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Abstract

Phase equilibria in a coherent binary alloy for the eutectic and peritectic systems are ana-

lyzed in this study to construct a theoretical model that will provide conditions for three-

phase equilibrium in the presence of coherency stress between the solid phases. Our analysis

employs simple quadratic functions for the Gibbs energy for individual phases, considering

the solid phases to be temperature-independent. To facilitate an analytical solution, we

used simplified assumptions about the system, explicitly considering an infinite volume oc-

cupied by three phases and the solid phases being isotropic and linearly elastic. We use

a mathematical optimization method, Lagrange multiplier, to minimize the functions of

Gibbs free energy subject to the constraints of volume fractions and phase compositions

that satisfy the equilibrium conditions. This theoretical study demonstrates the effect of

coherency stress on invariant points of phase diagrams, including a liquid leveraging the

original Larche-Cahn formulation to evaluate the impact of coherency stress on eutectic and

peritectic points in binary alloys. The common tangent construction is not applicable in the

presence of strain energy between the solids, and the Gibbs phase rule no longer holds. Our

findings demonstrated that coherency stress has distinct consequences on the eutectic and

peritectic equilibria due to the difference in compositions between one solid and liquid phase

and the difference in the melting points of the solid phases; therefore, instead of forming

the three-phase region, usual to eutectic equilibria, a two-phase region with one solid and

liquid becomes more dominant in the peritectic equilibria.



1 Introduction

The properties of metallic alloys depend on their microstructures developing due to trans-

formations occurring throughout their production processes, such as solidification, thermo-

mechanical treatments, and heat treatments. Equilibrium composition–temperature phase

diagrams for atmospheric pressure are the starting point for understanding how microstruc-

tures develop during most processing. However, useful microstructures are often far from

stability, and an understanding of the thermodynamic foundation of phase diagrams for

stable and metastable equilibrium increases their efficacy [4]. The phase diagram provides

an illustrated form to understand the conditions of phase transformations. Phase transfor-

mations play an important role in materials science in determining the characteristics of

materials under different conditions. It is concerned with the thermodynamic equilibrium

of the system. Understanding the basic concept of the phase diagram is essential, which is

the beginning of wisdom for different material systems [10]. It illustrates the equilibrium

state of a thermodynamic system, indicating the existence of one phase, the coexistence of

two or three phases at a specific temperature and pressure, and the anticipated phase trans-

formations. This critical phenomenon can be identified by phase transformation, the most

effective method for creating various microstructures to understand the fundamental prop-

erties of materials; for instance, heating and rapidly cooling steel (quenching) transforms its

internal structure, creating a harder, stronger material.

Phase diagrams are fundamental tools in materials design. They provide equilibrium

maps that define the stable phases of alloys under different temperatures, pressures, and

compositions. By identifying the conditions under which desired phases form, phase di-

agrams are essential for optimizing mechanical properties such as strength, ductility, and

corrosion resistance. The development of phase diagrams is based mainly on experimental

measurements and thermodynamic modeling. While phase diagrams describe equilibrium

behavior, real-world processes like alloy solidification and crystal growth often involve non-

equilibrium effects that should be analyzed relative to these diagrams. The CALPHAD

(Computer Coupling of Phase Diagrams) approach is the most familiar, integrating both

experimental outcomes and thermodynamic modeling to provide a complete computational

tool to forecast the phase behavior. This method mainly depends on minimizing the Gibbs

Free energy to find the most stable phase for a given composition and temperature, enabling

the detailed estimation of the systems compatible with thermodynamic principles [11].
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Our study analyzes the eutectic and peritectic equilibria of a coherent binary alloy by

minimizing the relevant phases’ thermodynamic potential, specifically the Gibbs free energy,

at given temperatures. This approach allows us to predict stable phase formations and

transformations, providing deeper insight into the thermodynamic equilibrium of a coherent

system under stress.

1.1 Phase diagram

Phase diagrams are the foundation for performing basic materials research in solidification,

crystal growth, joining, solid-state reaction, phase transformation, oxidation, etc. On the

other hand, a phase diagram also serves as a road map for materials design and process

optimization since it is the starting point in manipulating processing variables to achieve

the desired microstructures. Until the last decade of the 20th century, phase diagrams were

determined primarily by meticulous and costly experimentation.[12]

Phase diagrams are a cornerstone of knowledge in materials science and engineering.

They serve as critical guides for designing various materials, including alloys, ceramics,

semiconductors, cement, concrete, and any other material where the concept of phases is

relevant.[10] The properties of materials are related to their microstructure, and the mi-

crostructure is associated with the constitution, which states the number of phases present,

their proportion, and their composition. To determine the constitution, we need to know

the phase diagram. Typically, in a solid, microstructure consists of grains of phases against

one another. These grains may consist of only one phase, a single-phase microstructure, or

grains of many phases, a polyphase microstructure. An inspection of a material’s overall

properties may proceed by determining the constitution of the phases involved and combin-

ing this with the knowledge of their specific properties, such as crystal structures, physical

properties, etc., later. Very importantly, it incorporates knowledge of the distribution of

the phases in the microstructure. They can help determine the shapes and sizes of the

grains, how they fit together, and how they interact. The information that allows us to

predict the constitution from a graphical plot of the phases involved is known as a phase

diagram, a function of what kind of a phase diagram is used for a given material. The

independent state variables that control the phases in a given diagram are the number of

components involved, the proportion of the components in the material, the temperature,

and the external pressure. Simple phase diagrams generally involve only two state vari-
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ables: temperature and composition. If one is plotted vertically and the other horizontally,

a graphical representation shows the distribution of the various possible phase fields allowed

by the two variables. All materials exist in three forms: gaseous, liquid, or solid, typically

called phases. These phases depend on the conditions of the state, meaning the values of the

relevant state variables. The term ”phase” refers to a region of space occupied by a uniform

material. Each single-phase area is depicted graphically in a phase diagram and usually

labeled with a single term. Engineers often find it convenient to use this label to refer to

all the material associated with that field, regardless of how the physical properties may

vary within different parts of the field. As a result, in engineering practice, the distinction

between ”phase” and ”phase field” is often overlooked, and all materials sharing the same

phase name are typically referred to as the same ”phase”.[12]

Phase diagram is a graphical representation of the physical states of a substance under

different conditions of temperature and pressure. It typically plots pressure on the vertical

axis against temperature on the horizontal axis, illustrating the stability regions for other

phases. The boundaries between these regions, represented by lines or curves on the dia-

gram, indicate the conditions under which phases transform from one to another. At these

boundaries, two phases can coexist in equilibrium as well. Phase diagram is a graphical

representation of the physical states of a substance under different conditions of tempera-

ture and pressure. It typically plots pressure on the vertical axis against temperature on

the horizontal axis, illustrating the stability regions for other phases. Other than that, it

plots temperature on the vertical axis and composition on the horizontal axis to understand

how the composition of the binary or multicomponent system influences phase stability at

different temperatures. Each region in this diagram represents a phase or a combination

of stable phases under specific compositional and temperature conditions. The boundaries

between these regions, represented by lines or curves on the diagram, indicate the conditions

under which phases transform from one to another. At these boundaries, two phases can

coexist in equilibrium as well.[12]

1.2 Phase Equilibria map

In our study, we use the term ’Phase Equilibria Map’ instead of ’phase diagram.’ Though

both of them identify the phases that are stable, there is a distinct difference between the

two. While the phase diagram can give a quantitative estimation of the composition of
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the phases following the lever rule- a formula used to determine the mole fraction or the

mass fraction of each phase of a binary equilibrium phase diagram, the ’phase equilibria

map’ does not adhere to those lever rule guidelines. Therefore, we will focus on a simplified

qualitative analysis of the phases and refer to it as a ’Phase Equilibria Map.’

The basic differences between the ’Phase diagram’ and ’phase equilibria maps’ are shown

in Table 1.

Table 1: Comparison between Phase Diagram and Phase equilibria maps

Phase diagram Phase equilibria maps

Graphical representation showing

stable phases at different condi-

tions (temperature, pressure, com-

position).

Graphical representation showing

phases in equilibrium under various

conditions without detailing phase

proportions.

Understanding how different phases

form and interact under various con-

ditions and calculating proportions

of each phase.

Identifying stable phases under spe-

cific conditions without quantifying

their proportions.

Provides Lever Rule to calculate the

portion of phases in a two-phase re-

gion.

Lever Rule or similar quantitative

measures are not applicable.

1.3 Gibbs Energy

There are three states of equilibrium: stable, metastable, and unstable. These three con-

ditions are illustrated schematically in a structural sense in Figure 1. Stable equilibrium

occurs when the object is in its lowest energy state. Metastable equilibrium exists when

additional energy (∆G) must be applied before the object can reach proper stability. An un-

stable equilibrium exists when no additional energy is needed before reaching metastability

or stability. Although stable equilibrium conditions seldom exist in real everyday materials,

studying equilibrium systems is highly valuable because they provide a limiting condition

from which actual conditions can be estimated. The state variables that are selected to

control a given system determine the free energy values of all the possible phases that can
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exist in that system for all possible combinations of the variables. The phases represented

in a phase diagram represent the lowest free energy value at each state point. [3]

G
ib

b
s 

fr
e
e 

en
e
rg

y,
 G

Arrangement of atoms

∆G

Activation EnergydG = 0

dG = 0

Figure 1: Free energy as a function of the arrangements of atoms in phases. A: stable

configuration, B: metastable configuration [3]

Gibbs Energy (G), also known as Gibbs Free Energy, is associated with the energy

available to do work and determines whether a reaction will be spontaneous. Like the

universe, every system wants to be stable by giving off energy, which will cause the system

to have a negative enthalpy change. On the other hand, the universe also wants to be

disordered, increasing entropy. Fulfilling these two conditions, the change in free energy

will be negative, and the reactions will be spontaneous on all values of temperatures. If

the ∆G is positive, the reaction needs external energy to proceed, and the reaction will

not be spontaneous.[13]. Gibbs Free Energy is a thermodynamic potential representing the

maximum reversible work a thermodynamic system can perform at specific conditions, like

temperature and pressure. It is essential for predicting spontaneity and stability in chemical

reactions and phase transformations. Gibbs’s free energy is mathematically determined by

subtracting the product of temperature and entropy change from the enthalpy change, as

presented in Eq. 1.

∆G = ∆H − T∆S (1)
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where ∆H denotes the enthalpy, T is the absolute temperature, and ∆S represents the

entropy of the system, is the extent of the disorder of a system describing how much energy

is not available to do work. The more disordered a system is and the higher the entropy,

the less energy is available to do work. A negative Gibbs energy change (∆G < 0) indicates

that a reaction or process occurs spontaneously, whereas a positive Gibbs energy change

(∆G > 0) indicates non-spontaneity, requiring external energy input. Equilibrium corre-

sponds to a Gibbs energy minimum, i.e., when ∆G = 0. In thermodynamics, the alloy’s

phase or combination of phases with the minimum Gibbs free energy at constant temper-

ature, pressure, and composition is the most stable. It will be observed at equilibrium,

showing the direct connection of stability or equilibrium of the phases with the minimized

Gibbs free energy. So, in materials science, Gibbs’s free energy is considered an essential

aspect in anticipating the microstructural development and materials synthesis conditions

by handling phase stability, phase diagrams, and equilibrium compositions. In our current

work, our initial approach is to minimize the Gibbs free energy of coherent binary alloys to

obtain phase equilibria.

1.4 Gibbs Phase Rule

Gibbs Phase Rule provides a fundamental framework for comprehending the degrees of

freedom in a multiphase chemical system at equilibrium. The rule is compulsory in materials

science and chemical engineering, offering an essential understanding of phase behavior and

phase transitions. Different phases in a system have the same temperature and pressure as

the requirements for equilibrium. Further, each component has the same chemical potential

in all the phases in equilibrium. This is derived from the Gibbs phase rule, which states

that [12]

F = C − P + 2

where F is the minimum number of degrees of freedom required to reproduce the system, C

represents the number of independent components, and P refers to the number of phases.

The Gibbs phase rule applies to multicomponent macro systems in determining the number

of phases at a given temperature and pressure. Gibbs Phase Rule offers the design and

analysis of the synthesis of new materials and the study of phase diagrams and phase trans-

formation. In a binary alloy system, the rule predicts that up to three phases can coexist

at equilibrium under certain conditions without changing the system’s overall composition
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or temperature.

1.5 Common tangent

The common tangent method is an essential graphical mechanism to determine equilibrium

compositions and phase boundaries within a binary phase diagram. In thermodynamic

equilibrium, the chemical potentials of each component in coexisting phases must be equal,

which graphically represents the construction of a common tangent line to the Gibbs free

energy curves of the respective phases. It helps determine the compositions of phases that are

in equilibrium at a specific temperature and pressure, which imitates the phase coexistence

regions such as miscibility gaps, eutectics, and solid-solubility limits [4]. Mathematically,

the common tangent condition for two phases (for example, α and β) at equilibrium can be

expressed as:

µα
i (T, P,X

α
i ) = µβ

i (T, P,X
β
i ) for each component i

where µi denotes the chemical potential, T temperature, P pressure, and Xi the mole

fraction of component i.

Figure 2: Common tangent method applied to two phases, and , for a binary system A-B

(adapted from [4])
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Figure 2 illustrates the common tangent method applied to determine phase equilibrium

in a binary alloy system showing the Gibbs free energy curves (G) for two phases (α and β) as

a function of composition (X). Equilibrium between phases is determined by constructing

a common tangent line connecting the minimum point of both Gibbs energy curves. At

equilibrium, the chemical potentials, µi of each component (A and B) must be equal in

both phases

µα
A = µβ

A = µα
B = µβ

B

This tangent line provides equilibrium compositions of component B in both phases, labeled

as Xα
B and Xβ

B . The vertical arrows display the difference in Gibbs free energy between the

pure and mixture phases, illustrating the driving force for mixing or separation into distinct

phases. This approach is essential in materials science for analyzing alloy phase diagrams

and predicting phase stability and transformations. [14]

However, in coherent solids, the common tangent construction is usually invalid as the

free energy of the system is not simply the sum of the free energies of the individual phases

independent of the position and morphology of the other phases. Coherent phase diagrams

can still be formulated by adding the elastic energy of the system to the free energies of the

phases in the absence of deformation and then minimizing the resultant energy. This is the

recent approach by Williams and Cahn and Larche. [15]

1.6 Lattice structure and lattice mismatch

Lattice structures are essential in determining the physical, mechanical, and chemical prop-

erties of any type of alloy, such as the impact of lattice structure in our current work for the

coherent binary alloy. The lattice structure defines the atomic arrangement within a crys-

tal, directly affecting the behavior of the alloy, interface coherency, and phase equilibrium.

Common crystal structures appropriate to binary alloys are as follows:

1. Face-Centered Cubic (FCC): Characterized by atoms positioned at the corners and

face centers of the cubic unit cell as shown in Figure 3. FCC alloys generally show

high ductility, good corrosion resistance, and superior formability [1].

2. Body-Centered Cubic (BCC): Atoms are at cube corners, with one atom at the cen-

ter. BCC alloys often exhibit higher strength but lower ductility than FCC alloys,

significantly influencing deformation mechanisms and phase stability [1].
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3. Hexagonal Close-Packed (HCP): Atoms are arranged in hexagonal layers; these alloys

usually maintain limited elasticity and anisotropic mechanical properties, which affects

alloy processing and application performance [16].

Body-Centered Cubic (BCC)

Face-Centered Cubic (FCC)

Hexagonal Close Packed (HCP)

Body-Centered Cubic (BCC) Face-Centered Cubic (FCC) Hexagonal Close Packed (HCP)

Figure 3: Different types of crystal structures

Lattice mismatch refers to the difference in crystal lattice parameters, precisely the

spacing between atoms between two adjacent crystalline materials. This difference typically

occurs at interfaces such as between a thin film and its underlying substrate or between

consecutively epitaxially grown layers. When two materials with different lattice constants

are brought together, the difference affects the mechanical stress at the interface, creating

defects such as dislocations or misfit distortions, which significantly influence the material

properties. This strain can profoundly affect the behavior of the material, influencing the

formation of defects, the quality of epitaxial growth, and the general properties.

Figure 4 depicts the concept of coherency in lattice mismatch between a thin film and

its substrate. The diagram illustrates elastic strain accommodation, where the film deforms

to match the lattice constant of the substrate at the interface without forming dislocations.

The substrate remains rigid while the film undergoes in-plane strain, maintaining coherency.

The lattice mismatch is calculated from the lattice constants of the epitaxial layers (aepi)

and the substrate (asub) as defined by Equation (2): [17]
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∆a

aepi
=

aepi − asub
aepi

(2)

This mechanism is key to understanding strain-induced effects in coherent binary alloys.

Moreover, lattice mismatch is an essential phenomenon to consider in many fields, such as

in semiconductor engineering; for instance, excessive lattice mismatch may degrade device

performance by introducing undesirable carrier diffusion or decreasing the epitaxial rate.

However, lattice mismatch is critical in designing advanced optoelectronic and quantum de-

vices. So, understanding and controlling lattice mismatch is essential for optimizing alloy

properties, device performance, structural integrity, performance of semiconductors, and de-

veloped functional materials applications. Lattice mismatch and strain between an epitaxial

layer and the substrate are necessary to analyze crystal stability and material quality.

Bulk crystal material, B

Bulk crystal material A

Thick substrate material A

Thin epitaxial layer 

material B

Epitaxy and elastic 

accommodation of 

strain

ℇrelax

ℇmisfit

Figure 4: The epitaxial layer in the presence of lattice mismatch between the layer material

and the substrate material. The case of purely elastic accommodation of strain is presented

(no misfit dislocations) [5]
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1.7 Coherent binary alloy

Binary alloys are composed of two different metal elements, where the elements are combined

homogeneously or in specified combinations to form a solid solution, intermetallic compound,

or multiphase mixture. In the context of binary alloys, coherency refers to the alignment of

the crystal lattice between the precipitate and the surrounding matrix. When the precipitate

maintains an identical crystallographic orientation with the matrix, it maintains continuous

lattice planes across the interface and is named a coherent precipitate, which minimizes

the interfacial energy. Thereby significantly influencing the mechanical properties of the

alloy. Sometimes, there is a lattice mismatch between the precipitate and the matrix,

which initiates coherency strains. These strains create a stress field that can restrict the

movement of the dislocations, changing the mechanical properties of the material. For

example, in precipitation-hardened alloys such as the Cu-Al system, coherent precipitates

such as Guinier-Preston zones and θ phases form with the aluminum matrix, restricting

dislocation motion and increasing the strength of the material.

The change in size or composition of the precipitate increases the lattice mismatch,

leading to loss of coherency and incoherent precipitates characterized by discontinuous lat-

tice planes with higher interfacial energy. In reality, understanding and maintaining the

coherency of precipitates is crucial to the successful application of the alloy or material

design for specific domains, as they directly influence the mechanical performance of al-

loys. Thus, factors such as alloy composition, heat treatment, and processing conditions

can be considered to tailor the precipitates’ size, distribution, and coherency to achieve the

expected mechanical properties of alloys. In coherent binary alloys, the lattice mismatch

between constituent phases strongly affects interfacial energy, influencing nucleation and

growth processes. Small lattice mismatches tend to have coherent interfaces, minimizing

interfacial energies and enhancing mechanical stability. Contrarily, significant lattice mis-

matches can lead to semi-coherent or incoherent interfaces, generating internal stresses and

dislocations, thereby varying the mechanical properties of the alloy [2]. Comprehending the

relationship between lattice structures and coherent interfaces allows precise manipulation of

alloy properties, which is essential for designing advanced materials for specific engineering

applications.
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1.8 Eutectic and Peritectic phase equilibria

A eutectic equilibrium occurs when a liquid transforms simultaneously into two distinct

solid phases at a specific composition and temperature, TE , known as the eutectic point, E,

as shown in Figure 5 (a). This transformation produces a distinct alternating lamellar or

rod-like pattern microstructure, significantly influencing the material’s mechanical, thermal,

and electrical properties. Eutectic systems are widely studied for their practical importance

in alloy design, casting processes, etc.

Liquid
TE−−−−→

cooling
α solid solution + β solid solution (3)

Upon cooling at the eutectic temperature, TE , a liquid phase simultaneously transforms into

two distinct solid solutions, denoted as α and β. This is an invariant reaction because it is

in thermal equilibrium. Another way to define this is that the change in Gibbs free energy

equals zero, which means the liquid and two solid solutions all coexist together in chemical

equilibrium.

⍺+β

⍺

⍺+L β+L

β

L

⍺+β

⍺

⍺+L

β+L

β
L

T
em

p
e
ra

tu
re

 (
A

rb
it

ra
ry

)

Composition (Arbitrary)

(a) Eutectic (b) Peritectic

E

P
TP

TE

Figure 5: (a) Eutectic and (b) Peritectic phase equilibria maps in binary alloy considering

arbitrary values of temperature and composition

However, in the case of peritectic equilibrium, it occurs when a liquid and a solid trans-

form simultaneously into one distinct solid phase at a specific composition and temperature,
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TP , known as the peritectic point, P, as shown in Figure 5 (b). A peritectic equilibrium in-

volves the reaction between a solid, α, and a liquid phase to form a new, distinct solid phase,

β, at a specific peritectic temperature, TP and composition. The peritectic transformation

generally leads to a complex microstructural transition accompanied by diffusion-controlled

mechanisms.

Liquid + α solid solution
TP−−−−→

cooling
β solid solution (4)

Some fundamental distinctions between eutectic and peritectic equilibria have been

shown in Table 2

Table 2: Comparison between Eutectic and Peritectic Equilibria [1, 2]

Feature Eutectic Equilibrium Peritectic Equilibrium

Definition A reaction where a liquid transforms

into two (or more) solid phases upon

cooling: L → α+ β.

A reaction where a solid phase reacts

with a liquid to form a second solid

phase upon cooling: L+ α → β.

Phase Diagram Appears as a ”V”-shaped valley where

the liquid phase decomposes into two

solids at a specified temperature,

known as eutectic point.

Appears as a horizontal line where a

liquid and a solid react to form a new

solid phase at a specified temperature,

known as peritectic point.

Composition The eutectic composition is the specific

composition where the liquid trans-

forms directly into two solids without

a freezing range.

The peritectic composition is the com-

position at which the liquid and solid

react to form a new solid phase.

Microstructure Typically results in a lamellar or fibrous

two-phase microstructure, e.g., Pb-Sn

eutectic.

Peritectic leads to a core-shell or encap-

sulated microstructure due to incom-

plete diffusion, e.g., Fe-C system.

Cooling Behavior The liquid cools to a single temperature

where it fully solidifies into two phases.

The liquid and primary solid phase re-

act at a fixed temperature to form a

new phase, but complete reaction may

not occur due to kinetic limitations.

1.9 Lagrange Multipliers

In many applications, the extrema of a function f(x,y) subject to a constraint g(x,y)=k

must be found out. Such problems are called constrained optimization problems. If the

primary function, f(x,y), is differentiable along the constraint function, g(x,y), the con-
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Function

Constraints

Solutions

Figure 6: Lagrange Multiplier method [6, 7, 8, 9]

strained optimization problem can be simplified to finding the extrema of a single-variable

function derived from the original function along the constraint. In mathematical optimiza-

tion, Lagrange multipliers, also called Lagrangian multipliers, is a constrained optimization

method to get the local maxima and minima of a function, f(x,y), subject to constraints,

g(x,y). In the illustration Figure 6, function f is shown in red, constraints g in blue, and

the intersection of f and g is indicated in light blue is the solution [6, 7, 8, 9].

For an extrema of f to exist on g, the gradient of f must line up with the gradient of g.

If the g intersects f , the gradient is a horizontal vector that shows the direction in which

the function increases; for g, it is perpendicular to the curve. If the two gradients of f and

g are in the same direction, then one is a multiple (−λ) of the other, so

∇f = −λ∇g.

The two vectors are equal, so all of their components are as well, giving

∂f

∂xk
+ λ

∂g

∂xk
= 0

for all k = 1, . . . , n, where the constant λ is called the Lagrange multiplier.

The extrema are then found by solving the n+1 equations in n+1 unknowns, which is

done without inverting g, which is why Lagrange multipliers can be so useful.
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For multiple constraints g1 = 0, g2 = 0, . . . ,

∇f + λ1∇g1 + λ2∇g2 + · · · = 0.

This method is helpful because it converts a constrained optimization problem into a sys-

tem of equations without constraints by introducing additional variables called Lagrange

multipliers [6, 7, 8, 9]. The advantage of using Lagrange multipliers is their ability to op-

erate complex constraints efficiently, allowing the solution of high-dimensional problems.

Sometimes, in other computational approaches, these optimization approaches are com-

putationally intensive and impractical to solve using direct substitution methods. In this

method, by equating the gradients of the objective function and the constraints, Lagrange

multipliers provide critical insight into the essence of the solutions by pointing to the linear

relationship of the gradients and, as a consequence, identifying possible maxima within the

specified constraints. This technique is essential in many fields, such as engineering, physics,

and economics, where it is mandatory to optimize the real application under constraints fre-

quently.

The Lagrange Multiplier model is appreciated for its computational simplicity and effi-

ciency, especially when alternative models are complex and their computationally demanding

estimation [18]. In thermodynamics, the Lagrange Multiplier method is utilized mainly to

use the entropy principle effectively. This principle evaluates the limitations on the funda-

mental relationships of materials or alloys to ensure that inequalities are maintained through-

out all thermodynamic processes. The method simplifies this process by incorporating field

equations and their linear combinations with entropy inequalities, where the coefficients

of these combinations act as Lagrange multipliers. This approach transforms the complex

problem of satisfying the entropy inequality into a more manageable algebraic form, making

it easier to derive necessary restrictions for the constitutive equations of various materials.

This method is particularly advantageous because it facilitates the derivation process by

reducing the computational complexity [19]. Given the above considerations, we applied

Lagrange multipliers in our theoretical model, subject to thermodynamic constraints.
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2 CALPHAD

CALPHAD, Calculation of Phase Diagrams, is an essential tool in materials science that

leverages thermodynamics to predict phase stability and material behavior across a range of

conditions.[20, 21] The history of CALPHAD manifests the progress likely in phase equilibria

by leveraging fundamental thermodynamic principles alongside mathematical modeling to

illuminate the diverse thermodynamic characteristics of phases. This approach, CALPHAD,

demonstrates the continual enhancements made to a complex and scholarly field, showing its

practical applicability and broad scope of use. The origins of the CALPHAD methodology

are traced back to van Laar in 1908, who utilized Gibbs energy formulations to study phase

equilibria at the dawn of the 20th century.[22]

The CALPHAD method uses a thermodynamic framework to predict phase stability and

transformations in various materials under different conditions. It focuses on minimizing

Gibbs free energy, with each phase’s energy modeled as a temperature, composition, and

pressure function. A vital aspect of CALPHAD is the development of extensive thermo-

dynamic databases that combine experimental data and theoretical calculations for more

reasonable precision. This iterative refinement of databases and modeling techniques makes

CALPHAD a valuable tool in materials science, enabling precise material design and com-

plex material behaviors before exploratory verification.[20, 21]

By minimizing the Gibbs energy, CALPHAD provides insights into both stable and

metastable equilibria, with broad implications in alloy design, process optimization, ther-

modynamic database development, diffusion modeling, etc. It enables the design of new

alloys by forecasting phase formations under specific conditions such as temperature, com-

position, and pressure. This predictive capability is critical for engineering materials with

targeted mechanical properties and enhanced corrosion resistance. CALPHAD facilitates a

deep understanding of how various manufacturing processes, particularly heat treatments,

influence material microstructures, allowing fine-tuning processing parameters to reach op-

timal performance. [20]

The methodology predicts material responses to environmental exposures, which is in-

valuable for assessing corrosion, degradation, and long-term stability. CALPHAD extends

its predictive power to model microsegregation and the emergence of non-equilibrium phases

in processes like rapid cooling or welding, where equilibrium assumptions break down. This

capability fills a critical gap left by conventional equilibrium phase diagrams. A corner-
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stone of CALPHAD is the continuous refinement of thermodynamic databases. These holds

of experimental and calculated data ensure that predictions remain accurate and relevant

as new information becomes available. Beyond phase predictions, CALPHAD integrates

diffusion simulations by calculating diffusion coefficients. This is crucial for understanding

and predicting material behavior during thermal treatments and other diffusion-controlled

processes. [21]

Fundamentally, CALPHAD is a groundbreaking approach in the materials fields, en-

abling the simulation and optimization of materials and processes prior to physical in-

vestigation. This predictive advantage preserves valuable resources and time and drives

innovation in material design and manufacturing.

3 Motivation

Intrinsic stress is ubiquitous in crystalline solids and is essential to understanding their mi-

crostructures and properties. Independent from external loading, intrinsic stress arises from

defects in the crystalline structure, such as dislocations or interfaces. Coherency stress is

commonly present in critical classes of materials such as superalloys, steels, and semicon-

ductors. Coherency stress arises from lattice misfit between phases that can maintain the

continuity of the crystal structure across their interface. Lattice misfits below a threshold

for a given pair of phases can be accommodated purely by elastic strain. The elastic strain

energy associated with the lattice misfit contributes to the total energies of the phases and

thus may affect phase equilibria and their graphical representation in phase diagrams.

Since the publication of the pioneering work by Larché and Cahn [23], the impact of

stress on thermodynamics of alloys have been of sustained interest [24, 25, 26]. Significant

progress has been made in capturing coherency stress effects specifically and calculating

coherency phase diagrams. Cahn and Larché [23] developed a simple model for binary

infinitely-sized solids consisting of two phases with identical isotropic elastic properties but

different lattice parameters. Their analysis demonstrated that coherency strains stabilize

a single-phase system relative to a two-phase one. Further investigations of the differences

in thermodynamics of stressed solids and stress-free fluid-like systems [27, 28] can be sum-

marized as follows: (i) tie lines and field lines can deviate, (ii) multiple linearly stable

equilibrium states can exist under identical thermodynamic conditions, (iii) the common
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tangent construction does not apply, and (iv) the Gibbs phase rule no longer holds, i.e.,

the number of phases in equilibrium is independent of thermodynamic degrees of freedom.

The precise thermodynamic boundaries where classical and coherent phase representations

converge remain an open question, warranting further investigation.Johnson and Voorhees

[15] assessed the Cahn’s model and outlines some consequences of coherency strains and

long-range elastic stress on the thermodynamic equilibrium of coherent solids. However,

they didn’t construct a phase diagram and determine the boundaries for interpreting the

equilibrium phase composition and volume fraction. Recent studies generalized the Cahn–

Larché model from an idealized to more realistic systems by capturing the effects of: a

free surface [29], a large lattice mismatch [30], anisotropy [31]. Beyond theoretical formula-

tions building on the Cahn-Larché model, thermodynamics and phase diagrams of coherent

systems have been pursued with computational methods. Wood and Zunger introduced a

first-principles approach to calculating coherent phase diagrams using the density functional

theory and cluster variation method [32]. They investigate the impact of epitaxial growth on

the phase diagrams and thermodynamic properties of binary or pseudobinary alloys through

a cluster-based theoretical framework. It mainly studies how thin films grown on substrates

influence these properties, presenting phenomena such as ’Epitaxial Stabilization’, where

ordered phases absent in bulk can emerge under epitaxial conditions and disordered phases

remain stable at lower temperatures. The study uses continuum elasticity and microscopic

cluster theories to reveal how epitaxial constraints modify alloy behaviors due to strain and

lattice-matching effects, which are essential for semiconductor and metal alloy growth [32].

Stress effects have also been of continued interest in the phase field community, inquiring

about the impact of coherent stress on the microstructure evolution in materials, ranging

from the classical works of Khachaturyan [33] to recent developments of chemomechanics

phase field methods from isotropic to anisotropic interface by introducing anisotropic ex-

pression of the elastic energy. This approach overcomes the limit of Cahn’s model, which

fails to predict accurately the evolution of phase equilibria for large deformation. Garcke

and Weikard [34] discussed the kinetic aspect of phase separation in binary alloy using the

Cahn-Hilliard equation. By applying finite element approximation, they showed the impact

of elasticity on the morphology of the microstructure. The coherency strain accommodation

alters both thermodynamics and kinetics of the phase transformations, so that are consid-

ered in phase field research [35, 36]. This large body of published work mostly focused on
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systems in solid state. With few exceptions [37, 38, 39], the effect of stress on equilibria

in multiphase systems that include a liquid phase has not been investigated in detail. In

this theoretical study, we model the effect of coherency stress on invariant points of phase

diagrams including a liquid. Accurate modeling of eutectic and peritectic points in alloys

is important for understanding and predicting microstructure formation during processing,

computational design of alloys, and their inoculants, favorable for metal additive manufac-

turing. Given this importance, we leverage the original Larche-Cahn formulation to evaluate

the effects of coherency stress on eutectic and peritectic points in binary alloys that form

two coherent solid phases.

4 Theoretical model

In our study, we used a computational method to predict the thermodynamic equilibrium

of coherent binary alloys. Our model imitates various levels of coherent stress to evaluate

the conditions under which the solid phases, α and β, and a liquid phase, L, can exist in

equilibrium. This method thoroughly evaluates how stable each phase is under conditions

described by our computational model.

Our study considers binary alloy systems consisting of two elements A and B. These

systems form solid phases at low temperatures: A-rich α phase and B-rich β phase with

limited solubility of the other element. The system can form an invariant point in which

both phases are in equilibrium with a liquid phase, L. Our goal is to construct a theoretical

model that will provide conditions for such three-phase equilibrium in the presence of a

coherency stress between the solid phases. To facilitate an analytical solution, we use

simplifying assumptions about the system similar to those used in the original Larché-Cahn

model for two-phase systems [23]. Specifically, we consider an infinite volume occupied

by three phases; the solid phases are isotropic and linearly elastic; both solid phases have

the same elastic properties described by, e.g., Young’s modulus E and Poisson’s ratio ν.

These simplifying assumptions allow the coherency energy, ge, to depend only on the molar

fractions of the solid phases (zα and zβ) and the elastic energy associated with the lattice

misfit, ϵ:

ge = zαzβ
V Eϵ2

(1− ν)
= zαzβW, (5)
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where we introduce the notation W = V Eϵ2/(1−ν). The coherency energy contribution, ge

is additive to the chemical energies of the phases represented by molar Gibbs free energies,

gi (with i ∈ {α, β, L}) that constitute the total molar energy of the system, g:

g(zα, zβ , xα, xβ , xL) = zLgL(xL) + zαgα(xα) + zβgβ(xβ) + zαzβW (6)

where xi is the composition of the ith phase expressed as a concentration of element B: xi

= NB
i /(NA

i +NB
i ) with NA

i and NB
i representing the number of moles of elements A and

B in the i th phase. For an alloy of the overall composition, X, the phase molar fractions

and compositions must satisfy the mass balance and the ranges given their definitions:

X = (1− zα − zβ)xL + zαxα + zβxβ (7a)

zα + zβ + zL = 1 (7b)

0 ≤ zα, zβ , zL, xα, xβ , xL, X ≤ 1 (7c)

Here, X is also expressed as a total molar concentration of B: X = NB/(NA +NB) with

NA and NB denoting the total moles of A and B elements in the alloy.

Minimizing the total Gibbs free energy in Equation (6) subject to the constraints in

Equation (7) leads to the conditions for equilibrium in terms of z and x values. The global

minimum can be found using the method of Lagrange multipliers. To this end, we introduce

a Lagrangian:

L = zLg(xL) + zαg(xα) + zβg(xβ) +Wzαzβ

−λ(zLxL + zαxα + zβxβ −X),
(8)

where λ is a Lagrange multiplier. Requiring partial derivatives of the Lagrangian in respect

to the seven independent variables (zα, zβ , zL, xα, xβ , xL, λ) be equal to zero allows us to

find the sought minimum of the Gibbs free energy from the following equations:
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∂L
∂xα

= −gL(xα) + gα(xβ) +Wzβ − λ(−xL + xα) = 0 (9a)

∂L
∂xβ

= −gL(xL) + gβ(xβ) +Wzα − λ(−xL + xβ) = 0 (9b)

∂L
∂xL

= (1− zα − zβ)(
dgL
dxL

− λ) = 0 (9c)

∂L
∂xα

= zα(
dgα
dxα

− λ) = 0 (9d)

∂L
∂xβ

= zβ(
dgβ
dxβ

− λ) = 0 (9e)

∂L
∂λ

= (1− zα − zβ)xL + zαxα + zβxβ −X = 0 (9f)

Rearranging these six equations that set the partials equal to zero, where 0 < zα, zβ , zα+

zβ < 1, provides the following equations (i.e., solution with non-zero molar fractions of the

phases):

dgL
dxL

=
dgα
dxα

=
dgβ
dxβ

=
gα(xα)− gL(xL) +Wzβ

xα − xL
=

gβ(xβ)− gL(xL) +Wzα
xβ − xL

(10)

In general there are seven possible solutions as follows:

Minimum : gL(X), when zα and zβ = 0 (11a)

Minimum : gα(X), when zL and zβ = 0 (11b)

Minimum : gβ(X), when zL and zα = 0 (11c)

When the β-L two-phase region is thermodynamically more stable, the Gibbs energy of

this mixture of phases is lower than that of any other phases. The α phase does not appear

in the equilibrium phase region, and its molar fraction is zero.

(1− zβ)gL(xL) + zβgβ(xβ), where zα = 0

Where, zβ , xβ , xL are found by the equations,

dgL
dxL

=
dgβ
dxβ

=
gβ(xβ)− gL(xL)

xβ − xL
, zβ =

X − xL

xβ − xL
(12)

When the α-L two-phase region is thermodynamically more stable, the Gibbs energy of

this mixture of phases is lower than that of any other phases. The β phase does not appear

in the equilibrium phase region, and its molar fraction is zero.

(1− zα)gL(xL) + xαgα(xα), where zβ = 0

28



Where, zα, xα, xL are found by the equations,

dgL
dxL

=
dgα
dxα

=
gα(xα)− gL(xL)

xα − xL
, zα =

X − xL

xα − xL
(13)

When two solid phases, α-β are present and there is no liquid, L phase,

zαgα(xα) + xβgβ(xβ) +Wzαzβ , where zL = 0

Where, zα, zβ , xα, xβ are found by the following equations,

dgα
dxα

=
dgβ
dxβ

=
gα(xα)− gβ(xβ) +W(1− 2zα)

xα − xβ
, zα =

X − xβ

xα − xβ
(14)

When there are three phases, α-β-L coexist,

(1− zα − zβ)gL(xL) + zαgα(xα) + zβgβ(xβ) +Wzαzβ

Where zα, zβ , xL, xα, xβ are found by,

dgL
dxL

=
dgα
dxα

=
dgβ
dxβ

=
gα(xα)− gL(xL) +Wzβ

xα − xL
=

gβ(xβ)− gL(xL) +Wzα
xβ − xL

(15a)

X = (1− zα − zβ)xL + zαxα + zβxβ (15b)

zα =
X − xL

xα − xL
+ zβ

(
xL − xβ

xα − xβ

)
(15c)

Solving these equations for a specific set of functions describing the Gibbs free energies

of individual phases (e.g., from thermodynamic databases) provides conditions for thermo-

dynamic equilibrium of the three phases. Note that, setting the coherency term to zero,

W = 0, in Equation (10), we recover classical equations that graphically represent the

well-known common-tangent construction. The classical common-tangent rules follow from

Equation (16) for two-phase equilibria between the liquid and either of the solid phases

because the additional coherency terms diminish when zα = 0 or zβ = 0.

dgL
dxL

=
dgα
dxα

=
dgβ
dxβ

=
gα(xα)− gL(xL)

xα − xL
=

gβ(xβ)− gL(xL)

xβ − xL
(16)

With the non-zero coherency stress, W ≠ 0 and, in the presence of both solid phases,

the common tangent construction does not hold for the coherent solid phases. Instead, the

equilibrium between two solid phases is graphically represented by concave curves whose

curvature depends on the magnitude of the coherency stress, consistent with the results of
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Cahn and Larche [23]. Solving the equations in Equation (10) with W ≠ 0 for combinations

of different temperatures and alloy compositions, (X,T ) allows us to obtain phase equilibria

in maps reminiscent of phase diagrams. We refer to them as phase equilibria maps because

they display phases in equilibrium-like phase diagrams that possess features of classical

phase diagrams, such as the lever rule.

5 Case studies

5.1 General approach and specific functional forms of Gibbs free

energies

We present two case studies that use the general theoretical model presented in the previous

section to elucidate the impact of coherency stress on invariant points. The two case studies

consider (i) a eutectic-forming binary alloy system and (ii) a binary system with a peritectic.

To focus on the fundamental and qualitative effects of the coherency stress, we consider

simple quadratic functions to describe the molar Gibbs free energies of the solid phases:

gα = a(xα − x0
α)

2 + bα (17a)

gβ = a(xβ − x0
β)

2 + bβ (17b)

parametrized by unique sets of scalar x0, a, b parameters. We use a similar functional form

for the liquid phase with the addition of a linear dependence on temperature, T :

gL = a(xL − x0
L)

2 + bL − T (18)

Our selected parametrization of the Gibbs free energy functions (Equations (17) and (18))

allows us to investigate both eutectic- and peritectic-forming binary systems by suitable se-

lection of the x0 parameters that control the position of the parabolic curves. A eutectic

point can be introduced by setting x0
α < x0

L < x0
β , whereas x0

L < x0
α < x0

β represents a

system with a peritectic point. Since the specific curvature of the Gibbs free energy curves

does not affect the results sought in this study, the a parameter controlling the shape is

adopted identical for all three g functions. In terms of specific values, we choose such a

combination of parameter values that ensures that the eutectic and peritectic points fall

within the selected temperature range. Our parameter selection represents binary systems
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where the melting points of the solid phases are comparable and are both much higher than

the invariant points.

These functional forms and parameter selections, albeit simple, allow us to elucidate

the fundamental effects of coherency stress on three-phase equilibria at invariant points.

To this end, we substitute these Gibbs free energy functions (Equations (17) and (18))

into Equation (10) and solve the resulting system of equations for a given combination

of alloy composition, X, temperature, T , and coherency term, W. Solving the equations

provides us with molar fractions, zi, and concentrations xi (e.g., of element B) of the phases

in equilibrium under given conditions. Obtaining phase molar fractions for systematically

varied alloy compositions, X, and temperatures, T , allows us to construct phase equilibria

maps to visualize the impact of coherency stress on eutectic and peritectic regions of binary

phase diagrams.

5.2 Computer implementation

We developed the following algorithm, implemented in Python, to streamline the solution

of the systems of equations for many combinations of (X, T ) required for the construction

of phase equilibria maps.

1. Solve equations for pairwise two-phase equilibria in solid phases and the liquid (α–L,

β–L)

2. Solve equations for two-phase equilibria including the two solid phases (α–β)

3. Solve equations for three-phase equilibria including all three phases (α–β–L).

4. Calculate the Gibbs free energies corresponding to seven potential cases of equilibrium:

three single-phase, three two-phase, and one three-phase conditions.

5. For each overall alloy composition, X, and temperature, T , find the equilibrium that

corresponds to the lowest Gibbs free energy and store the corresponding label that

lists phases with non-zero molar fractions.

6. Visualize the results as fields of labels that list the phases in equilibrium.

Our implementation leverages the library sympy for the symbolic solution of systems of

equations in Python. The next subsections demonstrate the application of this approach

and its computer implementation to simple eutectic and peritectic systems.
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5.3 Case study 1: Eutectic system

We first consider the application of our theoretical model (Section 4) for a binary system

that includes a eutectic point in its conventional, stress-free phase diagram. To this end,

we set x0
α < x0

L < x0
β in our functions describing the Gibbs free energies of the phases

(Equations (17) and (18)). Table 3 lists a specific set of values we adopted for all the

parameters in the Gibbs free energy functions. We then analyze the Gibbs free energy

curves corresponding to equilibria of different combinations of the phases (Figure 7) and

phase equilibria maps for a full range of overall compositions, X ∈ [0, 1], and a temperature

range that includes the eutectic point or field.

Table 3: Parameters for Eutectic system for the Gibbs energy function

Parameter name Parameter Values

x0
α 0.2

x0
β 0.8

x0
L 0.5

a 50

bα 20

bβ 20

bL 30

Figure 7 shows the impact of the coherency term on Gibbs free energy curves of phase

combinations at three temperatures: (i) below, (ii) equal to, and (iii) above the eutectic

temperature, TE , in the stress-free phase diagram. In the absence of the coherency stress,

W = 0, our calculations reproduce the traditional common-tangent construction. At T >

TE , the common tangent between gα and gβ curves indicates equilibrium between the α and

β phases.

Our findings concerning the strain effects on the eutectic equilibrium included: (i) in

the presence of coherency strain energy, the three-phase equilibrium at the original eutectic

temperature, TE , is thermodynamically unfavorable; and (ii) below TE , three-phase equilib-

rium is stabilized by relatively moderate strain energy. Below TE (e.g., at T1 in Figure 7)

and with low coherency energy, a mixture of two solid phases (α and β) is more stable than

the liquid as in the strain-free case (Figure 7 (a)). Three phases (α-β-L) are in equilibrium
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Figure 7: Gibbs free energy curve under different coherency stress for Eutectic Binary-phase

equilibria for below, at, and above Eutectic temperature (TE)

at moderate elastic energies for a range of alloy compositions (red shaded in Figure 7. This

range becomes narrow with an increase in the strain energy and completely disappears after

a threshold value, which makes solid+liquid mixtures (α-L or β-L) more thermodynami-

cally favorable (straight lines in Figure 7 (c)). Figure 8 presents a magnified projection of

Figure 7 (c) where the three-phase (α-β-L) region is bounded by the red-shaded line under

coherency stress level 2.5. Here, the two solid-phase regions (α-β) deviate more from the

common tangent characteristics, making the solid-liquid phase regions (α-L and β-L) more

stable and forming the three-phase region.

In our model, we minimize the energy of the phases within a range of temperatures

and compositions and obtain the composition corresponding to the equilibrium state by

applying the Lagrange multipliers method, as previously described. We consider minimizing

the value of the Gibbs free energy of the α, β, and L phases, and this minimization leads

to the establishment of common tangent constructions representing mixtures of the phases.

The three-phase equilibrium, or the eutectic point, occurs at the eutectic temperature (TE).

At this point, represented as α-β-L, the system theoretically converges to a singular point.

As the temperature varies around TE , significant changes are observed in the Gibbs energy
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Figure 8: Magnified projection of Gibbs energy curves for the three-phase region (α-β-L)

curve under coherency stress level 2.5.

profiles for the phases, particularly the liquid phase. At higher temperatures (T > TE), the

Gibbs energy of the liquid phase becomes lower than that of the other two solid phases,

resulting in a more stable liquid phase. The common tangent between the phases of α and

β deviates from its known characteristics. It forms a concave curve upward for both cases T

above and below TE as shown in Figure 7 due to the presence of coherency stress between

these two solid phases. The higher the level of the coherency stress, the more upward the

α-β concave curve becomes, and the more unstable the α-β area becomes. This upward

shift and corresponding instability are directly proportional to the level of coherency stress

present.

When the level of coherency stress, W = 0, the eutectic condition is only one invariant

point with zero degrees of freedom, following Eq. 10, as shown in Figure 9 (a). However,

the formation of the α-β-L is observable as the coherency stress W increases. This occurs

because the conditions of the Gibbs phase rule are violated with the rise in coherency stress,

as discussed in the Section 4. Therefore, the three-phase region, α-β-L is not a single point,

as shown in Figure 9 (a), but rather an area in the phase map as shown in Figure 9 (b),

(c), (d), (e) and (f). The increase of the W results in increasing the three-phase region,
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Figure 9: Eutectic Binary-phase equilibrium map under different coherency stresses

α-β-L invading downward, occupying the α-β region, thus narrowing the width of the α-β

region.

5.4 Case study 2: Peritectic system

Now, we consider the application of our theoretical model (Section 4) for the binary system

that includes a peritectic point in its conventional, stress-free phase diagram. To this end,

we set x0
L < x0

α < x0
β in our functions describing the Gibbs free energies of the phases

(Equations (17) and (18)). Same as for the eutectic case, Table 4 lists a specific set of values

we adopted for all the parameters in the Gibbs free energy functions for our peritectic

system. By analyzing the Gibbs free energy curves corresponding to equilibria of different

combinations of the phases (Figure 10), we get the phase equilibria maps (Figure 11) for

a full range of overall compositions, X ∈ [0, 1], and a temperature range that includes the

peritectic point or field. From the Gibbs energy functions of the three phases for the eutectic

system, by setting x0
L < x0

α < x0
β instead of x0

α < x0
L < x0

β , we obtain our peritectic phase

equilibria maps, keeping all other conditions identical.

Similar to the eutectic case study, in the peritectic case study, we consider the L phase

only as temperature-dependent, and as before, we minimize the Gibbs energy of the phases
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Table 4: Parameters for Peritectic system for the Gibbs energy function

Parameter name Parameter Values

x0
α 0.5

x0
β 0.8

x0
L 0.3

a 50

bα 21

bβ 21

bL 40

within a range of temperatures and compositions and obtain the composition corresponding

to the equilibrium state by applying Lagrange multipliers. We consider the minimized

value of the Gibbs free energy considering Equations (17) and (18). Here, we consider the

parameter b as 21 for the two solid phases compared to the eutectic case. We select this

parameter value to get a peritectic point within a temperature range, as the parameter

b sets the function’s minimum height as the minimum Gibbs energy for the solid phases

(Equation (17)). If we consider the parameter bα and bβ to be identical to that of the

eutectic system, the peritectic point will form at a higher temperature. This is because the

temperature-dependent Gibbs energy function for the liquid (as described by Equation (18))

reaches its minimum when in equilibrium with the two solid phases. Consequently, the

invariant peritectic point occurs at a higher temperature due to the smaller parameter values

of bα and bβ associated with the solid phases. There are no bounds for selecting these

parameters; we choose them to achieve a peritectic point within a standard temperature

range.

Figure 10 shows the impact of the coherency term on Gibbs free energy curves of phase

combinations at three temperatures: (i) below, (ii) equal to, and (iii) above the peritectic

temperature, TP , in the stress-free phase diagram. In the absence of the coherency stress,

W = 0, our calculations reproduce the traditional common-tangent construction same as

the eutectic system. At T > TP , the common tangent between gα and gβ curves indicates

equilibrium between α and β phases as the W = 0 is not able to violate the common

tangent rule. Moreover, our findings for the peritectic equilibrium considering the strain
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Figure 10: Gibbs free energy curve under different coherency stress for Peritectic Binary-

phase equilibria for below, at, and above Peritectic temperature (TP )

effects, included: (i) in the presence of coherency strain energy, the three-phase equilibrium

at the original peritectic temperature, TP , is thermodynamically unfavorable; and (ii) below

TP , three-phase equilibrium is still thermodynamically unfavorable by relatively moderate

strain energy. Below TP (e.g., at T1 in Figure 10) and with low coherency energy, a mixture

of two solid phases (α and β) is more stable than the liquid phase as in the strain-free case

Figure 10 (a). Three phases (α-β-L) are in equilibrium at moderate elastic energies for a

range of alloy compositions (shaded in red Figure 10), still unfavourable than the mixture

of one solid and liquid phases (α − L and β − L). However, this range becomes wide with

an increase in the strain energy (shaded in red Figure 10) and the mixture of two solid

phases (α− β) completely disappears after a threshold value, which makes solid and liquid

mixtures (α-L or β-L) more thermodynamically favorable (straight lines in Figure 10 (c),

(f), (i)).

In this binary system, the three-phase equilibrium at the peritectic point (α-β-L) occurs

at a specific arbitrary temperature and composition with zero degree of freedom. At this

temperature, one solid, β, and one liquid, L, phase combine to form a second, distinct solid

phase, α, as shown in Figure 11 (a). This transformation occurs under conditions without
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coherency stress (W=0) between the solids.
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Figure 11: Peritectic Binary-phase equilibrium map under different coherency stresses

With the increase of the coherency stress in the system, the peritectic phase diagram

shows unique characteristics because of the melting point of the two elements A and B as

in their solid phases that are not similar to those of the eutectic one, which is a significant

motivation to study the peritectic phase diagram. In an eutectic phase diagram, the melting

points of the two elements are almost identical, contrasting with the peritectic diagram. In

the peritectic phase diagram, the peritectic point is above the melting point of element A,

which primarily forms the α phase. In contrast, the melting point of element B, which

primarily forms the β phase, is higher than the temperature of the peritectic point. As

coherency stress between the solids increases, the α, β, and L phases initially combine.

However, this combination does not form a three-phase region, which is comparatively more

unstable than the other regions due to differences in the melting temperatures of the elements

A and B. At increasing coherency stress between the solids, the β-L region is more stable

than the α-β-L region, primarily because the α phase, which is solid A has a lower melting

point. When the coherency stress W is considered to be one unit, the β-L region increases,

while the coexistence of the two solid phases, the α-β region, decreases. Furthermore,

after a certain level of coherency stress, the total Gibbs free energy of the α and β phase
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significantly increases with the higher coherency stress level. This rise in free energy yields

the combination of α-β region to become unstable, resulting in its disappearance, as depicted

in Figure 11 (e) and (f).

5.5 Application of lever-rule on phase equilibria map

At first glance, significant coherency stress suggests that the conventional lever rule may

not strictly apply within the β–L two-phase region in the peritectic case study. Specifically,

if a tie-line is drawn through the β–L region below the peritectic temperature, it appears to

connect the β phase boundary on one side and the α phase boundary on the other, indicating

a deviation from the expected β–L equilibrium. However, if we look at the Gibbs free energy

curves in Figure 10 (c) for the peritectic one, we notice that the β–L phase exists; thus, the

phase fractions of the β and L phases within the β–L region can be determined accordingly.
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Figure 12: Calculated β–L Phase Boundaries (blue dashed line: L phase boundary, black

dashed line: β phase boundary)

Figure 12 shows the calculated β–L phase boundaries within the phase equilibria map

in our model for the peritectic case, where the blue dashed line corresponds to the liquidus

boundary, representing the composition of the liquid phase (xL) at each temperature, while
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Figure 13: Application of lever rule on Peritectic phase equilibria map (W= 2.5)

the black dashed line denotes the solidus boundary, representing the composition of the

β phase (xβ). The region between the two boundaries defines the two-phase β-L field,

where both phases coexist with compositions determined by the boundary lines at a given

temperature.

In Figure 13, we can demonstrate the application of the lever rule below the peritectic

temperature. To accomplish that, a point, O, is selected on the beta-liquid phase region, and

a tie line, MN , is drawn across the phase equilibria map to determine the molar fraction of

each phase extending from liquid to the solid beta phase. Our calculated compositions are

approximately xβ = 0.7980 for the beta phase and xL = 0.2980 for the liquid phase. Using

Equation (19), we can determine the phase fractions for these phases; the molar fraction of

solid phase β and the molar fraction of liquid (L) can be written as follows:

zβ =
X − xL

xβ − xL
(19a)

zL = 1− zβ ( zα = 0) (19b)
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5.6 Comparative Analysis with CALPHAD for Cu–Ag Alloy

Our model is analogized to the CALPHAD-derived phase diagram for the Cu–Ag binary

alloy by comparing the calculated Gibbs free energies for the stable FCC phases. Specifically,

the minimum Gibbs free energies obtained are 56,138.2 J/mol for the Ag FCC phase and

–46,896.8 J/mol for the Cu FCC phase. In our approach, we determine the Gibbs free energy

for each phase by minimizing the free energy functions by adjusting the functions in equation

2 parameters to replicate these benchmark values. To include the effects of lattice mismatch,

we calculate the coherency strain energy for three different strain levels—5%, 7.5%, and

10%- when Cu is epitaxially grown on an Ag substrate. The strain energy is calculated

using Equation (5), where the coherency energy term ge is incorporated into the total free

energy of the system. This term accounts for the elastic energy associated with the misfit

Figure 14: Comparative Analysis of the theoretical model for Cu–Ag Alloy

strain, which is especially important in systems where elastic contributions significantly

affect phase stability. The coherency strain modifies the energy of the phases. As the strain

increases, the overall Gibbs free energy of the Cu phase is modified by the additional elastic

energy, leading to a shift in the free energy curves for the two-phase region, α(Ag)-β(Cu).

This change is reflected in our model by the deformation of the free energy surfaces, which in

turn affects the common tangent construction. At higher strain levels, the two-phase region
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predicted by the common tangent method becomes unstable. This instability, illustrated by

the red curve in Figure 14, indicates that the strain-induced elastic energy dominates the

chemical free energy difference between the phases, thereby suppressing the formation of a

common tangent and indicating a strain-driven phase separation.

Figure 15: Deviation of stressed combination of phases vs non-stressed represented by tan-

gent line

From the theoretical perspective, the approach is leveled in the interplay between chem-

ical and elastic contributions to the Gibbs free energy. The CALPHAD method provides a

robust baseline by accurately capturing the chemical free energy of the Cu–Ag system, while

our model integrates the additional coherency strain effects. This combined framework is

particularly forward-thinking because it moves beyond conventional CALPHAD by incor-

porating microstructural effects for a coherent alloy. In essence, the results highlight the

importance of considering strain-induced modifications to the free energy when predicting

phase equilibrium, a factor that is increasingly relevant in the design of advanced materials

where mechanical constraints are intrinsic to the processing or application conditions.

Using the common-tangent construction, we establish a stress-free baseline and define

the coherency penalty as the energy difference between the strained Cu–Ni curve and this

baseline. Because when considering 5% strain due to copper’s lattice mismatch, its elastic
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penalty is almost negligible. When we apply 7.5% strain, a clear bump appears in the energy

curve, as shown in Figure 15 (solid red line) compared to the case without strain (dotted red

line). This simple test confirms that our method isolates the elastic coherency contribution.

In summary, by parameterizing our model to get the CALPHAD-based chemical free

energy and the additional elastic contributions from the coherency strain of Cu, we provide

a comprehensive understanding of phase stability in the Cu–Ag system. This approach not

only validates our model against established thermodynamic benchmarks but also offers pre-

dictive understandings of the coherent binary alloy for considerable importance in materials

engineering.

6 Discussion

This study explores the eutectic and peritectic equilibrium in coherent binary alloys and

provides insights into the phase behavior and stability under different coherency stress levels.

We focus more on computational findings than on experimental ones, and all the parameters

related to our phase equilibria maps, like composition, temperature, and coherency stress

level, are considered arbitrary here. The following section discusses the implications and

limitations of our findings, compares them with previous studies, and proposes directions

for our future research.

In our study, we used Lagrange multipliers to investigate the effect of coherency stress

on a binary alloy system for eutectic and peritectic equilibria. We considered a binary

system rich in two solid phases and one liquid phase at higher temperatures. Through the

computational approach, we found out how the coherency stress influenced the stability of

those phases. We obtained stable phases and their associated compositions by minimizing

the Gibbs free energy of the distinct phases over a specific range of temperatures, considering

the element’s melting point differs from the invariant points, like eutectic and peritectic

points. Furthermore, we looked at different levels of coherency stresses for the eutectic

and peritectic phase equilibria. We considered infinite volume occupied by three phases

to eliminate boundary effects, so the strain energy depends only on the phase mismatch

and fractions, not on the size or shape of the systems. Furthermore, to isolate the effect

of coherency strain without directional complexities, we consider our solid phases isotropic,

exhibiting the same material properties in all directions and being linearly elastic. The
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coherency energy invalidates the Gibbs rule along with the common tangent construction.

The common tangent construction considers free energy separable from individual phase

contributions, but elastic energy introduces a coupling between the phases. This coupling

makes the phase compositions dependent on the overall composition and volume fractions,

invalidating the common tangent method. Instead, equilibrium must be found by minimizing

the total Gibbs free energy, including the elastic terms. In coherent solids, the common

tangent construction is usually invalid as the free energy of the system is not simply the

sum of the free energies of the individual phases independent of the position and morphology

of the other phases. So, in our study, coherent phase equilibria maps can still be formulated

by adding the elastic energy of the system to the free energies of the phases in the absence

of deformation and then minimizing the resultant energy. [15]

Our computational model with the specific parameterized values discovered that under

the coherency stress in a coherent binary alloy, the three-phase region, α-β-L are formed in

the eutectic case. At the same time, the peritectic equilibria show a distinct feature. The

formation of this three-phase region in the eutectic and peritectic equilibria in a coherent

binary alloy changes according to the extent of the coherency stress. The coherency stress

level does not affect the formation of the three-phase region. Instead, it stabilizes the two-

phase region (β-L) phase to be more dominant. The melting temperature of the solid phases,

α, and β, are similar in the case of the eutectic system, which forms the eutectic point.

In contrast, a peritectic point is created when the melting temperatures are significantly

different. In the peritectic scenario, the α phase has a lower melting point, making it

unstable and unable to exist to withstand coherent stress. We used simplified quadratic

functions Equations (17) and (18) to model this behavior and imitate the Gibbs energy

curves. However, to simplify things, our three functions for α, β, and L are identical in

shape but differ in composition. In the eutectic case, the liquid function is situated in the

middle, whereas in the peritectic case, the liquid function appears at the sides. The eutectic

point can be introduced by setting x0
α < x0

L < x0
β , whereas the peritectic point can be

introduced by setting x0
L < x0

α < x0
β . Therefore, instead of forming the three-phase region,

α-β-L, the minimum Gibbs free energy of the β-L becomes more dominant. In the result

section, we explicitly stated how the changes are significant and how the rise in coherency

stress levels results in the growth of the three-phase region α-β-L in the eutectic phase

equilibria. Additionally, we demonstrate how the two-phase region β-L evolves dominant in
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the peritectic phase equilibria.

In our research, we reference two earlier studies that described how the phase behaves

under coherent conditions. Johnson and Voorhees worked with the complicated behavior of

the eutectic equilibrium in coherent binary alloys, mainly focusing on the interaction be-

tween two solid phases under different thermodynamic conditions and how these interactions

between the solid phases differ significantly from incoherent systems due to the influence of

coherency strains and elastic stresses. In a separate but related study, Cahn and Larché ex-

plained a two-phase coherent system with a simple model to focus on the phase equilibrium

affected by elastic energy contributions. They highlighted the impact of elastic energy on

free energy and phase stability, challenging traditional methods of analyzing phase diagrams.

However, previous studies on coherent binary alloys have focused solely on the solid

phases in eutectic equilibrium, with no investigation into the solid and liquid phases or

the peritectic equilibrium. Our work adopts a novel approach by incorporating the liquid

phase to examine the eutectic and peritectic equilibria of binary alloys by creating a model to

minimize Gibbs energy using the Lagrange multipliers method, allowing us to determine the

compositions of the phases over a range of temperatures. Nevertheless, our work is limited

to some extent. When we consider the Gibbs energy function, the Gibbs energy function

related to the liquid phase is only temperature-dependent, not the other two solid phases.

Consequently, when subjected to stress, the solid phases do not experience a corresponding

change thermodynamically in their melting point. In reality, the CALPHAD functions for

each alloy phase are temperature-dependent, and the melting point should also vary. Our

current research is restricted by the assumption of a temperature-dependent Gibbs energy

function for the phases, which could be addressed in future studies.
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7 Conclusion

The analysis applies the necessary conditions for thermal, mechanical, and interfacial equilib-

rium to determine phase equilibrium in a binary alloy considering infinite volume occupied

by the phases, two solids, and one liquid, and considering the solid phases isotropic and

linearly elastic. In the computational exploration of eutectic and peritectic equilibria in co-

herent binary alloys under varying coherency stress levels by utilizing Lagrange multipliers

where the simplistic version of quadratic functions of Gibbs free energy have been consid-

ered subject to constraints for composition and volume fraction of two solid phases and

one liquid phase following the preservation of mass representing the necessary conditions

for the existence of a phase. We have identified unique phase behaviors and compositions

that appear from the interactions between the solid phases as the reason for the coherence

of the elements resulting from lattice mismatch. The goal is to find the compositions and

molar fractions corresponding to all three phases in thermodynamic equilibrium or the eu-

tectic and peritectic points. By assuming an infinite system, we eliminate boundary effects,

so the strain energy depends only on the solid phase mismatch and fractions, not on the

size or shape of the systems. Furthermore, to isolate the effect of coherency strain without

directional complexities, we consider our solid phases isotropic, indicating the same mate-

rial properties in all directions and being linearly elastic, so all results exclusively concern

equilibrium phenomena.

Our results highlight the significant impact of coherency stresses on phase stability and

composition in binary systems. It deduces the formation of the three-phase region, α-β-L

in eutectic equilibria, while the dominance of the two-phase region, β-L over the three-

phase region in peritectic equilibria has been observed. Our analysis found that due to the

difference in the position of the solid and liquid function, referring to the composition, in the

eutectic and peritectic case, these unique characteristics of the equilibria have been found,

forming the three-phase region, the minimum Gibbs free energy of the two-phase region

(solid and liquid) becomes more dominant. Moreover, the difference in the melting points of

the solid phases is one reason behind observing how the changes are significant and how the

rise in coherency stress levels results in the growth of the three-phase region in the eutectic

phase equilibria. In contrast, the two-phase region evolves dominant under coherency stress

in the peritectic phase equilibria.

However, the study identifies limitations in the current modeling approach, particularly
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treating the Gibbs energy functions as temperature-dependent and not stress-responsive for

the liquid phase. Our phase equilibria map, instead of the term ’phase diagram,’ has been

used in our study, which is the graphical representation showing phases in equilibrium under

various conditions without detailing phase proportions, limited to the lever rule application.

Our future research will aim to refine these models by including stress-dependent melting

points and extending the Gibbs energy framework better to represent the thermodynamics

of all phases under stress. This study can be implemented in strain engineering to investigate

the role of elastic energy on phase stability in alloys. Future work will continue to clarify

the subtle behaviors of materials for technology and engineering applications, causing the

development of more robust alloys tailored to specific applications.

The present work advances previous studies of coherent binary alloys by incorporating the

liquid phase with two solid phases. It shows that coherency stress alters phase compositions

and influences phase stability differently in eutectic and peritectic systems, presenting an

understanding of the complex interplay between thermodynamic and mechanical factors in

alloy phase formation.
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[21] J. Ågren, Calculation of phase diagrams: Calphad, Current Opinion in Solid State and

Materials Science 1 (3) (1996) 355–360.

[22] N. Saunders, A. P. Miodownik, CALPHAD (Calculation of Phase Diagrams): A Com-

prehensive Guide, Pergamon Materials Series, Pergamon, 1998, volume 1.
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