V*'u(xt)+2vv? (Veu (xt)))) +b(x,t)

in which & represents dilatation and is expressed as
0(x,t) =Vsu(x,t)

The parameter a is defined as

ﬂ(4v—lj 3D and plane strain
1-2v

3v-1
y7, plane stress

1-2v
The equation of motion can be rewritten as
pU(Xt)=M(x,t)—*N(x,t)+b(x,t)
where the internal force vectors M and N are defined as
M(x,t) =ave(x,t)+ u(VZu(xt)+2VVeu(xt))
and

N(xt)=avv?o(xt)+u(Vu(xt)+2vV? (Veu(xt)))
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(2.8)

(2.9)

(2.10)

(2.12)

(2.12)

(2.13)

This equation of motion presents fourth order spatial derivatives; therefore, its solution

requires additional non-classical boundary conditions, and their physical interpretation are unclear.

Also, its solution suffers from mathematical inconsistency when the material fractures because the

spatial derivatives of displacements are not defined across discontinuities. Hence, it is not suitable for

the initiation and propagation of damage. To this end, PD theory is used due to its reformulation of the

equilibrium equations in the form of an integro-differential equation in time and space Silling (2000). It

is a non-local theory that provides a robust theoretical framework that includes failure behavior of
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materials. It defines material behavior at a point in a continuum body as an integral equation of the
surrounding displacement. The governing equations of PD theory are free of spatial derivatives, and
crack initiation and growth is intrinsic to the constitutive relations. No additional assumptions or
techniques are required for modeling damage and fracture. Also, boundary traction does not appear in
the PD equation of motion. Furthermore, constraint conditions are, in general, not necessary for the
solution of an integro-differential equation. Physically meaningful boundary conditions can be
imposed on displacement and velocity fields and the external loads can be applied as body force
density (Madenci et al., 2013). Also, the PD theory captures the dispersion characteristics of the
continuum (Eringen, 1972). The dispersive nature of waves is the feature of real materials as a result
of long-range forces. The second length parameter appearing in SGE for propagation characteristics of

the higher wave numbers is not necessary (Askes et al., 2006).
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3. PERIDYNAMIC DIFFERENTIAL OPERATOR
3.1 Introduction
The PD concept includes nonlocal interactions between a point X with other points in its
domain of interaction, x'. Each point has its own family of points dictated by its domain of

interaction, H,. These points, also called material points, occupy an infinitesimally small volume,

area, or distance depending on the dimension of the analysis. The horizon denoted as & , truncates the
domain of interaction limiting x and x' to only interact with other points of their respective families,

H, and H,.. The initial relative position vector can be expressed as §=x-x". This framework allows

for symmetric or nonsymmetric domains of interaction and each point to have its own unique family
with an arbitrary position. The family size and its shape influence the degree of nonlocality. As the

family size decreases, the more local the interactions become. The degree of interaction of material

points within a family is dictated by a introducing a weight function, w(|§|) Although commonly

specified to be the same for each point, the weight function can be different. The PD form of the PDEs
can be derived by employing the PDDO (Madenci et al., 2016 and Madenci et al., 2019). The PDDO
converts local differentiation into a nonlocal integral form by using the PD functions. They are
determined directly by constructing them as orthogonal to each term in the Taylor Series Expansion

(TSE).

3.2 Construction of one-dimensional PD derivatives

Since the governing equations require up to fourth-order derivatives the one-dimensional TSE

can be expressed as

of(x) 1 _,0°f(x) 1 _,0°F(x)
x T21° o T3° o

o*f (x)
oxt

f(x+&)-f(x)=¢& +%§4 +R, (x) (3.1)

As shown in Fig. 1, a point X interacts with and is influenced by other points, x" within its horizon,

H, . The relative distance between these two points is defined as &=x'—x. The function f(x) is

treated as known to evaluate the relative change in the function f (x+¢&)— f(x). Each term in the
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TSE is multiplied by the PD functions g/ where the subscript and superscript represent the order of the

TSE and the order of the derivative, respectively as

of o f
[(t0cre)-t00az v, = T fegp(@av,+ S [ L egr v
Hy Hy Hy (32)
(X)) ¢ 1, ’F(X) ¢ 1, ,
o ELEH OO R ol P HOLY

Where V,, is the volume at point x". All terms except the desired PD function corresponding to the

order of derivative must be orthogonal to the remaining terms in the TSE as
L enge dv, =9, 3.3
m;“-g g4(é) x"— “np ( : )

with n, p=0,1,2,3,4 and 5, is the Kronecker delta symbol. Enforcing orthogonality results in the PD

form of the derivatives as

of (x)
OX
01 (x) g: ($)
o = X+&E)—u(X 9. (¢)
an(x) _Hx(f( 5) ( )) gf(é) v, (3.4)
ox® 9. ($)
o*f(x)
ox*

C’ H\"
e~
aGRESEs =" 1 ’X'
n4—-o-4——o~;—|——o——+—o—4~&;-+—-o——+—- —————— >
H, X x'

Figure 1. Interaction of PD points, and with arbitrary family sizes for one-dimensional analysis.

By employing the PDDO the nonlocal form of the derivatives at point X with a complete horizon,

H, ={x" €[-0,5]} where x"=x+& can be expressed as
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dlu(x) _ 2 T”“*ﬁy*“”dv (3.5)
o AST || : |
and
#uﬂ):TLKX+§)—UW)144[_£i+2§i)m/, (3.6)
ax4 A |é;| A|§|2 54 56 X

_ 5

Equations (3.5) and (3.6) are derived with a specific weight function, w, (|£])=w,(]£])

~. A
¢l

detailed explanation for the derivation of the one-dimensional PD form of the derivatives can be found

in Appendix A. For a point with an incomplete horizon, these expressions can be expressed as

azu(x)_ n_ =2

" j (uU() - u()) T3 (E)aV, (3.7)
and

aAU(X)_ n _ =4

— i = [ (U6)-u00) g (v, (38)

HX

The PD functions g (&) and g@; (¢) are defined in terms of the PD functions g? and g; as derived in

Appendix A. They are defined as the average between the two PD functions connected by a bond

between the point of interest and one of its family members.

gzz(é:) — gz(g) +292 (_5) (3.9)
and
ﬁ@=iﬁﬂuﬁz (3.10)

2
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3.3 Construction of two-dimensional PD derivatives

The addition of a spatial dimension increases the complexity. As shown in Fig. 2 the interaction of

material point X with a family member x'.

Figure 2. Symmetric position of points x and x’ in their interaction domains.

Each term of the equation of motion Eq. 2.5 can be written in terms of the analytical PD functions. The
gradient enriched equation of motion requires first, second, third, fourth and certain mixed order
derivatives. The derivation of the two-dimensional derivatives up to fourth order is shown in Appendix

C. The two-dimensional TSE for a relative function can be written as

e (%) af(X) 1,,00(x) 1.,0f(x) o°f(x)
f(X'H;) f(x)_gl % +&, X, + |§1 axlz +2|§2 ox 2 +&88, —— %, 0x,
1,.0f(x) 1 f(X) 1o, 1) 1, ..01(X) )
+3!§1 X éz K éléZ XE0x, §1§2 ox.0xC (3.11)
10 ba%() L 71 (x) egf100, 1 o100,
RTEroTi 55 X30X, % ox2oX, 2121“2 X2OX: *Rulx)

where f(x) is an arbitrary function, the position vector between points x’ and x is defined as



27

J (f(x+8)=f(x))a2™ (¢)dA, = 2 (), + T j £,057 (5)dA,

HX

1y y

192" e plpz
1Y jﬁlgfp dA. + > PP (8)dA,. + o ax Iglz;zg (&)dA,
1 83 , 1 83 , plpz
E ax ‘[Fﬂgm (BHA 55 3 I& )dA,
L1100t ) 184 ( (3.12)
Plpz P1Pz
2l 5X26X ,[&1“’5294 ) Ao+ 2 ox, 6 2 j§l§2g4 ) dA,.
o1 84 1 54 104
4' J‘élgflp A< | J.gzgfp A( 3| = 38 J.&.’lE.’zgfp g) AS<
164 jéégplpz ) A(+i64—-.‘gégplpz )dA<+R (X)
3' axe’é’x2 A, 1234 2121 ox20X> 15294 4

Where A, is the area at point x'. To extract the desired derivative, the PD functions must be

orthogonal to the remaining terms in the TSE as

"5 gs (E)da, =4, , 9, (3.13)

MP 7Nz P

The two-dimensional derivative representations in terms of the PD functions can be written as

a(x)

o | _rlg O N
6f(X) _i{ 0 g;)1:|(f(x) f(X))dA&' (3.14)

OX,

g;7 0 O
(=] 0 e 0 |(Fe)-f0)dA, (3.15)
0
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o°f (x)
ox;
8*f () ¢ 0 0 0
ox; 0 g 0 O
= f(x)-f(x))dA.
o°f (x) HI 0 0 g* o0 (F0)=109)dA, (3.16)
oX2ox, 0 0 0 g7
o°f (x)
OX;0%,
and
o*f (x)
ox;
o*f (x) W i
P g 0 0 0 O
2
5t (x) 0 g 0 0 O
—==[1 0 0 g* 0 0 |(f(x+&)-T(x)dA, 317
%X Ao o o g 0 '
4 4
o'f (%) 0 0 0 0 g2
OX30%, - -
o*f (x)
OX OX5

It should be noted that the TSE may be truncated for PD functions of first and second order (e.g. g&*

represents the first order derivative in the x, direction).

The gradient, Laplacian, and the gradient of the Laplacian of a function f (x) are expressed as

VE(x) = [ (f(x+8)~ f (x))e, (x.E)dA, (3.18)
and
V() = [ G, (x.&)(f (x+&)— f(x))dA, (3.19)

and
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V(VE09) = [ (F(x+8)— f(x))gs(x.8)dA, (3.20)

Hy

Similarly, the PD form of the gradient of divergence, the Laplacian, the biharmonic operator, and the

gradient of the Laplacian of the divergence of a vector field, u(x) are expressed as

VVel = j G, (%) (u(x) —u(x))dA, (3.21)
and
Vi = j trG, (x,&) (u(x’) —u(x) ) dA, (3.22)
and
Viu = j (G, (%, E)1)(u(x+&) —u(x))dA, (3.23)
and
VV?(Veu) jG (%) (u(x+&) —u(x) A, (3.24)

The PD vectors comprised of first and third order PD functions are defined as

9.’ (x.8)

(%8 =17, 3.25

and
g2 (%,8)+9;°(x,8)

(X&) =| 7%, b 3.26
%09 {94 (x8)+ (x@)} (429
The PD matrix comprised of second and fourth order PD function are defined as

g; (%8 g;(x.8)
G,(x,8) =", o 3.27
0 {gz (8 <x,a)} @20
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and

(3.28)

64<x,a>={94 (x,8)+ 07 (x8) 65" (x8)+0; (x,a)}

g: (&) +0,/(x8) 9, (x8)+0,”(x&)

For a point, x, located in the bulk domain and that has a point, x', in its family, the following

relationships are established as

9,(X,8) =—g,(x"&) (3.29)
and
95(x, &) = —g,(x",8) (3.30)
and
G, (x,8) =G,(x',8) (3.31)
and
G,(X,8)=G,(x.g) (3.32)

3.4 Analytical form of PD derivatives

When the weight functions used to construct the PD derivatives are specifically chosen, an
analytical form of the derivatives can be determined. For case of second order TSE as shown in
Madenci et al. (2022) the following forms of the gradient of a function, gradient of the divergence of a

vector, and the Laplacian of a vector as

v (x)=

7;4 J w, (&) ( f(x+&)— f(x))&dA, (3.33)

VVeu = —% j w, (Jg)) (&e8) (u(x+&)—u(x))dA, +7i726 j W, (|§|)[§-(u(x+§)—u(x))}§dAK. (3.34)

HX HX
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:_I (Je]) (&e) (u(x+&)—u(x))dA, (3.35)

Similarly, the analytical representation for higher order derivatives required in the SG contribution can

be shown to be

v(vie)=] ( ﬂze W1(|§|)+%W3(Iél)(é-é)](H(x+§)—9(X))§d/& (3.36)
36><10
5 w, (1) (6®8) + 25w, () (5-8) +
VV?(Veu) = 60x10 10 xlO (U(X+&)—u(x))dA, (3.37)
Sl e ()-8 ERE) - w () (E-8)
and
4 240
V”(X@FI(M 2 (e} (&-8)+—wa (&) (&-8)° ](u(x+¢)—u(x»d/x. (3.38)

X

n+l

With weight functions w, (|§|) with n=1,2,3,4. The derivation of these analytical derivatives

Tonil !

can be found in Appendix C.

3.5 Investigation of analytical PD functions and derivatives with examples

The capability of the PDDO to accurately recover analytical derivatives is essential for
effectively converting local differential equations into their nonlocal integral forms. For this
transformation to be successful, the PDDO must precisely replicate the analytical derivatives, ensuring
that the resulting nonlocal integral equations preserve the fundamental properties of the original
equations. By incorporating the influence of neighboring points, the PDDO captures spatial variations
and interactions to compute the derivatives. A detailed derivation of the one-dimensional PD functions
can be found in Appendix B. The analytical PD functions are determined to be

945

S & (3.39)

9: (&)=

225 525 £y
1285 645° 1
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9.(¢)= 85° 5—1055 (3.39b)
L .\ 525 2005, 4125,

0 ()= "%y et 3570 (3.3%)

gi(§)=—i;f§ Z;?& (3.39d)

2835 14175 , 33075
9:(£)= 165° 85 & 165° &

(3.39%)

Multiplying the PD function by an arbitrary function f(x+&) and integrating over the family will
result in the corresponding derivative, p, in the limit of & — 0. For example f(x+¢&) =sin(x+¢&) the

original function, first, second, third, and fourth order analytical derivatives can be recovered as

sin(x) = lim ]i gs (&)sin(x+&)dé

(3.40a)
15sin(x)(75(-27+ 25 )cos(6) + (189 - 776 +5* )sin(s))
= !)ILT[]] 555 =sin(x)
asm(x) I)lrrg I g4 )sin(x+&)dé
3.40b
15cos(x)( (-21+ 52)cos(5)+(21—852)sin(5)) (3.400)
= Liﬂg 5 = c0S(X)
sm(x) = I|m _[ g4 sm(x+§)d§
(3.40c)
' 1055m(x)(35(—45+452)005(5)+(135—5752+6“)sin(5)) '
= ngg— o5 = —sin(x)
sm(x) J‘ g4 sm(x+§)de§
(3.40d)

105cos(x)( (—15+52)cos(5)+3(5—252)5in(5))

= m— 5 =—cos(x)
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d*sin(x) e

=lim | g (&)sin(x+&)d
= lim j g; (¢)sin(x+&)ds
(3.408)
_ 9455in(x)(55(—21+252)005(5)+(105—4552+§“)5in(§)) _
:glrrg e =sin(x)

As the horizon approaches zero, the PDDO recovers local differentiation in the example
above. When these integrals are calculated numerically using analytical PD functions, there may be
difficulties in achieving accurate differentiation. Therefore, it is recommended to use numerical PD

functions specifically computed for the discretized domain.
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4. ONE-DIMENSIONAL ANALYSIS

4.1 PD form of the equation of motion with gradient elasticity

For one-dimensional analysis with u, =u(x) , b, =b(x) and u, =u, =0, and noting that

u=E/2 and 1 =0, Eq. (2.8) reduces to

ou_ o o'u
P =Eae Eaa )

Substituting for the local derivatives from Eqgs. (3.5) and (3.6) in this equation results in the nonlocal

PD form as
i) = ]Z[c(é) (4 @ﬂ—umgl—uw v +b(x) w2
or

U0 _ [ E[2O (00 -u(0) 784 (E)(u(x) ~u00) Jav, +b(0) ws)

HX

where the PD micromoduli, c(&) and c, (&) are defined as

2E
c(é) = 57 (4.4)
and
_144E 5_2_
¢ ($)= 57 (2 g J (4.5)

The resulting PD equation of motion is an integro-differential equation in time and space. It
does not contain any spatial derivatives of displacements. Therefore, constraint conditions are, in
general, not necessary for the solution of an integro-differential equation. Construction of its solution
involves time and spatial integrations while being subject to constraints and/or loading conditions on

the boundary of the material region and initial conditions on the displacement and velocity fields.
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4.2 PDSG Dispersion relations

In the derivation of the dispersion relations, the wave number, the wave frequency and phase
velocity of the wave are denoted by x, @, and v, respectively. The relationship among these
parameters is w=xv. The wave number is related to the half-wavelength, T", by the relationship
x=x/T . In the absence of a body load, the PD equation of motion for a one-dimensional bar with

cross sectional area, A, can be written as

pu(x)—J;j; {1 72%(2%—1}}%w (4.6)

Dispersion relations are determined by considering a wave propagating in the x-direction. Therefore,
wave solutions for material points located at X and x' can be expressed as

u (X,t) — uoei(l(xfmt) and u (X,,t) — uoei(l(xfa)Hsgn(X'fx)Ké') (47)

in which ¢ is the phase difference between material points located at X and x', and u, represents

the amplitudes of these waves. Substituting these wave solutions into the Bond-Based (BB) PD

equation of motion leads to

5 2 i(x(x+&)-ot) i(rx—at)
—pu,?e ) = ‘;E '[{1 72%[2%— Hu o® : B dé (4.8)
0
or
4E ¢ ¢ 1
o = i j{l 72(§j (2?— J:lg(l—cos(ch))dgE (4.9)

This expression is dependent on the phase difference, PD horizon and the SGE length parameter. As
indicated by Silling (2000), in the limit of a long wavelength, T" or for a very small wave number (
x — 0), the integral can be analytically evaluated by considering the first three terms of the TSE of the

cosine function as
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(k) (k&)

COS(kf) :1—T+T (410)
Invoking this approximation into Eq. (4.9) and performing integration results in
02 2
a)Z:E 1—72[—2 K2—5—K4+-~' (4.11)
P 1) 24

The wave dispersion relation for long wavelength, i.e., x <1, this expression can be approximated as

2
Wppsg =E E(l—?ZK—Zj K (4.12)
P o

For ¢ =0, it reduces to

(4.13)

n@
o
1]
4+
ST
A

For specified values of E =200 GPa, p = 7850 kg/m*, and a horizon size, 5§ =0.03 m , the

evaluation of Eq. 4.9 without any simplification leads to the variation of the wave frequency, @, as a
function of the wave number, x as shown in Fig. 3. The wave dispersions level off as the wave
number increases which is a well-known behavior observed in experimental studies (Eringen, 1972).

The wave frequency always increases linearly according to the classical theory.
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Figure 3. Comparison of PD and classical wave frequency dispersions

4.3 Numerical implementation

For spatial integration, the equation of motion, Eq. (4.1) can be discretized as

2
0"Ug,
atZ

N
= EAZ[gZZ ((:(k)(j)'é(j)(k)) - Clzg‘?(g(k)(j)’é:(j)(k)):|(u(1) _u(k))A(j) +b(k) for k :l""’ M (4'14)
=1

where u, is the displacement at point j belonging to the family of point k with N, denoting

number of its family members and M is the total number of points in the discretization. The relative

distance between these points is &y, =X —X« and A, represents the incremental length

associated with point j. The PD functions denoted as g7 and @, are the averaged PD functions

corresponding to the interaction (bond) between two material points as

95 (é(k)(j)) + g;(ég(j)(k))

g, oo Sn) = 2 (4.15)
and

_ 9a (Gpoep) + 92 o)

0; Gy Sein) = —— 2 (4.16)

2
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For a point with a symmetric horizon,  G; (&) Sivm) = 92 Cooy) = 95 Ejyey)  and
T ooy Sinao) = 91 Cuory) = 94 (&) - The determination of the PD functions, g;(&,,;,) and

gj(g(k)(j)) are explained in Appendix A.

For time integration, a central difference scheme can be employed as

for k=1,..,M (4.17)

w2yt 4yttt 2F N 65 (un' —u" )
() ) T Y ®0) (O]
P AL =7 2|1 725 521 -1 Vi + By
= |§(k)(,—)|

and

n+l

n-1
Uy —2Ugy +Ugg

AL —EAZ[gz(‘f(kxn Sio) = Te Gy fuxk))J(u(J) Uy ) Ay + By (4.18)

where Uy, =U,, (t=nAt) is the solution at the n-th time step of At (i.e., t=nAt). From this

n+l

equation, ugy" can be evaluated as

.\ _ —47(n n - n
u(kf:? EAZ[ j—ﬂzgﬂ(u(j)—u(k))A(”+b(k) —uf, +2uy, for n=1,2,..,N (4.19)

in which ug, = U, (t=0) and ug, =uy,(t=0) represent the initial condition.

Equation (4.19) provides the displacement field at the next time step by simply marching in
time. Although the explicit time integration scheme is straightforward, it is only conditionally stable.
Therefore, a stability condition is necessary to ensure convergence in results. A stability condition for

the critical time step size, At can be derived as (Madenci et al. 2014).

, 2P

At < .
( § 1
(k)(J)
2[1 72( 5 1Hv( o
o |§<k)<n|

(4.20)
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The use of a safety factor that has a value of less than unity is recommended as it makes the analysis
more stable. It is also worth noting that the stable time step size is dependent on the horizon size and

SGE parameter.

This time step size is not feasible to obtain the steady-state solution to the equation of motion
under quasi-static loading conditions. The Adaptive Dynamic Relaxation (ADR) method by Kilic and
Madenci (2010) introduces adaptive artificial damping at each iteration step. This guides the solution to
the steady-state solution. The magnitude of the damping term affects the rate of convergence.

Therefore, its magnitude is determined at each time step.

According to the ADR method, the PD equation of motion, Eq. (4.14) is written as a set of
ordinary differential equations for all material points in the bar. The ADR method replaces the
acceleration term with a fictitious diagonal density matrix, A and damping matrix, cA (proportional

to the density matrix) and casts the equation of motion as

AU(X,t)+cAU(Xt)=F(U, U, X,X') (4.21)

The vectors X and U contain the initial position and displacement of the points, respectively, and they

can be expressed as

X' = {x(l),x(z),..., x(M)} (4.22)
U= {u(l),u(z),..., u(M)} (4.23)
and

F' ={Fy For- Fo } (4.24)

where M is the total number of material points in the bar. The force vector, F, can be expressed as

Fio = EAZ[_ZZ - ngﬂ(“(nj) UGy ) A, +by, (4.25)



40

Based on the Velocity-Verlet difference scheme, the velocity and displacement at the k-th point for

the next time step can be evaluated as

2—C"At)U" Y2 _2AtA "
((2-c"at) )

ymvz = 4.26
(2+C”At) (4.26)

and

U™ =U" +AtU™2 (4.27)

where n indicates the n-th iteration. Although, Eq. (4.26) cannot be used to start the iteration process

due to an unknown velocity field at t™? it can be assumed that U° =0 and U =0 . Therefore, the

integration can start with

At AR
2

uvz = (4.28)

Note that the only physical term in this algorithm is the force vector, F". The density matrix, A,
damping coefficient, c¢", and time step size , At =1, do not have to be physical quantities. Thus, their

values can be chosen to obtain faster convergence. The damping term ¢" is evaluated by the procedure

described by Kilic and Madenci (2010).

4.4 Numerical results
4.4.1 PDSG model of carbon nanotube under tensile force

As shown in Fig. 4, the CNT is clamped at the left end and subjected to an axial tensile force,

F on the right end. Its geometry is described by a length of L =10 nm and annular cross-sectional area
A=z(r7 —r?) with r, =1.17 nm, r, =1 nm. The Young’s modulus, Poisson’s ratio, and mass density
are specified as E=1. TPa, v=0, and p =1,370 kg/m®, respectively (Limkatanyu et al., 2022). The
SGE length parameter, ¢ is specified to be 0.5 and 2 nm. The quasi-static solution is reached when the

difference between two consecutive displacement norms is below 1x107°.
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Figure 4. Geometry and boundary condition of a carbon nanotube

The classical and nonclassical boundary conditions can be specified as (Limkatanyu et al.,

2022)

u(x=0)=0 (4.29)
ou(x=L) ,o%u(x=L

o(x=L)=E U(gx )_p U(a):é ) :% (4.30)

ou(x=1L)

=0 (4.31)

g2 U= (4.32)

ox?

Figure 5 shows the PD discretization of the CNT. The point of interest, x,, is shown in
green and the red points, x, are its family members. The analysis domain is split into three sections:

the fictitious, PDDO, and BB PD regions. Two fictitious points have been added outside of the real

domain to facilitate the imposition of boundary conditions. These points are x _,, and X, on the left

and right edges of the bar, respectively. The pointwise PDDO region has a length of a single material
point and starts from the edges. The PDDO region uses the standard PDDO functions for the analysis
Appendix A. The bond wise BB PD region is the largest region, and each point is computed by

averaging the PD functions, Eq. (4.15) and (4.16). The grid spacing is specified as Ax =0.01 nm with
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horizon size & =5.015Ax for k =1,...,K =1000. The ADR analysis is completed once the difference

between subsequent displacement results is below the tolerance of 1x107°.

X1 ® X

Fictitious domain Real domain Fictitious domain

l< >
| |

Figure 5. Representative discretization of a carbon nanotube

The primary challenge is the enforcement of boundary conditions. Each of the four boundary
conditions is enforced iteratively by using Lagrange multipliers at each time step (Carpenter et al.,
1991). Dirichlet type boundary conditions can be enforced directly without the need for special
treatment. The details of computing the Lagrange multipliers and enforcing higher-order boundary
conditions, Egs. (4.30), (4.31) and (4.32) are explained in Appendix D. The displacement constraint,

Eq. (4.29) is enforced directly as

Uy (X t+AL) =0 (4.33)

Figure 6 shows a comparison of the quasi-static response of the CNT based on the PDSG and
analytical SGE solutions. The analytical solution is generated using Mathematica (2022). The
predictions are in close agreement for the two different specified ¢ values. Both solution methods

indicate an increased stiffening effect along the length of the tube.
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Figure 6. Comparison of the analytical SG solution to the PDSG displacement predictions

4.4.2 PDSG model of CNT under dynamic loading

The CNT shown in Fig. 4 is free of tensile loading, i.e., F =0. The boundary conditions are
enforced in the same way as the quasi-static case. The procedure for enforcing the boundary conditions

is explained in Appendix D. The CNT is subjected to an initial displacement field of

5 3
0.001x> — x” + 250x% (4.34)

u(xt=0)= 1600

There is no initial time dependence; therefore, the initial velocity is specified as

ou(x,t=0)
— " 0 (4.35)

The grid spacing is specified as Ax=0.1nm with horizon size & =5.015Ax for
k=1..K=100. The spatial discretization is the same as that of described in Fig. 5. The time
integration is performed with a stable time step, At obtained from Eq. (4.20) for /=0.5nm. The
initial displacement fields are applied as

o . 0.001x5, — X, +250x,
Uy =Yy =
1600

for k=1...,K =100 (4.36)
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Figure 7 shows the comparison of the classical SG and PDSG vibrational response of a CNT.

The displacement of almost the midpoint of the bar is plotted over time. The results indicate close

agreement between the PDSG and SG predictions.

e
S

o
o

<
~

e
o

o
(V)

©
AN

1
o
(@)}

Displacement, u(x = 4.95, ¢) (nm)
o

1
o
o)

()
—_
NS}
w
AN
(9]
[®))

Time, 7 (s) x107"2

Figure 7. Comparison of classical SG and PDSG transient solutions of CNT
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5. TWO-DIMENSIONAL ANALYSIS

5.1 Ordinary state-based formulation with gradient elasticity
To avoid the limitations of one-dimensional analysis and the values of Poisson’s ratio related
to the PD bond-based formulation, the Ordinary State-Based (OSB) formulation for strain gradient is

developed. The force density vectors corresponding to the OSB formulation are depicted in Fig. 8.

Figure 8. Force density vectors in PD: OSB

For two-dimensional analysis with u, =0, substituting for the local derivatives from Egs. (3.18),
(3.19), (3.20), (3.21), (3.22), (3.23), and (3.24) into the internal force vectors M and N, their PD form

can be obtained as

® = [ (a(00x)+6(x)) g, (x,8)) + 1(S(x,) ) (u(x') —u(x) }dA, (5.1)

Hy

and

N®° (x) = [ (ag, (¢, &)(0(x") +0(x)) + #(Q(x,8)))(u(x) —u(x)) dA, (5.2)

H

X

where S(x,&) =trG, (x,&)1 +2G,(x,&) and Q(x,&) = (trG,(x,&)I+2G,(x,§)) and g,,0,,G,, and G,

are defined in section 3.3. As suggested by Silling et al. (2010), the PD form of the equilibrium

equation can be written as



46

aai_l: = j (t(x) - t(x))dV, +b (5.3)

in which the force density vectors, t =t(x,t) and t'=t(x’,t) contain the constitutive information and

describe the interaction between the material points. Comparison of Egs. (5.3) and Eq. (2.11) reveals
that

® = [(t0)-t())dV, =M®° —*N" (5.4)

H,

Substituting for the expressions for M (x) and NP (x) leads to

® = [ (a(60x) +6(x)) g, (x,8)) + 1S (x,8) (u(x') —u(x))
i (55)

-7 (ag, (x,8) (O(x +&) +0(x)) + #Q(x,&) (u(x') —u(x))) dA,

The force density vectors can then be extracted from the internal force representation as

j a0(x)g, (x,8) + = yS(x &) (u(x) —u(x))
t(x,8) = f1(x'~x)| " . (56)
~t (agg(x,a)e(x)gg(x,a)+§ﬂQ<x,a>(u(x'>—u(x))jd&

and

jae(x)g (x',8)+= ﬂS(x &) (u(x)-u(x))
t(x,&) = A(x—x) . (5.7)
(aH(X')gs(X',é')+EuQ(X',é')(u(X)—U(X'))jdA

N

The force density vectors are written in terms of only the PD functions. It should be noted for
certain weight functions the analytical form of these PD functions can be constructed and used to
derive the PD equations derived by Silling (2000) and Silling et al. (2007). The status parameter,

A(x'—x) of a bond connecting point x and x' is defined as Silling et al. (2005)
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(¢ —X) 1L s<s (5.8)
X —X) = .
H 0, $>5S

o)

in which s_ is the critical stretch. Therefore, it facilitates the removal of force density vectors from the

equilibrium equations when the bond stretch, S exceeds the critical value.

Similarly, the expressions for dilatation at points x and x’ become

0(x) = [ A(x' =) (U(X) ~U(x) g, (X' =X)V, - (5.9)
and
0(x) = [ A0¢=x)(U(x)~u(x)):g, (x'~X)aV,. (5.10)

H

X

Thus, the PD internal force vector becomes

(a(6() ~0(x))9,(x.8)) + £S(x,8) (u(x) ~u(x))

4= LA a0ty 0060)0,08)+ . ) -u(9) .
with
S(x,x") = w (5.12)
and
Q(x,X) = w (5.13)

It is worth noting that S(x,x") =S(&) =S(-£) and Q(x,x") =Q(&) =Q(-¢) for a material
point with a complete horizon. This internal force vector at material points with incomplete horizons

does not require any surface correction. Under plane strain and plane stress conditions with a Poisson’s

ratio of 1/4 and 1/3, respectively, the PD internal force vector reduces to
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L™ = [ (109 -t(x))dV, = [ A< =x)u(S(x,x) = £Q(x,x) )(u(x) ~u(x))aV, (5.14)

The bond force f(x) =t(x)—t(x") can be expressed as

fU'—u, X =X) = (X = X) 1£(S(%,X) = £°Q(x, X') ) (u(X') —u(x)) (5.15)

The bond force vector for bond-based PD is depicted in Fig. 9.

Figure 9. Force density vectors in PD: BB

5.2 Homogeneous deformation

Under homogeneous deformation, the internal force vector should be zero in the bulk region.
This condition arises because, in a homogeneously deformed material, every part of the bulk region
experiences uniform strain and stress distributions, leading to a state of internal equilibrium. In this
state, the forces between neighboring particles or points balance out perfectly, resulting in no net
internal force within the bulk. This equilibrium condition is a fundamental aspect of continuum
mechanics and ensures that the material remains stable and behaves predictably under uniform
deformation conditions. Thus, the requirement for the internal force vector to be zero in the bulk region
under homogeneous deformation is a crucial factor in validating the consistency and accuracy of any

mechanical model, including those using PD theory.

The analytical derivatives in Egs. (3.36), (3.37), and (3.38) can be substituted into Eq. (2.13)

to construct the SG contribution to the governing equation for a material point with a symmetric
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domain of interaction. The bond force vector for the bond-based formulation (a=0) can then be

determined to be

eesc _,2[ 480 (E®E) 80 NI 3
£555¢ = e (h7r55 i (u(x)—u( ))lél . 55(u(x) U(X))lilj (5.16)
For homogeneous deformation
(UX)—u(x)) =5,& (5.17)

where s, is the stretch. Simplifying using the identity (a®b)c = (b-c)a leads to

560 &
f£BBSG _ 02 S 5.18
H hzs® 0 e ( )

Integrating f over the symmetric domain of interaction leads to the internal force vector as

560 &
L85 (x) = [ ul® s, =-dV, (5.19)
HIX o [E]

cosd
Switching to polar coordinates with & =| & | L'” 0} allows the integration to be carried out as
i

0
L0 =t s, [V ]) |¢|{C°S }d9d|a| H (5.20)

The force density vectors, t(x) and t(x') for the OSB formulation can be shown to be

o (X):(a 2 1,08, (240 (89%) (u(x)-u(x) 40 (u<x'>—u<x>>n (5.212)

hao 1810 7e e er H hes® ||

and

tOSBSG(X,):[a 2 14008, (2405 (£98) (UM -u(x)) 40 (U(X)—U(X'))D (5.21b)
hao* 181 gl hes (] |&|  hzs &1
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When subjected to a homogeneous deformation

O(x") =6(x) =2s, for2D (5.22)
The difference between the force density vectors can be simplified to

128 1 g 2 560 s £ (5.23)

{OSBSG () _4OSBSG (1) _ 4 =€% -~ o S
(x) )= s e ™ el b e

Integrating over a symmetric domain of interaction in polar coordinates results in the internal force

vector as

128 (s r22| COSE 560 5 2z| COSE 0
LB (x) = al?s ded (2 5 ded | &= 5.24
0)=ar's, —[]; LM} 8+t s [ 161 LM} H M (5.24)

The derivation of the force density vectors can be found in Appendix C.

5.2 Numerical implementation

The domain Q is discretized uniformly with K number of PD points. The position of PD

point k is denoted by x,, and its corresponding volume is denoted by V The discrete form of PD

(k) *

equilibrium equations, i.e., Eg. (2.1) at point x,, € Q can be expressed as

K

Pl =Ly +by, = Z(t(kxj) ~ty00 Vi) TPy With Xy €Q and k=1,..,K (5.25)

j=1

5.3 Boundary conditions

In order to impose the boundary conditions expressed in Eqg. (2.5) in the PD framework, a
fictitious domain Q of width & is introduced around the actual domain Q and is discretized with K,
PD points. As shown in Fig.10, the position of a PD point in the real domain is denoted by x_ with
a =Kk, j, pandq. Its projection on the boundary, 6Q is denoted by X, and its reflection about the
boundary in the fictitious domain is denoted by X, with o =k, j, pandq. The boundary conditions

on the displacements are applied by enforcing the known values on points X, in the fictitious domain.
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The boundary conditions on displacement gradients are applied in a nonlocal sense by introducing a
constraint equation involving a set of points close to the boundary in the real and fictitious domains. It
should be noted that this method is different than the Lagrange multiplier method explained in section
4.3. This strategy to enforce the boundary conditions includes extra layers of material points. Both

methods are suitable for one- and two- dimensional studies.

Fictitious domain Real domain

© 0 0,000 00
© 0 0 0x0"0 0 O

() )

0 0001000 O

X Xk (k)
00000000
(q) (q) (9)
O 0 .0-0x0-0 0 O
» Xp) »

Figure 10. Fictitious PD points, X, around the actual PD points, x_ in the real domain for the
imposition of boundary conditions on the boundary point X with unit normal n

5.3.1 Displacement boundary conditions

The applied displacement, u*(X,,t) on the boundary is enforced by considering points X, in

the fictitious region close to the boundary as

(X, ,t) = U* (X, . t) (5.26)

5.3.2 Displacement gradient boundary condition

At a point X, on the boundary, with unit normal vector, n, the applied displacement gradient,

Uu* (X, ,t) isenforced as
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(Vu()?(k),t))n =T (X, 1) (5.27)

For a 2D analysis, this equation can be expressed in component form as

ul,l u1,2 {nl} — {ul,lnl + u1,2n2 } _ le* (528)
Uy Uy, [, Uy Ny +U, 50N, u;
Using the forward difference scheme, the first order derivative of displacement components in

Eq. (5.28) can be approximated by considering the displacement components of points, x, and X, in

the real and fictitious regions, respectively, close to the boundary. Thus, the displacement gradient

boundary condition is enforced in a nonlocal sense through the constraint equations as

u (X, 0)—u(x,,t) - u (X, 0)—u(x,,t) 0
1 2

e e = {Ul} (5.29)
UZ(Xa’t)_UZ(Xa’t)n +u2(xa’t)_u2(xa’t)n Uz*
Axla ' AXZa ’

with Ax, =%, —X%,, A, =%, —X,, and =k, k=1, k-2, k=3. For a boundary with a unit

a

normal n" ={0,+1} as shown in Fig. 11, Eq. (5.29) simplifies to

Uy (%, 1) =t (X, 1)

A
i) UL with @ =k, k=1 k=2, k=3, k-4 (5.30)
UZ(Xa't)_UZ(Xa't)

AX

u;

2a



53

E’lciti?)u;(?ona’n/".i 74. ol e

° [ ] .//. ,ﬁk 3. [ ] L] [ ]
[ ] .//. / ’.g 72. [ ] [ ] [ ]
] / / .i 4. L] L] [ ]

=0

i/ Bounda
e WU [ =]~

]
]
/./
-
L J
[ ]
[ ]
L J

Rl d8mai®

°
*
‘//',
71T 7
Call C
"o "o
[ ] @
o | e
o | e
r)wk
=

Figure 11. A set of points in the real and fictitious domains for computing the first order derivatives
along the unit normal n™ ={0,+1} in a 2D model

For a 1D model with u, =0 as shown in Fig. 12, Eq. (5.30) reduces to

iUz(Xaxti—Uz(Xa:t) —0 with =k, k-1 k-2, k—3 (5.31)
XZa

~—~— Boundary

Real domain

Figure 12. A set of points in the real and fictitious domains for computing the first order derivatives in
a 1D model



For a boundary with a unit normal n™ ={=1,0} shown in Fig. 13, Eq. (5.29) simplifies to

u (X, ,t)—u(x,,t)

A Tx
i) e UL with @ =k, k-1 k=2, k=3, k-4
u, (X, . t)—u,(x,,t) T
AX,,
Boundary
R.eal d(?m in. I .Flcti?io ls%loLa?n ¢
L—
[ o ® e [Ne (] [ [
/’/ —"\\\
o | @ e o | | el e | o
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(5.32)

Figure 13. A set of points in the real and fictitious domains for computing the first order derivatives

along the unit normal n" ={#1,0} in a 2D model

For a 1D model with u, =0 as shown in Fig. 14, Eq. (5.32) reduces to

+ ul(ia 7t) _ul(X{z ’t) —
AXy,

0 with @ =k, k-1, k-2, k-3, k-4

(5.33)
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Figure 14. A set of points in the real and fictitious domains for computing the first order derivatives in

a 1D model.

5.3.3 Traction boundary condition

As shown in Fig. 15, the traction, T (X,,t) at point X, on the boundary with unit normal Ny 1S
enforced by applying a distributed body load, b"(x,) and b*()*((a))on points X, and X, , in the first

layer of real and fictitious domains, respectively, as

b" (X, )AX+ Y b7 (X, DAX =T (X,,t) with @ =k, k-1, k-2, k-3, k-4 (5.34)
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Figure 15. A set of points in the real and fictitious domains for applying the traction condition in the

form of a body load along the boundary with unit normal n

For uniform body load, b*(x,) = b*(k(a)) , Eq. (5.34) can be rewritten in component form as

{b{(xk’t)}:{b{(f‘a't)}:i{T{(fk’t)} with & =k,k—1 k-2, k-3, k—4 (5.35)
b, (X, ,t) b,(X,.t)] 5AX|T, (X,1)

5.3.4 Double traction boundary condition

The double traction condition at point X, on the boundary with unit normal n, is enforced as

(Vo (%o t))n)n =T (% 1) (5.36)

In component form, this equation can be expressed as

2

2 {611,1n1 +05,N, Oy +03,,0, :Hm} _ 2 { Ull,lnlz + (011,2 + 512,1) nn, + Ulz,znzz } _ {-Fl*} (5.37)

2 2 T
0512 + 09150, Oy +0,N; || N, O,y + (0'21,2 + 022,1) nn, +o,,,N,

Using the linear elastic stress-strain relationship, Eq. (5.37) can be rewritten in terms of the strain

components as
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( Duéiy + Dy ) nf + (( D&, + Dy ) + Dgsé101 ) nn, + Deeglz,zng {'IT} (5.38)

2 2
Des&oa + ( Desarz + ( D&y, + Dzzgzz,l)) nn, + ( D11, + Dyéns ) n,

Invoking the kinematic relations, Eq. (5.38) can be rewritten in terms of the derivatives of displacement

components as

1

+
2 Des (u1v12 + uz,n) ( D21u1,11 + ( D,, + D )uz,lz ) + D66u1,22 'Fl*
‘ =12 (5.39)
2

+n22 { Des (uz,21 + ul‘ZZ)}

D22u2,22 + D21u1,12

2 {Dllul,ll + DlZUZ,Zl} nn {( D12u2,22 + ( Dll + Dss)ul,21) + DGGUZ,ll}
172

For a boundary with unit normal n" ={0,+1}, this equation reduces to

2 { Dee (u2,12 +U; 5 ) } _ {EZ} (5_40)
D22u2,22 + D21u1,12 T2

The second order derivatives appearing in Eq. (5.40) at point X, on the boundary can be approximated

at point x, in the domain close to the boundary. The derivatives in the normal direction n" ={0,+1},

i.e., u,, and u,,, can be evaluated using a central finite difference approximation by considering a

set of points in the real and fictitious domains shown in Fig 16 as

ul 2 (Xk lt) _ ul(xa) +U; (Xa—l)z_zul(xk) (5.41)
' (AXZa )

and

U g 1) = 22D ) 20 06 (5.2
Y (AXZa)

where AX,, =X,, —X,, , and a =k, k=1, k-2,k-3, k-4,
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Figure 16. A set of points in the real and fictitious domains for approximating the second order
derivatives in the direction of unit normal n" ={0,+1} in a nonlocal sense for a 2D model

The mixed second order derivatives in the direction of unit normal, n" ={0,+1},i.e, u,,, and u,,, are

evaluated using a first order difference approximation of displacement gradients by considering a set of

points in the real and fictitious domains shown in Fig 17 as

(U (%) =, (%)) = (U, (%) U, (%, 1))

Haso (%) = AX,, AX
1fa 2a
and
(ul (Xﬁ) —U (Xa)) - (ul (Xﬁ—l) —U ()?a—l))
) (Xk ,t) = AX. . Ax
1pa 2a

(5.43)

(5.44)

where AX ,, =X, —X,, @=K, k=1, k-2, k-3 k-4 and B=p, p-1 p-2, p-3 p-4.
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Figure 17. A set of points in the real and fictitious domains for approximating the second order mixed

derivatives in the direction of unit normal n" ={0,+1} in a nonlocal sense for a 2D model

After substituting from Egs. (5.41)-(5.44) into Eq. (5.40), the double traction condition is enforced in a

nonlocal sense through the constraint equations as

D, H U, (R ;) —U, (X, ) —U, (X)) +U, (ial)}r[ul(ia) +U; (X, ;) — 2ul(xk)D _

Axlﬂa AXZa (AXZa )2 '

and

2
18a

2 D U, (X, ) +U, (X, 1) —2U, (X, ) +D U, (y(ﬂ) —u,(%,)—u, (Xﬁ—l) +U,(X, ) _T
# (A, )2 . AX,,, AX,,,

For a 1D model with u, =0, Eq. (5.40) simplifies to

2 {DGGUZ,lZ } _ {E*}
Dzzuz,zz T,

(5.45)

(5.46)

(5.47)
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Using a set of points in the real and fictitious domains shown in Fig. 18 and after substituting from Eqgs.
(5.42) and (5.43) into Eq (5.47), the double traction condition is enforced in a nonlocal sense through

the constraint equations as

D [uz ()N(/;) —U, ()N(a) —U, (Xﬂ—l) + UZ()N(al)]

( Ml - {T:l} (5.48)
o [uz (%) a6, ) =20, )] T
(A%,

.ik74
p i
& -2 Fictitious domain
&)
%
o ~——— Boundary
%, . Real domain

\&k 2

\&H N

\'XH L

e ; X,

Figure 18. A set of points in the real and fictitious domains for computing the second order derivatives
in a nonlocal sense for a 1D model

Similarly, the double traction conditions on a boundary with normal n" ={+1,0}, Eq. (5.39) reduces to

o [Pithas+ Dol ] [T (5.49)
Dee (ul,Zl + uz,n) T2
The derivatives in the direction of unit normal n™ ={+1,0}, i.e., u,,, and u,,, can be evaluated by

using a central finite difference approximation by considering a set of points in the real and fictitious

domains shown in Fig. 19 as
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— ul(xa) + ul(Xa—l) — 2u1(xk)

Uy (X, 1) = > (5.50)
(Ax, )

and

Uz,u(kat) _ uz(xa)+u2 (Xa—l)_zuz(xk) (5.51)

(A%, )’

where Ax, =% —X, With a =k, k-1, k-2, k-3, k-4.
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Figure 19. A set of points in the real and fictitious domains for approximating the second order
derivatives in the direction of unit normal n" ={+1,0} in a nonlocal sense for a 2D model

The mixed second order derivatives in the direction of unit direction, n" ={+1,0}, i.e., u,,, and u,,,

are evaluated using a first order difference approximation of displacement gradients by considering a

set of points in the real and fictitious domains shown in Fig. 20 as

(uz (Xﬁ) —U, (f(a)) _(uz (Xﬂ—l) —U, ()’Za—l))
AXZﬂanla

U, 51 (Xk -t) = (5-52)

and
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(ul(f(ﬁ) - ul(xa))_(ul()’zﬂ—l) - ul()?a—l))

(5.53)
AX 2pa Axla

ul,Zl(Xk ’t) =

where AX,,, = %,, =X, With a =k, k=1, k-2, k-3, k-4 and B=p, p-1 p-2, p-3 p-4.
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Figure 20. A set of domain and fictitious points for computing the mixed second order derivatives in
the direction of unit normal n™ ={+1,0} in a nonlocal sense for a 2D model

After substituting from Eqgs. (5.50)-(5.53) into Eq. (5.49), the double traction condition is enforced in a

nonlocal sense through the constraint equations as

2 [Dll {Ul(f(a) +u,(x,,)— 2U1(Xk)J+ D, [(Uz (Xﬁ) -u, (f(a))_(uz ()~(ﬁ_1) -u, (Xa—l))J\J :_Fl* (5.50)

(AXM )2 AX 5 A%y,
and
'€2Dee (ul(iﬁ)_ul(y(a))_<u1()~(ﬁ-1)_u1()~(a-1)) " u, ()?a)+u2 (tz—Zuz(xk) =f; (5.55)
AX 2 (Ax,)

For a 1D model with u, =0, Eq. (5.49) simplifies to
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2 { DU, } _ {Ei} (5.56)
Deeu1,21 T2

Using a set of points in the real and fictitious domains shown in Fig. 21 and after substituting from Eqgs.

(5.50) and (5.53) into Eq (5.56), the double traction condition is enforced in a nonlocal sense through

the constraint equations as

Z
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Figure 21. A set of points in the real and fictitious domains for computing the second order derivatives
in a nonlocal sense for a 1D model

b (ul(xmul(xa-l)—2u1(xk>J
(M%) _ {T:l} (5.57)
u1<xﬂ)—u1(xa))—(u1(xﬁo—mnn)] T,

ﬂZ
® [ Ax 2pa Axlot

In the case of a curved boundary, the proposed approach is still valid since the unit normal of
a material point on the curved boundary can be evaluated. In the case of a traction boundary condition,
it is applied in the form of a distributed body load and can be decomposed into its components and
directly implemented. In the case of a double traction, the components of the unit normal vector at a
material point located on a curved boundary surface can be determined a priori. Therefore, the

proposed approach is applicable to curved boundaries.
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5.4 Numerical results

For the solution of the governing equations, an in-house research code is developed to
implement PDSG for quasi-static analysis. The non-classical boundary conditions required for higher
order PDSG models are imposed in the form of constraint equations using the fictitious layer approach.
The accuracy of this implementation is first verified by considering the one-dimensional response of a
microscale and nanoscale film under quasi-static loading due to tensile force and tangential
displacement. Subsequently, the capability of the present approach is demonstrated by considering the

two-dimensional response of a square nanoscale film with and without a crack under tensile force. The
Young’s modulus, Poisson’s ratio, and density of the material are specified as E =1.0x10° N/nm?,
v=0 or v=0.333, and p =1370 kg/m®, respectively (Limkatanyu et al., 2022). All simulations,

except the thin film subjected to tangential displacement, use the same material parameters and are

performed for an elastic response under plane stress conditions.

The internal length scale parameter ¢ is a material property. Usually, its value is taken from
experiments. In the PD framework, the value of ¢ in the strain gradient model is known a priori and
the non-locality required for handling discontinuities is introduced through the horizon size
6 =5.015Ax as a function of discretization size. The PDSG predictions are validated against the
analytical solutions to establish the efficacy of the discretization parameters and the convergence of the

results.

5.4.1 Quasi-static PDSG model of CNT under tensile force

The differences between the analysis performed in section 4.4.1 and 5.4.1 are the imposition
of the boundary conditions. Section 4.4.1 employs Lagrange multipliers to enforce the higher order
boundary conditions, whereas section 5.4.1 uses finite difference techniques to determine constraint
equations. As shown in Fig. 22, a carbon nano tube (CNT) is clamped at the left end and subjected to

an axial tensile force, F, =100x10° N on the right end. The length of CNT is specified as
L=10nm. Its annular cross-sectional area is A=z (r?—r?) with r, =1.17nm,r =1nm. The

internal length parameter, ¢ is chosen as 0.5 and 2 nm. First, the CNT is modeled as a 1D solid bar as
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shown in Fig. 22a with the same cross-sectional area. The inner and outer radii that define the tube are
only used to calculate the cross-sectional area. The PDSG model of a bar and enforcement of non-
classical boundary conditions are established against the analytical solution as the PD horizon
approaches zero. The analytical solution to the equilibrium equation with SG elasticity, i.e., £=0
concerns only 1D bar models. To establish the validity of the 2D PDSG model, the 1D solution is
mimicked through a 2D model of a panel by enforcing zero displacement in the vertical direction along
with the appropriate classical and non-classical boundary conditions on all four edges. Subsequently,
the CNT is modeled as a 2D nanoscale carbon film as shown in Fig. 22b. The volume of the tube is
equal between one and two-dimensional analyses. The film having a width of W =0.1nm has a
thickness of h=11.5893 nm. The thickness variable is neither necessary nor used in the 2D analysis.
The grid spacing is specified as Ax = L/100. For the 1D model, the boundary conditions are applied on
the left and right ends of the bar. Figure 23 shows the discretization of these models for 1D and 2D

analyses. The real domain is extended on the left and right ends by fictitious regions with a size of & .

X2
=5 > Fq
L
a)
§
N
/L
§ W o E}
N
N
N X,
b)

Figure 22. Carbon nanotube idealization as a nanoscale film for: a) one-dimensional analysis, and b)
two-dimensional analysis
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Figure 23. PD discretization with uniform grid spacing: a) 1D analysis, and b) 2D analysis

The classical boundary conditions are expressed in the form

u(x =0)=0 (5.58)
and

o(x =L) = E{aul(;lxl: L) 63“1(%13: L)} - % (5.59)
The nonclassical boundary conditions can be specified as Limkatanyu et al. (2022)

ux=L)_, (5.60)

24
and
= 62”1(—)(12:0) =0 (5.61)
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The displacement boundary condition, Eq. (5.58) is enforced through Eq. (5.26). The values of nodes

in the fictitious region are specified directly as
u (X, ,t)=u, with =k, k-1, k-2, k-3, k-4 (5.62)

where m is the fictitious node number on the left edge with the unit normal n" ={-1,0} and u, =0 is

the imposed value of displacement. The displacement gradient condition, Eq. (5.60) is enforced

through Eq. (5.29) as
u (X, t)=u(x,,t) with a =k, k-1, k-2, k-3, k-4 (5.63)
The real and fictitious node pairs are shown in Figs. 11 to 13.

On the right end, the tensile force in Eq. (5.59) is applied in the form of a distributed body load on the
points in the real and fictitious regions as shown in Fig. 15. The distributed body load for 1D analysis

is computed as

=i with m=x,,%X, and e =k, k-1, k-2, k-3, k-4 (5.64)
(m) 5AV k' N

where F, =100 nN and AV = AAx is the incremental volume of material points. The cross-sectional

area of CNT is A=1.15893x107"® m?.

The distributed body load for 2D analysis is computed as

F
By =ﬁ with m=x,,%X_ and a =k, k-1, k-2, k-3, k—4 (5.57)
R

where N, =W/Ax denotes the number of PD points along the right edge and AV =h(Ax)? is the

incremental volume of material points. Traction free conditions lead to zero distributed body load,;

thus, they do not require the imposition of explicit additional constraints.

The double traction condition, Eq. (5.61) at the left edge is enforced as the constraint equation, Eq.

(5.39) as
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u (X, t)=u,(x, . t)—2u,(x,,t) with m=x,,X, and =k, k-1, k-2, k-3, k-4 (5.65)

the real and fictitious node pairs are shown in Figs. 10 to 15. This constraint equation is applied to all

real and fictitious node pairs.

Figures 24a and 24b show the quasi-static response of CNT based on the PDSG and classical
solutions for both 1D and 2D models for ¢/6 =0,10.0 and 40. Both the 1D and 2D PDSG predictions
capture the analytical solutions as well as the increased strengthening effect along the length of the
CNT for increasing ratio of ¢/5. This comparison establishes the validity of the implementation and

enforcement of non-classical boundary conditions as the PD horizon approaches zero.
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Figure 24. Comparison of PDSG prediction with analytical solution for horizontal displacement, u,
for ¢/5=10.0 and 40.0: a) 1D model and, b) 2D model

5.4.2 PDSG model of a microscale film under tangential displacement
As shown in Fig. 25a, the rectangular film is clamped along the bottom end and subjected to
tangential displacement constraint along the top end. The film shown in Fig. 25 has a length and width
of L=0.5um and W =0.125um , respectively. As shown in Fig.25b, the film is discretized with
uniform grid spacing of Ax=0.01nm resulting in 600 and 720 points in the real and fictitious

regions, respectively. Shekarchizadeh et al. (2022) provided a 1D analytical solution with ¢ =0 under

the assumption that the vertical displacement component is zero, i.e., u,(x;,X,) =0 and the horizontal
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displacement is independent of x,, i.e., u,(x,%,) =u,(X,) . The material of the plate was assumed to
be the same used by Shekarchizadeh et al. (2022) with the Young’s modulus, E = 400MPa Poisson’s
ratio, v =0.49. The internal length parameter, ¢ is varied as 0.1xmand 0.3um . To compare the
PDSG predictions with the analytical solution, the vertical displacement component is specified as zero
i.e., u,(x,x,)=0 atall PD points. Therefore, the horizontal displacement is uniform along the length
in x, - direction and varies only along the width in X, -direction as u, (X, X,) =u,(X,) . The 1D solution

is recovered with a 2D model by specifying the displacement component in the vertical direction as

zero. The boundary conditions are applied on all four edges.

Uy
—— e e e e EEEEEEEEEREERRE R ) . .
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Figure 25. A rectangular microscale film subjected to tangential displacement constraint: a) Geometry
and boundary conditions, and b) PD discretization

The classical boundary conditions are of the form
u(x,x,=0)=0 (127) (5.66)
and

w (%, %, =L)=U, (128) (5.67)
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The nonclassical boundary conditions can be specified as Shekarchizadeh et al. (2022)

(X% =L) (129) (5.68)
0X,

and

2 _
0 ul(xpzz =0) _, (130) (5.69)
0%,

E/?

The displacement boundary conditions, Egs. (5.66) and (5.67) are applied on the fictitious points at the

bottom boundary with n" ={0,~1}and top boundary of the film with n" ={0,1} through Eq. (5.26).

The displacement gradient and double traction free conditions, Eq. (5.68) and (5.69) applied along the
top edge and bottom edge of the film, respectively, cannot be enforced in the form of a constraint
condition. This is due to the nature of ADR method used to compute the steady state solution. The first
and second order cross derivatives cannot be guaranteed to be satisfied. Therefore, the Lagrange
multiplier method described in section 4.4 and Appendix 1.4 is used to enforce both nonclassical
boundary conditions.

Traction free conditions leading to zero distributed body load do not need to be enforced
explicitly as additional constraints. For the purpose of simplification, the cross derivative of u, in Eq.
(5.46) is disregarded, and thus, the constraint.

Figs. 26a and 26b show the PDSG predictions of deformed shapes due to the shear loading
corresponding to the values of ¢//& =1.11and 3.32, respectively. As expected, the shear deformation

is independent of horizontal direction and varies in the vertical direction.
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Figure 26. PDSG prediction of horizontal displacement (displacements scaled 100x), u, : a)
(/6§=111andb) ¢/5=3.32

Fig. 27 shows the comparison of horizontal displacement from the PDSG prediction and
analytical solution by Shekarchizadeh et al. (2022) for ¢/&=1.11and 3.32 along the vertical

centerline of the film at x, =0.5W . The PDSG predictions capture the analytical solution with a slight

stiffening effect with the increasing values of ¢/5. The comparison of PDSG predictions against the
analytical solution confirms the enforcement of non-classical boundary conditions as the PD horizon
approaches zero. There is a slight deviation from the analytical solution towards the top of the plate in

the case when ¢/ =1.11 and near the bottom when ¢/5 =3.32.
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Figure 27. Comparison of PDSG and analytical solutions for horizontal displacement,
u, (x, =0.5W, x,) along the x, axisfor ¢/5=18and 36.

5.4.3 PDSG model of a square nanoscale film with and without a crack

As shown in Fig. 28, the square film geometry is defined by its length L =10nm, width
W =1nm . The initial crack length shown in Fig 28b is 2a=2nm . The tensile loading of

F, =100x10"° N is applied on the top and bottom edges of the film. The left and right edges of the

film are free of tractions. The film is discretized with a grid spacing of Ax =0.25 resulting in 1600
and 800 PD points in the real and fictitious regions, respectively. The discretization is achieved by
considering the parameters from the 2D models recovering the 1D PDSG solutions as the PD horizon
approaches zero. The initial crack is introduced by removing the PD bonds crossing the crack surfaces

as shown in Fig. 29b.
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Figure 28. Geometry and loading of the square film under tension: a) without a crack, and b) with a
central crack
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Figure 29. Discretization of the square film: a) without a crack, and b) with a central crack

Tensile loading is applied on the boundaries in the form of a distributed body load on the points in the

real region close to the boundary and in the fictitious region. The body load is computed as

F
bymy = === with m=x,,%, and @ =k, k-1, k-2, k-3, k-4 (5.70)
5N LAV
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where N, =W/Ax denotes the number of PD points along the top edge and the incremental volume of

material point is AV = h(Ax)?>.

Traction free conditions leading to zero distributed body load do not require additional
constraints. The zero double traction on the top and bottom edges of the film are enforced by using the
constraint equations, Egs. (5.45) and (5.46) while disregarding the contribution from the cross

derivative of u, and u, .

Uy (X, ) = —Uy (X, 1, 1) +2u,(X,,1) and a =k, k-1, k-2, k-3, k-4 (5.71a)
and
Uy (X0 1) = —U, (X, 4, 1) +2u,(X,,t) and a =k, k-1, k-2, k-3, k-4 (5.71b)

The real and fictitious node pairs are shown in Figs. 16 and 18. These constraint equations, Eqg. (5.71a
and 5.71b) are applied to all real and fictitious node pairs. The zero-displacement gradient conditions

on the left and right edges of the film are enforced by using the constraint equation, Eq. (5.30).

u (X, t)=u(x,,t) witha=Kk, k-1, k-2, k-3, k—4 (5.72a)
and
u,(X,.t)=u,(x,.t) witha=k, k-1, k-2, k-3, k-4 (5.72b)

These constraint equations are applied to all real and fictitious node pairs as shown in Figs. 11
to 14. In the absence of a crack, Fig. 30 shows the vertical displacement variation along the center ling,

X, =5nm of the film for varying values of ¢/§ . Itis observed that the displacements at the ends of the

film are reduced, indicating a stiffening effect with an increase in ¢/& values.
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Figure 30. In the absence of a crack, the vertical displacement along the center line, x, =5.0nm for

varying values of (/65 .

In the presence of a crack, Fig. 31 shows the PD predictions of vertical displacement contour

variations for the film with different values of ¢/5=0.08 and 0.40 .

displacement variation of the film for varying values of ¢/5 along the center line x, =5nm. Both the

Figure 32 shows the vertical

contour and vertical line displacement plots indicate that PDSG captures the discontinuity at the crack

tip with reduced displacement values as the ratio of (/5 increases. Figure 33 shows the crack opening

displacement of the film for varying values of ¢/5 which indicates that the magnitude of the crack

opening displacement decreases due to the stiffening effect as the ratio of ¢/5 increases. Figure 34

shows the mesh convergence study performed for Ax=1.0, 0.5, 0.25, 0.125 nm. Ultimately, the plate

discretization that was chosen for analysis was 40x40 PD points in the real domain with 5 layers of

fictitious material points in the surrounding.
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Figure 31. PDSG predictions of vertical displacement contour variations: a) ¢/ & =0.08, and b)
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6. CONCLUSIONS AND FUTURE WORK
6.1 Summary

Nature often emerges as the ultimate innovator, but our understanding of materials has
significantly advanced through the fusion of material science, advanced fabrication techniques,
computational modeling, and experimental characterization at the micro and nanoscales. Observations
at these small scales have demonstrated size-dependent behavior, which is critical in systems like
MEMS and NEMS. The interplay between intrinsic and extrinsic dimensions amplifies these effects,
highlighting the importance of leveraging size-dependent behaviors for future advancements in

material science and engineering.

The combination of PD and SGE provides a computational framework capable of multiscale
analysis. It is accomplished by employing the PDDO to rewrite the Navier-like displacement equations
with strain gradient in their integral form. This novel formulation of the internal force vector and force
density vectors in terms of the PD functions is unprecedented. Unlike many existing non-classical
theories, the PDSG model is valid in the presence of discontinuities such as cracks or material
interfaces, allowing for damage initiation and propagation. This unified approach can accommodate
fracture and crack propagation, as well as incorporate microstructural effects, leading to enhanced
predictability and material modeling. Parameter identification remains a challenge, as both PD and
SGE introduce their own length scale parameters, necessitating advanced experimental methods for

accurate characterization.

The one-dimensional study demonstrates the initial capability of coupling SGE and PD
theories. The classical form of the SGE equation of motion for a one-dimensional bar is a fourth-order
partial differential equation, with boundary conditions consisting of two classical and two nonclassical
types. The PDSG recovers the classical SGE solution for a CNT subjected to quasi-static loading,
showing a stiffening effect as the internal length parameter increases. This effect is evidenced by
decreased displacement along the bar length, especially near the ends, an outcome not captured by
classical continuum mechanics. Additionally, the transient analysis of a 1D nano film under dynamic

loading shows a noticeable phase shift in the frequency response compared to the point-wise solution.
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Two-dimensional formulations for bond-based and ordinary state-based PD with strain
gradient elasticity are presented. The PDSG displacement predictions accurately recover the analytical
strain gradient solutions in the case of axial tension. The tangential displacement solution deviates
slightly from the analytical solution. This discrepancy is likely due to the enforcement of boundary
conditions when using the ADR method. The differences in boundary conditions stem from the
directions in which the derivatives are taken. For the tangential case, the derivative must be taken in a
direction perpendicular to the displacement direction. Consequently, these constraint equations cannot
be directly enforced while using ADR, necessitating the use of Lagrange multipliers. This approach
guided the solution closer to the analytical solution, albeit with some error. The quasi-static response
of a 2D nano film with and without cracks subjected to tensile load demonstrates reduced displacement

with increasing values of the internal length parameter.

In summary, the integration of PD and SGE offers a robust tool for modeling size-dependent
effects in materials, particularly valuable for simulating the behavior of materials with defects or
localized features at different length scales. This approach paves the way for future advancements in
material science and engineering, emphasizing the importance of understanding and leveraging size-

dependent behaviors.

6.2 Future work
This work demonstrates the capability of the PDSG model and there are many areas left to be
explored. Only a few problems have been considered thus far. The future work identified as critical are

listed below:

o Validation against experimental test data
o Plate with a center hole under tension
o Mode I crack propagation test

o Investigation of the two-dimensional version of the quasi-brittle problem considered by Hobbs
et al. (2022).

o This will involve investigating the choice of the internal length parameter brought in

through SGE along with the peak load and post-peak failure response.



o

Derivation of critical stretch in terms of PD horizon and SGE internal length parameter.
Three-dimensional formulation and numerical implementation

o To verify the three-dimensional formulation, an example problem will be considered
where a rectangular prism is subjected to tension at both ends and free on all other

surfaces.
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APPENDICES

Appendix A: PDDO for a relative function

The derivation of the PD functions g}, where p is the order of differentiation. The subscript
of the PD functions indicates the order of Taylor series expansion used during construction. The

relative change in a function, u(x+¢&)—u(x) with fourth-order TSE and neglecting higher-order terms

is constructed as

2 3 4
8u(x)+i§28u(x)+£§38u(x)+i , 0'u(x)
ox 217 o 3T x4 ot

u(x+&)-u(x)= & +R, () (A1)

The relative distance between two points is defined as £ =x'—x. Each term in Eq. (A.1) is multiplied

by the PD functions, g, and integrated over the domain of interaction, H,, results in

ou(x o’u(x) ¢ 1
[ (e £)-u()) oz ()av, = 2 [ egrgyav, + T2 [ L gr (eay,
M Xy ox: 5 2! A2)
” ” " A2
P (1, () (1L
+ 6X3 ’—‘[aé 9, (5 )de’ + ax4 ;[mg 9, (f)dvx
The orthogonality condition allows for the desired derivative to be extracted and is written as
1o
- j £'gP (O, =3, (A3)
The PD form of the derivatives can then be written as
ou(x)
OX
O*u(x) g: ($)
ox* 9; ()
= | (u(x+<&)-u(x dv, (A4)
o°u(x) HX( (x+¢)-u(x)) 9. ()
S 9:($)
o'u(x)
ox*
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The PD functions are constructed as a linear combination of polynomial basis functions as

9; (&) =alw (£)Ds +a; w,(&DS” +a) wy ()&’ +ag w, (£)<* (A5)

where a; are the unknown coefficients and w, (| &) are the specified weight functions. Invoking

orthogonality results in a system of algebraic equations to determine the coefficients, a; as

Aa=b (A.6)
with
g e &
g
A=J-W(|§|) 654 é;s ée 57 dVX" (A7)
Colese e
The weight functions in the quasi-static case are chosen as
W (121) = w, (1)) = w (1) = w (1) = e (A8)
whereas the weight functions for the transient case are chosen as
S5° 5°
v (J¢1) = ws (¢]) = — and w, (J¢) = wq (j¢]) = — - (A9)
¢l ]
The matrix of unknown coefficients is constructed as
a & a a
2 2 2 2
a= :} = 2333 N (A10)
2 4
al o @ A

and the right-hand-side matrix, b is defined as
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(A.11)

1
<
o o o §
o~
oo Y o
o N o o
- o o o
e —|
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Appendix B: One-dimensional analytical form of PD functions

The fourth order Taylor series expansion is written as

of (x)
OX

1,,0f(x) 1 _,0%F(x) 1 _,0f(x)
+§§ pw +§§ v +E§ o +R,(x) (B.1)

f(x+&)=f(x)+¢

Each term is then multiplied by the PD function g} where p=1,2,3,4 represents the order of

differentiation considered.

H H 8X Hy
f(x) 1 o (x) ¢ 1 ' f(x) 1 ®2
T or2gp L o3yp T og4gp
r— iZ!g 07 (£)dV, +— Hjx3!§ 07 (¢ )aVy +— HIX4!§ 97 (£)av,
The PD functions are constructed as a linear combination of polynomial basis functions as
97 (&) =agw(&]) +a’w(EDs +af w(&)e” +a; w(&)e® +a) w(g)e” (B.3)

where aqID are the unknown coefficients and w, (| &) are the specified weight functions. Invoking

orthogonality results in a system of algebraic equations to determine the coefficients, aqp .

The weight function, w(&]) , is chosen to be

W(|§|) =1 (B.4)

Invoking the orthogonality condition as

[ e g, =4, ®5)
or
Aa=b (B.6)

The shape matrix, A, and known b matrix to be constructed, respectively as
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_ , o
o5 o 200 o 20
3 5
- - 3 5
1 ¢ &g g 0 2% 0 2% 0
5 & & e g
° 3 5 7
A=fw(g) e & & & fe=|2 o 2 o 2 (B.7)
-5 3 4 5 6 7 3 5 7
& & &g ¢ 255 .
&g e g g 0o — 0 — 0
- - 5 7
5 7 9
2w 2 2
L 5 7 9 |
and
1 00 0 O
010 0 O
b=|0 0 2 0 0 (B.8)
0 0012 O
0 00 0 24
Solving for the PD coefficient matrix, a=A"b results in
[ 225 525 2835 |
s 0 4w 0 ==
1286 326 166
8 a @ a a 0 % 0 _j_;f 0
al 1 al 1 al
a2 - ¥ % ol | s 205 175 ©9)
a‘; aﬁ, : ai . 645° 165° 85" '
H oA % & A& 105 525
4 4 4 4 4 0 = 0 ey 0
_ao & a, a3 a4_ 855 457
945 4725 33075
5 0 - 7 0 9
L1285 326 166~ |

The elements of (B.9) and the weight function can then be combined to construct the PD functions

from Eg. (B.3) and the end results are shown in Egs. (3.39a-3.39¢).
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Appendix C: Two-dimensional analytical form of PD derivatives

Following a similar procedure described in Appendix A, the two-dimensional derivatives up

to fourth order can be constructed as

o f(x)
SN 4 LAl g gy laras i
of (X) - ';[(Wl (|§|) hzo* {652} W, (lgD hzs® {512(:21 e }]( f(x+&) f(X))dVX. (C.1
0X,
and
62 f (X) 15 3612 _522
X W, (|§|) P —E2 +3&2
O*f(x) 25, ¢,
a2 [ j 3t _g2gt g (f(x+8&) - f(x))dV,. (C.2)
o1 (x) w, (|g|)% gz g
8X1 aXz _2§13§2 _ 251 §23
and
*f (x) 3z
o 8 3
pioo| | Fhe g
2 3
0| f - f(9)av c3
#1094 oz —azre, | [ TR ©3)
15) 28)(2 8 _34;1252 + 9523
63)(; B (|é|) hzs® | 1128, — &
(x) 2p &
aX§8X1 _513 "'1151522
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o't (x) —9¢7 +3&;
6X14 3512 _9522
10| | w(e) s 65
axg _65152
0 Z(X) _ -(&7+&) (f(x+8&) - f(x))dV, (C.4)
HKox, | q, 57¢! 42818, -3&]

o't (x) o |3 —asiE vsTe]
OX30X, +w, (|§|)m 78538, 18£8
o't (x) -1857¢, +785,&;
X 0X; —7E 8288 -8,

n+l

With the choice of weight functions being w, (|§|) with n=1,2,3,4, the analytical form of the

I
=

function and vector operators corresponding to Eq. (2.13) can then be derived. The component form of

V(V?6) can be expressed as

g,ikkei = (9,111 + ‘9,122 )e1 + (‘9,211 + ‘9,222 )ez (C5)

Substituting the PD derivative representations as

eikkei{ 32 6451(;%2)}1{ 325, 64§Z(§1+«§2)Jez 5

75° 7o° 75° 7o°
Noticing that the Eq. (C.6) is expressed in terms of a dot product and a vector, it can be rewritten as

0)=] [——W )+ (e (&) ](e(x+a> 0(x))EdA, (€7)

H

The component form of VV?(V.u) can be expressed as

uj,jkkiei = (ul,llll + u1,1122 + u2,1112 + u2,1222 )el + (u1,1112 + ul,1222 + u2,1122 + u2,2222 )62 (CS)

Substituting for the PD derivative representations results in
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_60(557-&7) 100(5&° &7 )(& +¢f) |
hzo® hzo™ '

Uj i€ = 2 2 €
+6( 605, | 10064, (& +4 )JUZ
hﬂ68 hzo™
2 2 (C9)
6[_ 605¢, 10054 (& +& )Jul
hzo® hzo™
+ 2 2 2 2 2 2 ez

{_60(5@ —&7) 10055 - &) (& + & )]u
hzs® hzs™ 2

For derivation purposes the integration over the family is implied. Noticing that the Eqg. (C.9) is

expressed in terms of dot and dyadic products, it can be rewritten as

18x20[ & &&, |[ue | 3x20[(5€) O |[ue
Uj i€ =~ +
I hzs® | £&, & ||lue,] hzs®| 0 (§-€)](ue,

L30x20 & &g, (5] e ] 5x20 &g 0 |fue
hzs™ | &8, & ue,] hzs| o (éé)z u.€,

Finally, the gradient of the Laplacian of a vector can be written as

(C.10)

36x10 6x10

w, (&) (E®8)+ =~ w, (&) (&-8)

VVZ(Veu)= (Uu(x+&)—-u(x))dA,. (C.11)

HX

+ 2w (Iél)(é 6)(c08) - 1051100 ()2

The biharmonic operator operating on a vector, u(x), can be expressed as

4 o o o
V U(X): %—"_28)(12?4_67 U(X) (C12)
2 2

Substituting for the corresponding PD derivatives as

240

Vutxg) = [ (2w, (6)(2)+ 25w ) 6" e -ucaan, (€13)

Equation (2.13) can then be expressed in its nonlocal integral form as
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Lx8) =0 —— 1(|a|) w, (g])(e:€) |(0(x+8) - 0(x))&
5
280, (gl) (2-2) + “0‘30 (1) (&2
hsfs 20 §° g 20 (14
i R T (E®) —w,(jg])(&-¢) (u(x+&)-u(x))dA.
60x20 10><20 2
h71'510 (|E-’|)(F° &—')(é®é) 510 (|g|)(‘t’&—‘)

For a material point with a symmetric domain of interaction and substituting for w;, (|§|) the internal

force vector can be simplified to

(_ 2 1,64 1 (é-é)]( (x+8)-0(x)) =

hzs* [g] " has' |E] |&F H
L(x,&) = (2 dA.. (C.15)
H[ w( 480 (§®8) (U(x)-u(x) 80 (u(x)—u(x))j
hzs® |&[ & hzs®  |g]
Splitting the internal force vector as
[ Pose _ J' tSG(X) tSG(X) (C.16)

Results in the following force density vectors t°¢ (x) and t*¢ (x') as

 (x)=a 32 1 ()g 240 (é@é)(u(x')—u(x))Jr 40 (u(x)-u(x)) ©17)
et el el Ml [eP 1Sl h7s® 9 '

and

£ (x)—a—32_ L gy By [ 240 (8®¢) (u(X)-u(x)) 40 (u(x)-u(x)) (C.18)
hast g gl “lheo” (ep 9 hzs® 9 '
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Appendix D: Lagrange multiplier method for enforcing boundary conditions

Dirichlet type boundary conditions can be enforced directly without the need of special
treatment. Neumann type or more complex boundary conditions require special care to properly
enforce them at each time step. These more complex boundary conditions can be enforced using the
Lagrange multiplier method by Carpenter et al. (1991) which ensures the compatibility by relating the

displacements at time t,, with Lagrange multipliers at time t, . The incremental equation of motion is

n+1

modified as

MU, =F(u,)+b, +G] A, (D.1)
The constraint condition is written as

G aUpy + M, =0 (D.2)

in which, M is the lumped mass matrix, U is the displacement vector, U is the acceleration vector, F

is the force vector, G, ,, is the constraint vector, and 4, is the unknown Lagrange multiplier. The

n+l

known constraint parameter, n provides information related to the boundary condition, such as the

applied traction or strain. The displacement vector u_ , is broken down into two parts as

n+l

+uf\+l (D3)

Nl =

where u’

n+l ?

is the displacement vector determined by the explicit time integration without the

contribution from the Lagrange multiplier correction. The vector u®

n+1

is the corrected displacement

vector which is determined by applying the boundary conditions using Lagrange multipliers. The

equation for the Lagrange multiplier can be expressed as

. -1 *
ﬂ’h = (AXZGnﬂM 1G:1-+1) (Gn+1un+1 +nn+1) (D4)
The corrected displacement vector is determined as

ut,, =-AxX*M7'G! 1 (D.5)

n+l — n+1”"n
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The imposition of multiple boundary conditions at the same location may require Gauss-Seidel iterative

approach (Carpenter et al. (1991)). It is worth noting that the lowest order boundary condition is
enforced first. The boundary conditions given by Egs. (4.31) and (4.32) can be constructed nearly

identically with 7., =0. The displacement vector associated with the family members of material

point k is defined as
V(k) :{U(l) Uy U(N(k)) U(k)}T (D6)

The last element of Eq. (D.6) is the displacement of the point of interest, U - The parameter N(k) is

the number of family members of material point, k, with k=1, K +1. The discrete form of these

equations with constant cross-sectional area, A, and grid spacing, Ax, can be written as

N Nk Ny
]Z:;(U(j) Uy )02 (e ) AdX = jzj;u(j)g? (&houiy ) Yoo ]Z:; 09 (£49)) =0 ©.7)

where q=1,2 depending on the derivative order of the boundary condition. Expanding Eq. (D.7)

allows for the extraction of the constraint vector as

Ng
Gn+1={gj(§(k)(1)) gg(é’:(k)(N(k))) _zgg(é:(k)(j))} (D-8)
j=1

Equation (D.8) can then be used for the boundary conditions given by Eqgs. (4.31) and (4.32) for the

material point, k , with k=1,K+1. The number of elements in G, is N, +1. The boundary

n+l

condition expressed in Eq. (4.30) can be constructed in its discrete form as

Ngo N

(k)
(“(J) U )9411 (ét(k)(i) ) AAX - (* 4 (”(j) ~Ugq )gf (g(km) ) AAX

j=1

(D.9)

(k

N =
(U(j)gzlx (ég(k)(j) ) - 'Czu(j)gi (‘f(k)(j) )) - u(k) ;(gi (é:(k)(j) )_ '(zgi (g(k)(J) )) = m

T

j=1
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. . . . . F
In the case of quasi-static loading, the constraint parameter is nonzero as 7,,, = EAAK In the case of
X

dynamic loading this parameter is set to zero to satisfy the traction free condition. Expanding Eg. (D.9)

allows for the extraction of the constraint vector as

Nay
Gn+1:{gi(g(k)(l))_ﬁzgi(g(k)(l)) gzlt(g(k)(NM))_ﬁzgi(g(k)(NM)) _Z(gzlt(g(k)(j))_Kzgi(g(k)(j)))}

j=1

(D.10)

This equation can then be used to enforce the boundary condition given by Eq. (4.30) at the material
point k = K+1. Equations (D.8) and (A.10) are substituted into Eq. (D.4), which is then substituted
into (D.5) to calculate the corrected displacements associated with the family members of the boundary
point. The corrected displacements are then added to the corresponding displacements provided by the

initial displacement vector found from explicit time integration.



Appendix E: Acronyms

ADR: Adaptive Dynamic Relaxation

BB: Bond-Based

CCM: Classical Continuum Mechanics

CNT: Carbon Nanotube

MEMS: Micro-ElectroMechanical System

NEMS: Nano-ElectroMechanical System

OSB: Ordinary State-Based

PD: Peridynamics

PDDO: Peridynamic Differential Operator

PDE: Partial Differential Equation

PDSG: Peridynamics with Strain Gradient

SED: Strain Energy Density

SG: Strain Gradient

SGE: Strain Gradient Elasticity

SWCNT: Single-Walled Carbon Nanotube

TSE: Taylor Series Expansion
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